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Summary. Boundary shape optimization problems for systems governed by partial
differential equations involve a calculus of variation with respect to boundary modi-
fications. As typically presented in the literature, the first-order necessary conditions
of optimality are derived in a quite different manner for the problems before and
after discretization, and the final directional-derivative expressions look very differ-
ent. However, a systematic use of the material-derivative concept allows a unified
treatment of the cases before and after discretization. The final expression when per-
forming such a derivation includes the classical before-discretization (“continuous”)
expression, which contains objects solely restricted to the design boundary, plus a
number of “correction” terms that involve field variables inside the domain. Some
or all of the correction terms vanish when the associated state and adjoint variables
are smooth enough.

1 Introduction

Computer simulations of systems in science and engineering provide an effi-
cient and cost effective tool to explore how performance depends on geometric
features of the system components. An attractive alternative to trial-and-error
testing is numerical design optimization, in which we introduce a parametriza-
tion of the geometry and let a numerical optimization algorithm interact with
the simulation software in order to explore the parameter space. Boundary
shape optimization is a strategy for design optimization that examines dis-
placements of the boundary to a given domain. Such optimization is a powerful
tool for final design, in order to put the final touch to a given configuration.
Numerical boundary shape optimization typically uses body-fitted meshes,
which makes the method suitable for problem exhibiting boundary layers or
other phenomena with high sensitivity to boundary smoothness.

Besides boundary shape optimization, there are other, conceptually dif-
ferent techniques for design optimization that can handle much more general
geometries than those generated by displacements of a given boundary; the
term topology optimization is often used to highlight the generality. In the
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so-called material distribution method for topology optimization, it is coef-
ficients of the governing partial differential equations discretized on a fixed
mesh that are subject to optimization [2]. Such methods can generate arbi-
trarily complex geometries and are therefore suitable for preliminary design
studies. The price for the generality is the limited resolution of the boundary
geometry: typically, the boundary is represented using a staircase approxima-
tion, which is likely to cause problems in connection with boundary layers,
for instance.

Conceptually, boundary shape optimization is a calculus of variation with
respect to boundary modifications and traces its historical roots back to the
works by, for instance, Newton, Lagrange, and Hadamard. The modern de-
velopment was initiated in the early 1970s, mainly by the French school of
numerical analysis, through researchers like Cea, Glowinski, and Pironneau.
Although the field has developed and matured over the years, it is perhaps fair
to say that the impact on science and engineering practice has been limited.

In contrast, the technique of optimal layout of a linearly elastic structures
using the material distribution method for topology optimization has, indeed,
had a noticeable impact on the design of mechanical components. There are
commercial software packages available, for instance, from Altair Engineering
and FE-design, which are increasingly used for the design of mechanical com-
ponents, particularly in the vehicle and aerospace industries. Boundary shape
optimization is then used as a post processing tool for the layout obtained by
topology optimization. However, boundary shape optimization is not much
used for practical engineering design outside of such structural “sizing”. One
reason for the limited impact can be the complexity of managing a system
for shape optimization: software for parametrization of shapes, mesh defor-
mation, solvers, sensitivity analysis, and optimization needs to be developed
and interfaced in an intricate way. Another reason is computational: solving a
shape optimization problem takes often at least an order of magnitude longer
time than a pure simulation. Because of the explosive development of hard-
and software resources, these hurdles are likely to be overcome eventually.
The recent appearance of several monograph dedicated to shape optimiza-
tion [4,6,8,10-12] is hopefully indicative of a revival.

The key to be able to treat shape optimization problems with a large
number of design variables lies the use of gradient-based optimization meth-
ods and, in particular, in the use of adjoint equations to extract the di-
rectional derivatives. The experience collected through my own involvement
in boundary shape optimization strongly indicates that the sensitivity in-
formation — directional derivatives of objective functions and constraints
— needs to be very accurately computed in order for the optimization al-
gorithms to fully converge. As was early on recognized, not the least by
Roland Glowinski and his colleagues when developing shape optimization tech-
niques, the processes of discretization and differentiation do not commute, in
general. That is, a discretization of the necessary conditions of optimality
(differentiate-then-discretize, or the “continuous” approach) does not gener-
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ally lead to the same expressions as when deriving the necessary conditions
for the discretized optimization problem (discretize-then-differentiate, or the
“discrete” approach). The latter strategy is more reliable in my experience, but
may be difficult to effectuate in practice for complicated problems. Glowinski
and He [7] and Gunzburger [8, §2.9], among many others, discuss and offer
perspectives on this somewhat controversial issue.

A disturbing fact is that the two approaches often appear to be unrelated:
the procedure for deriving the first-order necessary conditions in the undis-
cretized case is typically different from the one used in the discrete case, and
the final expressions look very different. These problems may have contributed
to the reason why there are very attempts to perform analysis of convergence
and approximation errors for shape optimization problems. One of the few
attempts reported in the literature are by Di Cesare et al. [5], [12, Chapter 6].

The present article shows that a systematic use of the material derivative
allows a unified sensitivity analysis in the undiscretized and discretized cases.
To minimize technical issues, the derivation will be made for a model elliptic
problem and will be largely formal (without existence proofs, for instance).
However, the derivation will be made in a way that does not violate the reg-
ularity properties of the discrete problem. The final directional-derivative ex-
pression (45) (which appears to be new) contains the “continuous” expression
plus a number of correction terms that are generally nonzero in the discrete
case, but that vanish when the state and adjoint solutions are regular enough.

2 A Potential Flow Model Problem

We consider the flow of an incompressible fluid in a bounded domain 2 C R?,
d = 2, 3 with a Lipschitz boundary 942 (Figure 1). Fluid is flowing in and out
through I3, C 0f2; otherwise there are impenetrable walls at the boundary.
Let I'y € 02\ I}, be a part of the boundary. We wish to manipulate the shape
of the design boundary Iy in order to affect the velocity field in a desired way.
Let % be the set of admissible design boundaries, whose definition may pro-
vide conditions such as bounds on curvature, bounds on displacements from

Fig. 1. An example domain for the model shape optimization problem.
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a reference configuration, or requirements such as convexity of the domain.
In order to perform a calculus of variation on Iy, we introduce a design vari-
ation 56b : Iy — R? that generates a family of deformed design boundaries
I'4(t) € % in the following way: for each x € I'y, there is an x(t) € I'4(¢) such
that R

x(t) =x+tdp(x), t€[0,al (1)

In order to generate for the formula (1) Lipschitz design boundaries that are
connected to the rest of the boundary, any feasible design variation needs
to be Lipschitz continuous and vanishing on 0I'y. Any admissible (5(2) should
also, of course, be compatible with the definition of %/. Further smoothness
requirements on 5(2) will be introduced in Section 4 to allow differentiation.
We assume that o > 0 is small enough so that the mapping between I'y and
I'4(t) is bijective for each ¢ € [0, a].

The displaced design boundaries I'y(t) generate a family of domains 2(¢)
with Lipschitz boundaries. We consider the following potential-flow model
defined on £2(t):

—Au+eu=0 in £2(¢),

ou

an 9 ol (2)
ou

a—n = O on 69(15) \Ho,

where € > 0 is a small “regularization” parameter introduced to avoid the
singularity of the pure Neumann problem. The standard variational form of
the state equation (2) is

Find u(t) € H'(£2(t)) such that

Vo - Vu(t) +€/

vult) = / vg Yoe HYQW),  (3)
) n

io

Q(t)
where the notation wu(t) indicates the dependency on .

Remark 1. Throughout this article, we will leave out symbols for volume and
surface measure in the integrals, since the appropriate measures will be clear
from the context.

Now introduce an observation domain 2.ps that does not intersect with
the design boundary; that is, f2,,s C 2 such that Q2 N Tq(t) = 0. We
wish to manipulate the shape of I'y such that the velocity field within the
observation domain coincides as closely as possible with a given velocity field
Uobs, & requirement that naturally leads to the objective function

T(6bit) = % /Q V() — tgpe2. )

Some variation of the above problem is a common model problem for shape
optimization in the context of fluid flow; Cesare et al. [5] consider essentially
the same problem, for instance.
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3 Sensitivity Analysis

Here, we present the well-known formulas resulting from a sensitivity analysis
of the objective function (4), as described in the book by Pironneau [13],
for instance. Section 3.1 gives the expressions before discretization, whereas
corresponding expressions obtained after a finite-element discretization are
reported in Section 3.2.

3.1 Before Discretization

A sensitivity analysis of the objective function (4) and the state equation (3)
concerns the calculation of one-sided directional derivatives of the objective
function with respect to design variation d¢; we will use the notation

. + Y
5J(5h) = 3_t J6i1)|y = Jim J(5¢5t) t J(56:0)

(5)

The use of the one-sided derivative is essential when performing sensitivity
analysis around admissible designs for which geometry constraints are active.
The classical expression for the directional derivative is

5608) = [

I'q

n~(5(§5Vu-Vu*—5/ n-dpuu*, (6)

I'q

where u* € H'({2) satisfies the adjoint equation

/Vw-Vu*+e/wu*:/ Vw - (Vu —ueps) Ywe HY(D). (7)
I7) I7) I7)

obs

Note the advantage of introducing the adjoint equation: the directional deriva-
tive for each feasible design variation 5&) can be computed by repeated eval-
uation of the integral (6) without solving any more equations.

The expression (6) is typically derived through a change of variables in-
volving a smooth bijection between (2 and (2(¢). Such a mapping can be
constructed by extending the boundary variation 5(}5 to a domain variation
8¢ : 2 — R? such that for each point x € 2, there is a unique point
x(t) € £2(t) given by

X(t) = X + t(x), (8)

and such that d¢|p, = d¢.

Although the extended mapping is used for the derivation, under certain
smoothness assumptions of d¢ together with regularity properties that will be
made explicit in Section 6, it holds that the final expression (6) is independent
of the particular choice of extension.
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3.2 After Finite-Element Discretization

In the discrete case, it is natural to use the locations of the mesh vertices at
the design boundary Iy as design variables. However, in order to retain mesh
quality, it is, in general, necessary to modify the mesh inside the domain as
well. Thus, for generality, associate with each mesh vertex a vector dx; € R?
that indicates a feasible direction of movement for vertex k. Associated with
mesh vertex variation 0Xj, it is convenient to define the domain variation
§¢, = N}oxy, where N} is the continuous piecewise-linear finite-element
basis function at vertex k. Subject to variation dxy, each x(¢) in the deformed
domain £2(t) is then given by

X(t) = x + t 0xp NL (X) = x + t 5y, (%), 9)

and §2(0) = £2. The formula (9) interpolates deformation t dxj at vertex k on
the support of N ,i Note that the use of piecewise-linear basis functions implies
that planar mesh surfaces and edges will remain planar under the deformation.
Figure 2 illustrates the deformation (9) in two cases. If the mesh on domain
{2 is nondegenerate, then for each mesh vertex k, there is an oy > 0 such that
the mesh associated with the deformation (9) will also be nondegenerate for
all t € [0, ag].

Now discretize the equation (3) on the domain {2 using a conforming finite-
element discretization in a subspace Vj, C H({2). Given the deformation (9)
associated with an arbitrary mesh vertex k, we may then define a family of
discrete solutions

up(t) € Vi (t) € H'(£2(t)) such that

Vo, - Vup(t) —|—€/ vpup(t) :/ vy Yop € Vi(t),
2(t) To

(10)
)

and consider the discrete objective function

()VLV
A
LA

Fig. 2. Each mesh vertex displacement ¢ 0xy, is interpolated onto the support wy of
the continuous piecewise-linear finite-element basis functions N}.
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Iodt) = 5 [ 1unt) = uon ()

The following classical expression (e.g. [12, §6.5]) holds for the directional
derivative of Jy:

0Jp = —oxp, - / VNE(Vuy, - Vu}) + 6xp, - / Vun(Vuj, - VN})
Q 2
+ 0xy, - / Vi (Vuy, - VNE) — € 0%y / upul VNE,  (12)
Q 2
where u} € Vj, such that

/ Vuwy, - Vuj, —|—5/ wpuy = / Vuwyp, - (Vup, — uohs) Ywp € Vi (13)
n n 26bs

The expression (12) reveals expressions for the derivative of .J, with respect
to variations of each mesh vertex in all coordinate directions (note that the
integrals are vectors with d components). Once the state u;, and adjoint state
ujy are known, all these derivatives can be computed by a single assembly loop
over all elements. The derivatives can, for instance, be stored in a vector D.Jj
of dimension dn, where n is the total number of mesh vertices. Elements dk,
dk+1, ..., dk+d—1 of DJ} then contains the d components of the integrals
in the expression (12).

However, in shape optimization, it does not make much sense to optimize
the position of each mesh points independently. A good strategy is to modify
the locations of the mesh vertices on Iy explicitly using updates from the
optimization algorithm, and employ a mesh deformation strategy to move
the rest of the mesh vertices indirectly in order to preserve mesh quality. In
simple geometries, such a mesh deformation can be defined by an explicit
formula based on the distance to I'y. A more general strategy, however, is to
use a numerical deformation strategy, for instance, based on elliptic smooth-
ing [12, §5.3]. To describe the role of the mesh deformation in the derivative
calculations, consider the spaces of discrete boundary and domain variations,
Un = span(d¢y,)kev(ry) and Un = span(dy),.cy, ), where V() denotes the
set of mesh vertices located in the subdomain . A mesh deformation strategy
defines a mapping a : Y — U, and the objective function that is in reality
used for optimization when employing a mesh deformation is the composition
Jn = Jp 0 a. By the chain rule, the derivative of mapping J;, will be

DJ, = A"DJ,, (14)

where A4 is a matrix representation of the Jacobian of the mesh deformation
mapping a.

Note that the discrete adjoint equation (13) constitutes a finite-element
discretization of the adjoint equation (7). However, the discrete direc-
tional derivative expressions (14), (12) carry no obvious resemblance to
the expression (6).
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4 Shape and Material Derivatives of Functions

In Section 6, we will perform the sensitivity analysis in a way that simultane-
ously provides the seemingly quite different expressions (6) and (12). A main
component of the derivation is the differentiation of the state equations (3)
and (10). There are two fundamentally different ways in which a function can
be differentiated with respect to variations in the domain on which it is de-
fined: as a material or as a shape derivative. These concepts, shortly reviewed
below, are analogues to the material and spatial derivatives in continuous me-
chanics [9, §8]. For a thorough treatment of these concepts in the framework
of shape optimization, see the monograph by Sokolowski and Zolésio [14]. This
section aims to demonstrate a fact that seems curiously underappreciated in
the shape-optimization literature: the material derivative is better suited, due
to its favorable regularity properties, than the shape derivative for use in the
sensitivity analysis.
We start by introducing the notation £2(¢) = 74(£2), where, for x € (2,

T(x) =x+ tdp(x), te 0,0l (15)

For simplicity, we assume that the domain variation d¢ vanishes on (2,15 and
00\ I'y. For the problem before discretization, ¢ is an extension of 5(}5 (which
was defined solely on I'y) into a mapping from {2 into R?. We require that the
extended mapping is smooth enough so that the components of the second-
order tensor Vo¢ are in L*(£2). In the discrete case, d¢p(x) = d¢p;,(x), where
d¢;, is given by the expression (9) (here, d¢p can be made to vanish on 2,ps
and 02 \ I'y by simply not considering any k for which corresponding mesh
vertices are in {2,ps or 012\ I'q). By the definition (9), it follows that the
components of Vi¢ are in L*°({2) in the discrete case.

Now consider functions p : £2(t) x R — R. We will use p(t) as a shorthand
notation the for function x — p(x,t).

Definition 1. The material derivative of p with respect to domain variation
0@ at point x € 2 is
p(Tt(x)v t) - p(X7 0) _ d+

Omp(x;0¢p) = lim ; = 7 P(rx) )],

provided that the point-wise limit exists.

(Whenever there is no risk for confusion, we will suppress the second argument
and just use the notation d,,p(x).) The material derivative is thus a (one-sided)
derivative of the compound function ¢ — p(t) o1, (the “total” derivative). For
p(t) in a Banach space W, Definition 1 is easily extended to

q+
Omp = 37p(t) 0 ey (16)

with the limit in a Banach space X D W.
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Definition 2. The shape derivative of p with respect to design variation d¢
1s the function
6p = 0mp — ¢ - Vp(0). (17)

Remark 2. Definition 2 imposes an a priori regularity difference between d,,p
and dp due to the right-side gradient in the expression (17). This difference is
consistent with the typical behavior when differentiating the state variable in
a shape optimization problem. As illustrated in Examples 3 and 4 below, the
material derivative of the state variable can typically be defined in the same
space as the state variable itself, whereas the shape derivative typically cannot.
An alternative definition of the shape derivative is as the partial derivative

p(X, t) B p(X7 O)
t—0+ t

(18)

from which the expression (17) follows by the chain rule applied on ,p.
However, a complicating factor with the definition (18) is that the two terms
on the right side has different domains of definition, {2(t) and {2, respectively.

Following four examples highlight the different properties of the material
and shape derivative.

Ezample 1. Let g : £2 — R be given. Define p(t) = g o 7; !; that is, p(x,t) is
defined by mapping back x € £2(t) to corresponding point in {2 and evaluating
g at the mapped-back point. Then

dt d*

Omp = g(p(t)oﬁ)hzo = E(QOT;IOTt”t:o:O’ (19)

0p = dmp — 9 - Vp(0) = —d¢ - Vp(0).

Thus, when p(t) is “moving along” with the deformation, the material deriva-
tive vanishes. Next example illustrates the opposite situation.

Ezample 2. Let f : R? — R. Define p(t) = flo- Then

dt d*
Omp = TS (p(t) o Tt)’tzo Ty (flow o Tt) ’t:O
dt
=V low (57| Ly = VHlaw 60 =50 Tp0). 0

dp = 0mp — d¢p - Vp(0) = 0.

Thus, a function that is “fixed” with respect to the deformation yields a
vanishing shape derivative, a property that is consistent with the interpreta-
tion (18) of the shape derivative as a partial derivative.

Example 3. Let g belong to a finite element space V,, C H'({2) such that
g(x) = Zivzl gk N} (x), where N} is a finite-element basis function that is
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globally continuous and whose restriction on each triangular or tetrahedral
element is a polynomial of degree p. Define basis functions on the deformed
domain £2(t) by the expression N7 (x,t) = NP (7; '(x)), as in Example 1. The
span of the functions N7 (¢) defines a family of finite-element spaces V (¢) on
£2(t). Each p(t) € Vj,(t) may then be written

N
p(x,1) = > pr(t)NE(x,1). (21)
k=1
As in Example 1, we find that 6, N} =0, N} = —d¢p - VN! and thus

N
Smp =Y opi NE,
k=1

N (22)
0p = 0mp—0¢p-Vp ="y (6px NI —prd¢p- VNT),
k=1
where
d+
opr = gpk(t)lt:@ (23)

Note that d,p € V3, but dp € V3! That is, the material derivative is conforming
to the finite element space, whereas the shape derivative is not. Also note that
the material derivative is obtained by differentiating only the coefficients of p
(and not the basis functions) with respect to the deformation.

Ezample 4. Consider the solution u(t) € H*(£2(t)) to the state equation (3).
Sokolowski and Zolésio [14, §2.29] and Haslinger and Mé&kinen [10, §2.5.2]
discuss the existence of d,,p in similar situations, where they show that d,u €
HY(£2), provided that the domain deformations are sufficiently regular. As in
Example 3, the material derivative is defined in the same space as the state,
but since du = §u—Jd¢- Vu, the shape derivative typically has less regularity.

5 Rules for the Material Derivative

It is immediate from Definition 1 that the product rule holds for the material
derivatives of functions f, g on £2(t) x R:

5m(fg) = 6mfg + f5m97 (24)

where, for simplicity of notation, we have suppressed the evaluations at zero:
the right side should really be &, f g(0) + f(0) dmg. The rest of the article
adheres to the same convention: for a function f on £2(¢) x R, the symbol “f”
outside a material derivative will denote its restriction to ¢ = 0.

The shape derivative commutes with the spatial gradient, that is, 6V =
V4, but the material derivative does not: §,,V # V. However, it holds that
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Sm(Vp) = V(3mp) — (Vi¢)" Vp, (25)

or, in Cartesian components,

d
5m<@>:i5 » O 0 54 i=1,....d (26)

8.%’1' 3561 e _jzla_xj@_xi

To prove the expression (25), consider a finite-difference approximation of
the material derivative:

D, p(t) def M_ (27)

Differentiating both sides of the expression (27) yields
(p(t) o) — Vp(0)
t
[(T+ (Vo)) Vp(t) o 7/ — Vp(0)]

_ Vp(t)or ; — Vp(0) + (V) TVp(t), (28)

<

VD, p(t) =

| =

where the second equality follows from the chain rule applied on V(p(t) o 7¢)
and from differentiation of 7 as defined in the expression (15). The expres-
sion (28) implies that

V(0wp) = lim VDS, p(t) = uVp + (V3e)"Vp, (29)

which is the expression we wanted to show.
The product rule (24) and the expression (25) yields that

0m(Vq-Vp) =Vomq-Vp+Vq-Viup —Vq-(Vsdp)Vp, (30)

where Vg d¢p = Vg + (Vi) .
The rule for differentiating domain integrals that we will need in the fol-
lowing is [10, Lemma 3.3]

()= (. 7)

The rules (25), (30), and (31) are the basic tools needed for a differentiation
of the variational forms. Note that there are no direct counterparts to the
expressions (25) and (30) for the shape derivative in the discrete case (when
p,q € V), and no shape-derivative counterpart to the expression (31) with
f = Vq - Vp, since such expressions would involve second derivatives of the
finite-element functions, which are not functions.

- /Q (Ouf+fV-30).  (31)

t=0
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6 Sensitivity Analysis Using Material Derivatives

Equipped with the tools of Sections 4 and 5, we now perform a derivation
that simultaneously provides the directional derivatives (6) and (12).

Let V(t) C HY(2(t)) and define V = V(0). In the case before discretiza-
tion, V(t) = H'(£2(t)), whereas V(t) = V;(t), a finite-element space, in the
discrete case. The state equations (3) and (10) can then be written in the
common form:

Let u(t) € V(t) such that

32
Vo(t) - Vul(t) +€/ o(B)u(t) = / o)y o) vy, O
Q(t) Q2(t) T
and the objective functions (4) and (11) in the form
. 1
jodit) = 5 / Vu(t) — gl (33)
2obs

Differentiating the objective function (33) using the differentiation
rule (31) and observing that d¢|q,,.. = 0 yields

obs

5i(6¢) = /Q Vot - (Vi — ops). (34)

obs

Differentiating the state equation (32) at ¢ = 0, using the rules (24), (30),
and (31) yields that

0:/Q(Vdmv-Vu—ks(émv)u)—i—/Q(Vv-Vdmu-i-svému)
+/ (Vo-VuV - -d¢p+vuV-d¢p—Vov-(Vgdp) Vu) (35)
o

for each v € V. Since §,v € V (cf. Examples 3 and 4), the first integral in the
expression (35) vanishes due to the state equation (32) evaluated at ¢ = 0.
Now let u* € V satisfy the adjoint equation

/Vw-Vu*+e/wu*:/ Vw - (Vu — upps) Yw € V. (36)
Q Q Q

obs

By choosing v = u* in the expression (35) and making use of the equation (36)
with w = dyu, the expression (35) reduces to

0= / Vimu - (Vu — Uobs)
10,

obs

+/ (Vu* - VuV-5¢+u*uV - ¢ — Vu* - (Vsdp) Vu), (37)
0]
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from which we conclude that the expression (34) can be written

5j(0e) = — / (V' - VuV -6+ cu'uV - 66 — Vau* - (Vo) Var).  (38)
Q

Substituting d¢ = dxj, N'(x) into the expression (38) yields the discrete ex-

pression (12).

In order to proceed further, we need to integrate the expression (38) by
parts in a way that respects the regularity properties of the involved functions.
We will use a notation borrowed from the context of discontinuous Galerkin
methods [1, §3]. Let 75, be the set of elements (triangles or tetrahedrons) in
a triangulation of the domain 2 (that is, £2(0)). Note that the triangulation
will be completely superficial, without any effect on the solution, in the case
before discretization. Denote by H'(7;,) the space of functions in L?(§2) whose
restriction to each element K € 75, is in H*(K) (functions in H'(7;) may,
however, contain jump discontinuities between neighboring elements in the
discrete case). Denote by X the union of the boundaries to all elements in
the triangulation. Denote by T'(X) the space of traces of functions in H*(7},)
on X; such traces are uniquely defined on the domain boundary 9f2 but are,
in general, double valued on the element boundaries Xy = X'\ 02 interior
to the domain. Consider two neighboring elements K; and K5 that shares
the surface (3D) or the edge (2D) o € Xy, and denote by n; and ny = —ny
the unit normals on ¢ that are outward directed with respect to K; and Ko,
respectively. For ¢ € H'(7},), define jumps on o by

[[q]] = q|8K1ﬂan1 + q|8Kgﬂon2' (39)

For ¢ € H'(7) and v € H'(£2)¢ hold the integration-by-parts formula

[vwa==3 [wves [ wvor [ v w0

KeTy,

We will now apply the formula (40) with ¢ = Vu* - Vu and ¥ = d¢. Note
that ¢ € H'(7;,) and ¢ € H'(£2)? hold for these choices: before discretization,
q|x is smooth by internal regularity of the equations (32) and (36), and @ €
H'(0)? by assumption; after discretization, g|x is polynomial, and ) is in
an H(02)% conforming finite-element space. Using the formula (40), the first
term in the right side of the expression (38) can be written

—/QVu*-VuV~5¢: Z /K<5¢~V(Vu*~Vu)

KeTy,

—/ n-J¢Vu* - Vu — d¢p - [Vu™ - Vu], (41)
I'q

3o

where we have used that d¢ vanishes on 92\ I'4. Integration by parts on the
second term in the right side of the expression (38) yields
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—5/u*uV-5¢:5/ 6¢-V(u*u)—5/ n-d¢putu. (42)
0 N Iy

Substituting the expressions (41) and (42) into the expression (38) and col-
lecting terms, we obtain

5j(5¢):—/ n-d¢(Vu* - Vu+euu) — 5 - [Vu* - Vu]
T4 o
+ ) / (8¢ - V(Vu* - Vu) + Vu* - (Vsdo) Vu+ ¢ 6 - V(u*u)).
KeTy, K
(43)

The two first terms in the last integral in the expression (43) can be written
0V (Vu™-Vu)+Vu*-(Vsdp) Vu = V(6p-Vu*)-Vu+Vu*-V(d¢p-Vu), (44)

as shown by expanding in Cartesian components, for instance. Substituting
the expression (44) into the expression (43) yields

5J:—/ n-é¢(Vu* - Vu+eu'u) — 0¢ - [Vu™ - Vu]
Fd EO

s /K(v(5¢.Vu*)~Vu+5(5¢~Vu*)u)

KeTy,

+ 3 /K(Vu*-V(5¢-Vu)+5u*6d>-Vu). (45)

KeTy,

The expression (45) contains, as its first term, the “continuous” directional
derivative expression (6), but also three “correction” terms. The first correc-
tion term involves jumps of Vu* - Vu at inter-element boundaries, whereas
the second and third terms contain some particular weighted element-wise
residuals of the state and adjoint equations, respectively, for which d¢ - Vu*
and d¢ - Vu replace the test functions. Some or all of these “correction terms”
may vanish, depending on the situation:

Case 1 (before discretization). When V = H'(£2) — the “continuous” case —
the functions u and u* are interior regular (and regular up to the boundary
I'y when the boundary is smooth enough). In this case, the jump terms vanish
due to the continuity of Vu - Vu*. Also, since d¢p - Vu* € V, §¢ - Vu € V
in this case, the element residual terms will also vanish due to the state and
adjoint equations (32), (36). Hence, in this case, the expression (45) reduces
to the classic “continuous” expression (6).

Case 2 (lowest-order finite elements). If functions in V are linear on each
element, the element residual terms vanish, since then V(d¢-Vu*)|x = V(d¢p-
Vu)|x = 0.
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Case 3 (higher-order finite elements). Here, none of the terms vanishes, in
general, and the expression (45) with §¢p = dxj, N!(x) just provides a different
way of evaluating the expression (12).

Case 4 (C* finite elements). When using the (rather unusual) class of C'*! finite
elements (for instance, the Argyris element [3, §3.2.10]), the inter-element
jump terms vanish since then [Vu* - Vu] = 0.

The expression (45) links together the “discrete” expression (12) and the
“continuous” expression (6) and constitutes, therefore, hopefully a first step
in a rigorous numerical analysis of finite-element shape optimization. For in-
stance, the convergence rate of the discrete Frechet derivative could be esti-
mated by estimates of the jumps and residual terms that the expression (45)
exposes.
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