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Summary. A linear complementarity problem (LCP) is formulated for the price
of American options under the Bates model which combines the Heston stochastic
volatility model and the Merton jump-diffusion model. A finite difference discretiza-
tion is described for the partial derivatives and a simple quadrature is used for the
integral term due to jumps. A componentwise splitting method is generalized for the
Bates model. It is leads to solution of sequence of one-dimensional LCPs which can
be solved very efficiently using the Brennan and Schwartz algorithm. The numerical
experiments demonstrate the componentwise splitting method to be essentially as
accurate as the PSOR method, but order of magnitude faster. Furthermore, pric-
ing under the Bates model is less than twice more expensive computationally than
under the Heston model in the experiments.

1 Introduction

During the last couple of decades, the trading of options has grown to tremen-
dous scale. The most basic options give either the right to sell (put) or buy
(call) the underlying asset with the strike price. European options can be
exercised only at the expiry time while American options can be exercised
any time before the expiry. Usually American options need to be priced nu-
merically due to the early exercise possibility. One approach is to formulate a
linear complementarity problem (LCP) or variational inequality with a partial
(integro-)differential operator for the price and then solve it numerically after
discretization. Since the books by Glowinski, Lions, and Trémolieres [17] and
by Glowinski [14], these problems have been extensively studied.

For pricing options, a model is needed for the behavior of the value of the
underlying asset. Many such models of varying complexity have been devel-
oped. More complicated models reproduce more realistic paths for the value
and match between the market price and model prices of options is better,
but they also make pricing more challenging. In the Black—Scholes model
[5], the value is a geometric Brownian motion. The Merton model [26] adds
log-normally distributed jumps to the Black—Scholes model while in the Kou
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model [23], the jumps are log-doubly-exponentially distributed. The Heston
model [19] makes the volatility also stochastic in the Black—Scholes model.
The Bates model [4] which is also sometimes called as the Heston—Merton
model adds to the Heston model log-normally distributed jumps. The corre-
lated jump model [12] allows also the volatility in the Bates model to jump.

Many methods have been proposed for solving the resulting LCPs. The
Brennan and Schwartz algorithm [6] is a direct method for pricing American
options under the Black—Scholes model; see also [21]. Numerical methods pric-
ing under the Heston model have been considered in [8, 20, 22, 27, 35]. The
treatment of the jumps in the Merton and Kou models have been studied in
[2,3,9,10,25,32]. Pricing under the Bates model has been considered in [7]
and under the correlated jump model in [13].

In this paper, we consider pricing American call options under the Bates
model. We discretize the spatial partial derivatives in the resulting partial
integro-differential operator using a seven-point finite difference stencil. The
integral term is discretized using a simple quadrature. The Rannacher scheme
[29] is employed in the time stepping. We treat the LCP by introducing a
gencralization for the componentwise splitting method in [20]. The numerical
experiments demonstrate that the proposed method is orders of magnitude
faster than the PSOR method.

The outline of the paper is the following. The Bates model and an LCP
for an American call option is described in Section 2. The discretization of
LCPs is constructed in Section 3. The componentwise splitting method is
proposed in Section 4. Numerical experiments are presented in Section 5 and
conclusions are given in Section 6.

2 Option Pricing Model

In the following, we give coupled stochastic differential equations describing
the Bates model. Then, we give an LCP for the price of an American call
option when the market prices of the volatility and jump risks are zero.

2.1 Bates Model

The Bates stochastic volatility model with jumps [4] combines the Merton
jump model [26] and the Heston stochastic volatility model [19]. It describes
the behavior of the asset value x and its variance y by the coupled stochastic
differential equations

dr = (p — A)zdt + /yzdw; + (J — 1)xdn,

1
dy = k(0 — y)dt + o/ydw,, S

where p is the growth rate of the asset value, x is the rate of reversion to the
mean level of y, € is the mean level of y, and o is the volatility of the variance y.
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The two Wiener processes w; are wg have the correlation p. The Poisson
arrival process n has the rate A\. The jump size J is taken from a distribution

1 InJ — (v —0%/2)]”
f(ﬂzmexp(— 252 >,

where v and § define the mean and variance of the jump. The mean jump &
is given by £ = exp(y) — 1.

(2)

2.2 Linear Complementarity Problem for American Options

We define a partial integro-differential operator L acting on a price function
u as

1 1
Lu=u, — iya,guw — POYTUgy — Eazyuyy —(r—q—X\)xu,

10 — gy + (4 A)u— A /0 S ulJny ) DA, (3)

where 7 = T —t is the time to expiry and ¢ is the dividend yield. For compu-
tations, the unbounded domain is truncated to be

(@,y,7) € (0,X) x (0,Y) x (0,7 (4)

with sufficiently large X and Y.

The initial value for u is defined by the payoff function g(z,y) which gives
the value of option at the expiry. In the following, we consider only call options.
A similar approach can be also applied for put options. The payoff function
for a call option with the strike price K is

g(z,y) =max{xr — K, 0}, 2€(0,X), ye (0,Y). (5)

The price v of an American option satisfies an LCP

{Lu >0, u>g,
(Lu) (u—g) = 0.

We pose the boundary conditions

w(©0,y,7) =9(0,y), u(X,y,7)=9(X,y), ye(0Y), )

uy(z,Y,7) =0, =€ (0,X).
Beyond the boundary x = X, the price u is approximated to be the same as
the payoff g, that is, u(z,y,7) = g(z,y) for £ > X. On the boundary y = 0,
the LCP (6) holds and no additional boundary condition needs to be posed.
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3 Discretization

We approximate the price u on a space—time grid defined by the grid points
(@, 95, 7), 0<i<m, 0<j<n, 0< k<L
3.1 Discretization of Spatial Differential Operator

We use a uniform space grid with the grid steps in the z-direction and y-
direction being Az = X/m and Ay = Y/n, respectively. Figure 1 shows a
coarse space grid. A semidiscrete approximation for the price u is given by
the time-dependent grid point values

u; ;i (7) = u(xs, y;,7) = u(idz, jAy,7), 0<i<m, 0<j<n (8)

We need to discretize the spatial partial derivatives in L given by

a11Ugy + A12Ugy + A22Uyy + bluz + bgUy + cu, (9)
where
1, 14
aj; = —=yx°, a19 = —poyYyx, g9 = —=07Y,
11 2y 12 POY 22 B ) (10)
by = —(r—qg— Xz, by = —k(0 — y), c=r1-+\

The spatial partial derivatives are discretized using finite differences. For the
non cross-derivatives, we use the standard central difference approximations

1
ua:a:(xiayij) ~ (A]J)Q (QU‘(xivyjaT) - ’LL(.’E,L - AxaijT) - ’LL(.’E,L + AxvijT)) )

1
Uyy (i, Y5, T) R e (u(wi, yj, 7) — u(w: — Az, y;,7) —u(wi + Az, y;, 7)),

1
uz(xivijT) ~ m (’LL(.’E,L + A‘T,ij’r) - ’LL(.’E,L - AxvijT)) )

1
Uy(l'i,yj,T) ~ E (U(J}z + AxaijT) - U(l‘z - AxaijT)) .

Yy

Y

0 -
0 X T

Fig. 1. A coarse 17 x 9 uniform grid for the computational domain (0, X) x (0,Y).
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Fig. 2. A seven-point finite difference stencil used with a negative correlation p < 0
between the Wiener processes for the asset value x and its variance y.

In this paper, we assume that the correlation p is negative and we use a seven-
point stencil shown in Figure 2. A similar stencil has been described in [7].
For a positive correlation p, a suitable seven-point stencil is given in [20,22].
The cross-derivative uz, is approximated by

1
Uy (T4, Y5, T) = Az Ay Qu(zi,yj, 7) — u(w; — Az, y; + Ay)
—u(z; + Az, y; — Ay) — (Az)*ugs (24, Y5, 7) — (Ay)uyy(25,y5,7)) . (12)

Due to additional derivative terms in (12), we define modified coefficients for
Uz and Uyy as

1A 1A
an = all + ——zalz, and a22 = a2 + §A—za12. (13)

It is well-known that the central finite differences can lead to positive
weights in difference stencil when the convection dominates the diffusion. To
avoid positive weights, we add some artificial diffusion according to

1 1
dll = min {611,—§b1Ax,§b1Ax} (14)
and
N .- 1 1
Q29 = min {azg, _EbQAy’ EbQAy} . (15)

This is equivalent to using a combination of one-sided and central differences
for the convection. The resulting matrix is an M-matrix. Its off-diagonals are
nonpositive and the diagonal is positive. It is strictly diagonally dominant
when c=74+ X > 0.

3.2 Discretization of Integral Term

The integral term due to the jumps in (3) needs to computed at each grid
point = = x;. We denoted it by

j / w(Tzi,y, ) F(T)d (16)
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In order to perform the integration, we make a change of variable J = e*®
which leads to

I, = /OO u(e®x;,y, 7)p(s)ds, (17)

—00

where p is the probability density function of the normal distribution with the
mean  — §2/2 and the variance §2 given by

[s—(v— 52/2)}2> _

1
o) = o (-0 (18)

We decompose I; into integrals over grid intervals as

Inz,—Inz;

n—1 0o
I, = Z L ; —|—/ g(e’x;,y)p(s)ds, (19)
3=0

where

Inz;—Inxz;

hi= | u(es,y, T)p(s)ds. (20)
Inz;yi1—Inxz;

The price function u(z,y,7) needs to be approximated between each grid

point pair (z;,z;+1). For this, we use a piecewise linear interpolation

Ti+1 — X Xr — X;

u(xvva) ~ u(xi7y,7—) + u(xiJrl?y,T) (21)

Tit1 — T4 Ti+1 — T4

for z € [z, xj41].
By performing the integration, we obtain

HNG’Y Si’j+1—’y—(52/2 Si’j—’y—(52/2 o
I ~ 3 [erf( 573 erf 53 ;T4

1 bl =+ 62)2 822
+3 [erf (8 She 6\7;_ / ) — erf (%)} Bjzi, (22)

where erf(-) is the error function, s, ; = Inz; — Inz,,

U(JZ i+15Y, T) - U(]J s Y T) U(l‘ s Y 7').13 i+1 — U(l‘ i+15Y, 7')33'
;= % j , and 8 = 2 j j J

Tj+1l — Ty Lj+1 — Ty
(23)
3.3 Semidiscrete LCP
The space discretization leads to an LCP
u,+Au+a>0, u>g, (24)
(1, + Au+a)"(u—g) =0,
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where A is (m+1)(n+1) x (m+1)(n+ 1) matrix, a is a vector resulting from
the second term in (19), u and g are vectors containing the grid point values
of the price u and the payoff g, respectively. In the above LCP, the inequalities
hold componentwise. The entries in the rows of A corresponding to the grid
points on the boundaries x = 0 and x = X are set to zero. The submatrix of
A corresponding to the grid points not on the boundaries x = 0 and z = X
is an M-matrix. When the numbering of the grid points first goes through the
grid points in the z-direction and then in the y-direction, the (n+1) x (n+1)
diagonal blocks of A are essentially full matrices due to the jump term.

3.4 Time Discretization

We use the Rannacher scheme [29] with nonuniform time steps. It takes a few
first time steps with the implicit Euler method and then it uses the Crank—
Nicolson method. This leads to better stability properties than using just the
Crank—Nicolson method. The solution vector u is approximated at times

k 2
— | T k=0,1,2
<2l> ) 07 ’ 737

E—2\?2
STEY T k=451
<l—2> ) 757 )

(25)

In order to simplify the following notations, we define time step sizes A7, =
Th+1 — Tk, k=0,1,..., 0 —1.

In order to simplify the notations in the following, we denote by
LCP(B, u, b, g) the linear complementarity problem

(26)

(Bu—-b)T(u—g)=0.

The Rannacher time stepping leads to the solution of the following se-
quence of LCPs:
LCP(B*HD D) p*Hl) g), (27)

where u®®) denotes the vector u at the time 75. For the first four time steps
k=0,1,2,3, we use the implicit Euler method defined by

B =14+ Ar A and b+t = Anu® — Ara. (28)

The rest of the time steps k =4,5,...,l — 1 are performed using the Crank—
Nicolson method defined by

1 1
BHHD — 14 §ATkA and b+l — (I - §ATkA> u® — Arca. (29)
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4 Componentwise Splitting Method

Componentwise splitting methods are inspired by ADI (Alternating Direction
Tmplicit) schemes which were introduced in [11, 28]. Instead of treating a
part of operator explicitly, we use fully implicit splittings considered in
[15,16,24,33], for example. For the Heston model, the componentwise split-
ting method were introduced in [20] with a positive correlation p. In [7], the
splitting method was considered in the case of a negative correlation.

The matrix A is split into three matrices which correspond to the cou-
plings in the x-direction, y-direction, and diagonal direction. Figure 3 shows
the matrix splitting and also the corresponding splitting of the finite dif-
ference stencil. The simplest fractional step method based on the implicit
Euler method is given in Figure 4. The formal accuracy of this method is
O(ATl_l) =0 (%)

We increase the accuracy of the splitting method by performing a Strang
symmetrization [30] and use the Crank—Nicolson method; see also [15]. This
leads one time step to have the following fractional steps:

Step 1. LCP <I + ﬂA uk+1/5) <I — ATkA > u(k),g>

Step 2. LCP <I + ﬂA (k+2/5) ( ) u(k+1/5),g>

Step 3. LCP (I + %A, u(k+3/5) (I ulk+2/5) _ ATia, g)
Step 4. LCP (I + %A uk+4/5) <1 ) u(k+3/5)’g>

A A
Step 5. LCP <I + %Ay’u(kJrl)? (I _ %A‘O u(k+4/5)7g>

I A’Tk
ATk
ATk

In order to maintain the good stability of the Rannacher scheme, we use the
implicit Euler method instead the Crank—Nicolson method for the first four
time steps k = 0,1, 2,3 in the above symmetrized splitting method.

4.1 Solution of One-Dimensional LCPs

For an American call option, typical early exercise boundaries at different
times are shown in Figure 5. The boundary can be described by a relation

A = A, + Ay + Aqg

N . :
N

Fig. 3. The matrix splitting of A and the corresponding splitting of the finite
difference stencil.
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1. LCP(I+ A Ay, ulb+1/3) Aru®) g)
Solve the sequence of one-dimensional LCPs:

2. LCP(I + A1 Ag, ul+2/3)  Anuk+1/3) o)
Solve the sequence of one-dimensional LCPs:

3. LCP(I + A Ay, uF D Anuk+2/3) — Aria, g)
Solve the sequence of one-dimensional LCPs:

Fig. 4. Three fractional splitting steps for performing the time step from 74 to T41.

0.8
0.6
0.4
0.2

[

0 50 100 150 200 250 300 350 400
X

Fig. 5. The time evolution of the early exercise boundaries for an American call
option.

y = h(z,T), where h an increasing function with respect to x. Thus, a given
point (z,y,7) belongs to

e The hold region if y > h(x,T) or
e The early exercise region if y < h(z, )

Similarly, the early exercise boundary divides each a-directional line, y-
directional line, and (1, —1)-directional line into two parts. Due to this solution
structure and the tridiagonal matrices defining the LCPs in the y-direction
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and (1, —1)-direction, the Brennan and Schwartz algorithm can be used to
solve these problems. The LCPs in the z-direction have full matrices due to
the integral term. An iterative solution procedure for these problems is de-
scribed in the end of this section.

Brennan and Schwartz Algorithm

The Brennan and Schwartz algorithm for American put options under the
Black—Scholes model was described in [6]. The algorithm can be modified to
use a standard LU-decomposition [1,21]. We formulate it for a tridiagonal
linear complementarity problem:

Ty T2 X1 b,
L L Xo bg
Tx = | 12! A I S G
Tm—l,m—l Tm—l,m :
Tm,m—l Tm,m Xm bm
x>g  (Tx—b)T(x—g)=0. (31)

The Brennan and Schwartz algorithm assumes the solution x to be such that
for some integer k it holds that
X, >¢q;,, 1=1,...,k, and

32
X, =¢g;, t=k+1,...,m. (32)

The algorithm with LU-decomposition is described as follows:

Brennan and Schwartz algorithm
Computation of LU-decomposition and forward substitution:

Doi=2,....m
Lijc1=Ti—1/Ui_1,-1
Ui, =T 1,

U, =T; —Lj;—1U;_1;
yi=bi—Li;1yi—1

End Do

Backward substitution with a projection:

Xm = ym/Um,m

X = Max{Xm, m}

Doi=m-—1,...,1
xi = (yi — Uiit1xiy1)/ Uiy
x; = max{x;, g;}

End Do

In this algorithm the only modification to a standard solution with LU-
decomposition is the additional projection in the backward substitution.
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After a suitable numbering of unknowns the assumption (32) holds for
the one-dimensional LCPs in all three directions. The Brennan and Schwartz
algorithm can be use directly to solve the one-dimensional LCPs in the y-
direction and in the (1, —1)-direction.

LCPs with Full Matrices Associated to the x-Direction

A matrix associated to one-dimensional LCP in the z-direction is denoted by
B. It has a regular splitting [34]

B=T-17, (33)

where —J is a full matrix resulting from the integral term and T is the rest
which a tridiagonal matrix. We generalize a fixed point iteration described in
[31] and used in [2,10,32]. The fixed point iteration for LCP(B, x, b, g) reads

LCP(T,x "', b4+ Jx/,g), j=0,1,... (34)

Each iteration requires the solution of an LCP with the tridiagonal T and
the multiplication of a vector by J. The Brennan and Schwartz algorithm
can be used to solve the LCPs (34). The iteration converges very rapidly and
only a couple of iterations are needed to reach sufficient accuracy for practical
purposes.

5 Numerical Experiments

In the numerical experiments for call options, we use the model parameter
values:

The risk free interest rate » = 0.03

The dividend yield g = 0.05

The strike price K = 100

The correlation between the price and variance processes p = —0.5
The mean level of the variance § = 0.04

The rate of reversion to the mean level kK = 2.0

The volatility of the variance o = 0.25

The jump rate A = 0.2

The mean jump v = —0.5

The variance of jump § = 0.4

The computational domain is (z,y,7) € [0,400] x [0, 1] x [0,0.5].

Our first experiment compares the PSOR method and the Strang sym-
metrized componentwise splitting method for call options under the Heston
model, that is, A = 0. In this case, the LCPs in the z-direction are tridiagonal
and they can be solved using the Brennan and Schwartz algorithm without
the iteration (34).
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Table 1. The numerical results for the Heston model

Method Grid (m,n,l) Iteration Error Ratio CPU
PSOR (64,32, 8) 346 0.14470 0.05
(128, 64, 16) 42.3 0.05607 2.58 0.48

(256,128, 32) 95.3 0.01006 5.58 8.18

(512,256, 64) 196.6 0.00350 2.87 128.51

(1024, 512, 128) 372.2 0.00066 5.31 1890.76

Componentwise (64,32, 8) 0.14412 0.01
splitting (128, 64, 16) 0.05621 2.56 0.06
(256,128, 32) 0.01019 5.51 0.51

(512,256, 64) 0.00355 2.87 6.36

(1024, 512, 128) 0.00067 5.28 58.27

Table 1 reports the numerical results. It (and also Table 2) has the fol-
lowing columns: Grid (m,n,!) defines the number of grid steps in x, y, and 7
to be m, n, and [, respectively. Iteration gives the average number of PSOR
iterations on each time step with the relaxation parameter w = 1.5. With the
componentwise splitting method iteration specifies the number of iterations
(34) to solve the LCPs in the z-direction at each time step. Error column
gives the root mean square relative error given by

error = [l 25: <u(xi,9,T) — U(Xi,a,T)>2

5 i=1 U(XiveyT)

1/2
: (35)

where x = (80,90, 100, 110,120)” and U is the reference price. Ratio is the
ratio of the consecutive root mean square relative errors. CPU gives the CPU
time in seconds on a 3.8 GHz Intel Xeon PC. The reference prices under the
Heston model at (x;,0,T), i = 1,2,...,5, are 0.131563, 1.255396, 4.999888,
11.680219, 20.325463 which were computed using the componentwise splitting
method on the grid (4096, 2048, 512).

We can observe from Table 1 that the discretizations with both methods
appears to be roughly second-order accurate as the ratio is four on average.
Furthermore, the splitting increases the error only about 2%. On the coarsest
grid, the splitting method is five times faster than the PSOR method, and on
the finest grid it is 32 times faster.

In our second experiment, we performed the same comparison under the
Bates model. The reference prices computed using the componentwise split-
ting method on the grid (4096,2048,512) are 0.328526, 2.109397, 6.711622,
13.749337,22.143307. In the componentwise splitting method, the LCPs in the
z-direction lead to full matrices and the iteration (34) is employed to solve
them. Based on a few experiments, we observed that already after two iter-
ations the accuracy is sufficient. Thus, we use two iterations in our compari-
son. The multiplication by the matrix J is the most expensive operation in the
iteration. In order to perform it efficiently, we collected all n multiplications
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Table 2. The numerical results for the Bates model

Method Grid (m,n,l) Iteration Error Ratio CPU
PSOR (64,32, 8) 39.6 0.10887 0.16
(128, 64, 16) 48.1 0.03803 2.86 2.14

(256, 128, 32) 108.2 0.00670 5.68 138.92

(512,256, 64) 222.6 0.00209 3.20 8605.09

(1024, 512, 128) 420.5 0.00034 6.13 275191.73

Componentwise (64,32, 8) 2.0 0.10833 0.01
splitting (128, 64, 16) 2.0 0.03790 2.86 0.09
(256,128, 32) 2.0 0.00668 5.67 0.81

(512,256, 64) 2.0 0.00210 3.19 10.18

(1024, 512, 128) 2.0 0.00035 6.07 109.45

corresponding to all z-grid lines together and then performed the resulting
matrix-matrix multiplication using the optimized GotoBLAS library [18].

The numerical results under the Bates model are given in Table 2. Absolute
errors are comparable to the ones under the Heston model, but as the option
prices are higher under the Bates model the relative errors reported in the
table are smaller. Again roughly second-order accuracy is observed with both
methods. The CPU times with the componentwise splitting method were less
than twice the times under the Heston model. The componentwise splitting
method is 16 times faster on the coarsest grid, and it is about 2,500 times
faster on the finest grid. On finer grids, the PSOR method leads to infeasible
CPU times while the times with componentwise splitting method are still
reasonable.

6 Conclusions

We described a linear complementarity problem (LCP) for pricing American
options under the Bates model and we considered a finite difference discretiza-
tion. We proposed a componentwise splitting method to solve approximately
the LCPs. It leads to a sequence of LCPs with tridiagonal matrices. The
Brennan and Schwartz algorithm can solve these LCPs efficiently.

Our numerical experiments showed that the additional splitting error do
not essentially increase the discretization error. The componentwise splitting
method is orders of magnitude faster than the PSOR method under the Bates
model. Pricing under the Bates model was at most two times more expensive
than under the Heston model with the componentwise splitting method.

Acknowledgement. The author thanks Prof. Roland Glowinski for introduction and
discussions on operator splitting methods. The author is grateful to Dr. Samuli
Tkonen for many fruitful discussions on numerical methods for option pricing.
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