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of the triangle-free process

Tom Bohman1 and Peter Keevash2

Abstract. The triangle-free process begins with an empty graph on n vertices and
iteratively adds edges chosen uniformly at random subject to the constraint that no
triangle is formed. We determine the asymptotic number of edges in the maximal
triangle-free graph at which the triangle-free process terminates. We also bound
the independence number of this graph, which gives an improved lower bound
on Ramsey numbers: we show R(3, t) > (1/4 − o(1))t2/ log t , which is within
a 4 + o(1) factor of the best known upper bound. Furthermore, we determine
which bounded size subgraphs are likely to appear in the maximal triangle-free
graph produced by the triangle-free process: they are precisely those triangle-free
graphs with maximal average density at most 2.

1 Introduction

Constrained random graph processes provide an interesting class of ran-
dom graph models and a natural source for constructions in graph theory.
Although the dependencies introduced by the constraints make such pro-
cesses difficult to analyse, the evidence to date suggests that they are par-
ticularly useful for producing graphs of interest for certain extremal prob-
lems. Here we consider the triangle-free random graph process, which
is defined by sequentially adding edges, starting with the empty graph,
chosen uniformly at random subject to the constraint that no triangle is
formed.
This process was introduced by Bollobás and Erdős (see [7]), and first

analysed by Erdős, Suen and Winkler [10], using a differential equations
method introduced by Ruciński and Wormald [17] for the analysis of the
constrained graph process known as the ‘d-process’. One motivation for
their work was that their analysis of the triangle-free process led to the
best lower bound on the Ramsey number R(3, t) known at that time. The
Ramsey number R(s, t) is the least number n such that any graph on
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n vertices contains a complete graph with s vertices or an independent
set with t vertices. In general, very little is known about these num-
bers, even approximately. The upper bound R(3, t) = O(t2/ log t) was
obtained by Ajtai, Komlós and Szemerédi [1], but for many years the
best known lower bound, due to Erdős [9], was �(t2/ log2 t). The or-
der of magnitude was finally determined by Kim [13], who showed that
R(3, t) = �(t2/ log t). He employed a semi-random construction that is
loosely related to the triangle-free process, thus leaving open the question
of whether the triangle-free process itself achieves this bound; this was
conjectured by Spencer [19] and proved by Bohman [3]. There is now
a large literature on the general H -free process, obtained by replacing
‘triangle’ by any fixed graph H in the definition; see [6,8,15,16,22–25].
However, the theory is still in its early stages: we conjectured that our
lower bound for H strictly 2-balanced, given in [6], gives the correct or-
der of magnitude for the length of the process, but so far this has only
been proved for some special graphs.
In this paper we specialise to the triangle-free process, where we can

now give an asymptotically optimal analysis. Our improvement on pre-
vious analyses of this process exploits the self-correcting nature of key
statistics of the process.
Let G be the maximal triangle-free graph at which the triangle-free

process terminates.

Theorem 1.1. Whp every vertex of G has degree (1+ o(1))
√
1
2n log n.

We also obtain the following bound on the size of any independent set
in G.

Theorem 1.2. Whp G has independence number at most
(1+ o(1))

√
2n log n.

An immediate consequence is the following new lower bound on Ramsey
numbers. The best known upper bound is R(3, t) < (1 + o(1)) t2

log t , due
to Shearer [18].

Theorem 1.3. R(3, t) >
(
1
4 − o(1)

)
t2

log t .

These results are predicted by a simple heuristic: the graph G(i) after i
steps of the triangle-free process should resemble the Erdős-Rényi ran-
dom graph Gn,p with i = n2 p/2, with the exception that Gn,p has many
triangles while G(i) has none. We also show that this heuristic extends to
all small subgraph counts; in particular, we answer the question of which
subgraphs appear in G. Suppose H is a graph with at least 3 vertices.
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The average density of H is d(H) = |EH |
|VH | . The maximum average den-

sity m(H) of H is the maximum of d(H ′) over nonempty subgraphs H ′
of H .

Theorem 1.4. Let H be a triangle-free graph with at least 3 vertices.

(i) If m(H) ≤ 2 then P(H ⊆ G) = 1− o(1).
(ii) If m(H) > 2 then P(H ⊆ G) = o(1).

Thus, the small subgraphs that are likely to appear in G are exactly
the same as the triangle-free subgraphs that appear in the corresponding
Gn,p.

2 Overview of the proof

We are guided by the heuristic that G(i) resembles Gn,p with i = n2 p/2.
We introduce a continuous time that scales as t = in−3/2. Note that
p = 2tn−1/2. We define Q(i) to be the number of open ordered pairs
in G(i). This variable is crucial to our understanding of the process: we
have Q(0) = n2 − n, and the process ends when Q(i) = 0. How do
we expect Q(i) to evolve? If G(i) resembles Gn,p then for any pair uv

we should have P(uv ∈ O(i)) ≈ (
1− p2

)n−2 ≈ e−np2 = e−4t2 . We set
q(t) = e−4t2n2 and expect to have Q(i) ≈ q(t) for most of the evolution
of the process. This is exactly what we prove.

2.1 Strategy

We use dynamic concentration inequalities for a carefully chosen ensem-
ble of random variables associated with the process. We show V (i) ≈
v(t) for all variables V in the ensemble, for some smooth function v(t),
which we refer to as the scaling of V . Here V (i) denotes the value of
V after i steps of the process. For each V we define a tracking vari-
able T V (i) and show that DV (i) = V (i) − T V (i) satisfies |DV (i)| <
eV (t)v(t), for some error functions eV (t). We use T V (i) rather than v(t)
so that we can isolate variations in V from variations in other variables
that have an impact on V .
The improvement to earlier analysis of the process comes from ‘self-

correction’, i.e. the mean-reverting properties of the system of variables.
We take eV (t) = fV (t) + 2gV (t), where we think of fV (t) as the ‘main
error term’ and gV (t) as the ‘martingale deviation term’. We usually have
gV ) fV , but there are some exceptions when t is small and hence fV (t)
is too small. We require gV (t)v(t) to be ‘approximately non-increasing’
in t , in that gV (t ′)v(t ′) = O(gV (t)v(t)) for all t ′ ≥ t . We define the
critical window WV (i) = [( fV (t) + gV (t))v(t), ( fV (t) + 2gV (t))v(t)].
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We prove the trend hypothesis: ZV (i) := |DV (i)| − eV (t)v(t) is a su-
permartingale when |DV (i)| ∈ WV (i). The trend hypothesis will follow
from the variation equation for eV (t), which balances the changes in
DV (i) and eV (t)v(t). Since errors can transfer from one variable to an-
other, each variation equation is a differential inequality that can involve
many of the error functions.
We track the process up to the time tmax = 1

2

√
(1/2− ε) log n. If the

tracking fails, then there is some i∗ ≤ imax and a variable V such that
DV (i) enters WV (i ′) from below at some step i ′ < i∗, stays in WV (i) for
i ′ ≤ i ≤ i∗ then goes above WV (i∗) at step i∗. During this time ZV (i)
is a supermartingale, with ZV (i ′) ≤ −gV (t ′)v(t ′) and ZV (i∗) ≥ 0, so
we have an increase of at least gV (t ′)v(t ′) against the drift of the super-
martingale. We can estimate the probability of this event using Freed-
man’s martingale inequality [11], provided that we have good estimates
on VarV (t) = Var(ZV (i) | Fi−1) and NV (t) = |ZV (i + 1)− ZV (i)|;
we refer to this as the boundedness hypothesis. Thus it suffices to verify
the trend and boundedness hypotheses for all variables.

2.2 Variables

All definitions are with respect to the graph G(i). Sometimes we use
a variable name to also denote the set that it counts, e.g. Q(i) is the
number of ordered open pairs, and also denotes the set of ordered open
pairs. We usually omit (i) and (t) from our notation, e.g. Q means
Q(i) and q means q(t). We use capital letters for variable names and
the corresponding lower case letter for the scaling. We express scal-
ings using the (approximate) edge density and open pair density, namely
p = 2in−2 = 2tn−1/2 and q̂ = e−4t2 .
The next most important variable in our analysis, after the variable Q

defined above, is the variable Yuv which, for a fixed pair of vertices uv,
is the number of vertices w such that uw is an open pair and vw is an
edge. It is natural that Yuv should play an important role in this analysis,
as when the pair uv is added as an edge, the number of open edges that
become closed is exactly Yuv + Yvu . The motivation for introducing the
ensembles of variables defined below is as follows: control of the global
variables is needed to get good control of Q, control of the stacking vari-
ables is needed to get good control of Yuv, and controllable variables play
a crucial role in our analysis of the stacking variables.
The global variables consist of Q, R and S, where Q = 2|O(i)| is the

number of ordered open pairs, R is the number of ordered triples with
3 open pairs, and S is the number of ordered triples abc where ab is an
edge and ac, bc are open pairs.
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The stacking variables are built from four basic building blocks: Xu
is the number of vertices ω such that uω is open, Yu is the number of
vertices ω such that uω is an edge, Xuv is the number of vertices w such
that uw and vw are open pairs, Yuv is the number of vertices w such that
uw is an open pair and vw is an edge. We defer the exact definition to the
full version of the paper, but roughly speaking, the idea is that the relative
errors in these variables decrease as the number of steps increases, so that
after a large constant number of steps they are essentially global.
Finally, we formulate a very general condition under which we have

some control on a variable. Suppose � is a graph, J is a spanning sub-
graph of � and A ⊆ V�. We refer to (A, J, �) as an extension. Suppose
that φ : A → [n] is an injective mapping. We define the extension
variables Xφ,J,�(i) to be the number of injective maps f : V� → [n]
such that f restricts to φ on A, f (e) ∈ E(i) for every e ∈ EJ not con-
tained in A, and f (e) ∈ O(i) for every e ∈ E� \ EJ not contained in
A. We introduce the abbreviations V = Xφ,J,�, n(V ) = |V�| − |A|,
e(V ) = eJ − eJ [A], and o(V ) = (e� − eJ )− (e�[A] − eJ [A]). The scaling
is v = xA,J,� = nn(V ) pe(V )q̂o(V ). We expect V ≈ v, provided there is no
subextension that is ‘sparse’, in that it has scaling much smaller than 1.
Given A ⊆ B ⊆ B ′ ⊆ V� we define SB

′
B = SB

′
B (J, �) to equal

n|B
′|−|B| peJ [B′]−eJ [B] q̂(e�[B′]−eJ [B′])−(e�[B]−eJ [B]).

Let t ′ ≥ 1. We say that V is controllable at time t ′ if J �= � (i.e. at
least one pair is open) and for 1 ≤ t ≤ t ′ and A � B ⊆ V� we have
SBA (J, �) ≥ nδ, where δ > 0 is a fixed global parameter that is suffi-
ciently small given ε. (This condition is essentially identical to the con-
dition needed to prove concentration of subgraphs counts in Gn,p using
Kim-Vu polynomial concentration [14].)

3 Concluding remarks

We have determined R(3, t) to within a factor of 4+ o(1), so we should
perhaps hazard a guess for its asymptotics: we are tempted to believe
the construction rather than the bound, i.e. that R(3, t) ∼ t2/4 log t . We
should note that we only have an upper bound on the independence num-
ber of the graph G produced by the triangle-free process. So, formally
speaking, the triangle-free process could produce a graph that gives a bet-
ter lower bound on R(3, t). But we believe that this is not the case; that
is, we conjecture that the bound on the independence number in Theorem
1.2 is asymptotically best possible.
Our method for establishing self-correction builds on ideas used re-

cently by Bohman, Frieze and Lubetzky [5] for an analysis of the triangle-
removal process (see also [4] for a simpler context). Furthermore, the
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results of this paper have also been obtained independently and simulta-
neously by Fiz Pontiveros, Griffiths and Morris; their proof also exploits
self-correction, but is different to ours in some important ways.
Another natural direction for future research is to provide an asymp-

totically optimal analysis in greater generality for the H -free process. No
doubt the technical challenges will be formidable, given the difficulties
that arise in the case of triangles. But on an optimistic note, it is encour-
aging that one can build on two different proofs of this case.
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