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Abstract. Bounded degree trees and bounded degree planar graphs on n vertices
are known to admit bisections of width O(logn) and O(4/n), respectively. We
investigate the structure of graphs that meet this bound. In particular, we show
that such a tree must have diameter O(n/logn) and such a planar graph must
have tree width Q(4/n). To show the result for trees, we derive an inequality that
relates the width of a minimum bisection with the diameter of a tree.

1 Introduction and results

A bisection of a graph G is a partition of its vertex set into two sets L and
R of sizes differing by at most one. The width of a bisection is defined
to be the number of edges with one vertex in L and one vertex in R, and
the minimum width of a bisection in G is denoted by MinBis(G). Deter-
mining a bisection of minimum width is a famous optimization problem
that is (unlike the Minimum Cut Problem) known to be NP-hard [4].

In this paper, we will concentrate on minimum bisections of trees and
planar graphs. Jansen et al. showed that dynamic programming gives an
algorithm with running time ©O(2'n?) for an arbitrary graph on n vertices
when a tree decomposition of width ¢ is provided as input [5]. Thus,
the problem becomes polynomially tractable for graphs of constant tree
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width. On the other hand, it is open whether finding a minimum bisection
for a planar graph is in P or is NP-hard. Currently, the best known approx-
imation algorithm achieves an approximation ratio of O(logn) for arbi-
trary graphs on n vertices [6], and nothing better has been established for
planar graphs. Further, Berman and Karpinski showed that the Minimum
Bisection Problem restricted to 3-regular graphs is as hard to approximate
as its general version [3]. Moreover, Arora et al. presented a PTAS for
finding a minimum bisection in graphs with a linear minimum degree [1].
Thus, we focus on graphs that have small (in fact, constant) maximum de-
gree and still a large minimum bisection width. If T is a tree on n vertices
and maximum degree d, one can show that owing to the existence of a
separating vertex (i.e. a vertex whose removal leaves no connected com-
ponent of size greater than n/2), we always have MinBis(T) < d -log, n.
Similarly, using the Planar Separator Theorem [2], this idea can be gener-
alized to give an O(4/n) upper bound on MinBis(G) for planar graphs G
with bounded maximum degree. Both bounds are tight up to a constant
factor as one can show that the perfect ternary tree on n vertices has
minimum bisection width 2 (log ) and the square grid on n vertices has
minimum bisection width Q(/n).

Our aim is to investigate the structure of bounded degree graphs that
have a large minimum bisection, in other words, trees 7with MinBis(7T) =
Q(log n) and planar graphs G with MinBis(G) = Q(4/n). For example,
we will show that in a bounded degree tree with minimum bisection of
order 2 (logn), the length of any path must be bounded by O(n/logn).
More generally, we establish the following inequality:

Theorem 1.1. Let T be a tree on n vertices and denote by A(T) its max-
imum degree and by diam(T) its diameter. Then

I 8A(T)n
MinBis(T) < ———.
diam(T")

In the case of planar graphs, we can no longer use the diameter to control
the minimum bisection. For example, a graph consisting of a square grid
on %n vertices connected to a path on 7 vertices has linear diameter but
does not allow a bisection of constant width. However, we can show that
a planar graph with a minimum bisection width close to the upper bound

O(4/n) must indeed be far away from a tree-like structure.

Theorem 1.2. Foreveryd € Nandeveryc > 0, thereisay = y(c) >0
such that for all planar graphs G on n vertices with A(G) < d, we have

MinBis(G) > c/n = tw(G) > y/n.
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Using Theorem 6.2 of Robertson, Seymour, and Thomas in [7], this im-
mediately implies that there is a constant ¥’ = y’(¢) > 0 such that every
such planar graph contains a square grid on y'n vertices as minor.

2 Trees

Although the statement in Theorem 1.1 looks like an elementary inequal-
ity, its proof is somewhat lengthy and we need to introduce a few more
definitions to be able to sketch it. First, we define the relative diameter
of a graph to be

diam*(G) = > diam(G) +1).

G’: component of G

V(G)I

Observe that, in a tree, there is only one component to consider and thus
the relative diameter of a tree denotes the fraction of the vertices in a
longest path of the tree, but we will need this parameter also for graphs
that may not be connected.

Moreover, we need to take a more general approach and consider par-
titions where the size of the classes can be specified by an input param-
eter m. Furthermore, we denote by eg(V1, ..., Vi) the number of edges
in G that have their vertices in two different sets V; # V; and define
[#] = {1,2,3,...,n} for n € N. The following theorem is the driving
engine for the proof of Theorem 1.1.

Theorem 2.1. For all trees T on n > 3 vertices and for all m € [n], the
vertex set of T can be partitioned into three classes L U R U S such that
one of the following two options occurs:

(i) S=0 and |L| =m and ey (L, R, S) <?2.
(i) S # 0 and |L| <m <|LI+1S| and er(L, R, S) < g A(T)
and diam*(T[S]) > 2diam*(T).

This result states that we can either find a partition into two sets L and R
with exactly the right cardinality by cutting very few edges, or there is a
partition with an additional set S, such that the set L is smaller and the set
L U S is larger than the required size m, as well as the additional feature
that the relative diameter of 7'[S] is at least twice as large as that of T'.
Using Theorem 2.1 recursively for the graph T[S], the relative diameter
can therefore be doubled in each round, until it exceeds 1/2, at which
point Option (ii) in Theorem 2.1 is no longer feasible, which will then
prove Theorem 1.1.

We conclude this section with a few words about how to prove Theo-
rem 2.1. Consider a longest path P in T and denote by x and yy its first
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and last vertex. For each vertex z € V(P), let T, be the component of
T — E(P) that contains z and call z the root of 7,. We label the vertices
of T'with 1, 2, ..., n so that xq receives label 1; for each z € V(P), the
vertices of T, receive consecutive labels and z receives the largest label
among those; for all z, 7/ € V(P) with z # 7, if x is closer to z than to
7/, then the label of z is smaller than the label of z’. Given this labeling,
we now define for every x € [n] the vertex f(x) := x + m. If for some
vertex x € V(P) the vertex f(x) lies also in P, then we are done by
choosing L :={x+1,..., x +m}and R := [n] \ L, which satisfies all
requirements of Option (i) in Theorem 2.1. Otherwise, one can show that
there exists a vertex z € V (P) such that all vertices of P that are mapped
into V(T,) and the vertex sets of all trees that are mapped completely
into 7, by f form a set S such that the condition on diam*(7'[S]) is sat-
isfied. Furthermore, this vertex z has the property that the set L, which
consists of the vertex sets of all trees whose roots have labels strictly be-
tween z — m and z and of some additional vertices from 7, satisfies the
remaining conditions of Option (ii) in Theorem 2.1.

Figure 2.1. Construction of S and L := L{ U L.

3 Planar graphs

To sketch the proof for Theorem 1.2, consider its contrapositive: for all
d €N and for all ¢ >0, we choose y >0 so small that

y (2log2 + 7) d<c.

3
Y2
We claim that then, for every planar graph G on n vertices with A(G) <
d, the following holds:

tw(G)+ 1 <y/n = MinBis(G) < c/n. 3.1)
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To explain how we find a bisection of sufficiently small width, let us
assume that, for some 0 < § < 1, we can find §-separators of a given
size in the graph G and its subgraphs, i.e. a vertex subset whose removal
leaves connected components of size at most §n. Having removed such
a separator S’ from the graph, we can assign the vertices of all but one
component of G — §’ to L and R, so that [L| < [5] and [R| < [5]. We
then continue recursively with the remaining component, which has size
at most én. At the end, we denote by S the union of the various separators
and distribute the vertices in S to the sets L and R in such a way that L
and R form a bisection of G. It is easy to see that eg (L, R) < A(G) - |S]
and it only remains to find a bound on |S§].

In each round of a first phase, we use a cluster from an optimal tree
decomposition of G that can serve as a 1/2-separator and, by assumption,
has size at most y \/n. Denote by n; the number of vertices after the i-th
round. This first phase stops when y /n > %Jn_, Due ton; < n/271,
it is easy to see that the index i*, where this happens for the first time,
can be bounded by a constant depending only on y.

After the i*-th round, we switch to 2/3-separators guaranteed by the
Planar Separator Theorem [2], which will have size at most %2\/n_, . Dur-

ing this second phase, n; < (2/3)"~'n;+ holds and thus the number of
vertices collected in S during the second phase can be bounded from
above by

00 00 i
3 3 2 ; —
Zﬁ«/”_z =< %«/ni*;g/;) < a./ni<, witha = ﬂ+3«/§.

i=i*

Summing up, we have |S| < i*y./n + a/n; in total. Now, computing
an upper bound on i* and on n;+ will give the desired bound.

4 Concluding remarks and open questions

In Theorem 1.1 and Theorem 1.2 we have established necessary condi-
tions for trees and planar graphs to have large minimum bisection width,
namely a small diameter and a large tree width, respectively. In both
cases, these conditions are not sufficient, but it would be interesting to
find additional conditions that give characterizations of graphs in certain
classes with large minimum bisection.
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