7
Coupled FEM-BEM approaches

In this chapter we focus on some procedures for solving eddy current problems that
are based on a strategy which couples the finite element method (FEM) and the bound-
ary element method (BEM). This kind of coupling allows the numerical approxima-
tion of the solution in unbounded domains, a typical situation in electromagnetism.
The boundary element method is used for the approximation in the complement of a
bounded domain: either the conductor {2¢ or else an artificial computational domain
2, containing {2 but in general not very large. Instead, in the bounded domain the
solution is approximated using the finite element method. Compared with the formula-
tions presented in the previous chapters, the coupled FEM-BEM approaches compute
the FEM approximation of the solution in a smaller region (say, the conductor), not
required to be so large that the use of homogeneous boundary conditions is justified.
This can be done because the BEM method takes into account the behaviour of the
solution in the external region.

The idea of coupling a variational approach in one region with a potential approach
in another region of the computational domain has been first proposed by engineers for
the Laplace operator (see, e.g., Zienkiewicz et al. [248], Jami and Lenoir [138]), and
then widely analyzed from the mathematical point of view, starting from the pioneer-
ing works of Brezzi and Johnson [66] and Johnson and Nédélec [141]. An important
improvement has been furnished by the papers of Costabel [85], [86], that, for ellip-
tic boundary value problems, show how to obtain a symmetric (or else to a positive
definite) problem. Extensions to the full Maxwell equations are due to Ammari and
Nédélec [25], [26].

Coming to the eddy current problem, the first FEM-BEM couplings have been pro-
posed by Bossavit and Vérité [62], [63] (for the magnetic field, and using the Steklov—
Poincaré operator) and Mayergoyz et al. [174] (for the electric field, and using special
basis functions near I"). A more recent result in FEM—BEM coupling, for axisymmet-
ric problems associated to the modeling of induction furnaces, is due to Bermudez et
al. [40].

The approach of Bossavit and Vérité [62], [63] has led them to devise a very pop-
ular numerical code, named TRIFOU, that has been often used in engineering com-
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putations. A complete presentation of this approach can be found in Bossavit [59],
Sect. 8.2; we describe its basic ideas in Section 7.6.1.

Symmetric formulations a la Costabel have been proposed for eddy current prob-
lems by Hiptmair [127] (unknowns: E¢ in 2¢, H x n on I') and Meddahi and Sel-
gas [176] (unknowns: H¢e in 2, pH - n on I'), and are briefly presented in Sec-
tions 7.6.3 and 7.6.2, respectively.

The chapter begins with Sections 7.1-7.5, where we describe a FEM-BEM for-
mulation proposed by Alonso Rodriguez and Valli [19], based on a vector magnetic
potential and a scalar electric potential in the conductor, and on a scalar magnetic po-
tential in the external part. An approach in terms of magnetic vector potentials has been
also proposed for magnetostatics by Kuhn et al. [159] and Kuhn and Steinbach [160];
with respect to the choice of potentials, the presentation in Sections 7.1-7.5 is close to
these last ones.

The reader mainly interested in numerical approximation and implementation can
focus on problems (7.12), (7.30) and (7.31) ((A¢, Vo, ¢) formulation), on problem
(7.36) (TRIFOU formulation), on problem (7.42) ((H¢, A) formulation), and on prob-
lem (7.52) ((E¢, pr) formulation).

Let us focus now on a different aspect: not all the known methods devised for
studying the Maxwell equations are robust enough to be used, without any modifica-
tion, for both the time-harmonic case and the static case (namely, the case in which the
electric and magnetic inductions are assumed to be time-independent; in other words,
in the equations one has to set w = 0). In Sections 7.1-7.5 we show how one can
treat without distinction the cases w # 0 and w = 0. Moreover, the numerical approx-
imation there proposed is quite simple, since we use standard Lagrange nodal finite
elements in the conductor, while a cheap formulation based on boundary elements is
proposed in the external insulator.

Being simple, robust and cheap, this method can be therefore a suitable direct
solver for some inverse problems in electromagnetism, for instance in electroen-
cephalography (EEG) or magnetoencephalography (MEG) (see Section 9.2). In this
respect, though in many papers devoted to these topics only the static case is consid-
ered (see, e.g., Sarvas [220], Himildinen et al. [117]), recently some researchers have
focused on the time-harmonic case, which is a more precise model for describing the
electric and magnetic activities in the brain (see Ammari et al. [22]). Clearly, the static
case is much easier to solve, as, due to the irrotationality condition, one can reduce
the problem to the sole determination of a scalar potential of the electric field in 2¢
(a suitable Neumann condition on I is the correct boundary condition to add). How-
ever, in no way that simple approach can be extended to the time-harmonic case, as
irrotationality no longer holds.

In this chapter the geometrical assumptions on the conductor {2¢ are more restric-
tive than in the preceding chapters. In fact, we consider a bounded simply-connected
open set 2 C R®, with a Lipschitz boundary I" (for EEG and MEG applications,
¢ represents the human head). For simplicity, as in the preceding chapters we also
assume that 2; := R3 \ £2¢ is connected, so that I” is connected, too. The unit outward
normal vector on " will be denoted by nc = —nj.
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As usual, we assume that the electric conductivity o and the magnetic permeability
1 are uniformly positive definite symmetric matrices in {2¢, with entries belonging to
L (£2¢). The electric conductivity o and the applied current density J. € (L?(R?))?
are vanishing in {2;. Moreover, the magnetic permeability g; and the electric permit-
tivity € are assumed to be a positive constant in {27, say po > 0 and 9 > 0.

7.1 The (A¢, Vi) — v, formulation

In the present situation the eddy current problem in terms of the magnetic field H and
the electric field E¢ reads (see (3.25))

curl E¢ +iwp-He =0 in 2¢

curlHe —oEc = J. ¢ in 2¢

curlH; =0 in 21

div(uoH;) =0 in 27 (7.1)
uwcHe ne +poHr ony=0 onl

He xneg+Hypxnyp=0 onl’

H;(x) = O(]x|™1) as x| — oo

If needed, but here we are not dealing with this aspect, the electric field E; can be
computed after having determined H; and E¢ in (7.1), by solving

curl E; = —iwpoH; in 21

diV(EoE[) =0 in Q]

E;xn;=—-Ecxne onl’ (7.2)
fF {:‘()E] Ny = 0

E;(x) = O(|x|™1) as |x| — oo .

Since {27 is unbounded, note that we have to impose the no-flux conditionon I”, though
it is a connected surface.

As proposed by Pillsbury [193], Rodger and Eastham [211], Emson and Simkin
[100], we look for a vector magnetic potential A, a scalar electric potential V- and
a scalar magnetic potential ¢); such that

pucHe =curlAc , Ec = —iwAc —gradVe , Hy = grad ¢ . (7.3)

In this way one has curlE¢ = —iwcurl A¢ = —iwp-He, and therefore the
Faraday equation in {2¢ is satisfied. Note that, in particular, when w = 0 one finds
Ec = —grad Vo, therefore for the static case the usual formulation in terms of a
scalar electric potential is recovered.

As usual, in order to have a unique vector potential A -, it is necessary to impose
some gauge conditions: here we are considering the Coulomb gauge divA¢c = 0 in
¢, with A¢ - ne = 0 on I'. Moreover, we also impose that

|1 (x)| = O(|X|71) as |x| — oo .
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In conclusion, we are left with the problem

curl(p' curl Ag)
+iwoAc +ogradVo =J. ¢ in ¢
AI/J] =0 in Q]
div AC =0 in QC
Ac -ng=0 onl’ 7.4
curl Ac - ne + po gradyr -ny =0 onl[’
(ualcurlAC) Xxng+gradyy xny =0 onl
or(x)| + | grad ()| = O(|x| ") as [x| — o0 ,

where V¢ is determined up to an additive constant.

In order to obtain a problem which is stable also in the case w = 0, and for
which Lagrange nodal finite elements can be used for approximation, it is well-known
(see, e.g., Coulomb [91], Morisue [180], Bird and Preis [49] and Chapter 6) that the
Coulomb gauge condition divAc = 0 in {2¢ can be incorporated as a penalization
term in the Ampere equation. Introducing the constant p,. > 0, that for physical con-
sistency can be chosen, for example, as a suitable average in {2¢ of the entries of the
matrix ft, one considers

curl(pg' curl Ag) — py !t graddivAc
+iwoAc +ogradVo =J. ¢ in ¢
AI/J] =0 in Q]
div(iwocAc + o grad Vo) = div. ¢ in ¢
(iwoAc +ogradVeo) -ne = Jec-ne on I’ (7.5)
Ac -ng=0 onl’
curl Ac - ne + po gradyr -ny =0 onl’
(ualcurlAC) Xxng+gradyy xny =0 onl
{61 (0] + | grad 1 ()] = O(|x]~1) as x| = 00,

the two additional equations appearing in (7.5) being necessary as the modification in

the Ampere equation does not ensure now that Ec = —iwA ¢ — grad V- satisfies the
necessary conditions div(cE¢) = —divJ. ¢ in 2¢c and cE¢ - ng = —J. ¢ - ne
onl'.

Moreover, taking the divergence of (7.5); and using (7.5)3, we have AdivAs =0
in {2¢, and, taking the scalar product of (7.5); by n¢, using (7.5)4 and (7.5)7, we find

pytegraddivAc -ne = curl(pteurl Ag) - ne
=div,[(u " curl Ac) x n¢| = —div,(grad¢; x ny)
= —curlgradyy -n;y =0 onl' .

Therefore div A is constant in {2¢, and this constant is 0 as a consequence of (7.5)s.
In conclusion, any solution to (7.5) satisfies divA¢c = 0 in {2¢, and thus (7.4) and
(7.5) are equivalent.
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7.2 The (A¢, Vi) — ¢ weak formulation

In this chapter we have assumed that p; is a positive constant yp and we are looking
for a scalar magnetic potential ¢);. Therefore for determining this potential we have to
solve the Laplace equation in {2;. This allows us to use potential theory, transforming
the problem for v; into a problem on the interface I" and reducing in a significative
way the number of unknowns in numerical computations.

Referring for notation to Section A.1, it is well-known from potential theory (see,
e.g., McLean [175], Nédélec [187]) that we can introduce on I the single layer and
double layer potentials

S:H Y1) — HY*(I) , S(¢)(x) ;:/ !

iy E¥)AS 06

D: HYA(I) — H'(I) | Dn)(x) := /F snl g TYIBC(IASy, )

and the hypersingular integral operator
H:HY?(I') — H-Y(I) |

H(n)(x) = —grad ([ 5% - nyne()ds,) met . Y

We also recall that the adjoint operator D’ : H~'/2(I") — H~'/?(I") reads

D0 = ([ % €a8,) not. 19)

Am|x — y?
Since we have that Ay = 0in (2; and gradv; - n; = 7#10 curl Ac -ngonl,a
first result is that the trace v, := vy satisfies
1 1
pr —D(r)+ =~ S(curlAg -ng)=0 onI (7.10)
Ho
1
curlAg -ng+ = D'(curl Ag -ng) +H(pr) =0 on I (7.11)
240 )

(see, e.g., McLean [175], Nédélec [187]).
As a second step, we can devise a weak formulation in terms of (A¢, Vo) — 9.
A standard integration by parts yields

/nIxgradw1~wcz/wpcurlwc~nc.
r r

Moreover, multiplying (7.5)1, (7.5)3 and (7.11) by suitable test functions (w¢, Qc, 1)
with wo - ne = 0 on I, integrating in {2 and I', and integrating by parts, from the
other matching condition

ugl curlAg X ng + grad¢y xny =0on I
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and the interface equation (7.10) we end up with the following weak problem

ch (potcurl Ag - curl we + it div Ac divwe)
+ ch (iwocAc -we + o grad Ve - we)

+fp[7§’l[)1‘ —Dr) + MIOS(curlAC ‘ng)|curlwe - ne

= fQC Je.c-we

ch (iwoA¢g - grad Qo + o grad Ve - grad Q)
= [, Je.c - gradQc
JplscurlAc -ne + D'(curl A - ne) + poH(yr)n = 0.

We note that, for the ease of notation, as usual here above we have written the integra-
tion symbol on I” instead of the pairing between H~'/2(I") and H'/?(I"); the same

notation will be used in the sequel.

Since the hypersingular operator () is coercive in the constrained space
H'/2(I')/C, it is convenient to rewrite the preceding problem for test functions
n € H'Y?(I')/C, looking for ¢ € H'/?(I")/C, which differs from ¢/ by an addi-

tive constant.

We know that H(1) = Oand D(1) = fé (see, e.g., McLean [175], Nédélec [187]),
and that [, H(n) = 0 for each n € H'/?(I") (see, e.g., Nédélec [187], Theor. 3.3.2).

Hence H(vr + ¢o) = H(Yr),

*;(%DF +co) = DWr +co) = *;%DF —D(Yr),
and

[p[scurlAc -ne + D'(curl Ac - ne) + poH(Yr))]

= [rl3curlAc - no + curl Ac - ne D(1) + poH(yr)] = 0.

In conclusion, introducing the space
We = H(curl; 2¢) N Ho(div; £2¢)
we are looking for the solution of the following coupled problem

Find (Ac, Ve, q) € We x HY(2¢)/C x HY?(I")/C such that

ch (ual curl Ag - curl we + ptdivAc divwe)
+ ch (iwocAc -we +ograd Ve - we)
+ fp[féq —D(q) + ulo S(curl A¢ - ng)]curlwe - ne
= fQC Jec-we
ch (iwogA¢ - grad Qo + o grad Vi - grad Q)
= oo Je.c - grad Qc
[plscurl A -ne + D'(curl Ac - ne) + poH(q)n =0
for all (we, Qeo,n) € We x HY(2¢)/C x HY*(I")/C .

(7.12)
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Now we want to prove that from a solution to (7.12) we can construct a solution to
the strong problem (7.4). Let us note that the condition A - nc = 0on I in (7.4) is
already contained in the definition of the space Wc.

Lemma 7.1. Suppose that (Ac, Ve, q) is a solution to (7.12). Then divAc = 0 in
c.

Proof. Since ch divAc = [, Ac -ng = 0, we can consider the solution ve €
H'(£2¢)/C to the Neumann problem

A’UC = div AC in QC
gradve -nc =0 onl'.

Setting wo = grad ve, clearly we have weo € We. Using in (7.12); and (7.12)5 the
test function (w¢, veo) we find ch |divAc|? = 0, therefore div Ac = 0in 2¢. O

Concerning the interface equations (7.10) and (7.11) we have:

Lemma 7.2. Suppose that (Ac, Ve, q) is a solution to (7.12). Then

1 1
N D(q) + S(curlAc¢ -ne) = const on I’ (7.13)
Ho
1
curlAc -ng+  D'(curlAc -ne) +H(q) =0 onI. (7.14)
240 )

Proof. Asalready seen, we have [}, H(n) = Oforeachn € HY/?(I')and D(1) = — 1,
thus
[pl5curl Ac -ne + D' (curl Ac - ne) + poH(q)]
= fp[é curl Ag -ng + curlAg -neD(1) + poH(q)] = 0.

Therefore equation (7.12); is satisfied not only for all € H'/?(I")/C, but also for
ally € H'Y/?(I"), and equation (7.14) follows at once.
Consequently, it is well-known from potential theory that we also obtain (7.13). [

We need now to introduce the single layer and double layer operators in the interior
of £2; (namely, the exterior of {2¢). For x € (2; we can define (see, e.g., McLean [175],
Nédélec [187])

Sy H Y2 - WHr) , S1(6)(x) ;:/ ! &(y)dS, — (7.15)

r4rx —y|
Dr: HY(I'))C — WY(2r)

o 7.16
D)) = fr S0 nymoy)ds,, O

where

W(82r) == {x1 € (C§°($21))’ |

(1+ |X|2)’1/2X1 € L?(92r),grad x1 € (L%(27))%} . (7.17)
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We conclude our argument by showing that:

Lemma 7.3. Suppose that (A, Ve, q) is a solutionto (7.12). In the domain (2 define
the function vy := Di(q) — ulo Si(curl A¢ - n¢). Then

ch (ual curl A - curl wi, + iwoAc - w§ + o grad Ve - w)

7.18
+ [rpne x gradyr - wg = [ Jeo- W§ (7.18)
Sforall w§, € H(curl; 2¢). Therefore,
curl(ug1 curl Ag) + iwocAc +ograd Vo = J. ¢ in 2¢
AI/J] =0 in Q[
curl Ac -ne + po grad ¢y -ny =0 onl’ (7.19)
(ual curl Ag) X ng + grady; x ny =0 onl
()] + | grad ey ()] = O(x] 1) as x| — o

Proof. Well-known results of potential theory imply that ¢); is a harmonic function
with |17 (x)| and | grad 1 (x)| decaying at infinity as O(|x|~!). Moreover, ¢/ satisfies
the trace relations

1 1
Yrr = N D(q) — o S(curl A¢ -ng), (7.20)
and

1
) curl Ag - ne + D' (curl Ag - nc)} (7.21)

(see, e.g., McLean [175], Nédélec [187]).
From (7.14) and (7.21) we see that the interface condition (7.19)5 is satisfied. More-
over, from Lemma 7.1, (7.12); and (7.20) we find that

gradvr -nr = H(q) + pg | —

ch (ual curl Ag - curl we + iwo Ac - we + o grad Ve - we)
— [ptnr culwe -ne = [, Jec-we .

Since we have — [ ¥y pcurlwe - ne = [, ne x grad+; - we, for each we € We
we have obtained
ch (ual curl Ag - curl we + iwo Ao - we + o grad Ve - we)

7.22
+fpnc><grad¢1~w0:fQCJe,C~wC. (7.22)

If w, € H(curl; 2c), consider the solution v}, € H'(£¢)/C of the Neumann
problem Avy, = divw{, in {2¢ with gradvf, - nc¢ = w{ - nc¢ on I. Setting
we = w§ — grad v, we have wo € W, and using it in (7.22) we obtain

ch (ual curl Ac - curl wi, +iwoAc - wk + o grad Vo - w§)
+ [ ne x gradiy - W,
= ch (ual curl Ag - curlwe + iwoAc - we + o grad Ve - we)
+ [-ne x gradyr - we
+ Jo (iwoAc - grad v, + o grad Ve - grad o)
+ [ ne x grady; - grad vy,
= ch Jec we + ch Je,c - grad v}, = ch Jeo-wg,
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having used (7.12), and the fact that

Jrne x grad ¢y - grad vy, = — [ divy(ne x gradir) v
= —fpcurlgradwj ‘nrvE =0.

Taking a test function wi, € (C§°(f2¢))? and integrating by parts we verify that
(7.19); is satisfied; repeating the same argument for w}, € H(curl; £2¢), we see that
the interface condition (7.19)4 is satisfied as well. O

Remark 7.4. The function ¢ € H'/?(I")/C determined in (7.12) is defined up to an
additive constant. It is easily seen that, as functions in H'/?(I")/C, q and the trace on
I of the harmonic scalar potential ¥);, namely, what we have called 11, are the same
function. Indeed, from (7.13) and (7.20) we see that ) + const = q. O

7.3 Existence and uniqueness of the weak solution

In order to prove the existence and uniqueness of the solutionto (7.12), let us introduce
the following sesquilinear forms: for w # 0

A(wyéO) [(A07 VCv Q)v (Wc, ch 77)]
= ch (po' curl Ac - curl we + pt divAe divwe)
+iw™t [ o(iwAc + grad Vo) - (—iwwe + grad Qc)
+ [rl=3q = D()] curl we - no
+ [pl5curl Ag -ne + D' (curl Ac - ne)ln
+ fp[ﬂloS(curl Ac -ng) curlwe -ne + poH(q) 1) ,

(7.23)

and forw =0

A(w:O) [(A07 VCv Q)v (Wc, ch 77)]
= ch (po' curl Ac - curl we + pt divAe divwe)
+ ch (o grad Vo - wo + (o grad Ve - grad Q)
+ [rl=5a — D(g)] curlwe - ne
+ [plycurlAc -ne + D'(curl A - ne)n
+ fp[#loS(curl Ac ne) curlwe -ne + poH(q) ) -

(7.24)

These forms are obtained by adding the left hand sides in (7.12): however, in the case
w # 0 we have multiplied the second equation by iw ™!, obtaining A0y, -], while
in the case w = 0 we have multiplied the second equation by 3 > 0, to be chosen in
the sequel, obtaining A,—o) [, ‘]

The main result of this section is:

Theorem 7.5. The sesquilinear form A(,.)[-, | is coercive in the space Wg x
HY(2c)/Cx HY?(I') /C, uniformlyas w — 0; namely, there exists a constant . > 0,
independent of w, such that for each (wc, Qo,n) € We x H(2¢) x HY?(I') with
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Jo. Qe =0and [.1 =0 one has

|Awz0)[(We, Qe,n), (We, Qe,n)|
Z K fQC(|WC|2+ |CuerC|2+|diVWC|2) (725)

11 o, + X(@) [ (1Qcl? + | grad Qcl?) )

where the constant x(w) > 0 is equal to |w|~' in the case 0 < |w| < 1 and is equal
to w2 in the case |w| > 1.

Moreover, the sesquilinear form A,—o)-, | is coercive in the space W¢ X
H(02¢)/C x HY?(I')/C, namely, there exists a constant rq > 0 such that for each
(wo,Qe,n) € Wo x HY(2¢) x HY*(I) with [, Q¢ =0 and [ = 0 one has

|Aw=0)[(We, Qc,n), (We, Qe,n)|
> 1o [, (IWol? + | curlwo ? + | divwol?) (7.26)

I o+ Joo (1Qcl? + | grad Qe ?)) -

As a consequence, for each J. o € (L?(£2¢))3, existence and uniqueness of the
solution to (7.12) follow from the Lax—-Milgram lemma.

Proof. First of all, let us recall that the operators S and H are continuous from
H~Y2(I') into H'/?(I") and from HY/?(I") into H~/2(I"), respectively, and sat-
isfy

/FS(€)€ > rallEl o r /FH(W)U > ralnll3 o, (7.27)

foreach ¢ € H~Y/2(I')andn € HY/?(I") with [, 7 = 0, and moreover that the opera-
tor D is continuous from H1/2 (I) into itself (see, e.g., McLean [175], Nédélec [187]).
The sesquilinear form A 0|, -] satisfies

A(wyﬁO) [(WC> QC> 77)7 (W07 QC> 77)]
= oo (pgt curlwe - curl we + py b divwe|?)
+iw™t [ o(ivwe + grad Qc) - (—iwwe + grad Qc)
+ [p[—3n—D(n)]curlwe - ne
+ [p[} curlwe - ne + D (curl we - ne)ln
+ fF[MlOS(curl we - ne) curlwe - ne + poH(n) 1) -

Since

/ D' (curlwe - ng)ln = / D(n) curl we - ng,
r r

and
[fén —D(n)]curlwe - ne + curlwe - ne [%77 + D(n)]

=—2¢Im ([%n + D(n)] curl we - nc) ,
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we have
Re A(W?éo) [(wcv ch 7’)7 (va QC? 7’)]
= ch (po' curlwe - curlwe + py b divwe|?)
+ [rlp, Sleurlwe - o) curlwe - ne + poH(n) 1),
and

Im A(‘*’?éo) [(Wc, ch 7’)7 (Wc, QC? 7’)]
=w™! ch o(iwwe + grad Q¢) - (—iwwe + grad Q¢)
—2Im [1[3n+ D(n)] curl we - ng

Hence, for a suitable constant x3 > 0, independent of w, we find

Re A(W¢0) [(WC, QCa 7’)7 (Wc, ch 7’)]

215

> r3( [o, (lcurlwe |* + [divwe |?) + || curlwe -nel | 5 o+ ||n||§/2ﬁp) ;

and moreover, taking into account that the operator D is continuous from H'/?(I")

into itself, for a suitable constant C; > 0, independent of w, we obtain

2Im [p.[5n + D(n)] curlwe - ne| < Ct|[nll1je,r|| curlwe -nel[ 12,1

C C
< Ul o+ G llcwwe nell?y 5

Hence, proceeding as in the proof of the coerciveness of the sesquilinear form A[-, -]

in Section 6.1.2, we find, foreach 0 < 7 < 1,

Im A0y [(We, Qe, n), (We, Qc, )|
> qIImAwm[(Wc, Qc,n), (VZVC, Qc,n)l| ,
> o 7|w|  omin Joo lerad Qc|? — 7lw|owmin [, [we|

C C
=T Gl o p = 75 lewrlwe el 2 p

where oy, is a uniform lower bound in £2¢ for the minimum eigenvalues of o (x).
Let us recall now the Poincaré inequalities (6.38) and (6.39): there exist constants

k5 > 0 and kg > 0 such that
Joo, lerad Qcl? > ks [, (| erad Qcl* + |Qcl?)
forall Qc € H'(02¢) with ch Qc =0, and

Jou( curlwe|? + |divwe|?)
> k6 [, (] curlwe|? + | divwe|? + |[wel?)

for all we € Wg. Coerciveness follows by choosing 7 small enough to have
T|w|Omin < K3ke and Tgl < kg. In particular, we have 7 = O(1) for 0 < |w| < 1
and 7 = O(|w|™!) for |w| > 1. Thus the constant & in (7.25) can be clearly chosen
independent of w, and the constant x (w) is O(|w| 1) for0 < |w| < 1 and O(w~2) for

|w] > 1.
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In the case w = 0, the sesquilinear form satisfies

Aw=o)[(we, Qe ), (we, Qc, m))
= Jo. (pot curl we - curlwe + py | divwel?
+o grad Q¢ - we + fo grad Q¢ - grad Q¢)
+fp[f§77 —D(n)] curl we - ng
+ [p[} curlwe - ne + D' (curlwe - ne)ln
+ fF[ulo S(curlwe - ne) curlwe - ne + poH(n) 1) -

We split |, 0 @ grad Q¢ - we into its real and imaginary part, and, for each 0 > 0and
suitable constants k7 > 0 and C'y > 0, we end up with

‘Re A(w:O) [(WC> Qc, 77)7 (WC'a Qc, 77)”
> I<L7(fQC(| curl we |2 + | divwe|? + 8] grad Q¢ |?)
+[| curl we 'nC||31/2,F + ||77||?/2,F)

—Cy6 1 ch | grad Qc|? — 5f!2c lwel?,

thus the conclusion follows by choosing ¢ so small that k7x¢ —0 > 0, and then (3 large
enough to have k73 — Co6~1 > 0. O

7.4 Stability as w goes to 0
We are now interested in showing that the solution to problem (7.12) is stable with re-
spect to w, namely, if we denote by (A, V¥, ¢) the solution to (7.12) corresponding

to the angular frequency w, we have (A%, V¥, ¢*) — (A2, V3, ¢%) asw — 0.

Theorem 7.6. There exists a constant K > 0, independent of w, such that for each w
with0 < |w| < 1, the solutions to (7.12) satisfy

Joo (|AE — A2+ |curl AL — curl AYJ?) < K w?
fQC(|V5’ — VEI2 + |grad V¥ — grad VI|?) < K w?
||qw - q0||?/2,p < Kuw? s

having chosen V&, VO, ¢* and ¢° such that [, V& = [, VO = 0and [1.¢* =
0
Jrd®=o.
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Proof. By linearity, the difference (Zc, No,p) == (A%, VE,¢%) — (AL, V0, ¢%)
satisfies
ch (pot curl Ze - curlwe + pytdivZe divwe)
+ ch(inZC SWe + o grad No - we)
+ [F[=ip—D(p )+ S(eurlZe - ne)] curlwe - ne
=~ [0, iwaA, - we (7.28)
ch(fo'Zc -grad Q¢ + iw 1o grad N¢ - grad Q¢)
= [, oA - grad Qc
[rlycurlZe -ne + D' (curl Ze - ne) + poH(p)ln = 0
(here, we have divZ¢c = 0 in {2c by Lemma 7.1; however, we prefer to write every-
thing in terms of the sesquilinear form A,0)[-, ).

Therefore, from the coerciveness of A, 0|, -] and taking into account that 0 <
|w| < 1, from (7.25) we obtain at once that

ch(|Zc|2+|curlZc|2+|dinC| )
+||p||1/2p+X ch |NC|2+ |gradNC| )
1/2 1/2
< w0l fop 123" (o, 1ZcP?)

1/2 1/2

(ch|A ) (f(zc grad N¢ |) }

<k leg|w|?art fQ A% + k™ cza21f90|A
Jr0‘1ffzc|zc| +042f9 | grad N¢|?

foreach a; > 0 and az > 0. Choosing vy = 1/2 and as = x(w)/2 = O(Jw| 1) (see
Theorem 7.5), we have that the left hand side in (7.29) is O(|w|). In particular,

/ (INc|? + | grad Ne|*) = [x(@)] ' O(|w]) = O(w?),

Nc

(7.29)

and
/(Ich2+|Curlzcl2+|dinc|)+||p||1/2rf O(|wl) -

Nc
Rewriting the first equation in (7.28) as

ch (po'curl Ze - curl we + u; div Z¢ divwe)
+ [p[=ip—D(p )+ . S(eurlZe - nc)] curl we - ne
=— ch (iwocZc - we + o‘gradNC we) fQ iwoAY - we

using (7.28)3 and proceeding as in the proof of Theorem 7.5, we obtain that the
sesquilinear form at the left hand side is coercive (with coerciveness constant Ky > 0
independent of w). Hence we have

ch(|ZC|2+|cur1ZC|2+|dinC|2)+||curIZC.nC||271/2I+||p||f/2I
_ 1/2 1/2
< Kq e[\l [, 1Zol? + ([o, |erad Nof2) ([, 1Zcl?)
1/2 1/2
Heol (S 1AL ( fop 1Zf2) 7]

1/2
= O(w?) + O(|w|) (fQC|ZC| ) < O(w?) +2fQC|ZC|2.
The result thus follows. O
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Remark 7.7. As we recalled in Section 2.3.1, an analysis of the asymptotic behaviour
of the solution of the eddy current model with respect to w — 0 has been presented in
Ammari et al. [23]. In particular they prove, by a formal asymptotic expansion, that the
electric and the magnetic fields solutions of the eddy current problem converge linearly
to the corresponding solutions of the static problem in the L?-norm. Expressing the
electric and magnetic fields in terms of A, Vo and vy, it can be easily checked that
Theorem 7.6 is in agreement with their result. g

7.5 Numerical approximation

In this section we deal with the numerical approximation of problem (7.12). In the
sequel we assume that {2 is a Lipschitz polyhedral domain, and that 7¢ 5, and 715,
are two regular families of triangulations of {2 and I, respectively. For the sake of
simplicity, we suppose that each element K of 7, is a tetrahedron and each element
T of 1, is a triangle; however, the results below also hold for hexahedral and rect-
angular elements, respectively. Let us note that the mesh induced on I” by 7¢ j, is not
assumed to coincide with 7 p,.

Let Px, £ > 1, be the space of polynomials of degree less than or equal to k. For
r > 1,s > land t > 1 we employ the discrete spaces given by Lagrange nodal
elements

We g = A{wen € (C°(020))?
| Wonk € (Pr)PVK€eT,, wonr-nc=0onI},

L, ={Qcn € C°(20) | Qong €Ps VK € Ton},

and
Ltr,h i={nn € CO(I) | nnr €EPeVT € Trp} .

Clearly, we have W7, , C We, Lg, ), C H'(¢) and Ly, C H'/?(I), therefore we
are ready to consider a conforming finite element approximation.
The discrete problem is given by

Find (Ac,n, Von, qn) € Wiy, X L, /C X Ltp’h/(C such that

ch (ual curl Acp, - curlwe p, + pytdivAc, divwe
+iwoAc - wen +ogradVe, - wep)
+ fp[féqh —Dlqn) + ulo S(curl Acy, - ne)]curlwep, - ne

= fQC Je,C *W(C h (7.30)
ch (iwocAcp, - grad Qe + o grad Vo, - grad Qe p,)
= fQC Je,c - gradQc

[plbcurl Agy - ne + D' (curl Ag,y - ne) + poH(gn)]nn = 0
for all (we , Qc,n, nn) € Wi, x L, /C x L, /C.
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Existence and uniqueness of the discrete solution follow by the Lax—Milgram
lemma, applied in W¢, , x L¢, ,/C x L, /C.
We also have

Theorem 7.8. Assume that (2 is a convex polyhedron, or else that the solution
(A, Ve, q) is smooth enough. Then the discrete solution (Ac n, Vo.n, qn) converges
inWe x H'(2¢)/C x HY?(I")/C to the exact solution (A, Ve, q).

Proof. Let us start noting that, as proved in Lemma 7.2, (A¢,Ve,q) and
(Ac.n, Vo,n, qn) are solutions to problems (7.12) and (7.30), respectively, also for
all test functions n € H'/?(I") and 1y, € L%, . Similarly, it is obvious that (7.12) and
(7.30) also hold for all test functions Q¢ € H(2¢) and Q¢ € L¢ -

Therefore, finite element interpolants can be used as test functions, and, if the so-
lution (A, Vi, q) is smooth enough, the convergence follows by applying Céa lemma
and standard interpolation results.

If the domain 2¢ is convex, it is known (see Costabel et al. [89]) that smooth
functions with vanishing normal component are dense in W, and the same arguments
can be applied. ]

Remark 7.9. As noted in Remark 6.6, if {2 is a non-convex polyhedral domain it
can happen that the solution A is non-smooth, namely, not even an element of
(HY(02¢))3, and that H!(2¢) := (H'(2¢))? N Ho(div; 2¢) is a closed proper sub-
space of Wc. Since the finite element space W, ;, is contained in H 1(£2¢), in that
case a convergence result in W cannot hold. For non-convex domains, an alternative
approch is presented in Section 7.5.1. g

The determination of a precise order of convergence requires the knowledge of
the regularity of the solution: as usual, if (A¢, Ve, q) € H*1(2¢) x HE Y (020) x
H**+1/2(T), where the integer k > 1 is equal to 7 = s = ¢, the degree of polynomial
approximation, we have

(f_%(|AC —Acp? + |eurl(Ac — Acp)? + |div(Ac — Acp)[?)
1/2
+ o (Vo = Vol + | grad(Vo — Vo) ?) + [lg - (Jh||7“f/2¢p) =O0(h*),

having chosen Ve, Vi,n, ¢ and gy such that [, Vo = [, Vo, = 0and [q =
Jran=0.

On the other hand, in EEG and MEG applications a typical assumption for o, the
human head conductivity, is that it is a piecewise-smooth (but not globally continuous)
positivedefinite symmetric matrix. In this case, itis not clear if the solution is regular as
required above. In general, one could expect that the solution belongs to H 7 (02¢) x
H(0¢) x HY?+7(I) for some y with 0 < v < 1/2; however, we do not know a
proof of this result.

It is worth noting that the same difficulty arises if one assumes w = 0, namely,
one just considers the problem of electrostatics. In this case one has to approximate
the solution V> (determined up to an additive constant) of

div(o grad Vo) = divJ..c in 20
ogradVo -nc=Jcc-nc onl,
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and the regularity of V¢ is not easily determined for a piecewise-smooth positive defi-
nite symmetric matrix o . Therefore, also in this case the rate of convergence of a finite
element approximation scheme is not easily determined.

Concerning the behaviour with respect to the angular frequency w, in the discrete
case we can repeat the proof of Theorem 7.6 and obtain (with obvious notation):

Theorem 7.10. There exists a constant K > 0, independent of w and h, such that for
each w with 0 < |w| < 1, the solutions to (7.30) satisfy

fQC(|AuC}',h - A?j,h|2 + [curl AE, ;, — CurlAOC,h|2
+|div AZ , — divAOC’h|2) < K w?

Joo (IVE R = VELIP + |grad Ve, — grad VE, |?) < K w?

||q(f: - qg”?/z,p < Kuw? s

having chosen V&, V& ;.. ¢j; and g, such that ch V&, = ch VEa, =0and [, qf =
Ir a; = 0.

An important point of the above result is that the behaviour in w is uniform with
respect to h; it is not evident that this is true for other finite element approximation
schemes, as it is not always possible to show that the associated sesquilinear form
is coercive uniformly with respect to w (for our approach, this has been proved in
Theorem 7.5).

Remark 7.11. A delicate point of the discretization is the efficient computation of the
terms involving the single layer and double layer potentials and the hypersingular in-
tegral operator: an extensive literature is devoted to analyze this problem.

By integration by parts it is possible to restrict the problem to the computation of
terms of the form )

/TW Xyl P(y)q(x) dSydS,
or
/ <Y () p(y)a(x) dS,dS,
rxr |X =Yl

where p, g are polynomials and 7', T" are triangles of the mesh 7. f T NT" = {)
the integrands are regular functions and standard cubature methods can be used. On
the other hand, if 7 = T’ or T'N 7" is an edge or a vertex the integrands have a
singular behavior. As indicated in Borm and Hackbusch [56], different techniques can
be applied to evaluate these terms. One possibility is to use quadrature rules adapted
to the singularity of the kernel (see Schwab and Wendland [224]). Another possibility
is to apply a suitable regularizing coordinate transformation that renders regular the
integrand, and then to use standard cubature formulas (see Duffy [98], Erichsen and
Sauter [101], Sauter and Lage [221]). Finally, semi-analytical approaches apply an
exact integration at least for the inner integral (see Sauter and Schwab [222], Gray et
al. [113]). O
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7.5.1 The non-convex case

As we noted in Remark 7.9, if the conductor {2¢ is a polyhedral non-convex set it
can happen that the convergence of the finite element approximation does not hold.
Therefore, it is suitable to follow an alternative approach.

We start by recalling that, when the conductor has a complex geometry, it is usual
to enclose it into a “‘simpler” set, and in this new region to look for a vector potential of
the magnetic induction. This procedure, that is generally called the (A ¢, Vo )— A —v;
formulation, has been described in Section 6.3.

In our case, we assume that the conductor {2 is included into a polyhedral convex
bounded open set {24, as small as possible. Setting now 27 := R3 \ Q24,4 :=004,

W4 := H(curl; £24) N Ho(div; £24) ,
and denoting by n 4 the unit outward normal vector on I'4, the weak formulation reads
Find (A, Vo, q) € Wa x H'(2¢)/C x H'/?(I'4)/C such that

Jo, (w eurl A - curlw + pi ! div A divw)
+ [ (iwo Ag - we + o grad Vo - we)
+fFA[f§q —D(q) + ;OS(curlA ‘ny)|curlw - ny
= Jae Jec-we (7.31)
ch(iwaAc -grad Q¢ + o grad Ve - grad Q)
= o, Je.c - grad Qc
Jr[scurl A-ny+ D' (curl A - na) + poH(g)n =0
for all (w, Qc,m) € Wa x H(£2¢)/C x HY?(I'4)/C .

The results presented in Section 7.3, as well as those in Sections 7.4 and 7.5, can be
easily obtained also for this formulation, with essentially the same proofs. In particular,
the finite element approximation scheme converges, as stated in Theorem 7.8, since
the domain (24 is convex. All the details concerning this approach have been given in
Alonso Rodriguez and Valli [19].

7.6 Other FEM-BEM approaches

Among the FEM-BEM formulations that we mentioned at the beginning of this chap-
ter, in this section we briefly present those due to Bossavit and Vérité [62], [63], Med-
dahi and Selgas [176] and Hiptmair [127].

7.6.1 The code TRIFOU

The first authors who proposed a coupled FEM-BEM formulation of the eddy current
problem are Bossavit and Vérité [62], [63]. Based on this coupled approach, they have
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also developed a popular numerical code, named TRIFOU, widely used at Electricité
de France since 1980.

We recall that, for the sake of simplicity, we are assuming that 2¢ is simply-
connected and that 2; = R3 \ £2¢ is connected, so that the boundary I' = 0f2¢ is
connected. As a consequence, as in Chapter 5 we can write H; = grad ;.

Asin (3.9), for each test functionv € H (curl; R?) with curl v = 0 in £2; we have

/ o lcurlHe - curl v +/ wpH - v = / a'*lJe,C -curlve . (7.32)
Qc R3 QC

On the other hand, writing v; = grad x; and remembering that ¢; is a harmonic
function vanishing at infinity, we find by integration by parts

Jo, iwnoHy - vi = [, iwpo grad ¢y - grad x1

) 7.33
= [ iwpo gradepr -0y X7 - (7.33)
We introduce the linear and continuous Steklov—Poincaré operator R as
R:HY*(I') - HY*I') , R(xr):=gradx; -n; onl, (7.34)

where x 1 belongs to the space wi (£21) introduced in (7.17) and satisfies Ax; = 0 in
27 and x 7 = xr. We also set

W = {(ve, xr) € H(curl; 2¢) x HY/2(I')

7.35
|ve xne +grad_xr xny=0onl'}. (7:35)

We can thus rewrite the eddy current problem as

Find (H¢, ¢r) € W such that

ch o tcurlHe - curlve + ch iwpcHe - ve
+iwu0 fF R(I/Jp) Xr (736)
= ch o 1J.c curlve

for each (v, xr) € W .

By the trace inequality (A.8) and the Poincaré inequality in W (§27) (see, e.g., Nédélec
[187], Theor. 2.5.13) we have

/R(XF)XF :/ grad x7 - grad x1 > Kollxrll1/2,r »
r 2

hence the sesquilinear form ar (-, -) at the left hand side of (7.36) is clearly coercive

in W, and the problem is well-posed.
If one is interested in finding also the magnetic field in {27, one has to set

b1 = Di(vr) — :OSIWCHC ‘no)

where the operators S; and D; have been introduced in (7.15) and (7.16).
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When considering numerical approximation we assume that {2~ is a Lipschitz
polyhedral domain, and we denote by 7¢ , a regular family of triangulations of {2¢
and by 7,5, the mesh induced on I” by 7¢ ;. We also suppose that each element K of
Tc.p is a tetrahedron. We consider

Wi == { (Ve xrn) € N&j, x COUL) [ xpnr €PLY T € Top,
von X ne +grad_xrp xnyr=0on I},

where N/, , is the space of Nédélec curl-conforming edge elements of the lowest order
in 2c (see Section A.2). .
Due to the constraint on I", any function (v i, X1,5) in W, can be clearly written

Voh= Y. @bt Y, apgrade, , Xrh= >

eeé'g’h vEVr,h vEVr K

as

where 58’ , s the set of edges e € 7¢  that are internal to 2c, Vr, is the set of
vertices v € 7T j,, and we have denoted by q. the edge basis function defined in {2¢
and associated to the edge e, and by ¢, the nodal basis function defined in {2~ and
associated to the vertex v.

For a suitable implementation it is necessary to find a sound and computationally
cheap approximation of the Steklov—Poincaré operator R. Recalling the definition of
the operators S in (7.6) and Sy in (7.15), we can write vy = S;(Ap) and ¢ = S(Ar),
where, as a consequence of well-known results in potential theory, A\ € H~'/?(I)
satisfies

1
grady; -ny = 2)\[‘7,D/(>\[') onl
(see, e.g., McLean [175], Nédélec [187]). Passing to a variational formulation, we are
looking for ¢yp € HY/?(I") and A\ € H~'/?(I") such that
JrSOr)ér = [rér
[rR@r)xr = [rl3Ar = D'(Ar)l xr

forall xp € H'/?(I') and ¢ € H-Y/2(I).
In matrix form we can write, with obvious notation,

SAr = B}:lﬁp
Ry = )BrAr — D'Ar,

where the vector unknowns are complex-valued, while the matrices are real-valued (as
we can choose real-valued finite element basis functions). We also see at once that the
matrix S is symmetric and positive definite, hence we can rewrite

R= (;Bp - D’)S*lBIT .
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Unfortunately, this matrix is not symmetric, though the Steklov—Poincaré operator R
is hermitian. Therefore, in the TRIFOU code the following symmetric matrix

Rg:;m+Rﬂ

has been proposed as an approximation of the operator R.

Though a complete analysis of the convergence of the method is not available,
the TRIFOU code has been used in many engineering applications with satisfactory
results (for a deeper insight and additional comments, see Bossavit and Vérité [62],
[63], Bossavit [57]; in particular, note that the matrix R, may even happen to be sin-
gular: see Bossavit [59], p. 214).

7.6.2 An approach based on the magnetic field H-

In Meddahi and Selgas [176], following an approach that is close to that presented in
the preceding section, the authors choose as unknowns H¢ in 2¢ and p-He - ne on
I', and derive a symmetric formulation. Again we assume, for the sake of simplicity,
that {2¢ is simply-connected and that the boundary I" = 0f2¢ is connected (for the
general not simply-connected case, see Meddahi and Selgas [176]). Consequently, we
can write H; = grad ¢ .

As before, we obtain (7.32) and (7.33), and, using the interface condition
pueHe -ne + po gradyr -ny = 0 on I, we also find

Jo, iwpoHr - v = [piwpo gradyr -nr xr
= — [piwpcHe -nexr

Furthermore, we can rewrite (7.10) and (7.11) as
1 1
o¥r = D(¥r) + o S(pcHe -neg) =0 on I’ (7.37)

1

2p
Thus, setting xr := x 111> WE easily find

1
pwoHe -ne + ﬂ D'(ucHe -ne)+H(r) =0 onI". (7.38)
0 0

fa’Zc o lcurlHe - curl ve + fa’Zc iwpcHe - ve
+iw [p[-3pcHe -ne + D' (pcHe - ne) + poHr) xr - (7.39)
= fa’Zc o .o curlve,

and for any test function £ on I" we also have
1 1
/[ Yr —=D(r)+ = SpcHe -ne)]{=0. (7.40)
r2 o

Let us set A := p1 'ucHe - ne. From the Stokes theorem for closed surfaces we
have \ € H[l/Z(F), where

Hﬁ”gqﬁ{geHﬂﬂUULAg:o}



7.6 Other FEM-BEM approaches 225

Moreover, as in Section 4.4, define
X¢ = {ve € H(eurl; 2¢) | div.(ve x ng) =0on I},

and set

Xr:={(ve xne)r|ve € Xc} (7.41)
Introducing the operator
Curlxpr :=grad x5 X ny

(see also Section A.1), it is straightforward to verify that Curl, xr € X r.
We have seen in Section 7.2 that D(1) = — 1, so that

Jol=bucHe -ne + D (pcHe -ne)] = po [~ 3+ D'(V)]
— 10 Jr[= A+ AD()] = —po [ A = 0.

Moreover, it holds [, H(n) = 0foreachn € H/(I") and H(1) = 0, hence equation
(7.39) does not change if we add a constant to 1 and x . Instead, adding a constant
to ¢ we have

;(1/11“ +co) = D(Wr +co) = ;Z/Jr —Dr)+ co,

therefore equation (7.40) does not change if we choose the test function§ € Hy 12 ().
Meddahi and Selgas [176] proved that Curl, is an isomorphism from H'/2(I")/C
onto )Z’p. Since Ho X ng = —grady; x ny = —Curl, ¥ on I', in (7.39) we can
replace ;- and the test function y with Curl, ' (H¢ x ng) and Curl- ' (ve x ne),
respectively, and we finally obtain that the eddy current problem can be rewritten as

Find (Hc, \) € X¢ X Hﬁfl/z(]“) such that

ch o lcurl He - curl ve + ch iwpcHe - ve
+iwpo [;[AX —D'(N)] Curl; (ve x ne)
+iwpo [, H(Curl ' (He x ne)) Curl; ' (ve x ne)

ch o .- curlve (7.42)

iwpo fr[f§Curl;1(Hc x n¢) + D(Curl. ' (He x ne))| €
+iwpio fr SA)E=0

for each (v, &) € Xo x Hﬁil/Q(F) .
Note that

iwpo (1€ —D'(€)] Curl ! (ve x ne)
+iwpo [.[—3Curl-! (ve x ne) + D(Curl; ! (ve x ne))] €
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is a real number, namely, it is equal to
1 / —1
—2wiip Im ( [25 —D'(§)] Curl, " (ve % nc)) .
r

Moreover, taking into account that the operator D is continuous from H'/?(I") into
itself and that the operator Curl" is continuous from X - into H'/2(I")/C, it follows
that for each 0 < § < 1 one has

20wlpo | [[36 — D'(€)] Curl, (vo x no)
< elléll-1/2,r([vello.ac + | curlvello,ec)
< 8|l curlvell3 o, + CudHEN2 o+ Cellvell o -

Then, recalling (7.27) and adapting the proof of Theorem 7.5, by choosing § small
enough itis not difficult to show that the sesquilinear form a5 (-, -) at the left hand side

of (7.42) is coercive in )Z'C x H [ 1/ 2(F). Problem (7.42) is therefore well-posed.
Having solved (7.42), one can determine 7 in {27 by setting

Y7 = =Dy (Curl; '(He x ng)) — Sr(A) .

The numerical approximation needs some remarks, as a conforming discretization
requires that the finite element functions v j, satisfy the constraintdiv, (ve , Xne) =
0 on I'. Instead of introducing a Lagrange multiplier, as done in Section 4.5, here we
present an alternative approach, based on the explicit construction of a basis for the
space

)Z'C’h ={ven € Né’h | div,(ven, xne)=0on1'},

where N}, , is the space of Nédélec curl-conforming edge elements of the lowest or-
der (see Section A.2). Note that this construction could be used also for the approach
presented in Section 4.5.

As in the preceding section, we assume that {2¢ is a Lipschitz polyhedral domain,
and we denote by 7¢ 5, and 7, two regular families of triangulations of {2¢ and I,
respectively. We suppose that each element K of 7¢ j, is a tetrahedron and that each
element T" of 7, is a triangle. Let us also denote by 7 ;, the mesh induced on I" by
Tc s it is not assumed to coincide with 7. Finally, £2 ;, denotes the set of edges
e € T¢ , that are internal to {2¢, Vrj, the set of vertices v € 75,1, qc the lowest-order
edge basis function defined in {2¢ and associated to the edge e, and ¢, the piecewise-
linear nodal basis function defined in {2~ and associated to the vertex v.

Proposition 7.12. Let vy € I be a fixed vertex of Vr y,. The set
B :={qc|ec Sg’h} U{gradp, |v € Vrp, v # v}

is a basis of Xc p.
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Proof. Let us start by showing that the elements of B), are linearly independent. Sup-

pose that
Z Qeqe + Z ay, gradp, =0.
eeé’g N veVrh
) wrtog

Then on I" we have

O:( Z aeqe + Z avgradgav) xnC:grad( Z aﬂgaﬂ) X nge,

ec&l VeV h vEVP h
Cih vtvg vtvg
so that
§ Qypy = kgon I,
vEVP
wrtog

where kg is a constant. Since @, (vg) = 0 for each v # vy, we have kg = 0 and
therefore o, = O foreach v € V5, v # vg. Then we are left with Zeesg L QXeQe = 0,
which gives a, = 0 foreach e € 58‘,h~ ’

On the other hand, the inclusion gh C )Z'C,h is clearly true. Moreover, take
ve,n € )Z’C,h: since div,(ve,, X ne) = 0 on I, recalling that I" is simply-
connected it is possible to find a piecewise-linear function ¢r 5, defined on I", such
that grad_ ¢ X ng = ve,, X ne on I'. The function ¢, is uniquely determined
by requiring ¢, (vg) = 0. The extension of ¢, in {2¢, obtained by setting all
its internal nodal values equal to 0, will be denoted by ;. Clearly, grad ¢;, belongs
to the space spanned by the set of functions {grad v, |v € Vprn,v # vo}. Since
von, X ne = gradpp, X ne on I, it follows that (v, — grad ¢p,) is an edge element
belonging to the space spanned by the set of functions {q. | e € 58’ 1}, and the thesis
follows. ]

Thus we have a viable description of the finite element space )Z'C, n, and, since we
know that X¢;, C X¢, a conforming approximation scheme is readily devised. The

finite element space used for approximating functions in H t; 1/2 (I') is typically

Mry, = {&, € L*(I) |épr €POVT € Tryp, [ 60 =0},

and the convergence of the scheme is a straightforward consequence of Céa lemma.

It should also be noted that, in the implementation of the finite element scheme,
the inverse of the tangential operator Curl, does not appear. In fact, let bo € By, be
a basis function. If bo = q., one has bo X ncg = 0 on I';if b = grad ¢,, it
holds Curl,p, = —grady, X nc = —be X n¢ on I, thus in the finite element
approximation of (7.42) we can replace Curl_ ! (bc x ng) with —py .

To illustrate the performance of this method, let us exhibit some numerical results
presented in Selgas Buznego [226] for a couple of academic problems. In the first one
the computational domain is the cube 2 = (—1, 1)3, all the physical parameters are
set equal to 1, and the current density J. is computed starting from the exact solution
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Table 7.1. Absolute errors for He and )\ in the first example (courtesy of V. Selgas)

h ||HC - HC,h”H(curl;QC) ||)‘ - )\h”O,F «Q

0.7733 34.8247 0.3136 -

0.5330 25.0762 0.1634 0.8825
0.2989 14.0539 0.0257 1.0010
0.2337 11.4203 0.0131 0.8433

E = curl(f, f, f), where

(1 —a)*(1 - 23)'(1 - 23)*

o= { §

In Table 7.1 and Figure 7.1 we report the absolute error and the convergence rate for
H and ) for different value of the mesh size h. We have defined

in QC
in2; =R\ 2.

H(curl;Qc)/”HC - HC,hi+1 ||H(curl;!20))
log(hi/hi+1) 7

h; and h;; 1 being the mesh sizes of two consecutive computations.
In the second example the conductor {2¢ is the torus given by

log(|[He — Hep,
Q=

0c:=[(-1,1) x (=1,1) x (=1/2,1/2)]\ (-1/2,1/2)°,
contained in the computational domain
2:=(-3/2,3/2) x (=3/2,3/2) x (—1,1)

(see Figure 7.2).

1.7

5 10'° /
2 g /
g 10} ) ’/._’,'"'
-
10" - ///
-
P
P
P
P
10 //
- i
" //L
10 —
/. . . . y=Ch
10—05 10—05 10-04 10-&3 10—0?

Mesh size

Fig. 7.1. Convergence rate for Hc in the first example (courtesy of V. Selgas)
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Fig. 7.2. The computational domain {2 for the second example (courtesy of V. Selgas)

In order to avoid the technical difficulties arising from the fact that {2¢ is not
simply-connected, the variational formulation has been modified: to be precise, in
R3 \ {2 the usual approach based on the potential theory is used for reducing the con-
tribution of the magnetic field H; = grad ¢1 to suitable integrals on the boundary 0{2,
while the eddy current problem is solved in {2 by adopting the H-based formulation
described in Section 4.3.

Again, all the physical parameters are equal to 1, and the current density J. is
computed starting from the exact solution E = curl(g, g, g), where

o [ —1x?* inB0,1)
9 )'_{0 in 2 =R\ B(0,1) ,

where B(0, 1) is the ball of center 0 and radius 1. Note that in {2 \ {2¢ the curl of
the magnetic field is not vanishing and consequently H is not the gradient of a scalar
potential, while this is true outside (2.

In Table 7.2 and Figure 7.3 the absolute error and the convergence rate for He and
A are presented for different value of the mesh size h.

Table 7.2. Absolute errors for He and A in the second example (courtesy of V. Selgas)

h IHe — Hen || 2 eurli2e) [IX = Arllo,r a
0.9299 56.1051 0.7107 -
0.6601 39.3998 0.1413 1.0315
0.4572 28.6757 0.0620 0.8651

0.3653 22.0725 0.0173 1.1663
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Fig. 7.3. Convergence rate for H¢ in the second example (courtesy of V. Selgas)

7.6.3 An approach based on the electric field E~

Another FEM-BEM approach can be devised if one keeps the electric field Ex as
principal unknown. Again, for the sake of simplicity, we assume that {2¢ is simply-
connected and that the boundary I" = 0f2¢ is connected. Starting from the Ampere
equation and inserting in it the Faraday equation, for a test function z that decays
sufficiently fast at infinity we find

—iw fQC cEc - z¢ —iw ch Jec 20 = —iw [pscurl H- z
= —iw [ps H-curlz = [, p~'curl E-curlz .

Since we know that /1, L curl curl E 1 = —iwcurl Hy = 0 in {27, we also have
/ yglcurlEpcurlzI:/uglcurlEI><n1~z1,
.QI r

therefore we are left with

fs’Zc pgt curl Eic ccurl ze + iw fs’Zc cEc - z¢
+uy - [peurlEp X np-zg (7.43)
= —w ff?c Je’c “Zo .

Let us go on without giving all the details about the functional framework, but just
presenting the main idea. Denote by R the vectorial Steklov—Poincaré operator given

by

R(q) :=curle; X n; on I,
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where q - n; = 0 on [ and ey is the solution to

curlcurle; = 0 in 21
div(eper) =0 in 21
n; xerxny=q onl (7.44)

IF gop€r -ny = 0
er(x) =0(x|71) as|x| — 0.

We thus have curl E; x n; = R(n¢ X E¢ X n¢) on I, and we can rewrite (7.43)
as
ch ual curl E¢ - curlz¢ + iw ch oEc - z¢
+u " [pRe x Ec x ne) -z (7.45)
= —w ch Je’c “Zco .

Bossavit [57] has extended the TRIFOU approach to this formulation, which is
based on the electric field. We do not dwell on this here, referring the interested reader
to the paper just quoted (see also Ren et al. [208]).

Instead, we present an alternative approach, proposed and analyzed by Hipt-
mair [127], which leads to a symmetric formulation (we also note that in that paper
no restrictive assumption on the geometrical shape of the conducting domain (2¢ is
imposed). First of all, as in (A.1), (A.3) and (A.4) introduce the trace spaces

HY*(I) = {(n x v xn)|ve(H(2)}

H 2 (divy; I') = {(ve x ne)r|ve € H(eurl; 2¢)},

and
H™'2(curl; I') = {(n¢ x ve x ne)r|ve € H(curl; 2¢)} ;

note that the last two spaces are one the dual space of the other.
Let us define now on I the vectorial single layer and double layer potentials

S (Hy (1)) — H*(D) (7.46)
S(p)(x) := fp dn|x—y]| p(Y)dSy
D:H 'Y?(curl,; ") — H'/?(curl,; I) , (7.47)
D(a)(x) = [p 4aiype ¥ [a(y) x no(y)]dsS, | '
the hypersingular integral operator
H:H 'Y2%(curl,; ") — H'/?(div,; ") |
H(@)(x) = —curl ([, 2% 0 % aly) x ne(y)]ds, ) xne(o), 4
q Ea I 4dn|x—y|3 qly cly y c )
and the adjoint operator
D/ : Xp — Xp ,
(7.49)

D)%) = ([ sl s ¥ PY)S, ) X no(x) |
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where the space X1 has been introduced in (7.41), and is given by the vector functions
p belonging to H~'/?(div,; I") and such that div, p = 0 on I".

In Hiptmair [127] (see also Reissel [205], Hiptmair and Ostrowski [129]) it has
been shown that these operators are continuous, and moreover that the solution E T
satisfiesng X Ef xneg =ne X Eg X n¢ € H’1/2(curlT;F), curlE; x nge € Xr

and also
!

éfpnchC><nc~p/7fFD(nc><Ec><n€)~p (750)
+ [ S(curlEf xng) -p'=0  Vp'eXp, .

and

/

éfpcurlEI xng-q + [ D'(curlE; x n¢) -q

(7.51)
+ /-Hmne xEc¢ xne) - q' =0 Vo € H Y?(curl; T) .

Setting pr := curl E; X n¢, the term on " in equation (7.43) can be written as

-1 —1 —1
o /curlE1><n1~z1:fuO /pp~z1:7u0 /pp~nc><zc><nc.
r r r

Therefore, inserting (7.51) in (7.43), we see that the eddy current problem can be for-
mulated as follows

Find (Ec, pr) € H(curl; 2¢) x X such that

ch ual curl E¢ - curl z¢ + iw ch oEc - z¢c
7%#61fppp'nc><ZCXnC
gt JrD'(pr) -ne x z¢ X ng
+,LL61 fF H(IIC X Eo % Ilc) ‘Ngo X Zo X ngo (7.52)
:*inQCJe,C'ZC
éuglanCxEcxnc~p’—u51fFD(nC><Ecxnc)-p’
+ug ' [-S(pr)-p' =0

for each (z¢, p’) € H(curl; Q¢) x X .
Note that

*éfrp/'ncxzc><n0+pr/(P/)'nc><zc><nc

+35 [rne xze xne-p' — [ D(ne x z¢ x ng) - p’

is a purely imaginary number, and it is equal to

1
2iIm( /ncxzcxnc~p’—/D(ncxzcxnc)~p’).
2 Jr r
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Moreover, the boundedness of the operator D and the trace inequality for H (curl; 2¢)
(see (A.11)) give that, foreach 0 < § < 1,

BfrncszXnC'P/*frD(nCchxnc)'P/|

< cllp'll =172 aiv, ) (I2ello,00 + [ curl ze lo,ac)

< dllzcll o0 + o0~ P 1312 aiv 5 F Csll curlza|[f o, -

div,;

Finally, in Hiptmair [127] it is shown that the operators S and H satisfies

/ H(ne xze xng) ng xze xneg >0, / S(p’)-p' > H0||p/||§{*1/2(div7;2) .
r r

Thus, adapting the proof of Theorem 7.5, by choosing § small enough it is not difficult
to prove that the sesquilinear form ag o (+, -) at the left hand side of (7.52) is coercive

in H(curl; 2¢) % X7, and we conclude that problem (7.52) is well-posed.
Having determined E¢ and pyr = curl E; X ng = iwwpugH; X nj, one can also
find the magnetic field in {2;. In fact, setting

Si(p)G) = [,

ds, , xe 2,
- dnlx — y| p(y)dS, 1

D@6 i= [ 7% laly) x nelds, . xe 2.

from well-known results of potential theory we easily obtain by integration by parts
the representation formula

E](X):D](Ec)fs](pp)fgradS[(E]~Ilc) , (753)

where the operator Sy has been introduced in (7.15). Then the magnetic field Hy =
—(iwpo) "t curl E; can be written as

H; = —(iwpo) ' (curl D (E¢) — curl Sy (pr)) -

Instead, since we do not know the value of the normal component E; - ng on I, the
electric field E; cannot be computed through (7.53), and one has to solve (7.2).

The numerical approximation is quite similar to that presented in Section 7.6.2. In
fact, Nédélec curl-conforming edge element of the lowest order can be used in 2¢;
instead, the conforming approximation of X is given by the space spanned by

{Curl; @, |v € Vrp,v# v},

where Vr, is the set of vertices v € 7 ;,, the mesh induced on I" by 7¢ 5, @, is the
piecewise-linear nodal basis function defined on /" and associated to the vertex v, and
v € I'is a fixed vertex of V.

In Hiptmair [127] the convergence of the approximation scheme, based on Céa
lemma and suitable interpolation estimates, is completely proved. Moreover, the dis-
crete problem is analyzed also when (2 is not simply-connected: this geometric situ-
ation has the drawback that the boundary element space for approximating X i is more
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complicated. Finally, some remarks on implementation are also added: in particular,
it is shown that the operators S, D and H can be expressed in terms of the analogous
operators constructed for the Laplace operator. For example, one has

/ S(Curl ¢ry) - Curl xryp = / H(Yrn) Xrn
r r

JrD'(Prn) -ne X zen xng = [ prn-Dne X 2o, X ne)
+ /0 Jr sy - Mo(x) X z2en (%) X no(X)|(Pra(y) - ne(x))ds:dS,

/H(nchC’thc)~nc><ZC’h><nC:/S(diVT(EC’hch))diVT(ZC’thc),
r r

where S, D and ‘H are the operators introduced in (7.6), (7.7) and (7.8), respectively.
Therefore, the techniques developed for Galerkin boundary element methods for the
Laplace operator can be used in this framework (in this respect, see also Remark 7.11).



	7 Coupled FEM–BEM approaches
	7.1 The (AC, VC ) − ψI formulation
	7.2 The (AC, VC ) − ψΓ weak formulation
	7.3 Existence and uniqueness of the weak solution
	7.4 Stability as ω goes to 0
	7.5 Numerical approximation
	7.5.1 The non-convex case

	7.6 Other FEM–BEM approaches
	7.6.1 The code TRIFOU
	7.6.2 An approach based on the magnetic field HC
	7.6.3 An approach based on the electric field EC





