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Preface

This book is the consolidation of the selected articles by the participants of the
International Winter Workshop on Differential Equations and Numerical Analysis
(DEANA 2015), held during 5-7 January 2015 at Bishop Heber College,
Tiruchirappalli, India. Though the conference was intended to accommodate works
on differential equations, the main concentration was on equations whose solutions
and their derivatives are non-smooth with singularities related to boundary layers.
Most of the works were on singular perturbation problems whose solutions exhibit
initial/interior/boundary layers and occur in many physical phenomena.

With the presentation of the paper “On the motion of fluids with very little
friction” by Ludwig Prandtl in 1904, in the International Congress of Mathematics,
held in Heidelberg, Germany, the field of classical fluid dynamics got revolution-
ized. This led to the development of boundary layer theory and singular pertur-
bation problems. Typically, these problems arise in various fields of applied
mathematics such as fluid dynamics (boundary layer problems), elasticity (edge
effect in shells), quantum mechanics (WKB problems), electrical networks,
chemical reactions, control theory, gas porous electrodes theory and many other
areas. The Navier—Stokes’ equation with a large Reynolds number is one of the
most striking examples of singular perturbation problems.

The aim of the conference was to give the young researchers the core of the
subject for which pioneers in this area of research were invited from India and
abroad. The invited talks were given by Prof. John J.H. Miller, Professor Emeritus,
Trinity College, Dublin and Director, INCA, Dublin, Ireland; Prof. Eugene
O’Riordan, School of Mathematical Sciences, Dublin City University, Ireland; Prof.
N. Ramanujam, Honorary Professor, Department of Mathematics, Bharathidasan
University, Tiruchirappalli, India; Dr. S. Valarmathi, Associate Professor and Head,
Department of Mathematics, Bishop Heber College, Tiruchirappalli, India; and a
few others. Also, there were contributions from various researchers working on
differential equations and numerical analysis.

The book consists of two parts. Part I includes lectures by the invited speakers.
The chapter “Elementary Tutorial on Numerical Methods for Singular Perturbation
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vi Preface

Problems” gives a tutorial on singular perturbation problems. The chapter entitled
“Interior Layers in Singularly Perturbed Problems” presents an introduction to interior
layers occurring in the solution of singular perturbation problems. In the chapter
“Singularly Perturbed Delay Differential Equations and Numerical Methods”, an
introduction about the applications and various methods of solving delay differential
equations are presented. In the chapter “Initial or Boundary Value Problems for
Systems of Singularly Perturbed Differential Equations and Their Solution Profile”, a
sketch of the analytical and numerical results for initial/boundary value problems for
systems of singularly perturbed differential equations is given. In Part II, six refereed
contributions of people working in the area of singular perturbation problems are
included.

We are grateful to the invited speakers, the authors of contributed papers and to
the unnamed referees for their valuable contributions, without which this volume is
not possible. We acknowledge with sincere thanks the financial support extended
by the University Grants Commission, Government of India and the National Board
for Higher Mathematics, Government of India, to conduct the conference. Thanks
are also due to the members of the organizing committee and the Principal and the
management of Bishop Heber College. Our special thanks are also due to
Mr. Kennet Jacob Jaisingh, software consultant, who designed the logo of DEANA
2015, constructed the website and helped us to have the book of abstracts, the
brochure, etc., in the stipulated time.

Tiruchirappalli, India Valarmathi Sigamani
Dublin, Ireland John J.H. Miller
Tiruchirappalli, India Ramanujam Narasimhan
Tiruchirappalli, India Paramasivam Mathiazhagan
Tiruchirappalli, India Franklin Victor

April 2016


http://dx.doi.org/10.1007/978-81-322-3598-9_1
http://dx.doi.org/10.1007/978-81-322-3598-9_2
http://dx.doi.org/10.1007/978-81-322-3598-9_3
http://dx.doi.org/10.1007/978-81-322-3598-9_4
http://dx.doi.org/10.1007/978-81-322-3598-9_4

Contents

Part I Invited Papers

Elementary Tutorial on Numerical Methods for Singular
Perturbation Problems . . .. ... ... ... ... .. .. .. .. ... 3
John J.H. Miller

Interior Layers in Singularly Perturbed Problems . ............... 25
Eugene O’Riordan

Singularly Perturbed Delay Differential Equations
and Numerical Methods . . .. ........... . ... . ... . ...... ... 41
Ramanujam Narasimhan

Initial or Boundary Value Problems for Systems of Singularly
Perturbed Differential Equations and Their Solution Profile . . . . . . . .. 63
Valarmathi Sigamani

Part I Contributed Papers

Convergence of the Crank-Nicolson Method for a Singularly
Perturbed Parabolic Reaction-Diffusion System . ................. 77
Franklin Victor, John J.H. Miller and Valarmathi Sigamani

A Numerical Method for a System of Singularly Perturbed

Differential Equations of Reaction-Diffusion Type

with Negative Shift . . . . . ... ... ... .. ... .. ... ... ... ... ... 99
P. Avudai Selvi and Ramanujam Narasimhan

Numerical Method for a Singularly Perturbed Boundary

Value Problem for a Linear Parabolic Second Order Delay

Differential Equation. . . . .. ...... .. .. .. ... ... ... ... .. ... ... 117
Parthiban Swaminathan, Valarmathi Sigamani and Franklin Victor

vii


http://dx.doi.org/10.1007/978-81-322-3598-9_1
http://dx.doi.org/10.1007/978-81-322-3598-9_1
http://dx.doi.org/10.1007/978-81-322-3598-9_2
http://dx.doi.org/10.1007/978-81-322-3598-9_3
http://dx.doi.org/10.1007/978-81-322-3598-9_3
http://dx.doi.org/10.1007/978-81-322-3598-9_4
http://dx.doi.org/10.1007/978-81-322-3598-9_4
http://dx.doi.org/10.1007/978-81-322-3598-9_5
http://dx.doi.org/10.1007/978-81-322-3598-9_5
http://dx.doi.org/10.1007/978-81-322-3598-9_6
http://dx.doi.org/10.1007/978-81-322-3598-9_6
http://dx.doi.org/10.1007/978-81-322-3598-9_6
http://dx.doi.org/10.1007/978-81-322-3598-9_7
http://dx.doi.org/10.1007/978-81-322-3598-9_7
http://dx.doi.org/10.1007/978-81-322-3598-9_7

viii Contents

A Parameter Uniform Numerical Method for an Initial

Value Problem for a System of Singularly Perturbed Delay

Differential Equations with Discontinuous Source Terms ........... 135
Nagarajan Shivaranjani, John J.H. Miller and Valarmathi Sigamani

A Parameter-Uniform First Order Convergent Numerical

Method for a Semi-linear System of Singularly Perturbed

Second Order Delay Differential Equations . .. .................. 151
Mariappan Manikandan, John J.H. Miller and Valarmathi Sigamani


http://dx.doi.org/10.1007/978-81-322-3598-9_8
http://dx.doi.org/10.1007/978-81-322-3598-9_8
http://dx.doi.org/10.1007/978-81-322-3598-9_8
http://dx.doi.org/10.1007/978-81-322-3598-9_9
http://dx.doi.org/10.1007/978-81-322-3598-9_9
http://dx.doi.org/10.1007/978-81-322-3598-9_9

Editors and Contributors

About the Editors

Valarmathi Sigamani is an Associate Professor & Head at the Department of
Mathematics at Bishop Heber College, Tiruchirappalli, Tamil Nadu, India. She did
her doctoral studies in numerical analysis at Bharathidasan University,
Tiruchirappalli, under the guidance of Prof. N. Ramanujam. She has been teaching
algebra, analysis, topology, calculus of variations, computer programming and
differential equations to undergraduate and postgraduate students of mathematics.
She has published 20 research articles in various reputed international journals and
has guided 5 students and guiding some more in their doctoral studies in singular
perturbation problems and numerical analysis. Currently, she is working on the
qualitative and quantitative analysis of singularly perturbed multi-scale dynamical
systems and their applications in biology. She is a council member of the Institute
of Numerical Computation and Analysis (INCA), Dublin, Ireland, and is a member
in various mathematical societies.

John J.H. Miller is a director of the Institute for Numerical Computation and
Analysis (INCA), Dublin, and Professor Emeritus of Mathematics at the Trinity
College, Dublin. He obtained two undergraduate degrees at Trinity College,
University of Dublin, Ireland: one in mathematics and the other in natural sciences.
He then studied numerical analysis at the Massachusetts Institute of Technology
under the supervision of Gilbert Strang, where he was awarded a Ph.D. degree. His
mathematical interests include power bounded matrices, the zeros of polynomials,
numerical methods for modelling semiconductor devices, asymptotic and compu-
tational methods for problems exhibiting boundary and interior layers, data analysis
of signals from neurons and, recently, the mathematical modelling and construction
of oscillating water column devices for generating electric power from ocean
waves. He has written over 100 papers on these topics, as well as three research
monographs.

ix



X Editors and Contributors

Ramanujam Narasimhan is an Honorary Professor of Mathematics at
Bharathidasan University, Tiruchirappalli, Tamil Nadu. He worked under the
guidance of Dr. U.N. Srivastava and got his Ph.D. degree from the Indian Institute
of Technology, Madras. His research interests include differential equations and
numerical analysis. He has published over 85 papers in various international
journals and has guided 11 students in their doctoral studies. He has been teaching
various courses such as ordinary differential equations, partial differential equations,
numerical analysis, functional analysis, fluid dynamics, computer programming,
real analysis, integral equations and calculus of variations. He has served in many
responsible positions including the vice chancellor (in-charge) of Bharathidasan
University.

Paramasivam Mathiazhagan is an Assistant Professor of Mathematics at Bishop
Heber College, Tiruchirappalli, Tamil Nadu. He got his Ph.D. from Bharathidasan
University in 2013 under the guidance of Dr. S. Valarmathi. His research interests
include numerical analysis and boundary layer theory. He has worked on the
multi-scale reaction—diffusion problems and has published articles in reputed
international journals. He has been teaching various courses such as partial dif-
ferential equations, functional analysis, fluid dynamics and computer programming.
Apart from mathematics, he is a brilliant cricketer who played for the university
during his college days.

Franklin Victor is an Assistant Professor of Mathematics at Bishop Heber
College, Tiruchirapalli, Tamil Nadu. He completed his doctoral studies in numer-
ical methods for solving singularly perturbed partial differential equations of
parabolic type under the guidance of Dr. S. Valarmathi. Recently, he got interested
in delay differential equations and is currently working on numerical methods to
solve singularly perturbed delay differential equations. His other research interests
are mathematics of finance and Black—Scholes equations. He has been teaching
various courses such as mathematical analysis, ordinary differential equations and
partial differential equations. Besides mathematics, he is a talented musician. He is a
reputed choral arranger and a conductor of various ensembles of his region.

Contributors
P. Avudai Selvi Department of Mathematics, School of Mathematical Sciences,
Bharathidasan University, Tiruchirappalli, Tamil Nadu, India

Franklin Victor Department of Mathematics, Bishop Heber College,
Tiruchirappalli, Tamil Nadu, India

Mariappan Manikandan Department of Mathematics, Bishop Heber College,
Tiruchirappalli, Tamil Nadu, India



Editors and Contributors xi
John J.H. Miller INCA-Institute for Numerical Computation and Analysis,
Dublin, Ireland; Trinity College, Dublin, Ireland

Nagarajan Shivaranjani Bishop Heber College, Tiruchirappalli, Tamil Nadu,
India

Eugene O’Riordan Dublin City University, Dublin 9, Ireland

Parthiban Swaminathan Department of Mathematics, Bishop Heber College,
Tiruchirappalli, Tamil Nadu, India

Ramanujam Narasimhan Department of Mathematics, School of Mathematical
Sciences, Bharathidasan University, Tiruchirappalli, Tamil Nadu, India

Valarmathi Sigamani Department of Mathematics, Bishop Heber College,
Tiruchirappalli, Tamil Nadu, India



Part I
Invited Papers



Elementary Tutorial on Numerical Methods
for Singular Perturbation Problems

John J.H. Miller

Abstract In the first section we introduce a simple singularly perturbed initial value
problem for a first order linear differential equation. We construct the backward Euler
finite difference method for this problem. We then discuss continuous and discrete
maximum principles for the associated continuous and discrete operators and we
conclude the section by defining what is meant by a parameter-uniform numerical
method. In the second section we introduce a fitted operator method on a uniform
mesh for our simple initial value problem defined in the previous section. We then
prove rigorously that this method is parameter-uniform at the mesh points. Fitted
mesh methods on piecewise uniform meshes are introduced in the third section. A
fitted mesh method for our simple initial value problem is constructed. It is proved
rigorously that this method is parameter-uniform at the mesh points. Finally, in the
fourth section, numerical solutions of singular perturbation problems are discussed.
Computations using standard and a parameter-uniform numerical method are pre-
sented. The usefulness and reliability of parameter-uniform methods is demonstrated.

Keywords Singular perturbation problems - Finite difference scheme + Shishkin
mesh - Boundary layers + Parameter uniform convergence

1 Introduction to Singular Perturbation Problems
and Their Numerical Solution

We begin with a brief introduction to singular perturbation problems for differential
equations by describing the concepts in terms of a simple linear problem and a
maximum principle.

We consider the simple singularly perturbed first order initial value problem (P.)
on the interval £2 = (0, T']

J.J.H. Miller ()
INCA-Institute for Numerical Computation and Analysis, Dublin, Ireland
e-mail: jm@incaireland.org

© Springer India 2016 3
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4 J.J.H. Miller

eul +atyu. = f(1), t € 2, (1)
u.(0) given, 2)

where, forallt € 2, a(t) > acand 0 < e < 1.

We are interested in designing a numerical method which gives good approxima-
tions to the solution of ( P.), regardless of the value of €, in the entirerange 0 < € < 1.
It can be seen from the exact solution of this problem that, as ¢ — 0, the gradient
of the solution becomes increasingly steep as we approach ¢t = (0. We say that the
solution has a layer at the point # = 0. In this case it is called an initial layer, because
it is associated with a boundary point where an initial condition is specified. In the
analysis that follows it becomes clear that the width of this layer is O (¢).

To analyse such problems, and their numerical solutions, we introduce some
norms and semi-norms. For singular perturbation problems it is important to work
in the maximum norm. We define the maximum norm of a differentiable function on
aset S by

Definition 1.1 |¢|s = sup, g |¢(1)]

and, for any positive integer k, we define the kth order semi-norm of a differentiable
function on a set S by

Definition 1.2 |¢|; s = sup,. [¢®(2)].

For k = 0, the semi-norm becomes the maximum norm. Note that when the meaning
is clear the subscript S is usually dropped from the notation.

Forsome 7 > 0, let 2 = (0, T] and 2 = [0, T].

For convenience we introduce the differential operator

d _
L. = 5E +a(t), a(t) >a >0, forall ¢t € 2.

The operator L. satisfies the following maximum principle.

Lemma 1.1 Let 1) (t) be any function in the domain of L. such that 1(0) = 0. Then
L.p(t) > 0 forallt € 2 implies that 1)(¢t) > 0 forallt € S2.

Proof Let t* be such that ¥ (¢*) = min, ¥ (¢) and assume that the lemma is false.
Then ¥ (t*) < 0. From the hypotheses we have t* # 0 and ¢’ (t*) < 0. Thus

Loap(t") = e (t") + a(t)p(t") <0,
which contradicts the assumption.

This leads immediately to the following stability result.

Lemma 1.2 Let Y (t) be any function in the domain of L.. Then

B < max{|(O)], TILeyl) for all 1€ 2.
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Proof Define the two functions

1
0% (1) = max{[4(0)], SILPl} £ 0 ().

It is not hard to verify that ii (0) > 0 and L.0%(r) > 0. It follows from Lemma 1.1
that 6 (¢) > 0, for all t € £2, as required.

In order to discuss numerical solutions we need to discretise the domain £2 =
(0, T']. The simplest discretisation is a uniform mesh having N sub-intervals of
equal length 4, which is determined by a set of N + 1 equally spaced mesh points
QN = {#;},,. Here, 10 =0, ty =T,and, foranyi, 1 <i <N, h=1t; —t;_j.

Uniform meshes are adequate for fitted operator methods, but non-uniform meshes
are used for fitted mesh methods. Piecewise-uniform meshes are the simplest kind
of non-uniform mesh. We will be interested in piecewise-uniform meshes, where the
transition point between the two uniform meshes is specially chosen. This choice
depends on the problem under consideration.

We now consider discrete solutions. We first need to introduce the forward, back-
ward, centered and second order finite difference operators D™ D~ D° 62, where,
on an arbitrary mesh 2V = {;}V,

Utjn)—U@)) Utj))—U(t-1)

D+U(t-) = , D7U@1;) =
! Lit1 — 1 ! lj = 1tj-
U(tiy) — U@j_ DTU@t;)) — D Ut
DOU(tj) _ (]+l) (] 1)’ (SZU(Z‘]‘) — (J) (j)
tjipg —tj— (tj+1 _l‘jfl)/2

Using these we can now define our finite difference methods. For example, the
backward Euler finite difference method for (P:) is the following finite difference
method (PY)

eD"UN +a(n)UN = f, UY(0) = u(0),

or in operator form
LYUN =1, UM(0) = u(0),

where the finite difference operator is defined by
L?’ =eD™ +a()l.

We have the following discrete maximum principle for LY analogous to the contin-
uous case.

0and LNWN (1))
j < N.

Lemma 1.3 Forany meshfunction WV, the inequalities ¥V (0)
> 0 forl < j < N, imply that l,I/N(tj) >0 forall j, 0

=
=
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Proof Let j* be such that ¥V (¢;-) = min; ¥/ (¢;) and assume that the lemma is
false. Then ¥V (7;-) < 0. From the hypotheses we have j* # 0 and ¥V (1;:) —
W (1;._) < 0. Thus

W) — Nt
5

LNty =« +at )N (1) <atp )PV (1) <0,

which contradicts the assumption, as required.

An immediate consequence of this is the following discrete stability result anal-
ogous to the continuous result.

Lemma 1.4 For any mesh function ¥V, we have
WY@l <= max{|¥¥ ), ém?wn, 0<j=N.
Proof Define the two mesh functions
OY (t) = max{|¥" (0)], é|LéVl1/N|} +uN@).
It is not hard to verify that ©2 (0) > 0 and LY ©Y (1;) > 0. It follows from Lemma

1.3 that @Y (z;) > Oforall0 < j < N.

We now consider estimates of the local truncation error, which will be required
later in our proofs of parameter-uniform convergence. In particular, we give two
distinct estimates of the local truncation error in approximating % by D7, thatis we
consider | (D™ — %)qﬁl for any differentiable function ¢.

First, we observe that, at any mesh point ¢;,

_ d _(b(ti)_(ﬁ(tifl) e 1 f / (s
(D™ — E)cb(ti) = . o'(t) = PR ti_](¢ (s) — ¢ (1:))ds
and so
_d 1 " /
(D™ — d_)¢(ti)| < / (I )+ 1o )Dds < 21Pl11,,1- (3)
t L —ti—1 Jy

Secondly, integrating by parts, we obtain

i) — ot , 1
o) — ot ])—¢(l‘i)=

i — 1t i —ti—1

(D™ - %)g&(m = /l] (tim1 — $)¢"(s)ds

and it follows that
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d 1 i 1
(D™ — E)(b(ti” < — /n-l(s —1i-)]9"(s)lds < E(ti — i DIPl2 1001

li — iy
“4)
We now define what is meant by a parameter-uniform numerical method for a
family of singular perturbation problems.
It is important to note that in this definition, and throughout the remainder of this
tutorial, C denotes a generic constant that is independent of the singular perturbation
parameter €.

Definition 1.3 Consider a family of problems (P.) parameterised by the singular
perturbation parameter e, 0 < ¢ < 1. Suppose that the exact solution u. is approx-
imated by the sequence of numerical solutions {UN}%_,, defined on meshes 27V,
where N is the discretization parameter. Then, the numerical solutions U SN are said
to converge e-uniformly to the exact solution u., if there exists a positive integer Ny,
and positive numbers C and p, all independent of N and ¢, such that, forall N > Nj,

sup |UY —uc|on < CN77, )
O<e<l :
where |.|ov is the maximum norm on V.

We now derive two useful consequences of the stability of L. established in Lemma
1.2. The first is an a priori bound on the solution of (P-). It is an immediate corollary
to Lemma 1.2.

Corollary 1.1 Let u. be the solution of (P-). Then,

1
luc| < lu(0)] + —1f1.
[

The second establishes the uniqueness of the solution.

Corollary 1.2 If (P-) has a solution, it is unique.

Proof Let uy, u be any two solutions of (P-) and consider z = u; — u,. Then it is
easy to see that

2(0) = z1(0) — 22(0) =0 and
Lez=L(uy—up) =Ly — Leuy = f — f =0.

Hence z is a solution of (P.) in the special case with homogeneous initial condition
and homogeneous differential equation. Applying Corollary 1.11n this case gives,
forall 7 € £2,

1
lz(@)] < 1z(0)] + EILEZI =0.

We conclude that |u; (1) — us(¢)| = 0, forall t € £2, and so u; = us.
The next lemma provides additional classical a priori bounds on the solution of the
problem (P.) and its derivatives.
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Lemma 1.5 Let u. be the solution of (P.). Then, we have
lulx < Ce™*, foreachk, 0 <k <2.

Proof For k = 0 the required result is simply Corollary 1.1. For k = 1 we use the
differential equation as follows. We have

ul(t) =7 (f () — a(®u-())

and so
lul| <e (| fl+lallu.]) < Ce™

as required. The result for k = 2 follows from this result and the differential equation
again. We have

ul(t) = (f' (1) — a@u(t) — a'Ou-(1)
and so
" < e (f + lallul] + la'|lu]) < Ce™' (1 + 7" +1) < Ce 72,
which completes the proof.

There are discrete analogues to the above. For example, the following analogue to
Corollary 1.1 is an immediate consequence of Lemma 1.4.

Corollary 1.3 Let UV be the solution of (PN). Then,

1
U < UX )] + A

2 Fitted Operator Methods

In this section a simple result from [1] is proved. The aim is to explain the proof
as clearly as possible by including some helpful details that were omitted from the
book. Consider again the initial value problem (P.)

Louc(t) = eul(t) +a®u-(t) = f(1),
u:-(0) given.

We introduce the fitted operator method ( Pgh)

L"UN(t) = eoi(p)DTUN (1) + at)UN (1) = (1), t; € 2V
u" (0) = u-(0),
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. . . —N
where D7 is the forward difference operator on the uniform mesh 2 = {t,-}g’ ,
t; =ih, h = % and o; is the fitting factor

. pa(ih) . h
oi(p) = 1= o’ pP= g
It is convenient to write
n_oi(p) _ alih)
o N
We consider the problem on the two distinct uniform meshes 2V = {t[h}{v= o and

"
SfZN = {t;2 )N, where t" = ih, UN (t!) = u! and we note that /' = ih = (Zi)(g) =

13
2i
The finite difference operator can now be written in the form

Liup = i (ufyy = e Pu).
We now estimate
L' —ul). (©6)
Considering separately the two terms in (6) we have
Liuj = f(ih) ()

and , ) )
h,3 he 3 —pa(ih), 3
Liuy = i (uy 40 — € pat )”221')' (®)

[ b
Lo Lo . .
Now express uj;_, in terms of uj; using the following two equations

=

bon PR "
—La(ih .
Liuy = py(uy g —e 24y 2y = f(ih),
[ L L 0 i vk b h
2 —La(Ri+1)5 .
Uiy = 13y (UFy — e 2D ) = (20 + 1)§)~

JRFSTEN

L

h
To eliminate uj; ; between these two equations, first divide each equation by the
appropriate (., then multiply the first equation by e~54(Qi+D3) and add to get

SES

efg(a((ZiJrl)%’)Jra(ih))uzgi 1 e ba@i+Dh) f@h) n f((21h+ 1)2).
U

u

I

i+2

=

3
it

(SRS
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I
Using this expression for u5; , ,, the right hand side of (8) becomes

p . A . . h
Mft(e—g(a<<2l+1>’§>+a<zh>> — Py 2 4

h h

; ok ! h
B o@D iy + L (20 +1)5),

3 3 2
;i M1

Using the Taylor expansion

h h h
f((2i+1)§)=f(ih)+§f’(§), th=&=@2i+D5. 9

this becomes

u?(efg(a«ziﬂ)g)ﬂ(ih)) _ efpa(ih))uzgi 4
h h h
. P . h . . h .
+(“_;e—§a((21+l)z) + ‘Ij_t)f(,h) + Elz_lf/(g).
o H3i g1 M3i 41

Using this and (7), expression (6) becomes
) . . b
quz(efg(a((ZhLl)%)Jra(th)) _ efpa(lh))uéi +

h h h
Hi  _oaitnt Hi . h
+(_L1 e 50(Qi+D) + — D fGih) + 5 s f/(f)
o Hajt Mt

We now bound separately each of the three terms in this expression.

h
Writing ; = ih, the coefficient of uj; is
C, = Mfle*pﬂ(f’)(efg(a(tﬂr%’)*a(li)) — 1.
Consider the expression in the brackets as a function
F(p) = e~ @titi)—aw) _ |
and expand it in a two-term Taylor series about the point p = 0, to obtain
dF
F(p) = F(0) + Pd—(ﬁ)
p
for some &, 0 < & < p. Noting that F'(0) = 0, this leads to

5, = h %t —als
Ci = e ™ () alt; +3) — a)et et rhaw),
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Since a(t; + %) —a(t) = %a’(ri +n), forsomen, 0 <n < %, it follows that
|Cy| < Ch,uhe—/)a(ti)pe—%Eu(ti-‘r%)e%a(ti)
= i .
Also 0 < ¢ < pand e 28ali+y) < 1, and so we have

Spat;)

1| < Chufe @ = Ch———— <
sinh(5pa(t;))

Ch, (10)

because W is bounded for all real y.
y)

Likewise, it is not hard to see that the coefficient of f (i%) can be written in the form

h
pp at) —alt +3)

p h
(1 _%a(f[_,_f)).
a(ti) a(t,- +—2)

C,=—-C +

The second expression here can be written as

1 — g—rati+5)

h (4. ,
ﬁ ki a (t + 77)(1 _ e*%a(n+%)) < Ch < C/h,
2a(t) a(t; +14) 1 — empa
and it follows that
|Co| < |G|+ C'h < Ch Y
as required.
Finally, the coefficient of f’ is
h1— e rati+3)
Cs < Ch. (12)

T e
Combining the separate estimates (10), (11) and (12) we conclude that
hy, o4 h
|LZ(uy; —u;)| < Ch. (13)
Using Lemma 1.4 we then obtain
5 h
lug; —u;| < Ch,
which is an estimate, at the common mesh points, of the difference between the
discrete solutions on the two meshes.
Suppose now that, for any function F, |F (h) — F(%)| < ChPforallh,0 <h <

ho, and some positive number p. Then, using the hypothesis repeatedly, we get, for
all positive integers n,
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h h h h h h
|F(h) — FGGpl = [(F(h) — FGN+FG) - F(zj)) to+ (PG ) - FG)

on—1
< ChP(1+ ! + ...+ ! ) Ch?
= 2 T T Sy < - 2%

Taking the limit, as n — oo, we get

() = FO)] < Ch7~ !

o

Applying this result to F(h) = ué‘(ti), with p = 1, we conclude from (13) and the
consistency and stability of (Pgh), that

|u" —u)(t)| < Ch.

Therefore (P) is a parameter-uniform fitted operator method for solving the singular
perturbation problem (P.).

3 Fitted Mesh Methods

The aim of this section is to use the fitted mesh method to solve the simple problem
(P.) introduced above and to prove that it is parameter-uniform. We use a general
method of proof, deliberately avoiding any simplifications that could arise due to the
simplicity of the problem. Our purpose is to illustrate the general method of proof
in this simple setting.

The fitted mesh method (Pgh) consists of the backward Euler finite difference
operator on a specially constructed non-uniform mesh 2%

L'UN () = eD UN @) + a@)UN (6) = f@), 1 € 2V,
ul (0) = u-(0),

where 2V is a carefully constructed piecewise uniform mesh with a transition para-
meter o due to Shishkin (note that this ¢ should not be confused with the fitting
factor o in the previous section). This piecewise uniform mesh is constructed by
first specifying a o in the interior of £2 and then constructing two uniform meshes
on each of the two resulting subintervals of £2. Taking N to be an even number, each
of these uniform meshes has % equal mesh intervals and their common point o is
called the transition point between these two uniform meshes. If the point o = %, it

is clear that the complete mesh EN = {t,-}f\’: o on T is a uniform mesh, but if o # %,
say o < %, then the mesh in (0, o] is finer than the mesh in (o, T]. The explicit
definition of the Shishkin mesh 2V in this case is as follows.

First, the transition point is defined by
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!
a:mm(z,elnN) (14)

and it is not hard to see that the mesh widths of the fine and coarse uniform meshes
are

2 2(1 —
h=22 and H:M’ (15)

N N

respectively. Then, the mesh points are given explicitly by
N

t;=ih, i=0:—, 16
ih, i 5 (16)

. N . N
t,'=a+(1—7)H, l=E+1:N' (17)

Notice that the Shishkin mesh £2 depends on N and e.

The main theoretical result we want to prove is contained in the following theorem,
which provides a parameter-uniform error estimate of essentially first order, in the
sense that the In N factor means that it is not strictly first order. However, in practice,
the factor In NV is negligible.

Theorem 1.1 The numerical solutions U EN of (PEN ) and the exact solution u. of (P-)
satisfy the following e-uniform error estimate, for all N > 4,

sup |[UN —u.lov <CN~'InN, (18)

O<e<l

where C is a constant independent of € and N.

This will be proved in what follows by a sequence of lemmas.
First we define the reduced problem (Py) corresponding to (P-) as

a(uo(t) = f(1). (19)
This is obtained by putting € = 0 in (P-). Its solution is clearly

30

up(t) = a0 .

We then define the Shishkin decomposition of u.. We write
Us = Ve + W,
where v, is the smooth component of the decomposition and is defined to be the

solution of the problem
Leve = f, v-(0) = ug(0);
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uo being the solution of the reduced problem. It follows that the singular component
w, must be the solution of the problem

L-w: =0, w:(0) =u-(0) —v-(0).

This decomposition enables us to obtain sharper bounds than the classical bounds
given in Lemma 1.5.

Note that the equation for v. gives v.(0) + a(0)v.(0) = f(0) and the initial
condition for v, gives a(0)v.(0) = f(0). Combining these we obtain v.(0) =0
and so v.(0) = 0.

Note also that L.v. = ev” + av. and, by differentiating the equation satisfied by
v, we get ev” + (av.)’ = f’. Eliminating v” gives L.v. = f' —ad'v,.

The sharper bounds are contained in the following lemma.

Lemma 1.6 The components v-, w. of the exact solution u. satisfy the bounds

vl <C, k=0,1 and |v]p < CE_I,
w® ()| < Ce e %, k=0,1,2forall 1 e .

Proof The bound on v. follows from the corresponding bound in Lemma 1.5, since
v. is the solution to a problem of the same form as (P-).

The bound on v/ is obtained by considering the two functions ot =C + | JAE=
v.(t). Then, PO =CU+|f])+ v2(0) > v.(0) = 0. Furthermore, L.¢pT(t) =
a®)C +|f']) £ Lvl(t) = Ca(l + | f']) £ (f' — a’v) > 0. The required bound
on v follows from the bound on v, and the maximum principle Lemma 1.1. The
bound on v/ is obtained from the equation cv” + (av.)’ = f’ and the bounds on v
and v’.

The bound on w:. is obtained similarly. We introduce the functions
Y1) = Ce™F £w.(0),
where C is a suitably large constant. Then
$*(0) = C £ w.(0) = C £ (u(0) — v-(0)) = C — (|ug| + [vo(0)]) = 0.
Also,
Lp*(t)=CL.e™* £ L.w.(t) =CL.e™* = (a(t) —a)e = > 0.
From the maximum principle we then have

@) >0 forall 1 e $2,

and so
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lw® ()] < Ce e~ forall 1 e 2,

as required.
To bound the derivatives of w. we use the differential equation repeatedly. We have

w' (1) = —e ta(t)w- ()

and so

lw.()] = e a(®w:(1)] < Ce'e™
Similarly

w!(t) = — NawL ) + a' (Hw.(1))
and so

w!(n)] < Ce e ",
as required.
This completes the proof of this lemma.
The Shishkin decomposition of the discrete solution is analogous to that of the
exact solution. We have
U;V = VSN + WEN’

where V" is the smooth component of the decomposition and is defined to be the
solution of the problem

LYVY = f, VR O) = v.(0).
It follows that the singular component WY must be the solution of the problem
LWY =0, W) = w.(0).
The error can now be decomposed into smooth and singular components as follows
UN —u. = (VY —v) + (WY —w,). (20)

These are now bounded separately. We bound the smooth component first. We have
Ny N N N d -
L7 (V. —va):f—Lgvgz(Lg—Ls)vgza(E—D ..
Hence, using (4), we have, for each #; € .Qév s

d €
ILY (VN — vt = |€(E — D) (t)] < E(ti — L D|Vel2 1y 61
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Noting that, for a Shishkin mesh, #; — #;_; < 2N~! and using the bound for |v.|, in
the Lemma 1.6, we obtain

ILY (VN —v)(t)| < CeNT'le™' = CNT.
From the stability of LY it follows that
(VN —v) )l < CN7Y, for ally; € 2V,

which is
VY —velgv <CN7!, 1)

3

the required bound on the smooth component of the error.
For the singular component of the error we need to use the two different estimates
of the local truncation error. From (4) we obtain

NN d _ €
L] (W —w) (@) = |€(E — D)w(#)| < z(ti — LDl wel2 0 (22)

and similarly from (3)

d _
LYW —w) ()] = |e(o = DOwe()] < 2elwel sy (23)
We consider the following two possibilities separately; either o = % orc==<InN.
In the first case, since o = min{%, SInN} = %, we have % <<InN or el <

% In N. Since, in this case, the mesh is uniform #; — #;_; = N ! and using the bound
for |welo.1s,_,.11 in Lemma 1.4, we obtain

ot

ILY WY —w)(t)| < CeNT'e?e™ = <CN'e7' <CN'InN.

From the stability of LY it follows that
(WY —w.) ()] < CN~'InN, for all; € 2V, (24)
which is the required bound.

In the second case the argument depends on the location of the mesh point ;.
There are 3 possibilities:

o 1; € (0, t%], in the fine mesh;
ol € (t%_H, 1], in the coarse mesh;
= t% = 0, at the transition point.

and we recall that for all of these we are dealing with the case o = = In N. We
consider each possibility in turn.
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We begin with the fine mesh. Since t;, — #,_; = %" = %N‘l In N, using the bound

for |wela [;,_, .4 in Lemma 1.4, we obtain from (22)

atj_

ILY (WY —w.) (1) < C*N7'InN e2e™ -

<CN 'InN. (25)

On the other hand, in the coarse mesh t; > t,_; > 0 = i In N and so

_ i ao

eT s <e = =e "N = Ny~

Then, using the estimate (23) of the local truncation error and the bound for
|wel1,1;_,.11 in Lemma 1.4, we obtain

NN — izl -1
L2 (WS —wo) ()| < 2e|lwelyp . < Ce” 5 <CN™. (26)
Finally, at the transition point, t,_; = 0 — 20N —1 we have
e—m"T" :e—%"e% o~ IN 2NN _ N—leln(NZNil) _n-iyant N—I(N%)Z <N,

since N is bounded. Then, using the estimate (23) of the local truncation error and
the bound for |w.| [y, , ] 10 Lemma 1.4, we obtain

_aw=20N"hH

ILY (WY —w.)(0)| < Celwelijg—20n-1.0) < Ce <CN'. (@27

Combining (24), (26) and (27) we see that the singular component of the error satisfies
WY —w. oy <CN“'InN. (28)

The bound on the error is obtained by combining the bounds (21) and (28) respectively
on the smooth and singular components, which completes the proof of the theorem.

4 Computations

For the numerical solution of differential equations the following codes are useful and
widely available: MatLab, Octave and Python-Anaconda. The first is a commercial
code with a reduced price for academics and a further reduced price for the student
edition. The second and third are open source and free.

In this section we consider another simple initial value problem. This involves the
following second order differential equation with constant coefficients

Ly d
Sy s

i =0,
" dt? dt toy
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which describes the damped vibrations of a point mass m on a spring with spring
constant ¢ and damping coefficient k. Here, m, k, c are taken to be positive constants.
The initial conditions are

y(0) = yo,
dy©) _
dt‘ l’

where the initial displacement y, and the initial velocity y; are given.
The exact solution is
N -
y(t) = AeM' + Be !,

where A, B are integration constants and A™, A~ are the roots of

—k £ Vk? —4mc

mAN +kd+c=0, \F=
2m

We assume, henceforth, that
K> dmc,

which ensures that both of these roots are real and distinct.
The integration constants A, B are determined by the initial conditions as follows:

y(0) =0 implies that A+ B =0 or B=—-A

and

dy(0)
dt

V1
At =\

=y, implies that AT — A7) =y, or A=

This example becomes a singularly perturbed problem if m is small. We write
m=¢ O<e<<l.

where ¢ is a singular perturbation parameter multiplying the highest derivative term.
The equation is then
d? d
Sy S

4y —0. 29
San TRt 29

The appropriate initial conditions are now

y(0) =0, (30)
8dy(0) _

b 31
ar vy (31
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where ~y is independent of ¢. These differ from the unperturbed case, because the
derivative in the second condition is now multiplied by e. This is necessary here
because the first derivative of the solution |%| is unbounded as ¢ — 0, while |€%
is bounded. This is seen at once from the exact solution

Y0 = e @ e,

(AT = A7)

where AT are the roots of
eN? + kN +c.

We assume that k*> > 4ec to ensure that the roots are real and distinct.

The plot of the exact solution for the moderate value ¢ = % is given in Fig. 1.
Let us investigate now what happens as € — 0. The plots of the exact solution for
€= i, %, %, % are given in Fig.2. As expected we see that as ¢ — 0 the gradient
of the solution becomes increasingly steep in a neighbourhood of # = 0, so we have
a layer there. Even for the moderately small value 3i2, the exact solution near the
origin is graphically indistinguishable from the vertical axis.

We now use numerical methods to solve problems with layers. We shall discover
that standard finite difference methods are not reliable for this task. The same can
be shown to be true for standard finite element methods. By this we mean that they
must be used with caution and particular attention must be paid to the relative sizes
of the singular perturbation parameter and the mesh parameters.

The finite difference method with centered operator for the above problem is
€0?U; + kDU; + cU; =0, Uy=0, D Uy=r,

where the mesh is uniform with mesh spacing & = % and N is the number of mesh
subintervals in a unit interval on the #-axis.

We look for a numerical solution for ¢ € [0, T'], where, to be specific, we take T = 3.
Plots of the numerical solution for € = é N =16 and the corresponding exact
solution are given in Fig. 3. The exact solution is plotted as a continuous line, while
the values of the numerical solution are denoted by a small circle at each mesh point.
It is easy to see that the numerical solution is highly inaccurate.

Fig. 1 The exact solution - P Sl e £ LK
fore = % i

time
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Exact solution for £=0.25 Exact solution for £=0.125
08 08
06 06
0.4 0.4
02 0.2
0 0
0 1 2 3 0 1 2 3
Exact solution for £ =0.0625 Exact solution for £ =0.03125
08 08
06 06
0.4 0.4
02 02
0 0
0 1 2 3 0 1 2 3

Fig. 2 The exact solution for decreasing values of €

Fig. 3 The numerical g 1merica soksion wth conird spmatr, undom math fe ¢ =0.125, Wt
solution with centered
operator, uniform mesh for
e=¢, N=16

Can this situation be improved and, if so, how? What about a finer mesh? Can you
predict what will happen? We take N = 256 and plot the results in Fig.4. These
results are a big improvement. But are they robust in the sense that they are just as
good for other values of the parameter? So far, € has had moderate values. Let us try
taking the smaller value ¢ = TIOO' The results are plotted in Fig.5. We see that the
numerical solution is again highly inaccurate outside the boundary layer. Moreover,
in a neighbourhood of the boundary layer at # = 0 it displays enormous spurious
oscillations unrelated to the exact solution. In fact here, the numerical solution is
completely different from the exact solution. This is seen more clearly when we
restrict the plot of the solution to a neighbourhood of the boundary layer as in Fig. 6.
Can we do anything to overcome these problems? The obvious thing to try is to
refine the mesh as before. We therefore take N = 1024 and plot the results in Fig. 7.
We see there that the spurious oscillations in the neighbourhood of the boundary
layer have been eliminated, but there remain large errors in the rest of the domain.
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Fig. 4 The numerical
solution with centered
operator, uniform mesh for
e=4, N =256

Fig. 5 The numerical
solution with centered
operator, uniform mesh for

£= o5, N =256

Fig. 6 Blow up for centered
operator, uniform mesh for

— _1 —
E—m, N =256

Fig. 7 The numerical
solution with centered
operator, uniform mesh for

€= 1955 N =1024

Hlumarical sokution with centred sperator, underm mesh for ¢ 50125, 255

Murmarical 3skticn wih cstared sprealar, urdorm masth for ¢ 20001, N=255
4

©  rumencal
oact |

Blow up meae erign of Figere 5

o : . v
© mmescsl
38 wnact
3 o
o
¥ c%0%00%00000000
> 2 =
s °
1
0sf-
S S — —
001 002 003 Qo4 005 006 o 008

i

Humenc sl sohtion with centered operator, undom mash e ¢ =0 001, N=1024

Our overall conclusion is that the finite difference method with centered operator
on a uniform mesh is unreliable for this problem, even for moderate values of €. We
can also say that this example has illustrated the fact that numerical experimentation is
an extremely useful tool for distinguishing between good and bad numerical methods.

We now try a different numerical method, namely, the following upwind method
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Fig. 8 The numerical g AR MG W T sl R A 2 A
solution with upwind =
operator, uniform mesh for
e=4, N =256

£0?U; +kDTU; + ¢U; =0, Uy=0, D U, =+.

Here the first order derivative is replaced by a one-sided finite difference quotient
and the method is said to be upwinded. The mesh is uniform with N equally spaced
mesh subintervals. The results of applying this method for ¢ = % and N = 256 are
shown in Fig.8. The solution is satisfactory, although not quite as accurate as the
solution given by the previous method with the centered difference operator.

Let us now look at the behaviour for smaller ¢ = ﬁ, keeping the same uniform
mesh with N = 256. The results are shown in Fig.9. Again the errors have become
enormous, when ¢ is reduced. The one positive thing about this method is that the
numerical solution shows no sign of spurious oscillations, as was the case for the
method with the centered operator. Our overall conclusion is that the finite difference
method with an upwind operator on a uniform mesh is again unreliable for this
problem.

It has become apparent that we need a method that produces numerical solutions
with an accuracy that is not destroyed when € becomes small. To achieve this we use
a parameter-uniform numerical method. For the singularly perturbed initial value
problem (29), (30), (31) it can be shown theoretically that a parameter-uniform
method is obtained by using the upwind finite difference operator described above
together with the Shishkin mesh that was constructed in the previous section.

Fig. 9 The numerical . Tl sk e upwnd e, ko s ¢
solution with upwind
operator, uniform mesh for

— _1 —
€—m, N =256
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Fig. 10 The numerical
solution with upwind
operator, Shishkin mesh for
N =256

1
€= 1000°

Fig. 11 The numerical
solution with upwind
operator, Shishkin mesh for
e=107% N =256

The numerical results obtained by applying this parameter-uniform method are plot-
ted in Fig. 10. We see that the agreement with the exact solution is excellent for this
small value of €. The use of the Shishkin mesh has eliminated the large errors of the
methods based on the centered or upwind operators on uniform meshes.

It remains to see whether further reduction of € destroys the numerical solution
or not. We take ¢ = 107, much smaller than any previous choice. We see in Fig. 11
that the numerical results with this method are brilliant; just as good as for e = ﬁ
and without the need for any finer mesh than was used in the previous case!

In this section we have shown experimentally that standard finite difference meth-
ods, applied on uniform meshes, are not reliable for solving singularly perturbed
differential equations, when the singular perturbation parameter becomes small. To
overcome this problem it may be possible to increase the number of mesh subin-
tervals so that N is of order é This brute force approach can be used for simple
problems, but for very large systems of equations and very small values of the singu-
lar perturbation parameters this may not be feasible. In such cases the use of suitable
generalisations (for example in the books [1-5]) of the parameter-uniform methods
described in this tutorial may offer an elegant and reliable option.
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Interior Layers in Singularly Perturbed
Problems

Eugene O’Riordan

Abstract To construct layer adapted meshes for a class of singularly perturbed
problems, whose solutions contain boundary layers, it is necessary to identify both
the location and the width of any boundary layers present in the solution. Additional
interior layers can appear when the data for the problem is not sufficiently smooth.In
the context of singularly perturbed partial differential equations, the presence of any
interior layer typically requires the introduction of a transformation of the problem,
which facilitates the necessary alignment of the mesh to the trajectory of the interior
layer. Here we review a selection of published results on such problems to illustrate
the variety of ways that interior layers can appear.

Keywords Singular perturbation problems - Finite difference scheme - Shishkin
mesh - Interior layers

1 Introduction

The analytical solutions of linear singularly perturbed differential equations typically
contain boundary layers. To construct parameter-uniform numerical methods [1] for
such problems, the location, width and strength of all layers present in the solution
needs to be identified. In addition to boundary layers, interior layers can also appear
in certain types of singularly perturbed problems. Interior layers can form for several
reasons. For example, interior layers can appear due to the presence of turning points,
non-smooth coefficients, non-smooth boundary/initial data, non-linearities or lack of
compatibility at any corner points within the domain. In the case of linear problems,
the strength and width of any interior layer will depend on whether the problem is of
convection-diffusion or reaction-diffusion type on either side of the layer. If turning
points are present (when the convective coefficient is continuous and passes through
zero at some point within the domain) then the nature of any boundary or interior
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layer will depend on the rate at which the convective coefficient approaches its root.
The level of smoothness of the problem data will also influence the creation of interior
layers. In the case of singularly perturbed parabolic problems, the location of any
interior layer may move with time and any layer-adaptive mesh will be required to
track this movement. In the case of nonlinear problems, the location of any interior
layer may not be known explicitly and detailed asymptotic information about the
location of the interior layer will be required in order to construct a suitable mesh
for the problem. In this paper, we review some recent results on singularly perturbed
problems with interior layers.

In Sect. 2, we begin with some standard results on linear singularly perturbed prob-
lems with smooth data, where we identify sufficient regularity for the data so that no
internal layer appears in the solution and the standard results on parameter-uniform
numerical methods for both convection-diffusion and reaction-diffusion problems
immediately apply. In Sect. 3, we introduce a discontinuity into a simple initial value
problem and give the modifications in both the mesh and the analysis that are required
to retain the basic result of first order parameter-uniform convergence. In Sect. 4, we
discuss some results concerning interior layers appearing in linear ordinary differ-
ential equations due to discontinuities in the data. In Sect.5 we briefly consider a
particular type of singularly perturbed turning point problem with interior layers of
exponential-type in the solution. In Sect. 6, we outline the issues around capturing a
moving interior layer and in Sect. 7 we conclude the paper with some comments on
interior layers occurring in nonlinear singularly perturbed problems.

Notation. Here and throughout the paper, C is a generic constant independent of both
the singular perturbation parameter € and N, which is the number of mesh elements
used in any co-ordinate direction. Also, || - || p denotes the maximum pointwise norm
over the set D.

2 Linear Singularly Perturbed Problems with Smooth Data

Linear second order singularly perturbed boundary value problems can be catego-
rized into two broad problem classes: problems of reaction-diffusion or convection-
diffusion type.

Consider the following class of singularly perturbed reaction-diffusion problems
of the form: Find u € C¥*2(£2), k > 0 such that

Leyu:=—cu”" +bx)u= f(x), xe€8:=(0,1), (1a)
u) =ug,u(l) =uy; b, feCHR); b(x)>p>0, x¢ 2. (1b)

Due to the assumption b(x) > _0, the differential operator is inverse-monotone. That
is: For any function y € CO(Q)_ﬂ C*(2) if y(0) >0,y(1) >0 and L. 1)y(x) >
0, x € 2 then y(x) > 0, Vx € £2. This property of the differential operator is used
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extensively to obtain suitable bounds on various components of the solution and in

estimating the level of accuracy of any proposed approximation to the solution.
The associated reduced problem is simply b(x)vo(x) = f(x). Note that the

reduced solution vy of any singularly perturbed problem is defined in such a way that

lu —vollg, < Ce?, meas(2\ £20) = O(c”In(1/e)), p>0

and that vy solves the associated differential equation with ¢ formally set to zero. In
general, the reduced solution will not satisfy all the boundary conditions and, then,
boundary layers form when there is a discrepancy between the boundary values of the
reduced solution and the solution. To correct this discrepancy, we define the leading
term of the two boundary layer functions for problem (1) to be

wio(x) == (0) — vo(0)e ™V X wpo(x) 1= (1) — vo(1))e VT4,

Then we observe that L. 1y(vo + wr 0 + wg,o) = 0(\/¢) as
_T®
L., ywollg < Ce and |L.qyw o(x)| < Cxe™ v = < Cy/e;

and (vo + wro + wro)(0)=Ce V"=, (vo + wy.0 + wro)(1) = Ce "= . Hence,
we have constructed the following asymptotic expansion

Ugsy = Vo + W o+ Wro, Where |lu —uuyllg < Cy/e.

From this bound, we see that f(x)/b(x) is indeed the reduced solution for the
reaction-diffusion problem.

If we impose the constraint ¢ < CN~2”, p > 0, then without performing any
numerical calculations the above asymptotic expansion of vy + wy o + wg,o, yields
an O(N~P)-approximate solution to the solution u with relatively low regularity
assumed (i.e., let k = 2 in (1)). However, we wish to generate approximations with-
out imposing a constraint of the form ¢ < C N ~2” on the set of problems being con-
sidered. Our interest lies in designing parameter-uniform numerical methods [1] for
a large set of singularly perturbed problems. Parameter-uniform numerical methods
guarantee convergence of the numerical approximations, without imposing a mesh-
dependent restriction on the permissible size of the singular perturbation parameter.
To establish parameter-uniform asymptotic error bounds on any numerical approx-
imations generated, we will require bounds on the derivatives of the components.
The above asymptotic expansion does not yield information about the derivatives of
the solution.

In place of the asymptotic expansion, we will utilize a Shishkin decomposi-
tion [2] of the solution in the analysis of appropriate numerical methods for (1).
Consider the extended domain £2* := (—L, L), 1 < L and the extended functions
b*, f* € CK(22*) of b, f. The extended regular component: v* := vy + evf, where
the correction vy to the reduced solution v satisfies
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LI i = ()", vi(=L) =v{(L) =0.

Then the regular component v € C*(£2) satisfies the boundary value problem
L.y = f, v(0)=v%0), v(l) =v*(1).

If v(0) # u(0), then a boundary layer will be present in a neighbourhood of x = 0.
Layer components wy , wg € C¥T2(£2) ateither end point, are defined as the solutions
of the following homogeneous problems

L.ywr =0, w(0) =u(0) —v(0), wr(l) =0;
Lg,(])wR = 0, wR(O) = 0, wR(l) = M(l) — U(l)

Note that w; (x) # wy o(x). The Shishkin decomposition (with no remainder term)
is now of the form
u=v-+wr+ wg.

Ifo, f e C*(£2) then one can establish [3, Chap. 6] the following bounds on the
derivatives of the components of the solution of (1).

WPllg < CA+e7), i <4
()] < Ce eV @) < Cemi2e VI <4,
where v denotes the ith-derivative of v. Thus the solution of (1) has boundary
layers of width O (/2 log €) near the end-points x = 0 and x = 1. Once the location
and width of all the layers have been identified (as above) then a layer-adapted mesh
can be constructed for the problem.

In the case of convection-diffusion problems of the form: Find u € C*t?(£2),
k > 0 such that

L. oyu:=—cu”" +ax)u" +b(x)u = f(x), x € £, (2a)
u0) =ug,u(l) =uy; a,b, fe Ck(2), a(x)>a >0, b(x)>0. (2b)

The reduced solution satisfies the first order problem: Find vy € C*¥*1(£2) such that
Lo, 2)vo := a(x)v, + b(x)vg = f(x), x € 2, v9(0) = u(0).

Define the extended domain £2* := (0, L), L > 1 and a*, b*, f* € C*(£2*). The
regular component is v* := v§ + ev} + €2v3, where
Lo oyvo = [, v5(0) = u(0);  Lg vy = (v5)", vy (0) =0;
L pvy = v))”, v3(0) =v5(L) =0.
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Then L:’(z)v* = f* and L. v = f,v(0) =u), v(l)=v"1). If a,b, f €
Ck(£2), then v € C¥(£2). The boundary layer component satisfies the homogeneous

problem
L.ow=0, w0)=0, w()=u(l)—2v().

Henceu = v+ wandifa,b, f € C3(£2) then [1, Chap. 3]
Wl < €A+ [w? @) < CeTle ™0 <3,

Using simple stable finite difference scheme with a standard piecewise-uniform
Shishkin mesh to produce a numerical approximation U” , one has for the convection-
diffusion problem (2) (see, for example, [1, Chap.3]): If a, b, f € C3(£2) then

lu— U)o < CN~'(InN)

and for the reaction-diffusion problem (1) (see, for example, [3, Chap.6]): If b, f €
C*(£2) then .
lu— TN < CN*(InN)*,

where U" is the piecewise linear interpolant of the mesh function U". Note that,
as one would expect, higher regularity is required of the data to establish higher
order convergence. The regularity required of the data is dictated by the chosen con-
struction of the solution decomposition. An alternative construction of the solution
decomposition can allow one relax the constraints (imposed above) on the data [4].
If there is no modification to the standard numerical method on a layer-adapted
mesh, then the above stated orders of parameter-uniform convergence can reduce for
less smooth data [2, Sect. 14.2], [5]. If the data is discontinuous, then the standard
numerical method will fail to be parameter-uniformly convergent [6, Table4].

3 Singularly Perturbed Initial Value Problems
with Discontinuous Data

Notation: Throughout the paper we adopt the following notation for the jump in a
function at an internal point:

[f(@]:=f@d")~fd) 0<d<1;

and we define the punctured domain by £2, := (0, 1) \ {d}.
To illustrate the effect of discontinuous data, we begin our discussion with a simple
initial value problem of the form: Find u € C°(£2) N C**1(£2,) such that

eu' +a)u= f(x), ax) >a >0, xe82, (3a)
u(0) =uy, a, feCqy), k=>0. (3b)
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Observe that the differential equation is not applied at the single interior point x = d,
Instead, the value of the solution at x = d is determined by requiring that the solution
be continuous at this internal point. In addition, since a(x) > « > 0, x € §2,, we have
the following useful monotonicity property of the first order differential operator
associated with problem (3):

For any function g € C'(£2,) N C%($2), then ifg(0) > 0and (cg’ +ag)(x) >0
forall x € 82,4 then g(x) > 0,x € Q.

The solution can be decomposed into a sum # = v + w + z, composed of a dis-
continuous regular component v, a continuous initial layer component w and a dis-
continuous interior layer component z. The components are defined as the solutions
of the problems:

ev' +a)v = f(x), x € 24, a(0)v(0) = £(0), adHvd") = f(d");
ew' +ax)w =0, x € 24, w(0) =u) —v0), wdh =wd);
e +a(x)z =0, x € 24, 2(0)=0, [z(d)]=—[v(@d)]

Using the above monotonicity property of the differential operator, one can easily
deduce the following bounds on these components: If a, f € C 1(£24) then

VD)o, < CA+e'7), =012 (4a)

lw@)| < Ce™™/°, [wx)|g, < Ce™le ™, i=1,2; (4b)
2x)=0, x<d, |z(x)] <Ce @@ xe1); (4c)
1201y < CeTle @@V =12 (4d)

From these bounds we see that the solution has an initial boundary layer w in the
vicinity of x = 0 and an interior layer to the right of x = d.

Given this a priori information, an appropriate distribution of the mesh points
{x;};, is as follows: The end-points of the domain are included as xo = 0, xy =1
and the internal point d, where the data is discontinuous, is taken to be the mesh

point xy/>. The remaining internal mesh points wh = {x,-}N/ 12 -y {Xi},N: _N' 241 are

distributed so as to capture the two scales present in the solution. The domain is split
into four sub-intervals [0, 1] = [0, o1]U [01,d] U [d,d + 02] U [d + 02, 1], where

the Shishkin transition parameters [3] are taken to be

. |d e o [1—-4d €
ogy:=min}—, —InN}, o07:=min ,—InN1t.
2« e’

The mesh elements are distributed equally across these sub-intervals. An appropriate
numerical method for this problem is: Find a mesh function U such that:
eD"UN(x) +a(x)UN () = f(x)), x ew¥U{d), UY(0)=u),

where D~ is the standard backward finite difference operator. The discrete solution
U may be decomposed into the sum U = V + W + Z, where the boundary layer
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component w is approximated by the solution W of the homogeneous problem
eD"W(x;) +a(x) )W(x) =0, x; € wU{d}, W(0) = u(0) — v(0).

The discrete regular component V' and discrete interior layer component Z are multi-
valued (at x = d) functions and are defined to be

Vo= V_, X; € [O,d] 7 = HO, X; € [O, d]

VvVt oxield, 11 Zt, xpeld 11"
where

D"V (x) +alx V™ (x) = f(x;), xi € (0,d],  V7(0) =v(0);
eDTVI) +a(x)VFi) = f(x), xi € (d, 1], VT(d) =v@d");
eD"Z () +ax)Z (x) =0, x; € d, 1],  Z"(d) = ~[VI@).
Based on classical stability, truncation error analysis and the parameter-explicit
bounds on the derivatives of w given in (4b), we conclude that in the initial layer
region [0, o]
W (x;) — wx)lo,0) < CN~'InN.

Then we note that, for x; € [0}, 1], the error in the layer component is

[W(x:) — w1 < WD+ [wx;)]
< |W.(o))|+CN~' <CN7', if 20y <d.

Using the bounds (4a) on the regular component we also conclude that
V() —v(x)| <CN™', x; € 24, [V (d)—vd )| <CN7

Note that ZT(d) = —[v(d)] + V~(d) — v(d ™) and by examining the error |Z — z|
on (d,d + o0,] and (d + 05, 1] separately we conclude that

|Z(xi) — 2|y < CN“'InN, if 20, <1—d.
If 201 = d or 20, = 1 — d then a standard stability and consistency argument yields
max U (x;) —u(x;))] < CN~'InN.
Hence, using linear interpolation (e.g., see [1, Theorem 3.12]), we conclude that
IUY —ulle <CN~'InN,

where UV is again the piecewise linear interpolant of the mesh function U".
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4 Singularly Perturbed Boundary Value Problems
with Non-smooth Data

Let us now consider a reaction-diffusion two point boundary value problem with a
diffusion coefficient of a constant sgale O (¢e) and a lack of smoothness in the data at
some internal point. Find u € C'(£2) N Ck(£2,) such that

—eu” +b(xX)u = f(x), b(x) > >0, x € 24, u(0), u(1) given; b, f € C*(£2y).

The associated reduced problemis b(x)vo(x) = f(x), x # d andsoif [(f/b)(d)] #
0, then the reduced solution will be discontinuous at the internal point d. Hence, the
solution will contain an internal layer function, which will exhibit layers of width
O(y/21n¢) on either side of the interface point x = d. Note that by requiring that
u € C'(£2) we are imposing the constraints [u](d) = [u'](d) = 0 on the solution.

We generalize this problem to a reaction-diffusion problem with a variable diffu-
sion coefficient having potentially different scales either side of a point of disconti-
nuity x = d in the data. Find u € C°(£2) N C*(£2,) such that

L.gu:=—E@u) +r(x)u. = f, x € 24; u(0), u(l) given; (52)
[f(d)] = Qs, [r(d)] = 03, [—eu.(d)]= Q) <C(Je1+ ), (5b)

_Jeapx),x <d
E(x)_[szp(x),x>d’6]’€2>0’ px)=p=>0, xef2 (50
4 r(x)
p.r, | € C(824), r(x)zro>o,—()>ﬁ>0, x e, (5d)
px

In particular, Egs. (5c) and (5b) above indicate that all the coefficients in (5a) may
exhibit a jump at x = d and also they allow for a scaled jump in the flux (—eul)
at x = d. The regular component v and singular component w of the solution are
defined, respectively, as the solutions of the discontinuous problems

Logv=f, Loagw=0, x€82; r@vx)=f(x), xe{0,d,d" 1}
[w(@d)] = —[v(d)], [cw'(d)]=—[ev'(d)] - O},
w(0) = u(0) —v(0), w(l) = u(l) —v(l).

Note that, in general, v, w ¢ C°(£2) even though their sum u = v 4 w is continuous.
For each integer k, satisfying 0 < k < 4, these components satisfy the bounds [7].

1
Oy < | CdTea Dxr<d
C(l+e *),x>d
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— _ /8 — /B a—

Ce, e\/:x+e \/T( X)), x<d
_k _ /8= — B (x—

Ce,’ (e J3a R e d)),x >d

(S

lw® (x)] <

Based on these bounds, an appropriate piecewise-uniform Shishkin mesh can be
constructed. However, to retain parameter-uniform second order convergence for
this reaction-diffusion problem, it is necessary to employ a particular discretization
of the jump conditions at the mesh point x; = d. See [7] for details.

Boundary and interior layers can be classified as either weak or strong layers. A
layer is a strong layer near a point x = p ifu’(p~) oru’(p™) is unbounded as ¢ — 0.
A layer is a weak layer near x = p, if the first derivatives u’(p~) and u’(p™) are
bounded, but either u”(p~) or u”(p™) is unbounded as £ — 0. In all of the above
problems, only strong interior layers appeared. When a convective term is included in
the differential equation, weak interior layers can appear in the solutions. Note that,
if one employs a classical finite difference operator (such as simple upwinding), then
it is essential that one employs a suitable layer-adapted mesh to capture any strong
internal layers present in the solution. The adverse effect of using a uniform mesh
for a weak layer are minimal. Nevertheless, one still observes some improvement in
the numerical results if one also uses a layer-adapted mesh in the vicinity of a weak
layer. We refer to the numerical results in [8] to justify this comment.

We now look at five particular singularly perturbed problems, with a convective
term present in the differential equation. These particular problems illustrate the
variety of layers that can occur when the problem has discontinuous data. For all five
problems, we seek to find u € C'(£2), with u(0) = u(1) = 0 and

—eu"+u' =1, x <05 —eu' —u'=-1,x>05; (62)
—eu"+u' =1, x <05 —eu'"+u=-1, x>0.5; (6b)
—eu"4+u' =1, x <05 —eu’"+2u' =—1, x >0.5; (6¢)
—eu" —u' =1, x <05 —eu’"+u=-1, x>0.5; (6d)
—eu"—u'=1,x<05 —eau"+u' =-1, x> 05. (6e)

For the first four problems, we can define the following associated reduced problems

vy =1, x <0.5, v9(0) =u(0); vy=1, x >0.5, vo(l) = u(1);
vy=1, x <0.5, v(0) =u(0); vo=1, x>0.5;

vy =1, x <0.5, v(0) =u(0); 2v,=—1, x> 0.5, [v9(0.5)] =0;
vy=1, x <0.5, v(0) =u(0); vo=-—1, x > 0.5, [vy(0.5)] = 0.

In the case of the first two problems (6a, 6b), the reduced solution is discontinuous
and a strong interior layer forms in a neighbourhood of x = 0.5. In the next two
problem classes (6¢, 6d), the reduced solution is continuous and a weak layer forms
in aneighbourhood of x = 0.5. There is no reduced problem for the fifth problem (6e)
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as the solution is of order O(sezis) throughout the domain, except in O (¢ In(1/¢))-
neighbourhoods of the two end points.

For the first four sample problems (6a—6d), associated problem classes can be
formulated and parameter-uniform numerical methods (based on standard finite dif-
ference schemes combined with appropriately fitted piecewise uniform Shishkin)
were constructed in [9]. In the case of problems of the form (6e) a modification
of the transmission condition from [u'(d)] = 0 to [(—eu’ + vu)(d)] = 0 (where ~
sufficiently large) allows one design a parameter-uniform numerical method for this
modified class of problems [10].

Further effects can be built into such problem classes, such as point sources (i.e.
d-functions) or multi-parameter problems with variable diffusion. In [11], high order
parameter-uniform methods were constructed for the following two problem classes:
Find u € C*(£2,) N C°(£2), u(0) = ug, u(1) = u;, such that

— @) +atu' +bu = f(x), x #d, [~ D] =01 )
—(eu’ +auw) +bu = f(x), x #d, [(—eu' +au)(d)] = 02 (8)
and for both problem classes we assume that

g,a,b, f € C*(2y); b(x) =0, e(x)>0,]a(x)| >0, x #d.

The nature of the interior layers appearing in (7) and (8) can have different character.
If 01 = 01in (7), then the strength of the interior layer depends on the sign of a(x)
and on the change in the ratio of convection to diffusion at d. A strong interior layer
can appear in (7) when a(x) > 0, x # d and

eld™) e(d™)
<< .
a(d™) a(dt)

If O, = 0 then a strong interior layer always appears near d in (8).

Numerous different types of interior layers can appear in problem classes (5), (7)
and (8), which is an indication of the rich variety of layers one can expect to occur
in higher dimensional versions of these one dimensional problem classes.

5 Singularly Perturbed Turning Point Problems

Singularly perturbed differential equations with discontinuous coefficients can be
viewed as approximate models for singularly perturbed nonlinear problems. For
example, in the case of the quasilinear second order problem

—cu' +uu +u=0, xe; (9a)
u@0)=A>1, u(l)=B < —1,; (9b)
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then an interior layer (with a profile of hyperbolic-tangent type) will appear [12, 13]
in the vicinity of some internal point 0 < d. < 1, where u(d.) =0 and dj :=
lim._, o d.. The associated reduced problem to this nonlinear problem is the non-
linear first order problem

uoup +uo =0, up(0) = A, 0 <x <dop; uouy+up =0, up(1) = B, 1 > x > do;
which has the discontinuous solution
ugx) =A—x, 0=<x <dp; uox) =B+1—x, dy<x<1.

Fore << 1, itis natural to consider the following approximate problem for the above
nonlinear problem (9). Find y € C'(£2) such that

—ey" +upy' +y =0, x €8 y0)=u), y(1) =u(l).

This linearized approximate problem is within the class of problems discussed in
Sect. 3, for which parameter-uniform numerical methods have been developed in
the literature [9]. However, the convective coefficient in the nonlinear problem is
continuous and not discontinuous as in the above linearization of (9).

An alternative linearization of the nonlinear problem (9) would be the following
class of turning point problems with a continuous convective coefficient: Find u €
C3(£2) such that

(—eu” +a.u’ +bu)(x) = f(x), xe2; u) >0, u(l) <0; (10a)
a. € Cz(.Q), a.(x) >0,xe€[0,d), a.(d)=0, a.(x) <0,x € (d,1]. (10b)

Observe that the convective coefficient is continuous, but depends on the singular
perturbation parameter. We also assume that the convective coefficient a. (x) contains
it’s own interior layer. Define the limiting functions

ay (x) == lirr(l)ag(x), x €]0,d) and ag(x) = lirr(l)ag(x), x e, 1].

Assume that

la=(x)| > | tanh (+(d — x)/e)]. 0> 2r >0, (10¢)
l(aF —a)(x)] < Ce* 2@ x e 2. (10d)

Then the solution of the above problem (10) will have an interior layer (with
a profile of hyperbolic-tangent type) in an O (g)-neighbourhood of the point d,
where the convective coefficient has an interior layer. Based on this information,
a parameter-uniform numerical method was constructed [14] and shown to be
parameter-uniformly convergent of first order.
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The nature of the interior layers appearing in problem (10) is different to the layers
appearing in the solutions of singularly perturbed turning point problems of the form

—eu” +a(x)u' +b(x)u = f(x), x € 2;
aeCX2), ad) =0,de2,b>0;

where the convective coefficient a is independent of the singular perturbation para-
meter. Depending on the quantity b(d)/a’(d), there may be no interior layer or there
may be layers of power-law type present at d. See [15, 16] for a discussion of these
types of turning point problems.

6 Singularly Perturbed Parabolic Problems

Consider the following singularly perturbed parabolic problem: Find u € C'*7(G),
G :=(0,1) x (0, 1] such that

—€Uss + arus + by +cru, = f,(s,1) € G\ T,
I ={(,)s=d@),0<d() <1};
u=g,(s,0) e G\G; b(s,t) >0, c(s,t) >~ >0.

As in the previous sections, interior layers can appear in the solution due to discon-
tinuous coefficients a, b, ¢ and/or f [17]. Nine subclasses can be identified (see [9]
and [10]), which can exhibit strong or weak interior layers in the vicinity of the curve
I'. Note that in these references, the interior layer location is known and the center of
the interior layer can move with time. By using a transformation 7' : (s, t) — (x, 1)
sothat T : I' — {x = d(0)} any internal layer will be located along the vertical line
x = d in the computational domain (x, ¢) [18]. A computed solution is generated on
this transformed domain so that the piecewise-uniform mesh is aligned to the curve
I'. Shishkin [19] established that it is necessary to align the grid to the interior layer
if one is seeking to construct a parameter-uniform numerical method.

Moreover, for parabolic problems interior layers can also appear when the bound-
ary/initial conditions are not smooth [20, 21]. If there is a discontinuity in the initial
condition u(s, 0) then a standard finite difference operator on a piecewise uniform
mesh will not suffice to generate a parameter-uniform numerical method. A special
fitted finite difference operator is required [22]. A regularization of a discontinuous
initial condition is possible by replacing the initial condition with an initial condition

of the form
S — do

NG

In this case, assuming the convective coefficient is independent of space, the initial
interior layer is transported along the curve {(d(¢), 1) : d'(t) = a(t), d(0) = dp}; and

u(s, 0) = Atanh(

) + B.



Interior Layers in Singularly Perturbed Problems 37

a parameter-uniform numerical method based on classical finite difference operator,
a suitable transformation and an appropriate piecewise-uniform mesh can be con-
structed [23, 24].

7 Singularly Perturbed Nonlinear Problems
with Interior Layers

Semilinear singularly perturbed differential equations of the form
—eu”" +gx,u) =0, xe 2, u =A, u(l) = B; (11a)
are typically constrained by a condition of the form
gux,u) = B3>0, (x,u) e x[-M, Ml (11b)

where M is a sufficiently large number that needs to be be explicitly identified. This
constraint is a restriction on the admissible type of nonlinear problem being studied.
Note that requiring

gulx,u) = >0, (x,u) € 2 x (=00,00),

is a significantly stronger restriction to impose on the problem class. This stronger
constraint guarantees a unique solution to the reduced problem and thereby regu-
lates the problem class to a minor extension from the corresponding class of linear
problems of reaction-diffusion type

—eu" +b(x)u = f(x), b(x)>p>0.

Interesting new phenomena can be observed when the nonlinear reduced problem
g(x, v) = 0 has non-unique solutions. The reduced solutions are classified as stable
reduced solutions if g,(x, v(x)) > 0, Vx € £2 and as unstable reduced solutions if
gu(x,v(x)) <0, Vx € Q.

Interior layers can appear in nonlinear problems. Typically, restrictions need to be
placed on the data so that solutions to the reduced problem exist and for the solution
of the singularly perturbed problem to exist and be unique. For example, in the case
of the semilinear reaction-diffusion problem: Find u € C'(£2) N C3(£2,) such that

—eu’ + (1 —u’u=f(x),x € 2;  d=0.5;
u(0)=A,u(l)=B; f(x)>0,x<d, f(x) <0,x >d; [fl(d) #0;
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we impose the following limits on the input data

1 2

|Al, [B| < Ne IFI < 35
This problem is formulated so that a discontinuous stable reduced solution lies
between two discontinuous unstable reduced solutions. Interior layers can appear in
the solution of this problem and the location of the layer will be positioned around the
point d, where the discontinuity in the data is located. By placing further restrictions
on the data, a parameter-uniform method was constructed in [25] for this semilinear
problem.

However, other semilinear problems of the form (11) can be very difficult to solve
numerically. In [26] a semilinear problem of the form (11) with smooth data, where an
unstable continuous reduced solution was positioned between two stable continuous
reduced solutions, was examined. Using a piecewise-uniform Shishkin mesh (of an
appropriate width) centered at any point in the domain §2, then an interior layer
forms within the fine mesh, no matter where the mesh is centered [26]. Only in the
exceptional case where the fine mesh is located in an O (4/€) neighbourhood of the
actual location of the interior layer will the numerical approximation be of any true
value.

Parameter-uniform numerical methods (based on piecewise-uniform Shishkin
meshes) have also been constructed [27] for quasilinear problems with interior layers
of the form: Find u € C'(£2) N C3(82,) such that

eu"(x) +b(x,wu'(x) = f(x), x € 24, u®)=A, u(l)=B, (12a)

biu)=—14cu, x<d -0 <0, x<d

, f(X)=H (12b)
by(u)=1+cu, x>d 0, >0, x>d

—1<u0) <0, O<u(l)<l1, 0<c=<1l1. (120)

b(x,u) = [

As in the case of the semilinear problem, additional constraints need to be imposed
onthedata{A, B, || f|, c} in order for the theoretical convergence result given in [27]
to apply. The numerical results in [28] suggest that the numerical approximations
generated by the method described in [27] converge for a wider class of problems
to that covered by the theoretical convergence analysis in [27]. Note, again, that for
this problem (12) the location of the interior layer is known to be positioned at d,
where both the convective coefficient b(x, u) and the forcing term f are formulated
to be discontinuous.

Aninteresting open issue is to examine singularly perturbed problems with an inte-
rior layer, whose location is not known a priori. Many nonlinear singularly perturbed
problems of interest [29-32] exhibit this phenomenon. The design of parameter-
uniform numerical methods for a broad class of nonlinear singularly perturbed prob-
lems with interior layers, remains an area with significant challenges for the numerical
analyst.
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Singularly Perturbed Delay Differential
Equations and Numerical Methods

Ramanujam Narasimhan

Abstract The main objective of my talk is to discuss some numerical methods for
singularly perturbed delay differential equations. First some well-known mathemat-
ical models represented by differential equations with out delay and with delay are
presented. Then some basic numerical methods for delay differential equations are
briefly described. After this an introduction to singularly perturbed delay problems
is given. Finally some numerical methods for these problems are discussed.

Keywords Singular perturbation problems - Delay differential equations - Finite
difference methods

1 Introduction

As mentioned in the abstract first I will present some well known mathematical
models represented by differential equations. Let P (¢) denote the population size of
a single species at time . Let b and d denote birth and death rates respectively. Then
a simple population model is [1]

dP
— =bP —dP =rP,
dt

where r = b — d is the intrinsic growth rate of the population. This model is valid,
in general, for short periods. Taking into account that resources are limited then the
more realistic model will be
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r > 0, K > 0 are respectively intrinsic growth and carrying capacity. Next a prey-
predator model is described. Let x(¢), y(¢) denote the populations of the prey and
predator species at time ¢ respectively. Under suitable assumptions this model can
be described by the following system [1, 2]

& = ax —bxy =x(a—by), a,b >0, x(0)=x,
G =—-py+qxy=—y(p—qx), p.q >0, y(0)=y.

In many applications, one assumes that the future state of the system is independent
of the past states and is determined solely by the present. However, under closer
scrutiny, it becomes apparent that this is often a first order approximation to the
true situation and more realistic model would involve some of the past states of the
system. For an example

% =gx(@),x(s),1), t—7=<s<t,
x(0) =C.

Now I present a simple population delay model. Imagine a biological population
composed of adult and juvenile individuals. Let A(#) denote the density of adults at
time f. We assume that

e The length of the juvenile period is exactly 4 units of time for each individual.

e Adults produce offspring at a per capita rate « and that their probability per unit
of time of dying is p.

e A newborn survives the juvenile period with probability p.

Let r = ap. Then we have

A _ AW +rAG - h)
_— = = r —
dt H ’

where the term r A(# — /) means that newborns become adults with some delay.

In the above discussed logistic model it was assumed that the growth rate of a
population at any time ¢ depends on the relative number of individuals at that time. In
practice, the process of reproduction is not instantaneous. Hence the more realistic
logistic model will be

dP
— =aP((t) [1 —

P(it—1)
dt ’

N

where 7 is a delay or lag and the equation is known as Hutchinson’s equation or
delayed logistic equation.

Let me present a population model consisting of adult and juvenile. Let A(f)
and J(t) denote adult and juvenile population respectively. Further let 10 be the
dividing line for sexually matured. Then the mathematical model for this population
problem is
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L = bA(1) — ssbA(t —10) —d; J (1),

44 = shA(t — 10) — d, A1),

JO)=Jy, A@)=A, —-10<t=<0.

Next let us consider a cell to cell virus spread model. Interaction between the sus-
ceptible host cells (), infected host cells (I) and free virus particles (V) can be
modelled as

% =AS@) —dS@t) —BSHV (@),

G =BS5SV () —al @),
v _

G =kI@t) = BSOV () —uV(t),

where AS(¢), dS(t), 8S(t)V (t) are respectively production, death and infected rates
of the susceptible host cells S, etc. In above model it was assumed that as soon as
the virus contacts a target cell, the cell begins producing virus. In general this may
not happen. In fact there is a time delay between the initial viral entry into a cell and

subsequent viral production. Therefore an appropriate model will be [3]

45 — \S(t) — dS(t) — BS()V (1),

dl __ BS¢=nV@-1)
= T 1tva-n al (),

4V — k1) — SOV — uV (1),

2 Preliminaries

Definition 1 (Functional Differential Equation (FDE)) A FDE is an equation for
an unknown function which involves derivatives of the function and in which the
function, and possibly its derivatives, occur with various different arguments.

Examples:

o u(x) =u(x —m) (DDE),

e u'(x) =u(x) —u(x/2) (DDE with variable delay),

e 1/ (x) = x*u(x) —u'(x — 1) (NFDE),

o ' (x) =u(x)u(x — 1) +u(x +2) (DDE with advance argument),

o 1/ (x) = —u'(x) + sin(u(x)) + u(x —5) + u*(x —3) (non-linear DDE),
o u'(x) =u*(x) + % fooo e’szu(x —s)ds (DDE with distribution delay).

Definition 2 (Delay Differential Equation (DDE)) A retarded functional DE ora DE
with retarded arguments or a DDE is a FDE when the highest derivative only occurs
with one value of the arguments, and this argument is not less than the arguments of
the unknown function and its lower order derivatives appearing in the equation.
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2.1 Properties of FDE

e Propagation of discontinuity:
Consider the DDE
W (x)=—-ulx—-1), x>0,

ux)y=1, x<0.

Then we see that u € C'(0, 11N C°[0, 1], u’ is discontinuous at x = 0 and u” is
discontinuous at x = 1.

e No injectivity:
Consider the DDE
W) =ux—Dux) -1, t>0.
Then u(x) = 1 is the solution for any initial function ¢(x) on [—1, 0] such that
?(0) = 1.
e Propagation of discontinuity:

Consider the FDE
Wx)=—-ukx-1), t>0,

ux)y=x, x<0.
Then u'(¢) has a jump discontinuity at x =0, x =1, - - -.
e Non uniqueness:
Consider the DDE

Wx) =u(x —u@)|—1)+3, x>0,
u(x) = ¢(x), x =<0.

where
1, x < —1,
0, —-1<x<0.

P(x) = [

On [0, 2], u(x) = %x and u(x) = 3 are solutions.

2.2 Classification of FDEs

e Retarded type:
(delay will not occur in the highest derivative)
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du
— 4 au(x) + bu(x — 7(x)) = g(x).
dx

e Neutral type:
(delay will appear in the highest derivative)

du " adu(x —7(x))

- - + bu(x) + cu(x — 7(x)) = g(x).

e Advanced type:
(delay will appear in the highest derivative and not in the next lower order)

d*u(x — (%))

du
dx? +Cla + bu(x) + cu(x — 7(x)) = g(x).

e State dependent type:
(delay can be a function of unknown function)

Z_Z 4+ au(x) + bu(x — 7(x,u(x))) = gx).

2.3 Method of Steps/Step by Step Integration

2.3.1 [Initial Value Problem (IVP)

Consider the following IVP for the first order ordinary delay differential equa-
tion(ODDE):

(D

u +au(x) +bu(x — 1) =gx), x>0,
u(x) = ¢(x), xe[-—7,0]

Recall that ¢(x) is the history function. The solution of the above problem is obtained
as follows:

'y +aus(x) = —bop(x — 1)+ gx), xe(,7],
ya(0) = ¢(0),
up+aup(x) = —bus(x —7)+g(x), x € (r,27],

up(t) =uas(r)

and so on.
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2.3.2 Boundary Value Problem (BVP)

Consider the following BVP for the second order ODDE:

u”"(x) +au'(x) +bulx) +cu(x — 1) = f(x), xe€(0,2),
u(x) =¢x), xe€[-1,0] 2
u2) =1.

This BVP can be solved as follows:

wy(x) +auy(x) +bus(x) = f(x) —cop(x — 1), x€(0,1),
up(x) +auy(x) +bug(x) +cualx — 1) = f(x), xe(l,2),
ua(0) = ¢(0), up(2) =1,

us(1-) =ug(l4+), uw/y(1-) =uls(1+).

2.4 Existence, Uniqueness and Stability

Consider the initial value problem

[u’ = fx,u(x),u(x — 7)), x>0, 3)

u(x) =o¢x), xe€l[-7,0]
On [0, 7], this IVP becomes

u' = f(x,ulx), p(x — 7)), x>0,
u(0) = ¢(0),

which is an IVP for ODE with out a delay term and hence it can be solved. On
[7,27], the term u(x — 7) in f is known and the initial value u(7) is also known.
Repetition shows the existence, uniqueness and continuous dependence on the data
of the solution for all x > 0.

3 Euler Method for Delay Differential Equations

One cannot apply directly the existing numerical method of ODE to DDEs. To
illustrate this, we consider the following IVP:
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Wx)y=ulx—-7), x>0,7>0, @
ux)=1, xel[-,0].
The Euler formula for the above problem is given by
u(x;) = u(xj—1) +h(@)wxi—1 — 7)), )
uix)=1, xel[—-7,0].

Note that, we used the Taylor’s expansion to discretize the DDE into difference
equation [4, 5]. But the solution is no longer smooth in the domain of differential
equation. It is smooth except at the points of the discontinuity (x = 0, 1). Since the
truncation error depends on the higher derivatives of the solution we have to

e include all the points of the discontinuity as mesh points,

e go for a non uniform mesh,

e apply an appropriate interpolation method to evaluate at the points x; — 7 as they
need not fall on the mesh points.

Hence the the appropriate Euler method is

u(x;) = u(xi—) + h@ @' (x;)), i>1,
(6)
u(xo) =1,
where
uo(x; — 1), xp <1,
u' (x;) = { ulx;)), xi—1=xj, x>1,
M14()6_,'+1) + Mu(x_;), xj<xi—1<uxju1, x> L.

Xjr1 %) Xjr1 %)

(7
This method is known as continuous ODE method [6]. The above numerical method
is consistent with the DDE (4). (Local truncation error tends to zero as the mesh
parameter tends to zero.)

4 Singular Perturbation Problems

Definition 3 Let P. denote the original problem and u. be its solution. Let Py denote
the reduced problem of P. (setting ¢ = 0 in P.). Then the problem P. is called a
Singular Perturbation Problem (SPP) if and only if #. does not converge uniformly
to ug in the entire domain of the definition of the problem. Otherwise the problem is
called Regular Perturbation Problem (RPP) [7-9]
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4.1 One-Dimension Convection Diffusion Problems

Consider the following differential equation
—eu’(x) + a(x)u'(x) + b(x)ux) = f(x), x € £2, (8)

subject to

e Dirichlet type boundary conditions

u(0) =A, u(l) = B.
e Neumann type boundary conditions

u'(0)=A, u'(l) =B.
e Mixed type boundary conditions

au(0) — aru’'(0) = A,
Bru(l) + Bou’(1) = B.

4.2 Reaction Diffusion Problems

Consider the following differential equation
—eu(x) +b(x)u(x) = f(x), x € £2, 9)

subject to

e Dirichlet type boundary condition

u()=A, u(l) = B.
e Neumann type boundary condition

u'(0) = A, u'(1) = B.
e Mixed type boundary condition

a1u(0) — au’(0) = A,
Bru(l) + Bou’(1) = B.
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5 Locations of Boundary Layers

Consider the BVP

—eu”"(x) +a(x)u'(x) + b(x)u(x) = f(x), xe€ 2 =(,1),
u0) =ug, u(l) =uy.

1. Case (A): a, b, and f are smooth.

e a(x) >0, Vx € g there is a strong boundary layer at x = 1.
e a(x) <0, Vx € £2 there is a strong boundary layer at x = 0.

2. Case (B): @ and b are smooth, f is bounded and has a discontinuity atx = d € 2.

e a(x) >0, Vx € §2 there is a strong boundary layer at x = 1 and a weak
interior layer at x = d (left side of the point x = d).

e a(x) <0, Vx € £ there is a strong boundary layer at x = 0 and a weak
interior layer at x = d (right side of the point x = d).

3. Case(C): bissmooth,a and f are bounded and have a discontinuityatx = d € 2.

e a(x) >0, Vx € §2 there is a strong boundary layer at x = I and a weak
interior layer at x = d (left side of the point x = d).

e a(x) <0, Vx € £ there is a strong boundary layer at x = 0 and a weak
interior layer at x = d (right side of the point x = d).

e a(x) >0, x € (0,d)and a(x) <0, x € (d, 1) there are strong twin interior
layers at x = d.

e a(x) <0, x € (0,d)and a(x) > 0, x € (d, 1) the solution is unbounded.

4. Case (D): Suppose a(x) = 0O (reaction diffusion) and

o the coefficients are all smooth then, there are strong boundary layers at x = 0
and x = 1.

e f is discontinuous at x =d then, there are strong boundary layers at
x =0, x =1, x =d (both sides).

6 Numerical Methods for SPPs

In general classical numerical methods on equidistant grids yield satisfactory numer-
ical solution for singularly perturbed boundary value problems only if one uses an
unacceptably large number of grid points. Further Galerkin finite element method
even on layer adapted meshes produces an oscillation of the solution/ and its deriv-
ative. Hence one has to develop special types of numerical methods to SPPs. In the
literature various non-classical methods are available [10-17]:
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(i) Variable Mesh size Method (VMM)
(ii)) Boundary Value Technique (BVT)
(iii) Initial Value Technique (IVT)
(iv) Fitted Operator Method (FOM)
(v) Fitted Mesh Method (FMM)
(vi) Booster Method (BM)
(vii) Schwartz Iterative Method (SIM)
(viii) Shooting Method (SM)
(ix) Spline Approximation Method (SAM)
(x) Finite Element Method (FEM)
(xi) Asymptotic Numerical Method (ANM)
(xii) Collocation Method

R. Narasimhan

6.1 Fitted Mesh Method for Second Order SPDEs [18, 19]

Consider the following BVP. Findu € Y =C 0(£2) N C?%(£2) such that

—eu’"(x) +ax)u'(x) = f(x), xe2=(0,1),
u(0) = ug, u(l) = uy,

(10)

where ug, u; are given constants, the functions a and f sufficiently smooth func-
tions. Further, we assume that, a(x) > a > 0. Since the BVP exhibits a boundary
layer at x = 1, we choose a piecewise uniform mesh on [0, 1]. For this we divide

the interval [0, 1] into two subintervals, namely 2, = [0, 1 — 7], [1 —

=min{0.5,2¢In N/a}. Let h =2N~'7, H=2N"'(1 — 7). The
2" = {x;}Y,, is defined by
x0 =0,
X =ixH, i = 1(HN)2,

XN/2+i = XN/2 + 1% h, i = 1(1)N/2
The fitted mesh method for the above problem is given by

LVU; = —e82U; + a(x))D Ui = f(x;), i = 1(1)N — 1,
Up = ug, Uy = uy,

where §2, D~ are central and backward difference operators.
The above system yields a numerical solution for the BVP (30).

7, 1], where
fitted mesh
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7 Numerical Method for Singularly Perturbed Delay
Differential Equations (SPPDDs) of First Order

Consider the IVP:
Find u € C([0, 2]) N C'((0, 2]) such that

[5u’+au(x) Thu(x — 1) = f(x), xe(0,2], an

u(x) = ¢(x), xe[-1,0],
where a > 0. The equivalent problem is given by

eu'y +aus(x) = f(x) —bp(x — 1), x € (0, 1],
ua(0) = ¢(0),

EM’B +aug(x) = f(x) —bus(x —1), xe€(1,2],
ug(l) = ux(1).

The problem (11) has a boundary layer at x = 0 and an interior layer (due to the
delay term) at x = 1. So we divide the given domain [0, 2] into four subintervals

[0, 7], [, 1], [1,1 + 7] and [1 + 7, 2] where 7 = MT“N is transition parameter.

On each subinterval there are % mesh points are placed. The Shishkin mesh 2V

is given by
2V ={0=1xp, --- Xy =1, xy =2}

We now define a fitted mesh method on the mesh 2V as

P B ) —aup — bo(x; — D], i = 1(DY,
ui+1—iu L[ f(x au X i (12)

Wi+ [f(x,-) —au; — bw_%] C i

This gives a numerical solution for the IVP (11)

8 Location of Boundary Layers for Second Order SPPDDs

Consider the following BVP for SPDDE:

—eu"(x) +a()u'(x) + b(x)ux) + cxXu(x — 1) = f(x), x € 2 =(0,2),
u(x) = ¢(x), xe[-1,0],
u2) = us.
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1. Case (A): a, b, ¢, f, and ¢ are smooth.

e a(x) >0, Vx € E there is a strong boundary layer at x = 2.
e a(x) <0, Vx € £2 there is a strong boundary layer at x = 0 and weak interior
layer at x = 1 (right side of the point x = 1).

2. Case (B): a and b are smooth, f is bounded and has a discontinuity at x = 1.

e a(x) >0, Vx € 2 there is a strong boundary layer at x = 2 and a weak
interior layer at x = 1 (left side of the point x = 1).

e a(x) <0, Vx € 2 there is a strong boundary layer at x = 0 and a weak
interior layer at x = 1 (right side of the point x = 1).

3. Case (C): bissmooth,a and f are bounded and have a discontinuityatx = 1 € 2.

e a(x) >0, Vx € 2 there is a strong boundary layer at x = 2 and a weak
interior layer at x = 1 (left side of the point x = 1).

e a(x) <0, Vx € £2 there is a strong boundary layer at x = 0 and a weak
interior layer at x = 1 (right side of the point x = 1).

e a(x) >0, x € (0,1)and a(x) < 0, x € (1, 2) there is a strong twin interior
layer at x = 1 and weak interior layer at x = 2.

e a(x) <0, x € (0,1)and a(x) > 0, x € (1, 2) the solution is unbounded.

4. Case (D): Suppose a(x) = 0 (reaction diffusion) there are strong boundary layers
atx =0, x =2, and x = 1 (both sides).

9 Numerical Methods for Singularly Perturbed Second
Order Delay Differential Equations

Consider the following BVP:
Findu € Y = C°(£2) N C?(£2) such that

—eu”(x) +a(x)u'(x) + b(xX)ux) + cx)u(x — 1) = f(x), x € £2,

ulx) = ¢(x), xel[-—1,0], (13)
u)=1.
where

e a(x) > a>0,b(x) > By, <cx) §'y<0,2a+5@+570 >n>0
e a, b, c, f, and ¢ are sufficiently smooth functions on £2.

The above problem is equivalent to

—eu” (x) + a(x)u' (x) + b(x)u(x) +c@ux — 1) = f(x), x € 2T, (14)

I—Eu”(x) +a@)u' (x) + b(xX)ux) = f(x) —c(x)p(x — 1), x € 27,
Lou(x): =
u(0) = ¢0), u(1-) =u(1+), u’'(1-) =uv'(14), u?) =1.
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The differential-difference operator L. defined above satisfies the following maxi-
mum principle and in turn yields a stability result.

Theorem 1 (Mamimum Principle) Let w € Y’ be any function satisfying w(0) >
0, w2 =0 Lew(x) =0, Vx € 27 U 2% and w'(1+) — w'(1-) = [w'](1) < 0.
Then w(x) >0, Vx € £2.

Corollary 1 (Stability Result) Ifu € Y’ then

u(x) [=C maX[ | u©) |, [u(2) |, max | Lcu(x) | ] Vxeg.
xeN-UNRT

9.1 Initial Value Technique [20]

9.1.1 An Asymptotic Expansion

Letuy € C°(£2) N C'(£2 U {2}) be the solution of the reduced problem of (13) given
by

15)

a(x)up(x) + b(x)ug(x) +c(¥)up(x — 1) = f(x), x € 2U{2},
up(x) = ¢(x), x €[-1,0],

and assume that || u(()z) |< C. Further, let v, (x) = exp(— fxz “(g—’)ds), Vx € 2 be the
solution of the terminal value problem (TVP)

ev.(x) —a(x)v.(x) =0, x €]0,2), (16)
v(2) =1.
An asymptotic expansion solution of the original problem (13) is given by
kix, 0, 1],
s (x) = up(x) +kix, xe€l0,1] (17)
uo(x) + kv, (x) + k3, x €[1,2],

where the constants ky, k; and k3 are to be determined such that u,, € ¥’. In fact
the constants k;, k», and k3 are given by

— [—uo(2)
k2 =

ks = ko (“L — D, (1), and (18)
ki = ko (4D, (1).
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Theorem 2 The function u, defined by (17) satisfies the inequality
| u(x) — ua5(x) |< Ce, x e .

Here u(x) is the solution of the problem (13).

9.1.2 Numerical Method

Since the BVP (13) exhibits a boundary layer at x =2 and ug(x) has jump dis-
continuity at x = 1 we choose a piece-wise uniform Shishkin mesh on [0, 2]. For
this we divide the interval [0, 2] in to four subintervals, namely £2; = [0, 1 — 7],

2, =[1-7,1],92; =[1,2 — 7], 24 = [2 — 7, 2] where 7 = min [0.5, #]

Leth=2N"'7 and H = 2N~'(1 — 7). The mesh 2" = {xo, X1, ..., xon} is
defined by
X0 = 0.0,

xi=xo+iH, i=11%, Xipy =Xy +ih, i= 1(HE,

Xigw =y +iH, i =115, x 0 =xw +ih, i =1(D5.

9.1.3 A Hybrid Finite Difference Scheme for the TVP (16)

L,Vi=0, i=0(1)2N—1 (19)
Von =1,
where
el —a(x)\Vi, i=0H5 1,
Vie =Vi V. i — N _
LV — E—th ) a(x;)Vi, i=5(N -1,
e —a()V;, i=NDF -1,
6Vi+1h—Vi _ a(xi+;i+l)vi+2‘/i+l Ji= 3TN(1)2N —1.

The following theorem gives an error estimate for this scheme.

Theorem 3 Let v, (x) be the solution of (16). Further let V; be its numerical solution
defined by (19). Then

| v,(x;)) — Vi |< CN~2In* N, i =0(1)2N.
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9.1.4 A Numerical Method for the Problem (15)

In order to obtain a numerical solution for the problem (15), we apply the fourth

o . . o . —2N
order Runge-Kutta method with piecewise cubic Hermite interpolation on £2°~ . In

fact we have .

h
Uy, = Uy + F(Kl + 2K, +2K3 + Ky), (20)

. |H i=om5 -1, i=NDF -1,
= i Yav -1 i= NNt
’ _2 ’ - ’

*

K&=auﬂhun—an@—cmﬂ%7mﬂ
@:MijUm+f%wm+fM@+?»ﬂm+§w§m+fﬂ
=MijUm+frwm+fmm+?wwm+§w§m+f@
&w=a;%ig{ﬂn+hﬂ—b@r+WXw»+K9—cur+wﬂ%7n+h%}
and

o(x —1), x € [x;, xi41], i =0(1)N — 1,
Ug(x) = 1Uo,_yAi—N(x = 1) 4+ Up,_y Aig1—n & — 1) + Bi_y(x — D f*(xi—n)
+Bip1- NG = D f*x-ny1)s X € [x;, xi41], i = N(D2N — 1,

o= [ 2 =) ] 6= xig)?
i) = [ X _Xi+1:| (xj = xip1)?’
o 2
At () = [1 2 xz+1)} (x —xi) .
Xip1 — X | (Xig1 — X;)
(= x) = xiq)? = x ) —x)?
Bitxy = (x; —xip)? Bivr(x) = (X1 — xi)?
i b(x;_ i
frgy) = L) PO @ g )

a(xi-y)  a(xi—n) a(xi—n)
The following theorem gives an error estimate for the above method.

Theorem 4 Let uy(x) be the solution of the problem (15). Further let Uy, be its
numerical solution defined by (20). Then

| uo(x;) — Uy, |< CR', i =0(1)2N,
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where h = max {H, h}.

A numerical solution to the original problem (13) is given by

| Uo, + xikq, i=0()N,

P = . 2y
Uo, + Viko + k3, i = N + 1(1)2N,

where Uy, and V; are numerical solutions of the problems (15) and (16) respectively
and k|, k, and k3 are defined by (18). An error estimate for the above numerical
solution is given in the following theorem.

Theorem 5 Let u(x) be the solution of the problem (13). Further let U; be its
numerical solution defined by (21). Then

|u(x;) —U; |< C(e+ N"2In>N), i=0(1)2N.

9.2 Asymptotic Numerical Method [21]

Asymptotic Numerical Method consists of 3 Steps:

e In the first step we obtain the reduced problem solution.
e In the second step we construct an auxiliary problem.
e A numerical solution is obtained in the third step.

Step 1: Solve the reduced problem of (13).

Theorem 6 Let u be the solution of (13) and u be its reduced problem solution as
defined in (15). Then,

—a(2 —x) —
| u(x) —up(x) |< Ce + CCXP(T)» x € £2.

Note: From the above theorem, it is clear that the solution # of the boundary value
problem (13) exhibits a strong boundary layer at x = 2 and further, away from the
boundary layer and in particular on [0, 1], we have

| 4(x) — uo(x) |[< Ce + Cexp (_—O‘) xelo,1].
€
Step 2: Define an auxiliary problem to (13):
Find u* € Y such that

(22)

Pru*(x): = —eu*"(x) + a(x)u* (x) + b(x)u*(x) = f*(x),
u*(0) = u(0), u*(2) = u(2),
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where

Jx) —cx)p(x = 1), xe£27U{l},

frx = {f(x) —c@up(x — 1), x €2t

We now state a maximum principle for this problem.

Theorem 7 Let w € Y’ be any function satisfying w(0) > 0, w_(2) >0, Prw(x) >
0, Vx € 27U Q% and [w'](1) < 0. Then, w(x) >0, Vx € 2.

Theorem 8 Let u and u* be the solutions of the problems (13) and (22) respectively.
Then,

| u(x) — u*(x) |< Ce + Cexp(_?a), xeq.

Step 3:
On §2N, we define the following scheme for the BVP (22):

PNU*(x;) = —e0?U*(x;) + a(xp) D™U*(x;) + b(xp)U* (x;) = F*(x;),
i=1(1)N —1,N +1(1)2N — 1,

D~U*(xy) = DTU*(xp),

U*(x0) = u*(0), U*(xan) = u*(2),

(23)
where
FU*(x;) = 2 [DFU*(x;)) — D"U*(x)],
Xitl — Xi—1
DU (x) = U(xi)) = U (xl'71)’ DU () = U(xiy1) = U (Xi)’
Xi — Xi—1 Xit+1 — Xi
F () = " (), x € 20\ {xo, 2 xa ), 24)
or
o) — el — 1), x; e 2= N2
F*(x;) = [ ’ —oN (25)
fx) —cxpUg,_, xi €R2T N7,

Theorem 9 (Discrete Maximum Principle) Suppose a mesh function Z(x;) satisfies
Z(x0) = 0, Z(ray) = 0, PN Z(x) 2 0, x5 € 27 \ {xo, xn. xan} and [D1Z () =
DY Z(xy) — D~ Z(xy) < 0. Then, Z(x;) > 0, Vx; € EZN.

A consequence of this theorem is the following stability result.

Theorem 10 (Discrete Stability Result) Let U*(x;) be a numerical solution of the
problem (23). Then,
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| U (xi) |< Cmax{| U*(xo) |, | U (x2n) | max PNU*(x )},
jE

J={l,...,N-1,N+1,...,2N — 1}, i =0(1)2N.

Theorem 11 Let u™ be the solution of the auxiliary problem (22) and let U*(x;) be
the corresponding numerical solution defined by (23) and (25). Then,

| u*(x) — U*(x;)) [< CN"'InN, x e,

Theorem 12 Ler U*(x;) be a numerical solution of (22) defined by (23) and (25).
Then,
| u*(x) — U*(x;) < CN"'InN, x ez,

Theorem 13 Let u be the solution of the problem (13) and let U* (x;) be a numerical
solution defined by (23) with either (25) or (25). Then,

| u—U*||gv< CN~'InN.

The above IVT and ANM can be applied to the following problems

Convection diffusion equation with discontinuous source term

Convection diffusion equation with discontinuous convection coefficient
Neumann boundary value problem with smooth data

Neumann boundary value problem with discontinuous source term

System of convection diffusion equations with smooth data

System of convection diffusion equations with discontinuous source terms
Singularly perturbed third order delay differential equations [22]

Singularly perturbed system of reaction-diffusion type delay differential equations
(23]

9.3 An Iterative Numerical Method [24]

Consider BVP: o
Find u € U := C?(£2) N C(£2) such that

—eu”"(x) +a(@ux) +bX)ulx — 1) = f(x), x € £,
u(x) = o(x), xe€l[—1,0], (26)
u) =1,

where 0 < a < a(x), =3y < b(x) < 3 <0, forallx € 2, 2 =(_0, 2), 2 =0, 2],
a — [y > 0, the functions a, b and f are sufficiently smooth on £2 and ¢ is smooth
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on [—1, 0]. The above boundary value problem (26) has a solution and the solution
is unique [25]. .

The above problem is equivalent to find u € U* := C*(£2~ U 2%) N C(£2) such
that

Pu(x) = —eu”(x) +a(x)u(x) = f(x) —bx)p(x — 1), x € 27,
o —eu”"(x) +a(X)u(x) +b(X)u(x — 1) = f(x), x € 27, 27)
u0) = ¢0), u(17) =uld™), v'(17)=u'(A"), u®) =1,

where 2~ = (0, 1) and 2 = (1, 2). This boundary value problem (27) exhibits
strong boundary layers at x = 0, x = 2 and strong interior layers (left and right) at
x =1[26].

9.3.1 Iterative Method

Following the method suggested in [25], we now suggest an iterative procedure for
the boundary value problem (27) as follows. Let

up(x) = ¢(x), x €[-1,0], (28)
up(x) = ¢(0), x €[0,2],
and
u,(x) € CH(2-URHNC'(2)NC(2) such that
u, (x) = ¢(x), x e[-1,0],
fx)—=bx)p(x —1), xe 2, (29)

=i, (x) + a(x)u,(x) = [ fx) =b(X)up_1(x — 1), x € 27,

u,(0) = ¢(0), u,(2)=1. forn=1, 2, ---.

Theorem 14 The sequence {u,(x)} defined by (28)—(29) converges uniformly to the
solution u of the problem (27) on 2.

9.3.2 Shishkin Mesh

Since the boundary value problem (27) and the boundary value problems (29) exhibit
boundary layers at x = 0, x = 2 and interior layers (left and right) at x = 1, we
divide the interval [0, 2] into six subintervals, namely £2; = [0, 7], £, = [7, 1 — 7],
25=[1—-7,11,24=[1,14+7],25 =[1 4+ 7,2 —7]and 26 = [2 — T, 2], where

7 = min [}1, &M].Leth =4N~"'rand H = 2N~1(1 — 27).
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The Shishkin mesh EZN = {x9, X1, - -+, Xon} is defined by

x0=0.0, x; =x0 +ih, i =1(1)E, Xppy =Xy +iH, i = 1(HE,
Xipaw =xw +ih, i =1, xien =2y +ih, i = 1D,

Xppsy =xsy +iH, i = 1, Xppw =Xy +ih, i = 1(HE.

9.3.3 Scheme

Using the finite difference scheme discussed in [27] on the Shishkin mesh §N =

{xo, x1, ---, xn}, we now now define the following finite difference scheme for
the sequence of the problems (29). Let Ulol = (uo(xo), up(xy), ---, uo(xN)).
Find U = (U, U™, -, UY") such that

fi—biplxi— 1), i=1,-- 51,
fi=bU =5 N,
2

i—

—e2U" + qu" =

. . (30)
Uy = ¢(0), Uy’ =1,

prUY = DUV, forn=1,2, ---.
2 2

Here [n] [n] [n] [n]
n n n n
syl — 1 (Ui+1 - U _ Ui - Uil)
' Xiyl — Xi—1 Xigl — Xi Xi — Xi—1
[n] [n] [n] [n]
U —-U Uy —U
gyl _ 51 3 % 5-1
DUy, '=—— and DU, = ———"">2—
2 XN — XN 2 XN — XN _
2+1 2 2 2 1

9.3.4 Error Estimate

An error estimate for the above method is given as follows:

Theorem 15 Letu(x) and U™ be the solutions of the problems (27) and (30) respec-

tively. Then we have
lu— UM gv <CN"'InN,

provided that
In(N~'InN) 5o
n>———=

)

1 v
nvy o

Following are the recommended papers for references. One may see some more
references mentioned in these papers.
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Initial or Boundary Value Problems

for Systems of Singularly Perturbed
Differential Equations and Their Solution
Profile

Valarmathi Sigamani

Abstract Singular perturbation problems, by nature, are not easy to handle and they
demand efficient techniques to solve and careful analysis. And systems of singular
perturbation problems are tougher as their solutions exhibit layers with sub-layers.
Their properties are studied and examples are given to illustrate.

Keywords Singular perturbation problems - Initial/boundary layers + Sublayers -
Shishkin meshes - Finite difference scheme - Parameter uniform convergence

1 Introduction

Recently systems of singularly perturbed differential equations are studied by many
researchers all over the world. To cite a few: [1-20]. Most of the works are confined
to systems with two equations and a few works are found on systems of n equations;
n > 0 is arbitrary. Here, three types of systems of singularly perturbed differential
equations are to be discussed.

2 A System of First Order Ordinary Differential Equations

Consider the system
Eu'(x) + A)u(x) =f(x), x € 2 = (0, X] @))
with u(0) = ¢ given. E is the diagonal matrix £ = diag(¢;),i =1,2,--- ,n and

A(x) = (a;j(x))isann x n mitrix. The fglctions a;j(x) and fi(x) for 1 <i,j <
n are assumed to be in C2(£2) where 2 = [0, 1], assuming, without loss of
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generality, X = 1. For convenience, the ordering ¢; < &, < - - - g, is assumed. Fur-
ther, the functions ¢;; are assumed to satisfy

n

i (x) > D laij(x)|, i =1,2,- .n ©)
j=1
J#
a;j(x) <0,1<i#j<n 3)
and the singular perturbation parameters ¢;,i = 1, 2, - - - , n are assumed to satisfy
o
& < — 4
=5 “4)

so as to accommodate all the layers well inside the domain.

With the above assumptions, the problem (1) has a solution u € C O@)n
C(l)( 2)

As explained in [21], here also the supremum norm is used in estimates. The
norms ||V|| = max;<x<, |Vi| for any n—vector V, ||y|| = supy.,<; |y(x)| for any
scalar-valued function y and ||y|| = max<x<y ||yx|| for any vector valued function
y are introduced.

The problem (1) is singularly perturbed, in the following sense. The reduced prob-
lem obtained by putting each e; =0, i = 1,2, -, n, in (1) is the linear algebraic
system

A(x)ug(x) =f(x). &)

This problem (5) has a unique solution and hence arbitrary initial conditions cannot
be imposed. This shows that there are initial layers at x = O for u. The attracting
feature of the layers is that the component u,, has an initial layer of width O(g,), the
component u,_ also has a layer of width O (¢,) and an additional sublayer of width
O (e,—1) and so on. Lastly the component #; has an initial layer of width O (e,) and
additional sub-layers of widths O(g,—1), O(g,-2), - -+, O(e1). The complexity of
the layer pattern of the solution makes the problem more interesting. This complexity
makes the derivation of bounds on the estimates of the derivatives and the error
analysis more challenging.

2.1 Analytical Results

Valarmathi and Miller [19] established the maximum principle for a general system
of 'n’ linear first order singularly perturbed differential equations, with an additional
result that the maximum principle satisfied by the operator
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L = ED + A(x) of system (1) implies that the operator L of any lower order
system also satisfies the maximum principle.

Apart from the stability result, estimates of the derivatives of smooth and singular
components derived with the help of induction will not suffice for error analysis.
Novel estimates of derivatives are required. To achieve this, points of interaction of
the layer functions are identified. For a system of two equations, it was Linss [9]
who identified such a point. But it is Valarmathi and Miller [20] who identified a
sequence of such points between the ‘n’ layer functions and came out with some
interesting properties, which lead to non classical bounds for the derivatives of the
singular components that are interlinked.

2.2 Shishkin Mesh

The construction of an appropriate mesh plays a vital role in solving the singular
perturbation problem. As there are layer regions or inner regions and outer regions
and as more information is needed inside the inner region, a piecewise uniform mesh
is needed.

A piecewise uniform Shishkin mesh distributing N/2 points to the outer region
and the remaining N/2 points equally to all the inner regions will serve the pur-
pose. The Shishkin mesh suggested for problem (1) is the set of points ot =
{)cj}(]]V that divides [0, 1] into n + 1 mesh intervals [0, o] U ... U (0,,_1, 0,] U (0, 1]
where the n parameters o, separate the uniform meshes. With oy = 0, 0,41 = 1, 0,

Int1 ilnN} and for r=n—-1,n-2,..,2,1, o, =

is defined by o, = min[ ,
o

r+
mesh points is placed and on each of the intervals (o,, 0,41],7r =0,1,....,n—1,a
uniform mesh of N/2n mesh points is placed where 'n’ is the number of perturbation
parameters involved in (1).

In particular, when all the parameters o,, r = 1, 2, ..., n are with the left choice,
the Shishkin mesh becomes a classical uniform mesh with stepsize N ~! through out
from O to 1. For the other cases, the mesh is coarse in the outer region and becomes
finer and finer towards the initial point. Infact o,, » = 1,2, 3, --- , n are the points
only where a change in the mesh size may occur.

min [70r+11 , & In N } . Then on the subinterval (o, 1], a uniform mesh with N/2
o

2.3 Discrete Problem

To solve (1) numerically, consider the corresponding discrete initial value problem
on the Shishkin mesh 2" given by

ED U+ AU =f on 2", U = u at the initial point. (6)
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Making use of the mesh geometry and the novel estimates of derivatives derived by the
existence of the sequence of layer interaction points, the authors in [20] established
the almost first order parameter uniform convergence.

More general case of problem (1)

In nature, many systems of multiscale dynamics, involve some components having
large scale flow rates. This problem when formulated follows the form £ Du + Au =
f on (0, 1] and u(0) = ¢ where E = diag(e;) with 0 < &) < & < ... < & = €41
= ...=¢, = 1. In this case, the problem is called a partially singularly perturbed
initial value problem for a linear system of first order ODEs.

Establishing analytical results and error analysis demand the judicial use of certain
barrier functions and the appropriate modification of the Shishkin mesh considered
for problem (1). In the construction of the Shishkin mesh for solving problem (1),
the number of transition parameters was fixed to be equal to the number of distinct
perturbation parameters in (1). Here also, having the same strategy, the outer region
gets wider as the number of transition parameters gets reduced.

2.4 Discontinuous Source Terms

In some multiscale fluid flows, it may also happen that some of the source functions
fi, 1 <i < nmay go discontinuous at points in the domain of definition of problem
(1). These discontinuities result in some interesting characteristics of the solution.

The solution, apart from its initial layers, exhibits interior layers at the points of
discontinuity. Then care has to be taken in constructing the mesh because it should
resolve interior layers in addition to the initial layers. Further, for a simple discon-
tinuity at a point, the interior layers are just like the initial layers dislocated. These
layer functions have a similar sequence of layer interaction points. Making use of
these facts and the mesh geometry one can solve the problem with discontinuous
source function.

Example 1 Consider the following system of singularly perturbed initial value prob-
lem.
ey (1) + 2(1 + 0)%ur (1) — (1 + 12)ua(t) = 0.5(1 + 1)
t
ey (1) — (1 +Dur (1) +2(1 + Dua (1) = (1 + 7
for t € (0,1] and u(0) = 0. The layer profile of the solution u of this problem

obtained by the proposed method is as in Fig. 1 for ey = 1071%, &, = 1077 and N =
128.
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Fig. 1 Solution profile of 09
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3 System of Second Order Differential Equations
of Reaction—Diffusion Type

Consider the system of singularly perturbed differential equations of reaction-
diffusion type with boundary values prescribed.

—Eu"(x)+ Ax)u(x) =f(x),x € 2 =(0,1)
u(0), u(l) given (7)

E is the same as in problem (1), A = (@;;)nxn, aij(x), fi(x) € C%(2) and (2), (3)
& (4) hold good in §2. Under these assumptions the problem (7) has a solution in
CO@)NCH ().

For systems of this type, Paramasivam et al. [16] established maximum principle,
the analytical results and a parameter uniform method of solving them on a Shishkin
mesh.

The solution u of the problem (7) exhibits twin boundary layers at the bound-
ary, x = 0 and x = 1. The component u,, exhibits twin boundary layers of width
O(y/e,), while u,_; has twin boundary layers of width O(,/¢,) and additional
twin boundary sub layers of width O(,/€,-1) and so on. Lastly «; has twin bound-
ary layers of width O(,/e,) and additional twin boundary sub layers of widths
O(/&n—1), O(J/&=2), -+, O(Jen).

These boundary layers also have twin layer interaction sequences which could be
used with the induction method in establishing the novel estimates of the derivatives
of the smooth and singular components of the solution.

The related systems of (7) which are partially singularly perturbed and which have
discontinuous source vector are with higher order difficulty and are handled as in the
previous case, in [22, 23].

Example 2 Consider the following singularly perturbed boundary value problem

—eu] (x) + Sui(x) —ur(x) —uz(x) = x*
—souy(x) —ui(x) + 5+ x)uz(x) — uz(x) = e
—e3uz(x) — (L +x)u1(x) —uz(x) + S+ x)uz(x) =1+x

for x € (0,1) and u(0) = 0, u(l) = 0. The layer profile of the solution u of
this problem obtained by the method suggested in [16] is presented in Fig.2 for

7 2:Q,83:nwheren:O.landN:SlZ.

&= —,¢
16 4



Initial or Boundary Value Problems for Systems of Singularly Perturbed ... 69

4 Systems of Singularly Perturbed Time Dependent
Equations of Reaction-Diffusion Type

Consider the following parabolic initial-boundary value problem for a singularly
perturbed linear system of second order differential equations

du 9%u )
— —E— 4+ Au=f, on £, ugivenon I, ®)
ot 0x2

where 2 ={(x,t):0<x<1,0<1t<T}, Q=QUI, I'=TI,UlyuUTly
withu(0,2) = ¢ (t)on I ={(0,7): 0<t <T}, u(x,0)=¢p(x)on I'y = {(x,
0):0<x <1}, u(l,t)=¢r@)on I'r ={(1,17) : 0 <t < T}.Here,forall (x,t)
€2, ulx, 1) = (ur(x, 1), ua(x, 1), ..., uy (6, ), £(x, 1) = (fi(x, 1), folx, 1),
ooy fale, )T,

e 0.0 a(x, 1) app(x,t) - ap(x,t)

0&---0 axi (x, 1) an(x,t) --- axy(x,t)
E=| . . . AG ) =

00:.--¢g a1 (x, 1) ap(x,t) - app(x,t)

The problem (8) can also be written in the operator form
Lu = f on £, u given on I,
where the operator L is defined by

a0 92
L == I_ - E_ Aa
ot dx2 +
where [ is the identity matrix.
The reduced problem obtained by putting ¢; = 0, i =1,2,--- ,n in (8) is
defined by
3110
?—i—AuO:f, on §2, up=uon . 9)
The &; are assumed to be disti_nct and, for convenience, to have the ordering
g1 < --- < gy Forall (x,1) € £, it is assumed that the components a;; (x, ) of
A(x, t) satisfy the inequalities

aii(x.1) > > |aj(x.0)] for 1 <i <n, and a;;(x.1) <0 for i #j (10)

J#
j=1
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n
and there exists a number « satisfying the inequality 0 < @ < (m)i% (Z ajj(x,1)).
Izizn  j=1
It is also assumed, without loss of generality, that /e, < ‘/?& which ensures that the
solution domain contains all the layers.

The norms, || V || = maxj<i<n | Vi| forany n-vector V, || y ||p = sup{|y(x, )| :
(x,t) € D} for any scalar-valued function y and domain D, and || y || = maX;<x<,
|l v || for any vector-valued function y, are introduced. When D = 2 or £2 the
subscript D is usually dropped. In a compact domain D a function is said to be
Holder continuous of degree A, 0 < A < 1, if, for all (xy, #1), (x2, ) € D,

A2
u(x1, 1) — u(xa, )| < Clxy — x> + [t — ).

The set of Holder continuous functions forms a normed linear space Cf\)(D) with the

norm
[u(xy, 1) — u(xz, 1)
llull,p = llullp+  sup 5 w2
(et (,)eD ([x1 — x21% + |t — f])

where ||u||p = sup |u(x,?)|. For each integer k > 1, the subspaces C’,{(D) of
(x,t)eD

CS(D), which contain functions having Holder continuous derivatives, are defined
as follows

I+m

k — - u 0
C)L(D) = {M : W S C)L(D) forl,m>0and 0 <[+ 2m Sk}
I4+m
0 : — -
The norm on C; (D) is taken to be ||u|[y x,p = 05}2%51( [l axlam ||1.p- For a vector
function v = (v, vy, ..., V), the norm is defined by ||v||, x.p0 = lm_ax [vills.k.D-
<i<n

Regularity and Compatibility conditions

It is assumed that enough regularity and compatibility conditions hold for the data
of the problem (8) so that the partial derivatives with respect to the space variable
of the solution are continuous up to fourth order and the partial derivatives with
respect to the time variable of the solution are continuous up to second order. The
compatibility conditions for the problem (8) defined on a rectangular domain 2 is
established in [3].

Sufficient conditions for the existence, uniqueness and regularity of solution of
(8) are given in the following.

Assume that A, f e C2(R2), ¢ € C'(I'L), ¢pp € C>(I'p), pr € C'(I'g) and
that the following compatibility conditions are fulfilled at the corners (0, 0) and
(1,0) of I

¢50) =¢.(0) and ¢5(1) = ¢r(0), (11)
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der(0 d? 0
PO L0 4 40,0950 = 10,0,

dt
; (12)
AOrO) _ g5 M) A1, 0)5(1) = £(1,0)

dt dx?
and
d? da* d? d
dt2¢L(0) E2_¢B(O) 2EA(O, 0) ——¢5(0) — EA(O, O)Ed)s(o)
2
—(A%(0,0) + 8—(O 0) + E8 (O 0)¢5(0) (13)
2
—A(0, 0)f(0,0) + (O 0) + E 8 f(O 0),
dtz‘bR(O) E2_¢B(1) 2EA(, 0) ¢B(1) EA(1, 0) ¢B(1)

2
—(A%(1, O)+—(1 0)—i—Ea 5 (1,0)¢5(1) ss (14)
9x2
o°f
—A(l,O)f(1,0)+5(1,0)+E@(1,0)-

Then there exists a unique solution u of (8) satisfying u € C;f (2).

As there are twin boundary parabolic layers with sub-layers, the Shishkin mesh
to resolve these layers is constructed on the rectangular domain £2 and a classical
finite difference method is suggested and proved to be parameter-uniform first order
convergent in time and almost second order convergent in space in [3].

Example 3 Consider the problem

3 92
a—l;—Ea—l;—i—Au— fon (0.1)x (0,1], u=0for x=0o0rf=0o0rx=1,

6 —1 0 1+t
where E =diag(e), e, 63), A= | -1t 5x+1) -1 |, f=[14+x+72].

—1 —(1+x?) 6+x L+
The layer profile of the solution u of this problem is displayed in Fig.3 for
g1 =2"",6=27,e8=2"2, M =232and N = 48.

Here for the system (8) also, its subcases of the system being partially perturbed
and the source vector to have discontinuities could also be dealt with in a way similar
to those in Sects.2 and 3.
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Convergence of the Crank-Nicolson
Method for a Singularly Perturbed
Parabolic Reaction-Diffusion System

Franklin Victor, John J.H. Miller and Valarmathi Sigamani

Abstract A general parabolic system of singularly perturbed linear equations of
reaction-diffusion type is considered. The components of the solution exhibit over-
lapping layers. A numerical method with the Crank-Nicolson operator on a uniform
mesh for time and classical finite difference operator on a Shishkin piecewise uniform
mesh for space is constructed. It is proved that in the maximum norm, the numerical
approximations obtained with this method are second order convergent in time and
essentially second order convergent in space.

Keywords Singular perturbation problems - Parabolic problems + Boundary layers -
Uniform convergence - Finite difference scheme - Shishkin mesh

1 Introduction

The following parabolic initial-boundary value problem is considered

Ju
Lu:a—l—Lxu:fon £2, u given on I, €))
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Here 2 ={(x,t):0<x<1,0<t<T}, =RUI I'=IUlgUTI}
where FL={(O,t):O§t§T}, I'pg={(x,0):0<x <1} and I'r ={(1,1) :
0<t<T} Forall (x,1) € 2, u(x, t) and f(x, ) are column n — vectors, E and

A(x,t) are n X n matrices, E = diag(e), e = (¢, -+, &) With 0 < ¢ < 1
for all i =1,...,n. The ¢ are assumed, for convenience, to have the ordering
g < -+ < g, Forall (x,t) € £ it is assumed that the components a;; (x, t) of

A(x, t) satisfy the inequalities

aii(x,1) > > laij(x, )] for 1 <i <n, and a;(x,1) <0 for i #j (2)
J#i
j=1

and

n
0 < a < min( E a;jj(x, 1)), for some «. 3)
(x,1)eR
1=izn  j=1

o
Itis also assumed that /g, < %_ Further f and A are assumed to be sufficiently

smooth and sufficient compatibility conditions are assumed such that u € Cf ),
for A, f € C;(.Q). Here

I+m

Cf(D):{u:#eCS(D)forl,mZO, <4, and 0 <[ +2m <kJ.
X m

The reduced problem corresponding to (1) is defined by

o
a—to—|—AuO:f, on 2, up=u on {(x,0):0 < x < 1}.

For any vector-valued function y on £2 the following norms are introduced:

I'y(x, 7) |=max; [y;(x, 1)[and || y ||= sup{l| y(x, ) ||: (x, ) € §2} Throughoutthe
paper C denotes a generic positive constant, which is independent of x, ¢ and of all sin-
gular perturbation and discretization parameters. Furthermore, inequalities between
vectors are understood in the componentwise sense. Whenever necessary the required
smoothness of the problem data is assumed.

For a general introduction to parameter-uniform numerical methods for singular
perturbation problems, see [1-3] and for parameter-uniform numerical methods for
singularly perturbed parabolic problems, see [4—8]. In [7] the general n x n system is
considered and uniform convergence of first order in time and essentially first order in
space is proved. In [8], for the problem under consideration, first order convergence
in time and essentially second order convergence in space is established. In [5], (1)
is considered in the special case n = 2. A numerical method combining the Crank-
Nicolson operator in time and a central difference operator in space on a piecewise
uniform Shishkin mesh is used. Second order convergence in time and essentially
second order convergence in space is proved under the additional restrictions /¢, <
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V&, < N~!. In the present paper these results are generalised to an n x n system.
Moreover, no restrictions of the above kind on the &; and N are required. These
results are made possible by the use of a sequence of layer interaction points, which
were introduced in [8]. A single layer interaction point was used in [6] in the special
case n =2 and s = 1. Note that, as in [5], the power-boundedness of a family of
operators is assumed.

The plan of the paper is as follows. In Sect. 2 estimates of the analytical behaviour
of the exact solution are presented without proof; these are available in [8]. In Sect. 3,
the Crank-Nicolson semi-discretisation in time is defined and the error is estimated.
In Sect.4, the complete discretisation in time and space is introduced. The central
difference scheme is used on a piecewise uniform Shishkin mesh for the spatial
discretisation. In Sect. 5, the error of this complete discretisation is estimated.

2 Analytical Estimates of the Exact Solution

The proofs of all the lemmas in this section may be found in [8]. The operator L
satisfies the following maximum principle

Lemma 1 Ler A(x,t) satisfy (2) and (3). Let ¥ be any vector-valued function in
the domain of L such that ¥ =0 on I'. Then Ly (x,1) = 0 on §2 implies that
Yv(x,t) >0 on $2.

Lemma 2 Ler A(x, t) satisfy (2) and (3). If ¥ is any ve_ctor-valued function in the
domain of L, then, foreachi, 1 <i <nand (x,t) € £2,

1
[Wi(x, 1) < maX[II Vir 1Ly II]-

The Shishkin decomposition of the exact solution u of (1) is u = v+ w where
the smooth component v is the solution of Lv=1f in 2, v=uy on I" and the
singular component w is the solution of Lw = 0in 2, w=u—v on I". For
convenience the left and right boundary layers of w are separated using the further
decomposition w = w’ 4+ w® where Lw" = 0on 2, wf =w on I, wf =0on
ITgsUTgandLw® =0 on 2, w8 =won I's, wWE =0o0n I, U .

Sharper estimates of smooth and singular components of the solution u are
obtained by defining layer functions B, BX, B;, i =1, ..., n, as follows.

Bl (x) = e Vo5 BR(x) = BF(1 — x), B;(x) = BX(x) + BF(x).

The following elementary properties of these layer functions, forall 1 <i < j <n

and 0 < x < y < 1, should be noted:

B;(x) = B;(1 — x). BiL(x) < Bf(x), BiL(x) > BiL(y), 0 < BiL(x) < 1.
BR(x) < B]R(x), BR(x) < BR(y), 0 < Bf(x) < 1.
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B;(x) is monotone decreasing for increasing x € [0 1]
B;(x) is monotone increasing for increasing x € [ 1].

1 1
Bi(x) <2Bf(x) for x € [0, 21, Bi(x) < 2Bf(x) for x € [, 1].

BL2 /S mN) = N2
o

()

The layer interaction points x;"; are now defined.

Definition 1 For Bf, Bj’f, each i,j, 1<i#j<nandeachs,s > 0, the point
(S) is defined by
BEGE) _ BEG)
= = )

S
£ &

BR1—x))  BR1—x)
&

It is remarked that

s - s
i &

()

In the next lemma the existence and uniqueness of the points x; ; are shown.

Lemma3 Foralli, j, suchthat 1 <i < j<nand 0 <s < 3/2, the points x;
exist, are uniquely defined and satisfy the following inequalities

BL(x) Bi() Bl(x) Bj(x)
# > L2 xelo, Z(S)) # <L xe l(é)’ 1].
& €j ! & &j !
Moreover
l(‘].) < xl-(‘_?l,j, if i+1<j and x(s) < xl-(’sj)_H, if i<j.

Also
& 1
x < 2s /;f and x°) € (0, D ifi<i

Analogous results hold for the BR B; R and the points 1 — x(?)

In the following lemma estimates of the smooth component are presented.

Lemmad Let A(x,t) satisfy (2) and (3). Then the smooth component v of the
solution u of (1) satisfies, forall i =1,--- ,nandall (x,t) € £2,

Brnl =casy B
ql8q

|t (x, 1)| < C for 1 =2,3.

Z)for1=0,1,2,3
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Bounds on wX, w¥ and their derivatives are contained in

Lemma S Let A(x, t) satisfy (2) and (3). Then there exists a constant C, such that,
foreach (x,t) € 2andi =1, ..., n,

ZWL 31 L L()
'al (x,1)] < CBL(x), forl=0,1,2, | l(x z)|<CZ By Jforl=1,2
g=i s;
33WL L(x) 34 L @)
| (xt)|<CZ 7, \ (xt)\_C Z .
65

Analogous results hold for the wlR and their derivatives.

3 Crank-Nicolson Semi-discretization in Time

On [0, 7], a uniform mesh with M mesh intervals, given by 5;” ={kAt,0 <k <
M, At = T /M} is considered. The following Crank-Nicolson scheme is applied on
this mesh

u’(x) = u(x,0),

(I + Z'Lou ! (x) = L(FF 4+ £ (x) + (I — 4L Lo)uf (x), (4)

u“t(0) = u(0, 5ey), (1) =u, f40), k=0, ..., M — 1

where f¥ = f(x, #),k=0,..,. M
It is helpful to introduce the following artificial problem:

(I + AL)0" (x) = &(FF + 4 (x) + (T — L Loux, 1),

5
610) = w0, 5, 6 (1) = ud, np), ®

where the exact solution u has replaced u* in the right hand side of (4).
The operator 1 + %Lx satisfies the following maximum principle.

Lemma 6 Let A(x,t) satisfy (2) and (3). Let ¥ be any vector-valued function

in the domain of the operator I + %Lx such that ¥(0) > 0 and ¥ (1) > 0. Then

I+ %LX)W(X) >0 on (0, 1) implies that ¥(x) > 0 on [0, 1].

Proof Let v;+(x*) = min r[f)llll} Y (x). Assume that ;- (x*) < 0. Then & ‘/” (x*) >
1 5

0. From the hypotheses we have x* ¢ {0, 1}. Using (2), (3) it follows that I+

ALY () <0,

The stability of the operator I + %Lx is now established.
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Lemma 7 Let A(x, t) satisfy (2) and (3). If ¥ is any vector-valued function in the
domain of the operator I + %Lx then, foreachi, 1 <i <nandx € [0, 1],

YOIl = maXHII vO) LI I, - || ( + x)lﬁ(X) II}

Proof Define the barrier functions
" 1 At
6~ (x) = max { [[¥ O], [[y (DI, EII(1+ TLXW(X)II e+ ¥(x)

where e = (1, ..., 1)7T is the unit column vector. Then Oi(x) > Qatx=0,1
and (I + %Lx)oi(x) > 0 on (0, 1). The result follows from Lemma 6.

The error in the solution 6™
lemma.

of the artificial problem is estimated in the following

Lemma 8 Ifu(x,1)is the solution of (1) and T

xel0,1landk =0, ..., M — 1,

(x) is the solution of (5), then, for

luCx, 5ey1) — 60| < C(an’.

FEx0) + R

Proof Since fk+§(x) = + O((A1)?), from (1)

2
du(x, ou(x,
3u(x,tk+%) %"‘Lxu(xvtkﬂ—l)—'— u(g[ tk) +L)Cu(x7tk)
T-I—Lxu(x, k+1)_ 3
+0((AD?).
So
, 1 , 1
Loue, ) = L u(x k+1)2+ u(x, 1) +OWAY). ©)
From (1),

ou
5 06 ) F Lau(x, fp) = £ (x)

A A 0
({)Lxu@, fest) = ({)(—8—?@, o) + £ ()

At At —du -
I+ TLx)U(x, 1) = 0(x, frg) + 7(7()@ ) £ (). (D)
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Then (7) and (5) yield

(I + AL)@, 1) — 8 (0) = u@, 1) + 4 (G2 @ 14)

_%fk(x) g %Lx)u(x, 1)
= (W, firn) — 0, 1) + AL EF () + Leu(x, 541)) + 45 (Leulx, 1)) — 445 (x)
= AL, i) + U 5)) — ALEE A+ ) ) + @ ) — ux, 1)

= AL (x, 1) + 0((ANY)) — At(f+3 (x) + O((AD?))

du(x,z
k+2

+A1( +0(AN?)

= 0((An)?), using (6).

Then by Lemma 7 it follows that
[uCx, 5e41) — 67 0| < OAn?).

Consider now the Shishkin decomposition of #**! into smooth and singular com-
ponents given by

Ak+1 ~k+1 A k+1
ath =9 +wJr

3

~k+ ~ k41
d +

where v**! an are defined to be the solutions of the problems

(I + L)V () = L + P4 0 + (- LIV, 1),
A Sk+1 A A ®)
I+ ZAVT (x) = LLE + ) () + (T — LAV, 1), x =0, 1

and
(I + A L)W = (1 — & L)w(x, 1),

€))
‘f)\vk+l(0) — ﬁk+l(0) _ 0k+l(0), Wk+l(1) — ﬁkJrl(l) _ ©k+1(1). }
The bounds on ¥ and its x-derivatives are contained in the following lemma.

Lemma9 The smooth component Pt

1,...,nand x € [0, 1],

(x) and its derivatives satisfy, for each i =

ket ,

@ <C+e ) forl=01,23,4.

Proof By the ith equation of the defining equations for P x)

s

(<I+ LLO¥ () = —(f + £ (x>+((1——L V)i (x, 1)
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Using the bounds of v; and its derivatives, |(1 + 4. L)V (x)] < C(1 +&)).

Using Lemma 7, [, (x)| < C(1 + &)
Differentiating the ith equation of (8) twice with respect to x,

At d Pt
(I + TLX)W)i(x)I =CU+ (x)). (10)
dv* * avk %
Let |—F—(x")| = |5~ || for somei =i*, x = x*.

Then for some y € [0, 1 — x*], and for some 6§ € (x*, x* 4 y), by the mean value
theorem,

dpkt! R 2ak+1
el = = || B (x >||+§|| @)1]. (11)
Using (11) in (10)
2ok+1 2okl
2 y d°V
1= <x>||51+;||vk“(x)||+5|| @)l
or
2ak+1 2 et
a- )|| 0l = C+ S .

Using the expression in (11) gives

ak+1

I Wl <= ||A"“(x)||+C+ ||A"“(x>||sc.

The bounds on ||d PR (x)|| ||d e (x)|| can be obtained analogously.

For convenience the left and right boundary layers of W are separated

+1 Ak+1,L ~ k+1,R

using the further decomposition W +w
where
(I + FLIW @) = (1 = SLow (1),
12)
Wkﬂ’l,L(O) — ‘,’\Vk+l(0), ‘fJ\vk-I-l,L(l) — 0
and

(I + FLOW 00 = (I = SLowR (1), ]

‘f)\karl,R(O) — 07 ‘;\vk+1,R(l) — \,’\VkJrl(l).
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GRFIL GRTLR op gkt
Bounds on the singular components w* " R ofatt

are contained in the next lemma.

and their x-derivatives

Lemma 10 Fori =1, ..., n and x € [0, 11, the singular component W*™""* (x)

and its derivatives satisfy

k1L L A . By _
W™ (x)] < CBy (x), IT(X)I <C>,i—— . for I=12.
X 3
&q
d} k+1L BqL(x) d4Af+1'L 1 ) B
| (x)| =< CZ 8% and | dx4 (-x)| =< C; Zq:l &
q

~k+1,R

Analogous results hold for the w and its derivatives.

Proof Considering the ith equation of (12),
At R At
(I + TLx>w"+‘~L)i<x)| = (I - TLX)wL»(x,tk)L

Then, using the fact that (L,w%);(x, 1) = ——wL (x, 1)
and Lemma 5, it follows that |((/ 4+ 4'L,)w*™" L) (x)| < CBE(x).

Then by Lemma 7, [w 5 (x)| < CBnL (x).

Differentiating the ith equation of (12) partially with respect to x, using Lemma
5 and the bound for vAv];Jr' ‘L, it follows that

(I + A L)) (x) < CBE() +CX ()

44t L (3)
S(L B SHes tk)l + CB, (x).
It can be found in the proof of Lemma 4.3 in [8] that

aler L

ax larm

| (x)| < Ce;> B(x) <3, m<2and0<[+2m<4 (14

Substituting the bound for 220 (M - (x ) in

a L
(L, ;V ) (x, rk>|_|
X

(x, k>|+|z T2 G i) G|

yields
|(Ly ) (x, 1) < CZ <x>+CB (x). (15)
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Ak+1LL L
Using (15)in (13)and Lemma7, the bound | — (x)] < C >1_, %(x)follows.
q

Differentiating the ith equation of (12) twice with respectto x, and using (14), Lemma

k+1,L
5 and the bounds of Wi *"", dw L (x) gives

. By
(T + 4L )2y )i<x)|szq=,~ e

2 Ak+l,L
Then, using Lemma 7, the bound on |d (x)| follows.
Usmg the approprlate barrier functlons and the techniques used in [8], it follows

that |3 r (x)| < Cg;’ BL(x) and |§x?Br (x)| < Ce 2Bl (x). Then, the bounds on
AL d4wk+1 L
|T(x)| and |—(x)| are obtained by repeating the same procedure.

A similar proof of the analogous results for the boundary layer functions WTLR

holds.
Sharper bounds on $¥1 and its derivatives are contained in the following lemma

Lemma 11 The smooth component VAR

i=1,...,nandx € [0, 1],

(x) and its x-derivatives satisfy, for each

I ~k+1
dv )] < C(1+Z 5 (x)

qté‘q

| for [1=0,1,2,3.

Proof Define the barrier functions wi(x) Cl1 + B (x)]e £+ ddx, x), I =0,
1,2, x € [0, 1]. It follows from Lemma 6 that |d—)’c,(x)| < C[1+B,(x)], I =
0,1,2. Let p = L7 (x), then

I+ %Lx)p(x) = g(x. 1) with p(0) = 0, p(1) =0, (16)

where

g(x,t) = ﬂ(% + a;ka:l)(x) + - ﬁLx)%V(x, f) — 28A d;x (x)

ax

(17)
+ 2040 (¢ ) — Tdv(x ) — T4V ().

Using the bound |%;atv(x, )| < C in the expression for L, a"’—;v(x, 1) leads to
the bound |an 2V(x, )| < C and it follows that |g(x, ¢)| < C.

Let p=q+r, where q and r, the smooth and singular components of p, are
defined to be the solutions of the following problems: (I + %Lx)q = g(x,t), with
q(0) = po(0), q(1) = po(1), where py is the solution of the reduced problem of (16),
and (I + ﬂLx)r =0, with r(0) = —q(0), r(1) = —q(1).

By Lemma 9, |dq’ (x)] < C and by Lemma 10, |d" x| =<Cca+ Zq =i
Thus,

Eq )
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dp; . &% By))
W= =5 (x)|<(1+z o

q= i

which completes the proof of the lemma.

4 The Complete Discretisation in Time and Space

A piecewise uniform Shishkin mesh with M x N mesh-intervals is now constructed.
1 =M —N

Let QM - {tk}k 1’ ‘QN {xj}llvzll, -Q = {tk}]}(w 0° -Q {-xj j=0° QMN =

2" x @V, @Y =@Y x @Y and TN = 02" Themesh 2. is cho-

sen to be a uniform mesh with M mesh-intervals on [0, T']. Let {&, }’1’/ be the set of

all distinct parameters in {g, }". The mesh ﬁiv is a piecewise-uniform mesh on [0, 1]

obtained by dividing [0, 1] into 2n” + 1 mesh-intervals as follows

[O, UI]U"‘U(Gn’—l’Gn’]U (Gn” 1 _Un’] U(l — Oyn/, 1 _Un’—l]U"'U (I —oy, 1]

The n’ parameters o,, which determine the points separating the uniform meshes,

are defined by op = 0, 0,11 = % and, for r =1, ... ,n/,

o, =min[ar+1,2 lg—rlnN}.
2 o

Clearly

0 <oy < ... <oy < <l—-oy< ... <l—0; <1.

Then, on the sub-interval (o,/, 1 — 0,] auniform mesh with % mesh-intervals is
placed, on each of the sub- intervals (or,0041]and (1 — 0,41, 1 —0,], r=1,...,
n’ — 1, a uniform mesh of W mesh-intervals is placed and on both of the sub-
intervals [0, o1] and (1 — o1, 1] a uniform mesh of mesh-intervals is placed.

In practice it is convenient to take

2u’+1

N = 211'+p+1

for some natural number p. It follows that, for 2 < r < n’, in the sub-interval
(0,1, 0,] there are N/2"~"+3 = 2"tP=2 mesh-intervals and in each of [0, oy],
[o1,02], [1 —02,1 —oy] and [1 — oy, 1] there are N/2”'Jrl = 2P, This construc-
tion leads to a class of 2" piecewise uniform Shishkin meshes £2*-" . Note that these
meshes are not the same as those constructed in [7].
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Lemma 12 For some r,1 <r < n’, suppose that o, < JT“ Then the following
inequalities hold
Bf(1—0,) < Bl(o,) =N

xlgs )

Y, <o —h forO<s<21<r=<n.

Bl (0, —h;) <CBJ(o,) for 1<r<gq=<n'

L
Bq (07) -

1
NIRRTy

for 1<g=<n, 1<r=<n

Analogous results hold for BR.
Proof The proof is as given in [9].
The discrete initial-boundary value problem is now defined on any mesh by
U%(x;) = u(x;,0) on Iy,

(I 4+ SILHUH (x)) = L + ) (x)) + (1 — FLY)UF(x)), (18)
Utl(x;) = uxj, fie) on TP UTH, for k=0,..,M—1

where
LY = —Es2+ A

and 8)%, D} and D are the standard difference operators

D;U()Cj, ter1) — Dx_U()Cj, ter1)
(xj1 —xj-1)/2 ’

82U, tir) =

Uxjgt, frpr) — Uy, frgr)

DIU(x;, try1)
Xj+1 = Xj

Ulxj, tigr) — U1, trq1)
Xj—Xj—1

DiU(xj, tiy1) =

The following results for the discrete operator I + %Li\’ are analogous to Lemmas
6 and 7 for the continuous case. They are presented below without proof.

Lemma 13 Let A(x, t) satisfy (2) and (3). Then, for any vector-valued mesh function
W, the inequalities W > 0 on I'"'N and (I + %LJIC\’)\II > 0 on YN imply that

—M,N
¥ >0o0nSs2 .
An immediate consequence of this is the following discrete stability result.

Lemma 14 Let A(x, t) satisfy (2) and (3). Then, for any vector-valued mesh function
Won 2" fork=0,...M—1and0 < j <N,
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1 At
W Cxjs tirn) [ < max g [[W]]pwr, ;II(I + TLQ/)‘I’II]-

The discrete analogue of the artificial problem (5) is now defined by

(I + ALNE () = L0 + ) () + (I — ALY, 6,

19
0 =" atx; =0,1, for0<j <N, andk =0, ..., M — 1. ] (19)

Akl k] 5 ket
and the decomposition of its solution by U v (xj)) +W i (x;), where

A k+1 A k+1 . . .
\% - (x;), W - (x;) are the discrete analogues of Vk+1(xj), WkH(xj), which are
respectively, the solutions of the problems, for k =0, ..., M — 1,

A k+1
(Ik+1 %LQ’)V i (x;) = 1%(1‘1‘ + () + (U — %Liv)V(x_,w ),
Vo) =90,V (1) =9 (1), 0 < j <N,

and

(I + ALNW T (x)) = A0 4+ £ () + (= ALY)w(x;, 1),
W) = w1 0), W (1) = W (1),0 < j < N

5 Error Estimate

Lemma 15 Let \A’Hl (x) be the solution of (5) and ﬁk+1 (x;) be the solution of (19).
Then o

IV () — 6 ()l < CAr(N~" In N)2.
Proof From (5) and (19),

(I + 3LV @ () =8 () = @ —LDHE (x))

+44(L, — LY)u(x, ). (20)

From [8, 9] it is found that
[|(L, — LMu(x, n)|| < C(N"'(InN))%. (21)

Now, using the Shishkin decomposition of a“™ and the arguments used in [8, 9]
on the different segments of the Shishkin mesh, the following hold

At n _
15 (L = LY)$* (x))l] < CAr(N " (In N))?,



90 F. Victor et al.
At Ny g k+1 -1 2
IIT(L L)W (x| = CAt(N™ (InN))~.

Using the above two expressions and (21) in (20) and Lemma 14, the required

result follows.

Lemma 16 Letu(x;, t) be the solution of (1) and Ukl (x;) be the solution of (18).
Then

u(x;, i) — U () = 370 RUUCx, trpr—g) — 677 (x))]
HE ) 0T @,

where R is the operator givenby R = (I + %Liv)_l(l - %Lfcv),forj =0,1,..,.N
andk =0,1,...,. M — 1.

Proof Subtracting (18) and (19) gives (I + %Li\/)(ﬁkﬂ B Uk+1)(xj) — - %
LY)(u(x;, ) — U¥(x;)) and so

0 @) = U () = R 1) — UF(x)))

It is clear that

u(xj, fipr) — UFH(x)) = exy, fes) = i) + @ @) -0 @)

+ O @) - U @)).
Now,
uGxj ) = U ) = g ) =87 )+ 6 ) - 0 @)l

FR{[uGx, 1) — 0 ()] + 65 () — 0F ()]
+R[u(x;, tr—1) — U (x 1.

Iterating,

u(x;, fieyr) = Ul Gxy) = ZI;=0 RU{[u(xj, tig1—q) — AkH_q( )]
o k+1— k+] —q
O o) - I

Power-Bound of the operator R

Definition 2 The family of operators R is said to be power-bounded if ||R|| < C
for all integers / > 0 and for some constant C independent of M, N, i, j and €.
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In the following the power-boundedness of the operator R is proved for the special
case where n = 1, the co-efficient function a(x, t) is a constant and the x-domain
is%.

The discrete problem corresponding to the Crank-Nicolson scheme can be restated
as

A A A
1+ {(—gaﬁ +a)Ur ;) = (1 - Tt(—gaﬁ +a)U*(xj) + Tt(f" + ).

(22)
where
s2Uk _ 2 Uk(xjp1) — UR(xj)  UR(xj) — UR(xjo)
U = n+ - h- )-
Using Fourier transformation on (22)
SH‘Z h+ sm — i
(14 5+ =5—( )—hf’gh (szn%—sm “)U*(w)
+
= (- 5+ e (”" g *)—hfii, (sin%= — sin%=) 0" ()
+5(fE+ o 1)(w)
The above can be rewritten as
(1+ L0 @) = (1 LT (@) + 2 (f + () (23)
where
At 4 sin?2 gin?els ie wht wh~
L=— 2 2y — ' — si .
2 Ot T o T D) T o i TSI

In order that (23) produces solution U*(w) which is bounded it suffices that |R| =

| ——I =<1
1+L _
E ltll LI_L<1 2(L+1L)>0.
uivalen _— or
q T4l 1+L
But
_ 4¢ sinz%+ sin?el hi
L+L=At(a+ ( 2 ))>0

ht —h=" ht + h~
which concludes the proof.
In the case of a system of n equations where n > 1, the coefficient is a constant and

the domain is %, we have

. At(A N 4E (sinz% N sinz"’hT_) 2%E (si wht wh‘))
-2 — sin — sin :
2 ht —h~ ht h~ ht —h~ h* h~
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A and E are as in (1). It is conjectured that R satisfies the resolvent condition of
the Kreiss matrix theorem in [10, 11] and hence is power-bounded. The power-
boundedness of the operator R, leads to the following theorem on the estimate of the
erTor.

Theorem 1 Assume that R is power-bounded. Let u(x, t) be the solution of (1) and
U"‘H(xj) be the solution of (18). Then, for j =0,1,..., Nandk =0,1,...., M — 1,

lu(x;, trp1) — U )l < CAN ' InN)Y? + M),

where C is independent of ¢, i, j, N and M.
Proof Using Lemmas 8, 15 and 16, it follows that

llu(x;, trp1) — U )l < CAN T InN)Y? + M),

as required.

6 Numerical Illustrations

In this section two problems are considered. The Crank-Nicolson method suggested
is applied to solve these problems and the results are compared with those obtained
by the method suggested in [8], where the first order differential operator in ¢ is
discretized using the Backward Euler scheme. To get the order of convergence in
the variable ¢ exclusively, a fine Shishkin mesh is considered for x and the resulting
problem is solved for various uniform meshes with respect to . The two mesh
algorithm [3] is applied to get the parameter-uniform order of convergence and the
error constant.

Next a fine mesh for ¢ is considered, the resulting problem is solved, the x — order
of convergence of the method is found. From both the examples the theory that the
Crank-Nicolson method doubles the order of convergence with respect to the variable
t is well illustrated.

Example 1 Consider the problem

ou 3%u
— —E—+4+Au= f on (0,1) x(0,1], u=0o0n I,
ot 0x2
6 -1 0 14 et
where E = (s1,62,63), A= —t 5&x+1) —1 |, f=[14+x+1+?
—1 —(1+x? 6+x 1+¢

The Crank-Nicolson method is applied to solve the above BVP. For various val-
ues of €1, &;, €3, the maximum errors, the e-uniform order of convergence and the
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Table 1 Example 1, Crank-Nicolson method, 7-convergence

93

n Number of mesh points N
4 8 16 32 64

0.100E+01 0.666E-01 0.288E-01 0.134E-01 0.532E-02 0.187E-02
0.500E+00 0.634E-01 0.287E-01 0.113E-01 0.376E-02 0.183E-02
0.250E+00 0.637E-01 0.254E-01 0.810E-02 0.370E-02 0.179E-02
0.125E+00 0.602E-01 0.199E-01 0.756E-02 0.361E-02 0.171E-02
0.625E-01 0.529E-01 0.162E-01 0.731E-02 0.346E-02 0.138E-02
0.312E-01 0.453E-01 0.151E-01 0.707E-02 0.282E-02 0.904E-03
DN 0.666E-01 0.288E-01 0.134E-01 0.532E-02 0.187E-02
pV 0.121E+01 0.110E+01 0.134E+01 0.151E+01

C l’,\’ 0.574E+00 0.532E+00 0.532E+00 0.452E+00 0.341E+00
t-order of convergence = 0.1100358 E+01

The error constant = 0.5736979 E+00

Table 2 Example-1, Euler scheme, 7-convergence

n Number of mesh points N

4 8 16 32 64

0.100E+01 0.343E-01 0.230E-01 0.146E-01 0.835E-02 0.449E-02
0.500E+00 0.357E-01 0.238E-01 0.150E-01 0.851E-02 0.455E-02
0.250E+00 0.367E-01 0.243E-01 0.152E-01 0.856E-02 0.458E-02
0.125E+00 0.381E-01 0.248E-01 0.152E-01 0.856E-02 0.456E-02
0.312E-01 0.384E-01 0.248E-01 0.152E-01 0.843E-02 0.447E-02
DN 0.384E-01 0.248E-01 0.153E-01 0.856E-02 0.458E-02
pN 0.630E+00 0.700E+00 0.836E+00 0.904E+00

C ;V 0.260E+00 0.260E+00 0.248E+00 0.215E+00 0.178E+00

t-order of convergence = 0.6304507E+00

The error constant = 0.2602176E+00

e-uniform error constant are computed using the general methodology from [3]. The
variation in all the three parameters is given by considering €3 = n, & = %, & = %
where 7 is varied as shown in the tables. « is taken to be 2.9

Fixing a fine Shishkin mesh with 48 points horizontally, the problem is solved
by the Crank-Nicolson method suggested in this paper and the Backward Euler
scheme method suggested in [8]. The order of convergence and the error constant
are calculated for ¢ and the results are presented in Tables 1 and 2. A fine uniform
mesh on ¢ with 32 points is considered and the order of covergence in the variable
x is calculated. The results are presented in Table 3. Table 4 presents corresponding
results by the method suggested in [8].
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Table 3 Example 1, Crank-Nicolson method, x-convergence

F. Victor et al.

n Number of mesh points N
24 48 96 192 384
0.100E+01 0.504E-02 0.132E-02 0.333E-03 0.837E-04 0.209E-04
0.500E+00 0.975E-02 0.259E-02 0.663E-03 0.167E-03 0.418E-04
0.250E+00 0.181E-01 0.503E-02 0.132E-02 0.332E-03 0.834E-04
0.125E+00 0.282E-01 0.973E-02 0.259E-02 0.662E-03 0.167E-03
0.625E-01 0.357E-01 0.181E-01 0.502E-02 0.132E-02 0.332E-03
0.312E-01 0.358E-01 0.282E-01 0.973E-02 0.259E-02 0.662E-03
DN 0.358E-01 0.282E-01 0.973E-02 0.259E-02 0.662E-03
pV 0.346E+00 0.154E+01 0.191E+01 0.197E+01
CII,V 0.505E+00 0.505E+00 0.221E+00 0.748E-01 0.243E-01
x-order of convergence = 0.3460829 E+00
The error constant = 0.5048752 E+00
Table 4 Example 1, Euler scheme, x-convergence
n Number of mesh points N
24 48 96 192 384
0.100E+01 0.458E-02 0.896E-03 0.669E-03 0.416E-03 0.231E-03
0.500E+00 0.951E-02 0.217E-02 0.864E-03 0.583E-03 0.337E-03
0.250E+00 0.179E-01 0.453E-02 0.102E-02 0.776E-03 0.475E-03
0.125E+00 0.281E-01 0.948E-02 0.215E-02 0.971E-03 0.647E-03
0.625E-01 0.357E-01 0.179E-01 0.451E-02 0.112E-02 0.843E-03
0.312E-01 0.359E-01 0.281E-01 0.947E-02 0.214E-02 0.104E-02
DN 0.359E-01 0.281E-01 0.947E-02 0.214E-02 0.104E-02
pV 0.352E+00 0.157E+01 0.215E+01 0.104E+01
CII,V 0.507E+00 0.507E+00 0.218E+00 0.628E-01 0.389E-01

x-order of convergence = 0.3520847E+00

The error constant = 0.5074601E+00

Example 2 Consider the problem

where E = (g1, &, 63), A =

f=0+x+1% 1+,

Ju 9%u

a9t ox2

41 +x+1)

)7,

21 -1
—1

74+ (2 +1)x)
—(x+1)

+Au= f on (0,1) x(0,1], u=0on I,

—X
-B-=x
41+35+75)
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Table 5 Example 2, Crank-Nicolson method, 7-convergence
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n Number of mesh points N
8 16 32 64 128

0.156E-01 0.312E-01 0.140E-01 0.655E-02 0.260E-02 0.852E-03
0.781E-02 0.293E-01 0.137E-01 0.541E-02 0.173E-02 0.684E-03
0.391E-02 0.295E-01 0.116E-01 0.372E-02 0.139E-02 0.444E-03
0.195E-02 0.265E-01 0.856E-02 0.286E-02 0.914E-03 0.229E-03
0.977E-03 0.215E-01 0.606E-02 0.194E-02 0.486E-03 0.207E-03
0.488E-03 0.210E-01 0.589E-02 0.183E-02 0.487E-03 0.216E-03
DN 0.312E-01 0.140E-01 0.655E-02 0.260E-02 0.852E-03
pV 0.116E+01 0.109E+01 0.133E+01 0.161E+01

C l’,\’ 0.568E+00 0.542E+00 0.542E+00 0.459E+00 0.320E+00
t-order of convergence = 0.1091209E+01

The error constant = 0.5679663E+00

Table 6 Example 2, Euler scheme, #-convergence
n Number of mesh points N

8 16 32 64 128

0.156E-01 0.241E-01 0.152E-01 0.871E-02 0.467E-02 0.242E-02
0.781E-02 0.242E-01 0.153E-01 0.868E-02 0.467E-02 0.243E-02
0.391E-02 0.243E-01 0.153E-01 0.867E-02 0.461E-02 0.238E-02
0.195E-02 0.244E-01 0.153E-01 0.855E-02 0.453E-02 0.234E-02
0.977E-03 0.245E-01 0.153E-01 0.858E-02 0.455E-02 0.235E-02
0.488E-03 0.246E-01 0.154E-01 0.863E-02 0.458E-02 0.236E-02
DN 0.246E-01 0.154E-01 0.871E-02 0.467E-02 0.243E-02
pV 0.673E+00 0.824E+00 0.898E+00 0.946E+00
C [’,V 0.267E+00 0.267E+00 0.241E+00 0.206E+00 0.171E+00

t-order of convergence = 0.6733944E+00

The error constant = 0.2674448 E+00

The variation in all the three parameters is given by considering &3 = 1, &, = %, & =
% where 7 is varied as shown in the tables. « is taken to be 0.9.

Fixing a fine Shishkin mesh with 192 points horizontally, the problem is solved by
the Crank-Nicolson method suggested in this paper and the Backward Euler scheme
method suggested in [8]. A fine uniform mesh on ¢ with 32 points is considered
and the order of covergence in the variable x is calculated. Tables5 and 7 present
the results by the Crank Nicolson Method. Tables 6 and 8 present the results by the
method presented in [8].
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Table 7 Example 2, Crank-Nicolson method, x-convergence

F. Victor et al.

n Number of mesh points N
48 96 192 384 768

0.156E-01 0.945E-02 0.328E-02 0.997E-03 0.285E-03 0.786E-04
0.781E-02 0.157E-01 0.535E-02 0.171E-02 0.574E-03 0.155E-03
0.391E-02 0.216E-01 0.941E-02 0.327E-02 0.997E-03 0.285E-03
0.195E-02 0.238E-01 0.157E-01 0.534E-02 0.171E-02 0.574E-03
0.977E-03 0.239E-02 0.494E-02 0.940E-02 0.327E-02 0.997E-03
0.488E-03 0.238E-02 0.298E-02 0.194E-02 0.174E-02 0.606E-03
DN 0.238E-01 0.157E-01 0.940E-02 0.327E-02 0.997E-03
pV 0.599E+00 0.740E+00 0.152E+01 0.171E+01

C II,V 0.712E+00 0.712E+00 0.646E+00 0.340E+00 0.157E+00
x-order of convergence = 0.5994747E+00

The error constant = 0.7119137E+001

Table 8 Example 2, Euler scheme, x-convergence

n Number of mesh points N

48 96 192 384 768

0.156E-01 0.932E-02 0.323E-02 0.828E-03 0.387E-03 0.222E-03
0.781E-02 0.156E-01 0.531E-02 0.167E-02 0.502E-03 0.304E-03
0.391E-02 0.215E-01 0.929E-02 0.322E-02 0.826E-03 0.406E-03
0.195E-02 0.238E-01 0.156E-01 0.531E-02 0.166E-02 0.522E-03
0.977E-03 0.238E-02 0.489E-02 0.927E-02 0.322E-02 0.825E-03
0.488E-03 0.237E-02 0.291E-02 0.173E-02 0.184E-02 0.824E-03
DN 0.238E-01 0.156E-01 0.927E-02 0.322E-02 0.825E-03
pV 0.607E+00 0.751E+00 0.153E+01 0.197E+01

C II,V 0.725E+00 0.725E+00 0.656E+00 0.347E+00 0.135E+00

x-order of convergence = 0.6068922E+00

The error constant = 0.7251142E+00

Acknowledgments The authors thank the unknown referees for their suggestions and comments
which helped us to get the paper in the present form.
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A Numerical Method for a System

of Singularly Perturbed Differential
Equations of Reaction-Diffusion Type
with Negative Shift

P. Avudai Selvi and Ramanujam Narasimhan

Abstract A numerical method based on an iterative scheme is proposed for a system
of singularly perturbed differential equations of reaction-diffusion type with negative
shift term. In this method the solution of the delay problem is obtained as the limit of
the solutions to a sequence of the non-delay problems. Then non-delay problems are
solved by applying available finite difference scheme and finite element method in the
literature. An error estimate in supremum norm is derived. Numerical experiments
are carried out.

Keywords System of singularly perturbed problem - Maximum principle
Reaction-diffusion problem - Finite difference scheme - Finite element method -
Shishkin mesh - Delay - Negative shift
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1 Introduction

Delay differential equations appear in various discipline, where they provide good
approximations of the observed phenomena. The problems involving these differ-
ential equations occur where the future depends not only on the immediate present,
but also on the past history of the system under consideration. A delay differen-
tial equation is said to be retarded type if the delay argument does not occur in the
highest order derivative term. Further if the highest derivative of this delay differ-
ential equation is multiplied by a small parameter, then we get singularly perturbed
delay differential equations of retarded type. Such type of equations arises frequently
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in the mathematical modeling of various practical phenomena, for example, in the
modeling of the human pupil-light reflex [1], the study of bistable devices [2] and
variational problems in control theory [3], etc.

In general the standard numerical methods for solving singularly perturbation
problems are sometimes not stable and also they do not give desired results when
the perturbation parameter is very small. Hence many people developed suitable
numerical methods to solve singularly perturbed differential equations such that
these methods provide good accuracy which do not depend on the small parameter.
In the literature these methods are known as parameter-uniform numerical methods.

In the recent years there has been a growing interest in the area of numerical
methods to SPDDEs. In fact, Erdogan [4] proposed an exponentially fitted operator
method for singularly perturbed first order equations. Kadalbajoo and Sharma [5-7]
and Mohapatra and Natesan [8] proposed some methods for equations of reaction-
diffusion type with small delays either in function or its derivative.

Subburayan and Ramanujam [9-14] suggested two methods namely initial value
technique and asymptotic numerical method for equations of reaction-diffusion type
as well as convection-diffusion type. Nicaise and Xenophontos [15], developed a
hp-version finite element method for reaction-diffusion type DEs. In [16], the author
proposed a discontinuous Galerkin finite element method for reaction-diffusion type
DEs and established robust convergence of the method in the energy norm.

We, in this paper, using the iterative procedure given in [17], finite difference
scheme and finite element method available in the literature for system of singularly
perturbed differential equations without delay, propose a numerical method to find
a numerical solution for the following problem:

Find @ = (41, us), ui, us € U := C*(£2) N C(£2) such that

—eu(x) + Xy an (e () + Xy buux = 1) = fix). x € 2,
—euy(x) + Xy an(Oue(x) + X bu O (x = 1) = o), x € 2,
ui(x) = ¢1(x), x € [-1,0], u;(2) =1,
ur(x) = ¢a(x), x € [=1,0], u2(2) =0,

(1)
where 0 < e <1,a11(x) > 0,a2(x) > 0,a12(x) <0,a21(x) <0,a;1(x) +ap2(x) >
aiza>0,i=1,2,b;;(x)<0,i=1,2, j=1,2,0> bj1(x) + bn(x) = —p; >
-8, i=1,2, « — B > 0, the functions a;i, bix, f; € C4(§), i=1,2, k=1,2,
2=1(0,2),2=1[0,2],2" =(0,1), 2" =(,2)and¢; € C*([—1,0]), i =1,2.

The present paper is organized as follows. Section 2 presents the maximum prin-
ciple and the stability result. The proposed iterative procedure is explained in Sect. 3.
Mesh selection strategy is discussed in Sect.4. A first order finite difference scheme
is presented in Sect.5, where as the Sect.6 deals with the finite element method.
Numerical experiments are carried out in Sect. 7. The paper concludes with a discus-
sion.

Throughout our analysis C is a generic positive constant that is independent of
parameter ¢ and number of mesh points N. In this paper the following supremum
norm is used:
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lullp = sup | u(x) | .
xeD

In case of vectors u = (u1, u;), we define

lwll = max{fluy ||, [luzll}.

2 Maximum Principle and Stability Result

Consider the following problem. o
Find # = (uy, u), uy, uy € U* := C*(2~ U 2") N C(2) such that

—ew] (1) + Shy anur(x) = fi(x) — S biy@gi(x — 1), x € 27,
—eu{ () + Xjoy anNur(x) + iy bu@ur(x — D) = fi(x), x € 27,
—eu(x) + 20 anur(x) = L&) — 32 by (x — 1), x € 27,
—euly(X) + 2oy an Ok (x) + Xl by ug(x — 1) = f(x), x € 2+,
w1 (0) = ¢1(0), uy(1-) = uy (14), w(1-) = ) (14), w1 (2) =11,
2(0) = $2.(0), ur(1-) = ua (14), why(1=) = uy(14), ur(2) = .

Piii(x): =

Pzﬁ(x) L=

(@)

The differential-difference operator P = (P;, P,) satisfies the following maxi-
mum principle.

Theorem 1 (Maximum Principle) Let w = (w;, wy), wi, wy € U* be any func-
tion satisfying w; (0) > 0, w;(2) > 0, P,w(x) >0, Vx GQ’ U T and wi(1+) —
wi(1-) =[w/I(1) <0, i =1,2. Then w;i(x) >0,Vx € 2, i =1,2.

Proof Using the method of proof given in Theorem 3.1 of [12], one can prove the
present theorem. (]

Note The above theorem was proved using the conditions « — § > 0 [12].
The following stability result can be proved by using the above maximum principle.

Corollary 1 Let w = (wy, wy), wy, wy € U*. Then

| w;(x) |= € max fmax(| wi(©) [}, max(] w;(2) 1}, max(l P llg-ue+)],
Vxe®R, j=12, 3

1 1

whereC:Smax{l, 2 Sap )

Proof Using the method of proof given in Corollary 3.2 of [12], one can prove the
present corollary. d
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3 Iterative Method

3.1 Procedure

Using the iterative procedure suggested in [17], we define the following iterative
method for the above boundary value problem (2).
Letu® = (uﬁo), u(20)) such that

w0 =i(x), xel[-1,01, [u)=¢rx), xel-1,0l @
u”(x) = ¢1(0), x €[0,2], u$’ (x) = ¢2(0), x €10,2],
and
™ = (u(ln), ugn)), ui"), u(zn) € U* such that
uP(x) = 1 (x), x€[-1,0],
us? (x) = 2 (x), x € [~1,0],
m” 2 W | A =i bu@gx — 1), x e,
U0 2 OO = G S o - 1), x € 27,
o wy > mo | RO = b — 1), xe T,
iy (x) + D poy axk(u (x) = o) — Z£=| th(x)u;(nfl)(x — 1), xe ot
u"(0) = 10), W’ (1-) =u" (1), W (A=) =u A0, W"@ =1,
u(©0) = ¢20), u"(1-) =), W8 (1-) =ul (1), W) =1,
(5)

forn=1, 2, ---

3.2 Convergence Analysis

To prove that the sequence defined in the previous section converges uniformly to
the solution of the problem (2) the following result is used.

Theorem 2 (Maximum Principle) Let w = (wy, wj), wi, w, € U such that
w;(0) >0, w;(2) >0, P* w(x) >0, Vx € 2 UL" and w)(1+) —w/(1-) =
(wil(1) <0, i =1,2, where P* w(x) = —ew] (x) + Zizl air(wr(x), i =1, 2.
Then w;(x) >0, Vx € 5, i=1,2.

Proof For proof refer (Theorem 2.2, [19]). [l

Theorem 3 (Uniform Convergence) The sequence {ﬁ(”)} defined by (4)—(5) con-
verges uniformly to the solution u of the problem (2).
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Proof From Corollary 1, we have

;)1 = € max {max{Ju; O)1}, max{lu; @)1}, 171l + BIIGI} = M’ (say).

Vxe, j=1,2.

Let_z(m = (zgn), Zén))’ Zi(n)(X) = ”E")(x) —u;(x), n=0,1,2,---, i =1, 2. Then,
on £2, we have

122(0)| = [ (x) — ui (x)| = |¢(0) — u; (x)],
< i O)] + |u; (x)],
<|¢;(0)|+M =M (say), i=1,2.

We have
0 x € 2
P* Z(n)(_x) fd ’ e ’
1 - Zizl blk(x)Z,(< Dx=1), x e 2+,
0, x €27,

P* Z(n)(x) — -
’ — i bz P (x = 1), x € 27,

M0y =0, "2 =0,
Z(Z")(O)ZO’ Zéﬂ)(z)zo, n=1,2, ---.

n

Define, 77, = (1, n,), Where n, = (g) M, n=0,1,2,---. Since ¢ — 8 > 0,

then 1, — 0 as n — o0. By the method of induction we now prove that
I g <mey i =12, n=0,1,2,--

Clearly, Iz,@(x)| <M =1, Vx € 22, i = 1, 2. Therefore, ||zi(0)||§ <no, i=1,2.
We now prove that ||z§l)||§ <mni, i =1,2. We have

P, = zgzl QM = any = pM = 0 = P! W), xen,
PX7y =2 ax)m = an =M = = > bix(x)M
— > b ()2 (x — 1) = P 7V (), xeQt, i=12.

v

Therefore, P 7V (x) < PF 7, Vx € 27 UR*,i =1,2.Alsoz ) (0) =0 < n,
zi(l)(Z) =0<n, [zf])/](l) = 0,i = 1, 2. Then, by Theorem 2, wehavezgl)(x) <,
Vx € £2,i = 1,2. Similarly we can show that —; < zfl)(x), VxeR,i=1,2.
Therefore,

e llg <mi. i=1.2. 6)
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Now assume that, ||zf”)||§ <n,, i =1,2,forsomen > 1. We have

ke N2 _a(BY" 0= p*z(n+l) o-
Pl' M+l = Zkzl ik () Np1 = anpyy = B @ M=>=0= P,' K4 (x), x€ s

n
P¥ iy = Z%=1 Ak X Npg1 > any1 =P (5) M > —Z%=1 i (x)nn
> 37 bz — 1= Pr D), xe@t, i=1,2

Therefore, P 7D (x) < P*7,., VX € 27U, i =1,2. Also z;”H)(O) =
0 < net- 2" (2) = 0 < 91, [2"F71(1) = 0, = 1, 2. Then, by Theorem 2, we
have zgn’”)(x) < Nuy1, Vx € 2, i =1,2. Similarly we can show that
—Mnt+1 = Zf"H)(x), Vx € 2,i = 1, 2. Therefore,

||Z§n+l)||§ <M1, =12 (7
Hence the sequence {ﬂ(”)} converges uniformly to the solution of the problem (2).[]

Note: Theorem 1 was proved under the assumption that « — 8 > 0[12]. Further it
may be observed that the same assumption is used to prove the uniform convergence.
That is, no extra assumption is imposed on the coefficients.

4 Layer Adapted Meshes

In this section we present two types of meshes namely Shishkin mesh and Bakhvalov-
Shishkin mesh (BS mesh).

4.1 Shishkin Mesh

The present paper is an extension of the work carried out in [ 18] from single to system.
In [18] authors mentioned that the differential equation exhibits boundary layers at
x = 0, x = 2 and interior layers (left and right) at x = 1. The same conclusion can
be made for the above problem (1) by deriving suitable estimates for the solution.
Therefore we divide the interval [0, 2] into six subintervals, namely £2, = [0, 7],
2 =[t,1—t,825=[1—-1, 1,24 =[1,1+7],25=[14+71,2 —t]and 2 =

%, Lﬂ . On 2, 23, £24 and §2¢ a uniform mesh

with % mesh intervals is placed, while on §2; and £2s uniform mesh with % mesh
intervals is placed.

[2 — 1, 2], where T = min
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The Shishkin meshﬁNz{xo, X1, -+, xy}is defined by
)C():O,
x; = xo + ih, 1<i<#¥,
xi+%=x%+iH, lfif%,
xi+‘%"’:x%’v+ih’ 1§i§%,
xi+¥=x§+ih, 151'5%,
Xppsy =xsw +iH, 1 <i <,
Xppw =xw +ih, 1<i<g.

where h = 8N "'t and H = 4N~ (1 — 21).

4.2 BS Mesh

The mesh points of these meshes are given by [20]

[2/Z1(1),
T+ 2(1=20)(i — §),
1-2/2¢(1),
1+2/2¢3(1),
l+74+ 30 -20)( —2&),
[ 2 —2/Zu(1),

Xi =

1

1

1

=0,---,N/8

i = N/$+1,--- ,3N/8
| =3N/8+1,---,N/2
i =N/2+1,--- ,5N/8

i=5N/8+1,---,7N/8

1

i =7N/8+1,--- N

105

where #; = i /N, ¢; = —Inv, i = 1,2,3,4, Y1(t) = 1 —8(1 — N~V)z, ¥a(t) =
1—4(1 = N1 =20, ¥30) =1 —4(1 — N")(@2t — 1) and Y () = 1 — 8(1 —

N1 —1).

5 First Order Finite Difference Scheme

In the present section a finite difference scheme is presented for problems (5). Further

we derive an error estimate for the numerical method suggested in this paper.

5.1 Scheme

Using the finite difference scheme discussed in [19] on the Shishkin mesh EN =
{x0, x1, ---, xy}, we now define the following finite difference scheme for the

sequence of the problems (5).



106 P. Avudai Selvi and R. Narasimhan

Let T = W, U™, U = (W@ xo), u® ), -, u®xen)si = 1,2.
Find 0" = (0™, v, vl = (U, vl .. U[”]) i = 1,2, such that

2 . N
_ =32 butj—1), j=1,--, %1
[n] _ [n] 2 [n] J = et D1k, (x; s s ) s
PN = —es2ul") U = "
t UG+ 2 ik Ui 1;*Zi:1h1k,le£nj N i=¥y1 N,
T
_ frj = Tioi b bex =1, j=1- 51,
PZ*NU['n] = _552U2[ﬂ! + Zi:] a2k,jU;£n]' = ! 15 ! ! [nfjl] . N 2
! 'j / fZJ_Zk:lekn/’Ukj,ﬂ’ j=7+L. N-1,
v 2
Ul = 91(0), D*Ul[i’]% = D*Ul[f’]%, Uiy =1
UYS = $2(0). D+U2‘f”% :D*Uz[f"%, Uyl =h, n=1,2, .

)]
Here

[] n n n n n n
D=L oy, v =0"ap, Uy =0,

[n] [n] [n] [n]
s2ul — 1 (Ui,j+1 - U, B Uij — Ui,jl)
X — X\ X Xj = Xj-1
Ui[nﬂ]+1 _ Ui[nﬂ] Ui['g _ Ui[nﬂ]_l
DTyl = == L and DU =2 T
L Xy, | — Xy bz XN —XN_
2 2 2 2

air,j = aik(xj), bixj = bi(x;)  fe.j = fr(xj).

5.2 Error Estimate

We now derive an error estimate for the above scheme.

Theorem 4 Letiiand U be the solutions of the problems (2) and (8) respectively.
Then we have

In(N~!'InN
lu; — U™y < CN"VInN, i =1,2, provided that po N N) B
2 Iny o

Proof We have

fi) = X0 biu()dr(x — 1), x €27,

(1) [eY]
x) + Zk 1 aik(Xuy’ (x) = [ ﬁ(X) Zi:l b,-k(x)u,((m(x 1), x et 9)

u,?”<0>:¢,»(0>, @) =1, i=1,

Recall that Ui[o] = (ulfo)(xo), ul@(xl), cee, uEO)(xN)), i = 1, 2. From (8) we have
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fij—Z%zlbik,jdbk(xj—l), .,':1,...,%_1’
0 .
fij =X biju @ =1, j=Y¥ 41 N1

1 1 1 1 .
Ul =40, D+Ui[] D~ U[] vl =1 i=1.2.

—es2ulll+ 32 a julll =
(10)
Applying the error estimate result from [19] to the problems (9)—(10) we have
u’ ;) -~ U <CNT'InN, forj=0.1,--- N i=12 (11
From (6) and (11) we have

i ) = U] < g (x = epl+ el oy - o]
<cy+ceNmn, forj=0,1,--- N, i=1,2.

Hence
lu; — UM < C(é) +CN'InN, i=12
o

Now consider

(2) @ fix) Zk 1 bik(X)p(x — 1), xeR27,
() + Xy aixu” (0 = [ﬁ(X) S bxou = 1), x e 27, (12)

WP ) =0, uP@ =1, i=12
Discretize (12) we get

fij =2 b e =1, j=1- Y -1,
1 .
2 2 fiéj_zlzzzlbikvjul(c)(xj_l)’ j=g AL N
U =i, DUy = DU Ut =1 =12
) *2

882U*[2]+Zk ] lk]U*[Z]

13)
Applying the error estimate result from [19] to the problems (12)—(13) we have

@) - U < CN'InN, forj=0,1,--- N i=12  (14)

Replacing u; D (x; ; — 1) by its numerical solution we get

2 .
582U[2]+Z wn P fii = Do bik i — 1), j=1,- 5 -1,
1 .
k=t WRIPRT T fig = S bik kljf% =541 N

[2] [2] —77121 [2] :
Uiy = ¢:i(0), D+Ui,g =D Uy, U=l i=12
15)

Applying the discrete stability result [19] for Via = (Z; 21z [2]) Z; [2] =U *[2] Ui[il

where Z'" satisfies the following discrete problem
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=1 ... ¥ _
prN 12 _ 0. 1 j=le =L
i i 1 .
P — > bik (u,i’(xj - 1)—Uk[,j._%), j=%4+1- N-1,
Ziy =0, Dtz =p=2P,, zP =0, i=1>2,
’ 7 T ’
we get
- vl < PeN-1aN <CN N, forj=0.1.- N, i=1.2.
. , o
(16)
From (14) and (16) we have
ey = UPN = ) — v+ 07 - Ul
<CN'InN+CN~'InN
<CN 'InN, forj=0,1,---,N, i=1,2.
Thus
jui ) = URN < i () = u® )l + 1P ) — U2
<cEy¥ 4 ennnw, forj=0,1,---,N, i=1,2.
Hence
8\>
lui — U | gv < C(—) +CN'InN, i=1,2.
o
Continuing this process one can prove that
n
oy B - o
lui = U7 gy =<C{ =) +CN""InN, i=12, forn>2.
o
~1
Since M <nandy = ﬁ, we have (é)” <N 'lnN. Finally we have
ny o o
[n] -1 .
lu; = U lgv <CN""InN, i=1,2.
Hence the proof of the theorem. (]

Note: The scheme discussed in [19] is for the system of differential equations with
discontinuous source terms. It may be noted that though the systems of differential
equations in (5) has continuous source terms but the source terms are not differen-
tiable in general. Hence one can use the scheme given in [19] to the problems (5).
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6 Finite Element Method

6.1 Scheme

Using the finite element method presented in [20] we get the following system of
equations for the problems (5).

[n] In]
*N_[n] — UA /+]7U1/ Ui, UA/ 1 - F. .
PU; :_‘9( - 7 +h Zklalk}Ukj_ ij

hjs1 i

vl =uly =0, i=1,2,

a7)

where
Ej(ﬁ,j_Zizlbik,quk(xj—1)), j:1,...7%_1,
F . = %(ﬁ»./_l - ZI% 1 lk] ld)k(-x] 1 — 1)
" +fi,j'H Zk 1 1k]+lU[n l]) JZ%,
hj(fl,j_Zizl lkJU[Ele,l]%)v ]:%+133N_17
forn =1, 2,

The above difference operator P*" = (P*N P*N ) satisfies the following discrete
maximum principle.

Theorem 5 (Discreie Maximum Principle) Let W = (W1, W) be any mesh func-
tion satisfying Pi*NWj >0,Vji=1,2,---,N—1, Wi(xp) = 0and W;(xy) >0,
i =1,2 Then Wi(x;) > 0,¥x; € 2", i =12,

Proof Using the basic idea used in [12] for the continuous maximum principle and

the discrete test functions given by, S;(x;) = S>(x;) =1+ x;,Vx; € EN, the above
theorem can be proved. d

The following discrete stability result can be proved by using the above discrete
maximum principle.

Corollary 2 (Discrete Stability Result) Let W = (W, W) be any mesh function.
Then

1
[ W) 1= € max {max (| Wixo) 1) mas (| Ween) 1), - ma ( sup [PV W&,
k= o k= SGQ

Vi e@, i=1,2,

where 2V = EN\{xo, Xy}
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6.2 Error Estimate

Using the Theorem 5.1 of [20] and the procedure adapted in the above Sect. 5.2, we
derive the following result

Theorem 6 Letiwand U be the solutions of the problems (2) and (17) respectively,
V& < CN~'. Then we have

(i) Shishkin mesh:
[n] 212N : In(N~21n? N) B
lui — U |l=vn <CN “In“N, i=1,2, providedthat n > —— y = —.
e Iny o
and
(ii) BS mesh:
In(N 2
lui — U™ | v < CN72, i =1,2, provided that n > WD _F
$ 11’1)/ o
Proof Consider the problem (9). From (17) we have
h i =1 N _
71( Zk 1 tkj¢k(x] ), J=1-,5 s
;
Nl _ | F(fij1 - Zk 1 bik,j— 1¢k(xj )
T e = X b g = D), =
_ 0 .
| 0 hj(fij — z%zlbik,ju](()(xj—l)), j=%+l,~-,N—1,
[1] _ _ _
Uig=Uiy=0 i=12, "

Applying the error estimate result from [20] to the problems (9)—(18) we have

Wy — ol < [ CN=21n? N, for Shishkin mesh, 19

CN72, for BS mesh.

As done in Sect. 5, using (6) and (19) we get

| C(£) + ¢N~21n N for Shishkin mesh,
i = UMl <1 704
P2 cg)+enN? for BS mesh.

Now consider the problem (12). The scheme (17) corresponding to this problem is

hj(fij— >R bik jkxj — 1), j=1 51
h;
P*NU*[Z] S (fij1 - i bik,j—l(‘f)k(xj—l -1
+fij+1 — Zi:l bik jr1uy (xjp1 — 1), j= % (20)
- 1 .
Ri(fij = Shoybiju @ — 1), j=Y¥+1 N1
vt =ul =0, i=12,
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Applying the error estimate result from [20] to the problems (12) and (20) we have

WPy — U] < H CN~21n? N, for Shishkin mesh,

CN~2, forBSmesh, j=0,1,---,N, i=1,2.
(2D
Replacing u, D (x; ; — 1) by its numerical solution we get
hi(fij =i b gy — 1), j=1-, 5 -1,
N2 _ hj’ 1= D bik j1dk (ko — 1)
P +fi — S bik.j+lU/£H)7 i=%. (22)
Bi(fi Z,f:]bik,julif}_%), j=Y41, N1,

21 _ 21 _ _
Uiy =Uy=0 i=12,

Applying Corollary 2 forf[ = (Z; Bz [2]) Z; [2] =U *[2]

=2 .
Ui€2j-] where Z' satisfies
the following discrete problem

o, J
1 .
Pi*N 2]‘[2] _ (Zk 1 bix, j+l (uk (xXjp1 — 1) — U]£ 1])) , J =

1 .
b (ks (-0l )) =
zi =0 z% =0 i=1.2,

we get
|U*[2] U[2]| - gCN_2 In2N < CN~2In?2 N, for Shishkin mesh,
i) TS BeN=2 < N2, forBSmesh, j =0,1,---, N, i=1,2.

The proof of Theorem 4 can be used to show that

s — Uy < [ C(£)* + CN=21n2 N, for Shishkin mesh,
i i gy =

)"+ CN72, for BS mesh, i=1,2.

R I™R ™
[§)

C(

Continuing this process one can prove that

C(2)" + CN~?In® N, for Shishkin mesh,
lur = UM e <1 o
L c(&)'+cnN2, forBSmesh, i=1,2, n>2.

Since &Y ;11211/"2 M) <5 and % < n for Shishkin mesh and BS mesh respectively
and y = g, we have (g)” <N 2In®> N and (g)” < N2, Finally we have
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| < CN~21n* N, for Shishkin mesh,
u; — h =N =<
§2 CN~2, for BS mesh, i=1,2.

Hence the proof of the theorem. ([

7 Numerical Experiments

In all the examples considered below, the number of iterations used is the smallest

integer n such that

In(N~'InN
, bW N) B @3
Iny o

for the scheme given in Sect.5.1. A similar criteria is used for the scheme given in
Sect.6.1.

Let U}, and U,"; denote U}’ ["] and Uy’ ["] which met stopping criterion (23) for N
points.

To find the maximum error, rate of convergence and error constant to the computed
solution, the following double mesh principle is used. For this we put
DY, = max |UN UMY, |, i=1,2,

: <N

where U}’ N and U; 2N are the jth and 2 jth components of the numerical solutions on
meshes of N and 2N points respectively. The uniform error and rate of convergence as

DM
DY = msaxD{YS, p =log, (D_é,\,), i=12
i

The ranges of values of ¢ used to present the numerical results for the following
examples are (2-15, 2714 ... 276 and {2719, 2-18, ... 2715} for Shishkin
mesh and BS mesh respectively.

Example 1 [12]

—eu (¥) + 1uy(x) — % 4+ Dup(x = 1) = (x + Dua(x — 1) = exp(x), x € 2,
—euz(x) 4+ 16up(x) —xui(x — 1) —xup(x — 1) =exp(x), x € £,
ui(x)=1, x e [-1,0], u1(2) =1,
ur(x) =1, x e [—1,0], up(2) =1,
(24)
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Example 2
—eu{ (x) +2u1 (x) — up(x) — 2+ D= —@x+Dupx—D =1, x e,
—eull(x) — 2 - —-1- -1=1 Q
euy(x) —ur(x) + 2up(x) —xup(x =) —xup(x =) =1, x € 2, (25)

ui(x)y=1, x e [-1,0], u1(2) =1,
ur(x) =1, x e [-1,0], up(2) =1,

Table 1 Numerical result for Example 1 using finite difference method (Shishkin mesh)

& Number of mesh points N
64 128 256 512 1024 2048

276 5.1574e-2  |3.2754e-2 |2.1024e-2 | 1.2629e-2 |7.3995e-3 |4.2054¢-3
Iterations 2 3 3 3 4 4

277 5.1933e-2  |3.2911e-2 |2.1114e-2 |1.2675e-2 |7.4222e-3 |4.2184e-3
Iterations 2 3 3 3 4 4

28 52117e-2  |3.2993e-2 |2.1161e-2 | 1.2699e-2 |7.4340e-3 |4.2252¢-3
Iterations 2 3 3 3 4 4

279 5.2211e-2 |3.3035e-2 |2.1185e-2 |1.2712e-2 |7.4402e-3 |4.2287¢-3
Iterations 2 3 3 3 4 4

210 5.2258e-2  |3.3056e-2 |2.1198e-2 | 1.2718e-2 |7.4433e-3 |4.2304¢-3
Iterations 2 3 3 3 4 4

2-11 5.2282e-2  |3.3066e-2 |2.1204e-2 | 1.2721e-2 |7.4449¢e-3 |4.2313e-3
Iterations 2 3 3 3 4 4

2-12 5.2294e-2  |3.3072e-2 |2.1207e-2 | 1.2723e-2 |7.4457e-3 |4.2318e-3
Iterations 2 3 3 3 4 4

2-13 5.2300e-2 |3.3074e-2 |2.1208e-2 | 1.2724e-2 |7.4461e-3 |4.2320e-3
Iterations 2 3 3 3 4 4

214 5.2302e-2  |3.3076e-2 |2.1209e-2 | 1.2724e-2 | 7.4463e-3 |4.2321e-3
Iterations 2 3 3 3 4 4

2~ 5.2304e-2  |3.3076e-2 [2.1210e-2 | 1.2724e-2 |7.4464e-3 | 4.2322e-3
Iterations 2 3 3 3 4 4

D{V 5.2304e-2  |3.3076e-2 |2.1210e-2 | 1.2724e-2 |7.4464e-3 |4.2322¢-3
PIN 0.6611 0.6411 0.7371 0.7730 0.8151 -




114

Table 2 Numerical results for Example 1

P. Avudai Selvi and R. Narasimhan

N 64 128 256 512 1024 2048
Finite Difference scheme (Shishkin mesh)
Dév 9.3629¢-3  |5.9954e-3 |3.7002e-3 |2.2098e-3 | 1.2801e-3 |7.2479¢-4
pév 0.6431 0.6963 0.7437 0.7877 0.8206 -
Finite Element method (Shishkin mesh)
D{V 7.9973e-3 |4.3482e-3 | 1.9510e-3 | 8.3107e-4 |3.1085e-4 |1.0563¢-4
p{v 0.8791 1.1562 1.2312 1.4188 1.5572 -
DQ’ 8.9543e-3 |5.3117e-3 |2.7851e-3 | 1.2847e-3 |4.901e-4 1.7257e-4
pév 0.7534 0.9314 1.1163 1.3903 1.5059 -
Finite Element method (BS mesh)
va 2.3584e-2 | 6.5168e-3 | 1.7037e-3 | 4.3490e-4 |1.0982e-4 |2.7590e-5
pf’ 1.8555 1.9355 1.9699 1.9855 1.9929 -
Dév 8.7156e-3 |2.2031e-3 |5.5483e-4 |1.3916e-4 |3.4829¢-5 |8.7112e-6
pév 1.9840 1.9894 1.9952 1.9984 1.9993 -
Table 3 Numerical results for Example 2
N ‘ 64 128 256 512 1024 2048
Finite Difference scheme (Shishkin mesh)
va 1.4468e-2 | 1.0713e-2 |6.8360e-3 |4.1030e-3 |2.3105e-3 | 1.2826e-3
pf’ 0.4335 0.6481 0.7365 0.8285 0.8491 -
Dév 1.2130e-2  |7.9075e-3 | 4.9016e-3 |2.9443e-3 | 1.6815e-3 |9.4230e-4
pév 0.6173 0.6900 0.7353 0.8082 0.8355 -
Finite Element method (Shishkin mesh)
D{V 5.2581e-4 [2.9272e-4 |1.4352e-4 |6.1086e-5 |2.4814e-5 |8.6222e-6
pf’ 0.8450 1.0282 1.2323 1.2996 1.5250 -
Dév 5.0298e-4 |2.7196e-4 | 1.3244e-4 | 6.0314e-5 |2.3404e-5 |8.0203e-6
pév 0.8871 1.0381 1.1348 1.3657 1.5450 -
Finite Element method (BS mesh)
va 1.8931e-3 |5.0521e-4 | 1.2988e-4 |3.2891e-5 |8.2735e-6 |2.0746e-6
p{v 1.9057 1.9596 1.9814 1.9911 1.9956 -
Dév 34511e-4 |8.918e-5 2.2922e-5 |5.8009¢-6 | 1.4559e-6 |3.4563e-7
pév 1.9523 1.9600 1.9824 1.9944 2.0746 -

Tables 1, 2 and 3 present the values of DiN s Pl.N ,i =1, 2 for the above Examples
1-2 respectively. Fig. 1 represents the numerical solution of the problem stated in
Examples 1.
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Fig. 1 Numerical solution 1.4

of the above Example 1 for e UN=UN )
—14

e=2"""and N =128 1oL U?:Ug(x) |

8 Discussion

A numerical method is suggested in this paper for a system of singularly perturbed
differential equations of reaction-diffusion type with negative shift. This method is
based on an iterative procedure, new and easy to implement. A numerical method
namely initial value technique for the above problem (1) is proposed in [12]. The
error estimate derived by them depends on the parameter ¢ though they arrived at
the maximum order of convergence as almost two. In our method though the error
estimate depends on the number of iterations, this number grows slowly with N.
Further the bound is independent of the parameter ¢. Further using a finite element
method on BS mesh, we are able to improve the order of the convergence by two.

Acknowledgments The first author thank the Department of Science and Technology, Government
of India, for their financial support under the DST/INSPIRE Fellowship/2014/[IF140503].
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Numerical Method for a Singularly
Perturbed Boundary Value Problem

for a Linear Parabolic Second Order Delay
Differential Equation

Parthiban Swaminathan, Valarmathi Sigamani and Franklin Victor

Abstract A singularly perturbed boundary value problem for a linear parabolic
second order delay differential equation of reaction-diffusion type is considered. As
the highest order space derivative is multiplied by a singular perturbation parameter,
the solution exhibits boundary layers. Also, the delay term that occurs in the space
variable gives rise to interior layers. A numerical method which uses classical finite
difference scheme on a Shishkin piecewise uniform mesh is suggested to approximate
the solution. The method is proved to be first order convergent uniformly with respect
to the singular perturbation parameter. Numerical illustrations are also presented.

Keywords Singular perturbation problems - Boundary layers + Parabolic delay-
differential equations - Finite difference scheme + Shishkin mesh - Parameter uniform
convergence

1 Introduction

Singularly Perturbed Delay Differential Equations (SPDDE) are being used to model
many practical problems in different branches of science such as Biomathematics,
Control Theory, Ecology, etc.

This work is confined to the class of boundary value problems for linear second
order singularly perturbed delay differential equations of parabolic type. As singular
perturbation parameter (¢) multiplies the highest order derivative term of the equa-
tion, boundary layers appear on the lateral sides of the rectangular domain. These
boundary layers are of parabolic type since the characteristic of the reduced equation
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(by putting ¢ = 0) are parallel to the boundary. Further, due to a lag which is assumed
in the space variable, interior layers also arise. Since the classical finite difference
schemes on uniform meshes fail to give good approximations, it is essential to con-
struct a numerical method which is robust and layer resolving. General introduction
to finite difference methods to solve singularly perturbed differential equations of
parabolic reaction-diffusion type can be found in [1-5]. In [6—8] numerical methods
for singularly perturbed delay differential equations are found. In [7], a numerical
method comprising a standard finite difference operator (centered in space, implicit
in time) on a rectangular piecewise uniform fitted mesh condensing at the bound-
ary layers is established to solve singularly perturbed delay differential equations of
parabolic type. The delay term is assumed to occur in time variable. This method is
proved to be uniformly convergent with respect to the parameter (¢).

Here in this paper a numerical method which uses standard finite difference
scheme on a Shishkin piecewise uniform mesh is constructed. It is proved that the
numerical approximations obtained by this method converge to the exact solution
uniformly for all the values of the parameter in the maximum norm. The plan of the
paper is as follows. In Sect.2, the problem is defined and existence and regularity
of the solution of the problem are discussed. In Sect. 3, the maximum principle for
the differential operator is proved and consequently the stability result is established.
And also standard estimates of the derivatives of the solution are presented. Further,
improved estimates for the derivatives of components of the solution are presented.
In Sect. 4, piecewise-uniform Shishkin meshes are introduced and in Sect. 5, the dis-
crete problem is defined and the discrete maximum principle and the discrete stability
properties are established. In Sect. 6, numerical analysis is presented and the error
bounds are established. In Sect. 7, numerical illustrations are presented.

2 The Continuous Problem

A singularly perturbed boundary value problem for a linear parabolic second order
delay differential equation of reaction—diffusion type is considered as follows

ou 32u
Lu(x,t) = E(X’ t) — sax—z(x, t)y+alx,Hu(x,t) +b(x,H)u(x —1,t) = f(x,t) on £2,

ugivenon I', u(x,t) = x(x,1), (x,1) € [-1,0] x [0, T, (D)

where 2 = {(x,1) : 0 <x <2,0 <1 <T},2 = (0,1-) x (0, T U (14, 2) x
0, T], 2 =([0,1-1x [0, TDU ([14,2] x [0, T]) =L UT, ' =TI, UTlsU
I'g with u(0, 1)=x(0,t)on I', ={(0,1) : 0 <t <T},u(x,0) =¢p(x) on I'y =
{(x,0):0<x <2},andu(2,t) = ¢pr(t) on I'r ={(2,1):0 <t < T}. Thefunc-
tions x, ¢p, and ¢ are assumed to be sufficiently smooth. It is to be noted that the
domain of the operator L is ., (2) = {¢ : 0 Y existon 22}

31 ox2
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Standard theoretical results on the solutions of (1) are stated, without proof, in
this section. See [2, 9, 10] for more details.

For all (x, r) € [0, 2] x [0, T'], it is assumed that a(x, ¢) and b(x, t) satisfy

a(x,t) + b(x,t) > 2a, for some real number o > 0 2)
and b(x,t) <0 3)

The problem (1) can be rewritten as,

3 32
Liu(r,1) = 52 (6.0) = 55 (6,0 +ale, ulx. ) = gle. 1), on 21 = 0.1) x (0.7
X

“4)
where g(x, 1) = f(x,t) —b(x,t)x(x — 1,1)

du 0%u
Lou(x,t) = 5()6, t) — aax—Z(x, ) +alx, Hulx,t) +bx,Hulx —1,1) = f(x,1),

on 2,=(1,2)x 0, T] (5

u,1) = x(0,1),u(x,0) =¢gx)on I'g, ={(x,0): 0 <x < 1-}bu(l—, 1) = u(l+,1),
W' (1—,t) =u'(14+,1), u(x,0) = ¢pp(x) on Ig, ={(x,0): 1+ <x <2}, u(2,1) = ¢r(1)
on I'g.

The reduced problem corresponding to (4)—(5) is defined by

%(x, 1) +a(x, Huo(x, 1) = g(x, 1), on (0,1) x (0, T]

uo(x,0) =¢p(x),0<x <1
(6)

%(}c, 1) +a(x, Hug(x,t) + b(x, Hug(x — 1,1) = f(x,1), on (1,2) x (0, T]

up(x,0) = ¢p(x), 1+ <x < 2.
@)

In general as uo(x, t) need not satisfy uo(0, t) = u(0, t) and up(2, t) = u(2, t), the
solution u(x, t) exhibits boundary layers at x = 0 and x = 2. In addition to that,
as uo(1—, ¢) need not be equal to uy(1+, ¢), the solution u(x, ¢t) exhibits interior
layers at x = 1.

For any function y on a domain D the following norm is introduced:
Iy Ip=supy nep ly(x, | I D = £2, the subscript is dropped.

In a compact domain D a function is said to be Holder continuous of degree
A, 0 < A <1,if, forall (x1, 1), (x2, 1) € D,

22
lu(xi, 1) — u(xz, )| < C(lx; — %2> + |t — t2]) 2,
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The set of Holder continuous functions forms a normed linear space C,‘\)(D) with the

norm
lu(x, t1) — u(xz, )|

[lullx,p = llullp + sup 5 2
(1.1, (.)eD (|x1 — x2]% + |11 — B2])

For each integer k > 1, the subspaces Cf{ (D) of CE(D), which contain functions
having Holder continuous derivatives, are defined as follows

I+m

Y e COD) forl,m > 0and 0 <1+ 2m < k).

CHD) = {u: o

l+mu
max ||l——
o<i+2m<k = dx!'9tm
Sufficient conditions for the existence, uniqueness and regularity of solution of
(1) are given in the following theorem.

The norm on C2(D) is taken to be ||u|[; x.p = 5. p-

Theorem 1 Assume that a,b, f € C2(2), x € C}([—1,0] x [0, T]), ¢p € C?
(I'p), ¢r € C'(I'x) and that the following compatibility conditions are fulfilled at
the corners (0,0) and (2,0) of ',

$5(0) = x(0.1) and $5(2) = pr(0). 8)
ax 0.0 453
(0,0~ e < E20) + a0, 0065(0) + b(0.0)1(0,0) = £(0,0),
2 )
d d
ﬂ(O) d)B " (2) +a(2,0005(2) + b2, 0652 = f(2,0)
and
82 2
oo = q’B 298 o) —a{ 30,0950 —25°0,05(0) + a0, 0~ 4’3 )
82b 3%y
+ﬁ(0,0)x(—1,0) (0 0)x(—1,0) + b(0, 0) ( 1,0)}
94 0.0y (0 booax Lo+ 220,00 4(~1.0
(50 0.005(0) + 50,07 (-1,0)+ 50,00 (~1, 0}
2
f(O 0) + l(() 0),
(10)
d2 2 2
R (0) = "’B (2)—8{ 50 005() — 232,052 +a(. 0 ¢B @

dr?
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2 2
a 2. 005(1) ~ 2572, 005 (1) + b2, 0) "’Ba)}
(220, 0050 +52.0 02 (1) + P 2,05 1)
2
+e—f<2 0+ 2Le0 an

Then there exists a unique solution u of (1) satisfyingu € € = Cg([O, 21 x [0, T]H N
C}((0,2) x (0, T N CH$).

Itis assumed throughout the paper that all of the assumptions (2), (3), (8), (9), (10) and
(11) of this section hold. Furthermore, C denotes a generic positive constant, which
is independent of x, ¢ and of all singular perturbation and discretization parameters.

3 Analytical Results

The operator L satisfies the following maximum principle

Lemma 1 Let  be any function in the domain of L such that Y > 0 on I'. Then
Ly (x,t) > 0on $2 implies that ¥ (x,t) > 0 on 2.

Proof Let x*, t* be such that ¢ (x*, t*) = ming ¥ (x, ¢) and assume that the lemma
is false. Then ¥ (x*, t*) < 0. From the hypotheses we have (x*,t*) ¢ I". With

(x* t*—=) <0 and (x* t*) >0,

d
Ly (x*, t%) = 8—1’5( ) —¢ lg(x )+ a(x™®, )Yt ) + b, )Y (= 1, 1)

<0 as w(x*—l,t)Zlﬁ(x,

This contradicts the assumption and proves the result of L.
As a consequence, the stability result for the problem (1) follows and is as stated in
Lemma 2 If  is any function in the domain of L, then for all (x,t) € 2,

1
|¥ (x, )| < max [II v, 5 I Ly II]-
Proof Define the two functions
n 1
0= (x, 1) =max ¢ ¥ lr, 5 I Ly N £ (x,0).

Using the properties of a(x, t) and b(x, 1), it is not hard to verify that 6% (x, t) >0
for (x, 1) € I" and LO* > 0 on £2. It follows from Lemma 1 that 6= > 0 on £2.
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Standard estimates of the solution of (1) and its derivatives are contained in the
following lemma.

Lemma 3 Let u be the solution of(l) Then, for all (x,t) € 5

Iak GOl < C(lullr + 35— ol fII) k=0,1,2

| (x Nl < Ce> (||u||r+||f||+||—f||) k=12

Iak (x, t)I<C82(||M||r+||f||+||—f||+|| 2f||+ e || k:{ll) k=34
Iaxikf:a (x| <Ces (||M||r+||f||+||—fll+|| 2fll) k=2,3.

Proof Following steps as in [2, 6], the required bounds are derived.
The Shishkin decomposition of the exact solution u of (1) is u = v + w where
the smooth component v is the solution of

Liv=gon (0,1-) x (0, T],v(0, 1) = up(0, 1), v(x,0) = ¢pp(x), v(1—, 1) = up(1—, 1)
(12)

Lrv= fon(1+,2) x (0, TL,v(2,t) = ug(2,1), v(x,0) = ¢ppx), v(1+,1) = ug(1+,1)
13)
and the singular component w is the solution of

Liw=0o0n(0,1)x(0,T], Lyw=0on(1,2) x (0, T]
with w(0, 1) = u(0,1) — v(0, 1), [w](l,1) = —[v](1, 1), [w'](1,t) = —[v'](1, 1),
w2,t) =u,t) —v2,1), wx,0) =0.

(14)
For convenience the left and right boundary layers of w are separated using

wx, ) =whx, 1) +wlx, 0 (15)
with

whx, 1) = w©, nwlx, 1+ Awl &, 1),
satisfying Lywl (x,1) = 0, (x,1) € (0, 1) x (0, T with wk(0,7) = 1, wh(1,1) =0,
wh(x,1) =00n (1,21 x (0, 71,
Lowk(x,1) =0, (x,1) € (1,2) x (0, T] with wh(1,1) = 1, wh2,1) =0,
wh(x,n) =00n[0,1) x (0, T1,
and wR(x, 1) = BwlR(x, 1) + w2, nwlx, 1),
satisfying LjwR (x, 1) = 0, (x, 1) € (0, 1) x (0, T] with wR(0,7) = 0, wR(1,1) =1,
wi(x, 1) =0on (1,21 x (0, T1,
LoywR(x, 1) =0, (x,1) € (1,2) x (0, T] with wX(1,1) = 0, wR(2,1) =1,
wR(x, 1) =00n [0, 1) x (0, T].
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Here, A and B are constants to be chosen in such a way that the jump conditions
at x = 1 are satisfied. Bounds on the smooth component and its derivatives are
contained in the following lemma.

Lemma 4 The smooth component v and its derivatives satisfy, for each (x,t) € [~2,

| (xt)|<C fork=0,1,2

8k

I—(x,t)l <C(+¢'"2), fork=0,1,2,3,4
dxk by

dxk—1or
Proof Using the procedure adopted in [2, 6], the above bounds are derived.

| ———(x, )| <C, fork=2,3.

4 Improved Estimates

The layer functions BL, BR, B¥, BX, By, B,, associated with the solution u, are
defined by

e C(l—x) Y@
BEx) = ¢ Ve, BR) = ¢ " TVVE B1(0) = BE() + BR). on [0, 1] x [0, T,

(r—1) Y@ (Y@
BLx)=e UV BR(x) = e VW By(x) = BE(x) + BR(x), on [1,2] x [0, T].

Bounds on the singular components w” and w® of u(x, ) and their derivatives are
contained in the following lemma.

Lemma 5 There exists a constant C, such that, for (x,t) € [0, 1-] x [0, T],

okwk
|8—k(x,t)| < CBL()C) fork=0,1,2,
ktL L
D] < , fork=0,1,2,3,
|5 Dl =C 82 or
|akwL(t)|<c ()fk0123
X , Ior = U, 1, 4, 0.
oxk—19¢ P

and for (x, t) € [14,2] x [0, T,

*wl

|W(x,t)|§CBL(x) fork=0,1,2,

kt L L( )

Sl =C  fork=0,1,2,3,
kwL EZL( )

|8k'8 x,nl<C 7 , fork=0,1,2,3.

Analogous results hold for w® and its derivatives.

Proof The required bounds are derived following steps as in [2, 6].



124 P. Swaminathan et al.

Using the procedure adopted in [2, 6], sharper estimates of the smooth component
derived and presented in the following lemma.

Lemma 6 The smooth component v of the solution u of (1) satisfies, for (x,t) €
[0, 1-] x [0, T,

|axk(x )] <C{+ Bi(x)), fork=0,1,2 and | (x,t)lfC(l—i— Bi/(f)).
£
andfor (x,t) € [1+,2] x [0, T],

L, 0] < C+ By(x)), fork=0,1,2 and 2% (x, 1) sc(1+ Bz(x)).
NG

|2

5 The Shishkin Mesh

A piecewise uniform Shishkin mesh with M x N mesh-intervals is now constructed.

Let 2M={u)pl ), 28 =tx ) II,QMN oM x V. @ = Ly @Y = )

MN =M =N —N +N N-1 —-M,N _ oM N

"N @M <2V o; {le 1,9 = ) Y=ol xar
N __ M =

QTMN — oM N g N {x-}]?_O,Q+N {x]}N o MN _gM oV,

2
. — —t —M .
2™N M« 2™ and rMN = 10 @MY The mesh 2," is chosen to be a

uniform mesh with M mesh-intervals on [0, T]. The mesh Eiv is chosen to be
a piecewise-uniform mesh with N mesh-intervals on [0, 2]. The interval [0, 1] is
divided into 3 sub-intervals as follows

[0,t]U(z, 1 — U — 7, 1].

The parameter 7, which determine the points separating the uniform meshes, is
defined by

1:—m1n[41—1 %1 N] (16)

Then, on the sub-interval (7, 1 — 7] a uniform mesh with % mesh points is placed
and on each of the sub-intervals [0, t]and (1 — 7, 1], a uniform mesh of % mesh
points is placed.

Similarly, the interval (1, 2] is also divided into 3 sub-intervals (1, 1 4+ t], (1 +
7,2 — t]and(2 — 7, 2], using the same parameter 7. In particular, when the parameter
T takes on its lefthand value, the Shishkin mesh EN becomes a classical uniform
mesh throughout from 0 to 2.

In practice, it is convenient to take

N =8k, k>2. (17)
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. —=N . . .. .
From the above construction of £2 ', it is clear that the transition points {r, 1 —
7,1+ 1,2 — 7} are the only points at which the mesh-size can change and that
it does not necessarily change at each of these points. The following notations
are introduced: h; = x; — x;_1, hj41 = xj41 — x; and if x; = 7, then h; =Xx;—
Xj_l,h;— =Xj+1 — Xj, J = {)CJ' hj_ ;é hj_}

6 The Discrete Problem

In this section, a classical finite difference operator with an appropriate Shishkin
mesh is used to construct a numerical method for (1) which is shown later to be
essentially first order parameter-uniform convergent.

The discrete two-point boundary value problem is now defined on any mesh by the
finite difference method

LMNU (xj, 1) = DU (xj, 1) — 87U (xj, ) 4 alxj, 1)U (x;, 1)
+b(x;, t)U(xj — 1,1) = f(xj, ) on 2N (1)

U=u on "N
The problem (18) can be rewritten as

LYNU G n) = DU 1) — 82U (xj, ) + a(xj, 1)U (xj, 1) = g(xj, i) on 27N
where g(xj, tr) = f(xj, ) — b(xj, i) x(xj — 1, 1)
LYNU(xj, 1) = DUy, i) — 82U (xj, 1) + a(xj, i) U (xj, 1) + b(xj, i) U (xj — 1, 1)
= f(xj,%) on TMN (19)

U=u on "N
D U(xy, 1) = DU (xx, 1)
This is used to compute numerical approximations to the exact solution of (1). The

following discrete results are analogous to those for the continuous case.

Lemma 7 For any mesh function ¥ (x;,1;),0 < j < N,0 < k < M, the inequali-
tiesw>0 on I'MN LY Nw(x;, 1) >0,0n Q2 MN, LN (x;, 1) > 0on 21N
and DYW (xy 2. 1) — DU (xy o 1) < 0 imply that ¥ (x;, 1) > 0on 2" .

Proof Let j*, k* be such that ¥ (x;«, t§=) = min ¥ (xj, f+) and assume that the
QM.N

lemma is false. Then ¥ (x;-, =) < 0. From the hypotheses we have (x;-, fi+) ¢
TMN W (xje, ) — W (X, 1) < 0, W (o, Bs) — W (Xjem, ) < 0, W (X i1,
i) = W (xjs, tix) = 050 DY (x)x, 1) <0, SZW(xj*, tr) > 0. It follows that



126 P. Swaminathan et al.
M.N _ 2
L7 W (xje, tyx) = D7 (s, ty) — 880 (X, 1) + alx s, )W (x5) < 0,
which is a contradiction. If (xj«, f<) € £2 +M.N " a similar argument shows that

LYYW (xjo, 1) = DY (e, 1) — €870 (o, 110) + @ jo, )W (xo, 150)
+b(Xj*, tk*)E[/(xj* —1,1+) <0,

which is a contradiction. Finally if x ;= = xy/2, then
Dx_lI/(xN/z, ) <0< D:_q/(.XN/Q, ) < Dx_lI/(xN/z, tee), by the hypothesis

and so
V(xy po ) =W enps tfre) = Wlxn gy, i) < 0.

Then L{V lI/(x%,l, t+) < 0, a contradiction. This concludes the proof of the lemma.

An immediate consequence of this is the following discrete stability result.

Lemma 8 For any mesh function ¥ on EM’N,
1 1
W (xj, )] < max [Hwnw, MLy ligown, EHLQ‘”WHW,N],

0<j<N,O<k=<M.

7 Error Estimate

Analogous to the continuous case, the discrete solution U can be decomposed into
V and W which are defined to be the solutions of the following discrete problems

LYYV, 0) =g 00, (xj, ) € MV 0<j<N,O<k<M
V@0, %) =v(0,1), Vxnp-_1, ) = v(l—, %), V(x;,0) = ¢p(x;), (20)

LYYV, 0) = f&xj,0), (xj,0) € QTN 0<j<N,0<k<M
Vo) =v(+,5), VE, i) =v(2, 1), V(x;,0) = ¢p(x;) (2D

and

LY MW, 0 =0, (o) € MY W0, 6) =w(©0,6),0< j < N,0O<k<M
LYYWy, 00 =0, (xj, 00 € N W2, 00 =w@,0),0<j <N,0<k<M
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VN1 ) + Wn v, k) = Vena—1, ) + Wxn o1, &),
Dy W(xny2, tk) + D7V (xns2, tk) = DI W(xn 2, ) + DIV (xn 2, te).
W(x;,0) =0 (22)

The error at each point (x;, %) € 2" is denoted by e(x;, ) = U(xj, ) —
u(x;, t). Then the local truncation error LM Ve (x;, #;), for j # N /2, has the decom-
position

L"Ne(x;, o) = LN (V —v)(xj, 1) + LN (W — w)(x;, ).

The error in the smooth and singular components are bounded in the following
theorem.

Lemma 9 Let v(x;, t;) denote the smooth component of the exact solution from (1)
and V (x;, tr) the smooth component of the solution from (19), then for j # %

N
LYYV =) (xj )l < CM™ + (N ' InN)),0 < j < S - L0sk=M,
(23)
N
LY N (V —v)(xj, 10)]] < C(M™' + (N"'In N)?), S HI=Sj=NO0=k=M.
(24)

Let w(xj, ty) denote the smooth component of the exact solution from (1) and
W (x;, tx) the smooth component of the solution from (19), then for j # %

N
Iy N W —w)j ol < CT VT N0 j < T - 1L0<k <M,
(25)

N
LY N W —wy(xj, )l < M+ (N T in ), FHI<j<NO<k<M
(26)
Proof For j # % as the expression derived for the local truncation error in V and W

and estimates for the derivatives of the smooth and singular components are exactly
in the form found in [2], the required bounds hold good.

At the point x; = xy/2,
(Df — D)e(xnp, ty) = (DF — D)YU —u)(xnypp, 46),0 <k <M

Recall that (D — D)U(xnpo, 1) = 0. Let h* =hy, = h;/z’ where hy , =

XNj2 — Xnj2—1 and h;/z = XN/241 — XNj2-
Then

*

h
(D — D))e(xny2, 1) < C?. 27)
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. . . —M,N
Define a set of discrete barrier functions on 2 by

I, (1 + Jajeh)

w(xj, k) = , 0<j=<N/2
! Y21 + ajeh)
=11 + Ja/eh
=, I+ Va/ehi) Nj2<j<N.

Y, + Vejeh)

Note that
w0,6) =0, o(l,5t) =1, 02,%) =0

and from (28),for0 < j < N,0 <k < M,
0< a)(xj, ) <1.
For (x;, t) e ™V

Diw(x;, ) = Ja/co(x;, ),

_ B 1
D o, ) = ,/04/8—(1 T+ Jaleh))

a)(xj,tk).

and )
Sw(xj, ) < —aw(x,‘, ).
. .

Similarly, for (x;, %) € 2 "

1
0 (x = — T+ Tk
DYw(xj. 1) = \/0%(1 T Jajeh )

a)(-xj’ tk)’

2
DI 1) = —Jafew(xj. )  and  Solxj.n) < — o, k).
&

In particular, at x; = xy,2, using (35), (33) and (30),
_ C
(D = DY)o(xj, 1) < _ﬁ.

From (34) and (35),
—e82w(xj, 1) > —20w(x;, ).

(28)

(29)

(30)

€29

(32)

(33)

(34)

(35)

(36)
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Therefore

LYo(x;, 1) = D o(x;, ;) — e 80 (x;, ) + a(xj, i) (x;, 1)
> 0—2aw(xj, i) +alx;, K)o (x;, i)
= (a(xj, ir) — 2a)w(x;, &) 37

and

Léva)(xj, t) = Dy w(xj, 1) — 8550)()61', ) +a(xj, o), i) +bxj, )wx; — 1, 1)
> 0—20w(x;, i) +alx;, w(x;j, i) + b(x;, i)
= (a(xj, t) — 20)w(xj, t) + b(xj, tr). (33)
We now state and prove the main theoretical result of this paper.
Lemma 10 Let u(x;, ty) denote the exact solution of (1) and U (x, t) the solution
of (19). Then, for0 < j <N, 0<k <M,
U (xj, 1) = ulxj, t)ll < C(M~H + N~ In V). (39)

Proof Consider the mesh function ¥ given by
U(x;, i) = Ci (M~ + N~'InN) + Can/afeh*w(x), t) £ e(x;, t), where C; and
C, are constants. Then for x; € .Q;N,

LYW (xj, ) = Cratxj, )M~ + N~ n N) + CovJafeh* LY w(xj, i) £ L{Ve(xj,(%j
Using (37) in (40) and Lemma 9,

LYW (x;, 1) > Cra(x;, ti) (M~ + N~'In N)
+Co/afeh*(a(xj, ) —20)w(xj, ) £ C (M~ + N-'InN) >0, (41)

for appropriate choices of C; and C». For x; € £2; N

LYW (xj, 1) = Ci(a(xj, ) + b(xj, )M + N~ In N)
+Cov/a/eh* LY w(x;, 1) £ LY e(x;, t). (42)

Using (38) in (42),

LYW (xj, 1) > Ci(a(x, ) + b(xj, ) (M~ + N~'In N)
+CovJajeh*((a(x;, ) — 20)w(x;, 1) +b(x;, 1) £ C(M~" + N~'InN). (43)

LetA(x;, ) = (a(x;, &) — 20)w(x;, &) + b(x;, ). Then choosing C; > &I 4
C,and Lemma 9, LY ¥ (x;, ;) > 0.
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Further,

. ~ Ch* _h*
DIw(l, ) — D;w(l,4) < —Co—— 4 C— , using (27) and (36)
& &

< 0, for proper choice of Cj. (44)

Also, using (30), ¥ (0,7) =C;(M™'+ N'InN) >0, ¥ (2, 1) = C;(M~' +
N7'InN)>0,¥(x;,0) = C;(M~'+ N~'InN) > 0.

Therefore, using Lemma 7 for ¥, it follows that ¥ (x;,#) > Oforall 0 < j <
N,0<k <M. As,from(3l),w(xj, ) <1for0<j<N,0<k=<M

(U —u)(x;, )] < C(M™'+ N InN),

which completes the proof.

8 Numerical Illustration

The e—uniform convergence of the numerical method proposed in this paper is illus-
trated through an example presented in this section. A singularly perturbed bound-
ary value problem for a linear parabolic second order delay differential equation of
reaction-diffusion type is considered for numerical illustration.

Example
2 _
a—u(x, t) — sa—u(x, 4+ Q4+x+t+xt+ w)u(x, t)—ulx—1,1)
ot dx2 6
— (1 +x)e — (I+x)(x)(1 —x)

6 )
for (x,t) € ((0,1)U (1,2)) x [0, T],

u(x,t) =1 forx e [—1,0] x [0, T], u(0,t) =1, u(x,0) = 1,u2,t) = 1.

45)

Fixing a fine Shishkin mesh with 128 points horizontally, the problem is solved
by the method suggested above. The order of convergence and the error constant are
calculated for ¢ and the results are presented in Table 1. A graph of the numerical
solution is presented in the Fig. 1.

A fine uniform mesh on ¢ with 32 points is considered. The order of convergence
and the error constant are calculated for x and the results are presented in Table 2. A
graph of the numerical solution is presented in the Fig. 2.

Based on the algorithm found in [5], it is to be noted that Tables 1 and 2 give the
parameter-uniform order of convergence and the error constant.
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Table 1 Values of DV, pV, p* and Cév* fore =n/8 and @ =0.9
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n Number of mesh points N
128 256 512 1024 2048

2-4 0.587E-03 0.240E-03 0.832E-04 0.253E-04 0.707E-05
276 0.292E-03 0.836E-04 0.225E-04 0.583E-05 0.149E-05
2-8 0.293E-03 0.838E-04 0.225E-04 0.585E-05 0.149E-05
2-10 0.294E-03 0.840E-04 0.226E-04 0.586E-05 0.149E-05
212 0.294E-03 0.840E-04 0.226E-04 0.586E-05 0.149E-05
214 0.294E-03 0.840E-04 0.226E-04 0.586E-05 0.149E-05
2-16 0.294E-03 0.841E-04 0.226E-04 0.586E-05 0.149E-05
2-18 0.294E-03 0.841E-04 0.226E-04 0.586E-05 0.149E-05
DN 0.587E-03 0.240E-03 0.832E-04 0.253E-04 0.707E-05
pN 0.129E+01 0.153E+01 0.172E+01 0.184E+01

ch 0.523E+00 | 0.523E+00 | 0.444E+00  |0.331E+00  |0.227E+00

t-order of convergence = 0.1291767E+01

The error constant = 0.5233417E+00

u(x,t)

X

Numerical Solution

Fig. 1 The numerical solution for the problem (45), computed for M = 1024, N = 128 and ¢ =
2~18_ The solution u(x, t) has boundary layers at (0, ¢) and (2, ¢) and interior layers at (1, 7)
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Table 2 Values of DV, pV, p* and C;,V* fore =n/16 and o =0.9

n Number of mesh points N
128 256 512 1024 2048

20 0.882E-04 0.224E-04 0.561E-05 0.140E-05 0.558E-06
273 0.641E-03 0.174E-03 0.445E-04 0.112E-04 0.281E-05
276 0.225E-03 0.138E-03 0.110E-03 0.587E-04 0.223E-04
279 0.224E-03 0.138E-03 0.110E-03 0.637E-04 0.307E-04
212 0.224E-03 0.138E-03 0.110E-03 0.637E-04 0.307E-04
DN 0.641E-03 0.174E-03 0.110E-03 0.637E-04 0.307E-04
pN 0.188E+01 0.662E+00 0.790E+00 0.105E+01

C 9’ 0.432E-01 0.186E-01 0.186E-01 0.170E-01 0.129E-01

x-order of convergence = 0.6615490E+00

The error constant = 0.4316255E-01

u(x,t)

X

Numerical Solution

Fig. 2 The numerical solution for the problem (45), computed for M = 32, N = 4096 and ¢ =
2-12 The solution u(x, t) has boundary layers at (0, ¢) and (2, ¢) and interior layers at (1, 7)
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A Parameter Uniform Numerical Method
for an Initial Value Problem for a System

of Singularly Perturbed Delay Differential
Equations with Discontinuous Source Terms

Nagarajan Shivaranjani, John J.H. Miller and Valarmathi Sigamani

Abstract In this paper an initial value problem for a system of singularly perturbed
first order delay differential equations with discontinuous source terms is considered
on the interval (0, 2]. The source terms are assumed to have simple discontinuities
at the point d € (0, 2). The components of the solution exhibit initial layers and
interior layers. The interior layers occuring in the solution are of two types-interior
layers due to delay and interior layers due to the discontinuity of the source terms.
A numerical method composed of the standard backward difference operator and
a piecewise-uniform Shishkin mesh which resolves the initial and interior layers
is suggested. This method is proved to be essentially first order convergent in the
maximum norm uniformly in the perturbation parameters. Numerical illustrations
are provided to support the theory.

Keywords Singular perturbation problems - Initial and interior layers - Delay differ-
ential equations - Discontinuous source terms - Finite difference scheme - Shishkin
mesh + Parameter-uniform convergence

1 Introduction

Singularly perturbed delay differential equations play an important role in the mod-
elling of several physical and biological phenomena like first exit time problems
in modelling of activation of neuronal variability [2], bistable devices [18], evolu-
tionary biology [3] and a variety of models for physiological processes or diseases
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[4-6, 13]. These systems also find applications in Belousov-Zhabotinskii reaction
(BZ reaction) models and the modelling of biological oscillators [3].

In [7], the authors have considered an initial value problem for a system of sin-
gularly perturbed first order delay differential equations and have established the
parameter uniform convergence of the numerical method suggested. In this paper,
the following system which is similar to the one considered in [7] with discontinuous
source terms is considered:

Lu(x) := Eu'(x) + Ax)ux) + Bx)u(x — 1) =£f(x),x € (0,d) U, 2], (1)
u(x) = ¢(x),x € [-1,0], 2
and f(d—) # f(d+) for some d € (0, 2). 3)

For all x € [0, 2], u(x) = (u1(x), u2(x))" and f(x) = (fi(x), L(x)". E, A(x),
B(x) are 2 x 2 matrices. E = diag(e),e = (¢1, &) with0 < &y <& <1, B(x) =
diag(b(x)), b(x) = (b1(x), by(x)). For all x € [0, 2], it is assumed that the compo-
nents a;;(x), b; (x) of A(x) and B(x) respectively satisfy

bi(x),a;j(x) <0 for 1 <i # j <2anda;(x) > Z|aij(x) + b;(x)| and (4)
i#j
2
O<a< min(z a;j(x) + bi(x)) for some a. (5)

x€[0,2]
1<i<2 j=1

Further, the functions a;;(x), b;(x), 1 <i, j <2 are assumed to be in C¥([0, 2])
and ¢; (x) are assumed to be in C® ([—1, 0]). It is to be noted that L can operate on
functions in the domain C°(0, 2] N C'((0, d) U (d, 2)).

For any function h, the jump of h atd is denoted by [h](d) = (h)(d+) — (h)(d—).
Here the function f is assumed to have a jump of finite magnitude at d. Since f is
discontinuous at d, the solution u of (1) does not necessarily have a continuous first
order derivative at the point d. The cases (i) d € (0, 1) and (ii) d € (1, 2) are dealt
with separately.

Case (i):

In this case, the components u# and u; have initial layers of width O (e;) atx = 0 and
interior layers of width O(g;) at x = 1, x = d and x = 1 4 d while the component
u; has additional layers of width O(e;) atx =0, x =1, x =dandx =1 +d.

Case (ii):
In this case, the components u#; and u, have initial layers of width O(e;) at x =0
and interior layers of width O(g;) at x = 1 and x = d while the component #; has
additional layers of width O(¢;) atx =0,x =l and x = d.

In the case when d = 1, the solution profile is similar as that for the problem
considered in [7]. The components #; and u, have initial layers of width O (g;)
at x = 0 and interior layers of width O(g;) at x = 1 while the component u; has
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additional layers of width O (e;) at x = 0 and x = 1. As the solution profile for this
case is same as in [7], the estimates of the derivatives and the construction of Shishkin
mesh for this case are as in [7]. Hence in the rest of the paper, the cases (i) and (ii)
are discussed in detail.

For any vector-valued function y on [0, 2] the following norms are introduced:
['y(x) I=max; |y;(x)| and ||y [|=sup{]| y(x) ||: x € [0, 2]}. For any mesh func-

. =N L . .
tion Von 2 ={x j}]/.\’:o the following discrete maximum norms are introduced:

| Vx;) l|= max; [Vi(xp)] and || V [|= max{]| V(x;) | x; € 2" ).

Throughout this paper C denotes a generic positive constant, which is independent
of x and of the two singular perturbation and discretization parameters. Furthermore,
inequalities between vectors are understood in the componentwise sense.

The plan of the paper is as follows: In Sect.2, analytical results are presented.
In Sects.3 and 4, appropriate Shishkin meshes are constructed for each case and
corresponding numerical analysis is presented. In Sect.5, the bound for the error
of the discretisation is established in the maximum norm followed by numerical
illustrations in Sect. 6.

2 Analytical Results

The problem (1)—(3) can be rewritten as follows for the case (i):

Liu(x) = Eu(x) + Ax)u(x) =f(x) — B(x)¢p(x — 1), x € (0,d)U (d, 1],
Lu(x) := {Lou(x) :=Eu(x)+ Ax)ukx)+ Bxulx —1) =Ffx),x € (1,2],
leiu;l(d) =[filld), i =1,2; u(0) = ¢(0)
(6)
and as follows for the case (ii):
Liju(x) :=Eu'(x)+AXux)="Ff(x)— Bx)¢p(x —1),x € (0, 1],
Lu(x) := {Lou(x) :=Eu(x) +AXu(x)+ Bx)ulx —1) =f(x),x € (0,d) U, 2],
[eiull(d) =[fil(d), i=1,2; u0)=¢(0).
(7N

Theorem 1 The given problem (1)—(3) has a solution ue€ % = C([0,2]) N
C'((0,2]\{d}).

Proof The proof is by construction.
Case (i): Let y, z, y;, z; be the particular solutions of

Ey'(x) + Ax)y(x) =f(x) — B(x)¢p(x — 1), x € (0,d)

EZ(x) + A@)z(x) = £(x) — B(x)p(x — 1), x € (d, 1]
Ey\(x) + Ay (x) =f(x) = Bx)y(x = 1), x e (1,1+d)
EZ,(x) + A(x)zy(x) = f(x) — B)z(x — 1), x € (1+4d,2].
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Consider the function,

y(x) + (u(0) —y0)¢¥i(x), x €[0,d)
z(x) + PYa(x), x € (d, 1]

yi(x) + Q¥s(x), xe(1,1+4d)

z1(x) + RY4(x), x e (1+d,2],

ulx) =

where V1, ¥, ¥3, and ¥4 are solutions of

EY () + A0 ¥ 1(x) =0, x €(0,d],¥1(0)=1
EY,(x) + A)Y2(x) =0, x € (d 1], ¥2(d) =1
EYi(x) + A0 ¥P3(x) =0, xe(1,1+d],¢3(1) =1
EY,(x) + A Y4(x) =0, x € (1+d,2],¥4(1+d) =1

and y(0) = n1, z(d) = 2, y1(1) =13, z1(1 +d) = n4, the y;s are any particular
vector constants. P, Q and R can be derived in the following way so as to have

ucé.

P=y(d—)+ @) —n)¥1(d) —z(d+)
Q=z(1-)+P—-yi(I+)
R=yi((1+d)-)+Q¥3((1 +d)—) — na.

The product between vectors is the Schur product of vectors.

Case (ii): Let y, z, Z; be the particular solutions of
Ey'(x) + A)y(x) =f(x) — Bx)¢(x — 1), x € (0,1]

EZ (x) + A(X)z(x) =f(x) — B(x)y(x — 1), x € (1,d)
EZ\(x) + A(x)z;(x) = f(x) — B(x)y(x — 1), x € (d,2].

Consider the function,

y&x) + (@) —y(O)¥1(x), x €[0,1]
u(x) = 1z(x) +Pyr(x), xe(,d)
z21(x) + Qy¥3(x), x €,2],
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where ¥, ¥, ¥3 are solutions of

E¥(x) + A)¥Pi(x) =0, x e (0,11, 90 =1
EY5(x) + AX)P2(x) =0, x e (1,d], ¥2(1) =1
EYi(x) + Ax)¥3(x) =0, x € (d,2], ¥3(d) =1

and y(0) = &1, z(1) = &2, z1(d) = {3, the £'s are any particular vector constants.
P and Q can be derived in the following way so as to have u € %.

P=y(l-)+ @0) - &)y (1) —z(1+)
Q=1zd-)+Pyr(d—) — &3.

Analogous construction shows that the solution exists for the case when d = 1.
In the case when d # 1, w/(1) exists and is continuous at 1 as f(1) is well defined
and is continuous at 1.

The operator L satisfies the following maximum principle.
Lemma 1 Let ¢ be any function in the domain of L. Let ¥ (0) > 0. Then Ly > 0
on (0,d)U (d, 2], [¥]1(d) = 0 implies that ¥ (x) > 0 on [0, 2].

Proof Let ¥+ (x*) = min; ,{¥(x)} and assume ¥;(x*) < 0. Without loss of gen-
erality let i* = 1. By the hypothesis, x* 0 and note that v{(x*) < 0. Suppose
x* e (0, 1] — {d}, then,

L)1 () = iy 1 (x7) = e (") + an (x) Y (x7)

+ap(x*) P (x™)
< (a1 + a) XY (x")
<0,

which is a contradiction.
Suppose x* € (1, 2] — {d}, then,

L)1 (x") = Loy 1 (x™) = 19 (") + an (") (x)
Fan(x)Pa(x*) + b ()P (x* = 1)
< (a1 + @) (x™) + b (x*) Y1 (x™)
<0,

which is a contradiction.

Suppose x* =d, then, (23:, ayj(d) + bi(d))Y1(d) <0, and there exists a
neighborhood N, = (d — h, d) such that (23:1 aj(x) +bi(x)yr1(x) < 0 for all
x € Np. If Y{(x) < O for an x| € N, then (Ly/);(x;) < 0. Suppose v (x) > 0 for
all x € Nj, then ; is an increasing function in N, and hence cannot attain its mini-
mum at x = d which is a contradiction.
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Animmediate consequence of the maximum principle is the following stability result.
Lemma 2 Let u be the solution of (1-3). Then
[u (< Cmax{]| w(O) II, I f l0,auwe2}+ C Il [f1(@)

Proof Using the barrier function tpii(x) =M, + M,G;(x) £ u;(x) where M| =
max{|| w(0) [l | f l0.qyu@.2)}, M2 =l [f1(d) || and

x—d

e x €(0,d]
G e—el—d)/e; x e (d,1]
iX) = 1 — — —d i —1—-d
(1 —exp(—a(x d)/8 ) (x ) +1, xe(,1+4d]
et /e xe(l+4d,2],

when d € (0, 1) and when d € (1, 2), d = 1 + d; for some d; € (0, 1) and in this
case,

—d
X Ly 1. x € (0,d;]
d
6o e—a—d)/e; x e, 1]
ixX) = 1 — — — i —1-d
(1 — exp(—a(x ZO/S ) D1 xed.d
1
efa(xfd)/s," x e (,?2],

and applying the maximum principle for the functions wii, the result follows. Anal-
ogous proof holds for the case d = 1.

The solution is decomposed into smooth and singular components v and w defined
to be the solutions of

Liv=EV(x)+AX)v(x) =f(x) — B(x)¢(x — 1) =g(x) on (0,d) U (d, 1]
Lov=EvV(x)+ A(x)v(x) + B(x)v(x — 1) =f(x) on (1, 2],

with v(0) = A~1(0)(f(0) — B(0O)p(—1)), v(d+)=A"1(d)E(d+) — B(d)v(d — 1))
and

Liw=0forx € (0,d)U (d, 1]; Low = 0 for x € (1, 2] with w(0) = u(0) — v(0),
w(d+) = w(d™) — [v](d) respectively for case (i) and

Liv=EV(x)+AX)v(x) =f(x) — B(x)¢(x — 1) = g(x) on (0, 1]
Lov=EV(x)+AX)v(x) + B(x)v(x — 1) =f(x) on (1,d)U (d, 2],
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with v(0)=A~"(0)(£(0) — B(0)p(—1)), v(d+) = A~ (d)(f(d+) — B(d)v(d — 1))
and
Liw =0 for x € (0, 1] and Low = 0 for x € (1,d) U (d, 2) with w(0) = u(0) —
v(0), w(d+) = w(d™) — [v](d) respectively for case (ii).

The bounds of the smooth component and its derivatives are contained in the
following

Lemma 3 The smooth component v satisfies the bounds
VIl <C, IVl <C, [/l <Ce',i=1,20n(0,2]\{d, | +d} for case (i)
and
V]l < C, [Vl <C, ||v/|| <Ce",i=1,2o0n (0,2]\{d} for case (ii).

Proof Applying the procedure followed in [7] in the domains [0, d), (d, 1], [1,1+d)
and (1 +d, 2] separately for the case (i) and in the domains [0, 1], [1, d), (d, 2]
separately for the case (ii), the result follows.

The following layer functions are defined:
—akx—p)
B,ix)=e & ,i=12 p=0,1,d,1+d.
The bounds of the singular components are derived in terms of these layer func-
tions and are presented in the following lemma.

Lemma 4 The singular component w satisfies the following bounds for case (i)

CBy(x), x € [0,d) C(e7 Boi(x) + 65 ' Boa(x)), x € 10, d)
CB , d, 1 CE'B 7B , d, 1

e ()] < 4.2(x), x € (d, 1] ! (1) < (61_1 d<1<x>+531 d.2(x)), x € (d, 1]
CB12(x),x €[1,1+4d) CleT'Bii(x) +&5 ' Bia()), x e [1, 1 +d)
CBiia2(x),x € (14+4d,2] C(e7 Bira1(x) + & ' Bryap(x)), x € (1+d,2]
Ce; 'Boa(x), x € 0,d) Cer ' (e7 " Boi(x) + &5 ' Boa(x)), x € [0, d)

, Ce;'Bya(x), x € (d, 1] , Cei (7' By (x) + 65 ' Bya(x)), x € (d, 1]

PSR B wy (o) < 1 7k o1 2 0
Cey Bip(x),x €[l,14+4d) Cey (ef Bri(x)+e&; Bia(x),x €[l,1+4d)
Cey' Birao(x), x € (1+4d,2] Cep ' (67 Bipa 1 () + 85 ' Bryao (), x € (1+d,2]

and for the case (ii), the following bounds are satisfied

CB(x), x €[0, 1] Cle7 " Bo,1(x) + &5 ' By 2(x)), x €0, 1]
[we@)] < {CB12(x), x € [1,d) (w0 < {Cle7 By 1(x) + 65 ' Bi2(x), x €[1,d)
CBya(x),x € (d, 2] Cle] ' Ba,1(x) + &5 "By o(x)), x € (d,2]
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Cey ' Boa(x).x €10, 1] Ceg (e ' Bo,1 () + &5 ' By o (1)), x €10, 1]
[whn)| < {Ce3 ' Bio(), x € [1,d)  [w{ )] < {Cep e Br1 () + &5 Brat)), x € [1,d)

Cey 'Bya(0),x € (d,2] Cer (e By 1(x) + &5 ' Bya(x). x € (d, 2]
fork=1,2.

Proof Following the procedure adopted in [7], in each domain, the required bounds
are derived.

There exists a unique point x* in (0, 1], such that
e1 ' Bo1(x*) = &3 Boo(x*), &' Bii(1 +x*) = &3 Bio(1+x%), & By1(d +x%)
=&, 'Bya(d+x*)and &7 ' Biig (1 +d 4+ x*) = &5 ' Birgo(l +d + x%).
The properties of this point are judicially used in deriving the novel estimates for
the derivatives of the singular components.
The existence, uniqueness and properties of this point are derived in [1].
For the parameter-uniform convergence of the method suggested, the singular
component is further decomposed as follows:
wi(x) = wi(x) +wia(x),  wax) = w1 (x) + wap(x).
Following the steps in [1], it is not hard to derive the following estimates.
lwi ()| < Cey'Boi(x),  |w],(x)| < Ceyley ' Boax),
|y, (0] < Cey ' Boi(x),  |wy,(x0)] < Ce3?Boa(x), x €10,d),
i ()] < Cey' Baa (), [wi,(0)| < Cey'ey ' Bao(x),
), ()] < Cey ' Baa (), [wy,(0)] < Cey*Bao(x), x € (. 11,
wi ()] < Cer'Bri(), [wi,(0)] < Ceyley ' Bra),

lwh | (0)] < Cey'Byi(x), |wh,(x)| < Cey?Byo(x), xe[l,1+4d)

and
lwi ()] < Cey'Biig1(x), |w],(x)] < Ce'ey ' Biias(x),

lwh 1 ()] < Cey'Biig1(x),  [wy,(x)| < Cey?Biyaar(x), x € (1+d,2]
for the case (i) and
lwi (x)] < Cey'Boi(x), |w),(x)| < Cey ey Boa(x),

lwh ,(x)] < Cey ' Boi(x), |wh,(x)| < Cey?Boa(x), x €10, 1],
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-1 —1.-1
lwj ;(x)] < Cep " Bii(x), |w),(x)| < Ce; &, Bia(x),
-1 -2
[w) | (x)| < Cey Bri(x), |w),(x)] < Ce; Bia(x), x €[l,d)

and
lwi ()] < Cey'Baa(x), |wi,(x)| < Cey'ey' Bya(x),

lw  (¥)] < Cey ' Bai(x), |w),(x)] < Ce;?Bya(x), x € (d,?2]

for the case (ii).

3 Shishkin Mesh

The Shishkin mesh 22" = {x j}yzo is constructed on £2 = [0, 2] as follows for the
case (i) when €| < &,. In the case €] = &, a simpler construction requiring just two
parameters T and o suffices. The interval [0, 1] is subdivided into 6 sub-intervals
[0, 1] U (11, ] U (12, d]U (d,d + ©3]U, (d + 13, d + 4] U (d + 14, 1]. The para-
meters T, r = 1, 2, 3, 4, which determine the points separating the uniform meshes,

are defined by
. [d e . [T &1 . [1—d &
Tp=min}—, —InN ,rlzmln{—,—lnN},u:mln ,—1In N} and
2« 2 « 2 o
. T4 €]
rgzmln{—,—lnN}.
2«

Then, on each of the sub-intervals (1,,d] and (d + 14, 1] a uniform mesh
with % mesh points is placed and on each of the remaining sub-intervals a uni-
form mesh of ]—Aé mesh points is placed. Similarly, the interval [1,2] is also
divided into 6 sub-intervals [1, 1 + ;] ]U (1 4+ 7, 1+ p]U (0 + 1, 1 +d]U (1 +
d,1+d+nlUud+d+1,1+d+ 14]U (1 +d + 14, 2] having the same num-
ber of mesh intervals as in [0, 1].

For case (ii), the Shishkin mesh is constructed as follows: The interval [0, 1]
is subdivided into 3 sub-intervals [0, 7;] U (71, 2] U (12, 1] and the interval [1, 2]
is divided into 6 sub-intervals [1, 1 + 3] U (1 + 13, 1 + 4] U (1 + 14, d]U (d, 1 +
5]U, (1 4+ 75, 1 + 76] U (1 4 76, 2]. On each of the intervals (1, 1], (1 4+ 74, d] and
(1 + 76, 2], auniform mesh with % points is placed and in each of the remaining inter-
vals a uniform mesh with % mesh points is placed. The parameters t,, r = 1,2..., 6
are defined as follows:

1 d—1

T, = min —,ﬂlnN s rlzmin{g,g—llnN}, T4 = min ,S—ZInN ,
2 « 2 « o

2—d

. L7 . ) . Te €1
r3=m1n{—,—lnN},r6=m1n ,—InN andrszmln{—,—lnN}.
2« o 2 o
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4 The Discrete Problem

The IVP (6)—(7) is discretised using the backward Euler scheme applied on the
piecewise uniform fitted mesh 2" The discrete problem for case (i) is

LNU(XJ') = ED_U(.X]') + A()Cj)U()Cj) + B(Xj)U()Cj — ]) = f(xj),

= 1(1 N 1 N 1(H)N ®)
J=1 )Z —Lo+ (DN,
g (DT — D)Ui(xy) = [fil(xn), i =1,2. )
U(0) = u(0). (10)
The discrete problem for case (ii) is
LNU(xj) = ED U(x;) + A(x;)U(x;) + B(x;)U(x; — 1) =f(x;),
, 2N 2N (11)
j=11)— -1, — + 1(1)N,
3 3
g (DT — D7) Ui(xay) = [fil(xaw), i = 1,2, (12)
U(0) = u(0). (13)

Lemma 5 Let Z be any vector mesh function such that Z(xy) > 0, LNZ(x i)=0
forallx; € 2V and (DT — D7)Z(xy) < 0in case (i) and (DT — D)Z(xw) <0

in case (ii) then Z(x;) > 0 for all x; "

Proof Let x; be such that Z attains its minimum on EN. Further, suppose (Z); (x;) <
0.If x; € (0, 1] or if x; € [1, 2] and x; # d then, (LNZ);(xx) < 0 which is a con-
tradiction. If x; = d then, (D~Z);(x;) <0 < (D%Z);(x;) as Z attains its mini-
mum at x;. Also from hypothesis, (D7 Z); (x;) < (D~Z);(xx). Hence, (D~ Z); (x;) <
0 < (D*Z);(xx) < (D~ Z);(x;) whichimplies Z; (xy—1) = Z; (xx) = Zi (x41) < 0.
Now, (L¥Z); (x¢—1) < 0 which is a contradiction.

5 Error Analysis

The error at each point x; € 2% is denoted by e(x;) = U(x;) —u(x;). For case
. . N . . 2N . N
@) Wh?n J# T er case (ii), when J # 5 and for the case d = 1 when j # 3,

following steps as in [1], it can be derived that

|(L¥e);(x;))| <CN~'InN, i =1,2.
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When j = 7 or 5~ or 7,

I(LNe); (x| < Ce,»h+[max] lu! ()]

XjsXjt1

+ Cg;h~ max ] lu! (0)]

Xj—1,X]

<CN 'lnN,

where h" = x4 —x;jand h™ = x; — xj_4.
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Theorem 2 Let u be the solution of the continuous problem (6)—(7) and U be the

solution of the discrete problem (8)—(10). Then
[[U—u||<CN'InN.

Proof Using the barrier functions

wE (x; -4

) = C1(1+2xj)N’llnN:|:ei(xj), j<or2¥or
PTG d 4+ xp)NT InN £ei(x), > Yor Por

and the maximum principle, it is not hard to derive the required bounds.

6 Numerical Illustration

(14)

In this section, a singularly perturbed linear system of delay differential equations
is considered for numerical illustration. The source term of the system has a point
of discontinuity d inside the domain of definition. All the three cases when (i) d €
(0,1) (ii)d € (1, 2) and (iii) d = 1 are considered. Appropriate Shishkin meshes are
constructed and the resulting discrete problems (8)—(13) are solved. The results are
presented in the tables and figures. It is to be noted that the error constants presented
in the tables are approximations to the error constant C derived in the error bound

(14).
Case (i): Consider the IVP

ey (x) + (6 + x)uy(x) — xup(x) —uj(x — 1) = 0.8 4+ 2x

gauy(x) —up(x) + (5 4 x)uz(x) — xuz(x — 1) = 0.9 for x € (0, 0.4)

ey (x) + (6 + x)uy(x) — xua(x) —uy(x — 1) =2+ 2x

eauh(x) — up(x) + (5 + x)ua(x) — xuz(x — 1) =3 for x € (0.4, 2)
ui(x) =2, up(x) =2, xe[—1,0].

15)
(16)
a7)
(18)
19)
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Table 1 Values of DV, pV, p* and CII:Q for ey =n/4,ep =nand ¢ =3.9

N. Shivaranjani et al.

n Number of mesh points N
512 1024 16384 32768

20 0.103E-01 0.527E-02 0.842E-04 0.421E-04
273 0.442E-01 0.306E-01 0.102E-02 0.550E-03
276 0.458E-01 0.305E-01 0.102E-02 0.549E-03
27 0.467E-01 0.305E-01 0.102E-02 0.549E-03
2777 0.467E-01 0.305E-01 0.102E-02 0.549E-03
DN 0.467E-01 0.306E-01 0.102E-02 0.550E-03
pV 0.609E+00 0.693E+00 0.897E+00

Cﬁ,\’ 0.397E+01 0.397E+01 0.168E+01 0.138E+01
Order of convergence = 0.6094098E+00

The error constant = 0.3974310E+01
Table 2 Values of DV, pV, p* and CIIY* for &, =nand o = 3.9

&1 Number of mesh points N

256 512 32768 65536

273 0.306E-01 0.189E-01 0.189E-02 0.102E-02
276 0.306E-01 0.189E-01 0.189E-02 0.102E-02
277 0.306E-01 0.189E-01 0.189E-02 0.102E-02
271 0.305E-01 0.189E-01 0.189E-02 0.102E-02
2-20 0.305E-01 0.189E-01 0.189E-02 0.102E-02
DN 0.306E-01 0.189E-01 0.189E-02 0.102E-02
pN 0.693E+00 0.770E+00 0.886E+00

CII,V 0.606E+01 0.606E+01 0.415E+01 0.363E+01

Order of convergence = 0.6934210E+00

The error constant = 0.6059335E+01

It is to be noted that the point of discontinuity d € (0, 1). Based on the algorithm
found in [19], Tables 1 and 2 gives the parameter-uniform order of convergence and
the error constant. From the table it is seen that the order of convergence well agrees
with the theoretical results.

The figure displays the numerical solution for the problem (15)—(19), computed
for N = 8192, ¢, =217, ¢, =275 and d = 0.4. The components u; and u, have
initial layer at x = O and interior layers at x =d, x = 1 and x = 1 + d (Fig. 1).
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ul —
u2
1.8} g
16} g
14} g
12} i
1t i
08} o E
06} o | g
04l 1
0.2 : : :
0 05 1 15 2
Fig. 1 Numerical solution of the IVP (15)—(19)
Case (ii): Consider the IVP
epuy (x) + (6 + x)uy (x) — xuz(x) —u;(x — 1) = 0.8 + 2x (20)
eauh(x) —ur(x) + (5 + X)ua(x) — xup(x — 1) = 0.9 for x € (0,1.4)  (21)
e} (x) + (6 4+ x)up(x) — xuz(x) —uy(x — 1) =14 2x (22)
azu’z(x) —u1(x)+ S+ x)ur(x) —xup(x — 1) =3 for x € (1.4,2) 23)
ur(x) =2 ,u(x) =2, x €[-1,0] 24

It is to be noted that the point of discontinuity d € (1, 2). The maximum pointwise
two mesh differences and the rate of convergence for this IVP are presented in
Table 3.

This table shows that in this case also the order of convergence increases to one.
The numerical solution computed for problem (20)—(24) is presented in Fig.2 for
N =6144, ¢, =27, &, =271 and d = 1.4. In this case, the components u; and
u, have initial layer at x = 0 and interior layers at x = 1 and x = d.

Case (iii): Consider the IVP

g1y (x) + (6 + X)uy (x) — xup(x) —uy(x — 1) = 0.8+ 2x (25)
ety (x) —up(x) + (5 + x)uzr(x) — xuz(x — 1) = 0.9 for x € (0, 1) (26)
g1y (x) + (6 + X)uy(x) — xuz(x) —wuy(x — 1) =14 2x 27
saub(x) —uy(x) + (54 x)ua(x) —xu(x — 1) =3 for x € (1,2) 28)

u(x) =2 ,ur(x) =2, xe[—1,0] 29)
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Table 3 Values of DV, pV, p* and CII:Q for ey =n/4,ep =nand ¢ =3.9

N. Shivaranjani et al.

n Number of mesh points N
384 768 12288 24576
20 0.127E-01 0.654E-02 0.420E-03 0.210E-03
273 0.294E-01 0.180E-01 0.183E-02 0.994E-03
276 0.294E-01 0.180E-01 0.183E-02 0.993E-03
218 0.293E-01 0.180E-01 0.183E-02 0.992E-03
2721 0.293E-01 0.180E-01 0.183E-02 0.992E-03
DN 0.294E-01 0.180E-01 0.183E-02 0.994E-03
pV 0.709E+00 0.758E+00 0.883E+00
C;,V 0.514E+01 0.514E+01 0.375E+01 0.332E+01
Order of convergence = 0.7089833E + 00
The error constant = 0.5143387E + 01
Fig. 2 Numerical solution 2 yE p—
of the IVP (20)—(24) u2
1.8+ 1
161 1
14+ 1
12+ 1
1 J
08} ]
06 L |
04l 1
02 L L L
0 0.5 1 1.5 2

It is to be noted that the point of discontinuity d = 1. The maximum pointwise two
mesh differences and the rate of convergence for this IVP are presented in Table 4.
This table shows that in this case also the order of convergence well agrees with
the theoretical results. The numerical solution computed for problem (25)-(29) is
presented in Fig.3 for N = 8192, ¢) = 2717 ¢, =271 and d = 1.0. In this case,
the components u; and u, have initial layer at x = 0 and interior layers at x = 1.
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Table 4 Values of DV, pV, p* and CII:Q for ey =n/4,ep =nand ¢ =3.9

n Number of mesh points N
512 1024 16384 32768
20 0.654E-02 0.332E-02 0.210E-03 0.105E-03
273 0.167E-01 0.998E-02 0.951E-03 0.513E-03
276 0.167E-01 0.997E-02 0.950E-03 0.513E-03
218 0.167E-01 0.997E-02 0.950E-03 0.513E-03
2721 0.167E-01 0.997E-02 0.950E-03 0.513E-03
DN 0.167E-01 0.998E-02 0.951E-03 0.513E-03
pV 0.745E+00 0.809E+00 0.890E+00
C;,V 0.434E+01 0.434E+01 0.327E+01 0.296E+01
Order of convergence = 0.7454905E + 00
The error constant = 0.4340162E + 01
Fig. 3 Numerical solution 2 y p—
of the IVP (25)-(29) 8 u2
161 1
14} 1
1.2} 1
1 . 4
08} ~ - ]
06} — 1
o~
0.4 1
0.2 ‘ ‘
0 1 1.5 2
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A Parameter-Uniform First Order
Convergent Numerical Method for a
Semi-linear System of Singularly Perturbed
Second Order Delay Differential Equations

Mariappan Manikandan, John J.H. Miller and Valarmathi Sigamani

Abstract In this paper, a boundary value problem for a semi-linear system of two
singularly perturbed second order delay differential equations is considered on the
interval (0, 2). The components of the solution of this system exhibit boundary layers
at x = 0 and x = 2 and interior layers at x = 1. A numerical method composed of
a classical finite difference operator applied on a piecewise uniform Shishkin mesh
is suggested to solve the problem. The method is proved to be first order conver-
gent in the maximum norm uniformly in the perturbation parameters. Numerical
computation is described, which supports the theoretical results.

Keywords Singular perturbation problems *+ Boundary and interior layers *+ Semi-
linear delay-differential equations - Finite difference scheme - Shishkin mesh -
Parameter-uniform convergence

1 Introduction

Delay differential equations are common in the mathematical modelling of various
physical, biological phenomena and control theory [1, 2]. A subclass of these equa-
tions consists of singularly perturbed ordinary differential equations with a delay.
Such equations arise frequently in the mathematical modelling of various practical
phenomena, for example, in the modelling of human pupil-light reflex [3], models of
HIV infection [4], the study of bistable devices in digital electronics [5], variational
problems in control theory [6], first exit time problems in modelling of activation of
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neuronal variability [7], evolutionary biology [8], mathematical ecology [9], popu-
lation dynamics [10] and in a variety of models for physiological processes [11].
Investigation of boundary value problems for singularly perturbed linear second-
order differential-difference equations was initiated by Lange and Miura [7].
The singularly perturbed boundary value problem for a semi-linear system of
delay differential equations under consideration here is

Tu(x) := —Eu’(x)+f(x,u) + Bx)ulx—1)=00n 2 =(0,2) (1)
with u=¢ on [—1,0] and u(2) =1, 2)

where ¢; € C2([—1,0]), i = 1,2.Forallx € [0,2] = £2, u(x) = (u;(x), ua(x))”
andf(x, u) = (fi(x, w), fo(x, w)7.E, and B(x)are2 x 2matrices. E = diag(e),
e =(g,8) with0 < g < & <1, B(x)=diag(b(x)), b(x) = (b;(x), b2(x)). The
special cases &, = 1 and &) = &, are simpler and could be treated with numeri-
cal schemes on modified meshes. For all (x, u) € 2 x R?, it is assumed that the
nonlinear terms satisfy

a , a ,
Wl W g MW 2 k£ 3)
auk 8u_,~
2
af;(x,
min E M +b;i(x) | = a >0, for some «, 4@
56%0.22] — auj
[
bi(x)<0,i=1,2. 5

Further, it is assumed that f; € C2(22 x R?) and b; € C*(2), i =1,2. The
above assumptions ensure that u € € where ¥ = C%(2)NC'(2) N C2((0, 1) U
(1,2)).

The components #; and u, have boundary layers of width O(e;) at x = 0 and
x = 2 and interior layers of width O (e;) at x = 1, while the component u; has addi-
tional boundary layers of width O(e;) at x =0 and x = 2 and interior layers of
width O(gy) at x = 1.

The problem (1)—(2) can be rewritten as

—Eu’(x)+f(x, u) + Bx) ¢(x —1) =0o0n (0, 1), (6)
—Eu’(x) +f(x, w)+ B(x)u(x —1)=0o0n (1,2), 7
u(0) =¢0), u@) =Lu(l-) =u(l+)and u’(1-) =u’(1+). ()

or more concisely as
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Tiu(x) ;== —Eu”(x) +g(x, u) =0o0n (0, 1), 9
Tou(x) :=—Eu’(x)+f(x, u) + B(x) u(x — 1) =0on (1, 2), (10)
where g(x, u) = f(x, u) + B(x) ¢(x — 1).
The reduced problem corresponding to (9)—(10) is defined by
g(x, r)=00n (0, 1), (11)
f(x, )+ Bx)r(x—1)=0o0n(1,2). (12)

The implicit function theorem and conditions (3)—(5) ensure the existence of a
unique solution for (11) and (12).

The solution r has derivatives which are bounded independently of ¢; and ¢;.

Hence,

Ml c, P@I<C k=0,1,2,3,4, x€[0,2. (13
For any vector-valued function y on [0, 2] the following norms are introduced:

I Y(0) fl= max; [y ()] and ||y I|= sup(}| y(x) [ x & [0,2]}. For any mesh func-
tion Von 2 = {x j}j=o the following discrete maximum norms are introduced:

—N
I V(x;) [|I=max; |Vi(x;)| and || V [|= max{]| V(x;) ||: x; € £ }.
Throughout the paper C denotes a generic positive constant, which is independent

of x and of all singular perturbation and discretization parameters. Furthermore,
inequalities between vectors are understood in the componentwise sense.

2 Analytical Results

The following Shishkin decomposition of the solution u of (1)—(2) is considered:
u=v+w
where the smooth component v(x) is the solution of
—Ev'(x)+g(x, v)=00n (0,1), v(0) =r(0), v(1-) =r(1-), (14)

—Ev'(x)+f(x, v)+B(x)v(x —1)=00n(1,2), v(I+) =r(1+), v(2)=r(2)
(15)
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and the singular component w(x) is the solution of
—Ew'(x)+gx, v+w) —g(x, v) =0o0n (0, 1), (16)

—Ew'(x)+f(x, v+w) —f(x, VV+Bx) wx—1)=00n(1,2), (17)

w(0) = u(0) — v(0), w(2) =u(2) —v(2), [wl(1) = —[v](1), and [W'](1) = —[v'](D),
(13)
where for any function h, the jump at x is, [h](x) = h(x+) — h(x—).

Lemmal Fori = 1,2 and for all x € [0, 2], the smooth component v(x) satisfies,
k k -4
WP <C k=0,1,2 and PP <C1+¢ 2 ), k=34

Proof The smooth component v is further decomposed as follows

v=q+4q
where ( is the solution of
gi(x, @) =0, (19)
d*g .
0 e, =0, xe 1), (20)
dx
G2(0) = v2(0), §1(0) = v1(0) (21
and
[, @ +b1(x0)qi(x — 1) =0, (22)
d*q ~ .
pRrey + f2(x, @ +b2(x)q2(x = 1) =0, x € (1, 2), (23)
2(2) = 12(2), ¢1(2) = v1(2). (24)

On the other hand, q is the solution of

2~ d2"

d-q ~ oA ~ q
—81W+g1(x,q+(v—g1(x, qQ = ¢ dx2’ (25)
d’*q, A N
—e ol d+d) - o 9 =0 xeOD, (26)

q1(0) = q2(0) =0, g1(1-) = vi(1-) —g1(1-) and > (1) = v2(1-) — G2 (1-)
27)
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and
d2~ 2@1
- 81d— + ik, @+ @ — filx, @ +01(D)G1(x — 1) =e1—— PR (28)
2@
ey + L&, @+ @) — L(x, @ +b(0)@(x —1) =0, x € (1,2), (29)
g+ =vi(1+) —g:1(A4+), ¢(0+) = v2(14) — g (1+) and §,(2) = §2(2) = 0.
(30)
Let x € [0, 1]. Using (11), (19) and (20),
an®)(qr —r) +anx) (g —rn) =0, (31)
dz d2r2
- 82—(42 —r)t+anx)(g—r)+an(x)(q—r) =a—7 s (32)
where a;;(x) = %(x, Xg (X)), i, j =1, 2, are intermediate values.
Using (31) in (32),
d? d?
—82—(6]2 —r)+ (azz(x) - M) (G2 —1) = 82£-
an(x) dx?
Consider the linear operator,
d2
Liz(x) i= =62 2"(x) + (a22<x> - M) =0 (33)
app(x) dx

where z = ¢, — 5.

This operator satisfies the maximum principle in [12]. Thus, || g — 7, [|< C &,
d*(g, —
and || % | < C. Using the mean value theorem, (G2 — r2)'(x)| = |z/(x)| <
x

1

Ce;.
Differentiating (33) with respect to x once and twice and using the bounds of z, 7’

B ‘
and 2", we get |2 (x)| < C (1 te ) and [z (0)] < C (1+¢5).

Using the bound of z in (31), || g, — r1 || < C &,. Hence

; dg, d*q,
g 1< C, II—IISC, II—dZIISC,
X
3/\ 4/\

||—||_C2, ||—||<C8 and || 41 = C.
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Differentiating (31) with respect to x once, twice, thrice and four times and using
dgy d*qy d’qy and d*q

—, , and the assumption that &, < &, we
dx’ dx?’ dx3 dx* P

the estimates of

get

d? dq 3 d*g
19y < e Ty <o 20 < C(1+812) and | o= C (14577,
dx

From (25), (26) and (27),

dzél . _ . _ d2’\
—e1 5 tan g tap()g = a— 7
2~
—ey 2+ a3, ()1 + a3, ()G = 0,

dx 2

q1(0) = 200 =0, g1(1-) = vi(1-) — g1 (1-) and g2 (1-) = v2(1-) — G2(1-)
(34)
0gi ) i
where a;"j (x) = ai(x, N, (x)), i, j = 1,2, are intermediate values.
uj
From (34), fori =1, 2,

k~ dk"'_ k
||—||<C k=0,1,2 and ||;ql||§C(l—i-8i1 2),k=3,4. 35)
dx*

Hence from the bounds for q and q, the required bounds of v follow.
Let x € [1, 2]. Using (12), (22) and (23),

pii(x) (G —r) + p2(X) (G — 1) + () (Gi1(x =) —ri(x—1) =0 (36)

2
—&2——(q2 — r2) + pa(x)(G1 — 1) + p2(x)(G2 — 12) + ba(x)(G2(x — 1)

dx - (37)
—r(r— 1) =53

af; . .
where p;;(x) = ai(x, Ky (x)), i, j = 1,2, are intermediate values.
u; '

Using (36) in (37),

2 P@pa ™Y .
e (@ f’z)—i—(pzz(x)—lzp“—(j;) G2 —r2)

2
_ pulx )bl(x)(ql(x — D) —rx—=1D)+bx)Goax — 1) —r(x — 1)) = 82d r22.
i) a
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Consider the linear operator,

P (x)
pi(x)

d*ry  pa(x) .
esz + pi L@ =D = =1)

Lyz(x) := —&7"(x) + (Pzz(x) - )Z(X) +by(x)z(x — 1)

(38)

where z = g, — 5.

This operator satisfies the maximum principle in [13]. Hence using similar argu-
ments as in the interval [0, 1] and the bounds of q and q in the interval [0, 1], the
required bounds in the interval [1, 2] are derived. U

From equation (16),
—grwi(x) + 5110w (x) + s2(Dwa(x) =0, x € (0, 1), (39)

— 2wy (x) + 521 (X)wi (x) + 522 (w2 (x) =0, x € (0, 1) (40)

0gi . .
where s;;(x) = ai(x, 0,,(x)), i, j = 1,2, are intermediate values.
U

J
And from Eq. (17),

—grw] (x) + 57w (x) + 55, () w2 (x) + bi(x)wi(x — 1) =0, x € (1,2),

(4D
— 2wy (x) + 83 (w1 (x) + 55 (w2 (x) + ba(Vwa(x — 1) =0, x € (1,2)
(42)
dfi . . ‘
where sl.*j(x) = a—(x, Ag(x)), i, j = 1,2, are intermediate values.
uj
The singular component is given a further decomposition
wx) =w'(x) +w'(x) (43)
with w!(x) = w(0) wl(x) + Awi(x) (44)
satisfying —Ew,"(x) + S(x)Wi(x) =0, x € (0, 1) (45)

with  w{(0)=1, w/(1)=0 and w/(x) =0 on (1,2] where S(x)=
[Sn(x) Slz(x)]

$21(x) 522(x)

—Ew)" (x) + S*()Wh(x) + B)Wh(x — 1) =0, x € (1,2) (46)
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with  wi(1)=1, wi(2)=0 and wi(x) =0 on [0,1) where S*(x)=
|:S71 (x) STz(x)] and

551 (x) 835 (x)
w'(x) = Bw{(x) +w(2)w)(x) 47)

satisfying — Ew,r’//(x) +S)wi(x) =0, x € (0,1) 48)

withw{(0) =0, w{(1)=1 and w{(x) =0 on (1,2],
—Ew;"(x) + S*(x)Wh(x) + B(x)wh(x — 1) =0, x € (1,2) (49)

withwj (1) =0, wj;(2)=1 and wj(x) =0 on [0, 1).
Here, A and B are vector constants to be chosen in such a way that the jump

conditions at x = 1 are satisfied.

The layer functions B1 i Blr i Bé i 32 ;» B, By, i = 1,2, associated with the
solution u, of (1)—(2), are defined by

Bl (x) = e VOINE B (x) = e"ITIVOVE B i(x) = BY ;(x) + B} (x), on [0, 1],
B (x) = em O DVRIVEL B () = e CTIVEIVEL By j(x) = BY 1 (x) + By ().
on [1,2].

Lemma 2 The singular component w(x) satisfies, for i = 1,2 and for any x €

[0, 11,

l " (x)

I x)
ba =~ ) < Z
‘]

lw}(x)] < C B} ,(x),

2 Bl (x) l (x)
1,
|wf*<3)(x>|scz ‘{ e ”“)<x>|<cz
a=1  &; =1
dforx €[1,2], wl(0] < C B (), ()<CZ By
and for x € |w x)| 22 |w x)| ﬁ,
q= =i
1 2 Béq() 1(3) éq( 1(4) 2q(x)
i 1= €3 <x>|<CZ — e <x>|<CZ P
q=i g=1 ¢4 g=1

Analogous results hold for w;” and its derivatives.

Proof From equations (39), (40), (41), and (42), the bounds of the singular compo-
nent w can be derived as in [14] in the domains [0, 1] and [1, 2]. O
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3 The Shishkin Mesh

A piecewise uniform Shishkin mesh with N mesh-intervals is now constructed on

N_
[0, 2] as follows. Let 2V = £,V U £2," where 2,V ={x;} } LN = {xﬂf_‘&H
-2

j=1"
andxy = 1.Then 2" = (x;}/_o. 2 = )y 2 =2 =),
and 'V = {0, 2}. As the solution exhibits overlapping layers at x =0 and x =
2 and interior overlapping layers at x = 1, a Shishkin mesh is constructed to
resolve these layers. The interval [0, 1] is subdivided into 5 sub-intervals as fol-
lows [0, 71]U (71, ] U (12, | = o]U (1 — 15, 1 — 1] U (1 — 71, 1]. The parameter
7., r = 1, 2, which determine the points separating the uniform meshes, are defined

by
2[ 2 zﬁl In N] .

ng lnN] and T :min{;, NG

On the sub-interval (72, 1 — 7] a uniform mesh with % mesh points is placed
and on each of the sub-intervals [0, 71], (71, 2], (1 — o, 1 —7y]and (1 — 7y, 1],
a uniform mesh of % mesh points is placed. Similarly, the interval (1, 2] is also
divided into 5 sub-intervals (1,14 7], 1+ 71,14+ 0], 1+ 1,2 — 1], 2—

7,2 — 11] and (2 — 71, 2], using the same parameters t; and 7. In particular, when

1
Tp = min Z,

. o —=N
both the parameters t; and 7, takes on their lefthand value, the Shishkin mesh 2
becomes a classical uniform mesh throughout from 0 to 2. In practice, it is conve-

. . =N . .

nient totake N = 16k, k > 3. From the above construction of §£2 , itis clear that the
transition points {t,, 1 — 7,, 1 + 7,,2 — 1,},r = 1, 2, are the only points at which
the mesh-size can change and that it does not necessarily change at each of these
points.

4 The Discrete Problem

In this section, a classical finite difference operator with an appropriate Shishkin
mesh is used to construct a numerical method for (1)—(2) which is shown later to be
essentially first order parameter-uniform convergent.

The discrete two -point boundary value problem is defined to be

TyU(r)) := —E 82U(x)) +f(x;, Uxj) + B UG — 1) =0, 1<j<N-—1,
(50)
U(xp) = u(xp), D"U(xnp2) = D Ulxy2) and Uxy) = u(xy). 61V

The problem (50)—(51) can be rewritten as

N
TiyU(x;) := —E82U(xj) +g(x;, Ux;) =0, 1<j=< 5~ 1, (52)
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TQNU()Cj) =—F 82U(Xj) +f()Cj, U(X])) = —B()Cj)U(Xj — 1),
N , (53)
3 +1<j=<N-1,

U(xg) = u(xg), D U(xyp) = D™U(xy)) and Uxy) = u(xy). (54)

Forx; € .QIN
(TinY — TinZ) (x))

=—E&(Y —Z)(x;) +g(x;, Y(x;)) — g(x;, Z(x,))
) og og
=—-E5(Y—-Z)(xj)+ a—ul(xj, KX —Z) + a_uz(xf’ K(x;)(Y2 — Z»)

=T (Y = Z)(x;).
Similarly for x; € 20,
(TonY — TonZ)(x;)

= —ES(Y - Z)(x)) +£(x;, Y(xp) — £(x), Z(x)))

) of of
=—E& Y -Z)(x)) + a—ul(xjw M(x;) (Y1 — Zy) + a—uz(xjw M(x;) (Y2 — Z3)
= Ty (Y - Z)(x))

where ;—Ii(xj, K(x;)) and E?_Lf,-(xj’ M(x;)),i =1, 2, are intermediate values and
T}y and T}, are the Frechet derivatives of T;5 and T,y respectively. Since T
and T}, are linear, they satisfy the discrete maximum principle and discrete stability
result in [15]. Hence,

IY=-Z|< CIT\y(Y—=2)|=C IITiNY —=TiyZ | on 2

and
[Y=Z|< CITy(Y—=2)=C || TonY —TonyZ || on £25'.

ie. [Y—=Z|< C|TiwY—TnZ]| on) (55)

and |[Y—Z| < C || TanY —TonZ || on 25, (56)
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Lemma 3 Let u be the solution of the problem (1)—(2) and U be the solution of the
discrete problem (52)—(54). Then for j #* %,

[U—u| < C(N"'InN)% (57)
Proof Letx; € .QIN From (55),
[U-ull< C [ TiwnU-Tiyul|.

Consider,
| Tiyu |[=[ Tiyu—TixU| .

Hence,
| Tiyvu—=TiyU | = [ Tiyu |l
= Tiyu—Tu |
=E || °u—u")(x)) |
< E(| (v =v)(x)) | + | (B*w —w")(x)) D).

Since the bounds for v and w are the same as in [14], the required result follows on
[Ph

Letx; € .Qév. From (56),

[U—ul < C || TanU = Toyu ||
< C || B(x))(U—u)(x; — 1) ||, from (53)
=CU—u|gy
< C(N~'InN)%
Hencefor j # 5, | U—u | < C(N"'InN)> O

The error at each point x; € 2" is denoted by e(x;) = U(x;) —u(x;).
At the point x; = xy/2, for i =1, 2,

(D' — D7)ei(xy) = (D" — D7)(U; — ui)(xx)
= (D = D)HUi(xy) — (DT — DDui(xy).
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- — * - +
Recall that (D" — D7)U;(xy) = 0. Let h* = max{hy 5, hy}.
Then

|(D* — D7 )ei(xy)| = (D* — D7 )ui(xy)l
< (D" — i)M'()CN)I + (D™ — i)M'(JCN)I
- dx” 72 dx’ "2

1 =+ " 1 4
thv/z |” (77)|ne(1 »t5 h /2i“ (E)|EE<0 1)

< Ch* max }u’-’(x)|.
xe(0,1)U(1,2)

Therefore,
h*
|(D* —D7)ei(xy)] = C —. (58)

i
. . . . —N
Define, for i = 1, 2, a set of discrete barrier functions on 2 by

T, (1 + Jah,/y/2e)

0<j=NJ/2
M+ Vahi/2e)
ap={ (59)
Y11+ Vahi /v 26) NN
MY (1 + ahi /28 T
Note that
wi(0)=0, w;(l)=1, w;(2Q) =0 (60)
and from (59), and for 0 < j < N/2,
(xj) = ! @ (xj) = 1
wq xj () )Cj
M2 (1 + Ve /V2er) 7 (U + oahy /v2e2)
. 1 1 .
From the assumption that &, < &, which

<
1+«/&hk/\/281 1+\/&hk/«/282
implies that, forany 0 < j < N/2,

601(Xj) <CL)2()Cj). (61)

Similarly, forany N/2 < j < N, (61) holds.
Therefore, for any0 < j < N,

0 <wi(x)) <wy(xj) < 1. (62)
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It is not hard to see that, fori =1, 2,

2
0gi
(Tyy@)i () = —& oy (x)) + > a_i,(xf’ K(x;)wn(x))
=1

C (63)
> —a wi(x;) + za—ill(xj, K)o (x)).
I=1
And
(T @)i (x)) = —&; 8wy (x;) + Z —(xj, M(x)))wr(x )
(64)

> —a wi(x)) + Z —(x,, M(x)); (x;).

We now state and prove the main theoretical result of this paper.

Theorem 1 Let u(x;) be the solution of the problem (1)~(2) and U(x ;) be the solu-
tion of the discrete problem (50)—(51). Then,

I U(x;) —u@x;)) [<CN~'InN, 0<j<N.

Proof The result follows by using the procedure adopted in the proof of Theorem 2
in [14] to the linear operators T/, and T} ,,. O

5 Numerical Illustration

The numerical method of applying (50)—(51) on the Shishkin mesh constructed in
Sect. 3 is illustrated through an example presented in this section.

Example Consider the BVP
—Eu’(x)+f(x, u)+ B(x)u(x —1)=00n(0,2),
ux) = (1, 7, forx € [-1,0], u®@) = (1, DT,

where E = diag(ey, &), B(x) = diag(—1, —1), f(x, u) = (ul(x) 0.01uy(x),
2 T
)7
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Table 1 Values of Dév, DN, PN, P* and Cg’* fore; = g eo=nanda =09

n Number of mesh points N
128 512 1024 2048

20 0.112E-01 0.567E-02 0.286E-02 0.144E-02
272 0.229E-01 0.119E-01 0.607E-02 0.307E-02
24 0.431E-01 0.232E-01 0.120E-01 0.614E-02
276 0.762E-01 0.431E-01 0.232E-01 0.120E-01
2-8 0.124E+00 0.762E-01 0.431E-01 0.232E-01
2-10 0.178E+00 0.124E+00 0.762E-01 0.431E-01
2-12 0.158E+00 0.132E+00 0.959E-01 0.638E-01
24 0.158E+00 0.132E+00 0.959E-01 0.634E-01
216 0.158E+00 0.132E+00 0.959E-01 0.634E-01
218 0.158E+00 0.132E+00 0.959E-01 0.634E-01
DN 0.178E+00 0.132E+00 0.959E-01 0.638E-01
pN 0.429E+00 0.464E+00 0.588E+00

ch 0.554E+01 0.554E+01 0.541E+01 0.484E+01

Computed order of ¢ -uniform convergence, p* = 0.4285641

Computed ¢ -uniform error constant, C 2’* =5.540243

The numerical method suggested is found to work very well for reasonable number of mesh points

Fig.1 Solution profile for 1 J
N =512and n =278 The ry J—
figure gives a portrait of the O'QT 1
boundary layers and the 0.8}
interior layers at x = 1 due \
to the presence of the delay 0'”‘ i
term for N = 512 and 06l il
n=27" \
0.5}
|
04f] b
02l | J il
\ g
o1 N / 7
\““ ] {
O0 0‘ 5 ‘1 15 2

The maximum pointwise errors and the rate of convergence for this BVP are
presented in Table 1 and the solution in Fig. 1.
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