Chapter 4
Covering Spaces

This chapter continues the study of the fundamental groups and is designed to
utilize the power of the fundamental groups through a study of covering spaces.
The fundamental groups are deeply connected with covering spaces. Algebraic fea-
tures of the fundamental groups are expressed by the geometric language of covering
spaces. Main interest in the study of this chapter is to establish an exact correspon-
dence between the various connected covering spaces of a given base space B and
subgroups of its fundamental group 7 (B), like Galois theory, with its correspon-
dence between field extensions and subgroups of Galois groups, which is an amazing
result. Historically, the systemic study of covering spaces appeared during the late
19th century and early 20th century through the theory of Riemann surfaces. But its
origin was found before the invention of the fundamental groups by H. Poincaré in
1895. Poincaré introduced the concept of universal covering spaces in 1883 to prove
a theorem on analytic functions.

The theory of covering spaces is of great importance not only in topology but also
in other branches of mathematics such as complex analysis, geometry, Lie groups
and also in some areas beyond mathematics. A covering space is a locally trivial map
with discrete fibers. The objects of this nature can be classified by algebraic objects
related to fundamental groups. The exponential map p : R — S! defined by p(x) =
e?™* x e R is a powerful covering projection and (R, p) is the universal covering
space of S!. Chapter 3 has utilized this map as a tool for computing 71 (S'). Covering
spaces likewise provide useful general tools for computation of fundamental groups.
The fundamental group is instrumental for classifying the topological spaces which
can be covering spaces of a given base space B. For a large class of spaces, the
possible covering spaces of B are determined by the subgroups of 7 (B). Moreover,
the theory of covering spaces facilitates to determine the fundamental groups of
several spaces.

More precisely, this chapter considers a class of mappings p : X — B, called the
‘covering projections’ from a space X, called a covering space, to a space B, called
base space, to which the properties of the exponential map p are extended. Moreover,
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this chapter introduces the concepts of fibrations and cofibrations born in geometry
and topology and proves some classical results such as Borsuk—Ulum theorem and
Hurewicz theorem for a fibration.

For this chapter the books Croom (1978), Hatcher (2002), Rotman (1988), Spanier
(1966), Steenrod (1951), and some others are referred in the Bibliography.

4.1 Covering Spaces: Introductory Concepts and Examples

This section introduces the concept of covering spaces. Covering spaces displays
the first example of the power of the fundamental groups in classifying topological
spaces. Algebraic features of the fundamental groups 7 (B) of the base space B are
expressed in the geometric language of covering spaces of B.

4.1.1 Introductory Concepts

This subsection introduces the concept of a covering space with illustrative examples.
Recall that a topological space X is path-connected if each pair of points in X can be
joined by apathin X. A space that satisfies this property locally is called ‘locally path-
connected.” If X is a disconnected space, a maximal path-connected subset of the
space X is called a path component and is not a proper subset of any path-connected
subset of X. The path components of a subset B of X are the path components of B
in its subspace topology. For example, each interval and each ray in the real line are
both path-connected and locally path-connected. On the other hand, the subspace
[—1,0) U (0, 1] of R is not path-connected but it is locally path-connected. The
deleted comb space is path-connected but not locally path-connected. The space of
rationals Q is neither connected nor locally connected.

Definition 4.1.1 Let X and B be topological spaces and let p : X — B be a con-
tinuous surjective map. An open set U of B is said to be evenly covered by p if
p~1(U) is a union of disjoint open sets S;, called sheets such that pls, : Si = Uis
a homeomorphism for each i and U is called an admissible open set in B.

Example 4.1.2 Consider the exponential map p : R — S' defined by

p(x) = ¥ = cos 2mx + i sin27x, x € R.
Then the open set U = S! — {1} is evenly covered by p, since p~'(U) = U(n -

neZz

1
x n-+ 5). Clearly, the sheets are open intervals.

Definition 4.1.3 Let B be a topological space. The pair (X, p) is called a covering
space of B if
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(i) X is a path-connected topological space;
(ii) the map p : X — B is continuous;
(ili) each b € B has an open neighborhood which is evenly covered by p.

The map p is called the covering projection and an open set in B which is evenly
covered by p is called p-admissible or simply admissible.

Remark 4.1.4 Some authors do not assume X to be path-connected but assume p to
be surjective while defining a covering space.

Example 4.1.5 The exponential map p : R — S' defined in Example 4.1.2 is a cov-
ering projection and hence (R, p) is a covering space of S'. Because the open sets
Uy =S8'"—{~1}and U, = S' — {1} are evenly covered by p. Thus each point of
S' has an admissible open neighborhood in S'. In fact, any proper connected arc
of ! is evenly covered by p. The same argument shows that the map p : R — §!
defined by p(t) = ¢! where o € Ris a fixed nonzero real number, is also a covering
projection.

Example 4.1.6 For any positive integer n, let p, : S' — S' be the map defined
by pa(z) = 7",z € S§'. Then (S', p,) is a covering space of S'. Because, in polar
coordinates, p, is given by p, (1, 8) = (1, nf). The map p, wraps the circle around
itself n times. Let U be an open arc on § ! subtended by an angle 6, 0 < 0 <2,
and containing a point x. Then p~!(U) consists of n open arcs each determining an
angle 6/n and each containing one nth root of x. Each of these n open arcs is mapped
homeomorphically onto U. Thus any proper arc in ' is an admissible neighborhood.
Consequently, (S', p,) is a covering space of S'.

Example 4.1.7 Consider the map f : R> — S' x §' from the plane to the torus
defined by f(t;, 1) = (€>™"1, ™), (t, ;) € R%. Then (R?, f) is a covering space
of §' x S

For any point (z;, z2) € S' x S, let U be a small rectangle formed by the product
of two open arcs in S! containing z; and z», respectively. Then U is an admissible
neighborhood whose inverse image consists of a countably infinite family of open
rectangles in the plane R2. This example is essentially a generalizaton of the covering
projection p : R — S

Theorem 4.1.8 Let (X1, p1) be acovering space of By, (X2, p2) be a covering space
of By, then (X1 x Xo, p1 X p2) is a covering space of By x By, where p; X ps :
X1 X Xo — By X B is defined by (p1 X p2)(x,y) = (p1(x), p2()).

Proof Let (b1, by) € By X B, and U; be an open neighborhood of b; and U, be
an open neighborhood of b, which are evenly covered by p; and p,, respectively.
Then U; x U, is a neighborhood of (b, b,) in B; x B, which is evenly covered by
P1 X pa. u

Example 4.1.9 Consider the exponential map p : R — S' defined by

p(x) = €*™* = cos 27x + i sin27x, x € R.
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Then the map (p, p) : R x R — S! x S!is a covering projection. In fact for every
positive integer n, the product map popo---op = p" : R" — T" is a covering

n
projection, where 7" = T1 S' is the n-dimensional torus.
1

Theorem 4.1.10 Let p : (X, xo) — (B, by) be a covering projection. If X is path-
connected, then there is a surjection 1V : (B, by) — p~'(by). If X is simply con-
nected, then 1) is a bijection.

Proof Following the technique for computation of m;(S', 1) (see Theorem 3.3.9 of
Chap. 3) the theorem can be proved. a

Remark 4.1.11 Everytopological space is not necessarily a covering space. The fol-
lowing is an example of a topological space X which is not a covering space of Y.

Example 4.1.12 Let X be a rectangle which is mapped by the projection p onto the
first coordinate to an interval Y. Let U be an interval in Y. Then p~!(U) is a strip in
X consisting of all points above U (as shown in Fig.4.1).

This strip cannot be mapped by p homeomorphically onto U. Hence U is not
evenly covered by p. Consequently, (X, p) is not a covering space of Y.

Example 4.1.13 (Infinite and finite spirals) Let X be an infinite spiral,and p : X —
S! be the projection described in Fig.4.2.

Fig. 4.1 Example of a ! !
neighborhood which is not op N U)o (a,b) | X
evenly covered X :
p
pla,b) =a

€ U ) Y
Fig. 4.2 Infinite spiral with
projection p

X

Pl
—_—
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Fig. 4.3 Finite spiral with
projection p

]
>

Each point of X is projected by p to the point on the circle directly below it. Then
(X, p) is a covering space of S'. On the other hand, if p : ¥ — S! is a finite spiral
projection as shown in Fig. 4.2, then (Y, p) is not covering space of S', because if xo
and x; are the end points of the spiral Y, then the points p(xp) and p(x;) as shown
in Fig.4.3 have no admissible neighborhoods.

4.1.2 Some Interesting Properties of Covering Spaces

This subsection presents some properties of covering spaces.

Proposition 4.1.14 Let p : (X, x9) — (B, by) be a covering space. Then the induced
homomorphism p, : (X, xo) — w1 (B, by) is a monomorphism and the subgroup
p«(m1(X, x0)) in (B, by) consists of homotopy class of loops in B based at by
which lifts to X starting at x are loops.

Proof Let an element o € ker p, be represented by aloop fy : I — X with a homo-
topy F;: I - Bof fy=po fo to the trivial loop f1 (Fig.4.4).

Hence there exists a lifted homotopy of loop F; : [ — X started at fo and end-
ing with a constant loop (because the lifted homotopy F; is a homotopy of paths
fixing the end points, since ¢ varies each point of F, gives a path lifting a constant
path, which is therefore constant). Hence [ fo] =0 in (X, xo) shows that p, is
injective. a

We now state the following two other properties of covering spaces whose proofs
are given in Sect.4.5.2.

Fig. 4.4 Homotopy diagram X

corresponding to a lifting of / I,,
foto fo
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Proposition 4.1.15 Let p : (X, x9) — (B, by) be a covering space and f : (Y, o)
— (B, bo) be a map, where Y is path-connected and locally path-connected. Then
alift f (Y, y0) = (X, x0) of f exists iff f.(m1 (Y, y0)) C p«(m1(X, x0)).

Proposition 4.1.16 Givena covering space p : X — Bandamap f : Y — X with
two lifting f1, f» 1 Y — X that agree at some point of Y, then if Y is connected,

fi=fie, ily) = L), VyeY.

4.1.3 Covering Spaces of RP"

This subsection studies covering spaces of real projective spaces R P" and computes
fundamental group of RP2.

Definition 4.1.17 (Real projective plane) Let RP? be the real projective plane
defined as a quotient space of the 2-sphere S? obtained by identifying each point
x of §? with its antipodal point —x and p : S> — RP? be the natural map which
identifies each pair of antipodal points i.e., p maps each x to its equivalence class.
We topologize R P? by defining V' to be open in RP? if and only if p~!(V) is open
in S2. With this topology R P? becomes a topological space.

Theorem 4.1.18 The projective space RP? is a surface and (S2, p) is a covering
space of RP2.

Proof First we show that p : > — RP? is a covering map. Given y € RP?, we
choose x € p~!(y). We then choose an e-neighborhood U of x in S? for some € < 1,
using the Euclidean metric d of R. If A : > — S? is the antipodal map sending z
to its antipodal point —z, then U contains no pair {z, A(z)} of antipodal points of S2,
since d(z, a(z)) = 2. Consequently, themap p : U — p(U) is bijective. The antipo-
dal map A : S> — S, given by A(z) = —z is a homeomorphism of S? and hence
A(U) is openin S%. Since p~'(p(U)) = U U A(U), this set is also open in S?. Con-
sequently, p(U) is open in R P2 and hence p is an open map. Thus the bijective map
p: U — p(U) is continuous and open. Hence it is a homeomorphism. Similarly,
p: A(U) = p(A(U)) = p(U) is ahomeomorphism. The set p~! (p(U)) is thus the
union of two open sets U and A(U), each of which is mapped homeomorphically by
p onto p(U). Hence p(U) is a neighborhood of p(x) = y, which is evenly covered
by p. Consequently, (52, p) is a covering space of RP2. For the first part, let {U,}
be countable basis of S2. Then {p(U)} is a countable basis of R P2. Clearly, RP? is
a Hausdorff space. Let y; and y, be two points of RP2. The set p~'(y;) U p~'(y2)
consists of four points. Let 2¢ be the minimum distance between them. Let U; be
the e-neighborhood of one of the points p~!(y;) and U, be the e-neighborhood of
one of the points p~ (). Then the sets U; U A(U,) and U, U A(U,) are disjoint.
Consequently, p(U;) and p(U,) are disjoint neighborhoods of y; and y,, respec-
tively, in RP2. Since S? is a surface and every point of RP? has a neighborhood
homeomorphic to an open subset of S2, the space R P? is also a surface. a
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A generalization of Theorem 4.1.18 for n > 1 is now given.

Theorem 4.1.19 (S", p) is a covering space of RP", where p is the map identifying
antipodal points of S" forn > 1.

Proof The sets E" = {(x, X2, ..., Xy41) € 8" 1 x; > 0} and E; = {(x1,x2, ...,
Xpt1) € 8" 1 x; < O} areopen sets and cover §”. The map p|+ is 1-1, continuous and
open. Hence if U; = p(E;") = p(E;), then p~'(U;) = E}* U E; . The sets E;" and
E; are disjoint open sets, and homeomorphic to U;. This shows that p : §" — RP"
is a covering space. This asserts that (S”, p) is a covering space of RP". a

Definition 4.1.20 The multiplicity of a covering space (X, p) of B is the cardinal
number of a fiber. If the multiplicity is n, we say that (X, p) is an n-sheeted covering
space of B or that (X, p) is an n-fold cover of B.

Example 4.1.21 (i) (S?, p) is a double covering of R P?.

(i) The number of sheets of (R, p) of ' is countably infinite.
Because, p identifies pairs of antipodal points, the number of sheets of this
covering in (i) is 2. On the other hand, for the (ii) covering projection p : R — S'!
(see Example4.1.2) maps each integer and only the integers to 1 € S'. Thus
p~ (1) = Z and hence the number of sheets of this covering is countably infinite.

Theorem 4.1.22 7, (RP2, y) = 7Z,.

Proof The projection p : S> — RP? is covering map by Theorem 4.1.18. Since S
is simply connected, we apply Theorem4.1.10, which gives a bijective correspon-
dence between 7 (RP2, y) and the set p~!(y). Since p~!(y) is a two-element set,
71 (RP2, y) is a group of order 2. Since any group of order 2 is isomorphic to Z,, it
follows that 7 (R P2, y) = Z,. Q

Remark 4.1.23 For computing 7 (RP", y) by using the universal covering space
(8", q) of RP", where ¢ identifies the antipodal points of S”, (see Sect.4.6.2), use
topological group action see Corollary 4.10.4.

4.2 Computing Fundamental Groups of Figure-Eight
and Double Torus

‘We now consider some topological spaces whose fundamental groups are nonabelian.
This section constructs covering spaces for computation of fundamental groups of
some spaces such as figure-eight and double torus whose fundamental groups are
not abelian. For computing the fundamental group of figure-eight by graph-theoretic
method see Sect.4.10.6.

Example 4.2.1 (figure-eight) The figure-eight F is the union of two circles A and B
with a point xy in common. We now describe a certain covering space X for F.
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Let X be the subspace of the plane consisting of the x-axis and the y-axis, along
with the small circles tangent to these axes, one circle tangent to the x-axis at each
nonzero integer point and one circle tangent to the y-axis at each nonzero integer
point as shown in Fig.4.5.

The projection map p wraps the x-axis around the circle A and wraps the y-axis
around the other circle Bj; in each case the integer points are mapped by p into the
base point xp of F. Then each circle tangent to an integer point on the x-axis is
mapped homeomorphically by p onto B; on the other hand, each circle tangent to
an integer point on the y-axis is mapped homeomorphically onto A; in each case the
point of tangency is mapped onto the point xy. Then p is a covering map.

Theorem 4.2.2 The fundamental group of the figure-eight is not abelian.

Proof Let f : I — X be the path f(¢) = (¢, 0), going along the x-axis from the
origin (0, 0) to the point (1, 0). Let g : I — X be the path g(¢) = (0, 1), going along
the y-axis from the origin (0, 0) to the point (0, 1). Let f = po fand g = p o §.
Then f and g are loops, in the figure-eight F based at x(, going around the circles A
and B, respectively. We claim that f * g and g * f are not path homotopic. We lift
each of these paths to a path in X beginning at the origin. The path f x g lifts to a
path that goes along the x-axis from the origin to (1, 0), and then goes once around
the circle tangent to the x-axis at (1, 0). But the path g x f lifts to a path in X that
goes along the y-axis from the origin to (0, 1), and then goes once around the circle
tangent to the y-axis at (0, 1). Since the lifted paths do not end at the same point, f * g
and g * f cannot be path homotopic. Therefore we conclude that [ f * g] # [g * f]
and hence [ f] - [¢g] # [g] - [ f] proves that the fundamental group of the figure eight
is not abelian. a

Remark 4.2.3 For computing the fundamental group of figure-eight by graph-
theoretic method see Sect.4.10.6.

Corollary 4.2.4 The fundamental group of the double torus T, is not abelian.

Fig. 4.5 Figure-eight

02 {) 4
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Proof Figure-eight F is a retract of T, = the inclusion map i : (F, xo) < (T2, xo)
induces a monomorphism i, : 7 (F, xo) — 7 (T2, x9) = 71 (1>, xo) is not abelian,
since 7 (F, xp) is not abelian. Q

Remark 4.2.5 For computing fundamental groups of some orbit spaces see
Sect.4.10.2.

4.3 Path Lifting and Homotopy Lifting Properties

This section continues the study of covering spaces and displays basic properties of
covering spaces such as path lifting and homotopy lifting properties (PLP and HLP).
We begin with characterization of locally path-connected spaces.

Recall the following definitions.

Definition 4.3.1 A topological space X is said to be locally path-connected if for
each point x € X and every neighborhood U, of x, there is an open set V with
x € V C U, such that any two points in V can be joined by a path in U,.

Definition 4.3.2 A topological space X is said to be semilocally path-connected if
for every point x € X, there is an open neighborhood U, of x such that every closed
path in U, at x is nullhomotopic in X.

Proposition 4.3.3 A ropological space X is locally path-connected if and only if
each path component of each open subset of X is open.

Proof Left as an exercise. u

Theorem 4.3.4 Every covering projection p : X — B is an open mapping for any
locally path-connected space X.

Proof Let X be a locally path-connected space such that p : X — B be a covering
projection and V be an open set in X. We claim that p(V) isopenin B.Letb € p(V)
and x € p~!(b) and U be an admissible neighborhood for b. Then x is a point of
V such that p(x) = b. Let W be the component of p~!(U) which contains x. Since
X is locally path connected, W is open in X by Proposition 4.3.3. Since p maps W
homeomorphically onto U, p maps the open set W N V to the open subset p(W N V)
in B.Thenb € p(WN V) C p(V). Since b is an arbitrary point of p(V), it follows
that p(V) is a union of open sets and hence p(V) is an open set. Consequently p is
an open mapping. a

Theorem 4.3.5 Let (X, p) be a covering space of B and Y be a space. If f and
g are continuous maps from Y to X for which p o f = p o g, as shown in Fig.4.6,
then the set A= {y € Y : f(y) = g(y)} (i.e., the set of points of Y at which f and
g agree) is both open and closed in Y. (Y is not assumed to be path-connected or
locally path-connected).
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Fig. 4.6 Triangular diagram X

involving f, g and p h
f:9

P

Y———B

pof=pog

Proof To prove that A is open, let y € A and U be an admissible neighborhood
of (p o f)(y). Then the path component V of p~1(U) to which f(y) belongs is
an open set in X and hence f~!(V) and g~!(V) are open in Y. Since f(y) € V
and f(y) = g(y),theny € f~1 (V)N g~ (V). Weclaim that f~'(V)Ng~'(V)isa
subset of A and conclude that A is open, since it contains a neighborhood of each of its
points.Letz € f~1(V) N g~'(U).Then f(1), g(t) € Vand (p o f)(t) = (p o 9)(t).
Since p maps V homeomorphically onto U, it follows that f(z) = g(¢) and hence
t € A. Thus it follows that A is an open set.

Next we prove that A is closed. Suppose A is not closed and let ¢ be a limit
point of A not in A. Then f(#) # g(¢). The point (p o f)(¢#) = (p o g)(¢) has an
elementary neighborhood U such that the points f(¢) and g(¢) must be in distinct
path components V; and V, of p~'(U). Since t € f~'(V}) N g~'(V») which is an
open set in Y, 7YV N g~ (V) must contain a point y € A. But this implies a
contradiction, since V|, NV, = W and f(y) = g(y) € V| N V,. Hence all limit points
of A must lie in A and therefore A is closed. Q

Corollary 4.3.6 Let (X, p) be a covering space of B, and let f, g be continuous
maps from a connected space Y into X such that po f = pog. If f and g agree at
apoint of Y, then f = g.

Proof Let Y be a connected space. Then the only sets that are both open and closed
in Y are Y and #. Hence by Theorem 4.3.5 it follows that either A=Y or A =
¢. This implies that either f(y) = g(y) at every y € Y or f(y) # g(y) at every
y € Y. By hypothesis f(y) = g(y) atsome y € Y. Thus A # ) and hence A =Y.
Consequently, f(y) = g(y), Yy € Y shows that f = g. a

Remark 4.3.7 The Corollary 4.3.6 gives the uniqueness of the lifting of a map and
generalizes Proposition3.3.2 of Chap. 3.

We now consider lifting problems. What is lifting problem?

Let p : X — B be a continuous surjective map (not necessarily a covering pro-
jection). Given a subspace A of X and a continuous map f : A — B, does there
exist a continuous map f:A— Xsuchthat po f = f?

In other words, can we find a continuous map f : A — X making the diagram in
Fig.4.7 commutative? If such f exists, then f is called a lift of f. The satisfactory
answer is available if p is covering projection.
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Fig. 4.7 Lifting of a map f X

Fig. 4.8 Lifting of a path f

Definition 4.3.8 Let (X, p) be a covering space of B and let f : [ — B be a path
in B. A path f:I— X in X such that po f = f, is called a lifting or covering
path of f,i.e., if it makes the diagram as shown in Fig.4.8 commutative.

If F: 1 x1— B be ahomotopy, then a homotopy F : I x I — X for which
po F = F,iscalleda lifting or covering homotopy of F.

We now generalize Theorem 3.3.3 and its Corollary 3.3.4. of Chap. 3.

Theorem 4.3.9 (The Path Lifting Property) Let (X, p) be a covering space of B
and f : I — B be a path in B beginning at a point by € B. If xo € p~'(by), then
there is a unique covering path f : I — X as shown in Fig.4.9 of f beginning at x
such that p o f: f.

Proof Existence of f : Suppose [a, b] C I is such that f([a, b]) C U, where U is
an admissible neighborhood of y = f(a) in B. Let x € f~'(y). Then x lies in a
unique sheet S (say). Define

g:(a,bl,a) = (X,x), by g = (pls)" o (flias)

such that p o g = fl[4.51. Let U; be an admissible neighborhood of f(¢) for each
t € 1. Then {f~'(U,),t € I}, being an open cover of the compact metric space /
has a Lebesgue number A. This shows that if 0 < § < A and Y is a subset of / of
diameter less than 6, then Y C f~!(U,) forsomet € I. Thus f(Y) C U, partitions I
withpointsty = 0,15, ..., 4% = 1,wheret;y; —t; < d for1 <i <k — 1. Then there
is a continuous map g; : [0, ;] — X satisfying p o g1 = flj0.,,) and gi (o) = xo.

Fig. 4.9 Path lifting (X, 20)
property (PLP) -7
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Similarly, there is a continuous map g, : [t2, t3] — X satisfying p o §o = flin.0]
and g (t;) = gi(t2). In this way, for 1 <i < k — 2, there is a continuous map

Git1 : [livts tig2] = X

satisfying p o giy1 = flit1.1.01 and Giy1(ti41) = i (ti11). Using gluing lemma, and
a§sembling the functions g;, we obtain a continuous function f : [ — X, where
f@) =gi(0)ift € [1;, tip1].

The uniqueness of f: It follows from Corollary 4.3.6, because [ is connected, and
by assumption any two lifts of f agree at the point 0 € 1. a

Corollary 4.3.10 (Homotopy Lifting Property) Let (X, p) be a covering space of
Band F : 1 x I — B be a homotopy such that F (0, 0) = by. If x € p~(by), then
there exists a unique homotopy F : I x I — X such that F (0, 0) = x,.

Proof Proceed as in Theorem 4.3.9 by subdividing I x I into rectangles (in place
of I). Q

We can prove in a similar way the general form of the Homotopy Lifting Property.

Theorem 4.3.11 (The Generalized Homotopy Lifting Property) Let (X, p) be a
covering space of B and A be a compact space. If f : A — X is continuous and
F : A x I — B is a homotopy starting from p o f, then there is a homotopy F:
A x I — X starting from f and lifts F. Furthermore, if F is a homotopy relative to
a subset A’ of A, then F is also so.

4.4 Lifting Problems of Arbitrary Continuous Maps

This section gives a necessary and sufficient condition for lifting of an arbitrary
continuous map f : A — X by applying the tools of fundamental groups. More
precisely, given a covering space (X, p) of B and a continuous map f : A — X, can
we find a continuous map f :A— Xsuchthatp o f = f?The answer is positive if
[ is apath or ahomotopy between paths by the Path Lifting Property (Theorem4.3.9),
and the Homotopy Lifting Property (Corollary 4.3.10), respectively. To the contrary
the answer is negative for an arbitrary continuous map f. For more results see
Chap. 16.

2mit

Example 4.4.1 The exponential map p : R — S! defined by p(t) = ¢*™' is a cov-
ering projection. The identity map 1gi : §' — S! cannot be lifted to a continu-
ous map 1 : S' — R making the triangle in Fig.4.10 commutative. Otherwise,
p o1 = lg = 1pisinjective = 1 is an embedding of S' into R, since S! is compact
= (S is a closed interval homeomorphic to S', since any compact connected sub-
set of R must be a closed interval. This is impossible, since a closed interval cannot
be homeomorphic to S'.


http://dx.doi.org/10.1007/978-81-322-2843-1_16

4.4 Lifting Problems of Arbitrary Continuous Maps 159

Fig. 4.10 Covering R
projection for exponential o7
map p v »

Remark 4.4.2 'We now give a necessary and sufficient condition under which an arbi-
trary continuous map f : A — X can be lifted. The methods of algebraic topology
are now applied to solve such problems.

Theorem 4.4.3 (Lifting Theorem) Let (X, p) be a covering space of B. Given a
connected and locally path-connected space A, let f : A — B be any continuous
map. Then given any three points ag € A, by € B and xy € X such that f(ap) = by
and p(xo) = by, there exists a unique continuousmap f : A — X satisfying f (ag) =

Xxo such that p o f = f ifand only if f.(m1(A, ag)) C p«(m1(X, x0)).

Proof Suppose that 3 a continuous map f : A — X satisfying the given con-
ditions. Then the diagram in Fig.4.11 is commutative. Hence the diagram in
Fig.4.12 is also commutative (by the functorial property of 7). Consequently,
fu(m1(A, ap)) = p*(f;(m(A, ap))) € p.(m(X, xp)). Conversely, let the algebraic
condition f,(m(A, ap)) C p«(m1(X, x0)) holds.

Since A is connected, A has only one component. Again since A is locally path-
connected, this component is a path component. Hence A is path-connected.

Leta € A. Wetakeapathu : I — Asuchthatu(0) =apandu(l) = a.Then f o
u : I — Bisapath such that (f ou)(0) = f(u(0)) = f(ayp) = by. By path Lifting
Property, Theorem 4.3.9, 3 aunique path &z : [ — X thatlifts f o u in X withu(0) =
Xo as shown in Fig.4.13. Define a map

f:A— X,ari(l).

Fig. 411 Lifting of f to f (X, )
Ed
;-7 i
e P

(A, ap) —_— (B, bo)
Fig. 4.12 Induced B m1(X, )
homomorphisms of f and f e

[
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Fig. 4.13 Diagram for X
i -
lifting theorem P

a - f,7

— ~ p

[ A p

Fig. 4.14 Two paths « and v A
in A

To show that f is well defined, choose another path v from aq to a as shown in
Fig.4.14. Let v be the unique path in X lifting f o v for which v(0) = x, i.e.,
pov= fowvandv(0) = xg.

Now u * v~'isaclosed pathin A atag. Then f o (u x v™') = (fou) * (f ov™!)
is a closed path in B at by. Again since

[(fouw) s (fov )= fuluxv™'T€ fumi (A, ap) C psmi (X, x0) (by hypothesis),
there exists a closed path « in X at x( such that
(fowx(fov H~poa rel .

Hence )
(fou)*(fov HNx(pod)~(poa)*(pod)rell;

fou=~po(axd)rell, since pod = fou.
Again by homotopy lifting property (see Corollary 4.3.10)
i~axdrell withii(l) = (a*0)(1) = 3(1).

This shows that f is well defined.

f is continuous: Let @ € A and U be an open neighborhood of f(a). To show the
continuity of f, we have to find an open neighborhood V, of a with f(V,) C U. We
take an open admissible neighborhood V of p f(a) = f(a) such that V C p(U).
Let W be the path component of p~'(V) which contains the point f(a), and let
V' be an open admissible neighborhood of f(a) such that V' € p(U N W). Then
the path component of p~ (V) containing f (a) must be contained in U. Since
f is continuous and path-connected A is locally connected, 3 a path-connected
neighborhood V,, of a such that f(V,) C V. Then f (V,) CcU. 4
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Corollary 4.4.4 Let A be simply connected and locally path-connected and f :
(A, ag) — (B, by) be continuous. If (X, p) is a covering space of B and if xq €
p~Y(bo), then 3 a unique lifting f : (A, ap) — (X, xo) of f.

Proof A is simply connected = 7(A, a9) =0 = p.m (A, ap) = {0} C p.m
(X, x0). Then 3 a unique lifting f : (A, ap) = (X, x¢) of f. Q

Corollary 4.4.5 Let B be a connected and locally path-connected space, and (X, p)
and (Y, q) be covering spaces of B. Let by € B and xy € X, yy € Y be base points
with p(xo) = by = qg(y). If p«m1(X, x0) = q«m1 (Y, o), then there exists a unique
continuous map f : (Y, yo) = (X, xo) such that po f = q.

Example 4.4.6 (S", p) is a covering space of RP" of multiplicity 2. Since S”
is simply connected for n > 2, it follows that if xo € p~'(by), by € RP", then
fgr any continuous map f : (8", s9) — (RP", by), there exists a unique lifting
f (8", 50) > (8", xp).

4.5 Covering Homomorphisms: Their Classifications
and Galois Correspondence

This section defines covering homomorphisms between covering spaces of the base
space B and classify the covering spaces with the help of conjugacy classes of the
fundamental group 7;(B). This classification establishes an exact correspondence
between the various connected covering spaces of a given space B and subgroups of
its fundamental group 7 (B), like Galois theory, with its correspondence between
field extensions and subgroups of Galois groups. There is a natural question: given
a space B, how many distinct covering spaces of B, we can find? Before answering
this question, we explain what is meant by distinct covering spaces of B.

4.5.1 Covering Homomorphisms and Deck Transformations

This subsection introduces the concepts of covering homomorphisms and deck trans-
formations.

Definition 4.5.1 Let (X, p) and (Y, ¢) be covering spaces of the same space B. A
covering homomorphism /4 from (X, p) to (Y, g) is a continuous map 2 : X — Y
such that the diagram in Fig.4.15 is commutative. If in addition, % is a homeomor-
phism, then £ is called an isomorphism. If there is an isomorphism from (X, p) to
(Y, g), then they are called isomorphic or equivalent covering spaces, otherwise, they
are said to be distinct covering spaces. An isomorphism of a covering space onto
itself is called an automorphism or a deck transformation.
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Fig. 4.15 Covering X h y
homomorphism

Remark 4.5.2 A homomorphism of covering spaces is a covering projection i.e.,if
h : X — Y is a homomorphism of covering spaces, then (X, &) is a covering space
of Y.

Proposition 4.5.3 Covering spaces of a space B and their homomorphisms form a
category.

Proof We take covering spaces of B as the class of objects and their homomorphisms
as the class of morphisms. Let (X, p) be a covering space of B. Then 1y : X — X is
a covering homomorphism. If (X, p), (¥, ¢) and (Z, r) are covering spaces of B and
h:X —Y,g:Y — Z are covering homomorphisms, thengo h : X — Zisalsoa
covering homomorphism from (X, p) to (Z, r). a

Isomorphisms in this category are just the isomorphisms of covering spaces as
defined above.
Let Aut(X/B) be the set of all automorphisms of covering space (X, p) of B.

Proposition 4.5.4 (Aut(X/B), o) is a group under usual composition of maps.

Proof The identity map 1y : X — X is itself an automorphism and the inverse of
an automorphism is again an automorphism. Consequently, Aut(X/B) is a group
under usual composition of maps. Qa

Definition 4.5.5 Aut(X/B) is called the automorphism group of the covering space
(X, p) of B. These automorphisms are also known as the covering transformations
or deck transformations of the covering space (X, p) of B.

Let p: X — B,q :Y — B be covering projections. Then (X, p) and (Y, ¢g) are
covering spaces of B. Suppose g, h : X — Y are two covering homomorphisms. We
now consider each of g and & as liftings of the map p : X — B with respect to the
covering projection g : Y — B (Fig.4.16).

Fig. 4.16 Uniqueness of Y

lifting
g,h q
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Consequently, if X is connected and g and % both agree at a single point of X,
then g = h. This proves the following proposition.

Proposition 4.5.6 Let g, h: X — Y be two covering homomorphisms from the
covering space (X, p) to the covering space (Y, q) of B. If X is connected and
g(x0) = h(xo) for some xo € X, then g = h.

4.5.2 Classification of Covering Spaces by Using Group
Theory

This subsection characterizes and classifies covering spaces of a space B with the
help of conjugacy classes of the group 7 (B). The following two results of algebra
are used in this subsection.

(i) If H and K are subgroups of a group G, then they are conjugate subgroups iff
H =g 'Kgforsome g € G.

(ii) If H and K are subgroups of a group G, then the G-sets G/H and G/K are
G-isomorphic iff H and K are conjugate subgroups in G.

Theorem 4.5.7 Let (X, p) be a covering space of B, where X and B are path-
connected. If by € B, then the groups p,i(X, y), as y runs over Y = p~'(by), form
a conjugacy class of subgroups of (B, by).

Proof To prove the theorem we have to prove:

(a) for any yy, y; € Y, the subgroups p,m (X, yo) and p,71 (X, y;) are conjugate;
(b) any subgroup of 7 (B, by) conjugate to p.m(X, yo) is equal to p,m (X, y) for
somey €Y.

(a) Let u : I — X be a path from y, to y;. Then the function 3, : 7 (X, yo) —
w1 (X, y1) defined by 5,([f]) = [a * f *ul, V[f] € m1(X, yo), is an isomor-
phism (by Theorem3.1.18). In particular, G,7(X, yo) = m1(X, y1) = (px o
B (X, yo) = pxm1(X, y1). It follows from the definition of (3, that (p, o
Bm (X, yo) = [poul ' pumi(X, yo)lp oul = pimi(X, y1) and p.mi(X, yo)
are conjugate subgroups of 7 (B, by).

(b) Let H be a subgroup of (B, by) such that H is conjugate to p.m(X, yo)
for some [g] € m1(B, by). Then H = [g]~' p.m1(X, y0)[¢]. Let § be the unique
lifting of ¢ in X starting at yo. Then g(1) = y(say)e Y. Now proceeding as in
(a), we have

pmi(X,y) =[po gl ' pumi(X, yo)[p o g1
=[g]™' pmi (X, yo)lg] = H

= p,m(X,y) = H.

We conclude that the set { p,m (X, y) : y € Y} forms a complete conjugate class
of subgroups of the group 7 (B, by).
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Qa

Definition 4.5.8 The conjugacy class of subgroups {p.m1 (X, y) : y € ¥ = p~(by)}
described above is called the conjugate class determined by the covering space (X, p)
of B.

We now characterize covering spaces of a base space B with the help of conjugacy
classes of subgroups of m(B).

Theorem 4.5.9 Let B be path-connected and locally path-connected. Let (X, p)
and (Y, q) be path-connected covering spaces of B; let p(xo) = q(yo) = bo. Then
the covering spaces (X, p) and (Y, q) are isomorphic if and only if p,mi(X, xo) and
q«m1(Y, yo) are conjugate subgroups of w1 (B, by) (i.e., iff they determine the same
conjugacy class of subgroups of w1 (B, by)).

Proof Suppose that the covering spaces (X, p) and (Y, ¢) are isomorphic. Then there
exists a homeomorphism 4 : ¥ — X such that p o h = g i.e., making the diagram
in Fig.4.17 commutative.

Let 2(yg) = x;. Then h induces an isomorphism 4, : 7 (Y, yo) — 7 (X, x1) =
hi(m (Y, yo)) = mi(X, x1) = (p« 0 h)(m(Y, yo)) = p«(mi (X, x1)). Hence g.(m
(Y, y0)) = psm1 (X, x1). By Theorem4.5.7, p,m(X,x;) is a subgroup of
(B, by) and conjugate to the subgroup p.7(X.x9). Consequently, p,m(X, x9) and
q+«m1(Y, yo) are conjugate subgroups of (B, by). For the converse, let the two
subgroups of (B, by) be conjugate. By Theorem4.5.7 we can choose a differ-
ent base point yp in Y such that the two groups are equal. We now consider the
diagram in Fig.4.18 where ¢ is a covering map. The space X is path-connected;
it is also locally path-connected, being locally homeomorphic to B. Moreover,
PsT1(X, x0) € g1 (Y, o). In fact, these two groups are equal. By Theorem 4.5.7,
we can lift the map p to p : X — Y such that p(x¢) = yo. Theng o p = p.

Reversing the role of X and Y in this discussion, we see that g : Y — B can also
be lifting to ¢ : ¥ — X such that g(yg) = xo as shown in Fig.4.19.

We claim that p and g as shown in Fig.4.20 are inverses of each other. Consider
the diagram in Fig.4.21.

Fig. 4.17 Isomorphisms of %

h
-
covering spaces \
P
q
/
-
P

Fig. 4.18 Lifting of p
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Fig. 4.19 Lifting of ¢
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Now g o p: X — X is a lifting of the map p : X — B satisfying the condition
(g o p)(x0) = x¢. The identity map 1x : X — X is another such lifting of p. Hence
by uniqueness of lifting it follows that g o p = 1x. Similarly, p o ¢ = 1y. Conse-
quently, p : X — Y is a homeomorphism and hence the covering spaces (X, p) and
(Y, g) are isomorphic. a

Remark 4.5.10 For any covering space (X, p) of B, the subgroups {p,(m(X, x)) :
x € p~'(b)} form a conjugacy class of subgroups of m(B,b). The above
Theorem4.5.9 shows that a conjugacy class of a subgroup of (B, b) determines
completely the covering spaces upto isomorphisms.

Recall that

Definition 4.5.11 A topological space X is said to be simply connected if it is path-
connected and 7 (X, xo) = O for some xy € X (hence for every xp € X).

Example 4.5.12 Consider the covering spaces of S'. m(S', 1) is abelian = two
subgroups of 7 (B, by) are conjugate if and only if they are equal. Consequently,
two covering spaces of ' are isomorphic if and only if they correspond to the same
subgroup of 7;(S') = Z. The subgroups of Z are given by < n >, consisting of all
multiples of n, for n =0, 1,2, .... The covering space (R, p) of S' corresponds
to the trivial subgroup of Z, because R is simply connected. On the other hand,
the covering space (S, p) of S! defined by p(z) = z" corresponds to the subgroup
< n > of Z. We conclude that every path-connected covering space of S' is isomor-
phic to one of these coverings i.e., any covering space of §' must be isomorphic
either to (R, p) or to one of the coverings (S', g,,), where ¢, (z) = 7", z € S! wraps
S! around itself n times.
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Fig. 4.22 Lifting of f to X X
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Example 4.5.13 Consider the double covering (S!, p) over RP2. Since S is simply
connected, 7 (5%, s) = 0 and hence the conjugacy class contains only the trivial
subgroup.

Example 4.5.14 The plane R? is simply connected. Consequently, the conjugacy
class of (R?, r) over the torus also contains only the trivial subgroup.

Example 4.5.15 Let X denote an infinite spiral and let ¢ : X — S' denote the pro-
jection map projecting each point on X to the point on the circle directly beneath
it. Then (X, g) is a covering space of S'. Since X is contractible, it has trivial
fundamental group. Consequently, (X, ¢) determines the conjugacy class of 7 (S")
consisting of only the trivial subgroup. (R, p) also determines the conjugacy class of
m1(Sh consisting of only the trivial subgroup. We conclude that (X, ¢) and (R, p)
are isomorphic covering spaces of S! by Theorem4.5.9.

We recall the following proposition (see Sect.4.1.2).

Proposition 4.5.16 Let p : (X, x9) — (B, by) be acovering space. Then the induced
homomorphism p, : m(X, xo) — ™ (B, by) is a monomorphism and the subgroup
p«(m1(X, x0)) in (B, by) consists of homotopy classes of loops in B based at by
which lift to X starting at xq are loops.

Remark 4.5.17 1f p : X — B is acovering map, then p is also onto. But its induced
homomorphism
P« m(X, x0) = m(B, bo)

need not be an epimorphism. However, p, is a monomorphism.

Proposition 4.5.18 Let p : (X, x9) — (B, by) be a covering space and f : (Y, yo)
— (B, by) be a map, where Y is path-connected and locally path-connected. Then
a lift f (Y, yo) = (X, x0) of f (as shown in Fig.4.22) exists iff f«(m1(Y, y0)) C
P«(m1 (X, x0)).

Proof Since f,([a]) = (p * of*)[oz] € p.(m (X, xp)), Y[a] € m (Y, yp), it follows

that fi.(m1 (Y, y0)) C ps(m (X, x0)).
Conversely, let y € Y and  be a path in Y from yy to y. Then the path f o 3 in

B starting at by has a unique lifting (m) starting at xg. Define

Fi(Vyo) = (X.x0).y > (F o A)(D).

Clearly, f is well defined and continuous. a
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Proposition 4.5.19 Given a covering space p : X — Bandamap [ : Y — X with
two liftings fl, f2 Y — X that agree at some point of Y, if Y is connected, then

fi= foie, ily) = fr(y), Yy e Y.

Proof Lety € Y and U be an open neighborhood of f(y) in B such that p~(U) is
a disjoint union of open sets U each of which is mapped homeomorphically onto U
by p. Suppose U, and U, are the U;’s containing f1(y) and f>(y), respectively. By
contmulty of f1 and f2 there is nelghborhood Ny of y mapped into U; by fl and U,
by f.If fi(y) # fo(y), then U, # Us. Hence U, and Uz are disjoint open sets and
f1 #* fz throughout the neighborhood N,. Again if f1 y) = fz(y) then U1 U,
and hence fl f2 on Ny, because p o f1 =po f2 and p is injective on U, = Us.
This shows that the set of points where f1 and f2 agree is a both open and closed set
inY. Q

4.5.3 Classification of Covering Spaces and Galois
Correspondence

This subsection considers the problem of classifying all different covering spaces
of a fixed base space B. The main thrust of this classification is given in the Galois
correspondence between connected covering spaces of B and subgroups of 7 (B).
The Galois correspondence ¢ arises from the function that assigns to each covering
space p : (X, xo) — (B, bg) the subgroup p.(m (X, xp)) of m (B, by). By Proposi-
tion4.5.16, this correspondence 1 is injective. To show that v is surjective, we have
to show that corresponding to each subgroup G of 7 (B, by), there is a covering
space p : (X, xg) — (B, bp) such that p, (X, x0) = G

Definition 4.5.20 A topological space X is said to be semilocally simply connected
if each point x € X has a neighborhood U, such that the map induced by inclusion
i:Uy — Xistrivial, i.e., i, : m;(Uy, x) — w1 (X, x) is trivial (equivalently, every
closed path in U, at x is nullhomotopic in X).

Definition 4.5.21 A topological space X is said to be semilocally path-connected if
for every point x € X, there is an open neighborhood U, of x such that every closed
path in U, at x is nullhomotopic in X.

Theorem 4.5.22 Let B be a path-connected, locally path-connected and semilocally
path space. Then for each subgroup G of 7 (B, by) there is a covering space p :
X6 — Bsuchthat p,(m1(Xg, x0)) = G for some suitable chosen base point xo€ X ;.

Proof Letb € B. Since B is semilocally path-connected, there is an open neighbor-
hood W, of b such that every closed path in W}, at b is nullhomotopic in B. Again
since X is locally path-connected, 3 an open connected neighborhood U, of b such
that b € U, C W,,. Clearly, every closed path in U, at b is null homotopic in B and
U, is evenly covered by p.
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Construction of X: Let P(B, by) be the family of all paths f in B with f(0) =
by, topologized by the compact open topology. Define a binary relation f; ~ f> mod
G iff f1(1) = f>(1) and [ f * fz_l] € G. Then ‘~’ is an equivalence relation. The
equivalence classof f € P(B, by)is denoted by [ f]. Let X ; denote the set of all such
equivalence classes, topologized by the quotient topology. If ¢y is the constant path
at by, define xo = (cp)g € Xg and p : X — B, [flc +— f(1). Then p(xp) = by.
Since any two paths in the basic neighborhoods Uy, and Ujy,, are identified in
X ¢, the whole neighborhoods are identified. Consequently, the natural projection p :
X — Bisacovering space with p(xg) = by. Then the image of p, : m1(Xg, x0) —
m1(B, by) is precisely G. Because, for any loop (3 in B based at by, its lifting to X¢
starting at xo = (co)¢ ends at [3]s and hence the image of this lifted path in X is
aloop iff [B]g ~ [colc (equivalently, [G] € G). Q

Remark 4.5.23 Every group G can be realized as the fundamental group of the
topological space Xg.

Corollary 4.5.24 Let B be a connected, locally path-connected, semilocally simply
connected space. Then every covering space q : Y — B is isomorphic (equivalent)
to a covering spaces of the form p : X¢ — B.

Proof Let by € B be a base point of B and yy € Y lie in the fiber over by. If G =
q+«m1(Y, y0), then p,m(Xg, x0) = G.Hence Theorem 4.5.9 shows that the covering
spaces p: Xg — Band g : Y — B are isomorphic. a

Corollary 4.5.25 Let B be a connected, locally path-connected, semilocally simply
connected space. If p : X — B isacovering space of B, then every open contractible
set 'V in B is evenly covered by p.

Proof Since if V is an open path-connected set in B for which every closed path
in V is nullhomotopic in B, then V is evenly covered by p. In particular, if b €

V, then p~' (V) = U (V, x) and contractible open sets are evenly covered in
xep~'(b)

every covering space of the form p : X — B. Then the corollary follows from

Corollary 4.5.24. a

Corollary 4.5.26 Let B be a connected and locally path-connected space. Then B
has a universal covering space X (i.e., X is simply connected) iff X is semilocally
simply connected.

Proof Theorem4.5.22 proves sufficiency of the condition. Definition 4.5.20 gives
the necessity of the condition. Q

Theorem 4.5.27 (Classification theorem) Let B be a path-connected and locally
path-connected space. Then the two coverings p : X — B and q : Y — B are iso-
morphic via a homeomorphism f : X — Y taking a base point xo € p~'(by) to a
base point yo € q~" (bo) iff p«(m1(X, x0)) = q.(m1 (¥, y0)).
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Fig. 4.23 Diagram for two i
. . . X Y
isomorphic coverings of B

Proof Suppose thereis ahomeomorphism f : (X, xo)— (Y, yo) as shownin Fig. 4.23.
Then the two relations p =g o f and ¢ = po f~! show that p,(m (X, x9)) =
qx(m1 (Y, yo)).

For the converse, let p. (7 (X, x¢)) = g.(m1 (Y, ¥0)). Then by the lifting criterion,
we may lift p to p: (X, xo) = (¥, yo) with g o p = p. Similarly, we obtain g :
(Y, y0) = (X, xo) with p o ¢ = ¢. Then by unique lifting property, it follows that p o
q = lyand g o p = 14, since these composed lifts fix the base points. Consequently,
P+« and g, are inverse isomorphisms. a

Remark 4.5.28 We now present a generalization of the above classification theorem
in the following form.

Theorem 4.5.29 (Classification theorem in general form) Let B be a path-connected,
locally path-connected and semilocally simply connected space. Then there exists a
bijection between the set of base point preserving isomorphism classes of path-
connected covering spaces p : (X, xg) — (B, by) and the set of subgroups of
71(B, by), obtained by assigning the subgroups p. (7 (X, xo)) to the covering spaces
(X, x0). If the base points are ignored, this correspondence gives a bijection between
isomorphism classes of path-connected covering spaces p : X — B and conjugacy
classes of subgroups of 7 (B, by).

Proof The first part follows from Theorem 4.5.27. For the proof of the second part,
we claim that covering space p : X — B, changing the base point xo within 77! (b)
corresponds exactly to changing p, (m (X, x¢)) to a conjugate subgroup of 7 (B, by).
Suppose x; is another base point p~!(by). Let & is a path from xq to x;. Then &
projects to a loop « in B, which represents some element g € (B, by). Define G;
by G; = p.(m(X, x;)) fori = 0, 1. Then we have an inclusion g 'Gog C Gy, since
for f aloop at xo, 7' % f %75 is a loop at x;. Similarly, gG,g~" C Gy. Using
conjugation the latter relation by g~! we have G; C ¢g~'Gog and hence ¢~'Gog =
G . Consequently, changing the base point from xy to x; changes G to the conjugate
subgroup G = g~'Gog. Conversely, to change G, to a conjugate subgroup G| =
g 'Gg, choose a loop (3 represents g, that lifts to a path 3 starting at xo and let
x1 = 3(1). The earlier argument proves that G| = ¢~ Goyg. u

Theorem 4.5.30 (Galois correspondence) Let B be path-connected and locally
path-connected space. The Galois correspondence 1) arising from the function that
assigns to each covering space p : (X, x9) — (B, by) the subgroup p.(m(X, xo))
of m1(B, by) is a bijection.
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Proof 1 is injective: it follows from Proposition 4.5.16.

1) is surjective: it follows from classification Theorem 4.5.27, since to each sub-
group G of 7 (B, by), there is a covering space p : (X, xo) — (B, by) such that
p«m1(X, x0) = G.

Hence this correspondence v is a bijection. a

Definition 4.5.31 1) defined in Theorem 4.5.30 is called a Galois correspondence.

4.6 Universal Covering Spaces and Computing 71 (RP")

This section introduces the concept of a special class of covering spaces, called
universal covering spaces and studies them with the help of fundamental groups of
their base spaces and computes 7 (RP").

4.6.1 Universal Covering Spaces

This subsection opens with the concept of universal covering spaces. For a topological
space B, (B, 1p) is a covering space over B. This covering space does not create
in general much interest because it corresponds to the conjugacy class of the entire
fundamental group (B, b). On the other hand, the covering space corresponding
to the conjugacy class of the trivial subgroup {0} of 7, (B, b) is interesting. This
covering space, if it exists for some B, is called the ‘universal covering space’.

We now examine the relation between a base space B and its universal covering
space.

Definition 4.6.1 Let B be a topological space. A covering space (X, p) of B for
which X is simply connected (i.e., X is path-connected and 7; (X, xo) = O for every
Xxo € X) is called the universal covering space of B.

Remark 4.6.2 We now explain the name of the term “universal covering space”.

Theorem 4.6.3 (i) Any two universal covering spaces of the same base space B
are isomorphic.

(i) If (X, p) is the universal covering space of B and (Y, q) is a covering space of
B, then there is a continuous map

p:X—>Y

such that (X, p) is a covering space of Y.

Proof (i) Any universal covering space of B determines the conjugacy class of the
trivial subgroup = any two universal covering spaces of B are isomorphic by
Theorem4.5.9.



4.6 Universal Covering Spaces and Computing 71 (RP") 171

Fig. 4.24 Lifting of p to p Y

Fig. 4.25 Infinite earring

(ii) We consider the commutative diagram in Fig.4.24 and choose base points
X0 € X, bg € Band yy € Y suchthat p(xo) = q(yo) = by. Since 71 (X, x9) = 0,
psm1(X, x0) C q«m1(Y, ¥9). Hence Lifting Theorem 4.4.3 shows the existence
of a continuous map p : (X, xo) — (Y, yo) such that ¢ o p = p and therefore p
is a covering projection. In other words, (X, p) is a covering space of Y.

Q

Example 4.6.4 (i) (R, p)istheuniversal covering space of S ! where p) = et
since the space of real numbers R is simply connected.
(ii)) (R?,r) (in Example 4.5.14) is a universal covering space over the torus, since
R? is simply connected.
(iii) (S, p) is the universal covering space of RP2.
(iv) (8", p,) is a universal covering space of RP", where p, : §" — S” is the map
identifying antipodal points of S” for n > 1 (see Theorem 4.1.19).

Remark 4.6.5 A space may not have a universal covering. We now present an exam-
ple of a space which has no universal covering.

Example 4.6.6 (Infinite earring or shrinking wedge of circles) Let C,, be the circle
of radius 1/n in R? with center at (1 /n,0), for each n > 1. Let X be the subspace
of R? that is the union of these circles as shown in Fig.4.25.

Then X is the union of a countably infinite collection of circles. The space X is
called the ‘infinite earring’ or ‘shrinking wedge of circles’ in the plane R?. Let b the
origin. We claim that if U is a neighborhood of b in X, then the homomorphism of
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Fig. 4.26 Homomorphisms m1(Chs bo) I (X, bo)
induced by inclusion maps '

7T1(U, bg)

fundamental groups induced by the inclusioni : U < X is not trivial. To show this,
let n be a given integer, there is a retraction r : X — C, defined by letting » maps
each circle C; for i # n to the point by. We can choose n sufficiently large such that
inclusion j : U < X andinclusion k : U < U and thus for sufficiently large n, C,
lies in U. Then in the commutative diagram of groups and homomorphisms induced
by inclusions k, and j, as shown in Fig.4.26, j, is injective.

Hence j, can not be trivial. This asserts that X has no universal covering.

4.6.2 Computing 71 (RP")

‘We now present an interesting result of the universal covering space and utilize this
result to compute 71 (RP"). For an alternative method see Corollary 4.10.4.

Theorem 4.6.7 Let (X, p) be the universal covering space of B and Aut(X/B) be
the group of all automorphisms of (X,B). Then the automorphism group Aut(X/B)
is isomorphic to the fundamental group 7, (B) of B. Moreover, if |71 (B)| is the order
of the group m\(B), then |71 (B)|=number of sheets of the universal covering space.

Proof To prove the first part, let xo € X and p(xg) = by. We define a map 1 :
Aut(X/B) — m (B, by) as follows:

f € Aut(X/B) = f permutes the points of the fiber p~!(by). The point f(xq) €
p~(by), since (p o f)(xo) = bo. Let u be the path in X joining xq and f (xo). Then
p ouisaloopin B based at by. We define a mapping ¢ : Aut(X/B) — m(B) given
by ¥(f) = [poul.

1 is well defined: Let v be any other path joining x¢ and f (x¢). Since X is simply
connected, u is equivalent to v and hence [p o u] = [p o u] = 1 is well defined.

1 is a homomorphism: Let f, g € Aut(X/B) and u, v be two paths in X joining
X0 to f(x9) and to g(xp), respectively. Then ¥ (f) = [p o u] and 1 (g) = [p o v].
Clearly, f o v is a path joining f(xg) to f(g(x9)) and hence u * (f o v) is a path
in X joining x¢ to f(g(xp)). Again (fg) =[po(* (fov))]=[(pou)*(po
fov)]=[poul][po fov].Sincepo f = p,wehave)(fg) =[pouxpov]=
[poullpov]l=¢(f)P(g).

1 is a monomorphism: Let ¢)(f) = ¥(g). Then [p o u] = [p o v], where u, v are
paths in X starting at xo and ending at f'(xo) and g(x¢), respectively. Consequently,



4.6 Universal Covering Spaces and Computing 71 (RP") 173

Fig. 4.27 Commutativity of (X,a(1))
the triangle for lifting of p to
h h

(X, 29) ——————— (B, by)

p«[u] = pi[v] = u and v must have the same terminal point by Monodromy The-
orem 4.9.3 i.e., f(x9) = g(xp) and hence f = g by Proposition 4.5.6, since X is
connected.

1) is an epimorphism: Let o € 7, (B, by) and & be the unique lifting of the path «v in
X such that &(0) = xo € X. Consider the commutative diagram in Fig. 4.27 obtained
by applying Lifting Theorem 4.4.3 to define a continuous lifting & of p such that
h(xo) = a(l).

Since X is a simply connected covering space of B, there exists a homeomorphism
h : X — Xsuchthath(xyp) = a(1). By the same argument, there is also ahomeomor-
phism &k : X — X such that k(@(1)) = x¢. Since the homeomorphismk o/ : X —
X maps x to itself and hence by Proposition 4.5.6 it follows that # o k = 1x. This
implies that 7 € Aut(X/B) and by definition, 1 (h) = [p o @] = [a]. This shows
that 1) is an isomorphism.

Proof of the last part: Since ¢ is one-to-one, it establishes a one-to-one corre-
spondence between p~!(by) and a subset of 7, (B, by). While proving v is onto, we
showed that every homotopy class [«] in 7| (B, by) corresponds to a point &(1) in
p~ ! (boy). Hence it follows that | p~! (by)| = number of sheets of (X, p), is the order
of ™ (B, b()) |

Remark 4.6.8 Last part of the Theorem 4.6.7 also follows from Theorem4.10.1(iii),
since m;(X) = 0.

Theorem 4.6.9 7 (RP") >~ 7Z, forn > 2.

Proof Consider the universal covering space (S”, g) of RP" where g identifies the
antipodal points of S”. Then |7 (RP")| =2 = m(RP") = Z,. Q

Theorem 4.6.10 The automorphism group G = Aut(X/B) of a universal covering
space (X, p) of B acts on X freely.

Proof 1t is sufficient to prove that if g € G and g(x) = x for some x € X, then
g = 1x. The group homeo(X) of all homeomorphisms of a space X acts on the set
X by the action defined by g - x = g(x), where g € Homeo (X) and x € X. Since
the group A(X/B) is a subgroup of Homeo (X), Aut(X/B) also acts on the space
X by the above action. Thus g, 1x : X — X are two covering homomorphisms of
corresponding covering projections such that g(x) = x = 1x(x) for some x € X.
This shows that g = 1x by Proposition 4.5.6, since every path-connected space is
connected. Q
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Fig. 4.28 Commutativity of (Xy)——mmm hlx +(X,7)
the triangle for the covering : '
space (X, p)
p P
(B,b)

Corollary 4.6.11 Let (X, p) be covering space of B.

(i) Ifh € Cov(X/B) = Aut(X/B) and h # 1y, then h has no fixed point.
(i) Ifh,g € Aut(X/B) and 3 x € X with h(x) = g(x), then h = g.

Proof (i) Let 3 x € X with h(x) = x; let b = p(x). Consider the commutative
diagram in Fig. 4.28.
Since both & and 1x complete the diagram in Fig.4.28, it follows that 7 = 1y,
a contradiction.

(ii) The map h~'g € Aut(X/B) has a fixed point, namely x and so by (i) h~!g =
Ix =>h=g. Q

4.7 Fibrations and Cofibrations

This section gives a systematic approach to the lifting and extension problems through
representation of maps as fibrations or cofibrations which are dual concepts of each
other in some sense and form two important classes of maps in algebraic topology.
They are central concepts in homotopy theory. Every continuous map is equivalently
expressed up to homotopy as a fibration and also as a cofibration. The concept of
fibration first appeared in 1937 implicitly in the work of K. Borsuk (1905-1982).
This concept born in geometry and topology provides important strong mathematical
tools to invade many other branches of mathematics. More precisely, this section
introduces the concepts of fibrations and cofibrations and establishes a connection
between a fibration and a covering projection.

The concept of homotopy lifting property (HLP) is very important in algebraic
topology, specially in homotopy theory. It is the dual concept of the homotopy exten-
sion property (HEP). The concept of HLP leads to the concept of fibration. There is
a dual theory to fibration leading to the concept of cofibration. This is a very nice
duality principle in homotopy theory.

4.7.1 Homotopy Lifting Problems

This subsection discusses homotopy lifting problems of a map. It is an important
problem of algebraic topology and dual to the extension problem. Let p : X — B
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Fig. 4.29 Lifting of f X
i
e - P
-
Y 7 B
Fig. 4.30 Homotopy Lifting Y %0 / X
of H 7
a H_ - »

Fig. 4.31 Homotopy Lifting /
Problem .

be amap and Y be a space. If f : ¥ — B is a map, then the lifting problem for f is
to determine whether there is a continuous map f : ¥ — X such that the diagram
in Fig.4.29 is commutative, i.e., f = p o f. If there exists suchamap f : ¥ — X,

we say that f can be lifted to X, and f is called a lifting or a lifting of f. To show
that the lifting problem is a problem in the homotopy category, we need the concept
of homotopy lifting property(HLP) which is similar to the concept of HEP.

Definition 4.7.1 A continuous map p : X — B is said to have the HLP with respect
to a space Y, if given maps f : Y — X and H : Y x I — B such that H(y,0) =
pf(y)forall y € Y, there is a continuous map H:Y x I — Xsuchthat H(y, 0) =
f(y) forallyeY and H =p o H. If f is regarded as a map of ¥ x 0 to X, the
existence of H is equivalent to the existence of a map represented by the dotted arrow
that makes the diagram in Fig. 4.30 commutative.

Let p: X — B beamap and Y be a space. A homotopy lifting problem is some-
times symbolized by the commutative diagram in Fig.4.31 where ho(y) = (y, 0) for
ally e Yandthemaps f : Y — X, H : Y x I — B are said to constitute the data
for the problem in question. The map H is a homotopy of p o f and a solution to
the problem is a homotopy H:Y xI— Xof fsuchthat p o H = H.Thus H lifts
the homotopy of H of p o f to a homotopy of f.

Proposition 4.7.2 Let p : X — B has the HLP with respect to a space Y. If f =~
g:Y — B, then f can be lifted to X iff g can be lifted to X.

Proof Similar to the proof of Corollary 3.3.4 of Chap. 3. a
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Remark 4.7.3 Letp: X — Band f : Y — B be two continuous maps. Then f can
or cannot be lifted to X is a property of the homotopy class. This implies that the
lifting problem for maps f : ¥ — B to X is a problem of homotopy category.

4.7.2 Fibration: Introductory Concepts

This subsection introduces the concept of a fibration first implicitly appeared in
the work of K. Borsuk in 1937 but explicitly in the work of Whiteney during 1935—
1940, first on sphere bundles. Fibrations form an important class of maps in algebraic
topology. Covering map is a fibration. The homotopy lifting property leads to the
concept of fibration (or Hurewicz fiber space) (Hurewicz 1955). More precisely, a
continuous map p : X — B has the HLP with respect to a space Y if and only if
every problem symbolized by the commutative diagram in Fig.4.31 has a solution.

Definition 4.7.4 A pointed continuous map p : X — B is called a fibration (or
fiber map or Hurewicz fiber space) if p has the HLP with respect to every space.
X is called the total space and B is called the base space of the fibration. For b €
B, p~'(b) = F is called the fiber over b. A Serre fibration is map X — B satisfying
HLP with respect to disk D", V n. It is sometimes called a weak fibration.

We use the notation “F < X > B is a fibration” to mean that p:X— Bisa
fibration, F is the fiber space over some specific point of B, and i : F < X is the
inclusion map.

Example 4.7.5 The projection
p:BxXF—B,0b, f)y—>b

is a fibration.

Definition 4.7.6 A fibration p : X — B is called principal fibration if there is also a
space C andamap g : B — C and a homotopy equivalence (over B, i.e., commuting
through B) of X with mapping path space of g defined by

Py ={(b,0) € B x cl. 04(0) =%, 0,(1) = g(b)},
pi: Py — B, (b,o)— b.

as shown in Fig.4.32; C is called the classifying space and g is called the classifying
map for the principal fibration.

Theorem 4.7.7 Given a principal fibration p : X — B, a lifting f of f exists if and
only if g o f is homotopic to a constant map, where g : B — C is the classifying
map.
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Fig. 4.32 Diagram of the Vo 0—t ¥ =~ P
classifying space and e .
classifying map L7 ”
ho . e
Y X[ ——— B C
Fig. 4.33 Existence of LX
lifting for a principal fFo- lp
fibration -y
Y——B
9
o
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Proof Since p is a principal fibration, there is a homotopy equivalence (over B)
X =~ P, and hence there exist maps

h:X — Pjandk: P, — X

such that
koh:lxandhok:lpgandploth,pokzpl,

where p; : Py — B, (b,0) > b.
Given f : Y — X, we obtain a homotopy g o f ~ ¢, where ¢ : ¥ — C is the
constant map y — *x € C as the composite

H:Y x1— Py— C,(y,1) > (ho ))(y) = (f(y),0,) > 0,(1) = Hy(y)

as shown in Fig.4.33.
Conversely, let G : g o f =~ c. Define

Gy: I —C,t—> Gy, 1)

Y= Py—= X,y (f(3),Gy) = k(f (), Gy).

Hence

(po ) = (pok)(f(»), Gy) = pi(f(3),Gy) = f(y),YyeY =pof=Ff
Q

Theorem 4.7.8 A lifting f of a principal fibration p : X — B exists iff there exists
a map g: Cy — C extending the classifying map g in the diagram as shown in
Fig. 4.34.



178 4 Covering Spaces

Fig. 4.34 Existence of a X
map extending the e Jp
classifying ma R
ying map g v f 5 el
gl -7 -
g o
c

Proof In the category Top, of pointed topological spaces the mapping cone C
is obtained from the mapping cylinder M, by identifying ¥ x {0} U {*} x I with
*1in B.

Suppose there is a homotopy

H:c~gof:Y—C,
where ¢ : Y — x € C is the given constant map. Define

§:Cr > C (v, 1) = H(y, 1),
T b s gb) forb ¢ F(Y).

Then
g(y,0) =xand g(y, 1) =gf(y), VyeY.

This shows that g is the required extension of g.
Conversely, let g be an extension of g. Then there is a homotopy

GYXI—>C,()’J)'_>§()’J)

Consequently,
G(y,0)=9g(y,0) ==
and
Gy, D)=g0(.D)=(oH), Vyer.
Hence go f >~ c. a

Proposition 4.7.9 Let p : X — B be a fibration and o be any path in B such that
a(0) € p(X). Then « can be lifted to a path & in X.

Proof « can be regarded as a homotopy « : {po} x I — B, where {py} is a one-
point space. Let xo be a point in X such that p(xg) = a(0). Then there exists a map
f :{po} = X such that pf(py) = a(po, 0). Hence it follows from the HLP of p
that there exists a path & in X such that @(0) = x¢ and p o & = «. This shows that
« 1is a lifting of a. a
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Fig. 4.35 Trivial fibration

Fig. 4.36  Homotopy lifting
property L g J
X

Example 4.7.10 Let F beany spaceand p : B x F — B bethe projection to the first
factor. Then p is a trivial fibration and forany b € B, the fiber p~!(b) over b is homeo-
morphic to F. Because, if the diagram in Fig. 4.35 symbolizes homotopy lifting prob-
lem, then the map H:Y x I — B x F defined by Fl(y, t)=(H®,t), pf(y))isa
solution of the lifting problem.

The projection p : B x I — B is said to be a trivial fibration.

Example 4.7.11 For any space X, let P(X) = M (I, X) be the space of all paths in
X.Thenthemap p : P(X) — X x X,definedby p(a) = («(0), (1)) is a fibration.
Again

pi: P(X) = X, ar— «a0), a(l)

fori = 1, 2, respectively, are also fibrations.

Example 4.7.12 Let p : X — Y be a fibration and ¢ : Y — B be also a fibration,
then their composite g o p : X — B is also a fibration.

Theorem 4.7.13 Every covering projection is a fibration.

Proof Let p : X — B be a covering projection and the diagram in Fig.4.36 sym-
bolizes a homotopy lifting problem. Then for each y € Y, there exists a unique
path o, : I — X such that «,(0) = f(y) and pa,(t) = H(y,t). Then the map

H:Y xI— X,(y,t) = «y(t)is a continuous map and p is a fibration. Q

Remark 4.7.14 For a covering projection the lifting is unique but it is not true for an
arbitrary fibration.

4.7.3 Cofibration: Introductory Concepts

This subsection conveys the concept of cofibration and studies it in the category Zop.
of pointed topological spaces and pointed maps. Cofibrations form an important class
of maps in topology. Geometrically, the concept of cofibrations is less complicated
than that of fibrations. There is a very nice duality principle in homotopy theory.
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Fig. 4.37 Commutative

: : X—"—z
triangle for cofibration
N
Y

Fig. 4.38 Cofibration of f

For example, if in the definition of a fibration as a map satisfying homotopy lifting
property we reverse the directions of all rows, we obtain the dual notion, called
a cofibration. This is a continuous map f : X — Y satisfying the property: given
g:Y — Zin7Zop_and a homotopy H, : Y — Z such that there is a continuous map
H, : X — Z with the property H o f = H,, i.e., making the triangle in Fig.4.37
commutative.

In this subsection, we work in Zop, unless specified otherwise.

Definition 4.7.15 A continuous map f : A — X is said to be a cofibration if for
every topological space Y and given a continuous map g : X — Y and a homotopy
G : A x I — Y starting with g o f, there exists ahomotopy F : X x I — Y starting
with g, such that G = F o (f x 1) as shown in Fig.4.38.

Remark 4.7.16 1t follows from Definition4.7.15 that if A is a subspace of X, the
inclusionmap i : A < X is a cofibration if the pair (X, A) has the homotopy exten-
sion property (HEP) with respect to the given space Y.

Example 4.7.17 For any space A in Top,, let CA = A x I/A x {1} U {x} x I be
theconeof Aandi : A — CA, a > [a, 0] be the inclusion. Then i is a cofibration.

Proposition 4.7.18 Given a map f : (X, xo) — (¥, yo) in ‘Top*, the inclusion i :

Y—Y U CX is a cofibration.
f

Proof Letr : I x I — I x {0} U I x I be a retraction. Then given maps f : Y U

g
CX — ZinTop_and G : Y x [ — Z with G(y,0) = f(y), Vy € Y, define H :
CX x{0}JUX x I — Zbytherule H|cxxjy = flcx and H|xx; = G o (g x 1g).

Againdefine F : (Y U CX) x Ibytherule Flyx; = Gand F([s, x],t) = H([p; o

g
r(s,1),x], ppor(s,t)), Vs, t] € CX,t € I,where p;, p, aretherestrictionsto [ X

{0} U T x I of the projections py, p» : I x I — X.Then F is well defined and is a
continuous map such that F(y, 0) = f(y). Q
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Flg. 4.3? Diagram for PV L
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Proposition 4.7.19 If f : X — Y is a cofibration, then f is injective, and in fact it
is a homeomorphism onto its image.

Proof Consider the mapping cylinder M, of f, the quotient space of X x I UY in
which (x, 1) is identified with f(x). Let H; : X — M be the homotopy, mapping
x € Xtotheimage (x,1 — 1) € X x Iian,aniiletﬁ, Y — beetheirlclusion.
Then the cofibration property of f shows that H; : Y — M is such that H; o f =
H;,. Restriction to a fixed t > 0, shows that f is injective, since H; is so. Moreover,
as H, is a homeomorphism onto its image X x {1 — ¢}, the relation ﬁ, of=H,
holds. Q

There is an equivalent definition of cofibration in Zop, .

Definition 4.7.20 A continuous map f : X — Y in Top_ is said to be a cofibration
if given a topological space Z, a continuous map g : ¥ — Z and a homotopy H :
X x I — Z starting from g o f, there exists a homotopy G : Y x I — Z, starting
from g such that H = G o (f x 1,) i.e., making the three triangles as shown in
Fig.4.39 commutative, where jo(y) = (y,0), Yy € Y and ji(x) = (x,0), V € X.

Remark 4.7.21 Let A be asubspace of atopological space X. Then the inclusion map
i 1 A < X is a cofibration if the pair (X, A) has the absolute homotopy extension
property (see Chap.2). The converse is not true in general. Because the definition of
a cofibration refers to Zop,_ but the absolute homotopy extension property refers to
maps and homotopies that are not necessarily based.

Theorem 4.7.22 Every continuous map [ : X — Y in ‘Top, is the composite of a
cofibration and a homotopy equivalence.

Proof Let My be the mapping cylinder in Top, obtained from Y and (X x I)/xo x I
by identifying, for each x € X, the points (x, 1) and f(x). Suppose g: X —
My, x — [(x,0)] is the inclusion map. Let & : My — Y be the map induced by
the identity map ly of ¥ and the map from X x [ to Y that sends each [(x, 7)] to
f(x). Then f = h o g. We claim that 4 is a homotopy equivalence and g is a cofi-
bration. We first show that g is a cofibration. Givenamap k : My — Z in ‘Top*, and
ahomotopy H : X x I — Z starting from k o g, define maps

Gy:YxI—>Z,(y,s)—~> k(y),Vs el

k(x, 2t —s)/(2—s5)), 0<s <2t

andGy: (X xI)xI— Z, (x,t,5) —
H(x,s —2t), 2t < s < 1.
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Clearly, Gy iscontinuousand G x (x, 1, s) = k(x, 1) = (ko f)(x)=Gy(f(x), s).
Hence Gx and Gy give together a homotopy G : My x I — Z such that G starts
from k and G o (g x 15)(x,s) = G(x,0,s) = H(x,s). Hence Go (g x 1) = H
shows that g is a cofibration.

Finally we show that / is a homotopy equivalence. Define j : ¥ — M to be (the
restriction) of the identification map onto M. Then h o j = 1y and

joh:My— My, y+— yand (x,1) = f(x).
Define a homotopy
H:MyxI— My, (y,s)— yand (x,t,5) — (x,t +s(1 —1)).

Clearly, H is continuous and H : 1; =~ j o h. This shows that 4 is a homotopy equiv-
alence. a

Remark 4.7.23 The dual of the Theorem 4.7.22 is true in the sense that every con-
tinuous map f : X — Y in Top, is also the composite of a homotopy equivalence
and a fiber map.

Theorem 4.7.24 Let A be a closed subset of a topological space X. Then the inclu-
sioni : A — X isa cofibration iff X x {0} U A x I is a retract of X x I.

Proof If i : A — X is a cofibration, then the given continuous maps f : X —
Xx{0QJUAXxI,x+— (x,0) and G: AXx I - X x{0}JUA x I,(a,t)— (a,t)
determine amap H : X x I — X x {0} U A x I which is a retraction. Conversely,
suppose there is a retraction r : X x I — X x {0} U A x I. Then given a space
Y,amap f:X — Y, and a homotopy G : A x I — Y with the property that
H(a,0) = f(i(a)), Va € A, define a map

1), if (x,¢ “I(x
H:Xx1—Y (o0 | opxenn, ifner (X x{0)
(Gor)(x,1), if (x,t) er~'(A xI).
Since X x {0} and A x [ are closed in X x I, it follows that H is continuous.
Consequently, 7 is a cofibration. a

4.8 Hurewicz Theorem for Fibration and Characterization
of Fibrations

This section continues the study of fibrations, characterizes path liftings of fibrations
with the help of their fibers and studies Hurewicz theorem. This theorem is due to
W. Hurewicz (1904-1956). It gives a sufficient condition for a map p : X — B to
be a fibration (Hurewicz 1955).



4.8 Hurewicz Theorem for Fibration and Characterization of Fibrations 183

Theorem 4.8.1 (Hurewicz) Let p : X — B be a continuous map. Suppose B is
paracompact and there is an open covering {V;} of B such that, for each V;, p|p~!
(Vo) : p~"(Vi) — Vi is a fibration. Then p is a fibration.

Proof The proof is long and complicated. (Dugundji 1966) is referred. a

An immediate important consequence of Hurewicz Theorem 4.8.1 gives a suffi-
cient condition for a projection map p : X — B of a fiber bundle (Chap.5) to be a
fibration.

Corollary 4.8.2 Let p : X — B be the projection of a fiber bundle, and suppose B
is paracompact, then p is a fibration.

Theorem 4.8.3 Let p : X — B be a covering projection and let f,g:Y — X be
liftings of the same map (i.e., po f = p o g). If Y is connected and f (yo) = g(yo)
for some point yy of Y, then f = g.

Proof Let A={yeY: f(y) =g(y)}. Then A # ¥ and A is an open set in Y. To
show this, let y € A and U be an open neighborhood of pf(y) evenly covered by
p and let U be an open subset of X containing f(y) such that p maps U homeo-
morphically onto U. Then f~ Ho)yn g“(U ) is an open subset of Y containing y
and contained in A. Againlet B={y e Y : f(y) # g(y)}. If X is assumed to be
Hausdorff, then B is openin Y. Otherwise, let y € B and U be an open neighborhood
of pf(y) evenly covered by p. Since f(y) # g(y), there are disjoint open sets Vi
and V, of X such that f(y) € V; and g(y) € V> and p maps each of the sets V;
and ‘72 homeomorphically onto U. Then f~! (\71) Ng™! (‘72) is an open subset of Y
containing y and contained in B. Finally, Y = A U B and A and B are disjoint open
sets imply from the connectedness of Y that either A = @ or A = Y. By hypothesis
A # () and hence A = Y shows that f = g. a

Definition 4.8.4 A continuous map p : X — B is said to have a unique path lifting
if, given paths o and 3 in X such that p o &« = p o § and «(0) = (3(0), then o = £3.

Proposition 4.8.5 Ifa continuous map p : X — B has unique path lifting property,
then it has path lifting property for path-connected spaces.

Proof Let p : X — B has unique path lifting property and Y be path connected
space. If f, g :Y — X and maps are such that po f = pog and f(y9) = g(yo)
for some yy € Y, we claim that f = g. Let y € Y and « be a path in Y from yy
to y. Then f o o and g o «v are paths in X that are liftings of some path in B and
have the same initial point. Since p has unique path lifting, f o @ = g o « and hence
) = (foa)1) = (goa)(l) = g(y) implies f = g, since a(l) = y. 0

We now characterize path liftings of fibrations with the help of their fibers.

Theorem 4.8.6 Let p : X — B be a fibration. Then the fibration has unique path
lifting iff every fiber has no nonconstant paths.
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Proof Let p: X — B be a fibration with unique path lifting. Let o be a path in
the fiber p~!(b) and /3 be the constant path in p~!(b) such that 3(0) = a/(0). Then
poa=pof = a=[ = «is a constant path. Conversely, let p: X — B be a
fibration such that every fiber has no nontrivial path. If « and 3 are paths in X such
that p o« = p o f and a(0) = B(0), then for ¢ € I define a path ; in X by

N |a@=2tY1),0<t <1/2
%) = {ﬂ((Zt’ —Dn.1j2<r <1

Thenforeachr € I,~, : I — X isapathin X from «(¢) to 5(¢) and p o 7y, is aclosed
pathin B, which is homotopic rel I to the constant path at pa(¢). By HLP of p, there is
amap H : I x I — X suchthat H(¢',0) = ~;(#')and H mapsO x U x 1U 1 x
I tothe fiber p~! (pa(t)). Every Since p~! (pa(t)) has no nonconstant paths, F maps
0x 1,1 x1and 1 x I to a single point. Hence it follows that F(0,0) = F(1, 0).
Consequently, 7,(0) = 7,(1) and a(t) = B(¢). Q

Proposition 4.8.7 Let X be pointed topological space with base point xy and P (X)
be the space of paths in X starting at x, then the map

p:PX)—= X, a— a(l)

is fibration with fiber Q2 (X).

Proof LetY be an arbitrary space. Givenmaps f : Y — P(X)andG: Y x I - X
with Gy = po f : Y — X, define a function

H:YxIxI—X,
(fONGs@E+1), O0=s
(v, 1,8) > )
Gy,s¢t+1) -1, =<
Then H is continuous and defines amap F : ¥ x I — X' such that
F(y,n(0)=f(»)O0) =xp, VyeY,tel
Hence F € P(X) and F(y,0)(s) = f(y)s, Yy €Y, Vs € I. Consequently, Fy =

f and po F = G. This implies that F is the required lifting of G. Moreover,
P lxo) = {a e P(x): a(l) = xo} = Q(X). a

4.9 Homotopy Liftings and Monodromy Theorem

This section continues the study of covering spaces by presenting some interesting
applications of the path lifting property and homotopy lifting property of cover-
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ing projections and proves Monodromy Theorem which provides a necessary and
sufficient condition for two liftings of a covering projection to be equivalent.

4.9.1 Path Liftings and Homotopy Liftings

This subsection discusses path lifting property of a covering projection by using the
homotopy lifting property.

Theorem 4.9.1 Let (X, p) be a covering space of B and by € B. If xo € p~'(by),
then for any path f : I — B, with f(0) = by, there exists a unique path fil—>X
such that f(0) =xgand po f = f.

Proof Let A = {a} be a singleton space. We consider the map f : A — B defined
by f(a) = by. The path f defines a homotopy F : A x I — B on A given by
F(a,t) = f(t). Then by the Homotopy Lifting Property, 3 a map F:AxI—
X such that F(a,0) = x, and po F=F. Consequently, f I — X defined by
f(t) =F(a,1),tel,isa path in X starting from x( and having the property:

(po ) =(poF(a, 1) =F(a,t)= f(t),Vtelie,pof=F
Clearly the path f : I — X is unique. a

Remark 4.9.2 1f p : X — B is a covering map, then p is also onto. But its induced
homomorphism
P - (X, x0) = m1(B, bo)

need not be a epimorphism. However, p, is a monomorphism.

4.9.2 Monodromy Theorem

This subsection gives a criterion for two path liftings in X to be equivalent through
a result known as ‘Monodromy theorem’.

Theorem 4.9.3 (The Monodromy Theorem) Let (X, p) be a covering space of B
and f, § are paths in X with same initial point xo. Then f and § are equivalent (i.e.,
f~grell)ifandonlyif po f and p o § are equivalent paths in B.

Proof Let f,§ be equivalent paths in X. Then 3 a homotopy F : f~grell =
poF :1x1— Bisa continuous map such that po F : po f ~ pog rel I and
hence p o f and p o § are equivalent paths in B. Conversely, let p o f and p o § be
equivalent paths in B. Then 3 a continuous map G : I x [ — B such that G : p o
f~pogrell. By Homotopy Lifting Property, 3 a unique homotopy G:I1x1I—
X such that G(0, 0) = x, and po G=0G. Restricting G on (t,0),7 € I, we have a



186 4 Covering Spaces

path t — G(z, 0), starting from x, and lifting p o f. Then — f(r) is also a path in
X starting from x( and lifting p o f Hence the uniqueness property of the covering
paths, G (t,0) = f (1), Vtel. S1m11arly, G (t, 1) = g(t). Again by restricting G on
(0,5),s € I,wehaveapaths — G(0, s), which projects under p to the constant path
at by = p(xp). A constant path s — x( in X also projects under p to the constant
path s — xo in X. Hence by uniqueness theorem s > G(0, s) is a constant path
based at xo. Similarly, the path s — G (s, 1) is a constant path based at some point
X €p ~1(by). This shows that G is ahomotopy between fandjrel I. Consequently
f and § are equivalent paths in X. a

Corollary 4.9.4 Let (X, p) be a covering space of B and by € B, xg € p~(by).
Then the induced homomorphism p, : ™ (X, xo) — w1 (B, by) is a monomorphism.

Proof Let[ 1, [g] € m (X, xo) and [ f] # [§]. Then p.(Lf1) = [p o f]and p.([g])
=[pojl.Now pof~pogrell & f~Grell.But f#§rell & pof
p o g rel I, otherwise we arrive at a contradiction by Theorem4.9.3. This shows that
P+ 1s well defined and injective; hence p, is a monomorphism. u

4.10 Applications and Computations

This section presents applications of covering spaces and computes fundamen-
tal groups of some interesting spaces. Finally it presents an application of Galois
correspondence arising from the function that assigns to each covering space
p (X, x9) = (B, by) the subgroup p.(m (X, x¢)) of 7 (B, by).

4.10.1 Actions of Fundamental Groups

This subsection considers action of the fundamental group of the base space of a
covering space on a fiber. This action plays an important role in the study of the
covering space.

Let (X, p) be a covering space of B and by € B. We now consider the action of
the fundamental group 7 (B, by) on the fiber p~!(by) =Y.

Theorem 4.10.1 Let (X, p) be a covering space of B and by € B. Let Y = p~'(by)
be the fiber over by. Then

(i) (B, by) acts transitively on Y ;
(i) Ifxo €Y, then the isotropy group Gy, = p.m1(X, Xo),; and
(iii) |Y| = [m((B, bo) : p«mi(X, x0)].

Proof Firstwe show that Y is a (right) m (B, bo)-set. Wedefine o : Y x (B, by) —
Y by the rule o(x, [f]) =x-[f]= f(1), where f is the unique lifting of f :
(1,0) — (B, bp) such that f(0) = x. This definition does not depend on the choice
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of the representative of the class [ /] by the Monodromy Theorem 4.9.3. If f is a con-
stant path at by, then f is also a constant path at x € Y. Hence x - [f] = f 1) =x.
Next suppose [f], [g] € m1(B, by). Let f be the lifting of f with £(0) =x and §
be the lifting of g with g(0) = f(1). Then f  jisa lifting of f % g that begins at x
and ends at g(1). Consequently, x - [ f * g] = (x - [f])[g]. As aresult o is an action
of (B, by) onY.

(i) o is transitive: Let xo € ¥ and x be any point in Y. Since X is path-connected,
J a path Xin X from Xo to x. Then p o Ais aclosed path in B at by whose lifting
with initial point xg is . Thus [po )\] e mi(B,b))andxp - [po A = )\(1) = x.
Hence it follows that (B, by) acts transitively on Y.

(ii) Let f be a closed path in B at by and f be the lifting of f with f(0) = x,. Let

G =m (B, by). Then G,, = {[f] € m (B, bo) : xo - [f]1= xo}. Hence [f] €
Gy = x0-[f1=x0= f(1) =x0= f(0) = f em(X,x0) and [f]=[po
f] € p.mi(X, x9) = m (B, by) = G C p,m(X, x¢). For the reverse inclusion,
assume [ f] = [p o g] forsome [g] € 7 (X, x¢). Then f = g, since both are lift-
ings of f and both have initial point xy = f(l) =g()=x-[f]= f(l) =

xo = [f]l € Gy, = p«mi(X, x0) € Gy,. Consequently, G, = p.m (X, xo).
(iii) Recall thatifagroup G actsonasetY andxg € Y, then|orbitofxo| = [G : G, ].
In particular, if G acts transitively, |Y| = [G : G,,]. Hence in this case, G =
m1(B, bp) and Gy, = p,mi (X, xo) by (ii). Consequently, |Y| = [7(B, by) :
Pxm1(X, x0)]. Q

Corollary 4.10.2 Let (X,p) be the universal covering space of B, then |Y| =
|71 (B, bo)|.

Proof The corollary follows from Theorem 4.10.1(iii), since 7 (X, x9) = 0. Q
Corollary 4.10.3 Ifn > 2, then 7 (RP") = Z,.

Proof Since (S", p) is a covering space of RP" of multiplicity 2, it follows that
[T (RP", x0) : pem1(S", yo)] = 2. Again, §" is simply connected for n > 2 =
p=m1(8", yo) = 0= [ (RP", x0)| =2 = m(RP", x0) = Zs. a
Corollary 4.10.4 Let (X, p) be a covering space of by € B, xo € p~'(bo). If p. :
m (X, x9) — (B, by) is onto, then the map p : X — B induces an isomorphism

D« = T1(X, x9) — 71 (B, by).

Proof p, is a monomorphism by Corollary 4.9.4 and hence the corollary follows
from the given condition. Q

4.10.2 Fundamental Groups of Orbit Spaces

This subsection computes the fundamental groups of some important spaces which
are obtained as orbit spaces. For example, projective spaces, lens spaces, figure-
eight and Klein’s bottles are interesting spaces. We represent them as orbit spaces
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and compute their fundamental groups. A topological group G with identity e acting
on a topological space X is said to satisfy the condition (A): if foreach x € X,3 a
neighborhood U, such that, ®,(U,) N U, # ¥} = g = e, where

D, X = X, x = gx

is a homeomorphism. This special kind of group action of the group G of home-
omorphisms of X is said to act on X properly discontinuously. For example, any
action of a finite group on a Hausdorff space is properly discontinuous.

Example 4.10.5 The automorphism group Aut(X/B) of (X, p) of B satisfies the
condition (A).

Definition 4.10.6 A covering space (X, p) of B is said to be regular if p, (B, by)
is a normal subgroup of (B, by).

Example 4.10.7 Let B be a connected, locally path-connected space and G satisfies
the condition (A) on X then (X, p) is a regular covering space of

X mod G, where p: X - X mod G, x — Gx

is the natural projection.

Theorem 4.10.8 If an action of a topological group G on a topological space X
satisfies the condition (A), then

(i) if X is path-connected, then G is the group of deck transformations of the
covering space
p:X —> XmodG, x+— Gx

(ii) if X is path-connected and locally path-connected, then G is isomorphic to the
quotient group (X mod G)/p.mi(X).

(iii) for any simply connected space X, the groups m (X mod G) and G are iso-
morphic.

Proof (i) Let X be path-connected. The deck transformation group contains G as
a subgroup and equals this group, since if f is any deck transformation, then
given any point x € X, x and f(x) are in the same orbit and hence there is some
g € G such that g(x) = f(x). Consequently, f = g, since deck transformation
of a connected covering space are uniquely determined under this situation.

(i) It follows from Ex.28 of Sect.4.11.

(iii) Let y € X mod G. Since X is simply connected, m;(X, xo) = {e}, Vxo €
p~'(y) and hence p,m (X, xo) = {e}. Consequently, Theorem4.10.8(iii) fol-
lows from Theorem4.10.8(ii). a

Remark 4.10.9 We first make geometrical constructions of some orbit spaces and
then compute their fundamental groups.
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4.10.3 Fundamental Group of the Real Projective Space R P"

This subsection computes the fundamental group of R P” by using group action. We
have computed 7 (R") = Z, forn > 2 in Theorem4.6.9. Here we give an alternative
approach.

Definition 4.10.10 Let S” = {x € R**! : ||x|| = 1} be the n-sphere and R P" be the
n-dimensional real projective n-space. The antipodal map A : §" — S", x — —x,
generates an action of the two element group G = {+1, —1} given by the relation
(+1D)x = x and (—1)x = —x. Then its orbit space S” mod G is RP", the real pro-
jective n-space.

Theorem 4.10.11 7 (R") = Z, forn > 2.

Proof As S§" is simply connected for n > 2, so from the covering space p : $" —
R P" it follows by the Theorem 4.10.8 that the fundamental group of orbit space is
G. Thus 7 (§" mod G) = G = 7(R") = G = Z, forn > 2. a

Remark 4.10.12 The above action is free in the sense that gx = x = g = e. Does
there exist any other finite group G acting freely on S” and defining covering space
S§" — S§" mod G? The answer is Z; is the only non-trivial group that can act freely
on S" if n is even (see Chap. 14).

Remark 4.10.13 A generator for w1 (R P") is any loop obtained by projecting a path
in §" connecting two antipodal points.

4.10.4 The Fundamental Group of Klein’s Bottle

This subsection computes the fundamental group of Klein’s bottle. Let G be the
group of transformations of the plane generated by a and b. Consider the action
of GonR?by a(x,y)=(x+1,y) and b(x,y) = (1 —x,y+ 1), V(x,y) € R%
Thena='(x,y) = (x —1,y) and b~ '(x, y) = (1 —x, y — 1). Hence R? is simply
connected and the action satisfies condition (A), then by Theorem 4.10.8, 7, (R? mod
G) ~ G. Now

b~'ab(x,y) =b"'a(l —x,y+ 1)
=b'Q-x,y+D)=(0-2+x,y)
=x-1Ly=a'(x,y), V&, y)eR>=blab=a"".

Therefore R? mod G is the Klein’s bottle. This gives a representation of Klein’s
bottle as an orbit space whose fundamental group is generated by a and b.
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4.10.5 The Fundamental Groups of Lens Spaces

This subsection computes the fundamental group of lens spaces defined by H. Tietze
(1888-1971) in 1908, which are are 3-manifolds. Such spaces constitute an important
class of objects in the study of algebraic topology.

Let m > 1 be an integer space and p be an integer relatively prime to m and
S*={(z1,22) € C*: 21>+ |z2* =1} Cc C*. Let p = en be a primitive m-th root
of unity.

Define a map
h:S = S (21, 22) > (pz1, pP2a) = (en 21, € 22).

Then % is a homeomorphism of S3 onto itself of period m, i.e., K" = 14. Thus h
induces an action of Z,, on S” by the rule Z,, x §° — S°, k(z1, 22) = h*(z1, 22),
where k denotes the residue class of the integer kK modulo m, i.e., the action is
generated by the rotation z > e z of the unit sphere 3 C C2 = R*. This action
has no fixed point, because the equation z = ez%z, where 7 is an integer such that
0 < r < m has a solution z = 0 but z = 0 is not a point of S°.

The orbit spaces S* mod Z,, is called a lens space and is denoted by L (1, p). Then
the lens space is the quotient space S/~ given by an equivalence relation ~ on S°,
defined by (z1, z2) ~ (2}, z5) if there exists an integer k such thatk(z1, z2) = (2}, ),
ie., (2}, 25) = h*(z1, 22).

As % is Hausdorff, Z,, is finite and Z,, acts on S* without fixed point. The
above action of Z,, on S> satisfies condition (A). Hence Z,, ~ m(S> mod Z,,) =
w1 (L(m, p)). We now extend the method of construction to construct generalized lens
spaces. Let m > 1 be an integer and p;, p», ..., p,—1 be integers relatively prime to
mand S ' ={(z1,z22,....2,) € C* 21> + |22l + - - + |za]* = 1} € C". Let

p= e bea primitive mth root of unity. Define

_ _ 2mi 27ipy 2mip,—|
heSP o 271 2y, 2, ) = (pz1, p" 22, ..., PPz =(em zie moza, ..., e zy)

Then h is a homeomorphism of S* with period m, i.e., i = 14. Thus as before &
induces an action of Z,, on $2*~! without fixed point by the rule Z,, x $*'~! —
S k(21,220 - oo v Z0) B> WM (21200 ..o 20), YR € Ly,

The orbit spaces S>*~! mod Z,, is called a generalized lens space and is denoted
by L(m, pi1,..., pn_1). As before m(L(m, p1, ..., pn—1)) = Z,,. As a particular
case, for Z, = {14, a}, S2 mod Z, = L(2, 1), where 1, : §? — S? is the identity
map and a : S*> — S is the antipodal map and hence a> = 1,.

As the action of Z, on §? yields S? mod Z, = RP?, and its fundamental group
7T1(S2 mod Zz) = Z2.
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4.10.6 Computing Fundamental Group of Figure-Eight
by Graph-theoretic Method

This subsection computes the fundamental group of figure-eight by graph-theoretic
method. We have shown in Theorem 4.2.2 that fundamental group of figure-eight is
not abelian.

For an alternative proof let G be a free group on two letters a and b. Define a
graph X = Graph (G, a, b) as follows:

The vertices of X are the elements of G. Hence the vertices are the reduced words
a and b. The edges of X are of the two types: (g, ga) and (g, gb), g € G. Again
(g, ga), (g, gb), (ga~', g) and are the only four edges corresponding to the vertex
g. Now define a map G x X — X, given by h - g = hg, for every g, h € G. Then
h-(g,ga) = (hg, hga) and h - (g, gb) = (hg, hgb), for edges (g, ga) and (g, gb).

Let 15 be the identity element in G. Then 15 - g = g and 1 - (g, ga) = (g, ga)
and 1 - (g9, gb) = (g, gb). Again (h1h2) - g = hihy - gand hy - (hy - g) = hy - (ha -
g) = hihy - g, Yhy, hy € G (Since hyg be a vertex in X).

Also hy - (hy-(g,9a)) = hy - (hag, haga) = hy(hag, hi(haga)) = (h1(h2)) - (g, ga)
= hy(hy - (g, gb)) = h1(hag, hagh)
= hy(hag, h1(hagb)) = h1(h2) - (g, gb).

Clearly, G acts on X. The orbit space X mod G is the Figure-Eight space whose
two loops are the images of the edges (g, ga) and (g, gb). As X is simply connected,
by using Theorem4.10.8 it follows that 7;(X mod G, %) = G, which is the free
group on two generators.

4.10.7 Application of Galois Correspondence

This subsection presents an interesting application of Galois correspondence.

Theorem 4.10.14 Let (X, p) be a covering space of B. If B is connected, locally
path-connected, and semilocally simply connected, then

(@) The components of X are in one-to-one correspondence with orbits of the action
of (B, by) on the fiber p~'(by);

(b) Under the Galois correspondence between connected covering spaces of B and
subgroups of m (X, xg), the subgroup corresponding to the component of X
containing a given lift by = xo of by is the stabilizer group G, of xo € X, whose
action on the fiber leaves x fixed.

Proof (a) Letxg, x; € p~'(by). If they are in different components of X, 7 (X, xq)
cannot map one to the other, since there exists no path-connecting them. Claim
that 7 (X, xo) acts transitively on each of the components of X to obtain a
bijection. By hypothesis B is locally path-connected, hence X is locally path
connected. Clearly, the notions of connected components and path-connected
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components are the same. If xy and x; lie in the same component, there exists a
patha : I — X such that a(0) = x¢, a(1) = x;. Then [p o ] is an element of
m1(B, by) whose action on p~! (by) maps X to x;. Hence this action is transitive.
Then the set of elements of p~!(by) in a given component constitutes an orbit,
and this produces a bijection.

Choose a given lift xo of by in some component X’ of X. Under the Galois
correspondence, the subgroup of 7 (B, by) corresponding to X’ is the image of
G = m (X', xo) in the inclusion p, : G — (B, by). Any loop a € p,(G) lifts
back to a loop in X’ by the unique lifting property. Hence « sends x to itself
and is an element of the stabilizer group G, of xo.

Conversely, if 3 € (B, by) is in the stabilizer group of x¢, then the lift B of
[ is a loop from x to itself and hence B € G, which implies 3 € p.(G). This
shows that p,(G) is the stabilizer group of xo. a

4.11 Exercises

2.

hed

6.

. Assume that f : S — R” is a continuous map such that f(—x) = — f(x) for

any x € S”. Show that there exists a point x € §” such that f(x) = 0.

Assume that f : $” — R” is a continuous map. Show that there exists a point
x € 8" such that f(x) = f(—x).

Prove that no subspace of R" is homeomorphic to S”.

Show that there is no continuous antipode-preserving map f : S — S'. Use
this result to prove Borsuk—Ulum theorem for dimension 2.

. Let X and B be path-connected spaces and (X, p) be a covering space of B. Let

bpe BandY = p’1 (bo) be the fiber over by. Prove the following:

(i) If xp, x; € Y, then p,m (X, x¢) and p,m (X, x;) are conjugate subgroups
of ™ (B, bo);

(i) If H is a subgroup of 71 (X, xo) which is conjugate to p,m (X, xo) for some
xo € Y, then there exists a point x; € Y such that H = p,m (X, x1).
[Hint: Use Theorem4.5.7.]

(iii) A covering space (X, p) of B is said to be regular if p,m (X, x¢) is a normal
subgroup of 7 (B, by) for every by € B.If (X, p) is regular covering space
of B, show that p,m (X, x9) = p.7m1(X, x;) for every pair of point xq, x; in
the same fiber.

(iv) If X is simply connected, prove that every covering space (X, p) of B is
regular.

(v) If m (B, by) is abelian, then every covering space of B is regular.

Let B be aconnected and locally path-connected space and let by € B. Then show
that a covering space (X, p) of B is regular if and only if the group Aut(X/B)
acts transitively on the fiber over by.
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7.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22

Let B be locally path-connected and by € B. Show that two covering spaces
(X, p) and (Y, g) of B are isomorphic if and only if the fibers p~'(by) and
q’l(bo) are isomorphic G = 7 (B, by)-sets.

. Let a group G act transitively as a set ¥, and let x, y € Y. Prove that G, = G,

if and only if there exists f € Aut(Y) with f(x) = y.

. Show that the graph X described in Sect.4.10.6 has no cycles.
. Let (X, p) be a covering space of B, where X is locally path-connected. Let

by € B. Given xg, x; € Y = p~'(by), show that there exists an & € Cov (X/B)
with h(xg) = x; if and only if there exists f € Aut(Y) with f(xg) = x;.

Let (X, p) be a covering space of B, where B is locally path-connected. Let
by € B and let the fiber p~!(by) = y be viewed as a G = 7, (B, by)-set. Then
show that 1) : Cov (X/B) — Aut(Y) defined by ¥ (h) = h|Y is isomorphism.
Let G be a group acting transitively onaset Y andlet yg € Y. Let Ng(Gy) denote
the normalizer of the isotropy group G of yy. Show that Aut(Y) = Ng(Go)/Go.
Let (X, p) be a covering space of B, where B is locally path-connected. Show
that for by € B and xy € p~ '™ Aut(X/B) = Ng(p.m(X, x0))/p«71(X, X0).
Hence show that 7 (S!, 1) = Z.

Let (X, p) be aregular covering space of B, where B is locally path-connected.
For by € B and x( € p’l(bo), show that Aut(X/B) = m(B, by)/ p«m1 (X, x0)
by the monodromy group of the regular covering space.

Let (X, p) be auniversal covering space of B, where B is locally path connected.
Show that for any by € B, Aut(X/B) = m(B, by).

If B is an H-space, prove that every covering space of B is regular.

[Hint: 71 (B, by) is abelian for by € B = every covering space of B is regular.]
Let G be a path-connected topological group and H be a discrete normal sub-
group of G. If p : G — G/H is the natural homomorphism, show that (G, p)
is covering space of G/H.

Let (X, p)beacovering spaceof B and by, by € B.If Fj and F are the fibers over
bo and by, respectively, show that | Fy| = | F;| and any two fibers of (X, p) a[Hint:
Use Theorem4.10.1(iii). Since each fiber is discrete and any two fibers have the
same cardinal numbers, it follows that any two fibers are homeomorphic.]
Show that the map p : S' — S!, z > z? is a covering map. Generalize to the
map p: S' — $2, 7 7"

If S'— S' is continuous and antipode preserving, show that f is
not nullhomotopic.

Let B be a path-connected and locally path-connected space. Suppose (X, p)
and (Y, g) are covering spaces of B. Let by € B, xp € X and yy € Y be base
points with p(xo) = by = q(yo). If g1 (Y, yo) C psm1(X, xo), show that

(i) there exists a unique continuous map f : (Y, yp) — (X, x¢) such that p o
f=a

(ii) (Y, f) is a covering space of X and so X is a quotient space of Y.

Let X, B, Y be path-connected and locally path-connected spaces such that

(X, p) is a covering space of B.If xg € X, yg € Y and by € B with p(xg) = by,

show that for every continuous map f : (Y, yo) — (B, bp) with f,m (Y, yo) C
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DTl ~(B, by), there exists a continuous map f 1 (Y, yo) = (X, xo) such that
pof=1F

23. Let (X, p) be a covering space of B and xy € X, by € b such that p(xy) = by.
If X is simply connected, show that by has a neighborhood U such that the
inclusion map i : U < B induces the trivial homomorphism

iy :m (U, by) — 71 (B, by).

24. Let X be a normal space. Show that the inclusioni : A < X is a cofibration iff
the inclusion j : A < U is a cofibration for some open neighborhood U of A
in X.

25. Let p : X — B be a fibration and f : A — B be a continuous map. Show that
there exists a bijection between the homotopy sets C =[g: A — X : pog =
flandD=[g: A— X:pog= f].

26. Isthe map p : (0,3) — S', x > €?™* a covering map? Justify your answer.

27. Find nontrivial coverings of Md&bius strip by itself.

28. Let B be path-connected, locally path-connected and p : (X, xo) — (B, by) be
a covering space. If H is the subgroup p.(m (X, xo)) of w1 (B, by), show that

(i) The automorphism group Aut(X/B) is isomorphic to the quotient group
N(H)/H,where N(H) = {g € m(B, by) : gHg~! = H} is the normalizer
of H in 7T1(B,bo).

(i) The group Aut(X/B) is isomorphic to the group 7w (B, by)/H if X is a
regular covering.

(iii) If p : (X, x9) = (B, by) isuniversal covering, then Aut(X/B) = m (B, by).

29. Let (X, p) be a universal covering space of a connected topological space B.
If by € B and xo € X are base points such that xo € p~!(bg), show that the
induced homomorphism p, : 7 (X, xo) — m,(B, bp) is an isomorphism forn >
2. Hence show that 7, (RP™) = 7, (8™) forn > 2.

30. Let B be a path-connected space and X be a connected covering space of B. Let
p : X — B be a covering projection. Let by € B and xy € p~ ' (by). Show that
for every n > 2, p, : m (X, xo) — (B, by) is an isomorphism. Hence show
that for every n > 2, m,(S', 1) = 0.

31. Let f: A — X be a continuous map and i : A — M be the inclusion i(a) =
[a, O]. Show that the inclusioni : A — M is cofibration.

[Hint. Use Steenrod theorem, Chap. 2.]

32. Let p : X — B be afibration with fiber F = p~—!(by) and B be path-connected.
Let Y be any space. Show that the sequence of sets

[Y, F] — [V, X] =2 [V, B]

is exact.
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33. Leti: A< X be a cofibration, with cofiber X/A and ¢ : X — X/A denote
the quotient map. If Y is any path-connected space, then show that the sequence
of sets ‘

[X/A, Y] —2 [X, Y] —"— [A, 7]

is exact.

4.12 Additional Reading

[1] Arkowitz, Martin, Introduction to Homotopy Theory, Springer, New York, 2011.
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[3] Aguilar, Gitler, S., Prieto, C., Algebraic Topology from a Homotopical View
Point, Springer-Verlag, New York, 2002.
[4] Bredon, G.E., Topology and Geometry, Springer-Verlag, New York, Inc.1993.
[5] Davis, J.F. and Kirk, P. Lecture Notes in Algebraic Topology, Indiana University,
Bloomington, IN (http://www.ams.org/bookstore- getitem/item=GSM-35).
[6] Dieudonné, J., A History of Algebraic and Differential Topology, 1900-1960,
Modern Birkhiuser, 1989.
[7] Dodson, C.T.J., and Parker, P.E., A User’s Guide to Algebraic Topology, Kluwer,
Dordrecht 1997.
[8] Gray, B., Homotopy Theory, An Introduction to Algebraic Topology, Acamedic
Press, New York, 1975.
[9] Hilton, PJ., An introduction to Homotopy Theory, Cambridge University Press,
Cambridge, 1983.
[10] Hu, S.T., Homotopy Theory, Academic Press, New York, 1959.
[11] Mayer, J. Algebraic Topology, Prentice-Hall, New Jersy, 1972.
[12] Massey, W.S., A Basic Course in Algebraic Topology, Springer-Verlag, New
York, Berlin, Heidelberg, 1991.
[13] Maunder, C.R.F,, Algebraic Topology, Van Nostrand Reinhhold, London, 1970.
[14] Munkres, J.R., Topology, A First Course, Prentice-Hall, New Jersey, 1975.
[15] Munkres, J.R., Elements of Algebraic Topology, Addition-Wesley-Publishing
Company, 1984.
[16] Switzer, R.M., Algebraic Topology-Homotopy and Homology, Springer-Verlag,
Berlin, Heidelberg, New York, 1975.
[17] Wallace , A.H., Algebraic Topology, Benjamin, New York, 1980.
[18] Whitehead, G.W., Elements of Homotopy Theory, Springer-Verlag, New York,
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