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Abstract This paper proposes an adaptive and robust control for a three-wheeled
omnidirectional mobile robot (TWOMR) in presence of disturbance due to friction
and bounded uncertainties. Kinematic and dynamic modeling of TWOMR is done
to obtain the equation of motion under the action of frictional forces. Controller is
designed to track the desired path. First to make the system robust, Integral sliding
mode controller (ISMC) is designed and then for estimation of design parameter
and to reduce the chattering effect an adaptive integral sliding mode controller
(AISMC) is built. Simulations are conducted to show the effectiveness of proposed
controller for TWOMR.

Keywords Sliding mode control � Adaptive control � Omnidirectional wheel
platform

1 Introduction

Omnidirectional wheel mobile robots are commonly used for applications like fork
lifter, home purpose robot, omni wheel chair etc. Among various configurations
like 2 wheel, 3 wheel and 4 wheel mobile robots, 3 wheel omnidirectional mobile
robot is extensively used (Pin and Killough 1994). It consists of three omni wheels
driven by separate motors. It has various advantages as compared to regular two or
four wheel mobile robots, such as better maneuverability, ability to turn in confine
spaces and ability to move in any direction. These aspects have increased the
applicability of 3 wheel omnidirectional mobile robot. The kinematic and dynamic
modeling of omnidirectional mobile is well presented in Tzafestas (2014) and Batlle
and Barjau (2009). Earlier research work shows major use of PID controllers to
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control each motor. The major drawback with these types of controllers is that when
the non linear effects in the dynamic environment are significant the robot is unable
to track the desired trajectory. Hence, to make the system robust under such dis-
turbances research proposed several non linear control methods like neural network
techniques, fuzzy control, sliding mode control etc.

Sliding mode is extensively used for non linear control (Das and Mahanta 2014).
It is a discontinuous control method to make the system robust. The desired system
dynamics is maintained by defining a switching function which keeps the output
states on the sliding surface. Besides having various advantages like insensitivity to
disturbances and fast dynamic response, the control input and sliding function faces
chattering effects due to employment of switching function. Apart from this, proper
selection of switching gain is a major issue in the design process when the bounds
of uncertainties are unknown. Higher selection of switching can lead to non smooth
control input. Hence to eliminate the chattering effect and make the controller self
tuned for unbounded uncertainties adaptive control methods are extensively used
(Chen et al. 2013). Viet et al. (2012) proposed a sliding mode control law for an
omnidirectional mobile manipulator but with bounded uncertainties. To track the
desired trajectory in presence of unstructured uncertainties (Xu et al. 2009)
employed neural network with sliding mode control approach.

The objective of this paper is to establish a robust and adaptive controller for a
three wheel omnidirectional mobile robot to track the desired trajectory in presence
of friction and unbounded uncertainties. The remaining content of this paper is
organized in following manner. First kinematic and dynamic equations of TWOMR
are derived. Next robust adaptive control law is derived and its stability is proved
by Lyapunov stability criterion. The simulation results and conclusion are described
in the subsequent sections.

2 Kinematic and Dynamic Modeling

A three wheel omnidirectional mobile robot (TWOMR) is shown in Fig. 1. It
consists of three omnidirectional wheels installed at 120º from each other.

In Fig. 1 OXY is the fixed frame and Cxy denotes the moving frame of TWOMR.
Rotation matrix

RðhÞ ¼ cosðhÞ � sinðhÞ
sinðhÞ cosðhÞ

� �
and the position vector Pi 2 <2�1ði ¼ 1; 2; 3Þ of

each wheel relative to fixed frame. This position vector for each wheel is given as
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where rO is the distance between center of geometry of TWOMR and center of
wheels. The drive vectors diði ¼ 1; 2; 3; 4Þ 2 <2�1 relative to fixed frame denotes
the drive direction of each wheel which can be written as

d1 ¼ 0
1

� �
; d2 ¼ � 1

2

ffiffiffi
3

p
1

� �
; d3 ¼ 1

2

ffiffiffi
3

p
�1

� �
ð2Þ

Po ¼ xo yo½ �T is the position vector of geometric center relative to fixed frame.
The sliding velocity of each wheel viði ¼ 1; 2; 3Þ can be expressed in generalized
form as

vi ¼ _PT
o RðhÞ di þPT

i
_RTðhÞRðhÞ di ð3Þ

Substituting from Eqs. (1) and (2) to Eq. (3) yields

vi ¼ J _qo ð4Þ

where, J ¼
� sinðhÞ cosðhÞ ro

� sin p
3 � h
� � � cos p

3 � h
� �

ro
sin p

3 þ h
� � � cos p

3 þ h
� �

ro

2
4

3
5 is a Jacobian matrix and qo ¼

xo yo h½ �T is the position vector of TWOMR. From Fig. 1, linear velocity vo and
angular velocity wo of TWOMR is expressed as

vo ¼ _xo cosðhÞþ _yo sinðhÞ ð5Þ

wo ¼ _h ð6Þ

To drive the wheels, DC motors are attached at each wheel. Force Fi generated
by ith wheel is given as
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Fig. 1 Schematic model of
TWOMR
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Fi ¼ a ui � b vi ð7Þ

where a and b are motor constants and uiði ¼ 1; 2; 3Þ is the voltage applied to each
DC motor of the wheel.

The dynamic modelling of FWOMR is done using Newton’s second law of
motion from which the linear and angular momentum balance equations are
obtained as (Tzafestas 2014).

X3
i¼1

ðFi � ffiÞRðhÞdi ¼ m P
::

o
ð8Þ

ro
X3
i¼1

ðFi � ffiÞ ¼ I €ho ð9Þ

where m is the mass of TWOMR, I is the moment of inertia and ffiði ¼ 1; 2; 3Þ is the
friction forces exerted at each wheel and the expression for its range of values is
taken from Williams et al. (2002).

ffi ¼ 2
3p

mglmax tan�1ðkviÞ ð10Þ

g is the acceleration due to gravity, lmax is the maximum value of coefficient of
friction and k is a constant.

Using Eqs. (4), (7) and (10), dynamic Eqs. (8) and (9) can be written as

M̂ q
::

o
þ V̂ _qo ¼ u� uf ð11Þ

where M̂ ¼ 1
a
ðJ�1ÞT

m 0 0

0 m 0

0 0 I

2
64

3
75; V̂ ¼ 1:5

a
ðJ�1ÞT

b 0 0

0 b 0

0 0 2b r2o

2
64

3
75; u ¼ u1 u2 u3½ �

and

uf ¼ 1
a
ðJ�1ÞT

�ff 1 sinðhÞ � ff 2 sin p
3 � h
� �þ ff 3 sin p

3 þ h
� �

ff 1 sinðhÞ � ff 2 cos p
3 � h
� �� ff 3 cos p

3 þ h
� �

roðff 1 þ ff 2 þ ff 3Þ

2
4

3
5

Now let z ¼ ½ vo wo �T . Then Eq. (11) can be further simplified as

_z ¼ Âzþ B̂ðu0 � u0f Þ ð12Þ

where Â ¼ �½ðJ�1ÞT M̂ H��1 � ½ðJ�1ÞT V̂ H�, B̂ ¼ ½ðJ�1ÞT M̂ H��1, u0 ¼ a u and
u0f ¼ a uf . H ¼ ½ cosðhÞ sinðhÞ 0; 0 0 1 ��1.
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In presence of bounded matched uncertainties n Eq. (12) can be written as

_z ¼ Âzþ B̂ðu0 � u0f þ nÞ ð13Þ

3 Controller Design

To make the system robust sliding mode control knowledge is utilized to build the
controller. The main aim of the controller is to follow the desired linear velocity vd
and desired and angular velocity wd of TWOMR. To design the controller velocity
error is defined as

e ¼ zd � z ¼ e1
e2

� �
¼ vd � vo

wd � wo

� �
ð14Þ

The main challenge while using sliding mode control is the selection of sliding
surface riði ¼ 1; 2Þ ¼ r1 r2½ �T . For simplicity sliding surface is defined based on
error which is given as

r ¼ zd � zþ q
Z t

0

ðzd � zÞds ð15Þ

Differentiating Eq. (15) we get

_r ¼ _zd � Âz� B̂ðuþ nÞþ qðzd � zÞ ð16Þ

To satisfy ideal sliding mode condition _r ¼ 0. Using Eq. (12) neglecting u0f total
control input is obtained as

ueq ¼ B̂�1½_zd � Â zþ q ðzd � zÞ� ð17Þ

ueq brings the states on sliding surface but presence of uncertainties deviates the
states and increases the error. Hence to keep the error zero a saturation function
control input is added in Eq. (17). Therefore total control input is written as

uT ¼ B̂�1½_zd � Â zþ q ðzd � zÞþG satðrÞ� ð18Þ
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where q is the integral gain, G is the switching gain, and sat ðriÞ ¼
sign ðriÞ; rij j[ d[ 0

ri
d ; rij j � d

	
; d is a small positive constant.

The major issue in the design of controller is the estimation of design parame-
ters. Hence to tackle the problem an adaptive law is introduced to estimate the value
of G. Let âq the estimates of G and kiði ¼ 1; 2; 3Þ is a positive constant then
adaptive law is defined as

_̂aq ¼
_̂ap1 0 0

0 _̂ap2 0

0 0 _̂ap3

2
64

3
75

¼
k1 sign ðr1Þ 0 0

0 k2 sign ðr2Þ 0

0 0 k3 sign ðr3Þ

2
64

3
75

ð19Þ

Now using Eq. (19) in Eq. (18), modified adaptive integral sliding mode control
law is obtained as

uT ¼ B̂�1 _zd � Â zþ q ðzd � zÞ
 �þ B̂�1 âp sign ðrÞ
 � ð20Þ

Theorem The states of dynamic system given by Eq. (11) can track the desired
trajectory if proposed control law is used and control parameters are selected
appropriately.

Proof Let ~aq ¼ âq � �aq is the estimated error where �aq is the nominal value of âq
and Lyapunov function is selected as

V ¼ 1
2
r2 þ 1

2
g1 ~a

2
q1 þ

1
2
g2 ~a

2
q2 þ

1
2
g3 ~a

2
q3 ð21Þ

Differentiating Eq. (21) and using Eq. (16) yields

_V ¼ r½_zd � _zþ qðzd � zÞ� þ g1 ~aq1 _~aq1 þ g2 ~aq2 _~aq2 þ g3 ~aq3 _~aq3 ð22Þ

Substituting value of from Eq. (19) Lyapunov function can be further simplified
as
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_V ¼ r½_zd � _zþ qðzd � zÞ� þ
X3
i¼1

gi ~aqi ki signðriÞ

¼ r½_zd � Â z� B̂ B̂�1f_zd � Â zþ k sign ðrÞþ qðzd � zÞg � B̂ B̂�1nþ qðzd � zÞ�

þ
X4
i¼1

gi ~aqi ki signðriÞ

¼ r½�k signðrÞ � n� þ
X3
i¼0

gi ~aqi ki signðriÞ

¼ �r½k signðrÞþ n� �
X3
i¼0

gi ð�aq � âqÞ ki signðriÞ

� � rj j kj j rj j � nj jð Þ �
X3
i¼1

gij j kij j �aq
�� ��� âq

�� ��� �
rj j

ð23Þ

where g\ 1
k. Therefore, it can be seen that by choosing proper value k, derivative of

Lyapunov function _V can be made zero or negative. Hence error e approaches zero
asymptotically. To prove the efficacy of proposed controller simulation results are
presented in next section.

4 Simulation Results

For the verification of proposed control law for TWOMR, simulations are carried
on MATLAB/SIMULINK 2014. Parameter values are selected as m = 9.5 kg,
I = 0.17 kgm2, r0 = 0.17 m, μmax = 0.26, and g = 9.8 m/s2. To generate a U-turn
trajectory desired linear velocity and angular velocity is taken as

vd ¼ 0:05; 0\ t � 50

and

wd ¼ 0; 0\ t\ 10 and 25 � t\ 35
0:2; 10 � t\ 25 and 35 � t\ 50

	

Figures 2 and 3 shows the tracking performance of linear and angular velocity of
TWOMR and it can be seen that till 15 s both AISMC and ISMC provides an
approximately same tracking capability in presence of friction. But between 15 and
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25 s bounded uncertainty n ¼ 5 cosðtÞ is fed in, which drops the efficacy of ISMC,
whereas in case of AISMC there is a sudden increase in error for a fraction of
second and robustness of the robot is maintained afterwards.

From Figs. 4 and 5 it is evident that the sliding mode condition is satisfied for
AISMC and for ISMC sliding function does not converge to zero due to lack of
knowledge of G value. The smooth control input voltage fed to all three wheels
with no chattering is shown in Fig. 6. In presence of friction and uncertainty it is a

Fig. 2 Linear velocity error

Fig. 3 Angular velocity error
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tedious job to select the correct value of design parameter G. Hence to tackle the
problem, Fig. 7 shows the trend of âq with time which makes the controller
adaptive. The generated trajectory obtained from desired linear and angular velocity
is shown in Fig. 8 and it can be seen that by AISMC the robot successfully return to
its starting point whereas by ISMC it deviates from its path due to lack of adaptation
law.

Fig. 4 Sliding surface 1

Fig. 5 Sliding surface 2
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Fig. 6 Control voltage
applied at each wheel

Fig. 7 Adaptive gain
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5 Conclusion

In this paper an adaptive robust controller is designed for a three wheel omnidi-
rectional mobile robot to track a U-turn trajectory in presence of friction and
unbounded uncertainties. Equation of motion is derived using Newton’s second
law. To make the system robust against uncertainties, chattering free and self tuned
adaptive sliding mode control law is derived. The controller’s stability is verified by
Lyapunov stability theorem. There are some features of the proposed algorithm.
Firstly, the tracking performance of both the controller bears similar properties
when there is absence of external uncertainties. Secondly, when the uncertainties
are introduced AISMC converges the error to zero faster and maintains its per-
formance for the whole simulation time compared to ISMC. Finally, the control
input obtained by AISMC is smooth and chattering free.

References

Batlle, J. A., & Barjau, A. (2009). Holonomy in mobile robots. Robotics and Autonomous Systems,
57, 433–440.

Chen, N., Song, F., Li, G., Sun, X., & Ai, C. (2013). An adaptive sliding mode backstepping
control for the mobile manipulator with nonholonomic constraints. Communications in
Nonlinear Science and Numerical Simulation, 18, 2885–2899.

Das, M., & Mahanta, C. (2014). Optimal second order sliding mode control for nonlinear uncertain
systems. ISA Transactions, 53, 1191–1198.

Pin, F. G., & Killough, S. M. (1994). New family of omnidirectional and holonomic wheeled
platforms for mobile robots. IEEE Transactions on Robotics and Automation, 10, 480–489.

Tzafestas, S. G. (2014). Introduction to mobile robot control. London: Elsevier.

t=15

start and stop 
point by AISMC stop point 

by ISMC 

t=25

Fig. 8 Trajectory obtained by AISMC and ISMC

Trajectory Tracking Control of Three-Wheeled Omnidirectional … 285



Viet, T. D., Doan, P. T., Hung, N., Kim, H. K., & Kim, S. B. (2012). Tracking control of a
three-wheeled omnidirectional mobile manipulator system with disturbance and friction.
Journal of Mechanical Science and Technology, 26, 2197–2211.

Williams, R. L., Carter, B. E., Gallina, P., & Rosati, G. (2002). Dynamic model with slip for
wheeled omnidirectional robots. IEEE Transactions on Robotics and Automation, 18, 285–
293.

Xu, D., Zhao, D., Yi, J., & Tan, X. (2009). Trajectory tracking control of omnidirectional wheeled
mobile manipulators: Robust neural network-based sliding mode approach. IEEE Transactions
on Systems, Man, and Cybernetics. Part B Cybernetics, 39, 788–799.

286 V. Alakshendra et al.


	27 Trajectory Tracking Control of Three-Wheeled Omnidirectional Mobile Robot: Adaptive Sliding Mode Approach
	Abstract
	1 Introduction
	2 Kinematic and Dynamic Modeling
	3 Controller Design
	4 Simulation Results
	5 Conclusion
	References


