Chapter 7
Hamiltonian Systems

It is well known fact that Newton’s equation of deterministic motion correctly
describes the motion of a particle or a system of particles in an inertial frame. In
Newtonian set up there is no chance for unpredictable nature of motion. On the
other hand, sometimes the particle may be restricted in its motion so that it is forced
to follow a specified path or some forces may act on the particles to keep them on
the surface. Thus it is out of question to treat such cases using the Newtonian
formalism. Besides, if the forces of constraints acting on a system are unknown to
us in advance then the Newton’s equation of motion remains undefined. To get over
such situation, Lagrangian mechanics, introduced by renowned Italian mathe-
matician Joseph Louis Lagrange in 1788, provides a technique of two kinds. In the
first kind of Lagrange’s formulation, Newton’s equation of motion is solved by
evaluating the forces of constraints using the constraint relations. But it is a tedious
procedure. Moreover, Newton’s equation of motion is applicable in an inertial
frame only. The forces of constraints operating on a dynamical system regulate
some of these coordinates to vary independently this means that all the coordinates
which describe the configuration of a dynamical system moving under the forces of
constraints may not necessarily be independent. Consequently, the resulting
equations of motion are not independent. So, to describe the configuration of the
dynamical system and also to obtain a general equation of motion valid in any
coordinate system, a set of independent coordinates is required. This gives a general
equation of motion which is known as Lagrange’s equation of motion. It is valid in
any coordinate system, and the knowledge of constraint forces is not necessary for
its derivation instead the knowledge of work, energy and principle of virtual work
are needed. Thus, Lagrangian’s method can provide a much fresher way of solving
some physical systems compared to Newtonian mechanics, in particular for the
system moving under some constraints. Thus Lagrangian mechanics is a refor-
mulation of classical mechanics in terms of arbitrary coordinates.

In Lagrangian mechanics, the Lagrange’s equation of motion is a second order
differential equation, where the Lagrangian variables are the generalized coordi-
nates and generalized velocities with time ¢ as parameter. Apart from Lagrangian
formulation there is another formulation in terms of Hamiltonian function. The
corresponding dynamics is called Hamiltonian dynamics named after the famous
Scottish mathematician Sir William Rowan Hamilton (1805-1865). Hamilton
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256 7 Hamiltonian Systems

originated this formulation of classical mechanics in 1833 which is applicable to a
holonomic system described by a set of generalized coordinates. Hamiltonian
mechanics is founded on the basis of Lagrangian formulation where the basic
variables are the generalized coordinates and the generalized momenta. This
reformulation provides a deeper understanding of the equations of motion of a
dynamical system compared to the Lagrangian formulation and makes possible to
write the equation of motion in a very stylish, yet simple way. The main beneficial
thing about this formulation is that rather than providing a more convenient way of
solving a particular problem, Hamiltonian mechanics gives a deeper understanding
of the general structure of classical mechanics. Also, it makes clear its relationship
with the quantum mechanics and other related areas of science. In this chapter we
shall learn the basics of Lagrangian and Hamiltonian mechanics, and also
Hamiltonian flows in the phase space, symplectic transformations and Hamilton—
Jacobi equation.

7.1 Generalized Coordinates

The position of a point in space is generally specified by its position vector with
respect to a fixed set of coordinate system or by the help of three Cartesian coor-
dinates (x,y,z) of that point. Generally, the positions of N points are determined by
N vectors or by 3N Cartesian coordinates. But the position of a system can be
determined not only by using Cartesian coordinates, but there also exists alternative
coordinates systems or alternative parameters by which one can determine the
position of a system completely at any time ¢. These coordinates are called the
generalized coordinates. Therefore generalized coordinates are the independent
coordinates which completely specify or describe the configuration of a dynamical
system at any given time. Now if we consider a set of quantities say, g1, g2, - - -, qn,
defining the position of a dynamical system as generalized coordinates of the
system then the set of their first order derivatives ¢q; ,q ,...,q, are called as
generalized velocities. Any set of parameters which gives the representation of the
configuration of a dynamical system without any ambiguity can serve the purpose
of generalized coordinates. So one can use angles, axes, moments or any set of
parameters as the generalized coordinates. But one should be careful while making
choice of generalized coordinates as it is totally dependent on skill. Correct choice
of generalized coordinates; make the problem look easy while the problem becomes
difficult to handle for a wrong choice of the generalized coordinates. Some
examples of generalized coordinates are as follows:

(i) For a simple pendulum of length /, the generalized coordinate is the angular
displacement 6 from the vertical.

(i) For a spherical pendulum of fixed length I, the generalized coordinates are
0, ¢; 0, ¢ being the spherical polar coordinates.
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(iii) Consider a rod lying on a plane surface. The generalized coordinates are
X, Y, 0, where (x,y) are the coordinates of one end of the rod and 0 is the angle
between x-axis and the rod.

(iv) Consider a lamina lying in a plane. For this case, the generalized coordinates
are x,y, 0, where (x,y) are the coordinates of the centroid and 0 is the angle
made by a line fixed in the plane.

So far we have defined the generalized coordinate and the generalized velocities.
The generalized momentum is the product of mass and the generalized velocity. If
pj is the generalized momentum of the jth particle whose mass is m; and generalized
velocity is g; then p; = m;g;.

7.1.1 Configuration and Phase Spaces

The configuration of a dynamical system is described instantaneously by the gen-
eralized coordinates. The n-generalized coordinates g1, gz, .. .,q, correspond to a
particular point in the n-dimensional space. The n-dimensional space spanned by
these n-generalized coordinates of a dynamical system is called the configuration
space of that system. The state of the system changes with time and the system
point traces out a curve in moving through the configuration space. The curve traces
out by the system point is known as trajectory or the path of the motion of the
dynamical system. On the other hand phase space is generally a 2n-dimensional
space spanned by n generalized coordinates and n generalized momenta where the
qualitative behavior of a dynamical system is represented geometrically. A 2n-di-
mensional space spanned by n generalized coordinates and n generalized momenta
of a dynamical system is called the phase space of that dynamical system. At any
instant of time a point in a phase space is called the phase point. As the dynamical
system evolves with time the phase point moves through the phase space thereby
traced a path, known as phase curve. When one additional dimension in terms of
time ¢ is added to the phase space then the phase space is a (2n + 1)-dimensional
space which is called as state space.

For instance, Hamiltonian system which does not depend on time ¢ explicitly is a
2n-dimensional phase space. The axes of a Hamiltonian system give the values of
generalized coordinate g and generalized momentum p. Hamiltonian of such sys-
tems are conserved quantities and gives the energy of the system. The trajectories of
Hamiltonian system therefore can go only to those regions of phase space where the
energy of the system remains same as to the initial point of the trajectory. The
trajectories of a Hamiltonian system are thus confined to a 2n — 1-dimensional
constant energy surface.
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7.2 Classification of Systems

A dynamical system is said to be holonomic if it is possible to give arbitrary and
independent variations to the generalized coordinates without breaching the con-
straint relations. Otherwise it is called nonholonomic system. In mechanics the
constraint is very important and can be found in Sommerfeld [1], Goldstein [2] and
Arnold [3].

More specifically, a system is said to be holonomic if it contains only the
holonomic constraints. If there is any nonholonomic constraint then the system is
called nonholonomic. For instance, if 1, g2, . . ., g, be the n generalized coordinates
of a dynamical system then for a holonomic system it is possible to change g, to
(g + 0q,) without changing the other coordinates.

Again consider two particles of masses m; and m, connected by a string of
length ! moving in space. If 7| and 7, are the position vectors of masses at time

-

t then clearly we have |7, — 7| <lor ? — (%, — ?1)2 > 0. In this case the system is a
holonomic system with unilateral constraint. If the conditions of the constraints are
expressed by means of non-integrable relations of the following form
andt + Y aimdg; = 0 for m = 1,2, ..., k(< n) where a’s are functions of gener-
alized coordinates then the system is called a non-holonomic dynamical system.

Example 7.1 Examine whether the motion of a vertical wheel on a horizontal plane
is holonomic or non holonomic.

Solution Consider the motion of a vertical wheel of radius a rolling on a perfectly
rough horizontal plane specified by the coordinate axes Oy, O,. The contact point P
traces out some curve C on the xy-plane. If 6 be the angle of rotation of the wheel
when the contact point P has travelled a distance s (measured from P,) along the
curve then s = a0 (assuming that the wheel rolls without sliding). Now, ds = a 60
(Fig. 7.1).

Fig. 7.1 Motion of a vertical Y
wheel on a horizontal plane
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If the coordinates of P are (x, y) and if the tangent at P makes an angle y with O,
then

O0x = cos Y s = a cos Y 60
and
d0y = sin Y s = a sin 60

The coordinates (x,y, 0, y) form a nonholonomic system.

7.2.1 Degrees of Freedom

The degrees of freedom of a system are the minimum number of generalized
coordinates needed to describe the configuration of a system or to specify the exact
position of an object of that system. In other words, the minimum number of
independent parameters necessary to describe the configuration of the dynamical
system at any time is called the degrees of freedom.

We shall now give some examples of degrees of freedom which will help in
understanding the idea more clearly.

Example 7.2 If a system is made up of N particles, we need 3N coordinates to
specify the positions of all the particles of the system. If a system of N particles are
subjected to C constraints (i.e. if some of the particles are connected by C relations),
there will be (3N-C) number of independent coordinates only. So, the number of
degrees of freedom is (3N-C).

Example 7.3 If a point mass is constrained to move in a plane (two dimensions) the
number of spatial coordinates necessary to describe its motion is two. So the
degrees of freedom in this case are two.

Example 7.4 Consider a particle moving on a surface x> + > 4 z> = a?. In this case
the degrees of freedom is 2, though the degrees of freedom in 3-dimensional
Cartesian coordinate system is 3. Again if the particle is inside the sphere (i.e.,
x? +y*+ 7% — a®> <0), then the degrees of freedom is 3.

Example 7.5 Consider a system of three free objects. The system has 9 degrees of
freedom. If by imposing some constraints the free spaces between the objects are
fixed, then the number of degrees of freedom of the system will be 9 — 3 = 6. These
six degrees of freedom can be chosen in any way. For example, the three coordi-
nates of the centre of mass with the 3 angles of their inclinations to a fixed frame of
reference.
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The set of coordinates used to describe a system can be selected freely, keeping
in mind that, the number of coordinates minus the number of constraints must give
the number of degrees of freedom for that system.

7.2.1.1 Some Important Features of the Degrees of Freedom
of a System

1. The number of degrees of freedom is independent of the choice of coordinate
system.

2. The number of coordinates and number of constraints do not have to be the
same for all possible choices.

3. There are freedoms of choices of origin, coordinate system.

7.3 Basic Problem with the Constraints

The most fundamental problem associated with the forces of constraints is that they
are unknown beforehand. So, in the absence of knowledge of the total force acting
on the system, it is impossible to solve Newton’s equation of motion which is a
relation between the total force and the acquired acceleration. The total force is the
sum of the externally applied force and the force of constraints. Let us try to
overcome this situation.

Consider the motion of a particle of mass m under the velocity dependent
(nonholonomic) constraint

g(?,;", r) =0 (7.1)

Let f@ andf be the externally applied forces and constraint forces respectively
acting on the particle. So, the total force acting on the particle is given by F=
f(”> —l—f. The Newton’s equation of motion therefore becomes

mi=F=f4+f (7.2)

The numbers of equations are four whereas the numbers of unknowns are six.
Therefore, the problem does not possess unique solution. To obtain a unique
solution one needs additional constraint relations. The search for additional rela-
tions gives rise to Lagranges’s equations of motion of the first kind. We shall now
give the derivation of Lagrange’s equation of first kind.



7.3 Basic Problem with the Constraints 261

7.3.1 Lagrange Equation of Motion of First Kind

Consider a holonomic, bilateral constraint given by
g(r,1) =0 (7.3)
Differentiating Eq. (7.3) with respect to time ¢t we get,

dg  Og

at—|—8r-r=O (7.4)

Again differentiating Eq. (7.4) with respect to time ‘#” we get,

Pg  Pg . d[(dg\ . 9
g gq_(g).urg
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The above constraint relation on the total acceleration (7) is therefore directly
affected by the vector g—ii. Only the component of acceleration (hence the force)

parallel to the Vector g§ enters the above constraint relation due to scalar nature of

the product g . In other words, f must be parallel to g‘;, that is
. og
= 7.6
or 7:6)

where / is a scalar.

Let us consider a nonholonomic, bilateral constraint of the form g(?, ?, t) =0

and taking time derivative we get, %f +3 ag F+2F=0.
oF

Arguing as above, one can get,

0g
oF

f=2 (7.7)

Since, g(¥,t) = 0 or, g(?, 7, t) = 0 is given, hence f is known except for A.

Now there are four unknowns and four independent equations which can give

simultaneous solution for 7. Hence f can be uniquely specified along with /.
Newton’s equations of motion now take the following form:
For holonomic one particle system

and for nonholonomic system
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mit — fl@) — AM =0. (7.9)

The Eq. (7.8) or (7.9) is sometimes called Lagrange’s equation of motion of the
first kind and / is called Lagrange’s multiplier.

This can easily be generalized for the motion of a system of N particles having
k bilateral constraints, viz.

gi(F,1)=0, i=1,2,..,k (for holonomic system)

and
gi (?, 7, t) =0,i=1,2,...,k (for nonholonomic system).

Thus Lagrange’s equations of motion of the first kind for the jth particle having
mass m; become

k -
s 0gi(7, ¢ .
mir; —];a) - Z }viLj_) =0,j=12,...,N (forholonomic system)

i=1 8?/
(7.10)
. o k 881 (7]’ ;:}a t)
m;7; —];(a) — Z liT =0,j=1,2,...,N (fornonholonomic system)
i=1 J
(7.11)

f}(“) being the total externally applied force on the jth particle of the system.

These vector equations for holonomic and nonholonomic systems can be applied
to the systems containing scleronomic or rheonomic bilateral constraints forms. The
total number of scalar equations is 3N + k (3N equations for motion and k& number
of constraints). The total number of unknowns are 3N + k (3N components for 7 and
k number of unknown A). Since these equations are coupled, so obtaining solutions
of these equations become rather complicated. So, Lagrange’s equations of motion
of the first kind are of little help and find a few applications in practice. But if
solved then the solution provides the complete description of the dynamical
problems of diversified nature.

Let us now show that the order of differentiation is immaterial in Lagrange’s
equation of motion.

Suppose that the dynamical system be comprised of N particles of masses
m;(i=1,2,...,N). Let 7; be the position vector of the ith particle having mass m;.
The position of the system at time ¢ is specified by n generalized coordinates
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denoted by ¢1, q2, - - -, . Then each 7; is a function of ¢, g2, . . ., g, and time ¢, that

is 7 =7 (91,92, -, qn)-
Time derivative of the generalized coordinate g; is called the generalized
velocity of the ith particle. The velocity of the ith particle is given by

5 \~OF . | OF
r_Zl:a_qjqj—’—E
J=

Differentiating again this equation with respect to generalized coordinate ‘g;” we
have,

oF,_ oF,

—=—forj=1,2,...,n
8qj qu

d (or\ _ o
dr 8q] o aqj
This proves that the order of differentiation with respect to ‘¢’ and ‘g;’ are
immaterial.

Again,

7.3.2 Lagrange Equation of Motion of Second Kind

Let the system contains N particles of masses m;(i = 1,2,...,N). The position of
the system at time ¢ is specified by n generalized coordinates g1 gz.. . .,q,. If 7; be
the position vector of the ith mass then

ri=7(q1,q2- - qn)(i=1,2,..,N)
From the generalized D’Alembert’s principle we have
N

3 (ﬁi - mi#i) o7 =0 (7.12)

i=1
where F’s being the external forces acting on the system and 67;’s are the small

instantaneous virtual displacements consistent with the constraints.
From Eq. (7.12) we have,

N . N
> miFi. o = FioF (7.13)
i=1 i=1
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. . . - OF;
Since = Vi(CIhf]Zy cey qn), 5}’1‘ = Z:—l ﬁé%

Then ow = ¥, Frofi = Y, B (S0, 92 ) oae = S0, (S0 B ) da. = X0, Qb
where Q, = g—; being the generalized force associated with the generalized

coordinates ¢., (e = 1,2,...,n).
Now,
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Therefore, 2 ?q Yo miT. 9= Do mitis - (since, = aqe).

OF;
8qe Zm’r' dq.

i=1

N 5 oo n d
Thus, > i, miri.0F; =Y [dz (ng;) — 8%] 8Ge.
Substituting the above expression into Eq. (7.13) and transferring all the terms in

one side we have,
L d /0T or
D Bl Bl = .14
> le {6 (5) ~afose =0 (714)

e=1

Case (i) System with n degrees of freedom
In this case the coordinates are free coordinates and can be varied arbitrarily. So,
the coefficients of each dg, must vanish separately, giving
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d /or or
— J— — = f :12...
o (i () df =0 o sz

or,

d/oT\ orT
d _ 0, for e=1,2,... 7.15
dz(&g) bg, Qe for e " (7.15)

These equations are second order differential equations and are called as the
Lagrange’s equations of motion of a dynamical system with n degrees of freedom.

If in addition, the system is conservative then Q, = — 37‘/ where V = V(q.,1) is

the potential function.
Substituting the value for Q. in Eq. (7.15) we have,

d /0T or  ov
dr\9q.) 0q.  0q.
If we assume that V is independent of the generalized velocity ¢., then we can
write the above equation as g{a(g_—v)} — a(g_—v) =0.
t e qe

If we set L=T —V, known as Lagrangian of the system then Lagrange’s
equations of motion can be written as

d (OL oL
— (=) -==0,e=1,2,...
dr <8q6> 8q() 07 e Pt , 1

Note that if the system contains some forces derivable from a potential function
and some other forces not derivable from a potential function then the Lagrange’s
equation of motion can be written as

d /OL oL
—a=) —2—=0le=1,2,... 7.16
() - s =he=120m (716
where all the potential forces have been included in the Lagrangian L and the
non-potential forces are given by Qé.

Case (ii) Holonomic dynamical system with k bilateral constraints
For a holonomic dynamical system with & bilateral constraints, the generalized
coordinates are connected by k independent relations of the following form:

]3'(%742a--~a%ut):07j:1727~~-7k(k<”) (717)

Let us now consider a virtual change of the system at time ¢ consistent with the
constraints in which the coordinates ¢j,q>...,q, are changed to
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g1+ 0q1,92 +90q2,...,q,+90q,. Therefore, from Eq. (7.17) we have,
filg1 +96q1,q2 +0q2, . . ., qu + 0gy, 1) = 0, this can be expanded in a series like

" of
JS'(CII,QL -« {qn, t) + Zaf 5% + 0(5%)2 =0
e=1 ¢

Since changes dq, are small we have

Zaﬁé =0 for j=1,2,... k(k<n) (7.18)

It is evident from (7.18) that the changes dq1, d¢>, . . ., dgx are not independent.
We now introduce k arbitrary parameters Aj,4z,..., 4. We now multiply the

Eq. (7.18) by these k parameters and sum up to obtain Z A gg’ oq. = 0 or,

ZZ(A, f’)éqe—O (7.19)

Adding Eq. (7.19) to the Eq. (7.14), we get

Sl (o) -y Sasn o

e=1

Now choose the parameters A1, 45, ..., A4 in such a way that the coefficients of
441,942, . . ., 0qx vanish separately. This gives

d [or - 8]?
Qe—{$<8q€) 3%} Z} =0 for e=1,2,...,k(<n)

j=1

or,

5(%) 0q. _Q€+ZAJ 2, k(<n) (7.21)

Now Eq. (7.19) takes the following form

- d /or\ or koo
> [Qe—{dt(aq>—8q}+zﬁjaﬂaqe_o (7.22)

e=k+1 Jj=1




7.3 Basic Problem with the Constraints 267

Since the variations 0gx 4 1,0qk+2,---,0q, are arbitrary and independent we
must have

d /or 3}3 _
Q"_{dr(aq) aqe} Z’ TO B em iR

or,

d /oT\ oT Lof
— — =0, A=l f =k+1,k+2,....n. 7.23
dr(aq) 9. Q‘*,;faqe or eskrbiaz e (723)

The Egs. (7.20) and (7.22) together give

d /0T oT of;
hd o, 2y, — 1,2,k k1, k42,
& < aq) 94, 0.+ Z D4, or e Sk + + n

(7.24)

These are the Lagrange’s equations of motion for a holonomic dynamical system
with k bilateral constraints.

These equations have (n + k) unknown quantities gy, g2, - - ., qn; A1, 42, - -, 4. In
order to solve the n number of equations given by (7.24) we have to supply
k equations of constraints.

Case (iii) Nonholonomic dynamical system
In this case the changes dqi,dqz,...,0q; are connected by k-nonintegrable
relations of the following form

ajdt+ Y aidge =0 for j=1,2,.. k(<n) (7.25)

e=1

where a;’s are the functions of the coordinates.
For virtual changes at time ¢,

> adg. =0 forj=1,2,... . k(<n) (7.26)

e=1

From Eq. (7.25) it is clear that the changes dq1, d¢q>, . . ., dg; are not independent.
We now multiply Eq. (7.25) by k arbitrary parameters 4;(j =1,2,...,k) and sum
up to obtain

k

n n k
D 4D aedg. =0 or Y (Z iﬂje) g =0 (7.27)
e=1 e=1 \ j=I1

=

Adding Eq. (7.27) with the (7.14), we get
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Sl )T Sonfue om

e=1 j=1

Let us choose A, 4z, ..., 4 such that the coefficients dqy,dq, ..., dg; vanish
separately.

This gives Qo — {$ (2) = 22} + Xb, e = 0 for e = 1,2,.

d /0T oT k
dr <8qe> Tog %t ;iﬂfe for e=1,2,...,n (7.29)

Equations (7.29) are the Lagrange’s equations of motion for nonholonomic
dynamical system.
The equations of constraints are added in the modified form:

aj+ Za]eqe—o for j=1,2,....k(<n) (7.30)

e=1

Ier:_% and L = T — V then we have,

d /oL
dr(@g) B4, Z} ie

j=1

7.3.2.1 Physical Significance of /’s

Let us suppose that we remove the constraints of the system and instead of con-
straints let us apply external forces (0, in such a manner so as to keep the motion of
the system unchanged. Clearly, the extra applied forces must be equal to the forces
of constraints. Then under the influence of these forces Q/, the equations of motion

d(a
area(ﬁ)—@ 0, fore=1,2,.

But this must be identical with ((jj (qu) - g_qI; = Z}‘:l Aiaje fore =1,2,...,n

Hence one can identify ijl Ajaje with 0, the generalized forces of constraints.

7.3.2.2 Cyclic Coordinates (Ignorable Coordinates)

If a coordinate is explicitly absent in the Lagrangian function L of a dynamical
system then the coordinate is called a cyclic or ignorable coordinate. Thus if g is a
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cyclic coordinate, then the form of the Lagrangian is L = L(¢y,?) and E%k = 0. The
cyclic co-ordinate is very important in deriving Hamilton’s equations of motion.

Example 7.6 Find the Lagrange’s equation of motion of a simple pendulum

Solution The generalized coordinate of a simple pendulum of length / is the angle

variable 6. The velocity of the ball is 10 where [ is the length of the string of the
pendulum. A simple pendulum oscillating in a vertical plane constitutes a conser-
vative holonomic dynamical system with one degree of freedom.

Here, Kinetic Energy =T = %mlzbz, m is the mass of the ball.

Potential Energy = V = mgh = mgl(1 — cos 6).

Therefore, Lagrangian of the system = L = T — V = 1m0 — mgl(1 — cos 0).

Lagrange’s equation of motion is ((li (dL> 00 =0 or, ml*0 +mgl sin 0 =

or, mi2) = —mgl sin 0 or, 0=— 7 sin 0 ~ —& 0 (if the amplitude of oscillation
is small then 0 is small and so sin 0 ~ 0).

Time period is given by Zn\/g, g is the acceleration due to gravity.

Example 7.7 For a dynamical system Lagrangian is given by L = 1 (i* +3* 4+ 2%) —
V(x,y,z) +Ax+By+ Cz where A,B,C are functions of (x ¥,2). Show that
Lagrange’s equations of motion are X +y(‘7—A - —) +z<aA ) + %X 0 and

similar ones.

Solution The generalized coordinates for the given dynamical system are x,y, z.
Now the Lagrange’s equation of motion corresponding to x-coordinate is

d oy _o_,
dr \ 9x ox

Or,dg(chrA) [ + P54+ By 95 =0

da , ov_9A; 0B _ OC
OI‘X—|—d—|— _axx_axy_de—O

or, x—|—y(a"‘——)+z(a—“——)—|— Osince((jiA x—|—aAy—|—

In an analogous way one can obtain the other two Lagrange S equatlons of
motion corresponding to y and z coordinates.

Example 7.8 Obtain the Lagrangian and also the Lagrange’s equation of motion of
a harmonic oscillator.

Solution A harmonic oscillator consists of a single particle of mass m moving in a
straight line which can be taken as x-axis (see Fig. 7.2). The particle is attracted
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F
0 < {m)
X

Fig. 7.2 Sketch of a harmonic oscillator

towards the origin by a force which varies proportionally with the distance of the
particle from the origin.

Then the Kinetic Energy of the harmonic oscillator is given by T = jmi’
whereas the Potential Energy is given by V = %kxz, k being a constant.

Then the Lagrangian of the motion is L =T — V = {mi* — L kx?.

Lagrange’s equation of motion is ((jj (%) —%=0or, mx + kx = 0.

Example 7.9 Find the Lagrangian of motion of a particle of unit mass moving in a
central force field under a force that varies inversely as the square of the distance
from the centre O (Fig. 7.3).

Solution Here r, 0 are the generalized coordinates. Let V be the potential.
Then, %V F = —% which on integration gives V = —£ 4 Constant T =

Kinetic Energy of the particle = (r + r202)
The Lagrangian of the motionis L=T7 —V = % (i’2 + rzéz) + £ — Constant.

Now, Lagrange’s equation of motion is given by % ((%L) — gTLe =0,e=1,2

Here, g = r,q2 = 0.

Lagrange’s equatlon of motion correspondmg to r-coordinate gives ((ji (?)ﬁ)

oL
ar
dg ( 20) = 0 which gives r20 = constant

Fig. 7.3 Motion under a
central force field

x
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Theorem 7.1 For a scleronomous, conservative dynamical system of n degrees of
freedom the quantity (ZZ:I qr 3—qu — L) is a constant of motion where q1,qa, . . ., qn

are the n generalized coordinates and L is the Lagrangian of the system.

Proof Differentiating the quantity > ;_, gx o= 6[1 — L with respect to 7, we get

d & oL oL - OL dL
el b—— L = ; _=
dr(zq"aqk ) Z Coa 22T ar (8q> dr
Now, L = L(qk, qk)

Therefore, % = g—quc']k + > quk q

n n_ oL n oL ) n oL ..
Thus, — (Zl]k——L> :Zgaé] Zq a@ (an> ;8—%%—28—%2

=
Z oL _% 7 =0
a dr\0) ~ g )™

since by Lagrange’s equations of motion ((11 ((‘;}; ) — @ =0fork=1,2,.

Therefore, (22:1 G % — L) = constant = E (say)

Thus when the Lagrangian is independent of time, Lagrange’s equations possess
the integral of motion, known as the energy integral of the system.

Theorem 7.2 For a scleronomous, conservative dynamical system of n degrees of
freedom the total energy E =T +V is constant

Proof We know that L=T —V = T(qx, gx) — V(qx)

Now,
9T -V) “~ . OT
E= — > (T-V)= ——-T+4+V
](:Zl% Din ( ) k;% Din
=2T-T+V=T+V
v

since, o = 0 in a velocity independent potential field and since in a scleronomous
system, Kinetic Energy T is a homogeneous quadratic function of generalized
velocities gx(k =1, 2, ..., n) i.e. 2T = ZZZI qu—;k (by Euler’s formula for homo-
geneous function). In such a system the total energy is conserved.

Theorem 7.3 (Law of conservation of generalized momentum) The generalised

momentum corresponding to a cyclic coordinate of a system is an integral of
motion or constant of motion.
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Proof Lagrange’s equation of motion corresponding to the coordinate ¢; is
given by

d /oL OL
@ (8—61) ~ o = 0, L being the Lagrangian

If g is cyclic coordinate then % = 0. Thus from the above equation, we have

d /0L OL
& (a—qk) =0ie. 90 = constant or, p; = constant (7.31)

where py = g—qu is the generalized momentum corresponding to the generalized

coordinate gy.

Therefore, the generalized momentum conjugate to a cyclic coordinate is an
integral of motion. So, when the Lagrangian is time independent there is an energy
integral for the system. In case of cyclic co-ordinate there is also an integral for the
system, known as a momentum integral.

Theorem 7.4 Let g; be a cyclic coordinate such that dq; corresponds to a rotation
of the system of particles around some axis, then the angular momentum of the
system is conserved.

Proof Let the system be conservative. Then the potential energy V depends on

position only. It is well known that kinetic energy T depends on translational

velocities which are not affected by rotation. As the position coordinate g; is

affected by rotation dg;, the kinetic energy T does not depend on the coordinate g;.
So,

ov orT
— =0 and —=0 7.32
9q; dq (7:32)

Now, Lagrange’s equation of motion corresponding to the generalized coordi-
nate g; can be written as

d (ﬂ) _or_ v (7.33)
dr\dg;) 0Oq;  Og
Using (7.32) in (7.33) we have, %{a(ggjv)} = —g—(‘; or, % (g—g) = _g_;j
or, %(pj) = —g—“; 1.e.
b =0 (7.34)
where Q; = fg—; is the generalized force corresponding to the generalized coor-

dinate g;.
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As g; is a rotational coordinate so p; is the component of the total angular
momentum along the axis of rotation.
The magnitude of change in the position vector 7; due to the change in rotational

coordinate g; is |07;| = 7; sin 0 dq; which gives ’g—;’ =7 sin 0
]

Now, i is perpendicular to both 7; and 7 where 7 is the unit vector along the

axis of rotatlon Therefore, @ =nXxF7.

Now, p; = Zm,ﬁ,8"—Zm,01n><r,—nZL—nL

where L = Zi Li = Zi m;U; X F; is the total angular momentum along the axis
of rotation.

It is known that if g; is cyclic then the generalized momentum p; is constant.

Hence, one can find that if the rotational coordinate is cyclic, the component of
total angular momentum along the axis of rotation remains constant.

Corollary 7.1 If the rotational coordinate is cyclic, the component of the applied
torque along the axis of rotation vanishes.

Proof Generalised force Q; is given by
~YF oF;
i i 8q] )

F; being the force acting on the ith particle of the system and 7; is the position
vector of the ith particle.

Again, Q= Fiix7i=iY,FxF=iY;N=iN, N=3>,Ni=
Ziﬁ ; X 7; being the total torque acting on the system.

From Eq. (7.34) we have Q; = 0 since p; is constant.

Thus if the rotational coordinate is cyclic, the component of the applied torque
along the axis of rotation vanishes.

Example 7.10 The Lagrangian of a particle of mass m moving in a central force
field is given by (in polar coordinates)

L= %m(i’2 +r292> —V(r).

Discuss its motion.

Solution Clearly, r, 0 are the generalized coordinates and since 6 is not present in
the Lagrangian L, it is the cyclic coordinate.
Therefore,

oL 5
po = — = mr-6 = constant
a0

which indicates that angular momentum of the particle is a constant of motion.
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Lagrange’s equation of motion corresponding to the r-coordinate is
%(g—f)f‘g—f Oor,mr mr92+av 0 or, mr—p” +%‘r’ 0.
As py is constant, so we have to deal with only one degree of freedom.

7.3.2.3 Routh’s Process for the Ignoration of Coordinates

Consider a dynamical system with n degrees of freedom specified by n generalized
coordinates qi, g2, . - ., g,. Let the system has j-cyclic coordinates g1, g, .. .,q; G <
n). We shall show that the dynamical system has (n-j) degrees of freedom. Clearly
the generalized momenta against the cyclic coordinates would be

oL
Dk = % =constant = 3, for k=1,2,...,j (7.35)

Let us define a new function R as

J
R=L-> B L (7.36)
k=1

being the Lagrangian of the system

With the help of (7.36), R can be expressed as a function of
Qi+ 15Gj+25 Qs G+ 15 Qj+25 - Gni B1s Boy - -+ Byt

that is, R = R(qj+ 1,Gj+ 2, Gn3 G+ 1525 - - i Pis By B3 1)

The function R is called the Routhian function.

Taking a virtual change of R we get from Eq. (7.36),

J J
SR=06L—> B — > Pidi. (7.37)
k=1 k=1

AISO, L= L(Qj+1;qj+27 .. 'in;qlvéIZv .. ‘aQn;t)'

oL = Z a—kéqk+za

k=j+1

= i 5Qk+ Z@ Ok + Z 5Qk-

k/+1 k1+l

(7.38)

Substituting (7.38) in the Eq. (7.37) we get
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n

5Qk+ Z 9 56]k—|- Zaﬁ

k:j+l k ]+1
= Z 5qk+za i + Z 5qk—25ﬁqu Zﬁk()qk (7.39)
k j+1 k j+1
Z Oqx + Z 75(]k 25/31(!]1”
—j+l —]+1

since by Eq. (7.35), g‘—;k =P fork=1,2,....j

Now Egq. (7.39) involves changes dgy, 0gx(k =j+1,j+2,...,n) and 6f,(k =
1,2,...,j) which are arbitrary and independent.

This leads to the following equations

OR 0L OR 0L

=75 =7~ for k=j+1,j+2,...,n 7.40
Oqr  Oqr Oqr  Oqk I (7.40)
And
OR
——=¢q; for k=1,2,...j. 7.41
oy 741

By Lagrange’s equation of motion we have

d /0L L
_(3_) —8—70 for k=j+1,j+2,...,n
Oqr)  Oqx

Using (7.40) we have,

d /OR OR
_— _— _—:O f k:. 1 j 2... .
dr (&'Jk) g o SRS

From (7.41) we have
OR
—/—dl+constant for k=1,2,...,j (7.42)
P

This shows that R behaves as the Lagrangian L of a new dynamical system
having (n-j) degrees of freedom.

Example 7.11 Use the method of ignorable coordinates to reduce the degrees of
freedom of a spherical pendulum to one.
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Solution A spherical pendulum is a simple pendulum of length /. The bob of the
pendulum moves on the surface of a sphere of radius equal to the length of the
pendulum.

Let (1,0, ¢) be the position of the bob at time ¢ in spherical polar coordinate
system. Let & be the height of the bob from the horizontal plane.

Potential energy = V = mgh = mg{l — [ cos(n — 0)} = mgl(1 + cos 0)

o 1 N N2 L afer .y s
Kineticenergy = T = 7 (lé)) + (l sin 9¢) = zml (0 + sin” 0¢ )
Now, Lagrangian of the system =L =T —V =imi’ (92 + sin? 0(}52) — mgl
(14 cos 6).
Clearly, ¢ is a cyclic coordinate.
g—é = py = constant = 8, which gives mil? sin’ 0&’) = B or, qb = %

Now, Routhian function is given by

j . . . .
R=L-Y Bx=L—Psb = %m12(92+ sin? 9¢2) — mgl(1+ cos 0) — By

k=1
2 2
= %ml2 (02 + nﬂl“iiﬂ) —mgl(1+ cos 0) — %
= %mlzéz - %%ﬁ;z@ — mgl(1+ cos 0)
= R(0, 45» ﬁqs)
The equation of motion is % (%) -®—o,
or, ml*0 — n[:;’; :; 06 — mgl sin 0 = 0.

The above equation can be interpreted as representing a system with single
degree of freedom.

Example 7.12 In a dynamical system the kinetic energy and the potential energy

-2
1.4 1:2 v _ 2
Y0t b + 543,V = c+dq; where a, b, c,d are constants.

Determine ¢; () and g, (¢) by Routh’s process for ignorable coordinates.

are given by T =

Solution Here, Lagrangian is given by

1 g 1., 2
oML SR e_ag
Yatbg 20T
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Clearly, g, is a cyclic coordinate and so, aq =0.

Generalized momentum corresponding to the coordinate ¢, is p; = 2L =

9
constant = f3; (say) i.e. f ;)q f;- Now the Routhian function is given by
o1 cf 1 .
R:L*ﬁﬂ]lfi Jr2‘12*C*dqz Bran
15 Bia+bg3)” bQ2)

Ly, 0 2
=3 (a+bq2) 2 c—dg; — Pi(a+bg;)

L.
= —Eﬂ%(a—kbq%)—i— ~§h —c—dg.

2

The equation of motion for the coordinate g, is

OR OR . ..
— (—) ——=0, or, §,+ fibgx+2dg, =0, or, §, +A’q; =0
2l7p) 2
where A2 = f2b+2d.
Thus we have, 72 =B sin(Af+ €) where B and € are arbitrary constants.
Again, we have — b ;= =B, or, g1 = By(a+bg3) = p{a+bB*sin*(At+ €)}.

Upon 1ntegrat10n the above relation, we have

1
q1 = Prat+ Eﬁlez/{l —cos2(At+ €)}dt
1 1
= pat + Eﬁlezz— aﬁlez sin2(At+ €)+C

where C is an arbitrary constant.

7.4 Hamilton Principle

Sir W.R. Hamilton gave his famous principle of least action, also known as
Hamilton’s principle of least action in 1834 which states that

The variation of the integral f12 Ldt between the actual path and any neigh-
boring virtual path of a dynamical system moving from one configuration to
another, coterminous in both space and time with the actual path, is zero. That is,
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2
5/L(q,c'], )dt =0,
1

L being the Lagrangian of the dynamical system, g, being the generalized
coordinate and generalized velocity, respectively and ¢ denotes the variation of the
integral.

7.5 Noether Theorem

Conservation laws of a dynamical system in classical mechanics where time # is one
of the independent variable and other variables are spatial variables is the first
integral of motion or constant of motion of the system. Conservation laws reduces
the degrees of freedom of a system, thus makes the system simple to integrate. But,
deducing conservation laws of a system is not an easy task. One can notice that the
idea of conservation laws and symmetry with respect to group of transformations
are interrelated for instance, the translational symmetry provides the conservation of
linear momentum, rotational symmetry provides the conservation of angular
momentum etc.

German mathematician Emalie Emmy Noether in 1918 gave a general theory of
conservation laws and symmetry transformations recognizing the importance of the
relation between the symmetry and conservation laws. Actually, Noether gave two
theorems in this regard. Herein we only give the statement of the first theorem; we
shall discuss other in the later chapter.

Theorem 7.5 (Noether’s First theorem) Every conservation law gives rise to a
one-parameter symmetry group of transformation and vice versa.

Let us now explain this theorem

Consider that L be the Lagrangian of a system in a coordinate system (g, ¢, ?)
and L’ be the Lagrangian in the coordinate system (¢’,4’,¢) obtained under the
coordinate transformations ¢' = ¢'(q, ¢,1),4' = ¢'(q, g, t). Then this transformation
of coordinates is said to be a symmetry transformation of the Lagrangian if

L'(q,q,1) =L(g,q,1).

Noether’s theorem states that if the coordinates of a Lagrangian of a system has a
set of continuous symmetry transformations 7 = P(¢, €) where P(€= 0) =t and €,
Gx = Ox(qx, €) where Qr (€= 0) = ¢y, € is a continuous parameter then the func-
tional I = f; * L(qx, gk, t)dt with arbitrary end points x; and x;, is an invariant with a

set of quantities that remain conserved along the trajectories of the system, given by:
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Z ko (ZPka — L(qx, Gx- t ))(3173

k=

} = constant
{e=0

{e=0}

where p; = i is the momentum conjugate to generalized coordinate gy.
Example 7.13 Show that if the functional I = [ L(q, g, )dt is invariant with respect
to the homogeneity in time ¢ then the total energy of a system is conserved.

Solution Homogeneity of time # means that the physical laws governing a system do
not change for any arbitrary shift in the origin of time. For such a system the
Lagrangian L is independent of time ¢. For homogeneity in time #, one have the
transformations 7 = r+ €,q = q. Therefore P = t+ € and Q = g. Hence the con-
served quantity is pg — L(q, ¢), which is the total energy of the system.

Example 7.14 Show that if the functional I = [ L(x,y,z,%,,Z t)dt is invariant
with respect to the homogeneity of space then the total linear momentum of the
system is conserved.

Solution Homogeneity of space means that the space possesses the same property
everywhere. For homogeneity in x, one has the transformations 7 = t,Xx = x+ €,
y =,z = z. Therefore P = rand Q = (x+ €,y, z). Hence the conserved quantity is
px = constant. Similarly, for homogeneity in y gives p, = constant and for homo-

geneity in z gives p, = constant. Accordingly the total linear momentum p =
pal+ py} + pzlAc is conserved.

Example 7.15 Show that if the functional I = [L(x,y,z,%,,Z¢)dt is invariant
with respect to the isotropy of space then the total angular momentum of the system
is conserved.

Solution Isotropy of space means that an arbitrary rotation of a system about an
axis does not change the system. For isotropy of space about z-axis, one has the
transformations 7 = ¢,X = x cos 0 +y sin 0,

y=ycos 0 —xsin 0, Z=z. Therefore P =1t and Q(6) = (x cos O+ sin 0,
ycos 6 —x sin 0, 7).

Now g—%| 9—0= (v, —x,0). Hence the conserved quantity is yp, — xp, = constant.
Similarly for isotropy about x-axis, yp, — zp, = constant and for isotropy about y-
axis, xp, — zp, = constant. Thus the components of angular momentum are con-
served quantity under rotation of space. Accordingly the total Angular momentum
H = qi X py is conserved.

Remarks Conservation theorem of generalized momentum is a particular case of
Noether’s theorem.
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7.6 Legendre Dual Transformations

Legendre dual transformation as the name suggests is a transformation that trans-
forms functions on a vector space to functions on the dual space. Legendre trans-
formation is a standard technique for generating a new pair of independent variables
(x,7z) from an initial pair (x,y). The transformation is completely invertible i.e.
applying the transformation twice one gets the initial pair of variables (x,y).

If L =L(qg,qx,t) is the Lagrangian of a dynamical system where g is the
generalized coordinate, gy is the generalized velocity then the generalized momenta
are given by py = 2L, k = 1,2,.. ., n. If one wants to eliminate gy in terms of p, then

this elimination considers L as a function of g, g—qu and time. The transformation
which does this (mathematically) is known as Legendre transformation.

Theorem 7.6 Let a function F(x,xa,...,X,) depending explicitly on the n inde-
pendent variables x1,x,, . . ., X, be transformed to another function G(y1,¥y2, . . ., Yu)s
which is expressed explicitly in terms of the new set of n independent variables
V1, Y2, - - -, Yn. These new variables are connected by the old variables by a given set
of relations

OF

yi:a,i:l,Z,...,n (7.43)

and the form of G is given by

Gi,y2 - vn) = D xiyi = F(x1,%2, . X) (7.44)
i=1
Then the variables xi,x,...,x, satisfy the dual transformations viz. the
relations:
0G
x;=—,i=1,2,..,n (7.45)
9y
and
F(x1,X%, ...y Xy) = iny,- —G(V1,¥2, -3 Vn) (7.46)
i=1

The transformations (7.46) between the two set of variables given by the
Egs. (7.43) and (7.45) are known as Legendre dual transformations.
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Proof 1t is given that,

n
G(yl,yz, .. -vyn) = in)’i - F(xlaXZa . -yxn)

. 0G = ;%5%

Again, G = YL x;0y;i+ i yiox; — Zf | oy IESx;.
Thus we have,

1 6G5)’z = zn:xzﬁ)’i + iyiéxi — i%éx
= széy, + Z (y, >5x,

(9G

8—”,1.:172,...,}’1

SoX =

since it is given that, y; = dx ,i=1,2,...,n and Jdy;’s are arbitrary (as all y;’s are
independent).

This proves the duality of the transformations.

Relation (7.46) can simply be obtained by rearranging terms of the relation
(7.44). Moreover, starting from the relation (7.45) one can easily prove the relation
(7.43), exactly in the same fashion.

7.7 Hamilton Equations of Motion

In Lagrangian mechanics, gy, g are treated as the Lagrangian variables with time

t as a parameter where ¢; are the n-generalized coordinates and g are the n-

generalized velocities (k = 1, 2,..., n). In Hamiltonian mechanics, the basic vari-

ables are the generalized coordinates g and the generalized momenta py(k = 1, 2,
., n) defined by the equations

pkza—,k:1,2,...,n (7.47)

where L is the Lagrangian of the system. With the aid of the Legendre dual
transformation the Lagrangian of a system can be converted into a new function H,
known as Hamiltonian function, by the relation
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H=> aqpi—L (7.48)

where L = L(qx, g, 1)-
With the help of (7.47), gi’s can be eliminated from the right hand side of (7.48)
which can then be expressed in terms of (g, pk,t) so that H = H(qy, pk,1?).

Theorem 7.7 The system of n second order differential equation known as
Lagranges’s equation of motion are equivalent to the 2n first order differential
equation known as Hamilton’s equation of motion given by

_on . on
Qk*apk7pk* aqk

where H is the Legender dual transformation of the Lagrangian function L given by

H = Zpi(?i — L(qi,gi,t)

Prodjhe Legender dual transformation of the Lagrangian L(gy, gx, ) is given by

H = ZP;% - L(Clhilivf)

Let us consider a virtual change of H at time ¢. Then,

0H = i Oqipr + iélképk — OL(qx, gx, 1) (7.49)
=1 =1
Now, H = H(q, pk,?)-
" OH = Z 5qk + Z 5pk + (7.50)
Again,

SL = Z 5qk+z 5qk+—5t (7.51)

Substituting (7.50) and (7.51) in (7.49) we have,
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Zaqkéqk—F Z 5pk—|-f5t
—Z5Qkpk+ZCIk5Pk Za 5k— %5 k_%ét

= Zilk5pk - Zpk5Qk - 551
=1 =1

as py = %,k =1,2,...,n so Lagrange’s equations of motion give
d /oL OL oL

() ——=0ie.pp=—"Fork=12,...,n
O Oqr Iqx

Equation (7.52) is true for all arbitrary variations. Hence we get,

OH OH
— = —Pp,— = f k=1,2,...
8qk pkaapk qk or )4y ,n
and
oH_ oL
ot ot
Thus we have
OH OH

h=—,pr=——— fork=1,2,...
qk apk,Pk 8q1( or ) &y yn

283

(7.52)

(7.53)

These equations are called Hamilton’s equations of motion of a dynamical

system.

Theorem 7.8 If the Lagrangian does not explicitly depend on time, Hamiltonian is
also independent of time and Hamiltonian is a constant of motion or first integral of

the system.

Proof We have Hamiltonian H as defined by H = > ;_, gxpx — L, where L is the
Lagrangian of the system. Now, if H = H(qy, px,t) then using Hamilton’s equa-

qo— L

tions of motion an = — 9 we have

OH . ~.. OL
- Zaq,q’ Za pi+ —IZ—ZPiCIi+ZQiPi—E

If in addition the Lagrangian does not explicitly depend on time that is, Ot =0

then 22 = 0.

Hence the Hamiltonian is also independent of time ¢.
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Moreover, using the above result we have % = 0, that is H = constant. Thus,

Hamiltonian is a constant of motion.

Theorem 7.9 For a scleronomous dynamical system in a velocity independent
potential field the total energy (sum of the Kinetic Energy and Potential Energy)
remains conserved.

Proof If the Hamiltonian H is explicitly independent of time ¢ then H = H gy, px),

k=1, 2, ..., n where p;’s are the generalized momenta corresponding to the
generalized coordinates g; of the system.
Now,
dH "~ OH "~ OH
— =) 0%+ ) ——opk (7.54)
dr ; 8qk ; apk
By Hamilton’s equations of motion we have,
OH OH
qk:—’ﬁk:—_ fOI‘kZl,Z,...,n.
Opx dqy

Substituting these in (7.54) we get,

dH
e 0 which gives H = constant. (7.55)

Moreover, in a scleronomous system, the kinetic Energy 7 is a homogeneous
quadratic function of generalized velocities. Therefore, by Euler’s theorem on
homogeneous function we have,

2 oT
2T = Tk —— 7.56
20, (7.3
We have,

P "~ . 0L ~. O(T-V
H_ZQkPk_L_ZQkaqk_(T_V)_ZQk(ac.]k)_T'f'V
=1 =1 k=1

Since in a velocity independent potential field, g—q‘i =0,
LH=Y0, qk% —T+V=2T—-T+V =T+V. [using (7.56)]
Therefore, in a scleronomous dynamical system in a velocity independent

potential field the total energy (sum of the Kinetic Energy and Potential Energy)
remains conserved.

Theorem 7.10 If all the coordinates of a dynamical system are cyclic they can be
determined by integration. In particular, if the system is scleronomous, the coor-
dinates are all linear functions of time t.
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Proof 1t is known that a coordinate ¢; is said to be cyclic if it is explicitly absent
from the Hamiltonian.

Since H =Y }_, qxpk — L, s0 gi’s are cyclic coordinates.

As all the coordinates are cyclic, so H = H(py,t) where p;’s are the n-gener-
alized momenta of the system.

. 5 . . . . H

Hamilton’s equations of motion give ¢; = gﬁ =filpr, 1), k=1,2, ..., n.
Since g ’s are the cyclic coordinates, p; = constant = f§,(say), k=1, 2, ..., n.
Therefore, g, = fi(By, ), this on integration gives

qr = /fk(ﬁht)dl—i—constant,k =1,2,....n.

So, the coordinates can be determined by integration.
For a scleronomous system, g, = fi(px), which on integration gives

G = /fk(ﬁk)dtJrconstant = fi(By) / dr + constant = zf;(f;) + constant , for k
=1,2,...,n

So, the coordinates are linear functions of time ¢.

Example 7.16 Obtain the equation of motion of a simple pendulum using
Hamiltonian function.

Solution Here, 0 is the generalized coordinate. The velocity of the ball is 10 where
[ is the length of the string of the pendulum. A simple pendulum oscillating in a
vertical plane constitutes a conservative holonomic dynamical system.

Here, Kinetic Energy = T = §m1202, m is the mass of the ball.

Potential Energy = V = mgh = mgl(1 — cos 0).

Therefore, Lagrangian of the system = L = T — V = 1ml?0* — mgl(1 — cos 0).

Since the system is scleronomous and conservative,

1 .
H=T+V= Emlzﬁz—i—mgl(l — cos 0)

; —OL _ p12( ) — Do
Generalized momentum py = o= ml“0 or, 0 = .

. _1 2 ( P02 _lp(z) _
,,H—2ml (m ) +mgl(1 — cos 0)_2ml2 +mgl(1 —cos 0) = H(0, py).

Hamilton’s equations of motion are given by

. OH , OH
0:8—[)9:% ie.pp=mi0 and py = — 5 = ~mgl sin 0



286 7 Hamiltonian Systems
s.ml*0 = —mgl sin O or, 0 = — sin 0 ~ —70 (when 0 is very small).

Time period is given by 2n\/g, g is the acceleration due to gravity.
Example 7.17 For a dynamical system Hamiltonian H is given by
H = qip\ — q2p2 — aqi + bg;

Find ¢q1,q»,p1,p> in terms of time z. Hence find the corresponding equation of
motion of the dynamical system.

Solution Hamilton’s equations of motion give

OH . . . .
q1 = oy = 01 which on integration gives g, = Ce', C = constant
P1
) OH .
Pr="tq ="M +2aq, or, py +p1 = 2aCe'.
1

Multiplying both sides by the integrating factor ¢’ we get,
d
o (p1€') = 2aCe”

Integrating this we get, p; = aCe’ + De™", D = constant

OH
g = s = —q, or, g = Ae”', A = constant
) OH - —
= —8—(]2:p2—2bq2 = py — 2Abe " or, py —p, —2Abe ' =0

Multiplying both sides by the integrating factor e~ we get,
% (p2e™") = —2Abe~ which on integration gives p, = Abe™' + Be', B = constant.
Therefore the required equation of motion is

p1+p1 —2aCe =0
pz — P2 — ZAbeit =0

Example 7.18 Hamiltonian of a dynamical system is given by H =

%Z?:, (p? + 12q?) where p;,q; are the n generalized momenta and generalized
coordinates, u is a constant. Show that F| = gyp3 — q3p> and F» = uq; cos ut —
p1 sin ut are constants of motion.
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Solution Now, H =1 (p? +p3 + p} + 12q} + 1263 + 12G3).
Fi = qps — q3p2 = F1(q2, 43, 2. P3)

R _OFOF  OF . OF
a0 9" o o™
_OF10H OF OH OF 0OH OF 0H
0q20px ~ Oq3Ops  Op20qay  Op3 Ogs
(using Hamilton's equations of motion)
= psp2 — pap3 + 31840 — qai*qs = 0
So, F| = constant.
Again, we have

AFy _OFy | OFy.  OFy OF0H _OF0H | OF
dt Oq, N Op1 P T 0q10py  Op10q1 Ot
(using Hamilton's equations of motion)

= pijt cos ut 4 gy sin put — g p®sin put — pyu cos pt =0
So, F, = constant.

7.7.1 Differences Between Lagrangian and Hamiltonian
of a Dynamical System

1. Lagrangian L(q,q,1) is described always in the configuration space of appro-
priate dimension and the configuration space is described only by the total
number of generalized coordinates of the system whereas Hamiltonian H (g, p, )
is described in the phase space of requisite dimension set by the equal number of
generalized coordinates and generalized momenta.

2. Lagrangian mechanics provides a second order differential equation of motion
corresponding to each degree of freedom of the system whereas Hamiltonian
mechanics provides us two first order differential equations of motion corre-
sponding to each degree of freedom.

3. Hamilton’s equations of motion can only be derived for holonomic dynamical
systems whereas Lagrange’s equations of motion can be derived for holonomic
as well as nonholonomic dynamical systems.

So far an introduction of basic concepts of Hamiltonian function has been given
in the context of classical mechanics. We shall now give the concept with respect to
the flow of a dynamical system.
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7.8 Hamiltonian Flows

We have knowledge that solutions of a system of differential equations are geo-
metrically curves which depict a flow in the space R”". The system of differential
equation represents a vector field where the direction of the tangent at a given point
of the solution curve is given by the first order differential equation written in a
solved form. Herein we shall discuss the dynamical properties of the flow generated
by Hamiltonian vector fields in the phase space.

A system of differential equation on R*" corresponding to n degrees of freedom
of a system is said to be Hamiltonian flows or systems if it can be expressed as

OH o OH 1,

.i:—, i y gLyl 7.57
=g P 90, (7.57)

where H(x) = H(q1,q2, - - -sqn,P1,D2, - - -, Pu) 1S @ twice continuously differentiable

function. The dimension of the phase space is 2n for the n generalized coordinates ¢;
and n generalized momenta p;, i = 1,2, ..., n. The function H is called Hamiltonian
of the system as defined earlier. Furthermore, Hamiltonian functions are commu-
tative. The Hamiltonian vector field is derived from the Hamiltonian function

H denoted by Xy (x) and is given by Xy (x) = <%—’; ,— %—’;’). From Liouville theorem

(see Chap. 1) it has been established that the flow induced by a time independent
Hamiltonian is volume preserving. The flow takes place on bounded energy mani-
folds and all orbits will return after some time to a neighbourhood of the starting
point. This is a consequence of the recurrence theorem by Poincar¢ stated below.

Theorem 7.11 (Poincaré Recurrence Theorem) Let f be a bijective, continuous,
volume preserving mapping of a bounded domain D C R" into itself. Then each
neighbourhood U of each point in D contains a point x which returns to U after

repeated applications of the mapping f")x € U for some n € N.
It follows that H (x) is a first integral of x = f(x) if and only if d—i’ =VH - f(x) =

0 Vx € R" H(x) is identically constant on any open subset of R". Furthermore, if
there is a first integral, that is, a Hamiltonian function then the orbits of the system
are contained in the one-parameter family of level curves H(x) = k.

Given a system x = f(x),x € R", a set S C R" which is the union of whole orbits
of the system, is called an invariant set for the system. For example, for a
Hamiltonian system in R? the level sets H (x|, x,) = k are invariant sets, since H is
constant along any orbit. More generally, a function H : R” — R of class C!, is
called a first integral of the system x = f(x) if H is constant on every orbit,

S H(x,1) = VHR() - f(x(1) = 0 Vi,

In general, the first integral of a dynamical system is defined as follows.
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First integral of a system A continuously differentiable function f: D —
R, D CR" is said to be a first integral of the system x = F(x),x = (x1,X2,...,X,) €
X CR" on the region D C X if

Df(x(t)) =0, x € XCR?

Fy=2L 5+ Lyt . + %Xn, x = (x1,x2,..,%,) and D, is

where Df =3 o 7
called the orbital derivative.

The first integral f(x(¢)) is constant for any solution x(#) of the system i.e.
f(x(#)) = C(constant) and is therefore also called as constant of motion. The first
integral of a system when exists is not unique for if f(x) is a first integral of a
system then f(x) 4+ C and Cf(x), where C € R are also the first integral of the
system. The first integral of a system, as the name suggests is obtained by inte-
grating just once the system x = F(x).

The level curve of the first integral of a system is denoted by L. and is defined as
L. = {x|f(x) = C}. The first integral of motion f is constant on every trajectory of
the system. Hence every trajectory of a system is a member of some level curve of f.
Each level curve is therefore a union of trajectories of the system. The level set
which contains family of trajectories of the system is called an integral manifold.

A system is said to be conservative if it has a first integral of motion on the
whole plane i.e. D = R".

Theorem 7.12 If f € C'(E), where E is an open, simply connected subset of R,
then the system x =f(x) is a Hamiltonian system on E if and only if
V-f(x)=0 VxeE.

Proof Hamiltonian system is given by ¢ = %_1121 ,p=— %—Z, therefore
OH OH 0*H  0*H
(517 ’ 5q) 9q0p  Opdq orla.p) €
since f(x) = (fi(¢q,p), f(q,p)) = (%—;ﬂ—%—;’) is a continuously differentiable

function.
Hence, V - f(x) =0 Vx € E for a Hamiltonian system, where f(x) = (fi(q, p),

hla.p) = ((Z;—Q’—%—’Z)

For the converse part suppose that ¥ = fi(x,y),y = f2(x,y) where f,f> € C(E)
and V- f(x) =0 Vx € E holds. Therefore

V- (fi(x,y).f(xy) =0

oh O
Ox * Oy =0
%o
Ox Qdy

Clearly, the system is Hamiltonian.
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Theorem 7.13 The flow defined by a Hamiltonian system with one degree of
freedom is area preserving.

Proof The rate of change of area of a system x = f(x),x = (x,y),f = (fi,/2) is
given by

1dA_ 0fi | Of
Adr  ox Oy
Now for a Hamiltonian system % =— %—J;Z(since V -f(x) =0) hence
1dA

—— =20or, A = constant
A dt

Thus the area of the flow generated by the Hamiltonian system is preserved.

7.8.1 Integrable and Non-Integrable Systems

The most crucial aspect of any system is its integrability. An integrable system is
that system whose solution curves and therefore the geometry of the flow in its
embedding space can be determined with certainty. At this juncture, question may
arise that when the Hamiltonian system will be integrable. The answer to this
question is given as follows:

When the degrees of freedom of a Hamiltonian system are equal to the constants
of motion of the system then the Hamiltonian system is said to be integrable. For
instance, all Hamiltonian system with only one degree of freedom for which the
Hamiltonian function H is analytic are integrable. Moreover, all Hamiltonian sys-
tems for which Hamilton’s equations of motion are linear in generalized coordinates
and momenta are integrable. Furthermore, if it is possible to separate the nonlinear
Hamilton’s equations of motion into decoupled one degree freedom systems, then
the system is integrable.

On the other hand, if the degrees of freedom are more than the constants of
motion of the system then the system is called non-integrable.

We have seen in our earlier discussions that if a coordinate is explicitly absent in
a system then the corresponding momentum is a constant of motion. But for a
Hamiltonian system it is not always the momenta which are constants of motion but
there are constants of motion which are expressed in terms of the generalized
coordinates and generalized momenta.

Generally the trajectory of an integrable system with n-degrees of freedom
moves on an n-dimensional surface of a torus which lies in the 2n-dimensional
phase space. Now if the motion of the trajectory is constrained by some constants of
motion then the dimension of the surface in which it stays in the phase space would
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get reduced. For instance, the trajectories of a Hamiltonian system which has
k numbers of constants of motion, lie on a (2n — k)-dimensional surface in the
phase space. Since the motion of the trajectories is always restricted to these sur-
faces so these surfaces are called as invariant tori. Nevertheless, systems with more
than one degree of freedom may not be integrable. If a Hamiltonian system with
two degrees of freedom is integrable then there exist exactly two constants of
motion. The trajectories of the system therefore would move on the two dimen-
sional surface (2 x 2 —2 = 2) of a torus lying in a four dimensional phase space.
The trajectories of the system are periodic or quasi-periodic, and do not show any
chaotic behavior. Now if the system is slightly nonintegrable due to some pertur-
bation then the constants of motion of the system is no longer constant except the
energy of the system. Since the energy of the Hamiltonian system is conserved even
now so, the trajectories of the system are constrained to move on a three dimen-
sional surface (2 x 2 — 1 = 3) in the four dimensional phase space. The trajectories
of this three dimensional motion of the system are no longer periodic and displays
chaotic motion. When the amount of non-integrability get increased then the tra-
jectories of the system move off the tori and the tori are destroyed. The trajectories
of the system therefore can move throughout the phase space without any restric-
tion. Note that for non-integrability, a system must have at least two degrees of
freedom which implies a phase space of at least four dimensions. The phase por-
traits of such system are very difficult to obtain, (see Hilborn [13]).

Theorem 7.14 For any Hamiltonian system, the Hamiltonian (x, p) is a con-
served quantity or first integral of the system.

Solution Let us consider a Hamiltonian system with x as generalized coordinate

and p as generalized momentum. Now, Hamilton’s equation of motion is given by

_on
o

. _ _OH
pP= Ox

dH OHdx n OHdp OH 4 OH OHOH OHOH 0
oo _gney ouep Lo SO ouot dHon
We can write "q; — 9x dr ' op dr ax P Op Op Ox Ox Op

X

(7.58)

Hence, the Hamiltonian H (x, p) = constant of motion or integral of motion along
the trajectories of the system.

Example 7.19 Show that the system x = —y,y = x is conservative.
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Solution The given system can be written as

dy X
oo ,y#

The solution of this equation is x> +y* = ¢, y # 0, where c is a positive con-
stant. However

—f( )*af Jraf = 2y +2xy =0 VY(x,y) € R?

Hence the given system is a conservative system.

Example 7.20 Find out whether the system X = x, y = y is a conservative system or
not.

Solution The given system can be written as

dy y
0
e X #

The solution of this equation is y = cx, x # 0, where ¢ is a positive constant.
However the first integral of the system f(x,y) =%, x # 0 satisfies

G0 =it Tym —yfatyfr=0 ¥ (y)\(O) € B

Hence the given system is not a conservative system.
Example 7.21 Find a first integral of the system
Xx=xy,y=Inx,x>1
in the region indicated. Hence, sketch the phase portrait.

Solution The given system of equation can be written as a single system

dy Inx
dr xy
Separation of variables yields
1
ydy = de

~.¥* = (In x) + constant
This is the first integral of the system. Since the first integral f(x,y) =
2 2 . .
y* — (In x)” of the given system satisfies

o . .

—f( )* Jra y=-2ylnx4+2ylnx=0 VY(x,y)\(0,y) € R?
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(a) (b)

Fig. 7.4 a Level curves and b Phase portrait of the first integral

hence the system is not conservative. The sketch the phase portrait of the given
system in the x — x plane is shown in Fig. 7.4. The direction of the trajectories is
given by the direction of x. Now x > 0 when y > 0 and x <0 for y<0. Hence the
direction of the trajectories are from left to right in the upper half-plane and from
right to left in the lower half plane. The level curves give the shape of the trajec-
tories without the directions.

Example 7.22 Find a Hamiltonian H for a moving particle along a straight line,
given by the equation of motion

X = —x+ px*, B > 0, xis the displacement
Sketch the Level curve of the Hamiltonian H in the phase plane.

Solution The given nonlinear equation is converted into the following system of
equations

xX=y
y=—x+px

If we consider the variable x as generalized coordinate and y as genaralised
momentum then we have

oH _
ay_y
%—Ij:xfﬂxz

dH _OH _0OH

=i(x— ) +yy =0

=X

a e ey

and the Hamiltonian of the system is given by H(x,y) = % — §x3 + %
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Now we sketch the phase portrait of the given system in the x — x plane shown
in Fig. 7.5. The direction of the trajectories is given by the direction of x. Now
X >0 when y > 0 and x <0 for y<0. Hence the direction of the trajectories are
from left to right in the upper half-plane and from right to left in the lower half
plane.

Example 7.23 Find a Hamiltonian H for the undamped pendulum, given by the
equation of motion

X+ sinx=0
Sketch the level curves of the Hamiltonian H in the phase plane.

Solution The given equation of pendulum can be written as the following system
of equation

xX=y
y=—sinx
If we consider the variable x as the generalized coordinate and y as the gener-
alized velocity then we will have

OH
Jdy =Y
OH .

= sin x

|
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Fig. 7.6 Level curve of y

undamped pendulum
% X
£ 4 Fid
/_'\__/\

Hence%—’t’:xa—”' —|—)'1%—’;:5c sinx+yy =0

Ox

Whence Hamiltonian H = — cos x + % The level curves are shown in Fig. 7.6.

Example 7.24 Find the Hamiltonian for the system

xX=y

y=—x+x

Also, sketch the Hamiltonian of the system in the phase plane.

Solution If x is the generalized coordinate of the system and y the generalized
velocity, then clearly,

OH
ox B—y =7
Hence %—i’ = x%—f{’ + y%—ﬁ’ = &(x — x*) +yy = 0. Therefore the Hamiltonian of the
system 1s

Now we sketch the phase portrait of the given system in the x — x plane shown
in Fig. 7.7. The direction of the trajectories is given by the direction of x. Now
x>0 when y > 0 and x<0 for y<0. Hence the direction of the trajectories are

from left to right in the upper half-plane and from right to left in the lower half
plane.

Example 7.25 Find a conserved quantity for the system X = a — ¢* and also sketch
the phase portrait for a<0,=0, and > 0.

Solution The given system can be written as the following system of equation

xX=p
p=a—c¢
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(a) X he

2

Fig. 7.7 a Level curves of H(x,y) :x;—%Jr%. b Phase portrait of the system
F=y, §= —x

'S

For this system 2 = p and 2 = ¢* — a. Therefore, the Hamiltonian H is given
p X
by

dH = (e — a)dx + pdp

2

X p

H=¢— —

e —ax—+ 5
The given system of equation is a Hamiltonian system and the Hamiltonian H is
the conserved quantity of the system. When a = O then the given system has no
fixed points and for a = —1 the system has complex fixed points ((2n+ 1)iz,0)
while for @ = 1 the only real fixed point is (0,0) which is a center and the tra-
jectories in the phase plane are closed curves about the fixed point origin. The
sketch the phase portrait of the given system in the x — x plane shown in Fig. 7.8.

(a) P (b) P (c) P

Fig. 7.8 Phase portrait of the Hamiltonian H = ¢* fax+”72 for a>0,a=0 and a<0,
aa=1,ba=0,ca=-1
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The direction of the trajectories is given by the direction of x. Now x > 0 when
p > 0 and x<O0 for p<0. Hence the direction of the trajectories are from left to
right in the upper half-plane and from right to left in the lower half plane.

Example 7.26 Show that the Hamiltonian H is % + % for a simple harmonic
oscillator of mass m and spring constant u. Also, show that H is the total energy.

Solution The equation of motion of a simple linear harmonic oscillator with spring
constant y is given by

mx +pux=0
This equation can be written as a system of equation given below
._ P
Py
m
p=—ux

Now, ‘?)H =L and a” = . Hence the Hamiltonian H(x, p) is given by

OH OH
dH = —dx+ —d
ox o
2 2
H:,uxdx—l-—dp:&qtp—
m 2 2m

Since the given system is a Hamiltonian system, the conserved quantity is the
Hamiltonian function H. The only fixed point of the system is the origin (0,0)

obtained by solving ‘?);1 =2 =0and %I; ux = 0. The trajectories of the system are

ellipse. The sketch of the phase portrait is given in the Fig. 7.9. In the upper half
plane x > 0, x > 0 hence the direction of the trajectories is from left to right and in

Fig. 7.9 Phase portrait of X
simple harmonic oscillator
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the lower half plane (x <0), x <0 hence the direction of the trajectories is from right
to left.

Now the total energy of the system = Kinetic energy of the system + potential
energy of the system.

Kinetic energy = 2mx2 and potential energy = — [ —poxdx :’”Tz (since the

system is conservative and the force actlng on the system is —ux). Therefore

the total energy of the system is @ + ”" = ” + ‘“ (Since x = £). Hence, the
Hamiltonian H is equal to the total energy of the system.

7.8.2 Critical Points of Hamiltonian Systems

We have learnt the qualitative analysis of a nonlinear dynamical system in Chap. 3
by evaluating the fixed points of the system and various behaviors in its neigh-
bourhood. The fixed points of a conservative Hamiltonian system x = H,,y = —H,
are given by

Ox Jy
The Hamiltonian H is a conserved quantity along any phase path of the system,
and gives the shapes of the trajectories of the flow generated by the Hamiltonian
vector field X in the phase plane of the system. And the fixed points of the system
give the local dynamics in its neighbourhood. Moreover, if the Hamiltonian H of a
system is known than one can directly yield the fixed points of the system.

Lemma 7.1 If the origin is a focus of the Hamiltonian system

. 3H . OH
= 8y T ox
Then the origin is not a strict local maximum or minimum of the Hamiltonian
Sfunction H(x,y).

Theorem 7.15 Any nondegenerate critical point of an analytic Hamiltonian system

8H OH
X y=—— 7.5
T 8y Ox (7.59)

is either a saddle or a center; Again (xo,yo) is a saddle for (7.59) iff it is a saddle of
the Hamiltonian function H(x,y) and a strict local maximum or minimum of the
function H(x,y) is a center for (7.59).

Proof Suppose that critical point of the Hamiltonian system
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x= Hy(xay)ay = _Hx(xay)

is at origin. Therefore H,(0,0) =0, H,(0,0) = 0. The linearized system of the
Hamiltonian system at the origin is given by

X =Ax (7.60)

H,.(0,0 H,,(0,0

where A = ( —I-ylx)(((O, ())) —I-yfxi(O, ())) )

Trace of A = 0 and the det A = H,,(0,0)H,,(0,0) — Hgy (0,0). The critical point

at the origin is a saddle of the function H(x, y) if and only if it is saddle of the

Hamiltonian system. Now origin is a saddle of the Hamiltonian system if and only

if it is a saddle of the linearized system (7.60) i.e. detA < 0. Also if trA = 0 and

det A > O then the origin is a center for the system (7.60) and then the origin is

either a center or focus for the Hamiltonian system. Now if the nondegenerate

critical point (0, 0) is a strict local maximum or minimum of the Hamiltonian H(x,

y) then det A > 0 and then according to the above lemma the origin is not a focus

for the Hamiltonian system (7.59) i.e. the origin is a center for the Hamiltonian
system (7.59).

Example 7.27 Hamiltonian H for the undamped pendulum, is given by

H=1-—cosx+ % Calculate its fixed points and sketch the phase portrait of the
Hamiltonian H.

Solution The fixed points of the system is given by

OH

a—sinxzo,
OH

_— = :O
Oy Y

Hence the fixed points are (n=,0), n € Z.
We shall now analyze the trajectories in the neighbourhood of (0, 0). In this case
the linearized system is

x=y
£

y=—-x+
Neglecting the higher order terms, the linearized system is obtained as

x=y
j=—x
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In matrix form it can be written as

(-5 00)

The eigen values of the system are complex with real part zero. Hence the origin
(0,0) is the center of the system. About the fixed point (—n,0) the Hamiltonian
equation of motion can be linearized by introducing (x,y) — (x — 7, y). We obtain

x=y
y = —sin(x — 7) = sin(m — x)
. x
:smx:x—a—k
Neglecting higher order terms we get the linearized system as
x=y
y=x

X X
In matrix form the above system can be written as ( . ) = ((1) (1)) ( >
y y

In this case the system has real distinct eigen values of opposite signs. Hence the
fixed point (—7,0) is a saddle of the system.

About the fixed point (7,0) the Hamiltonian equation of motion can be lin-
earized by introducing (x,y) — (x+ 7, y). We obtain

xX=y
y = —sin(n+x) = sin x
_x_§+...

In this case also the linearized system is (Fig. 7.10)

x=y
y=x
Hence the fixed point (7, 0) is a saddle of the system.
Now we will see the nature of the fixed points (27, 0). Here introducing (x,y) —
(x+2m,y) we have the
x=y
y=—sin(2n+x) = —sin x
3

p— x.
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Fig. 7.10 Phase portrait of
undamped pendulum
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Neglecting the higher order terms we have the linearized system

j = —x

In matrix form the above system can be written as

(-5 00)

which gives complex eigen values with real part zero, hence (27,0) is a center
similarly the fixed point (—27,0) is also a center. Hence, we can conclude that the
fixed points (2nm,0),n € Z are centers and the fixed points ((2n+ 1)7,0),n € Z
are saddles. The phase portrait of the given system is given in Fig. 7.10. The given
system is a Hamiltonian system hence the system is a conservative system with no
dissipation and the total energy of the system is given by the Hamiltonian H, which
is the conserved quantity. The separatrices of the system divide the phase space into
two types of qualitatively different behaviors of the trajectories. Each trajectory
corresponds to a particular value of the energy H. The trajectories inside the
sepratrices around the fixed points (2n7,0),n € Z have small values of the energy
and are nearly circles which describes the usual to and fro (Oscillatory) motion of
the pendulum about the equilibrium points. The sepratrices which connects the
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saddles at (£m,0) corresponds to the motion with total energy H =2 and the
pendulum tends to the unstable vertical position as t — Foo. The trajectories
outside the sepratrix loops are hyperbolas with total energy H > 2 and the pen-
dulum swing over the top. The motion corresponds to clockwise motion for neg-
ative angular velocity and counterclockwise motion for positive angular velocity.

7.8.3 Hamiltonian and Gradient Systems

We have already defined the gradient systems in Chap. 4. Herein we will discuss
the relationship of the gradient system with the Hamiltonian system. For conve-
nience we are giving the definition of gradient system once again as follows

T
Definition 7.6 A system given by ¥ = —grad F(x), grad F = (g—)i, . .,g—g) and
the function F € C?(E), where E is an open subset of R” is called a gradient system
on E.

The critical points or fixed points of a gradient system is given by the function
F(x) where grad F(x) = 0. The points for which grad F(x) # 0 are called regular
points of the function F(x). At regular points of F(x) the vector grad F(x) is
perpendicular to the level surface F(x) = constant through the regular point.

We know that any system orthogonal to a two dimensional system x =
f(x,y),y = g(x,y) is given as x = g(x,y),y = —f(x,y). The critical points of these
two systems are same. Moreover, the centre of a planar system corresponds to the
nodes of its orthogonal system. Also the saddle and foci of the planar system are the
saddles and foci of its orthogonal system. At regular points the trajectories of the
planar system and its orthogonal system are orthogonal to each other. Again if the
planar system is a Hamiltonian system then the system orthogonal to this system is
a gradient system and conversely. It follows that there is an interesting relationship
between the gradient system and the Hamiltonian system. The following theorem
gives the relationship between the Hamiltonian and gradient system.

Theorem 7.16 The planar system given by x=f(x,y),y =g(x,y) is a
Hamiltonian system if and only if the system orthogonal to it, given by x =
g(x,y),y = —f(x,y) is a gradient system.

Proof Suppose that the system

(7.61)

is a Hamiltonian system, therefore V - (f,g) =0
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i.e% + g—;’ = 0. So there exist a function say H for which we can write f = %—’;
and g = — %—i’. Now the system orthogonal to this system is
x=g(xy) (7.62)
).) = _f(x7 y)
which can be written as
. OH | OH
X = —— = - —
ax Oy

or x = —grad H(x), x = (x,y) where grad H = (%—i],%—;’). This is by definition a

gradient system. Conversely suppose that the system (7.61) orthogonal to (7.60) is a
gradient system therefore there exists a function say H such that we can write

g = 7%_1;1 and f = %—Ij . For this the system (7.60) can be written as
. OH . OH
X =— s = - —
ay " ox

For which it can be easily checked that V - (%—Fy’, — %—i’) = 0. Hence the system

(7.61) is a Hamiltonian system when the system (7.62) is a gradient system.

Note that the trajectories of the gradient system (7.62) cross the surface
H(x,y) = constant orthogonally.

For the Hamiltonian system in higher dimensional spaces say for n degrees of
freedom is given by

. OH
X=—
4 (7.63)
= 9H
YT
Then the system orthogonal to (7.63)
. OH
X=——
Ox
 oH (7.64)

is a gradient system in R>".

Example 7.28 For the Hamiltonian function H(x,y) =y sinx, sketch the phase
portraits of the Hamiltonian system and its gradient system.
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Solution For H(x,y) =y sinx, the Hamiltonian system is given by
X =sin x
(7.65)

y = —y cos x

Therefore its gradient system is given by

X = —ycosx

y = —sinx

The critical points of the Hamiltonian system and the gradient system are at
(nm,0),n € Z . The phase portrait of the Hamiltonian and Gradient system is shown

in Fig. 7.11.

7.9 Symplectic Transformations

The symplectic or canonical transformation is an important coordinate transfor-
mation from R?" to R*" as it preserves the flow generated by the Hamiltonian vector
field Xy of the Hamiltonian system. Under symplectic transformation, Hamilton
equation of motion is form invariant. Also, the Hamilton H in terms of new
coordinate, obtained under this transformation is such that the new system becomes
comparatively easier as it reveals all cyclic coordinates and conserved quantities.

We will first define the symplectic form.
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7.9.1 Symplectic Forms
Let x = (g,p), then the Hamiltonian system can be written as X = JDH (x), where

-1 0

DH (%) = (%.5).

J = ( o 1 ), 0,1 denotes the n x n null and unit matrices respectively and

A bilinear form Q is said to be symplectic on the phase space R*" if it is a
skew-symmetric and nondegenerate that is, the matrix representation of the bilinear
form is non-singular and skew-symmetric. A vector space is said to be a symplectic
vector space if it is furnished with a symplectic form. A symplectic form for the
vector space, particularly for the phase space R*" is given by

Q(u,v) = (u,Jv),u,v € R™

where (-, -) is the standard Euclidean inner product on R*" and J is the nonsingular,
skew-symmetric matrix defined above. This particular symplectic structure on R*"
is called the Canonical symplectic form.

7.9.2 Symplectic Transformation

An r(>1) times continuously differentiable diffeomorphism ¢ : R*" — R?" is said
to be a Symplectic or Canonical transformation if, Q(u,v) = Q(D¢(x)u, Dp(x)v)
Vx,u,v € R*".

7.9.3 Derivation of Hamilton’s Equations from Symplectic
Form

Hamilton’s equation of motion in phase space can be derived from the symplectic
form. For this consider the phase space R*" for the Hamiltonian vector field
Xy(x) = (%—;’, —%—’;) obtained from the Hamiltonian function H. The symplectic

structure for Xy (x) is expressed by
Q(Xy(x),v) = (DH(x),v),x €U C R*", v € R*" (7.66)

Now if X (x) = (¢, p) is an arbitrary vector field on some subset 2/ C R*" with

DH = (%—H , %—H) then the above equation becomes
g * Op
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Q(4,9),0) = (@), Jv) = <(g—2’§—’;)> (7.67)

0 1

Now, J = (—I 0

) = —JT, therefore we get

((q,p),Jv) = (=J(q,p),v) = (=P, q),v) (7.68)

Substituting (7.68) into (7.67), we get

For the symplectic form, the inner product must be nondegenerate. Using lin-
earity principle of symplectic form and for fixed v € R?", the above form can be

written as
.. OH OH
(ra= (G5 )0

This relation holds for all v. By non degeneracy of the symplectic form we have

. OH OH
:>p:8_H q:_a_H
0q’ op’

Hence, the Hamiltonian canonical equations are established.

Example 7.29 Show that a transformation ¢ : R*" — R?" is symplectic with
respect to the canonical symplectic form if Dp(x) JDp(x) =J  Vx,u,v € R*".

Solution We have for symplectic transformation Q(u, v) = Q(D¢(x)u, Dp(x)v)
Vx,u, v € R?". Now for a canonical symplectic form this relation can be written as

(U, Jv) = (DG(x)u, IDG(x)v) = (u, (Dp(x))" ID(x)v)
Since this holds for all u,v € R*", therefore (D¢ (x)) JD¢(x) = J.

Theorem 7.17. The flow generated by the Hamiltonian vector field Xy defined on
some open convex set U € R>" is a one parameter family of symplectic (canonical)
transformation and conversely if the flow generated by a vector field comprise of
symplectic transformation for each t, then the vector field is a Hamiltonian vector
field.

For proof see the book of Stephen Wiggins [11].
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7.10 Poisson Brackets

Poisson bracket is a connection between a pair of dynamical variables for any
holonomic system which remains invariant under any symplectic transformation.
This relation is helpful in testing whether a phase space transformation is sym-
plectic or not. Also, using Poisson bracket new integrals of motion can be con-
structed from those already known. Poisson bracket of the variables of the
Hamiltonian system in the phase space R>" is given as follows:

The Poisson bracket of any two C",r>2 (r times continuously differentiable
functions) functions F,G of x € R*" such that F,G : U C R* — R is a function
defined by the following notation:

{F,G} = Q(Xr,Xc) = (Xr,JXG) (7.69)
From (7.69), we can write

{F,G} = Q(Xr,Xg) = (Xr,JXg) = (J'Xr,Xg) = (—JXp,Xc) = —(JXF,Xg)
= —(Xg,JXr) = —{G,F}

This implies that the Poisson bracket is anti-symmetric.
If F = H, the Hamiltonian vector fields Xy(x) obtained from the Hamilton
function H is given by

Xu(x) = (g;l ,— %Z), and similarly X (x) = (gj, - gj),

The Poisson bracket of H and G is therefore given as

"~ OHJG OHOG
H,G} = a5
¢ } ,Zl: 9q; Op;  Op; Og;

this implies that

{F,F} =0. (7.70)

The Hamilton’s equation of motion ¢; = g—f_ and p; = —g—g can be written in

terms of Poisson bracket. For this, the rate of change of any function F along the
trajectories generated by the Hamiltonian vector field Xy is given by

dr " (OF . OF " /OF OH OF OH
a2 (aq,-‘ff+ ap,-"f> =2 (amamaq) =Ry 0T

i=1 i=1

So the above relation is an alternative way to write Hamilton’s equation of
motion for all function F :U — R. Again the Hamilton’s equation of motion
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g= ap ,p=—% can be easily established from the relatlon = {F,H}. For that

consider the time derivative of the function F, given as %F = Z?:l a_q,»‘li + 3—pip,~,
then subtracting the latter relation from the former, we have

Now since the Poisson bracket of F,H is Y., 5554 — SEGH we have

(2 a) (2 )
“— \Opi ') 0q; 0qi Opi

which gives §; = g;’ and p; = g—g.

The relation (7.70) and (7.71) yields the following proposition.

Proposition 7.1 The Hamiltonian H(q,p) is constant along trajectories of the
Hamiltonian vector field Xy.

In other words, any function F which satisfies ¥ = {F, H} = 0 is an integral or
constant of motion with respect to the flow generated by the Hamiltonian vector
field X;. We have already established this result without using Poisson bracket that
has a fine geometric structure and can be obtained as follows:

We have {F,H} = <XF,.]XH> = —<.]XF,XH> =0

or or or

Now, JXr =J g? = <_OI é) g? = — 3; . Thus the vector
0q Jq op

—(g—‘q’, 3—5) is the vector perpendicular to the surface due to the level set of the

integral of motion F, at each point at which it is evaluated. Thus geometrically the
vector field is tangent to the surface given by the level set of the integral (see
Wiggins [11]).

The Poisson bracket of any two functions F' and G satisfies the following
properties

@ AF, G}p-,q = —{G, F}p,q ={G, F}q“p.
(i) {F,C} =0, if C is a constant.
(111) {F1+F27G}:{F15G}+{F27G}
(iv) {F\F,,G} = F\{F,,G}+{F|,G}F>.
(v) For any three functions F, G, H, Poisson bracket satisfies the Jacobi identity

{Fv{GvH}}+{G7{H3F}}+{H7{F7G}}:0

Furthermore, the Poisson bracket of any two functions F and G remains invariant
under a symplectic transformation that is, {F, G}, = {F,G},,, where P,Q are
obtained from p, g under symplectic transformation. Again the Poisson bracket of
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the variables P,Q obtained from p,q, given by {P;,Q;} = o;, {Pi,P;} =0=
{Q;, Q;} are useful for testing the canonicality of any phase space transformation.

7.11 Hamilton-Jacobi Equation

Here we have another formulation of motion of a system that is, Hamilton—Jacobi
equation. At this point one may ask why to formulate any other method when we
already have Hamilton’s canonical equations of motions. The answer is that
Hamilton’s equations of motions are system of first order differential equation
which though looks simple is usually harder to solve. Thus Hamilton’s formulation
though provides us a simpler formulation over the Lagrangian by giving liberty in
choosing the generalized coordinate and momenta, but the difficulty in solving the
problem remains same. Hamilton—Jacobi equation on the other hand is a single
partial differential equation. Even though, it is also not easy to solve this equation,
but can be solved when variables are separable. Hamilton—Jacobi equation was
formulated by Carl Gustov Jacob Jacobi (1804—-1851) which is useful in particular
for solving conservative periodic systems. This theory is regarded as the most
complex, yet significant and strong approach for solving problems in classical
mechanics. By using Hamilton—Jacobi equation all hidden constants of motion in
spite of having complicated form can be found out. We shall now give the for-
mulation of Hamilton—Jacobi equation as follows:

Suppose that g() is the extremal of the action integral f,; L(g, g,t)dr with
q(to) = qo and g(t) = g, where gy and f; are fixed. Mathematically this can be
written as

1

Alg.1) = / L(,q 0dr (7.72)

Io

For an infinitesimal change #, its differential is given by

1

dA(q,1)h = / (LU + s+ 1) — Llqs, o 1))di + o)

t

fo
LN N
oL doL oL
= / ; (8q,~ — &871,) hidt + Z % h; (using integration by parts)
fo

=1 9di

fo

this gives dA(g,t)h = SN, %hi =S¥ pihi (by using p; = g—;), the first term
vanishes since g(f) is an extremal of the action integral and g(#) = ¢o is fixed for

each extremal. Since the variation is taken only for g in computing the differential
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of A one obtains the relation p; = Q—;‘_. Again from the action integral (7.72) we have

da _
d L.
Therefore
dA - o4 OA
Ezzaq% LZ}ZP!Q: _—L:>L ZP:%—a

which can be rewritten as

0A O0A 0A
H(%Piat) :EOI"E_H<qi78_Q"I> =0 (773)

The above equation is a first order partial differential equation for the function
A(q,t) containing (n+ 1) partial derivatives, known as Hamilton—-Jacobi equation.
The trajectories of the Hamilton’s canonical equation can be obtained from the
solutions of the Hamilton—Jacobi equation which follows from the following Jacobi
theorem, proved by Jacobi in the year 1845.

Theorem 7.18 If the Hamilton Jacobi equation given by (7.73) admits a complete

. 0) 0)
integral A = f(q1,q2, .-, qn, t;C1,Ca, - . ., CN) + o then the equations df = Bi,a-—; =
pi with the 2N arbitrary constant a;, ¢;, %, f;, respecnvely glves the 2N parameter

family of solutions of Hamilton’s equations q; = dp Pi = dq i=1,...,N.

Proof For a complete integral of the Hamilton Jacobi equation we must have

det ( 900 1) # 0 and therefore one can get the solution of the N equations 9 = f; for

g; as a function of ¢ and the 2N constants o;, ;. Substituting these functions in
g—g = p; one will obtain p; as a function of 7 and the 2N constants o;, ;. Now in order

to obtain the proof of the theorem differentiate 5 af = f; with respect to #, which gives

Pf N~ O dq,» _

4 _ 7.74
010 2 g i (7.74)
Now differentiate ‘)f +H(q, L B t) = 0 with respect to o; which gives
> " OH P
f I _y (7.75)

D1 Lt Op, gy

ow using det and subtractin rom one will obtain
N g d =0 and sub g (7.75) from (7.74), ill ob

(?q(?x

N 2

dg; OH\ . OH

_ = = =12,...
;(dt apj> 0q;00; 0=4 Op; =0

J
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Similarly, differentiating % = p;, with respect to #, we have

dp; YO dg
dpi _ 0F - 07 dg (7.76)
dr 6t8q,» =) 8q18q, dr

Again dlﬂerentlatlng +H (q,g—{l ,t) = 0 with respect to ¢;, we will have

aZf N a_H aZf +8_H_
010q; 4= Op; 0q;0q; ~ Oqi

(7.77)

Now substituting ¢; = m (7.76) and then using (7.76) in (7.77), we will have

Let us elaborate this with the following examples.

Example 7.30 Find the trajectory of the motion of a free particle using Hamilton—
Jacobi equations.

Solution The Hamiltonian of a free particle is H = %m(c])2 and the momentum

p = mq, therefore H = % . Again p = ‘?—‘2. Therefore the Hamilton—Jacobi equation
becomes ﬁ (3—2)2 + % =0.

Solving this equation one can get, A(q,E,t) = V2mEq — Et where E is the
non-additive constant.

This is a complete integral.

Now, using the solution of the Hamilton—Jacobi equation, the solution of the
Hamilton’s equation is obtained as follows

——ﬁ p= \/ﬁ—téq—\/%(ﬂrﬁ)

andp = 8 = V2mE

The constant f§ can be obtained when the initial condition for the trajectories are
prescribed.

Example 7.31 Find the trajectories of the simple harmonic oscillator using
Hamilton—Jacobi equation.

Solution For harmonic oscillator, the Hamiltonian function H = ﬁ (p* +m*w’q?).
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Now, p 22_2 gives the Hamilton—Jacobi equation - {(‘?)2) —&—mzwzqz} +

2m
0A _
m_o
Let us try to solve this using method of separation of variables. Suppose
A(g; o;t) = W(q; o) — at, o is a non-additive constant.
We have from Hamilton-Jacobi equation, 5- {(3W> +m?w? 2} — 0=

2m 0q
22 a?
W =V2mo [ /1 —"52dg.

Thus the solution of the Hamilton—Jacobi equation is obtained as

200202
A(q;oc;t):\/Zmoc/VIfm;)qdqfoct
o

Now using the above solution of Hamilton—Jacobi equation, the solution of
Hamilton’s canonical equation can be obtained as follows f= 3“

gives f=y/3¢ [ —~L= — t which on integration gives 1+ f =1 sin"' ¢ me?

Thus we have,

2 S w
q= —asin o(t+B),p = gq a@q 2ma — m2wiq

\/—cos o(t+f)

2

I\)

Remarks Consider the time independent Hamilton—Jacobi equation given by

0G, 0G,
H|g,— — =0 7.78
(+52)+ % (1.79)
To solve this let us use the method of separation of variables and take
Ga(g,1) = W(q) +T(7) (7.79)
Thus we have,
ow oT
H\q— )| =E,—=-E 7.80
(50 =55 (7.80)

The first Eq. (7.80) is known as time independent Hamilton—Jacobi equation and
E represents the total constant energy. We then write

G2 = W(Q17512a <o qny 0,00, .. '7“)1) - E(OCl,OCQ, .. -70511)1
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with the canonical transformation

_OW(g;) OE(oc)t
 Ou O

oW (q; o
. (4:2)

Sl

(7.81)

This may be interpreted as a transformation from (gq,p) — (Q,P)where
0=+ g—fr,P = a. The transformed Hamiltonian is E(P) since E = E(ay, oy,
o) = E(a) = E(P).

7.12 Exercises

1. Prove that for a scleronomous system the kinetic energy 7 is a homogeneous quadratic function of

G k=1,2,....,n and henceZT:zq,( ?—T

k=1 Ol
2. Find the Lagrangian and Lagrange’s equation of motion for a simple harmonic oscillator of mass m and
spring constant k freely moving in a plane. Show that this system gives two independent integrals.

3. Find the energy integral for the simple pendulum and hence show that it is constant on trajectories.
4. Formulate Lagrange’s equations of motion for the double pendulum.
5. Find Hamiltonian and Hamilton’s equations of motion for a particle of mass m moving in the xy-plane
under the influence of a central force depending on the distance from the origin.
6. Find the Hamiltonian function H(x,y) for the system x=y, y=—u(e™ —e ™).
7. Prove that node and focus types fixed points cannot exists for Hamiltonian systems.
H H . . .
8. Prove that dj = aa— where H is the Hamiltonian.
1 t
9. State and prove the theorem for conservation of linear momentum.

10. Prove the theorem for conservation of angular momentum.

. State and prove the theorem for conservation of energy.
12. A particle of mass m moves in a plane. Find Hamilton’s equations of motion.

13. Find the Hamilton’s equations of motion for a compound pendulum oscillating in a vertical plane about a
fixed horizontal axis.

14. A bead is sliding on a uniformly rotating wire in a force-free space. Obtain the equations of motion in
terms of Hamiltonian.

15. Construct the Hamiltonian and find the Hamilton’s equations of motion of a coplanar double pendulum
placed in a uniform gravitational field.

U

16. A particle of mass m is attracted to a fixed point O by an inverse square law of force F, =—-- where
2

4 (>0) is a constant. Using Hamiltonian, obtain the equations of motion of the particle.
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17. Use Hamiltonian to obtain the Hamilton’s equations of motion of a projectile in space.

18. The Hamiltonian of a dynamical system is given by H = gp® —gp +bp where b is a constant. Obtain the
equations of motion.

19. Using cylindrical coordinates obtain the Hamilton’s equations of motion for a particle of mass m moving
inside the frictionless cone x* + y* =z tan” .

1 1 r’
20. If the kinetic energy T = 3 mr® and the potential energy V = 7{1 +— j, find the Hamiltonian.
r c

Determine whether (i) H =7 +V and (ii) Z—H =0.
t

21. For the Hamiltonian H = g, p, —q,p, —aq; —bq;, solve the Hamilton’s equations of motion and prove

_b .
that 0704 constant and ¢,q, = constant , a,b are constants and g,,q,, p,, p, are generalized
G

coordinates.

22. The Lagrangian of a system of one degree of freedom can be written as
L= E(qz sinwt + ggwsin 20t + ¢’ &’* ) . Determine the corresponding Hamiltonian. Is it

conserved?
. Define first integral of a system. When a system is conservative? What can you say about the dynamics of
conservative system?
24. Find the first integrals of the following system and also check whether the systems are conservative or not
(i) §=y, y=xt+1()i=x(y+1), y=—y(r+D) (i) i=-(1-yx y=—1-2)y

2

[

(iV)i=—x', y=—x’y (V) i=—x+2xy", y=—x"y°
25. Find the Hamiltonian H of the following system
() x=4p, p=—2x (ii)) x=-2p, p=-2x (ili) x=sinx, p=—pcosx (iv)i=-2p+4, p=2-2x
V) x=-"2x-2y-2, p=-2x+2y-2
Also sketch the phase portraits and level curves.

26. Show that the system

(=)}

K=a,x+a,y+Ax* —2Bxy +Cy*
y=ay,x+a,y+Dx* —2Axy + By
is a Hamiltonian system with one degree of freedom.

27. For each of the following Hamiltonian functions sketch the phase portraits for the Hamiltonian system

and the gradient system. Also draw both the phase portraits on the same phase plane.
2

2 2 2 4
() H(x,y)=x"+2y> (ii) H(x,y) = x> -y (iii) H (x, y):li+yf(iv)H(x,y) A XLy
2 2 2 4 2
. X By
V)H(X,y)=—=—x +-—
(iv) H (x, ) 73 3
28. Prove that the transformation U : R* — R? is symplectic iff it is both area and orientation preserving.

29. Prove that the matrix S satisfies the properties (i) s" =—s=s"" (ii) det(s)=1 .
30. For a symplectic differentiation /:R*" — R*", prove that
(i) the mapping h preserves volumes in R*" ,
(ii) A" is symplectic.
(ii)) [Dh(0)] " = ST [Dh(x)]" S
31. Prove that the composition of two symplectic transformation is a symplectic transformation.
32. Show that two dimensional volume preserving vector fields are Hamiltonian.

33. Prove that the Poisson bracket is anti-symmetric.
34. Show that Poisson bracket satisfies the Jacobi identity {F,{G,H }}+{G,{H,F}}+{H.{F.G}}=0.

35. Using Poisson bracket show that if time ¢ is explicitly absent in the Hamiltonian of a system, then the
energy of the system is conserved.
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