Determinantal Approach
to Hermite-Sheffer Polynomials

Subuhi Khan and Mumtaz Riyasat

Abstract In this article, the determinantal definition for the Hermite-Sheffer
polynomials is established using linear algebra tools. Further, the Hermite-Sheffer
matrix polynomials are introduced by means of their generating function.
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1 Introduction

The Hermite polynomials are frequently used in many branches of pure and applied
mathematics, engineering, and physics. The 2-variable Hermite Kampé de Feriet
polynomials (2VHKAFP) H, (x,y) are defined as [2]:
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= k!'(n — 2k)!
and specified by the generating function
exp(xt 4 yr*) ZH” X y : (2)
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These polynomials are the solutions of the heat equation

7] o

a_yHn(xvy) :@Hn(xvy)’ (3)

H,(x,0) = x". (4)
A polynomial sequence {s,(x)},~(s,(x) being a polynomial of degree n) is

called Sheffer A-type [10, p. 17], if S,(x) possesses the exponential generating
function of the form:

00 M

AQ) () = S () )
where A(?) and H(t) have (at least the formal) expansions:
00 L
A(I):;“nmaao#o (6)
and
00 L
Hl) = D bu b £, ()
respectively.

The Sheffer sequence for (1, H(z)) is called the associated Sheffer sequence for
H(t) and the Sheffer sequence for (A(7), 7) becomes the Appell sequence [1] for A(z).
Thus, the associated Sheffer sequence p,(x) is defined by the generating function

00 M
exp(eH (1) = > pal) 8)
n=0 '
and the Appell sequence A, (x) is defined by the generating function
00 M
Al exp(xt) = >~ Au(0) - . 9)
n=0 :

The Appell and Sheffer sequences arise in numerous problems of applied
mathematics, theoretical physics, approximation theory and several other
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mathematical branches, which appear in even the most basic problems of quantum
mechanics.

In the past few decades, there has been a renewed interest in Sheffer polyno-
mials. Properties of Sheffer polynomials are naturally handled within the framework
of modern classical umbral calculus by Roman [10]. Another aspect of such study is
to find the differential equation and recursive formula for Sheffer polynomial
sequences. The mathematical concept of a Sheffer polynomial set has been used as a
tool for determining how a signal changes when its complex cepstrum is scaled by a
constant, see for example [11].

The Hermite-based Sheffer polynomials (HSP) gs,(x, y) are introduced in [8] by
combining the 2VHKAFP H,(x,y) and Sheffer polynomials s,(x). The HSP are
defined by the generating function of the form:

AW exp(H() +(H©)) = S wsnley) (10)
n=0 :

Since, for A(f) = 1, the Sheffer polynomials s,(x) reduce to the associated
Sheffer polynomials p,(x). Therefore, by taking A(¢) = 1 on the Lh.s. of Eq. (10),
we obtain the generating function of the Hermite-associated Sheffer polynomials
(HASP) pp,(x,y) as:

exp(aH (1) + Y(HP) = 3 mpal) . (1)
n=0 :

The determinantal forms of the Appell and Sheffer sequences are studied by
Costabile and Longo in [4, 5] respectively. The determinantal approach considered
in [4, 5] provides motivation to consider the determinantal forms of the mixed
special polynomials.

In this article, the determinantal definition of the HSP gs,(x,y) is established
using the generating functions of the HSP ys,(x,y) and HASP pp,(x,y). Further,
the Hermite-Sheffer matrix polynomials are introduced by means of the generating
function.

2 Determinantal Approach

The determinantal definition of the HSP s, (x,y) is established using certain linear
algebraic tools. In order to derive the determinantal definition of the HSP s, (x, y),
we prove the following result:
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Theorem 1 The HSP ys,(x,y) of degree n are defined by

1

HSO(x7y) :EO’ (12)
_1 n
Hsn(x>))) :#
L ompi(x,y) wp2(xy) - wpa-1(x,y) aPa(X,Y)
Bo B B> Bu-i B
2 n—1 n
0 ﬁ(] (1>Bl ( 1 )ﬂn—Z <1>ﬁn—1
n—1 n
x 0 0 ﬁO < o) )ﬁn—S <2>ﬁn—2 ’
n
0 0 0 o (n_ 1)[)’1
n=12,...,
(13)
where
BO :ala

8 :_%(é <Z)akﬁnk>, n=1.2,...

Proof Let gs,(x,y) be a sequence of polynomials with generating function given in
Eq. (10) and o, f8,, be two numerical sequences such that

12 I
A()foc0+ (xl+2' +~~-+a(xn+~~,n:0,l,...; og # 0, (14)

. t 2 "
A(t):180+Fﬂ1+Eﬁ2+“'+ﬁﬁn+“'vn:0717"'; Bo # 0, (15)

satisfying
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Then, according to the Cauchy-product rules, we find

0= S5 ()un

n=0 k=0

by which, we have
~(n 1 forn=0,
ko(k>akﬁn_k B {0 forn > 0. (17)

Hence,

"_alo(é<z>“kﬁnk>, n=12,.... (18)

Let us multiply both sides of Eq. (10) by X(t), so that we have
o0 n
- o~ t

AMA(1) exp(eH (1) + y(H(1)*) = A(1) Y nsa(x,y) ot (19)

In view of Egs. (11), (15) and (16), we find

Zypnxy Zmnxy Zﬁkk,- (20)

By multiplying the series on the r.h.s. of Eq. (20) according to Cauchy-product
rules, the previous equality leads to the following system of infinite equations in the
unknown gs,(x,y),n=0,1,...,

us0(x,¥) o = 1,
u50(X,¥)B1 + us1(x,y) By = up1(x,),

2
H50(X,y) By + <1>H31(Xay)ﬁ1 +u 52(x,¥) By = up2(x,y), (21)

EHSO(x7y)ﬁn + (Y)Hsl (xay)ﬁn—l +oeee Hsn(xvy)ﬁO = Hpn(x,y)~
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From the first equation of system (21), we get assertion (12). Also, the special
form of system (21) (lower triangular) allows us to work out the unknown gs,,(x,y).

Operating with the first n 4 1 equations simply by applying the Cramer’s rule, we
find

#Sn(x,Y)
Bo 0 0 0 1
By Bo 0 e 0 up1(%,y)
B (DB Bo 0 up2(x,y)
Buor ("T)Bua (3)Bus =+ B mpami(xy)
_ A - (7)ﬁn—10 (Z)ﬁnfzo ”(,'Ifl)ﬁlo Hpngx,y) @
B, Bo 0 .00
B ()b Bo e 00
Biov (T)Biz (2)Bis = B O
Bo DBt QB - (Z)B By
n=12,...

Now, expanding the determinant in the denominator of Eq. (22) and transposing
the determinant in the numerator, we find
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Hsn(xay)
ﬁO ﬁl /32 o ﬁnfl ﬂn
2 n—1 n

0 ﬁO <1>ﬂ1 ( 2 )Bn2 (1)'8"1

1 o n—1 n

S L (", s ()|
0 0 o - o (nf l)ﬁl
L wpi(x,y) wpa(xy) - wpai(x,y) HPn (%, )
(23)

where n = 1, 2,....which after n circular row exchanges, that is, after moving the ith
row to the (i + 1)th position for i = 1,2,...,n — 1, yields assertion (13).

Several important polynomials belong to the Sheffer family. By considering the
suitable values of the coefficients in the determinantal definition of the
Hermite-Sheffer polynomials, the determinantal definitions of the corresponding
members can be obtained.

3 Concluding Remarks

Special matrix functions appear in statistics, Lie group theory and number theory

[3]. Hermite matrix polynomials have been introduced and studied in [7] for

matrices in C"™" whose eigenvalues are all situated in the right open half-plane.
We recall that the Hermite matrix polynomials H,(x;A) are defined by [7]:

s a
Hn(x;A):n!;m(me* n>0 (24)

and are specified by the generating function of the form [7]:

exp (xz\/ﬂ - ¢21) - iHn(x;A) g (25)

n=0

where A is a matrix in C**" such that

Re(1)£0, p € o(A). (26)
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Recently, Khan and Raza [9] introduced the 2-variable Hermite matrix poly-

nomials (2VHMaP) H,(x,y;A). The 2VHMaP H,(x,y;A) are defined by the gen-
erating function of the form:

exp (xt\ [=+ yt21> ZH (x,y;A ' (27)

It is also shown in [9] that the 2VHMaP H, (x,y;A) are quasi-monomial with
respect to the following multiplicative and derivative operators:

My = x\/§+2y<\/§>1% (28)

and

-1
~ A 0
Py = = = 29
" < 2) ox’ (29)
respectively.

Here, we combine the 2-variable Hermite matrix polynomials (2VHMaP)
H,(x,y;A) with Sheffer polynomials s,(x) to introduce a mixed family.

In order to introduce the Hermite-Sheffer matrix polynomials (HSMaP) denoted
by us.(x,y;A) by means of generating function, we prove the following result:

Theorem 2 The HSMaP ps,(x,y;A) are defined by the following generating

equation:
2 S 7 . n’

where A is a matrix in C"*" and satisfies condition (26).

Proof Replacing x by the multiplicative operator My of 2VHMaP H,(x, y; A) in the
generating function (5) of the Sheffer polynomials s,(x), we find

A(r) exp(MyH (1) isn (31)
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Using the expression of My given in Eq. (28) in the above equation, we have

A(t) exp x\/§+2y(\/§> % H(1)

—1
> A A o\
=2 s x\[z“y \[5 ax | nl- (32)

n=0

-1
Using the notations X := x\/*zz, so that % := ( %) 2 and then decoupling the
exponential operator on the Lh.s. of Eq. (32) using the Crofton-type identity [6]:

Fx+ 2 ) =ew (5 ) o) (33)

and denoting the resultant Hermite-Sheffer matrix polynomials (HSMaP) on the r.h.
s. by gs,.(x,y;A), that is,

-1
~ A A 0
Hsn(xvyvA) :sn(MH) = Sn x\/;+2y< E) a ) (34)

we get assertion (30) after simplification.

Certain properties such as the series definition, operational representation,
recurrence relations, differential equations, determinantal definition, etc., for the
HSMaP ys,(x,y; A) are yet to be explored. This aspect will be taken up in the next
investigation.
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