
Chapter 9
Sensitivity Analysis of Rectangular DRA

Abstract Sensitivity analysis of rectangular DRA depending on dielectric material,
and a, b, and d dimensions. These dimensions decides resonant frequency of
RDRA. The resonant modes are formed when realized with excitation. The resonant
frequency solution is worked with MATLAB and HFSS software. When these
dimensions are changed, resonant frequency of RDRA also changes. Variance
method has been tried out to evaluate error.

Keywords Isolated RDRA � Ground plane RDRA � Resonant frequency �
Sensitivity analysis � Variance � Error minimization

Rectangular DRAs of dielectric material having a, b, and d dimensional length have
been analyzed for frequency and resonant modes. RDRA is shown in Fig. 9.1.
These have been solved based on MATLAB and HFSS. Figure 9.2 presented
rectangular DRA with a, b, and d dimensions. Table 9.1 has shown RDRA
dimensions and their corresponding resonant frequencies. Figure 9.3 indicated
resonant modes with RDRA height. Plot of frequency versus length “a” variation is
shown in Figs. 9.4, 9.5 and 9.6. HFSS simulated modes in RDRA with S11
parameters are shown in Figs. 9.8 and 9.9 (Fig. 9.7).

da; db; dd are (small change in length) random variables, and computed func-
tions are f dmnp

� �
and xmnp. The variance functions are ra; rb; rd . These are mainly

dependent on a, b, and d. Taylor’s expansion is restricted to second-order variable.
Hence, da; db; dd are mapped in terms of ra; rb; rd using diagonal matrix. Cmnp;

Dmnp; are amplitude coefficients which depend on the RDRA a, b, or d.
Frequency relationship can be determined based on a, b and d length variation

as given below:

d
dd

;
d
db

;
dx mnpja; b; dð Þ

da
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Fig. 9.1 Isolated RDRA

d 

b
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Fig. 9.2 Rectangular DRA with a, b, and d dimensions

Table 9.1 RDRA dimensions

x (mm) y (mm) z (mm) εr Material used

RDRA a = 7
a = 6
a = 5

b = 7
b = 6
b = 5

d = 10
d = 15
d = 30

10 Sapphire

Substrate 20 30 0.5 3.38 Arlon25N(tm)

Ground plane 20 30 – – –

Microstrip feed line 15 1.11 – – –

DRA dimensions (mm) Resonant frequencies (GHz) simulated

a b d

7 7 10 f1 = 13.46

6 6 15 f2 = 13.85

5 5 30 f3 = 14.21
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Fig. 9.3 Resonant mode and RDRA height relationship

Fig. 9.4 Plot of frequency versus length “a” variation

Fig. 9.5 Plot of frequency versus length “b” variation
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Hz and Ez fields are expressed based on principle of orthogonality as:

Ezðx; y; z; tÞ ¼
X
mnp

Re ejx mnpð ÞtCðmnpÞ
� �

umnp x; y; zð Þ ð9:1aÞ

Hzðx; y; z; tÞ ¼
X
mnp

Re ejx mnpð ÞtCðmnpÞ
� �

vmnp x; y; zð Þ ð9:1bÞ

At z = 0, Ez field

Ez t; x; y; 0ð Þ ¼
X
mnp

Re ejx mnpð ÞtC mnpð Þ
� �

umnðxyÞ
ffiffiffi
2
d

r
ð9:2Þ

and

Hx;Hy ¼ �Jsy; Jsx

Cmnp;Dmnp are amplitude coefficients.

Fig. 9.6 Plot of frequency versus length “d” variation

Fig. 9.7 RDRA having three different heights for increasing resonant modes

Fig. 9.8 Modes’ pattern
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Fig. 9.9 Resonant frequency based on RDRA height
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We have computed

Cmnp ¼ 2
ffiffiffi
2

p
ffiffiffiffiffiffiffiffi
abd

p
Z

Jsx X; Yð Þ sin mpx
a

� �
sin

npy
b

� �
dxdy ð9:3Þ

Now if
a ! aþ da ða is increased to aþ daÞ
b ! bþ db ðb is increased to bþ dbÞ
d ! d þ dd ðd is increased to d þ ddÞ

We need to compute

C mnpjaþ da; bþ db; d þ ddð Þ

and similarly
x mnpjaþ da; bþ db; d þ ddð Þ

This can be approximated by mean variance method and Taylor’s expansion

N normal distribution with mean zero
σ variance function

To compute error

da
db
dd

2
4

3
5�N 0;

r2a 0 0
0 r2b 0
0 0 r2d

2
4

3
5

0
@

1
A

(By Taylor’s expansion)

C mnpjaþ da; bþ db; d þ ddð Þ ¼ Cðmnpja;b;dÞ þ dCðmnpÞ
da

daþ dCðmnpÞ
db

dbþ dCðmnpÞ
dd

dd

þ 1
2

d2CðmnpÞ
da2

da2 þ d2CðmnpÞ
db2

db2
�

þ d2CðmnpÞ
dd2

dd2

þ2
d2CðmnpÞ

dadb
dadbþ 2

d2CðmnpÞ
dadd

dadd þ 2
d2CðmnpÞ

dbdd
dbdb

�

ð9:4Þ

Hence, variance or error can be written as

hC mnpjaþ da; bþ db; d þ ddð Þ � C2
mnpja; b; dð Þi ¼

dC mnpð Þ
da

				
				
2

daj j2
D E

þ dC mnpð Þ
db

				
				
2

dbj j2
D E

þ dC mnpð Þ
dd

				
				
2

ddj j2
D E

¼ r2a
dC mnpð Þ

da

				
				
2

þ r2b
dC mnpð Þ

db

				
				
2

þ r2d
dC mnpð Þ

dd

				
				
2

ð9:5Þ
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Similarly, we can compute:

hx mnpjaþda;bþdb;dþddð Þ � x mnpja;b;dð Þi
Error value

xðmnpÞ þ dxðmnpÞ � dxj j2
D E

Error or variance:

¼ dx mnpð Þ
da

				
				
2

r2a þ
dx mnpð Þ

db

				
				
2

r2b þ
dx mnpð Þ

dd

				
				
2

r2d

x ¼ p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

a2
þ n2

b2
þ p2

d2

r

The change in frequency based on RDRA change in dimension in x, y, and
z direction is given below:

@x
@a

¼
�m2p
a3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2

a2 þ n2
b2 þ p2

d2

q ð9:6aÞ

@x
@b

¼
�n2p
b3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2

a2 þ n2
b2 þ p2

d2

q ð9:6bÞ

@x
@d

¼
�p2p
d3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2

a2 þ n2
b2 þ p2

d2

q ð9:6cÞ

This gives the complete solution of RDRA sensitivity analysis. The higher-order
modes of a rectangular DRA were used to produce radiation patterns with enhanced
gain. The advantage of this approach is for enhancing gain. The maximum
achievable gain on mode m = 1, n = 7 to increase Directivity to 13.7 dBi.
Such DRA designed at 11 GHz with height 35 mm, this investigation focused on
rectangular DRAs, for excitation of the appropriate higher-order modes in RDRAs.

9 Sensitivity Analysis of Rectangular DRA 205



9.1 MATLAB Simulation

Matlab Program for Sensitivity Analysis

clear all; 

clc; 

close all; 

c=3*10^8; 

m=1; 

n=1; 

p=1; 

E=10; 

a=5*10^-3:.1*10^-3:30*10^-3; 

b=10*10^-3; 

d=15*10^-3;  

for i=1:length(a) 

f(i)=c/(2*pi)*sqrt(E)*sqrt((m*pi/a(i))^2+(n*pi/b)^2+(pp*pi/(2*d)^2)); 

end  

a1=15*10^-3; 

d1=20*10^-3;  

b1=10*10^-3:.1*10^-3:40*10^-3; 
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9.2 HFSS Simulations

Now using HFSS software, we shall verify.
This gives the complete solution for RDRA sensitivity analysis.
It has been observed that resonant modes have been increasing based on increase

in dipole moment, i.e., modes are proportional to the height of RDRA.

for k=1:length(b1) 

f1(k)=c/(2*pi)*sqrt(E)*sqrt((m*pi/a1)^2+(n*pi/b1(k))^2+(pp*pi/(2*d1)^2)); 

end 

a2=10*10^-3; 

b2=5*10^-3; 

d2=10*10^-3:.1*10^-3:50*10^-3;   

for t=1:length(d2) 

f2(t)=c/(2*pi)*sqrt(E)*sqrt((m*pi/a2)^2+(n*pi/b2)^2+(pp*pi/(2*d2(t))^2)); 

end  

subplot(3,1,1);plot(a,f);title('plot a vs f when a is varying'); 

subplot(3,1,2);plot(b1,f1);title('plot b vs f when b is varying'); 

subplot(3,1,3);plot(d2,f2);title('plot d vs f when d is varying');  
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9.2.1 HFSS Result

See below Figs. 9.10, 9.11, 9.12, 9.13 and Table 9.2.

Fig. 9.10 HFSS models of RDRA

Fig. 9.11 Return loss versus frequency with dimensions a = 5 mm, b = 5 mm, d = 30 mm shows
Return loss 18 dBi at f = 10.95 GHz
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Fig. 9.12 Return loss versus frequency with dimensions a = 6 mm, b = 6 mm, d = 15 mm shows
return loss 24 dBi at f = 10.95 GHz

Fig. 9.13 Gain = 5.5 at f = 11 GHz for DRA 1

Table 9.2 Dimensions table

x (mm) y (mm) z (mm) εr Material used

RDRA a = 7
a = 6
a = 5

b = 7
b = 6
b = 5

d = 10
d = 15
d = 30

10 TMM10i

Substrate 20 30 0.5 3.38 Arlon25N(tm)

Ground plane 20 30 – – –

Microstrip feed line 19.2 1.1672 – – –

Lumped element 1.1672 0.5 – – –
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9.3 Radiation Pattern

See below Figs. 9.14 and 9.15.

Fig. 9.15 Gain = 9.5 at f = 11 GHz for DRA 3

Fig. 9.14 Gain = 8.2 at f = 11 GHz for DRA 2
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