
Chapter 8
RDRA Angular Excitation Mathematical
Model and Resonant Modes

Abstract This chapter narrates angular excitation mathematical modeling of
RDRA. The shift in radiation pattern and resonant modes have been realized based
of angular shift in input. Slot is the source of input voltage to RDRA. Slot size and
orientation effects loading of RDRA. The resonant characteristics of a RDRA are
dependent on shape, DRA volume and excitation. The excitation current can be
defined in terms of magnetic vector potential “A” based on applied current densities
“J”. This “A” can be expressed in terms of E and H fields or as “S” Poynting vector.

Keywords Slot � Angular variation � Change in radiation pattern � Resonating
modes � Power flux � HFSS � VNA � Hardware model � Anechoic chamber

8.1 Introduction

Slot is the source of input to RDRA. Slot size and orientation is responsible for
loading of RDRA. The angular orientation of slot has been investigated in this
chapter with simulations and experimentation. The resonant characteristics of a
RDRA depend upon the shape and size of the (volume) dielectric material along
with feeding style. It is to be appreciated that in a RDRA, it is the dielectric material
that resonates when excited by the feed. This phenomenon takes place due to
displacement currents generated in the dielectric material. The excitation current
can be defined in terms of magnetic vector potential “A” based on the current
densities “J” inside the resonator, at any far-field point. This “A” can be expressed
in terms of E and H fields. Later, this is expressed as “S” Poynting vector. Now the
flux described can be treated with boundary conditions to find Radiated power Prad

into space. Figure 8.1 presented RDRA excited at slot angle. Figures 8.1 and 8.2 are
HFSS model of RDRA. In Fig. 8.3, slot is shifted with certain amount of angle. If
two slots are placed at 90°, circular polarization will take place. If one slot area is
larger than the other, then LHCP (left-hand circular polarization) or RHCP
(right-hand circular polarization) will take place. Figure 8.4 RDRA is excited at 45°
angle. Figures 8.5, 8.6 and 8.7 presented radiation pattern at slot angles. Using two
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cross slots circular polarization can be integrated. If two slot of different lengths are
used then due to differential signal LHCP and RHCP can be generated. This
indicates that a mechnism for polarization cantrol can become possible if these
slots are arranged in a particular manner.

Fig. 8.1 RDRA with slot at an angle (ø0;/0), a, b, and d are dimensions

Fig. 8.2 Let rectangular DRA excited by slot at an angle ðhi;/iÞ

Fig. 8.3 Slot at an angle (øi;/i) shifted to left
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The detailed description of radiation phenomenon is given below. The resonator
RDRA radiates from the fringing fields. The resonator acts as tuned sequential RLC
circuits having different values of LC or resonant cavity with an electric field
perpendicular to the resonator, that is, along the Z-direction. The magnetic field has

Fig. 8.4 RDRA angular excitation left side (30°–40°)
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Fig. 8.5 Radiation pattern at an angle (30�–40� to the left)
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vanishing tangential components at the four side walls. The four extended edge
surfaces around RDRA serve as the effective radiating apertures. These fringing
fields extend over a small distance around the side walls and can be replicated as
fields Ex that are tangential to the substrate surface. The only tangential aperture
field on these walls is E = Ez, because the tangential magnetic fields vanish by the

Fig. 8.6 Angular excitations in RDRA to the right side
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Fig. 8.7 Radiation pattern when slot is shifted to the right
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boundary conditions. The ground plane can be eliminated using the image theory,
resulting in doubling the aperture magnetic currents, that is, J = n × E. Hence, the
effective tangential fields can be expressed in terms of the field Ez. Now, radiated
power pattern can be compared with the modes generated inside the resonator. The
surface current density can be the main source of E–H fields pattern when applied
with boundary conditions inside the resonator. This can be correlated with far-field
pattern. The physics of this radiation is based on the fringing effect due to dipole
moments. First derivative is velocity fields, and then, the second derivative on
dipole moments can be termed as acceleration, which is main source of radiations.
Hence, steering of the resonant modes mainly depends on excitation. Ez, Hz, or both
Ez and Hz fields at any instant of time can define TM, TE and HEM modes.

8.2 Angular Shift in Excitation

Let aperture-coupled microstrip with slot and stub (feed) is situated in xy plane of
RDRA at bottom part and slot placed at an angle ðhi;/iÞ as shown in Fig. 8.1. The
resonator modes and radiation pattern generated have been investigated as follows:

1. Hz;Ez fields are longitudinal. These have been expressed in terms of
orthonormality with signals umnp x; y; zð Þ and vmnp x; y; zð Þ at frequency xmnp

based on the Maxwell’s equations with given boundary conditions of RDRA.
2. At z = 0; surface (x, y) excitation is applied with slot and surface current density

Jsx x; y; tð Þ; Jsy x; y; tð Þ� �
is developed into RDRA.

3. The surface electric current density is equated with generated magnetic fields
into RDRA:

Js ðx; y; dÞ ¼ Jsx; Jsy
� � ¼ ðn̂� HÞ ¼ �Hy; Hx

� �� �
;

at z = 0; amplitude coefficients are obtained on expansion of Hz, Ez in terms of
Cmnp and Dmnp.

4. Equating tangential component of Ez at boundary, i.e., Eyjz¼0
to zero, the

amplitude coefficients Dmnp for Hz and Cmnp of Ez are expressed.
5. Feed position in xy plane can be defined as follows:

x0; y0ð Þ /0; h0ð Þ

6. f ðx; yÞ ¼
1 x0 � x � dlðlengthÞ

yj j � W widthð Þ
0 otherwise

8<
:

9=
;

7. Excitation current in time domain can be expressed as:

Js x; y; z; tð Þ
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where ῃ is the

angle of variation in excitation.

Here, we apply excitation through slot dl at some specific angle. Later, shift in the
position of slot is provided. Change in radiation pattern or resonant modes is inves-
tigated with mathematical equation, simulations and experimentations on RDRA.

lI dl
!
e�jkr

4pr
¼ ~A; where A is magnetic vector potential ð8:1Þ

A ¼ V �
Z

E dl

E ¼ �jx �~A

Radiated power

Ej j2
2g

¼ x2 ~A
�� ��2
2g

;

ffiffiffi
l
�

r
¼ g ¼ impedance: ð8:2Þ

~A ¼ l
4p

Z
Volume

J r0;xð Þe�jk r�r0j j
r � r0j j d3r0; at source: ð8:3Þ

We know that radiation pattern can be defined by Eh; E/

Eh ¼ �jxAh and Ah ¼ ĥ � A

Antenna current density can be expressed as follows:

J � ðr0; xÞ ¼
X
mnp

Js mnp; r
0½ � ejx mnpð Þt ð8:4Þ

The magnetic vector potential in terms of J can be written as follows:

A ¼ l
4p

X
mnp

Z
Js½mnp; r0�ejx mnpð Þ t� r�r0j j

c

� �
r � r0j j ds r0ð Þ; ds is surface

¼ l
4p

ejkn

r � r0j j
X
mnp

Z
s

Js mnp; r
0½ �ejx mnpð Þr̂�r0ds r0ð Þ

ð8:5Þ

Eh; E/; H/ ¼ Eh=g; Hh ¼ �E/
�
g:
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Radiated power can be given as follows:

Prad ¼ 1
2g

Ehj j2þ E/

�� ��2	 

ð8:6Þ

ĥ ¼ x̂ cosu cos hþ ŷ sinu cos h� ẑ sin h

/̂ ¼� X̂ sinuþ Ŷ cosu

(

Eh ¼ l
4pr2

Re
X
mnp

Z
s

Jsx½mnp; r0� cosu cos hf

þJsy mnp; r0½ � sin/ cos h� Jsz mnp; r0½ � sin h
o

exp jx
ðmnpÞ

c

� �
ðX 0 cos/ sin hþ Y 0 sin/ sin hþ Z 0 cos hÞds r0ð Þ� ejx mnpð Þt

ð8:7Þ

Eu ¼Re
X
mnp

Z
�Jsx mnp; r0ð Þ sin/þ Jsy mnp; r0½ � cos/
n o

ej
xðmnpÞ

c ðX 0 cosu sin hþ Y 0 sin/ sin hþ z0 cos hÞds r0ð Þejx mnpð Þtds r0ð Þ ð8:8Þ

Radiated power Prad can thus be defined as:

Px r̂j mnp½ � ¼
Z
s

Jsx mnp; r0ð Þejx mnpð Þr̂�r0
c ds r0ð Þ ð8:9aÞ

Py r̂j mnp½ � ¼
Z
s

Jsyðmnp; r0Þej
x mnpð Þr̂:r0

c ds r0ð Þ ð8:9bÞ

Pz r̂j mnp½ � ¼
Z
s

Jszðmnp; r0Þej
x mnpð Þr̂:r0

c ds r0ð Þ ð8:9cÞ

r̂ðh;/Þ ¼ X̂ cos/ sin hþ Ŷ sin/ sin hþ Ẑ cos h:

Let
s ¼ mnp for convenience; then

Eh ¼ Re
X
s

Px r̂ sj½ � � cos/ cos hþ Py r̂js½ � sin/ cos h� Pz½r̂js� sin hgejx sð Þt
n o

¼ Re
X
s

Eshe
jx sð Þt ð8:10Þ
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where s ¼ mnpð Þ ¼
000
001
010

2
4

3
5 and so on till s ¼ 111½ �: Similarly

E/ ¼ Re
X
s

ð�Px r̂js½ � sinuþ Py r̂js½ � cos /Þejx sð Þt ð8:11Þ

Hence, Radiation Pattern of RDRA: Power flux per unit solid angle will describe
the pattern. Power radiation pattern can be defined as follows:

Ehj j2þ E/

�� ��2
2g

¼ 1
2

X
s

Eshe
jx sð Þt þ Es/e

jx sð Þt
 !( )

� 1
2

X
s

Hshe
jx sð Þt þ

X
s

Hs/e
jx sð Þt

 !( )

¼ 1
4

X
s

Es � H�
me

j xs�xmð Þt þ
X
s

E�
s � Hme

j xm�xsð Þt
 !

¼ 1
4

X
s

Esh � H�
sø þ E�

sø � Hsh


 �
¼ 1
2
Re
X
s

Esh � H�
sø

� �

¼ 1
2

Eshĥþ Eøø̂
	 


� E�
sh

g
û� Esø

g
ĥ

� �

¼
X
s

Eshj j2
2g

r̂ þ Esøj j2
2g

r̂

ð8:12Þ

Poynting vector

S � r̂ ¼ 1
2g

X
xðsÞ2 Pxðr̂j jsÞ cos/ cos hþ Py r̂ sjð Þ sinu cos h� Pz r̂ sjð Þ sin hj2
h

þ xðsÞ2 Pxðr̂j jsÞ sinu� Py r̂ sjð Þ cosu��2i ð8:13Þ

Radiated power per unit solid angle or Poynting vector

S � r̂ r; h;/ð Þ ¼ 1
2g

X
mnp

xðmnpÞ2 Pxðh;/j jmnp) cos/ cos hf

þ Py h;/ mnpjð Þ sin/ cos h� Pz h;/ mnpjð Þ sin h 2
��

þ Pxðh;/j jmnpÞ sin/	 Py h;/ mnpjð Þ cos/ 2
�� �

ð8:14Þ

188 8 RDRA Angular Excitation Mathematical Model …



8.3 Radiation Pattern Based on Angle ðø0;/0Þ Variation
in xy Plane

Let ~D mnpð Þ ¼ pp
d
D̂mnp

h2mn
ejwmnp

~Cmnp ¼ �

h2mn
ej / mnpð Þ�p=2ð ÞĈmnp

H? ¼
X
mnp

Re f~Dmnpe
jxðmnpÞtgr?~umnp x; y; zð Þ

" #X
mnp

Re ~Cmnpe
jx mnpð Þt

n o
r?~umnp x; y; zð Þ

ð8:15Þ

Probe orientation

n̂ h0; /0ð Þ ¼ x̂ cos/0 sin h0 þ ŷ sin/0 sin h0 þ ẑ cos/0

n̂� H ¼ Js

h2mn ¼ c2 þ k2 ¼ nxx̂þ nyŷþ nzẑ

c ¼ 	 jpp
d

; for all wave guide and

let c ¼ d
@z

; jx ¼ d
dt
; for all cavity resonator

dl cos h0 ¼ d; Probe length

Matrix-based computations are as follows:

Ez E?
Hz H?

� �

Hx ¼ Jsy
Hy ¼ �Jsx
H? ¼ Hxx̂þ Hyŷ

Ez ¼
X
mnp

Re Cmnpumnp x; y; zð Þ
 �
expðjxmnptÞ ð8:16Þ

H? ¼ �c
h2mnp

r?Hz þ jx�
h2mnp

r?Ez � ẑ ð8:17Þ
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Hz ¼ umn x; yð Þ exp jppz
d

� �
ð8:18Þ

Hz ¼ umn x; yð ÞCðmnpÞej x mnpð Þt�jppz
dð Þ

Hz ¼ Re Cmnpumn x; yð Þe	j x mnpð Þt�jppz
dð Þn o

Hz ¼Re C1 mnpð Þumn x; yð Þejðx mnpð Þt�jppz
d Þ

n o
þ Re C2 mnpð Þumn x; yð Þe�jðx mnpð Þtþjppz

d Þ
n o ð8:19Þ

H? ¼ 1
h2mn

d
dz

r?Hz x; y; z; tð Þ
" #

þ �

h2mn

@

@t
r?Ezðx; y; z; tÞ

� �
ð8:20Þ

Hence

Ez x; yz; tð Þ ¼
X
mnp

Cmnpumnp x; y; zð Þ cos xðmnpÞt þ uðmnpÞð Þ ð8:21aÞ

Hz x; yz; tð Þ ¼
X
mnp

Dmnpumnp x; y; zð Þ cos x mnpð Þt þ w mnpð Þð Þ ð8:21bÞ

8.4 Replacing Probe with Slot of Finite Dimensions
(Ls, Ws) at an Angle ðh0;/0Þ

We replace excitation probe to slot umnp and vmnp by ~umnp and ~vmnp

~umnp x; y; zð Þ ¼ 2
ffiffiffi
2

pffiffiffiffiffiffiffiffi
abd

p sin
mpx
a

	 

sin

npy
b

	 

sin

qpz
d

	 

ð8:22aÞ

~vmnp x; y; zð Þ ¼ 2
ffiffiffi
2

pffiffiffiffiffiffiffiffi
abd

p cos
mpx
a

	 

cos

npy
b

	 

cos

qpz
d

	 

ð8:22bÞ

Js x; y; dð Þ ¼ I½mnp�eg
0x mnpð Þt

x
; where g0 is an angle

H?jz¼d
¼
X
mnp

Re ~Dmnpe
jx mnpð Þt

n o
r?~vmnp x; y; zð Þ

�
X
mnp

Re ~Cmnpe
jx mnpð Þt

n o
r?~umnp x; y; zð Þ

ð8:23Þ
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n̂� H

Ex;Ey;Hx; Hy are the fields in terms of surface current density due to applied probe
current at an angle η′; Jsx; Jsy can be expressed as current density using Fourier
coefficients; Cmnp and Dmnp HyHx fields can be computed from ExEy fields; prop-
agation terms h2mn ¼ c2 þ k2

H? ¼ Imnp
x widthð Þ

ejg mnpð Þfx̂� sinð/0ð Þ cos /0ð ÞŷÞggðx; yÞ

H? ¼
X
mnp

Ref~Dmnpe
jx mnpð Þt 2

ffiffiffi
2

pffiffiffiffiffiffiffiffi
abd

p r? cos
mpx
a

	 

cos

npy
b

	 
n o
: ð8:24Þ

H?jz¼0
¼HX x; y; 0ð Þx̂þ HY x; y; 0ð Þŷ
¼ Jsy x; y; tð Þ � Jsx x; y; tð Þ� �

Jsy x; y; tð Þ ¼
X

Re ~Dmnpe
jx mnpð Þt

n o mp
a

	 
 2
ffiffiffi
2

pffiffiffiffiffiffiffiffi
abd

p sin
mpx
a

	 

cos

npy
b

	 


Za
0

Zb
0

Jsy x; y; tð Þ 2ffiffiffiffiffi
ab

p sin
mpx
a

	 

cos

npy
b

	 

dxdy

¼ Re ~Dmnpe
jx mnpð Þt

n o mp
a

	 
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
d
sin

mpx
a

	 
r

Hence,

Jsy x; y; tð Þ ¼ Re fy x; yð Þejx mnpð Þt
n o

¼
Za
0

Zb
0

fy x; yð Þ 2ffiffiffiffiffi
ab

p
ffiffiffi
2
d

r
;

mp
a

	 

~Dmnp sin

mpx
a

	 

cos

npy
b

	 

dxdy ð8:25Þ

Now

~Dmnp ¼
ffiffiffi
2
d

r
a
mp

Za
0

Zb
0

fy x; yð Þ 2ffiffiffiffiffi
ab

p sin
mpx
a

	 

cos

npy
b

	 

dxdy ð8:26Þ

Hy ¼ �Jsx
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�Jsx x; y; tð Þ ¼ Hyjz¼0

¼
X
mnp

Re ~Dmnpe
jx mnpð Þt

n o
� np

b

	 
 2
ffiffiffi
2

pffiffiffiffiffiffiffiffi
abd

p cos
mpx
a

	 

cos

npy
b

	 

ð8:27Þ

Jsx x; y; tð Þ ¼ Re fx x; yð Þeþjx mnpð Þt
n o

~Dmnp ¼ 2
ab

ffiffiffi
2
d

r
b
np

Za
0

Zb
0

fx x; yð Þ cos
mpx
a

	 

cos

npy
b

	 

dxdy

Jsx x; y; tð Þ ¼
X
mnp

Reffxfx; yjmnpgejx mnpð Þt ð8:28Þ

Similarly; compute ~Dmnp:

Jsy x; y; tð Þ ¼
X
mnp

Reffyfx; yjmnpgejx mnpð Þt ð8:29Þ

8.5 HFSS Computed Radiation Pattern with Shifted
ðhi;/iÞ Slot Positions

Angular excitation at 45° and 30° left side.
Results of angular excitation on radiation pattern have been evaluated on HFSS

and shown in Fig. 8.5.
Angular shifts in excitation at 45° and 30° right side and radiation pattern are

shown in Fig. 8.7 and summarized are placed in Table 8.1.
Results of Radiation pattern when angular excitation is given to the right side

have been shown in Fig. 8.7.

Table 8.1 Summarized results

Frequency
in GHz

S11 in
dB

S11 in dB
slot
position
at 45o left

S11 in dB
slot position
45o right

S11 in dB
cross-slot

Gain
in dB

Gain
in dB
at left
45o

Gain
in dB
right
45o

Gain
(cross-slot)
in dB

8.45 −11.2 −11.6 −10.8 −11.5 1.5 3.75 2.7 1.5

12.81 −13.3 −12.4 −13.4 −12.2 1.1 1.0 1.1 1.2

16.64 −14.7 −18.1 −18.0 −15.9 1.5 1.8 1.6 3.0
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Table 8.1 described results of antenna parameters in tabular form. It has been
observed that angular variation in excitation has direct impact on the radiation
pattern as well as number of modes generated. This has been verified by the plots
given above. We have taken measurements of radiation pattern on varying slot of
feed at 30° and 45° to left and right from its original position. These plots have been
verified at two different frequencies. This completes the solution.

8.6 Experimentations

Figures 8.8, 8.9, 8.10, 8.11, 8.12, 8.13, 8.14, 8.15 and 8.16 present the experimental
results of RDRA. Their significance is placed below each figure. The RDRA made
from acrylic glass sheets having dimensions of 9, 6 and 3 cm. The silicon oil having
e ¼ 2:2 was used as RDRA dielectric material. The resonant frequency of RDRA
was measured to 4.55 GHz. The measurements were taken at various angular
positions of the slot. Aperture-coupled feed RDRA is shown in Fig. 8.1. The feed
position was shifted to investigate RDRA S11 using VNA 40 GHz. The results are
shown in Figs. 8.2, 8.3, 8.4 and 8.5.

Fig. 8.8 RDRA under measurements with VNA
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Fig. 8.9 −28.23 dB measured S11 of RDRA at 4.63 GHz

Fig. 8.10 S11 RDRA with shifted slot resonant frequency 3.67
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Fig. 8.11 Smith chart showing proper Z11 of RDRA

Fig. 8.12 S11 at shifted slot frequency 3.57 GHz
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Fig. 8.13 Measurements of RDRA with aspect ratio changed

Fig. 8.14 RDRA aspect ratio changed
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Fig. 8.15 Shifted frequency observed (3.60 GHz)

Fig. 8.16 Aperture-coupled feed showing slot
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The results obtained with VNA have clearly shown shift in resonant frequency
due to feed orientation. It indicated that resonant modes are changing based on the
slot orientation. Hence, it is clearly evident that radiation pattern can be steered with
slot position in RDRA. If these results can be placed in look up table, then
microcontroller-based orientation can result into automated antenna. This auto-
mated antenna can be very useful for military applications. These cross slot can be
arranged in such a manner that circular polarization becomes possible in RDRA.
Also by varying lengths of cross slots, left hand or right hand polarization can be
achieved. The circular ploarization makes the signal robust and help to reduce
electromagnetic polution.
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