Chapter 4
Mathematical Analysis of Transcendental
Equation in Rectangular DRA

Abstract Mathematical analysis of transcendental equation in rectangular DRA
has been derived. Transcendental equation of rectangular DRA provides complete
solution of propagation constants, i.e., ky, k,, and k.. The propagation constant gives
rise to resonant frequency with the help of characteristic equation. The wave
numbers k,, k,, and k, are in x, y, and z direction, respectively. The free space wave
number is ky. The exact solution of RDRA resonant frequency can be determined
from combined solution of transcendental equation and characteristic equation.
These equations have unique solution. RDRA depends upon boundary conditions.
MATLAB-based simulation has been worked for RDRAs. They have been depicted
with examples. This chapter has given a complete design solution of rectangular
DRAs.

Keywords Mathematical analysis - Transcendental equation - Rectangular DRA -
Propagation constant - Eigen vectors - Effective electrical length - Characteristic
equation

Transcendental equation of rectangular DRA provides complete solution of prop-
agation constants, i.e., k,, k,, and k,. The propagation constant gives rise to resonant
frequency with the help of characteristic equation. The wave numbers k,, k,, and k,
are in x, y, and z direction, respectively. The free space wave number is ko The
exact solution of RDRA resonant frequency can be determined from combined
solution of transcendental equation and characteristic equation. These equations
have unique solution if RDRA boundary conditions are fixed. For example, top and
bottom walls are PMC and rest of the four walls is PEC and vice versa, only two
different transcendental equations will be developed.

To get this solution, H, fields and derivative of H, fields need to be solved. They
are solved for continuous propagating fields conditions. The fields are assumed
continuous at interface of RDRA. The RDRA along with eigen vectors is shown in
Fig. 4.1a, b.

CASE#1 RDRA solution:
See Fig. 4.2.
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To derive transcendental equation, the fields inside the resonator and outside the
resonator are required.

tan(k,d) = k (transcendental equation) (4.1)
(6, — )ko*> — k.2

eko? = k2 + k,? + k.*(wave equation) (4.2)

ky =mn/a (4.3a)

ky = nm/b (4.3b)

k, =pn/d (4.3¢)

where a, b, and d are dimensions; m, n, and p are the indices.

TEs11, TE1s1, and TE;;5 are dominant modes.

The solution of resonant frequency can be had if solution of k, propagation
constant is obtained from characteristic equation, e,koz =k? + ky2 + kzz, and then
substituted in transcendental equation to compute resonant frequency fo.
Boundary condition

Propagation constant, yf,m = ko + My’
k=2n/l=w/lc=w/c;

/ E?dV = / HXdV

Time average electric energy = time average magnetic energy

ko = k2 + k2 + k2 (4.4)
coko® = k7 + k2 + k. (4.5)
k, = pm/d

Subtracting Eq. (4.1) from Eq. (4.2), we get
k' — k2 = eoko” — ko>
k? — k. = eopg@* — e ltg”
Taking value of ¢g = 1 and uy = u, we get

k2 —k? = o’u(l —¢) (4.6)
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4.1 Case-1: Top and Bottom Walls as PMC and Rest
of the Four Walls are PEC

See Fig. 4.3.
Assuming that the top and bottom surface plane be at z = 0,d to be PMC
nxH=0
And
n-E=0
or,
H,=H,=0
E. =0
Rest of the other walls is PEC
nxE=0
And
n-H=0
At

PMC

PEC

Ground Plane

Fig. 4.3 RDRA with boundaries
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At

y=0,b E.=E =0
Hy=0

We also know

g 1 P&_ly@} (4.7a)
jwe(l + /i_i) Oy  joudz0x
1 1 O’E, OH
E, = -——= = (4.7b)
jwe(l 4 ) joudzdoy  Ox
H. = —1 %_LaZHZ (4.7¢)
* ]u),u(l 41 ) Oy  jwe Oz0x '
-1 1 0°H, OE
H, = 1 OH, OE, (4.7d)
ja),u(l +1/<_§) we 0z0y  Ox
Now, the solution of second-order differential equation is given as follows:
¥, = X(x)Y(y)Z(z)
where
X(x) = Aj sinkyx + Ap cos kx (4.8a)
Y(y) = Az sinkyy + A4 cos kyy (4.8Db)
Z(z) = Assink,z + Ag cos k;z (4.8¢)

For TE mode (E, = 0 and H, # 0)

After putting E, = 0, we get
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or,
E, = CX'()Y()Z(2)
Now
X'(x) = Ay cos kyx — Ay sink,x
But at
x=0,a E, =0
0=A;cosk,0— A,sink,0
or,
A =0 and k, =%
a
Similarly,
E. =(C %
X ay
or,
E, = C'X(x)Y(y)Z(2)
Now
Y'(y) = As cos kyy — Ag sinkyy
But at
y=0,b E. =0
0 = Az cosk,0 — Ay sink,0
or,
Ay =0 and k, =&
’ b
from
H—cl|- L O0°H,
Jjwe 0z0x
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or,
H, = CX ()Y()Z (2
Now
7/'(z) = Ascosk,z — Agsinkz
At
z=0,d H,=0
Ascosk,0 — Agsink,0 =0
pn
As =0 and k;, = 7
Hence,
H, = AyA4Aq cos (@ x) cos (E y) cos (IE z) (4.9)
a b d
Using Egs. (4.1)—(4.4), and (4.8a)—(4.8c), we get
H, = C"ArA4Aq (%n) (%) sin (%nx> cos (% y) sin (pgn z) (4.10a)
H, = C"A>A4Aq (%) (%) cos (%x) sin <%y) sin (I% z) (4.10b)
E, = C"A)A4Aq (@) sin (@x) cos (ﬂ y) cos (IE z) (4.10¢)
a a b d
E, = C"A,A4Aq (%) cos (% x) sin (% y) cos (%I z) (4.10d)

Now, evaluate E, and H, at the boundary walls of the dielectric waveguide.
As we know that at the PMC wall, the tangential component of magnetic field
and normal component of electric field are equal to “zero” at the interface z = 0, d.
Hence,

HwHy =0
and
E,.=0

Also, for propagation to be possible, we need two normal components of E and H.
Thus, we take E, and H,.
Now, the propagating wave is continuous at the interface, i.e., E, = E_.
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Therefore,

Acos <@x> sin (%y) (Clejkzz + Czefjkzz) = Acos (mx) sin (%y) Cée’jk«:Z
a a

or,
. ] —3 !
Clejkzz + C2€ Jkz C/Ze jklz

But at z = 0, only the inside waveform exists.
Therefore,

Clejkzz + Cge_jkzz =0
Now substituting the value of z = 0, we get

Ci+C, =0
or, C=-(C,

As H_ is continuous at the interface z = d,

OH. OH’
H.=H, and 8xz = axz

From Eq. (4.9),
H, = Bcos (@ x) cos (@ y) cos(k;z)
a b
and
H, = Bcos (@ x) cos (% y) cos (k.z)
, a ,

Equating Eqs. (4.14a) and (4.14b), we get

(4.11)

(4.12)

(4.13)

(4.14a)

(4.14b)

Bcos (@x) cos (%y) (Cre’* + Cre™ %) = Bcos (@x) cos (%y) (C;e_ﬂ‘;z)
a a

or,

) . Y
C elkz | Cye Jkez Clz e k2

(4.15)
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From Eq. (4.15), i.e.,, C; = —C,, we get, at z = d,
2jCy sin(k,d) = Che 74
Now, equating the derivative of H,, we get
Jh(Cre?s — Cre %) = —jk. Che %
or,
2k,Cycos(k.d) = —k.Che =,
Dividing equation (4.16) by (4.17)

jtankd -1

k. K
Squaring both sides and substituting the value of kf from Eq. (4.3¢),
k> =k — o’u(e, — 1)
and substituting 4 = 1. We get,

ke

tan(k,d) = B v
kg(er — 1) — k2

The above equation is the required transcendental equation.

4.2 Case-2

65

(4.16)

(4.17)

(4.18a)

(4.18b)

For transcendental equation, we need to compute the fields inside the resonator and

outside it.

k;

tan(k.d) = ————
(er = kg — &2

where €,kj = k} + k; + k (characteristic wave equation)

mn
ky =—
a

(4.19)

(4.20a)
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nw
ky - ?
pT
k=7

where a, b, and d are dimensions; m, n, and p are modes.
TEs11, TE 51, and TE ;5 are dominant modes.

Boundary condition

Propagation constant, y2,, = k3 + hmn® where k =2 = w,/lie = 2.

From the energy conservation principle,

/EZdV = /H2dv.

i.e., time average electric energy = time average magnetic energy.

When top and bottom walls are PMC, rest of the other walls is PEC

Assuming that the top and bottom surface plane be at z = 0,d

nxH=0
And
n-E=0
or,
H,=H.,=0
E. =0
Rest of the other walls is PEC
nxE=0
And
n-H=0
At

(4.20b)

(4.20c)
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At

We also know

-1 P@ 1&&}

H,

-1 LIW& a@]

:jw#(l +k_> joedzdy  Ox

67

(4.21a)

(4.21b)

(4.21¢)

(4.21d)

Now, the solution of second-order differential equation is given as follows:

Y, =X(0)Y(y)Z(z)
where

X(x) = A sinkyx + Aj cos kyx
Y(y) = Assinkyy + A4 cos kyy
Z(z) = Assink,z + Ag cos k;z

For TE mode (E, =0 and H, # 0)

we get

(4.22)



68

or,

Now

But at

or,

Similarly,

or,

Now

But at

or,
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X'(x) = Ay cos kyx — Ay sink,x

x=0,a E,=0
0=A;cosk,0— A,sink,0

A =0 and kx:%

Y'(y) = Az cos kyy — Ag sinkyy

y=0,b E, =0
0 = A3 cosk,0 — Ay sink,0

A3 =0 and ky:%

" _C,{ L@zHZ]

B Jjwe 0z0x
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or,
H,=CX'(x)Y(y)Z'(z)
Now
Z!(z) = Ascosk,z — Ag sink,z
At
z=0,d H,=0
Ascosk,0 — Agsink,0 =0
As =0 and k, = ’%
Hence,
H, = AyA4A¢q cos (? x) cos <% y) cos (Ig z)

Using Eqgs. (4.1)—(4.4), and (4.8a)—(4.8c), we get

H, = C"AA4Aq (%n) (%I) sin (%nx) cos (mr y) sin (p T z)

 Cnatt () (2) () s () sn(2)
HV—CA2A4A6(b p CcoS ax sin by sin dZ
" mm\ . (MmMT nn pn
E, = C"AyA4A¢ (—) sin <—x> cos (— y) cos (— z)
a a b d
E, = C"AyA4A¢ (%) cos (?x) sin (% y) cos (l% z)

Above equations can also be written as follows:

kok, . .
H, = - sin(k,x) cos(k,y) sin(k,z
o sin(lr) cos(ly)sin(k)

H, = ]IZZ cos(kyx) sin(kyy) sin(k,z)

E, = —k, sin(kx) cos(kyy) cos(k.z)

E, = ky cos(kx) sin(kyy) cos(k,z)
k2 + k2

y
Joty

cos(kyx) cos(kyy) cos(k,z)

. . . . dn.
Since H, is continuous, i.e., & #0,

69

(4.23)

(4.24a)
(4.24b)
(4.24¢)

(4.24d)
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Ktk k k K.
= mcos( X) cos(kyy) cos(kz)

Hl

Now, H, can be written as follows:

kyk ) .
H, = = cos(kx) sin(kyy) (Cre”? — Cre7%?)

Jo
But
Hy=0atd =0
Ci—-C,=0
or,
Ci =G
dHy - Jhd | 0 pikd
i A'jk; cos(kex) sin(kyy)(Cre”* + Cre™4)
z
or,
dH, i )
d—} = C\jk, cos(k.x) sin(kyy) (e + e 1)
z
or,
dH,
q Y = C\2jk, cos(kyx) sin(kyy) cos(k.d)
z

Hj, = C} cos(kx) sin(k,y)e /¢ outside the cavity
For H, to be continuous,

dH, dH)’,
dz  dz

or,

C12jk, cos(kyx) sin(kyy) cos(k.d) = —jk.C} cos(kyx) sin(k,y)e 7
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or,

2Cik, cos(k.d) = —k.Cle (4.25)
From above equations, we have

E, = ky cos(kex) sin (kyy) (Cle-jkzd + Cze_-ikz‘l)

At
d=0, E, =0,
S0,
Ci+C =0

or,

C=-C

E, = kycos(k.x) sin(k,y) C (ejk:d — e’jkzd)
or,

E, = 2jC\ky cos(kx) sin(kyy) sin(k.d)
Also

E.. = ky cos(k.x) sin (kyy) cos(k.z)

or,

E!. = Clky cos(k.x) sin (kyy)e "¢
For H, to be continuous,
E =E
or,
JC1ky cos(kyx) sin(kyy) sin(k.d) = C}k, cos(k.x) sin(kyy)e 7%
or,

2jC) sin(k,d) = C|e %4 (4.26)
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Dividing Eq. (4.16) by Eq. (4.25), we get

2C)jsin(k,d)  —Cje7*d

2C1k; cos(k.d)  k.Cle 7k

or,
jtankd -1
kK
or,
k.
jtank,d = ——
k;

On squaring and putting k> = k> + @’ iy(1 — €,)

k2
tan® k.d = — =
T ot(1—)
or,
k2
tan’ k,d = z
Mk (e - - R
k.
tank,d = (4.27)

(€ — 1)kg — k2

With the help of transcendental equation, we can find the propagation factor. Also
with the help of this equation, we can obtain resonant frequency.

CASE#3
For transcendental equation, we need to compute the fields inside the resonator and
outside it.

k. tan(kd) = \/ (e, — 1)k — k2;
erky = ki + Ky + k25
and
k, =mmn/a (4.28a)

ky = nn/b (4.28b)
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k, =pn/d (4.28¢)
where a, b, and d are dimensions; m, n, and p are the indices.

TEs11, TEis1, TE 15 are dominant modes.

Boundary conditions

Propagation constant, y2 = k3 + h2,,

k=2m/A=wiue=w/c

/ E?dV = / H*dv

Time average electric energy = time average magnetic energy

coerky = ki +k; + k2 (4.29a)
eoky = ki +k; + K (4.29b)
k. # pn/d

Subtracting Eq. (4.1) from Eq. (4.2), we get

n 2 7 2
kz — kz = E()kO — 6()€rk0

kf — kz2 = €y’ — € tlg®’
Taking the value of ¢g = 1 and u, = p, we get
K2 — k= o’peo (1 —¢) (4.30)
When top and bottom walls are PEC, rest of the other walls is PMC.

Now,
Assuming that the top and bottom surface plane be at z = 0,d

nxE=0

and

or,
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E,=E. =0
H,=0
Rest of the other walls is PMC
nxH=0
And
n-E=0
At
x=0,a H,=H,=0
E.=0
At

y=0,b H,=H,=0
E, =0

We also know

2
po— [ Lo st
j(ue(l + Z_Z) Oy  joudzox
2
B —— {_#%_%] (4.31b)
jwe(l i ,_) Jjoudzdy  Ox
H. — —1 [aEZ _ lasz}
x jwu(l N ;é) Oy  jwedz0x
_ 2
H, = ! 2 [’,18 f: _ aEZ} (4.31d)
jwu(l—k}’{'—z) we 0z0y  Ox

Now, the solution of second-order differential equation is given as follows:

V. = X(x)Y(y)Z(2)

(4.31c)



4.2 Case-2
where

X(x) = A sinkyx + Aj coskyx
Y(y) = Az sink,y + A4 cosk,y
Z(z) = Assink,z + Ag cos k;z

(i) For TE mode (E, =0 and H, # 0)

At
x=0,a H,=0,
or,
Ay sink, 0+ Ay cosk,0=0
Ay, =0 and k, = mn
a
Also at
y=0,b H,=0
or,
Az sink,0 + Az cosk,0=0
Ay=0 and k, = %
At
z=0,d H,=0
As sink,0 4+ Agcosk,0 =0
As=0 and k, :‘%
Hence,

H; = A1A3As sin (@x> sin (Ey) sin (lE z)
a b d

75

(4.32)
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Using Egs. (4.1)—(4.4), and (4.82)—(4.8c), we get

(d) ( )Sm(%ﬁ COS( ) (4.33a)
(7

XfCAAAS( )

Hy, = C'A\A A5< ) d) i ( )coq(”b—n )co%( ) (4.33b)
E, = C"A1A3As (’%n) cos ("%”x) sin (% y) sin (%” z) (4.33¢)
E, = C"A1A3As (%) sin (%x) cos (nbj y) sin (l% z) (4.33d)

Now, evaluate H, and H, at the boundary walls of the dielectric waveguide.
As we know that at the PEC wall, the tangential component of electric field and
normal component of magnetic field is equal to “zero” at the interface z = 0, d.
Hence,
E.E, =0
and

H.=0

Also, for propagation to be possible, we need two normal components of E and H.
Thus we take E, and H,.
Now, the propagating wave is continuous at the interface, i.e., H, = H,.
Therefore,

Acos (@x) sin (n ) (Cre’* + Cre%) = Acos (@x) sm( ) Che 7z
a b a b
or,
Crelks 4 Cre 5 = Cho e (4.34)

But at z = 0, only the inside waveform exists.
Therefore,

Clejkzz + Czefjk:z =0
Now, substituting the value of z = 0, we get

Ci+C, =0



4.2 Case-2
or,
Ci=-0C

As H, is continuous at the interface z = d.
Therefore,

H.=H. and 3
X

OH, OH!

ox

. /MW \ . (AT \ .
H, = B sin (—x) sin (7))) sin(k,z)
a

and

H', = Bsin (%x) sin (%y) sin(k';2)

Equating Eqgs. (i) and (ii), we get

77

(4.35)

(4.36a)

(4.36b)

Bsin (@x) sin (%y) (Cre’* — Cre%) = Bsin (@x> sin (%y) Che 7z
a

or,

Cle']kzz — Cze_]kzz =

From Eq. (1b), i.e., C; = —C,, we get, at z = d,

a

ik
Che %z

2C, cos(k.d) = C’ze*jkfd

Now, equating the derivative of H,, we get

Jko(Cre 4 Cre %) = —jk. Che 7k

or,

2jk.Cy sin(k.d) = —k.Che

Dividing equation (iv) by (iii), we get

Jjk tank.d = —k.

(4.37)

(4.38)
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Squaring both sides and substituting the value of kf from Eq. (4.3c), we get

K =k — o’u(e, — 1)

Z 4

and substituting u = 1, we get isolated DRA case as:
k;tan(k.d) = \/ (e, — 1)k§ — k2 (4.39a)
DRA with ground plane case as:
k. tan(k.d/2) = \/ (e, — 1)kG — k2 (4.39b)

Hence, the solution of transcendental equation is completely obtained.

4.3 MATLAB Simulation Results

The same can be seen if MATLAB simulation is obtained as given below:

clear
clear all
er=9.8;
c=3*10"8;
d=10*10"-3;
for p=1:1:10
f=c*p* (sgrt(l+tan(p*pi/2) .72))/2*d* (sqgrt (er-1)) ;
end
plot(p, f);
title('pvsf')

xlabel ('p-——---—- >>>1');
yvlabel ('f------——- >>"');
grid on;

Relationship between delta distance and its impact on
resonant frequency is shown in Fig. 4.4.

The resonant frequency is increasing as the delta length is increasing as shown in
Fig. 4.4. Also, radiation lobe is increasing as the number of resonant mode is
increasing as shown in Fig. 4.5.
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frequency vs pdelta
3.00E+07
— frequency vs pdelta
2.50E+07
2.00E+07
1.50E+07

1.00E+07

frequency-------->>>

5.00E+06

0.00E+00
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 4.4 Frequency versus delta distance

Radiation Lobes: RDRA dimensions are given to compute resonant modes
using MATLAB.

Program for RDRA (a=length=10mm, b=width=5mm ,d=height=2mm)

x=linspace(-5,5,51);
y=linspace(-2.5,2.5,51);

[xi,yi] = meshgrid(x,y);

Ez= cos(m*pi*xi/a).*cos(n*pi*yi/b);
Ez=Ez."2;

Ez= sqrt(Ez);

surf(xi,yi,Ez)

view([-45,60])

%%view([180,0])

drawnow
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Fig. 4.5 Radiation lobes of radiation pattern in RDRA

MATLAB Program for Ez field

x=linspace(-5,5,51);
y=linspace(-2.5,2.5,51);

z=linspace(-1,1,51);

[xi,yi,zi] = meshgrid(x,vy,z);
Ez= (cos(m*pi*xi/a).*cos(n*pi*yi/b)).*sin(p*pi*zi/c);
Ez= Ez."2;

Ez= sqgrt(Ez);
xslice = -4.5; yslice = -2.5; zslice =1;
slice(xi,yi,zi,Ez,xslice,yslice,zslice)

colormap hsv
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MATLAB program for transcendental equation and resonant frequency of
RDRA:

c=3e8;

cons=9.8;

syms y real

kx=pi/d;

kz=pi/2/h;

ko=sqgrt ( (kx"2+y"~2+kz"2) /cons) ;

f=real (y*tan(y*w/2)-sqgrt ((cons-1)*ko"2-y"2));
ky=fzero(inline(£f), [0, (pi/w)-0.01]);

fresonance = c¢/2/pi*sqgrt((kx"2+ky~2+kz"2) /cons) /le7;

The MATLAB-simulated resonant modes in Figs. 4.6, 4.7, 4.8, 4.9, 4.10, 4.11
and 4.12 have been drawn, and resonant frequency using transcendental equation is
placed in table form.

NN
S\ A
I:Q’Q‘Q‘\\\\\\ \\\\\\‘ N NN
NN N %
Y NN

e .

SO

RN
R
R

L7
"...
IS

Fig. 4.6 Resonant modes in xy plane
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Fig. 4.7 Resonant modes in xy plane
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Fig. 4.8 Resonant modes in RDRA in xy plane

Solved examples of RDRA resonant frequency:

Example 1 Calculate the dimension of “d” in RDRA:
For TE;;; mode when

e = 100
a = 10mm
b = 10mm

f, =17.97GHz



4.3 MATLAB Simulation Results

.-
ST
SN S,

LA A

NTZ ZZ
I 7>
7
e,

83

\\\\
NN\~
NN\
Nz,
s

S

TE22z

Fig. 4.9 Resonant modes in RDRA in xy plane

Fig. 4.10 Resonant modes 3D in RDRA in xyz plane
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Fig. 4.11 TE 341 resonant modes

Fig. 4.12 TE 323 resonant modes



4.3 MATLAB Simulation Results

Solution Resonant frequency:

L S
"T2yegVa b ' d
~ 3x108 2

1
7.97 x 10° = ——=1/1002 + 1002 + —
2/100 d

/ 2
531.33 = 4/20000 —l—é

1

—=512.167
d
d =195mm

Example 2 RDRA with following data:

€ = 35

a = 18mm

b =18 mm
f, =2.45GHz

Solution

c m2 n2 pZ

I=527eVa th Ta

3 x 108 [1000*> 10007
245 x 10° =
x 235 \/ 18 I8
1000? 12
9337.222 = /2 —— -
(18 ) d
1
= =56.252
d
d = 17.77 mm

Example 3 Calculate the resonant frequency for
TE;;; mode using the given data of RDRA:

e =10
a = 14mm
b = 8mm

d = 8mm

12

d

85
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Solution

_ c m2 n2 p2
Jr= 26 Va T Ta
3 x 108 [1000> 1000 10002
fr == + +
2+/10 14 8 8
f. =9.04GHz

Example 4

e = 10
a = 14mm
b = 8mm
d = 16 mm
Solution

c m2 n2 p2
Fr=37Va Th Ta
3 x 108 [1000> 1000 10002
fr = + +
210 14 8 16
f. =7.44GHz

Example 5 Calculate the resonant frequency for the TE;;s mode using the given
data:

e =10

a = 14mm

b = 8mm

d = 8mm

Solution

. c m2 n n2 n 5
T 2./ \ a b d
o 3% 10% [1000° 1000

+ +0
210 14 8
f. = 6.82GHz
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Example 6
e =10
a = 14mm
b = 8mm
d = 16 mm
Solution
Fr=37Va 5 Ta
3 x 108 [1000*> 10007
f= + +0
2+/10 14 8
f, = 6.82 GHz

4.4 Resonant Frequency of RDRA for Experimentations

The RDRAs can be prototyped with various materials and sizes as per the
requirements.

Table 4.1 consists of list of RDRA materials, permittivity, dimensions, and
computed resonant frequency.

Example 7 Compute resonant frequency when RDRA dimensions are 10 x 10 x
10 mm?® and dielectric constant of material used is 10.

=g () + () ()

Resonant frequencies in isolated case are 49.7 and 25.8 GHz with ground plane
(Table 4.2).
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Table 4.1 RDRA materials, permittivity, dimensions, and computed resonant frequency

S. | Material Permittivity | RDRA dimension Resonant Resonant
no. (a x b x h) mm frequency frequency
simulated by calculated
HFSS

Countis Laboratories

1. | MgO-SiO,-TiO, 9.8 9x6x76 743 7.6757
(CD-9)

2. | MgO-SiO,-TiO, 9.8 14.3 x 254 x 26.1 35 3.7430
(CD-9)

3. | MgO-CaO-TiO, 20.0 10.16 x 10.2 x 7.11 | 4.71 4.6215
(CD-20)

4. | MgO-CaO-TiO, 20.0 10.16 x 7.11 x 10.2 | 4.55 4.5941
(CD-20)

5. | MgO-CaO-TiO, 20.0 10.2 x 10.2 x 7.89 4.635 4.4833
(CD-20)

6. | MgO-CaO-TiO, |100.0 10 x 10 x 2 4.57 42158
(CD-100)

7. | MgO-CaO-TiO, |100.0 10 x 10 x 1 797 7.7587
(CD-100)

8. | MgO-CaO-TiO, |100.0 12.7 x 12.7 x 1 7.72 7.6628
(CD-100)

9. | MgO-CaO-TiO, |100.0 5x10x1 8.85 8.1828
(CD-100)

10. | MgO-CaO-TiO, |100.0 10 x5 x 1 8.5 8.0147
(CD-100)

Emerson & Cuming Microwave Products N.V.

11. | Magnesium 10.0 14 x 8 x 8 5.5 5.6117
titanate
(ECCOSTOCK @)

12. | Magnesium 10.0 14.3 x 25.4 x 26.1 3.92 3.7055
titanate
(ECCOSTOCK @)

13. | Zirconia 20.0 10.16 x 10.2 x 7.11 | 4.71 4.6215
(ECCOSTOCK @)

14. | Zirconia 20.0 10.16 x 7.11 x 10.2 | 4.55 4.5941
(ECCOSTOCK @)

15. | Zirconia 20.0 10.2 x 10.2 x 7.89 4.635 4.4833
(ECCOSTOCK @)

16. | Strontium titanate | 100.0 10 x 10 x 2 4.57 4.2158
(ECCOSTOCK @)

17. | Strontium titanate | 100.0 10 x 10 x 1 7.97 7.7587
(ECCOSTOCK @)

18. | Strontium titanate | 100.0 12.7 x 12.7 x 1 7.72 7.6628
(ECCOSTOCK @)

19. | Strontium titanate | 100.0 S5x10x1 8.85 8.1828
(ECCOSTOCK@)

(continued)
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Table 4.1 (continued)
S. | Material Permittivity | RDRA dimension Resonant Resonant
no. (a x b x h) mm frequency frequency
simulated by calculated
HFSS
20. | Strontium titanate | 100.0 10 x5 x 1 8.5 8.0147
(ECCOSTOCK @)
Morgan Advanced Materials
21. | CaMgTi Mg, Ca 20.0 10.16 x 10.2 x 7.11 | 4.71 4.6215
titanate)
(D20)
22. | CaMgTi (Mg, Ca 20.0 10.16 x 7.11 x 10.2 | 4.55 4.5941
titanate)
(D20)
23. | CaMgTi (Mg, Ca 20.0 10.2 x 10.2 x 7.89 4.635 4.4833
titanate)
(D20)
24. | ZrTiSn (Zr, Sn 37.0 18 x 18 x 9 245 2.1617
titanate)
(D36)
Temex Components & Temex Telecom, USA
25. | Zr Sn Ti Oxide 37.0 18 x 18 x 9 2.45 2.1617
(E2000)
Trans-Tech Skyworks Solutions, Inc.
26. | BaZnCoNb 35.0-36.5 |18 x 18 x 6 2.532 2.7081
(D-83)
27. | BaZnCoNb 35.0-36.5 |18 x 6 x 18 2.835 2.3947
(D-83)
T-CERAM, RF & Microwave
28. | E-11 10.8 152 x7 %26 11.6 10.379
29. | E-11 10.8 15x3x75 6.88 7.0937
30. | E-11 10.8 15.24 x 3.1 x 7.62 6.21 6.9440
31. | E-20 20.0 10.16 x 10.2 x 7.11 | 4.71 4.6215
32. | E-20 20.0 10.16 x 7.11 x 10.2 | 4.55 4.5941
33. | E-20 20.0 10.2 x 10.2 x 7.89 4.635 4.4833
34. | E-37 37.0 18 x 18 x 9 245 2.1617
TCI Ceramics, Inc.
35. | DR-36 36.0 18 x 18 x 6 2.532 2.7081
36. | DR-36 36.0 18 x 6 x 18 2.835 2.3947
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4.4 Resonant Frequency of RDRA for Experimentations

MATLAB program and simulation effective length due to fringing effect:

o

Dimensions of RDRA

length
[14.3,14.0,15.24,10.2,10.16,18,18,101;
width

[25.4,8,3.1,10.2,10.2,18,18,101;
height

26.1,8,7.62,7.89,7.11,6,9,11;

00 Qi 00 o

00 o' o0 =

I 00 11 02 Il o° Il o

cons=[10.0,10.0,10,20,20,35,35,100] ;
syms y real

for i=drange(1:8)

kx (i)=pi/d(i);
kz(i)=pi/2/h(i);
ko=sqgrt ((kx (i) ."2+y."2+kz (i) ."2) /cons (1)) ;

f=real (y.*tan(y*w(1i)/2)-sqgrt((cons(i)-1)*ko."2-y."2));
ky(i)=fzero(inline(£f), [0, (pi/w(i))-0.011);

%$%Resonant frequency
fre(i)=c/2/pi*sqgrt((kx (i) ."2+ky (i) .72+kz (1) ."2)/cons (1)) *1e3;
Effwidth(i)=pi/ky (1) ;

factor (i) =Effwidth(i)./w(i);
perchangwidth (i) =((Effwidth(i)-w(i))/w(i))*100;

end

Effective increased length computations due to fringing effect:

Program 1

Dimensions of DRA

length
[14.3,14.0,15.24,10.2,10.16,18,18,10];
width

[25.4,8,3.1,10.2,10.2,18,18,101;
height

[26.1,8,7.62,7.89,7.11,6,9,11;

ode

o

00 Qi 0f o°

0 I o0 =
Il 0° 11 0@ Il o0 Il o°
=

n =]
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p=1;

c=3e8;

cons=[10.0,10.0,10,20,20,35,35,100] ;

syms y real

for i=drange(1:8)

kx (i)=pi/d(i);

kz(i)=pi/2/h(i);

ko=sqgrt ((kx (i) ."2+y."2+kz (1) ."2) /cons (1)) ;

f=real (yv.*tan(y*w(i)/2) -sgrt((cons(i)-1) *ko."2-y."2));
ky(i)=fzero(inline(£f), [0, (pi/w(i))-0.01]);

$%$Resonant frequency
fre(i)=c/2/pi*sqgrt((kx(1i).72+ky (1) ."2+kz (1) .72)/cons (1)) *1le3;
Effwidth(i)=pi/ky(i);

factor (i)=Effwidth(i)./w(i);

perchangwidth (i) =((Effwidth(i)-w(i))/w(i))*100;

end

Results:
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-
s nywmmmw-(‘m‘m:mnm e 2em
m P4bdas 00,1 2080009, W+ 09 T
. 1mmymrm ST 1 F™)
' '
o nm
™ LA 0044 000610300 000008 1745 8 ML 514 ams o
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Program 2

c=3e+08;

kx=m*pi/a;

ky=n*pi/b;

kz=p* (pi/d)/2;

ko=sqgrt (kx"2+ky"*2+kz"2) /sqgqrt (E_r) ;
fo=(c*ko/pi)/2;

foghz=fo/ (1e+09) ;

Results:

Valow e .
® » =
P25 M2 KT 15 DL 15,5534 119 256006 11 2424) [ s
oo [T s
oo aoen o
a00000000 220000000 3000000
192.12,10,20.20,3534, 8001 ® "o
0 o0 a0
<Ml gy

T4 L8682 6071, 5004 1 6054 1 1500, .40 11240 e 2am
LIS LS LR
oy e e
L0810 08 147850 00,7, 77008 12300408 27608
26.0000,87.4200,71900. 7. 1RQER 1] 1 23000

' ' '

man man man
811 potrH Me14}
EOTHe+3 01 He+0) LOThe0)
AU 2 BN

' '

1 1 1

' ' 1
(ATHLTGSI JLIATLALAIL124297) wanr waTHO
2340008, 3.100K, 182000, 132900 14, . 10] 1000 B0
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Program 3

MATLAB programs taking parameters a, b, d same and comparing
frequency using:
Program 1: Characteristic equation

m=1

n=1

p=1

E_r=10
a=14.3e-03
b=25.4e-03
d=26.1e-03
c=3e+08
k_x=m*pi/a
k_y=n*pi/b

k_z=p* (pi/d)/2

k_o=sqgrt (k_x"2+k_y"2+k_z"2) /sqgrt (E_r)
f_o=(c*k_o/pi) /2

f oGHz=f_o/1le+09

Output:

Fe (46 View Guphics Ocbwg Padel Oubtop Wndow Help
N 4smA20C D o CProgam Fies MATLAB Mt = (o) (0
Shortants £ How 1o Add 2] What's New

o R | Sk Be - | Select deta 1o pist ¥
Hame = Vil Mo e
i » ® oW

. aouz ooms  oma
£ [T T
i 300000000 30000 30000.
i oo T
i 1o 1913609 181%.. 19036
53 st 19136 916 390%
£ e mses mL5ea
1 nsns 985 n9s8_
vy 122688 e 2a_

Hue ) [T
5 1 1 1
= 1 1 1
sin 1 1 1
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Program 4
Transcendental equation for same dimensions:

m=1;

n=1;

p=1;

E_r=10;

a=14.3e-03;

b=25.4e-03;

d=26.1e-03;

c=3e+08;

syms y real

kx=pi/a;

kz=pi/d/2;

ko=sqgrt (kx"2+y"2+kz"2) /sqgqrt (E_r) ;

f=real (y*tan(y*b/2)-sgrt((E_r-1)*ko"2-y"2));
ky=fzero(inline(f), [0, (pi/b)-0.011);
fre=c/2/pi*sqgrt ( (kx"2+ky"2+kz"2)/E_r)*1e3;
effwidth=pi/ky;

factor=effwidth/b;

perchangwidth=( (effwidth-b) /b) *100;

Output:

¢ s 221 gine o T R -
Fle ES0 View Guphics Debup Pald Deltop Window Hep

AL -REAE Y. =

Shestouts £ How o Add B What's Mew




96 4 Mathematical Analysis of Transcendental ...

Program 5

MATLAB programs taking parameters a, b, d same and comparing
frequency using:
Characteristic equation
Where a=17mm
b=25mm
c=10mm

1;
1;
l.

7

'U!ﬁg

E_r=10;

a=17e-03;
b=25e-03;
d=10e-03;
c=3e+08;
k_x=m*pi/a;
k_y=n*pi/b;
k_z=p* (pi/d)/2;
k_o=sqgrt (k_x"2+k_y"2+k_z"2) /sqrt (E_r) ;
f_o=(c*k_o/pi)/2;
f oGHz=f_ o/1e+09;

Output:

Fle B8 Veew Gophico Debug Peold Deltop Wides  Hep
DO EM@B9 Wo K| 6 Comm Foider| Cumartab\ 0110 -Ho

Shencuss (6 How o Add ) What's Hiew

____ - x S

oty cip|| S SRR k|t - [ st dmroplt

Hama = Hame Vahat Mo Ma

= 1 oW
=N amn baim B0
e [ Doz Bona
i 0000 Xoce. 30606
b o [ nowo 80100
= e [T
s a1 e a1
HH e ol B BT
b1 e 1804 I I
H iy LS 86T 1NEE_ 126
e 157578 1807 13707,
e 1 1
=M i 1 1
EN 1 1 1

o p—
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Program 6

Transcendental equation

m=1;

n=1;

p=1;

E_r=10;

a=17e-03;

b=25e-03;

d=10e-03;

c=3e+08;

syms y real

kx=pi/a;

kz=pi/d/2;

ko=sqgrt (kx"2+y"2+kz"2) /sqgrt (E_r) ;

f=real (y*tan(y*b/2)-sqgrt ((E_r-1) *ko"2-y"2));
ky=fzero(inline(f), [0, (pi/b)-0.011);
fre=c/2/pi*sqgrt ( (kx"2+ky"2+kz"2)/E_r) *1le3;
effwidth=pi/ky;

factor=effwidth/b;

perchangwidth=( (effwidth-b) /b) *100;

e G88 Veew Gophco Debug Paold Dedop Widew Help
DD M@~ W0 K| O Comm Foider| Cumartab R0110 ]
Shencuts 8 How e Add 8] What's Hiew

b ctaian [ SO 08N
Iak e
b dacter 1 L 1w
ke Iateld 105 35050
) “1d
. = ] AT TS,
Hu 43067 4HET 34367
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H parchangeith 10250 nEn s
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Program 7

MATLAB programs taking parameters a,b,d same and comparing
frequency using:
Characteristic equation

m=1

n=1

p=1

E_r=10
a=14.3e-03
b=25.4e-03
d=26.1e-03
c=3e+08
k_x=m*pi/a
k_yv=n*pi/b

k_z=p*(pi/d)/2

k_o=sqgrt (k_x"2+k_y"2+k_z"2) /sqgrt (E_r)
f_o=(c*k_o/pi)/2

f_oGHz=f_o/1e+09

Output:

downs pzormn T O e
Fle (46 View Guphics Otbug Paslel Oesbtop Window Melp

Ddlsma2c dyn o CA\Prages -l

Shortants £ How 1o Add 2] What's New
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Program 8

Transcendental equation

m=1;

n=1;

p=1;

E_r=10;

a=14.3e-03;

b=25.4e-03;

d=26.1e-03;

c=3e+08;

syms y real

kx=pi/a;

kz=pi/d/2;

ko=sqgrt (kx"2+y"2+kz"2) /sqgrt (E_x) ;

f=real (y*tan(y*b/2)-sqgrt((E_r-1) *ko"2-y"2));
ky=fzero(inline(f), [0, (pi/b)-0.01]);
fre=c/2/pi*sqgrt ( (kx"2+ky"2+kz"2)/E_r)*1le3;
effwidth=pi/ky;

factor=effwidth/b;

perchangwidth=( (effwidth-b) /b) *100;

Output:

S ey < TETTEE NS W SRS O
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Program 9
= m=3;
= n=3;
= a=10;
= b=5;

WS W NP
1

= Ez=Ez."2;

4 Mathematical Analysis of Transcendental ...

x=linspace(-5,5,51);

= y=linspace(-2.5,2.5,51);

- [xi,yi]=meshgrid(x,y):

= Ez=cos (m*pi*xi/a) .*cos (n*pi*yi/b):;

10 - Ez=sqrt (Ez):
3= surf(xi,yi,Ez)
12 - view([-45,€60])
13 $3view([180,0])
14 - drawnow

& o & % ® | Stack Base

Rl =

- | selectdatatoplot  ~

Name ~ Value
Hez <51x51 double>
Ha 10
Ho 5
Bm 3
Hn 3
Hx <1x51 double>
Hxi <51x51 double>
By <1x51 double>

Hyi <51x51 double>

Min  Max
337.. 1

10 10

5 5

3 3

3 3

-5 5

-5 5
-2.50... 2.50..
-2.50.. 2.50..
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Program 10
1- d=[14.3,14.0,15.24,10.2,10.16,18,18,10];
21= w=[25.4,8,3.1,10.2,10.2,18,18,10];
3= h=(26.1,8,7.62,7.89,7.11,6,9,1);
q- m=1l;
5 - n=1;
6 — P=1:
7 - c=3e8;
8 - cons=[10.0,10.0,10,20,20,35,35,100];
9 = syms y real
10 = [-Jfor i=drange(1:8)
= kx(1i)=pi/d(i):
2= kz (i)=pi/2/h(i):
13 - ko=sqret((kx(i)."2+y."2+kz (i) ."2)/cons(i)):
14 - f=real (y.*tan(y*w(i)/2)-sqrt((cons(i)-1) *ko."2-y."2)):
15= ky(i)=fzero(inline(£), [0, (pi/w(i))-0.01]):
16 - fre(i)=c/2/pi*=qre((kx(i)."2+ky(i)."2+kz(1)."2)/cons(i))*1le3;
17 - Effwidth (i)=pi/ky(i):
18 - factor (i)=Effwidth(i)./w(i):
19 = perchangwidth (i)=((Effwidth(i)-w(i))/w(i))*100;
20 - -end
Workspace - S e bt
OF RO Stack Base || 5 Select data to plot -
Name =~ Value Min  Max
Effwidth [34.223514.1323. 833 342.
<51x51 double> 337.. 1
10 10 10
s 5 5
300000000 3000.. 3000...

[10,10,10,20203.. 10 100
[14.3000,14,15.24... 10 18
<1x1 sym>

[1.3474,1.7665.2... 1.12.. 268.
[3.7081€+09,5.61.. 222.. 7.76..

g-ogroem

2

[26.1000,8,7.6200-. 1 26.1..
8 8 8
<1x1 sym>

[02197.022440-. 017. 031..

[0.0918022230-. 0.09. 037.

[0.0602,0.1963.0—. 0.06. 1.57..

1 1 1

1 1 1

1 1 1
changwidth [34.7381,76.6535.. 124.. 168..

[25.4000,8,3.1000... 3.10.. 254..

<1x51 double> -5 5

<51x51 double> -5 5

<1x1 sym>

<51x51 double>  -2.50.. 2.50..

ESEEEEEEEEE S E S HHEEEEH

‘s.“!,*:ﬁav:;ﬁggg-:r
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Q.No. 1 Develop transcendental equation for moat-shaped RDRA.

Q.No. 2 Compute propagation constants in x-, y-, and z-directed propagated
RDRAs, when feed probe is given. Compute its resonant frequency
when RDRA dimensions are 5 x 5x 3 mm® and dielectric constant used
is 20.
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