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Preface

The International Conference on Semigroups, Algebras and Operator Theory
(ICSAOT-2014) focused on the recent advances in semigroup theory and operator
theory. The scientific programs emphasized on the research related to the structure
theory of semigroup, semigroup approach to Von Neumann regularity and operator
algebras. The conference was hosted by the Department of Mathematics, Cochin
University of Science and Technology (CUSAT), Kochi, Kerala, India during
26-28 February 2014.

Leading researchers from 11 different countries working in these areas were

invited to participate. A total of 63 delegates including Ph.D. students from eight
countries participated. The following plenary lectures were given:

1.

2.
3.

AN

John C. Meakin, University of Nebraska, USA—Amalgams of Inverse
Semigroups of C*—Algebras.

Laszlo Marki, Budapest, Hungary—Commutative Order in Semigroups.

M.V. Volkov, University of Ekaterinburg, Russia—The Finite Basis Problem
for Kauffman Monoids.

Alessandra Cherubini, Milano, Italy—Word Problem in Amalgams of Inverse
Semigroups.

K.S.S. Nambooripad, Kerala, India—von Neumann Algebras and Semigroups.
M.K. Sen, Kolkata, India—Left Clifford Semigroups.

Pascal Weil, LaBRI-CNBS, Talence Cedex, France—Logic, Language and
Semigroups: from the lattice of band varites to the quantifier alteration hier-
archy within the 2-variable fragment of first order logic.

Jorge Almeida, Alegre, Portugal—Irreducibility of Psedovarieties of
Semigroup.

. B.V. Limaye, Mumbai, India—Operator Approximations.
10.
11.

S.H. Kulkarni, Chennai, India—The Null Space Theorem.
M. Thamban Nair, Chennai, India—Role of Hilbert Scales in Regularization
Theory.

The daily program consisted of lectures, paper presentations and discussions

held in an open and encouraging atmosphere.



vi Preface

In addition to the above speakers there were invited talks and paper presentations.
We are greatful to all participants for their valuable contributions and for making the
ICSAQOT-2014 a successfull event. Moreover, we would like to thank the National
Board for Higher Mathematics, DAE, Mumbai; CSIR, New Delhi; SERB-DST, New
Delhi; KSCSTE, Thiruvananthapuram for providing us with financial support. We
are also thankful to the Cochin University of Science and Technology for additional
support and practical assistance related to the preparation and organization of the
conference. We thank all our referees for their sincere cooperation, which enabled the
successful completion of the refereeing processes.

P.G. Romeo
John C. Meakin
A.R. Rajan
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Decidability Versus Undecidability
of the Word Problem in Amalgams
of Inverse Semigroups

Alessandra Cherubini and Emanuele Rodaro

Abstract This paper is a survey of some recent results on the word problem for amal-
gams of inverse semigroups. Some decidability results for special types of amalgams
are summarized pointing out where and how the conditions posed on amalgams are
used to guarantee the decidability of the word problem. Then a recent result on unde-
cidability is shortly illustrated to show how small is the room between decidability
and undecidability of the word problem in amalgams of inverse semigroups.

Keywords Inverse semigroup - Amalgams * Schutzenberger automata + Cactrod
inverse automata

1 Introduction

A semigroup S is a regular semigroup if for each a € S there exists some element
b € S such that a = aba and b = bab. Such an element b is called an inverse
of a. A regular semigroup where each element has a unique inverse is an inverse
semigroup, in such case the (unique) inverse of a is denoted by a~!. Equivalently,
an inverse semigroup is a regular semigroup whose idempotents commute, hence
its set of idempotents E(S) is a commutative subsemigroup of S, usually called the
semilattice of idempotents. A natural partial order is defined on an inverse semigroup
S by putting a < b if and only if a = eb for some e € E(S).

Inverse semigroups may be regarded as semigroups of partial one-to-one trans-
formations, so they arise very naturally in several areas of mathematics. We refer
the reader to the book of Petrich [25] for basic results and notation about inverse
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2 A. Cherubini and E. Rodaro

semigroups and books of Lawson [19] and Paterson [24] for many references to the
connections between inverse semigroups and other branches of mathematics. More
recently, inverse semigroups have also attracted the attention of physics and computer
science scholars because several notions and tools of inverse semigroup theory are
attuned toward questions in solid-state physics (particularly those concerning qua-
sicrystals) and the concrete modeling of time-sensitive interactive systems (see for
instance [14, 16, 17]). Besides, inverse semigroup theory gives raise to interesting
algorithmic problems.

Inverse semigroups form a variety of algebras defined by the associativity and the
following identities:

@ Hl'=a, @) '=bla"! (1)

aala = a, aa '™ = bbb aa!

Hence, for any given set X, the free inverse semigroup FIS(X) exists, and FIS(X) =
(X U X Yt /v where v is the congruence generated by the previous identities
(Vagner’s congruence). Let 7 € (X U X~ )" x (X U X~1)*. The quotient of
the free semigroup (X U X~ 1) by the least congruence 7 that contains v and the
relations in T is an inverse semigroup denoted by S = Inv(X; T), (X|T) is called
a presentation of S with set of generators X and 7. If both X and T are finite then S
is called finitely presented.

The aim of combinatorial inverse semigroup theory is to extract information on
an inverse semigroup starting from its presentation, and one of its core problems is
the word problem: for a given presentation (X|7) of an inverse semigroup S

Input: Two words w, w’ € (X UX~HT
Output: Do w, w’ represent the same element of S?

If there exists an algorithm answering to the above question, then S has decidable
word problem.

The word problem is, in general, undecidable for inverse semigroups (since
Novikov in the early 1950s proved that it is undecidable for groups [23]).

In 1974, Munn gave a nice characterization of the free inverse semigroup FIS(X)
in terms of birooted trees labeled on X (i.e., in terms of finite word automata), that
gives also a nice solution to the word problem for free inverse semigroups and can be
seen as the seed of the theory of presentations of inverse semigroups by generators
and relations. The Munn tree M T (w) of a word w € (X U X~ )7 is the finite
subtree of Cayley graph of the free group generated by X obtained by reading the
word w starting from 1, with 1 and the reduced word r(w) of w, in the usual group
theoretic sense, as initial and final roots. Then the solution of the word problem is the
following, two words w, w’ € (X UX —ht represent the same element of FIS(X) if
and only if they have the same birooted Munn tree.

Munn’s work was greatly extended by Stephen [31] who introduced the notion of
Schiitzenberger graphs and Schiitzenberger automata associated with presentations
of inverse semigroups. Let § = Inv(X; T'), the Schiitzenberger graph SI' (X, T; w)
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of the word w € (XUX ~!)T associated with the presentation (X |T') is the restriction
to the vertices that are R-related to w of the Cayley graph of the presentation (X |T) .
The Schiitzenberger automaton A(X, T; w) of w € (X U X~ 1)* associated with the
presentation (X|7') is the automaton whose underlying graph is ST (X, T'; w) with
initial and final vertices ww~'7 and w, respectively. The importance of Schiitzen-
berger automata stems from the fact that any two words w, w’ € (X U X~ )" repre-
sent the same element of § = Inv(X; T) if and only if A(X, T; w) = AX, T; w').
Therefore, it is clear that an algorithm for determining the Schiitzenberger graphs
of any word associated to a given presentation would solve the word problem for
that presentation. In [31] Stephen provides an iterative procedure to construct these
automata that, however, is not effective because in general Schiitzenberger automata
are not finite. In spite of that, these automata are widely used in the study of algo-
rithmic and structural questions for several classes of inverse semigroups (see, for
instance [3, 5-11, 13, 15, 26-28, 30, 32]).

In this paper, we consider the word problem for amalgamated free products of
two given inverse semigroups. The word problem is decidable for amalgamated free
products of groups and is undecidable for amalgamated free products of semigroups
(even when the two semigroups are finite [29]) but it is not known under which con-
ditions on the inverse semigroups the word problem for amalgamated free products
is decidable in the category of inverse semigroups (Problem 5 of [21]). In the sequel,
we will briefly illustrate some sufficient conditions on amalgams of inverse semi-
groups for the word problem being decidable in the amalgamated free products [7,
8] and a negative recent result [28]. The paper is organized as follows. In Sect. 2, we
recall basic definitions and relevant results concerning Schiitzenberger automata of
inverse semigroups, and the structure and properties of Schiitzenberger automata of
amalgams of inverse semigroups. In Sect. 3, we briefly describe the constructions to
build the Schiitzenberger automata for some special classes of amalgams of inverse
semigroups. In Sect.4, we provide some sufficient conditions that guarantee these
constructions are effective. In Sect. 5, we give a brief description of the techniques
to prove that the word problem is undecidable even if we assume nice conditions on
the amalgam. The last section is devoted to some conclusions.

2 Preliminaries

In this section, we recall definitions and results concerning Schiitzenberger automata
of inverse semigroups. An inverse word graph over an alphabet X is a strongly
connected labeled digraph whose edges are labeled over X U X!, where X ! is
the set of formal inverses of elements in X, so that for each edge labeled by x € X
there is an edge labeled by x ! in the reverse direction. A finite sequence of edges
ei = (0j,a;,B), 1 <i<n,a € xux-! with 3; = a4 foralli with1 <i < n,
isan o) — (3, path of I" labeled by ajas ...a, € (XU X—Y7*. An inverse automaton
over X is a triple A = («, I, 3) where I" is an inverse word graph over X with set
of vertices V(I"), set of edges Ed(I"), and «, 3 € V(I") are two special vertices
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called the initial and final state of A. The language L[.A] recognized by A is the set
of labels of all & — (3 paths of I". The inverse word graph I” over X is deterministic if
foreachv € V(I'),a € XUX™', (v,a,v), (v,a,n) € Ed(I") implies v| = 5.

Morphisms between inverse word graphs are graph morphisms that preserve label-
ing of edges and are referred to as V-homomorphisms in [31]. If I is an inverse word
graph over X and p is an equivalence relation on the set of vertices of I", the corre-
sponding quotient graph I"/pis called a V -quotient of I" (see [31] for details). There
is the least equivalence relation on the vertices of an inverse automaton I” such that
the corresponding V-quotient is deterministic. A deterministic V-quotient of I” is
called a DV -quotient. There is a natural homomorphism from /" onto a V -quotient
of I'. The notions of morphism, V-quotient, and DV -quotient of inverse graphs
extend analogously to inverse automata (see [31]).

Let S = Inv(X; T) ~ (X U X~1)/7 be an inverse semigroup. The Schiitzen-
berger graph SI"(X, T; w) of a word w € (X U X~1)* relative to the presen-
tation (X|7T) is an inverse word graph whose vertices are the elements of the
R-class of w7 in § and whose set of of edges consists of all the triples (s, x, 1)
with s,7 € V(ST(X,T; w)),x € XU X! and s(x7) = r. We view the edge
(s, x, ) as being directed from s to ¢t. The graph SI"(X, T; w) is a deterministic
inverse word graph over X. The automaton A(X, T; w), whose underlying graph
is SI'(X, T; w) with ww ™7 as initial state and wT as terminal state, is called the
Schiitzenberger automaton of w € (X U X ~1)* relative to the presentation (X|T').

In [31] Stephen provides an iterative (but in general not effective) procedure to
build A(X, T; w) via two operations, the elementary determination and the elemen-
tary expansion. We briefly recall such operations. Let I” be an inverse word graph
over X, an elementary determination consists of folding two edges starting from the
same vertex and labeled by the same letter of the alphabet X U X ~!. The elementary
expansion applied to I" relative to a presentation (X|7) consists in adding a path
(v1, r,1n) to I" wherever (v1,t,1p)isapathin I" and (r, 1) € T U 71

An inverse word graph is called closed relative to the presentation (X|7), if it is
a deterministic word graph where no expansion relative to (X|7') can be performed.
An inverse automaton is closed relative to (X|T) if its underlying graph is closed.
We define the closure of an inverse automaton B relative to a presentation (X|7)
to be a closed automaton cl(B3) relative to (X|T'), such that L(B) C L(cl(B)), and
if C is any other closed automaton relative to (X|7T) such that L(B) € L(C) then
L(cl(B)) € L(C). The existence of a unique automaton with these properties follows
from the works of Stephen [31, 32] who proved that any two sequences of expansions
and determinations of a finite inverse automaton which terminate in a closed inverse
automaton, yield to the same inverse automaton. The linear automaton of the word
W= y1y2...ym wWithy; € (XU X ™), 1 <i < m is the automaton /in(w), whose
initial and final states are, respectively, o and ( and whose underlying graph has
m + 1 vertices & = xg, X1, ..., X = [ and edges (x;_1, y;, x;) for 1 <i < m.
The Schiitzenberger automaton A(X, T'; w) of w relative to (X|T) is c/(lin(w)). An
approximate automaton of A(X, T; w) is an inverse automaton A, such that w’ €
L[A;] for some w’ € (X U X~ )T with w'r = wr and L[A;] € L[AX, T; w)].
Obviously, lin(w) is an approximate automaton of A(X, T; w). Stephen proved
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that each expansion or determination applied to an approximate automaton A; of
A(X, T; w) gives raise to an approximate automaton A, which better approximates
A(X, T; w), in the sense that

LIAC LIA] CLIAX, T; w)] = {v e (X UX HFjur > wr).

Then for any w, w’ € (X U X~1)* w7 = w'7 if and only if they have the same
Schiitzenberger automata relative to the presentation (X|7'). Hence one can solve the
word problem for a presentation of an inverse semigroup S if he is able to effectively
construct the associated Schiitzenberger automaton, or if he is able to provide a “good
enough” approximation of it. We remark that Schiitzenberger automata in case of free
inverse semigroups (i.e., semigroups with presentation (X |@)) reduce to Munn trees.
Hence the Schiitzenberger automaton of a word relative to (X|7') (or its Munn tree
in case of free inverse semigroups) can be seen as a “graphical normal form” of that
word in Inv(X; T). However, in general there is no effective way for “computing”
this normal form, and each case must be considered individually. Indeed, for some
families of inverse semigroups the confluence of the above procedure allows an
ordered sequence of expansions and determinations that brings to a more expressive
description of the shape of Schiitzenberger automata. In these cases, it is possible to
effectively construct approximate automata of the Schiitzenberger automata which
are good enough to solve the word problem. One of these cases consists in amalgams
of some classes of inverse semigroups which are introduced in the next section.

3 The Schiitzenberger Automata of Amalgams of Inverse
Semigroups

An amalgam of (inverse) semigroups is a tuple [S1, S2; U, w1, w2], where S1, S>, U
are disjoint (inverse) semigroups and w; : U — S;,i = 1, 2 are two embeddings.
The amalgam can be shortly denoted by [S7, S2; U]. Anamalgam [S1, S2; U, wi, wa]
of semigroups (groups) is said to be strongly embeddable in a semigroup (group)
S if there are injective homomorphisms ¢; : S; — S such that ¢1|y = ¢2|y and
S101 N Sa¢pr = Upy = U py. Itis well known that every amalgam of groups embeds
in a group while semigroup amalgams do not necessarily embed in any semigroup
[18]. On the other hand, every amalgam of inverse semigroups embeds in an inverse
semigroup, and hence in the corresponding amalgamated free product in the category
of inverse semigroups [12] (which is defined by the usual universal construction).
In this section, we present an ordered procedure for building the Schiitzenberger
graphs (automata) of the amalgamated free products for some amalgams of inverse
semigroups. This construction is provided in [8] and is mainly along the lines of the
one given in [2] for the amalgamated free products of a class of amalgams which
satisfies some quite technical conditions are recalled in the following definition.
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Definition 1 Anamalgam [S], S»>; U] in the category of inverse semigroups is lower
bounded if satisfies the following conditions

1. Fori € {1,2} and for all ¢ € E(S;) the set U;j(e) = {u € U | e <; u}, where
<; denotes the natural order of S;, is either empty or contains a least element
denoted f;(e).

2. Fori € {1,2},ife1U, eyU, ... is a descending chain of left cosets in S;, where
Ui (ex) # ¥ for all k > 0, then there exists a positive integer N such that for each

g€ E(U) withg < f(en), flen-9) =g.

To describe this construction, we recall some terminology from [2, 8].

If (o, I, B1) and (ap, I, B7) are inverse word automata, then («aq, I, B1) x
(ag, I, 32) is the inverse word automaton («, I3, 32) where I3 is the V-quotient
of the union of I} and I, that identifies 3| with ap. Let S; = Inv(X;; R;) = (X; U
Xf1)+/77,-,i =1, 2, where X1, X, are disjoint alphabets. Let [ S, S2; U, wi, w»] be
an amalgam, we view the natural image of u € U in S; under the embedding w; as a
word in the alphabet X;, then (X1 UX>|R{URyUW) with W = {(w1(u), wa(u))|u €
U} is a presentation of amalgamated free product S xy S>. We put X = X; U X»
and R = Ry U Ry and we call (X|R U W) the standard presentation of S xy S
with respect to the presentations of S1 and S, for short, the standard presentation of
Si*y Sy ~ (XUX 1T /7. BEachw e (X U X~1)* can be factorized in a unique way
as w = wi, W2, W 2W2,2 ... W[ W2, Wheren > 0, w1 € (X1 U Xl_l)*, Wy, €
(X2UX5 Y wi; e (XTUXTHT wa; € (XoUX5 )T foralli with2 <i < n—1.
We call the above factorization of w the chromatic factorization and n = ||w]| the
chromatic length of w.

Let I" be an inverse word graph over X = X U X, with X; N X, = J, an edge
of I" that is labeled from X; U Xl._l, for some i € {1, 2}, is said to be colored i. A
subgraph of I is called monochromatic if all its edges have the same color. A lobe of
I" is defined to be a maximal monochromatic connected subgraph of I". The coloring
of edges extends to a coloring of lobes. Two lobes are said to be adjacent if they
share common vertices, called intersection vertices. If v € V(I') is an intersection
vertex, then it is common to two unique lobes, which we denote by A1 (v) and A, (v),
colored 1 and 2, respectively. We define the lobe graph of I" to be the graph whose
vertices are the lobes of I" and whose edges correspond to the adjacency of lobes.

We remark that a nontrivial inverse word graph A colored i and closed relative
to (X;|R;) contains all the paths (v, v/, 1) with v/ € (X; U Xl._l)+ such that
v'n; = v, provided that (v1, v, 1) is a path of A. Hence, we say that there is a
path (v, s, 1) with s € S; in A whenever {(v1, v, 12)|vn; = s} # @. Similarly, we
say that (v1, u, 12) with u € U is a path of A to mean that (v1, w; (1), 1) is a path
of A. For all v € V(A) we denote by Ly (v, A), the set of all the elements u € U
such that (v, u, v) is a loop based at v in A.

We say that an inverse word graph I" is cactoid if its lobe graph is a finite tree
and adjacent lobes have precisely one common intersection.

Obviously, the linear automaton of a word w with chromatic factorization w =
Wi, W2, (W 2W22 ... W[ ,W2,, 1S a cactoid automaton with at most 2n lobes. We
have previously remarked that to get the Schiitzenberger automaton of w relative to
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the presentation (X|R U W) of S1 xy S» we have to apply a sequence of expansions
and determinations starting from /in(w) until a closed automaton is reached, and
we can perform such sequence of operations in any order. Therefore, starting from
lin(w), we apply all the expansions and determinations relative to the relations in R
using the following operations grouped in constructions.

Step 1: Let B = («, I', 3) be a cactoid inverse automaton over X. Let A be a lobe
of I', colored i, that is not closed relative to (X;|R;). Let \ be any vertex of A, let
cl(A) be adisjoint copy of the closure of A relative to (X; | R;), and let \* denote the
natural image of \ in ¢/(A). Construct the automaton (X, I, A) x (A*, cl(A), \*)
and let I'’ be its underlying graph. Let  be the least V -equivalence that makes I"’/
deterministic. The procedure outputs the automaton B’ = (a/, I’ /k, 3'), where
o/, 3’ denote the respective images of « and 3.

The automaton B3’ is also a cactoid inverse automaton with a number of lobes less or
equal to the number of lobes of B and if I3 approximates A(X, R U W; w) then so
does B’. Moreover B’ is finite if and only if cI(A) and B are finite. Using the previous
elementary step, we can perform the following Construction 1.

Construction 1: Let B = (o, I', 8) be a cactoid inverse automaton. Apply itera-
tively Step 1 till a cactoid inverse automaton B* is obtained such that all its lobes
are closed relative to (X;|R;).

If Step 1 terminates for each lobe, this construction terminates, because the number of
lobes does not increase at each application of Step 1. Then if the closure of each lobe
is a finite graph, B* is a finite cactoid automaton whose lobes are finite DV -quotients
of Schiitzenberger lobes relative to (X;|R;) for some i € {1, 2}. We refer to Lemma
4 of [8] for the proof. Of course since in that paper S; and S> were assumed finite,
the closures of the lobes were always finite automata and the construction always
terminates. In general, it is enough to ask that S; and S, have finite R-classes to
guarantee the same result. Moreover, we notice that if the above procedure is applied
to lin(w) then B* is the Schiitzenberger automaton of w in the free product Sy * S,
and its lobes are Schiitzenberger automata relative to (X;|R;) for some i € {1, 2}.
Roughly speaking the above procedure means that we are performing on the starting
catoid automaton B all the possible expansions and determinations relative to the
presentation (X|R).

Let v be an intersection vertex of an inverse automaton over X, with corresponding
lobes A1 (v) and A, (v). Let e;(v) denote the minimum idempotent of S; labeling
a loop based at v in A; (fori = 1,2) and let L;(v) = Ly (v, A;(v)). If L;(v) is
nonempty, it is a subsemigroup of U. Assume that it has a minimum idempotent
which we denote by f (e;). This hypothesis is trivially satisfied in amalgams of finite
inverse semigroups and it is also satisfied in the lower bounded case as a consequence
of condition 1 in the definition. Namely, we remark that if A; (v) is a Schiitzenberger
graph, then L; (v) = U;(e; (1)) (see Definition 1), and the hypothesis that U; (e; (v))
has a minimum simplifies next constructions since no V-quotient is needed.

We say that an inverse automaton 53 over X has the property L if for each intersec-
tion vertex v either L(v), L, (v) are both empty or f(ej(v)) = f(e2(v)). We say
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that 3 has the loop equality property if L1(v) = L, (v) for each intersection vertex v
of B. Obviously, each automaton with the loop equality property has the L property.
To obtain a cactoid automaton that satisfies the loop equality property, we have to
perform a sequence of suitable expansions using relations in W applied to loops
based at intersection vertices and relative determinations. This series of operations
is grouped into the following Step 2(a):

Step 2(a): Let B = («, I', B) be a cactoid inverse automaton over X whose lobes
are closed DV -quotients of Schiitzenberger automata relative to (X;| R;) for some
i € {1,2} and suppose that it has not the L property, i.e., for some intersection
vertex v and some i € {1,2} L;(v) # 0 and w3_;(f(e;(v))) ¢ L3_;(v). Let
f = wi—i(f(e;(v))) and form the product C = (v, I', v) x A(X3_;, R3_;; f).
The union of the images of Az_; (v) and A(X3_;, R3—_;; f)is alobe of C thatis a
V-quotient of a Schiitzenberger automaton relative to R3_; by Lemma 3 of [8]. By
applying Construction 1 we obtain a cactoid automaton ¢’ = (v/, I'’, V') which is
closed relative to (X|R) and whose lobes are closed DV -quotients of Schiitzen-
berger automata relative to (X;|R;) for some i € {1,2}. Let B’ = (o/, I, 3)
(where o and (3’ are the images of o and (3, respectively) be the automaton
obtained from B by the application of Step 2(a) to B at the vertex v.

Step 2(a) is used to perform the following

Construction 2(a): Let B = («, I', 3) be a cactoid inverse automaton. Iteratively
apply Step 2(a) at any intersection vertex till a cactoid inverse automaton 3* which
has the property L is obtained.

If this procedure terminates in finitely many steps and B is finite, then B* is a finite
deterministic cactoid inverse automaton 5* whose lobes are closed DV -quotients of
Schiitzenberger automata relative to either (X;|R;) forsomei € {1, 2} which satisfies
the L property. Moreover if B approximates .A(X, RUW; w), then B* does the same.
We refer the reader to Lemma 2.8 of [2] for the proof that under condition 2 of the
lower bounded definition, construction 2(a) always terminates in finitely many steps.
Obviously, it terminates also under the hypothesis that S and S; are finite. Indeed,
there are only finitely many possible graphs that can arise as closed DV -quotients
of Schiitzenberger automata relative to (X;|R;) for somei € {1, 2}. Any application
of Step 2(a) at a vertex v replaces a closed DV -quotient of a Schiitzenberger graph
by another closed DV -quotient of a Schiitzenberger graph, and the new graph has
either more edges or more loops (i.e., has higher rank fundamental group) than the
original graph. The finiteness of each S; puts an upper bound on the number of edges
and the rank of the fundamental group of these graphs.

Let B be any cactoid inverse automaton over X whose lobes are closed DV -
quotients of Schiitzenberger automata relative to (X;|R;) for some i € {1, 2}, and let
v be any intersection vertex of two lobes A (v) and A, (v) of B such that f(e1(v)) =
f(ea(v)). Hence, if (v, w;(u), v;) for some u € U is a path in A;(v) then there is
also the path (v, w3—;(u), v3—;) in A3_;(v) (see Lemma 5 in [8]). The two vertices
v; and v3_; are called related pair. It may happen that one of these paths is a loop
and the other not (i.e., B does not satisfy the loop equality property). We remark that
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this situation does not happen if condition 1 of Definition 1 holds, and in general
when all the lobes of B* are Schiitzenberger graphs. In order to reach the loop
equality property, we perform a series of operations that are described in the following
Step 2(b).

Step 2(b): Let B = («, I', 8) be a cactoid inverse automaton over X whose lobes
are closed DV -quotients of Schiitzenberger automata relative to (X; | R;) for some
i € {1, 2}, and suppose that 13 has the property L but does not satisfy the loop
equality property. Then there exists some intersection vertex v of B and a non-
idempotentelementu € U suchthatw;(u) € L;(v) andw3_;(u) ¢ L3—;(v). Then
in Az_;(v) thereis a (v, ws_; (1), V') path for some v/’ # v. Form the V-quotient
I’ of I" obtained by identifying v and v’ in A3_;(v). Then apply Construction 1
and Construction 2(a) to the resulting automaton.

To get the loop equality property, we need to iteratively apply Step 2(b), this is
described in the following

Construction 2(b): Let B = («, I', ) be a cactoid inverse automaton over X
whose lobes are closed DV -quotients of Schiitzenberger automata relative to
(X;|R;) for some i € {1,2} which satisfies property L. Apply iteratively Step
2(b) to each intersection vertex v with L;(v) # L3_;(v) till the loop equality
property holds.

Step 2(b) can be seen as an elementary expansion applied to automaton B by sewing a
loop labeled by w3_; (1) based at the vertex v because of the relation (w1 (1), w2 (1)) €
W followed by the associate finite sequence of determinations and Construction 2(a).
If S; and S, have finite R-classes and U is finite then construction 2(b) terminates
after finitely many steps to a finite cactoid inverse automaton B* whose lobes are
closed DV -quotients of Schiitzenberger automata relative to (X;|R;) fori € {1, 2}
with the loop equality property. Moreover, 3* approximates A(X, R U W; w) if
B does. Once more, we remark that Construction 2(b) is not needed for amalgams
satisfying condition 1 of Definition 1 since the loop equality property is fulfilled after
Construction 2(a).

Let B be a cactoid inverse automaton over X whose lobes are closed DV -quotients
of Schiitzenberger automatarelative to (X; | R;) forsomei € {1, 2} and which satisfies
the loop equality property. We say that 3 has the related pair separation property if
for any lobe A of B colored i and for any two distinct intersection vertices v and v/
of A there is no word u € U such that w; (1) labels a v — v/ path in A.

Step3: Let B = («, I', B) be a cactoid automaton whose lobes are closed DV -
quotients of Schiitzenberger automata relative to (X;|R;) for some i € {1, 2} and
which satisfies the loop equality property but does not satisfy the related pair
separation property. Let vy and v be two different intersection vertices of a lobe
A;, colored i, such that (vg, w;(u), 1) is a path of A;. Since B has the loop
equality property, there is also a path (vg, wz—; (1), 1/(’)) in Az_;(vp). Consider
the graph I" obtained by disconnecting I" at vy and replacing vy with 19(0)
and (1) in A3_;(p) and A;, respectively. Denote by Tp the component of
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I that contains 19(0) and by 77 the component that contains vy(1). Now put
C = (vy. To, vy) x (v1, T1,v1). Clearly all the lobes of C except at most the
lobe colored 3 — i with intersection vertex 1, = v are closed DV -quotients of
Schiitzenberger automata relative to (X | R). Build the automaton B’ = (/, I'’, 3')
whose underlying graph is the same of the underlying graph of C, and «’, 3’ are
the natural images of «, 3. Thus, if we apply Constructions 1, 2(a) and 2(b) to B’
we get a new cactoid automaton satisfying the loop equality property.

Roughly speaking, Step 3 is a sequence of “guessed” expansions and determinations.
Namely, since in A; there is a path (v, w; (#), V1), then because there is the relation
(w1(m), wa(u)) € W we could draw a path (v, w3z—;(u), v1). Hence, by iterated
determinations of this path with (v, w3—; (1), V(’)) in As3_; (1) the twolobes A3z_; (1)
and A3_;(v1) glue in a unique lobe colored 3 — i which has two intersection vertices
with A;. The obtained automaton B’ is clearly not a cactoid, and this would prevent
the application of Constructions 1, 2(a) and 2(b). Therefore, to be consistent with
the cactoid shape, we bypass this problem introducing the cut and paste operation
described in Step 3 which has the advantage of generating an approximate automaton.

Construction 3: Let B = (o, I', 3) be a cactoid inverse automaton over X whose
lobes are closed DV -quotients of Schiitzenberger automata relative to (X;|R;) for
some i € {1, 2} which satisfies the loop equality property. Apply iteratively Step
3 till the related pair separation property is reached for each pair of intersection
vertices.

Since each lobe has finitely many intersection vertices and Step 3 does not increase the
number of lobes, repeated applications of this step will terminate in a finite number of
steps in an automaton 3* that has the related pair separation property. Moreover, if B
approximates A(X, R U W; w) then also the automaton 3* approximates A(X, RU
W; w) by Lemma 8 of [8].

The next step is applied to automata which are not in general cactoid, in particular
we are dealing with automata having more then one intersection vertex between two
adjacent lobes.

Step4: Let B = («a, I', B) be an inverse word automaton whose lobes are closed
DV -quotients of some Schiitzenberger relative to (X; | R;) for somei € {1, 2}, and
which has the loop equality property and the related pair separation property. Then,
for each intersection vertex v and for every vertex v1 € V (A;(v)) for which there
isav — v pathin A; (v) labeled by w; (1), for some u € U, there exists a unique
vertex 15 € V(A3_;(v)) such that w3_;(u) labels an v — 1, path in Az_;(v).
We call the pair vy, 1, related pair with respect to A;(v), A3_; (). Moreover,
the related pair separation property guarantees that v and 1, are not intersection
vertices. Build the automaton B’ = («/, I'’, ') where I'’ is the quotient graph of
I" with respect to the equivalence relation generated by identifying vy with v5.

Step 4 can be seen as an expansion followed by the relative sequence of deter-
minations. Namely, if we have in A;(v) a path (v, w;(u), v;) for some u € U,
then the expansion relative to the relation (wi(u), wy(u)) € W produces a path
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(v, w3—i(u), v;). Consequently, by the determination with the path (v, w3_; (u), v3—;)
in Az_;(v), the two vertices v; and v3_; are identified. We say that two adjacent lobes
are assimilated if each related pair of vertices with respect to these two adjacent lobes
are identified. The following construction is defined in order to have all the pairs of
adjacent lobes assimilated.

Construction 4: Let B = (a, I', 3) be a cactoid inverse automaton over X whose
lobes are closed DV-quotients of Schiitzenberger automata relative to (X;|R;)
for some i € {1, 2} which satisfies the loop equality property and the related pair
separation property. Apply iteratively Step 4 with respect to all the related pairs of
vertices for each intersection vertex till all pairs of adjacent lobes are assimilated.

If B is finite Construction 4 terminates in finitely many steps in a finite deterministic
inverse word automaton 3* which approximates A(X, R U W; w) if 3 does. In this
case we say that B* has the assimilation property. It is quite easy to verify that
in the new intersection vertices between adjacent lobes the loop equality property
is preserved (see Lemma 9 of [8]). Moreover, since the assimilation property does
not affect the lobes and their adjacency, it turns out that 5* is a finite inverse word
automaton whose lobes are closed DV -quotients of Schiitzenberger automata relative
to (X;|R;),i € {1, 2}, such that its lobe graph is a tree. Obviously 5* has the adjacent
lobe assimilation property and each pair of intersection vertices between two adjacent
lobes are connected by related pair of paths (i.e., paths labeled by u for some u € U).
Such automaton (graph) is called in [8] an opuntoid automaton (graph).

At the end of Construction 4 the obtained automaton is called the core automaton
of w and itis denoted by Core(w). Note that this is not the Schiitzenberger automaton
of w, and in general it is not the case that Core(w) = Core(w’) if wr = w'r.
However, the Schiitzenberger automaton A(X, RUW; w) is obtained from Core(w)
by successive applications of another construction called Construction 5 described
below. We remark that opuntoid automata (graphs) were defined also in [2] with
the main difference that the lobes were Schiitzenberger graphs relative to (X;|R;),
i € {1, 2}. Indeed, conditions 1 of Definition 1 prevents the performing of DV -
quotients.

Construction 5 is applied in presence of special vertices. Let I" be an opuntoid
graph, a vertex v of I" which is not an intersection vertex belonging to the (unique)
lobe A;, i € {1, 2}, is called a bud of I" if L;(v) # . The graph I" is complete if it
has no buds: an opuntoid automaton is complete if its underlying graph is complete.
Of course the occurrence in A; of a path labeled in U requires the application of
other expansions (and relative determinations). This can be done as follows.

Step 5:  This step consists of the following two substeps:

e Let B = (o, I', 3) be an opuntoid automaton and let v € V (4;) be a bud belong-
ing to a lobe A; colored i € {1,2}. Put f = f(e;j(v)) and let (x, A,x) =
A(X3-i, R3—;; f). Consider the smallest equivalence relation p C V(A) x V(A)
which identifies all the vertices of A connected to x by some word of L;(v) and
such that A/p is deterministic. Let A" = A/p.
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e Consider the automaton C = (v, I', v) x (xp, A, xp). For all u € U such that
(v, u, y)and (v, u, y') are paths of A and A’, respectively, consider the equivalence
relation x on V(C) that identifies y and y’. Build the automaton B’ = (o/, I'’, 3)
whose underlying graph is the same of the underlying graph of C/k, and o/, 3’ are
the natural images of «, 3.

The graph B’ produced by the application of Step 5 has one more lobe then 5.
Furthermore, B embeds into B’, and it is an opuntoid automaton that approximates
A(X, R U W; w) if B does. This is obvious in the lower bounded case. Indeed, in
the lower bounded case, Step 5 becomes simpler: in this case we have that A; is a
Schiitzenberger graph, and the elements in L;(e; (1)) for each bud v are greater or
equal to f(e; (v)) with respect to the natural order defined in U, whence the relation
p is reduced to the identity. Instead for the finite case to prove that these properties
hold requires a quite technical argument contained in Lemma 10 in [8]. Note that
this lemma only uses the periodicity of U.

Construction 5:  Let B be an opuntoid automaton with at least a bud. Iteratively
apply Step 5 till a complete automaton is obtained.

In general, Construction 5 does not terminate and one obtains a directed sys-
tem of opuntoid automata Ay = Core(w), A1, ... Ay ... whose direct limit is
A(X, RU W; w). Therefore, if Constrictions 1-4 terminates in finitely many steps,
and an application of Step 5 to some bud of A; produces an automaton where A;
embeds, then by the above discussion we derive that the Schiitzenberger graph of an
amalgamated free product of inverse semigroups is a complete opuntoid automaton.

4 Some Classes of Amalgams with Decidable Word Problem

When an application of Step 5 to some bud of A; produces an opuntoid automaton
where A; embeds, since Step 5 depends locally on the lobe containing the bud at
which the step is applied, the information for building the entire Schiitzenberger
automaton is already contained in Core(w). In such case, we can solve the word
problem for each class of amalgams of inverse semigroups where the above condition
on Construction 5 holds, and where Core(w) can be effectively built for each word w.
Namely, with the notation used in the previous sections, if w, w’ € (XU X _1)+, we
can consider the following recursive procedure: let Cy = Core(w) and let «v, 3 be the
initial and final states, respectively; consider the opuntoid automaton C;1 obtained
applying Step 5 to all the buds of C;. Let C; be the smallest opuntoid automaton
in the above sequence such for any bud v and any shortest path («, u, v), |[w’|| <
lull. We put (a, Ext)y|(Core(w)), 3) = C;, and analogously build the opuntoid
automaton (o, Ext|p,| (Core(w’)), /). Hence, the two words w, w’ represent the
same element of Sy *y S> if and only if w" € L[(a, Ext)y)(Core(w)), 3)] and
w € L[(¢/, Extjy(Core(w")), 3")]. If we go through the steps of the previous
Sect. 3, one gets the following
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Theorem 1 (see also Theorem 1, [7]) Let [S1, S2; U, wi, wa] be an amalgam of
inverse semigroups. Then Construction of Core(w) is effective if the following con-
ditions are satisfied.

1. Each R-class of S; (equivalently each Schiitzenberger graph relative to the pre-
sentations (X;|R;)) is finite.

2. The membership problem for U in each S; is decidable.

3. For any finite cactoid automaton associated with the given amalgam and for any
vertices v, V' of a lobe colored i and for eachi = 1,2, there is an algorithm to
decide whether the label of some v — V' path is in U. Note that this algorithm is
equivalent to check the emptiness of L;i(e; (V)).

4. For any finite cactoid automaton associated with the given amalgam and for any
vertex v of a lobe colored i, (and each i = 1,2) with L;(e;(v)) # @ the least
element f(e;(v)) of Li(e;(v)) exists and there is an algorithm to compute it.

5. Construction 2(a) of the above procedure must terminate after finitely many
applications at all the intersection vertices, and there is an effective bound on
the number of applications of the Step 2(a) that need to be applied in order for
Construction 2(a) to terminate. More precisely, for any cactoid automaton with
n lobes associated with the given amalgam, there is an effectively computable
bound x(n) such that the sequence of cactoid automata obtained by applying
Step 2(a) successively at some intersection vertex of the previously constructed
automaton in the sequence will terminate after at most x(n) steps in a cactoid
automaton which has the L property. The bound x(n) and the final automaton
constructed depend on n and on the structure of the lobes in the original cactoid
automaton.

6. Construction 2(b) and Construction (4) of the above procedure must terminate
after finitely many applications at all intersection vertices of Steps 2(b) and
4. More precisely, for any cactoid automaton with n lobes associated with the
given amalgam, there is an effectively computable bound n(n) such that the
sequence of cactoid automata obtained by applying Step 2(b) successively at
some intersection vertex of the previously constructed automaton in the sequence
will terminate after at most 1)(n) steps in a cactoid automaton which has the loop
equality property. Similarly for any cactoid automaton with n lobes associated
with the given amalgam, there is an effectively computable bound r(n) such that
the sequence of cactoid automata obtained by applying Step 4 successively at
some intersection vertex of the previously constructed automaton in the sequence
will terminate after at most k(n) steps in a cactoid automaton which has the
assimilation property.

By the discussion at the end of previous section, we can deduce the following
decidability results.

Theorem 2 (Theorem 3.4 [7]) The word problem is decidable for any inverse semi-
group amalgam of the form S = FIS(A) xy FIS(B) where U is a finitely generated
inverse subsemigroup of FIS(A) and FIS(B).
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Theorem 3 (Theorem 2 [8]) Let S = S1 xy S2 be an amalgamated free product of
finite inverse semigroups S1 and Sy amalgamating a common inverse subsemigroup
U, where S; = Inv(X;; R;) are given finite presentations of S; fori = 1, 2. Then the
word problem for S is decidable.

We underline that the previous result is quite in contrast with the general case
of amalgams of finite semigroups where the word problem has been proven to be
undecidable by Sapir [29].

5 Undecidability of the Word Problem

In the opposite trend with respect to the results shown in the previous section, here
we survey a recent result of undecidability of the word problem for amalgams of
inverse semigroups with nice algorithmic conditions on the initial semigroups. In
particular, we sketch the proof of the following theorem.

Theorem 4 ([28]) There exists an amalgam [Sy, S2; U, w1, wa] of inverse semi-
groups such that:

1. 81 and S> have finite R-classes (and therefore solvable word problem);
2. U is a free inverse semigroup with zero of finite rank;

3. the membership problem of w;(U) is decidable in S; fori = 1,2;

4. wi, wy and their inverses are computable functions,

but for which the following problems are undecidable:

(i) the word problem;
(ii) checking whether or not a given D-class of S| *y S2 is finite;

The proof uses Minsky machines, also called 2-counter machines. In the next subsec-
tions, we recall some basic definitions of 2-counter machines, and we finally give an
idea of the encoding which allow to reduce the word problem to the halting problem
for such machines. Although [28] takes inspiration in the usage of Minsky machines
from [20, 29], there are several technical differences, starting from the necessity of
considering particular subclasses of 2-counter machines more suitable to deal with
inverse semigroups.

5.1 The Amalgam Associated to a 2-counter Machine

A 2-counter machine (for short, CM(2)) is a system M = (Q, d, ¢, f) with 2 tapes,
Q is the nonempty finite set of internal states, ¢ € Q is the initial state, and f € Q
is the final (halting) state. The alphabet used by the tape is A = {_L, a}, where L is
a blank symbol, and
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SCOXx{l,....2} x AxQ)U(Q x{l,...,2} x D x Q)

where D = {—, 0, +} and the symbols —, 0, + denote, respectively, a shift on the
left, no-shift, and right-shift of a head of the machine. Tapes are one-way (rightward)
infinite delimited on the leftmost squares by the blank symbol L, and all the other
squares contain the symbol a. The term counter comes from the fact that the head
pointing to a square takes track of an integer, namely the number of a’s from the black
symbol to the pointed square. Each element of ¢ is thus a quadruple of one of the
two forms: (¢, i,s,q"), (q.i,d,q") where q,q' € Q,i € {1,2},s € Aandd € D.
The interpretation of a quadruple of the form (g, i, s, ¢’) is that if the machine M is
in the state ¢ and the ith-head (one for each of the two tapes) is reading the symbol s
then the machine changes its state into ¢’. This instruction is used to test whether the
content of a counter is zero (the head is reading the symbol L) or the head is reading
a square with symbol a. This kind of instructions is called fest instructions. On the
other hand, an instruction (g, i, d, ¢’) has the following interpretation: if M is in the
state ¢ then the ith-head of M shifts one cell to the right (d = +), left (d = —), orit
keeps the same position (d = 0), and finally the state is changed to ¢’. As usual, the
evolution of M can be followed through instantaneous descriptions of the machine.
Aninstantaneous description (for short, ID) of a CM(2) M = (Q, 6, ¢, f)isa3-tuple
(g, ni,n) € QxN2. It represents that M is in state ¢ and the i th-head is in position
n; fori = 1, 2, where we assume the position of the head reading the symbol L to
be 0. The relation -, on the set of configurations associates to a configuration the
one that is obtained by applying the transition map é. More precisely, if (g, n1, n2)
is an configuration
(q.n1,n2) Faq (g, n, nh)

if one of the following conditions is satisfied for some i € {1, 2}:

i (q,i,J-,q’) € ¢ and n; :n; =0.
L4 (q,i,a,q/) € § and n; :n; > 0.
e (q,i,—.q)edandn; —1=n].
e (7,i,0,q') € 6 and n; = n!.

e (q.i,+.q)€dandn; +1=n.

As usual, the reflexive and transitive closure of 4 and its application n times
are denoted by 7 ; and '}, respectively. The pair (11, n2) is accepted by M if
(¢, 1, n2) F ¢ (f, n', n}) for some pair (n, n}).

Contrary to [20, 29], where 2-counter machines are used in their full generality,
to prove Theorem 4 it is needed to deal with a subclass of CM(2) called reversible
2-counter machines. The reason, which will be more clear later, is due to the fact
that inverse semigroups are by their nature reversible being represented by partial
one-to-one functions. Roughly speaking, a reversible 2-counter machine is a CM(2)
such that if there is a computation

(q1,n1,m2) Faq (g2, n2,m2) Faq o g (i, i, my)
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Fig. 1 The deterministic
case (on the left) and the
reversible case (on the right)

then this sequence is unique, hence the initial configuration (g1, n1, m2) can be
retrieved by (g, nr, my). In (theoretical) computer science this notion is central
because such machines have no thermodynamical cost (see for instance the seminal
paper of Bennet [1]). The following is a more precise definition of reversible deter-
ministic 2-counter machines. Let M = (Q, d, ¢, f) bea CM(2), M = (Q, 6, ¢, f)
can be depicted as a labeled graph & (M) with set of vertices Q and labeled edges
0 where (g1, 1, h, g2) € J is represented as an arrow from ¢; to g labeled by i, 1
withi € {1,2} and h € {a, L, +, 0, —}. Thus, M is deterministic when the only
case where a vertex g of ¢ (M) may have two outgoing edges is when we have
a test instruction (Fig. 1), i.e., (¢,i,a,q1), (¢g,i, L, g2) are two edges of ¢ (M)
with i € {1, 2}. Dually, M is reversible when for each vertex ¢ of ¥ (M) with
in-degree strictly greater than one there are only two ingoing edges of the form
(q1,i,a,q),(q2,i, L, q) for some i € {1, 2} (Fig.1). It is clear from the definitions
that every ID of a deterministic (reversible, respectively) CM(2) has at most one
ID that immediately follows (precedes) it in some computation. Restricting to these
machines does not affect the computational power which remains equivalent to the
one of the Turing machines as the following theorem shows.

Theorem 5 ([22]) For any deterministic Turing machine T there is a deterministic
reversible CM(2) M that simulates T .

The strategy to prove Theorem 4 is to encode a general computation M (¢, n, ny)
I—’j\/l (g, n', n}) in an approximate automaton B’,j |.n, Of the Schiitzenberger automa-
ton of some word wy, ,, representing the initial configuration (¢, ny, ny) of the
machine, and to simulate a one step computation (g, nj, n%) Faq (q', n{,n%) by
a suitable expansion. Eventually, in the case the machine reaches the halting state f,
asuitable relation forces f to be a zero, thus collapsing the Schiitzenberger automaton
of wy, », to the Schiitzenberger automaton of the zero, whence reducing the reacha-
bility of the state f to checking whether wy, ,, = 0. The main technical problem is
the control of the expansions. Expansions must be in one-to-one correspondence with
each step of the computation, and each of them must have a “local influence”. This is
done to avoid unexpected quotients, and so loose the information encoded in B% Lzt
Therefore, in order to fulfill these requirements it becomes clear how determinism
and the reversibility of the machine plays a fundamental role. The determinism of

M is required to have uniqueness in the application of each expansion. Indeed, in
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the nondeterministic case, although the machine can choose nondeterministically for
just one transition, all the expansions for all the relations associated to each possible
choice have to be performed, and in this case the control of the quotients would be
more difficult or even impossible. On the other side, the reversibility is used to avoid
“feedback expansions”: if one transition can be reached in two (or more) different
ways, we should have at least two relations | = u2, v1 = vy with up = vy. Now
suppose that the expansion corresponding to a one step of the computation is relative
to the relation u; = uy. This creates a new path labeled by u;. Since uy = va, this
triggers a new expansion relative to the relation vy = v, which is “backward” with
respect to the timeline of the computation. Another condition has to be imposed on
the machine. The two-counter machine M = (Q, 6, ¢, f) is called alternating if, for
all pairs of different instructions (q, i, k, '), (¢’, j, W', q"") € §,itis j =3 —i. The
reason why we restrict to the class of alternating machines is purely technical and it
is fundamental in simplifying the proof of the finiteness of the R-classes. Although
we have restricted to alternating machine this class keeps the same computational
power of the Turing machines. Indeed, by adding dummy states it is easy to prove
the following proposition.

Proposition 1 Let M = (Q, 6, ¢, f) be a deterministic reversible CM(2). Then,
there is a deterministic reversible and alternating CM(2) M’ that simulates M.

A simplification on the general description of the machine can be done: an instruc-
tion (p, 1,0, g) can always be replaced by the couple of instructions (p, i, a, q),
(p,i, L, g) and by doing so the CM(2) remains deterministic, reversible, and alter-
nating. Therefore, a CM(2) which is deterministic, reversible, alternating, and has no
instruction of the form (p, i, 0, g) is said to be normalized. Taking in particular the
universal Turing machine in Theorem 5 and being undecidable whether or not the
universal Turing machine can accept a given input, by Proposition 1, the following
corollary is obtained.

Corollary 1 There exists a normalized CM(2) M™* such that it is undecidable
whether or not a given (m, n) € N? is accepted by M*.

‘We now sketch how to associate to M* an amalgam for which the word problem is
equivalent to the halting problem for M*. The rough idea is depicted in Fig.2: the
two tapes of the machine M are encoded by two inverse semigroups Si, S», and the
control of M is handled through a common inverse subsemigroup U.

We start by associating to M two inverse semigroups Si, S, representing the two
tapes, called, respectively, the left tape inverse semigroup and the right tape inverse
semigroup of a normalized 2-counter machine M = (Q, 6, ¢, f). The left and right
tape inverse semigroups associated to M are the inverse semigroups S; (i = 1, 2)
presented by (X; | 7;), where:

Xi={Lli,a;,t}U{qi : q € 0},

erficurfiturfiwuzeuzf
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[51752; U]

M ’J_2|::2|G2Ia2|0/2|02|a2Iag|a,2|a;2|a,2‘
Y

Y 3 Y

Fig. 2 The rough idea of the encoding

and:

e T.¢ are the commuting relations, used to keep track of the instantaneous description
of the machine;

e 7 are the test relations (corresponding to the test instructions);

e 7. are the writing relations (corresponding to instructions that move the head of
the ith tape to the right);

e 7 are the erasing relations (corresponding to instructions that move the head of
the ith tape to the left);

° 7;f are meant to force the final state f of M to be a zero and to enforce some
finiteness properties on the semigroup S;.

We do not enter into the details of all the relations involved, instead we will later
show the usage of some of them in the simulation of M via the construction of the
Schiitzenberger automaton. We associate to M another inverse semigroup U which
represents its control unit. The core inverse semigroup U of M is the free inverse
semigroup with zero presented by (Xy|7y), where Xy = Q U {t} and the set of
relations 7y which are used to force the final state f to be the zero of the amalgamated
free product. The following proposition describes the embeddings w;, i = 1, 2.

Proposition 2 Let M be a normalized 2-counter machine and let Sy, Sy, U be,
respectively, the left-right tape inverse semigroups and the core inverse semigroup
of M. The map w; defined by

wi(t) =t;, wi(q) =qi (g € Q)
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can be extended to a monomorphism w; : U — S; for i = 1,2. Moreover, the
membership problem for w;(U) is decidable in S;, and both w; and its inverse are
computable.

In view of Proposition 2, an amalgam can be associated to a normalized 2-counter
machine:

Definition 2 Let M = (Q, 6, ¢, f) be a normalized 2-counter machine. The amal-
gam of inverse semigroups associated to M is the 5-tuple [S1, S2; U, wi, wa] where
S1, Sy are the left-right tape inverse semigroups of M, U is the core inverse semi-
group of M and w; : U — §; are the embeddings of Proposition 2. In this way, the
amalgamated free product of the amalgam [S, Sz; U, wi, w>] associated to M can
be presented by

(X1UX2 | T U UTs)

where
T3 ={(q1,92) : q € QYU {(t1, 1)}

The left-right tape inverse semigroups S; have the following important property:

Proposition 3 Let M be a normalized 2-counter machine and let Sy, S» be, respec-
tively, the left-right tape inverse semigroups of M. Then the Green R-classes of S;
are finite fori =1, 2.

5.2 Simulating a 2-counter Machines via Stephen’s Iterated
Procedure

As we have anticipated in the previous section, we simulate the dynamics of the
machine encoding the history of the computation in an approximate automaton and
each expansion corresponds to one and only one step of the computation of the
machine. Suppose that we have the following computation:

(V]

(tym,n) = (¢, mo, no) Fag - Fan (@, m, ). )

Since M is deterministic, there is at most one such sequence of length k + 1 starting
with (¢, m, n). Write m) = max{my, ..., my}, n; = max{no, ..., ni}. We associate
to the computation (2), a finite inverse X-automaton B,(,f,)n (see Fig.3) as follows
(describing only the edges with positive label):

e The vertices are of the form ¢; j and d; ¢ fori =0, ..., kand j =0, ..., mg{ +1
and £ =0,...,n, + 1.
e o o is the initial vertex and dy g is the final vertex.
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and there exist the following edges:

o ci_ 1jﬁ>cl,forauz_1 kand j=0,...,m) +1.
. dl',l‘g—>d,"g forall i = 1,...,kand£=0,...,n;{+1.
° ci’oiwi,l foralli =0,..., k.

o cij—Leijyrforalli=0,...,kand j =1,...,m}.

o di1—Bdigforalli =0,....k

d,J+1—(>)d,(jf0rallt_0 kandj=1,...,n.
oc,m+1—>dln+1 foralli =0,...,k.

In the sequel, a brief justification of how this automaton encodes the computa-
tion (2), and how the dynamics of the machine is simulated by Stephen’s iterative
construction is given. First, note that each ith configuration is encoded in the ith
level of the automaton, i.e., the (induced) subgraph with vertices ¢; ;, d; ¢, with
j=0,....,m+1and £ =0,...,n; + 1. For instance, the first level encodes the
initial configuration (¢?, m, n), with ¢© = ¢, by reading from left to right the path:

Ly g Oan 1,
€0,0—————>do,0

while the second level encodes the configuration (¢, m + 1, n) by reading the path:
1y oM (l)an n
crLo——""2Zdy g

Note that each level is separated by the next one with edges labeled by t1, #, that
can be interpreted as the unit of time. Furthermore, note that by the definition of
the core semigroup ql(’ q(l) = ¢®, and r; = 1 = t. Each new configuration
corresponding to the transition

k41
D it i)

@™, me.n) Fa (g
is obtained by adding a new (k + 1)th level separated by the previous one by edges
labeled by t’s. Let us make a practical example and consider the following compu-
tation of an hypothetical normalized CM(2) (Fig.4):

(t,2,3) Faq (@1,3,2) Faqg (2, 3,2)

where the first transition is due to the instruction (¢, 1, +, q(l)), and the second one
is a test instruction (q(l), 2,a, q(z)). Let us start from the linear automaton of the
initial configuration represented by the word wy 3 =1 alleag 15, and let us start
to build the Schiitzenberger automaton of this word, note that c; = ¢, = ¢ by the
relations of Definition 2 (see phase 1 of Fig.4). Inside the set 7, that takes care of
all the relations relative to the instructions relative to the first tape, associated to the
instruction (¢, 1, +, q(l)) we have the following relations:
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Phase 1
Co,0 14 a a1 L1,L2 ag a2 a2 J_Q dO 0
Phase 2 R
MI 21 R R
co0 14 ay ay 11, L2 as as as 1o doo
Phase 3
1 a q(l) q(l)
c1,0 1 a a 1 1 92 a9 a as 15
ty,to ti,ty ty,t 1.t ty,ty ti,to ti.t2 ty.ty ti.t2 ty,ta
. T Lyl T — o i T
0,0 a a a 2 2 2
1 1 1 1 2 dyy
(2) (2
Q1 aq2
Phase 4
wel @y @) |ae
10 J_l ay aq ay 4 592 as a9 ao J_Q
t1, o t1,t2 t1,t2 ty,t2 ty,ta t1,t2 t,ta t1,t2 th,te ty,t2
Ci — =] Lyl T = 1
0,0 a a a a2 a2 az
1 1 1 1 2 dyy
Phase 5 © @
20 14 a a1 ay q1 43 a9 as as 1y
t1.to ty,to ty,to th.to t1.to <1) (1) ti,ta t1,t2 ti.ts trta tita
€10 ll ay aq ay USEELD) as as as J_Q
t1, 1o t1,ta t1,to t1,ta ty,ta t1,ta ty,ta ty,ta t1, b t,t
e e [‘17 Ly T e
co0 14 ay ay ay as as az 1o doo

Fig. 4 An example of simulation of the CM(2) using Stephen’s iterative procedure

SL= stlaqul)ll_l, s € {ar, L1}

Thus, we can perform an expansion, which followed by a determination, produces
the approximate automaton depicted in Phase 2 of Fig.4. Now we need to copy the
contents of the counters from the first level to the new one. This is achieved via
the relations 7,°, 7. Indeed, 7° consists of all the relations of the form #;x = x;,
for x € {a;,a; 1, 1, J_l._l}, for i = 1, 2, which applied produces the approximate
automaton in Phase 3 of Fig.4. The second instruction (q(l), 2,a, q(z)) is related
to the second counter and the corresponding relations are contained in the set 7.

which are:

qVay = g1

az
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In this case, the test is positive, otherwise if the second counter was empty we would
have applied an instruction (g1, 2, 1, p) with the corresponding relation g1 1,=
hpty . Performing the expansion and a determination on the second level relative
to the relation ¢Vay = tzq(z)tz_ lar produces the approximate automaton depicted
in Phase 4 of Fig. 4. Like before, also in this case we need to transfer the content on
the counters in the new created level. This is done by performing the expansions and
the corresponding determinations of the commutating relations of 7,°, 7;" (Phase 5
of Fig.4). In general, it is possible to prove the following lemma.

Lemma 1 Let M be a normalized CM(2), let m,n, k € N, and put wy , =11
al'tayj L. Then B,(,f,),, is a finite approximate automaton of A(X, T; Wy n).

Let C denote the finite complete inverse automaton with a single vertex and all the
loops labeled by all the elements in X1 U X», (the bouquet automaton). The relations
contained in Tlf ', ’ij ', Ty force the final state f = f| = f; to be a zero of S| *y S7.
Therefore, in case the machine reaches the halting state f at the kth step, the fact
that f is zero forces B,(,]f ,)n to collapse to the bouquet automata C. It follows from the
definition that B,(,]f,;l) embeds in B,gf’)n for every k > 1, hence we can define B,

as the colimit of the sequence (l’:v’,(,ic ,)n) k> Where all the B,(Tf,)n embed. By the previous
remark on the bouquet automaton, this colimit may be finite or infinite, depending
on whether or not the computation in M halts when we start with the configuration
(¢, m, n). Using the fact that CM(2) is normalized, especially the determinism and
the reversibility that forbid that more than one expansion is performed for each edge
labeled by some state of Q, and by Lemma 1, it is possible to prove the following
proposition.

Proposition 4 Let M be a normalized CM(2) and let m,n € N. Then

. _]C if (m,n) is accepted by M
AX. T3 wmn) = By.n otherwise

Since C is the Schiitzenberger automaton of the zero of S, we immediately obtain:

Theorem 6 Let M be a normalized CM(2) and let m,n € N. Then wy, , = 0 in
the inverse semigroup defined by the associated amalgam [S1, Sa; U, w1, wa] if and
only if (m, n) is accepted by M.

Hence, if the word problem would be decidable in these circumstances, then, in
view of Propositions 2 and 3 and Theorem 6, we could decide whether or not a
normalized CM(2) accepts a given (m, n) € N2. And the latter is undecidable, even
when we consider the single CM(2) M* of Corollary 1. Furthermore, if there would
be an algorithm to decide whether a D-class of some word is finite or not, then by
Proposition 4 it would be possible to decide the halting problem for the machine
M*, and this concludes the sketch of the proof of the two statements (i), (ii) of
Theorem 4.
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6 Conclusions: The Limit of Decidability
of the Word Problem

It is quite clear that the two decidability results illustrated in Sect. 4, can be probably
extended to wider classes of amalgams, making use of Theorem 1. However, it
seems likely that such classes are not neatly defined, and that there is quite small
room between decidability and undecidability results. One could try to deal with
decidability with different approaches, for instance in [4] sufficient conditions for
amalgamated free products of amalgams satisfying condition 1 of Definition 1 are
obtained by a procedure that differs from the one proposed by Bennet mainly in
Construction 1. In [10], it is proven that the languages recognized by Schiitzenberger
automata of amalgamated free products of inverse semigroups are context-free, hence
the decidability of word problem for such inverse semigroups immediately follows
from the decidability of the membership problem for context-free languages. The
attempt at classifying languages recognized by Schiitzenberger automata could be
promising, because one could then apply decidability and computational complexity
results in the realm of the theory of formal languages. It is however fair to say that
to classify these languages in general, one has to use some good information on the
shape of the Schiitzenberger automata.

We would also remark that the shape of Schiitzenberger automata can also give
quite often important information on structural properties of the amalgamated free
product, see for instance [3, 6, 26].
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A Nonfinitely Based Semigroup
of Triangular Matrices

M.V. Volkov

Abstract A new sufficient condition under which a semigroup admits no finite
identity basis has been recently suggested in a joint paper by Karl Auinger, Yuzhu
Chen, Xun Hu, Yanfeng Luo, and the author. Here we apply this condition to show
the absence of a finite identity basis for the semigroup UT3(R) of all upper triangular
real 3 x 3-matrices with Os and/or 1 s on the main diagonal. The result holds also for
the case when UT3(R) is considered as an involution semigroup under the reflection
with respect to the secondary diagonal.

Keywords Semigroup reduct - Involution semigroup * semigroup variety

1 Introduction

A semigroup identity is just a pair of words, i.e., elements of the free semigroup A™
over an alphabet A. In this paper, identities are written as “bumped” equalities such as
u = v. The identity u = v is trivial if u = v and nontrivial otherwise. A semigroup
S satisfies u = v where u, v € AT if for every homomorphism ¢ : AT — §, the
equality up = vy is valid in §; alternatively, we say that © = v holds in S. Clearly,
trivial identities hold in every semigroup, and there exist semigroups (for instance,
free semigroups over non-singleton alphabets) that satisfy only trivial identities.

Given any system X of semigroup identities, we say that an identity u = v follows
from X if every semigroup satisfying all identities of X satisfies the identity u = v as
well; alternatively, we say that X implies u = v. A semigroup S is said to be finitely
based if there exists a finite identity system ¥ such that every identity holding in S
follows from X; otherwise, S is called nonfinitely based.

The finite basis problem, that is, the problem of classifying semigroups according
to the finite basability of their identities, has been intensively explored since the mid-
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1960s when the very first examples of nonfinitely based semigroups were discovered
by Austin [3], Biryukov [5], and Perkins [15, 16]. One of the examples by Perkins was
especially impressive as it involved a very transparent and natural object. Namely,
Perkins proved that the finite basis property fails for the 6-element semigroup formed
by the following integer 2 x 2-matrices under the usual matrix multiplication:

(0)- (60)- o) (75)- G1)- 62)

Thus, even a finite semigroup can be nonfinitely based; moreover, it turns out that
semigroups are the only “classical” algebras for which finite nonfinitely based objects
can exist: finite groups [14], finite associative and Lie rings [4, 10, 11], and finite
lattices [13] are all finitely based. Therefore studying finite semigroups from the
viewpoint of the finite basis problem has become a hot area in which many neat
results have been achieved and several powerful methods have been developed, see
the survey [18] for an overview.

It may appear surprising but the finite basis problem for infinite semigroups is less
studied. The reason for this is that infinite semigroups usually arise in mathematics
as semigroups of transformations of an infinite set, or semigroups of relations on
an infinite domain, or semigroups of matrices over an infinite ring, and as a rule all
these semigroups are “too big” to satisfy any nontrivial identity. For instance (see,
e.g., [6]), the two integer matrices

20 21
()¢
are known to generate a free subsemigroup in the semigroup T»(Z) of all upper
triangular integer 2 x 2-matrices. (Here and below we omit zero entries under the
main diagonal when dealing with upper triangular matrices.) Therefore even such
a “small” matrix semigroup as T>(Z) satisfies only trivial identities, to say nothing
about matrix semigroups of larger dimension.

If all identities holding in a semigroup S are trivial, S is finitely based in a void way,
so to speak. If, however, an infinite semigroup satisfies a nontrivial identity, its finite
basis problem may constitute a challenge since “finite” methods are nonapplicable
in general. Therefore, up to recently, results classifying finitely based and nonfinitely
based members within natural families of concrete infinite semigroups that contain
semigroups with a nontrivial identity have been rather sparse.

Auinger et al. [1] have found a new sufficient condition under which a semigroup
is nonfinitely based and applied this condition to certain important classes of infinite
semigroups. In the present paper, we demonstrate yet another application; its inter-
esting feature is that it requires the full strength of the main result of [1]. Namely, we
prove that the semigroup UT3(R) of all upper triangular real 3 x 3-matrices whose
main diagonal entries are Os and/or 1 s is nonfinitely based. The result holds also for
the case when UT3(R) is considered as an involution semigroup under the reflection
with respect to the secondary diagonal.



A Nonfinitely Based Semigroup of Triangular Matrices 29

The paper is structured as follows. In Sect. 2, we recall the main result from [1], and
in Sect. 3 we apply it to the semigroup UT3(IR). Section4 collects some concluding
remarks and a related open question.

An effort has been made to keep this paper self-contained, to a reasonable extent.
We use only the most basic concepts of semigroup theory and universal algebra that
all can be found in the early chapters of the textbooks [7, 8], a suitable version of
the main theorem from [1], and a few minor results from [2, 12, 17].

2 A Sufficient Condition for the Nonexistence of a Finite
Basis

The sufficient condition for the nonexistence of a finite basis established in [1] ap-
plies to both plain semigroups, i.e., semigroups treated as algebras of type (2), and
semigroups with involution as algebras of type (2,1). Let us recall all the concepts
needed to formulate this condition.

We start with the definition of an involution semigroup. An algebra (S, -, *) of
type (2,1) is called an involution semigroup if (S, -) is a semigroup (referred to as
the semigroup reduct of (S, -,*)) and the unary operation x — x* is an involutory
anti-automorphism of (S, -), that is,

(xy)* = y*x*and x*)* =x

forallx,y € S.

The free involution semigroup FZ(A) on a given alphabet A can be constructed
as follows. Let A := {a* | a € A} be a disjoint copy of A. Define (a*)* := a for all
a* € A. Then FZ(A) is the free semigroup (A U ‘A)T endowed with the involution
defined by

(al...am)* ::a;l...a‘f

forall aj,...,am € AU A. We refer to elements of FZ(A) as involutory words
over A. An involutory identity u = v is just a pair of involutory words; the identity
holds in an involution semigroup S if for every involution semigroup homomorphism
p: FI(A)T — 8, the equality up = v is valid in S. Now the concepts of a finitely
based/nonfinitely based involution semigroup are defined exactly as in the plain semi-
group case. In what follows, we use square brackets to indicate adjustments to be
made in the involution case.

A class V of [involution] semigroups is called a variety if there exits a system X
of [involution] semigroup identities such that V consists precisely of all [involution]
semigroups that satisfy every identity in X. In this case we say that V is defined
by X. If the system X can be chosen to be finite, the corresponding variety is said
to be finitely based; otherwise it is nonfinitely based. Given a class K of [involu-
tion] semigroups, the variety defined by the identities that hold in each [involution]
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semigroup from K is said to be generated by K and is denoted by var K; if K = {§},
we write var S rather than var{S}. It should be clear that S and var § are simultane-
ously finitely based or nonfinitely based.

A semigroup is said to be periodic if each of its one-generated subsemigroups
is finite and locally finite if each of its finitely generated subsemigroups is finite. A
variety of semigroups is locally finite if all its members are locally finite.

Let A and B be two classes of semigroups. The Mal’cev product A @) B of A and
B is the class of all semigroups S for which there exists a congruence 6 such that
the quotient semigroup S/6 lies in B while all §-classes that are subsemigroups in
S belong to A. Notice that for a congruence 6 on a semigroup S, a 6-class forms a
subsemigroup of S if and only if the class is an idempotent of the quotient semigroup
S/0.

Let x1, x2,..., X, ... be a sequence of letters. The sequence {Z,},=12,... of
Zimin words is defined inductively by Z;| := x1, Z,4+1 1= Z,Xxp+1Z,. We say that
a word v is an [involutory] isoterm for a class C of semigroups [with involution]
if the only [involutory] word v’ such that all members of C satisfy the [involution]
semigroup identity v = v’ is the word v itself.

Now we are in a position to state the main result of [1]. Here Com denotes the
variety of all commutative semigroups.

Theorem 1 ([1, Theorem 6]) A variety V of [involution] semigroups is nonfinitely
based provided that

(i) [the class of all semigroup reducts of] V is contained in the variety
var(Com ()W) for some locally finite semigroup variety W and
(ii) each Zimin word is an [involutory] isoterm relative to V.

Formulated as above, Theorem 1 suffices for all applications presented in [1] but
is insufficient for the purposes of the present paper. However, it is observed in [1,
Remark 1] that the theorem remains valid if one replaces the condition (i) by the
following weaker condition:

(") [the class of all semigroup reducts of ] V is contained in the variety var(U @) W)
where U is a semigroup variety all of whose periodic members are locally finite
and W is a locally finite semigroup variety.

Here we will utilize this stronger form of Theorem 1.

3 The Identities of UT3(R)

Recall that we denote by UT3(R) the semigroup of all upper triangular real 3 x 3-
matrices whose main diagonal entries are 0's and/or 1s. For each matrix o € UT3(R),
let o” stand for the matrix obtained by reflecting o with respect to the secondary
diagonal (from the top right to the bottom left corner); in other words, (o j)D =
(ci4—j4—;). Then it is easy to verify that the unary operation o aP (called the
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skew transposition) is an involutory anti-automorphism of UT3(R). Thus, we can
consider UT3(RR) also as an involution semigroup. Our main result is the following

Theorem 2 The semigroup UT3(R) is nonfinitely based as both a plain semigroup
and an involution semigroup under the skew transposition.

Proof We will verify that the [involution] semigroup variety var UT3(R) satisfies
the conditions (i’) and (ii) discussed at the end of Sect. 2; the desired result will then
follow from Theorem 1 in its stronger form.

Let D3 denote the 8-element subsemigroup of UT3(R) consisting of all diagonal
matrices. To every matrix o € UT3(R) we assign the diagonal matrix Diag(«) € D3
by changing each nondiagonal entry of a to 0. The following observation is obvious.

Lemma 3 The map o — Diag(«) is a homomorphism of UT3(R) onto Ds.

We denote by 6 the kernel of the homomorphism of Lemma 3, i.e.,
(o, B) € 0 if and only if Diag(«) = Diag(g).

Then 6 is a congruence on UT3(R). Since each element of the semigroup D3 is an
idempotent, each f-class is a subsemigroup of UT3(RR). The next fact is the core of
our proof.

Proposition 4 Each 0-class of UT3(R) satisfies the identity
Zy = (x1x2) X1 X301 41 X331 (x2x1) 7. (1)

Proof We have to consider eight cases. First we observe that the identity (1) is left-
right symmetric, and therefore, (1) holds in some subsemigroup S of UT3(R) if and
only if it holds in the subsemigroup S? = {s? | s € S} since S? is anti-isomorphic
to S. This helps us to shorten the below analysis.
0 v
Case 1: Spo0 = 032 22) | a2, 13, 23 € R]. This subsemigroup is easily
0
seen to satisfy the identity x1x2x3 = y;yy3 which clearly implies (1).
Lap ap

Case 2: S100 = [( 0 aza) | a2, 13, a3 € R]. Multiplying three arbitrary
0

matrices «, 3,y € Syg0, we get

1 o a3 1 B12 B3 L v2 713

0 azxp|- 0 B - 0 73| =
0 0 0
1 12 713 + B12723 1 B12 B3 L v2 713
0 0 = 0 G| - 0 3

0 0 0
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Thus, a3y = (v and we have proved that Sjgp satisfies the identity xyz = yz.
Clearly, this identity implies (1).
Oap aiz . .
Case 3: Spi190 = [( 1 ax ) | a2, a13, a3 € Rt. It is easy to see that this
0

subsemigroup satisfies the identity xyx = x which clearly implies (1).

0apn an

Case 4: Syo1 = [( 0 a23) | aq2, @13, 23 € R]. This case reduces to Case 2
1
since Sgo1 = SIDOO'
Lapaps

Case 5: S110 = [( 1 (m) | ag2, 13, a3 € R]. Multiplying three arbitrary
0

matrices «, 3,y € S110, we get

1 o a3 1 B12 B3 L 7v12 713

1 o3| - 1 B3| - I y3] =
0 0 0
1 aiz + B2 + v12 713 + (12 + B12)723
1 VY23

0

whence the product a3y depends only on «y and on the sum a3 + 312. Thus, oy =
(Bary and we have proved that Sy satisfies the identity xyz = yxz. This identity
implies (1).

Lap aps

Case 6: Si91 = ’( 0 a23) | a2, a13, a3 € R]. Take an arbitrary homomor-
1

phism ¢ : {x1, x2, x3, x4}7 — Sjo1 and let o = X1, B = x2p0, 7 = x3¢, and § =
x4¢. Then one can calculate that both Z4p and (x{x2X1 XX X3X1X4X1X3X]X2X[X2X )
lap ¢

are equal to the matrix ( 0 ans ) where ¢ stands for the following expression:
1

8az + 4013 + 2713 + 013 + a12(4523 + 27723 + 023) + (4812 + 2712 + d12) 3.

Thus, the identity (1) holds on Sjo;1.

For readers familiar with the Rees matrix construction (cf. [8, Chap. 3]), we outline
a more conceptual proof for the fact that Sjo; satisfies (1). Let G = (R, +) stand
for the additive group of real numbers and let P be the R xR-matrix over G whose

element in the rth row and the sth column is equal to rs. One readily verifies that the
Loz o3

map 0 a123 — (a3, 13, (12) constitutes an isomorphism of the semigroup
S101 onto the Rees matrix semigroup M(R, G, R; P). It is known (see, e.g., [9]) and
easy to verify that every Rees matrix semigroup over an Abelian group satisfies each
identity v = v for which the following three conditions hold: the first letter of u
is the same as the first letter of v; the last letter of u is the same as the last letter
of v; for each ordered pair of letters, the number of occurrences of this pair is the
same in v and v. Inspecting the identity (1), one immediately sees that it satisfies the
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three conditions whence it holds in the semigroup M(R, G, R; P) and also in the
semigroup S1o1 isomorphic to M(R, G, R; P).

0« a3

Case 7: So11 = [( 1 0¢23) | aq2, @13, 23 € R]. This case reduces to Case 5
1

since Sp11 = 51D10~

Lapas

Case8: S111 = ’( 1 a23) | a2, a13, a3 € R].Thesemigroup S111 isin fact
1

the group of all real upper unitriangular 3 x 3-matrices. The latter group is known
to be nilpotent of class 2, and as observed by Mal’cev [12], every nilpotent group of
class 2 satisfies the semigroup identity

XZYtyzx = yzxtxzy. 2)

Now we verify that (1) follows from (2). For this, we substitute in (2) the letter x;
for x, the letter x3 for z, the word x1x2x; for y, and the letter x4 for r. We then obtain
the identity

X1 X3 X1X2X] X4 X1X2X] X3 X| =
e S N e N e e e N~
X z y t y z X

X1X2X] X3 X| X4 X| X3 X|X2X].
— e o S S S ——
y z x t x z y

Multiplying this identity through by x1x2 on the left and by x2x; on the right, we
get (1). O

Recall that a semigroup identity u = v is said to be balanced if for every letter the
number of occurrences of this letter is the same in » and v. Clearly, the identity (1)
is balanced.

Lemma 5 ([17, Lemma3.3]) Ifa semigroup variety V satisfies a nontrivial balanced
identity of the form Z,, = v, then all periodic members of V are locally finite.

Let U stand for the semigroup variety defined by the identity (1). Then Lemma 5
ensures that all periodic members of U are locally finite while Lemma 3 and Propo-
sition 4 imply that the semigroup UT3(R) lies in the Mal’cev product U () var Ds.
The variety var D3 is locally finite as a variety generated by a finite semigroup [7,
Theorem 10.16]. We see that the variety var UT3(R) satisfies the condition (i').

It remains to verify that var UT3(R) satisfies the condition (ii) as well. Clearly,
the involutory version of the condition (ii) is stronger than its plain version so that
it suffices to show that each Zimin word is an involutory isoterm relative to UT3(RR)
considered as an involution semigroup.

Let TA% stand for the involution semigroup formed by the (0, 1)-matrices

() () (60)- o) (1) (o7)
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under the usual matrix multiplication and the unary operation that swaps each of
the matrices ((1) 8) and (8 } ) with the other one and fixes the rest four matrices. By
[2, Corollaries 2.7 and 2.8] each Zimin word is an involutory isoterm relative to TA%.

Now consider the involution subsemigroup M in UT3(R) generated by the matrices

100 100 110
e = 10, x= 00), and y= 01
1 1 1

Clearly, for each matrix (u;;) € M, one has y;; > 0 and p11 = p33 = 1, whence
the set N of all matrices (u;;) € M such that p113 > 0 forms an ideal in M. Clearly,
N is closed under the skew transposition. A straightforward calculation shows that,

. L 110 100
besides e, x, and y, the only matrices in M\ N are xy = ( 0(1)) and yx = ( 0 } )
Consider the following bijection between M\ N and the set of nonzero matrices in
TA%:

10 10 01 01 10
e~ (39). x> (18). vy~ (86). e (81). »xe(47)-
Extending this bijection to M by sending all elements from N to () yields an invo-
lution semigroup homomorphism from M onto TA%. Thus, TA% as a homomorphic
image of an involution subsemigroup in UT3(RR) satisfies all involution semigroup

identities that hold in UT3(R). Therefore, each Zimin word is an involutory isoterm
relative to UT3(R), as required. O

4 Concluding Remarks and an Open Question

Here we discuss which conditions of Theorem 2 are essential and which can be
relaxed.

It should be clear from the above proof of Theorem 2 that the fact that we have
dealt with matrices over the field R is not really essential: the proof works for every
semigroup of the form UT3(R) where R is an arbitrary associative and commutative
ring with 1 such that

I+1+---+1+#0 3)

n times

for every positive integer n. For instance, we can conclude that the semigroup UT3(Z)
of all upper triangular integer 3 x 3-matrices whose main diagonal entries are Os
and/or 1s is nonfinitely based in both plain and involution semigroup settings.

On the other hand, we cannot get rid of the restriction imposed on the main
diagonal entries: as the example reproduced in the introduction implies, the semi-
group T3(Z) of all upper triangular integer 3 x 3-matrices is finitely based as a plain
semigroup since it satisfies only trivial semigroup identities. In a similar way, one
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can show that T3(Z) is finitely based when considered as an involution semigroup
with the skew transposition. Indeed, the subsemigroup generated in T3(Z) by the

. 200 . . .
matrix ( = ( 1 % ) and its skew transpose ¢ D i free, and therefore, considered as

an involution semigroup, it is isomorphic to the free involution semigroup on one
generator, say z. However, FZ({z}) contains as an involution subsemigroup a free
involutory semigroup on countably many generators, namely, 7Z(Z) where

Z ={zz"z, 2%z, ..., 22"z, ...}

Hence T3(Z) satisfies only trivial involution semigroup identities. Of course, the
same conclusions persist if we substitute Z by any associative and commutative ring
with 1 satisfying (3) for every n.

We can, however, slightly weaken the restriction on the main diagonal entries by
allowing them to take values in the set {0, £1}. The proof of Theorem 2 remains
valid for the resulting [involution] semigroup that we denote by UTéE (R). Indeed,
the homomorphism o +— Diag(«) of Lemma 3 extends to a homomorphism of
UT?(R) onto its 27-element subsemigroup consisting of diagonal matrices. The
subsemigroup classes of the kernel of this homomorphism are precisely the subsemi-
groups Sooo, - - ., S111 from the proof of Proposition 4, and therefore, the variety
var UT;E (R) satisfies the condition (i") of the stronger form of Theorem 1. Of course,
the variety fulfills also the condition (ii) since (ii) is inherited by supervarieties. In
the same fashion, the proof of Theorem 2 applies, say, to the semigroup of all upper
triangular complex 3 x 3-matrices whose main diagonal entries come from the set
{0,1,€, ..., &1} where ¢ is a primitive nth root of unity.

The question of whether or not a result similar to Theorem 2 holds true for
analogs of the semigroup UT3(R) in other dimensions is more involved. The
variety varUT,(R) fulfills the condition (i) since the condition is clearly in-
herited by subvarieties and the injective map UT>(R) — UT3(R) defined by

air an anOapy . . . . .
o) 0 0 ) is an embedding of [involution] semigroups whence
@23

varUT>(R) <€ varUT3(R). However, var UT,(R) does not satisfy the condition
(ii) as the following result shows.

Proposition 6 The semigroup UT2(R) of all upper triangular real 2 x 2-matrices
whose main diagonal entries are Os and/or 1s satisfies the identity

~ 2 2
Z4 = X1X2X1X3X]X2X4X2X] X3X1X2X] . @)

Proof Fix an arbitrary homomorphism ¢ : {x1, x2, x3, x4}T — UT,(R). For brevity,
denote the right-hand side of (4) by w; we thus have to prove that Z4¢ = we. Let

_(aona _ (B B2 _ (1712 (o
np=("00) o= ("), me= ("), we= ("),

where a1, 22, B11, 322, 711, 722, 611, 022 € {0, 1} and a2, Bi2, 112, 012 € R,
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If app = 0, the fact that o1, 811, 711, 011 € {0, 1} readily implies that Z4p =
wp = (E 5%12) , Where ¢ = 0411ﬂ1]’y]1511. Similarly, if aj; = 0, then it is easy to
0 aian

n
will) assume that aj; = app = 1.

Now, if £, = 0, a straightforward calculation shows that Z4p = wep =
(% %(mzo+,312))

calculate that Z4p = wp = ( ) , where 17 = anp (322722022. We thus may (and

, where » = B11711011. Similarly, if 3;; = 0, we get Z4p =

we = (0 (a”t\‘ﬁ”))‘), where A = [30722022. Thus, we may also assume that
B11 = P22 = 1. Observe that the word w is obtained from the word Z4 by sub-

stituting x12x2 for the second occurrence of the factor xjxox; and x2x12 for the

third occurrence of this factor. Therefore oy = azp = 11 = (o = 1 implies

X1X0X1p = x%)Q(p = xlezgp = (1 2“121+‘d‘2) whence Z4p = wep. O

Now let UT, (R) stand for the semigroup of all upper triangular real n x n-
matrices whose main diagonal entries are Os and/or 1s and assume that n > 4.
Here the behavior of the [involution] semigroup variety generated by UT,, (R) with
respect to the conditions of Theorem 1 is in a sense opposite. Namely, it is not hard
to show (by using an argument similar to the one utilized in the proof of Theorem 2)
that the variety var UT,(R) with n > 4 satisfies the condition (ii). On the other
hand, the approach used in the proof of Theorem 2 fails to justify that this variety
fulfills (i’). In order to explain this claim, suppose for simplicity that n = 4. Then
the homomorphism o — Diag(a)) maps UT4(R) onto its 16-element subsemigroup
consisting of diagonal matrices which all are idempotent. This induces a partition of
UT4(R) into 16 subsemigroups, and to mimic the proof of Theorem 2 one should
show that all these subsemigroups belong to a variety whose periodic members are
locally finite. One of these 16 subsemigroups is nothing but the group of all real upper
unitriangular 4 x 4-matrices. The latter group is known to be nilpotent of class 3,
and one might hope to use the identity

XZYtYZXSYZXIXZY 2= YIXIXZYSXZYIYZX, (5)

proved by Mal’cev [12] to hold in every nilpotent group of class 3, along the lines of
the proof of Proposition 4 where we have invoked Mal’cev’s identity holding in each
nilpotent group of class 2. However, it is known [19, Theorem 2] that the variety
defined by (5) contains infinite finitely generated periodic semigroups. Even though
this fact does not yet mean that the condition (') fails in var UT4(R), it demonstrates
that the techniques presented in this paper are not powerful enough to verify whether
or not the variety obeys this condition. It seems that this verification constitutes a
very difficult task as it is closely connected with Sapir’s longstanding conjecture that
for each nilpotent group G, periodic members of the semigroup variety var G are
locally finite, see [17, Sect. 5].

Back to our discussion, we see that Theorem 1 cannot be applied to the semigroup
UT>(R) and we are not in a position to apply it to the semigroups UT, (R) withn > 4.
Of course, this does not indicate that these semigroups are finitely based—recall that
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Theorem 1 is only a sufficient condition for being nonfinitely based. Presently, we
do not know which of the semigroups UT,,(R) with n # 3 possess the finite basis
property, and we conclude the paper with explicitly stating this open question in
the anticipation that, over time, looking for an answer might stimulate creating new
approaches to the finite basis problem for infinite [involution] semigroups:

Question For which n # 3 is the [involution] semigroup UT, (R) finitely based?
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Regular Elements in von Neumann Algebras

K.S.S. Nambooripad

Abstract The semigroup of all linear maps on a vector space is regular, but the
semigroup of continuous linear maps on a Hilbert space is not, in general, regular;
nor is the product of two regular elements regular. In this chapter, we show that in
those types of von Neumann algebras of operators in which the lattice of projections is
modular, the set of regular elements do form a (necessarily regular) semigroup. This
is done using the construction of a regular biordered set (as defined in Nambooripad,
Mem. Am. Math. Soc. 22:224, 1979, [9]) from a complemented modular lattice (as
in Patijn, Semigroup Forum 21:205-220, 1980, [11]).

Keywords Rgular biordered set - x-Regular element

Throughout the following, H denotes a Hilbert space and B(H) denotes the
semigroup of bounded (continuous) linear maps of H to itself. Elements of B(H)
are called operators on H. The range and kernel of # in B(H) are denoted by ran(t)
and ker(¢); that is for t in B(H)

ran(t) ={ye H:3x e H y=t(x)} and ker(?) ={x € H: t(x) =0}

By a projection of H, we mean a self-adjoint, idempotent operator on H; that is,
an element p of B(H) for which p* = p = p?. It is well known that ran(p) is
a closed linear subspace of H for any projection p of H with ker(p) = ran(p)=,
and conversely, for each closed subspace A of H, there exists a projection p of H
with ran(p) = A and ker(p) = A~L. Thus there is a one-to-one correspondence
between projections in B(H) and closed linear subspaces of H. For each closed
linear subspace A of H, the unique projection with range A is denoted as p4 and is
called the projection on A.

An operator on H is called regular, if it is a regular element of the semigroup
B(H); that is, if there exists an operator ¢ on H such that 7t'r = . If ¢’ satisfies the
equation 7't¢' = t’ also, then it is called a generalized inverse of ¢. It is not difficult
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to show that every linear map on a vector space has a generalized inverse (see [1],
Sect.2.3, Exercise 8). But in the case of an operator on a Hilbert space, it may happen
that none of its generalized inverses are bounded, so that ¢ is not regular as an element
of B(H). We can characterize the regular elements of B(H) as follows (see [3]).

Proposition 1 An element t of B(H) is regular if and only ifran(t) is closed. In this
case, there exists a unique generalized inverse t of t such that tt' is the projection
onran(r) and t 't is the projection on ker(r)+. U

The generalized inverse ¢ T in the above result is called the Moore—Penrose inverse
of 7.

We next note that the map ¢ — ¢*, where ¢* is the (Hilbert space) adjoint of ¢, is
an involution on the semigroup B(H) in the sense that (+*)* = ¢ for all ¢ in B(H)
and (st)* = r*s* for all s, r in B(H). Following [10], we define an element x of an
involution semigroup S to be s-regular, if there exists an inverse x* of x such that
(xx™)* = xx and (xTx)* = xTx. Thus we have the following corollary:

Corollary 2 An element t of B(H) is x-regular if and only if it is regular. (]

Note that if p is a projection on H, then ran(p) = ker(p)* so that p(x) = x for
every x € ker(p)*. This is generalized as follows: an operator v on H is called a
partial isometry, if ||v(x)|| = ||x|| for each x in ker(v)L. This can be characterized
in several different ways (see [2], Proposition 4.38 and [4], Problem 98, Corollary 3).

Proposition 3 For an operator v on H, the following are equivalent

(i) v is a partial isometry
(ii) vv* is a projection
(iii) v*v is a projection
(iv) vw*v=v O

Now from (iv) above, we have

v = (vv*v)* = vt = v ur®
and this together with (iv) shows that v* is an inverse of v. In view of (ii) and (iii),

it follows that the adjoint v* is in fact the Moore—Penrose inverse of v. Thus we can
add the following characterization to the above list:

Proposition 4 An operator v on H is a partial isometry if and only if v is a regular
element of B(H) for which v’ = v*. O

If H is of finite dimension, then every linear subspace is closed and so the range
of every operator is closed. Thus by Proposition 1, the semigroup B(H) is regular.
But if H is of infinite dimension, there are operators with nonclosed range (see
[4], Sect.41) and so B(H) is not regular. Moreover, in this case, there are regular
operators with nonregular products, so that the subset of B(H) consisting only of
regular operators does not form a semigroup. To see this, we give a necessary and
sufficient condition for the product of two regular operators to be regular:
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Proposition 5 Let s and t be regular elements of B(H). Then st is regular if and
only if ker(s) + ran(z) is closed in H.

Proof We start by noting that for any two elements s, ¢ in B(H),
ker(s) + ran(t) = s_l(ran(st))
One of the inclusions is easily seen like this:
ker(s) +ran(r) C s~ 's(ker(s) + ran(r)) = s~ (s(ran(r)) = s~ (ran(st))

To prove the reverse inclusion, let x € s~ H(ran(st)), so that s(x) = st(y) for some
yin H.Hence x — 1(y) € ker(¢) and so x = (x — 1(y)) + 1(y) € ker(s) + ran(z).
Thus s~ (ran(s7)) < ker(s) + ran(¢) also.

Now let s and t be regular elements of B(H). If st is regular, then ran(st) is
closed, by Proposition 1, and so ker(s) + ran(t) = s~ I(ran(st)) is closed, since
s is continuous. To prove the converse, first note that ran(s) is closed and hence
complete, since s is regular, so that s is a continuous linear map from the complete
normed space H onto the complete normed linear space ran(s) and so is an open
map. Hence s is a quotient map onto ran(s) and ran(s¢) C ran(s). If we now assume
that s~ (ran(s7)) = ker(s) + ran(¢) is closed in H, then it follows that ran(st) is
closed in ran(s), since s is a quotient map. Again, since ran(s) is closed in H, it
follows that ran(st) is closed in H. Thus st is regular. ([l

It can be shown that any Hilbert space of infinite dimension contains pairs of
closed linear subspaces whose sum is not closed (see [5], Sect. 15) If A and B are
two such subspaces, then by the above result, the product p 41 pp is not regular. In
other words, the set of regular elements of B(H) is not a semigroup, if H is of infinite
dimension.

This result can also be used to show how the regularity of a product in the semi-
group B(H) is linked to the lattice of closed linear subspaces of H. It is easily seen
that the set of all subspaces of a vector space is a lattice under set inclusion, with
meet and join defined by

ANB=ANB AVB=A+B
and that it satisfies the modular identity
A<C = AV(BAC)=(AVB)AC
If H is a Hilbert space, then the set of all closed linear subspaces is not a sublattice of
the above, since the sum of two closed linear subspaces may not be closed in general.

However, it is indeed a lattice with meet and join defined by

AANB=ANB AVB=cl(A+B)
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where cl denotes closure in H. But this lattice is modular if and only if H is of finite
dimension, the lack of modularity being a consequence of the existence of closed
linear subspaces with nonclosed sum (see [4], Problem9). This is seen in a better
perspective by localizing the notion of modularity: two closed linear subspaces A,
B of H is said to be a modular pair if

X<B — XV(AAB)=(XVA)AB

It can be shown that A, B form a modular pair if and only if A + B is closed ([7],
Theorem III-6 and Theorem III-13) Thus our result on the regularity of a product
can be rephrased as follows:

Proposition 6 Let s and t be regular elements in B(H). Then st is regular if and
only if ker(s) and ran(t) form a modular pair in the lattice of closed subspaces
of H O

It may also be noted that the one-to-one correspondence A +— p4, between closed
linear subspaces of H and projections on them, induces a lattice structure on the set
of projections of H. We call this the projection lattice of H and denote it as P(H).

We now pass on to the definition of a von Neumann algebra. This can be done
in several equivalent ways, and we choose the one which uses only the algebraic
properties of B(H) (see [12]). For this, we define the commutant of a subset S of
B(H), denoted S’, by

S ={teB(H): st =tsVseS)

Note that a subset S of B(H) is called self-adjoint, if for each ¢ in S, we also have
t*in S.

Definition 7 A self-adjoint subalgebra A of B(H) is called a von Neumann algebra
if A” = A.

Aninteresting feature of a von Neumann algebra A is that, as remarked in [12], just
about any canonical construction applied to the elements of A results in an element
of A itself.

For example, consider the following decomposition of an operator: it can be proved
that for any operator # on H, there is a unique pair of operators s and v where s is a
positive operator (meaning (¢ (x), x) > 0 forevery x in H) and v is a partial isometry
with ker(s) = ker(v) such that ¢t = vs (see [2], Proposition 4.39). This is called the
polar decomposition of an operator. If ¢ is in a von Neumann algebra A and ¢ = vs
is the polar decomposition of ¢, then both v and s are in A ([12], Corollary 0.4.9). As
another example, we show that if # € A, then its Moore—Penrose inverse 1 is also in
A. For this we make use of the following result proved in [12] (Scholium 0.4.8). Note
that an operator u on H is called unitary if uu™ = u*u = 1, the identity operator
on H.
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Lemma 8 Letr A be a von Neumann algebra of operators on H and let t be an
operator on H. Then t € A if and only if utu® =t for every unitary operator u in
the commutant A’ of A. O

Proposition 9 Let t be a regular element of B(H) and let A be a subset of B(H)
which is a von Neumann algebra. If t is in A, then the Moore—Penrose inverse t' of
tis also in A.

Proof Lett € A. We first prove that the projections 77 and ¢ are in A. Let t = vs
be the polar decomposition of ¢, so that v € A. Since A is self-adjoint, we have
v* € A and hence vv* and v*v are in A. Moreover, vv* is the projection on ran(v) =
ran(¢) and v*v is the projection on ker(v)1 = ker(r) (see Proposition 6.1.1 and
Theorem 6.1.2 of [6]). By definition of ¢7, it follows that r#" = vv* and 7t = v*v.
Thus 7¢7 and 77 are in A.

To show that ¢ itself is in A, we make use of the lemma above. Let u be a unitary
operator in A”. ut 'u* = t7, we start by proving that ¢/ = uz"u* is an inverse of  in
B(H).Sincet € Aand u € A’, we have ut = ru. Again, A’ is self-adjoint, since A
is ([12], Proposition 0.4.1) so that u* € A’ and so u*t = ru*. Thus

't = t(utTu®)t = GutT (tu*) = e @u) = u@t O = utu = tuu =1
since u is unitary. Again, since u™tu = tu*u =t,
ttt’ = utTurutTu®) = @)@ v = u@ e = utTu* =1
Thus #’ is an inverse of ¢. Also,
tt = t(utTu®) = u@etHu* =117
and
't = ut'ut =u@ Hu* =17t

since 1#" and 7z are in A. So, ¢’ is an inverse of 7 in B(H) with r¢’ and ¢'t projections,
so that t/ = 7, by the uniqueness of the Moore—Penrose inverse. Thus ut’u** = ¢
for every unitary operator in A’ and hence 7 € A, by the lemma. ]

This result immediately leads to the following generalization of Corollary 2.

Corollary 10 An element t of a von Neumann algebra is *-regular if and only if it
is regular. (I

Another property of a von Neumann algebra A is that the set P(A) of projections
in it forms a complete sublattice of P(H). In [8], certain kinds of von Neumann
algebras are classified into different types, on the basis of a real valued, positive
function on the projection lattice. A von Neumann algebra A is called a factor if

ANA ={rl: 1 eC)
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that is, a factor is a von Neumann algebra A in which the only operators in A
commuting with all operators in A are scalar multiples of the identity operator. In
[8], factors are classified into five types named I,,, I, 111, Ilo, III (see [12] for a
concise description of these ideas).

Our interest in this scheme is that for factors of type I, and II;, the projection
lattice is modular. So, for a factor A of these types, any two projections form a
modular pair in the projection lattice P(A) and so by Proposition 6, the product of
any two regular elements of A is again regular. Thus we have the following:

Proposition 11 If A is a factor of type 1,, or 111, then the set of regular operators in
A forms a regular subsemigroup of A.

Another approach to this idea is via the notion of biordered sets, introduced in
[9] and the construction of a biordered set from a modular lattice, given in [11].
A biordered set is defined as a set with a partial binary operation and the set of
idempotents of a regular semigroups is characterized as a special kind of biordered
set termed regular biordered set (see [9] for the details). In [11], it is shown if L
is a complemented modular lattice, then the set E(L) of pairs of complementary
elements of L can be turned into a regular biordered set with a suitably defined
partial binary operation. Thus it follows that for a von Neumann algebra A whose
projection lattice is modular, the set of regular operators form a semigroup. Moreover,
this approach also gives explicit expressions for the Moore—Penrose inverse of the
product of regular elements:

Proposition 12 Let s and t regular operators in a von Neumann algebra of type 1,
or 11y and let p and q be the projections on ker(st) and ran(s), respectively. If h is
the idempotent operator of H with

ran(h) = (ker(s)™ + ran(t)J‘) Nran(t)
ker(h) = (ker(s)L N ran(t)l) + ker(s)

then (st)" = ptThs'q. (Il
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LeftRight Clifford Semigroups

M.K. Sen

Abstract Clifford semigroups are certain interesting class semigroups and looking
for regular semigroups close to this is natural. Here we discuss the leftright Clifford
semigroups.

Keywords LC-semigroup + Clifford semigroup + L R-C semigroup

1 Introduction

Let S be a semigroup and denote its set of idempotents by Eg. Recall that S is regular
ifforeacha € § there exists x € S such thata = axa. As usual, Greens relations are
denoted by £, R, H, D, and J. An element of a semigroup S is completely regular,
if there exists an element x € S such that axa = a and ax = xa. A semigroup S is
completely regular semigroup if all its elements are completely regular. A completely
regular semigroup is a semigroup that is a union of groups. This class of regular
semigroups and its subclasses have been studied by many authors (see M. Petrich
and N.R. Reilly [7]).

A semigroup S is said to be an inverse semigroup if, for every a € S, there is
a unique b € S (called the inverse of a) such that aba = a and bab = b. This is
equivalent to the condition that semigroup S is regular and that the idempotents of S
commute. It follows that every inverse semigroup which is completely regular, i.e.,
union of groups is a semilattice of groups, and conversely. Any such semigroup is
now known as Clifford semigroup. Such semigroup can be constructed as follows.
Let Y be a semilattice, and to each element o of Y assign a group G, such that G
and G g are disjoint if o # (3. To each pair of elements «, 3 of ¥ such that a > g,
assign a homomorphism ¢, 5: Go — G such that:

(1.1) a = = ~ implies ¢o, 3¢5,y = Py,
(1.2) ¢q.q is the identity automorphism of G,.
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Let S = J{Gaula € Y} and define the product ab of two elements a, b of S as
follows: ifa € G, and b € G thenab = (aa,q3)(bd3.ap3). Here a3 is the product
of awand Bin Y. We call {¢,,5 | o > 3}, the set of connecting homomorphisms of S.

2 Orthogroups

A semigroup S is called orthodox if it is regular (a € aSa for all g in S) and if
the set Eg of idempotents of S is a subsemigroup of S. An orthodox semigroup is
called an orthogroup if it is also a completely regular semigroup. It is well known
that an orthogroup can be expressed as a semilattice of rectangular groups. Recall
that a rectangular group is a semigroup isomorphic to the direct product L x G x R
where L is a left and R is a right zero semigroup, and G is a group. The structure of
orthogroups has been studied by many authors, and in particular, Petrich [6] in 1987
described an elegant method for the construction of such semigroups.

Let Y be a semilattice. For every a € Y, let S, = I, X G X Ay, where [, is a
left zero semigroup, G, is a group, and A, is a right zero semigroup, and assume
that S, N Sg = ¢ if a # 3. For each o € Y, fix an element in I, N A,,.

Let(,):Sax1Ig— Ig,[,]1: Agx Sy — Apgbe two functions defined whenever
«a > 3. Let G be a semilattice Y of groups G, in which multiplication is denoted by
juxtaposition. Assume that for all a = (i, g, \) € Sy and b = (j, h, u) € Sg , the
following conditions hold.

(A)Ifkel,andv € Ay, then {(a,k) =i,and [v,a] =X.On S = Uaey S define
a multiplication by aob = ({(a, (b, a3)), gh, [[af3, a], b]).

B)Ify<apB, kel,,ve A, then (a, (b, k)) = (aob, k), [[v,al, b] = [v, aob].
Then S is an orthogroup such that S/D = Y and whose multiplication restricted
to each S, coincides with the given multiplication. Conversely, every orthogroup is
isomorphic to one so constructed.

Petrich and Reilly [7] have discussed some special orthogroups, that is, the C
orthogroup if its set of idempotents forms a C band. The most well-known C bands
are tabled in the text of Howie [8], except semilattice and rectangular band, as follows:

(1) regular band: the band satisfying the identity ef ge = efege,

(2) left regular band: the band satisfying the identity ef = efe, and right regular
band: the band satisfying the identity fe = efe,

(3) normal band: the band satisfying the identity ef ge = eg fe,

(4) left normal band: the band satisfying the identity ef g = eg f, and right normal
band: the band satisfying the identity fge = g fe.

Among the above classes of C orthogroups, the class of left regular orthogroups and
the class of right regular orthogroups are two important proper subclasses of the class
of regular orthogroups, and in particular, their intersection is the class of Clifford
semigroups.
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3 LC-Semigroups

Due to the rich structure of Clifford semigroup, it is natural to search for classes of
regular semigroups close to Clifford semigroups. In [5], Petrich, and in [13], Zhu
et al. left [right]Clifford semigroups as generalization of Clifford semigroups. A left
[right]Clifford semigroup is a regular semigroup S satisfying eS C Se [resp. Se €
eS], forall e € Eg. For the sake of convenience, we call the left Clifford semigroups
as just LC-semigroups. We discuss some basic properties of LC-semigroups.

Lemma 1 Let S be a regular semigroup with the set of idempotents E. Then S is an
LC-semigroup if and only if for any e € E and a € S, eae = ea.

Lemma 2 A semigroup S is LC if and only if S is completely regular and the set Eg
of idempotents of S is a left regular band (that is, S is a left regular orthogroup).

Lemma3 Let S be an LC and s € S. Then aa’ = aa” for all a’,a” € V(A), that
is, S is a right inverse semigroup.

Note. The converse of the above result is not true. For instance, the bicyclic semigroup
is a right inverse semigroup but not LC.
In the following we list equivalent conditions obtained by [13]:

. § is left Clifford.

. Sisregular and £ = J is a semilattice congruence.

. S is a semilattice of left groups.

. S is regular such that each idempotent e of S lies in the center of eS.
. Sisregular withaS$ C Sa, foralla € S.

. Sis regular and DS N (Es x Es) = LEs.

AN AW~

Theorem 4 Let S be a semigroup with set of idempotents Eg. Then S is a strong
semilattice of left groups if and only if S is the left normal band of groups and E is
a band.

4 A Structure Theorem

In [10] Sen et al. introduced the concept of left quasi-direct product of semigroups.

Let Y be a semilattice and T a Clifford semigroup with Y as the semilattice of its

idempotents. Following Kimura [9], in [10] we find construction of left regular band

B = U B., where each B, is a left zero band, forall « € Y.Let B® T =
aeY

{e,y)|veT,e* =ec B, }. Define a mapping ¢ from T into the endomorphism

semigroup End(B) of B by

¢ v — v¢p =0y, wherey € T and o, € End(B)
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such that the following conditions are satisfied:

(P1) Forany v € T and a € Y, B,oy C B(a’y)O; and if v € Y, then there exists
fP=fce B, such that ec, = fe, for any e = ecB.

(Py) Forany v,w € T, f € B(vw)o’ we have 04,007 = 04,07, where 7 is an
inner endomorphism on B (thatis, edy = fef = fe) forany e € B.

Now, define a multiplication « on B @ T by

(e,w)*(f,7) = (e(faw), wT)

for any (e, w), (f,7) € B @® T. Then B & T forms a semigroup under the mul-
tiplication “x”. This semigroup (B & T, %), is called a left quasi-direct product of
B and T which is determined by the mapping ¢, denoted by B ® T . Right quasi-
direct product can be likewisely defined. With the above definition of left quasi-direct
product of semigroups, it was proved in [10], the following construction theorem for
LC-semigroups.

Theorem 5 Let T be a Clifford semigroup whose set of idempotents forms a semi-
lattice Y. Let B = U By, be a left regular band. Then the left quasi-direct product

aeY
B ®y T of Band T is an LC-semigroup. Conversely, every LC-semigroup S is iso-
morphic to a left quasi-direct product of a left regular band and a Clifford semigroup.

5 LR-C Semigroup

In [11] Sen et al. introduced LR-C semigroup.

Definition 6 A semigroup S is called leftright Clifford, abbreviated to LR-C, if S
is regular and for all idempotents e € Eg, eS C Se or Se C eS.

Clearly, all left and all right Clifford semigroups are £LR-C. But the converse may
fail.

Example 7 Let S = {(a,b) € R x R | ab = 0} with multiplication (a, b)(c,d) =
(lale, bld]), with respect to which S becomes a regular semigroup.

Es = {(1,0), (—1,0), (0,0), 0, 1), (0, —1)}.
Also S(1,0) € (1,0)5,

S(=1,0) C (—1,0)S,

0. 1)S € (0, 1),

and (0, —1)S < S(0, —1).

Hence S is an LR-C semigroup but S is neither a left Clifford semigroup nor a right
Clifford semigroup as (1, 0)S is not a subset of S(1, 0) and S(0, 1) is not a subset of
0, DHS.
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Lemma 8 Let S be an LR-C semigroup. Then for e, f € Eg, either efe = ef or
efe = fe.

Proof For e € Eg, either eS C Se or Se C eS. If eS C Se, then for any f € Eg,
ef =teforsomer € S. Then efe = tee = te = ef. Again, if Se C eS, fe = et
for some t; € S so that efe = eet; = et] = fe. |

Definition 9 A band B is called an LR regular band if fore, f € Eg, either efe =
ef orefe = fe.

A left(right) regular band is clearly an LR regular band but the converse is not
necessarily true, the following is an example.

Example 10 Let B = {ey, e2, f1, f2, g} with the following table

lerex fi fa g
_| ______
el letrer g g g
elerer g g g
filgg fifig
219 9 ffyg
9lg9999g

One can check that B is an LR regular band but B is neither a left regular band nor
a right regular band. This is because that ejes # ejeze; and f1 f>» # f2.f1 /2.

We know that a semigroup S is completely semigroup if and only if a € aSa?,
foralla € S.

Theorem 11 Let S be an LR-C semigroup. Then S is completely regular.

Proof Letabeanelementof S andx beaninverseofain S.Lete = xaandeS C Se.
Then x = xax = ex = xe for some x| € S. Hence x = x;xa which implies that
x2 = xjxax = xjx sothatx = x;xa = x%a and ax = ax2a. Suppose now Se C eS.
Then a = axa = ae = eaj for some a; in S. Now a = ea; = xaa; which implies

that a® = axaa; = aa; and so a = xa?. Hence ax = xa?x. Then either ax = ax2a

or ax = xa’x. If ax = ax2a, then a = ax?a®? € aSa?. Also if ax = xazx, then
a = axa = xa*xa = xa’* so that a = axa = axxa? = ax*a?® € aSa?. Thus in

both cases, a € aSa* which implies that S is completely regular. |

The following is an example of a completely regular semigroup which is not an
LR-C semigroup.

Example 12 Let QT be the set of positive rational numbers and

S = { (xaa xbb> ta,b,x € Q+}.
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Then § is a completely regular semigroup under usual multiplication of matrices.

a b c d c d a b .
Indeed, (xa xb) (yc yd) = (a—l—yb)(xcxd).Also (xa xb) € Egif

and only if @ +xb = 1. But S is not an LR-C semigroup, since for £ = €

ENE SIS
ol— —

Eg and F =

(“ b )e S,AE = (a+%)

1
32

)e S, we have EF =g ?l)géSE. In fact, for any A=
6

O — W —
W N

1
51 .
va xb (% x).Then EF = AE implies %(a~|—%) = —158 and

1
5 1
(a—i—%) = %whichisimpossibleforanya,b € QT.Also FE = ;—‘ i l) ¢ ES.
6 3
. b .
ForifA = (% 2 ) e s thenEa=d+x)(%") Then EA = FE implies
xa xb 2 43

(% + x)a = % and (% + x) %a = % , which is again impossible for any a, x € Q™.
Thus S is not an LR-C semigroup.

Theorem 13 Let S be a regular semigroup. Then the following statements are equiv-
alent:

(i) Sisan LR-C semigroup.
(ii) Foreacha € S, either aS C Sa or Sa C aS.
(iii) Foreacha € S, either aS C Sa or there exists an inverse a* of a in S such that
Sa C a*aS.
(iv) Foreacha € S, either Sa C aS or there exists an inverse a* of a in S such that
aS C Saa*.

Theorem 14 A semigroup S is an LR-C semigroup if and only if S is completely
regular and for e, f € Eg, eitherefe = ef, orefe = fe (thatis, Es is LR regular
band).

Proof Lete € Eg and x € S. Then S being completely regular, ex = extex =
exext, for some t € S. Suppose efe = ef, for all f € Eg, then ex = exe(ext) =
exe(ext)e € Se so that eS C Se. Similarly, if efe = fe for all f € Eg, then
Se C eS. Hence S is an LR-C semigroup. |

Recall that a regular semigroup S is orthodox if Eg is a subsemigroup of S.
Theorem 15 Let S be an LR-C semigroup. Then

(i) S is orthodox,
(ii) for every a € S, either aV(a) C V(a)a or V(a)a C aV(a).

The next example describes an orthodox semigroup which is not an LR-C semi-
group.
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Example 16 We consider the inverse semigroup Z(X) of all one-one partial map-
pings of the set X = {1, 2, 3}. Z(X) is an orthodox semigroup. It is to be noted that
an element o of Z(X) is idempotent if and only if « is the identity mapping of a
subset A of X onto itself. We show that Z(X) is not an LR-C. For this, we consider

the elements e = (i) and f = ( ; ?) in Z(X), where e is an idempotent. Then

ef = ? ¢ Z(X)e and fe = ; ¢ eZ(X). This implies that eZ(X) is not a

subset of Z(X)e and Z(X)e is not a subset of eZ(X). Hence Z(X) is not an LR-C
semigroup.

6 Structure of LR-C Semigroups

A semigroup S is called a quasi-inverse semigroup, if it is orthodox and for any
a,x,y,a € Eg,axya = axaya (thatis, Eg is a regular band).

Let S be an LR-C semigroup. Then for all ¢ € Eg, either efe = ef, for all
f € Esorefe = fe,forall f € Eg. Now leta, x,y € Eg. Suppose afa = af,
for all f € Eg. Then a(xy)a = (ax)y = axay so that axya = axaya. This also
holds in case afa = fa, forall f € Eg. Hence Ej is a regular band. Also from the
Theorem 15 it follows that S is orthodox. Hence S is a quasi-inverse semigroup.

The converse of the above result may not be true. In fact, the inverse semigroup
Z(X) of Example 16 is a quasi-inverse semigroup which is not an LR-C semigroup.

Let S be a quasi-inverse semigroup. Then § is an orthodox semigroup. The least
inverse semigroup congruence o on S is given as follows:

aob if and only if V (a) = V (b), where V (x) denotes the set of all inverses of x.

Now, a relation 71 on S is defined as follows:

an1b if and only if

(1) a = b (where ¥ denotes the o-class containing x € §),
(2) there exists an inverse a* of a and an inverse b* of b such that aea™® beb™ = beb*
and beb* aea™ = aea™, foralle € Eg.

By [12], i1 is a congruence on S and S/7; is a left inverse semigroup.
Dually, a relation 7, on S is defined by
amb if and only if

(1) a = b and
(2) there exists an inverse a™ of a and an inverse b* of b such that a*ea b*eb = a*ea
and b*eb a*ea = b*eb, for all idempotents e € Eg.

Then 7, is a congruence on S and S/7 is a right inverse semigroup. According to
Yamada [12], a regular semigroup is a quasi-inverse semigroup if and only if it is
isomorphic to a subdirect product of a left inverse semigroup and a right inverse
semigroup.
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We now show that a quasi-inverse semigroup may be characterized as a special
type of subdirect product, namely, spined product. The direct product of a family
of semigroups {S,}aea is denoted by [[,c4 Sa. Let S = [[,c4 So and 7, denote
the projection homomorphism 7, : § — S,. Any semigroup S isomorphic to a
subsemigroup P of § such that Pm, = S,, for all @« € A is called a subdirect
product of the semigroups S,, @« € A. Let T be a semigroup and suppose that for
some family of semigroups {S,}nec4 and each o € A, there exists an epimorphism
Yo Sq = T.Then

S = [(aa) € H Salaapa = appp, o, B € A]

acA

is called the spined product of semigroups S,, over T (and the epimorphisms ¢, & €
A). It follows easily that the spined product is a subdirect product of semigroups S,.
If it is clear from the context what are the epimorphisms are, we say only that S is a
spined product of semigroups S,,.

Theorem 17 A quasi-inverse semigroup is isomorphic to a spined product of a left
inverse semigroup and a right inverse semigroup with respect to an inverse semigroup
which is the greatest inverse semigroup homomorphic image of S.

Proof Let S be a quasi-inverse semigroup. By [12], S is isomorphic to a subdirect
product of S/n; and S/, where the isomorphism ¢ : § —> S/n; x S/ is given
by ap = (a, @), a € S where @, a denote the n1-class and n-class containing a,
respectively. Let ¢ : S/ny —> S/oand £ : S/ —> S/o be defined by ay) = a
and 55 = a, where a is the o-class c9ntaining a. Then it is easy to see that ) and
¢ are epimorphisms. Thus 7' = {(@, b) € S/n x S/m, : acb} is a spined product
of §/m and S/mp with respect to §/o. Now define 6 : S — T by af = (a, a).

Clearly, 0 is a monomorphism. Let (a, b) € T. Then aob so that V(a) = V(b)
and a = ab*a = a(b*bb*)a = a(b*b)(b*a) n1 a(b*b)(b*a)(b*b) = ab*ab*b =
ab*b = ¢ (say) where b* € V(b). Also ¢ = ab*b = ab*(bb*b) = (ab™)(bb*)b 1m»
(bb*)(ab*)(bb*)b = b(b*ab*)b = bb*b = b. Therefore, ¢ = ab*b € S such that

¢=a,¢=h.Thus cd = (G, b) and 6 is an isomorphism. [ |

Now suppose S is an LR-C semigroup. Then by Theorem 11, S is completely
regular. Also a homomorphic image of a completely regular semigroup is completely
regular. Consequently, the left inverse semigroup S /7 becomes a left Clifford semi-
group. Similarly, S/, is a right Clifford semigroup and S/o becomes a Clifford
semigroup. Thus we have the following:

Corollary 18 An LR-C semigroup S is isomorphic to a spined product of a left Clif-
ford semigroup and a right Clifford semigroup with respect to a Clifford semigroup.
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Example 19 Let R be the set of real numbers. For any a, b € R, we definea e b =
albl,a ob = |alb. Then L = (R, ) is a left Clifford semigroup and R = (R, o)
is a right Clifford semigroup. Let C be the semigroup of nonnegative real numbers
with usual multiplication. Then C is a Clifford semigroup. We define the mappings
0:L — Cbyal =|a|land ¢ : R —> C by a¢ = |a|.Itis easy to verify that § and
¢ are epimorphisms. Let T = {(a, b)e LXR:af = b¢} be the spined product

of L and R with respect to C. Now T = {(a, a),(a,—a):ae R} is not an LR-C

semigroup. Indeed, for the element (1, 1) € Er, we have (1, )(—1,—-1)(1,1) =
(1, 1) whereas (1, 1)(—1, —1) = (1, —=1) and (—1, = 1)(1, 1) = (-1, 1).

Theorem 20 Let S be a semigroup. The following conditions are equivalent:

(1) Sisan LR-C semigroup.

(2) S is isomorphic to a spined product of a left Clifford semigroup L and a right
Clifford semigroup R with respect to a Clifford semigroup C and epimorphisms
6:L — Cand$: R — C such that for each e € E either e~ = {x} for
some x € Ec, or e¢p~! = [y} for some y € Ecg.

(3) S is a completely regular subdirect product of a left inverse semigroup L and a
right inverse semigroup R such that
Es C (Ec, x ER) U (EL X Ecy)
or, equivalently, S € (C(L) x R) U (L x C(R) where Ec, and Ec,, are the set
of all idempotents in the centers C(L) of L and C(R) of R, respectively.

7 Some Problem

Definition 21 A regular semigroup is said to satisfy condition (A): if for any a, t €
S, e € Eg, there exists a; € S such that eat = ajet.

Clearly, all left Clifford semigroups are regular semigroups satisfying condition (A).
For the converse, we consider the following examples:

Example 22 Let S = {a, b, ¢, d} be a semigroup with the Cayley table:

Here S is a band which is a regular semigroup satisfying condition (A). However, S
is not a left Clifford semigroup since a S is not a subset of Sa, for any element @ in S.
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Also, it is easy to see that a right zero semigroup is a regular semigroup satisfying
condition (A), but it is not left Clifford.

Theorem 23 A regular semigroup S with condition (A) is completely regular.

Problem. Describe this semigroup.
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Certain Categories Derived from Normal
Categories

A.R. Rajan

Abstract Normal categories are essentially the category of principal left(right)
ideals of a regular semigroup which are used in describing the structure of regu-
lar semigroups. Several associated categories can be derived from normal categories
which are of interest.

Keywords Normal categories - Ordered groupoid - Partial cones

Normal categories have been introduced by Nambooripad [7] to describe the struc-
ture of the categories of principal left [right] ideals of regular semigroups. These
categories arise in the structure theory of regular semigroups. Several structure theo-
ries are available for regular semigroups and the differences arise in terms of the basic
structures used in the theory. The structure theory in which the category of principal
left ideals and the category of principal right ideals of the semigroup are the basic
structures uses a relation between these categories known as cross connection. The
cross-connections described for categories is a generalization of the cross-connection
theory developed by Grillet [1] on partially ordered sets. The categories that arise in
the theory of cross-connections are the normal categories. Here we consider some
subcategories associated with a normal category and provide some of the relations
among these subcategories.

1 Preliminaries

Here we introduce some notations and terminology on normal categories and related
concepts. We follow generally the notations and terminology of Mac Lane [5] for
concepts in category theory and Howie [2] for semigroup concepts.For normal cat-
egories the references are [4, 7, 8].

We consider a category C as consisting of a class of objects denoted by vC and
for each pair of objects a, b a set [a, b]¢ called the set of morphisms from a to b
satisfying certain conditions. Here we write f : @ — b to represent a morphism
f € la,b]c. Also we may write a = d(f) and b = r(f) and call a the domain
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of f and b the range or codomain of f. Further each of the sets [a, b]¢ is called a
homset. The following are the conditions.

1. For morphisms f : a — b and g : ¢ — d a composition f g is defined only when
b = c and in this case the product f g is from a to d.

2. This composition is associative whenever defined, that is, if f, g, # are morphisms
such that (fg)h and f(gh) are defined then (fg)h = f(gh).

3. For each object a € vC there is a morphism 1, : @ — a such that 1,f = f for all
f:a—>band gl, =gforallg:b — aforany b € vC.

The morphism 1, is called the identity morphism at a. A morphism f : a — b
is said to be an isomorphism or is said to be invertible if there exists a morphism
g :b — asuchthat fg = 1, and gf = 1,. A morphism f : a — b is said to be a
monomorphism if it is cancellable on the right in compositions. That is, if gf = hf
for some morphisms g,h : ¢ — a then g = h. A morphism f is said to be an
epimorphism if it is cancellable on the left in compositions.

The concepts of functors and natural transformations are considered as in Mac
Lane [5]. For categories C and D, an isomorphism from C to D is a functor from C
to D which is a bijection from vC to vD and a bijection on each homset.

A category C is said to be a small category when the class of objects vC is a set.
We consider only small categories here.

The description of normal category follows the properties identified in the category
of principal left ideals of a regular semigroup. We now describe this category. Let
S be a regular semigroup. We denote by IL(S) the category of principal left ideals
of S whose objects and morphisms are given below. Objects are principal left ideals
of S and morphisms are right translations on these ideals. A right translation on a
semigroup S is mapping p : § — S such that (xy)p = x(yp) for all x,y € S. The
restriction of a right translation on S to a subsemigroup is called a right translation
on the subsemigroup.

Since S is a regular semigroup every principal left ideal is generated by an idem-
potent and so we have

VIL(S) = {Se : e € E(S)}

where E(S) is the set of all idempotents of S. A morphism p : Se — Sfin L(S) is
a right translation on Se with image in Sf and so has the following description. Let
ep = u € Sf. Then since p is a right translation

u=ep=(ee)p =e(ep) = eu.

So we see that u = euf € eSf and for any x € Se, xp = (xe)p = x(ep) = xu.
Thus every morphism p : Se — Sf can be regarded as a right translation by an
element u € eSf and we represent this morphism as p(e, u, f). It may be observed
that for p(e, u, f) : Se — Sfand p(f, v, g) : Sf — Sg the composition is given by
ple,u,f)p(f, v, g) = ple,uv, g).

The category IL(S) has several additional features and we proceed to describe
them.
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A category P is said to be a preorder if for any objects a, b of P there is at most
one morphism from a to b. If [a, b]p # () we say a < b and it can be seen that <is a
quasiorder(that is a reflexive and transitive relation) on vP. If [a, b] U [b, a] contains
at most one element then < is a partial order on vP. In this case, P is said to be a
strict preorder.

Definition 1.1 ([7]) A category with subobjects is a pair (C, P) where C is a small
category and P is a subcategory of C satisfying the following,

1. vC =VP.

2. P is a strict preorder.

3. Every f € P is a monomorphism in C.

4. Iff,g € Pandif f = hg forsome h € C then h € P.

If (C, P) is a category with subobjects and if f : a — b is a morphism in P then
we write f = j(a, b) and is called the inclusion from a to b. Also we write a < b in
this case. Further, we often denote a category with subobjects as C in place of (C, P).

A cone in a category (C, P) with subobjects is a map ~ from vC to the set of
morphisms of C defined as follows.

Definition 1.2 A cone in a category with subobjects C is a map v : vC — C
satisfying the following.

1. Thereisanobject ¢, called the vertex of the cone y such that foreacha € vC, 7y(a)
is a morphism from a to c,. In this case y(a) is called the component of  at a.
2. If a,b € vC and a < b then y(a) = j(a, b)y(b).

A cone is said to be a normal cone if at least one component is an isomorphism.
The vertex of a cone - is usually denoted by c.

Remark 1.3 The condition that at least one component of v is an isomorphism is
equivalent to the condition that at least one component is an epimorphism.

For, let ¢ be the vertex of v and let y(a) : a — ¢ be an epimorphism. So we
can write y(a) = qu for a retraction g and an isomorphism u. Let g : a — ag and
u:ay— c. Then agp < a and j(ag, a)g = 1 on ag. Now from the property of cone,
we get

~(ao) = j(ao, a)y(a) = jlao, a)qu = u.

Thus the component y(ag) is an isomorphism.

Now we define normal category. The definition given below is essentially the
definition for reductive normal category in the terminology of Nambooripad [7]. For
convenience, we use the term normal category only.

Definition 1.4 A category with subobjects (C, P) is said to be a normal category
if the following hold.
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(N1) Every inclusion j = j(a, b) : a — b has aright inverse ¢ : b — a in C. Such
a morphism ¢ is called a retraction in C.

(N2) Every morphism f € C has a factorization in the form f = quj where g is a
retraction, u is an isomorphism, and j is an inclusion. Such a factorization is
called a normal factorization.

(N3) For each ¢ € vC there exists a normal cone -y such that y(c) = 1..

Remark 1.5 The definition of normal category may also be given with the condition
(N3) above modified as follows.

(N3)’: (C, P) contains normal cones. In this case (C, P) will give rise to another
pair (Co, Pp) which satisfies the conditions (N1), (N2), and (N3). This can be seen
as follows. Let (C, P) be a category with subobjects satisfying (N1), (N2) and (N3)’.
Then we can produce a category with subobjects (Co, Po) where Cy is a subcategory
of C such that (Cy, Pp) satisfies the conditions of Definition 2.1.

For this, consider the full subcategory Cyp of C with

vCyp = {c € vC : for some normal cone  in C, y(c) is an isomorphism}.

Let Py be the full subcategory of P with vPy = vCy. Then (Cy, Po) satisfies (N1),
(N2), and (N3) of the above definition.

Example 1.6 Tt can be seen that the category IL(S) of principal left ideals of a regular
semigroup S is a normal category. Here for Se C Sf the inclusion morphism is
Jj(Se, Sf) = ple, e, f) and aretraction g : Sf — Se is p(f, fe, e) = p(f, fe, fe). For an
arbitrary morphism p(e, u, f) : Se — Sf a normal factorization is given by

ple,u, f) = ple, g, 9)p(g, u, p(h, h, f)

for some g € E(R,) Nw(e) and h € E(L,) Nw(f).

Here R, and L, denotes the Green’s equivalence classes and w(e) = {g € E(S) :
g < e in the natural partial order in S}. It may further be noted that E(R,) N w(e)
and E(L,) N w(f) are nonempty since S is regular.

The normal factorization of a morphism f given above is not in general unique.
Butif f = quj and f = quyj; are normal factorizations then qu = giu; and j = jj
(cf. [7]). In this case f© = qu is an epimorphism (that is left cancellative) and is called
the epimorphic component of f. The epimorphic component £ is unique for f.

Each normal category C gives rise to a regular semigroup denoted by 7'C, which
is the semigroup of normal cones in C with composition defined as follows. For
v, 8 € TC, the product v * § is the normal cone given by

(v % 8) (@) = v(@)(5(e))’.

It can be seen that  * J is a normal cone in this case and that 7C is a regular
semigroup with respect to the above product.
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We often write v4 in place of y * §. Also if f : ¢, — ¢ is a morphism, then we
write 7y x f for the cone with components

(v *f)(a) =~(@f.
It may noted that yxf is a normal cone whenever ~y is normal and f is an epimorphism.

The idempotents and Green’s relations in 7'C are characterized as follows.

Proposition 1.7 ([7]) Let TC be the semigroup of normal cones in a normal category
C = (C,P). Let vy, § be normal cones in C with cy = ¢ and cs = d. Then

1. ~is an idempotent in TC if and only if y(c) = 1..
2. Let L be the Green’s L-relation in TC. Then
v L ifand only if c = d.
The following theorem shows that every normal category arises as the category
IL(S) for a regular semigroup S.

Theorem 1.8 ([7]) Let C be a normal category. Then C is isomorphic to IL.(S) where
S=TC.

2 Subcategories of Retractions

Now we identify some subcategories in a normal category C and describe their
relations with the semigroup TC. The subcategory P of inclusions appear in the
description of normal category. We can see that the collection of all retractions is a
subcategory of C which can be described independent of inclusions.

Theorem 2.1 Let C = (C, P) be a normal category. Then

1. Letqy : a — band qo : b — c be retractions in C. Then q1q2 : a — cisa
retraction in C.
2. The set of all retractions of C forms a v-full subcategory of C.

Proof Since g1 : a — bis aretraction, we have b < a and j(b, a)q) = 1p. Similarly
jlc,b)ga = 1..Now ¢ < b <aandsoc < a. Now

Jjc,a)qiq2 = j(c, b)j(b, a)qi1q2 = 1.

So g1¢> is a retraction.

Now to see that the subcategory of retractions is v-full, consider any a € vC. Then
14 : @ — ais both a retraction and an inclusion. So the subcategory of retractions is
v-full.

The following are the major properties of this subcategory.
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Theorem 2.2 Let C = (C, P) be a normal category and Q be the subcategory of
retractions in C. Then the following hold for a, b, ¢ € vC.

1. If a < b then Q(b, a) is nonempty and jq = 1, for every q € Q(b, a) and
Jj=Jja,b).

2. Q(b,a) = @ if and only if P(a, b) = 0.

3. PNQ=nvC.

4. If q1,q2 € Q and q1 = q2h for some h € C with r(h) < d(h) then h € Q.

Proof The first three properties are clear from the definition of retraction. Now we
prove the last statement. Let gy : b — a, q¢o : b —> c € Qand h : ¢ — a € C with
a < c.Nowj = j(a,c) € P and so there is a ¢ € Q such that jg = 1, such that
q1 = q2h. Let j1, jo € P be such that j1q; = 1, and jog» = 1.. Now jj, = j; and so

Jh=jG2g2)h = (j2)(q2h) = ji1q1 = 1a.
Soh e Q.

Now we show that the conditions in the above theorem characterizes the subcat-
egory of retractions in a normal category.

Theorem 2.3 Let C = (C, P) be a category with subobjects and Q be a v-full
subcategory of C. Then Q is the category of retractions associated with (C, P) if and
only if Q satisfies the following.

1. Foralla evC, Qa,a) = {1,}.

2. Fora,b evCwitha # b, if Q(b, a) is nonempty then Q(a, b) is empty and and
there exists j = j(a, b) € P such that jq = 1, for every g € Q(b, a).

3. Ifq1,q2 € Qand q1 = q2h for some h € C with r(h) < d(h) then h € Q.

3 Groupoid of Isomorphisms

Another category we associate with a normal category is the groupoid of isomor-
phisms. It can be seen that this groupoid is an ordered groupoid. We start with the
definition of ordered groupoid. A groupoid is a small category in which all morphisms
are isomorphisms.

Definition 3.1 ([6]) A groupoid G with a partial order < on G is said to be an
ordered groupoid if the following hold.

(OG1) Ifx,y,u,v e G, xy,uvexistin G and if x < u and y < v then xy < uv.

(0G2) Ifx < ythenx~! <yl

(OG3) Letebeanidentity in G, x € G and let e, be the left identity of x. If e < e,
then there exists a unique morphism e % x € G such that e * x < x and the
left identity of e * x is e.
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Remark 3.2 The element e * x defined above is often called the restriction of x to e.
Dually there is a concept of corestriction defined as follows. Letx : a — b in G and
f be an identity in G with f < b. Thenxsf = (f *x~ 1)~ ! is called the corestriction
of x to f. It may be noted that x x f < x and r(x xf) =f.

The next theorem describes the ordered groupoid associated with a normal
category.

Theorem 3.3 Let C = (C, P) be a normal category. Then the set G(C) of all
isomorphisms in C is a v-full subcategory of C which is an ordered groupoid with
partial order defined as follows. Forx :a — bandy : c — d in G(C),

x<yifa<c, b<dandxjb,d) =j(a,c)y.

Proof Since the product of two isomorphisms is an isomorphism and identities are
isomorphisms it follows that G(C) is a v-full subcategory of C. First observe that
the partial order defined above coincides with the partial order of vC by considering
elements of vC as identity morphisms in G.

Now let x : @ — b be a morphism in G = G(C). Then d(x) = a and r(x) = b.
Lety:b — csothatxy:a — c.Letu:a; — byandv: by — c; sothatx <u
and y < v. Then from the definition of < above, we see that

xyj(c, c1) = xj(b, b1)v = j(a, ap)uv.

Therefore xy < uv. Thus (OG1) holds. Similarly, we can see that (OG2) also holds.

To see (OG3) consider x : @ — bin G and ¢ < a in vC. Now j(e, a)x is a
morphism in C and has a normal factorization. Let xy be the epimorphic part of this
normal factorization which is unique. Then j(e, a)x = xgj(r(xp), b) and x9 € G.
Further

xo = j(e, a)xq 6]

where g : b — r(xp) is a retraction and the product on the right side is independent
of the choice of g. Define
e* X = Xp.

Then clearly xp < x and so (OG3) holds.

‘We now show that certain normal categories can be described in terms of the sub-
categories of inclusions, retractions, and the groupoid of isomorphisms. We consider
the case where the category P of inclusions induces a semilattice order on the vertex
set of P. In this case for a, b € vP, we denote by a A b the meet of a and b in the
semilattice.

Let (G, <) be an ordered groupoid with vertex set vG. Then the partially ordered
set (vG, <) determines a preorder which is denoted by P(G). G is said to be semi-
lattice ordered if (vG, <) is a semilattice. Let Q be the preorder which is dual to P.
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Then vQ = vP = vG and for a,b € vG, Q(a,b) # @ if and only if b < a. We
show that any P, G, Q as above arises from a normal category.

Theorem 3.4 Let (G, <) be an ordered groupoid with semilattice order on identities.
Let G(P) be the preorder induced by the partial order < on vG. Let Q be the dual
of P. Then C = Q ® G ® P is a normal category in which P is the subcategory
of inclusions, Q is the subcategory of retractions, and G is the ordered groupoid of
isomorphisms of C where

ORGP ={(q,u,j) € QxG xP: r(q =du) and r(u) = d(j)}.

Proof First we describe a product of morphisms in C = Q ® G ® P. Let
(q,u,j), (s,v,k) € Q® G ® P with r(j) = d(s). Then the product is defined
as

(g, u, ) (s, v, k) = (¢, (ux ) (h*v), j)

where h = r(u) Ad(v), ¢’ : d(qg) — d(uxh)andj : r(h*xv) — r(k). It follows
from the definition of u * h and h x v that d(u * h) < d(u) and r(h*v) < r(v) so that
q € Qandj € P exist. Clearly, the product is well defined and so C is a category
with vC = vG.

Let
P'={(14, 14,)) : a € vG and j € P with d(j) = a}.

Then P’ is the subcategory of inclusions of C. Further for (14, 14,/1), (15, 1p,j2) €
P’ with j| : a — b itis easy to see that

(ll/lv la,jl)(lb’ 1b5.]2) = (ll/lv 1a,]1]2)
Therefore, P’ is isomorphic to P. Similarly, we see that
Q' =1{(q, 1p,1p) : b € vG and g € Q with r(g) = b}

is the subcategory of retractions of C and Q' is isomorphic to Q.
For any morphism (¢, u,j) € Cwithg:a — b, u:b — candj:c — dhasa
factorization
(q,u,)) = (q, 1p, 1p)(1p, u, 1c)(1c, 1c, j)

which is a normal factorization of (g, u, j).

Further for any a € vC there is a normal cone o with vertex a defined as follows.
For any b € vC, o(b) = (q(b), 1;,j(t,a)) where t = a A b and g(b) : b — ¢t is the
unique morphism from b to ¢ in Q. Hence C is a normal category.
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4 Groupoid of Partial Cones

Another category of interest associated with a normal category is the groupoid of
partial cones. By a partial cone, we mean part of a normal cone where the base is
suitably restricted. For any normal cone +y in a normal category C let

M(~y) = {a € vC : v(a) is an isomorphism}.

We denote by m(7), the partial cone corresponding to v whose base is M () and
components given by m(7y)(a) = ~y(a). Note that all the components of this partial
cone are isomorphisms.

Let P(M) denote the set of all partial cones in a normal category C. We denote
by P(M) the category whose vertex set is P(M) and morphisms are as defined
below. For m(vy), m(d) € P(M) a morphism from m(vy) to m(§) exists only when
M(vy) = M(6) and in this case u = (y(a))_lé(a) iy —> csfora € M(y)isa
morphism in P (M). Further P (M) (m(~y), m(d)) is the set of all products of the form
uv : ¢y —> cg whereu = (’y(a))_la(a) and v = (o(b))~15(b) for some normal cone
o with b € M(0) = M(5) = M(vy). Clearly P(M) becomes a category and all the
morphisms are invertible. Thus P (M) is a groupoid. In fact P(M) is a subgroupoid
of the groupoid G(C) of isomorphisms of C. So there is a partial order on P (M)
induced by the partial order on G(C).

Theorem 4.1 Let (C, P) be a normal category. Then the groupoid P (M) of partial
cones is an ordered groupoid.

Proof First we define a partial order on v/P(M) as follows. For normal cones  and
0 define

v<difcy <csandy=0=xq
for a retraction g : ¢5 — ¢,. Now for m(y) and m(6) in vP(M) define

m(y) < m(d)if vy < 9.

Now let 4, ¢ be normal cones and x : ¢5 — cgy be a morphism from m(d) to
m(d’) and let m(y) < m(d). Define

m(y) *x = Cy *X
where ¢, * x is the restriction of x to ¢, defined in the ordered groupoid G(C).
It remains to show that ¢, * x defined above lies in P(M). By the definition of

restriction in G(C) and by Eq. (1), we see that

cy #x = j(cy. c5)aq

where g is a retraction from cy to d’ = r(cy * X).
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First consider x = (§(a)) 18 (a) for some a € M(8). Then
ey xx = (0% q)(d)' (@)

where ' = r(cy * (J(a))’l) and ¢ is a retraction from cs to ¢4. S0 ¢y * x € P(M).
Similarly, we can see that for all x € P(M) with d(x) = ¢ the restriction ¢, * x €
P(M). Thus P(M) is an ordered groupoid.

Remark 4.2 The ordered groupoid of partial cones can be used to describe the cat-
egory of principal right ideals of the semigroup 7C associated with the normal cate-

gory C.
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Abstract Let N be a near ring. A 3-additive map A : N X N X N — N is
called a 3-derivation if the relations A(x1x2, y, z) = A(x1, y, 2)x2 + X1 A(x2, ¥, 2),
A(x, y1y2,2) = A(x, y1, 2)y2+y1Ax, y2, 2),and A(x, y, z122) = A(x, y, 21)22+
71A(x, y, z2) are fulfilled, for all x, y, z, x;, y;, z; € N,i = 1, 2. The purpose of the
present paper is to prove some commutativity theorems in the setting of a semigroup
ideal of a 3-prime near ring admitting a permuting 3-derivation, thereby extending
some known results of biderivations and permuting 3-derivations.
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1 Introduction

Throughout the paper, N denotes a zero-symmetric left near ring with multiplicative
center Z, and for any pair of elements x,y € N, [x, y] denotes the commutator
xy — yx while the symbol (x, y) denotes the additive commutator x +y — x — y.
A near ring N is called zero-symmetric if Ox = 0, for all x € N (recall that left
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distributivity yields that xO = 0). The near ring N is said to be 3-prime if x Ny = {0}
for x, y € N implies that x = 0 or y = 0. A near ring N is called n-torsion free,
where n is a positive integer, if (N, +) has no element of order n. For all x € N,
C(x) = {a € N | ax = xa} denotes the centralizer of x in N. A nonempty
subset U of N is called a semigroup right (resp. semigroup left) ideal if UN € U
(resp. NU C U) and if U is both a semigroup right ideal and a semigroup left
ideal, it is called a semigroup ideal. An additive map d : N — N is called a
derivation if the Leibniz rule d(xy) = d(x)y + xd(y) holds for all x,y € N. A
biadditive map D : N x N — N (i.e., D is additive in both arguments) is said to
be a biderivation if it satisfies the relations D(xy, z) = D(x,z)y + xD(y, z) and
D(x,yz) = D(x,y)z+ yD(x,z),forall x,y,z € N.

Amap A : N x N x N — N is said to be permuting if the equation
A(x1, x2,x3) = A(Xz(1), Xz(2), Xz(3)) holds for all xi, x2, x3 € N and for every
permutation  on {1,2,3}. Amap § : N —> N defined by 6(x) = A(x, x, x), for
all x € N is called trace of A, where A : N x N x N — N is a permuting map.
It is obvious that, incase A : N x N x N — N is a permuting map which is also
3-additive (i.e., additive in each argument), the trace of A satisfies the relation

dx+y)=38(x)+2A(x,x,y) +Alx,y,y) + Alx, x,y) +2A(x, y, y)
+8(y) forall x,y € N.

Since we have
A0,y,2) =A0+0,y,2) = A, y,2) + A0, y, 2),
forall y,z € N, we obtain A(0, y, z) =0, for all y, z € N. Hence we get
0=A0,y,00=AK—x,y,2) = Ax,y,2) + A(—x,,2)
and so we see that A(—x, y,z) = —A(x,y,z), forall x, y,z € N. Hence § is an
odd function.
A 3-additive map A : N x N x N —> N is called a 3-derivation if the relations
Alxixz, y,2) = A(x1, y, 2)x2 + x1A(x2, ¥, 2),
Ax, y1y2,2) = A(x, y1, 2)y2 + y1Ax, y2, 2),
and
A(x,y,z122) = A(x, ¥, 21)22 + 21A(x, ¥, 22)

are fulfilled for all x, y, z, x;, yi, zi € N,i = 1, 2. If A is permuting then, the above
three relations are equivalent to each other.
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For example, let N be a commutative near ring. Amap A : N X N XN — N
defined by (x, y, 2) — d(x)d(y)d(z),forall x, y, z € N is a permuting 3-derivation,
where d is a derivation on N.

On the other hand, let S be a commutative near ring and let N = [ (g g) |a,b e

S] .Itis clear that N is a noncommutative near ring under matrix addition and matrix

multiplication. We defineamap A : N x N x N — N by

aj bl an b2 as b3 0 ajaras
() (F6)-(56)) — (057)
Then it is easy to see that A is a permuting 3-derivation.

In case of rings and near rings derivations and biderivations have received sig-
nificant attention in recent years see [1, 2, 5, 6, 9-12]. Motivated by the notion
of permuting 3-derivations in rings introduced by Ozturk in [4], Park and Jung [7]
defined permuting 3-derivations in near rings and studied commutativity of a near
ring admitting a 3-derivation satisfying certain conditions. In the present paper we
obtain the results in the setting of a semigroup ideal of a 3-prime near ring admitting
a permuting 3-derivation, thereby extending some known results on biderivations
and 3-derivations.

2 Preliminary Results

We begin with the following lemmas.

Lemma 2.1 ([1, Lemma 1.2]) Let N be a 3-prime near ring and Z be the center of
N.

(i) If z € Z\{0}, then z is not a zero divisor.
(ii) If Z\{0} contains an element z for which z + z € Z, then (N, +) is abelian.

Lemma 2.2 ([1, Lemma 1.3]) Let N be a 3-prime near ring and U be a nonzero
semigroup ideal of N.

(i) Ifx,y e Nand xUy = {0}, thenx =0ory =0.

(ii) If x € N and xU = {0} or Ux = {0}, then x = 0.

Lemma 2.3 ([1, Lemma 1.5]) If N is a 3-prime near ring and Z contains a nonzero
semigroup left ideal or semigroup right ideal, then N is a commutative ring.

Lemma 2.4 ([7, Lemma 2.4]) Let N be a near ring andlet A : N x N x N — N
be a permuting 3-derivation. Then we have

[Ax,z, w)y +xA(y, z, w)]v = A(x, z, w)yv + xA(y, z, W)V
forallv,w,x,y,z € N.
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Lemma 2.5 Let N be a 3-prime near ring and U be a nonzero semigroup ideal of
N.Let A: N x N xN —> N be anonzero 3-derivation. Then A(U, U, U) # {0}.

Proof Suppose that A(U, U, U) = {0}. For any u, v, w € U, we have
A(u,v,w) =0forall u,v, w € U. 2.1
Substituting ux for u in (2.1), we get
A(u, v, w)x +ulA(x,v,w) =0forallu,v,w € U andx € N.
Using (2.1), we get U A(x, v, w) = {0}. Invoking Lemma 2.2 (ii), we have
A(x,v,w)=0forallv,w e U andx € N. 2.2)
Substituting vy for v in (2.2), we get
Alx,v,w)y +vA(x,y,w) =0forallv,w e Uandx,y € N.
Using (2.2), we find UA(x, y, w) = {0} and Lemma 2.2 (ii), yields that
Ax,y,w)=0forallw e U and x,y € N. (2.3)
Substituting wz for w in (2.3), we obtain UA(x, y, z) = {0}. Another appeal to

Lemma 2.2 (ii), yields that A(x, y, z) = 0, forall x, y, z € N, which is a contradic-
tion, since A is nonzero on N and hence theorem is proved.

Lemma 2.6 Let N be a 3!-torsion-free near ring and U be a nonzero additive
subgroup of N. Let A : N x N Xx N —> N be a permuting 3-additive map with
trace § such that 5(x) = 0, for all x € U. Then we have A =0 on U.

Proof For any x, y € U, we have the relation

S(x+y) =8x) +2A0, x, ) + Alx,y, y) + A(x, x,y) + 2A(x, y, y) +8(y)
and so, by the hypothesis, we get

2A(x, x, )+ Ax,y,y) + A(x,x,y) +2A(x,y,y) =0forallx,y e U. (2.4)
Substituting —x for x in (2.4), we obtain

2A(x, x,y) — Ax,y,y) + Alx,x,y) —2A(x,y,y) =0forallx,y € U. (2.5)
On the other hand, for any x, y € U,

S(y+x)=80)+2A0,y,x)+ AW, x,x)+ Ay, y,x) +2A(y, x, x) + 8(x)
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and thus, by the hypothesis and using the fact that A is permuting, we have
2A(x, y,y) + Ax,x,y) + Alx,y,y) +2A(x,x,y) =0forallx,y € U. (2.6)
Comparing (2.4) and (2.5), we get
2A(x, y, y) + A(x, x, y) + Alx, y, y) = Ax, x, y) = 3A(x, v, y)
which implies that

2A(x, y,y) +AQ,x,y) + Alx, y,y) F2A(x, x,y) = A(x,x,y) —3Ax, y,y)

+2A(x, x, y).
Hence it follows from (2.6) that
A(x,x,y) —3Ax,y,y) +2A(x,x,y) =0forallx,y e U. 2.7
Substituting —x for x in (2.7), we find
Alx,x,y)+3A(x,y,y) +2A((x,x,y) =0forallx,y e U. (2.8)
Comparing (2.7) and (2.8), we obtain
6A(x,y,y)=0forallx,y e U.
Since N is 3!-torsion free, we get
A(x,y,y)=0forallx,y e U. (2.9)

Substituting y + z for y in (2.9) and linearizing (2.9) we obtain
A(x,y,z) =0forallx,y € U,

i.e., A = 0 on U which completes the proof.

Lemma 2.7 Let N be a 3-prime near ring and U be a nonzero semigroup ideal of
N.Let A: N x N x N —> N be a3-derivation. If x € N and A(U, U, U)x = {0}
(or xA(U, U, U) = {0}), then either x =00or A =0o0nU.

Proof Let
A(y,z,w)x =0forall y,z,w € U.

Substituting y = vy we get A(v,z,w)yx = 0, for all y,z,v,w € U, ie,
A(v, z, w)Ux = {0}, for all v, z, w € U. Invoking Lemma 2.2 (i) either x = 0
orA=0onU.
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Lemma 2.8 Let N be a 3!/-torsion-free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. Let A : N x N x N — N be
permuting 3-derivation with trace § and x € N such that x§(y) = 0, forall y € U.
Then either x =0or A=0o0nU.

Proof For any y, z € U, we have
SOy +2)=060)+2A0,y,20) + A, z,2) + AW, y,2) + 2A(y, 2, 2) + 8(2).
By hypothesis
2XxA(y,y,2) +xA(y, z,2) + xA(y, y,2) +2xA(y, z,z) =0forall y,z € U.
(2.10)
Substituting —y for y in (2.10), it follows that
2xA(y,y,2) —xAQ,z2,2) + XAy, ¥,2) —2xA(y,z,z) =0forall y,z € U.

(2.11)
On the other hand,

8(z+y) =48(2) +2A(@z 2, ) + Az, 3, ¥) + Az, 2, y) + 2A(z, y, y) + 8(y)

Again using hypothesis, we have
2xA(z,2,y) + XAz, y,¥) +xA(z, 2, y) +2xA(z, y,¥) = 0.

Since A is permuting, we get

2xA(y,2,2) + XA, y,2) + xA(y,z2,2) + 2xA(y,y,z) =0forall y,z € U.

(2.12)
Comparing (2.10) and (2.11), we get
2xA(y,z,2) + XA, ¥, 2) + xA(y, z,2) = XAy, y, 2) — 3xA(y, 2, 2),

ie.,

2xA(y,2,2) + XA, y,2) + XA, 2,2) +2xA(y, ¥, 2) = xA(y, ¥y, 2)
—3xA(y,z,2) + 2xA(y, ¥, 2).

Now, from (2.12), we obtain
XAy, y,2) —3xA(y,z,2) + 2xA(y,y,z) =0forall y,z € U. (2.13)
Substituting —y for y in (2.13), we find

xA(y,y,2) +3xA(y,2,2) + 2xA(y, y,z) =0forall y,z € U. (2.14)
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Comparing (2.13) and (2.14), we obtain
6xA(y,z,z) =0forall y,z € U.
Since N is 3!-torsion free, we get
xA(y,z,z) =0forall y,z € U. (2.15)
Substituting z + w for z in (2.15), we have
xA(w,y,z) =0forallw, y,z € U. (2.16)

Hence by Lemma 2.7 either x =0 or A =0on U.

3 Main Results

Theorem 3.1 Let N be a 3-prime near ring and U be a nonzero semigroup ideal
of N which is closed under addition. Let A : N Xx N x N —> N be a nonzero
3-derivation such that A(U, U, U) C Z. Then (N, +) is abelian.

Proof By hypothesis A(x,y,z) € Z, for all x,y,z € U. Since A is nonzero
on U by Lemma 2.5, there exists nonzero elements xg, yo, zo€U such that 0 #

A(xo0, ¥0, z0) € Z\{0} and A(xo, Yo, z0+20) = A(x0, Yo, 20) + A(x0, Y0, 20) € Z.
Hence (N, +) is abelian by Lemma 2.1 (i7).

Theorem 3.2 Let N be a 3!-torsion-free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. Let A : N X N Xx N —> N be
a nonzero permuting 3-derivation with trace & such that A(U,U,U) C Z and
8(U) C U. Then N is a commutative ring.

Proof By hypothesis
wA(x,y,z) = Alx,y,z2)wforall x,y,z€e Uandw € N. (3.1)
Replacing x by xv in (3.1) and using Lemma 2.4, we get

WA, y,2)v+wxA(, y,z2) = Alx, y,2)vw + xA(v, y, 2)w
forallv,x,y,z€e Uandw € N.

Using hypothesis and Theorem 3.1, we have

Alx,y, Dw,v] = A, y,)[x,w]forallv,x,y,z€ Uandw € N. (3.2)
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Replacing x by §(«) in (3.2), we obtain
A, y, z2)[w,v]=0forallu,v,y,z € U and w € N. (3.3)
Assume that
AS(u),y,z)=0.
Substituting « + x for u and using the hypothesis, we obtain
AAwm,u,x),y,2)+AAW, x,x),y,z) =0forallu,x,y,z € U. (3.4)
Replacing u by —u in (3.4) and using (3.4), we obtain
A(Au,u,x),y,z) =0forallu,x,y,zeU. (3.5)
Now replacing x by ux in (3.5) and using (3.3), we find
S(W)A(x,y,z)+ A, y, 2)Au,u,x) =0,
and by hypothesis
S(u)A(x,y,2) + A, u, x)A(u,y,z) =0forallu,x,y,z e U. (3.6)
Taking u = y = x in (3.6), we obtain
S§(x)A(x,x,z) =0forallx,z e U. (3.7
If A(x, x, z) is nonzero element of Z, then §(x) = 0, for all x € U by Lemma 2.1
(i). On the other hand if A(x, x,z) = 0, for all x, z € U, we have A(x, x, x) =0,
i.e., 6(x) = 0. Hence in both the cases 6(x) = 0, for all x € U and using Lemma
2.6 we have A = 0 on U—a contradiction by Lemma 2.5. Thus A(§(«), y,z) is a

nonzero element of Z and by Lemma 2.1 (i), (3.3) yields that U € Z. Hence N isa
commutative ring by Lemma 2.3.

Theorem 3.3 Let N be a 3!-torsion-free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. Let A : N x N x N — N
be a nonzero permuting 3-derivation with trace § such that §(x), §(x) + §(x) €
C(AWU,U,U)), forall x € U. Then (N, +) is abelian.

Proof Forallt,u,v,x,w e U
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A +1,v, w)(§(x) +3(x))
=0BMx)+s(x)Am+t, v, w)
= (0(x) +3CN[AW, v, w) + A, v, w)]
= (0(x) + () AW, v, w) + F(x) +3(x)AE, v, w)
= A, v, w)(F(x) +3(x) + A, v, w)(S(x) +8(x))
= A(u, v, w)s(x) + A(u, v, w)s(x) + A(t, v, w)s(x)
+ A, v, w)8(x)
=06(x)Au, v, w)+5(x)Au, v, w) +5(x)A, v, w)
+ S(x)A(t, v, w)
forallt,u,v,w,x € U.
(3.8)
and
A +1,v, w)(8(x) +8(x))
=AW+1,v, W)+ A +1, v, w)s(x)
=8(X)AW+1,v,w) +3)AWU +1,v, w)
=3)[A, v,w) + A1, v, w)]
+ S(x)[Au, v, w) + A(t, v, w)]
= 8(X)Au, v, w) + SX)A(L, v, w) + () Au, v, w)
+ S(x)A(t, v, w)
forall t,u, v, w,x € U.

3.9
Comparing (3.8) and (3.9), we obtain

S(x)A((u, t),v,w)=0forall t,u, v, w,x € U.
By hypothesis we get

A((u,t),v, w)d(x) =0forallt,u,v,w,x € U.
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Hence it follows from Lemma 2.8, that
A((u,t),v,w) =0forallf,u,v,w € U. (3.10)
Substituting uz for u and ut for ¢ in (3.10) to get
0= Az, 1),v,w) = A, v, w)(z,t) +ul((z, 1), v, w),
i.e.,
A(u, v, w)(z,t) =0forall t,u, v, w,z € U. (3.11)
By Lemma 2.7 either (z,¢) = 0 or A = 0 on U. Later yields a contradiction by
Lemma 2.5. Hence (z,t) = 0, for all z, r € U. Substituting zr for z and zs for ¢, for
allr, s € N, we have
z(r,s) =0forallze Uandr,s € N,
ie.,
U(r,s) ={0}forallr,s € N. (3.12)

Invoking Lemma 2.2 (ii), (r,s) = 0, forall r, s € N and (N, +) is abelian.

Theorem 3.4 Let N be a 3!-torsion-free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. Let A : N X N x N — N
be a nonzero permuting 3-derivation with trace § such that §(x),§(x) + §(x) €
C(AWU,U,U)), forallx € U and §(U) C U. Then N is a commutative ring.

Proof By the hypothesis for all u, v, w, x € U
[6(x), A(u, v, w)] =0. (3.13)
Replacing x by x + y in (3.13) and using Theorem 3.3, we obtain
[A(x, x,y), A(u, v, w)] + [Ax, y,y), A(u, v, w)] =0 forall u, v, w,x,y € U.
(3.14)
Setting y = —y in (3.14) and comparing the result with (3.14), we obtain

[A(x,y,y), A(u,v,w)] =0forall u, v, w,x,y € U. (3.15)

Replacing y by y + z in (3.15), using (3.15) and the fact that A is permuting, we
have

[A(x,y,2), A(u,v,w)] =0forall u, v, w,x,y,z€U.
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Alx,y, 20)AW,v,w) = A(u, v, w)A(x,y,z) forall u, v, w,x,y,z € U. (3.16)
Substituting ut for u in (3.16), we find
A, v, w)tAx,y,z) — Ax,y, 2)A(u, v, w)t + ul(t, v, w)Ax, y, 2)
— A(x,y, 2ulA(t,v,w) =0forallz,u,v,w,x,y,z € U. (3.17)
Substituting 8 («) for u in (3.17) and using (3.16), we get
AS(m), v, w)t, A(x,y,z)] =0forall t,u, v, w,x,y,z€U. (3.18)
Replacing w by ws in (3.18), we have
AS(u), v, w)s[t, A(x,y,z)] =0forall s, t,u, v, w,x,y,z €U,
ie.,
), v,w)U[t, A(x,y,z)] =0forall £, u, v, w,x,y,z € U.

By Lemma 2.2 (i), either A(8(u), v, w) =0or [t, A(x,y,2)] =0.

Assume that
AS(u),v,w)=0forallu,v,w e U. (3.19)
Substituting u + x for u in (3.19) and using the hypothesis, we obtain
AAw, u,x),v,w)+ AAw, x,x),v,w)=0forallu, x,v,w e U. (3.20)
Setting u = —u in (3.20) and comparing the result with (3.20), we find that
AAw,u,x),v,w)=0forallu, x,v,w e U. 3.21)
Substituting ux for x in (3.21) and applying (3.19), we obtain
Sw)A(x,v,w) + A(u, v, w)A(u,u,x) =0
and so it follows from the hypothesis that
Sw)A(x,v,w) + A(u,u, x)A(u,v,w) =0forall u, x,v, w € U. (3.22)
Taking u = v = x in (3.22) and using hypothesis, we obtain

Alx,x,w)§(x) =0forall x,w € U. (3.23)



78 A. Alietal.

By Lemma 2.8, A(x, x, w) = 0. Replacing w by x, we have §(x) = 0, forallx € U
and Lemma 2.6 yields that A = 0 on U—a contradiction by Lemma 2.5.
Consequently, we arrive at

[t, A(x,y,z)] =0forallt,x,y,z € U.
Substituting r¢ for ¢, we get
[r, A(x,y,2)]t =0forallz,x,y,z€Uandr € N,
ie.,
[r, A(x,y,z)]JU = {0} forall x,y,z € U andr € N.
By Lemma 2.2 (ii), we get
[r, A(x,y,z)]=0forallx,y,ze Uandr € N,

ie., A(x,y,z) € Z,forall x,y,z € U. Hence N is a commutative ring by Theo-
rem 3.2.

The following example justifies that Theorem 3.4 does not hold for an arbitrary
near ring and conditions U to be a semigroup ideal of N and §(U) C U in the
hypothesis are essential.

Example 3.1 Let S be any commutative near ring. Let N = < (g g) | x,y € S]

x0
and U = [ 00
of N but not a semigroup ideal of N. Define A : N x N x N — N by

X1 )1 X2 ¥ X3 3 0 x1xpx3 .
((00),(00),(00))|—>(0 0)and8.N—>N
such that §(y) = A(y, y, y), forall y € N. Then A is a permuting 3-derivation on
N with trace 8. It can be easily verified that §(U) € U and 8(x), 5(x) + §(x) €

C(A(u, v, w)), forall u, v, w, x € U. Neither (N, +) is abelian nor N under mul-
tiplication is commutative.

| x € St. Then N is a near ring and U is an additive subgroup
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Biordered Sets and Regular Rings

P.G. Romeo

Abstract Biordered sets were introduced in [3] to describe the structure of regular
semigroups. In [1] it is shown that the ideals of a regular ring forms a complemented
modular lattices. Here we describe the biordered set of such a regular ring.
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1 Preliminaries

First, we recall the basic definitions and results regarding lattices and rings needed
in the sequel. Let L be a class of elements a, b, . .. together with a binary relation <
between pairs of elements of L satisfying a vV b and a A b exists, for all a,b € L,
then L is called a lattice. Further if V.S and AS exist for all S C L, then L is called
a complete lattice.

Definition 1 A complemented lattice is a bounded lattice (with least element O and
greatest element 1) in which every element a has a complement b such that

avb=1 and aAnb=0.

Definition 2 Let L be a lattice

(1) L is said to be distributive if it satisfies the distributive laws

an(bvec)y=(@Ab)V(anc), and
avVibnrc)y=(aVvb)yA@Vvce), Ya,b,c e L
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(2) L is said to be modular if it satisfies the modular law
a>c=>aNnbvec)=(@Ab)Ve, Ya,b,ce L

A complemented distributive lattice is called a Boolean algebra. Obviously, a
Boolean algebra is a complemented modular lattice. A typical example of a com-
plemented modular lattice which is not a Boolean algebra is the lattice of linear
manifolds of a finite dimensional vector space.

A set S together with an associative binary operation is called a semigroup. An
elementa in a semigroup S is called regular if there exists an element a’ € S such that
ad’a = a, if every element of S is regular then S is a regular semigroup. An element
e € S such that e - e = e is called an idempotent and the set of all idempotents in S
will be denoted by E(S).

Let S be a semigroup fora € S the smallest left ideal containing a is S'a = SaUa
and is called the principal left ideal generated by a. An equivqlence relation £ on
S is defined by aLb if and only if S'a = S'b. Similarly, we can define the relation
R by aRb if and only if aS' = bS!. The intersection of £ and R is the relation H
and their union D. It is easy to observe that these are equivalence relations and these
relations are termed as Green’s equivalences.

Lemma 1 A semigroup S is regular if each L class and each R class of S contain
idempotents.

Lemma 2 A semigroup S is an inverse semigroup if each L class and each R class
of S contain a unique idempotent.

Remark I 1f a is a regular element in a semigroup S then there exists a’ such that
aa’a = a, hence we have both aa’ and a’a which are idempotents and so the above
lemmas follows.

Definition 3 Let S be a semigroup with 0 and X any subset of S, then
X" ={yeS:xy=0forallx e X}

is the right annihilator of X. If X = {x} then x" is the right annihilator of x.

Similarly, one can define the left annihilator X’ and x’.
A Baer semigroup is a multiplicative semigroup with zero in which the left [right]
annihilator of each element x is a principal left [right] ideal.

Definition 4 A regular semigroup S for which the set of the principal left [right]
ideals coincides with the set of left [right] annihilators of elements of S is called a
strongly regular Baer semigroup.

Let P be a partially ordered set and ® : P — P be an isotone mapping, then ®
is called normal
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(1) im® is a principal ideal of P
(2) whenever x® = y, then there exists some z < x such that ® maps the principal
ideal P (z) isomorphically onto the principal ideal P (y).

Definition 5 The partially ordered set P is called regular if foreverye € P, P(e) =
im® for some normal mapping ® : P — P with &> = &

If P is a regular partially ordered set , then the set S(P) [S*(P)] of normal map-
pings of P into itself, considered as left [right] operators form a regular semigroup
with the composition of maps as binary operation and S(P)/R = S*(P)/L = P.
The following is an interesting lemma in this context.

Lemma 3 Let S be a regular semigroup. Then S/ L and S/R are regular partially
ordered sets. For any y € S the mappings

ry :S/R— S/R, Ry = ryRy = Ryy

and
ly:S/L— S/L, Ly — Lyly, = Lyy

are normal mappings.

Definition 6 A ring R is a set of elements x, y, ... together with two binary oper-
ations ‘ + " and ‘- > with the following properties:

(1) (R, ) is an abelian group.

(2) (R, -) is a semigroup.
B)x-y+2)=x-y+x-zand(y+z)-x=y-x+z-x,forallx,y, z €R.
Further if there exists an element 1 with the property that x - 1 = 1 - x = x for
every x € R, then the ring is called a ring with unity. In the following our ring R is

always regarded as a ring with unity. An element e € R is said to be an idempotent
if ¢ = . Obviously, 1 is an idempotent element.

Definition 7 A ring R is called a division algebra or a field if for every x # 0 there
exists a y such that x - y = y - x = 1. This y is unique and will be denoted by x .

1.1 Ideals and Modular Lattices

A subset a of aring R is called right ideal in case
X+ye€a, xz€a
for each x, y € a and z € R. Similarly, we can define the left ideal in R. We call a

an ideal if it is both a right and a left ideal. The set of all right (left) ideals of R is
denoted by Rr (LR).
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It is easy to note that the intersection of any class of right(left) ideals is again a
right (left) ideal and also for any a C R there is a unique least extension a,, (a;)
which is a right (left) ideal.

Definition 8 A principal right [left] ideal is one of the from (x),[(x;)]. The class of
all principal right [left] ideals will be denoted by Rr [LR].

Lemma 4 Let R be aring, e € R, then
e ¢ is idempotent if and only if (1 — e) is idempotent.

e (e), if the set of all x such that x = ex is a principal right ideal.

e (¢), and (1 — e), are mutual inverses, i.e., (e)r U (1 —e), = 1, and(e), N
(1—e)=0.

o If(e)y = (f)randif (1 —e), = (1 — f), where e and f are idempotents, then
e=f.

Theorem 1 Two right ideals a and b are inverses if and only if there exists an
idempotent e such that a = (e), and b = (I — e),.

Proof Leta and b be inverse right ideals, then there exists elements x, y withx 4y =
I,x €a,yeb.If z € athen xz + yz = x, hence yz = x — xz since z, xz € a this
implies yz € a. But yz € b, hence yz = 0. Thus z = xz € (x), forevery z € a
and a C (x),. But x € a, hence a = (x),. Similarly, b = (y), = (I — x),, since
x + y = 1. Finally, since z = xz for every z € a this holds for z = x and x is
idempotent. (I

Theorem 2 The following statements are equivalent

(1) Every principal right ideal {a), has an inverse right ideal.

(2) For every a there exists an idempotent e such that (a), = (e),.
(3) For every a there exists an element x such that axa = a.

(4) For every a there exists an idempotent f such that (a); = (f);.

(5) Every principal ideal {a); has an inverse left ideal.

Definition 9 A ring R is said to be regular if R possesses anyone of the equivalent
properties of the above theorem.

Proposition 1 (cf. [1] Theorem 2.3). If a and b be two elements in the principal
right ideal Ry then their join a U b is a principal right ideal.
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Also since the principal right ideals R and the principal left ideals Ly are anti-
isomorphic it is easy to see that for any two right ideals a and b, we can define N as
follows:

anp = (an)l
where a' is defined by a! = {y : z € a, implies, yz = 0} (see [1]).

Lemma 5 (cf. [1] Lemma 2.4). If a and b be two elements in the principal right
ideal Ry then a N b is a principal right ideal.

Theorem 3 The set Ry is a complemented modular lattice partially ordered by C,
the meet being N and join U , its zero is (0) and its unit is (1),.

1.2 Biordered Sets

Next we recall the definitions of a biordered set from cc. [3]. By a partial algebra
E we mean a set together with a partial binary operation on E. The domain of the
partial binary operation will be denoted by Dg. On E we define

Wo={(e, f): fe=el ={(e, f)ef =e)

also, R=uw" NWH™, L=w'NnWH™ !, andw =w" Nt

Definition 10 Let E be a partial algebra. Then E is a biordered set if the following
axioms and their duals hold:

(1) w" and W' are quasi-orders on E and
Dpg = (W UwHU W Uwh™.

2) few(e) = fRfewe.

(3) gt fand f, g€ w (e) = gew' fe.

@) g’ fuw'e=gf = (ge)f.

(5) gu'fand f.g € W' (e) = (fg)e = (fe)(go).

Let M(e, f) denote the quasi-ordered set (W' (e)NW' (f), <) where < is defined by
g < h < egw"eh, and g fw!'hf. Then the set

S(e, f) ={h e M(e, f) : g < h for all g € M(e, f)}

is called the sandwitch set of e and f.
(1) figew'(e) = S(f.g9)e=S(fe, ge)
The biordered set E is said to be regular if S(e, f) #@ Ve, f € E
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Example Let S be a semigroup. On E(S) = {e € S e? = e} we define

ew f & fe=eandew f & ef =e.
It can easily be seen that w" and w! are quasi-orders on E(S). Let Dg(sy = (W U
WH U (" Uwh) ™! so whenever (e, f) € Dg(s) wehave ef € E(S). Thus restricting

the productin S to D (S) we obtain a partial algebra on E (S) and this partial algebra
is a biordered set.

2 Biordered Set of a Regular Ring

Let R be a regular ring and Ry be the class of all principal right ideals. For a € R
there exists an inverse b € RR, by this we meana Nb = 0 and a U b = 1., that is
they are complementary. Now for any pair of (a, b) of complementary elements in
R, define the mappings (a, b), (a,b) : RR — Ry by

(a,b)y(x) » bN(aUx)

and
(a,b) (x) = a VU (bNx).

It is seen that (a, b) [(a, b)'] is an idempotent order preserving mapping of Rz onto
the principgl ideal [0, v] [n, 1].

Let P(RR) denote the subsemigroup of S*(R) generated by these idempotent
mappings where the binary composition is defined by

(a1, by) - (a2, b)) = (a1 vV (b1 Aaz), (b1 V az) A by)

Clearly,
EP(RR) ={(a,b):a,be 1573, a and b complementary}

is a biordered set with quasi-orders defined by

(a1, b))w' (az, by) if and only if by < by
(ay, b])wr (ap, by) if and only if ap <ay

Lemma 6 For (a1, b))w'! (az, ba)

(a1, b1)(az, ba) = (a1, by)
(a2, by)(ai, by) = (az Vv (b2 A ay), by)
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Proof We have

(a1, b1) - (a2, b2) = (a1 Vv (b1 A az), (b1 V az) A b2)
= (a1, by)

(a2, b2) - (a1, by) = (a2 v (b2 A ay), (b2 V ar) A by)
= (a2 vV (b2 Aay), by)

Lemma 7 For (a1, by)w (az, by)

(a1, b1)(az, b2) = (a1, by A (az Vv by)
(a2, b2)(a1, by) = (a1, by)

Theorem 4 Ry be the principal right ideals of the ring R then E (RR) = {(a,b) :
a,b e _RR complementary}, then (E(RR),w'", wl) with W™ and &' is the biordered
set of RR.
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Topological Rees Matrix Semigroups

E. Krishnan and V. Sherly

Abstract An important problem in the theory of topological semigroups is to for-
mulate a suitable definition of continuity for the choice of generalized inverses. In
this paper, we will show that under certain natural conditions, a topology can be
defined on a Rees matrix semigroup, which turns it into a topological semigroup,
and in which a canonical continuous choice of inverses is possible. As an example,
we show that this construction applied to the semigroup of operators of rank less than
or equal to 1 on a Hilbert space gives a topology which is stronger than the norm
topology, under which this semigroup is a topological semigroup and the assignment
of every operator to its Moore-Penrose inverse is continuous.

Keywords Topological semigroup - Rees matrix semigroup

First we fix the notations and terminology used in this paper. If G is a group and 0
is a symbol not in G, then the semigroup G° = G U {0}, with the operation in G
extended by x0 = Ox = 00 = O for all x in GY, is called a group with zero. Now let
X, Y be any two nonempty sets and let P be a function from X x Y to G°. Then we
can define a multiplication on the set 7 = (G x X x Y) U {0} by

(aP(b,c)3,a,d), if P(b,c) #0
0, if P(b,c) =0
(a,a,b)0 =0(a,a,b) =00=0

(a,a,b)(B,c,d) = [

which turns 7T into a completely O-simple semigroup, called the Rees X x Y matrix
semigroup over the group with zero G° with sandwich matrix P (see [1], Sects. 3.1
and 3.2 and [2], Sect.II1.2 for details). This semigroup is denoted .#’ 0(G; X,Y; P).
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Now suppose that in the above construction, there is a topology on G° under
which it is a topological semigroup and the mapping x > x~! is continuous on G.
Then G is called a topological group with zero. Suppose further that X and Y are
also topological spaces and that the mapping P: X x ¥ — G is continuous, where
X x Y is given the product topology. We show how we can turn 7 into a topological
semigroup in this set-up.

Let S = GY x X x Y with the product topology and let Z = {0} x X x Y.
Then by definition, T = (S \ Z) U {0}. Define 7: § — GY by m(\, x,y) = A and
mo: T — GO by

w(t), ift#0
o) = {o, ifr=0

Note thatif A C S\ Z = SNT,then 7(A) = mp(A).

We first consider some conditions under which 0 belongs to the closure of my(A)
for a subset A of T'. Throughout the sequel, we denote the closure of a subset A of
S by cl(A). The same notation will be used for subsets of GO also.

Lemmal Let A C T. If either 0 € Aorif 0 ¢ A and cl(A) N Z # O, then
0 € cl(mo(A)). The converse is also true if X and Y are compact.

Proof If 0 € A, then 0 = 7y(0) € m(A) < cl(mp(A)). Suppose now that 0 ¢ A
and cl(A) N Z # @. Since 0 ¢ A, we have A € S\ Z and since cl(A) N Z # @,
there exists s € cl(A) N Z. Then s € cl(A) and 7(s) = 0, by definition of Z and 7.
Hence 0 = 7(s) € m(cl(A)). Also, since S has the product topology, the projection
7 is continuous, so that w(cl(A)) € cl(7m(A)). Again, since A C S\ Z, we have
m(A) = my(A). Thus

0 € m(cl(A)) € cl(m(A)) = cl(mo(A))

Now suppose that X and Y are compact and 0 € cl(m(A)). If 0 € A, we are done.
Suppose 0 ¢ A. Since 0 € cl(mp(A)), there exists a net ()\;) in m9(A) such that
lim; A\; = 0. So for each i, there exists s; € A with mo(s;) = \;. Since 0 ¢ A
we have A C S and so each s; = (\;, x;, y;), where x; € X and y; € Y. Now
since X and Y are compact, the nets (x;) and (y;) have convergent subnets (x;, ) and
(yi,). Let a = limy x;, and b = limy y;,. Then ((\;,, x;,, yi;)) is a net in A with
limg (i, xi,, yi,) = (0, a, b) sothat (0,a,b) € cl(A)NZ. Thuscl(A)NZ #@. O

The following corollary is immediate
Corollary 2 If A C T and 0 ¢ cl(mg(A)), then 0 ¢ A and cl(A) N Z = (. O

‘We next define an operation on subsets of T which turns out to be a closure operator
on T.Let A be asubset of T. If 0 ¢ cl(mg(A)), then 0 ¢ A and cl(A) N Z = {,
by the corollary above, so that cl(A) is a subset of 7. Also note that for any subset
A of T, the set A \ {0} is contained in S, so that cI(A \ {0}) is a subset of S and so
(c1(A\ {0} \ Z) U {0} is a subset of T.
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Thus with each subset A of 7', we can associate a subset C(A) by

o) cl(A), if 0 ¢ cl(mo(A))
T lA N 0D\ Z2) U0}, if0 e cl(mo(A))

We next show that C satisfies the Kuratowski closure axioms (see [3]). In the
sequel, for a subset A of T, we often write A" for A \ {0}.

Proposition 3 The map C on subsets of T defined above satisfies the following
conditions.

(i) c) =0
(ii) A C c(A), for all subsets A of T
(iii) c(c(A)) = c(A), for all subsets A of T.
(iv) ¢(A U B) = c(A) Uc(B), for all subsets A and B of T.

Proof Since my(¥) = @, we have 0 ¢ mo (@) and so c(¥)) = cl(¥) = @, by definition
of ¢. This proves (i).

To prove (ii), let A € T and suppose first that O ¢ cl(mo(A)). Then c(A) = cl(A)
by definition, and A C cl(A), so that A C c(A). Next suppose that 0 € cl(mp(A)),
so that c(A) = (cl(A’) \ Z) U{0}. Now A’ C cl(A’) and since A’ C T, we also have
A'NZ =@.Hence A’ C cl(A") \ Z and so

A=AU{0} C (cl(A)\ Z) U {0} = c(A)
To prove (iii), let A € T and let B = c(A). First suppose that 0 ¢ cl(mp(A)).
Then B = c(A) = cl(A), by definition. We next show that 0 ¢ cl(mo(B)). Since

B =c(A) CTand B =cl(A) C S, wehave my(B) = w(B). Also, since B = cl(A)
and 7 is continuous on S, we have

m(B) = m(cl(A)) < cl(m(A))

Again, since 0 ¢ cl(mp(A)), we have 0 ¢ A, by Corollary?2 and so A C S. Hence
A CTnNS§S,sothat m(A) = mp(A) and so cl(w(A)) = cl(my(A)).Thus

mo(B) = w(B) < cl(mw(A)) = cl(mo(A))
and so cl(mp(B)) C cl(mp(A)). Since 0 ¢ cl(mp(A)), by assumption, we also have
0 ¢ cl(mp(B)). So ¢(B) = cl(B), by definition. Again, since B = cl(A), we have
cl(B) = cl(cl(A)) = cl(A).Thus c(B) = cl(B) = cl(A) = B. In other words,
c(c(A)) = c(A). Next suppose that 0 € cl(m(A)), so that
B =c(A) = (cl(A)\2) U {0}

Hence 0 € B so that 0 = mp(0) € mo(B) C cl(mp(B)) and so by definition,
c(B) = (cI(B")\ Z)U{0}. Now since B = (cl(A")\ Z)U{0}, wehave B’ = cl(A")\ Z
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and so B’ C cl(A”). Hence cl(B’) C cl(cl(A”)) = cl(A’) and so
C(B) = (cl(B")\ Z) U{0} C (cl(A)\ Z) U{0} = B

Since B < ¢(B), by (ii) above, we now have c(B) = B. That is, C(C(A)) = A.
Finally, let A and B be subsets of 7. First note that

cl(mo(A U B)) = cl(mo(A) U mo(B)) = cl(mo(A)) U cl(mo(B)). (1)
Now suppose that 0 ¢ cl(mg(A U B)). Then c(AU B) = cl(AU B). Also, by Eq. (1),
we have 0 ¢ cl(mp(A)) and 0 ¢ cl(mo(B)) so that c(A) = cl(A) and ¢(B) = cl(B).
Since cl(A U B) = cl(A) U cl(B), we have
C(AUB) =cl(AUB) =cl(A) Ucl(B) =c(A) Uc(B)

Next suppose that 0 € cl(mp(A U B)). Then

c(AUB) = (cl((AU B)) \ Z) U {0}

Now
(AUB) =(AUB)\ {0} = (A\{0h U(B\ {0})) = A"UB
so that
cl((AUB)) =cl(A’UB’) =cl(A) Ucl(B)
and so

cl((AUB)Y)\ Z = (cl(A) Ucl(B)\ Z = (cl(A)\ Z) U (cl(B) \ Z)
Thus we have
C(AUB) = (cl((AUB))\ Z) U {0} = (cI(A)\ Z) U (cl(B)\ Z) U {0} (2)
Again, since cl(mg(A U B)) = cl(mp(A)) U cl(mp(B)) and 0 € cl(mp(A U B)), we
have 0 € cl(mp(A)) or 0 € cl(mo(B)). Suppose 0 € cl(mp(A)) and 0 € cl(mp(B)).
Then c(A) = (cl(A”) \ Z) U {0} and c(B) = (cI(B’) \ Z) U {0} so that from Eq. (2)

C(AU B) = (cl(A) \ Z) U (cI(B') \ Z) U {0}
= ((cl(A)\ Z2) U{0}) U ((cI(B") \ Z) U {0})
=c(A)Uc(B)

Next suppose that 0 is in only one of the sets cl(mp(A)) or cl(mo(B)). With a change
of notation, if necessary, we can assume that 0 € cl(my(A)) and 0 ¢ cl(mp(B)). Then
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Cc(A) = (cI(A)\ Z) U {0} and c(B) = cl(B)

Now since 0 ¢ cl(mo(B)), we have 0 ¢ B and cl(B) N Z = (J, by Lemma 1.
So B’ = B\ {0} = B and hence cl(B") N Z = cl(B) N Z = . It follows that
cl(B)\ Z = cl(B’) = cl(B). Hence from Eq.(2)

C(AU B) = (cl(A")\ Z) U (cI(B') \ Z) U {0}
= ((cI(A") \ Z2) U{0}) U (cl(B))
=c(A)Uc(B)

This proves (iv) and hence the result. (I

Since c satisfies the four conditions above, the complements of those subsets F
of T with c(F) = F form a topology on T such that for each subset A of T, the
closure of A with respect to this topology is C(A) (see [3], Chap. 1, Theorem 8). We
denote this topology by 7.

We next look at some of the properties of this topology. First we show that the
map 7 is continuous.

Proposition 4 The map wo: T — Gy is continuous with respect to the topology
TeonT.

Proof To prove that 7y is continuous, we need only show that o (C(A)) C cl(mp(A))
for each subset A of T (see [3], Chap. 3, Theorem 1). Let A be a subset of T and first
suppose that 0 ¢ cl(m(A)). Then c(A) = cl(A) and cl(A) is a subset of S, so that
mp(C(A)) = mp(cl(A)) = m(cl(A)). Now since 7 is a continuous map on S, we have
m(cl(A)) C cl(m(A)). Again, since A € SN T, we have m(A) = mp(A). Thus in
this case.

m(C(A)) = m(cl(A)) < cl(m(A)) = cl(mo(A))

Next suppose that 0 € cl(mo(A)), then c(A) = (cl(A) \ Z) U {0} so that
mo(C(A)) = mo(cl(A") \ Z) U {m(0)} = m(cl(A") \ Z) U {0}
since cI(A")\ Z € S\ Z and 7(0) = 0. Also, w(cl(A”) \ Z) C w(cl(A’)) and since
7 is continuous, we have w(cl(A”)) C cl(w(A’)). Again, since A* € SN T, we have
7(A’) = 7(A"). Hence
mo(C(A)) = w(cl(A") \ Z) U {0} C cl(m(A")) U {0}

Now since A’ € A, we have mg(A’) € mp(A) and so cl(mg(A")) C cl(mo(A)). Also,
0 € cl(mp(A)), by our assumption. Hence cl(mp(A")) U {0} < cl(my(A)) and so

m0(C(A)) < cl(mo(A") U {0} < cl(mo(A))

Thus mg(C(A)) C cl(mg(A)), for each subset A of T and so 7 is continuous. [l
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We can also show that the map 6: S — T defined by

Ax,y), ifA#£0
OO\ x. y) = A, x, y) : 7
0, if A=0
is continuous. For this, we prove that the topology 7 is weaker than the quotient
topology on 7 induced by 6. First we note a simple property of the map 6.

Lemma 5 If A is a subset of T, then

o1y — A, if0¢ A
(A\{OHUZ, if0ecA

Proof Let A be a subset of T'. First, suppose that 0 ¢ A and let (\, x, y) € 01 (A).
Then O(\, x,y) € A. Since 0 ¢ A, we have 0(\, x,y)) # 0 and so (A, x,y) =
(A, x, y), by definition of 6. Thus (A, x,y) = 6(\, x,y) € A. It follows that
6-1(A) C A.

To prove the reverse inclusion, let t+ € A. Then ¢t # 0, since 0 ¢ A. So, t =
(A, x, y) for some A € G% x € X and y € Y. Also, A # 0, since t ¢ Z. Hence
0(t) = 6\, x,y) = (A, x,y) = t, by definition of #. Thus 6(t) =t € A and so
t € 671 (A). It follows that A C 6~ (A) also.

Next suppose that 0 € A and let (\, x, y) € #71(A) so that O(\, x, y) € A. If
A=0,then (\, x,y) = (0,x,y) € Zand if A # 0, then O(\, x, y) = (A, x, y), so
that (A, x,y) = 0(\, x,y) € A. Thus (A, x,y) € AU Z and (\, x, y) # 0, so that
(\, x,y) € (A\ {0}) U Z. it follows that 6~ (A) € (A \ {0} U Z.

To prove the reverse inclusion, let A = A \ {0}. Then A’ C T with 0 ¢ A/,
so that #~1(A’) = A’, by the first part of the proof. Also, since A’ C A, we have
6=1(A") € 71 (A).Hence A’ = 671 (A") € H~'(A). Also, §(Z) = {0}, by definition
of § and 0 € A, by assumption, so that (Z) C A. Hence Z C Q’IH(Z) C O’I(A).
Since A’ € 071(A) and Z C 071 (A), we have A’ U Z C 0~ 1(A). O

Now we can compare the topology .7¢ and the quotient topology induced by the
map 6.

Proposition 6 The topology T on T is weaker than the quotient topology on T
induced by the map 0: S — T, where S has the product topology. If X and Y are
compact, then these two topologies are equal.

Proof Let A be a subset of T which is closed with respect to 7. We will show that
A is closed with respect to 7). Note that since 7 is the quotient topology induced
by 6: S — T, the subset A of T is closed with respect to .7 if and only if §~!(A)
is closed in S.

First suppose that 0 ¢ A. Then 0~1A) = A, by Lemma5. Also, A = c(A),
since A is closed with respect to .7, so that 0 ¢ c(A). Also, by definition of ¢, we
have 0 € c(A), if and only if 0 € cl(mp(A)). It follows that O ¢ cl(my(A)). Hence
Cc(A) = cl(A), by definition of . Since C(A) = A, we now have A = cl(A) and so
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A is closed in S. Thus 6~1(A) is closed in S and so A is closed with respect to the
quotient topology 7.

Nextsuppose that0 € A. Then§~!(A) = A’UZ, where A’ = A\{0},by Lemma 5.
Also, in this case, 0 = 7 (0) € mp(A) C cl(mp(A)),sothatc(A) = (cl(A")\ Z)U{0},
by definition of €. Again, since A is closed with respect to 7, we have C(A) = A.
Thus A = (cl(A") \ Z) U {0}. It follows that A" = A \ {0} = cl(A’) \ Z, since
0 ¢ cl(A") \ Z. Hence

AUZ=(l(A)\Z)UZ=cl(AHU Z

Now since 7: S — G9 is continuous and Z = 7~1(0), we have Z closed in S and
so Z =cl(Z). So,
AUZ=cl(A)Ucl(Z) =cl(A'U2Z)

Thus A’ U Z is closed in S and since 871 (A) = A’ U Z, we have 01 (A) closed in
S. So, A is closed with respect to . 7. Thus every subset of T' closed with respect to
T is closed with respect to 9y and so .7 is weaker than 9.

Now suppose that X and Y are compact and A is a subset of 7' which is closed with
respect to 7. First suppose that 0 ¢ cl(mp(A)). Then c(A) = cl(A), by definition
of €. Also, since A is closed with respect to .7, we have 9! (A) closed in S. Again,
since 0 ¢ cl(mp(A)), we have 0 ¢ A, by Corollary?2, so that 9’](A) = A, by
Lemma5. Hence A is closed in S and so cl(A) = A. Thus ¢(A) = cl(A) = A and
0 A is closed with respect to 7.

Next suppose that 0 € cl(my(A)), so that c(A) = cl(A”) \ Z, where A’ = A\ {0}.
We now show 0 € A. Suppose 0 ¢ A. Then ! (A) = A and #~'(A) is closed in S,
since A is closed with respect to Zy. Thus A is closed in S and so cl(A) = A. On
the other hand, since X and Y are compact, the conditions 0 € cl(mp(A)) and 0 ¢ A
imply cl(A) N Z # ¢, by the second part of Lemma 1. This contradicts the earlier
conclusion that cl(A) = A, since A C T and hence AN Z = @. Thus 0 € A and so
6=1(A) = A’ U Z, by Lemma5. Since ! (A) is closed in S, we have A’ U Z closed
in S and so

AUZ=cl(AUZ)=cl(A)Ucl(Z)=cl(AHUZ

since Z is closed in S. Now since A’ € A C T, we have A’ N Z = J and so
A =AUZ\Z=clA)\Z

Hence
A=A"U{0} = (cl(A) \ Z) U {0} =c(A)

since 0 € cl(m(A)), Thus A is closed with respect to .7, since c(A) = A. Thus
every subset of T closed with respect to .7 is closed with respect to 7 and so .7
is weaker than .7¢. Hence in this case, 7 = 9. O
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Now by definition of quotient topology, the map #: S — T is continuous with
respect to .. Since 7 is weaker than 7, it follows that € is continuous with respect
to J also.

Corollary 7 The map 0: S — T is continuous with respect to the product topology
on S and the topology Iz on T. ([

We next show that 7' with the topology 7 is a topological semigroup. For this,
we first characterize convergence with respect to 7. Throughout the sequel, T will
be assumed to have the topology .7, and S will be assumed to have the product
topology, unless otherwise specified.

Proposition 8 Let {t;: i € D} be a net in T. Then we have the following

(i) {tj: i € D} converges to 0 in T if and only if the net {mo(t;): i € D} converges
t0 0 in G°.

(ii) Fora #0inT, thenet {t;: i € D} converges to ain T if and only if there exists
k € D such thatt; # 0 foralli > k and {t;: i > k} converges to a in S.

Proof Let {t;:i € D}be anetin T. If lim; t; = 0, then lim; mo(#;) = 0, since g
is continuous. Conversely, let lim; mo(¢;) = 0. Suppose that lim; #; 7 0. Then there
exists a neighborhood U of 0 in T such that for each j € D, there exists k € D
with k > j such that #z ¢ U. Hence the set E = {j € D:t; ¢ U} is a cofinal
subsetof D andso {t;: j € E}isasubnetof {t;: i € D}. Hence {m(¢;): j € E}is
a subnet of {mo(#;): i € D}. Since the net {mo(#;): i € D} converges to 0, the subnet
{mo(zj): j € E} also converges to 0. Now if A = T \ U, then {t;: j € E} is a net
in A, by definition of E and so {my(#;): j € E} is a net in mo(A). Since this net
converges to 0, we have 0 € cl(mp(A)). Hence c(A) = (A \ {0} \ Z) U {0} so that
0 € c(A). Again, since U is open in T, we have A closed in T so that C(A) = A.
Thus 0 € A, which contradicts our assumption that 0 € U = T \ A. It follows that
lim; #; = 0. This proves (i).

To prove (ii), let a € T \ {0} and suppose that {t;: i € D} converges to a in T.
We first show that this net is not frequently 0. Suppose {#; : i € D} is frequently O.
Then the set E = {i € D: t; = 0} is cofinal in D and so {mo(#;): j € E} is a subnet
of {mo(t;): i € D}. Hence

lim 7o (z;) = lim 7o(%;) = mo(lim ¢;) = mp(a)
JjEE ieD ieD

since g is continuous. On the other hand, limjcg t; = 0,since t; = Oforall j € E,
so that

lim 7o (t;) = mo(lim ¢;) = mo(0) =0

JjeE JjeE

by definition of mg. It follows that 7(a) = 0, since G° being a Hausdorff space, nets
in it have unique limits. But then @ € T \ {0}, by assumption, so that mg(a) # 0, by
definition of 7g. This contradiction shows that {#; : i € D} is not frequently 0 and so
there exists k € D with #; # 0 forall i > k.
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Nextnotethats; € T = (S\Z)U{O}andt; # Oforalli > k,sothatt; € S\Z C §
for all i > k. Suppose that {#; : i > k} does not converge to a in S. Then there exists
a neighborhood U of a in S such that {#; : i € D} is not eventually in U. Hence the
set E={ieD:i>kandt; ¢ U}iscofinalin D and so {t;: j € E} is a subnet
of {t;: i € D}. Since the net {t;: i € D} converges to a in T, so does the subnet
{ti:jeE}).Let F=S\Uand A= F\Z.Then A C T. Also, we have seen that
tj € S\ Zforall j € E and by definition of E, we have t; ¢ U forall j € E, so that
(tj: je E}isanetin (S\ Z)\ U = (§\ U) \ Z = A. Since this net converges to
ain T, we have a € c(A). Next note that c(A) C cl(A) U {0}, for if O ¢ cl(mo(A)),
then c(A) = cl(A) and if 0 € cl(mg(A)), then

C(A) = (cl(A\ {0D) \ Z) U {0} < cl(A \ {0}) U {0} < cl(A) U {0}

Also, since A C F, we have cl(A) C cl(F). Again, since U is open in S, we have
F closed in S so that c1(F) = F. Hence cl(A) C F and so c(A) C cl(A) U {0} C
F U {0}. Since a € c(A), we now have a € F U {0}, which is impossible, since
a€lU =S\ Fanda #0.It follows that {t;: j > k} converges to a in S.
Conversely, let {t;: i € D} beanetin T and a € T \ {0} such that there exists
k € D with t; # 0 for all i > k and the net {t;: i > k} converges to a in S. then
the net {6(#;): i € D} converges to §(a) in T, since 6: S — T is continuous. Now
sincet; € T = (S\Z)U{0} foralli € D and t; # O for all i > k, we have
t; € S\ Zforalli > k, so that 8(t;) = t; for all i > k, by definition of 6. Also since
aeT\{0} =S\ Z, wehave 6(a) = a. Thus the net {t;: i > k} converges to a in
T and so does the net {#;: i € D}. O

The above description of convergence in T shows in particular that 7 is a Haus-
dorff space.

Corollary 9 7 is a Hausdorff topology on T.

Proof Tt suffices to show that nets in 7' convergent with respect to 7 have unique
limits. Let {t;: i € D} be a net in T which converges to a in T. We will show that
this net cannot converge to a different point.
First suppose a = 0 and suppose {t;: i € D} converges to b also in T, where
b # a. Firstlet a = 0. Then
limmo(t;)) =0
ieD

by Proposition 8. Also, b # 0 and {#; : i € D} convergesto b in T, so that there exists
k € D such that #; # O for all i > k and the net {mo(#;): i > k} converges to b in S,
again by Proposition 8. Hence lim;>¢ 7(#;) = 7(b), since 7 is continuous on S. Now
for each i > k, we have t; € SN T, so that w(t;) = mo(¢;) and alsob € SN T, so
that w(b) = mo(b). Thus

1i>II]3Wo(fi) = mo(b)

1

Again, since {mo(#;): i > k} is a subnet of {mo(#;): i € D}, we have
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lim 7o (¢;) = limmo(t;) =0
i>k ieD

Now since G is a Hausdorff space, convergent nets in G have unique limits and
so mo(b) = 0. But this is impossible, since b # 0 and so my(b) # 0, by definition
of 7. it follows that if {#;: i € D} converges to 0 in 7', then it cannot converge to
another nonzero element of 7.

Next suppose that a # 0 and again suppose {t;: i € D} converges to b also in
T, where b # a. Then there exists k € D such that #; # O for all i > k and the
net {t; : i > k} converges to a in S. Also since {#;: i € D} converges to a and b with
a # 0, we have b # 0, by the first part of the proof. So there exists [ € D such that
t; # 0 foralli > [ and the net {t;: i > [} converges to b in S. Now since D is a
directed set, there exists m € D withm > kandm > [. Thenthenet {t;: i > m}isa
subnet of both {f; : i > k} and {#;: i > [} sothat {t;: i > m} converges to both a and
b in S. This is impossible, since S is a Hausdorff space. It follows that {t;: i € D}
cannot have a limit different from a and so is a Hausdorff space. (]

Now by a topological semigroup, we mean a semigroup with a Hausdorff topology,
with respect to which the multiplication in the semigroup is continuous. We next show
that 7' with the topology 7 is a topological semigroup. For this, we first note that
S is a semigroup with respect to multiplication defined by, under a simple condition
on the function P

(a,a,b)-(B,c,d) = (aP(b,c)3,a,d)

(see [1], Sect.3.1). We can show that § is a topological semigroup with respect to
the product topology. First note that the product topology on § = G% x X x Y is
Hausdorff, since G°, X and Y are Hausdorff spaces. Also, if {(\;, x;,;, yi): i € D}is
anetin S which converges to (o, a, b), thenlim; \; = o, lim; x; = a andlim; y; = b,
by the characterization of convergence in a product space ([3], Chap. 3, Theorem4).

Suppose {(\;, xi, y;): i € D} and {(u;j, u;, v;): i € D} are nets in S converg-
ing to («, a, b) and (5, c, d;). Then for each i, we have (\;, x;, i) - (i, uj, v;) =
(A P(yi, ui)pi, xi, v;). By the description of convergence in S, we have lim; \; = «
and lim; p; = (. Also lim; y; = b and lim; u; = ¢ so that lim; P(y;, u;) = P(b, ¢),
since P is continuous. Hence lim; \; P(y;, u;)p;i = aP(b, ¢)3, since multiplica-
tion in G° is continuous. Again, from the convergence of the nets in S, we have
lim; x; = a and lim; v; = d. So, the net {(\; P(y;, u;)ui, xi, v;): i € D} converges
to (aP(b, ¢)3, a, d). It follows that S is a topological semigroup.

We next note that the map 6 is a homomorphism from S to 7. Let («, a, b) and
(B, ¢, d) be elements of S. First assume that both « and § are nonzero. Then by
definition of , we have 0(«, a, b) = (o, a, b) and (3, c,d) = (5, ¢, d), so that

(aP(b,c)B,a,d), if P(b,c)=0

0(a,a, b)0(B,c,d) = (a,a,b)(B,c,d) = [0’ i P(b. c) £ 0

by definition of the multiplication in 7 and
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(aP(b,c)B,a,d), if aP(b,c)f =0
0((a,a,b) - (B,c,d)) =0(aPb,c)3,a,d) =
(e.a,b) - (B, c.d)) =0(aP(b, )b, a,d) 0. i aP(b. c) # 40
by definition of the product in S and by definition of . Now since « and /3 are both
nonzero elements of G°, the product aP (b, ¢)3 = 0 iff P(b, ¢) = 0. It follows that
0((a, a,b)-(B,c,d)) =0(a,a, b)d(3, c,d) in this case. Next suppose that « or 3
is equal to 0. Then aP(b, ¢)8 = 0 so that

0((a,a,b)-(B,c,d) =0(Pb,c),a,d) =0(0,a,d) =0

Again, 0(«, a, b) or 8(3, c,d) is 0 (depending on whether o or 3 is 0) and so
O(c, a, b)0(3,c,d) = 0. Thus 6((a, a, b) - (B, c,d)) = 0(a, a,b)d(3, c,d) in this
case also. Thus 6 is a homomorphism.

We need to impose a condition on the map P for T to be a topological semigroup
with respect to 7.

Definition 10 Let G° be a topological group with zero and let X be a set. A map
¢: X = GY is said to be bounded, if for any net {g;: i € D} in G° converging to 0
and for any net {x; : i € D}in X, the net {g;p(x;): i € D} converges to 0 in G°.

Note that if K is the set of real numbers or the set of complex numbers with
multiplication, then ¢: X — K is bounded in the usual sense iff ¢ is bounded in the
above sense.

Theorem 11 If the map P: X x Y — G° is bounded, then T is a topological
semigroup with respect to the topology .

Proof We have seen in Corollary 9 that .7 is a Hausdorff topology on T'. To prove
that the multiplication in T is continuous, let {s;: i € D} and {t;: i € D} be nets
converging to @ and b in 7. We will show that {s;#;: i € D} convergestoabinT.

First suppose that both a and b are nonzero. Then there exists k € D such that
s;i # 0foralli > k and {s;: i > k} converges to a in S and also there exists [ € D
such that #; # O for all i > [ and {¢#;: i > [} converges to b in S. Since D is a
directed set, there exists m € D such that m > k and m > [. Then s; # 0 for all
i > mand {s;: i > m}is asubnet of {s;: i >k}, since m > k. Hence {s;: i > m}
also converges to a. Again, t; # 0 for all i > m and {f;: i > m} converges to b,
since m > [. Now since S is a topological semigroup, the product net {s; - #;: i > m}
converges to a - b in S. Hence the net {6(s; - #;): i > m} converges to f(a - b) in T,
since #: S — T is continuous. Also, since 6 is a homomorphism, we have

O(s; - t;) = 0(s;)0(t;) foralli € D

and
f(a - b) = 0(a)d(b)

Again, since s; and #; are nonzero for all i > k, we have
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0(s;) =s; and 0(t;) =1t forall i >k,

by definition of 6. Also, since a and b are nonzero, we have f(a) = a and 6(b) = b.
Thus the net {s;#;: i > m} converges to ab in T, and hence {s;t;: i € D} also con-
vergestoabin T.

Next suppose that a or b is 0. By a change of notation, if necessary, we can assume
that a = 0. If now {s;#;: i € D} is eventually equal to O, then this net evidently
converges to 0 in 7. Suppose this net is not eventually equal to 0. Then the set E =
{i € D: s;t; # 0}iscofinalin D andso {s;t;: j € E}issubnetof {s;f;: i € D}. Now
foreach j € E, we have sjt; # 0 and sos; # O and ¢; # 0. Lets; = (A}, xj, y;)
and 1, = (Mj» uj, Uj) for each j € E. Then Sjt; = ()\jP(yj, Ltj)uj, Xj, vj), by
definition of the product in 7" and so

mo(sjtj) = ANjP(yj, uj)p;

by definition of . Now {s; : i € D} convergestoa = 0 and the map 7 is continuous
by Proposition4 so that we have lim;cp mo(s;) = 0. Also, {mo(s;): j € E}isasubnet
of {mo(s;): i € D}, since E is cofinal in D. Hence limjcg A\j = limjcg mo(s;) =0
and so

IimA;P(y;,u;) =0

jek J (yj j)

since P is a bounded map to GY. Also, since {sj: j € E}isasubnetof {s;: i € D}
and the latter net converges to b, so does the former net and so

limp; =1li t;) = mo(b
jleng_u] }lglﬂo(]) mo(D)

since 7 is a continuous map on 7. So,
lim mo(sit;) = im(\; P(y;, u; i =0m(b) =0
jek o j ]) jeE( J (y/ j))ﬂ] 0(b)

since multiplication is continuous in GY. it follows that {s jtj: J € E} converges to
Oin T. To show that {s;#; : i € D} also converges to 0 in 7, let U be a neighborhood
of 0in 7. Since {s;¢;: j € E} converges to 0, there exists k € E such thats;t; € U
forall j € E with j > k.Leti € D withi > k. Ifi € E, thens;t; e U.Ifi ¢ E,
then s;#; = 0, by definition of E and so s;t; = 0 € U. Thus s;t; € U foralli € D
with i > k. It follows that {s;#; : i € D} converges to0in 7.

Thus in all cases, {s;#;: i € D} converges to ab. It follows that multiplication in
T is continuous, and hence T is a topological semigroup. (]

It is well known that a Rees matrix semigroup .#' O(G; X, Y; P) is regular if and
only if for each x € X there existsa y € Y with P(x,y) # 0 and foreachy € ¥
there exists x € X with P(x, y) # 0 ([1], Lemma3.1). For this reason, P is called
regular if it satisfies the above condition. So, in the above result, if P is also assumed
to be regular, then T is a topological semigroup which is also regular.
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Now one problem in topological semigroups which are regular is the correct
formulation of the connection between the topology and the notion of regularity.
Since in a regular semigroup, inversion is a relation (rather than a function as in
the case of a group), it is not very clear how the continuity of inversion is to be
formulated so as to be meaningful in the significant examples. In many cases, there
is no canonical choice of a single inverse.

However, in certain types of Rees matrix semigroups, such a canonical choice of
inverses is possible. Consider a Rees matrix semigroup 7 = .#°(G; X, X; P) and
suppose that for each x in X, we have P(x, x) = €, where ¢ is the identity of G.
Then for each (o, a, b) in T, we can define (o, a, b)" = (a1, b, a). Then (o, a, b)*
is an inverse of («, a, b), for

(o, a, b) (e, a,b) (o, a,b) = (o, a, b)(a_l, b,a)(a, a,b)
= (aP(b, b)ofl,a, a)(a,a,b)
= (¢,a,a)(a,a,b)
= (eP(a,a), a, b)
= (a,a,b)

using the fact that P(b, b) = P(a, a) = . Also,

(o, a,b) (o, a,b)(a,a,b) = (@', b,a)(a, a,b)a" ", b,a)
= (o 'P(a,a)a, b, b)(a" ', b, a)
= (e,b,b)(a” !, b,a)
= (eP(b,b)a" !, b, a)
= (' b,a)
= (o, a, b)

We can also show that if in addition, X is a topological space, G is a topological
group with zero and P is continuous and bounded, then the above choice of inverses
for nonzero elements is continuous. To see this, let {t;: i € D} be anetin T \ {0}
which converges to p in T \ {0}. Then t;, = (\;, xj, y;) with \; € G, x; € X
and y; € Y foreachi € D and p = (a,a,b) witha € G,a € Xand b € Y.
Sincet; € T\ {0} = S\ Zand ¢ # 0, the net {t;: i € D} converges to p in S, by
Proposition 8. Hence lim; \; = A, lim; x; = a, and lim; y; = b, since the topology
on S is the product topology. Since lim; \; = « in G and G is a topological group
with zero, we have lim; /\t._1 = o~ !. Hence {()\i_l, Xi,yi): i € D} converges to
(o', a,b)in S. In other words {f;": i € D}isanetin T such that#;" # 0 for each
i € D and converging to p' in §. So, t;: ie D} converges to p' in T. It follows
that the map ¢ — ¢' is continuous in 7 \ {0}. Thus we have the following result:

Theorem 12 Let G° be a group with zero 0, X be a set and P be a map from X x X to
GO. If P(x, x) = €, where € is the identity of G, for each x € X, then the Rees matrix
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semigroup T = 4 (G; X, X; P) is a regular semigroup and for each (o, a, b) in T,
the element (o, a, b)" defined by (o, a, b)' = (oz_l, b, a) is an inverse of (a, a, b).

Moreover if GO is a topological group with zero, X is a topological space and P
is continuous and bounded, then T is a topological semigroup and the map t + t'
is a continuous choice of inverses for nonzero elements of T. (I

As an example of this, we consider the semigroup X (H) of all operators of rank
1 or less on a Hilbert space H. It is not difficult to show that for any two vectors a
and b of H, the operator ¢ ® b on H defined by

(a ®b)(x) = (x,b)a

is in X (H) and that for every operator ¢ in X (H), there exists two unit vectors a
and b in H and a nonzero complex number « such that r = a(a ® b). Using this, we
can prove the following result (see [4], Theorem2.8).

Proposition 13 Let V be the subset of the Hilbert space H consisting of exactly one
unit vector from each one-dimensional subspace of H. Let C* be the multiplicative
group of nonzero complex numbers and let P be definedonV xV by P(x, y) = (y, x),
the inner product in H. Then the semigroup X1(H) of operators of rank one or less
on H is isomorphic with the Rees matrix semigroup T = .#°(C*; V, V; P) under
the map ¢ on T defined by ¢(a, a, b) = a(a ® b) and ¢(0) = 0. (I

Also, every finite rank operator  on H h as a unique generalized inverse 7 (called
the Moore-Penrose inverse of ) such that 77¢* and ¢’z are self-adjoint idempotents
([4], Theorem 1.1, Theorem 1.4). It is not difficult to prove that that in the above
construction, ¢((c, a, b)") = (o, a, b)’

In the semigroup T = .#°(C*; V, V; P) constructed above, C* is a topological
group with zero in the sense of our definition, since multiplication is continuous
in C and inversion is continuous in C*. Also, the set V consisting of exactly one
unit vector from each one-dimensional subspace of the Hilbert space H has the
relative topology induced by the norm topology on H. The map P is continuous,
since the inner product is continuous on H x H. It is also bounded, for if x and
y are in V, then ||x|| = ||y|| = 1, so that by the Cauchy-Schwartz inequality,
[{y,x)] < [Ix]|lly]l = L. It now follows that T is a topological semigroup with
respect to the topology 7 described above.

Also we have noted that the map ¢ in the last theorem above is an isomorphism
onto the semigroup X (H). Hence with respect to the topology J¢ on T and the
quotient topology 7 induced by ¢ on T', the map ¢ is a homeomorphism of T’ onto
X1 (H). Hence X (H) is a topological semigroup with respect to the topology 7.
We can show that the ¢ > ¢ is continuous on nonzero operators in X (H) with
respect to this topology:

Proposition 14 The map t > t', where t' is the Moore-Penrose inverse of t, is
continuous on X1 (H) \ {0} with respect to the topology T
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Proof Lett be anonzero element of K| (H) and let (s;) be anetin K| (H) converging
to ¢ with respect to the topology 7. Then the net (gi)_l(si)) converges to ¢_1(t)
with respect to the topology 7; and so by Proposition8, there exists k such that
¢~ (si) #O0foralli >k and ¢~ (s;) converges to p~! () in § = C x V x V with
respect to the product topology. Now since ¢! (s;) # 0 for i > k, there exist \; in
C and (x;), (y;) in V such that $~1(s;) = (\;, x;, ;) for each i > k. Again, since
¢~ () # 0, there exist a in C and a, b in V such that ¢~'(r) = («a, a, b). Then
((\i, xi, yi)) converges to («, a, b) in S with respect to the product topology, so that
(A\;) converges to « in C and (x;), (y;) converges to a, b, respectively, in V. Now
since s; = o(\i, xi, i) = \i(xi ® yi), we have 5;7 = A\~!(y; ® x;) and since r =
dla,a,b) = ala ® b),wehave ' = a~ (b ® a). Hence ¢~ (s;") = (\,', yi, x1)
and ¢~ (t) = (=, b, a). So,

lim ¢~ (s;") = im\7L, i, x)

i>k i>k !
T —1 q- RET )
—Qg% ,},lznlgyl,%lznklx,)
=(a "' b,a)
=¢ (1)

using the fact that inversion is continuous on nonzero complex numbers. It follows
that (¢~ (s;7)) converges to ¢~ ! (t7) in T with respect to .7 and hence (s; ") converges
to ¢" in Ky (H) with respect to 7.

Thus for every net (s;) converging to ¢ with respect to .7 in K (H), the net (s;")
converges to ¢* with respect to .7, and so the map ¢ > ¢ is continuous with respect
to . |
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Ideals of Po-I'-Semigroups Based on Fuzzy
Points
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Abstract Using fuzzy points the notions of prime fuzzy ideals, weakly prime fuzzy
ideals, completely prime fuzzy ideals, and weakly completely prime fuzzy ideals of
a po-I"-semigroup have been introduced. Some important properties and character-
izations of these ideals have been obtained. The relations among various types of
primeness have also been investigated.
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1 Introduction

Uncertainty is an attribute of information and uncertain data are presented in various
domains. The most appropriate theory for dealing with uncertainties was introduced
by Zadeh [28] in 1965 by defining fuzzy set which has opened up keen insights and
applications in vast range of scientific fields. Rosenfeld [16] pioneered the study of
fuzzy algebraic structures by introducing the notions of fuzzy groups and showed
that many results in groups can be extended in an elementary manner to develop alge-
braic concepts. After that Kuroki [12, 14] started the study of fuzzy ideal theory in
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semigroups. Xie [26] used the notion of fuzzy points to introduce prime fuzzy ideals
in semigroups. The notion of I"-semigroups was introduced by M.K. Sen [22] as a
generalization of semigroups. T.K. Dutta and N.C. Adhikari [5] developed the theory
of I'-semigroups by introducing the notion of operator semigroups. I"-semigroups
have also been the object of study of many researchers like Chattopadhyay [1, 8],
Chinram et al. [2]. The notion of I"-semigroups has been extended to fuzzy setting
by S.K. Sardar and S.K. Majumder [17-19]. They have studied fuzzy ideals, fuzzy
prime ideals, fuzzy semiprime ideals, and fuzzy ideal extensions in I'-semigroups
directly as well as via operator semigroups. Sen and Seth [24] introduced the notion
of po-I"-semigroups. Among the other papers of po-I"-semigroups we refer to [7, 25].
Kehayopulu has contributed a lot to the ordered semigroups by using fuzzy notion
[9, 10]. In this paper we investigate in po-I"-semigroups the validity of various prop-
erties of prime fuzzy ideals of semigroups [26], I'-semigroups [18, 21] as well as
of po-semigroups [10, 27]. We study here prime fuzzy ideals, weakly prime fuzzy
ideals, completely prime fuzzy ideals, and weakly completely prime fuzzy ideals in
po-I'-semigroups by using the notion of fuzzy points.

It is important to mention here as to why different types of prime ideals arise in
fuzzy setting in contrast with the crisp setting of semigroups or I'-semigroups. When
we formulate some fuzzy notions, to check the correctness of the formulation, we
always verify whether the level subset criterion and characteristic function criterion
are satisfied. Some situations are very nice where translations of crisp notions to
fuzzy setting become compatible with the level subset criterion and characteristic
function criterion. But in case of prime fuzzy ideals the situation is not so nice. Just
by analogy with the definition of prime ideal in crisp algebra (cf. Definition 4.1) if
we define prime fuzzy ideal (cf. Definition 4.3) in po-I"-semigroups then we see that
level subset criterion does not hold (cf. Example 4.13). In order to make the notion
compatible with the level subset criterion (cf. Theorem 4.18) the notion of weakly
prime fuzzy ideal (cf. Definition 4.17) is introduced.

We organize the paper as follows. In Sect.2 we recall some preliminary notions
of po-I"-semigroups as well as of fuzzy subsets. In Sect. 3 we define fuzzy points and
their composition in a po-I"-semigroup and subsequently characterize composition of
two fuzzy points in po-I"-semigroups (cf. Theorem 3.2). Also some related properties
of fuzzy points are studied in this section. In Sect.4 prime fuzzy ideals of po-I"-
semigroups are defined. We then obtain various properties of prime fuzzy ideals (cf.
Proposition 4.8, Theorems 4.7, 4.10, Corollary 4.11). An important characterization
of prime fuzzy ideals is also obtained (cf: Theorem 4.15). Weakly prime fuzzy ideals
of I"'-semigroups are then defined and studied. It is shown that unlike prime fuzzy
ideals they satisfy level subset criterion (c¢f. Theorem 4.18). Some other important
properties of weakly prime fuzzy ideals are also obtained (cf. Theorem 4.23). In
Sect.5 we introduce the notion of completely prime fuzzy ideals (cf. Definition 5.1)
and weakly completely prime fuzzy ideals (cf. Definition 5.2) in po-I"-semigroups
and study their properties (cf. Theorems 5.3, 5.5-5.7).
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2 Preliminaries

In this section we recall some elementary notions for their use in the sequel.

Definition 2.1 ([23])LetS = {x,y,z,...}and " = {a, 3, 7. ..} be two nonempty
sets. Then S is called a I'-semigroup if there exists a mapping S x I' x § — §,
written as (a, a, b) — aab satisfying (1) xyy € S, 2) (xBy)yz = xB8(y~z), for
allx,y,ze S,a,8,v€T.

Remark 2.2 Definition 2.1 is the definition of one-sided I"-semigroup. It may be
noted here that in 1981, Sen [22] introduced the notion of both-sided I"-semigroups.

Example 2.3 ([22]) Let S be the set of all 2 x 3 matrices over the set of positive
integers and I" be the set of all 3 x 2 matrices over same set. Then S is a both-sided
as well as a one-sided I"-semigroup with respect to the usual matrix multiplication.

The following example shows that there exists a one-sided I"-semigroup which is
not a both-sided I'-semigroup.

Example 2.4 ([1]) Let S be a set of all negative rational numbers. Obviously, S is
not a semigroup under usual product of rational numbers. Let I" = {—%: pis prime}.
Leta,b,c € Sand o, B € I'. Now if aab is equal to the usual product of rational
numbers a, o, b then aah € S and (aab)Bc = aa(bBc). Hence S is a one-sided
I"-semigroup. It is also clear that it is not a both-sided I"-semigroup.

Definition 2.5 ([24]) A TI'-semigroup S is said to be a po-I"-semigroup (partially
ordered I'-semigroup) if (1) (S, <) and (T, <) are posets, (2) a < b in § implies
that aac < bac, caa < cab in S and o < §in I" implies aab < a(3b in S for all
a,b,c e Sandforall o, 6 €T.

Example 2.6 ([24]) Let S be the set of all isotone mappings from a poset P to another
poset Q and I" be the set of all isotone mappings from a poset Q to another poset
P.Let f,g € Sand o € T". Then fag denotes the usual mapping composition of
f, aand g. The relation < on § defined by f < g if and only if f(a) < g(a) for all
a € P is a partial order on S. In a similar fashion I" can be made into a poset. It can
be verified that S is a po-I"-semigroup.

Remark 2.7 Definition 2.5 is the definition of one-sided po-I"-semigroups. It may
be noted that the definition of both-sided po-I"-semigroups [7] was introduced by
T.K. Dutta and N.C. Adhikari. Throughout this paper unless otherwise mentioned S,
a po-I"-semigroup, is considered to be one sided.

Definition 2.8 A po-I"-semigroup S is called a commutative po-I"-semigroup if
aab = baa,foralla,be Sanda € T".

Definition 2.9 ([13]) Let S be a po-I"-semigroup. A nonempty subset / of S is said
to be a right ideal (left ideal) of S if (1) IT'S € I (resp. ST/ € 1), (2)a € [ and
b < aimply b € I. I is said to be an ideal of § if it is a right ideal as well as a left
ideal of S.
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Definition 2.10 ([13]) Let A be a subset of a po-I" semigroup S. Then we define
(Al :={x € S : x < yforsomey € A}.If Aisasingleton {a}, then for simplification
we write (a] instead of ({a}].

Proposition 2.11 ([11]) Let S be a po-I"-semigroup, A and B be two nonempty
subsets of S. Then (A]T"(B] C (AT'B].
Moreover, if A and B are any two ideals (left, right or both sided) of S, then
(1) (Al=A,(B]=B,
(2) (AN B] = (A]lN(B], and
(3) (AU B] = (A]U(B].

Definition 2.12 ([28]) A fuzzy subset p of a nonempty set X is a function p : X —
[0, 1].

Definition 2.13 ([4]) Let u be a fuzzy subset of a nonempty set X. Then the set
ue ={x € X : u(x) >t} forr € [0, 1], is called the level subset or z-level subset of

L

Definition 2.14 ([20]) Let f and g be two fuzzy subsets of a po-I"-semigroup S.
Then

sup {min{f(y), g(z)}} if there exist y,z € S,y € [ withx < y~z,
(fog)(x) = x=yz

0 otherwise.

Definition 2.15 ([20]) A nonempty fuzzy subset f of a po-I"-semigroup S is called
a fuzzy left (right) ideal of S if

(1) flxay) = f(y) (f(xay) = f(x)), forallx,y e S, a el
2) b<a= f(b) > f(a),foralla,b € S.

f is called a fuzzy ideal if f is both fuzzy left ideal and fuzzy right ideal.

3 Some Results of Fuzzy Points in Po-I'-Semigroups

Definition 3.1 ([15]) Let S be a po-I"-semigroup of S. Leta € Sandt € (0, 1]. We
define a fuzzy subset a; of S as follows:

t if x <a,

a(x) = 0 otherwise

for all x € S. We call a; a fuzzy point or fuzzy singleton of S.

Theorem 3.2 ([15]) Let a; and b, be two fuzzy points of a po-TI"-semigroup S. Then

aroby = U (avb)inr-
yell
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Remark 3.3 For any fuzzy subset f of a po-I"-semigroup S, f = Ufa,.
a;C

The following lemma follows easily.

Lemma 3.4 Let S be a po-TI'"-semigroup, f, g, and h be fuzzy subsets of S. Then
fo(gUh)=(fog)U(foh).

Definition 3.5 Let S be a po-I"-semigroup and a; be a fuzzy point of S. Then the
fuzzy ideal generated by a; denoted by < a; >, is defined to be the smallest fuzzy
ideal containing a; in S.

Proposition 3.6 Let S be a po-T"-semigroup and a; be a fuzzy point of S. Then the
fuzzy ideal < a; > generated by a; is given by

t, if xe<a>,
<a; > (x) = .
> (x) [O, otherwise,

forany x € S, where < a > is the ideal of S generated by a.

Proof Let us consider a fuzzy subset g of S defined by

(x) = t, if xe<as>,
g = 0, otherwise,

for any x € S, where < a > is the ideal of S generated by a. Let x,y € S and
yeTl.Ifx,y e<a >, thenxyy €< a >.So glxvy) =t = gx) = g(y).
Againifx,y €< a > butxyy e < a >, then g(xyy) =t > 0 = g(x) = g(y).
Ifx,y €< a > and xyy €< a >, then g(xvy) = 0 = g(x) = g(y). Again if
xe<a>andy €<a>,thenxyye<a>.Sogxyy)=t=g9x)>0=g().
Letx <yinS.Ify e <a >, thenx € < a > whence g(x) =t = g(y). Again if
y € <a >, then g(x) > 0 = g(y). So g is a fuzzy ideal.

Let f be a fuzzy ideal of S such that a; € f. Then f(a) > a;(a) = t. Now
letz e<a>= ({a}Ual’'SU STa U STal'S]. If z < a, then f(2) > f(a) > t.
If z < aax for some x € S and a € T, then f(z) > f(aax) > f(a) > t (cf.
Definition 2.15). Similarly, we can show that f(z) > rif z < yBa or z < xaaly
for some x, y € S and o, 3 € TI. It follows that ¢ C f. Since g(x) > a;(x), for all
x € S, g contains a,. This completes the proof. O

Remark 3.7 From the above result, we notice that < a; > = tC _,~ where C _,~
is the characteristic function of < a >.

Proposition 3.8 Let S be a po-T"-semigroup and a; be a fuzzy point of S. Then

t, if x e (STal's],

SoaioSkx) = [ 0 otherwise

forall x € S. Moreover, S o a; o S is a fuzzy ideal of S.
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Proof Let x € S.If x £ wazfBy forany w,z,y € Sand o, 8 € T, then x ¢
(ST'al’'S] and S o a; o S(x) = 0. Now let x < wazfy for some w,z,y € S and
«, # € I'. Then

Soa; 08(x) = vw{S oar(p) A S(q))

X=p

= VvV {Soa(p)}
x<pyq

= VvV {SG) Aa(n)}

x<s0ryq

= V ay (r) .
x<sdryq

If there exists one r = a, then a;(r) = t whence S o a; o S(x) = t. Thus if
x € (STal'S], then S o a; o S(x) = t, otherwise S o a; o S(x) = 0.

In order to prove the last part we see So(Soa;0S) € Soa;oSand (Soa;o0S)oS C
Soa;oS. Letx <yinS.Ifx € (STal'S],then Soa; 0 S(x) =t > Soa; o S(y). If
x & (STal’'S], then y & (STal’ ST whence Soa; o S(x) =0 = Soa; 0S(y). Hence
S oa; oS isafuzzy ideal of S. (]

The following result is an easy consequence of the above proposition.

Corollary 3.9 Let S be a po-TI"-semigroup and a; be a fuzzy point of S. Then

| if x € (STal],
Soax) = [ 0, otherwise,
and
e if x € (al'sS],
a0 8(x) = [O, otherwise,

forall x € S. Moreover, S o a; is a fuzzy left ideal of S and a; o S is a fuzzy right
ideal of S.

Remark 3.10 From Proposition 3.8 and Corollary 3.9 we notice that Soa; 0o § =
tC(SFaI‘S], Soa, = tC(SFa]’ anda; o S = tC(aFS]-

Proposition 3.11 Let S be a po-T"-semigroup and a; be a fuzzy point of S. Then
<a;>=a;Ua;o0SUSoa;USoa;oS.

Proof By Proposition 3.6, for any x € S,

<a > (x) = t, if xe <a>,
! 1o, otherwise.

Letx € S.If x €< a >, then < a¢; > (x) = 0. In view of Proposition 2.11,
<a>={a}USTaUal'SU STal'S] = ({a}] U (STa] U (aI'S] U (STal'S].
Sox ¢ (STal'S] whence S oa; o S(x) = 0; x ¢ (STa] whence S o a;(x) =
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0; x & (al'S] whence a; o S(x) = 0; and x ﬁ a whence a;(x) = 0. Hence
aUagoSUSoaq USoaq oSkx)=0.Ifx e<a >,then < a, > (x) =t.
Again in view of Proposition 2.11, <a > = ({a}U STaUal'S U STal'S] = ({a}]
U (STa] U (aI'S] U (STal'S]. Now x € (STal'S] whence S o a; o S(x) = ¢;
x € (STa] whence Soa;(x) = t; x € (aI'S] whence a; o S(x) = t;and x < a
whence a;(x) = t. Hence a; Ua; o SU Soa; U S oa; o S(x) = t. Consequently,
<a>=a,Uag,0SUSoaq, USoa;08. O

‘We omit the proof of the following Corollary since it is similar to that of Corollary
1 of [21].

Corollary 3.12 Let S be a po-T-semigroup and a; be a fuzzy point of S. Then
<a; >>C Soa08.

Though the following proposition is easy to obtain, it is also useful for the devel-
opment of the paper.

Proposition 3.13 Let S be a po-T"-semigroup, A and B be subset of S and C s be
the characteristic function of A. Then for any t,r € (0, 1], the following statements
hold.

(i) lCAorCBZ(t/\V)C(ArB].
(ii)) tCaNtCp =tCanp.
(iii) tCa) = U a;.
acA
(iv) SotCp =1tC(sra-
(v) Aisanideal (right ideal, left ideal) of S if and only if tC 4 is a fuzzy ideal (fuzzy
right ideal, fuzzy left ideal) of S.

4 Prime Fuzzy Ideals and Weakly Prime Fuzzy Ideals
in Po-I"'-Semigroups

In this section, we deduce various properties and characterizations of prime fuzzy
ideals and weakly prime fuzzy ideals of po-I"-semigroups.

Definition 4.1 ([3]) Let S be a po-I"-semigroup. Then an ideal 7 (#£5S5) of S is called
prime if for any two ideals A and B of S, ATB C I implies A C I or B C I.

Definition 4.2 ([3]) Let S be a po-I"-semigroup. Then an ideal 7 (#5S5) of S is called
completely prime if for any a, b € S,al’'b C [ impliesa € [ orb € I.

Definition 4.3 Let S be a po-I"-semigroup. Then a fuzzy ideal f of S is called prime
fuzzy ideal if f is a nonconstant function and for any two fuzzy ideals g and 4 of S,
goh C fimpliesg C forh C f.
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Example 4.4 Let § = Zy and I' = Z,, where Z, denotes the set of all negative
integers with 0. Then S is a I'-semigroup where ayb denotes the usual multiplication
of integers a, v, b where a, b € S and v € I". Again with respect to usual < of Z, S
becomes a po-I"-semigroup. Let p be a prime number. Now we define a fuzzy subset
f on S by

1, for x € (pZ, ],
fo) = [0.6, otherwise. 0

Then f is a prime fuzzy ideal of S.

Example 4.5 Let S = {a,b,c}. Let ' = {«, (3} be the nonempty set of binary
operations on S with the following Cayley tables.

ala b cl|Bla b c
ala bblla|lbbb
b|bbb|blbbb
cleccllclecc

By aroutine verification, we see that S is a po-I"-semigroup where the partial orders
on S and I' are given by ¢ < b < a and 8 < «, respectively. Now we define a fuzzy
subset ;1 on S by p(a) = 0.5, u(b) = 1 = u(c). Itis easy to observe that y is a prime
fuzzy ideal of S.

Though the proof of the following theorem is straightforward, it also characterizes
a prime fuzzy ideal.

Theorem 4.6 Let S be a commutative po-1"-semigroup and f be a fuzzy ideal of S.
Then f is prime fuzzy ideal if and only if for any fuzzy subsets g and h of S, goh C f
implies g C f orh C f.

Theorem 4.7 Let S be a po-T"-semigroup and I be an ideal of S. Then I is a prime
ideal of S if and only if Cj, the characteristic function of 1, is a prime fuzzy ideal of
S.

Proof Let I be a prime ideal of S. Then Cy is a fuzzy ideal of S (c¢f. Proposition
3.13). Now let f and g be two fuzzy ideals of S such that f o g € C; and f ¢ Cj.
Then there exists a fuzzy point x;, € f (t > 0) such that x; SZ Cr.Lety Cg
(r > 0). Then < x; > o <y, >C fog C Cy. Again for all z € §, in view of
Propositions 3.6 and 3.13, we obtain

@) = tAT, if ze(<x>T <y>],
=Hh=o=y =)= 0, otherwise.

Hence (< x > I' < y >] C I. Using Proposition 2.11 we see that (< x >]"(<
y>]C(<x>T <y >]whence (< x >|I'(< y >] € I. This together with
the hypothesis implies that (< x >] € [ or (< y >] C I (c¢f. Definition 4.1). As
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<x>C(<x>]Jand<y>C(<y>],wehave <x >C [or<y>C /. Since
Xy g Cr,t = x;(x) > Cr(x). So Cy(x) = 0 whence x ¢ I. Hence < x >¢ 1.
Consequently, < y > C [. Then y, € Cy andso g € C;. Hence Cj is a prime fuzzy
ideal of S.

Conversely, suppose Cy is a prime fuzzy ideal of S. Then Cy is a fuzzy ideal of
S which together with Proposition 3.13 implies that 7 is an ideal of S. Let A and B
be two fuzzy ideals of S such that AT'B C I. Then (AT'B] € I. Again Cy4, and Cp
are fuzzy ideals of S and Cy o Cp = C(arp) € Cj (cf. Proposition 3.13). So by
hypothesis, C4 € Cyor Cp € Cy. Hence A € I or B € I. Consequently, / is a
prime ideal of S. (]

Proposition 4.8 Let S be a po-T"-semigroup and f be a prime fuzzy ideal of S. Then
[Imf| = 2.

Proof By Definition 4.3, f is a nonconstant fuzzy ideal. So [Imf| > 2. Suppose
[Imf| > 2. Then there exist x, y,z € S such that f(x), f(y), f(z) are distinct.
Let us assume, without loss of generality, f(x) < f(y) < f(z). Then there exist
r,t € (0,1)suchthat f(x) <r < f(y) <t < f(z)---(1). Then forall u € §,

“x o<y >(M)Z[r/\t, ifue(<x>TI <y>],

r ! 0, otherwise.
Letu € (<x >I' <y >].Thenu <aybwherea e <x >,be<y>andyel.
Since f is a fuzzy ideal of S, f(u) > f(ayb) = f(x)V f(y) > r A t. Therefore
< X, > o < y; >C f which, by Definition 4.3, implies that < x, >C f or
<y > C f.Suppose < x, > C f.Then f(x) > < x > (x) = r which contradicts
(1). Similarly, < y; > C f contradicts (1). Hence [Imf]| = 2. O

Theorem 4.9 Let S be a po-T'-semigroup and f be a prime fuzzy ideal of S. Then
there exists xo € S such that f(xg) = 1.

Proof By Proposition 4.8, we have |Imf| = 2. Suppose Imf = {t, s} such that
t < s.Letif possible f(x) < 1,forallx € S. Thent <s < 1. Let f(x) =t and
f(y) = s forsome x,y € S. Then f(x) =t <s = f(y) < 1. Now we choose
t1,t € (0, 1) such that f(x) < #; < f(y) <t < 1. Then by the similar argument
as applied in the proof of Proposition 4.8, we obtain < x;, > o < y;, > C f. Since
f is a prime fuzzy ideal of S, < x;; >C f or < y, >C f whence f(x) > #; or
f(y) = tr. This contradicts the choices of #; and #,. Hence there exists an xg € S
such that f(xp) = 1. O

Theorem 4.10 Let S be a po-T"-semigroup and f be a prime fuzzy ideal of S. Then
each level subset f; (#S), t € (0, 1], if nonempty, is a prime ideal of S.

Proof Since f is a fuzzy ideal, each level subset f;, t € (0, 1], if nonempty, is an
ideal of S (¢f. Theorem 3.5 [20]). Let # € (0, 1] be such that f; (#£S) is nonempty.
Now let I, J be two ideals of S such that IT'J C f;. Since f; is an ideal of S,
(UT'J] € f;. Then tCyryy € f. By Proposition 3.13(v), g := tC; and h := tCy
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are fuzzy ideals of S. Since g o h = 1Cj o tC; = tC(yr ) (c¢f. Proposition 3.13(i)),
goh C f.Since f is a prime fuzzy ideal, g € f or h C f. Hence either tC; C f or
tCy C f whence we obtain / C f; or J C f;. Hence f; is a prime ideal of S. [J

As a consequence of Theorems 4.9 and 4.10, we obtain the following result.

Corollary 4.11 If f is a prime fuzzy ideal of a po-I"-semigroup S, then the level
subset f1 is a prime ideal of S.

Remark 4.12 The converse of Theorem 4.10 is not true which is illustrated in the
following example.

Example 4.13 Let S be a po-I"-semigroup and A be a prime ideal of S. Let

t, if x e A,
fe) = 0, otherwise.

Then f is a fuzzy ideal of S. Here f;;, = A, where 0 < f; < t. Hence each of
nonempty level subsets of f is a prime ideal of S. Butif 0 < 7 < 1, then f isnota
prime fuzzy ideal of S (¢f. Theorem 4.9).

Lemma 4.14 Let S be a po-T"-semigroup. Then a fuzzy subset f of S satisfying (i)
and (i),

() Umf|=2,
(ii) f1is an ideal of S,

is a fuzzy ideal of S.
The following result also characterizes a prime fuzzy ideal of a po-I"-semigroup.

Theorem 4.15 Let S be a po-T"-semigroup. Then a fuzzy subset f of S is a prime
fuzzy ideal of S if and only if f satisfies the following conditions:

(i) [Imf|=2.
(ii) f1is a prime ideal of S.

Proof The direct implication follows easily from Proposition 4.8, Theorem 4.9 and
Corollary 4.11.

To prove the converse, we first observe that f is a fuzzy ideal of S (¢f: Lemma
4.14). Then let g and h be two fuzzy ideals of S such that goh C f.1f g &
fand h ¢ f, then there exist x,y € S such that g(x) > f(x) and h(y) >
f(y). Thus x,y & fi. We claim that xI'STy ¢ fj. To establish the claim we
suppose the contrary. Then (ST'xI'ST'ST'yI'S] € f1 (as f; is an ideal) and so
(STxTSIC(STy’'ST € (STxI'STSTYI'S] € f1 (cf. Proposition 2.11) whence
(STxI'S] € fi or (ST'yI'S] € f1 (as fi is a prime ideal). Let us assume without
loss of generality (STxI'S] € fi. Then < x >3 C (ST'xI'S] € f; which implies
that x € < x > C fj, which is a contradiction. Hence xI'STy g f1. Then there
exist s € S, o, 8 € I' such that xasBy ¢ f1 which means f(xasfBy) < 1. So
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fxasBy) =t = f(x) = f(y), where Imf = {¢, 1}. But by using Definitions 2.14
and 2.15, we obtain

(goh)(xasBy) = g(x) Ah(sBy)
> g(x) ANh(y)
> f)Af(y)

=1.
Hence goh ¢ f which is a contradiction. Hence f is a prime fuzzy ideal of §. O

Corollary 4.16 Let S be a po-T"-semigroup and f be a prime fuzzy ideal of S. Then
there exists a prime fuzzy ideal g of S such that f is properly contained in g.

Proof By Theorem4.15, there exists xo € Ssuchthat f(xg) = land Im(f) = {¢, 1}
for some t € [0, 1). Let g be a fuzzy subset of S defined by g(x) = 1, if x € f; and

g(x) =r,ifx ¢ fi, where t < r < 1. Then by Theorem 4.15, g is a prime fuzzy
ideal and f & g. O

In Theorem 4.10 we have shown that every nonempty level subset of a prime fuzzy
ideal is a prime ideal. But Example 4.13 shows that the converse need not be true.
In order to make the level subset criterion to hold, a new type of fuzzy primeness in
ideals of a po-I"-semigroup can be defined what is called weakly prime fuzzy ideal.

Definition 4.17 Let S be a po-I"-semigroup. A nonconstant fuzzy ideal f of S is
called a weakly prime fuzzy ideal of S if for all ideals A and B of S and for all
t€(0,1],tC40tCp C fimpliestCy € fortCp C f.

Theorem 4.18 Let S be a po-T"-semigroup and f be a fuzzy ideal of S. Then f is a
weakly prime fuzzy ideal of S if and only if each level subset f; (# S), t € (0, 1], is
a prime ideal of S for f; # @.

Proof Let f be a weakly prime fuzzy ideal of S and # € (0, 1] such that f; # & and
ft # S.Then f isafuzzyideal of S. So f; is anideal of S (¢f. Theorem 3.5 [20]). Let
A and B be ideals of S with AT'B C f;. Then f; being an ideal of S, (AT'B] C f;.
Therefore, 1Carp) € f whichmeans 1C4 0tCp C f (cf. Proposition 3.13). Hence
by hypothesis, tC4 C f ortCp C f (cf. Definition 4.17). Hence either A C f; or
B C f;. Consequently, f; is a prime ideal of S.

Conversely, suppose each f; (#5S5) is a prime ideal of S, for all + € (0, 1] with
fi # 2. Let A and B be ideals of S such that 1C4 o tCp C f where t € (0, 1].
Then tCarp) € f (cf. Proposition 3.13) whence (A" B] € f;. Now by Proposition
2.11, (AIT'(B] € (AT'B] C f; whence AT'B C f; (as A, B are ideals). Hence by
hypothesis either A C f; or B C f; whence tC4 € f ortCp C f. Hence f isa
weakly prime fuzzy ideal of S. ]

As an easy consequence of Theorems 4.10 and 4.18, we obtain the following
corollary.
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Corollary 4.19 In a po-T'-semigroup S, every prime fuzzy ideal is a weakly prime
Sfuzzy ideal.

That the converse of the above corollary is not always true is illustrated in the
following examples.

Example 4.20 The fuzzy ideal of Example 4.13 is a weakly prime fuzzy ideal (cf.
Theorem 4.18) but not a prime fuzzy ideal.

Example 4.21 LetS = {0, a, b, c}. LetT" = {«a, 3, 7} be the nonempty set of binary
operations on § with the following Cayley tables.

al0abcl||fl0abcllv|0abc
000 00/|/0/0000]|/0[0000
al000b|lal000b||al000O0
b{00OD|b[OOODL|LIOOOO
clbbbcllclbbbbllc/0000

By a routine but tedious verification, we see that S is a po-I"-semigroup where the
partial orders on S and I" are given by 0 < a < b < c and v < 8 < a, respectively.
Now we define a fuzzy subset f on S by f(0) = f(a) = 0.8, f(b) = 0.3, and
f(c) = 0. It can be checked that f is a weakly prime fuzzy ideal of S. But f is not
a prime fuzzy ideal of S (cf. Theorem 4.15).

Remark 4.22 The above corollary and the example together shows that the notion
of weakly prime fuzzy ideal generalizes the notion of prime fuzzy ideal.

The following theorem characterizes weakly prime fuzzy ideals of po-I'-
semigroups.

Theorem 4.23 Let S be a po-I'-semigroup and f be a fuzzy ideal of S. Then the
following are equivalent.

(i) f is a weakly prime fuzzy ideal of S.

(ii) Foranyx,y € Sandr € (0,1], ifx,0Soy. C f, thenx, C fory, C f.

(iii) Forany x,y € Sandr € (0,1), if < x, > 0o <y, >C f, thenx, C f or
yr Cf.

(iv) If A and B are right ideals of S such that tC4 o tCp C f, then tCq C f or
tCp C f.

(v) If A and B are left ideals of S such that tC4 o tCp C f, thentCy < f or
tCp C f.

(vi) If A is a right ideal of S and B is a left ideal of S such that tC4 o tCp C f,
thentCy C fortCp C f.

Proof (1) = (ii).
Let f be a weakly prime fuzzy ideal of S. Let x,y € S and r € (0, 1] be
such that x, o § o y» C f. Then by Proposition 3.8, rC(srxrs) © rC(sryrs; =
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(Sox,08) 0oy, 08 CSox,0S0y)oSC SofoS C f.Henceby
hypothesis, rC(srxrs) € forrCisryrs) € f whence Sox, 0§ € forSoy, oS C f.
If Sox, 08 C f,then < x, >3 C f (cf Corollary 3.12). Hence (rC_,~)> C f.
Since f is weakly prime fuzzy ideal, this implies that < x, > C f whence x, C f.
Similarly, if So y, 0 § C f, then y, C f.

(i) = (iii).

Let x,y € Sand r € (0, 1] be such that < x, > o < y, > C f. Then since
xroSC<xr>andy, C<y, >, x,050y, € f.Henceby (i), x, € fory, C f.
(i) = (iv).

Let A, B be two right ideals of S such that 1C4 0o tCp € f and tCy Q f. Then
there exists a € A such that a; ¢ f. Now for any b € B, by Proposition 3.13
and hypothesis, we obtain < a; > o < by >=1C 4> 01C p> = tC(<4>T <b>]
C tCyarpyusrars) = tCurplusrars) = tCarp) Y tCisrarp) = tCearpy U
tCisrary] € tCarpy YU tCesrarpy = (tCao0tCp) U (SotCiarp)) = (1Ca 0
tCp)U (S otCx otCp) (cf Proposition 3.13) € f U (S o f) € f. Hence by (iii),
b; C f. Consequently, tCp C f.

(i) = (vi).

Let A be a right ideal and B be a left ideal of S such that tC4 o tCp C f and
tCx ¢ f.Thenthereexistsa € Asuchthata, ¢ f.Now foranyb € B, < a; > o <
by >=1C 4>0tC p> = 1C(<q>T <b>] StC(AT B)U(AT BI'S)U(ST AT BYU(ST AT BT'S)]
= 1CATBIUAT BT SJUST AT BJUST AT BT'S] = 1Carp) U tCarprsy U tCsrarpy YU
tCisrararsy = tCrpy YU tCarairs) Y tCsrary Y tCsrargirsy S
tCearp) U tCarirs) YU tCsraray Y tCsrarpirs) = (tCa 0 tCp) U (1Cx o
tCpoS)U(SotCpotCp)U(SotCpotCpoS)C fU(foS)U(SofHU(SofoS)
C f. Hence by (iii), by € f. Consequently, 1Cp C f.

@iv) = (1), (v) = (), (vi) = (i) are obvious and (iii) = (v) is similar to
(iii) = (iv). 0

5 Completely Prime and Weakly Completely Prime Fuzzy
Ideals in Po-I'-Semigroups

In this section, the notion of completely prime ideals of po-I"-semigroups has been
generalized in fuzzy setting.

Definition 5.1 Let S be apo-I'"-semigroup. A nonconstant fuzzy ideal f of S is called
a completely prime fuzzy ideal if for any two fuzzy points x;, y of S (z, r € (0, 1]),
xr oy, C f implies that x; € fory, C f.

Definition 5.2 Let S be a po-I"-semigroup. A nonconstant fuzzy ideal f of S is
called a weakly completely prime fuzzy ideal if for any fuzzy points x;, y; of §
(t € (0, 1]), x; o y; € f implies that x;, C f or y; C f.
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Theorem 5.3 Let S be a po-TI'-semigroup and f be a fuzzy ideal of S. Then f
is completely prime fuzzy ideal if and only if for any fuzzy subsets f and g of S,
g o h C fimpliesg C forhC f.

Proof Let f be a completely prime fuzzy ideal and g, & be two fuzzy subsets such

that goh C fand g € f. Then there exists an x;, < g such that x, ¢ f. Since

gohC f,x;0y, C f,forall y. Ch.Soy, C f,forall y. C h. Hence h C f.
The converse follows easily. (I

Definitions 5.1, 5.2 and Theorems 5.3 and 4.6 together give rise to the following
result.

Corollary 5.4 Let S be a po-T'-semigroup and f be a completely prime fuzzy ideal
of S. Then f is a prime fuzzy ideal and a weakly completely prime fuzzy ideal of
S. Further if S is commutative, then f is a prime fuzzy ideal if and only if f is a
completely prime fuzzy ideal.

The following theorem characterizes a completely prime fuzzy ideal.

Theorem 5.5 Let S be a po-T"-semigroup and f be a fuzzy subset of S. Then f is a
completely prime fuzzy ideal of S if and only if f satisfies the following conditions:

(1) |Imf|=2.
(2) f1is a completely prime ideal of S.

Proof Let f be a completely prime fuzzy ideal of S. Then by Corollary 5.4, f is a

prime fuzzy ideal of S. So by Theorem 4.15, f] is a prime ideal and |Imf| = 2. Let

x,y € Ssuch that xI'y € fj. Then f(xyy) = 1, for all v € I'". So the fuzzy point

(xyy)1 € f, forall v € " whence LGJF(x'yy)l C f. Therefore x; o y; € f (cf.
¥

Theorem 3.2). Since f is a completely prime fuzzy ideal, x; € f or y; € f whence
x € frory € f1. Hence fi is a completely prime ideal of S.

Conversely, suppose the given conditions hold, i.e., Im(f) = {¢, 1} (t < 1) and
f1 is a completely prime ideal. Then f] is a prime ideal of S. So by Theorem 4.15,
f is a prime fuzzy ideal. Hence f is a nonconstant fuzzy ideal of S. Let x, and y;
(r,s > 0) be two fuzzy points of S such that x, o y; € f. If possible let x, ¢ f
and y; ¢ f,then f(x) < rand f(y) <s.So0 f(x) = f(y) =¢. Thus x,y & fi,
which implies xI'y ¢ fj as fi is completely prime. So there exists v € I' such
that xyy ¢ fi whence (x7y) = £-Now (37 0 y)(79) = (U (B)ra)(¥7y) =

rAs >t = f(xvy). This is a contradiction to x, o y; € f. Hence f is a completely
prime fuzzy ideal of S. O
The following theorem characterizes a weakly completely prime fuzzy ideal.
Theorem 5.6 Let S be a po-T"-semigroup and f be a fuzzy ideal of S. Then f is
weakly completely prime fuzzy ideal if and only if im?f(x*yy) =max{f(x), f(M)},
ve
forallx,y € S.
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Proof Let f be a weakly completely prime fuzzy ideal and x,y € §. Since f
is a fuzzy ideal, f(xvyy) > max{f(x), f(y)}, for all v € T'. So inlﬁf(xvy) >
YyE

max{f(x), f(y)}. Now let ingf(xvy) = t where t € [0,1]. If t = O, then
veE

in?f(xyy) < max{f(x), f(y)}. Otherwise, f(xvyy) > t, for all v € T, ie.,

Ve

(xvy): € f, forall v € I'. So Ur(x’yy), C f which means x; oy, C f
V€

(cf- Theorem 3.2). Since f is a weakly completely prime fuzzy ideal, x, € f or
yi € fiie, f(x) =tor f(y) =1t Somax{f(x), f(N}>1t= infrf(xw)- Hence
e

inf f(xyy) = max{f(x), f()}.
vyel

Conversely, suppose the condition holds, let x; and y,; be two fuzzy points of S
such that x; o y; € f where ¢t € (0, 1]. Then Ur(xfyy), C f (c¢f Theorem 3.2),
ve

ie, (xyy): € f,foral v e T, ie, f(xvy) > t, for all v € I" which implies
in?f(xvy) > t. So by the hypothesis max{f(x), f(y)} > ¢. Then f(x) > t or
ve

f(y) =t,ie,x; € fory C f.Hence f is a weakly completely prime fuzzy ideal
of S. (]

Theorem 5.7 Let S be a po-T"-semigroup and f be a fuzzy ideal of S. Then f is
weakly completely prime fuzzy ideal if and only if each f;, t € (0, 1], is a completely
prime ideal of S for f; # 0.

Proof Let f be a weakly completely prime fuzzy ideal of S, x, y € Sandt € (0, 1]
such that f; # #. Let xI'y € f;. Then f(xvyy) > t, for all v € I" which means
ingf(x'yy) > t.Somax{ f(x), f(y)} >t (cf. Theorem 5.6) which implies f(x) > ¢
ye

or f(y) >t,ie,x € frory € f;. Hence f; is a completely prime ideal of S.
Conversely, suppose each f;, t € (0, 1], is a completely prime ideal of S for
fi = @.Letx,y € S. Since f is a fuzzy ideal, f(xyy) > max{f(x), f(y)}, for
all vy € T. So irellf_f(xwy) > max{f(x), f(y)}. Now let irellf_f(xq/y) = t where
¥ gl

t € [0,1]. If r = 0, then inlﬁf(xfyy) < max{f(x), f(y)}. Otherwise, f(xvy) >
ve

t, forall v € T, ie, xyy € f;,forall v € T, ie, xI'y € f;. Since f; is a
completely prime fuzzy ideal, x € f; ory € f;, ie, f(x) > tor f(y) > t.
So max{f(x), f(N} =1 = Wiyrellf,f(xw)- Hence virellf,f(xw) = max{f(x), f(y)}

whence f is a weakly completely prime fuzzy ideal (c¢f. Theorem 5.6). ([
By Theorems 4.18 and 5.7 we have the following result.

Corollary 5.8 Let S be a po-T'-semigroup and f be a weakly completely prime fuzzy
ideal of S. Then f is a weakly prime fuzzy ideal of S.

Remark 5.9 Since in a both-sided po-I"-semigroup the notions of prime ideals and
completely prime ideals coincide (cf. Theorem 2.9 [18]), in view of Theorems 4.18
and 5.7 the notions of weakly completely prime fuzzy ideals and weakly prime
fuzzy ideals coincide. Hence the above corollary is meaningless in a both-sided
po-I"-semigroup.
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Remark 5.10 The proofs of results on completely prime and weakly completely
prime fuzzy ideals in po-I'-semigroups indicate that these are also true in I'-
semigroups without partial order.

To conclude this section, we give the following interrelations among various fuzzy
primeness studied in this paper.

completely prime
fuzzy ideal

prime fuzzy weakly completely
ideal prime fuzzy ideal

weakly prime
fuzzy ideal

6 Concluding Remark

Theorem 4.23 is analogous to Theorem 3.4 [6]. The said theorem of [6] plays an
important role in radical theory of I'-semigroups. So Theorem 4.23 may help to
study radical theory in po-I"-semigroups via fuzzy subsets. This possibility of study
of radical theory in po-I"-semigroups is also indicated in the work of radical theory
in po-semigroups via weakly prime fuzzy ideals by Xie and Tang [27].
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Radicals and Ideals of Affine Near-Semirings
Over Brandt Semigroups
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Abstract This work obtains all the right ideals, radicals, congruences, and ideals of
the affine near-semirings over Brandt semigroups.
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1 Introduction

An algebraic structure (N, +, -) with two binary operations + and - is said to be
a near-semiring if (N, +) and (N, -) are semigroups and - is one-sided, say left,
distributive over +, ie.a-(b+c) =a-b+a-c, forall a,b,c € N. Typical
examples of near-semirings are of the form M(S), the set of all mappings on a
semigroup S. Near-semirings are not only the natural generalization of semirings
and near-rings, but also they have very prominent applications in computer science.
To name a few: process algebras by Bergstra and Klop [1], and domain axioms in
near-semirings by Struth and Desharnais [3].

Near-semirings were introduced by van Hoorn and van Rootselaar as a general-
ization of near-rings [11]. In [10], van Hoorn generalized the concept of Jacobson
radical of rings to zero-symmetric near-semirings. These radicals also generalize
the radicals of near-rings by Betsch [2]. In this context, van Hoorn introduced
14 radicals of zero-symmetric near-semiring and studied some relation between
them. The properties of these radicals are further investigated in the literature (e.g.,
[5, 12]). Krishna and Chatterjee developed a radical (which is similar to the Jacobson
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radical of rings) for a special class of near-semirings to test the minimality of linear
sequential machines in [6].

In this paper, we study the ideals and radicals of the zero-symmetric affine near-
semiring over a Brandt semigroup. First, we present the necessary background mate-
rial in Sect. 2. For the near-semiring under consideration, we obtain the right ideals in
Sect. 3 and ascertain all radicals in Sect. 4. Further, we determine all its congruences
and consequently obtain its ideals in Sect.5.

2 Preliminaries

In this section, we provide a necessary background material through two subsections.
One is to present the notions of near-semirings, and their ideals and radicals. In the
second subsection, we recall the notion of the affine near-semiring over a Brandt
semigroup. We also utilize this section to fix our notations which used throughout
the work.

2.1 A Near-Semiring and Its Radicals

In this subsection, we recall some necessary fundamentals of near-semirings from
[5, 10, 11].

Definition 2.1 An algebraic structure (N, +, -) is said to be a near-semiring if

(1) (N, +) is a semigroup,
(2) (N, ) is a semigroup, and
B)a-(b+c)=a-b+a-c foralla,b,ceN.

Furthermore, if there is an element 0 € N\ such that

4 a+0=0+a=aforallaeN,and
(5) a-0=0-a=0foralla e N,

then (N, +, -) is called a zero-symmetric near-semiring.

Example 2.2 Let (S, +) be a semigroup and M (S) be the set of all functions on
S. The algebraic structure (M (S), +, o) is a near-semiring, where + is pointwise
addition and o is composition of mappings, i.e., for x € S and f, g € M(S),

x(f+g9 =xf+xg and x(fog)=(xf)g.

We write an argument of a function on its left, e.g., xf is the value of a function f
at an argument x. We always denote the composition f o g by fg. The notions of
homomorphism and subnear-semiring of a near-semiring can be defined in a routine
way.
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Definition 2.3 Let A be a zero-symmetric near-semiring. A semigroup (S, +) with
identity Og is said to be an N -semigroup if there exists a composition

(s,a) > sa:SxN — S

such that, foralla, b € N and s € S,

(1) s(a+ b) =sa+ sb,
(2) s(ab) = (sa)b, and
(3) s0=0s.

Note that the semigroup (N, +) of a near-semiring (A, +, -) is an A/ -semigroup.
We denote this A/-semigroup by N .

Definition 2.4 Let S be an A/-semigroup. A semigroup congruence ~, of S is said
to be a congruence of N -semigroup S, if forall s, € Sanda € N,

s~y 1 = sa ~y ta.

Definition 2.5 An N -morphism of an N-semigroup S is a semigroup homomor-
phism ¢ of S into an N -semigroup S’ such that

(sa)¢p = (sP)a

for alla € N and s € S. The kernel of an A/-morphism is called an N -kernel
of an A/-semigroup S. A subsemigroup T of an N -semigroup S is said to be N-
subsemigroup of S if and only if 0 € T and TN C T.

Definition 2.6 The kernel of a homomorphism of N is called an ideal of N'. The
N -kernels of the N-semigroup Nt are called right ideals of N.

One may refer to [10, 11] for a few other notions, viz. strong ideal, modular
right ideal and A\-modular right ideal, a special congruence )} associated to a normal
subsemigroup A of a semigroup S, and, for various (v, j), the N'-semigroups of type
(v, p). The homomorphism corresponding to X is denoted by Aa.

Definition 2.7 Let s be an element of an A -semigroup S. The annihilator of s,
denoted by A(s), defined by the set {a € N : sa = Og}. Further, for a subset T of S,
the annihilator of 7T is

A(T) = () A(s) ={a € N : Ta = Og}.

seT
Theorem 2.8 ([5]) The annihilator A(S) of an N -semigroup S is an ideal of N'.
We now recall the notions of various radicals in the following definition.

Definition 2.9 ([10]) Let V' be a zero-symmetric near-semiring.
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Fig. 1 Relation between J(2 0 — J(2 1
various radicals of a 4 ’
near-semiring T T
Ja,0 — Ja Ja2) — Ja3)

I N1

Jo,0) — Jo,1) |

\ P

Ry—— Ry Ry —— R3

(1) Forv =0,1withpu=0,1,2,3and v =2 with u =0, 1

J(I/,u)(N) = ﬂ A(S).

S is of type(v,p)

(2) Ro(N) is the intersection of all maximal modular right ideals of A/.
(3) R{(N) is the intersection of all modular maximal right ideals of A/.
(4) Ry(N) is the intersection of all maximal A\-modular right ideals of A/
(5) R3(N) is the intersection of all A-modular maximal right ideals of \V.

In any case, the empty intersection of subsets of A/ is V. The relations between these
radicals are given in Fig. 1, where A — B means A C B.

Remark 2.10 ([2, 4, 9]) If N is a near-ring, then J(oyﬂ)(/\f), uw=0,1,2,3 are the
radical Jo(N); J(1,)(N), p =0, 1, 2, 3 are the radical J;(N); Jo,,y(N), p =0, 1,
are the radical J,(N); and R,(N), v = 0, 1, 2, 3 are the radical D(N) of Betsch.
Further, if NV is a ring, then all the 14 radicals are the radical of Jacobson.

Definition 2.11 A zero-symmetric near-semiring A is called (v, u)-primitive if N
has an N\ -semigroup S of type (v, p) with A(S) = {0}.

2.2 An Affine Near-Semiring Over a Brandt Semigroup

In this subsection, we present the necessary fundamentals of affine near-semirings
over Brandt semigroups. For more details one may refer to [7, 8].

Let (S, +) be a semigroup. An element f € M(S) is said to be an affine map if
f = g + h, for some endomorphism ¢ and a constant map . on S. The set of all
affine mappings over S, denoted by Aff(S), need not be a subnear-semiring of M (S).
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The affine near-semiring, denoted by AT (S), is the subnear-semiring generated by
Aff(S) in M (S). Indeed, the subsemigroup of (M (S), +) generated by Aff(S) equals
(AT(S), +) (cf. [6, Corollary 1]). If (S, +) is commutative, then Aff(S) is a subnear-
semiring of M (S) so that Aff(S) = AT (S).

Definition 2.12 For any integer n > 1, let [n] = {1,2,...,n}. The semigroup
(Bp, +), where B, = ([n] x [n]) U {9} and the operation + is given by

G, j)+ (k1) = [ (ibl) E ;],z

and, for all @« € B, a + v = ¥ + a = 1, is known as Brandt semigroup. Note that
4 is the (two sided) zero element in B,,.

Let ¢ be the zero element of the semigroup (S, +). For f € M(S), the support
of f, denoted by supp(f), is defined by the set

supp(f) ={a e S| af #9}.

A function f € M (S) is said to be of k-support if the cardinality of supp(f) is k,
ie. [supp(f)| = k. If k = |S] (or k = 1), then f is said to be of full support (or
singleton support, respectively). For X € M(S), we write X} to denote the set of all
mappings of k-support in X, i.e.

Xy ={f € X | fisof k-support}.

For ease of reference, we continue to use the following notations for the elements
of M(B,), as given in [8].

Notation 2.13

(1) For ¢ € By, the constant map that sends all the elements of B, to c is denoted
by &.. The set of all constant maps over B, is denoted by Cp, .

(2) For k,1, p,q € [n], the singleton support map that sends (k,[) to (p, q) is
denoted by (k'l)C(p,q).

(3) For p, g € [n], the n-support map that sends (i, p) (where 1 <i < n)to (io, q)
using a permutation o € S, is denoted by (p, g; o). We denote the identity
permutation on [n] by id.

Note that A*(B;) = {(1, 1;id)} U Cp,. For n > 2, the elements of A*(B),) are
given by the following theorem.

Theorem 2.14 ([8]) For n > 2, AY(B,) precisely contains (n! + Dn2 +n*+1
elements with the following breakup.

(1) All the n* + 1 constant maps.
(2) All the n* singleton support maps.
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(3) The remaining (n\)n* elements are the n-support maps of the form (p, q; o),
where p,q € [n] and o € S,,.

We are ready to investigate the radicals and ideals of A™ (B, )—the affine near-
semiring over a Brandt semigroup. Since the radicals are defined in the context of
zero-symmetric near-semirings, we extend the semigroup reduct (AT (B,), +) to
monoid by adjoining 0 and make the resultant near-semiring zero-symmetric. In
what follows, the zero-symmetric affine near-semiring A+ (B,) U {0} is denoted by

N,ie.

(1) (N, +) is a monoid with identity element 0,
(2) (N, o) is a semigroup,

(3) 0f = fO0=0, forall f € N, and

4) f(g+h)= fg+ fh,forall f,g,h € N.

In this work, a nontrivial congruence of an algebraic structure is meant to be a
congruence which is neither equality nor universal relation.

3 Right Ideals

In this section, we obtain all the right ideals of the affine near-semiring N by ascer-
taining the concerning congruences of A-semigroups. We begin with the following
lemma.

Lemma 3.1 Let ~ be a nontrivial congruence over the semigroup (N', +) and f €
AY(Bp) 2y If f ~ o, then ~ = (AT (By) x AT(B,)) U{(0,0)}.

Proof First, note that (AT(B,) x AT(B,)) U {(0,0)} is a congruence relation of

the semigroup (N, +). Let f = &(py.40) and &(p,4) be an arbitrary full support map.
Since

o) = Ep.po) T Ewosao) t E@o.) ~ Ep.po) T &0 + Eigo.9) = v

we have &, ) ~ & for all p, g € [n]. Further, given an arbitrary n-support map
(k,1; o), since §(p,1) ~ &y, we have

(k,1;0) = (k, p; o) + &y ~ (k, pi o) + &y = &o-

Thus, all n-support maps are related to &y under ~. Similarly, given an arbitrary
(k,l)(:(p’q) € AT(By)1, since & 4) ~ &y, for o € S, such that ko = ¢, we have

Dy =gy + U qs o) ~ &g+ (U, g3 0) = &.

Hence, all elements of AT (B,,) are related to each other under ~. ([l
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Now, using Lemma 3.1, we determine the right ideals of A/ in the following
theorem.

Theorem 3.2 N and {0} are only the right ideals of .

Proof Let I # {0} be a right ideal of N so that I = ker ¢, where p : NT — §
is an AM-morphism. Note that I = [0]~,, where ~, is the congruence over the N~
semigroup N defined by a ~, b if and only if ap = by, i.e. the relation ~, on
is compatible with respect to + and if a ~, b then ac ~, bc forall c € N.

Let f be a nonzero element of N such that f ~, 0. First, note that

&9 = f& ~r 0&y = 0.

Further, for any full support map &, 4), we have

Ep.g) = F&p.g) ~r 0&p,g) =0

so that, by transitivity, &, 4) ~» &». Hence, by Lemma 3.1, ~, = N x A\ so that
I=N. O

Remark 3.3 The ideal {0} is the maximal right ideal of A/

4 Radicals

In order to obtain the radicals of the affine near-semiring JV, in this section, we first
identify an N -semigroup which satisfies the criteria of all types of N -semigroups
by van Hoorn. Using the N -semigroup, we ascertain the radicals of A. Further, we
observe that the near-semiring N is (v, p)-primitive (cf. Theorem 4.3).

Consider the subsemigroup C = Cp, U {0} of (N, +) and observe that C is an
N -semigroup with respect to the multiplication in A/. The following properties of
the A-semigroup C are useful.

Lemma 4.1

(1) Every nonzero element of C is a generator. Moreover, the N -semigroup C is
strongly monogenic and A(g) = {0} for all g € C\{0}.

(2) The subsemigroup {0} is the maximal N -subsemigroup of C.

(3) The N -semigroup C is irreducible.

Proof

(1) Let g € Cp,. Note that g\ C C because the product of a constant map with any
map is a constant map. Conversely, for f € C, since gf = f, we have g\ = C
for all g € C\{0}. Further, since ON = {0} and CN = C # {0}. Hence, C is
strongly monogenic.
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(2) We show that the semigroups C and {0} are the only N -subsemigroups of C.
Let T be an N -subsemigroup of C such that {0} # T C C. Then there exist
f(#0) € Tandg € C\T. Since fg = g ¢ T, we have TN ¢ T; a
contradiction to T is an A/ -subsemigroup. Hence, the result.

(3) By Lemma 4.1(1), the N-semigroup C is monogenic with any nonzero element
g as generator such that A(g) = {0}; thus, A(g) is maximal right ideal in N (cf.
Remark 3.3). Hence, by [10, Theorem 8], C is irreducible. O

Remark 4.2 Since a strongly monogenic N -semigroup is monogenic we have, for
uw=0,1,2,3, an A-semigroup of type (1, ) is of type (0, w).

Theorem 4.3 Forv = 0,1 withpu =0,1,2,3 and v = 2 with u = 0, 1, we have
the following.

(1) The N -semigroup C is of type (v, 1) with A(C) = 0.
(2) The near-semiring N is (v, p)-primitive for all v and pu.
(3) Jw,yWN) = {0} for all v and p.

Proof In view of Remark 4.2, we prove (1) in the following cases.

Type (1, u) Note that, by Lemma 4.1(1), the N-semigroup C is strongly mono-
genic.

(i) By Lemma 4.1(3), we have C is irreducible. Hence, C is of
type (1, 0).

(i) By Lemma 4.1(1) and Remark 3.3, for any generator g, A(g)
is a maximal right ideal. Hence, C is of type (1, 1).

(iii)) Note that the ideal {0} is strong right ideal so that for any
generator g, A(g) is a strong maximal right ideal (see ii above).
Further, note that A(g) is a maximal strong right ideal (cf.
Remark 3.3). Hence, C is of type (1, 2) and (1, 3).

Type (2, ;1)  Since C is monogenic and, for any generator g of C, A(g) is a maximal
N -subsemigroup of C (cf. Lemma 4.1(1) and Lemma 4.1(2)). Thus,
C is of type (2, 1). By [10, Theorem 9], every A -semigroup of type
(2, 1) will be of type (2, 0). Hence, C is of type (2, 0).

Proofs for (2) and (3) follow from (1). ([l
Theorem 4.4 Forv = 0, 1, we have R,(N) = {0}.

Proof In view of Fig. 1, we prove the result by showing that the right ideal {0} is a
modular maximal right ideal. By Lemma 4.1(1), the A-semigroup C is monogenic
and has a generator g such that A(g) = {0}. Hence, the right ideal {0} is modular
(cf. [10, Theorem 7]). Further, since {0} is a maximal right ideal (cf. Remark 3.3),
we have {0} is a modular maximal right ideal. (Il
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Theorem 4.5 Forv = 2,3, we have R,(N) = N.

Proof In view of Fig. 1 and Theorem 3.2, we prove that the homomorphism Ag; is
not modular. Note that the congruence relation r{’f)} is the equality relation on (N, +),
where r&)} is the transitive closure of the two-sided stable reflexive and symmetric
relation relation (o) associated with a normal subsemigroup {0} of the semigroup
(N, +). Consequently, the semigroup homomorphism Aoy is an identity map on
(N, +). If the morphism Ao} is modular, then there is an element u € N such that
x = ux for all x € NV, but there is no left identity element in /. Consequently, Ao
is not modular. Thus, there is no maximal A\-modular right ideal. Hence, for v = 2, 3,
we have R,(N) = N. O

5 Ideals

In this section, we prove that there is only one nontrivial congruence relation on A/
(cf. Theorem 5.1). Consequently, all the ideals of A are determined.

Theorem 5.1 The near-semiring N has precisely the following congruences.

(1) Equality relation
(2) NxN
(3) (A*(By) x A*(By)) U{(0,0)}

Hence, N and {0} are the only ideals of the near-semiring N.

Proof In the sequel, we prove the theorem through the following claims.

Claim 1 Let ~ be a nontrivial congruence over the near-semiring V" and f € N\
{0, &9} If f ~ &y, then ~ = (AT(B,) x AT (B,)) U{(0,0)}.

Proof First, note that (A1 (B,) x AT (B,)) U{(0, 0)} is a congruence relation of the
near-semiring . If f € AT(By),2 41, since ~ is a congruence of the semigroup
(N, +), by Lemma 3.1, we have the result. Otherwise, we reduce the problem to
Lemma 3.1 in the following cases.

Case 1.1  f is of singleton support. Let f = (k’l)c(pyq). Since (k’l)g‘(p,q) ~ &y we
have

Ek,D (k’I)C(p,q) ~ &k.néo

so that §p.q) ~ &v-
Case 1.2 f is of n-support. Let f = (p, q; 0). Since (p, g; o) ~ &y we have

Ek,p)(Ps G ) ~ &k, v

so that S(ka"q) ~ &9.
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Claim 2 If two nonzero elements are in one class under a nontrivial congruence over
N, then the congruence is (AT (B,) x AT(B,)) U {(0, 0)}.

Proof Let f, g € N'\{0} such that f ~ g under a congruence ~ over N. If f or
g is equal to &y, then by Claim 1, we have the result. Otherwise, we consider the
following six cases classified by the supports of f and g. In each case, we show that
there is an element 1 € AT (B,)\ {£y} such that & ~ &y so that the result follows
from Claim 1.

Case2.1 f,g € AT(By)1. Let f =@y and g = ©0 0. If (G, j) # (5, 0),
we have

519 = (i’j)C(k,l) + (S’t)C(v,v) ~ (S’t)C(u,v) + (S’t)g(v,v) = (S’I)C(u,vy

Otherwise, (i, j) = (s, t) so that (k, ) # (u, v). Now, if k # u, then we
have

Dy = Cry + Cuny ~ Py + Ny = Eo.

Similarly, if / # v, we have
619 = (i'j)g(k,l) + (i’j)C(v,v) ~ (i’j)C(u,v) + (i'j)g(v,v) = (i’j)C(u,v)~
Case2.2 f,g € AT(Bp),24. Let f = &xy and g = (u,v). By considering full
support maps whose images are the same as in various subcases of Case
1, we can show that there is an element in AT (B,,)\ {£y)} that is related

to &y under ~.
Case2.3 f,ge AT (B,),.Let f =(i, j;0)and g = (k,I; p). If | # j, then

(i, ji0) =G, js0) +&G.j ~ k. L p) + & j) = &v-
Otherwise, we have (i, j; o) ~ (k, j; p). Now, if i # k, then
§o = (k, k;id)(i, j; o) ~ (k, k; id)(k, j; p) = (k, J; p).
Incasei = k,wehave o # p. Thus, thereexistsz € [n]suchthatto # 7p.
Now, (i, j; o) ~ (i, j; p) implies {x,i(, j; o) ~ Ew,n(, J; p), 1e.
§ko. j) ~ Skp, j)- Consequently,
Eko,j) = Eko ko) + Eka,j) ~ Ekoko) + Ekp, j) = §v-

Case24 f € AT(B))i,g € AT(By),oyy. Let f = &I, and g = & j).
Now, for (s, t) # (k, ), we have

§o=E8snf ~ &g =i j)-



Radicals and Ideals of Affine Near-Semirings Over Brandt Semigroups 133

Case2.5 f e AT(By),oi1,9€ AT(Byn.Let f =&pq)and g = (i, j; o). Now,

for I # i, we have

(k’l)C(pqq) = (k’l)g(p,p) +f~ (k’l)c(p,p) +9=2E&.

Case2.6 f € AT(By)1,g € AT(By)y. Let f = ®0¢, .y and g = G, j; o).

Now, for [ # i, we have

& =8Cuntf ~&i.ng = Eio,j)- 0
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Operator Approximation

Balmohan V. Limaye

Abstract We present an introduction to operator approximation theory. Let T be a
bounded linear operator on a Banach space X over C. In order to find approximate
solutions of (i) the operator equation zx — 7Tx = y, where z € C and y € X are
given, and (ii) the eigenvalue problem T = Ay, where A € C and 0 # ¢ € X,
one approximates the operator 7 by a sequence (7},) of bounded linear operators on
X. We consider pointwise convergence, norm convergence, and nu convergence of
(T,,) to T. We give several examples to illustrate possible scenarios. In most classical
methods of approximation, each 7}, is of finite rank. We give a canonical procedure
for reducing problems involving finite rank operators to problems involving matrix
computations.

Keywords Operator equation - Eigenvalue problem - Resolvent set + Resolvent
operator - Spectrum - Spectral projection + Approximate solution * Error estimate *
Iterated version + Pointwise convergence - Norm convergence *+ Nu convergence *
Integral operator - Degenerate kernel approximation -+ Projection approximation *
Sloan approximation - Galerkin approximation - Nystrom approximation - Interpo-
latory projection * Finite rank operator
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1 Introduction

Let X be a Banach Space over C, and let T : X — X be a bounded linear operator
on X, thatis, T € BL(X). We address the following problem:
“Giveny € X andz € C, find x € X suchthatzx — Tx = y.”

Case I: Let z € C, and suppose that for every y € X there is unique x € X such
that zx — Tx = y. This means z is in the resolvent set p(T) of the operator 7. We

B.V. Limaye (X))

Department of Mathematics, Indian Institute of Technology Bombay,
Powai, Mumbai 400076, India

e-mail: bvl@math.iitb.ac.in

© Springer India 2015 135
P.G. Romeo et al. (eds.), Semigroups, Algebras and Operator Theory,

Springer Proceedings in Mathematics & Statistics 142,

DOI 10.1007/978-81-322-2488-4_11



136 B.V. Limaye

let R(z) := (zI — T)~!, the resolvent operator of T at z. Clearly it is linear. By
the bounded inverse theorem, it is also bounded. Thus R(z) € BL(X).

Case llI: Let z € C, and suppose that either there is y € X suchthatzx — Tx # y
for any x € X, or there are x; # x» € X suchthatzx; — Tx; =y = zx2 — Txp.
This means z is in the spectrum o (T) of T.

We shall see later that the complex number z = 0 has a peculiar significance in
both cases. Both problems, especially the second, can be difficult to solve when the
Banach space X is infinite dimensional. As a result, one often replaces the operator
T by a “simpler” operator T which is “nearb” T'. This process gives rise to Operator
Approximation Theory which is a well-developed branch of the so-called Numer-
ical Functional Analysis. This article is an introduction to operator approximation.
It is not a comprehensive survey. It will include some classical methods as well as
some recent developments. Interested readers can pursue further study by consulting
the references given at the end of this article.

In Sect. 2, we treat Case | and in Sect. 3, we treat Case |l. In Sect. 4, we consider
finite rank operators. They are often used to approximate compact operators.

We consider a sequence (7;,) in BL(X) which approximates 7 is a sense to be
made precise subsequently.

2 Solution of Operator Equations

Let z € p(T), that is, the operator zI — T is bijective. Fix n € N and suppose
z € p(T,), that is, the operator zI — T, is also bijective. Let R, (z) := (z — )L,
the resolvent operator of 7,, at z.

Consider y € X, and let x € X be such that zx — Tx = y. Consider y, € X,
and let x,, € X be such that z x,, — T,x,, = y,. Then

I —T)xp—x)=zxp —Tpxy +Tyx —Tx —zx +Tx
=Twx—Tx+y,— Y,

that is,
Xp— X = Ry()(Tyx —Tx + y, —y)

For n € N, we may choose y, € X such that y, — y.If T,x — Tx, and if the
sequence (|| R,(z)]|) is bounded, then it follows that x,, — x. We may then say that
(x,) is a sequence of approximate solutions of the operator equationzx —Tx = y.

Thus we are led to consider the following mode of convergence:

Pointwise Convergence: Let T, (x) — T (x) for every x € X. We denote this

by T, > T.
Next, we ask the following question: If 7, L T and z € p(T), will z € p(Ty)

for all large n, and then will the sequence (|| R, (z)||) be bounded? The answers are
in the negative.
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Example 2.1 Let X := (*, the Banach space of all square-summable complex
sequences.
(i) For x := (x1,x2,...) € X, let

Tx:=(x1,0,0,...) and T,x := (x1,0,...,0,—x,,0,0,...).

Then T, KR T, —1 € p(T), but —1 ¢ p(T,) for any n € N.
(i1) For x := (x1,x2,...) € X, let

—1

n

Tx:=(0,0,..) and Tpx = ——(0, ..., 0, Xp, Xni1s...).

Then T,, L Tand1 e p(T) N p(T,) for every n € N. However, (I — T,) 'y =
V1y v vs Yn—1, BYn, BYn+1,...) for y € X, and so ||R,(1)|| = n for every n € N.
Hence the sequence (|| R,,(1)]) is not bounded.

Thus we are led to consider a stronger mode of convergence:

Norm Convergence: Let ||T,, — T|| — 0. We denote this by 7}, — T.
For z € p(T) and n € N, define S,,(z) := (T, — T)R(2).

Proposition 2.2 Let T, LS Tandz e p(T). Then S,(z2) 5o. IfI1Sn (Dl < 1, then

z € p(T,) and

IR
R, < —.
Ol = s,

In particular, (|| R, (2))) is a bounded sequence.

Proof Let z € p(T). Then ||S,(2)|| < T, — T|| ||R(2)|l, and so S, (z) % 0. Also,
d =Ty =~ (T, —T)al = T) )l = T) = — Syl — T).

If || S, (z)|| < 1, then I — S, (z) is invertible and the norm of its inverse is less than or
equal to 1/[1 — ||, (2)l], and so z € p(Ty) and | R, (2)|| < [IR)II/[1 = [1Sa () I].
It follows that (]| R, (z)]|) is a bounded sequence. a

Corollary 2.3 Let T, 5 Tandz € p(T). Then z € p(T,) for all large n. If
zx —Tx =yand zx, — Tyx,, = yn, then for all large n,

X —xII < 2IR@ NN Tax = Tx| + lya — yID-

Proof There is ng € N such that ||S,(z)|| < 1/2 for all n > ng. Since x,, —x =
R,(2)(Tyx — Tx + y, — y) whenever z € p(T) N p(T,), the result follows from
Proposition2.2. U

This result gives an error estimate for the approximate solution x,, of the operator
equationzx — Tx = y.
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Suppose z # 0. Now x = (y + Tx)/z. An iterated version of the approximate
solution X, of x is, therefore, defined by

- 1
Xy = Z(y + Txy).

Then x,, — x = T (x, — x)/z, and X,, would be a better approximation of x than x,,
if |T(x, —x)|| < €,llxn — x]||, where €, — 0. (See Remarks 3.10 and 3.12, and
Theorem 3.24 of [11]).

‘We thus note that existence and convergence of approximate solutions to the exact
solution of an operator equation is guaranteed under the norm convergence of the
sequence (7,) to T', but not under the pointwise convergence of (7;) to T. However, it
turns out that many classical sequences of operators used for approximating an oper-
ator T do not converge in the norm. We give some examples of norm convergence,
and also some examples where norm convergence fails.

Example 2.4 Let X = C([a, b]) and for x € X, consider

b
(Tx)(s) :=/ k(s,)x(t)dt, s € |a,b],

where the kernel k(-,-) is continuous on [a, b] X [a, b]. Then T is a compact
operator.
(i) Forn € N, let

k(s 1) := " %0 j(8) yuj (1), 5.1 € [a,b],

j=1

be a degenerate kernel, where x,, ; and y, ; are complex-valued continuous func-
tions on [a, b]. Assume that ||k, (-, -) — k(-, -)|lco = 0. For x € X, define

b
(TPx)(s) ::/ kn(s, )x(t)dt, s € [a, b].

Then ||TnD—T|| < (b—a)|lky (-, )—k(-, )|loc = 0. Thisisknown as the degenerate
kernel approximation.

(ii)) Forn € N, lete, 1, ..., ey, be the hat functions with nodes att, 1, ..., f ».
where 1, ; = a 4+ (b — a) j/n. Consider the interpolatory projection 7, : X — X
given by

n
TpX 1= Zx(tn,j)en,j, x € X.
j=l1
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For x € X, let Tan := m, Tx. Then m,x — x for every x € X and
||TnP —T|| =sup{l|lmTx —Tx| : x € Xand ||x|| <1} - Oasn — oo,

since T is compact. However, if TnS := T, and TnG = m, Tm,, then || TnS —T] 4 0
and ||TnG — T # 0, unless T = 0. (See Proposition 4.6 of [2], and the
preceding comment.) On the other hand, if X := TP + 7.5 — 7.0 then | T - T.X || =
I —7 )T — 7)) < | —7)T| |(I —mp)|| = O, since T is compact and
the sequence (||7,||) is bounded. The approximations TnP , TnS , and TnG are known
as the projection approximation, the Sloan approximation, and the Galerkin
approximation of T, respectively. The approximation T,X was introduced by
Kulkarni [9]. It may be called a modified projection approximation of 7.
(>iii) For n € N, let

n
Onx = an,j x(ty,j), x€X,

j=l1
be a quadrature formula, where wy, 1, . . ., w, , are the weights. Assume that Q,,x —

b
/ x(t)dt for every x € X. For x € X, define
a

(TN x)(8) 1= D" wy k(s tn )x(ta ). s € la, b].
j=1

The approximation 7, is known as the the Nystrém approximation of 7. Then
||TnN — T # Ounless T = 0. (See Proposition 4.6 of [2], and the preceding
comment).

To encompass all the above important examples, we seek a mode of convergence
which is weaker than the norm convergence, but which guarantees the boundedness
of the sequence (|| R, (z)]|) as in Proposition2.2. Anselone and Moore [4], proposed
“collectively compact” convergence in this connection. See also Atkinson [5-7] and
Anselone [3]. The implications of this concept are captured in the following mode
of convergence.

Nu Convergence: Let 7}, LS T, (T, —T)T|| — Oand ||(T,, — T)T,|| — 0. We
denote this by T, 5T

It is based on the work of Ahues [1], Bouldin [8], and Nair [10]. In the book of
Ahues et al. [2], nu convergence was defined by the following conditions: (||7,]|) is
bounded, [|[(T, — T)T|| — O and ||(T,, — T)T,|| — 0, and was extensively used in
the context of spectral approximation. Note that if 7}, KR T, then (||T,||) is bounded

by the uniform boundedness principle. Thus the definition of nu convergence stated
above is slightly stronger.



140 B.V. Limaye

Clearly, if T, Y T, then T, 4 T, and if T, 4 T, then T, 27 More
importantly, it can be shown that 7> 5T, TS % T and TN 5 T. (See [2], parts
(a) and (b) of Theorem 4.1, and part (a) of Theorem 4.5).

Proposition 2.5 Let T = T and z € p(T) with z # 0. Then [Sy(2)]* = 0. If
ILSa ()|l < 1, then z € p(T,) and

IR+ [[Sa(2)])
1= I1Sx ()1

IRy (D) <

In particular, (||R,(2)|)) is bounded.

Proof Let z € p(T). Then

[S2(2))* = (T, — T)R()(T, — THR(2)

[ +TR
= (T, — T)(%(Z))(Tn —~T)R(2)

1 2
= Z((Tn —T)° + (T, = T)TR()(T, — T))R(2).

Now [[(T, — T)*|| < (T, — T)Tul| + (T, — T)T | — 0 and (||, ||) is bounded.
Hence ||[S,(2)1%]] = 0. If ||[S,(2)12]| < 1, then I — S, (z) is invertible and the norm
of its inverse is less than or equal to (1 + ||.S, (z)||)/(l — I[S, (z)]2||), and since zI —
T, = (I — S,(2))R(2) as in Proposition2.2, z € p(T,,) and ||R,(2)|| < |[R()I(1 +
||Sn(z)||)/(1 — ||[Sn(z)]2||). It follows that (|| R, (z)|]) is a bounded sequence. U

Corollary 2.6 Let T, L Tandz e p(T) with 7 # 0. Then z € p(T,) for all large
nlfzx —Tx = yand zx, — Tyx,, = yn, then for all large n,

20 = x1l < 2RI (1 + IR@ (@ + ITID) I Twx — Txll + 1y — yall),

where o € R is such that || T, || < aforalln € N.

Proof There is ng € N such that ||[S, (z)]?|| < 1/2 for all n > ng. Also, ||S,(2)|| <
Tl + IITIDIR(2)| for all n € N. Since

Xp—x=Ry@)(Tpx —Tx+y, —y)

whenever z € p(T) N p(T,), the result follows from Proposition?2.5. ([l

Thus, if T, = T, then x, can be considered an approximate solution of the
operator equation z x — T'x = y, and error estimates can be given as in the case of
the norm convergence.

Before we conclude this section, we give an upper bound for ||R,(z)|| when
z#0,z¢€ p(T)Np(Ty) and |R()|| (T, — T)T,|l < |z| ala Theorem 4.1.1 of
Atkinson’s book [6]: Since I + R(z)T, = (zI — R(2)(T,, — T)Tn)Rn (2), we obtain
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L+ Rl
IR@IN(T, = T)Tall’

IR, ()| <
lz| —

If ||(T, — T)T,|| — O, then there is ngy € N such that | R(2)|| |(T,, — T)T,| < |z]/2
forall n > ng, and so || R, (2)[| < 2(1 + [[R()|| I Tx1))/Iz]. Hence (IR, (2)]]) is a
bounded sequence, provided (]| 7, ||) is a bounded sequence.

3 Spectral Values and Eigenvalues

The spectrum of 7 € BL(X) is defined by
o(T) :={\ € C: X[ — T is not bijective}.

Let (7,,) be a sequence in BL(X) such that T, > T or T, = T or T, - T. The
following two questions arise naturally.

Question 1: If \, € o(T,,) forn € Nand A\, — X\, must A\ € o(T)?
Question 2: If A € o(T), is there \,, € o(T,) for n € N such that A\, — \?

3.1 Answer to Question 1

If T, LS T, then the answer to Question 1 is in the negative: In part (i) of
Example2.1, T, 2> T, —1 € o(T},) for each n, but —1 & o(T).

Modifications of this example show that multiplicities of the eigenvalues of T},
and 7T need not be the same. As in Example 2.1, let X := 0% Forx := (x1,x2,...) €
Xandn € N, let Tx := (x1,0,0,...) and Ty,x = (x1,0,...,0,x,,0,0,...).
Then T, L T, 1 is an eigenvalue of 7" of multiplicity 1, while it is an eigenvalue
of each 7, of multiplicity 2. On the other hand, if Tx := (x1,x2,0,0,...) and
Tox := (x1,x2 —x2/n,0,0,...) forx € X, then T, S T, 11is an eigenvalue of T
of multiplicity 2, while it is an eigenvalue of each 7;, of multiplicity 1.

If 7, 5 T, then the answer to Question 1 is in the affirmative. To show this, we
prove a preliminary result whose proof depends on ideas we have already encountered
in Propositions 2.2 and 2.5.

Lemma3.1 Let T, - T. Let E be a closed and bounded subset of C which is
disjoint from o(T). Then E is disjoint from o(T,) for all large n.

Proof Since T, L T, there is o > 0 such that ||7,,|| < « for all n € N. Also, since
E is closed and bounded, and the function z — ||R(z)]| € R is continuous on E,
there is 3 > O such that || R(z)|| < Bforallz € E.

Recall that S, (z) = (T, — T)R(z) for z € p(T).
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Assume first that 0 € E. For z € E,

1S, = (T, = T)T TT'R@)I < (T = T)T | IT | |R@)|
< IT"B8IT, — T)T|| — 0.

Hence for all large n € N and all z € E, ||S,(2)|| < 1, and so by Proposition2.2,
z € p(Ty), that is, E is disjoint from o (7},).

Next, assume that 0 ¢ E. Since E is closed, there is § > 0 such that |z| > ¢ for
all z € E. As in the proof of Proposition2.5, for z € E, we have

1
IS ()17 = mu((n —T)? + (T, — T)TR()(T, — T))R(@)||

1
g(II(Tn — 1)’ + (T, — DTI|B(+ | T]))3 = 0.

IA

Hence for all large n € Nand all z € E, [||S,, ()12l < 1, and so by Proposition 2.5,
z € p(Ty), that is, E is disjoint from o (7},). O

Proposition 3.2 Let T), 5T, If \y € o(Ty) and Ny — N, then A € o(T).

Proof Suppose A & o(T). Since o(T) is a closed subset of C, there is r > 0 such
that E := {z € C: |z — A\| < r}is disjoint from o(T). By Lemma3.1, E is disjoint
from o(7},) for all large n. Then A, € o(T,,) and A, — A is impossible. ([l

In particular, if 7}, 5 T, , € 0(T,)and \,, — A, then \ € o(T).
3.2 Answer to Question 2

The answer to Question 2 is in the negative even when T, ST,

Example 3.3 Let X := (*(Z), the space of all square summable “doubly infi-

nite” complex sequences. For x := (...,x_3,x_1, X0, X1,X2,...), let Tx :=
(covyx—2,x-1,0,x1,x2,...) and Tyx := (...,x_3,Xx_1, X0/n, X1, X2, ...). Then
|T,x — Tx|| = |xo|/n for all x € X, so that |7, — T| = 1/n — O as

n — oo. However, it can be shown that o(T) = {A € C : |\| < 1}, whereas
o(T,) = {X € C: |\ = 1}. (See Example 2.8 of [2]). Thus if A € C and || < 1,
then A € o(T), but there is no \, € o(T},) such that \, — .

Faced with this negative conclusion, we consider some special points of o(7)
about which positive results can be obtained.

Proposition 3.4 (i) If A is an isolated point of o(T) and T, L T, then there is
M\ € o(Ty) such that \,, — .

@ii) If A is a nonzero isolated point of o(T) and T, 5 T, then there is )\, € o(T,)
such that \,, — .
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The proof of this proposition involves the spectral projection

P(T,A) := —zim_/CR(z)dz,

where A is a closed subset of o(T) such that o(T)\A is also closed, and C is a
Cauchy contour separating A from o (T)\A. (See Corollary 2.13 of [2]).

Further, if A = {\}, C is a circle separating A\ from o(T)\{\}, and P (T, {\})
is of finite rank m, then A is an eigenvalue of 7', and for all large n, there are m
eigenvalues A, 1, ..., Ay, of T, (counted according to their algebraic multipicities)
inside C, and their arithmetic mean}n = M1+ Am)/m — A Itis also
possible to give error estimates for |\, — A|. (See part (b) of Theorem 2.18 of [2]).

Remark 3.5 Let us comment on the special place of the complex number 0 in our
discussion. If 7}, 4 T, then the case z = 0 in Proposition2.5 and the case A = 0 in
Proposition 3.4 remain out of our reach.

If the Banach space X is infinite dimensional and if 7 is a compact operator,
then it cannot be bounded below, and so 0 ¢ p(T), that is, 0 € o(T). Compact
operators, such as the integral operators considered in Sect. 2, are often approximated
by operators whose range is finite dimensional. In the treatment of these operators,
we need to avoid the complex number 0, as we shall see in the next section.

4 Finite Rank Operators

Let X be a linear space. A linear operator T : X — X is said to be of finite rank
if the range of T is finite dimensional. In this section, we Ehall give a canonical
way of reducing the solution of the operator equation z x — Tx = y and also of the
eigenequation Tx = \x, to matrix computations, provided z # 0 and A # 0. In the
classical literature, different ways were followed for this discretization depending
on the nature of the finite rank operator. Whitley [12] suggested a canonical way
applicable to all finite rank operators.

Let T be a finite rank operator on a linear space X. Then there are x, ..., x,; € X
and linear functionals fi, ..., f;; on X such that

m
Tx = Zfi(x)xi forx € X.

i=1

Neither the elements x, ..., x;, nor the functionals f1, ..., f; are assumed to be
linearly independent. In this section, we shall assume that 7 : X — X is presented
to us as above.

Proposition 4.1 Let X be a linear space, and T : X — X be a linear operator of
finite rank. Let A denote the m x m matrix having f;(x;) as the entry in the ith row
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and the jth column. Let 0 # z € Cand y € X. Define v := [f1(y), ..., (]
Then forx € X and u := [uy, ..., uy] € C"*1

x—Tx=y and u=[fi(x), ..., @]

if and only if
1 m
zu—Au=v and x=—(+ )
j=1
Proof Letv; := fi(y) fori =1, ..., m. We note that for u := [u1, ..., u,],
m
zu—Au:v(:)zui—Zﬁ(xj)uj=v,-f0ri=1,...,m. 1)

j=1

Assume that x € X andzx — Tx = yand u = [fi(x), ..., fm(x)]". Then

zx = y+2fj(x)xj.

j=1

Applying f; to the above equation, we obtain zf; (x) = fi(y) + Z?;l fi() fi(xj).
Since u; = fi(x)andv; = fi(y) fori = 1,...,m, we obtain zu; = v; +
Z’}’zlfi(xj)uj fori = 1,...,m, that is, zu — Au = v. Also, x = (y +
Z;":l ujx;)/z.

Conversely, assume that zu — Au = v and x = (y + Z;(l:l u;jx;j)/z. Then
Z'};l filxj)uj =zu; —v; fori =1,...,mby (1). Hence

Ty = Zfi(x)xi = %Z[ﬁ(}’) ~|—Zujfi(x]')]xl'

i=1 i=1 j=1

1 m m
= - Z[Uz‘ +zui —vilx = Zuixi
z“ “
i=1 i=1
=zx—y.
Also, fori =1, ...,m,

dup =i+ Y fitepuy =i+ fi Dupx) = i)+ fitex =) = 2fi0),

j=1 j=1

and so u; = f;(x) since z # 0. This completes the proof. (I
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Thus to solve the operator equation z x — Tx = v, where T is of finite rank and
z # 0, we may solve the matrix equation zu — Au = v, where A := [ f;(x;)] and

1 m
=[f0), ..., fm(],and then let x := z(y—l—Zujxj).
j=1

Corollary 4.2 Any nonzero \ € Cis an eigenvalue of a finite rank operator T ona
linear space X ifand only if X is an eigenvalue of the m x m matrix A := [ fi (x;)], and
p € X isaneigenvector off corresponding to X ifand only if p = (ZT:] ujxj) /A,

where u :=[uy, ..., uy)" is an eigenvector of A corresponding to \.

Proof Let y := 0 in Proposition4.1. Then v := [f1(0), ..., fn (0))" = 0. Writing
Aforz € C, and ¢ for x € X, we see that \p — T = 0 and u; = fi(p) for
i=1,....mifand only if \t — Au = 0 and o = (z;f;] u,»xj) /. Further, i
u =0, thatis, u; = Oforall j =1,...,m, then clearly ¢ = 0. Also, if ¢ = Qz
thenu; = fi(p) =0fori = 1,...,m,thatis, u = 0. Thus ¢ is an eigenvector of T
corresponding to A if and only if u is an eigenvector of A corresponding to A\. [

Thus to solve the operator eigenequation ip = A\, where T is of finite rank and
A # 0, we may solve the matrix eigenequation Au = Au, where A := [ f;(x;)], and

then let ¢ := (Z?:l ujxj) /A, where u :=[uy, ..., un,l".

The finite rank operators suchas T.”, TP, TS, T, TN appearing in most classical
methods of approximation are always presented tousin the form Z'}Ll fi)xj, x €

X, considered here. This will be apparent from the following typical examples.

Example 4.3 Let X := C([a, b]).
(i) Forx € X, let

(TPx)(s) _/ anj(s) yu,j(Ox(1)dt, s € [a, b].

n b
Then Tan = ij(x)xj, where x; 1= x, ;, and fj(x) = / Y, j ()x(t)dt for
j=1 “
xeX, j=1,...,n
(@ii) For x € X, let

n

T x = D (Tx)(tn )en, -

j=1

n
Then T,0x = > f;(x)x;, where x; := ¢, j, and f;(x) := (Tx)(tn,j) for x €

j=1
X, j=1,...,n
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(>iii) For x € X, let

(TNx)(s) = D Wy jk(s. 1y )X (tn ). s € la, b,
j=1

n

Then 7,V x = D fj(x)x;j, where x;(s) := k(s. 1y ;) for s € [a.b], and f;(x) =
j=1

Wy, jX(ty,j) forx e X, j=1,...,n.

We conclude this article by considering two integral operators with apparently
similar kernels. Let [a, b] := [0, 1]. Define h(s, t) := e**' and k(s, t) := e*' for
s,t €0, 1]. Forx € C([0, 1]), let

1

1
(Tx)(s) ::/ h(s,t)x(t)dt and (Tx)(s) ::/ k(s,)x(t)dt, s €0, 1].
0 0

Then T is a finite rank operator. In fact, for x € C([0, 1]), Tx = fi1(x)x1, where
1

x1(s) := €* for s € [0, 1], and fi(x) := / e'x(t)dt for x € X. On the other
0

o
It
hand, T is not of finite rank. Noting that e = Z s_' for s, t € [0, 1], where the
j=0 7"
sits
series converges uniformly on [0, 1] x [0, 1], we may let k, (s, 1) := Z - for
Jj!

j=0
s,t €[0,1]. Then ||k(-,-) — k, (-, )]loo = 0 asn — oo. For x € C([0, 1]), define

1
(TPx)(s) :=/ ko (s, )x(0)dt, s € [0, 1].
0

n
Then TnD L T.In fact, for each fixed n € N, (TnD)(x) = ij (x)x;, where
j=0
§J o
xj(s) = = for s € [0,1], and f;(x) := / t'x(t)dr for x € C([0,1]), j =
! J: 0

1,...,n.
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The Nullity Theorem, Its Generalization
and Applications

S.H. Kulkarni

Abstract The Nullity theorem says that certain pairs of submatrices of a square
invertible matrix and its inverse (known as complementary submatrices) have the
same nullity. Though this theorem has been around for quite some time and also has
found several applications, some how it is not that widely known. We give a brief
account of the Nullity Theorem, consider its generalization to infinite dimensional
spaces, called the Null Space Theorem and discuss some applications.

Keywords Nullity theorem - Null space theorem - Tridiagonal operator - Rank -
Generalized inverse
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1 Introduction

This article is based on the talks given by me at several places including the one at the
International Conference on Semigroups, Algebras and Operator Theory (ICSAOT)-
2014 held at the Department of Mathematics, Cochin University of Science and
Technology. It has two objectives. The first is to make the Nullity Theorem known
more widely. I myself started taking interest in this topic after listening to a talk by
Prof. R.B. Bapat in a workshop on Numerical Linear Algebra at I. I. T. Guwahati.
The second is to consider its generalization to infinite dimensional spaces and some
applications of this generalization. We begin with some motivation for the Nullity
Theorem.
Recall that a square matrix A = [oy;] of order n is called tridiagonal if

a;j=0 for [i—jl>1
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It is well known that the tridiagonal matrices form a very useful class of matrices
with applications in many areas. Tridiagonal matrices have a close relationship with
the second-order linear differential equations. (See [8] for more discussion on this
topic.) In particular, the final step in solving a second-order linear differential equation
numerically by finite difference method involves solving a system of linear equations
whose coefficient matrix is tridiagonal. Also the transition probability matrix in a
Birth and Death Process happens to be a tridiagonal matrix.

Such a tridiagonal matrix is described completely by 3n — 2 numbers (n on the
main diagonal and n — 1 on each of superdiagonal and subdiagonal). In general, if a
tridiagonal matrix is invertible, its inverse need not be tridiagonal. It is very easy to
construct examples to illustrate this. However, we may still expect that the inverse
can be described completely by 3n — 2 parameters. This is indeed true. It is known
that if A is a tridiagonal matrix of order n and if A is also invertible, then every
submatrix of A~! that lies on or above the main diagonal is of rank < 1. Similar
statement is true of submatrices lying on or below the main diagonal. This result is
known at least since 1979. (See [2]) Several proofs of this result are available in the
literature. The article [8] contains some of these proofs, references to these and other
proofs, and also a brief history and comments about possible generalizations.

In view of this result, the inverse can be described using 3n — 2 parameters as
follows: To start with we can choose 4n numbers a;, bj,c;j,d;j, j=1,...nsuch
that

(A™Y; =aib; for i <j and
=Cidj for j<i

These 4n numbers have to satisfy following constraints.
abj=cid; for i=1,...,n and a;=1=

This result has been used to construct fast algorithms to compute the inverse of
a tridiagonal matrix or to find solutions of a linear system whose coefficient matrix
is tridiagonal. (See [8]) One proof of this theorem depends on the Nullity Theorem.
This theorem uses the idea of complementary submatrices. Let A and B be square
matrices of order n. Suppose M is a submatrix of A and N is a submatrix of B.
We say that M and N are complementary if row numbers not used in one are the
column numbers used in the other. More precisely, let 7 and J be subsets of the
set {1,2,...,n} and let /¢ denote the complement of /. Let A(/, J) denote the
submatrix of A obtained by choosing rows in / and columns in J. Then A(Z, J)
and B(J€, I€) are complementary submatrices. With this terminology, the Nullity
Theorem has a very simple formulation.

Theorem 1.1 (Nullity Theorem) Complementary submatrices of a square matrix
and its inverse have the same nullity.

As an illustration we can consider the following. Suppose k < n and a square
matrix M of order n is partitioned into submatrices as follows:
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_ | Ak Bk
v=e ]

Here Ay is the submatrix obtained from A by choosing the first & rows and the
first k columns. Assume that M is invertible and its inverse is partitioned similarly
as follows:

—1_ | Px Ok
=[S

Then the Nullity Theorem says that
nullity(Ax) = nullity(Sx), nullity(Dy) = nullity(Py)
nullity(By) = nullity(Qy), nullity(Cy) = nullity(Ry)

This Nullity Theorem has been in the literature for quite some time (at least since
1984), but it does not seem to be that widely well known. In [8], Gilbert Strang
and Tri Ngyuen have given an account of this Nullity Theorem. They have given a
proof of this theorem and discussed its consequences for ranks of some submatrices.
In particular, they prove a very interesting fact that the submatrices of a banded
invertible matrix lying above or below the main diagonal have low ranks. While
discussing literature and alternative proofs, the authors make the following remark.

“A key question will be the generalization to infinite dimensions.”

We give a brief account of such a generalization called the “Null Space Theorem”.
This was also reported in [5].

We recall a few standard notations, definitions, and results that are used to prove
the main result. For vector spaces X, Y, we denote by L(X, Y) the set of all linear
operators from X to Y. For an operator T € L(X, Y), N(T) denotes the null space
of T and R(T) denotes the range of T. Thus N(T) := {x € X : T(x) = 0} and
R(T) :={T(x) :x € X}.

As usual, L(X, X) will be denoted by L(X). A map P € L(X) is called a
projection if P2 = P.Let P € L(X) and Q € L(Y) be projections. The restriction
of QT P to R(P) canbe viewed as alinear operator from R(P) to R(Q). This s called
asection of T by P and Q and will be denoted by T'p (. Itis called a finite section, if
R(P) and R(Q) are finite dimensional. When T is invertible, the section TI;I_Q’IX_P
of T~ is called the complementary section of Tp, 0. With this terminology, our Null
Space Theorem can be stated in the following very simple form.

There is a linear bijection between the null spaces of the complementary sections
of T and T~! (Theorem 2.1).

Its proof is also very simple. It is given in the next section. When X and Y are
finite dimensional, 7 is represented by a matrix and complementary submatrices
correspond to complementary sections. (See [8]) Thus there is a linear bijection
between the null spaces of the complementary submatrices of 7 and 7~!. Hence
they have the same nullity. This is the Nullity Theorem (Theorem 1.1).
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The authors of [8] have discussed several applications of the Nullity Theorem.
For example, if 7' is an invertible tridiagonal matrix, then every submatrix of 7!
that lies on or above the main diagonal or on and below the main diagonal is of
rank < 1. However, proofs of these applications involve the famous Rank—Nullity
Theorem (called the “Fundamental Theorem of Linear Algebra” in [7]) apart from
the Nullity Theorem. Hence a straightforward imitation of these proofs to infinite
dimensional case may or may not work, though the results may very well be true.
Such an approach may work when the sections can be viewed as operators on finite
dimensional spaces. In general, we need a different approach. This is attempted in
the third section. We prove that if a tridiagonal operator on a Banach space with a
Schauder basis is invertible, then certain sections of 7! are of rank < 1. (Theorem
3.1) This is followed by some illustrative examples and remarks about possible
extensions.

2 Main Result

Theorem 2.1 (TheNull Space Theorem) Let X, Y be vector spaces, P € L(X), Q €
L(Y) be projections and T € L(X,Y) be invertible. Then there is a linear bijection
between the null space of the section Tp o of T and the null space of its complemen-
tary section T;I_Q’IX_P of T™1.

Proof (See also [5]) Letx € N(Tp o) . This means that x € R(P) so that P(x) = x
and QT P(x) = 0. Hence QT (x) = O, that is, (Iy — Q)T (x) = T(x). Thus
T(x) € R(Iy — Q). Also, (Ix — P)T"'(Iy — Q)T (x) = (Ix — P)T~'T(x) =
(Ix — P)(x) = 0. Hence T(x) € N((Ix — P)TY(Iy — Q)). This means T (x) €
N(TI;I_Q’IX_P). This shows that the restriction of T to N(Tp o) maps N(Tp o)
into N((Ix — P)T~ Iy — Q)). Since T is invertible, this map is already injective.
It only remains to show that it is onto. For this let y € N (TI;I_ 0.1x— p)- This means
y € R(Iy — Q) and (Ix — P)T~'(Iy — Q)(y) = 0. We shall show that T~!(y) €
N(Tp,p) .Since y € R(Iy — Q) , we have (Iy — Q)(y) = y. Thus Q(y) = 0. Next,
0= (Ix — P)T~'(Iy — Q)(y) = (Ix — P)T~'(y). This implies that PT~!(y) =
T~(y), thatis, T-'(y) € R(P). Also QT PT'(y) = QTT ' (y) = Q(y) = 0.
Thus 7~!(y) € N(QT P). Hence T~ (y) € N(Tp.p). O

Remark 2.2 As pointed out in the Introduction, this Null Space Theorem implies
the Nullity Theorem (Theorem 1.1).

3 Ranks of Submatirces

While considering infinite matrices, the products involve infinite sums, leading natu-
rally to the questions of convergence. Hence it is natural to consider these questions
in the setting of a Banach space X with a Schauder basis A = {ay, a2, ...}. We refer
to [4, 6] for elementary concepts in Functional Analysis.
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Theorem 3.1 Let X be a Banach space with a Schauder basis A = {a1, az, ...}.
Let T be a bounded (continuous) linear operator on X. Suppose the matrix of T with
respect to A is tridiagonal. If T is invertible, then every submatrix of the matrix of
T~ with respect to A that lies on or above the main diagonal (or on or below the
main diagonal) is of rank < 1.

Proof Let M be the matrix of T with respect to A. Then M is infinite matrix of the
form

6 a1 0 O .
ﬁz 0 an O .
M=|0 (3 03 a3 .
00
Then the matrix of 7! with respect to A is ML LeteM™! = [i,7]. Let C; denote

the j-th column of M~! and R; denote the i-th row of M~!. Thus
R

R
M =[CiC.. ]=

Further for a fixed natural number k, let C* denote the column vector obtained by
deleting the first k — 1 entries from C. Thus

Yk, j
Vk+1,j

Similarly, let Rf denote the row vector obtained by deleting first k — 1 entries
from R;.
Next let P, denote the submatrix of M~! given by
Po=lyij.i =k 1<j<kl=[CfC..Cf]

Similarly, let Oy denote the submatrix of M~! given by
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Note that every submatrix of M~! that lies on or above the main diagonal is a
submatrix of Qy for some k and every submatrix of M~ that lies on or below the
main diagonal is a submatrix of Pj for some k. Thus it is sufficient to show that Py
and Qy are of rank < 1 for each k.

We shall give two proofs of this assertion.

First proof:

The assertion is evident for k = 1.
Now consider the equation M~'M = I, that is,

a1 0 O .
ﬂ252a20.

[C1C2...] 0 B3 63 a3 . 2[6162...]
0 0

where, as usual, e; denotes the column matrix whose j-th entry is 1 and all other
entries are 0.
Equating the first columns on both sides of the above equation, we get

01C1 + $2Cr = ¢
This, in particular, implies that at least one of 41, 3> is not zero.
Deleting the first entries from all the column vectors in the above equation,
we get
51C? + Cr =€} =0
This shows that {C 2 C%} is a linearly dependent set, that is the matrix

P =[ct c3]

is of rank < 1.
Next we equate the second column on both sides of the equation. Then

a1C1 4+ 02Cr 4 33C3 = e

Hence one of a1, d», 33 is not zero.
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Now deleting the first two entries from all the vectors appearing in this equation,
we get

a1C3 4+ 0,03 + 33C3 =3 =0

Since {C?, C%} is a linearly dependent set, one of the vectors, say C% is a scalar
multiple of the other, thatis, C ]2 This implies that C ;’ is a scalar multiple of C 13 Now
the above equation shows that C ; is also a scalar multiple of C 13 Hence

Py =[C7 G &3]

is of rank < 1.

Proceeding in this way (more precisely, by Mathematical Induction), we can show
that

Py is of rank < 1 for each k.

Following essentially the same technique, equating the rows of both sides of the
equation M M~ = I, we can show that Qy is of rank < 1 for each k.

This completes the first proof.

Second proof:

Recall that since A = {aj, az, ...} is a Schauder basis of X, every x € X can be
expressed uniquely as x = Z?‘;l ajaj for some scalars ;. Let X, denote the
linear span of A, := {a1,as,...a,} and define amap 7, : X — X by m,(x) =
Z’}Il ajaj. Then m, is a projection with R(m,) = X,. Also note that for each k,

Py as defined above is the matrix of the section T;k’l I—my of the operator 7. As
noted earlier, this can be viewed as an operator on R(m;) = X. By the Null Space
Theorem (Theorem 2.1), there is a linear bijection between the null space of this
section and its complementary section, that is, the section Trr, , j—, of the operator
T. This can be viewed as an operator on R(mx—1) = Xx—1. It can be seen (in many
ways) that this is in fact the zero operator on X,_1. (The matrix of this section is the
submatrix of M obtained by choosing the first k — 1 columns and not choosing the
first k rows. This is a zero matrix because M is tridiagonal.) Thus the null space of the

section Ty, , j—x, coincides with X;_1. Hence the null space of the complementary
section T, ’117 _ is also of dimension k — 1. This implies that its rank is 1 as it is
an operator on Xy.

Thus Py is of rank 1 for each k.

In a similar way, we can show that Qy is of rank 1 for each k.

This completes the second proof ]

Example 3.2 Let £2 denote the Hilbert space of square summable sequences and let
E = {e1, 3, ...} be the orthonormal basis, where as usual e; denotes the sequence
whose j-th entry is 1 and all other entries are 0. Let R denote the Right Shift operator
given by

R(x) = (0, x(1),x(2),...), xefl
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Consider a complex number ¢ with |c| < 1 and let T = I — cR. Then the matrix of
T with respect to the orthonormal basis E is tridiagonal and is given by

1 00..
—c 1 00.
0 —10.

It can be easily checked that T is invertible and
o

T'=> ¢RI
=0

Thus the matrix of 7! with respect to the orthonormal basis E is given by

100..
c100.
2c10.

It is easily seen that every submatrix of the above matrix of 7! that lies on or above
(or on or below ) the main diagonal is of rank 0 or 1.

Remark 3.3 In view of the above Theorem, 7! or equivalently, M~! = [i, ;] can
be described completely by using four sequences {a,}, {b,}, {cn}, {d,} as follows:
vi,j = a;bj for j > i and v; ; = ¢;d; for j < i. Also, since for i = j, v;; =
aib; = c;d;, these are essentially only three sequences. This should be expected as
the tridiagonal operator 7 (matrix M) is completely described by three sequences,
namely, {a,}, {8,}, {0,}. This can be useful in devising fast methods of computing
T-!. (See the Introduction of [8].)

Remark 3.4 1t is also easy to see that the above proof can be easily modified in an
obvious manner to a natural generalization that allows the matrix M of T to have a
wider band. Suppose M = [m;,;]is such thatm; ; = O for |i — j| > p.(Thus p =1
corresponds to tridiagonal operator.) Then using the same method, we can prove the
following: every submatrix of the matrix of M~ that lies above the pth subdiagonal
or below the pth superdiagonal is of rank < p.

A careful look at the proof of Theorem 3.1 in fact shows that we have actually
proved a more general result.
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Theorem 3.5 Let X be a Banach space with a Schauder basis A = {a1, az, ...}.
Let T be a bounded (continuous) linear operator on X. Suppose the matrix of T with
respect to A is tridiagonal. If T has a bounded left inverse S, then every submatrix
of the matrix of S with respect to A that lies on or below the main diagonal is of
rank < 1. Similarly, if T has a bounded right inverse U, then every submatrix of the
matrix of U with respect to A that lies on or above the main diagonal is of rank < 1.

Remark 3.6 As asimple example of the above Theorem 3.5, we may again consider
the right shift operator R on ¢2 discussed in Example 3.2. Let L denote the Left Shift
operator given by

L(x) = x(2),x?3),...), xelf.

Then L is a left inverse of R. Clearly, every submatrix of the matrix of L with respect
to A that lies on or below the main diagonal is of rank < 1.

Remark 3.7 Since left (right) inverse is one among the family of generalized inverses,
Theorem 3.5 also raises an obvious question: Is there an analogue of Theorem 3.5
for other generalized inverses, in particular for Moore—Penrose pseudoinverse? Such
results are known for matrices. (See [1]) Information on generalized inverses of
various types can be found in [3].

Remark 3.8 In order to draw significant conclusions in the context of differential
equations, we need an extension of Theorem 3.1 for unbounded operators.

Acknowledgments The author thanks Prof. Gilbert Strang and Prof. R.B. Bapat for several useful
discussions.
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Role of Hilbert Scales in Regularization
Theory

M.T. Nair

Abstract Hilbert scales, which are generalizations of Sobolev scales, play crucial
roles in the regularization theory. In this paper, itis intended to discuss some important
properties of Hilbert scales with illustrations through examples constructed using
the concept of Gelfand triples, and using them to describe source conditions and for
deriving error estimates in the regularized solutions of ill-posed operator equations.
We discuss the above with special emphasis on some of the recent work of the author.

Keywords Hilbert scales - Sobolev scales - Ill-posed equations - Regularization *
Tikhonov regularization - Source sets - Discrepancy principle - Order optimal gelfand
triple - Ill-posed problem - Gelfand triple

AMS Subject Classification 65R10 - 65J10 - 65J20 - 65R20 - 45B05 - 45L10 -
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1 What are Hilbert Scales?

Definition 1.1 A family of Hilbert spaces Hy, s € R, is called a Hilbert scale if
H; € H; whenever ¢ > s and the inclusion is a continuous embedding, i.e., there
exists ¢, > 0 such that

lxlls < csellxll; Vx e H. U
Examples of Hilbert scales are constructed by first defining H; for s > 0, and
then defining H; for s < 0 using the concept of a Gelfand triple. So, let us consider
the definition and properties of Gelfand triples.
Throughout the paper, we shall consider the scalar field is K which is either the
field R of real numbers of the field C of complex numbers.
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1.1 Gelfand Triple

Let V be a dense subspace of a Hilbert space H with norm || - ||. Suppose V is also
a Hilbert space with respect to a norm || - ||y such that the inclusion of V into H is
continuous, i.e., there exists ¢ > 0 such that

[xl < clixlly YxeV.

For x € H, let
lxll« := sup{[{u, x)| : v €V, |vlly <1}
It can be easily seen that || - || is a norm on H. In fact, it is weaker than the original
norm | - ||. Indeed, forx € H, ve V
[, )| < llxll vl < ellx] iy
so that
lIxll« < llxll Yu € H.
Let V be the completion of H with respect to the norm | - ||..
Definition 1.2 The triple (V, H, V) is called a Gelfand triple. 4

We show that V is linearly isometric with V', the dual of V of all continuous
linear functionals on V. For this purpose, for each x € H, consider the the map
frx 'V — Kdefined by

fr(v)=(v,x), veV.

Then f, is linear and
| fo)] = [(u, v} < flull v < cllulillvll, we Hi.

Hence,
fee Vi Ifll = lxll«

and the map x — f is a linear isometry from H into V. Further, we have the
following.

Theorem 1.3 The subspace {fy : x € H} of V' is dense in V',

Proof By Hahn—Banach extension theorem, it is enough to prove that for o € V”,
o(fy) = 0forall x € H implies x = 0. So, let ¢ € V" such that ¢(f,) = 0 for all
x € H. Since V is reflexive, there exists u € V such that

e(f)=fw) YfeV.

Thus, fy(u) =0forall x € H,i.e., (u,x) =0 forall x € H. Hence, x = 0. (I
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As a consequence of the above theorem and the remarks preceding the theorem,
we obtain the following.

Theorem 1.4 The space Vis linearly isometric with V',
VCHCV

and the inclusions are continuous embeddings.

2 Examples of Hilbert Scales

Example 2.1 Let H be a Hilbert space and L : D(L) € H — H be a densely
defined strictly positive self adjont operator which is also coercive, i.e.,

(Lx,x) > ~|lx||> Yx e H
for some v > 0. Consider the dense subspace X = ﬂ,‘zilD(Lk), and for s > 0, let
(u,v)g ;= (L°u, L*v), u€X.
lulls == L7 ull, ueX.
Then (-, -); is an inner product on X with the corresponding norm
lulls == ILull, ueX.

Here, for s € R, the operator L* is defined via spectral theorem, i.e.,
o0
L = / NdAE),
0

where {E )} \eRr is the resolution of identity associated with the operator L.

Let H; be the completion of X with respect to || - ||s. It can be seen that H; is a
dense subspace of H as a vector space. Also, since L is bounded below, L* is also
bounded below, so that there exists ¢ > 0 such that

ILull = csllull Yu e X.

Thus, H; is continuously gmbedded in H. Thus, we have the Gelfand triple
(Hy, H, H_;) with H_; := H,. Note that

s<t = H; C Hj
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and the inclusion is continuous, with Hy = H. Thus, the family {H; : s € R} is a
Hilbert scale, called the Hilbert scale generated by L. ]

Example 2.2 Let H be a separable Hilbert space and {u,, : n € N} be an orthonormal
basis of H. Let (0,) be a sequence of positive real numbers with o, — 0. For
s >0, let

{erZx”" o0}

Then H; is a Hilbert space with inner product

00
Z (x, un) Mn’

n=1

The corresponding norm || - || is given by
o0
2. | (x, un) I
]2 = >0 S
2
n=1 n

We may observe that
lxll < llxlls Yx e H, s >0.

Thus, (Hy, H, H_;), with Hy = H and H_; := ﬁs, is a Gelfand triple for each
s > 0, and {H; : s € R} is a Hilbert scale.

Let T : H — H be defined by

o
Tx = Zon(x, Up)lly
n=1

Then T is an injective, compact, positive self adjoint operator on H, and for s > 0,
we have

o0
TSx = Zafl(x, upu,, x € H.

Thus,
o |(x, 1) >
x|l =D =St = I x[%, x € R(TY).

2s
g
n=1 n

Note that
|(x, un)*
SN o . ’
R(T°):={x e H: E B converges}.

n
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Thus the Hilbert scale {H, : s € R} is generated by L := T~!. Observe that

00 2
_ (X, )] 1
(T 'x,x)=> U” > |1

" ~ max, o,
n=1

so that 7~! is strictly coercive, positive self adjoint operator on D(T~')

= R(T). O
Theorem 2.3 Let {H; : s € R} be as in Example 2.2 and u(y) ‘= oju, fors € R
andn € N.

6))] {u(s) n € N} is an orthonormal basis of H;.
(ii) Fors < t, the identity map I, ; : H; — H; is a compact embedding.

Proof For x € Hg, we have

(S)

O (x, un)(u ) N . .
(A) n) (i, u _ s xsun)(umu‘ﬂ _ (xvuj>
=2 5 =25 r="0 e
n=1 n=1 n J
Hence,
(s) (s) (MES)’ uj) (S) (uls uj)
<u,' JU)s = 0 = 5 :5ij~
J o, ag’.
J J
Further, for every x € Hy, by (2.1),
o0 o0 o0
Z X, Up) Uy = ZO' (x, u(Y))S Uy = Z(x, uﬁf))s uff).
n=1 n=1 n=1

Hence, {u,(f) : n € N} is an orthonormal basis of Hj.

Also, for x € H;, by (1),

Thus,

S,x—ZU xu(t) (S) x € H;.

Since o/~ — 0, the inclusion map is a compact operator. O
n
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Example 2.4 For s > 0, recall that the Sobolev space
HY(RY) := (f € L*(RY) : /]R (HIEPY1f(©PdE < oo

is a Hilbert space with inner product

= [ 1+ 167 F©F@a

and the corresponding norm

R 1/2
Iflls = [/Rk(l + I§I2)S|f(£)|2d§] :

For s < 0, H*(R¥) is defined via Gelfand triple. It can be shown that for s < r,
the inclusion H, C Hy is continuous, and hence {H*(R¥) : s € R} is a Hilbert
scale. O

3 Interpolation Inequality in Hilbert Scales

Let {Hy};cr be a Hilbert scale. We know that forr < s < ¢, H € H; € H, and

there exist constants cﬁlg) and ciz,) such that

2 1
e Ixle < lixlls < e xll, Vx € Hy,
In most of the standard Hilbert scales, we have another inequality

1=\ t
lxlls < llxll,"lxllz, Vx € H,

whenever r < s < t, where \ := i_;; so that s = (1 — A\)r 4+ At. This inequality is
called the interpolation inequality on {H},cRr.

Theorem 3.1 Let {H;},cr be the Hilbert scale as in Example 2.2. Forr < s <'t
and the interpolation inequality

— S

t
1=Ap A .
lxlls < llxll, =7 lxlly, A=

holds for all x € H,.

Proof Letr <s <tandu € H;.Sinces = (1 = \)r+ At with A := (¢t —s)/(t —r)
we write
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o0 [2(1-%) 2\

iux,unm:” [, ) :Z[ux,m ][|<u,un> ]
Urzl[(l—/\)r+At] Uﬁ(l—A)r 03)"

2s
g
n=1 n n=1 n=1

Applying Holder’s inequality by taking p = 1/(1 — )\) and ¢ = 1/, we have

S |2(1—)\) |2)\

3l 3 e [

n=1 n n=1

[i x, 1) 2 }” [i [x, 1) 2 }A
O-’%r 0-21‘

n=1 n=1 n

fi2) ™ i)

1=y 1A
Thus, flxlls < flxll, =" llxll7 U

IA

Theorem 3.2 Consider the Hilbert scale {H* (R¥)};cgr as in Example 2.4. For r <
s < t, the interpolation inequality

Il < 1A

holds for all f € H® (Rk), where X is such that s = (1 — \)r + At, i.e., \ 1= ;%S

I

Proof Since s = (1 — A\)r 4+ At, Holder’s inequality gives

71 = [ i

= /R LA+ IR 1F @RIV LA + 1€ 1f €)1 dg

. 1-) . A
5[ / (1+|§|2)’|f<5>|2d5} [ / (1+|§|2)’|f(£)|2] de
Rk Rk
= 112V 1P

Thus, || flls < IL£ 1A O

Theorem 3.3 Let {H;},cr be the Hilbert scale as in Example 2.1. Forr < s <'t
and the interpolation inequality

1=Aq[ 1A
lxlls < el llxll7

holds for all x € H;, where X is such that s = (1 — \)r + M, i.e, \ = =5,

t—r
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Proof 1In this case, we have

o0 o0
12 = (Lox, x) = / Nd(Exx, x) = / NOVAAG(E) x, x).,
0 0

Hence, by Holder’s inequality,

o) 1=\ o0 A
0 = ([ Xatgn) ([ NatErn) = R0V
0 0

Thus [|x]ly < IxI}=Mx ) O

4 1ll-Posed Operator Equations

Let X and Y be Banach spaces. For a given y € Y, consider the problem of finding
a solution x of the operator equation

F(x) =y, 4.1)

where F is a function defined on a subset D(F) of X taking values in Y. According
to Hadamard [5], the above problem is said to be well-posed if

(1) forevery y € Y there is a solution x,

(2) the solution x is unique, and

(3) the solution depends continuously on the data (y, F'), in the sense that if (y, F )
is a perturbed data which is close to (y, F) in some sense, then the corresponding
solution X is close to x.

If itis not a well-posed problem, it is called an ill-posed problem. Operator theoretic
formulation of many of the inverse problems that appear in science and engineering
are ill-posed. Here are two typical examples of ill-posed problems:

Example 4.1 (Compact operator equation) Let X and Y be Banach spaces and 7 :
X — Y beacompactoperator. If R(T') is not closed, then 7 cannot have a continuous
inverse. Hence, the problem of solving the equation

Tx =y
is an ill-posed problem.
In the setting of Hilbert spaces, the ill-posedness of a compact operator equation
can be illustrated with the help of singular value decomposition. Suppose X and Y

are Hilbert spaces and K : X — Y is a compact operator of infinite rank. Then it
can be represented as
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o
Kx = Zan(x,un)vn, xeX,

n=1

where {u, : n € N} is an orthonormal basis of N(K)*, {v, : n € N} € R(K) is an
orthonormal basis of N(K*)+ = R(K), and (,,) is a sequence of positive scalars
such that 0,, — 0 as n — oo. The above representation of K is called its singular
value representation. Let x € X and y = Kx. Fork € N, let

1
Vi =Y+ ook, X =x+ —u.
Vo
Then we have
Kxp =y YkelN.
Note that, as k — oo,
1
||y—)/k|| = \/Ek — 0 but ||x —xk” = —— — 00.
Vo

As a prototype of a compact operator equation, one may consider the Fredholm
integral equation of the first kind,

/ k(s,)x(t)dt = y(s), xe€ X, seQ,
Q

where k(-, -) is a nondegenerate kernel in L2(Q x Q), and € is a measurable subset
of R¥. Then the operator T : L2(Q) — L*(Q) defined by

(Tx)(s) =/ k(s,t)x(t)dt, xe€ X, s € Q,
Q

is a compact operator with nonclosed range. Thus, the problem of solving such
integral equations is ill-posed.

It may be remarked that Fredholm integral equations of the first kind appears
in many inverse problems of practical importance [3]; for example, problems
in Computerized tomography, Geophysical prospecting, and Image reconstruction
problems. (I

Example 4.2 (Parameter identification problem in PDE) Let €2 be a bounded domain
inR” forsomen € Nand g(-) € L*°(2) be suchthatg(-) > ¢ a.e. for some ¢y > 0.
Then for every f € L%(Q), there exists a unique u € Hé (€2) such that

—V.(q(0)Vu) = f
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is satisfied in the weak sense. Now, for a fixed f € L?(£2), the map
F:qg—u
defined on the subset
D(F):={qg € L®(Q): qg>cpae.)

is a nonlinear operator which does not have a continuous inverse. Thus, the problem
of solving the nonlinear equation

F(g)=u
is an ill-posed equation.
Such ill-posed nonlinear problems appear in many applications, e.g., diffraction
tomography, impedance tomography, oil reservoir simulation, and aquifer calibration
(see, e.g., [1, 2, 17]).

Let us illustrate the nonlinearity and ill-posedness of the above problem using its
one-dimensional formulation:

a2l = s, 0<1<1
— — | = , <t<l,
dt q dt

where f € L2(0, 1). Note that

t T
u(t):/ [L/ f(s)ds] dr.
o La(m) Jo

Thus, the problem is same as that of solving the equation

t 1 T
F(g)() ::/ |:—/ f(s)ds] dr =u(t),
o Lg(™ Jo

where g € L*>(0, 1) with ¢ > gg a.e. for some go > 0. Clearly, this equation is
nonlinear. Note also that

1 t
q(t) = u/(t)/o f(s)ds.

Suppose u(t) is perturbed to i (?), say

u®) =u@) +e@).
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Suppose ¢ (¢) is the corresponding solution. Then we have

[
W) wo+em ]l T

1 £ (1) f
=00 |:u’(l) +5/(l):|/0 f(s)ds.

dymoo = |q@)—q®)|=I1q@)l.

q(t) —q(1)

Hence,

There can be perturbations e(¢) such that
e®)~0 but £(t) ~ co.
For example, for large n,
en(t) = (1/n)sin(n’x) 0 but ¢ (1) = ncos(n’x) ~ co.

Thus, the problem is ill-posed. (]

5 Regularization

For an ill-posed problem (4.1) with (y, F)in place of (v, F'), one looks for a family
{Xa}as0 of approximate~solutions such that each X, is a solution of a well-posed
problem and « := «(y, F) is chosen in such a way that

o —x as (3, F) — (y, F).

The procedure of finding such a stable approximate solution is called a regularization
method.

5.1 Tikhonov Regularization

When X and Y are Hilbert spaces and F = F, Tikhonov regularization is one such
regularization methods which is widely used in applications. In Tikhonov regulariza-
tion, one looks of an approximate solution X, which is a minimizer of the Tikhonov
functional

Jo i x> [F() = 51+ afx —x*)%.
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Here, x* is an initial guess of the solution which can be taken as 0 in the linear case.
For the case of a linear ill-posed operator equation,

Tx =y

with x* = 0, the above regularized problem, that is, the problem of finding the
minimizer of
x> | Tx = 5% + alx|?

has a unique solution and it satisfies the well-posed operator equation
(T*T + al)io, = T*y.

It is known (see e.g., Nair [15]) that if ||y — y|| < § for some § > 0, the best possible
error estimate is
I£ = Zall = 0677

which is order optimal for the source set
xeX:x=T"Tu:|ull < p}

and it is attained by an a priori choice of c, namely, o ~ §%/3 or by the a posteriori
choice of Arcangeli’s method (see Nair [11]),

ITXa =yl =

0
Ja
5.2 Improvement Using Hilbert Scales

Now, the question is whether we can modify the above procedure, probably by
requiring more regularity for the regularized solution and the sought for unknown
solution, to yield better order in the error estimate. That is exactly what Natterer [16]
suggested using Hilbert scales. Natterer’s idea was to look for a modification of the
Tikhonov regularization which yield an approximation of the LRN-solution which
minimizes the function

x = lxlls,

where || - || for s > 0 is the norm on the Hilbert space H; corresponding to a Hilbert
scale {H, : s € R} for which the interpolation inequality

t—s
JED A .
lulls < Naell, " lullys A=

t—r
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holds for r < s < ¢. This purpose was served by considering the minimizer X, s of
x> I Tx = 517 + allxIi;.

Natterer showed that if T satisfies
ITxl =z cllxll-a YxeX

forsomea > Oandc¢ > 0,andif x € H, where 0 < ¢t < 2s+a and the regularization

parameter « is chosen such that o ~ § «+ , then
- N e
[Xa,s — Xl = O(67%a). (5.1)

Thus, higher smoothness requirement on x and with higher level of regularization
gives higher order of convergence.

5.3 Further Improvements Under Stronger Source Conditions

For obtaining further improvements on the error estimates, another modification
considered extensively in the literature was to look for an approximation of the
LRN-solution which minimizes the function

x = [|Lx]l,

where L : D(L) € X — X is a closed densely defined operator. It is known (cf.
Nair et al. [12]) that such an LRN-solution exists whenever

y € R(Tjp,) + R(T)* .

Accordingly, the associated modification in the regularization method is done by
looking for the unique minimizer of the function

x> ITx = 51* + allLx|?, x € D(L),

Throughout this paper, we shall assume that R(7') is not closed and (7', L) satisfies
the following condition:

Completion condition: The operators 7" and L satisfy the condition
ITx]? + ILx|* = vllxl* Vx € D(L), (5.2)

for some positive constant .
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Regarding the existence, uniqueness and convergence of the regularized solutions,
we have the following theorem (cf. Locker and Prenter [6], Nair et al. [12]).

Theorem 5.1 Suppose the operators T and L satisfy the condition (5.2). Then for
everyy € Y and o > 0, the function

x> || Tx = 3I° +allLx]?, x € D(L),
has a unique minimizer and it is the solution x,(y) of the well-posed equation
(T*T +aL*L)x = T*y.
Further, if y € R(T},,,) + R(T)*, then
Xo(y) > % as a— 0,

where X is the unique LRN-solution which minimizes the map x — || Lx]||.

Note that for L = I, we obtain the ordinary Tikhonov regularization, and (5.2)
is satsifed, if for example L is bounded below, which is the case for many of the
differential operators that appear in applications.

When we have the perturbed data y? with

ly =yl <4,
the regularized solution is the minimizer of
<012 2 .
x = [Tx = y°|I” + aflLx||”,  x € D(L);
equivalently, the solution x(‘i of the well-posed equation
* * O _ x0
(T"T +aL™L)x, =T"y°.
In this case, it is required to choose the regularization parameter o := a(d, y%)
appropriately so that
x> % as a—0.
In order to obtain error estimates, it is necessary to impose some smoothness assump-
tions on x, by requiring it to belong to certain source set. This aspect has been con-
sidered extensively in the literature in recent years by assuming that the operator L

is associated with a Hilbert scale { X },cr in an appropriate manner (see, e.g., [7, 13,
16]). One such relation is as in the following.
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Hilbert scale conditions:

(i) There exists a > 0, ¢ > 0 such that

ITx] = clixll-a YxeX. (5.3)
(i1) There exists b > 0, d > 0 such that D(L) C X}, and

ILx|l = dllxlly Vx € D(L). (5.4)

Theorem 5.2 ( Nair [10]) Ifthe Hilbert scale conditions (5.3) and (5.4) are satisfied
and if X belongs to the source set

M, ={x € D(L) : | Lx|| < p} (5.5)
for some p > 0, « is chosen according to the Morozov discrepancy principle
) )
10 = ITxg — y°ll < cod (5.6)

with ¢y, c1 > 1, then

I -5l =2(2)7 ()7 67

Remark 5.3 The estimate in (5.7) corresponds to the estimate (5.1) obtained by
Natterer for the case t = s = b. The discrepancy principle considered in Nair [10]
was ||Txg — y|| = &, which can be easily modified to (5.6). <

For obtaining further improved estimate, two more source sets are considered in
Nair [14], namely, _
M,={x e D(L): |L*Lx| < p}, (5.8)

M, :={x € D(L*L) : L*Lx = [(T*T)1"?u, |u| < p} (5.9)

for some constant p > 0, and for some index function, i.e., a strictly monotonically
increasing continuous function ¢ : [0, c0) — [0, 0o) such that )l\im ©(A\) = 0, which
—0

is also concave.

Theorem 5.4 (Nair [14]) Suppose the Hilbert scale conditions (5.3) and (5.4) are
satisfied and o is chosen according to the Morozov discrepancy principle (5.6).

(i) If x belongs to the source set 1\7,, defined in (5.8), then

1% — %l <2(ﬁ)7(§)*
“ = \g2 c '



174 M.T. Nair

(ii) If % belongs to the source set M, ,, defined in (5.9), then

I~ fall = (1 o) ()7 (g) oyt ()]

where p = a/(a +2b), €5 :=c (dczp(s)wzb and ,(\) = )\l/pgo—l(A).

In a recent paper [8], the author has obtained results by replacing the Hilbert scale
conditions (5.3) and (5.4) by a single condition involving T and T, as given below.

0-condition:
There exist 7 > 0 and 0 < 6 < 1 such that

nlxll < ITxI?1Lx]'=0 Vx e D(L). (5.10)

We may observe that the case of # = 0 corresponds to L being bounded below
so that R(L) is closed and L~! : R(L) — X is a bounded operator. This case also
include the choice L = I, the identity operator. Note that the value 8 = 1 is excluded,
as it would imply that 7" has a continuous inverse.

It has been shown that the #-condition implies the completion condition (5.2) with
v = 12, and it is implied by the Hilbert scales conditions (5.3) and (5.4) with

b b _a_
0= ——, 1N = catbdath,
a—+b

Among other results, the following theorem has been proved in Nair [8], which
unifies results in the setting of general unbounded stabilizing operator as well as for
Hilbert scale and Hilbert scale-free settings.

Theorem 5.5 (Nair [8]) Suppose the 0-condition (5.10) is satisfied and « is chosen
according to the Morozov discrepancy principle (5.6).

(1) If x belongs to the source set M, defined in (5.5), then
I1£ = xd, 1 < 297 p! 06"
(ii) If X belongs to the source set 1\7[p defined in (5.8), then

1-0 _ 20

1\
1% = x ||<(1+Co)( ) pIFIGTT.
"

(iii) If X belongs to the source set M, , defined in (5.9) and 62 < 'yfcp(l) where
Y1 = 4p/7, then

1

) 1\ 10 2

IIX—Xg5||§(1+Co)(—2) PR T [ (2122,
n
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1+6 2(5)1/1’
pi=——, gsi=nH|— .
P

where

Remark 5.6 The results in Theorems 5.2 and 5.4 are recovered from Theorem 5.5

by taking 6 = andn:cﬁdﬁ,
a

+b

In the ordinary Tikhonov regularization, i.e., for the case of L = I, equivalently,
6 = 0, in part (iii) of the above theorem, we have p = 1 and g5 = 772 (%). Hence,
the estimate reduces to

N 1
£ —x0, 1 < (14 co) (;) VT 0262/ p?).

Thus, from the above, we recover the error estimate under the general source condi-
tion derived in [7]. &
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On Three-Space Problems for Certain
Classes of C*-algebras

A.K. Vijayarajan

Abstract It is shown that being a GCR algebra is a three-space property for C*-
algebras using the structure of composition series of ideals present in GCR algebras.
A procedure is presented to construct a composition series for a C*-algebra from the
unique composition series for any GCR ideal and the corresponding GCR quotient
being a C*-algebra. We deduce as a consequence that, a GCR algebra is a three-space
property. While noting that being a CCR algebra is not a three-space property for
C*-algebras, sufficient additional conditions required on a C*-algebra for the CCR
property to be a three-space property are also presented. Relevant examples are also
presented.
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1 Introduction

In the Banach space setting where the three-space problem originally appeared inves-
tigated properties that a Banach space shares under the assumption that a closed sub-
space and the corresponding quotient space have the property. If the answer to the
problem is affirmative, then the property is called a three-space property for Banach
spaces. Though Krein and Smullian essentially proved that reflexivity is a three-space
property (without calling it as such) for Banach spaces; see [7], three-space problem
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did not formally appear until the middle 1970s when Enflo, Lindenstrauss and Pisier
settled in the negative a question of Palais: If ¥ C X and X/Y are Hilbert spaces, is
X isomorphic to a Hilbert space; see [4].

Several three-space problems settled in the affirmative and negative exist in
Banach space setting. We will cite a few of them here. In [5], it is proved that
admitting a locally uniformly reflexive norm is a three-space property, whereas in
[8], the problem is settled in the negative for properties, ‘to be complemented in
a dual space’ and ‘to be isomorphic to a dual space’. For a detailed discussion of
the three-space problem for Banach spaces and related topics, we refer to [2]. In [9]
three-space problems are settled in the affirmative and the negative for certain classes
of L'-preduals and also for general Banach spaces with the additional assumption
that the subspace in question is an M -ideal.

Now we look at the three-space problem in the context of C*-algebras where the
problem needs to be reformulated appropriately.

As several important properties of C*-algebras are often completely characterized
by the ideal reduction condition that both the ideal and the corresponding quotient
should possess the same property as the original C*-algebra, it is important and
interesting to address the three-space problems in the theory of C*-algebras. But,
in the C*-algebra setting, the natural formulation of the three-space problem is as
follows:

Let A be a C*-algebra and let I be a closed two-sided ideal of A. Is it true that
A has property P when both I and the quotient A/ have the property P? As before,
if the answer to the question is affirmative, then we call P a three-space property for
C*-algebras.

Three-space problem in the setting of C*-algebras also has results for important
properties. For example, a C*-algebra A is of type I if and only if both 7/ and the
quotient A/I are of type I, or A is nuclear if and only if both I and the quotient A/
are nuclear and so on (see [3]), whereas to be a dual C*-algebra is not a three-space
property (see [6]).

In this work, we study three-space problem for GCR and CCR properties of
C*-algebras. We show that for C*-algebras, being a GCR algebra is a three-space
property. While observing that being a CCR algebra is not a three-space property for
C*-algebras, we investigate conditions so that a C*-algebra is a CCR algebra if an
ideal of it and the corresponding quotient are CCR algebras.

In this introductory section, we establish our notation and terminology for general
C*-algebras and use the next section to discuss GCR and CCR algebras before
addressing the three-space problem for them in the last section. We refer to [1] for
our terminology and notation on C*-algebras.

Let A be a C*-algebra. A representation w of A on a Hilbert space H is a *-
homomorphism of A into the C*-algebra L(H) of all bounded operators on H. We
call 7w to be non-degenerate if the C*-algebra of operators 7 (A) has trivial null space
which is equivalent to saying that the closed linear span of {w(x)§ : x € A, & €
H}=[r(A)H]=H.
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Two representations w7 and o of A represented on Hilbert spaces H and K,
respectively, are said to be (unitarily)equivalent if there exists a unitary operator
U:Hw— K>o0()=Unx)U* Vx € A. A non-zero representation 7 of A is
called irreducible if w(A) is an irreducible operator algebra. i.e., it commutes with
no non-trivial (self-adjoint) projections. Since 7 (A) is a C*-algebra, irreducibility
is equivalent to saying that 7 (A) has no non-trivial closed invariant subspaces.

The ideals we consider here are closed two-sided ideals. In general, a representa-
tion of a subalgebra of a C*-algebra on a Hilbert space H cannot be extended to to a
representation of the whole algebra A on H. But, if the subalgebra happens to be an
ideal, then extension is possible. In fact, we have, if J is a ideal of A and 7 a non-
degenerate representation of J on a Hilbert space H, then for each x € A, there is a
unique bounded linear operator 77 (x) on H satisfying 7 (x)7(y) = w(xy),Vy € J
(see [1]). The restriction to non-degenerate representation is not a serious one as, in
the general case, we can pass from H to the subspace [ (J)H], where we can still
get a unique extension 7 of 7 to A > 7 (A) acts on [ (J)H].

An operator T € L(H) is said to be compact if T(U) has compact closure, where
U is the unit ball in H. The set C(H) of all compact operators on H is an ideal in
L(H) and is therefore a C*-algebra in its own right. Recall that C (H) has no non-
trivial proper irreducible subalgebras and as a result it has no non-trivial ideals. Also,
any irreducible representation of C(H) is equivalent to the identity representation
of C(H).

2 C*-algebras of Type CCR and GCR

In this section we introduce the important classes of CCR and GCR algebras. We
also present the very important notion of composition series of ideals in a C*-algebra
which are very relevant for our classes. Examples of these algebras are also given to
explain how they are related.

Definition 2.1 A CCR algebra is a C*-algebra A such that for every irreducible
representation 7 of A, w(A) consists of compact operators.

Clearly, every C*-algebra of compact operators is CCR. Also, every commutative
C*-algebra is CCR since each of its irreducible representation is one dimensional.

Let A be a general C*-algebra and 7 be an irreducible representation of A on
a Hilbert space H. we define : C;, = {x € A : w(x) € C(H)} and CCR(A) =
(M, Cx, where the intersection ranges over all irreducible representations 7 of A.
Thus CCR(A) is the maximal CCR ideal in A.

Definition 2.2 A C*-algebra A is said to be GCR if CCR(A/I) # 0 for every ideal
I of A.



180 A K. Vijayarajan

Any irreducible representation of the quotient A/I of a C*-algebra A may be
composed with the quotient map of A into A/I. It follows that every quotient of a
CCR algebrais CCR and hence every CCR algebrais GCR. Infact CCR(A/I) = A/I
if A is CCR.

The definition of a GCR algebra we have given above is not a convenient one to
work with as one has to find all ideals / in a given algebra A before examining the
quotients A/I. The following result gives a rather simple characterization for GCR
algebras similar to the definition of CCR algebras, but it is very hard to prove.

Theorem A (see [3]) A C*-algebra A is GCR if and only if for every irreducible
representation w of A, w(A) contains a non-zero compact operator and hence all of
them.

We will give another structural condition equivalent to the GCR property, which
can be easily proved using the definition of GCR algebras only. Before stating the
theorem we need the following definition.

Definition 2.3 A composition series in a C*-algebra A is a family of ideals {J,, : 0 <
a < ap} indexed by the ordinals o, 0 < @ < «, having the following properties:
(1) For all @ < «g, Jy is contained properly in Jy41;

(ii)) Jo =0 and Ju, = A;

(iii) If B is a limit ordinal then Jg is the norm closure of (J, _4 Jo-

Theorem B (see [1]) Every GCR algebra A has exactly one composition series
{Jo : 0 < o < ag} with the property that Jyi1/Jy is the largest CCR ideal
in A/Jy for every o, 0 < a < ag. Conversely, if A admits a composition series
{Jo : 0 < a < g} such that each quotient Jy11/Jy is CCR, then A is GCR.

The CCR, GCR and C*scenario are illustrated with a couple of examples below.

Example 2.4 An example of a C*-algebra which is GCR but not CCR:

Let H be an infinite dimensional Hilbert space and 7' an irreducible non-compact
operator on H with its imaginary part compact. Then, the C*-algebra C*(T) gener-
ated by T and the identity operator 1 is clearly not CCR. However, since imaginary
part of T is compact, C*(H) C C*(T). Further, C*(T)/C(H) is commutative and
hence CCR. Thus, {0, C(H), C*(T)} is a composition series for C*(T") with CCR
quotients. Hence C*(T) is GCR.

By taking A = C(H) 4+ C1 and I = C(H) the above situation is explained in a
simpler way.

Example 2.5 An example of a C*-algebra which is not GCR:

Let H be an infinite dimensional Hilbert space. Consider the C*-algebra L(H).
Note that C(H) is the only nontrivial ideal in L(H) and so K(H) = L(H)/C(H)
is simple. So {0, C(H), L(H)} is the only composition series for L(H). Since H
is infinite dimensional and K (H) is simple, we conclude that for any irreducible
representation  of K (H), m(e) cannot be compact, where e is the identity element
of K(H).So K(H) is not CCR. Hence L(H) is not GCR.
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3 CCR, GCR Algebras and Three-Space Property
for C*-algebras

Here we ask whether being a CCR algebra and being a GCR algebra are three-space
properties for C*-algebras.

The CCR case is considered first where we have a negative answer to our ques-
tion by citing a counterexample and then look for additional conditions to get an
affirmative answer.

The Example 2.4 can be used to show that being a CCR algebra is not a three-space
property for C*-algebras. Recall that the ideal C (H) and the quotient C*(T)/C(H)
are CCR algebras, whereas C*(T) in not a CCR algebra. We look for some additional
conditions on A which will make A a CCR algebra. We explore the topological
properties of the spectrum of A for achieving this.

We denote by A the spectrum of A, that is, the equivalence classes of non-zero irre-
ducible representations of A equipped with the Jacobson topology. Since irreducible
representations of an ideal / of A extends uniquely to an irreducible representation
of A, we may identify I as a subset of A. In fact I — [ is a one-to-one mapping
from the collection of all closed ideals of A onto the collection of all open sets in A.
Also, X/\I may be identified with the closed set A / I.

Itis known that a GCR algebra A is CCR if and only if its dual AisaTy topological
space. Also, it can be shown that if the open central projection corresponding to /,
satisfying I = pA™ N [ is a multiplier for A, thenz-/?is open in A (see [6], Lemma
2.1). Thus we have the following result:

Proposition 3.1 Let A be a C*-algebra and I be an ideal of A such that I and A/ 1
are CCR and the open central projection corresponding to I is a multiplier of A.
Then A is also CCR.

Proof Since I and A/I are CCR, both [and A / I are T1 Also, since the open. central

projection corresponding to / is a multiplier for A, A / I is open. Hence A=TUA / 1
is 71 and thus A is CCR. |

Now we consider the GCR case and we have the following theorem.

Theorem 3.2 A C*-algebra A is GCR if and only if there exist an ideal I of A such
that both I and the quotient A/I are GCR. Thus the property of being a GCR algebra
is a three-space property.

Proof Let A be a GCR algebra. Then by definition CCR(A/I) # O for every ideal
I of A. In particular CCR(A) # 0. Let I = CCR(A), which is clearly GCR. By
Theorem B, A has a unique composition series {J,:0< a < aq} such that Jy+1/Jy
=CCR(A/Jy). Then {J, /I : 0 < o < ap} is the composition series for A/l with
Jov1/1/Jy/1 =CCR(A/I/Jy/1). Hence A/I is also GCR.
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Conversely, assume that A has an ideal / such that both 7 and A/I are GCR. Let
{Iy : 0 <o <ao}and {Jy/I : 0 < a < ap} be composition series for I and
A/, respectively, with the quotients I,y1/Iy and Jy41/1/Jy/1 CCR (here J, are
ideals in A). If we are able to cook up a composition series for A using these two
composition series, we will be done.

For this, first we will show that I, are ideals in A also.

Letx € Aandy € [, thenxy € I.

Let e, €3, e3, ... be the local approximate identity for y in I, so that lim ||ye, — ||
=0.

Now, |lxye, — xy|| < [|x|l[|ye, — y|| and

therefore lim ||xye, — xy|| = 0.

Since xye, € Iy, we see that xy € I,.

Hence I, are ideals in A also. Thus { I, : 0 < o < ap}U{Jy : 0 < a < «ap}
is a composition series for A with the respective quotients Iy41/1y and Jy+1/Jq
CCR. O

Remark 3.3 1f A is a C*-algebra and [ is a GCR ideal of A such that A/I is also
GCR, then by Theorem A we can easily conclude that A is also GCR. Here in the
above theorem, we make use of the concept of composition series for GCR algebras
which captures the ideal structure of the algebra completely to deduce the same
result.

Remark 3.4 In Theorem 3.2, if we start with the unique composition series for /
and A/I, then the resulting composition series for A will be its unique composition
series if and only is CCR(A /1) = CCR(I/1,), for all & < «g. Note that CCR(A) =
CCR(I) need not imply that CCR(A/Iy) = CCR(I/1,). For example, let T be the
operator in Example 2.4. Let A = C*(T) and let I be the ideal generated by T? in A.
Then C(H) C I C A. So CCR(A/C(H)) = A/C(H) whereas CCR(I/C(H)) =
I/C(H).

In the following theorem we employ the tool of composition series to easily deduce
that ideals and associated quotients of a GCR algebra inherit the GCR property.

Theorem 3.5 If A is a GCR algebra and I is an ideal in A, then I and A/l are
GCR algebras.

Proof Suppose that A isa GCR algebraand / isanidealin A.Let {Jy : 0 < @ < ap}
be a composition series for A such that the quotients Jy4+1/Jy = CCR(A/Jy). Let
I, = J, N1, and o be that first ordinal 3 I, = I. weclaimthat {/, : 0 <o < «a;}
is a composition series for /. For let 8 < «; be a limit ordinal. Then the norm
closure of Ua <B Jo = Jg. Clearly, Uo[< 8 I, C Ig and hence the norm closure of
Ua<ﬁ Iy € Ig.

To get the reverse inclusion, let x € /g be a self-adjoint element and € > 0. Then
there exist a self-adjoint ye J, for some o < « such that |[x — y|| < €/2 (if y is
not self-adjoint replace y by (y + y*)/2). Let f be a continuous real valued function
with f(t) = 0 for |t| < €/2, f(t) =t for |[t| > € and linear in between. Then f(x)e I,
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f(y)e Jy and f(x —y) = 0 so that f(x)e I,. Also || f(x) — x|| = ||f(y) —x|| =
3l1yll/elley/3lIyIl — ex/3|IyIDIl = |Ix — y|| < €. Therefore, x is in the norm
closure of Ua<ﬁ I,. Hence {I, : 0 < @ < o} is a composition series for /. Also,
being a subalgebra of Jy11/Jy, Io+1/1x is CCR. Thus I is GCR.

Next we will show that {J, +1/1 : 0 < a < ap} is a composition series for A/1.
Let B < «ap be a limit ordinal. Clearly, Jg + I C norm closure of Uoz< 8 Jo + 1.
Now, Uyp Ju + 1 C Jp + I. Therefore, (J,_g Jo +1 C Jg + 1, since Jg + I
being the sum of two closed ideals in a C*-algebra is closed (see [3]). Hence, norm
closure of Uoz<f3 Jo+1 =Jgy1. Thus {Jy +1/1 : 0 < o < ap} is a composition
series for A/I.

Also Jyp1 +1/1/Jo/1 = Jop1 +1)/Jo +1 = Jog1/Jar1 NJo +1 C Jyt1/Ja.
Therefore Jy41 4+ 1/1/Jy 4+ 1/1 is CCR. Hence A/I is GCR. |

Remark 3.6 In the previous theorem, if we start with the unique composition series
{Jo 10 < a < ap} for A, then we can show that the composition series {J, N I :
O0<a<artand {Jy +1/I : 0 < o < ap} are the unique composition series for /
and A/I, respectively, as follows.

Letx; € JyNI and 7 be an irreducible representation of 7/ J, N 1. We can identify
I/Jy NI with an ideal in A/J,, by means of the function ¢ : I/J, NI — A/J,
given by ¢ (x + (Jo N 1)) = x + J,. Now, let 1 be the irreducible extension of
wto A/Jy. Then, w(x; + (Jy N 1)) = m1(x1 + Jy) is compact since Jy41/Ja =
CCR(A/Jy).Hence Jy41N1/Jy NI =CCR(/Jy).

Now, let x> € Jy41 + I and 7 be an irreducible representation of A/(Jy + I).
Define an irreducible representation 7y of A/J, by letting 7y (x + J,,) = 7 (y +
(Jo +1)).

Then, 7w (x2 + (Jo + 1)) = mw(x2 + Jy) is compact since Jy+1/Jy = CCR(A/ Jy).
Therefore Jyy1 +1/Jy +1 =CCR(A/Jy + I).

Acknowledgments This article is based on a joint work with Ms. A.M. Shabna who was CSIR
research fellow at the National Institute of Technology Calicut during the work.

References

1. Arverson, W.: Invitation to C*-algebra. Graduate texts in Mathematics. Springer, Berlin (1976)

2. Castillo, J.JM.E,, Gonzalez, M.: Three-space problems in Banach space theory. Lecture Notes in
Mathematics, vol. 1667. Springer, Berlin (1997)

3. Dixmier, J.: C*-algebras. North-Holland, New York (1982)

4. Enflo, P., Lindenstrauss, J., Pisier, G.: On the three-space problem. Math. Scand. 36, 199-210
1975)

5. Godefroy, G., Troyanski, S., Whitefield, J., Zizler, V.: Three-space problem for locally uniformly
rotund renormings of Banach spaces. Proc. Am. Math. Soc. 94, 647-652 (1985)

6. Kusuda, M.: Three-space problems in discrete spectra of C*-algebras and dual C*-algebras.
Proc. R. Soc. Edinb. 131A, 701-707 (2001)

7. Krein, M., Smullian, V.: On regularly convex sets in the space conjugate to a Banach space.
Ann. Math. 41, 556-583 (1940)



184 A.K. Vijayarajan

8. Sanchez, F.C., Castillo, J.M.E.: Duality and twisted sums of Banach spaces. J. Funct. Anal. 175,
1-16 (2000)

9. Rao, T.S.S.R.K.: Three-space problem for some classes of L'-preduals, J. Math. Anal. Appl.
351, 311-314 (2009)



Spectral Approximation of Bounded
Self-Adjoint Operators—A Short Survey

K. Kumar

Abstract Normal categories are essentially those arising as the category of prin-
cipal left [right] ideals of a regular semigroup. These categories have been used in
describing the structure of regular semigroups. The structure theory in this context is
known as cross connection theory. Several associated categories can be derived from
a normal category which are also of interest in the structure theory of regular semi-
groups. The subcategory of inclusions, the subcategory of retractons, the groupoid
of isomorphisms etc. are some of the associated categories.

Keywords Self-adjoint operators - Spectrum * Truncation - Filteration of a Hilbert
space - Arveson’s class operator * Essential spectrum - Gaps in spectrum
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1 Introduction

The fundamental question “How to approximate spectra of linear operators on sepa-
rable Hilbert spaces?”” was considered by many mathematicians, starting from Szego
in [21]. Several attempts have been made to make use of the finite dimensional theory
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in the computation of the spectrum of bounded operators in an infinite dimensional
space through an asymptotic way. This approach found success in getting good esti-
mates in the case of some self-adjoint operators. Significant efforts have been done
by many mathematicians to build up a general theory for the approximation of the
spectrum of bounded self-adjoint operators on an infinite dimensional Hilbert space.
To quote some of the recent contributions in this direction are due to W.B. Arveson
[1], Albrecht Bottcher et al. [4], E.B. Davies et al. [6, 7], I. Gohberg et al. [9], A.
Hansen [11], etc. The list is nevertheless incomplete.

A short survey is presented here on various techniques used to approximate the
spectrum of a bounded self-adjoint operator A on a separable complex Hilbert space
HL. The finite dimensional compressions A, of A are considered here. The asymptotic
values of spectrum of A, are used to study the nature of spectrum of A.

1.1 The Problem

Let {e1, e, ...} be an orthonormal basis for H and P, be the projection of H onto
the finite dimensional subspace L, = span{ey, es, ..., e,}. The finite dimensional
truncations A, = P, AP, of A can be treated as finite matrices by restricting their
domains to the image of P,. If we denote the infinite matrix (a;,;) = ((Ae;, €;)) to
be the matrix representation of A associated to the orthonormal basis {ey, 3, ...},
then the n x n matrix (a; j)1<; j<. coincides with the matrix representation of A,
restricted to the image of P,.

Here we consider the following fundamental question. Can we approximate the
spectrum of A using the eigenvalue sequences of the matrices (a; j)i<;, j<.. There
are some disappointing examples in which the eigenvalues of truncations give little
information about the spectrum. For instance, in the case of the right shift operator on
the sequence space [%(Z), the eigenvalue sequence of the truncations is the constant
sequence 0, while the spectrum is the whole closed unit circle. For a self-adjoint
example, one can consider the operator A on / 2(N), defined as follows:

Ax,) = (xﬂ'(n))7 (1.1)

where 7 is a suitably chosen permutation on N. The essential properties required for
the permutation 7, are discussed in [1], due to which the truncation method fails to
approximate the spectrum.

This article is a survey of some recent developments in this area. In the next
section, we discuss the class of operators introduced by W.B. Arveson in [1] for
which the spectrum is fully determined by the eigenvalues of their truncations except
for some discrete eigenvalues that may lie between the bounds of essential spectrum.
Also, the use of the truncation method to approximate the bounds and the discrete
eigenvalues lying outside the bounds of the essential spectrum of a bounded self-
adjoint operator is explained in this section. The recent advances in the spectral
gap prediction problems are also discussed there. The use of preconditioners to
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modify the truncation method is explained with a couple of more recent results. In
the third section, we briefly explain the quadratic projection method and second-
order relative spectra with some recent modifications. A concluding section on the
further possibilities ends the article.

2 Algebraic and Linear Algebraic Approach

First we report some of the algebraic developments in this area. The major contribu-
tions are due to W.B. Arveson, who generalized the notion of band-limited matrices
in [1], and achieved some success in the case of a special class of operators. We start
with some definitions and results below which will play a very important role in the
approximation of the spectrum of bounded self-adjoint operators. The notation A,
is used to denote the matrix (a; ;) 1<i, j<n-

Definition 2.1 A filtration of a Hilbert space H is a sequence of finite dimensional
subspaces of H, {L,; n € N} such that L, C L, and closure of the union | J, L,
is H.

Example 2.2 A typical example for filtration in a Hilbert space with an orthonormal
basis is the following. Let {e, : n € Z} be the bilateral orthonormal basis for H
and let {L,} be defined by L, = span{e_,,, e_,+1,...¢e,}. Then {L,;n € Z} is a
filtration.

Definition 2.3 Let {L, : n € N} be a filtration. And P, be the projection onto L,,.
The degree of a bounded operator A on H is defined by

deg(A) = sup rank(P,A — AP,).

n>1

Corresponding to each filtration, a Banach x—algebra of operators called Arve-
son’s class can be defined as follows.

Definition 2.4 A is an operator in the Arveson’s class if A = >, A,, where

deg(A,) < oo for every n and convergence is in the operator norm, in such a way
1

that >0 (1 + deg(A,)2) || A, < o0o.

In case each L, is the span of finite number of elements in the basis as defined in
Example 2.2, the following gives a concrete description of operators in the Arveson’s
class.

Theorem 2.5 ([1]) Let {L,;; n € Z} be the filtration defined in Example 2.2. Also let
(ai,;) be the matrix representation of a bounded operator A, with respect to {e,},
and for every k € 7 let

di = sup |aj4i,il
i€z
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be the sup norm of the kth diagonal of (a; ;). Then A will be in the Arveson’s class
whenever the series ), |k|'/2dy converges.

In particular, any operator whose matrix representation (g; ;) is band-limited,
in the sense that a; ; = 0 whenever |i — j| is sufficiently large, must be in the
Arveson’s class. Before stating the spectral inclusion theorems for arbitrary self-
adjoint operators and for operators in the Arveson’s class, recall the notion of essential
points and transient points.

Definition 2.6 Essential point: A real number ) is an essential point of A, if for
every open set U containing A\, lim,_, ., N,(U) = oo, where N, (U) is the number
of eigenvalues of A, in U.

Definition 2.7 Transient point: A real number ) is a transient point of A if there
is an open set U containing A, such that sup N, (U) with n varying on the set of all
natural number, is finite.

Remark 2.8 1t should be noted that a number can be neither transient nor essential.

Denote A = {\ € R; A\ =1lim\,, A\, € 0(A,)} and A, as the set of all essential
points. The following spectral inclusion results for a bounded self-adjoint operator
A is of high importance.

Theorem 2.9 ([1]) The spectrum of a bounded self-adjoint operator is contained
in the set of all limit points of the eigenvalue sequences of its truncations. Also, the
essential spectrum is contained in the set of all essential points, i.e.,

c(A) C A C[m,M] and o,(A) C A,.

Equality in one of the above inclusion for bounded self-adjoint operators in the
Arveson’s class, was also proved in [1]. The precise result is the following.

Theorem 2.10 ([1]) If A is a bounded self-adjoint operator in the Arveson’s class,
then 0,(A) = A, and every point in A is either transient or essential.

Remark 2.11 The above two theorems enable us to confine our attention to the
limiting set A and the essential points A,, in the task of computation of spectrum
and essential spectrum of a bounded self-adjoint operator, respectively. Now the
following issues may arise. The limiting set A may contain points which does not
belong to the spectrum. Such points are called spurious eigenvalues. In the case of an
operator in the Arveson’s class, the essential points will give all information about
essential spectrum, while the transient points may be misleading. Here we loose only
information about eigenvalues of finite multiplicity. But this is very important if such
points exist between the lower and upper bounds of essential spectrum, since they
lead to the existence of spectral gaps between these bounds.
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2.1 Operators with Connected Essential Spectrum

Things can be more difficult in the case of an arbitrary bounded self-adjoint operator.
There may exist essential points, which are not spectral values. The operator given
by the Eq.(1.1) is of that kind. However, the inclusion in Theorem2.9 helps us
to determine the spectrum, with an additional assumption of connectedness of the
essential spectrum. The details of this claim are given below, which is a brief review
of the article [4] with some slight modifications. This will play a key role in the
forthcoming sections.

Recall that, for a bounded self-adjoint operator A, the spectrum o (A) is contained
in the interval [m, M] and the essential spectrum o, (A) in [v, u] , where m, M, v, u,
are bounds of 0(A) and o, (A), respectively. The following definitions and prelimi-
nary results are needed further.

Definition 2.12 Consider the singular number sy, k natural number,
sy (A) = inf {||]A — F||; F € B(H),rank F < k — 1}

is the kth approximation number of A.

Clearly, we have ||Al| = 51 (A) > s, (A)>--->0

Theorem 2.13

e [O]limy_ o sk (A) = ||Allss Where || Al is the essential norm.

o [4] lim,_, o 5k (A,) = sk (A) .

1
Remark 2.14 For |[A] = (A*A) R , in case A is a finite matrix, the approximation
numbers are the eigenvalues of |A|. That is sz (A) = At (|A[), where A\, (JA]) is the
kth eigenvalue of |A|.

Theorem 2.15 ([9]) The set o(|A]) — [0, ||A||m] is at most countable, || Al IS
the only possible accumulation point, and all the points of the set are eigenvalues
with finite multiplicity of |A|. Furthermore if

A(IAD = A (JAD) = -+ = An(JA])
are those N eigenvalues (N can be infinity), then

) MUAD, ifN =00 0orl <k <N
)= [”A”ess, ifN < ocoandk > N + 1 (2.1)

Corollary 2.16

M(AD ifN =ccorl <k <N

Jim A ([Anl) = lim s (An) = st (4) = { Al if N < ooandk > N + 1
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Remark 2.17 The above result will play a key role in the approximation of spec-
trum. Considering the positive operator A — m/, it can be deduced that the set
o(A) N (u, M] is at most countable and that consists of eigenvalues of finite multi-
plicity by Theorem?2.15. Also p is the only possible accumulation point. Let these
eigenvalues be

AR(A) < - AT (A) < AT (A).

Similarly by considering the operator M1 — A, it can be observed that o(A) N
[m, ) consists of at most countably many eigenvalues of finite multiplicity with
only possible accumulation point v. Let

AT(A) S A5 (A) < -+ < A5(A)

be those eigenvalues. Also the numbers R and S can be infinity. Arrange the eigen-
values of A,, as
)\I(An) = )\Z(An) =z ez An(An)'

From here onwards, the above notations will be used.

Now we prove the following result from [4] which is the major tool that is used
frequently in this note.

Theorem 2.18 For every fixed integer k we have

A(A), ifR =00 or1 <k <R

nlgrolo)\k(A")z[u, ifR< ococandk>R+1

. AN, ifS =00 or1<k<S
nlingo A1k (Ap) = [y, ifS<ooandk>S+1
In particular;

lim lim M\(A,) = p and lim lim A\, (A,) = .
k— o0 n—o00 k— 00 n—00

Proof The following observations are made first.
|[A—ml|=A—-—mlI, P,(A—mI)P,=A, —ml,, and |A, —ml,| = A, —ml,.

Hence from the above corollary, we have

lim A (A, —ml,) =

n—oo

(2.2)

M(A—mlI), ifR = o0 orl <k<R
|A —ml| g, ifR < ocandk > R+ 1



Spectral Approximation of Bounded Self-Adjoint Operators ... 191
Similarly, by considering the operator M1 — A, we get

M(MI — A),ifS = ccorl <k<S§

Jim AL = A) =0y Z AL ifS < oo andk = S+1 Y
Also we have the following identities
”A_mI”ess:/’L_m9 ”MI—A”ess =M—-v. 2.4

A (Ay —mly) = Me(Ap) —m, MM, — Ay) =M — A1 (An). (2.5)
M(A —ml) = XN (A) —m, M(MI —A) =M — X\ (A). (2.6)
Substituting them in Egs. (2.2) and (2.3), we get

. [ AfA), ifR =0 orl <k <R
nlinc}oAk(A")_Iu, if R < coandk > R + 1
. [ A, ifS =ccorl <k<S
A Anr1-(An) = [u, if§ < oo andk = S+ 1

Hence the proof. O

Remark 2.19 The above results are also true if we replace A, by some other sequence
Ay, of self-adjoint operators with the property that

|A, — Al = Oasn — oo

In order to justify this, we need only to recall an important inequality concerning
the eigenvalues of self-adjoint matrices A, B (refer e.g. to [2])

A (A) = A (B)| < |A = B]|..

Remark 2.20 By Theorem?2.18, all the discrete spectral values lying outside the
bounds of essential spectrum and the upper and lower bounds of the essential spec-
trum can be approximated. Note that, the theorem points out exactly the particular
sequence that converges to a discrete spectral value. But how fast does the conver-
gence take place, is still not known. Looking at some concrete situations, one may
hope for a better rate of convergence.

Even the rate of convergence is not estimated, it can be proved that the order of
convergence is the same as the order of convergence of approximation numbers. The
following theorem gives a vague idea about the rate of convergence.

Theorem 2.21 ([14]) If s;.(A,) — sk (A) = O(6,), where 0,, goes to O as n tends to
00, then



192 K. Kumar

A (A)+0(,), ifR =00 orl <k <R

)\k(A”):Hu-i-O(en)’ ifR < ocoandk > R + 1

\ (A,) = A (A +0@,), ifS =00orl <k<S§
n =R L 0(6,), ifS < coandk > S + 1
where R and S are the same notations used in Theorem2.18.

Proof Let N be the number of eigenvalues lying in o(JA[) — [0, [ Alls] . From
identity (2.1), and the the fact that s, (A4,)) = A¢(JA,|), we have the following identity.

[ MUAD = M(AD, ifN =00 orl <k < N
S (An) = si(A4) = [ Ae(1An]) — 1Al if N<coandk = N + 1
Since by hypothesis, sy (A,) — sk (A) = O(6,),

M| An]) = A (JAD = O(0,), if N =00 orl <k <N,

Me(AnD) = [ All,ys = O(6,), if N < coand k > N + 1.

Applying this to the positive operators A —m 1, and M I — A, with the notations used
in Theorem2.18, we get the following conclusions.

[ M(A—mI)+ 0@, ifR = 0o orl <k <R
Me(An = mly) = [ 1A —mI|,,, + O(6,), ifR < coandk > R + 1
and

M (MI —A)+ 0(6,), ifS = ccorl <k <3S

M(M Iy = An) = [ IMI — Al + O(6y), ifS < oo andk > S + 1

Also from the identities (2.4)—(2.6), we get the desired conclusions

M(A) = A (A)+ 0(0,), ifR =00 orl <k <R
RET= 0 4 06,), ifR < coandk > R + 1
\ (4,) — A (A)+0(,), ifS =occorl <k<S
n =R T L 0(6,), ifS < coandk > S+ 1
Hence the proof. O

The above theorem is the first result regarding the rate of convergence in the
approximations done in Theorem?2.18. So far there is no evidence of remainder
estimation and the error estimation in these approximations in the case of an arbitrary
self-adjoint operator to the best of our knowledge. The subsequent theorem taken
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from [4] denies the existence of spurious eigenvalues (points in A those are not part
of the spectrum) under the assumption of connectedness of essential spectrum.

Theorem 2.22 ([4]) If A is a self-adjoint operator and if o,(A) is connected, then
o(A) = A.

Remark 2.23 Ttis worthwhile to notice that the connectedness of essential spectrum
enables us to compute the spectrum using finite dimensional truncations. Thus, if we
cannot determine the spectrum fully by the truncations, then the essential spectrum
is not connected. In short, if there is a spurious eigenvalue, then there exists a gap in
the essential spectrum.

Remark 2.24 The converse of the above observation need not be true. That is the
existence of a spectral gap does not lead to the existence of a spurious eigenvalue. For
example, if we take A to be be the projection operator on to some closed subspace of
H, then the eigenvalues of truncations are 0 and 1 only. There we have A = 0(A) =
{0, 1}. Hence no spurious eigenvalues, but still there is a gap.

In summary, the upper and lower bounds of the essential spectrum can be com-
puted using the sequence of eigenvalues of finite dimensional truncations. Also the
discrete eigenvalues lying below and above these bounds can be computed. The
above results pinpointing the particular sequence of eigenvalues that converges to a
particular eigenvalue of the operator. Now the remaining part is the computation of
essential spectrum. The problem is whether it is possible to locate the gaps in the
essential spectrum using these truncations. If it is possible, then the spectrum is fully
determined up to some discrete eigenvalues that may have trapped between these

gaps.

2.2 Gaps in the Essential Spectrum

The following theorem is an attempt to predict the existence of spectral gaps, using
the finite dimensional truncations. The notation #S is used to denote the number
of elements in the set S and w,; is used to denote an averaging sequence. That is
n
0<wy <1,and > wy = L.
k=1
Theorem 2.25 ([13]) Let A be a bounded self-adjoint operator, and \,1(A,) >

M2(Ay) = - > N\, (Ay) be the eigenvalues of A, arranged in decreasing order.
n

For each positive integer n, let a, = Y. Wy be the convex combination of
k=1

eigenvalues of A,,. If there exists a 6 > 0 and K > 0 such that
#{)\nj; |an - >\nj| < 5} <K (27)

and in addition if 0.(A) and o(A) have the same upper and lower bounds, then
0.(A) has a gap.
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Remark 2.26 There is possibility for the presence of discrete eigenvalues inside the
gaps in the above case.

Remark 2.27 The special case which is more interesting is when w,; = %, for all
n. In that case, we are actually looking at the averages of eigenvalues of truncations
and these averages can be computed using the trace at each level.

Remark 2.28 Tt is to be noted that all the points of the form a, = > w, A\ are in
k=1
the numerical range of A,,. Therefore, the result can be made simpler in the language

of numerical range. However it is not easy to compute the numbers in the expression
(2.7). Here we treated it as a deviation from the mean value. Hence the condition (2.7)
may be interpreted as a restriction to the deviation of the eigenvalues of truncations
from their central tendency. Nevertheless the computations still remain difficult.

In Theorem2.25, the weighted mean of the eigenvalues at each level and its
deviation is analyzed. The following special choice of the weights are interesting.

Special Choice
Let us consider an instance where these weights w,,; arise naturally associated to
n

a self-adjoint operator on a Hilbert space. Let A, = >_ \,x O, be the spectral
k=1

n
resolution of A,. Define w,x = (Q, xe1, e1). Then 0 < w, < land > wy = L.
=1
Now

n n
D wadie = D A(Quker. e1) = (Aner, er) = (Aer. e) = ayy.
k=1 k=1

Therefore by Theorem 2.25, if there exists a § > 0 and a K > 0, such that

#{)\nj;

all_)\nj| <(5}<K

then there exists a gap in the essential spectrum of A. Hence if the first entry in the
matrix representation of A, is not an essential point, then there exists a gap in the
essential spectrum.

Remark 2.29 All points of the form (Ae;, ¢;) = a;; are in the numerical range which
lies between the bounds of the essential spectrum, in the case that the bounds coincide
with the bounds of the spectrum. Hence in that case, if a;; is not an essential point for
some i, then that will lead to the existence of a spectral gap. That means if any one of
the diagonal entries in the matrix representation of A is not an essential point, then
there exists a gap in the essential spectrum as indicated in the above special choice
of wyy.

The following is an example where the first entry a;; is a transient point and the
spectral gap prediction is valid.
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Example 2.30 Define a bounded self-adjoint operator A on [*(N), as follows.
A(xn) = (-1 + Xpq1) + (UaXy), x0 = 0;

where the periodic sequence (v,) = (1,2, 3, 1, 2, 3,...). The matrix representation
of A, associated to the standard orthonormal basis, is tridiagonal. The diagonal entries
are the entries in the periodic sequence (v,) and upper and lower diagonal will be
1. Such matrices can be identified as the block Toeplitz operator with corresponding
matrix valued symbol given by

) 1 1éf
fO=| 1 21
e 01 3

By our special choice above, Theorem2.25 guarantees that if (A(e;),e;) = 1 is
a transient point, then o,(A) has a gap. The fact that 1 is a transient point, is a
consequence of discrete Borg theorem [8, 10] and some numerical computations.

The interval (3%6 5%@) is a spectral gap an 1 lies in that gap.

2.3 Preconditioners in Spectral Approximation

Here we try to modify the truncation method with the help of the notions of pre-
conditioners and the convergence of matrix sequences in the sense of eigenvalue
clustering. Recall that in the numerical analysis literature, the preconditioner associ-
ated with a matrix is used to make the iteration process more efficient. Here we use
different notions of matrix convergence in the sense of eigenvalue clustering to study
the spectral approximation by preconditioners. That is, the A,’s will be replaced by
its preconditioner to perform approximation of spectrum.

We start with defining different notions of convergence of matrix sequences in the
sense of eigenvalue clustering. Such notions were used in the special case of Toeplitz
matrices in [20], and generalized into the arbitrary case in [12].

Definition 2.31 Let {A,} and {B,} be two sequences of n x n Hermitian matrices.
We say that A, — B, converges to O in the strong cluster sense if for any ¢ > 0,
there exist integers Ny ¢, Ny . such that all the singular values o; (A, — B,) lie in the
interval [0, €) except for at most N . (independent of the size n) singular values for
alln > Ny .

If the number N, . does not depend on €, we say that A, — B, converges to 0 in
the uniform cluster sense. And if N; . depends on €, n and is of o(n), we say that
A, — B, converges to 0 in weak cluster sense.

Here the aim is to modify the truncation method by replacing A,, by some other
simpler sequence of matrices B,, where {A,} — {B,} converges to 0 in the strong
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cluster sense (weak or uniform cluster sense, respectively). We study the effect of
this replacement in the well-known results obtained by truncation method. We prove
a couple of results which show that the convergence in the strong or uniform cluster
sense is equivalent to the compact perturbation of operators. These are the modified
versions of the results proved in [15].

Theorem 2.32 Let A, B € B(H) be self-adjoint operators. Then the operator R =
A — B is compact if and only if the sequence of truncations A, — B, converges to
the zero matrix in the strong cluster.

Proof First assume that R = A — B is compact and its spectrum o (R) = {\¢(R) :
k=1,2,3,...} U {0}. Here 0 s the only accumulation point of the spectrum. Hence
AM(R) — 0ask — oo. Hence for any given € > 0, there exists a positive integer
N ¢ such that
—€ €
M(R) € (7, 5) , forevery k > Ny .

Also since R is compact, the truncation R, = A, — B, converges to R in the
operator norm topology. Therefore, the eigenvalues of truncations converges to the
eigenvalues of R. That is

M (R,) = M (R) as n — oo, foreach k.

In particular, for every k > N, ., there exists a positive integer N, . such that

M(R,) — M (R) € (76, %) , foreveryn > N, .
Therefore, when n > N, ., all the eigenvalues A\ (R,) of R, = A, — B, except for
at most N, . eigenvalues, are in the interval (—e, €). Thatis R, = A, — B, converges
to 0 in the strong cluster.

For the converse part, assume that A, — B, converges to the zero matrix in the
strong cluster. Then for any A # 0, choose an € > 0 such that A is outside the
interval (—e, €). Corresponding to this €, there exist positive integers N ¢, N2 . such
that 0 (A, — B,) is contained in (—e, €), for every n > N, ., except for possibly N .
eigenvalues. Now consider the counting function N, (U) of eigenvalues of A,, — B,
in U. For any neighborhood U of A that does not intersect with (—e, €), N, (U) is
bounded by the number N; .. Hence A is not an essential point of A — B. Therefore, it
is not in the essential spectrum (see Theorem 2.3 of [1]). Since A # 0 was arbitrary,
this shows that the essential spectrum of A — B is the singleton set {0}. Hence it is
a compact operator and the proof is completed. ([

Theorem 2.33 Let A, B € B(H) be self-adjoint operators. Then the operator R =
A — B is of finite rank if and only if the truncations A, — B,, converges to the zero
matrix in the uniform cluster.
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Proof The proof is an imitation of the proof of Theorem2.32, differs only in the
choice of N . to be independent of e. However the details are given below. First
assume that R = A — B is a finite rank operator with rank N1, and its spectrum o (R) =
{M(R) : k=1,2,3,... N} J{0}. Since the truncation R, = A, — B, converges
to R in the operator norm topology, the eigenvalues of truncations converges to the
eigenvalues of R. That is

Me(R,) = M(R) asn — oo, foreachk =1,2,3,...N;.

For every k > Nj, A (R,) converges to 0 by [4]. Hence for a given € > 0, there
exists a positive integer N, . such that

A (Ry) € (—€,€), forevery n > N and for each k > Nj.

Therefore, when n > N, ., all the eigenvalues A\ (R,) of R, = A, — B, except for
the first Ny eigenvalues, are in the interval (—e, €). That is A,, — B,, converges to 0
in the uniform cluster.

For the converse part, assume that A, — B, converges to the zero matrix in the
uniform cluster. Then for any € > 0, there exist positive integers N, N, . such that
o(A, — B,) is contained in (—e, €), for every n > N, except for possibly N;
eigenvalues. As in the proof of Theorem2.32, we obtain 0 is the only element in
the essential spectrum. Hence R = A — B is a compact operator. In addition to
this, R can have at most N; eigenvalues. To see this, notice that all the eigenvalues
of a compact operator are obtained as the limits of sequence of eigenvalues of its
truncations. In this case at most N such sequence can go to a nonzero limit. Hence
R is a finite rank operator and the proof is completed. ]

Remark 2.34 The above results have the following implications. Since a compact
perturbation may change the discrete eigenvalues, the above results show that the
convergence of preconditioners in the sense of eigenvalue clustering, is not sufficient
to use them in the spectral approximation problems. Nevertheless one can use it in the
spectral gap prediction problems, since the compact perturbation preserves essential
spectrum.

Remark 2.35 The analysis of weak convergence is yet to be carried out.

We end this section with the example of Frobenius optimal preconditioners, which
are useful in the context of infinite linear systems with Toeplitz structure (see [20]
for details).

Example 2.36 Let {U,} be a sequence of unitary matrices over C, where U,, is of
order n for each n. For each n, we define the commutative algebra My, of matrices
as follows.

My, ={A € M, (C); U,*AU, complex diagonal }



198 K. Kumar

Recall that M, (C) is a Hilbert space with respect to the classical Frobenius scalar
product,
(A, B) = trace (B*A).

Observe that My, is a closed convex set in M,, (C) and hence, corresponding to each
A € M, (C), there exists a unique matrix Py, (A) in My, such that

1A = X3 > | A = Py, (A3 forevery X € My,.

For each A € B(HH), consider the sequence of matrices Py, (A,) as the Frobenius
optimal preconditioners of A,. In the case A is the Toeplitz operator with continuous
symbol, there are many good examples of matrix algebras such that the associated
Frobenius optimal preconditioners are of low complexity and have faster rate of
convergence.

3 Analytical Approach

The concepts of second-order relative spectra and quadratic projection method, which
are almost synonyms of the other, were used in the spectral pollution problems and
in determining the eigenvalues in the gaps by E.B. Davies, Levitin, Shagorodsky, etc.
(see [5-7, 17]). In all these articles, the idea is to reduce the spectral approximation
problems into the estimation of a particular function, related to the distance from
the spectrum. This particular function is usually approximated by a sequence of
functions related to the eigenvalues of truncations of the operator under concern.

First, we shall briefly mention the work done by E.B. Davies [6] and E.B. Davies
and M. Plum [7], which is of great interest, where he considered functions which are
related to the distance from the spectrum.

3.1 Distance from the Spectrum

In the paper published in 1998 [6], E.B. Davies considered the function F defined by

F(t):inf[w;O;,sxeL (3.1)

llxll

where L is a subspace of H. Then he observed the following.

e F is Lipschitz continuous and satisfies |F(s) — F(¢)| < |s —t]|, forall s, € R.
e F(t) >d(t,o(A)) =dist(t,o(A)).
e If0 < F(t) <d,thenc(A) N[t —4,t+ 5] #0.
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From these observations, he obtained some bounds for the eigenvalues in the
spectral gap of A, and found it useful in some concrete situations. For the efficient
computation of the function F, he considered family of operators N (s) on the given
finite dimensional subspace L, defined by

N(s) = Af A —2sPAp + s* I, (3.2)

where P is the projection onto IL and the notation Ay, means A restricted to L. The
eigenvalues of these family of finite dimensional operators form sequence of real
analytic functions (functions which map s to the eigenvalues of N (s)). He used these
sequence to approximate the function F and thereby obtain information about the
spectral properties of A. The main result is stated below, under the assumption that
A is bounded.

Theorem 3.1 Suppose {IL,};2, is an increasing sequence of closed subspaces of
H. If F, is the functions associated with 1L, according to (3.1), then F, decreases
monotonically and converge locally uniformly to d(., o(A)). In particular, s € o(A)
if and only if

lim F,(s) = 0.

n— 00

In the article on spectral pollution [7] in 2004, the above method was linked with
various techniques due to Lehmann [16], Behnke et al. [3], Zimmerman et al. [22].
The problem of spurious eigenvalues in a spectral gap was addressed by considering
the following function.

F(t) =inf{||[A(x) —tx||: x €L, |x|| =1}

If we define F,(t) = inf{||]A(x) —tx|| : x € L,, ||x]| = 1}, then the following
results shall be obtained.

e Given € > 0, there exists an N, such that n > N, implies
F(@) < F,(t) < F(t)+e€ forall t eR

e 0(A)N[t — F,(t),t + F,(t)] # W forevery t € R.

These observations were useful in obtaining some bounds for the eigenvalues
between the bounds of essential spectrum. This was established with some numerical
evidence in [7] for bounding eigenvalues for some particular operators.

Levitin and Shargorodsky considered the problem of spectral pollution in [17].
They suggested the usage of second-order relative spectra, to deal the problem. For
the sake of completion, the definition is given below.

Definition 3.2 ([17]) Let IL be a finite dimensional subspace of H. A complex num-
ber z is said to belong to the second-order spectrum o,(A, L) of A relative to L if
there exists a nonzero u in I such that
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((A—zDu, (A —zI)v) =0, foreveryv € L

They proved that the second-order relative spectrum intersects with every disk
in the complex plane with diameter is an interval which intersect with the spectrum
of A (Lemma 5.2 of [17]). They also provided some numerical results in case of
some Multiplication and Differential operators, which indicated the effectiveness of
second-order relative spectra in avoiding the spectral pollution. In [5], Boulton and
Levitin used the quadratic projection method to avoid spectral pollution in the case
of some particular Schrodinger operators.

3.2 Distance from the Essential Spectrum

To predict the existence of a gap in the essential spectrum, we need to know whether
a number A in (v, u) belongs to the spectrum or not. If it is not a spectral value,
then there exists an open interval between (v, i) as a part of the compliment of the
spectrum, since the compliment is an open set. We observe that the spectral gap
prediction is possible by computing values of the following function.

Definition 3.3 Define the nonnegative valued function f on the real line R as fol-
lows.
f) = vy = inf 0.((A — \)?).

The primary observation is that we can predict the existence of a gap inside
the essential spectrum by evaluating the function and checking whether it attains a
nonzero value. The nonzero values of this function give the indication of spectral gaps.

Theorem 3.4 The number X in the interval (v, ) is in the gap if and only if f(\) >
0. Also one end point of the gap will be A £ / f (N).

The advantage of considering f () is that, it is the lower bound of the essential
spectrum of the operator (A — A\I)?, which we can compute using the finite dimen-
sional truncations with the help of Theorem2.18. So the computation of f(\), for
each ), is possible. This enables us to predict the gap using truncations. Also here
we are able to compute one end point of a gap. The other end point is possible to
compute by Theorem 2.3 of [18], which is stated below.

Theorem 3.5 ([18]) Let A be a bounded self-adjoint operator and oc.,(A) =
[a,b] U [c,d], where a < b < ¢ < d. Assume that b is known and not an accu-
mulation point of the discrete spectra of A. Then ¢ can be computed by truncation
method.
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Coming back to the Arveson’s class, we observe that the essential points and
hence the essential spectrum is fully determined by the zeros of the function in the
Definition 3.3.

Corollary 3.6 If A is a bounded self-adjoint operator in the Arveson’s class, then
M\ is an essential point if and only if f(\) = 0.

When one wishes to apply the above results to determine the gaps in the essential
spectrum of a particular operator, one has to face the following problems. To check for
each \in (v, w), is a difficult task from the computational point of view. Also taking
truncations of the square of the operator may lead to difficulty. Note that (P,AP,)?
and P,A’P, are entirely different. So we may have to do more computations to
handle the problem.

Another problem is the rate of convergence and estimation of the remainder term.
For each A in (v, ), the value of the function f(\) has to be computed. This com-
putation involves truncation of the operator (A — A\/)? and the limiting process of
sequence of eigenvalues of each truncation. The rate of convergence of these approx-
imations and the remainder estimate are the questions of interest.

Below, the function f(.) is approximated by a double sequence of functions,
which arise from the eigenvalues of truncations of operators.

Theorem 3.7 ([14]) Let f, . be the sequence of functions defined by f,r (\) =
At l—k (P,, (A= \I)? P,,). Then f(.) is the uniform limit of a subsequence of
{ fux ()} on all compact subsets of the real line.

The following result makes the computation of f(\) much easier for a particular
class of operators. When the operator is truncated first and square the truncation
rather than truncating the square of the operator, the difficulty of squaring a bounded
operator is reduced. The computation needs only to square the finite matrices.

Theorem 3.8 ([14]) If || P,A — AP,|| = Oasn — oo, then

lim lim Appi—g (Po (A= AD?P,) = lim lim Ay (P, (A — M) P,)°.

k— 00 n—00 k—o00 n—>00

Remark 3.9 The function f(.) that is considered here is directly related to the
distance from the essential spectrum, while Davies’ function was related with
the distance from the spectrum. Here the approximation results in [4], especially
Theorem?2.18 are used to approximate the function. But it is still not known to us
whether these results are useful from a computational point of view. The methods
due to Davies et al. were applied in the case of some Schrodinger operators with a
particular kind of potentials in [5, 17]. We hope that a combined use of both methods
may give a better understanding of the spectrum.
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4 Concluding Remarks and Further Problems

The goal of such developments is to use the finite dimensional techniques into the
spectral analysis of bounded self-adjoint operators on infinite dimensional Hilbert
spaces. This also leads to a large number of open problems of different flavors. We
shall quote some of them here.

e The numerical algorithms have to be developed to approximate spectrum and
essential spectrum using the eigenvalue sequence of truncations, with emphasis
on the computational feasibility.

e The random versions of the spectral approximation problems are another area to
be investigated. The related work is already under progress in [14].

e The use of preconditioners has its origin in the numerical linear algebra literature,
especially in the case of Toeplitz operators. One can expect good estimates on such
concrete examples.

e The unbounded operators shall be considered and the approximation techniques
have to be developed.
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On k-Minimal and k-Maximal Operator
Space Structures

P. Vinod Kumar and M.S. Balasubramani

Abstract Let X be a Banach space and k be a positive integer. Suppose that we have
matrix norms on M>(X), M3(X),..., Mi(X) that satisfy Ruan’s axioms. Then it is
always possible to define matrix norms on My41(X), My4+2(X), ..., such that X
becomes an operator space. As in the case of minimal and maximal operator spaces,
here also we have a minimal and a maximal way to complete the sequence of matrix
norms on X and this leads to k-minimal and k-maximal operator space structures
on X. These spaces were first noticed by Junge [10] and more generally studied by
Lehner [11]. Recently, the relationship of k-minimal and k-maximal operator space
structures to norms that have been used in quantum information theory have been
investigated by Johnston et al. [9]. We discuss some properties of these operator
space structures.

Keywords Operator spaces + Completely bounded mappings + Minimal and maxi-
mal operator spaces - k-minimal operator space - k-maximal operator space
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1 Introduction

The theory of operator spaces is a fairly new and rapidly developing branch of
functional analysis and it can be regarded as the quantization of the theory of Banach
spaces. The observables of classical mechanics are scalar valued functions, and in
Heisenberg’s theory of Quantum Mechanics these are replaced with infinite matrices
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which can be regarded as operators on a Hilbert space. Through this quantization,
noncommutativity comes into the picture and noncommutative or quantized versions
of classical mathematical theories began to emerge as generalizations. A Banach
space is a space of continuous functions on a compact Hausdorff space up to isometric
isomorphism, where as an operator space is a space of operators on a Hilbert space,
up to complete isometric isomorphism. So the operator spaces can be regarded as
noncommutative normed spaces and their theory can be viewed as noncommutative
functional analysis or quantized functional analysis. The main difference between
the category of Banach spaces and that of operator spaces lies not in the spaces, but
in the morphisms. A Banach space can be viewed as an operator space in a natural
way, where as operator spaces are Banach spaces but here we simultaneously consider
spaces of matrices associated with it. The appropriate morphisms for operator spaces
are the completely bounded maps, that is, linear maps which induces uniformly
bounded linear mappings on the associated spaces of matrices.

Given a Hilbert space H, let B(H) be the space of all bounded linear operators
on H. If X is a linear space, for each natural number n, M,,(X) denotes the space of
all n x n matrices over X and is called the nth matrix level of X.

If X and Y are linear spaces and ¢ : X — Y is a linear map, we can have
natural amplifications (linear) ™ : M, (X) — M, (Y), for each n € N, given by
[xi;1 — [p(xij)], where [x;;] € M, (X). Suppose that each of the matrix levels of X
and Y has given norms ||.{| 5, (xy and |||l ps, (vy» respectively.

A map ¢ : X — Y is said to be k-bounded, if <p(k) T Mp(X) - Mp(Y) is
bounded. The map ¢ is completely bounded if sup{ || ™ || | n € N} < oo and we set
lelles = sup([|™ | 17 € N} = sup{[[[wGxipl] ) | 112014, ) = 1.1 € N

The map ¢ is said to be a complete isometry if each map ™ : M, (X) — M, (Y)
is an isometry. If ¢ is a complete isometry, then |||, = 1. The map ¢ is said to be
completely contractive if ||¢l||., < 1.If ¢ : X — Y is a completely bounded linear
bijection and if its inverse is also completely bounded, then ¢ is said to be a complete
isomorphism.We denote the closed unit ball {x € X | ||x|| < 1} of X as Ball(X).

A (concrete) operator space X is a closed linear subspace of B(H). Here, in
each matrix level M, (X), we have a norm ||.||,,, induced by the inclusion M, (X) C
M, (B(H)), where the norm in M,(B(H)) is given by the natural identification
M, (B(H)) ~ B(H"), where H" denotes the Hilbert space direct sum of n copies
of H.

An abstract operator space,or simply an operator space is a pair (X, {||.||,,}nen)
consisting of a linear space X and a complete norm |.||,, on M,(X) for every n €
N, such that there exists a linear complete isometry ¢ : X — B(H) for some
Hilbert space H. The sequence of matrix norms {||.||,,},eN is called an operator
space structure on the linear space X. An operator space structure on a normed
space (X, ||.||) will usually mean a sequence of matrix norms {||.||,,},eN as above,
but with [|.]|; = ||.]|. Two abstract operator spaces are considered to be the same if
there is a complete isometric isomorphism from X to Y. In that case, we write X & Y
completely isometrically. In 1988, Z-J. Ruan characterized abstract operator spaces
in terms of two properties of matrix norms.
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Theorem 1.1 (Ruan [19]) Suppose that X is a linear space and that for eachn € N,
we are given a norm ||.||,, on M, (X). Then X is completely isometrically isomorphic
to a linear subspace of B(H) for some Hilbert space H if and only if

(RI)  llaxpll, < lall x|, I8 for all o, 3 € My and for all x € My (X), and
(R2)  |lx ® yllyyn = max{lixll, ., lIyll,} for all x € My, (X), and for all y €
My (X),

where x @y denotes the matrix |:)(§ 2 :| in My, 1+, (X) where 0 stands for zero matrices

of appropriate orders.
The conditions (R1) and (R2) are usually known as Ruan’s axioms.

Thus we see that an abstract operator space is simply a Banach space X together
with a sequence of matrix norms that satisfies the Ruan’s axioms. If X is a concrete
operator space, then in each matrix level M,(X), we have a norm |.||,,, induced
by the inclusion M, (X) C M, (B(H)), where the norm in M, (B(H)) is given by
the natural identification M, (B(H)) ~ B(H"). Also, these induced matrix norms
satisfy Ruan’s axioms. Thus, every concrete operator space can be regarded as an
abstract operator space. Ruan’s theorem allows us to view an operator space in an
abstract way free of any concrete representation on a Hilbert space and so, we no
longer distinguish between concrete and abstract operator spaces.

Many concepts from Banach space theory can be formulated in the settings of
this quantized theory of Banach spaces, and this provided important generalizations
of many results. Studies have shown that this theory gives a more general setup to
study the structure of operator algebras. Certain invariants of operator algebras like
injectivity, exactness, and local reflexivity can be understood in a better way as the
properties of their underlying operator space structures. Also, the matricial orderings
and sequence of matrix norms played an important role in the algebraic classification
of operator algebras. Operator space theory, thus, serves as a bridge between the the-
ory of Banach spaces and that of operator algebras. More information about operator
spaces and completely bounded mappings may be found in the papers [4, 5, 14, 18]
or in the recent monographs [3, 6, 16, 17].

2 Operator Space Structures on Banach Spaces

Given a Banach space X, there are many operator space structures possible on X,
which all have X as their first matrix level. Blecher and Paulsen [1] observed that
the set of all operator space structures admissible on a given Banach space X admits
a minimal and maximal element namely Min(X) and Max(X), which represent,
respectively, the smallest and the largest operator space structures admissible on X.

These structures were further investigated by Paulsen in [14, 15]. Much work has
been done in understanding these operator space structures on a Banach space X,
and these studies have played a vital role in the theory of operator spaces and in the
theory of C*-algebras.
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Let X be a Banach space and X* be its dual space. Let K = Ball(X™*) be the
unit closed ball of the dual space of X with its weak™ topology. Then the canonical
embedding J : X — C(K), defined by J(x)(f) = f(x),x € Xand f € Kisa
linear isometry. Since by Gelfand—Naimark theorem, subspaces of C*-algebras are
operator spaces, this identification of X induces matrix norms on M, (X) that makes
X an operator space. The matrix norms on X are given by

[Lxis1ll, = supt[ L Gaip1] 1 f € K3

for all [x;;] € M, (X) and for all n € N.

Just as Banach spaces may be regarded as the subspaces of commutative C*-
algebras, by Ruan’s theorem, operator spaces may be viewed as the subspaces of
B(H), or by Gelfand—Naimark theorem, they are exactly the subspaces of general
C*-algebras. So we can regard operator spaces as noncommutative Banach spaces.

The above-defined operator space structure on X is called the minimal operator
space structure on X, and we denote this operator space as Min(X). For [x;;] €
M, (X), we write H [xi)] H Min(X) to denote its norm as an element of M,,(Min(X)).
This minimal quantization of a normed space is characterized by the property that
for any arbitrary operator space Y and for any bounded linear map ¢ : ¥ — Min(X)
is completely bounded and satisfies ||¢ : ¥ — Min(X)|., = ll¢ : ¥ — X||. Thus,
if X and Y are Banach spaces and ¢ € B(X, Y), then ¢ is completely bounded and
llellep = llell, when considered it as a map X — Min(Y).

If X is an operator space, for any x € M, (X), there exists a complete contraction
[6], ¢ : X — M, such that ||, (x)|| = ||lx||. Therefore, for [x;;] € M,(X), we have
Itxij1]|,, = sup{|| fu(lxi;D|| | f € Ball(CB(X, My))}. This shows that Min(X)
is the smallest operator space structure on X. We say that an operator space X is
minimal if Min(X) = X. An operator space is minimal if and only if it is completely
isomorphic to a subspace of a commutative C*-algebra [6].

If X is a Banach space, there is a maximal way to consider it as an operator space.
The matrix norms given by

[txij1]], = sup{||leip]| | ¢ € Ball(B(X,Y))}

where the supremum is taken over all operator spaces Y and all linear maps
@ € Ball(B(X,Y)), makes X an operator space. We denote this operator space as
Max(X) and is called the maximal operator space structure on X. For [x;;] € M, (X),
we write || [xi/] ”Max(x) to denote its norm as an element of M, (Max(X)). We say
that an operator space X is maximal if Max(X) = X. By Ruan’s Theorem 1.1, we
also have

1061 pgar ) = suptlleGipl| 1o € Ball(B(X, B(H)))}
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where the supremum is taken over all Hilbert spaces H and all linear maps ¢ €
Ball(B(X, B(H))). By the definition of Max(X), any operator space structure that
we can put on X, must be smaller than Max (X).

This maximal quantization of a normed space is characterized by the property that
for any arbitrary operator space Y and for any bounded linear map ¢ : Max(X) — Y
is completely bounded and satisfies || : Max(X) — Y|, = ll¢ : X — Y|. Thus,
if X and Y are Banach spaces and ¢ € B(X, Y), then ¢ is completely bounded and
lelley = llell, when considered it as a map Max(X) — Y. If X is any operator
space, then the identity map on X defines completely contractive maps Max(X) —
X — Min(X).

For any Banach space X, we have the duality relations Min(X)* = Max(X™)
and Max(X)* = Min(X*) completely isometrically [2].

By Hahn—Banach theorem, any subspace of a minimal operator space is again
minimal, but the quotient of a minimal space need not be minimal. The subspace of a
maximal space need not be maximal and such spaces are called submaximal spaces.
But quotient spaces inherits the maximality. Subspace structure of various maximal
operator spaces were studied in [12]. In [20], the notion of hereditarily maximal
spaces is introduced. Hereditarily maximal spaces determine a subclass of maximal
operator spaces with the property that the operator space structure induced on any
subspace coincides with the maximal operator space structure on that subspace.
An operator space X is homogeneous if each bounded linear operator ¢ on X is
completely bounded with |¢l|., = llll [17]. The spaces Min(X) and Max(X) are
homogeneous, but in general, submaximal spaces need not be homogeneous.

3 k-Minimal and k-Maximal Operator Spaces

We now focus on some generalizations of minimal and maximal operator space
structure on a Banach space X. Let X be a Banach space, and k be a positive inte-
ger. Suppose that we have matrix norms on M>(X), M3(X), ..., My (X) that satisfy
Ruan’s axioms. Then it is always possible to define matrix norms on Mj41(X),
Mj42(X), ..., such that X becomes an operator space. As in the case of minimal
and maximal operator spaces, here also we have a minimal and a maximal way to
complete the sequence of matrix norms on X and this leads to k-minimal and k-
maximal operator space structures on X. These spaces were first noticed by Junge
[10] and more generally studied by Lehner [11]. Recently, the relationship of k-
minimal and k-maximal operator space structures to norms that have been used in
quantum information theory [7, 8] have been investigated by Johnston et al. [9].

If we define the matrix norms on M,(X) for n > k as the matrix norms in
M, (Min(X)), the resulting operator space is called the k-minimal operator space
and is denoted by Min(X). An operator space X is said to be k-minimal if
Min*¥(X) = X.

Similarly, if we set the norms on M,(X) for n > k as the matrix norms in
M, (Max (X)), the resulting operator space is called the k-maximal operator space
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and is denoted by Max*(X). An operator space X is said to be k-maximal if
Max*(X) = X.

If (X, {ll.llm,x)}) is any operator space, the matrix norms in Min*(X) and
Max*(X) are explicitly given ([9, 13]) as follows:

0% 10 ag, psink )y = SUPtllp eIl [ o 2 X — My, [lpller < 1},

and

X371 g, vtk ) =SUPLITCipTI 0 0 X — BH), [® ] < 1,
all Hilbert spaces H}

If {||.||/Mn(X)} be any operator space structure on X, such that for I < n <k,

Lxij 1l pg, () = NLxij11 6, (x) - then

xij g, vtink ) < W% g, ox) < N0%35 10, (maxck (x)

for all [x;;] € M, (X) and for all n € N.

From the definitions of minimal and maximal operator spaces, we see that, when
k = 1, the k-minimal and the k-maximal operator space structures on X coincides
with the minimal and the maximal operator space structures on X, respectively.

The notions of k-minimal and k-maximal operator spaces help us to obtain several
different operator space structures on a given operator space X . For instance, for any
k € N, the space Mink(Max*~—1(X)) is the space whose matrix norms up to the
(k — 1)th level are the same as those of X, on the kth level, the norms in Max(X),
and from (k + 1)th level onward, are the matrix norms from Min(X).

Remark 3.1 Let X be an operator space. It can be noted that the formal identity
maps Max*(X) > X — Min*(X) are completely contractive. Also, for n < k,
the formal identity maps id : M,,(Mink(X)) - M,(X) —> M,,(Maxk(X)) are
isometries. From the definition, it follows that for [x;;] € M,(X), the sequence
{10xij 10 ag,, (aink ()} increases to [[[x;; 11| m,, (x) and the sequence {[|[xi; 11l pr, (wraxk (x))}
decreases to |[[x;;]l s, (x) as k — oo.
The following duality relations [13] hold:

(Mink(X))* = Max*(X*) and (Max*(X))* = Min*(X*) completely isometri-
cally.

4 Universal Properties of k-Minimal and k-Maximal Spaces

From the definitions of k-minimal and k-maximal spaces, the following observation
is straightaway.
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Proposition 4.1 Let X be an operator space and k, h € N. Then the formal identity
mapping, id : Min*(X) — Min"(X) is completely contractive whenever k > h,
and id : Max*(X) — Max"(X) is completely contractive whenever k < h.

We now show that k-minimal and k-maximal operator spaces are characterized
up to complete isometric isomorphism in terms of some universal properties. A part
of these characterizations can be found in [13] where these are described in a slightly
different terminology.

Theorem 4.2 An operator space Y is a k-minimal operator space up to complete
isometric isomorphism if and only if for any operator space X and for any bounded
linearmap ¢ : X — Y, we have ||p: X — Yl = ||g0(k)||.

Proof Assume that Y = Mink(Y). We have,

lo: X — Yl = H<p - X = Mink(y)

cb
sup{ | [@(xij)]”Mn(Mink(y)) N [xij]HMn(X) =lnel}

sup{sup{[[[:(exiDI|| 1 ¢ : Y = M, |¥llep < 1},
|1y oy < L €N

= sup{sup{|| (1 0 @)™ (Lx;; D|| | |[xij1] () < 1.7 € N},
n(X)

VY = M, [¥]ler = 1)
=sup{llpo@llep [V :Y = My, |[9]ler < 1} (D

Now, 9o X — My, by 181, [ 0 @l = (@ 0 @)@ < [0 ©] ®]. Thus,
from the above equation (1), [|¢ : X = Yl < lo®|.
Thus, g : X — Yl = o™,

For the converse, take X = Min*(Y) and ¢ = id, the identity mapping. Then by
assumption, ||lid : Min*(Y) — Y| = id®|.

Since, [11xij llag, vy = 106 ag, iy For 1< m <k, Jlid @) = 1.

Also, lid~ 1 Y — Min*(Y)|lep = |lid : Y — Min*(Y)||s» < 1. Thus, id is a
complete isometric isomorphism. (]

Theorem 4.3 An operator space X is a k-maximal operator space up to complete
isometric isomorphism if and only if for any operator space Y and for any bounded
linearmap o : X — Y, we have ||¢ : X — Y| = ||<p(k)||.

Proof Assume that X = Max*(X).Let ¢ : X — Y be any bounded linear map. Set

v = ﬁ Then, v : X — Y C B(H) is bounded and [[v®| < 1. Therefore, by
¥

the definition of matrix norms in Max*(X), v i) g, vy < W01l g, (maxk x))
for every [x;;] € M, (X) and for all n € N. Thus, ||v|o» < 1, implies that [|oll¢cp <
I cp(k) |I. Hence follows the desired result.
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For the converse, take ¥ = Max*(Y) and ¢ = id, the identity mapping. Then by
assumption, |lid : X — Max*(X)||lop = lid®| = 1.

Also, [id~' : Max*(X) = X||s» < 1. Thus, id is a complete isometric isomor-
phism. (]

Corollary 4.4 Let X and Y be operator spaces, k € N, and ¢ : X — Y be a
bounded linear map. Then,

(i) @ is k-bounded if and only if ¢ : Max*(X) — Y is completely bounded.
(ii) @ is k-bounded if and only if ¢ : X — Min*(Y) is completely bounded.

Since a subspace of a maximal operator space need not be maximal, a subspace
of a k-maximal space need not be k-maximal. But, subspaces of k-minimal spaces
are again k-minimal.

Theorem 4.5 IfY isasubspace of the operator space X, then Min* (Y ) is a subspace
of Min*(X).

Proof We have to prove that || [y’f/]”M,,(Mink(Y)) = || [y,-j]”Mn(Mmk(X)), Viyij]l €
M, (Y) and Vn € N. By definition,

10351 g, oty = SUPHILGiDII | @2 Y — M, glle < 1),

and
1010 0, vtk ) = SUPHIGGPTINT @ 2 X — M, 1@ lles < 1.

Now, if ¢ : X — M is a complete contraction, then ¢ly : ¥ — My is also a
complete contraction.

On the other hand, since M is injective, any complete contraction ¢ : ¥ — My
extends to a complete contraction ¢ : X — M} such that ||¢ll., = ll¢ll.,- Hence,
both the matrix norms are the same. O

We know that for any Banach space X, the operator spaces Min(X) and Max(X)
are homogeneous. Now we discuss the case of k-minimal and k-maximal spaces.

Theorem 4.6 Let X be an operator space and k € N.

(i) The spaces Min*(X) and Max*(X) are A-homogeneous for some \ > 0.

(ii) If X is homogeneous, so are Mink(X) and Maxk(X).

(iii) If X is homogeneous, then for any bounded linear operator ¢ on X, we have
lo: X — Mink(X)llap = el and llp : Max(X) — Xlep = -

Proof We prove the results only for the k-minimal spaces. The other case will follow
in a similar way.

Let ¢ : Min*(X) — Min*(X) be a bounded linear map. Then we have,

le : Min*(X) — Min*(X)||lco = |©¢®||. Now, by using the operator space
matrix norm inequalities,
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N = sup{lle i) pg ik ey TN pgy agink ) < 13

< sup{Zi j oGl 1 N10xij 1 pg, ik ) < 1)
< kel

(%2

Thus, if X is any operator space, Min*(X) is &-homogeneous for some \ > 0.
Now, to prove (ii), consider a bounded linear map ¢ : M in"(X) — Mink(X).
Then by Theorem 4.2,

lg : Min*(X) - Min*(X)lep = 9® : M(Min* (X)) — My (Min* (X))
= lle® : M (X) > M (X))
<llg: X = Xlo
= llll

Thus, Min*(X) is homogeneous, if X is homogeneous.

For proving (iii), let ¢ : X — M in*(X) be a bounded linear map. Let g
denote the same map ¢ but, regarded as a map from Min*(X) — Min*(X). Then
© = g oid, where id : X — Min*(X) is the identity map.

Since id : X — Min*(X)isa complete contraction and by using (ii), we have
leller = llo o idlles < llidllculieolles < ligoll = Nl O

By using the universal properties of k-minimal and k-maximal spaces, we now
obtain expressions for the cb-norm of the identity mappings id : Min*(X) — X
andid : X — Max*(X).

Theorem 4.7 Let X be an operator space and k € N.

(i) The identity mapping id : Min*(X) — X is completely bounded if and only if for
every operator space Y and every k-bounded linear map ¢ : Y — X is completely
bounded. Moreover, |jid : Min*(X) — X|lcp = sup{ ot

le®]
is taken over all k-bounded nonzero linear maps ¢ : Y — X and all operator spaces

Y.
(ii) The identity mapping id : X — Max* (X) is completely bounded if and only if for
every operator space Y and every k-bounded linear map ¢ : X — Y is completely

bounded. Moreover, ||id : X — Max*(X)||c» = sup{ ||||<'0(|]|{§1|’|
®
is taken over all k-bounded nonzero linear maps ¢ : X — Y and all operator spaces

Y.

} where the supremum

} where the supremum

Proof We prove only (i) and (ii) will follow in a similar way. Assume that the identity
mapping id : Min*(X) — X is completely bounded. Let ¢ : ¥ — X is k-bounded.
Let & be the same map as ¢ but with Min*(X) as the range. Then ¢ = id o 3. Now
by Theorem 4.2, |Blcr = 13X || = ¢®| < oco. Since ¢ is the composition of two
completely bounded maps, it is completely bounded.
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For proving the converse, take Y = Min*(X) and p = id.
Now, id® = Mk(Mink (X)) = Mi(X) is an isometry, and by assumption, we
see that id : Min*(X) — X is completely bounded.

Since, ¢ = id o @, |lles < IPlepllidler. But [Bllep = 1PX 1 = llp®1l, so

hat |||| w!,'{;T' < |lid||cp. Since id : Min*(X) — X is also a member of the right side
2

collection, we get the desired equality. (]

Theorem 4.8 Let X be an operator space, and k € N. Then X is k-minimal (k-
maximal) if and only if the bidual X** is k-minimal (k-maximal).

Proof Assume that X = Min*(X). Then by duality relations, X* = (Min*(X))* =
Max*(X*), so that X** = (Max*(X*))* = Min*(X**). Thus X** is k-minimal.
Since X C X™*, if X** is k-minimal, by Theorem 4.5, we see that X is k-minimal.
The k-maximal case will follow in a similar way, where the reverse implication can
be obtained by using the universal property. (I
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method and second order relative spectra are also discussed in this article. Some of
the recent results in the spectral gap prediction problems are explained here. Also,
we try to modify the truncation method by using the notion of preconditioners and
matrix convergence in the sense of eigenvalue clustering.
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