kth Order Kantorovich Modification
of Linking Baskakov-Type Operators

Margareta Heilmann and Ioan Rasa

Abstract In 1957 Baskakov introduced a general method for the construction of
positive linear operators depending on a real parameter c. The so-called genuine
Baskakov-Durrmeyer-type operators form a class of operators reproducing the lin-
ear functions, interpolating at (finite) endpoints of the interval, and having other
nice properties. In this paper we consider a nontrivial link between Baskakov-type
operators and genuine Baskakov—Durrmeyer-type operators. We establish explicit
representations for the images of monomials and for the moments; they are useful,
e.g., in studying asymptotic formulas.
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1 Introduction and Definition of the Operators

In 1957 Baskakov [1] introduced a general method for the construction of positive
linear operators depending on a real parameter ¢ including the classical Bernstein,
Széasz-Mirakjan, and Baskakov operators as special cases. All these Baskakov-type
operators preserve linear functions and interpolate at (finite) endpoints of the cor-
responding interval. The so-called Bernstein—Durrmeyer operators were introduced
by Durrmeyer in [2] and independently developed by Lupas [9]. Afterwards, this
construction was carried over to many other classical operators; for instance see
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[10, 16] and in the general setting for so-called Baskakov—Durrmeyer-type opera-
tors [6]. These operators have a lot of nice properties; they commute, they commute
with certain differential operators, they are self-adjoint but they only reproduce con-
stants.

The consideration of so-called genuine Baskakov—Durrmeyer-type operators
leads to a class of operators again reproducing the linear functions and interpo-
lating at (finite) endpoints of the corresponding interval. These operators are related
to the Baskakov—Durrmeyer-type operators in the same way as the Baskakov-type
operators to their corresponding Kantorovich variants.

In[11, 12] Piltdnea introduces operators depending on a parameter p € R™, which
constitute a nontrivial link between the Bernstein and Szdsz-Mirakjan operators,
respectively, and their genuine Durrmeyer modifications. Further results can also be
found in [3, 4, 13].

In this paper we consider a nontrivial link between Baskakov-type operators
and genuine Baskakov—Durrmeyer-type operators. Moreover, we investigate the kth
order Kantorovich modification of them; for k& = 1 this means a link between the
Kantorovich modification of Baskakov-type and Baskakov—Durrmeyer-type opera-
tors.

In what follows for ¢ € R we use the notations

o o _
al = [Ja+eh, al:=[Ja—ch. jeN: a®=a"C:=1
=0 =0

which can be considered as a generalization of rising and falling factorials. Note that
a=J = a4 and a*/ = a~“<. This notation enables us to state the results for the
different operators in a unified form.

In a recent paper [8] we already considered the linking operators between the
kth order Kantorovich modification of the Bernstein and the genuine Bernstein—
Durrmeyer operators. Comparison of the results in [8] with the outcomes of the
present paper shows that all the representations for the moments and the images of
monomials are also valid for the Bernstein case by setting ¢ = —1 in the subsequent
theorems.

In the following definitions of the operators we omit the parameter c in the nota-
tions in order to reduce the necessary sub- and superscripts.

LetceR,c>0,neR,n>c, peR", jeNyx € [0,00). Then the basis
functions are given by

)y emnx ,e=0,
j!
(‘_j . _(n .

”j! x/ (1 4+ cx) (E+9) ,c>0.

pn,j(x) =

In the following definition we assume that f : [0, co) —> R is given in such a way
that the corresponding integrals and series are convergent.
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Definition 1 The operators of Baskakov type are defined by

Bu(f,X) =D puj0)f (ﬁ) : e
j=0

the genuine Baskakov—Durrmeyer-type operators are denoted by

Bt (%) = FO) o) + > pu ) /0 Prsze O Od, (@)

j=1

and for p € R™ the linking operators are given by

o0
Bup(f.x) = D F (f)pnj(x) 3)
j=0
0 00
= f(0)pn,o(x) +an,j(x)(n +C)/0 uﬁ,j(t)f(t)dt, €]
j=1
where
mp)? jp—1 ,—npt _
up (1‘) _ . _F(jp)t]p e P o ,c=0,
J e? 7P~ + ct)*(?ﬂ)f’*1 ,c>0.

B(jp,%p+1)

Setting ¢ = 0 in (2) leads to the Phillips operators [14], ¢ > 0 was investigated in
[18]. To the best of our knowledge the case ¢ = 0 in (3) was first considered in [12].

As in [8] for the Bernstein case we also consider the kth order Kantorovich
modification of the operators B, ,, i.e.,

B,glf; :=DFo By, p o I (5)

where DX denotes the kth order ordinary differential operator and

. X (x _ l‘)k_l )
If = f, ifk=0, andlk(f,x)=/ ———— f(t)dt, ifk e N.
o (k-1

For k = 0 we omit the superscript (k) as indicated by the definition above.
This general definition contains many known operators as special cases. For
¢ = 0 we get the linking operators considered in [13]. For p = 1 we get the

genuine Baskakov—Durrmeyer-type operators B, 1, for p = 1, k € N the Baskakov—

Durrmeyer-type operators B,(lli (see [6, (1.3)], named M, . there) and the auxiliary
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operators B,(lk% considered in [7, (3.5)], (named M,y x—1 there) with the explicit
representation

nc,% 00 e
BN =~y D Pt 10 /0 Prct-2). j4x—1 (1) f (1)1
T £

For an arbritrary sequence of linear operators, the images of monomials and
the moments are important, e.g., in studying the asymptotic behavior. In this paper
we establish explicit representations for the images of the monomials and for the
moments of the investigated operators. Corresponding recursion formulas and further
results will be given in a forthcoming paper.

Below we will use the following basic formulas.

00 o n
/0 py j(0dt = B (Jp, Pl 1) , (6)
D> puj) =1, (7)

=0
%pn,j(x) = XPn+c,j—1(X), ®)
x(1+ex)py j(x) = (j —nx)pn,j(x), )

with the convention p, ;(x) = 0, if [ < 0. As usual, empty products are defined to
be one.

2 Explicit Formulas for the Images of Monomials

In this section we prove general explicit formulas for the images of the monomials of
the operators B,gk}, In what follows we denote by ¢, (t) = t”, v € Ny, the monomials

and by
I

(1
A= (=" (H)f(x + rh) (10)

k=0
the /th order forward difference of a function f with step & and define

v—1

l
pff(f)::n(§+;),1/eN.

=1
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This can be rewritten as

v—1

e =>" Avrh f( ) 1‘[(5 (11)

i=0

which can be derived by using the Newton representation of the interpolation poly-
nomial of p,’j for the equidistant knots 1,2, ..., v

We first consider the images of the monomials for the case k = 0, i.e., for the
operators By, .

Theorem 1 Letn e R, np >c(v—1), pe Ry, v e Ny, v <n. Then
(Bn,peo)(x) =1, (12)

(Bu,per)(x) = )C,,Z — (A";lpﬁ(l))xi,ueN. (13)

Proof (12) follows immediately from (6) and (7).
In order to prove (13) we take into account that for ¢ = 0

—_

v—

P [ ot gy _ L TGp+w) 1 (j +_)
r'(p) Jo (np)» T'(jp) n’os P

and forc > 0
jp 00 ) w
C—/ 1P (1 ey~ G-y
B(jp.%p+1)Jo
FGp+v)l (Zp+1—v v !
_,TGp (5p ) » H(i+ )

rGgor (tp+1)  — (pr g p

p

Thus we get for v > 1 with (8) and (11)

)CVan,(x)H(JJr ) (14)

(Bn,peu)(x) (np

(np)w me, 1) pLG)

P — APl
= ™ g P, j=1(%) ; 1 Gt
v v—1

Al phQl
- (n;))c,gnxz 1p @ Z Pnte,j—1(X) H(J —1.

i=0 j=i+1
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Applying (8) for j > i 4+ 1 we have

i i
Prve,j—1) [[G =D = puteirn,j-i-1 " [ [+ cb).

=1 =1
Hence with (7)

_ py - nc,?’ l 1
(Byper)(x) = (npw;a—m( A ES O

Remark 1 Using (10), the representation (13) can be rewritten as

(Buper)(x) = (np)wz net 'Z( D “K,(l SiPh ).

Now we consider the special cases p = 1 and p — oo.
p = 1: Then with [5, (3.48)] (see [8, p.323])

APl = (v — 1)!(7).
l
Thus

(Bl’l,lell)(-x) =

Z” Ci(y—l)!(u) ;
n ’ . . 'x 9
v i—-D'\u

i=1

which coincides with the formula given in [18, Lemma 1.11] and [7, (4.3)] with
s = —1 and taking n + ¢ instead of n there.

v
1
—, and (see [8, p.323])

p — oo: Then
=" per

AT pR ) = (i = Do,

where a,],. denote the Stirling numbers of second kind. Thus

(Bn.oey) (x) = Z"‘ Tolx

which coincides with the corresponding result for the classical Baskakov-type oper-
ators which can be calculated directly from the definition of the operators by
using (8).

Next, we consider the images of the monomials for the case k € N.
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Theorem 2 Letn e R, ke N, peRy, veNynp>clv+k—1). Then

(BN e,)(x)

v nt i+k

V i+k—1 i
(1/ + k)! (np)c vtk Z ] i+k (A pu+k(1)) X (15)

Proof By using B,(,]f;e,, = D*B, p€v+k we get from (13) fork € N

(u+k)'
(BMe,)(x)
k i .
= V! py+k i nC’l ( l ( )) ' xi—k
W+l (np)erk & i — 1 Puik (i —k)!

! pll+k v nc,i+k

T R pE &

Remark 2 Using again (10), the representation (15) can be rewritten as

G +k) (A’+" lpy+k(1)) P

v+k

® V! p e U
(B el/)(x) v+ k)! (np)‘ vtk Z l!

i+k—1 1

i+k—1—kK p
x 26( b G4k — T =y P00
K=

Again we consider the special cases p = 1 and p — oo.
p = 1: Then again with [5, (3.48)]

k1 1 _ vtk
AL () = vtk — 1)!(i +k).

Thus

1 v ——Ww+k—=D! [V
®) citk X TR U0 !
(B, 1e)(x) = ek _ZO” (i +k—1)! (i)x

This coincides with the corresponding resultin [7, Satz 4.2] for the auxiliary operators

with the notation B,gk; = Mp4¢ k-1 there.

pl/+k 1

(np)c,u+k - nvtk

p — oo: Then and

AT (D) = G+ k= Dol
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Thus
v! 1 v nC,i+7k

: — gy P
| gtk ] v+k
v+ k)!'nv =

(B loe,)(x) =

From the explicit representations of the images of the monomials we can deduce the

following result concerning the limit of the operators B,(/f,); when p — oo.

Corollary 1 For each polynomial p we have

Jim B p(o) = B p(x)

uniformly on every compact subinterval of [0, 00).

For the evaluation of B,(l .pev, k € N, for special values of v, we use the represen-

tation
v+k—1

Pl © = plo(l2, vk - DEEI

with the notation o (xo, X1,...,X;), j € N, for the symmetric function which
is the sum of all products of j distinct values from the set {xo, x1,...x,} and
oo0(x0, X1, ..., Xp) := 1.

For the monomial e, it is known (see, e.g., [15, Theorem 1.2.1]) that

A]+k1 (1) m<]+k—l,

em ( +k—DTy (-1, 2,...,j+k),0<j+k—1=<m,
with the complete symmetric function 7;(x9, x1, ..., x,) which is the sum of all
products of xg, x1, ..., x, of total degree j, j € N, and 79 (xg, X1, ..., x,) := 1.

Thus we can rewrite (B,(, ,p€v) as

v 1/+k i c,i—Tk(l' + k)!x!
v +k)! (np)c vtk

(B e (x) = (16)

i!

x > plo(1,2, vtk = D (1L2, i k).

As a corollary we present the results for v = 0, 1, 2.
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Corollary 2 For k € Ny the images for the first monomials are given by

k

) P -
(B, eo)(x) (np)C»k -nok,
® pht! il 1
Bnpen) (0 = (np)ktL n 2k 1+ + (n+ck)x |,
(BMer)(x) = ﬂ,nc; 1 3k+1 k+1 3k+5
(np)C,kiz 2 6 p 602

+(n + ck) ((k +1) (1 + %) x4 (n+ctk+ 1))x2)] )

Proof For k = 0 the identities follow from Theorem 1. For k£ € N we derive the
proposition by using the representation (16) and the fact that for m € N

oo(l,...,m)=m19(1,...,m) =1,

1
o(l,....m)=7(1,...,m) = Em(m—i—l),
oy(l,...,m) = %(m — Dm(@m + 1)(Bm + 2),

o, ...,m) = %m(m+l)(m+2)(3m+l). 0

In the following theorem we state a representation of B,(zlfl),e,, in terms of the images
of monomials of the operators B,(,k). This underlines the close relationship beween
the linking operators B,(,]f}] and the kth order Kantorovich modification of the classical
operators B;,.

Theorem 3 The images of the monomials under B( ) p» can be expressed as

v! (0 k)!
(B e (x) = Y (np)c g Z s == (B @), k € No,
where s,’:_’,i denote the Stirling numbers of first kind.

Proof For v € N and k = 0 we derive from (14)

v—1
(Bupe)() = )prn,mH(mH)
=0
I B S WP NOAY
= (npw;sy(pm ;pn,,u) (n)

_ i i Be; .
(np)c,zgsmn) (Buer)(x)
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For k € N the conclusmn follows by using (B e,,) =@ Jrk),D (Byu,pev+k) and
D¥(Bye;) = " ),(B e,-_k),respectlvely. |

For the case k = 0 a corrresponding result for the Bernstein operators can be
found in [17, Theorem 3.2.1].

3 Explicit Formulas for the Moments

Next, we consider the moments of B, , and B,Ek/), For abbreviation, we use the
notation

M (x) = [By(/f,))(el - xeo)m] (x), m € Ny, x € [0, 00) (17)
where we again omit the superscript (k) in case k = 0. We use the fact that
m
k m - k
M ) = Z(:) (V)(—x)m Y(BM e, ().
V=

Again, we first treat the case k = 0.

Theorem 4 Letn e R, pe Ry, m € Ny, np > c(m — 1). Then

My p0(x) =1, (18)
M, 0 1(x) =0, (19)
" ; pl/—i-m i Y
My, pm(x) = (=) +Z< x) ZW(— ) ( V) (20)
nc,ﬁ v— 1

X oA (D m =2,

Proof Equations (18) and (19) follow immediately from Corollary 2.

In order to prove (20) we apply Theorem 1. With the index transformi — i — m +
v, changing the order of summation and applying the index transform v — v+m —i,
we derive

Mn,p,m(x)

= (0" + ) ":)( -0 p)wz — (A'rlpﬁ(l))xl

1 >
(

N
Il

v

m-—v p
1
v =D (np)e-t

3

= (0" +

M=

1

N
Il

c,i—m+v

m
Ai—m+l/—1 pl) i
X z —(z—m—i—u—l)'( 1 pL,(1)) x

i=m—v+1



kth Order Kantorovich Modification ... 239

m m-—v py
= +2x > ()( Py

v=m+1-—i

nc,t—m+l/

i—m+v—1
X(i—m—l—y—l)' (Al pg(l))

” ; i m . py+m—i
( X) ( X) y— ( — l/)( ) (np)c,lf+m—z
X (Vn ’ 1)| ( ]1/ 1p£+m 1(1)) : D

Remark 3 Analogously as for the images of monomials, (20) can be rewritten as

m ) i pz/+m—i ('m
(. o c,v
Mapn () = (0" + 3 (=)' 3 (np)wm,in (l._y)

i=1

XZ( 1yt =0 )'p’/+m7i(1+n).

Next, we consider the special cases p = 1 and p — oo.
p = 1: With [5, (3.48)]

- . v+m—i
Ay 1p11/+m—i(1)=(7/+m—l—1)!( 1/ )

we get

o m! < n¢v
My () = (=) + (=02 D (=1
v=1

i=1 -
iN\fv+m—i—1

X b
v v—1

which coincides with the result in [18, Korollar 1.12] and with [7, Korollar 4.4] with

s = —1 and n + ¢ instead of n there.

pl/+m—i 1
(np)c,l/+m7i - nu+m7i and

p — oo: Then

AV 1p1/+m 1(1) =w-D! Uu+m i
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Thus

Mn,oo,m(x) = (_x)m + Z(_x)i Z n::_;n_i ( )( 1) 1/+m it
i=1

v=1
In our next theorem, we evaluate the moments for the case k € N.

Theorem 5 Letn e R, pe Ry, ke N, m e No, np > c(m+k —1). Then

*) prtmitk m
My pm ) = Z< x)lZm( " (,_V) @D
i=0
+m-—0D! W4k k-1
) w+m—i+k)! v n AT (D

Proof The result can be proved by using Theorem 2 and carrying out the same steps
as in the proof of Theorem 4. ]

Remark 4 With (10), we can rewrite the representation (21) as

M(k) m(x)

o ] (np)SvIm=itk \i —v ) (v +m —i +k)!
1=

v=0
v+k—1
cy+k(V+k) z (— 1)kt 1+n 1 (1 + ).
. R4k —1—r)! Py tm—ith
R=

From Theorem 5 we derive the following identity for the special cases p = 1 and
p —> Q.
p = 1: With [5, (3.48)] we have

k=11 . v+m—i+k
AT py+m—i+k(1):(V+m_l+k—l)!( bk .

Thus

cu+k
0 ;m v+m—i+k—1
n 1m(.X) Z( )C) ! Z(_]) Cy-',—m l-‘rk( )( l/+k —1 )

This coincides with the result [7, Korollar 4.4] for the moments of the auxiliary

operators named M), x—1 there.
pl/-‘rm—i +k 1

c,v+m—i+k - v+m—i+k
(np)-=1=  n

p — oo: Then and
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v+k—1 oo _ v+k
A1 py+m—i+k(1) - (V+k_ 1)!0V+m—i+k'

Thus

k
M%)

i cu+k
LW m = DIWHR!
_ZO( x)! Z e l+k< )(—) O rm— il inm—i+k.

With the same notations and arguments used for Corollary 2, the moments (20)
and (21) can be computed by using

+k—1
AY p5+m—j+k(1)
m—j
=w+k=D1D> plo(1. 2. vdm—j k= D7 (12.....v+k).
=0

Corollary 3 For k € Ny the first moments are given by

® A y® P xd 1
M . nek, ek k(14 =)+ 2e).
po) = ol h M o) = s ( +p)( +2ex)

MY () = ﬂn* (1 + l) [[n +c (1 + 1) k(k + 1)} x(1+ cx)
(np)“k+2 P p

—[(3k+ 1)(1 + l) + 3k+5“.
2 p p
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