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Abstract In computational geometry, problem of generating random geometric
objects are very interesting and extensively studied problems. In this paper we
propose a new algorithm to generate an empty convex polygon from a subset of
given point set. Let S = {p1,ps,...,p,} be the given point set lying in R?. The
proposed algorithm generates a random empty convex polygon consisting of
k vertices in S. In preprocessing phase we compute Convex Hull Layers CL(S) in
O(nlogn) time. By using the visibility relationship in Convex Layers, the proposed
algorithm generates a random empty convex polygon in O(logn + k) time which is
improved over the existing solution for this problem.
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1 Introduction

In computational geometry, generating random geometric objects like simple
polygon, monotone polygon are extensively studied problems. The theoretical
applications of geometric objects includes testing of various computational geom-
etry algorithms and verification of the algorithm being tested. There exist a lot of
heuristics [1] to generate a random polygon from n points. Much efforts has also
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been applied to generate a specific class of polygons like monotone polygons [2],
star shaped polygons [1].

In this paper, our focus is on convex polygons with vertices in S rather than
simple polygons with vertices of S. Generation of empty convex k-gons and
counting of empty k-gons in given point set are the problems of this category.

In [3] problem of large convex holes in random point set has been discussed.
Counting version of this problem is also quite popular, some of the recent studies
includes [4, 5]. A random convex polygon has been generated by Zhu et al. [2].
After O(n®) preprocessing on a set S of n points, a convex polygon can be gen-
erated in O(n”) time whose vertices are in S [2]. In this paper, we compute a k-gon
efficiently than that of existing algorithms. Our algorithm involves two phases. The
preprocessing phase involves computing convex layers, which requires O(nlogn)
time. From convex layers we compute visibility information. Visibility information
will be used to compute a k-gon in O(logn + k) time. Hence, proposed algorithm
computes empty k-gon in given point set in O(logn + k) time after a preprocessing
of O(nlogn).

Convex layers finds a lot of applications in a variety of fields. Chazelle [6]
provides some applications of convex layers. In [7] convex layers has been used to
solve TSP problem. In [8] Sadhu et al. applied convex layers to design a heuristic to
generate simple polygon from S.

The outline of the paper is as follows. Section 2 provides some definitions and
other concepts required to solve problem. Section 3 describes the algorithm
designed to solve the problem along with its complexity analysis. Finally in Sect. 4,
we conclude with possible future works.

2 Preliminaries

We use the term points and vertices interchangeably throughout the paper. For a
pair of point p and ¢, the line segment £(p, ¢) is defined as directed line segment
from point p to point q. Henceforth we assume that set S = {p1,pa,...,p.} is given
point set containing n points in R

Definition 1 A polygon P is said to be simple [9] if it consists of straight, non-
intersecting line segments, called edges that are joined pair-wise to form a closed
path.

An edge connecting two points p and g is denoted by e(p, ¢q). The x-coordinate
and y-coordinate of a point p are denoted by x(p) and y(p), respectively. Here and
throughout the paper, unless qualified otherwise, by polygon we mean simple
polygon. By empty polygon we mean no point p € S lies inside the polygon.

Definition 2 A subset S of the plane is called convex if and only if for any pair of
points (p, g) € S the line segment #(p, g) is completely contained in S [9].
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Fig. 1 Convex hull CH(S)

Pit+3

In other terms, a convex hull of given point set is smallest convex set that contains
all points of S. Convex hull of given points is represented by set of vertices, in order,
that defines hull edges. The convex hull of point set S, denoted by CH(S), is shown in
Fig. 1. The CH(S) represents a chain of vertices {p;, pi+1, ..., pj-1,pj,pi} such that
1 £i <£j < n. From now on we assume that vertices of convex hull are given in
counterclockwise order, as shown in Fig. 1. The lower bound to find CH(S) of a given
point set with n points, is Q (nlogn) [10].

Definition 3 A convex chain of a polygon is a sequence of consecutive edges
where the internal angle between two edges is less than 180°.

Consecutive vertices of convex hull forms a convex chain. Convex layers is the
extension to convex hull concept. For the given point set S, its convex layers set CH
(S) is set of convex layer CL; such that each layer CL; € CL(S) is computed by
removing points of all previous layers, i.e. CL;, where j < i from point set S. Hence,
convex layers set CH(S) can be obtained by recursively computing convex hull of
point set and removing points lying on computed convex hull, until point set
becomes empty. The convex layers of a point set are shown in Fig. 2. In [11]
convex layer mentioned to define depth of a point as

Fig. 2 The edge e(p, g) is not
visible to point u, however it
is visible to points v and w

ConvexLayers CL(S)
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Definition 4 The depth of a point p in a set S is the number of convex hulls (convex
layers) that have to be stripped from S before p is removed. The depth of S is the
depth of its deepest point.

For a given point set S = {py,pa,...,p,} We represent its convex hull by CH(S),
whereas set of convex layers will be represented by CL(S). The convex layers set, or
simply convex layers, CL(S) is set of convex layers {CL;,CL,,...,CL,}, where
m is the number of convex layers in given point set. In CL(S), we follow the inward
ordering, hence the outermost layer will be referred as CL; and innermost layer as
CL,,, as shown in Fig. 2. Any layer CL; € CL(S) is defined by sequence of vertices.
From now on the vertices of convex hull are assumed to be in counterclockwise
sequence. Hence, a convex layer CL; is represented by counterclockwise circular
sequence of vertices.

A point p € S is said to be visible [12] from a point g € S if the line segment
£(p,q) does not intersect any other line segment or does not pass through a third
point r € S.

Definition 5 (Edge Visibility). An edge e(p, q) € CL; is said to be visible from a
point u € CL;_y, if p, g and any point r (say, midpoint of e(p, g)) lying on e(p, q) is
visible from u.

Consider Fig. 2, the Convex Layer CL(S) of the point set S consists of three
Convex Layers CL,, CL, and CL;. Figure 2 shows that the edge e(p, q) € CL; is
“not visible” to the point u € CL,, however edge e(p, q) is visible to points v and
w lying on CL,.

3 Algorithm

The objective is to generate a random empty convex polygon from a subset of
points of S. Preprocessing phase requires computation of convex layers followed by
visibility computation.

The convex layers will be computed using the optimal algorithm proposed in [6].
It is an optimal time algorithm, which computes convex layers in O(nlogn) time.
The lower bound to compute convex hull of a given point set with n points is £
(nlogn) [10]. Hence, the convex layer algorithm with Q (rnlogn) time is an optimal
algorithm. The pseudocode in Algorithm 1 describe the preprocessing part before
computing a random convex empty polygon from the subset of point set.

Observation 1 With respect to an edge e(p,q) € CL;, there must exist at least one
vertex v € CL;, visible from the edge e(p, q).

Lemma 1 Line number 6 of the Algorithm I takes O(logn;_,) time, where n;_; is
the number of edges in CL;_;.
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Fig. 3 The edge e(p, g) lies e
inside the convex polygon q D
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Proof Let the edges of the layer CL,, be {ej,e1,...,ex}, where
k= (j+mn;_; —1). Consider Fig. 3. These sequence of edges forms an initial
convex chain. Now, the line ¢(p, q) passing through the edge e(p, g) € CL; must
intersect the CL;—; at two points which are to be found. We compute an index
mid = (j + k) /2. We check in O(1) time whether the line £(p, g) passes through e;
and(or) e,;4. If yes, we found intersection(s). Otherwise, we test in which side of the
line £(p, q), the edges ¢; and e, lies. O

There are two possible cases:

Case 1 The edges ¢; and e, lie on the same side of {(p, q). Here, (p, q) intersect
either the convex chain {eji1,€i2,...,€ma—1} or the convex chain
{emid+1,€mid+2; - - ., ex} depending on the angles 0;, 0,,;; and Opiqi (Refer to Fig. 3),
where midl is the index of the edge e,,;s; and is given by midl = j + (mid — j)/2.
Find out the angle ¢; formed by the edge e(p, ) and line segment £(p, r) where r is
any one of the end points of the edge e;. Similarly find out the angles 6,,;; and 0,,,;41
formed by the edge e(p, ¢g) with the line segments £(p, s) and {(p, 1) respectively,
where s and ¢ are any one of the end points of the edge ¢,,;; and e,,;;; respectively.
These three angles can be computed in O(1) time. Now, if the value of 6,4 lies in
between 6; and 0,4 then we have to consider only the convex chain
{€mid+1;€mia+2, - - -, ex }, because the line £(p, ¢) will pass through this convex chain
only. Hence we reject other convex chain. However, if 6,,,,; is either greater than or
less than both 6; and 6,,,;,, we will consider the convex chain {ej,1, €12, ..., €mnia—1}
rejecting the other convex chain.

Case 2 The edges ¢; and e, liec on the different sides of £(p, q). In this case the
line ¢(p,q) will intersect both the convex chains {eji,ej;2,...,€mig—1} and
{€mid+1; €mid+2, - - -» €} Hence both the convex chains are to be considered. We
search for intersecting point by recursive procedure by assuming each such convex
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chain as the initial convex chain. The intersection points are determined by binary
search like procedure and hence, this operation will take O(logn) time.

Let m be the number of convex layers in convex layers set CL(S). In step 1 of the
Algorithm 1, convex layers set CL(S) computed using optimal algorithm to com-
pute convex layer proposed in [6].

Algorithm 1: Preprocessing

Input: Point Set S = {p1,p2,...,Di,- -, Dn}
Output: Convex Layers Set CL(S) = {CL1,CLs,...,CL,,} and
ArrayTable[ n ][ n |, ArrayBn]

1 Compute the Convex Layers CL(S) of S

2 Initialize each entry of the array B[ n | to zero

3 for i =2 to m do

4 for each edge e(p,q) € CL; do

5 Find the number (say t) of vertices v € C'L;_1 , from which the
edge e(p, ¢) is completely visible

6 B[t]— B[t]+1

7 Store the edge id e.id of the edge e(p, q) in Table[[ ¢ |[B[ t ]]

In Algorithm 1, the tth row of the Table, i.e. Table[t] store the edge-id of those
edges € CL(S) which are visible from exactly # number of vertices. The number of
edge ids stored in each rth row of Table[][] are stored in B[f].

Observation 2 The Algorithm 1 takes O(nlogn) time.

Proof Step 1 of the Algorithm 1 requires computation of Convex Layers of S. To
compute convex layers set CL(S) we use optimal algorithm proposed in [6], which
computes CL(S) in O(n fogn) time. Then it computes the set of visible vertices for
all the edges lying on the Convex Layer, except outermost layer CL,. Hence by
lemma 2, the time complexity of the Algorithm 1 is O(nlogn). O

Once the preprocessing part is over, we can generate a random convex (empty)
polygon using the Algorithm 2.

Theorem 3 The Algorithm 2 computes a random convex polygon (consisting of k
vertices) in O(logn + k) time after the preprocessing part is over.

Proof Line number 4 of the Algorithm 2 takes O(log n) time as proved in lemma 2.
The if-else statement of the Algorithm 2 takes O(k) time to process the visible
vertices. Hence, the overall time complexity of Algorithm 2 is O(logn + k). O

The Fig. 4 shows how an empty Convex Pentagon is randomly generated by the
Algorithm 2 after the preprocessing part is over. As shown in Fig. 4, one can
generate an empty convex quadrilateral using the edge e(p, ¢) and any two vertices
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Convex Polygon P

Fig. 4 The set of vertices Convex Chain CC
visible from the edge e(p, -
q) € CLy is V, = {v;, vj, v}
and a convex pentagon (i.e.
k = 5) P is generated after
selecting the random edge e

from the set V,. Our algorithm constructs an empty convex polygon using two
adjacent Convex Layers CL; and CL;,;.

Algorithm 2: Convex Polygon Generation
Input: CL(S),Table[n][n],B[n ]k
Output: Convex Polygon P consisting of k vertices

1 u— (k—2) > Since the convex
polygon P will be generated after selecting an edge e which will be part of
the P, we will consider (k — 2) points from the CL(S) (except the two
end points of the edge ¢)

2 Randomly select an edge e from the t;, row (where t > u and B[t ] > 0)
of the Table[ ][ ]

3 V. « Set of vertices visible from e € CL; , where V, € C'L;;+1 and
ec CL,L

4 if (Jt| == |u|) then

Connect the vertices V. in the order in which they appear in the layer

L CL; to form a convex chain CC

6 else

7 Select randomly |u| number of vertices from the V, and connect them
in the order in which they appear in the layer C'L; to form a convex
chain C'C;

8 Connect the two end vertices of CC' with the two end points of e to get a
convex Polygon P
9 return Polygon P

4 Conclusion and Future Works

Proposed algorithm computes empty convex polygon in given points set. In pre-
processing part, convex layers set CL(S) and the visibility relations among its edges
are computed. After O(nlogn) preprocessing task, a random empty convex
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polygon consisting of k vertices is generated in O(logn + k) time which is much
faster than the existing algorithm [2].

Proposed algorithm computes empty convex polygon by considering two
adjacent convex layers. However, in some cases it may be possible that the empty
convex polygon consisting of k vertices cannot be generated using only two
adjacent Convex Layers. Hence, as a future work, we can use more than two
neighboring Convex layers of CL(S) to generate a random empty convex polygon.
However, it would be a challenging task to compute empty convex polygon by
considering all layers in O(logn + k) time.
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