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Preface

The approximation theory, optimization theory, theory of variational inequalities,
and fixed point theory constitute some of the core topics of nonlinear analysis.
These topics provide most elegant and powerful tools to solve the problems from
diverse branches of science, social science, engineering, management, etc.

The theory of best approximation is applicable in a variety of problems arising
in nonlinear functional analysis. The well-posedness and stability of minimization
problems are topics of continuing interest in the literature on variational analysis
and optimization. The variational inequality problem, complementarity problem,
and fixed point problem are closely related to each other. However, they have their
own applications within mathematics and in diverse areas of science, management,
social sciences, engineering, etc. The split feasibility problem is a general form of
the inverse problem which arises in phase retrievals and in medical image
reconstruction. This book aims to provide the current, up-to-date, and compre-
hensive literature on different topics from approximation theory, variational
inequalities, fixed point theory, optimization, complementarity problem, and split
feasibility problem. Each chapter is self-contained and contributed by different
authors. All chapters contain several examples and complete references on the
topic.

Ky Fan’s best approximation theorems, best proximity pair theorems, and best
proximity point theorems have been studied in the literature when the fixed point
equation 7x = x does not admit a solution. “Best Proximity Points” contains some
basic results on best proximity points of cyclic contractions and relatively non-
expansive maps. An application of a best proximity point theorem to a system of
differential equations has been discussed here. Although, it is not possible to
include all the available interesting results on best proximity points, an attempt has
been made to introduce some results involving best proximity points and refer-
ences of the related work have been indicated.

“Semi-continuity Properties of Metric Projections” presents some selected
results regarding semi-continuity of metric projections onto closed subspaces of
normed linear spaces. Though there are several significant results relevant to this
topic, only a limited coverage of the results is undertaken, as an extensive survey is
beyond our scope. This exposition is divided into three parts. The first one deals
with results from finite dimensional normed linear spaces. The second one deals
with results connecting semi-continuity of metric projection maps and duality

vii


http://dx.doi.org/10.1007/978-81-322-1883-8_1
http://dx.doi.org/10.1007/978-81-322-1883-8_2

viii Preface

maps. The third one deals with subspaces of finite codimension of infinite
dimensional normed linear spaces.

The purpose of “Convergence of Slices, Geometric Aspects in Banach Spaces
and Proximinality” is to discuss some notions of convergence of sequence of slices
and relate these notions with certain geometric properties of Banach spaces and
also to some known proximinality properties in best approximation theory. The
results which are presented here are not new and in fact they are scattered in the
literature in different formulations. The geometric and proximinality results dis-
cussed in this chapter are presented in terms of convergence of slices, and it is
observed that several known results fit naturally in this framework. The presen-
tation of the results in this framework not only unifies several results in the
literature, but also it allows us to view the results as geometric results and
understand some problems, which remain to be solved in this area. The chapter is
in two parts. The first part begins from the classical works of Banach and Smulian
on the characterizations of smooth spaces and uniformly smooth spaces (or uni-
formly convex spaces) and present similar characterizations for other geometric
properties including some recent results. Similarly, the second part begins from the
classical results of James and Day on characterizations of reflexivity and strict
convexity in terms of some proximinality properties of closed convex subsets and
present similar characterizations for other proximinality properties including some
recent results.

“Measures of Noncompactness and Well-Posed Minimization Problems” is
devoted to present some facts concerning the theory of well-posed minimization
problems. Some classical results obtained in the framework of that theory are
presented but the focus here is mainly on the detailed presentation of the appli-
cation of the theory of measures of noncompactness to investigations of the
well-posedness of minimization problem.

“Well-Posedness, Regularization, and Viscosity Solutions of Minimization
Problems” is divided into two parts. The first part surveys some classical notions
for well-posedness of minimization problems. The main aim here is to synthesize
some known results in approximation theory for best approximants, restricted
Chebyshev centers and prox points from the perspective of well-posedness of these
problems. The second part reviews Tikhonov regularization of ill-posed problems.
This leads us to revisit the so-called viscosity methods for minimization problems
using the modern approach of variational convergence. Lastly, some of these
results are particularized to convex minimization problems, and also to ill-posed
inverse problems.

In “Best Approximation in Nonlinear Functional Analysis,” some results from
fixed point theory, variational inequalities, and optimization theory are presented.
At the end, convergence of approximating sequences and the sequence of iterative
process are also given.

In “Hierarchical Minimization Problems and Applications,” several iterative
methods for solving fixed point problems, variational inequalities and zeros of
monotone operators are presented. A generalized mixed equilibrium problem is
considered. The hierarchical minimization problem over the set of intersection of
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fixed points of a mapping and the set of solutions of a generalized mixed equilibrium
problem are considered. A new unified hybrid steepest-descent-like iterative
algorithm for finding a common solution of a generalized mixed equilibrium
problem and a common fixed point problem of uncountable family of nonexpansive
mappings is presented and analyzed.

“Triple Hierarchical Variational Inequalities” is devoted to the theory of var-
iational inequalities. A brief introduction of variational inequalities is given. The
hierarchical variational inequalities are considered, and several iterative methods
are presented. The triple hierarchical variational inequalities are discussed in detail
along with several examples. Several solution methods are presented.

“Split Feasibility and Fixed Point Problems” is devoted to the theory of split
feasibility problems and fixed point problems. The split feasibility problems and
multisets split feasibility problems are described. Several solution methods,
namely, CQ methods, are presented for these two problems. Mann-type iterative
methods are given for finding the common solution of a split feasibility problem
and a fixed point problem. Some methods and results are illustrated by examples.

The last chapter is devoted to the study of nonlinear complementarity problems
in a Hilbert space. A notion of *-isotone is discussed in relation with solvability of
nonlinear complementarity problems. The problem of finding nonzero solution of
these problems is also presented.

We would like to thank our colleagues and friends who, through their
encouragement and help, influenced the development of this book. In particular,
we are grateful to Prof. Huzoor H. Khan and Prof. Satya Deo Tripathi who
encouraged us (me and Prof. S. P. Singh) to hold the special session on
Approximation Theory and Optimization in the Indian Mathematical Society
Conference which was held at Banara Hindu University, Varanasi, India during
January 12-15, 2012. Prof. S. P. Singh could not participate in this conference due
to the illness. Most of the authors who contributed to this monograph presented
their talks in this special session and agreed to be a part of this project.

We would like to convey our special thanks to Mr. Shamim Ahmad, Editor,
Mathematics, Springer India for taking keen interest in publishing this book.

Last, but not the least, we would like to thank the members of our family for
their infinite patience, encouragement, and forbearance.

Aligarh, India, February 2014 Qamrul Hasan Ansari
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Best Proximity Points

P. Veeramani and S. Rajesh

Abstract Ky Fan’s best approximation theorems, best proximity pair theorems, and
best proximity point theorems have been studied in the literature when the fixed point
equation Tx = x does not admit a solution. This chapter contains some basic results
on best proximity points of cyclic contractions and relatively nonexpansive maps. An
application of a best proximity point theorem to a system of differential equations
has been discussed. Though it is not possible to include all the available interesting
results in best proximity points, an attempt has been made to introduce some results
involving best proximity points and references of related work have been indicated.

Keywords Best approximant - Best proximity point - Best proximity pair + Cyclic
contraction theorem - Best proximity point theorem - Relatively nonexpansive map-
pings - Set-valued maps + Upper semicontinuity for set-valued maps + Strictly normed
spaces * Banach contraction theorem

1 Introduction

Consider the equation 7x = x, if the equation Tx = x does not possess a solution,
then it is contemplated to resolve the problem of finding an element x such that x is
in proximity to 7x. In fact, the “Ky Fan’s best approximation theorems” and “Best
proximity pair theorems” are pertinent to be explored in this direction. In the setting
of a metric space (X, d),if T : A — X, then a best approximation theorem provides
sufficient conditions that ascertain the existence of an element xy, known as best
approximant, such that

P. Veeramani () - S. Rajesh
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2 P. Veeramani and S. Rajesh
d(xg, Txg) = dist(T xg, A),

where dist(A, B) := inf{d(x,y) : x € A and y € B} for any nonempty subsets A
and B of X. Indeed, a classical best approximation theorem, due to Ky Fan [14], states
that if K is a nonempty compact convex subset of a Banach space X and 7 : K — X
is a single-valued continuous map, then there exists an element xo € K such that

d(xg, Txg) = dist(T xq, K).

Later, this result has been generalized by many authors [2, 5, 6, 24-26, 32]. Despite
the fact that the existence of an approximate solution is ensured by best approximation
theorems, a natural question that arises in this direction is whether it is possible to
guarantee the existence of an approximate solution that is optimal. In other words,
if A and B are nonempty subsets of a normed linear space and 7 : A — Bisa
mapping, then the point to be mooted is whether one can find an element xop € A
such that
d(xg, Txo) = min{d(x, Tx) : x € A}.

An affirmative answer to this poser is provided by best proximity pair theorems. A
best proximity pair theorem analyzes the conditions under which the optimization
problem, namely

mind(x, Tx)

X€A

has a solution. Indeed, if 7 is a multifunction from A to B, then
d(x, Tx) > dist(A, B),

where d(x, Tx) = dist(x, Tx) = inf{d(x,y) : y € Tx}. So, the most optimal
solution to the problem of minimizing the real-valued function x — d(x, Tx) over
the domain A of the multifunction 7' will be the one for which the value dist(A, B)
is attained. In view of this standpoint, best proximity pair theorems are considered
to expound the conditions that assert the existence of an element x( such that

d(xg, Txg) = dist(A, B).

The pair (xq, T xo) is called a best proximity pair of T and the point x is called a best
proximity point of T. If the mapping under consideration is a self-mapping, it may
be observed that a best proximity pair theorem boils down to a fixed point theorem
under certain suitable conditions. Because of the fact that

d(x,Tx) > dist(Tx, A) > dist(A, B), forallx € A,

an element xg satisfying the conclusion of a best proximity pair theorem is a best
approximant but the refinement of the closeness between xy and its image 7' x is
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demanded in the case of best proximity pair theorems. For a detailed study on fixed
point theory, one may refer [16, 17, 27, 30, 33].
Now, we will give some of the basic definitions which we use in this chapter.

Definition 1 Let X be a normed linear space over F, where F is R or C. The closed
unit ball of X is defined as {x : x € X, ||x|| < 1} and is denoted by By. The unit
sphere of X is defined as {x : x € X, ||x|| = 1} and is denoted by Sx.

Definition 2 A normed linear space is said to be a Banach space if the metric
induced by the norm is a complete metric.

Definition 3 A normed linear space is said to be rotund or strictly convex or strictly
normed if H % || < 1 whenever x1 and x; are different points of Sy.

If the normed linear space X is strictly convex, then the norm ||.|| of X is also
called as strictly convex norm.

1
Example 1 [22] In R", for 1 < p < oo, define .||, by lIxll, = {3/, | xi |7}?
where x = (x1, x2, ..., x,) € R". Then (R", ||.||,) is strictly convex.

Definition 4 Let X be a nonzero normed linear space. Define a function §y :
[0, 2] — [0, 1] by the formula

3x(8)=inf[1— H%(x”)'

:x,yeSx,le—yllzs]

Then 6 is called the modulus of rotundity or modulus of convexity of X. The space
X is said to be uniformly rotund or uniformly convex if §x > 0 whenever0 < ¢ < 2.
Also note that, if X is uniformly convex, then X is strictly convex.

Remark 1 Suppose X is a strictly convex finite dimensional normed linear space.
Fore € (0,2],1let A, = {(x,y) : x,y € Sy and ||x — y|| > &}. Since norm is a
continuous function, A; is a closed subset of the compact set Sy x Sx. Hence, there
exists (xp, yo) € Ag such that §x(e) = 1 — ||@H. Since X is strictly convex,
[ @ | < 1. Therefore, 8x(¢) > 0, for & € (0, 2]. Hence, X is uniformly convex.

Example 2 [22] For 1 < p < oo, [, = {x = {Xn}neN : D ey | X0 IP< oo} is
1

uniformly convex with respect to ||.|| ,, where [|x]|, = {ZneN | Xn |p}P ,x €1y

Definition 5 A nonempty subset K of a normed linear space X is said to be bound-

edly compact if K N B[x, r] is compact for every x € X and r > 0, where B[x, r]
is the closed ball-centered at x and radius r.

Example 3 Itis easy to see that every finite dimensional subspace of a normed linear
space is boundedly compact.

If X is a normed linear space, then the notation X* and the term “the dual space
of X always refer to the dual space of X with respect to the norm topology of X.
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Definition 6 [22] Let X be a normed linear space. Then the topology for X induced
by the collection

S = {f_l(U):feX*,UisopeninIE‘}, where F =R or C

is called the weak topology of X or the X* topology of X or the topology o (X, X™).

Definition 7 Let X and Y be topological spaces. A multivalued map or multifunction
or set-valued map T from X to Y denoted by 7 : X — 2" is defined to be a function
which assigns to each element of x € X a nonempty subset 7x of Y. A fixed point
of the multifunction 7 : X — 2% will be a point x € X such that x € Tx.

Example 4 Consider X = R? with ||.|oc norm. Then the function Pp, 1 X —
By defined by Pp,(x) := [y €EBx:|llx—yl= ian lx — Z||] is a multivalued
Z€EDby

function.

Definition 8 Let X and Y be topological spaces.Let 7 : X — 2Y be amap. The map
T is said to be upper semi-continuous (u.s.c)if T-1(A) :=={x € X : Tx N A # &)
is closed in X whenever A is a closed subset of Y.

In case of Y = R and T is a single-valued map, we say that 7" is upper semi-
continuous at x € X, if T(x) > limsup 7T (xy) = igf sup T'(xg), whenever {x, :

o a<

o € D} is anetin X such that x, converges to x, wherf D is a directed set and
f D — Xisdefined by f(a) = x4, fora € D.

We say that T is upper semi-continuous on X if it is upper semi-continuous at
each point of X.

Example 5 Let X = R2, K = [0,1] x {0}. Let T : K — 2X be defined by
T(a,0) = {(0,1)}; if a # 0 and T (a,0) = the line segment joining (0, 1) and
(1,0);if @ = 0. Then T is upper semi-continuous.

Proposition 1 Let A be a compact subset of a metric space (X, d). Then the metric
projection Py : X — 24 defined as Py(x) = {y € A : d(x,y) = dist(x, A)} is
upper semi-continuous.

Proof Let C be a nonempty closed subset of A. We claim that PXI (C) is a closed
subset of X. Let {x,} be a sequence in PA_I(C) such that x, converges to xg, for
some xg € X. Since {x,} C PXI(C), for each n € N there exists y, € C, such that
d(x,, yp) = dist(x,, A).

As A is compact, {y,} has a subsequence, say {yy, } such that y,, converges to yo,
for some yp € A. Since the distance functions d(., .) and dist(., A) are continuous,
we have d (x,, , yn, ) converges to d(xo, yo) and d(xp, , yn,) = dist(x,,, A) converges
to dist(xp, A). Thus, d(xo, yo) = dist(xg, A). As C is a closed subset of the compact
set A and {y,,} € C such that y,, converges to yo, yo € C. Thus, thereisa yp € C
such that d(xg, yp) = dist(xp, A), that is, xg € PA_l(C ). This proves our claim. [J
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Definition 9 Let X and Y be topological spaces. Let T : X — 2Y be amap. The map
T is said to be lower semi-continuous (1.s.c) if T~1(A) := fxeX:TxNA # o}
is open in X whenever A is an open subset of Y.
In case of ¥ = R and T is a single-valued map, we say that T is lower semi-
continuous at x € X, if T(x) < lin}x inf T (xy) = sup 1r<1€3 T (xp), whenever {xy :
a A=

a € D} is anetin X such that x, converges to x, where D is a directed set and
f 1 D — X isdefined by f(«x) = x4, fora € D.

We say that T is lower semi-continuous on X if it is lower semi-continuous at
each point of X. In this case, it is easy to see that T is l.s.cif and only if =7 = (—T)
isu.s.c.

Proposition 2 Suppose X is a topological space and T : X — R is a single-valued
map. Then the following statements are equivalent:

(a) T is lower semi-continuous.
(b) {x € X :T(x) > «a} is open, for each a € R.
(c) {x e X :T(x) <a}isclosed, for eacha € R.

Proof 1Tt is easy to see that (b) < (c). Hence, it is enough to prove (a) < (c).
Suppose T : X — Ris L.s.c. It is claimed that, foreachr e R, X, = {x € X :
T(x) <r}isclosedin X. Let {x,} be a net in X, such that x, converges to xo € X.
Then T (xg) < liminf T (xy).
o
Since x, € X, T(xy) < r, for all «. Thus, for each «, in% T(xg) < r.Hence
as<

T (x0) < lirrb inf T (xy) < r. Therefore, xg € X, and hence X, is closed in X. This
establishes (a) = (c).
Conversely, suppose for eachr € R, X, = {x € X : T(x) < r}isclosed in X.
Then X\ X, is open in X. Let {xy} be a net in X such that x,, converges to xo € X.
Now, for every ¢ > 0, let V, = {x € X : T(x) > T(xp) — €}. Then xo € V;
and V; is open in X. Since x, converges to xo, there exists ag such that xg € V,,
for all B > «g. Thus, T (xg) — ¢ < infﬁ Tx) < lin}xinf T (xy) and hence T (xg) <
o=

liminf T (xg). This proves (c) = (a). 0
o

Remark 2 Suppose T : X — R is a map on a topological space X. Then the
following statements are equivalent:

(a) T isu.s.c.
(b) {x e X:T(x) <a}isopenin X, foreach o € R.
(¢) {(x e X:T(x) > a}isclosedin X, for each ¢ € R.

Suppose T : X — R is a map on a topological space X. Then, it is easy to
verify that T is continuous if and only if 7" is both lower semi-continuous and upper
semi-continuous.

Proposition 3 Let X be a normed linear space. Then the norm ||.|| is weakly lower
semi-continuous on X (that is, |.|| is Ls.c. with respect to the weak topology on X).
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Proof As norm is a continuous function, for each @ € R, the set Fy, = {x € X :
x|l < a}isaclosedsetin X.Itisalsoclearthat Fy, is aconvex set. Hence Fy, is weakly
closed. This proves that the norm function ||.|| is weakly lower semi-continuous. [

Next, we prove a result which assures that a lower semi-continuous function
defined on a weakly compact set attains its infimum.

Proposition 4 Let K be a weakly compact subset of a Banach space X and let
f 1 K — R be a function such that f is weakly lower semi-continuous(that is, f
is I.s.c with respect to the weak topology on X ). Then there exists xo € K such that

fx0) = inf f(x).

Proof Given that f is l.s.c. Then for each @ € R, f~!(«, 00) is a weakly open set
inK and K = g £~ (@, 00).

Since K is a weakly compact set, there exists o, a2, ..., &, such that K C
U;"Zl f_l(ozi,oo) and hence K C f‘l(ozo,oo), where @9 = min{e; : i =
1,2,...,m}.

Letg = inlf( f(x).Forn € N, there exists x, € K suchthat 8 < f(x,) < ,8+%.
Xe

Since K is weakly compact, every sequence in K has a subsequence, which
converges weakly in K. Hence {x,} € K has a subsequence, say {x,, } such that x,,
converges weakly to xq, for some xg € K.

Since f is a lower semi-continuous function and x,, converges weakly to xq,
f(xo) <liminf f(x,,).Butg < f(x,) < B+ % hence f(xg) = B. O

Proposition 5 Let K be a nonempty weakly compact convex subset of a Banach
space X and H be a nonempty bounded subset of X. Let f : K — R be defined
by f(x) =ry(H) =sup{llx — y|| : vy € H}. Then f is a continuous function with
respect to norm and f is a L.s.c function with respect to the weak topology on X.

Proof Suppose {x,} C K such that x,, converges to xo, for some xo € K. Then for
given ¢ > 0O there isa N € N such that forn > N,

llxn — xoll < €&
lxn = Il = llxo = ¥l |< llxa = xoll
lxn — yll — &

<
sup{llx, — yll} —& < sup [lxo — yll < sup{llx, — yll} +¢
yeH yeH yeH

rx,l(H) —& =< on(H) =< rx,l(H) + &
| r(xn)(H) —r(xo)(H) | < e (Note f(x) = ry(H)).

A

&

llxo = Il < llxn — yll +¢

Hence for n > N, we have | f(x,) — f(xo) |< . Thus, f(x,) converges to f(xg).
This proves the continuity of f(x) = r()(H) with respect to the norm topology.
Since the norm ||.|| is a convex function and K is a convex set, we get that f is
a convex function. By the continuity of f, the set F, = {x € K : f(x) < «a}isa
closed subset of K, for each & € R. Also, it is easy to see that F,, is a convex subset
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of K. But for a convex set, weak closure and norm closure are the same. Thus, for
every o € R, F, is weakly closed subset of K. Hence, f is a lower semi-continuous
function with respect to the weak topology on X. (]

2 Best Proximity Pair Theorems

Let A and B be nonempty subsets of a metric space X . We use the following notations
in the sequel.

dist(A, B) :=inf{d(a,b) :a € A, b € B}
Prox(A, B) :={(a,b) € A x B :d(a,b) =dist(A, B)}
Ao :={a € A :d(a,b) =dist(A, B) for some b € B}
By :=1{b € B :d(a,b) =dist(A, B) forsome a € A}

Proposition 6 [3]If A and B are nonempty subsets of a normed linear space X such
that dist(A, B) > 0, then Ay C Bd(A) and By € Bd(B) where Bd(K) denotes the
boundary of K forany K C X.

Proof Let x € Ag. Then, there exists y € B such that d(x, y) = dist(A, B). Since
dist(A, B) > 0, A and B are disjoint. Let K = {(1 —f)x +ty:0 <t < 1}. As K
intersects both A and its complement X\ A, it must intersect the boundary of A. So,
there exists 79 € [0, 1] such that z = (1 — fo)x + toy € Bd(A). To show z = x. It
suffices to show 79 = 0. Suppose 7y > 0, then

d(z,y) = I(1 —t)x + 10y — yll
= —1)llx -yl
= (1 — fp)dist(A, B).

Thus, d(z, y) < dist(A, B), whichis acontradiction. Hencex = zand Ay C Bd(A).
Similarly, we can prove By € Bd(B). U

Theorem 1 (Brouwer’s Fixed Point Theorem) Let B be the closed unit ball in R".
Then any continuous mapping f : B — B has at least one fixed point.

Theorem 2 [13] Let X be a Banach space and K be a nonempty compact convex
subset of X. Let €(K) be the family of all closed convex nonempty subsets of K.
Then for any upper semi-continuous function f : K — &(K), there exists a point
xo € K such that xo € f(xo).

The finite dimensional version of the above theorem is known as Kakutani’s fixed
point theorem for multifunctions.



8 P. Veeramani and S. Rajesh

Theorem 3 (Kakutani’s Theorem) Let X be a finite dimensional Banach space and
K be a nonempty compact convex subset of X. Let €(K) be the family of all closed
convex nonempty subsets of K. Then for any upper semi-continuous function f :
K — &(K), there exists a point xo € K such that xo € f(xg).

Remark 3 Let A and B be nonempty closed subsets of a normed linear space and
x € Ap. Then there exists y € B such that d(x, y) = dist(A, B). This implies that
y € Bpand d(x, y) = dist(A, B) = dist(x, B) < dist(x, Bg) < d(x, y).

Theorem 4 [28] Let A and B be nonempty compact convex subsets of a Banach
space X andletT : A — B be a continuous function. Further, assume that T (Ag) C
By. Then there exists an element x € A such that d(x, Tx) = dist(A, B).

Proof Consider the metric projection P4 : X — 24 defined as Po(x) = {a € A :
la — x|| = dist(x, A)}. As A is a nonempty compact convex set, for each x € X,
P4 (x) is a nonempty closed, convex subset of A. By Proposition 1, P4 is an upper
semi-continuous multivalued map.

Now, it is claimed that P4 (Tx) C Ay, for x € Ag.

Lety € Abesuchthaty € P4(Tx).Then ||Tx —y| = dist(Tx, A). As T (Ap) <
Bo, we have Tx € By. There exists a € A such that |[Tx — a| = dist(A, B).

Now, dist(Tx, A) = |[Tx — y|| < ||ITx — a|| = dist(A, B). Hence for y € A
there exist Tx € B, such that ||Tx — y|| = dist(A, B). Thus, y € Ag. Consequently,
Ps(Tx) C Ag, foreach x € Ayp.

Since A and B are compact sets, Ag # <. Also as T is single valued, we have
P4 o T is a convex-valued multifunction. That is, for each x € Ao, P4(Tx) is a
closed convex subset of Ag.

By Theorem 2, there exists xg € A such that xg € P4 (7T xo) and since Txg € By,
wehave ||Txo—al| = dist(A, B),forsomea € A.Butdist(Txg, A) = ||lxo—T xo|| <
ITxo — all. Thus ||xo — Txol| = dist(A, B). O

The above result has been further generalized by Kim et al., and Kim and Lee,
for more details refer [18, 19]. In [4], Basha et al., obtained similar results.

3 Cyclic Contractions and Best Proximity Point Theorems

Definition 10 Let (X, d) be a metric space and 7 : X — X be a map such that
d(Tx,Ty) < kd(x,y), forevery x,y € X, where k € (0, 1). Then T is called a
contraction mapping on X.

Notice that a contraction mapping is always continuous.

Theorem 5 (Cyclic Contraction Version of Banach Contraction Principle) [21] Let
A and B be nonempty closed subsets of a complete metric space (X,d), and T :
AU B — AU B be a map satisfying:
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(i) T(A) S BandT(B) C A;
(ii) for somek € (0,1),d(Tx,Ty) <kd(x,y), forx € A,y € B.

Then for any xo € A, x, = T"xo — x, where x € AN B is such that Tx = x.
Further d(x,,x) < 1"de()cl, X0).

Proof Letxg € A.Define the iterative sequence {x, : n € NU{0}} by x,4+1 = T (x,),
for n € N U {0} (equivalently, x, = T"(xg), n € N). Let us prove {x,} is a Cauchy
sequence. Now forn € N,

d(Xpq1, Xp) < kd(xn, xXp—1)
=< kzd(xn—l» Xp—2)
d(xpt1, xn) < k"d(x1, x0)

Therefore, for n and m € N, we have

d(xp, xn+m) < d(xy, xn+1) + d(xn+] s xn+2) + ...+ d(anrmfl , xn+m)
< K"d(x1, x0) + K" d(xp, x0) + -+ KT (x1, x0)
= K'd(x1, x) [l +k+ k>4 -+ k"1
< K'd(x1, xo)[1+k+ k> +---]

n

1—k

d(xp, Xpam) < d(x1, x0)

As k € (0,1), {x, : n € NU {0}} is a Cauchy sequence in the complete metric
space X. Thus, x, — x, for some x € X. Since every subsequence of a convergent

sequence converges to the same limit, hence x2, — x and x2,—1 — x.
Notice that {x3, :n € N} C A, {x3,—1 : n € N} C B,thusx € AN B. Now

d(Tx, x2,) < kd(x, X24-1).

Hence x, — Tx. But the limit of a convergent sequence is unique, hence 7Tx = x.
. n . k"
Since d(xy, Xntm) < Td(x1,x0), d(xy,x) = Jim d(xn, Xnm) = T—%

d(xl,X()). O

In case of A = B = X, the Banach contraction principle follows as a corollary
to the above theorem.

Theorem 6 (Banach Contraction Principle) Let (X, d) be a complete metric space
and T : X — X be a contraction. Then T has a unique fixed point, say x in X, and
for each xo € X the sequence of iterates {x, = T"(xo) : n € N} converges to the
fixed point. Further d(x,,x) < %d(xl, X0).

Suppose A and B are nonempty closed subsets of a metric space. Let T be a
self-map on A U B satisfying T(A) € B and T(B) C A. Itis to be noted that if T
satisfies the contraction condition as given in Theorem 5, then AN B # &. In case of
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dist(A, B) > 0, our aim is to find a contraction type condition which will guarantee
the existence of a point x € A such that d(x, Tx) = dist(A, B). Motivated by this,
the authors in [9] introduced the following notion of cyclic contraction.

Definition 11 [9] Let A and B be nonempty subsets of a metric space X. A map
T :AUB — AU B issaid to be a cyclic contraction map if it satisfies:

(i) T(A) C Band T(B) C A.
(ii) for some k € (0,1), d(Tx,Ty) < kd(x,y) + (1 — k)dist(A, B), for all x €
A,y € B.

Since dist(A, B) < d(x,y),forx €e Aandy € B, d(Tx, Ty) < d(x, y) for all
x € A,y € B. Also note that the condition (ii) in the above definition can be written
asd(Tx, Ty) —dist(A, B) < k(d(x, y) — dist(A, B)).

Example 6 Tn (R, ||.|l2),let A ={(0,1): 0 <t <1}and B={(1,1): 0 <1 < 1}.
Define 7: AUB — AUBby T(0,1) = (1, :5£) and T(1, 1) = (0, 15%). Itis easy
to see that dist(A, B) = 1, T(A) € Band T(B) € A. Now, forx = (0,71) € A
andy = (1,) € B,

1—1 1—1n
Tx —Ty|3 = |l{1, — 1o,
e[ (152) - (052)
2
t_
— (1’2_“)
2

2
1

- (1+(t—t)2)+]+1
4 2 472

1\/1+(t t)22+1+1\/1+(t 1)?
) 2 1 4 ) 2 1

12
\/1+(t2—t1)2+—)

2

2

IA

I
N =~
N = N =

2

1 2
100, 11) — (1, 2)l2 + Edist(A, B))

A

L.
ITx = Tyll2 100, 21) — (1, 22) 2 + §d1st(A, B).

Hence T is a cyclic contraction on A U B.

Proposition 7 [9] Let A and B be nonempty subsets of a metric space X. Suppose
T : AUB — AU B is a cyclic contraction map. Then for any xo € A U B,
d(xy, xp+1) — dist(A, B), where xp,41 = Tx,,n =0,1,2,3,....

Proof Fix xo € AU B. Define x,,+1 = Tx,, wheren =0, 1,2, ....Now forn € N,
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d(xp, Xpv1) = d(Txp—1, Txy)
< kd(xp_1, xp) + (1 — k)dist(A, B)
< klkd(xp—2, xn—1) + (1 — k)dist(A, B)] + (1 — k)dist(A, B)
= k®d(xp—2, xn—1) + (1 — k*)dist(A, B).

Hence d(x,, x,41) < k"d(x1, x0) + (1 — k™)dist(A, B). Since k € (0, 1), we have
d(xy, xp+1) — dist(A, B). (I

Next, we give a simple existence result for a best proximity point.

Proposition 8 [9] Let A and B be nonempty closed subsets of a complete metric
space X. Let T : AU B — AU B be a cyclic contraction map and xo € A. Define
Xnt1 = Txp,n=0,1,2,.... Suppose {xy, : n € N} has a convergent subsequence
in A, then there exists x € A such that d(x, Tx) = dist(A, B).

Proof Let {x2,, : k € N}be asubsequence of {x2,}, which converges tosome x € A.
Now
dist(A, B) < d(x, xap,—1) < d(x, x2p,) + d(X2p;, X20,—1)

Since d(x2p;, X2n,—1) — dist(A, B) and d(x, x2,,) — 0, d(x, xp,,—1) — dist
(A, B). Also dist(A, B) < d(x2,, Tx) = d(Tx24,—1, Tx) < d(x24,—1, x). Thus,
d(x2p,, Tx) — dist(A, B).
But, klim d(x2y,, Tx) =d(x, Tx). Hence d(x, Tx) = dist(A, B). O
— 00

The following proposition yields an existence result when one of the sets is bound-
edly compact.

Proposition 9 [9] Let A and B be nonempty subsets of a metric space X. Suppose
T : AUB — AU B is a cyclic contraction map. Then for xo € A U B and
Xnt1 = Tx,, wheren =0, 1,2, ..., the sequences {x2,} and {x2,+1} are bounded.

Proof Suppose xo € A. Itis enough to prove either {x,11} or {x2,} is bounded. For,
by Proposition 7, d(x2;,, x2,+1) converges to dist(A, B) and hence boundedness of
one of the sequence will imply the boundedness of the other sequence.

Let us prove that {x3,+1} is bounded. That is to prove there exists M > 0, such
that for all n,m € N, d(x2;,41, Xom+1) < M. Equivalently for every y € X, there
exist My > 0 such that d(y, x2,41) < My, for all n € N. But it is enough to prove
this for some x € X, then by triangle inequality the result follows for every y € X.

It is claimed that there exists M > 0 such that d(T?xg, xom41) < M for all
m € N.

Suppose {x2;,+1} is not bounded. Let

2d (xo, Txo)
i

M > max | + dist(A, B), d(T*xo, Txo)]. (1)

z
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Then there exists N € N such that d (T%xg, T*N*1(x0)) > M and d (T?x,
T2N=1(x0)) < M. Now

M <d (szo, T2N+1(x0))
<kd (Txo, 72N (xo)) + (1 —k)dist(A, B)
<i2d (xo, TZN—le) + (1 — k>)dist(A, B)

M — dist(A, B) < K [d(xo, T2N=1y0) — dist(A, B)]

M — dist(A, B . _
% +dist(A, B) <d (xo, 72N 1x0)
<d(xg, Txg) +d (Tx(), szo) +d (szo, TZN_lxo)
M — dist(A, B) .
o dist(A. B) < 2d(x0. Txo) + M.

(ki2 - 1) [M — dist(A, B)] < 2d(xq, Txp).

Thus M < Zd(fo—’T]XO) + dist(A, B), which is a contradiction to (1). (Il
-

Theorem 7 [9] Let A and B be nonempty closed subsets of a metric space (X, d)

andlet T : AUB — AU B be a cyclic contraction. If either A or B is boundedly

compact, then there exists x € AU B such that d(x, Tx) = dist(A, B).

Proof Suppose A is boundedly compact. Fix xg € A, let x, = Tx,—1, n € N.
Now, by Proposition 7, d(x,, Tx,) — dist(A, B). Also from Proposition 9, the
sequence {xp, : n € N} € A is bounded. Hence, the sequence {x», : n € N} has a
subsequence, say {x2,, : kK € N} which converges to x, € A. Thus, by Proposition
8, dist(xy, Txy) = dist(A, B). O

As every finite dimensional space is boundedly compact, we have the following
result.

Corollary 1 [9] Let A and B be nonempty closed subsets of a normed linear space
XandletT : AUB — AU B be a cyclic contraction. If either the span of A or the
span of B is a finite dimensional subspace of X, then there exists x € AU B such
that d(x, Tx) = dist(A, B).

Proof Directly follows from the above theorem. (]

Next we proceed to the result which gives the existence, uniqueness, and conver-
gence of the iterative sequence to the unique best proximity point.

Lemma 1 [9] Let A be anonempty closed convex subset and B be a nonempty closed
subset of a uniformly convex Banach space. Let {x, : n € N} and {z, : n € N} be
sequences in A and {y, : n € N} be a sequence in B satisfying:
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(i) llzn — yull — dist(A, B)
(ii) For every ¢ > 0, there exists No such that for allm > n > Ny, ||xn — yull <
dist(A, B) + ¢.

Then, for every € > 0, there exists N1 such that for allm > n > Ny, ||x;, —zull < &.

Proof Suppose there exists g > 0 such that for each k € N, there exists my > ny >
k, for which [|x,,, — zp, || = €9. Choose y € (0, 1) such that &9/y > dist(A, B) and
choose ¢ such that

ist(A, B)d
0<e¢ <min|8—0—dist(A,B),M]
14

1—3x(y)

As the modulus of convexity Jy is strictly increasing and y < W, we have

0 <d8x(y) <dx (dist(ff#)' Also from the choice of &, we have

dist(A, B)Sx(y)
1—38x(y)
(1 =38x(y))e < dist(A, B)dx(y)
— [6x(y) — 1 + 1]dist(A, B)
(1 — 8x(y))(dist(A, B) + &) < dist(A, B)

Now, by assumption (ii), for the chosen ¢ there exist N| such that for all m; > n; >
N1, [1Xm, — Yui Il < dist(A, B) +¢. Also by assumption (i), there exists N> € N such
that for all ng > No, ||z, — yu, |l < dist(A, B) + e. Let No = max{Ny, N>}.

From the uniform convexity of X, for all m; > ny > Ny,

€0 .
< |:1 —8x (m)} (dist(A, B) + ¢)
< [1 —=38x(y)](dist(A, B) + ¢)

< dist(A, B).

Xmy + Zny
kT — Yng

. . Xmy, +2n
As A is convex and y,, € B, dist(A, B) < | 5% — yy,
diction.

Hence for every ¢ > 0, there exists N € N such that forallm > n > N, we have

lxm — znll < e. O

. This gives a contra-

Lemma 2 [9] Let A be a nonempty closed convex subset and B be a nonempty
closed subset of a uniformly convex Banach space X. Let {x,} and {z,,} be sequences
in A and {y,} be a sequence in B satisfying:

(i) llxn — yull — dist(A, B) and

(it) llzn = yall — dist(A, B).

Then ||x, — zn|| converges to zero.
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Proof Suppose ||x, — z,|| does not converge to zero. Then there exists a gg > 0
such that for every k € N, there exists ny € N such that ||x,, — z,, || > &9. Choose
y € (0, 1) such that &9/y > dist(A, B) and choose ¢ such that

dist(A, B)S
0<e< minlg—o — dist(A, B), M]
14 1 —45x(y)

As the modulus of convexity §y is strictly increasing and y < m, we have

0 <déx(y) <éx (dist(:#)‘ Also from the choice of ¢, we have

dist(A, B)Sx(y)
1 —3dx(y)
(1 =38x(y))e < dist(A, B)dx(y)
= [6x(y) — 1 + 1]dist(A, B)
(1 —=6x(y))(dist(A, B) + ¢) < dist(A, B)

From assumptions (i) and (ii), for the chosen ¢ there exists N1 and N, € N such
that ||x, — yull < dist(A, B) + ¢, forn > Ny and ||z, — yu|l < dist(A, B) + ¢,
for n > Np. Let No = max{Nj, N2}. Then [x,, — yu |l < dist(A, B) + ¢ and
Iz, — Y, I < dist(A, B) + e, for n > No.

Since X is uniformly convex, for ny > No,

Xny + Zny < &0 .
—_— = 1 —8x(———— ) | (dist(A, B
B Yny _[ X(dist(A,B)+8)]( ist( )+ ¢)
< [1-6x(y)] (dist(A, B) +¢)
< dist(A, B)
m — Y| < dist(a, B
As A is convex and y,, € B, thus dist(A, B) < w — Yni |- This gives a

contradiction. Hence ||x, — z,|| — O.

In view of the above lemmas, Suzuki et al. [29] introduced a notion of UC property
and proved the existence of best proximity points. Espinola and Fernandez-Le6n [12]
further generalized the UC property and shown the existence of best proximity points.
Abkar and Gabeleh [1] proved the existence of best proximity points, even if the pair
(A, B) does not satisfy the UC property. For more details refer [1, 12, 15, 23, 29]
and the references there in.

Theorem 8 [7, 9] Let A and B be nonempty closed convex subsets of a uniformly
convex Banach space. Suppose T : AU B — A U B is a cyclic contraction map.
Then T has a unique best proximity point in A (i.e., 3! x € A such that ||x — Tx| =
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dist(A, B)). Further, if xo € A and x,+1 = T x,,, then the sequence {x2,} converges
to the best proximity point.

Proof Fix xg € A.Define the iterative sequence {x, : n =0, 1,2, ...} where x,,+1 =
Tx,,n=0,1,2,.... By Proposition 7, ||x;, — xp+1l| = llx, — Tx,|| — dist(A, B)

and [[xp41 — Xn42ll = [ T2 () — Toxn || — dist(A, B).
In particular [x2, — x2p+1]l = llx20 — Tx24|| — dist(A, B) and [[x21+1) —
xontill = |T?(e2n) = T(x2) | — dist(A, B).

ByLemma?2, |[x2, —x2(4+1)ll = 0. Similarly, we can show ||Tx2, —T x5+ 1) | —
0 We want to prove {x3,} is a Cauchy sequence. It is enough to prove for every ¢ > 0
there exists Ng such that forall m > n > Ny, ||x2,, — Tx2,|| < dist(A, B)+¢. Then
by Lemma 1, the result follows.

Suppose not, then there exists ¢ > 0 such that for all k € N, there exists my >
ng > k for which ||x2,,, — Tx2p, || > dist(A, B) + ¢, this m can be chosen such
that it is the least integer greater than ny to satisfy the above inequality. Now

dist(A, B) + & < ||xom; — Tx2n,|l
< x2m — X20m—0) Il + 1X20mp—1) — Tx20 |l
< \x2my — X2(me—1) |l +dist(A, B) + ¢

Hence lim [x2,, — T X2, |l = dist(A, B) + ¢. Also,
k—o00

lx20mi+1) — Tx20+ )1l < kllx2mp41 — T x2p, 411l + (1 — k)dist(A, B)
< k(k||x2m, — Txa, | + (1 — k)dist(A, B)) + (1 — k)dist(A, B)
126me41) — Tx20mps D)l < K21 X2m, — Txan |l + (1 — k)dist(A, B).

Since X2, — X241l = 0, ITx2, — Tx2(4+1)ll = 0, we have

x2m, — Txom I < N%2m; — X20me+D) 1| + 1X20me+1) — TX200+1)
HIT X204 +1) — Tx2n, ||
< lx2m, = Xamen | + K llx2m, — Txan, || + (1 = k*)dist(A, B)
HINT X200 +1) — Tx2n, ||

Letting ny — oo, we get
dist(A, B) + ¢ < k*(dist(A, B) + ) + (1 — k*)dist(A, B) = dist(A, B) + k¢

Since k < 1, the above inequality gives a contradiction. Thus, {x2,} is a Cauchy
sequence in the closed subset A of the Banach space X, hence x», — x, for some
x € A. From Proposition 8§, it follows that || x — Tx|| = dist(A, B).

Suppose x, y € A are such that x # y and ||x — Tx|| = dist(A, B) = ||y — Ty]||.
Now [T2x — Tx| < |lx — Tx|| = dist(A, B), thus ||T%x — Tx| = dist(A, B),
similarly |72y — Ty| = dist(A, B). Letu,, = x, w, = T?>x andv, = Tx,n € N.
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From Lemma 2, T2x = x. Similarly, we can show T2y = y. Therefore,

ITx =yl = | 7 = 72 < 1x = 71,

1Ty = xll = |7y = %] < Iy = Tl

which implies ||Ty — x| = ||y — Tx||. Also note that, |y — Tx| > dist(A, B).
Now,

ITy — x| = HTy _ sz” < klly = Tx|| + (1 — k)dist(A, B)
<kly=Tx|+A-=bly—-Tx|l=ly—Tx|.

Thatis |7y — x|| < |ly — T x|, a contradiction. Hence x = y. O

Remark 4 In the above Theorem, if the convexity assumption is dropped, then the
convergence and uniqueness is not guaranteed even in finite dimensional spaces.
Consider X = R*, A = {e1,e3} and B = {e3, e4}. Define T (¢;) = e;j+1, where
eq+i = e;. It is easy to see T is cyclic contraction, but T does not have any best
proximity point.

In [9], the authors have raised the following question, whether a best proximity
point exists when A and B are nonempty closed and convex subsets of a reflexive
Banach space? Some authors [1, 12, 29] have partially answered this question, for
more details refer [1, 12, 29].

4 Relatively Nonexpansive Mappings and Best Proximity
Point Theorems

We use the following notations in the sequel.
Let D and H be nonempty subset of a Banach space X. Define

(i) foru € X,6(u, D) = ry(D) = sup{|lu — v| : v € D} is called the radius of D
relative to the point u;

(i) r(D) = inf{r, (D) : u € D} is called the Chebyshev radius of D;

(iii) C(D) ={u € D : r, (D) = r(D)} is the set of all Chebyshev centers of D;

(iv) §(D) = sup{r,(D) : u € D} is called the diameter of D;

(v) dist(D, H) = inf{|jlu — v| : u € D,v € H} is called the distance between D
and H;

(vi) (D, H) =sup{|lu —v||:ue D,ve H}.

Definition 12 [20] A convex subset K, with §(K) > 0, in anormed linear space X is
said to have normal structure, if every bounded convex subset H of K with§(H) > 0
has a nondiametral point (i.e., there exists x € H, such that r,(H) < §(H)).
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If every bounded convex subset with positive diameter has normal structure, then
the space is said to have normal structure.

Example 7 1t is easy to see that uniformly convex spaces have normal structure.

Definition 13 [20] Let K be a nonempty subset of a normed linear space X. A map
T : K — X is said to be nonexpansive, if |Tx — Ty| < ||x — y||, forall x, y € K.

Definition 14 [31] Let K be a nonempty subset of a normed linear space X and

T : K — K be a map. The set K is said to be a T—regular set, if x € K, then
Hlx e K.

Theorem 9 [31] Let K be a nonempty weakly compact T—regular subset of a
uniformly convex Banach space X and T be a nonexpansive map on K. Then T has
a fixed point in K .

Proof Let G := {F C K : F is nonempty and weakly closed} and § := {F €
& : T(F) C F and F is T—regular}. Clearly § is nonempty, define < on § by
F1 < F, & F, C Fy. Then (§, <) is a partially ordered set.

Suppose .7 is a totally ordered subset of §. Since .7 contains weakly compact
subsets of K, it has finite intersection property. Thus, Fo = (| pc7 F is a nonempty
weakly closed subset of K. Notice that T (Fy) € Fy and if x € Fy, then ’%TX e Fp.
Thus Fy € §.

As every totally ordered subset of § has a lower bound, by Zorn’s lemma § has a
minimal element, say K. Thatis, K¢ is aminimal subset of K suchthat T (Ky) € Ky
and Ko is T—regular.

It is claimed that K is a singleton set.

Suppose §(Kp) > 0, this implies that for every x € Ko, Tx # x. Let F =
co(T (Kp)) N Ko. Then, it is easy to see that F' is a nonempty weakly closed T—
regular subset of Ko and T(F) C F. Hence the minimality of Ky implies that
F = Ky, thatis Ko C co(T (Kp)).

It is easy to see that for every nonempty subset A of X,

re(A) = re(co(A)), for x € X.

Hence,
re(T(Kp)) = ry(co(T (Kp))) = ry(Kp), forallx € X. 2)

Let xo € Ko. Since xo # Txop, |[xo — Txoll = ¢ > 0. Also as xo, Txg € Ky,
K¢ is T—regular and X is uniformly convex, there exists ¢ € (0, 1) such that
rm(Ko) < aR, where m = W and R = §(Kj).

Let Fp = {x € Kgy : re(Kg) < aR}. Then m € Fy and Fy ; Kp. As Ky is
weakly closed, Proposition 5 implies that Fy is weakly closed. Now, it is claimed
that T (Fy) C Fy. Let x € Fy,
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rrx(Ko) = sup{l|Tx —z|| : z € Ko}
=sup{l|Tx — Tyl : y € Ko}  (from(2))
<sup{llx —y|l:y € Ko} (T is nonexpansive)

< aR.
Therefore Tx € Fy, whenever x € Fy. Itis easy to verify that % € Fy,if x € Fy.
Hence Fy is a T—regular set, T (Fo) € Fo and Fy & Ko. This contradicts the

=
minimality of K¢. Thus K¢ = {x¢}, for some xo € K and Txo = xp. (Il

If K is convex, then K is always 7T—regular for any self-map on K. Hence as a
corollary to the above theorem, we get the Browder-Kirk-Gohde fixed point theorem.

Theorem 10 [33] Let K be a nonempty weakly compact convex subset of a uniformly
convex Banach space X and let T : K — K be a nonexpansive map. Then T has a
fixed point in K.

The following theorem yields the existence of fixed points of nonexpansive map-
pings in Banach spaces.

Theorem 11 [20] Let K be a nonempty weakly compact convex subset of a Banach
space and T : K — K be a nonexpansive map. Suppose K has normal structure,
then T has a fixed point in K.

Definition 15 [8] Let A and B be nonempty subsets of a normed linear space X. A
map T : AUB — X is said to be relatively nonexpansive, if |Tx —Ty| < ||x —y|l,
forx € A,y € B.

Definition 16 Let A and B be nonempty subsets of a normed linear space such that
dist(A, B) > 0and 7T : AUB — AU B be arelatively nonexpansive map satisfying
T(A) CBandT(B) € A. Apointx € AU B is said to be a best proximity point of
T ifd(x, Tx) = dist(A, B).

Definition 17 [8] Let A and B be nonempty subsets of a normed linear space X.
The pair (A, B) is said to be a proximal pair, if for every (x, y) € A x B there exists
(x’',y") € A x Bsuch that ||x — y'|| = dist(A, B) = ||x" — y|.

In[11], Espinola introduced a notion of proximinal pair, which we call as proximal
pair. Espinola proved some interesting results about proximinal pair in strictly convex
Banach space settings, for more details, see [11].

We say that the pair (A, B) has a property P, if both A and B have the property
P.

Definition 18 [8] A convex pair (K, K») in a Banach space is said to have proximal
normal structure, if (Hy, Hy) € (K1, K»2), is a bounded closed convex pair such
that dist(H,, H,) = dist(K, K») and §(H, Hy) > dist(H, H»), then there exists
(x1,x2) € Hy x Hp such that §(x1, Hy) < 8(Hy, Hy) and §(x2, Hy) < 6(Hy, H»).

A Banach space X is said to have proximal normal structure, if every convex pair
in X has proximal normal structure. Note that the convex pair (K, K) has proximal
normal structure if and only if K has normal structure.
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Example 8 1t is easy to see that every compact convex proximal pair has proximal
normal structure.

Next we prove that, uniformly convex Banach spaces have proximal normal struc-
ture.

Proposition 10 Every proximal pair (K1, K3) in a uniformly convex Banach space
X has proximal normal structure.

Proof Let(Hy, Hy) € (K1, K2) beanonempty bounded closed convex pair such that
d(H, H)) = d(Ky, Ky) and 6(H1, Hy) > d(H;, H»). It is claimed that there exists
(x1,x2) € Hy x H such that §(x1, H») < §(Hy, Hy) and §(xp, H) < §(Hy, H»).
Let R = 8(H, Hp) andx, y € H besuchthat [ x—y|| > &, wheree = 241 > 0,
Now, let z € Hp, then ||[x — z|| < R, ||y — z|| < R. Since ||x — y|| = ¢ > 0, by
the uniform convexity of X, we have

a1 ()
a(-n ()
<R (Since 0 < (1 - ax (%)) <1).

xX+y

f—

sup
zeH,

7 - —

Hence for xzi € Hy, we get$ (X;’y, H») < 8(Hi, Hy). In a similar way, it can be
shown that there exists x € Hp, such that §(x, H{) < R. |

Remark 5 Let A and B be nonempty subsets of a normed linear space X. A pair
(x,y) € A x Bissaid to be proximal in (A, B) ifd(x, y) = ||x — y|| = dist(A, B).
We define Ag = {x € A :d(x,y’) = dist(A, B) for some y' € B} and By = {y €
B : d(x',y) = dist(A, B) for some x’ € A}. Then the pair (Ag, Bp) is a proximal
pair obtained from (A, B).

Also it is easy to verify that, if A and B are nonempty weakly compact subsets,
then Ag and By are nonempty weakly compact and dist(Ag, Bg) = dist(A, B).

Lemma 3 Ler (A, B) be a nonempty weakly compact convex proximal pair in a
Banach space. Let T : AU B — A U B be a relatively nonexpansive map such
that T(A) € B and T(B) C A. Further, suppose (K1, K») is a nonempty weakly
compact convex proximal pair, which is a subset of (A, B) such that dist(K1, K») =
dist(A, B) = d and (K1, K3) is a minimal T invariant pair (i.e., there is no closed
convex pair (Fy, F2) g (K1, K2) such that dist(Fy, F») = d, T(F1) C F, and
T(F) C Fy). Then
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(a) co(T(K1)) = Kz and co(T (K3)) = K|
(b) (K1, K») does not have proximal normal structure (i.e., for every (x,y) € K1 x
K>, either ri(K2) = §(K1, K2) or ry(K1) = (K1, K2)).

Proof Let F1 = co(T(K3)) and F, = co(T(K1)). It is easy to see that (Fq, F>) is
a weakly compact convex subset of (K1, K7), and dist(Fy, F») = d. Now T (F) C
T (K1) € F,, and similarly, T(F2) € T(K»2) € F;. But (K1, K») is a minimal
T invariant pair and (Fi, F2) € (K1, K»), hence F; = K| and F> = K3. This
establishes (a).
Leta = inf ry(K3), B = inf ry(K1) and r = max{e, B}.
yeK| xekKy

By Proposition 4 and 5, there exists (x, y) € K1 x K3 such that ry(K2) = « and
ry(K1) = B. Since (K1, K») is a proximal pair, there exists (", x") € K1 x K3 such
that [lx — x'|| = |y — /| = d. Let x; = £ xy = 35X and R = (KK,

Let M1 = {x € K1 : ryx(K2) < R}, and M = {y € Ky : ry(K1) < R}. Then
X1 € My, xy € M> and ||x; — x2|| = d and the pair (M, M>) is a nonempty closed
convex subset of (K, K») such that dist(M;, M>) = d.

Since K1 = co(T (K»)), forx € My,

rrx (K1) =sup{||Tx — y|l : y € K1}
=sup{||Tx —Tz| :z € K2}
< sup{llx —z|| : z € Ko}
< R.

Thus Tx € M»,if x € M. Hence T (M) C M> and in a similar way it follows that
T (M) € M. Since (K, K3) is minimal, (M, M>) = (K1, K>»).

Now §(K1, K2) = sup ry(Kz) = sup ry(Kyp). Butfor (x,y) € My x

xeM1=K; yeMr=K,

M3, ry(K2) < R and ry(K1) < R. This implies that §(K, K2) < R and hence
r = §(K1, K7). That is either « = §(K1, K2) or = §(K1, K»2). Thus for every
(x,y) € K1 x K, either ry(K2) = (K1, K2) or ry(K1) = (K1, K»). This proves
(b). O

Lemma 4 Let (A, B) be a nonempty weakly compact convex proximal pair in a
Banach space. Let T : AU B — A U B be a relatively nonexpansive map such
that T(A) € A and T (B) C B. Further, suppose (K1, K») is a nonempty weakly
compact convex proximal pair, which is a subset of (A, B) such that dist(K1, K») =
dist(A, B) = d and (K1, K3) is a minimal T invariant pair (i.e., there is no closed
convex pair (Fy, F2) ; (K1, K7) such that dist(Fy, F») = d, T(Fy) C Fi and
T(F,) C F,). Then

(a) co(T(K1)) = Ky and co(T (K2)) = K».
(b) (K1, K») does not have proximal normal structure (i.e., for every (x,y) € K1 x
K>, either ri(K3) = §(Ky, K2) or ry(K1) = 6(Kq, K2)).
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Proof The proof follows exactly the same way as that of Lemma 3. (I

The following theorem gives a sufficient condition for the existence of a best
proximity point for a relatively nonexpansive map.

Theorem 12 [8] Let (A, B) be a nonempty weakly compact convex pair in a Banach
space. Let T : AUB — AUB be a relatively nonexpansive map suchthat T (A) € B
and T(B) C A. Suppose (A, B) has proximal normal structure, then there exists
(x,y) € A X Bsuchthat ||x — Tx|| = ||y — Ty| = dist(A, B).

Proof Let dist(A, B) = d. Suppose (Ao, Bp) is the proximal pair obtained from
(A, B).Thendist(Ag, Bg) =d,T(Ag) € Bpand T (By) C Ag.For, (x, y) € Agx By
issuchthatd(x, y) = d,thend(Tx,Ty) <d(x,y) <d.Thus,(Ty, Tx) € Agx By.

LetS = {(Hi, Hy) C (Ao, Bo) : (Hy, Hy)isclosed, convexandd (Hy, Hy) = d}
and § = {(H{, H;) € ©:T(H)) € Hy and T(H>) C H;}. Then (Ag, Bp) € §.

Define < on § by (K1, K2) < (H1, Hy) < (K1, K2) € (Hi, H). Then (§, <)
is a partially ordered set.

Let 7 be a totally ordered subset of §. As (Ag, Bp) is a weakly compact pair, then
T contains weakly compact subsets of (Ag, Bp) and it is totally ordered. Hence 7°
has finite intersection property. Thus, F| = ﬂ Hiand F, = ﬂ H, are

(H\,H)eT (H\,Hy)eT
nonempty weakly compact convex subsets of Ag and By, respectively and 7' (F7) C
F, T(F) C Fy.

Also for every (Hy, Hy) € T, let (xg,, yu,) € Hi x Hy be such that ||xg, —
v, |l = d. Then {xg, : (Hi, Hy) € T} and {ym, : (Hi, Hy) € T} are nets in
the weakly compact subsets Ag and By respectively. It is possible to choose weakly
convergent subnets {x,} and {yy} (with the same indices) such that weak-lim, x, =
X, for some xog € Ap and weak-lim, y, = yo, for some yy € Bp. Then clearly
xo € Fyand yg € F>.

By weak lower semicontinuity of the norm,

lxo — yoll < dist(Ag, By) = d;

hence, dist(F, F») = d. Thus, (Fy, F») € §.

That is every totally ordered subset of § has a lower bound. Hence by Zorn’s
lemma § has a miniimal element, say (K1, K»). Note that dist(K, K3) = d.

It is claimed that § (K1, K2) = d. Suppose §(K1, K») > d. Now from Lemma 3,
the pair (K1, K») satisfies the following:

(1) co(T(K2)) = K and co(T (K 1)) = Ko.
(i) (K1, K7) does not have proximal normal structure.

But (K1, K7) has proximal normal structure. Hence § (K, K2) = d. That s for every
xe KiUKy, |Ix —Tx|| =d. O

Theorem 13 [8] Let (A, B) be a nonempty weakly compact convex pair in a strictly
convex Banach space. Let T : AU B — A U B be a relatively nonexpansive
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map such that T(A) € A and T(B) € B. Suppose (A, B) has proximal normal
structure, then there exists (x,y) € A X B such that x = Tx, y = Ty, and
[Tx — Tyl = llx — yll = dist(A, B).

Proof 1t is easy to see that T(Ag) € Ag and T (Bop) € By, where (Ao, Bp) is the
proximal pair obtained from the pair (A, B).

Let & = {(Hy, Hy) C (Ao, Bo) : (Hi, H») is closed, convex and dist(H,, Hy) =
d}and § = {(Hi, H,) € ©: T(Hy) € Hy and T(H,) € H»}. Then (Ag, By) € §.

Define < on § by (K1, K2) < (H1, Hy) < (K1, K2) € (Hi, H). Then (§, <)
is a partially ordered set. Let 7 be a totally ordered subset of §.

Now 7 contains weakly compact subsets of (Ag, By) and it is totally ordered.
Hence, 7 has finite intersection property. Thus, F| = ﬂ Hy and F, =

(Hy,H)eT

ﬂ H; are nonempty weakly compact convex subsets of Ag and By, respec-
(H{,Hy))eT
tively. Now, it is easy to verify that T (F1) € F1, T (F>) € F> and dist(F1, Fp) = d.
Thus (Fy, F») € §.

That is every totally ordered subset of § has a lower bound. Hence by Zorn’s
lemma § has a minimal element, say (K, K»). Note that dist(K, K2) = d.

It is claimed that § (K1, Kp) = d.

Suppose §(K1, K2) > d. Now from Lemma 4, the pair (K, K;) satisfies the
following:

(i) co(T(K1)) = K and co(T (K2)) = Ko.
(i) (K1, K7) does not have proximal normal structure.

But (K1, K») has proximal normal structure. Hence 6(K1, K»2) = d. Also the strict
convexity of X implies that K; and K are singleton sets. Hence for every x €
KiUK>, Tx = x. O

Next, we show that Kransnosel’skii’s iteration process yields a convergence result
if X is uniformly convex and the relatively nonexpansive map7 : AUB — AUB
satisfies T(A) € A and T(B) € B. We assume that (Ao, Bp) is the proximal pair
obtained from (A, B).

Theorem 14 [8] Let A and B be nonempty bounded closed convex subsets of a
uniformly convex Banach space. Suppose T : AU B — A U B is a relatively
nonexpansive map such that T(A) € A and T(B) C B. Let xo € Ag. Define

Xt = Q) 2 Then Tim |x, — Tx, || = 0.
n

Moreover, if T(A) is a compact set, then {x,} converges to a fixed point of T.

Proof By Theorem 13, there exists y € By such that Ty = y. Since
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(o +Tx) (7 +Ty) H

41—yl = 3 5
lxn =yl ITxn =Tyl
- 2 * 2
e =yl llxa =l
<
- 2 + 2

[Xn+1 = Yl < llxn — yll
{llx, — y|l} is a nonincreasing sequence. Hence
lirILn lx, — y|| exists, say lim |[x, —y||=r > 0. 3)
Suppose r = 0, then {x,} converges to the fixed point y. Also

ITx0 =yl < 12%041 = %0 = ¥l
< 2% 41 = I+ 120 = Y
ITxn =yl = 0.

Hence ||x,, — Tx,|| — O.
Now, consider the case r > 0. Suppose ||x,, — T x, || does not converge to zero. Then

there exists an g9 > 0 and a subsequence {x,, } of {x,} such that ||x,, — Tx,, || > &0,
for all k € N.

Choose y € (0, 1) such that ¢g/y > r and choose ¢ such that

. [80 réx(y) ]
O<e<mn{——r, ———— .

vy 1=8x(y)
As X is uniformly convex, the modulus of convexity dx(.) is strictly increasing.
Since 0 < y < r%, 0 <d8x(y) < 8x (r‘%) . Also from the choice of ¢,
réx(y)
1 —3dx(y)
(I =dx(y))e < réx(y)
=[6x(y) -1+ 1Ir

r

(I =dx(y)N(r+e)

A

Therefore, [1 — SX(%)](r +¢€) <r. As ||x, — y|| = r, choose N € N such that
lxn —yll <r+e, forn > N.Alsoas Ty = y, hence forn > N, ||[Tx, — y| =
ITx, —Tyll < llx, —yll <r+e. Therefore, forevery ny > N, [|x,, — yll <1 +¢,
T xn, —yll <r+eand|x, — Txp|l > go. Hence from the uniform convexity of
X,
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Xn, + Tx
||y—xnk+1||=Hy—%
&0
<f{1-=9$§ _ &
_( x(r+6))<r+>
<r

This contradicts to || x, — y|| > r, forn € N. Hence ||x, — T x,|| — O.

If T(A) is a compact set, then {T'x, } has a subsequence {7'x,, } which converges
to apoint z € T(A). Also as lxn, — Txp Il = 0, x5, = 2.

Letd = dist(A, B). Choose w € By such that ||z — w|| = d. Since ||x,, —w| —
lz = wll, ITxp, — Twll — llz — Twl and [|Txp, — Tw| < |lxp, — w|, thus
lz—Tw| =d.

As X isastrictly convex space, Tw = w. Similarlyd < ||[Tz—w| = [|[Tz—Tw| <
lz—wl| =d, thus Tz = z.

Since |lx,, — w| — d and {|x, — w||} is nonincreasing, ||x, — w| — d. Thus,
by Lemma 2, ||x,, — z|| — O. O

Proposition 11 Suppose A is a nonempty closed convex subset of a real Hilbert
space X. Forany x € X, let P4x denote the unique point of A for which || x — Pax| =
dist(x, A), where dist(x, A) = inf{||x — y|| : y € A}. Then forany z € A,

(z = Pa(x), Pa(x) —x) = 0. 4)

Proof Let y = Ps(x). For any z € A\{y}, we have ||x — y|| < |lx — z|. Fix
ze€ A\{y},andletw = (1 —r)y+rz, forO <r < 1. Now

Ix —wi? = llx —y +r(y — 2|7
=x—y+r(y—2,x—y+r(y—2)
=x-—y,x—y)+rix—y,y—2)

Hr(y—z,x =) +r¥y—z,y—2)
= llx = yI? + 2y —zl* +2rix =y, y — 2)
lx = wi® = lx = ylI> = r2lly —zlI> = 2r{x =y, y — 2)

Asw # y, e = |lx —w||®> = |x — y||> > 0. Suppose ¢ > ||y — z||%, then clearly
0 <2r(x —y,y—2z),and hence, 0 < (x —y,y —2) = (z—y,y — x). Suppose
e < ||y — z||?, then choose r € (0, 1) such that r?||y — z||> < & this implies that
0<2r{x —y,y—2),andhence,0 < (x —y,y—2z)={(z—y,y —Xx). O

The following observation provides an example of a relatively nonexpansive map-
ping.

Theorem 15 [8] Let A and B be nonempty closed and convex subsets of a real
Hilbert space X. Let P : AU B — A U B be the restriction of Pp on A and the
restriction of P4 on B. Then P(A) C B, P(B) C Aand |Px — Py|| < |lx — y|,
forallx €e Aand y € B.
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Proof Suppose x € A and y € B. Then from Eq. (4) in Proposition 11,
(y = Pp(x), Pp(x) —x) =0, (x — Pa(y), PA(Y) —y) =0
Adding the above two terms, we have
(y = Pp(x), Pp(x) —x) — (x — Pa(y), y — Pa(y)) = 0.

Note that

(x1, ¥1)—(x2, ¥2) = (x1, y1—y2) H{x1—x2, y2) = (x1—x2, y1)+{x2, y1—y2). (5)

Letx; =y — Pp(x), y1 = Pp(x) —x,x2 = x — Pa(y) and y, = y — Pa(y). Now
as {x1, y1) — (x2, y2) > 0 and from (5), we have

(y = Pp(x), Pp(x)+ Pa(y) —(x+y)) +(y —x+ Pa(y) — Pp(x), y — Pa(y)) = 0.
Similarly,

(y=x+Pa(y)— Pp(x), Pp(x) —x)+{(x — Pa(y), Pp(x)+ Pa(y) — (x +y)) = 0.
Adding the above two inequality, we get

((Pa(y) + Pp(x)) — (x +y), (x + y) — (Pp(x) + Pa(¥)))

+(y—x+ Ps(y) — Pp(x),y —x + Pg(x) — Ps(y)) > 0. ©

Consider the second-term in the above Eq. (6),

(y —x+ Pa(y) — Pp(x),y — x + Pp(x) — Pa(y))
=(y—x,y —x)+ (Pa(y) — Pp(x), Pp(x) — Pa(y))
+(y —x, Pp(x) — Pa(y)) + (Pa(y) — Pp(x),y — x)
= lly = x|I> = (Pa(y) — Pp(x), Pa(y) — Pp(x))
+(y —x, Pp(x) — Pa(y)) — (y — x, Pp(x) — Pa(y))
=y — x> = [Pa(y) — Pr(0)II*.

From the first-term of Eq. (6),

(Pa(y) + Pp(x)) — (x + ¥), (x +y) — (Pg(x) + Pa(y)))
= —(((x +y) = (Pa(y) + Pp(x)), (x + ) — (Pp(x) + Pa(»)))
= —[(x +y) — (Pa(y) + Pg(x)|%.

Thus, |y —x [ = [ P4(y) — Pg (X)|I> = | (x +¥) — (Pa(y)+ Pg (x))||> > 0. Therefore,
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IPAGY) — Pe()II* < lly — xI* = [(x + ¥) = (Pa(y) + Pp(x))|I?
<ly—x|?
| Pa(y) — P> < lly — x|

Hence, || PA(y) — Pp(x)|l < lly — x||. U

Remark 6 Suppose A and B are closed convex subsets of a real Hilbert space
and 7 : AU B — A U B is a relatively nonexpansive map satisfying 7(A) € A
and T(B) € B. Define U : AUB — AU B by setting Ux = PpTx, if
x € Aand Uy = PsTy, if y € B. Then by Theorem 15, U is a relatively non-
expansive map. By Theorem 12, there exists xo € Ag such that ||[xg — Uxg| =
lxo — PpTxo|| = dist(A, B). Since ||xo — Pgxg| = dist(A, B), and T is rela-
tively nonexpansive dist(A, B) < ||[Txo — T Ppxoll < |llxo — Ppxoll = dist(A, B).
But |[Txo — PpTxpl| = dist(A, B). As the best approximant is unique, we have
PpTxo =T Ppxo. Thus ||xo — PpTxo|| = ||Txo — PpTx¢| = dist(A, B) again by
the uniqueness of the best approximant, xo = 7 xg.

Theorem 16 [8] Let A and B be nonempty bounded closed convex subsets of a real
Hilbert space such that A = Ag and B = By. Suppose T : AUB — AUB is
a relatively nonexpansive map satisfying T(A) € A and T(B) C B. Then T is
nonexpansive on AU B.

Proof From the above observation, we have

T(Pg(u)) = Pp(Tu), forallu € A. (7)
We claim that for x € A, P4Pp(x) = x. Since best approximation is unique and
| P4 Pp(x) — Pp(x)|| = dist(A, B) = ||x — Pg(x)||, thus P4 Pp(x) = x. Similarly,

fory € B, PpP4(y) = y. Therefore forx € Aandy € B, ||x — y|| = | PaPp(x) —
Pp P4(y)]|. From Theorem 15,

| PaPp(x) = PpPA(Y)|l < | PB(x) = Pa(y)|
< llx =yl

Hence || P4(y) — Pp(x)|| = ||x — y||. From Eq. (6) in Theorem 15, we get ||x + y —
(Pp(x) 4+ Pa(y))|l = 0. This implies that

X — Pa(y) = Pp(x) — y. 3

Letu,ve Aand x = Tu and y = Pp(Tv). From Eq.(8), Tu — Tv = Pp(Tu) —
Pp(Tv) and by Parallelogram law,
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2(1Tu — Tv|* + ITv — Pg(TW)|*) = ITv — Pg(Tw)||* + [ITu — Pg(Tv)|?
< |ITv = T(Psw)|)?® + | Tu — T(Ppv)||*> By (7))

2 2
< v = Ppull” + |lu — Ppv|

=2 (= I + v = Pyv]?).

Since ||Tv — PgTv| = ||[v— Ppv|| = dist(A, B), therefore, | Tu — Tv| < |lu —v|.
O

Theorem 16 in conjunction with the fixed point theorem for nonexpansive map-
pings immediately ensures the existence of a fixed point xg of 7 in A and the unique
point yp € B which is nearest to xq satisfies Typ = yg and ||xg — yo|| = dist(A, B).

5 Applications of Best Proximity Point Theorems

Let § = {(x,y) eR2:x—x0l<a,|y—yo |§b}, for some a,b > 0 and
(x0, yo) € RZ, Suppose (x, y1) and (x, yp) are two points in S, let f(x,y) and
g(x, y) be real-valued functions defined on S.

Consider the following system of differential equations.

d

d—y = f(x.y) y(x0) = y. ©)
X

dy

=80y Ya0) = . (10)
X

Clearly, it does have a solution when f = g and y; = y,. Suppose y; # ¥y
and f # g. Define C; = {y € Clxo—a,xo+al:l y(xo) —yo |=b}, A =
{yveC,s:y(xg) =y2}and B = {y € Cy : y(x0) = y1}. Then for any y € A and
z€ B, |ly =zl =| y1 — y2 | and dist(A, B) =[ y1 — y2 |.

LetT : AU B — X be defined as

X

T(y(x)) = y1 +/g(t,y(t))dt, yEA,

X0

T(z() = 2+ / £t 2(0)dr. 7€ B,
X0

It is easy to see that T(A) € B and T(B) C A. Then, under what conditions on
f and g does there exist w € A U B such that d(w, Tw) = dist(A, B)? If such
a function w exists on an interval containing x¢ in [xg — a, xo + @], then the pair
(w, Tw) is called an optimum solution for the system of differential equations given
in (9) and (10).
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Also note that, if ¢; is a solution of (9) and ¢, is a solution of (10), then the pair
(¢1, ¢2) need not form an optimum solution.
We use the following notation in the sequel. Leta > 0, define ¢, : Rx R — Rt

by ¢y (x,y) = %, when y # 0 and ¢,(x,y) = a, if y = 0.

Theorem 17 [10] Let S, T, A, and B be as defined above and y; < y». Suppose f
and g are continuous functions on S satisfying:

(i) | f(x,2) —gx, ) I<K(ly—z|—1y1 —y2 1) for some K > 0, whenever
[y—z|=lyt—y |

(i) f(x,2) = gx,y), ifx < xpand f(x,z) < g(x,y), if x > xo, whenever
ly—zI<Iyt=y2 1

. b=lyi—yol b=lya—yol 1 .
Then, for any B < min {a, \yA1/[ >0|, \YAZ/I yOI’ = ®a(y1 — ¥2. N)}, there exists

w € AU B such that d(w, Tw) = dist(A, B), where A, B C Cg = {y e Clxg —
B,x0+ Bl:| y(x0) —yo |I=< b}, M is the bound for both f and g and

N =sup{| f(x,2) —glx,y) |y —z|<[y1 —y2 [},
that is, (w, Tw) is an optimum solution for the system of differential equations given
in (9) and (10).
Proof Lety € A, then Ty(xg) = y1, also

X

[ Ty(x)=yol=1y1—Yo +/g(t, y(2))dt |

X0

X
< |y1—y0|+/|g(t,y(t))|dt

0

X
Slyl—yo|+M/dt
X0
=lyi—=yol+M]|x—xo|
<Iyi—y|+BM
<b.

Hence, T(A) € B. Similarly T(B) C A.
To prove that T is a cyclic contraction take y € A, z € B, and assume x > Xxo,

[Ty(x) —Tz(x)| = |y2 — ¥ +/(f(t, z(1)) — g(t, y(1)))dr. (11)
X0
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Now,

/(f(t, 2(1)) — g, y(1)))dr = / (f (2, z(1)) — g(t, y(2)))dz,
X0

[x0,x]

where ﬁxo’x](f(t, z(t)) — g(t, y(t)))dr is the Lebesgue integral of (f(z,z(t)) —
g(t, y(1))) over the interval [xg, x]. Now, let

Cy = {t €xo,x0+ Bl :| y(t) —z(®) |>]| y1 — y2 I},
Cy={t €lxp,x0+B):ly@) —z(@®) I<] y1 — 2 1}

Since y and z are continuous functions, we have both Cy and C; are disjoint mea-
surable sets. Therefore,

/ (f(t, 2(1) — (&, y(1)dt = / (f(t. 2(0)) — gt y(D)dt
X0 C
+ / (f (1, 2(1) — gt y(t)dr.
G
Hence from (11),
T30 = T2 | = 2 =31+ [ (0200 — gte, yo)ar
Ci
+ / (f(t.20) — g(t, (1)t
Ca

< =i+ [0 = gty
C

4 / (F (0 2(0)) — g, y(e))dr].

Ci

In Ca, | y(t) — 2(¢) |<| y1 — y2 |, for x > x¢ by condition(ii), we get f (¢, z(t)) <
gt y(1),s0 [, (f(t. 2()) — g(t, y(1))) < 0and
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/ (f (. 2(0)) — gt y(t)] < / | (F2() — gt y (1)) | dt
p) Cy

§N/dt§N|x—xo|
C
SNB<|lyr=—» |

Therefore,

| Ty(x) =Tz(x) [ < [y2 =1 | +/ | (f(z,2(0)) — g(t, y(1))) | dt

Cy

<ly»»—-n |+/K(|y(t)—z(t)|—ly1—yz dt
Ci

<ly—y|+KB max (Jy@) —z@® | —=Iy1—y2D
telxo—B,x0+pl

Sly=n | +KBUly—zl—=1y1 =¥ D
=KBlly —zll+ A —=KB) | y1 —y2 |
| Ty(x) =Tz(x) | < KBlly —zll + (1 = KB) | y1 — y2 |

As KB < 1,the map T is a cyclic contraction. A similar proof can be given for the
case x < xo.
Now forany y € A,

X

| Ty(x) | = |y +/g(t,y(t))dt

X0

A

_|y1|+/|g<r,y<z>>|dr
X0

[ Ty(x) | = |yt | +MB.

Hence, the family {T'y},c4 is uniformly bounded. Let x1, x2 € [xo — B, x0 + B],

X
X

| +/g(t,y(t))dt—(y1 +/ g(t, y(1))dr)

X2

| Ty(x1) = Ty(x2) |

A

X1
X2

X2
- / gty ()| < / (. y(0)] dr

1

X1

| Ty(x1)) =Ty(x2) | = M | x1 —x2 |-
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Since this holds for any y € A, {T'y}yea is a family of equicontinuous functions.
Therefore, by Arzela-Ascoli’s theorem, 7 (A) lies in a compact subset of B. Similarly,
T(B) lies in a compact subset of A. Hence by Proposition 8, there exists w € Cg
such that d(w, Tw) = dist(A, B). O
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Throughout we consider only real normed linear spaces and we assume all sub-
spaces are closed.

If X is a normed linear space, X* will denote the dual of X, By the closed unit
ball, {x € X : ||x|| < 1} and Sy the unit sphere {x € X : ||x|| = 1}, of X. Ifxisin X
and r > 0 then the open and closed balls with center x and radius r are denoted by

B(x,r)={ze X:|x—zll <r}

and
Blx,rl={ze X :|x -zl <r},

respectively. Further, if A C X, x € X and ¢ > 0, then we set
B(A,e) ={x e X:d(x, A) < ¢},
d(x,A) =inf{||x —al :a € A}, forx € X,

and
Pis(x)={ae A:||x —a| =d(x, A)}.

Further, we set
At ={feX*: f=00nA}.

‘We now have

Definition 1 Let A C X. Then A is said to be proximinal in X if P4(x) is nonempty
for each x € X. Any element in P4 (x) is called a nearest element to x from A or
a best approximation to x from A. The set A is said to be Chebyshev if Ps(x) is a
singleton set for all x € X.

The set valued map P4 defined on X, is called the metric projection from X onto
A. The following stronger notion of proximinality figures in an essential way, often
in our discussion. Note that if d = d(x, A) then

Pa(x) = B[x,d]NA.
For § > 0, set

Pa(x,8) ={y e A:llx —yll = d(x, A) + 6}
= Blx,d + 8] N A.

We now have the following definition from Godefroy and Indumathi [14].

Definition 2 Let X be a normed linear space. A proximinal subset A of X is said to
be strongly proximinal at x in X, if given ¢ > 0 there exists § > 0 such that
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d(y, Pao(x)) < e forall y € Pg(x, )

or equivalently
Pa(x,8) S B(Pa(x), €).

If A is strongly proximinal at each x in X, then we say A is strongly proximinal in
X.

Let F : X — Y be a set-valued map. We say F is lower semi-continuous (1.s.c.)
at xo of X if for any open set U of X such that U N F(xg) # 0, the set {x € X :
F(x) NU # ¥} is a neighbourhood of xo and F' is upper semi-continuous (u.s.c.) at
xo of X if for any open set U of X such that F'(xg) € U,theset{x € X : F(x) C U}
is a neighbourhood of x.

The set-valued map F is said to be Hausdorff lower semi-continuous (H.L.s.c.)
at xo of X if given ¢ > O there exists § > 0 such that x € B(xp,§) implies
F(xo0) € B(F(x), ¢).

We say F is Hausdorff upper semi-continuous (H.u.s.c.) at xo in X if for any
e > 0,theset {x € X : F(x) C B(F(xp), )} is a neighbourhood of xy.

The set valued map F' is would be called Hausdorff semi-continuous if it is both
H.u.s.c. and H.Ls.c.

We observe that

F Hlsc. = F ls.c, while F us.c = F H.u.s.c.

Our discussion would involve the above semi-continuity concepts with reference to
metric projections.

It is easily verified that if Y is strongly proximinal then the metric projection is
H.us.c.

Remark 1 A well-known fact, that can be proved using the usual compactness argue-
ment, is that any finite dimensional subspace Y of a normed linear space X is strongly
proximinal and hence the metric projection Py is upper Hausdorff semi-continuous.
We observe that for a single-valued map, all the above four notions of semi-continuity
coincide with the usual notion of continuity of a single-valued map. Thus if ¥ is a
finite dimensional Chebychev subspace of X, then Py is continuous.

A single-valued map f on X is said to be a selection for F if f(x) € F(x) for
each x in X. The set valued map F is said to have a continuous selection if it has
a selection that is continuous. Among the semi-continuity properties of the metric
projection, L.s.c. gains prominence because of the following important theorem of
Michael.

Theorem 1 (Michael Selection Theorem) [21] If X is a paracompact, Hausdorff
topological space, Y is a Banach space and F : X — 2Y is a nonempty closed
convex set valued and lower semi-continuous mapping, then F has a continuous
selection; that is, there exists a continuous s : X — Y such that s(x) € F(x)
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for each x in X. In particular if Y is a subspace of a normed linear space X with
Py(x) # ¢ for all x € X and Py lower semi-continuous on X then Py has a
continuous selection.

However, l.s.c. is not a necessary condition for the existence of a continuous
selection as the following example of Deutsch and Kenderov from [8] shows.

Example 1 [8] Let B be the convex hull of the circle I' = {(x1, x2, 0) : x?+x3 = 1}
and the two points (0, 0, 1) and (0, 0, —1) in R3. (B is double cone formed by placing
the two cones with vertices (0, 0, 1) and (0, 0, —1) in such a way that, their common
circular base coincides.) Then B is a closed convex, symmetric set with nonempty
interior. Let X be the normed linear space R3, with the norm for which B is the
closed unit ball.

LetY = sp(1,0, 1). Then Y is the line L through (0, 0, 0) and (1, 0, 1), which is
parallel to the line segment / , lying on the unit sphere, joining (—1, 0, 0) in I" and
the vertex (0, 0, 1). If x = (x1, x2, x3) and x2 # O then Py(x) = {(x3, 0, x3)}.

If x = 0, then Py(x) is a line segment of nonzero length containing the point
(x3, 0, x3). Itis clear that f(x) = (x3, 0, x3) is a continuous selection for Py but Py
is not L.s.c.

An important weaker notion than 1.s.c, that is also a necessary condition for the
existence of continuous selections, is that of approximate lower semi-continuity
(a.ls.c.).

Definition 3 [7, 8] We say F is approximate lower semi-continuous (a.l.s.c) at xq
if for each ¢ > 0 there exists § > 0 such that

() {B(F(x). &) : x € B(xo. )} # ¢.

Weaker notions than a.l.s.c. can be naturally defined as follows. Let k be a positive
integer > 2. The following notion from [8] is weaker than a.l.s.c.

The set valued map F is said to be k — [.s.c at x¢ if given ¢ > 0 there exists § > 0
such that ﬂfle B(F (x;), €) # ¢ for every choice of k—points in B(xg, §). It follows
from Helly’s theorem that if Y is a subspace of finite dimension n and F is closed

convex valued then
Fisals.c & Fis(n+l1)—Ls.c. (1)
Clearly

Fls.catxg = Fisals.catxg
= F isk—ls.c at xo for k > 2.

We refer the reader to the papers [5, 6] of Brown, for a thorough discussion
about a.l.s.c. of a set valued map and its derived maps, presenting a lucid and overall
perspective of these concepts in relation to the existence of continuous selections.
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Let ¢ > 0. The set valued map F is said to have an g-approximate continuous
selection if there is a continuous map s; : X — Y such that s.(x) € B(F(x), ¢) for
eachx € X.

A parallel result to Michael selection theorem, for a.l.s.c, was proved in [8].

Theorem 2 [8] Let X be a paracompact space and Y be a normed linear space. Let
F : X — 2" have closed,convex images. Then F is a.l.s.c if and only if for each
e > 0, F has a continuous g-approximate selection.

Examples of a.l.s.c. and u.s.c. maps with no continuous selections have long been
known. Zhivkov [27] constructed an example of a space X of dimension five- and a
three-dimensional subspace Y of X such that the metric projection Py is a.l.s.c. but
does not have a continuous selection. However, Deutsch and kenderov [8] showed
that if dim ¥ = 1 then

Py has a continuous selection < Pyis a.l.s.c.
< Pyis2ls.c.

Brown [2] and Deutsch and Kenderov [8] have independently constructed examples
of one dimensional subspace Y of a three-dimensional space X such that Py does
not have a continuous selection, which in turn implies Py is not 2.1.s.c. We observe
that by Remark 1 and Corollary 1, given later in Sect.2, Py is u.s.c.

Example 2 [2, 7] Let X be R? with norm generated by the unit ball B = co (I U
D U —D), where [ is the line segment joining (1, 0, 0) and (—1, 0, 0) and D is the
semicircle

{(1,y,2):y>0, z =0and y* + 2% = 1}.

If Y is the one dimensional subspace sp(1,0,0) and z is a point that moves on the
circle C = {0, y,z) : y2 + z2 = 1}, we have Py(z) = {(—1, 0, 0)} if z > 0 and
Py(z) ={(1, 0, 0)} if z < 0. It is clear that Py cannot have a continuous selection.

As observed earlier, a.l.s.c. does not guarantee existence of continuous selections
for metric projections. However, we have surprising positive results when the space
C(Q) is considered and the following results of Wu Li and T. Fisher are impressive.

Theorem 3 (Li [19]) Let Q be a compact Hausdorff topological space, C(Q) the
space of real valued continuous maps defined on Q with supnorm. If Y is a finite
dimensional subspace of C (Q) then the metric projection Py has a continuous selec-
tion if and only if Py is a.l.s.c.

Theorem 4 (Fisher [18]) Let Q be a compact Hausdorff topological space, C(Q)
the space of real valued continuous maps defined on Q with supnorm. If Y is a
finite dimensional subspace of C(Q) then the metric projection Py has a continuous
selection if and only if Py is 2—L.s.c.
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The proofs of the above two theorems are elaborate and technical in nature. How-
ever, the proof of Fisher, via optimization techniques, leads to a stronger conclusion,
viz, the sufficiency of 2- 1.s.c. for the existence of the continuous selection. We refer
the reader to the papers [5, 6] of Brown, for detailed discussion and comparison of
the proofs of Wu Li and Fisher.

The above results are extended to X = Co(T), the space of real continuous
functions which vanish at infinity on a locally compact Hausdorff space 7, in a later
work of Wu Li. He also proved the equivalence of a.l.s.c and existence of continuous
selections for finite dimensional subspaces of L{(T, i).

Theorem 5 [20] Let (T, 1) be a positive measure space and X = L{(T, ), the
space of real integrable functions on (T, ) equipped with the usual norm. If Y is a
finite dimensional subspace of X then, Py has a continuous selection if and only if
Py is a.ls.c.

We now discuss some geometric conditions that play a vital role in the semi-
continuity of metric projections. We need the definition of polyhedral spaces in the
discussion now and later.

Definition 4 A finite dimensional normed linear space X is said to be polyhedral
if extreme points of By is a finite set. A normed linear space is called polyhedral if
every one of its finite dimensional subspace is polyhedral.

In Brown [3], defined property P for a normed linear space (If x and z in X
satisfy ||x 4+ z|| < ||x||, then there exist positive constants § and n such that ||y +
nzll < |ly|l if y is in B(x, §)) and showed that normed linear spaces with property
P are precisely those spaces in which metric projections onto all finite dimensional
subspaces are l.s.c. In [1], the equivalence of Property P to metric projection onto
every one dimensional subspace being l.s.c, was shown.

Strictly convex spaces and finite dimensional, polyhedral normed linear spaces
are examples of spaces with property (P). We recall that Singer [23] if a normed
linear space is strictly convex, then every proximinal subspace of X is Chebyshev.
Thus if X is strictly convex, every finite dimensional subspace of X is Chebyshev
and by Remark 1 above, the metric projection onto every finite dimensional space is
single-valued and continuous and equivalently, L.s.c.

A normed linear space X is said to have property (CS1) Brown et al. [7] when-
ever Y is a one dimensional subspace of X then Py has a continuous selection or
equivalently Py is 2—a.l.s.c. Clearly property (P) implies property (CS1).

In Brown et al. [7], an example of a three-dimensional space with property (CS1)
but not having property (P) was given. Further it was shown in that paper that a
normed linear space X has property (CS1) if and only if the metric projection Py is
a.l.s.c for every finite dimensional subspace Y of X.

We end this section with two comments. Consider the class of those Banach spaces
X, for which the following hold: If ¥ any finite dimensional subspace of X, then
Py has a continuous selection if and only if Py is a.l.s.c. We note that the above
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class includes C(Q) and L1 (T, v). It would be desirable to have more examples of
nonstrictly convex spaces in this class.

Given a Banach space X, identifying some finite dimensional subspaces ¥ of X
with dim Y > 2, for which Py has a continuous selection if Py a.l.s.c, would be an
interesting problem. Using the notion of derived maps of Brown [6], the subspaces
for which the derived map of the metric projection is 1.s.c, would have the above

property.

2 Pre-duality Maps and Metric Projections

In this section, we present mostly results from [9] connecting semi-continuity prop-
erties of metric projections and the pre-duality maps.

We need the following facts about upper semi-continuity of set-valued maps later,
for proving Theorem 8. The fact below is from [25].

Fact 1 [25] Let X and Y be normed linear spaces and F : X — 2Y is a set valued
map with nonempty closed convex and bounded images. Assume that F is positively
homogeneous: that is, F(ax) = ax fora > 0 and x in X. Then F is u.s.c if and
only if F is H.u.s.c and F (x) is compact for each x € X.

Proof Assume F is H.u.s.c and F(x) is compact for each x € X. Fix xo € X.
Suppose F is not u.s.c at xg. Then there exists a sequence {x,} in X converging to x,
a neighborhood U of F(x¢) and a sequence {y,} in Y such that y, € F(x,) \ U for
all n > 1. Since F is H.u.s.c at xq, d(y,, F(x0)) — 0 asn — oo. Then there exists
{zn} € F(x0) such that ||z,, — yull < % for all n > 1. Now F(xp) compact implies
{zn} has a convergent subsequence that converge to zg € F(xo) and hence {y,} has
a convergent subsequence converging to zg. Since zop € U this implies y, € U for
all large enough n. This contradicts y, ¢ U for all n > 1. Hence, F is u.s.c.

Conversely assume F is u.s.c. Clearly F' is H.u.s.c. We only show that F'(x) is
compact for each x in X. Fix x¢ in X and assume {y,} € F(xo) has no convergent
subsequence. Let 8, = sup{By, : Byn € F(xo)}. Then B, > 1 and since F (xp) is
closed, B, yn € F(xp). Note that A8y, ¢ F(xo) for A > 1, foreachn > 1. Let {1, }
be a sequence of scalars such that A, > 1 for all n. Clearly, the sequence {A, 8, y,}
lies outside the set F(xp). We claim that the sequence {},8,y,} does not have a
convergent subsequence.

Select M > O such that sup ||x| < M. Since {y,} does not have a convergent
xeF(xq)
subsequence, without loss of generality we can and do assume min{||y,|| : n > 1} =

8 > 0. Then

M b 1
supfp < —and 0 < < <1, foralln> 1.
n>1 b MM~ huPa
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Assume {1, B, y,} has aconvergent subsequence, say {1, B, ¥n, }. Then by the above,
the sequence of scalars {#} has a convergent subsequence that converges to a
nk l‘lk

limitin the openinterval (0, 1). This would imply the sequence {yj,, } has a convergent
subsequence and contradict our assumption. Hence we conclude {A, 8, y,} does not
have a convergent subsequence.

Letw, = By, and x,, = ntlyo forn > 1. Then T=wy € F(x,) foralln > 1.

n
Clearly (x,) converges to xop and A = {"—“wn n > 1} is a closed set, since the

n
sequence {%wn} does not have a convergent subsequence. Clearly A N F(x;) is

nonempty for all n > 1, while A N F(xp) is an empty set. This contradicts upper
semi-continuity of F at xg and F(xg) is compact. O

n+1

The following corollary of the above theorem is immediate.

Corollary 1 Let X be a Banach space and Y a proximinal subspace of X. Then the
metric projection Py is u.s.c. if and only if Py is H.u.s.c. and Py (x) is compact for
each x in X.

Let X be a normed linear space and Y be a proximinal subspace of X. Set
Dy={xeX:dx,Y)=1}.

Then it is easy to check that the metric projection Py is H.u.s.c. (I.s.c.) on X if and
only if Py is H.u.s.c. (I.s.c.) on the set Dy.
The following theorem of Morris [22] is needed for proving Theorem 8 below.

Theorem 6 [22] Let X be a normed linear space and Y be a proximinal subspace of
Sinite codimension in X. Then Py is u.s.c if and only if Py, ! {0} is boundedly compact.

Proof Assume Py ! {0} is boundedly compact. Fix x in Dy. Note that x — Py (x) C

Py 140}, is a bounded set and therefore is compact. By Corollary 1, we only have to
show that Py is H.u.s.c.

If Py is not H.u.s.c at xg, there exists {x,} € Dy and ¢ > 0 such that {x,}
converges to x and a sequence {y,} with y, € Py(x,) foralln > 1 and

d(yn, Py(x)) = ¢, foralln > 1. 2)

Now x, — y, is in PY_I{O} and ||x, — y,|l < 1, foreachn > 1. So {x, — y,} has
a convergent subsequence, say, x,, — yn,that converges to some z € Py ! {0}. This
implies {yy,, } converges to z — x in Y. Now

[xn, = || = Ix = @ =0l = Izl =d(z, Y) = d(x, Y).
So z — x € Py(x) and this contradicts (2).

Conversely assume that Py is u.s.c. Then Py is u.H.s.c and Py (x) is compact
for each x in X. Let {x,} be any sequence in Py_l{O} N Sx. Since X/Y and hence
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Y+ is finite dimensional, and the sequence {x, + Y} is bounded, it has a convergent
subsequence that converges to some x + Y in X/Y. W.l.o.g. we can and do assume
that the sequence {x, + Y} converges to x + Y, thatis, lim ||x, —x+ Y| =0.
n— oo
Select y, in Y such that lim ||x, —x — y,|| = 0. Then the sequence {x,, — y,}
n—oQ

converges to x and
—¥n € Py(xy) — yn = Py(x, — yy), foralln > 1.

Since Py isu.s.catx, d(—yy,, Py(x)) — Oasn — oo. So there exists {z,} € Py(x)
such that ||y, + z,|| = 0 as n — oco. Now {z,} has a convergent subsequence that
converges to z € Py(x), as Py(x) is compact. This implies {y,} has a convergent
subsequence, say {yy, }, that converges to z and {x,, } = {xn, — yn, + yn, } converges
tox —z € Py ! {0}. This implies (x,) has a convergent subsequence that converges
to an element of Py 140} and this completes the proof. (]

For x € X, set
Jxr(x) ={f € X*: | fll=1and f(x) = [Ix]}.

Note that Jy+(x) is a nonempty subset, by the Hahn-Banach theorem. The map
x — Jx+(x), x € X is called the duality map on X. For f in X*, define

Jx(f) ={x e Sx: f(x)=IfI}

Note Jx(f) can be empty. If it is nonempty, we recall that f is said to be a norm
attaining functional. We will denote the class of all norm attaining functionals on X
by NA(X). The set-valued map f — Jx(f) from X* into X is called the pre-duality
map on X*.

Remark 2 Let X be a normed linear space and Y be a subspace of X. If x isin X it
is well known that [23]

dx,Y)={max{f(x): f € Y+ and Ifll = 1}.
Thus for f in Sy1 and x is in Jx (f), we have
I=lxll =d(x,y)=1

and hence equality holds. Thus, x isin Py ! {0} N Sx. Conversely, if x isin Py ! {0}N
Sx, then x is in Jx (f) for some f in Sy..

Remark 3 Let Y be a proximinal subspace of finite codimension in a normed linear
space X. Then an useful corollary of a characterization, of proximinal subspaces of
finite codimension of Garkavi (see Godefroy and Indumathi [14]), implies that ¥+
is contained in N A(X). In other words, Jx (f) is nonempty for each f in Y.
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We now have the following result from [9], relating continuity properties of the
metric projection with that of the pre-duality map.

Theorem 7 [9] Let X be a normed linear space and Y be a proximinal subspace of
finite codimension in X. Then the following assertions are equivalent.

(a) Py is u.s.c.

(b) Py is H.u.s.c and Py (x) is compact for each x in X.

() Py 1{O} is boundedly compact.

(d) JX|SYL is H.u.s.c and JXISYL (f) is compact for each f in Sy..
(e) JX|SyL is u.s.c.

) Jxlyr isu.s.c.

Proof (a) < (b) < (c) follows from the above two theorems.

(¢c) = (d). Note that Jx (f) is a closed subset of P},_1 {0} for f in Sy, sois compact.
Pick f in Sy.. If Jx is not H.u.s.c at f then there exist ¢ > 0 and sequences
{fn} S Sy1 converging to f and {x,} € Jx(f,) such that

d(xn, Jx(f)) > &, foralln > 1. 3)

Now {x,} C Py l{O} N Sy for all n > 1. Hence {x,} has a convergent subsequence
{xy, } converging to, say xq. Clearly

Ixoll = 1= f(xo) = Hm_fu, Cxn)-

So, xg € Jx(f). This contradicts (3).

(d) < (e) Follows from Fact 1.

(e) < (f). This is so since Jy (af) = aJx(f) fora > O and f in X*.

(d) = (c). Suppose Py ! {0} is not boundedly compact. Then there exists a sequence
{xn} C Py ! {0} N Sy, that has no convergent subsequence. Pick f;, in Sy N Jx+(x;,)
for each n > 1. Since codim ¥ = dim Y+ < oo, without loss of generality assume
{fn} converges to f € Sy.. Now (d) implies d(x,, Jx(f)) = 0 asn — oo. So
there exists {v,} € Jx(f) such that ||x, — v,|| < % for all n > 1. Now {v,} has
a convergent subsequence, so {x,} also has a convergent subsequence. This gives a
contradiction and completes the proof. U

We observe that u.s.c can not be replaced by L.s.c in Theorem 7, as shown by the
following example from [9]. Let X = R3 with /,o-normand ¥ = {(«, 0,0) : @ € R}.
Then Py is l.s.c since X is a finite dimensional polyhedral space (See comments at
the end of Sect. 1) but it is easy to verify that Jx |5, , isnotLs.c in this case. In general
if 3 < dim X < oo and Y be a subspace of X with dim ¥ < dim X — 2 then Py is
l.s.c but Jx| Sy1 is not. However, the implication in the reverse direction holds and
we describe the details below. We need some facts in the sequel. All the results given
below in this section are from [9].
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Theorem 8 Let X be reflexive. If Jx|sy. is Ls.c then X is strictly convex.

Proof Pick foin Sx=. Suppose Jx (fp) has two distinct elements. Since X is reflexive,
by a result of Lindenstrauss there exists { f;,} € Sx» such that ||.|| x+ is smooth at f,
and { f,} — fo. Now Jx is Ls.cat fy, Jx(fy,) is a singleton set for each n but Jx ( fo)
is not a singleton set, gives a contradiction. (]

Fact2 Let X be Banach and Y be a factor reflexive subspace. Then C = {f € Sy.1 :
Jx(f) = Jx(f) € Y} isdensein Sy.. Further if Jx is l.s.c then C = Sy..

Proof Since X /Y is reflexive, by a result of Lindenstrauss
{f € Sx/vy* : f is a smooth point}

is dense in S(x,y)+. Recall that (X/Y)* ~ Y and note that if f € Sy is a smooth
point with f(x) = f(z) = Il thenx +Y = z 4 Y or equivalently x — z € Y. Hence
Cisdensein Sy..

Now assume Jy is 1.s.c. Since X \ Y is open, the set

U={feSyL:Ux(f) = Ix(HINX\Y) # 0}

is open, as the map f — (Jx(f) — Jx(f))isls.con X*. Clearly CNU =@, U is
open in Sy, and C is dense in Sy. gives a contradiction if U is nonempty. Hence
U=4. ]

Corollary 2 If X is Banach and Y is a factor reflexive subspace of X then for every
fin Syr and x in Jx(f) we have Jx(f) € x +Y and x — Py(x) = Jx(f).

Proof Since x isin Jx(f) and by Remark 2, || x|| = [|x + Y| = 1. Letz bein Jx (f).

Then by Fact 2,z — x € Y and so z = x — y for some y in Y. Clearly, ||x — y|| =

Izl =1=d(x,Y)and y € Py(x).So,z € x — Py(x) and Jx(f) € x — Py(x).
Now for any y in Py (x), we have

Je—=y)=f(x)=1 and |x—yll=[x+Y[=1

Thus x — Py(x) € Jx(f). U

We can now prove the main result. For a normed linear space X and x in X, we
denote by X, the image of x under the canonical embedding of X into X**.

Theorem 9 Let X be a Banach space and Y be a proximinal subspace of finite
codimension in X. IfJX|5YL is .s.c., then Py is Ls.c.

Proof We first observe that it is enough to prove Py is l.s.c.on Dy = {x € X :
d(x,Y) = 1}.Pickany x in X withd(x, Y) = ||x 4+ Y| = 1. It suffices to show that
Py is Ls.c. at x or equivalently / — Py is l.s.c.at x. Let ¢ = X|yL. Then ¢ € S(yLys-
If f € Jyi(¢) then f(x) = X(f) = ¢(f) = 1 and x € Jx(f). By the above
corollary x — Py(x) = Jx(f). Thus we have
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Jx(f) =x — Py(x), forall f e Jyi(¢). 4)

Hence to show I — Py is L.s.c. at x, it is enough to prove the following: Given yg in
Py (x) and ¢ > 0, there exists n > 0 such that if z € Dy and ||x — z|| < n then we
have B(x — yo, &) N (z — Py (2)) # 0.

Pickany fin Jy.1(¢). Since Jx isLs.c.at f and (4) holds, there exists § y > O such
thatg € Sy., |l f — gll < &7 implies B(x—yo, €)NJx(g) # ¥.Since Jy1(¢p) € Syr

is closed and compact, the open cover {B ( £, 37[) : f e SYL} has a finite subcover,

say, [B (f%f) 1 figk}.lf
0 <28 <min{dy, : 1 <i <k},
then for any f € Jyi(¢) and g € Sy satisfying || f — gll < § we have

B(x —yo, &) N Jx(g) # 9. )

Now dim Y+ < oo. Using usual compactness arguments, it is easily shown that
the map Jy 1 is H.u.s.c. on (Y1)*. In particular, Jy 1 is H.u.s.c. at ¢. So there exists
n > Osuch that Y € Siy1y, Il — ¥l < nand g € Jyi(y) implies || f — gl <4
for some f in Jy1 (¢). Consequently, (5) holds.

Now pick any z € Dy satisfying ||x — z|| < n.Let/ =Z|y.. Then ¢y € Sy,
l¢p — ¥l <n.Pickany g € Jyi (). We have Jx(g) = z — Py(z) and this with (5)
implies

B(x — yo,&) N (z— Py(2)) #0. O
Note that Py and Jy are single valued if X is strictly convex. Hence, we have the
following Corollary of the above theorem.

Corollary 3 Let X be reflexive and assume Jx|s,. is L.s.c. Then every closed linear
subspace Y of finite codimension has a continuous metric projection.

3 Metric Projection onto Subspaces of Finite Codimension

In this section,we list some recent results which derive continuity properties of metric
projections onto subspaces of finite codimension, using “polyhedral” related geo-
metric conditions. However, we begin with a well known result from [12], giving a
sufficient condition for continuity of metric projection in reflexive, strictly convex
spaces and then describe a striking negative result of P.D. Morris regarding conti-
nuity of metric projections onto Chebeychev subspaces of finite codimension in the
space C(Q).
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Theorem 10 (Glicksberg [12]) Let X be reflexive and strictly convex Banach space
and every f € X* is Fréchet smooth. Then the metric projection onto every closed
subspace of X is continuous.

Proof Let Y be a closed subspace of X. Then Y is Chebyshev. Pick x in Dy. Then
there exists f € Sy1 suchthat f(x) =1=d(x,Y) = “f|yL || Let z in X™* be the
unique norm preserving extension of x|y to X*. As X is reflexive, z is in X and
{x —z} = Py(x), equivalently Qy(x) = {z}. We will show that Qy is continuous at
X.

Since X is reflexive and ||.|| x+ is Fréchet smooth at f, given ¢ > 0 there exists
8 > O such that w € Sy and f(w) > 1 — § imply ||z — w|| < §. Let u € Dy and
assume ||[x — u| < 8. If {v} = Qy(u), then f(v) = f(u) > 1 — § and therefore
lz— V|| < e and Qy is continuous at x. (Il

Let H be a hyperplane or a subspace of codimension 1 in X. It is well known that
H =ker f, for some f in X* and H is proximinal in X if and only if the set Jx (f)
is nonempty.

We recall that if X is a Banach space, then using the famous James Theorem, we
have X is reflexive if and only if every hyperplane is proximinal.

Also, Py (x) = {x - ]I;E‘xll) Jx(f)} for any x in X and it can be thus easily shown

that Py is Hausdorff metric continuous.

The situation is dramatically different if we consider proximinal subspaces of
codimension > 2. Below, we describe a striking negative result of P.D.Morris,
which says that if X = C(Q) and Y is a Chebychev subspace of codimension > 2,
then Py is not continuous on X.

We need the following facts about Chebyshev subspaces in the sequel.

Fact 3 [15] Let Y be a Chebyshev subspace of finite codimension of a normed linear
space X. If the metric projection Py is continuous on X, then Sxy is homeomorphic

to Sx N Py '{0}.

Proof Let W : X — X/Y be the quotient map, / the identity map on X and
V:X/Y — P;l{O} givenby V(x +Y) = x — Py(x), x € X. Itis easy to check
that V is a well defined bijective map on X /Y. We now observe that the following
diagram commutes.

Since W is open and continuous, V' is continuous on X /Y if Py is continuous.
Note that the inverse V! of V, is the restriction of the quotient map W to the set
Py 1{O} and hence continuous. Thus, V is a homeomorphism if and only if Py is
continuous. Further, V is an isometry and therefore, V (Sx,y) is the set Sy N Py ! {0}.
This completes the proof. (]

The characterizations, given below, of semi-Chebyshev subspaces is from [23].

Proposition 1 Let Y be a subspace of X. Then Y is semi-Chebyshev if and only if
there donotexist f € Syi,x € Xandyg € Y suchthat f(x9) = ||xoll = llxo — yoll -
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The following result [23, Theorem 2.1] for a subspace of codimension n shows that
semi-Chebyshevity of Y restricts the dimension of the set Jx (), for each nonzero
finY L. If A is a set, aff A denotes the affine hull of A and rel.int A denotes the
relative interior of A (interior of A with respect to aff A).

Proposition 2 Let X be a Banach space and Y be a subspace of codimension n in
X. Then Y is semi-Chebyshev implies that for every f in Y+ \ {0} the set Jx(f) is
of dimensionr <n — 1.

Proof Assume that there exists f in Y+ \ {0} with Jx(f) having dimension > n.
Then Jx (f) contains n+ 1 affinely linearly independent elements, say, {wy, wa, ...,
Wnt1}. Let A = co{wy,wa, ..., wy41}. Then A is a compact and convex subset
of Jx(f) and dim A = n. Recall rel.intA # () and pick xg in rel.intA. Then
0 erel.int(A — xg). Wehave Y| = sp(A — xo) = aff(A) —xo. Thendim Y| =n
and 0 € int (A — x¢), considered as a subset of Y. Thus every z in Y] is a positive
multiple of an element in A — xy.

NowifY1NY = {0} then X = Y @Yy, sincecodimY =n =dim Y;.Now f =0
on A — x¢ and therefore f = O on ¥Y; and f = 0 on Y. This is a contradiction to
Il fIl = 1. Hence there exists yg in Y1 N Y \ {0}. Choose § > 0 small so that —8yq €
A — x¢. That is, xo — §yg € A. Note that §yy 7% 0 and xg —§yg € A C Jx(f). Since
xo € Jx(f), using Proposition 1 we get a contradiction to Y being Chebyshev. [

We now apply the above result to the space C(Q). Let Y be a proximinal subspace
of finite codimension in C(Q). Assume p € Syr and Q \ S(u) has r points say
{g1,...,qr}. Define x and x;, 1 <i <rin C(Q), with norm one and satisfying

1 ifteSuh),
x(t)y=1-1 ifteSu),
0 Otherwise,

W

XY
> £
PrH{0}

1 ifr e S(u™)Ufg}
xi(t)=1-1 ifreSu),
0  Otherwise.

X

and

Then {x,x,...,x:} € Jc(p)(w) is a linearly independent set. If ¥ is Chebyshev
then r < dim Jc(g)(n) < n — 1. Hence Q \ S(u) has at most n — 2 points. Since
this set is open, it is contained in the set of isolated points of Q.

We are now in a position to prove the result of Morris mentioned earlier.
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Theorem 11 (Morris [22]) Let Y be a Chebyshev subspace of finite codimension in
C(Q). Then Py is continuous if and only if codim Y = 1.

Proof Since Q is infinite compact, Q has a limit point, say go. For any 1 € Y=+,
0 \ S(u) consist of isolated points. So gop € S(u). Since p € Y+ was chosen
arbitrarily go € N{S() : u € Y1},

Pick x in PY_I{O} N Sx. Then there exists a i € Sy such that u(x) = 1. Hence
[x(go)| =1.Set A ={x € PY_I{O} N Sx : x(go) = 1}. Thus both A and — A are non
empty closed sets, A N —A = ¢. Further Py 1{O} N Sy = A U —A is disconnected.

Now assume Py is continuous. Then by Fact 3, Sx N Py 1{0} is homeomorphic
to Sx,y and so Sx,y is disconnected. This implies dim X/Y = 1. O

It was thought that negative results like the one above, may not occur in “nice”
spaces. For instance, it was conjectured that if X is reflexive and strictly convex, the
scenario may be different and the metric projections onto subspaces of X would be
continuous. However, in [4], Brown constructed an example of a proximinal subspace
of codimension 2 in a reflexive, strictly convex space with a discontinuous metric
projection. However, some of the recent results show that there are indeed a large
class of spaces, for which the metric projection onto subspaces of finite codimension
have strong continuity properties. We describe them below.

We recall that in a finite dimensional polyhedral space X, the metric projection Py
isL.s.c. for every subspace Y of X. The following series of results show that polyhedral
condition plays a crucial role in the continuity properties of metric projections onto
proximinal subspaces of finite codimension too. As far as we are aware, the first
result of this kind was given in [14]. Recall that NA(X) denotes the set of norm
attaining functionals on X and by N A(X), we denote those functionals in N A(X)
of norm one.

Theorem 12 [14] Let X be a Banach space and Y be a subspace of finite codimen-
sion in X with Y+ polyhedral. Assume that Y~ € NA(X). Then Y is proximinal
and the metric projection Py has a continuous selection.

The geometric notion of QP-points [26] was utilized in the same paper to get a
sufficient condition for strong proximinality and hence for H.u.s.c. of metric projec-
tions. To describe the relevant results from this paper, we need the following two
definitions that are central to this part of the discussion.

Definition 5 Let X be a Banach space and F : X — R be a convex function.
We say F is strongly subdifferentiable (SSD) at x € X, if the one sided limit
tlir(1)1+ w exists uniformly for y € Sx.
Definition 6 [26] Let X be a Banach space. An element x in Sy is called a Quasi-
polyhedral point (QP-point) if there exists 6 > 0 such that Jy«(y) € Jx=(x) for
every y in B(x, 8) N Sx. If every element of Sy is a QP-point of X, then X is said

to be a QP-space.
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We now have the following result linking the QP-points and SSD points.

Lemma 1 [14] Let X be a Banach space and x in Sx be a QP-point. Then the norm
of X is SSD at x.

Proof Since x is a QP-point, there exists § > 0 such that if w € B(x, 26) N Sx then
Jx+ (@) € Jx=(x).Selectany y € Sy and fix0 <t <§.Ifw = ”fci—g” thenw € Sy
and [|x — o] < 26. Thus Jx=(x 4+ ty) = Jx=(w) C Jx=(x).

Pick any s suchthat0 < s < tandletA = s/t. Thenx+sy = A(x+ty)+(1—X1)x.
Now, for any f in Jx=(x + ty),

lx +syll = fx+sy) =Alx + 1yl + A = Dllx]l = [lx + syl

Hence f(x +sy) = |lx + sy| and

ol 2 Jeaan =@ ),

N

It is now clear that for all y in Sy, we have

e A syl = lxll _ lx eyl = llxll _ fe+0y) = )

lim
Jim, . ; ; f
and the norm of X is SSD at x. O

The following useful characterization of SSD points of the norm of the dual space
leads to a characterization of strongly proximinal hyperplanes.

Theorem 13 [14] Let X be a Banach space and f € Sx+. Then the norm of X* is
SSD at f ifand only if f € NA1(X) and given ¢ > 0 there exists 5, > 0, such that
for x € By satisfying f(x) > 1 — 8., we have d(x, Jx(f)) < &.

Corollary 4 [14] Let X be a Banach space and f € X*. Then H = ker f is strongly
proximinal in X if and only if the norm of X* is SSD at f.

We now give a characterization of QP-points, that helps to visualize QP-points
on the unit sphere.

Fact4 Let X be a Banach space and x € Sx. Then x is a QP-point of X if and only
if there exists ¢ > 0 such that if y € Sy and |x — y|| < &, then the line segment
[x, y] lies on the sphere Sx.

Proof Since x is a QP-point, there exists ¢ > 0 such that Jx=(y) € Jy=(x) for all
y € Sx N B(x, ). Selectany y € Sy N B(x, ¢) and f € Jx=(y). Then f € Jyx+(x)
and if v € [x,y] then f(x) = f(y) = f(w) = 1. Since ||w|| < 1, this implies
ol =1and [x, y] < Sx.

For the converse, let x € Sy and selecte > 0 so that the given condition holds. Let
a =¢/2and z € Sx N B(x, a). Considering the 2-dimensional subspace generated
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by x and z and using the given condition, we can easily get y € B(x, ¢) N Sy such
that z € (x, y). So there exists A,0 < A < 1, such that z = Ax + (I — A)y. If
f € Jx=(z) then

f@=1, f(x) <land f(y) <1,

andso 1l = f(z) = Af(x) + (1 —A) f(y) < 1. This implies f(x) = f(y) = 1 and
f € Jx=(x). Thus Jx=(z) € Jx=(x) forall z € Sy N B(x, @) and x is a QP-point of
X. O

For a norm attaining functional f in X*, the functional f being a QP-point can be
characterized in terms of the sets Jx (.), instead of the sets Jx=«(.), as the following
result shows.

Fact5 Let X be a Banach space and f € NA|(X). Then f is a QP-point of X* if
there exists o > 0 such that Jx(g) C Jx(f), forall g € B(f,a) N NA{(X).

Proof The necessity follows the above Fact. To prove sufficiency, let f € NA{(X)
satisfy the condition of the lemma. If g € NA{(X) and || f — g|| < ¢, then by
assumption Jyx(g) € Jx(f). Pick any z in Jx(g). Then f(z) = g(z) = 1 and so
(f + g)(z) = 2. Since ||z|| = 1, this implies || f + g|| = 2. Hence

lf+gll=2 forallg € B(f,e) N NA1(X).

By the Bishop-Phelps theorem, the set B(f, &) N NA1(X), is dense in B(f, &) N Sy
and this with the continuity of the norm function yields

I+ gl =2forall g € B(f, &) N Sx.

It is now easy to verify the above equality implies [ f, g] € Sx= if g € B(f,¢/2) N
Sx+. By Fact 4, f is a QP-point of X*. a

We now fix some notation, used hereafter. Let X be a normed linear space and
{f1...fa} € X*. We define subsets Jx(fi,... fi) for 1 < i < n inductively as
follows.

Jx(f) ={x € Bx : filx) = [ f1ll}-

Having defined Jx (f1) we define

Jx(fro - ) =1x e Ix(fi... fic) 2 filx) =sup{fi(y) 1 y € Ix(f1... fi-D}}

for2 < i < n. Note that Jx(f1) # ¥ & f1 € NA(X). The sets Jx(f1... fi) can
be empty and if nonempty, they are faces of By.

However, if X is finite dimensional then the sets Jx (fi ... f;) are nonempty for
1 <i < n.Furtherifdim X = n and (fj ... f) is a basis of X*, then Jx(f1... fu)
is a singleton set. We set
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a =sup{filx) :x € JIx(f1,..., fi—1)}, for2<i <n.

Clearly,
Ix(fi... fi)={x e Ix(fi... fi-1) : fi(x) = a;}
= ﬂ {x € By : fj(x) =Olj}
j=1

for 2 <i < n.Furtherif xo € Jx(f1... f;) then,
Jx(fi...f)={xe€Bx: fj(x)= fj(xo)for1 < j <i}, forl<i=<n.

Theorem 14 Let X be a Banach space and Y be a proximinal subspace of finite
codimension n in X. Then Y is strongly proximinal if and only if for every basis

fioooo, faof Y*

lim supld(y, Jx(fi... f)) 2y € Jx(fi.... fi. &)} =0

forl <i <n.

Remark 4 1t can be shown that [14] if X is a Banach space and Y is a subspace of
finite codimension in X such that each functional in Y- N S x* is a QP-point of X*,
then Y is proximinal in X.

We are now in a position to prove the following theorem.

Theorem 15 [14] Let X be a Banach space such that every f in NA(X) N Sx= is
a QP-point of X*. Then every subspace Y of finite codimension Y- C NA(X) is
strongly proximinal and Py is H.u.s.c.

Proof By the above Remark, Y is proximinal in X. By Lemma 1, every f € NA;(X)
is a SSD point of X*.

Let(f1,..., fu)beabasisof Y L. We now show that we can select positive scalars
Xi, 1 <i < n, such that

i
Ix(fioo ) =Jx [ D 4 fi |, for1 <i <n. 6)
j=1
We use induction on n. We take A = 1 and note that the case n = 1 is trivial.

Inductively assume that A; > 0 for 1 < j < i — 1 have been chosen so that if
i—1

gi—1 = > Aj fjthen Jx(gi—1) = Jx(fi. fo, ..., fi—1). Now gi_j € Y+ and so
j=1

is a QP-point of X*, by assumption. Using Fact 5, choose A; > 0 small enough so

that
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Jx(gi—1 +Ai fi) € Jx(gi-1).

By induction assumption,

JX(gi—l» fl) = JX(flv f2, "'7fi-17 fl)

We have Jx(gi—1 + Ai fi) € Jx(gi—1) and A; > 0. It is now easy to verify that
Jx(gi-1, fi) = Jx(gi—1 + A fi) and we have

Tx (Z Ajf;) = Ix (@1 + M fD) = Ix(gi-1, f) = Ix(fi, fos ooy fimts fi)- (D)

Jj=1

This completes the induction and (6) holds. It now follows that

i
xelx [ D rifi] = fi)=aiforl<i<n,
j=I

where a1 = || f1ll and o; = sup{fi(y) : y € Jx(f1, f2, ..., fi—D}, for2 <i < n.
We now proceed to show that the condition of Theorem 13 holds for the basis

(f1, 2+ fn). Recall that

Ix(fi.... fi.e) =[x € Bx : fi(x) > a; —&}.

j=1
i
Now > Ajfj€ Yt c NA(X) C QP-points of X*, for 1 <i < n. Thus the norm
j=1

i
of X*isSSDat " 4;f; for 1 <i <n.So by Theorem 13
j=1

i i

li . . . —

lim - sup d|y, Jx Z)wf/ y € Jx Z)‘ij»g 0
J=l1 J=1

for 1 <i < n.Itis easy to check that this with (7) implies

lim sup{d(y, Jx(fi--- fi)) 1y € Ix(fi.... fi. &)} =0

for 1 <i < n.By Theorem 14, Y is strongly proximinal in X. (]

It is a natural question to ask whether a stronger conclusion in Theorem 12
is possible. More precisely, can we conclude Py is l.s.c. under the conditions of
Theorem 127
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The proof of Theorem 12 is rather short and essentially makes use of a property
of finite dimensional polyhedral space that allows continuous selection for measures
supported on extreme points. However, an imitation of the same proof did not seem
to carry further. Relatively long and elaborate proofs were used to show that Py is
Ls.c. in Theorem 12 if

(1) X is a subspace of cp. Indumathi [17]
(i) X is a separable Banach space with Property (*) (V. P.Fonf and J. Lindenstrauss,
Pre-print 2003. See also Fonf et al. [13])

where Property (*) as in Definition 9, below.

We observe that (ii) is a generalization of the earlier result (i). However, it was
shown in [16] that no additional condition on the Banach space X is, in fact, needed.
More precisely,

Theorem 16 [16] Let X be a Banach space and Y be a proximinal subspace of finite
codimension in X with Y polyhedral. Then Py is Ls.c.

We need some definitions and preliminary results to prove the above theorem. Let
X be a Banach space, Y be a closed subspace of finite codimension in X. Set

Oy(x)=x—Py(x),x e X

and for a finite subset { f1, ..., fx} of YL, let

k
Qi) =y € Bx: fiy) = fi0)}

i=1

Clearly, Qy,,... 5 (x) is either empty or convex and the domain of the set valued
map Q... 5, Will be taken as the set Dy = {x € X : d(x,Y) = 1} in the sequel.
Note that if {f1,..., fkx} Y+ then Of....f ®¥) € Qy(x) and equality holds if
{fi,..., fr}isabasis of Y. Further if ¥ is proximinal, Qy (x) is nonempty for each
x and hence Qy, .. 5 (x) is nonempty in this case. For k > 1 and x € Dy, define

oy, =inf{fi(@) 1z € Oy, i ()}

and
Brk =sup{fi(@) :z € Qp,... i (O}

We now have the following Proposition from [17].

Proposition 3 Let X be a Banach space, Y be proximinal in X and x € Dy. Assume
that there exists a finite subset { f1, ..., fix1}, | <k < n, of Y+ such that the map
O ... fi 18 H.Ls.c at x and further

Ay ft1 < Jer1(x) < By kr1.
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yeees

fep1 B H.Ls.c at x.

Proof Let 2n = min{Bx k+1 — fk+1(x), fk41(x) — ctx x+1}. Then n > 0. Since
Of,...f is Hls.c at x, given ¢ > 0, there exists § > 0 such that for any z in
Of,...fx)and y in Dy with ||x — y|| <, there exists win Q.. 5 (y) such that
lz —w| < %. Without loss of generality we assume that 0 < § < %6, 0<e<l,

and || fi|| = 1for1 <i <n.Now,if y € Dy and ||x — y|| < §, it follows easily that

,,,,,

n n
Byt > Buktl = g o Gyl < ket g ®)
Ay k+1 < fer1(Y) < By k+1. 9)

Fixz € Q... i, (x). We have to show that there exists vin Q. £, (y) such
that ||z — v|| < &.

Since Qf .. (X)) S OQf,... 5. (x), there exists w in Q7 . £ (y) such that

lz —wll < . We have

n ne  n
Sir1@) = fir1(x), lw—zl < % lx —yll < T <3

This together with (8) and (9) implies

Byk+1 = Jer1 W) = By k1 — Brk+1 + Brk+1 — fir1(x)

F fip 1) = fir1 @)+ fir1 (D) — feg1(w) > 29 — g + g >n. (10)

Similarly we can show that

Ser1(W) —ay k1 > 1. (11)

Also,

[ fra1 () = fert O] < N fier 1t W) = frr1 D] + 1 frer1(2) = fra1 ()]
+ [ fir1 () = fre1 (D]
e ne_ne

g8 '8 4 " & (12)

If fir1W) = fie1(y), then w € Qr+1(y) and ||w — z|| < €. Take v = w in this
case. Otherwise, we slightly perturb w to get an elementof Q ¢, . £, (¥) as follows.
Note that using (10)—(12), we can get wy in Q 7, ... ,(¥) such that

.....

[fer1 WD) = fig 1)) > 1, 13)

and fr4+1(y) lies in between fr41(w) and fx41(w1). Choose 0 < A < 1 such that

Sir1Ow + (1 = wy) = fig1(y)
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andtake v = Aw+(1—A)wy.Sincewandwy arein Q¢ . 4 (3),visin Qp . . ().
Also,

A =D fer1w1) = fia1 M1 = fer1 () — frr1(w).

This together with (12) and (13) gives

1—A<E:—.
4n 4
Hence
2¢ ¢
w—vli=A=2)lw—wil =21 -24) < — ==,
4 2
lz—vil < llz = wll + llw —vll < = +
—v — w—v|<=-4+=-=¢.
cori=lemw 272
Hence the proof is complete. O

Definition 7 Let Y be a proximinal subspace of codimension » in a Banach space
X and x, an element of Dy. We say x is a k-corner point, 1 < k < n, with respect
to a linearly independent set of functionals {fi, ..., fx} in ¥ Lif Of,.fix) =
mi'(:] Jx (fl)

We now require some well known facts about finite dimensional convex sets. Let
E be a finte dimensional normed linear space. For C € A C E, where C is convex
and A is affine, by “interior of C with respect to A”, we mean the interior of C,
considered as a subset of the affine space A. The set of all extreme points of C would
be denoted by extC. A subset D of C is called extremal if D contains an interior
point of a line segment / in C then D contains /. Clearly, a singleton extremal set is
an extreme point.

We now state the following result from [16].

Lemma 2 Let X be a Banach space, Y be a proximinal subspace of finite codimen-
sion n in X with Y+ polyhedral. For each xq in Dy, there is a basis {f1, ..., fn} of
Y+ such that O, fuxo) = ﬂle Jx (f;) either withk = n, or with 1 < k < n.
In the later case we have

Axg,j < fj(x0) < Byy,j, fork+1=<j <n.

The following theorem is an immediate from Proposition 3 and Lemma 2.

Theorem 17 [16] Let X be a Banach space, Y a proximinal subspace of finite
codimension n in X with Y+ polyhedral. Assume that, whenever x in Dy is a
k-corner point with respect to a set of linearly independent functionals { f1, ..., fi}
in Y for some positive integer k, 1 < k < n, then the map Ofi,..fi iSHlLs.catx.
Then the metric projection Py is H.l.s.c on X.
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The result below shows that the conditions of the above theorem hold under natural
assumptions. More specifically, we have

Lemma 3 Let X be a Banach space and Y be a proximinal subspace of finite codi-
mension in X, with Y+ polyhedral. If xo, in Dy, is a k-corner point with respect to a
set of linearly independent functionals { fi, ..., fi}in Y+, then the set valued map
O f....fi 18 H.Ls.c at xo.

It is now easily seen that Theorem 16 follows from Theorem 17 and Lemma 3
above. Hence to complete the proof of Theorem 16, it suffices to prove Lemma 3.

To prove Lemma 3, we need the result quoted below. By (R™), we denote the set
of non-negative real numbers.

Proposition 4 Let E be a finite dimensional polyhedral space and let ext By =
le1, ..., en}. Then there exists a continuous map A : Bg — (R™)™ such that, if
A(x) = (i (x))iL;, then

m m
Zui(X) =1, and x = Zm(x)ei
i=1 i=1

forall x in Bg.
We now continue the proof of Lemma 3.

Proof The finite dimensional space Y1 is polyhedral and so is its dual, (Y-)*. Thus
B(y 1) has only finite number of extreme points. As

S(yi)* = {¢x X e Dy},
there exists a finite subset {x1, ..., x;;} of Dy such that
ext B(Yl)* = {¢)C| yeeey ¢xm}.

Let x be in Dy. Then ¢, is in S(YL)*. Taking £ = Y H* in Proposition 4, let
A(¢px) = (i (@)L, . Since the map x — ¢, is continuous, the map x — A(¢y))
is continuous from Dy into (R™)"”. We abbreviate, ; (¢x) as p; (x) for 1 <i < m.
Then >/" | i(x) =1 and

POr) =D i)y, (14)
i=1

By assumption, xg is in Dy and is a k-corner point with respect to a set of linearly
independent functionals {fi, ..., fr} in Y. We need to show that the set valued
map Q.. 5, is H.Ls.c at x¢. For this purpose, we first define a set valued map Tj
on Dy as follows:
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i=1

We now claim that Ty is H.l.s.c on Dy.
To see this, fix x in Dy and ¢ > 0. Since the map x — (u; ()c))?;1 is continuous
from Dy into (R1)™, there exists § > 0 such that for z in Dy N B(x, §), we have

D (@) — i) <e.

i=1

For any v in Ty (x), there is a v; in Q. r,(x;), for 1 < i < m, such that v =
> mi(x)vi. Letw = 2% wi(z)vi. Clearly w is in Ty (z) and [|[v — w| < € as
lvill <1, for 1 <i < m. It now follows that

Tk (x) € Ti(2) + B(0, ¢),
for any z in B(x, §). Hence the map T} is H.Ls.c at x and hence, on Dy.

We now proceed to show that Q ¢, . 5 is Ls.c at xg. In order to do this, we first
show that

.....

Ti(x0) = Ofy,... i (xo) and Ty (x) € Q... (x), forallx € Dy.

To begin with, note that

Q... fi (x0) = M} Ix (f})- (15)
Now for x in Dy, by Eq. (14), we have
m
[0 =D w0 fi(x), forl<j<k.
i=1
Select any z in Ty (x). Then there are elements z; € Q.. p(x;) for1 <i < m,

such that z = Z;"zl ni(x)z;. Note that ||z]| < 1, as ||zi]| < 1 for 1 <i < m. Also
forl <j <k,

m m
£i@) =D i) i) = D i) f(x) = f(x).
i=1 i=1
Since ||z|| < 1, this implies z is in Q f,,..., f, (x) and we have

T:(x) € Qf,...1i(x), VYx € Dy.

Now ¢y, = 2iL wi(x0)¢x,, and by Eq. (15),
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£iG0) = ¢uo () = [ 7] = D i xo)pw, (f), for 1 < j < k.
i=1

Since ¢,,; are norm one elements of (Y1)*, we must have

fiGi) = ox (f) = | f

, forl <j<k,

whenever u;(xg) # 0. Hence

j=1

whenever w;(xg) # 0,1 <i < m. Itis now easy to see that

Thus

Ti(x0) = Qfl ..... fr (x0) and Ty (x) C Qf1 ...... fi (x), forallx € Dy. (16)

Since the map T is H.Ls.c at x¢, it now easily follows from Eq.(16) that the map
O ... fi 1s also H.Ls.c at x¢. This completes the proof of the Lemma. U

Dutta and Narayana [10] proved thatif Y is a strongly proximinal subspace of finite
codimension in C(Q) then Py is Hausdorff metric continuous. Here too, polyhedral
condition plays an important role. They in fact show that Y is polyhedral in this
case and use it to prove their conclusion.

Dutta and Shanmugaraj [11] quantified strong proximinality through

e(x,t) =inf{r > 0: Py(x,t) € Py(x) + rBy}

forx € X\Y and ¢ > 0. They have proved that if Y is a strongly proximinal subspace
of finite codimension, Py is Hausdorff semi-continuous at x in X if and only if &(¢)
is continuous at x for every ¢ > 0.

Recently, in 2011, a long and comprehensive paper “Best Approximation in poly-
hedral spaces” by Fonf et al. [13] presents significant results, linking geometric
properties of a Banach space X with that of the continuity properties metric projec-
tion onto subspaces of finite codimension. We need the following definitions to state
the results.

Definition 8 [13] A set Z C Sx+ is a boundary for X if for each x in X there exists
f € #B with f(x) = |x].



58 V. Indumathi

Definition 9 [13] A Banach Space X satisfies a property (x) if there exists a bound-
ary 4 C Sx+ suchthat Z' NN A(X) # (), where 4’ is the set of all w*-accumulation
points of Z.

Definition 10 [13] A Banach Space X satisfies a property (A) if there exists a
boundary # C Sx+ such that the set

{(fe#: f)=1}=Jx=(x)NA

is finite for each x € Sy.

It is known that if X is a QP-space then X is polyhedral. The result below from
[13] explains the relation between the above geometric conditions.

Fact 6 [13] Let X be a Banach space. Then

X has Property (x) = X is QP with A.
& X is polyhedral with A.

Definition 11 Let X be a Banach space and Y be a closed subspace of X. Then the
effective domain of Py, denoted by dom Py, is the set {x € X : Py(x) # ¢}.

Theorem 18 [13] Let Y be a closed subspace of X. Then

(a) If X is polyhedral with (A), then Py is H.l.s.c on domPy. In particular, Py
restricted to dom Py admits a continuous selection by Michael’s selection theo-
rem.

(b) If X is polyhedral with (A), Py is not necessarily H.u.s.c on dom Py, even when
Y is proximinal with a finite codimension.

(c) If X satisfies (x), then Py is Hausdorff continuous on dom Py .

Remark 5 We would like to mention here that Theorem 5.1 of [13], which says that
a proximinal subspace Y of a Banach space X is strongly proximinal if and only if
the metric projection Py is H.u.s.c, is incorrect. While it is easy to prove that strong
proximinality of ¥ implies Py is H.u.s.c., the implication in the reverse direction is
not true.

To see this, let X be a Banach space and H =ker f, where f isin NA(X). Then
H is a proximinal hyperplane and it is easily shown that Py is H.u.s.c. However,
many examples of proximinal hyperplanes which are not strongly proximinal are
known [14]. Thus the conclusion of Theorem 5.1 of [13] does not hold.

Before concluding the article, we make two observations. The notion of a.l.s.c.
has not been discussed much in the context of metric projections onto subspaces of
infinite dimension and in particular, onto subspaces finite codimension. It is desirable
to characterize the class of Banach spaces X such that for every proximinal subspace
Y of finite codimension in X, the metric projection map Py is a.l.s.c.

We are not aware of any characterization of a proximinal subspace of finite codi-
mension Y in C(Q) with the metric projection Py having a continuous selection or
Py is a.l.s.c. It would be desirable to obtain some results in that direction.
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Convergence of Slices, Geometric Aspects
in Banach Spaces and Proximinality

P. Shunmugarayj

Abstract Some geometric properties of Banach spaces and proximinality properties
in best approximation theory are characterized in terms of convergence of slices. The
paper begins with some basic geometric properties of Banach spaces involving slices
and their geometric interpretations. Two notions of convergence of sequence sets,
called Vietoris convergence and Hausdorff convergence, with their characterizations
are presented. It is observed that geometric properties such as uniform convexity,
strong convexity, Radon-Riesz property, and strong subdifferentiability of the norm
can be characterized in terms of the convergence of slices with respect to the notions
mentioned above. Proximinality properties such as approximative compactness and
strong proximinality of closed convex subsets of a Banach space are also character-
ized in terms of convergence of slices.

Keywords Slices - Convergence of slices - Proximinality * Strict convex normed
spaces * Smooth normed spaces + Uniform convex spaces + Radon-Riesz property -
Strong subdifferentiability + Convergence of sequences of sets - Vietoris conver-
gence - Hausdorff convergence - Measure of noncompactness + Continuity of set-
valued maps - Duality mappings - Preduality mappings

1 Introduction

The purpose of this chapter is to discuss some notions of convergence of sequence of
slices and relate these with certain geometric properties of Banach spaces and also
to some known proximinality properties in best approximation theory. The results
which are presented here are not new and in fact they are scattered in the literature in
different formulations. We present these results in terms of convergence of slices and
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we observe that several known results fit naturally in this framework. The presentation
of the results in this framework not only unifies several results in the literature, it
also allows us to view the results as geometric results and understand some problems
which remain to be solved in this area.

The chapter is in two parts. In the first part, we begin from the classical works
of Banach and Smulian on the characterizations of smooth spaces and uniformly
smooth spaces (or uniformly convex spaces) and present similar characterizations
for other geometric properties including some recent results. Similarly, in the second
part, we begin from the classical results of James and Day on characterizations of
reflexivity and strict convexity in terms of some proximinality properties of closed
convex subsets and present similar characterizations for other proximinality proper-
ties including some recent results. To be more specific, let us now define the slices
formally.

Let X be a real Banach space and X* its dual. We denote the closed unit ball and
the unit sphere of X by Bx and Sy respectively. For x* € Sy+ and 0 < § < 1, we
define

S(X, x*,8) = {x eBy : x*(x)>1— 8} )

The set S(X, x*, §) is called a slice of By defined by x* and 8. The geometric in-
terpretation of a slice is given in the Sect.2 (see Fig.2). Similarly for x € Sx and
0 < § < 1, we define the slice S(X*, x, §) of Bx=, defined by x and 8, as follows

S(X*, x,8) = {x* € By« 1 x*(x) > 1 — 8}.

In the first part of the chapter, it is observed that geometric properties such as
uniform convexity, strong convexity, Radon-Riesz property, and strong subdifferen-
tiability of the norm can be characterized in terms of the convergence of sequence
of slices

S(X,x*,1/n), S(X*,x,1/n) and S(X**,x*,1/n) as n — oo.

Observe that these are sequences of sets in X, X* and X™*, respectively. A sequence
of slices is shown in Fig. 7.

In the second part, proximinality properties such as strong proximinality and
approximative compactness in best approximation theory are characterized in terms
of convergence of slices. To be more specific, we need some notions from best
approximation theory.

Let C be a nonempty, closed, and convex subset in a Banach space X and x € X.
For é > 0, consider the following set

Pcx,8) ={yeC:lx—yl <d,C)+ 6},
where d(x, C) denotes the distance between x and C. The set Pc(x, 0) is called the

set of best approximations to x in C and the set Pc(x, §), for § > 0, is called the
set of nearly best approximations to x in C. The set Pc(x, 0) could be empty but
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Pc(x,8) # @, for § > 0. The geometric interpretation of the set Pc(x, §) is given
Sect. 5 (see Fig. 10).

We will see that the proximinality properties mentioned above can be characterized
in terms of convergence of sequence of sets (Pc(x, 1/n)) as n — oo. In the second
part of the paper, we will relate the convergence of slices with the convergence of the
sets Pc(x, 1/n). This will illustrate that the slice convergence connects the geometry
of Banach spaces and the theory of best approximation.

The chapter is organized as follows. In Sect.2, we recall some basic results in-
volving slices and present their geometric interpretations. We use two notions of
convergence of sequence of sets, called Vietoris convergence and Hausdorff conver-
gence which are presented with their characterizations in Sect. 3. The characteriza-
tions of the geometric properties of Banach spaces in terms of convergence of slices
are discussed in Sect.4. Section5 is devoted to relate proximinality properties and
geometric properties of Banach spaces through the convergence of slices.

2 Preliminaries

In this section, we present the geometric interpretation of the slices and some basic
results in Functional Analysis involving slices which are required in the sequel.
The geometric visualization presented here would help, at least for the beginners, to
appreciate the results presented in this and the subsequent sections. Throughout the
section we assume that X is a real Banach space.

In Functional Analysis, there are several results which involve elements of X* or
Sx+. Many such results are geometric in nature and their proofs also use the geometric
visualizations. To visualize the results geometrically, the nonzero elements of X* are
associated with hyperplanes.

AsetH = {x € X : x*(x) = ¢} forsomex™ € Sy andc € Riscalled a hyperplane
(see Fig. 1). If x* € Sx+, we associate this element of the dual space with a hyperplane

{[xeX :x*(x)=c}, forsome c € R\{0}.

So, the elements of dual spaces are geometrically visualized as hyperplanes in X.
For example if X = R? then the hyperplanes are planes in R>.

2.1 Distance Formula and Slices

The formula appearing in the following result is a generalization of the distance
formula in R3. The formula helps us to locate a hyperplane or, at least, to know the
distance between the origin and a hyperplane. The formula is illustrated in Fig. 1.



64 P. Shunmugaraj

Fig. 1 Distance between X
the point xo and hyperplane .
H=xeX: : x*(x) =c}

Theorem 1 (Ascoli’s Formula) Let x* € X*\{0}, xo € X and
H={xeX:x*(x) =c}, forsomeceR.

Then,
|x*(x0) — c

d(xo, H) = e

Proof Forany h € H, |x*(xo) —x*(h)| < [x*(xp) —c| < ||x*| |lxo — A||. This implies
that [x*(xo) — ¢| < [|x*||d (xo0, H).
To prove ||x*||d(xg, H) < |x*(xg) — ¢/, it is sufficient to show that

ad(xo, H) < |x*(x0) — cl,

for all @ such that 0 < @ < ||x*||. For 0 < a < ||x*||, find y € Sx such that
|x*(y)| > «. Define
x*(xg) — ¢
h=xo—|———— ) y.
x*(y)

It is easy to verify that & € H and «|lxp — h|| < |x*(xp) — c|. This shows that
ad(xg, H) < |x*(xg) — c|. O

We use the formula given above as follows. Let x* € Sxx, Hy = {x € X : x*(x) =
1} and H,, = {x eX x*(x)=1- %} Then from the previous formula we get that
d(0,Hyp) =1andd(0,H,) =1 — % We can also verify that

d(Bx,Hp) =inf{|[x —y||:x € Bxandy € Hy} =0

and d(Ho, H,) = 1.

We can easily visualize that a hyperplane H = {x € X : x*(x) = ¢} divides the
space X into two parts HY = {x e X :x*(x) > cJand H~ = {x € X : x*(x) < c}.
Note that H = HT N H~ and the half space H* or H™ lies on one side of H.
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Fig. 2 Slice S(X, x*, §)

formed by slicing By slice
by the hyperplane Hs —+ slice
={xeX: x*(x)=1-6}

Hs

By Hs

Bx

A slice S(X,x*,8),0 < § < 1, x* € Sx+, is the intersection of the unit
ball By and the half space {x € X : x*(x) > 1 — §}. We cut the unit ball into two
pieces with the hyperplane {x € X : x*(x) = 1 — §} and take the slice lying in
{x € X : x*(x) > 1 — §8}. The slice S(X, x*, §) is illustrated in Fig.2.

Incase 0 < § < 1, the slice S(X, x*, §) is nonempty. Observe that if we take

Y:{xeX:x*(x):O}

and xg € S(X, x*, §) then d(xp, Y) > 1 — 8. Does this resemble Riesz Lemma?

Let us discuss the slice for the case § = 0. It can be easily verified that if x* € Sxx,
then the hyperplane H = {x € X : x*(x) = 1} does not intersect the interior of the
unit ball By. If S(X, x*,0) # ¢, then geometrically it is clear in this case that
the hyperplane H touches the unit ball at all points of S(X, x*, 0). Therefore if
S(X, x*,0) # ¥ we say that the hyperplane {x € X : x*(x) = 1}, defined by x* € Sx+,
is a supporting hyperplane supporting By at every point of S(X, x*, 0) and x* is a
support functional. Since the set S(X, x*, 0) is the intersection of Sy and a hyperplane,
itis sometimes called a face of By. See Figs. 3 and 4 for the illustration of supporting
hyperplanes and faces.

Remark 1 Observe that S(X*, x, §), x € X, is a slice of the ball By+ generated by
the element x € X** and S(X, x*, §) = S(X*™*, x*, §) N X.

Let see the geometric interpretation of some well-known results in Functional
Analysis which would help us to visualize several other geometric results.

The following geometric result is an immediate consequence of the Hahn-Banach
extension theorem.

Theorem 2 For every xy € Sx, there exists x* € Sx+ such that x*(xg) = 1.

Theorem 2 says that for a given point xp in Sy we can always find a supporting
hyperplane {x € X : x*(xp) = 1}, defined by some x* € Sy+, supporting By at xo
and hence S(X*, x, 0) is always nonempty for all x € Sx. The following question is
natural.

Question 1 For given x* € Sxx, is it possible to find an element x € Sy such that
x*(x) =17
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Fig. 3 Hyperplane
H = {xeX: : x*(x) =1}
supporting By at xg €

SX, x*,0) X,

H

By
Fig. 4 Multiple
hyperplanes supporting By
atx € S(X, x*,0)
X
Bx

The question can be geometrically interpreted as follows. Suppose we are given a
hyperplane H = {x € X : x*(x) = 1}. Does H support Bx at some point? The same
question can also be posed as follows. Is it necessary that every x* € Sy= is a support
functional or S(X, x*, 0) # @ for every x* € Sx+? The following simple example
illustrates that S(X, x*, 0) could be empty for some x* € Sxx.

Example 1 Let X = {x € (C[0, 1], || lloo) : x(0) = x(1) = 0} and define x*(x) =
fol x(t)dt. It can be verified that x* € Sy+ and x*(x) < 1 for all x € Bx. Therefore
SX, x*,0) =40.

Observe that for x* € Sx+, S(X, x*,0) = By NHy where Hy = {x € X : x*(x) =
1}. The above example illustrates that although d(Bx, Hy) = 0 and d(0, Hy) = 1,
the hyperplane Hy may not touch the unit ball By, that is, it may happen that the slice
S(X, x*, 0) could be empty for some x*. So the following question is also natural.

Question 2 Under what condition on X, every x* € Sy+ is a support functional?

It follows from the Banach-Alaoglu theorem that if X is reflexive then By is weakly
compact and hence every x* € Sx+ is a support functional. What about the converse?
This question remained open for about thirty years and finally it was settled by James
[27].

Theorem 3 (James Theorem) X is reflexive if and only if every x* € Sxx is a support
functional.
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Fig. 5 Norm of x is equal to
the supremum of the distances
between 0 and the hyperplanes
passing through xg

In terms of slices the James theorem can be stated as follows: X is reflexive if and
only S(X, x*,0) # @ for all x* € Sx+. We refer to [29] for the proof of the James
theorem.

We discussed some geometric results above and their geometric interpretations
by associating each x* € Sy« with a hyperplane. We will consider one more result
involving elements from Sy+ and see its geometric interpretation.

The following result is an immediate consequence of the Hahn-Banach theorem.

Theorem 4 Let xyg € X such that xy # 0. Then ||xg|| = sup {|x*(x0)| : x* € Sx=}.

The above result is a kind of a duality result. The geometric interpretation will
explain this. For x* € Sy+, consider the hyperplane H,» = {x € X : x*(x) = x*(xp)}.
Then by Ascoli’s formula d(0, Hy+) = |x*(xp)|. Now Theorem 4 can be rewritten as
follows:

10 — x0ll = sup{d(0, Hy+) : x* € Sx+}.

The above observation says the following: Consider all hyperplanes passing through
the point xp and find the supremum of the distances between 0 and these hyperplanes
which is same as the minimum distance between the points 0 and xg. This geometric
interpretation is shown in Fig. 5.

We considered the origin and a point xp above and wrote |0 — xg|| as max of
d(0, Hy+). One can ask the following question. Is it possible to write the distance
between a point xo and a closed convex subset C as a maximum of the distances
between x( and all hyperplanes separating xo and C? This is explained in Fig. 6. This
is possible and this is one of the duality results in minimum norm problems [28].

We will use the basic results in Functional Analysis such as the Hahn-Banach
separation theorem and Hanh-Banach extension theorem in general forms, Goldstine
theorem and Eberlian-Smulian theorem. For the statements of these theorems and
their proofs, we refer to [29].
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Fig. 6 Distance between a X0

point xo and the set C is

equal to the supremum of the

distances between x( and the d(XO’H ) H
separating hyperplanes

2.1.1 Notes and Remarks

Generally a hyperlane in X is defined as a translate of a maximal proper subspace of
X or a translate of a subspace of codimension one [4, 24, 28]. It can be shown that
a set H is a closed hyperplane in X (with respect to the definition mentioned above)
if and only if there exist x* € Sy and ¢ € Rsuchthat H = {x € X : x*(x) = c¢}.

Figure 6 is used in [28] for illustration of the minimum norm problems and a
similar figure can be seen on the cover page of the journal “Numerical Functional
Analysis and Optimization”.

2.2 Strict Convexity and Smoothness

We define two basic geometric properties of Banach spaces called “strictly convex”
and “smooth” in terms of faces of By and By, respectively. We show that the notion
of smoothness is associated with a notion of differentiability of the norm. We will
also see the relation between strict convexity and smoothness.

The space X is called strictly convex if for any x* € Sy+, the face S(X, x*,0) is a
singleton whenever it is nonempty. So if X is strictly convex then every supporting
hyperplane can support or say touch By at only one point (see Figs.3 and 4).

Theorem 5 The space X is strictly convex if and only if Sx does not contain a line
segment.

Proof Let X be strictly convex. Suppose x, y € Sx, x 7 y and the line segment [x, y]
containing x and y is contained in Sy. By the Hahn-Banach separation theorem there
exists a hyperplane Hy = {x € X : x*(x) = 1}, x* € Sxx, separating [x, y] and By.
It is easy to very that [x, y] € S(X, x*, 0) which is a contradiction. The converse is
obvious from the definition. O

The space X is said to be smooth if for any x € Sy, the face S(X*, x, 0) in By+ is a
singleton. Note that the smoothness of X is defined by the faces of Bx+ whereas strict
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convexity is defined by the faces of By. If X is smooth then for every point x € Sy,
there exits a unique supporting hyperplane which supports By at x. One might ask
whether the notion of smoothness corresponds to any differentiability.

We will first relate the Gateaux differentiability of the norm and the support
functionals. Note that the smoothness is related to the support functionals.

Let x € Sx. Suppose the norm || - || of X is Gateaux differentiable at x and f is its
derivative. Then, for & € Sy,

th| — th
T e L e 2| e L
t—0 t t—0 |t
and o + £l = Ixl
) x4+ x| — ||x
f) = lim ———— = x| =1
t—0t t
This shows that if the norm || - || of X is Gateaux differentiable at x € Sy, then its

derivative f is in S(X*, x, 0) or f is a support functional which supports Bx at x. The
natural questions are:

1. Is every element of S(X*, x, 0) associated with some kind of differentiability of
the norm of X?

2. Suppose S(X*, x, 0) is a singleton, can we say that the norm of X is Géteaux
differentiable at x?

We will address these questions below. The results of this subsection and their proofs
will be used in Sect. 4. Let us first express the set S(X*, x, 0) in different forms which
will reveal the relation between the set S(X*, x, 0) and some kind of differentiability
of the norm.

Lemma 1 Letxy € Sx. Then

S(X*, x0,0) = {x* € X* 10" (x) —x*(x0) < llx]l = lIxoll ¥x € X}
= [¥ e X* 1 x* () < |xo + hll — lIxoll VheX}.

Proof If x* € S(X*, xg, 0) then it is clear that x* (x) —x*(xg) < ||x|]|—1forallx € X.
Conversely, suppose

x*(x) = x*(x0) < llx]l = llxo]
for all x € X. If we take x = xp + y then x*(y) < |lxo + y|l — |lxoll < |ly|| for any

y € X. This shows that ||x*|| < 1. If x = 0,x*(xg) > |lxo|l and if x = 2x¢ then
x*(x0) < |lxoll. This proves that x* € S(X*, xg, 0). O
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In Convex Analysis (see [16, 35]), the elements in the set
(X" e X* 1 x" () —x"(x0) < [Ix]| = llxoll Vx € X}

are called subdifferentials of the convex function || - || at xp.

The second form of the set S(X*, xg, 0) that we are going to write will give a
better picture about the relation between the set and the differentiability of the norm
function. We need some definitions and basic results.

It is known [29, p. 483] that, for a fixed x € Sy the function r —
is increasing on R\{0} for any # € X and hence the one sided limits (at x in the
direction /)

lx+h]|—ix]
!

Al thll — (]l
di(x,h) =1 _
) =l
and "
l‘ —
d_(x,h) = lim Ix + thil — lixIl
t—0~ t

exist. Moreover, the map d (x, -) is positive homogeneous and finitely subadditive.
The following lemma is a consequence of Lemma 1.

Lemma 2 Let x € Sx. Then
SX*,x,0) = {x* € Sy» :d_(x,h) <x*(h) <dy(x,h) VheX}.
Proof 1t is easy to see from Lemma 1 that
SX*,x,0) C{x* €8x :d_(x,h) <x*(h) <diy(x,h) VheX}
If x* € Sy~ satisfies the condition d_(x, h) < x*(h) < di(x,h) Y h € X, then
l=d (x,x) <x*(x) <di(x,x) = 1.

This shows that x* € S(X*, x, 0). O

It is clear from Lemma 2 that if the norm of X is Gateaux differentiable at x € Sy
then S(X*, x, 0) is a singleton. In fact, the converse is also true which is stated in the
following result which is due to Banach. We will also use the proof of the following
theorem in Sect. 4.

Theorem 6 Letx € Sx. Then S(X™*, x, 0) is a singleton if and only if the norm || - ||
of X is Gdteaux differentiable at x.

Proof Suppose that the norm || - || of X is not Gateaux differentiable at x. Then
there exist 7 € X and « € R such that d_(x,h) < a < di(x,h). Define
M = span{h} and a linear functional g on M by g(Ah) = i« for all A € R. By
using the fact that dy (x, -) is positive homogeneous and d_(x, h) = —dy(x, —h)
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we get that g(y) < d+(x,y) for all y € M. By the Hahn-Banach extension theorem
[29, p. 73] there is a linear functional x}, on X such that x}(y) < dy(x,y) for all
y € X. Moreover, for all y € X,

d_(x,y) = —dy(x, =y) < —x3(—=y) = x3,(»).

To prove x; € Sx+, observe that

1
X)) S di(x,y) < T+ Wyl =l = iyl

forally e X and 1 = d_(x,x) < x};(x) < d4(x,x) = 1. This proves that x} € Sx=
and S(X*, x, 0) is not a singleton. O

Corollary 1 The space X is smooth if and only if the norm || - || of X is Gateaux
differentiable on Sx.

The following result is a consequence of the fact that X € X**.

Theorem 7 The space X is smooth if X* is strictly convex. Similarly, X is strictly
convex if X* is smooth.

Proof Suppose X* is strictly convex. Then S(X*, x**, 0) is at most a singleton for
every x** € Sy=. This implies that S(X*, x, 0) is a singleton for every x € Sx as
Sx € Sx=+. This proves that X is smooth.

Suppose X* is smooth. Then for every x* € Sx=, S(X**, x*, 0) is a singleton. This
implies that S(X, x*, 0) = S(X™*, x*, 0) N X which is either empty or a singleton.
This proves the result. O

The proof of the following result is immediate from Theorem 7.

Theorem 8 Suppose X is reflexive. Then X is smooth if and only if X* is strictly
convex and X is strictly convex if and only if X* is smooth

We define a notion called uniformly convex which is a stronger notion compared
to strictly convex. We do not define this notions in terms of slices; however, it will
be characterized in terms of slices in Sect. 4.

Suppose X is strictly convex. We have seen in Theorem 5 thatif x,y € Sx, x # y,
then 1 — ’% H > (. But this quantity need not be uniformly bounded from below.

We say that X is uniformly convex if for every ¢ > 0 (0 < ¢ < 2) thereisad > 0
Il

such that for all x, y € By with ||x — y|| > ¢ we have 1 —

Remark 2 For examples of strictly convex spaces, smooth spaces, and uniformly
convex spaces, we refer to [13, 24, 29]. We will discuss some other geometric prop-
erties which are stronger than strict convexity and weaker than uniform convexity.
However, we will not present examples for spaces satisfying such properties and we
refer to [29] for examples.
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3 Convergence of Sequence of Sets

Since the slices are sets, for studying the convergence of sequence of slices we need
to know the convergence of sequence sets which is discussed in this section.

There are several notions of convergence of sequence of sets but in this section,
we will discuss only two notions of convergence called Vietoris and Hausdorff con-
vergence. For other notions of convergence of sequence of sets, we refer to [4, 31].
Since the continuity of the set-valued mappings can be defined in terms of the con-
vergence of sequence of sets, we also touch upon the definitions of the continuity of
the set-valued mappings at the end of this section.

In this section, we assume that X and Y are metric spaces. Let CL(X) denote the
set of all nonempty closed subsets of X. The set of all nonempty closed and bounded
subsets will be denoted by CLB(X). Throughout the section, we assume that {C,,} is
asequence in CL(X) and Cy € CL(X). For C € CL(X) and ¢ > 0 we write B (C) for
{x € X : d(x, C) < €}. Whenever we write {ny}, it is understood that it is a strictly
increasing sequence in N.

3.1 Definitions of Vietoris and Hausdorff Convergence

We present the definitions of the convergence of sequence of sets in the sense of
Vietoris and Haudorff and some examples.

3.1.1 Vietoris Convergence

Each notion of convergence of sequence of sets has two parts, called upper and lower
parts, which are analogous to limsup and liminf of a sequence of real numbers.

Let us first define the upper part of the Vietoris convergence, called V™ conver-
gence.

We say that C, V—+> Cy if whenever Cyp C V for an open set V of X, then C, C V
eventually. The intuitive idea of this notion of convergence is that if C¢ is small
enough to be contained in an open set V then C,s are also small enough to be
contained in V.

The lower part of the Vietoris convergence, called V', is defined as follows.

We say that C,, AN Coif CoN'V £ @ for an openset V of X, then C, NV # (J
eventually. The intuitive idea of this convergence is that if Cy is big enough to hit an
open set V then Cs are also big enough to hit V.

The sequence (C,) converges to Cy in the Vietoris sense, denoted by C, —V> Co,

+ -
if C, AN Coand C, AR Cy. The Vietoris convergence is a topological convergence,
in the sense that there is a topology ty on CL(X), called Vietoris topology, such that
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Cy —V> Cyp ifonly if C;, —> Cy in the topology Ty . We refer to the book [4] for more
details about the Vietoris topology.

3.1.2 Hausdorff Convergence

We first define the upper part of the Hausdorff convergence, called H' convergence.
We say that C, ﬂ) Cy if for every ¢ > 0, C,, € B.(Cp) eventually.

We say that C, i) Cy if for every ¢ > 0, Cyp € B.(C,) eventually.

The sequence (C,,) converges to C in the Hausdorff sense, denoted by C, i> Co,

n -
if C, 2 Cp and C, 2 €.
The Hausdorff convergence is also a topological convergence. In fact, if C,,, Cp €

CLB(X) for all n, then C, A, Cy if and only if C,, —> Cy in the Hausdorff metric
H on CLB(X). The well-known Hausdorff metric H is defined below
For A, B € CL(X), we define h(A, B) = sup{d(a, B) : a € A} and

H(A, B) = max{h(A, B), h(B, A)}.

It is easily seen that h(A,B) < ¢ ifandonlyif A C B.(B). This shows that
h(Cy,, Cp) — 0 if and only if C, H—+> Co. Similarly, h(Cp, C,) — 0 if and only
. H™

if C,, —> Cy.

Note that if A is unbounded then 4(A, B) could be infinite. It can be easily verified
that H is an infinite-valued pseudo-metric on CL(X) and it is a metric on CLB(X). We
refer to [4] for more details on the Hausdorff metric and infinite-valued Hausdorff
seudometric.

vt Ht
Remark 3 1t is clear from the definitions that C,, — Cy implies C,, —> Cp. On

the other hand, it can be easily derived from the definitions that C, i) Cy implies

V- . . . .
C,, —> Cp. The converses need not be true which are illustrated in the following
examples.

Example 2 (a) Let Co = {(x,0) € R? : x € R} and C, = {(x, 1) : x € R}. Then

H+ V+
C,— Cobut C, -+~ Cy.

— H™
(b) Let Co = R and Cy, = [—n, n], n € N. Then C > Co but G, > Co.

(c)Let Co = {(x,0) e R : x €e R} and C,, = {t (l, %) RS R} for all n € N. Then
_ H-
C, V—) Cobut G, -+ Cp.
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Remark 4 Tt is clear from the definition that Vietoris convergence can be defined
for a sequence of subsets of a topological space. Hausdorff convergence can also
be defined for sequence of subsets of certain nonmetrizable spaces. For example,

+
in a normed linear space, we say that C, ﬂ> Cp if C,, € Co + N for every weak
neighborhood N of 0. Similarly, we can define H, Vj,‘ > Vs H ., Vv‘v‘; and V.
convergence. These convergence notions are used for studying the convergence of
slices. However, in this chapter we will present only the Vietoris and Hausdorff
convergence of slices with respect to the metric associated with the given norm.

3.2 Characterizations of Convergence of Sequence of Sets

We now characterize the convergence of sequence of sets in terms of the sequence of

elements from the sequence of sets. We will use these characterizations in the later

sections for the convergence of slices and of sets of nearly best approximations.
Let us see a characterization of the upper part of the Hausdorff convergence.

Theorem 9 Consider the following statements.

.
@) Co5 Co.

(b) If (x,) is such that x, € C, for every n then d(x,, Cy) — 0.

(¢) If (xx) is such that x, € Cy, for every k and x; — xo for some xo then xo € Cy.
Then (a) < (b) =(c).

Proof This can be easily derived from the definition. (I

Some characterizations of the upper part of the Vietoris convergence are derived
in the following result.

Theorem 10 Consider the following statements.

V+
(a) C, — Co.
(b) Every sequence (xp,) such that x,, € C, \Co,k = 1,2,... has a convergent
subsequence converging to some element xy € Cj.

HT
(¢) Cy—> Cp and every sequence (xy,) such that x,, € Cy\Co,k =1,2,... has
a convergent subsequence.
H+
@ C,— Cyp.
(e) Every sequence (x,,) such that x,, € Cy,k =1,2,... has a convergent subse-
quence converging to some element xy € Cy.

Then (a) < (b) < (¢) = (d) < (e). If Cy is compact then all five statements are
equivalent.
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Proof (a) = (b): Suppose C, V—+> Co and let x,, € Cy\Co, k =1,2,.... We will
first show that it has a convergent subsequence. If not, then the set ' = {x, :
k=1,2,...}is closed and Cy C F€ but C, g F¢ eventually which is a contra-
diction. Suppose x,, — xo for some xo. If xo does not belong to Co, then the set
F ={x, :k=1,2,...} Uf{xo}is closed and Cy C F€ but C, ¢ F eventually
which is a contradiction.

(b) = (a): Let us assume that there exists an open set V and a sequence ny such that
Co € Vbut G, g V for every k. Choose x,, such that x,, € C, \V for every k.
By (b) there exists a subsequence of (x,,) converging to some xo € V which is a
contradiction.

(a) = (c): This follows easily from (a) and (b).

(¢) = (d): This is obvious.

(e) = (d): Since (e) implies (b) and (b) is equivalent to (a), (e) implies (d).
Suppose that Cg is compact and (d) holds. To prove (c), let (x,,) be such that

Xn € Cy\Co, k=1,2,....

Since C, H—+> Co, by Theorem 9, d(x,,, Co) — 0. Therefore there exists y, €
Co such that d(x,,,y,) — 0. Since (y, ) has a convergent subsequence, (x;,)
has a convergent subsequence. This proves (d)= (c) under the assumption that Cy
is compact.

If Cy is compact then the proof of (d) = (e) follows from (b). O

Let us make some observations on the convergence V' and H*. Suppose that
. . H*
(x) is a sequence such that x,, € C,, for every n. Then, in case of C, —> Cy, the

sequence (x,) is close to the set Cy. On the other hand when C,, V—+> Cy, the sequence
(x,) is not only close to the set Cy but it has a convergent subsequence if the sequence
(x) is not eventually in Cyp. Observe that a kind of compactness argument is involved
when we deal with V™ but which is missing when we deal with H . This observation
leads to the following characterization.

We need two definitions.

For a sequence (C,) in CL(X), we define lim C,, as follows:

lim C, = {x € X : there exists a sequence (xi) such that x; € Cp, and x; — x}.
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3.2.1 Measure of Noncompactness

Let A be a nonempty bounded subset of X. Then the Hausdorff index of noncom-
pactness a(A) of A is defined as follows [2]:

a(A) = inf{e > 0: A C B.(F) for some finite set F C X}.

It is clear that «(A) = 0 if and only if A is totally bounded.

In the following result, we write F,, for Ufﬁn(C i\Co) for a given sequence (C,)
in CL(X) and Cp € CL(X).

The proof of the following theorem is similar to the proof of [9, Lemma 1].

Theorem 11 Let X be a complete metric space. Then the following statements are
equivalent.

.
(@) Gy~ Co.
(b) Tim C, = Co and a(Fy) — O.

Proof (a) = (b): Let C, V—+> Cp. Then Theorem 10 implies that lim C, = Co.
Suppose lim « (F,) # 0. As (F),) is a descending sequence, there exists € > 0 such
that «(F,) > 2e€ for every n. Choose some x| € Fi and find x, € F, such that
d(x1,x2) > €. Find x3 € F3 such that d(x1, x3) > € and d(x3, x3) > €. Repeat the
process and find a sequence (x,,) such thatx, € F), forevery n and d(x;, x;) > € when
i # j. Observe that (x,) does not have a convergent subsequence which contradicts
(a) = (b) of Theorem 10

(b) = (a): We will use (b) = (a) of Theorem 10. Suppose that (xy) is a sequence such
that x; € Cy \Co,k =1,2,.... Then x; € F,, for every k and by (b), a(Fy,) — 0.
This implies that «({x1, x2, ...}) = 0. Therefore (x;) has a Cauchy subsequence and
hence (x;) has a convergent subsequence converging to some xy. Since lim C,, = Co,
xo € Cp. Therefore (a) follows from (b) = (a) of Theorem 10. ([l

We will now present the characterizations for the lower parts of the Vietoris and
Hausdorff convergence without proofs. The proofs can be easily derived from the
definitions.

Theorem 12 The following statements are equivalent.

V-
(a) C,—> Cy.
(b) For every xg € Cg there exists x, € Cy, n > 1, such that x,, — xo.

Theorem 13 The following statements are equivalent.

@) Co 5 Co.
(b) For any sequence (x,) in Cq there exists y, € Cy, n > 1, such that d(x,, y,)
— 0.
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It is clear from Theorems 12 and 13 that C,, LN Co = Cy AN Cop. The reverse
implication need not be true in general which is illustrated in Example 2.
The following result follows from Theorems 12 and 13.

Theorem 14 [f Cy is compact then Cy L Co < Cy E) Co.

3.3 Convergence of Sequence of Nested Sets

In this subsection, we assume that the sequence (C,) satisfies the condition that
. .. . vt
Ch+1 € C, for all n. It is clear from the definitions that in this case C,, — Cy <

i
C, _v) Co. Similarly, C,, H—> Co & Gy, i) Cp. Observe that the sequence of slices
(S (X , X*, %)) is a nested sequence.

Theorem 15 Suppose that X is complete and (Cy,) is a sequence in CL(X) satisfying
the condition Cpy1 < C, for all n. Let Cyp = ﬂnzl C,. Consider the following
statements.

(a) Cy is nonempty and Cy, N Co.

(b) Every sequence (x,) such that x,, € C,\Co,n = 1,2,... has a convergent
subsequence converging to some element xg € Cy.

(c) Every sequence (xy) such that x, € C,,n = 1,2, ... has a convergent subse-
quence converging to some element xy € C.

(d) a(C,) — 0.

(e) diam(C,) — 0.

(f) There exists xo such that Co = {xo} and every sequence (x,) satisfying x, €
C,, n € N, has a convergent subsequence converging to x.

Then (a) < (b) <= (c) & (d) <= (e) < (f). If Co is compact, then (b) = (c). If Cy is
a singleton then, (d) = (e).

Proof (a) < (b): Since the sequence is nested, the equivalence follows from (a) <
(b) of Theorem 10.

(c) = (b): This is obvious.

(c) = (d): Observe that (c) implies that C is nonempty and compact. Note that, by
Theorem 10, (c) implies that C, N Co. Therefore, (d) follows from Theorem 11.

(d) = (c): Observe that (d) implies that Cyp is nonempty and compact. Moreover, if
xr € Cp, and xx — xo, then xg € C,, for every k. Therefore, xo € Cp. This proves
that imC,, = Cy. Therefore, (c) follows from (b) = (a) of Theorem 11 and (a) =
(e) of Theorem 10.
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(e) = (d): Since a(C,) < diam(Cy,), the implication is obvious.

(e) = (f): Since X is complete and diam(C,) — 0, Co = {xo} for some xg. Let (x,)
be a sequence such that x, € C,, n € N. Then, by (e), the sequence (x,) is Cauchy
and hence it converges to xp.

() = (e): By (b) = (a), C, N Cy. Since Cy is a singleton, (e) follows.

If Cy is compact, then (b) = (c) follows from the fact that the sequence is nested
and (e) = (b) of Theorem 10.

If Cy is a singleton, then (a) = (e). This proves (d) = (e). O

3.4 Continuity of Set-Valued Mappings

In this section, we define semicontinuities of set-valued mappings in terms of con-
vergence of sequence of sets. We need these definitions for Sect. 4.
Let F : X — CL(Y) and x € X. The set-valued map F is said to be upper

. . . . vt .
semicontinuous (in short, usc) at x if F'(x,) — F(x) whenever a sequence (x;) in
X converges to x. If F' is usc at every point of x, we say that F is usc (on X). The

map F is called lower semicontinuous (in short, 1sc) at x if F(x;,) AN F (x) whenever
Xn — x. The map F is continuous at x if it is Isc and usc at x. If F' is continuous at
every point of x, we say that F' is continuous (on X).

Hausdofff semicontinuities are defined as follows.

The map F is Hausdorff upper semicontinuous (in short, Husc) at x if

Ht . . . .
F(x,) — F(x) whenever x,, — x. Similarly F' is Hausdorff lower semicontinuous

(in short, Hlsc) at x if F(x;) H—> F(x) whenever x;,, — x.

Since the semicontinuities of F are defined in terms of convergence of sets, for
every result presented in Sect. 3.2, there is a counterpart for F'. For example, we can
use Theorem 10 to relate the usc of F at a point x with the behavior of the sequence
of elements from F(x,) when x;, — x.

It is clear from the definitions that usc implies Husc and Hlsc implies Isc. The
converses need not be true which are illustrated in the following examples. The
following examples are modifications of the examples presented in Example 2.
Example 3 (a) Let F : R — CL(R) be defined by F(x) = [_&T ﬁ] if x # 0 and

F(0) = R. The function is not Hlsc at x = 0 and it is continuous on R.

(b) Let F : R — CL(R?) be defined by F(x) = {(x,y) eR2:0<y< |71\} ifx #0
and F(0) = {(0,y) € R? : y > 0}. The function is Husc but not usc.

(¢)Let F : R — CL(R?) be defined by F(x) = {(t, xt) € R? : t € R}. Then F is Isc
but not Hlsc.



Convergence of Slices, Geometric Aspects in Banach Spaces and Proximinality 79

Fig. 7 Sequence of slices R
SX, x*, %) of By formed by /

the hyperplanes H, = {x €
X:x*(x):l—%}

Bx By

4 Convergence of Slices and Geometry of Banach Spaces

In this section, some known geometric properties of Banach spaces are characterized
in terms of convergence of sequence of slices

S(X.x*, 1/n), S(X*, x,1/n) and S (X, x*, 1/n) as n — oo.

A sequence of slices is illustrated in Fig. 7.
We first present two results of Smulian characterizing smooth and uniformly
convex spaces. Throughout this section, we assume that X is a real Banach space.

4.1 Characterization of Strictly Convex and Smooth Spaces

We present characterizations of strictly convex and smooth spaces in terms of se-
quence of slices. The following result is due to Smulian [32].

Theorem 16 The following two statements are equivalent.

(a) X is smooth.
(b) Let x € Sx and x}; € S (X*,x, %) for every n. Then (x}) is a w*-convergent
sequence.

Proof (a) = (b): Suppose x € Sx and x} € S (X*, x, %) for every n. Since X is
smooth, S(X*, x, 0) is a singleton, say {x;}. Since x;(x) — 1 = xj5(x), if (x;) is

W*
w*-convergent then x;; —> x{j. In fact every w*-convergent subnet of (x;;) converges

to x; in the w*-topology. So we claim that x;; BN x3- Suppose that there exist €
and y € Sy such that ](x;fk —xE)")(y)| > ¢ for some subsequence ny. Since By is
w*-compact, (x, — x3) has a subnet converging to 0 in the w*-topology which is a
contradiction.

(b) = (a): Suppose that S(X*, x, 0) has two distinct elements x; and y. Then the
sequence (x) = (x5, y§, X3 g, - - -) satisfies the condition that x} € § (X*, x, %) for
every n but (x}) is not a w*-convergent sequence which is a contradiction. [
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In the following result, we present a characterization of strictly convex spaces
which is analogous to the previous result.

Corollary 2 Consider the following statements.

(a) X is strictly convex.

(b) Let x* € Sx+ and x, € S (X , X", 711) for every n. Then every weakly convergent
subsequence of (x,) converges weakly to the same limit.

(c) Letx* € Sxxandx;* € S (X**, x*, %)for every n. Then (x}}*) is a w*-convergent
sequence.

(d) The norm of X* is Gateaux differentiable on Sx+; that is, X* is smooth.

Then (a) & (b) <= (c) < (d). If X is reflexive then all four statements are equivalent.

Proof (a) = (b): Let X be strictly convex. Suppose x* € Sy« and x, € S (X , X, %)
for every n. If (x,) has a weakly convergent subsequence converging weakly to some
X0, then xg € S(X, x*, 0). Since S(X, x*, 0) is a singleton, (b) follows.

(b) = (a): Suppose for some x* € Sx+, S(X, x*, 0) has two distinct elements x
and yg. Then the sequence (x,) = (xo, Yo, X0, Yo, - ..) satisfies the condition that
X, €8 (X , X, 711) for every n but (x,) has two subsequential limits.

The proof of (¢) < (d) follows from Theorem 16 and (d) = (a) is proved in Theorem 7.

If X is reflexive, by Theorem 8, (a) implies (d). Therefore all four statements are
equivalent. (]

Observe, from the previous two results, that the smoothness of X is characterized
by the slices of By+ whereas the strict convexity of X is characterized by the slices
of B x Or B XRE .

4.2 Characterizations of Uniformly Convex Spaces

The following result which characterizes uniformly convex spaces is due to Smulian
[33].

Theorem 17 The following statements are equivalent.

(a) X is uniformly convex.
(b) diam(S (X, x*, %)) — O uniformly for all x* € Sx+.
() diam(S (X**,x*, %)) — 0 uniformly for all x* € Sxx.

(d) The norm of X* is uniformly Fréchet differentiable on Sx+.

Proof (a) = (b): Let X be uniformly convex and 0 < € < 2. Since X is uni-
formly convex, there is a § > 0 such that for every x,y € Bx with ||[x — y|| > €
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we have

x+y H < 1 — 8. We show that diam(S (X, x*, %)) < € for all x* € Sy=
which proves (b). Suppose that for some x* € Sy there exist x,y € § (X x* )
such that |x — y|| > €. Then x* (xery) < x+y H
)% es (X, x*, %)

< 1 — 6 which contradicts that

(b) = (¢): Since X is Banach and diam(S (X x*, %)) — 0 for all x* € Sy,

1
S(X, x*,0) = ﬂ Is (X,x*, —) ‘ne N} # ¢, forall x* € Sy-.
n

Therefore by the James theorem, X is reflexive. This proves (c).

1
The proof of (c) = (b) is obvious as S (X, x* ) TS (X, x*, ).
(b) = (a): First observe that (b) implies that X is strictly convex. Suppose € > 0.Then
by (b), there exists a § > 0 such that diam(S (X, x*, §)) < € for all x* e Sx+. We

Xty ”

claim that for all x, y € Sy such that ||x — y|| > € we have H <l-3 Suppose

x+y

that there existx, y € Sx such that ||[x—y|| > € but H > 1—§.F1ndx € Sx+ such

that x* (%) = . Therefore, by assumption, x* ’% = )%‘ > 1— %.

This implies that x*(x) > 1 —§ and x*(y) > 1 — 8. Hence x, y € S(X, x*, §). There-
fore ||x — y|| < € which is a contradiction.

=y
2

The proof of (a) < (d) is involved and we refer to [29] for the proof. O

The following result, called Milman-Pettis Theorem, can be obtained as a conse-
quence of the previous result.

Theorem 18 Every uniformly convex Banach space is reflexive.
Proof This follows from the proof of (b) = (c) of Theorem 17. (I

In Theorem 17 and Corollary 2, we characterized the geometric properties uni-
form convexity and strict convexity, respectively. Several geometric properties which
are weaker than uniform convexity and stronger than strict convexity have been in-
troduced in the literature. Our aim is to present characterizations, similar to the ones
presented in Theorem 17 or Corollary 2, to the other geometric properties.

4.3 Strong Convexity and Its Characterizations

Theorem 17 motivates the introduction of the following geometric property which
is weaker than uniform convexity.
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We say that the space X is strongly convex if

1
diam (S (X,x*, —)) — 0, forall x* e Sx-.
n

The notion of strong convexity was actually introduced in a different formulation in
[14] which is explained at the end of this section.

We use the term strongly convex which is also used in [36]. However, the term
strongly rotund is used for strongly convex in [29].

It is clear from the proof of (b) = (c) of Theorem 17 that every strongly con-
vex space is strictly convex and reflexive. But a space which is strictly convex and
reflexive need not be strongly convex. So we need some additional property for
characterizing the strong convexity. The following result helps to get the required
additional property.

We say that X has the Radon-Riesz property if the relative weak and norm topolo-
gies coincide on the unit sphere Sy of X.

The Radon-Riesz property is also called Kadec-Klee property [12, 29].

In the rest of the section, whenever we write S (X ,x*, %) — S(X, x*,0) in the
sense of V or H, it is understood that the limiting set S(X, x*, 0) is nonempty.

The following result is from [7, 8].

Theorem 19 The following statements are equivalent.

(a) Forevery x* € Sxx, S (X, x*, %) Y, S(X, x*,0) and S(X, x*, 0) is compact.
(b) X is reflexive and has the Radon-Riesz property.

Proof (a) = (b): Since S(X, x*, 0) is nonempty for all x* € Sx=, X is reflexive.
Let x,, x € Sy, for every n and x, 5 x. Find x* € Sx+ such that x*(x) = 1.

Then x*(x,) — x*(x) = 1 and hence x,, € S(X, x*, §,) for some §,, — 0. Without
loss of generality, we assume that §,, = % Since S(X, x*, 0) is compact and

1
s (X,x*, -) Vs S(x, x*, 0),
n

by Theorem 17, (x,,) has a convergent subsequence converging to x. In fact, we can
show that every subsequence of (x;) has a convergent subsequence converging to x.
Therefore, x,, — x. This proves that X has the Radon-Riesz property.

(b) = (a): Let x,, € S (X,x*, 1) for all n. By reflexivity of X, there exists a subse-

quence (xp, ) of (x,) such that x,, % x for some x € Bx. Since
X () — X (),

x*(x) = 1. Therefore ||x|| = 1 and by the weak lower semicontinuity of the norm,
I, | = 1. Therefore, by the Radon-Riesz property, x,, — x. Sincex € S(X, x*, 0),
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S(X, x*,0) # 0.

Since S(X, x*,0) C S(X, x*, %) for all n, the above argument shows that S(X, x*, 0)
is compact. Moreover, by Theorem 10, S (X X", %) L> SX, x*,0). O

We will now characterize strongly convex spaces.

Theorem 20 The following statements are equivalent.

(a) X is strongly convex.
(b) X is reflexive, strictly convex and has the Radon-Riesz property.

Proof (a) = (b): From the proof of (b) = (c) of Theorem 17 we get that X is re-
flexive and strictly convex. By Theorem 15, diam(S (X, x*, %)) — 0 implies that

S (X X", }l) —V> S(X, x*, 0). Therefore, by Theorem 19, X has the Radon-Riesz
property.

(b) = (a): By Theorem 19, for every x* € Sxx, S (X,x*, %) L S(X, x*,0) and
S(X, x*,0) is nonempty. Since X is strictly convex, S(X, x*, 0) is a singleton for
every x* € Sx+. Now (a) follows from Theorem 15. O

The following characterization of strong convexity is analogous to Corollary 2
and Theorem 17. We basically drop the condition “uniformly” from Theorem 17 for
obtaining the following result.

Theorem 21 The following statements are equivalent.

(a) X is strictly convex, reflexive and has the Radon-Riesz property.
(b) diam(S (X,x*, 1)) — 0 for all x* € Sy

(©) diam(S (X**,x*, rll)) — 0 for all x* € Sx=.

(d) The norm of X* is Fréchet differentiable on Sxx.

Proof The proof of (a) < (b) follows from Theorem 20 and proof of (b) < (c)
follows from the proof of (b) < (c) of Theorem 17. We refer to [29] for the proof of
(a) & (d). |

The implications (a) < (b) of Theorem 21 are due to [14]. The implication (c) <
(d) of Theorem 21 is due to Smulian [33].

In the following characterization of strong convexity, we see that the strong con-
vexity property is equivalent to a property which was introduced by Ky Fan and
Glicksberg. The following result is due to Ky Fan and Glicksberg [14].

Theorem 22 The following statements are equivalent.

(a) X is strongly convex.
(b) For every nonempty convex subset C of X, diam(C NtBx) — Oast | d(0, C).
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Proof (a) = (b): Let C be a nonempty convex subset of X. Suppose d(0, C) = 0
andt | d(0, C). Since (C NtBx) C tBy, diam(C NtByx) — 0.
Let d(0, C) > 0. In this case we can assume that (0, C) = 1. Because, if k > 0
and A is a nonempty subset of X, then d(0, kA) = kd(0, A) and
diam (kA N ktByx) = diam (k(A NtBx)) = k diam(A N tBy).
Let d(0, C) = 1. Find x* € Sx+ such that the hyperplane H = {x € X : x*(x) = 1}

separates By and C. We can assume that C € H™ = {x € X : x*(x) > 1}. We show
that diam(H+ N (1 + 1)Bx) — 0 as n — 0 which proves (b). Let

1
x, € H N (1 + —) By, foralln.
n

Then,

1 Xn « 1
Vo = l——2 eS|X, x", = and |[lx, — yall — 0.
n= ) lxall n

Since diam (S (X , x*, %)) — 0, by Theorem 15, (y,) converges to S(X, x*, 0) which
is a singleton. Hence (x;,) converges to S(X, x*, 0). Therefore, by Theorem 15,
diam (H* N (1 + 1) Bx) — 0.

(b) = (a): This proof is exactly similar to the proof given above. Let x* € Sx» and
X, € S (X, x*, 1). Consider C = H* := {x € X : x*(x) > 1}. Then

N\ x N !
wm=(1-=) —oeH n(1-—) Bx and |t =yl — 0.

n (1]
Repeat the steps of the proof of (a) = (b). O

The following corollary is an immediate consequence of Theorem 22 and the
definition of nearly best approximation given in the introduction.

Corollary 3 Let X be a strongly convex and C a nonempty closed convex subset of
X. Then diam (PC (0 1)) — 0.

‘n

In Sect. 5, we will show that the converse of the previous corollary is also true.

4.4 Reflexive Space with Radon-Riesz Property

In this subsection we discuss a property which is weaker than strong convexity.
We need the following lemma which will also be used in Sect. 5.
The following result is from [8].
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Lemma3 Let x* € Sx=. If S (X, x*, 1) 5 S(X, x*,0), then S(X, x*, 0) is com-
pact.

Proof Let (x,) be a sequence in S(X, x*, 0) for some x* € Sy+. Choose a sequence
(y) in X such that ||y,|| < 1foralln € Nand ||x,, —y,|| — 0. Since x*(x,—y;) — 0,
x*(yn) = 1. Therefore there exists a subsequence (y,, ) of (y,) such that

1
Vg € (X,x*, z) \S(X,x*,0), forallk e N.

By Theorem 10, there exists a subsequence (y;, k]_) of (yy, ) converging to some element
y € S(X, x*, 0). Therefore, Xy, =Y which proves that S(X, x*, 0) is compact. [

Lemma 3 says that the convergence of slices in the Vietoris sense forces the face
contained in the slices to be compact. This does not happen when we deal with
the Hausdorff convergence of slices. This illustrates as to how strong the Vietoris
convergence of slices is compared to the Hausdorff convergence.

We will relax the condition “strict convexity” in Theorem 21 to get a characteri-
zation for the space which is reflexive and has the Radon-Riesz property.

We need the following lemma proved in [17].

Lemmad4 Ler x* € Sy and 0 < 8§ < 1. Then S(X**, x*, 8) is contained in the
weak™* closure of S(X, x*, 8) (in X**).

Proof Let x5* € S(X*™, x*, §) and N be a weak™ neighborhood of x§* in X**. Now
Nj defined by
Ny =NN ™ e X x™*(x*) > 1 — 8}

is also a weak™ neighborhood of x;*. Note that, by the Goldstine Theorem [29], Bx
is weak™® dense in By+«. Therefore, Ny N By # ¥ and hence N; N S(X, x*, 8) # 0.
This proves the lemma. (]

We will now prove the main result of this subsection.

Theorem 23 The following statements are equivalent.

(a) X reflexive and has the Radon-Riesz property.
(b) For every x* € Sx+, S (X, x*, 1) =5 (X, x*, 0).
(c) Forevery x* € Sxx, S (X**,x*, %) LN S(X**, x*, 0).

Proof (a) = (b) follows from Theorem 19.

(b) = (a): By Lemma 3, (b) implies that S(X, x*, 0) is compact. Therefore the proof
of (b) = (a) follows from (a) = (b) of Theorem 19.
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As proved in Lemma 3, we can also show that (¢) implies that S(X**, x*, 0) is com-
pact for every x* € Sy+.

(c) = (b): Let (1) be an increasing sequence of integers and
* 1 *
Xng € S(X,x , —) \SX,x*,0), fork=1,2,....
g

Then x, € SX*™, x*, %) for k = 1,2,... Therefore (c) implies, by
Theorem 10, that the sequence (x;,) has a subsequence converging to some point
x € SX*™,x*,0). Since (x,) € X, x € S(X,x" 0). Hence by Theorem 10,

s (%, %, 1) 5 sx, x, 0).

(b) = (c): Let € > 0. Then (b) implies that there exists m € N such that
1

S (X,x*, —) C SX,x*,0)+eBxy € SX,x*,0) + eBy.
m

Observe that S(X, x*, 0) + € By is a w*-closed subset of X**. Since, by Lemma 4,

S (X** x*, %) is contained in the w*-closure of S(X, x*, %), we have

1
S (X**,x*, —) - S(X,x*, 0) + €Bx+ C S(X**,x*, 0) + €Byx+.
m

This shows that |
S(X**,x*, _)Ls( **’x*’o)
n

and S(X**, x*,0) € S(X, x*, 0) + €By++. The compactness of S(X, x*, 0) implies
that a(S(X*™*, x*, 0) < 2¢ where « denotes the Hausdorff index of noncompactness
(see Sect. 2). Since € is arbitrary, o (S(X**, x*,0) = 0. Therefore S(X**, x*, 0) is

compact and hence S (X**, x*, %) N S(X**, x*, 0). O
The implication (b) = (c) of Theorem 23 is proved in [18].
Theorem 23 can also be stated as follows because of Lemma 3 and Theorem 10.
Theorem 24 The following statements are equivalent.
(a) X reflexive and has the Radon-Riesz property.
(b) For every x* € Sx+, S (X, x*, %) A, S(X, x*,0) and S(X, x*, 0) is compact.
(¢c) Forevery x* € Sxx, S (X**, x*, %) i) SX*, x*,0) and S(X**, x*, 0) is com-
pact.

Remark 5 (a) If we compare Theorem 23 with Theorems 17 and 21, the fourth
condition regarding a differentiability of the dual norm is missing in Theorem 23.
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One may ask the following question: Is there any kind of differentiability of the
dual norm which can characterize the space which is reflexive with Radon-Riesz
property? We will give a partial answer to this question in the next section.

(b) A reflexive space with Radon-Riesz property is also called Efimov-Stechkin
property in [29, 34] and drop property in [18].

4.5 Space with SSD Dual Norm

We relaxed the condition “uniformly” from Theorem 17 and stated Theorem 21.
Similarly, the condition strict convexity was relaxed from Theorem 21 to come to
Theorem 23. Now we relax the compactness of S(X, x*, 0) in Theorem 24. So we
want to see a characterization for the space in which

]
s (X,x*, —) AL S(x,x*, 0),
n

whenever S(X, x*, 0) is nonempty. A characterization of this space, analogous to
Theorem 21, was achieved in two papers [15, 20] which will be discussed in this
subsection.
We need a definition and two lemmas
We say that the norm of X is strongly subdifferentiable (in short ssd) at x € Sy if
the one sided limit
: llx + th| — llx||
im ———

t—0F t
exists uniformly for & € Sy.

Lemma 5 Let x € Sx. Then for h € Sy, there exists x* € S(X*, x,0) such that
() = d(x, h).

Proof 1t follows from Lemma 2 that
d_(x,h) <x*(h) <dy(x,h), forallx* € SX*, x,0).

Ifd_(x,h) < a < dy(x,h) for some o € R, then from the proof of Theorem 6, it
follows that there exists x; € S(X*, x, 0) such that

xp(h) =a < di(x, h).

This proves that
dy (x, h) = sup{x*(h) : x* € S(X*, x, 0)}.

Since S(X*, x, 0) is weak™ compact there exits x* € S(X*, x, 0) such that x*(h) =
dy(x, h). 0
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In the following lemma we discuss the convergence of faces.

Lemma 6 Letx € Sy and S (X*, X, %) i) S(X*, x, 0). Then for € > 0, there exists
ad > 0 such that S(X*, y, 0) C B<(S(X*, x, 0)) whenever ||x —y|| < 8 andy € Sx;
that is, S(X*, x,,, 0) A, S(X*, x, 0) whenever x, — x and x,, € Sx.

Proof LetS (X*, X, %) i) S(X*, x,0) and € > 0. Then there exists m € N such that
S (X*,x, %) C B<(S(X*, x, 0). Suppose ||x — y|| < L and y* € S(X*, y, 0). Then,

1
V@) =) -y —x)>1——.
m

Therefore, y* € S (X*,x, 1) € Bo(S(X*, x, 0)). O

Interestingly the converse of the previous lemma is also true and is discussed in
Sect.4.6. The convergence of faces is illustrated in Fig. 8.

We now present a characterization of the convergence of slices in the Hausdorff
sense.

Theorem 25 Let x € Sx. Then the following statements are equivalent.

@ §(x*x 1) s, x, 0),
(b) The norm of X is ssd at x.
Proof (a) = (b): Let ¢ > 0. By Lemma 6, there existsad > O such that) < § < 1

and
S(X*,y,0) € B(S(X*, x,0))

whenever y € Sy and ||x — y|| < §. We claim that for all & € Sy,

llx + thll — [lxIl

1)
; —di(x,h) <e€, foralltsatisfying0 <t < 2

which proves that the norm of X is ssdatx. Let0 < ¢ < fT and i € Sy.Find x}' € Sx+
such that x; (x + th) = |lx + th||. Now

5 1
th|| > —th)=1--> —.
lx + thil > |lx|| — tllkll = 177

Let x, = % and observe that x} € S(X*, x;, 0) and

1 1[s
bt = xll = SICA = llx + thDixll + ARl = 5 [Z +t||hll] <.

Therefore, by Lemma 6, there exists x* € S(X*, x, 0) such that [|x} —x*| < €. Since,
by Lemma 2, x*(h) < dy(x, h),
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llx + tf” g < MO rht) — X0

x*(h) <x7(h) —x*(h) < e.

(b) = (a): Suppose that (a) is not true. Then there exists € > 0 and a sequence (x;;)
such that x7 € S(X*, x, %) and d(x;, S(X*, x,0)) > € for all n € N. We will find a
sequence (z,) in Sy and a real positive sequence (t,) converging to O such that

llx + tnznll — Ilx||
In

—dy(x,zy) +> 0 ast, — 0,
which contradicts (b).
Note that S(X*, x, 0) is a weak™ compact convex subset of X* and

Bc(x;) NS(X*,x,0) =¢, forallneN.

Therefore, by the separation theorem in X* with weak topology [29] there exists
zZn € Sx, for each n, such that

X5 (zn) — € > sup{x*(z,) : x™ € S(X*, x, 0)}.

By Lemma 5, there exists z;; € S(X*, x, 0) such that z(z,) = dy(x, z,) for all n.
Therefore, for ¢t > 0,

t _ * t _ ok * %k
llx + Zn;” llx] Cdi (o) > x, (x + Zr;) 2, (x) > (o tzn)(X) te

Observe that (zf — x})(x) — 0 because x} € S (X*,x, %) and 7 € S(X*, x,0).
Therefore, if we define
2z — x) ()

€

n

thent, > 0,1, — 0and

X + tnzall — lixll € €
—— —dy(x,zy) > ——te= .
tn + ) 2 )
This proves the claim and hence it proves (a). (]

Theorem 25 is proved in [15] and the proof of (b) = (a) is adopted from [26].
We now present a characterization of the space whose dual norm is ssd. We need
the following Lemma.

Lemma 7 Lete > 0, y** € Byx and x* € Sxx. If Bc(y**) NS(X**, x*, 0) # 0 then
B.(y*) NS (X, x*, 1) £ @ for everyn e N.
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Proof Suppose
X** € Be(y™) NS(X*, x*, 0).

By the Goldstine theorem there exists a net {xq }¢<s in By such that x, — x™* in the
weak™ topology. Let
C=cofxq :ax €el}

and n € N. Without loss of generality, we assume that C C S (X ,x*, }l) We claim
that C N B (y**) # ¥ which will prove the result. Suppose C N B (y**) = @. Then
by the separation theorem [29, Theorem 1.8.5], there exists 2* € Sx+ such that

(") —e > h*(c), forallc e C.
This implies that 2*(y** — x**) > € > ||y** — x™*|| which is a contradiction. O
We now state the main result of this subsection.
Theorem 26 The following statements are equivalent.
(a) Forevery x* € Sxx, S (X,x*, %) L SX, x*, 0).

(b) For every x* € Sx+, S (X**,x* l) N SX*, x*,0).

‘n

(¢) The norm of X* is ssd on Sxx.

Proof The proof of (a) = (b) follows from the first part of the proof of (b) = (c) of
Theorem 23. The equivalance of (b) and (c) follows from Theorem 25.

(b) = (a): Let x* € Sx=+. Suppose that for € > 0 there exists a § > 0 such that
S(X,x",8) S B (S(X™, %", 0).

We will show that S(X, x*, 0) £ @ and S(X, x*, §) C B.(S(X, x*, 0)).
Let x € S(X, x*, §). Since B%(x) N SX**, x*,0) # @, by Lemma 7,

1
B%(x) ns (X, x*, —) # (§, forall n,
n
and hence by (b),
1
B%(x) ns (X x*, —) - B%(S(X**,x*, 0)
n

eventually. Therefore, find x; € By such that

€

I —xi || < % and d(xi. SX™.x",0) < 5.
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Repeating the same steps, construct inductively a sequence (x;) in By such that

€ €

lxp—1 — x| < 2_" and d(xp, S(X**, x*, 0) < W

Therefore (x,) converges to some xg € X NS(X**, x*,0) = S(X, x*, 0). This proves
that S(X, x*, 0) # @. Since for any n,

e = xall =l = aall 4+ vy = xall 4o+ et = 5all < 54 25 44 o
we get ||x — xg|| < €. This shows that S(X, x*, §) C B¢(S(X, x*, 0)). O
The following result is a consequence of Theorem 26.
Corollary 4 If the norm of X* is ssd on Sx« then X is reflexive.
Proof Since any one of the three statements in Theorem 26 implies that
SX,x*,0) #0
for every x* € Sx+, the space X is reflexive. O

In view of Theorem 26, we can restate Theorem 24 as follows.

Theorem 27 The following statements are equivalent.

(a) X reflexive and has the Radon-Riesz property.
(b) Forevery x* € Sx+, S (X, x*, 1) A, S(X, x*,0) and S(X, x*, 0) is compact.

n
(c) Forevery x* € Sxx, S (X**,x*, %) A, SX*, x*,0) and S(X**, x*, 0) is com-
pact.
(d) The norm of X* is ssd on Sx» and S(X, x*, Q) is compact for all x* € Sxx.

In Theorem 27, we obtained a characterization similar to Theorem 21. However,
the statement (d), in particular the compactness condition in (d), looks bit superficial.
It would be interesting if the statement (d) in Theorem 27 is characterized in terms
of a differentiability of the norm of X* which is stronger than ssd.

Compared to Theorem 17 and Theorem 21, the characterization given in Theorem
26 looks incomplete. It is clear from Theorem 26 that if the norm of X* is ssd on
Sy= then X is reflexive. However, the dual norm of a reflexive space need not be ssd
on Sy=. It would be interesting to see as to what additional geometric property is
required to characterize the ssd of the dual norm on Sx+. From Theorem 27 one can
see that such an additional geometric property has to be weaker than the Radon-Riesz
property.
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4.6 Duality and Preduality Mappings

The set-valued mappings
D : Sx —> 25%* defined by D(x) = S(X*, x, 0),

and
PD : Sy« —> 25% defined by PD(x*) = S(X, x*, 0)

are called, respectively, the duality and preduality mappings for X. Note that the map
D is a nonempty valued map whereas the map PD could be empty valued. We have
seen in Sect. 2, that X is smooth if and only if D is single valued. Moreover, X is
strictly convex and reflexive if and only if the map PD is single valued.

The geometrical implications of the semicontinuities, especially the usc and Husc,
of the duality and preduality mappings have been studied by several authors [3, 15,
17, 18, 20, 21, 25]. In this subsection, we relate the convergence of slices and the
semicontinuities of the mappings D and PD.

Let x € Sx. As per the definition,

+
D is usc at x if S(X*, x,,, 0) AN S(X*, x, 0) whenever (x,) in Sy converges to x,
and .
D is Husc at x if S(X*, x,,, 0) H—> S(X*, x, 0) whenever (x,) in Sy converges to x.
Similarly we define the usc and Husc of PD.
In Lemma 6, we noticed that

« o LY HY " HY :
SIX5x, - ) —SX ", x,0)t = 1SX", x,,0) —SX", x,0) if x;, > x}.
n

This implication says that the convergence of slices in the H™ sense implies the Husc
of the duality mapping D. In other words, it says that the convergence of slices in
X* in the HT sense implies the convergence of the faces in X* in the HT sense. We
will also see that the statements in the above implications are equivalent. We will
also discuss a similar equivalence for the V* convergence of faces and slices in X*.
Further, we will take up the equivalence of convergence of the slices and of faces in
X. These will illustrate the geometrical implications of the semicontinuities of the
mappings D and PD. See Fig. 8.

We need the following result called Bishop-Phelps-Bollobas Theorem. This result
is a generalization of the famous Bishop-Phelps theorem [5] which says that the
collection of support functionals of the unit ball By is dense in Sx=. The proof of the
following result is involved, and we refer to [6] for its proof.

Theorem 28 For € such that 0 < € < 1, let x € Sy and x* € Sx» be such that

2

*
—1 —.
|x™ (x) |<4
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Fig. 8 Sequence of faces
S(X, x, 0) of Bx formed by
the hyperplanes H, = {x €
X :xix) =1}

Bx

Then there exist y € Sx and y* € Sx+ such that
YV =1, [x" =y <€ and |x —y| <e.

The following result reveals the relation between the convergence of slices and
of faces in X*.

Theorem 29 Let x € Sx. Consider the following statements.

(a) S(X*, x,,0) ﬂ) S(X*, x, 0) whenever (x,) in Sx converges to x.
(b) SX*, x, 1 LN S(X*, x,0).
(© S&X*,x, 1y Y S(x*, x, 0).
(d) S(X*, x,,0) V—+> S(X*, x, 0) whenever (x,) in Sx converges to x.

Then (a) < (b) < (¢) = (d). If S(X*, x, 0) is compact then the four statements are
equivalent.

Proof (a) = (b): We will use Theorem 28 and Theorem 10 to prove this impli-
cation. Let x; € S(X*, x, %) for all n. By Theorem 28, there exists y, € Sy and
v e S(X*, yu, 0) such that y, — x and ||x} — y*|| — 0. Since y, — x, by (a), there
exists z; € S(X*, x, 0) such that ||y, — z;[ — 0. Consequently, |lx; — z;[| — O.
This proves (b).

(b) = (a): This is proved in Lemma 6.
(c) = (b): This is obvious.

(¢) = (d): Lemma 3 implies that S(X*, x, 0) is compact. Since S(X*, x, 0) is com-
pact, (¢) = (d) follows from the implication (b) = (a).

If S(X*, x, 0) is compact, then it follows from Theorem 10 that all four statements
are equivalent. (]
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The implication (a) = (b) is due to [17].

The following corollary reveals the geometrical implication of the Husc of the
duality mapping.

Corollary 5 Let x € Sx. Then the following statements are equivalent.

(@) The norm of X is ssd at x.
(b) The duality mapping D is Husc at x.

Proof The equivalence follows immediately from Theorem 25 and (a) < (b) of
Theorem 29. U

Let us now discuss the relation between the convergence of slices and faces in X.

Theorem 30 Let X be reflexive and x* € Sx+. Consider the following statements.

+
(a) S(X,x;,0) AR S(X, x*, 0) whenever (x}) in Sx+ converges to x*.
+
M) s (X, 1) 2 sx, x4, 0).
+
© S (X, 1) 5 sx,x%,0).

.
d) SX,x:,0) AR S(X, x*, 0) whenever (x}) in Sx+ converges to x*.

Then (a) < (b) < (¢) = (d). If S(X, x*,0) is compact then all statements are
equivalent.

Proof The theorem follows immediately from Theorem 29 and the fact that
X = X", O

4.7 Notes and Remarks

In this section, we studied V* and HT convergence of slices and of faces and their
geometric implications. We refer to [7, 8, 17, 18, 21] for the convergence of slices
and of faces in the sense of V[, H,, Vi, H, and their geometric implications.
A characterization of the Wijsman convergence [4, 31] of slices is obtained in [8].
It will be interesting to relate other geometric properties and the other notions of
convergence of sets.

Itis observed in [1, 8, 19, 22, 23] that the results stated in this section have their
counterparts for the set of subdifferentials and the set of e-subdifferentials of convex

function and its conjugate.
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5 Slices and Proximinality

In this section, we assume that X is a real Banach space. Let C be a nonempty, closed,
and convex subset of X and x € X. For § > 0, recall that the set

Pc(x,8) ={ye C:llx—yl =dx, C)+4}.

is called the set of nearly best approximations to x in C and the set Pc(x, 0) is called
the set of best approximations to x in C. The set Pc(x, 0) could be empty but the set
Pc(x, 8) is always nonempty when § > 0. For simplicity, we will denote Pc(x, 0)
as Pc(x).

In this section, we will relate the geometric properties of Banach spaces discussed
in the previous section with some properties in best approximation theory. As a con-
sequence, we will see that the slices and their convergence determine some properties
in best approximation theory. In fact, we have already seen in Corollary 3 that there
is a relation between the convergence of the sets P¢ (x, %) and the convergence of

slices S (X x*, %) asn — oo (see Fig. 11).

5.1 Slices and Set of Nearly Best Approximations

We will make some observations which relate the faces and slices with the set of best
approximations and the set of nearly best approximations.

For ¢ > 0, we denote B.(0) = {x € X : ||Ix|| < ¢c}.

Throughout this section, we will assume that C is a nonempty closed convex
subset of X. Suppose d(0, C) = 1 and H = {x € X : x*(x) = 1}, where x* € Sxx, is
a hyperplane separating the unit ball By and the set C. Then,

Pc(0) = By N C C Py(0) = By N H = S(X, x*, 0) (1)

and in fact
Pc(0) =SX,x*,00NnC

(see Fig.9). Observe that if Pc(0) # ¢ then S(X, x*,0) # # and if S(X,x*,0) = ¢
then Pc(0) = (. Moreover, every face is a set of best approximations to 0 in a

hyperplane and
1 _
PC (0, E) = B(]+%)(O) ncC
(see Fig. 10).

The following result, which is illustrated in Fig. 11, reveals the relationship be-
tween the slices and sets of nearly best approximations.
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Fig. 9 Separation of By and
C by the hyperplane H and
Pc(0) as a subset of the face
S(X, x*,0)

< face of Bx

Fig. 10 Set of nearly best
approximations Pc (0, %) as
the intersection of C and the
ball B, 1 0)

We denote by CC(X) the collection of all nonempty closed convex subsets of X
and by CH (X) the collection of all hyperplanes H of the form

H={xeX:x*(x) =a}, forsomereala > 0and x* € Syx.

The set {H € CH(X) : d(0, H) = 1} is denoted by CH{ (X). It follows from Ascoli’s
formula (Theorem 1) that if H € CH{(X) then

H={xeX:x*(x) =1}, forsomex™ € Sy.
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Fig. 11 Sequence of slices
SX, x*, %) and sequence
of sets of nearly best
approximations Pc (0, %)

<

Lemma 8 Suppose d(0, C) = 1 and for x* € Sxx, H={x € X : x*(x) = 1} isa
hyperplane separating the unit ball Bx and the set C. Then for every sequence (x;)
satisfying

(@) x, €8 (X, x*, %)for all n, there exist sequences {y,} and {5, } such that 5, — 0,
yn € Pg(0,8,) and ||xy — ynll — O.

(b) x, € Py (O, %) for all n, there exist sequences {y,} and {8,} such that &,, — 0,
yn € S(X, x*, 8,) and || xy — yull — 0.

(b) x, € Pc (0, %) for all n, there exist sequences {y,} and {8,} such that 5, — 0,
yn € Py(0,8,) and ||x, — yull — O.

Proof To prove the first statement, let x, € S(X, x*, %) foralln > 1.Lety, = %
and §, = ﬁ forn > 1. Then y, € Py(0, 8,) and ||x, — y,|| — O.
If x, € Py(0, %) forall n > 1, lety, = ”iﬁ and 8§, = # Then

yn € SX*,x*,68,) and |x, — yu|| — O which proves the second statement. If
Xy € Pc(0, 1) for all n, let y, = Fi and §, = L for n. Then y, € Py (0,8,)
and ||x;, — yul| = O. (I

5.2 Reflexivity and Strict Convexity

We will present some characterizations of reflexivity and strict convexity in terms of
some properties in best approximation theory.

We need some basic definitions from the theory of best approximation.

We say that the set C is proximinal if Pc(x) # ) for every x € X. The set C is
called Chebyshev if it is proximinal and Pc(x) is a singleton for all x € X.
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We will first see under what conditions on X, C is proximinal or Chebyshev. We
need the following facts which are easy to verify.

Fact 1. For xo € X,y € Pc(xo) if and only if y — xp € P—_y;4-¢(0).
Fact 2.1f d(0, C) > Othend (0, d(O_CC)) = 1and mC is a closed convex subset.

The following result which is an immediate consequence of the James theorem
characterizes the reflexivity.

Theorem 31 The following statements are equivalent.

(a) X is reflexive.

(b) Every C € CC(X) is proximinal.

(¢c) Every H € CH(X) is proximinal.

(d) Every H € CH1(X) is proximinal.

Proof (a) = (b): Let X be reflexive. If x € X and C is a nonempty closed convex
subset, then the set Pc(x, %) is weakly compact for each n. Therefore

= 1
() Pc (x, ;) = Pc(x) # 0.

n=1

(b) = (¢) = (d): This is obvious.
(d) = (a): Letx* € Sx»and H = {x € X : x*(x) = 1} € CH;(X). Since
Py (0) = S(X,x",0) # @,
by the James Theorem, X is reflexive. |

The following characterization of strict convexity is a consequence of the fact that
the unit sphere of a strictly convex space does not contain line segments.

Theorem 32 The following statements are equivalent.

(a) X is strictly convex.

(b) Pc(x) is at most a singleton for every C € CC(X) and x € X.
(¢c) Py (x) is at most a singleton for every H € CH(X) and x € X.
(d) Py (x) is at most a singleton for every H € CH{(X) and x € X.

Proof (a) = (b): Let X be strictly convex. This implies that S(X, x*, 0) is at most
a singleton for every x* € Sy+. Let x € X and C be a closed convex subset of X.
Because of Facts 1 and 2 given above we can assume that x = 0 and d(0, C) = 1.
Since, by equation (1), Pc(0) € S(X, x*, 0) for some x* € Sy+, (b) follows.



Convergence of Slices, Geometric Aspects in Banach Spaces and Proximinality 99

Fig. 12 The set H™ (x*, c) N
B4 5(0) as the intersection of
the ball Ec+5 (0) and the half
space H*

(b) = (¢) = (d): This is obvious.

(d) = (a): Let x* € Sx+. Then for H = {x € X : x*(x) = 1}, Pg(0) = S(X, x*, 0)
and hence, by (d), S(X, x*, 0) is at most a singleton. O

The following result is an immediate consequence of the previous two results.

Theorem 33 The following statements are equivalent.

(a) X is reflexive and strictly convex.
(b) Every C € CC(X) is Chebyshev.
(¢c) Every H € CH(X) is Chebyshev.
(d) Every H € CH(X) is Chebyshev.

5.3 Characterizations of Uniform Convexity

In Sect.4, we characterized the uniformly convex spaces in terms of convergence
of slices of X and X**. In this section, we will characterize the notion of uniform
convexity in terms of convergence of sets of nearly best approximations.

For given x* € Sx+ and a positive real number ¢, we denote

HY(x*,¢) ={xe X : x*(x) > c}.

Lemma 9 Let X be a uniformly convex space and c be a positive real number. Then,
for € > 0 there exists a § > 0 such that

diam (H" (x*, ¢) N Be45(0)) < €

uniformly for every x* € Sx= (see Fig. 12).
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Proof Let x* € Sx+ and € > 0. In the proof of (a) = (b) of Theorem 17, we have
already seen that there exists a § > 0 such that § < 1 and

diam(S(X, x*, 8)) < e. 2)

Case I Let ¢ > 1. We claim that

diam (H* (x*, ¢) N Bey5(0)) < (14 0)e. 3)
Suppose x, y € HT (x*, ¢) N Bey5(0). Define X = 5 and y = 5. Then X, y € By
and . 5
re=T® s ¢ 156
c+8  c+$ c+6

Similarly x*(¥) > 1 — 8. Therefore, by (2), |x — ¥|| < €. This implies that
lx =yl < (c+8)e < (1+c)e.
Case Il Let 0 < ¢ < 1. We claim that
diam (H* (x*, ¢) N Beyes(0)) < 2e.

Suppose x, y € H*(x*, ¢) NBc1¢s(0). DefineX = £ andy = 2. ThenX, y € B145(0)

and
x*(x)

(@) = > 1

Similarly x*(y) > 1. Therefore
X, ¥y € HM (X", 1) N B 45(0).

Hence by (3), [|[x — ¥|| < 2¢. This implies that ||x — y|| < c2¢e < 2e. ([l
‘We will now state the main result.

Theorem 34 The following statements are equivalent.

(a) X is uniformly convex.

(b) diam(S (X, x*, %)) — 0 uniformly for all x* € Sxx.

(©) diam(PH (0, %)) — 0 uniformly for all H € CH(X).

(d) Fora € RT, diam (PH (x, %)) — 0 uniformly for all x € X and H € CH(X)
such that d(x, H) = a.

(e) Fora € RT, diam(Pc (x, %)) — 0 uniformly for all x € X and C € CC(X)
such that d(x, C) = a.

Proof (a) < (b): This follows from Theorem 17.
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(a) = (e): Let @ > 0 and € > 0. Suppose that x € X and C € CC(X) is such that
d(x, C) = a. By Facts 1 and 2 we can assume, without loss of generality, that x = 0.
Find x* € Sx+ such that the hyperplane

H={xeX : x"x) =a}
separates B, (0) and C. By Lemma 9, there exists a § > 0 such that

diam(H ™" (x*, ) N By45(0)) < €.

Since _
Pc(0,8) € (H' (x*, @) N By45(0)),

diam(Pc (0, 8)) < €. This proves (e).
(e) = (d) = (c): This is obvious.
(c) = (b): Suppose € > 0. By (c), there exists a § > 0 such that § < € and
diam(Pg (0, §)) < ¢, 4)
forany H = {x € X : x*(x) = 1}, x* € Sx+. We claim that
diam(S(X, x*, §)) < 3e.
Letx,y € S(X, x*, 8). Thendefinex = Py (x) andy = Py (y). Now ||x—X|| < < €
and ||y — y|| < €. Therefore ||X|| < ||[x — x| + ||x|| <Jd + 1 and ||y|| < 1 4+ §. Hence
X and y are in Py (0, &) and therefore, by (4), ||x — y|| < €. Consequently
lx =yl = llx =X+ [IX =Y+ lly =¥l =26 +€ < 3e.

This proves (b). (I

5.4 Characterizations of Strong Convexity

We present some characterizations of the strong convexity property in terms of the
convergence of sets of nearly best approximations.
We need some definitions from the theory of best approximation.
Let C € CC(X) and x € X. A sequence (x,) in C is called a minimizing sequence
forx e Xin C if
lx — xpll = d(x, ©).
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The set C is called approximatively compact if every minimizing sequence in C
has a convergent subsequence.

A proximinal set C is said to be strongly proximinal at x if d(x,, Pc(x)) — 0
whenever (x,) is a minimizing sequence for x in C. If C is strongly proximinal at
every x € X then we say that C is strongly proximinal.

From the definition it is clear that every approximatively compact set C is prox-
iminal and P¢(x) is compact for every x.

We will now see the behavior of the sets Pc(x, %), n € N, in case C is approxi-
matively compact or strongly proximinal.

Proposition 1 Let C € CC(X). Consider the following statements.

(a) C is approximatively compact.
(b) Foreveryx € X, Pc(x, %) i> Pc(x) and Pc(x) is compact.

(c) Foreveryx € X, Pc(x, rll) i) Pc(x).
(d) C is strongly proximinal.

Then (a) < (b) = (c) & (d).

Proof (a) = (b): Suppose C is approximatively compact and x € X. Then P¢(x) is
compact. We will use Theorem 10. Suppose y, € Pc (x, 1), n € N. Then (v,) is a
minimizing sequence and hence it has a convergent subsequence converging to an
element of P¢(x). This proves (b).

(b) = (a): Let (y,) be a minimizing sequence in C for x € X. Then there exists a
subsequence (y,,) such thaty,, € Pc (x, %) for all k € N. Therefore, by Theorem
10, (v, ) has a convergent subsequence.

(b) = (c¢): This is obvious.

(c) < (d): This follows easily from the definitions. O

Itis clear from the previous result that approximative compactness is stronger than
strong proximinality. Moreover, Proposition 1 motivates us to relate the properties
approximative compactness and strong proximinality with geometrical properties of
X as the convergence of sets Pc (x, rll) is related to the convergence of slices (see
Lemma 8 and Fig. 11).

We will first characterize the strong convexity property in terms of approximative
compactness. We relax the condition “uniformly” from Theorem 34 for the following
result.

Theorem 35 The following statements are equivalent.

(a) X is strongly convex.
(b) diam(S (X, x*, 1)) — 0 for all x* € Sx=.
(c) diam(Py (0, 1)) — 0 for all H € CH;(X).

n

(d) diam(Py (x, 1)) — 0 forall x € X and H € CH(X).

n
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(e) diam(Pc (x, %)) — Oforallx € X and C € CC(X).
(f) Every C € CC(X) is Chebyshev and approximatively compact.

Proof The proof of the equivalence of (a) and (b) is given in Theorem 21.

(b) = (c): We will use Lemma 8 and Theorem 15. Let H = {x € X : x*(x) = 1}
for some x* € Sy«. Then d(0, H) = 1. Suppose x, € Py (0, rll) for all n. Then by
Lemma 8, there exist sequences (y,) and (§,) such that

811 i O,Yn € S(X*v'x*?(sn) and ”'xﬂ _Yn” — 0.

Condition (b) implies that diam (S (X, x*, rll)) — 0and S(X, x*, 0) = {xg} for some
xo € Sx. Therefore y, — x¢ and hence x,, — xg. Now (c) follows from Theorem 15.

(¢) = (d): This follows from Facts 1 and 2.

(d) = (e): Let C € CC(X) and x € X. By Facts 1 and 2, we assume, without loss of
generality, that (0, C) = land x = 0. Let H = {x € X : x*(x) = 1}, x* € Sx=, be
a hyperplane separating C and By. Let x, € Pc(0, %) for all n. Use Lemma 8 and
Theorem 15 and follow the steps of the proof of (b) = (c).

)= ():LetC e CC(X)andx € X.Ify, € Pc(x, %) for every n, then by (e), (v,)
is Cauchy, hence it converges to an element of Pc(x). This shows that C is proxim-
inal and (e) further implies that diam(Pc(x)) = 0. Therefore, C is Chebyshev. The
approximative compactness follows from Proposition 1 and Theorem 15.

(f) = (b): Let x* € Sy+ and C = {x € X : x*(x) = 1}. Suppose x, € S (X,x*, %)
for every n € N. Then there exist sequences (y,) and (5, such that

8 = 0, y, € Pc(0,8,) and |[x, —yu| — O.
Since (y,) is a minimizing sequence for O in C, by (f), every subsequence of (y,)

has a convergent subsequence converging to Pc(0) which is a singleton. Therefore
(x,,) converges to Pc(0) = S(X, x*, 0). Hence (b) follows from Theorem 15. O

5.5 Characterizations of Radon-Riesz Property

We now generalize Theorem 35 by relaxing the condition “strict convexity”.

Theorem 36 The following statements are equivalent.

(a) X is reflexive and has the Radon-Riesz property.
(b) S(X,x*,0) compact and S(X, x*, %) A, S(X, x*,0) for all x* € Sxx.
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(c) Py (0) is compact and P (0, 1) > Py (0) for all H € CH, (X).

(d) Pc(x) compact and Pc(x, %) i> Pc(x) forall C € CC(X) and x € X.

(e) Every C € CC(X) is approximatively compact.

Proof The equivalence (a) < (b) is a part of Theorem 24.

(b)= (c): LetH = {x € X : x*(x) = 1},x* € Sy~ andx, € Py (0, 1) forall n. Then,
by Lemma 8, there exist sequences (y,,) and (8,) such that§,, — 0,y, € S(X*, x*, §,,)
and ||x, — y.|l — 0. By (b) and Theorem 10, (y,) has a convergent subsequence

and hence (x;,) has a convergent subsequence converging to an element in Py (0). By
Theorem 10, (c) follows.

(c)= (d): Let C € CC(X) and x € C. By Facts 1 and 2 we can assume that x = 0
and d(0, C) = 1. Let x,, € Pc(0, %) for all n. Use Lemma 8 and repeat the proof of
(b) = (o).

(d) = (e): This follows from Proposition 1.

(e) = (b): This is a consequence of Lemma 8 and Theorem 10. The proof is similar
to the proof of (b) = (c). [l

5.6 Characterizations of Strong Subdifferentiability
of the Dual Norm

Theorem 36 leads to the following theorem if we drop the compactness condition.

Theorem 37 Consider the following statements.

(a) The norm of X* is ssd on Sxx.

() S (X, x*, 1) 2 s0x, 5%, 0) for all x* € Sx-.

© Py (0, 1) 5 Py(0) forall H € CHy(X).

@ Py (x, 1) 5 Py(x) for all H € CH(X) and x € X.
(e) Pc (x, rll) A, Pc(x) forall C € CC(X) and x € X.
(f) Every C € CC(X) is strongly proximinal.

Then (a) < (b) < (c) & (d) < (e) & (f).

Proof The equivalence (a) = (b) is a part of Theorem 26. For the proofs of the
implications (b) < (c) < (d), use Lemma 8 and Theorem 9 and follow the same
lines of proof of (b) = (c) of Theorem 36.

(e) < (f): This is stated in Proposition 1.

(e) = (d): This is obvious. O
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Remark 6 If we compare Theorem 37 with Theorems 34, 35 and 36, it is expected
that all the statements in the previous result should be equivalent. Interestingly the
implication (d) = (e), in Theorem 37, is not true. Surprisingly, (e) forces the set
Pc(x) to be compact for every C € CC(X) and x € X, which will be proved below.

We need the following result of Osman [30].

Lemma 10 Forx* € Sx and ¢ > 0, let H = {x : x*(x) = c}. Suppose that (x,) is a
sequence in X such that x, — xo weakly for some xo. Let x*(x,) > c for all n. Then
(cofx, : n e N) N H # @ ifand only if xo € H, and in this case

(co{x, : n € N}) N H = {xo}.

Theorem 38 The following statements are equivalent.

(a) X is reflexive and has the Radon-Riesz property.

(b) The norm of X* is ssd on Sx+ and S(X, x*, 0) is compact for all x* € Sxx.
(c) Every C € CC(X) is approximatively compact.

(d) Every C € CC(X) is strongly proximinal.

Proof The equivalence (a) < (b) is stated in Theorem 27 and (a) < (c) is stated in
Theorem 36.

(c) = (d): This is obvious.

(d) = (b): By Theorem 37, (d) implies that the norm of X* is ssd on Sx+. It remains
to show that S(X, x*, 0) is compact for all x* € Sxx.

Note that, by Corollary 4, (d) implies that X is reflexive. Suppose x* € Sy=.
Then S(X, x*,0) is nonempty and weakly compact. Let (x,) be a sequence in
S(X, x*,0). Define y, = (1 + %)xn for every n. Then x*(y,) > 1 for every n and
d(y, S(X, x*,0)) — 0. Since (y,) is bounded, it has a weakly convergent subse-
quence. Let us denote the subsequence as (y,,) for simplicity and let y,, — yo weakly
for some yg € S(X, x*, 0). By Lemma 10,

(cofyn :n € N}) NH = {yo}
where H = {x € X : x*(x) = 1}. Since yy € Sy and
(co{yn :n e N) NSy € (co{yn :n € N) NH,
we have co{y, : n € N}) N Sx = {yo}.
Take C = cof{y, : n € N}. Since ||y, - 1, d(0,C) = 1 and y,, € Pc(0, §,) for

some 6, — 0. By the strong proximinality of C, we have d(y,, Pc(0)) — 0. Since

Pc(0) = (co{yn : n € N}) N Sy,
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we have y, — yg € S(X, x*, 0). This implies that (x,) has a convergent subsequence
which converges to yp and the proof is complete. O

The implication (d) = (b) in the previous theorem is proved in [12].

5.7 Notes and Remarks

The property strong proximinality is relatively recent compared to the property ap-
proximative compactness. The properties associated with approximative compact-
ness can be seen in [29, 34, 36]. Strong proximinality of certain subspaces of some
classical Banach spaces are studied in the literature [10, 11, 20, 26].

We observed that the statement (d) in Theorem 37 is equivalent to the ssd of the
norm of X* and (f) forces the faces S(X, x*, 0) to be compact for all x* € Sy= (see
Theorem 38). The natural question is the following: Is there a condition which is
stronger than (d) and weaker than (f) and is equivalent to (a) of Theorem 37? The
question can also be posed as follows: Can we find a class .% of subsets of X such
that CH(X) € .# C CC(X) and the norm of X* is ssd on Sx= if and only if every
C € .7 is strongly proximinal?

In this section, we studied V™ and H' convergence of (Pc(x, %)) and associ-
ated the convergence with the corresponding convergence of slices. Convergence of
(Pc(x, %)) with respect to other convergence notions can still be explored.
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Measures of Noncompactness and Well-Posed
Minimization Problems

Jozef Banas

Abstract This chapter presents facts concerning the theory of well-posed
minimization problems. We recall some classical results obtained in the framework
of the theory but focus mainly on the detailed presentation of the application of the
theory of measures of noncompactness to investigations of the well-posedness of
minimization problem.

Keywords Measure of noncompactness * Kuratowski measure of noncompactness -
Hausdorff measure of noncompactness + Minimization problems + Well-posedness *
Well-posedness in the sense of Tikhonov -« Well-posedness in the sense of Levitin
and Polyak - Nearly uniform convex spaces

1 Introduction

Numerous problems of control theory and optimization theory are connected with
finding of a sequence minimizing some functional related to an investigated problem.
It turns out that in practice we are often not able to find an exact solution of a
considered minimum (or maximum) problem. Nevertheless, sometimes it is possible
to construct a sequence (the so-called minimizing or maximizing sequence) that is
convergent to the solution of an investigated minimum or maximum problem. Such
a situation is very desirable since it creates the possibility to obtain an approximate
solution of an investigated minimum (maximum) problem.

Such an approach generates, in a natural way, the problem associated with the
structure of possible minimizing (or maximizing) sequences.
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Indeed, we can raise the following questions: Does the minimizing sequence
converge? In the case of a positive answer we can ask about the accuracy of the
approximation of a point realizing minimum of a considered functional with help of
a constructed minimizing sequence.

The next question arising naturally in the situation when a minimizing sequence
is not convergent, is connected to the structure of the set containing all accumulation
points of obtained minimizing sequence. Thus, we can ask if the set of all accumula-
tion points of an arbitrary minimizing (maximizing) sequence is compact or, in some
sense, is a set being “almost” compact etc. Obviously, the above approach creates
further questions related to the posedness of a considered minimum problem.

Before further relevant discussion of the above raised problem let us establish that
in what follows we will always consider the minimum problem only. Obviously, the
considerations of the maximum problem are similar and can be therefore conducted
in the same way as the minimum problem.

To explain our approach let us take into account the well-known and, simultane-
ously, the fundamental problem considered in several branches of mathematics; the
problem of the existence and uniqueness of a solution of the equation having the
form

x = F(x), (D

where F is a given operator defined on a metric space X and with values in the same
space X.

The above formulated problem may be studied as the problem of the minimum of
the functional J : X — R (R denotes the set real numbers) defined in the following
way:

J(x) = d(F(x),x), @)

where d is a metric given in the assumed metric space X. It is clear that the values of
the functional J defined by (2) are located in the positive real half-axis R4 = [0, 00).
This implies that there exists infimum of the functional J in the metric space X. On
the other hand, Eq. (1) has a solution if and only if the functional J has minimum
equal to zero. Moreover, Eq. (1) has exactly one solution if and only if the functional
J attains its minimum exactly at one point belonging to the metric space X. Apart
from this every minimizing sequence of the functional J defined by (2) is a sequence
approximating a fixed point of the operator F related to Eq. (1). The behavior of the
minimizing sequence of the functional J is reflected by the behavior of the sequence
approximating solutions of Eq. (1).

This connection suggests the possibility of the use of tools of fixed point theory
[17, 18] in the theory of optimization (cf. [2]).

In this chapter we follow the ideas presented above. More precisely, we show that
the tools associated with the technique of measures of noncompactness (cf. [12] and
references therein) can be used in the study of well-posed minimum problems.
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2 The Minimization Problem and Its Well-Posedness in the
Classical Sense of Tikhonov

In this section we recall the fundamental classical concepts and results related to the
minimization problem of a functional J acting from a nonempty subset D of a metric
space X (X = (X, d)) into the set R of real numbers.

Following A. N. Tikhonov [33] we state that the minimization problem for the
functional J is well posed if and only if every minimizing sequence of the functional
J is convergent in the metric space X.

To express the above concept more precisely, let us recall that the sequence {x,},
{x,} C D, is called minimizing for the functional J if

lim J(x,) = inf{J(x) : x € D). 3)

Itis clear that if J is bounded from below then the sequence {J (x,)} is also bounded
from below and the infimum inf{J(x) : x € D} is a real number. In such a case we
obtain a refinement of the above definition which is discussed below.

Let us regard some simple consequences of the above accepted definition of the
well-posedness of minimization problem in the sense of Tikhonov.

First of all observe that if {x,} is a minimizing sequence of the functional J then
its limit must be the cluster point of the set D.

Further, it is also worthwhile noticing that the requirement that the minimizing
sequence {x,} of the functional J is convergent implies that {x,} has always a unique
limit, i.e., every minimizing sequence of the functional J tends to the same limit,
say x, being the cluster point of the set D.

Consequently, if the minimization problem for the functional J is well-posed in
the sense of Tikhonov, then J has exactly one minimum in the set D.

It turns out that there are some natural problems considered, for example, in func-
tional analysis, when the corresponding minimization problem is well-posed.

We provide the following well-known example:

Example 1 Let D be a nonempty subset of a metric space X with a metric d. Fix an
element y € X and consider the functional Jy defined on D by the formula

Jy(x) =d(x,y). 4)
Obviously such a functional has always a real infimum and

;Ielg Jy(x) = dist(y, D). (5)

On the other hand it is also well known that the mentioned infimum need not be
unique and not every minimizing sequence is convergent.
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To guarantee that infimum of the functional Jy on the set D is attained we impose
some additional requirements [20].

Thus, assume that our space under consideration is a reflexive Banach space
(E, || - |]). Further, let D be a nonempty, closed, and convex subset of E and, as
before, let y be an arbitrarily fixed point in E.

It is well known that the functional J, defined by (4), which can be now written
in the form

100 = Ilx = yll, (6)

attains its infimum on the set D.

To prove this fact denote by dp(y) the distance dist(y, D) i.e., dp(y) =
dist(y, D). Next, consider the closed ball B(y, dp(y) + r) centered at y and with
radius dp(y) + r, where r > 0 is an arbitrary number.

Now, consider the family {D,},~¢ of the sets D, defined as the intersection of the
ball B(y,dp(y) + r) and the set D:

D, = B(y,dp(y) +r) N D. (7

It is clear that the set D, is nonempty, closed, and convex. In view of reflexivity of
the space E this implies that D, is weakly compact (and, of course, weakly closed)
[15]. Thus, {D,},~0 is a centered family of weakly compact sets (i.e., compact with
respect to the weak topology in the Banach space E). This yields that the intersection
of this family

Do=()D; 8)

r>0

is nonempty, convex, and weakly compact. Obviously, the set Dy is contained in the
sphere S(y, dp(y)) centered at the point y and with radius dp(y), i.e.,

S(y.dp(y)) ={x € E: |lx =yl =dp(»)}. €))

Finally, observe that this allows us to conclude that the functional J, attains its
minimum on the nonempty set Dy.

Now, let us observe that if we additionally assume that the space E is strictly
convex (this means that spheres in E do not contain nontrivial segments [17]) then
the functional Jy defined by (6) attains its minimum at exactly one point of the set D.

Let us recall that such a situation is realized if we assume, among others, that
the Banach space E is uniformly convex (for definition of uniformly convex Banach
spaces and their properties we refer to [2, 17]). Thus, in uniformly convex Banach
spaces the functional J, defined by (6) attains its minimum at exactly one point.

From the above presented reasoning we infer that every minimizing sequence {x,, }
of the functional Jy (in the case when E is reflexive and strictly convex) is convergent
to one point at which the functional Jy attains its minimum.
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To what extent we can generalize the above assertion is an interesting question,
i.e., which assumptions should be imposed on a Banach space in order to guarantee
that the set M, consisting of points at which the considered functional J, attains
its minimum is not a “big” set. For example, the set My is compact in the strong
topology of the Banach space E.

In the next section we will discuss the above problem.

3 Some Generalizations of the Concept of Well-Posed
Minimization Problem and Their Consequences

In this section we discuss some generalizations of the concept of the well-posed
minimization problem in the sense of Tikhonov, which was presented in the previous
section.

Similarly as in the previous section, for the sake of generality, we place our
considerations in a metric space X (with a metric d).

The following definition by Levitin and Polyak [26] generalizes the concept of
the well-posed minimization problem in the sense of Tikhonov.

Definition 1 Let J : X — R be a given functional. We state that the problem of
minimization of the functional J is well-posed in the sense of Levitin and Polyak if
each minimizing sequence of the functional J is compact.

Obviously, if the minimization problem for the functional J is well-posed in the
sense of Tikhonov then that problem is also well-posed in the sense of Levitin and
Polyak. Below we provide an example showing, among others, that the converse
implication is not always true.

To this end we provide first the definition of the concept of nearly strictly convex
Banach space, which will be needed further on. This definition is taken from [8].

Definition 2 A Banach space E is said to be nearly strictly convex (NSC, in short)
if its unit sphere Sg = {x € E : |[|x|| = 1} does not contain noncompact convex
sets.

In order to formulate the concept of NSC Banach space in another, equivalent
way, denote by E* the dual space of E. Let S* denote the unit sphere in £*. Then, a
Banach space E is NSC if and only if for every functional x* € S* the set {x € Sg :
x*(x) = 1} is nonempty and compact [7].

Observe that every strictly convex Banach space is NSC but the converse impli-
cation is not always true [7].

Next, we discuss an example being the extension of the previously considered
Example 1.

Example 2 Similarly as in Example 1 take a nonempty, closed, and convex subset D
of a Banach space E. We will assume additionally that the space E is reflexive and
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NSC. Next, fix arbitrarily apoint y € E and denote by Jy, the functional defined by (6).
Obviously, the same reasoning as that conducted in Example 1 leads to the conclusion
that the set Dy consisting of all points belonging to D at which the functional Jy
attains its minimum, is nonempty, convex, and weakly compact. To describe the set
Dy more precisely, recall the notation introduced previously in Example 1, i.e.,

dp(y) = dist(y, D). (10)

Observe that the set Dy is contained in the sphere S(y, dp(y)). Thus, in view of
the imposed assumption that £ is NSC, we conclude that the set Dy is compact.

On the other hand consider a minimizing sequence {x,} for the functional J,,
{x,} C D. This means that

lim ||y — x,|| = dist(y, D). Y
n— 00

Without loss of generality we can assume that the sequence {||y — x,||} is nonin-
creasing, i.e., ||y — xp41|] < ||y — xp|| forn = 1,2, .... Next, for arbitrarily fixed
natural number n consider the ball B (y, [y — xull + %)

Further, consider the set D,, defined as follows:

1
Dn:DﬂB(y,||y—xn||+—), forn=1,2,.... (12)
n

Obviously the set D, is nonempty, closed, and convex. Apart from this we see that
the set D, is weakly compact in view of reflexivity of the space E. Moreover, x, € D

foranyn=1,2,....
o0

Now, observe that the set Dy = [ D, is nonempty, closed, and convex. It is

n=1
clear that Dy is a subset of the sphere S(y, dp(y)).

On the other hand the set Dg contains all accumulation points of the sequence
{x,}. Since the space E is assumed to be NSC, this allows us to deduce that the set
A of those accumulation points is compact.

This means that the minimization problem for the functional J, on the set D is
well-posed in the sense of Levitin and Polyak.

In order to recall a generalization of the well-posed minimization problem given
by Furi and Vignoli [16] we need to give the concept of the so-called Kuratowski
measure of noncompactness.

To this end assume that X is a given complete metric space with a metric d. Denote
by My the family of all nonempty and bounded subsets of the space X and by My
its subfamily consisting of all relatively compact sets.

Now, for A € 9y, denote by w(A) the nonnegative number defined in the fol-
lowing way:
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a(A) = inf{e > 0 : A can be covered by a finite number of sets of diameters
smaller than e}.
(13)

Equivalently, we have

n
MA)=mqe>0:ACLJAhAiCX,mmmi<sU=L2pnanm

i=1
an arbitrary natural number},
(14)

where the symbol diamB denotes the diameter of the set B (B C X). The quantity
«(A) is called the Kuratowski measure of noncompactness of the set A and was
introduced by Kuratowski [24].

Observe that the function @ : My — R4 = [0, 00) and has the following
properties being an immediate consequence of the definition:

a(A) =0 & AeNy, (15)
AC B = a(A) <a(B), (16)
a(A) = a(A), a7

where the symbol A denotes the closure of the set A.
Moreover, for any set A € 9k the following inequality holds:

a(A) < diamA. (18)

Indeed, the above inequality is an immediate consequence of the definition of the
Kuratowski measure of noncompactness «.

The most important and useful property of the Kuratowski measure of noncom-
pactness « is contained in the below formulated theorem.

Theorem 1 Let {A,} be a sequence of nonempty, bounded, and closed subsets of
the space X such that A, O Ay+1 forn = 1,2, ...and lim «a(A,) = 0. Then the
n—0o0

intersection set A of the sequence {A,}, i.e., the set
o0
Ao =) An. (19)

is nonempty and compact.

The above theorem was proved by Kuratowski and it creates the generalization
of the well-known Cantor intersection theorem.

Note that in the case when we consider the Kuratowski measure of noncompact-
ness « in a Banach space E it has some additional useful properties related to the
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algebraic structure of the space E. The presentation of these properties are given in
detail in the next chapter.

Now, we formulate the definition of the concept of well-posedness of minimization
problem in the sense of Furi and Vignoli.

Thus, analogously as earlier, assume that D is a nonempty and closed subset of
a complete metric space X with a metric d. Let J : D — R be a given functional
which is lower semicontinuous and lower bounded on the set D. Hence we infer that
the functional J has a real minimum m ; on the set D, i.e., there exists a real number
m such that

my = inf J(x). (20)
xeD

Next, for an arbitrary given number ¢ > O denote:
D.={xeD: Jx)<mj+e} (21)

Note that in view of lower semicontinuity of the functional J we conclude that the
set D, is closed.

Further observe that if 0 < &1 < ¢ then D, C Ds,.

In what follows we always assume that there exists a number gy > 0 such that the
set Dy, is bounded. Thus, for every ¢ such that 0 < & < gg the set D, is bounded.

It is worth noting that if the set D is bounded then set D, is bounded for every
e > 0.

Definition 3 We say that the minimization problem for the functional J is well-
posed on the set D in the sense of Furi and Vignoli if

lim a(D;) = 0. (22)
e—0

If the minimization problem is well-posed in the sense of Furi and Vignoli then
it is well-posed in the sense of Levitin and Polyak.
To prove this fact note first that the set Dy defined as the intersection of the family

{D¢}e>0. 1€,

Dy = m D, (23)

e>0

is nonempty, closed, and compact. The assertion concerning the compactness of the
set Dy is a consequence of Theorem 1.

On the other hand, the set Dy contains of all accumulation points of an arbitrary
minimizing sequence of the functional J on the set D. This means that the set of all
accumulation points of all minimizing sequences of functional J is compact and the
minimization problem is well-posed in the sense of Levitin and Polyak.

It is worth mentioning that the relations among various types of well-posed min-
imization problems were discussed in several papers (cf. [13, 14, 21, 27, 29, 34],
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for example). Obviously, in these papers well-posed minimization problems were
mostly discussed for functionals under some additional constraints.

In the example given below we discuss the well-posedness for the “distance”
functional considered in Examples 1 and 2.

Example 3 Assume that (E, ||-||) is a Banach space with the zero element 6. Denote
by Bg the unit ball, i.e., B; = B(0, 1) and let Sg stand for the unit sphere in E.
Similarly as before, let E* denote the dual space of E. Denote by S* = Sg+. Further
assume that « is the Kuratowski measure of noncompactness in the space E.

We will say that the space E is nearly uniformly convex (NUC, in short) [22] if
for any € > 0 there exists § > 0 such that whenever a closed convex subset X of the
ball Bg has dist(f, X) > 1 — § then a(X) < &.

It is well known that every NUC space E is reflexive and has some additional
properties [4, 5, 7, 18, 22, 28, 30-32].

There is also another approach to the concept of NUC space. Namely, for an
arbitrary ¢ € (0, 1] define the quantity Bg(¢) in the following way [5]:

Be(e) =supf{a(X): X C Bg, X isconvex, dist(f, X) > 1 —¢}. 24)
Function Bg : [0, 1] — [0, 2] is a kind of a modulus of near convexity (cf. [5], for

details). It is easily seen that E is NUC if and only if lir% Be(e) =0.
£—>

Moreover, we need also some other characterization of NUC spaces. To this end,
for a fixed functional f € S* denote by F (f, ) the slice of the unit ball Bg defined
as follows:

F(fie)={x € Eg: f(x)=1—¢}. (25)

Then we have the following result [5]:

Theorem 2 A space E is NUC if and only if

lim a(F(f.€) =0 (26)

uniformly with respect to f € S*.

Particularly, from the above theorem we deduce that if a Banach space E is NUC
then for an arbitrarily fixed functional f belonging to the sphere S* we have that
lir%a(F(f, €)) =0.

—
’ Additionally note that every NUC space is NSC [4] but the converse implication
is not always true [32].

In what follows, extending the considerations conducted in Examples 1 and 2,

assume that (E, || - ||) is an NUC Banach space and D is a nonempty, closed, and
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convex subset of the space E. Fix an element y € E and consider distance functional
Jy defined on the set D by formula (6), i.e.,

Jy(x) =llx = yll. 27)

We show that the minimization problem for the functional J, on the set D is well-
posed in the sense of Furi and Vignoli.

For the proof observe that the functional J, attains its minimum m, on the set D
and

my = dist(y, D). (28)

This is an immediate consequence of the above-mentioned reflexivity of the space
E and the facts established in Example 1.
Further, let us fix arbitrarily a number ¢ > 0 and consider the set

De:={xeD: Jyx)<my+e}={xeD: ||x—-yl|<my+¢}
=DNB(y,mjy+e¢). (29)

Since the set D; is closed and convex and there exists a point z € D, such that
|1z — y|| = dist(y, D), then from some well-known facts (cf. [15, p. 452]) we infer
that there exists a functional f € E* supporting the set D, at the point z (in fact,
f is the functional tangent to D, at z). Multiplying the functional f by a suitable
positive number we see that the set D, may be considered as a subset of the slice

F(f,e)={x € B(y,my+¢): f(x)>dy+e¢e}. (30)

Since the space E is assumed to be NUC we deduce from Theorem 2 that lin%) a(F(f,
E—>
€)) = 0. This implies that lin%) a(D;) = 0. This means that the minimization problem
&—

for the functional Jy is well-posed in the sense of Furi and Vignoli.

4 Measures of Noncompactness

In this section we present basic facts concerning measures of noncompactness. We
focus here on the axiomatic approach to this concept contained in the monograph
[9]. Such an approach is sufficiently general although there are some more general
definitions of the concept of a measure of noncompatness (cf. [1]). Nevertheless, our
definition admits several natural realizations. Apart from this measures of noncom-
pactness satisfying our axiomatics have useful properties and are handy in numerous
applications (cf. [9, 12] and references therein). Moreover, based on the mentioned
axiomatic definition we are able to construct measures of noncompactness in those
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Banach spaces in which we do not know necessary and sufficient conditions for
relative compactness of sets.

The considerations of this section will be mainly conducted in Banach spaces
although some of them have also sense in the setting of metric spaces.

Thus, let us assume that (E, || - ||) is a given Banach space. For subsets X, Y of
E and for a number ¢ € R denote by X + Y, cX the usual algebraic operations on
sets. By the symbol ConvX we denote the closed convex hull of X, while the symbol
convX stands for the convex hull of X.

For completeness of our considerations recall that the ball centered at x and with
radius  is denoted by B(x, r). We write Bg to denote the unit ball B(6, 1). Moreover,
the symbol X stands for the closure of the set X.

If X is a given nonempty subset of E then the symbol B(X, r) denotes the ball
centered at the set X and with radius r, i.e.,

B(X.r)= | B(x.7). 31

xeX

For an arbitrary family & of some subsets of E we denote by &7¢ the family of all
closed sets belonging to Z.

Further, similarly as in the preceding section, denote by g the family of all
nonempty and bounded subsets of the space E and by g its subfamily consisting
of all relatively compact sets.

If X, Y € Mg then by h(X, Y) we denote the so-called nonsymmetric Hausdorff
distance between sets X and Y, defined as follows:

h(X,Y)=inf{r >0: X C B(Y,r)}. (32)
Finally, we put
H(X,Y)=max{h(X,Y), h(Y, X)}. (33)

The quantity H (X, Y) is called the Hausdorff distance between sets X and Y. This
distance generates the pseudometric on the family g and it is a complete metric
on the family 9015 [25].

If 2 is a nonempty subfamily of the family Mg then for an arbitrary X € Mg we
denote by H (X, Z) the distance of X to 2 with respect to the Hausdorff distance
H,ie.,

HX, %) =inf{H(X,Z): Ze Z}. (34)

We accept the following definition of a measure of noncompactness [9]:

Definition 4 The function u : Mg — Ry = [0, 0o) is said to be a measure of
noncompactness in the space E if it satisfies the following conditions:
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(i) The family ker u = {X € Mg : u(X) = 0}; is nonempty and ker u C Mg;

(i) X CY = uX) <nl@);

(i) u(X) = u(X);

(iv) wu(ConvX) = u(X);

V) A X +A-=2Y) <apnX)+ 1A —r)u(Y) for A € [0, 1];

(vi) If {X,} is a sequence of closed sets from 9z such that X,,1 C X, forn =

o

1,2,... and if nll)n;o 1(X,) = 0 then the intersection set Xoo = [\ X, is

n=1
nonempty.

The family ker u described in axiom (i) is called the kernel of the measure of
noncompactness /.

Observe that in axiom (vi), from the inclusion Xoo C X, which is valid for
n=1,2,..., weinfer that u(X~) < u(X,) which implies that u(X~) = 0 i.e.,
the set X, is a member of the family ker .

Let us point out also that we frequently use an equivalent approach to the concept
of ameasure of noncompactness. In that approach the role of the kernel of the measure
of noncompactness is exposed.

Definition 5 A nonempty family &2 C Ng is called the kernel (of a measure of
noncompactness) provided the following conditions are satisfied:

(i) Xe Z=>Xe P
(i) Xe 2, YCX,Y#A#V=Y e &,
(iii)) X € & = ConvX € &,
(iv) X, Y e Z=2X+(1—-1NY e Zforre|0,1];
(v) &€ is closed in MY, with respect to Hausdorff metric.

Observe that the family 91z may serve as an example of the kernel of a mea-
sure of noncompactness. Indeed, it is easily seen that )1g satisfies all conditions of
Definition 5. Another example of the kernel of a measure of noncompactness may
serve the family ‘ﬁ% consisting of all singletons belonging to E.

In what follows we provide the definition of a measure of noncompactness related
to the concept of the kernel given in Definition 5.

Definition 6 The function u : Mg — R, issaid tobe a measure of noncompactness
with the kernel & (ker u = &) if it satisfies the following conditious:

i) uX)=0& X € &,
(i) X CY = uX) = nl@);
(1) p(X) = u(X);
(iv) w(ConvX) = pu(X);
V) pAX + (1 =2Y) < Apn(X) + (I =2)uY) for & € [0, 1];
i) f X, e Mg, X, =Xp,and X4 C X, forn=1,2,...and intLf‘;O w(Xy,) =

o
0 then the set Xoo = (| X, is nonempty.

n=1
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Let us pay attention to the situation when we consider a complete metric space
X instead of a Banach space E. Then the above given Definitions 4, 5, and 6 can
be adopted to such a situation. To this end we have to delete axioms connected with
algebraic structure of the family 9. For example, in this case the definition of the
kernel runs as follows:

Definition 7 Let X be a complete matric space. A nonempty family & C Dy is
referred to as the kernel (of a measure of noncompactness) if it satisfies the following
conditions:

(i) Xe 7= Xe P,
i) Xe 2, YCX, Y#D=>Y e &,
(iii) 7€ is closed in 95, with respect to the topology generated by Hausdorff’s
metric.

In a similar way we can formulate the definition of a measure of noncompactness
in the space X. Indeed, the function p : 9ty — R, is a measure of noncompactness
provided it satisfies conditions (i), (ii), (iii), and (vi) of Definition 4 or the same
conditions of Definitions 6.

Now, note the fact that Kuratowski’s measure of noncompactness « discussed in
Sect. 3 is the measure of noncompactness in the sense of Definition 4 (or Definition 6).
Indeed, from (15) we infer that the function « satisfies condition (i) of Definition 4
and ker © = 9. Moreover, from (16), (17) and Theorem 1 we deduce that « satisfies
conditions (ii), (iii), and (vi) of Definition 4 (or Definition 6). Thus, « is the measure
of noncompactness in any metric space. It can be also shown [9] that the function
« satisfies also axioms (iv) and (vi) of Definition 4 or 6 when we consider it in a
Banach space E.

Below we provide further examples of measures of noncompactness in the sense
of Definitions 4 and 6.

Example 4 Assume that E is a Banach space (although we can also treat the case
of a metric space X). For X € Mg let us consider the quantity x (X) defined in the
following way (cf. [9, 19]):

x(X) =inf{e > 0: X can be covered by a finite number of balls of radii ¢}.
(35)
The function yx is called the Hausdorff measure of noncompactness.

It is not hard to show that the function y satisfies the conditions of Definition 4.
Indeed, the equivalence

x(X) =0 & X isrelatively compact (36)
is an easy consequence of the famous Hausdorff theorem. Thus condition (i) of

Definition 4 is satisfied with ker y = 1. For the proof of the remaining conditions
we refer to [9].
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It is worth mentioning that the Hausdorff measure of noncompactness can be
expressed in terms of the Hausdorff distance H. In fact, we can show that for an
arbitrary set A € Mg the following equality holds:

x(A) = H(A, Ng). (37)

It turns out that this equality is also true if we replace the Banach space E by a
complete metric space X. The details of the proof can be found in [9].

Example 5 Now, according to Definitions 5 and 6 let us take as the family &
described by Definition 5 the family ‘ﬁ% consisting of all singletons in E. It is
easily seen that the family ‘ﬁ% is the kernel (of a measure of noncompactness) in the
sense of Definition 5.

Further, for X € g, let us put

w(X) = diamX, (33)

i.e., u(X) is equal to the diameter of the set X.

It is easy to verify that the function u defined by formula (38) is the measure of
noncompactness in the sense of Definition 6 (or Definition 4). For example, axiom
(vi) of Definition 6 coincides with the classical Cantor intersection theorem.

Note the fact that formula (38) defines the measure of noncompactness in an
arbitrary complete metric space.

In what follows we see that every kernel generates at least one measure of non-
compactness. Indeed, for the sake of generality assume that X is a given metric space.
Let & C 91x be an arbitrary kernel (of a measure of noncompactness) in the sense
of Definition 7. For A € My let us put

n(A) = H(A, 2), (39)

where H (A, &7) denotes the Hausdorff distance of the set A to the family .

It can be shown that formula (39) defines a measure of noncompactness in the
metric space X such that ker u = 2. This theorem was given in [9] but the detailed
proof can be found in [10].

It is also worth mentioning that formula (39) defines also the measure of noncom-
pactness in the sense of Definitions 6 and 4, in the setting of a Banach space.

It turns out that the most convenient and useful in applications seems to be the
Hausdorff measure of noncompactness. It is, among others, a consequence of equality
(37). But another, very important reason is a result of the fact that in some Banach
spaces we are able to express the Hausdorff measure xy with the help of a convenient
formula associated with the structure of a Banach space under considerations. We
illustrate this assertion by a few examples.
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Example 6 Let Cla, b] denote the classical Banach space consisting of all real func-
tions defined and continuous on the interval [a, b]. We consider Cl[a, b] furnished
with the standard maximum norm, i.e.,

x|l = max {|x(©)[ : ¢ € [a,D]}. (40)

Keeping in mind the Arzéla-Ascoli criterion for compactness in C[a, b] we can
express the Hausdorff measure of noncompactness in the below described manner.

Namely, for x € Cla, b] denote by w(x, €) the modulus of continuity of the
function x:

w(x,e) =sup{|x(t) —x(s)|: t,s €la,b], |t —s| <e}, fore>0. 41
Next, for an arbitrary set X € Mc(q.p) let us put:
w(X, e) =sup{w(x,e): x € X}, 42)

wy(X) = 1in})w(X, £). (43)
e—
It can be shown [9, 19] that for X € M4 1) the following equality holds:

1
x(X) = Ewo(X). (44)

This equality is very useful in applications.

Example 7 Let co denote the space of all real sequences x = {x,} converging to
zero and endowed with the maximum norm, i.e.,

[lxll = [[{xn}|] = max{|x,| : n=1,2,...}. (45)

To describe the formula expressing the Hausdorff measure x in the space cq fix
arbitrarily a set X € 9,. Then, it can be shown that the following equality holds
(ct. [9]):

x(X) = 1LHC}O[Sllp{rnax{l)wcl tk=ni}p. (40)

xeX

In the space ¢ consisting of real sequences converging to a proper limit and
furnished with the supremum norm

[lxll = [H{xa}ll = sup{lxa| - n=1,2,...}, (47)

the situation is more complicated and we only know estimates of the Hausdorff
measure x. Indeed, the function u : 9. — R, defined by the formula
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w(X) = li)rréo<sup<sup[|xk—'lim x| : an]” (48)

xeX

satisfies the following inequalities:

1
F#(X) = x(X) = p(X), (49)

which were proved in [9].

On the other hand observe that the function p defined by (48) may serve as an
example of a measure of noncompactness in the space ¢ with the kernel ker u© = 1.

The formula expressing the Hausdorff measure of noncompactness is also known
in the space I” for 1 < p < oo [9]. On the other hand in the classical Banach
spaces L? (a, b) and [*° we only know some estimates of the Hausdorff measure of
noncompactness with the help of formulas that define measures of noncompactness
in those spaces. Refer to [9] for details.

Finally, note that there are some Banach spaces in which we do not know the
criteria for compactness similar to those of Arzéla-Ascoli in the space Cla, b] or
Riesz and Kolmogorov in the space L? (a, b).

In Banach spaces of such type we do not know how to construct formulas for
measures of noncompactness with kernels equal to the family of all nonempty and
relatively compact sets.

In the below example we discuss a Banach space of such type.

Example 8 Denote by BC (R, ) the space consisting of all functions defined, con-
tinuous, and bounded on the real half-axis R and having real values. This space is
furnished with the supremum norm, i.e., for x € BC(R) we put

llxll = sup{lx(@®)| : # € Ry} (50)

In the space BC(R.) the Arzéla-Ascoli criteriion for relative compactness of sets
fails to work. What is more, we do not even know a necessary and sufficient condition
for the relative compactness of sets which is connected with the structure of this
space. By these regards we can only define measures of noncompactness such that
their kernels are essentially smaller than the family Ngcr,).

In order to construct the mentioned measures in the space BC (R.) take an arbi-
trary set X € Mpc(r,) and choose a function x € X. Next, fix numbers ¢ > 0,
T > 0 and let us define the following quantities:

o’ (x, &) = sup{lx(t) — x(s)| : 1,5 €[0,T], |t —s| <&}, (51
o' (X, &) = suplo” (x, £); x € X)), (52)

wg (X) = lim o (X, &), (53)
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wo(X) = lim wl (X). (54)
T—o00

Further, let us define the set-functions a(X), b(X), c¢(X) by putting

a(X) = Tlim {SHP{SUP{IX(I)I o T}}} , (55)
—0 xeX
b(X) = Tlim [Sup{sup{lx(t) —x()]: t,5> T}}] ; (56)
e xeX
c(X) = limsup diamX (¢), 57
—>0o0

where X () = {x(¢) : x € X} and the symbol diamX (¢) stands for the diameter of
the set X (1) i.e.,

diamX (t) = supf{|x(¥) — y(®)| : x,y € X}. (58)

Finally, let us take the functions 4, wp, pc defined on the family Mpc(r, ) in the
following way:

Ha(X) = wo(X) + a(X), (59)
mp(X) = wo(X) + b(X), (60)
e (X) = wo(X) + c(X). (61)

It can be shown [3] (cf. also [6]) that these functions are measures of noncompactness
in the space BC(R,.) with kernels essentially smaller than the family 9zc(Rr ). Note
also that the kernel ker u, consists of all bounded sets X such that functions from
X are locally equicontinuous on R and tend to zero at infinity with the same rate.
Similarly, the kernel ker i, contains bounded sets X such that functions from X are
locally equicontinuous on R and tend to limits at infinity with the same rate (i.e.,
uniformly with respect to the set X).

Finally, the kernel ker 11, contains all bounded subsets X of the space BC(Ry)
such that functions from X are locally equicontinuous on R and the thickness
of the bundle formed by graphs of functions from X tends to zero at infinity. As
we mentioned above, we have that ker u, C MNpcr,) but ker uy # Npcr,) for
y € {a,b,c}.
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5 Generalized Definition of the Well-Posed Minimum
Problem

The final section of this chapter is devoted to present some generalization of the
concept of well-posed minimization problem in the sense of Furi and Vignoli. Our
generalization contains, as special cases, all definitions of the well-posedness of
minimization problem discussed previously in this chapter.

Let us assume that X is a given complete metric space and let D be a nonempty
and closed subset of the space X. Further, let J : D — R be a lower semicontinuous
and lower bounded functional on the set D. Similarly as in Sect. 3 denote by m ; the
minimum of J on the set D, i.e.,mj = ilg) J (x). Next, for ¢ > 0 let us put

X

D.={xeD: Jx)<my+ e} (62)

In the sequel we always assume that there exists &g > 0 such that the set Dy is
bounded (cf. Sect. 3).

Now assume that the family & C Dty is a kernel (of a measure of noncompact-
ness) in the sense of Definition 7.

Definition 8 We say that the minimization problem for the functional J is well-
posed on the set D with respect to the kernel &7 if there exists a measure of noncom-
pactness w in the space X with ker u = &2 and such that

lim j(D;) = 0. (63)
e—0

From the above definition it follows that the set Do = {x € D : J(x) = my}
consisting of all points belonging to D at which the functional J attains its minimum,
is compact, and belongs to the kernel 2.

Indeed, similarly as in Sect. 3 observe that Dy = (| D.. Hence, in view of axiom
e>0
(vi) from Definition 6 we infer that the set Dy is a member of the family &2 (cf. also

[9]). Moreover, keeping in mind the assumption requiring the lower semicontinuity
of the functional J we obtain that Dy is closed. Thus the set Dy is compact.

As a consequence of Definition 8 we derive a few properties of the well-posed
minimization problem with respect to a kernel. These properties are formulated in
the theorems given below.

Theorem 3 If the minimization problem for the functional J on the set D is well-
posed with respect to the kernels 2?1 and 9?5, then this problem is well-posed with
respect to the kernel & = P N P,.

Proof Let Dg be the set defined above, i.e., Do = {x € D : J(x) = my}. Then,
from the properties of the set Dy established above we deduce that Dy € &7 and
Dy € &,. Hence Dy € &1 N &7, which implies that the family & = &1 N &2, is
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nonempty. It is easy to check that the family & satisfies the conditions of Definition
7 which means that it is a kernel (of a measure of noncompactness).

In view of imposed assumptions there exist measures of noncompactness (41, (L2
defined in X with ker 1 = &1, ker up = £, and such that

e—0 e—0

Further, let us define the measure of noncompactness © in the space X by putting
= 1 + pp. Itis easy to check that the kernel of the measure u is equal to & i.e.,
ker u = &. Moreover, from equalities (64) we get

lim p(De) = lim[u1(Dg) + p2(De)] = 0 (65)

which means that the minimization problem for the functional J on the set D is
well-posed with respect to the kernel 2. The proof is complete. (]

Theorem 4 Assume that the minimization problem for the functional J on the set
D is well-posed with respect to the kernel 2. If 97, is such a kernel that &\ C &,
then the minimization problem for the functional J is well-posed with respect to the
kernel £7;.

Proof In view of our assumptions there exists a measure of noncompactness 1 with
ker ;1 = &1 such that the minimization problem for the functional J is well-posed
with respect to Z i.e.,
lim p1(Dg) = 0. (66)
e—0

Next, let us define the measure of noncompactness > in the space X by putting
p2(A) = ni(AYH(A, 7), (67)

where H (A, &2;) denotes the distance of the set A to the family 2, with respect to
the Hausdorff distance. It is easy to verify that , is a measure of noncompactness
in the space X such that ker up, = . Moreover, from (66) and (67) we obtain

Lim p13(De) = lm p01(De) H(Ds, P) =0, (68)

and the proof is complete. (]

Remark 1 Observe that if the minimization problem for a functional J on the set D
is well-posed with respect to the kernel & then it does not guarantee that for every
measure of noncompactness u with ker u = &2 equality (63) is satisfied.

Indeed, if w1 is a measure of noncompactness with ker u; = & and such that
(63) is satisfied, then not every measure of noncompactness py with ker up = &
has to satisfy condition (63) even if &2 = 9y (cf. [11])
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In light of Remark 1 and Theorems 3 and 4 we can raise the problem of the
existence of the minimal kernel & (with respect to the relation of inclusion) such
that for &7 the minimization problem for the functional J is well-posed.

Below we present the solution of this problem.

Theorem 5 Assume that { ) }yen is a family of kernels in X such that for any
A € A the minimization problem for the functional J on the set D is well-posed with
respect to the kernel &7, i.e., there exists a measure of noncompactness [ with
ker w, = &, such that (63) holds with ju = ;. Then, the minimization problem for
the functional J is well-posed on the set D with respect to the kernel & defined as
intersection of all kernels &, i.e.,

7 =) 2. (69)

AEA

Proof Arguing in the same way as in the proof of Theorem 3 we see that the family
& is nonempty. On the other hand, in the standard way we can show that & is the
kernel in the sense of Definition 7.

Now, let us consider the function p : 9y — R defined by the formula

n(A) = sup{ur(A) : 1 € A}, (70)

for an arbitrary set A € M. Obviously we have that ker © = 2. Moreover, it is
easily seen that the function u is a measure of noncompatness in the metric space X
which means that p satisfies conditions (i), (ii), (iii), and (vi) of Definition 6. This
completes the proof. (]

Note that Theorem 5 describes the best possible kernel with respect to which the
minimization problem is well-posed for the functional J on the set D.

Obviously, Theorem 5 is a generalization of Theorem 3.

Now, we provide a few theorems on the connection of the well-posedness of
minimization problem for the functional J on the set D with some properties of
minimizing sequences.

Theorem 6 If the minimization problem for the functional J on the set D is well-
posed with respect to the kernel & then the set of all accumulation points of each
minimizing sequence {x,} for the functional J on the set D is a member of the

Sfamily 2.

Proof Let {x,} be a minimizing sequence for the functional J on the set D, i.e.,

lim J(x,) =my, (71)

n—oo

where the number m ; was defined previously. Then, the set all accumulation points
of the sequence {x,} can be represented in the form
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oo
A= ()4 (72)
n=1
where
A, ={x;: i >n}. (73)

Next, let  be a measure of noncompactness in X chosen according to Definition 8.
Then, in view of (66) we infer that

lim w(A,) =0. (74)
n—oo
But this yields that A € 22 and the proof is complete. (I

Theorem 7 If each minimizing sequence for the functional J on the set D has at
least one accumulation point and Dy € 2, then the minimization problem for the
functional J on the set D is well posed with respect to the kernel 2.

Proof Let us define the measure of noncompactness on the space X by putting
w(A) = H(A, &) for an arbitrary set A € My (cf. (39)). To prove our assertion it
is sufficient to show that

lim p(Dy/,) = 0. (75)
n—o0
Suppose contrarily, i.e., there exists a constant ¥ > 0 such that
lim H(Dyn, &) =vy. (76)
n— o0

Observe that the above limit does exist since the sequence of sets { D1/, } is decreasing.
Thus, in virtue of (76) we get

H(Din, Do) = H(D1/n, &) > y. (77
Based on the above inequality we can find a sequence {x,} such that
Xy € Dyjp, forn=1,2,..., (78)
and

dist(x,,. Do) > % (79)

From (78) we infer that {x,} is a minimizing sequence for the functional J on
the set D. On the other hand inequality (79) allows us to deduce that {x, } has no
accumulation points. The obtained contradiction completes the proof. (|
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Now we formulate a theorem characterizing functional for which the minimization
problem is well posed in the generalized sense accepted in Definition 8.

Theorem 8 The minimization problem for the functional J on the set D is well posed
with respect to the kernel & if and only if there exists a measure of noncompactness
w with ker u = &2 such that for any A € My the following inequality holds:

my + u(A) < sup J(A). (80)
Proof First, let us assume that the minimization problem for the functional J is well
posed on the set D with respect to the kernel &2. Then there exists a measure of

noncompactness & with ker & = & and such that

lim (D) = 0. (81)
e—0

Now, let us consider the function ¢ acting from the set E = [0, o0] into itself and
defined in the following way:

0, if r =0,
| mw,. it diamb, < oo,
¢ir) = 0, if diamD, = oo, (82)
00, if r = o0.

Itis easily seen that ¢ is nondecreasing. Moreover, ¢ is continuous at the point 7 = 0.
Further, denote by 7 the constant

7 =sup{r > 0: diamD, < oo}. (83)

In what follows we define the measure of noncompactness p on the space X with
ker u = & by putting

p(A) = min {1, 7. inf o~ ([7(A). 00])} . (84)

To finish this part of the proof it is sufficient to show that inequality (80) is satisfied.

To thisend, letus fixaset A € My. If sup J(A) = oo then inequality (80) does hold.

So, assume that sup J(A) < oo. Further, choose the number r; = sup J(A) — m.
Let7 € [1,00).If r| > 7, we have

mj+ pu(A) <my+r <my+r;=supJ(A). (85)

If ri <7 then diamD,, < oo and we get

ACD, ={xeD: Jx)<supJ(A)} (86)
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Hence, we obtain
my + u(A) =my + u(Dy) <my+ry =supJ(A). (87)

Similarly, we show the validity of inequality (80) in the case 7 < 1.

Conversely, suppose that inequality (80) is satisfied with a measure of noncom-
pactness . Fix & € (0, &p), where & is such a number that diamD,, < oc. Then we
have

myj+ u(De) <supJ(Dg) <my+e. (83)
This implies that u(D;) < ¢. Consequently we derive that

lim 11(D;) =0 (89)

and the proof is complete. ]

In what follows we provide a few examples illustrating our considerations and
obtained results.

Example 9 Let X be a complete metric space and let J be a lower semicontinuous
and lower bounded functional defined on a nonempty and closed subset D of the space
X. Next, let ‘ﬂ())( denote the kernel consisting of all singletons in X (cf. Example 5).
Then we can assert that the minimization problem for the functional J on the set D
is well-posed with respect to the kernel ‘ﬁg)( if and only if it is well-posed in the sense
of Tikhonov.

Indeed, it suffices to put u(A) = diamA for A € M.

If we take the kernel &7 = 91y, then the minimization problem for the functional
J on the set D is well-posed with respect to 1y if and only if it is well-posed in the
sense of Furi and Vignoli. In fact, it is sufficient to put ©(A) = a(A) for A € Ny,
where o denotes the Kuratowski measure of noncompactness (cf. Sect. 3).

Example 10 Assume that & is an arbitrarily fixed kernel (of a measure of noncom-
pactness) in a Banach space E. Further, let ; be a measure of noncompactness in
the space E with the kernel ker u = &7, which is defined by the formula

u(A) =H(A, Z), forAeMg. (90)

Next, assume that D is a nonempty, bounded, closed, and convex subset of the Banach
space E and T : D — D is a continuous operator such that

(T (A)) < ku(A), oD

for any nonempty subset A of the set D, where k is a constant from the interval [0, 1).
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Then the minimization problem for the functional J : D — D, defined by the
formula

J(x) = [ITx — x|, 92)
is well-posed with respect to the kernel Z.
Indeed, we have
my =inf{J(x): x € D} =0, 93)
since the operator 7 has a fixed point in the set D [9]. Moreover, we have
n(A) = H(A, ) < H(A,T(A) + H(T(A), 2)
= H(A,T(A)) + (T (A)) = H(A, T(A)) + kp(A) o4
< supJ(A) + ku(A).
Hence, we obtain

(I = k)u(A) = sup J(A) 95)

which means that inequality (80) is satisfied for the measure of noncompactness
I =Kw.

Example 11 Similarly to the preceding example assume that E is a Banach space.
Further, let D be a nonempty, closed, and convex subset of the space E. Consider a
functional J : D — D which is quasiconvex in the set D, i.e., for all x1,x, € D
and for each o € [0, 1] the following inequality is satisfied:

J(axr + (1 — a)xz) < max{J(x1), J(x2)}. (96)

Next, let us assume that there exists a measure of noncompactness in the Banach
space E (cf. Definition 4) with the kernel ker u and such that

myj + w(A) <supJ(A), 97

for any convex set A € M g. Then the minimization problem for the functional J on
the set D is well-posed with respect to ker u.

To prove, this fact let us take an arbitrary set A € 9. Then, in view of (97) we
obtain

my + w(A) =my + pu(convA) < sup J(convA). 98)
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Since the functional J is assumed to be quasiconvex, we have

sup J(convA) < sup J(A). 99)

Joining inequalities (98) and (99) we deduce that inequality (80) is satisfied. This

completes the proof of our assertion.

Finally, let us mention that considerations presented in this section are partly

based on [23].
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Well-Posedness, Regularization, and Viscosity
Solutions of Minimization Problems

D. V. Pai

Abstract This chapter is divided into two parts. The first part surveys some classical
notions for well-posedness of minimization problems. The main aim here is to syn-
thesize some known results in approximation theory for best approximants, restricted
Chebyshev centers, and prox points from the perspective of well-posedness of these
problems. The second part reviews Tikhonov regularization of ill-posed problems.
This leads us to revisit the so-called viscosity methods for minimization problems
using the modern approach of variational convergence. Lastly, some of these results
are particularized to convex minimization problems, and also to ill-posed inverse
problems.
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1 Introduction and Preliminaries

Well-posedness, regularization, and viscosity methods are topics of continuing inter-
est in the literature on variational analysis and optimization (cf., e.g., [3-5, 12, 15,
24, 26, 43, 47, 48]). In the present chapter, we will attempt to highlight the following
scheme of development:

Well-posedness ‘ — ’ Regularization of ill-posed problems ‘ — ’ Viscosity solutions |.
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In Sect. 2, we review some well-posedness notions for minimization problems start-
ing from the classical notion due to Tikhonov [47]. This leads us to Sect. 3 where our
main goal is to synthesize some classical as well as newer results in approximation
theory from the angle of well-posedness of the underlying minimization problems.
In Sect.4 we begin by considering some more standard results on Tikhonov well-
posedness as well as a classical example motivating Tikhonov regularization. The
main result here (Theorem 14) apparently originated in [27]. Its present refinement
could be traced to [15].

Section 5 is devoted to viscosity solutions. Viscosity methods have been used for
a longtime in diverse problems arising in variational analysis and optimization (cf.,
e.g., [4, 14, 16, 26, 48]). A central feature of these methods is to come up, as a limit
of solutions of a sequence of approximating problems, a particular solution of the
underlying problem, the so-called viscosity solution which enjoys interesting prop-
erties. Although the first abstract formulation for studying viscosity approximations
was given in [47], itis really the elegant article due to Attouch [4], which provided an
efficient abstract framework for exploring the viscosity solutions using the modern
tools of variational convergence for sequences of functions and operators. Here, our
main aim is to revisit some of these results in [4] with a view to provide a greater
flexibility to these results.

1.1 Preliminaries

In the sequel, X will be a convergence space endowed with convergence of nets
(or sequences) denoted by —, satisfying the “Kuratowski” axioms [22, pp. 83—
84]. When X is a topological space, the convergence of nets (or sequences) will be
understood as the one induced by the given topology. For the most part X will be a
normed linear space over K (either R or C). Its normed dual will be denoted by X*
and w (resp. w*) will denote the weak topology (resp. weak™* topology). S (resp. S*)
will denote the unit sphere (norm one elements) of X (resp. X*). The closed unit ball
of X (resp. X*) is denoted by U (resp. U*). The open (resp. closed) ball of center x
and radius r will be denoted by B(x, r) (resp. B[x, r]). We distinguish the following
classes of normed spaces:

e (Rf) := the reflexive Banach spaces

e (R) := the rotund (strictly convex) normed spaces

e (A) := the normed spaces for which the norm satisfies the Kadec property: w
convergence of a sequence in S entails its norm convergence

e (UR) := the uniformly convex Banach spaces

Following [50], we denote the class of spaces (Rf) N (A) by (C D) and the class of
spaces (CD)N(R) = (Rf)N(R)N(A) by (D). Itis well known [19, pp. 147-149]
that the class (D) coincides with the class of Banach spaces whose dual norms are
Fréchet differentiable except at the origin.

We also distinguish the following classes of subsets of X:
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CL(X) := the nonempty closed subsets of X

CLB(X) := the nonempty closed and bounded subsets of X

CLC(X) := the nonempty closed and convex subsets of X

CLBC(X) := the nonempty closed, bounded, and convex subsets of X
K (X) := the nonempty compact subsets of X

K C(X) := the nonempty compact and convex subsets of X

WCL(X) := the nonempty w-closed subsets of X

W K (X) := the nonempty w-compact subsets of X

W K C(X) := the nonempty weakly compact and convex subsets of X

Recall that in case X is a normed space, the Hausdorff distance H between sets A, B
in CL(X) is defined by

H(A,B):=infla :ACB+aUand B C A+ aU}.

Equivalently, H(A, B) = max{e(A, B), e(B, A)}, where e(A, B) := sup{d(a, B) :
a € A} denotes the Hausdorff excess of A over B. Hausdorff distance so de-
fined yields an infinite-valued metric on CL(X), which is complete when X is
complete [21]. We denote the topology of the Hausdorff distance by ty. Since
CLB(X),CLBC(X), K(X), KC(X) are closed subsets of (CL(X), ty), Haus-
dorff distance restricted to these classes yields a metric on them which is complete
if X is complete [21, p. 45].

During the last 40 years or so, Mosco convergence [32] of convex sets—a much
weaker notion of convergence than Hausdorff metric convergence—has been a con-
vergence notion of choice in convex analysis and approximation theory, especially in
the framework of reflexive Banach spaces. Specifically, a sequence {C,,} in CLC (X),

is said to be Mosco convergent to an element C in CLC (X), written Cy, M C, pro-
vided that: (M) for each x € C there exists a sequence {x,} convergent to x such
that eventually x,, € C,, and (M) whenever {n(i)} is an increasing sequence of
positive integers and x,) € Cy(;) for each 7, then the w-convergence of {x,(} to
x in X implies x € C. In the framework of reflexive Banach spaces, Mosco con-
vergence on the hyperspace C LC(X) has been shown to be a fundamental notion
for the convergence of metric projections and distance functions [3, 16, 44, 49] as
well as for the convergence of restricted Chebyshev centers and restricted Cheby-
shev radii [10, 39, 40, 42]. This convergence has been observed to be stable with
respect to duality [8, 33]. In [7], a Vietoris-type topology on CLC(X) compatible
with Mosco convergence was introduced. This topology was considered for the larger
class WCL(X) in [11]. This topology now called the Mosco-Beer topology Ty p is
generated by all sets of the form V™~ := {A € WCL(X) : ANV # @}, where V runs
over norm open subsets of X, and all sets of the form (K¢)™ := {A € WCL(X) :
ACK}={A e WCL(X): AN K = @}, where K runs over WK (X). It is the
weakest topology on WC L(X) for which the gap functional A — d(A, K), where
d(A,K) :=inf{|la — k|| : a € A,k € K}, is continuous [11, Theorem 3.1]. Thus,
identifying each A € WCL(X) with the distance functional d(., A) as an element
of C(X), where d(x, A) := inf{||x — a| : a € A}, this topology is the topology
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of uniform convergence of the distance functionals d(., A), A € WCL(X) on the
members of the class WK (X). Clearly, this topology is weaker than the Hausdorff
distance topology Ty on WCL(X), which can be identified with the topology of
uniform convergence of the distance functionals d(., A) on X, and it is stronger than
the Wijsman topology [9, Chap.2] on WCL(X) which can be identified with the
topology of pointwise convergence of the distance functionals d(., A) as A varies
over WCL(X).

Let us recall that a function f in X — (—o0, o0] is called proper, if it is finite
somewhere. Given a function f : X — Rand o € R, we denote by slev(f; o) (resp.
lev (f; @)) the sublevel set {x € X : f(x) < a} (resp. thelevel set {x € X : f(x) =
a}) of f atheight . The function f is said to be inf-bounded (resp. w-inf-compact)
if slev(f; ) is bounded (resp. w-compact) for each « € R. Let us denote by > (X)
(resp. A(X)) the class of all real functions on X which are continuous and w-inf
compact (resp. convex, continuous, and inf-bounded). Clearly, if X € (Rf), then
AX) C 2(X).

The following weak topology result for WC L(X) was already noted in [42] for
CLC(X).

Theorem 1 Suppose X € (Rf). Then Ty p is the weakest topology on W C L(X) for
which the function C — inf I (C) :=vc(I) of (WCL(X), ty) into R is continuous
Joreach I € > .(X).

2 A Review of Some Well-Posedness Notions
for Minimization Problems

Given a nonempty subset V of a convergence space X and a function f : E —
(—o00, 0o] which is a proper extended real-valued function, let us consider well-
posedness of the following abstract minimization problem:

min f(v), forallveV,

which we denote by (V, f). Let vy (f) := inf{f(v) : v € V} denote the optimal
value function. We assume f to be lower bounded on V, i.e., vy (f) > —o0, and
let arg miny (f) denote the (possibly void) set {v € V : f(v) = vy (f)} of optimal
solutions of problem (V, f). For ¢ > 0, let us also denote by e-arg miny (f) the
nonempty set {v € V : f(v) < vy(f)+ €} of e-approximate minimizers of f. Recall
(cf., e.g., [15, p. 1]) that problem (V, f) is said to be

(a) Tikhonovwell-posed if f has aunique global minimizer on V toward which every
minimizing sequence (i.e., a sequence {v,} C V, such that f(v,) — vy (f))
converges. Put differently, there exists a point vo € V such that arg miny (f) =
{vo}, and whenever a sequence {v,} C V is such that f(v,) — f(vo), one has
Vn — V0,
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(b) generalized well-posed (abbreviated g.w.p) if argminy (f) is nonempty and
every minimizing sequence for (V, f) has a subsequence convergent to an ele-
ment of arg miny ( f).

In case V € WCL(X), where X is a normed linear space, the problem (V, f) is
said to be w-T'w.p. (resp. w-g.w.p.), if it is Tikhonov well-posed (resp. generalized
well-posed) for w-convergence of sequences and simply T.w.p. (resp. g.w.p.) if it
is Tikhonov well-posed (resp. generalized well-posed) for strong convergence of
sequences.

Proposition 1 Let V C X, a convergence space (resp. V.€ WCL(X), X a normed
space). Then problem (V, f) is Tw.p. (resp. w-T.w.p.) if and only if arg miny (f) is
a singleton and (V, f) is g.w.p. (resp. w-g.w.p).

The concept of Tikhonov well-posedness has been extended to minimization prob-
lems admitting nonunique optimal solutions. For our purpose here, the most appro-
priate well-posedness notion for such problems is the one introduced in Bednarczuk
and Penot [6] (cf. also [15, p. 26]):

In case X is a metric space and V C X, problem (V, f) is called metrically well-
set (or M-well set) if arg miny ( f) # ¢ and for every minimizing sequence {v, }, one
has

dist(v,, arg mvin(f)) — 0asn — oo.

(Here dist(x, S) denotes the distance of x from the set S.) Equivalently, it is easily
seen that problem (V, f) is M-well set if and only if argminy (f) # ¢ and the
multifunction

€ 3 e— argm‘;n(f)

is upper Hausdorff semicontinuous (uHsc) at € = 0. We mention that in [15, p. 46],
problem (V, f) is also called stable in this case.

Tikhonov well-posedness as well as M-well setness of problem (V, f) are conve-
niently characterized in terms of the notion of a firm function (or a forcing function).
A function ¢ : T — [0, 00) is called a firm function or a forcing function if

0eT C[0,00), c(0)=0andt, €T, c(t,) — 0=1,—0.

It is well known (cf., e.g., [15, p. 6]) that problem (V, f) is Tikhonov well-posed if
and only if there exists a firm function ¢ and a point vo € V such that

fW = fvo) +cldv,v)], forallveV.
Likewise, itis well known (cf. [6]) that if f is a proper lower semicontinuous function

then problem (V, f) is M-well set if and only if argminy (f) # ¥ and f is firmly
conditioned, i.e., there exists a firm function ¢ on Rt := {x € R : x > 0} such that

fO) = vy (f) + c(dist(v, arg mvin(f))), forallv e V.
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3 Well-Posedness in Approximation Theory

We will be mainly concerned below with well-posedness of minimization problems
involving best approximants, restricted Chebyshev centers, and prox-points.

3.1 Well-Posedness of Best Approximants

Let X be a normed linear space over K (either R or C), V € CL(X) and x € X.
The problem of finding a best approximant vo tox in V : [[x — vl = d(x, V) =
inf,cy ||x — v, is the problem (V, I,.), where I, (v) = ||x — v||. Recall that the set
V is called

(1) Chebyshev if each x € X has a unique best approximant in V;
(i1) almost Chebysheyv if each x in a dense and Gs subset X of X admits a unique
best approximant in V;
(iii) approximatively compact (resp. approximatively w-compact) if each minimiz-
ing sequence has a subsequence convergent (resp. w-convergent) to an element
of V.

Here, the multifunction x = Py (x) of X to V, where Py (x) = argminy () is
called the metric projection of X onto V.

Remark 1 1t follows from Proposition 1 that

(a) the best approximation problems (V, I), x € X are all T.w.p. (resp. w-T.w.p) if
and only if the set V is Chebyshev and approximatively compact (resp. approx-
imatively w-compact).

(b) If X is aHilbert space and V € C LC(X), then the best approximation problems
(V,I;),x € X are all T.w.p. This result also holds for a uniformly convex
Banach space. More generally, the following result is well known [50].

(c) A Banach space X is in the class (D) = (Rf) N (R) N (A) if and only if
each member of C LC(X) is Chebyshev and approximatively compact. Hence,
it follows from the first remark that a Banach space X is in the class (D) if and
only if for each V € CLC(X), each problem (V, I,.), x € X is T.w.p.

Let us recall the following definitions from [13].

Definition 1 A subset V of a Banach space X is called boundedly relatively w-
compact if V N B[O, r] has a w-compact closure for each r > 0.

Definition 2 Given V € CL(X) where X is a Banach space, let (V) denote the
following set as defined in [13].

Q(V) ={x € X\V : Ix* € §* such that Ve > 0,38 > 0 so that
inf{(x*, x —v):ve VNB(x,dy(x)) > (1 —e)dy(x))}.
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Let us recall here the following theorem in [13].

Theorem 2 If X is a Banach space and V € CL(X) is a bounded relatively w-
compact set then Q (V) is a dense G subset of X\V.

Let us be given a set C in CLC(X) and V € CL(X). We need the following
definitions from [2].

Definition 3 The set C is said to be rotund (strictly convex) w.r.t. V, written V-
rotund if

xX+y
xyeC, x—yeV-V, ||x||=||y||=HT

H = X =).

Definition 4 The set C is said to be sequentially Kadec w.r.t. V, written V-Kadec
if{x,}CcC,xpeC,x, —x9g€V —V,w—Ilimx, = xq, and

lim [lx, | = [lxoll = llxx —x0ll — 0.

The proof of the next proposition follows on the same lines as in the proof of [13,
Theorem 6.1].

Proposition 2 Let X be a Banach space, C € CLC(X) and V € CL(X).IfC is
V -rotund then V is semi-Chebyshev w.r.t. C N Q(V).

The proof of the next proposition follows on similar lines as in the proof of [13,
Corollary 8].

Proposition 3 Let X be a Banach space, V € CL(X) be boundedly relatively w-
compact, and C € CLC(X) be V-Kadec. Then problem (V, ) is g.w.p. for each
xeCnNQ).

The next proposition is due to [29].

Proposition 4 [fV € CL(X) is boundedly relatively w-compact and C € CL(X)
then C N Q(V) is a dense Gs-subset of C\V.

The last two propositions in conjunction with Theorem 11 (Lau-Konjagin) in [13]
yields:
Theorem 3 For a Banach space X, the following statements are equivalent.
(@) X € (CD) = (Rf)N(A).
(b) Foreach V. e CL(X), the family of problems (V, I,), x € X\V is generically

gw.p.

The proof of the next theorem due to [29] follows easily from Propositions 2, 3,

and 4.

Theorem 4 Let X be a Banach space and V. € CL(X) be boundedly relatively
w-compact. If C € CLC(X) is V-rotund and V-Kadec then problem (V, I,) is
Tw.p. for each x € C N Q(V). Thus, the family of problems (V, 1), x € C\V is
generically Tw.p.
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3.2 Well-Posedness of Restricted Chebyshev Centers
(Best Simultaneous Approximation)

Let X be a normed linear space, V € CL(X) and F € CLB(X). Let
r(F;x) :=sup{llx —yll : y € F}.

The function x — r(F; x) is a proper continuous and w-l.s.c. convex function on
X. Its sublevel set at height o is the set

slev(r(F; ),a) ={x e X :r(F;x) <a}= ﬂ B[y, a].
yeF

For simplicity, we denote this set by slevg(«). Let Ir : V — R denote the function
Ir(v) = r(F;v), and let
rady (F) :=inf Ir(V)

and
Centy (F) := argminy (If).

The number rady (F) is called the Chebyshev radius of F in V and in case
Centy (F) # @, a typical element vg € Centy (F) is called a restricted (Cheby-
shev) center or a best simultaneous approximant of F in V.

Let & C CLB(X). Then a set V € CL(X) is called cent-compact for F
(resp. w-cent-compact for F in case X is a Banach space) if each minimizing se-
quence for problem (V, Ir) has a subsequence convergent (resp. w-convergent) in
V. Clearly V is cent-compact (resp. w-cent-compact) if and only if (V, Ir) is g.w.p.
(resp. w-g.w.p.). The terminology was employed in [10] in terms of minimizing
nets rather than sequences. We note, however, that since for a subset of a Banach
space X, w-compactness is equivalent to its w-sequential compactness by Eberlain-
Smulyan theorem, this stronger requirement is really not necessary. Let us denote
by remotey (X) the family of all sets in C L B(X) which are “remotal,” w.r.t. V, i.e.,
possessing farthest points for points of V. For the proofs of the next lemma and the
following proposition, we refer the reader to [37] (See also Theorems 5 and 9 in
Sect. 5.4, Chap. viii of [31]) .

Lemmal If X € (Rf) N (A) and V € CLC(X), then V is cent-compact for
remotey (X).

Proposition 5 (a) If X € (D), V € CLC(X) and F € remotey (X), then problem
(V, If) is Tw.p.
b) If X e (UR),V € CLC(X) and F € CLB(X), then problem (V, Ir) is T.w.p.

By [7, Theorem 4.3], when X is reflexive and separable, C LC (X) equipped with
the Mosco-Beer topology t)/p is a Polish space (second countable and completely
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metrizable). Since (CLC(X), typ) is a Baire space, it is of interest to consider the
following generic theorem for Tikhonov well-posedness of restricted centers.

Theorem 5 Let X in (Rf) N (A) be separable. Let K(X) be equipped with the
topology Ty, let, CLC(X) be equipped with the topology Ty p, and let the set

Q={(F,V)e (K(X)x CLC(X)): Centx(F)NV =@}

be equipped with the relative topology. Then there exists a dense G subset Q2 of Q
such that for each (F, V) in Qq, the problem (V, Ir) is Tw.p.

Proof We observe that (K (X), ty) is complete. Also note that if X € (Rf) N (A)
and V € CLC(X), then by Lemma 1, V is cent-compact for K (X). The desired
result now follows from [10, Theorem 4.3] in conjunction with Proposition 1.  [J

For exploring generic well-posedness of restricted centers, a somewhat different
approach was followed recently in [29] using the following embedding theorem due
to Radstrom [41].

Theorem 6 Given a Banach space X, there exists a Banach space (E, | - ||) such
that (KC(X), H) is embedded as a convex cone in E in such a manner that:

(1) The embedding is isometric: H(A, B) = ||A — B||,YA, B € KC(X),
(i) X is a linear subspace of E;
(iii) Addition and multiplication by nonnegative scalars in E induce the correspond-
ing operations in KC(X).
Furthermore, if X is reflexive, then the above statements also hold for CLBC(X).
The following lemma and the next theorem are given in [29].

Lemma 2 Let X be a Banach space, V € CL(X), and let E be as given in the
preceding theorem. If X € (R) N (A), then KC(X) is both V -rotund and V -Kadec.

In view of Theorem 5, Lemma 2, and Theorem 6, one obtains the next theorem.

Theorem 7 Let X € (R)N(A), andV € CL(X) be bounded relatively w-compact.
Then there exists a dense G subset ¥ of KC(X)\V such that problem (V, If) is
Tw.p. for each F € X. Put differently, the family of problems (V, Ir), F € KC(X)
is generically T.w.p.

Observing that if X € (D) and V € CL(X) , then V is boundedly relatively
w-compact, the preceding theorem in conjunction with Theorem 6.6 in [13] yields:

Theorem 8 For a Banach space X, the following statements are equivalent.

(@ X € (D)= (Rf)N(R)N(A).
(b) Foreach'V e CL(X), the family of problems (V, Ir), F € KC(X)
is generically T.w.p.



144 D. V. Pai

3.3 Well-Posedness of the Prox Pairs

Let X be a normed linear space over K. Given A, B in CL(X), apair (b,a) in Bx A
is called a prox pair of the pair (B, A) of sets if

Ib—al =d(B,A) :=inf{|b—al :beB,ac A}.

We denote the (possibly void) set of all prox pairs of (B, A) by Prox (B, A). Note
that (b, a) € Prox (B, A) if and only if @ — b is a best approximant to 0 in A — B.
Prox pairs of pairs of convex sets are studied in [34] in relation to mutually nearest
points giving rise to a characterization of smooth normed linear spaces. More general
results of this type are given in [35] for multioptima and Nash equilibrium points
of convex functionals defined on (finite) products of locally convex spaces. In [11,
Theorem 4.3], a generic uniqueness result is given for prox points. Here, we will
revisit this theorem as a generic Tikhonov well-posedness result.

It is easily seen that Prox (B, A) # ¥ whenever X is in (Rf) and (B, A) is in
WKC(X)xCLC(X). In what follows, we consider the multifunction

Prox : WKC(X)xCLC(X) = XxX.

As observed in [11], if WK C(X) is equipped with the topology 7y and CLC(X)
is equipped with 7)/p, then the product space WK C(X)xCLC(X) is completely
metrizable whenever X is reflexive and separable. The same thing can be said about
its subspace KC(X)xCLC(X), since ty restricted to KC(X) is complete. It is
therefore meaningful to ask generic well-posedness questions about the multifunction
Prox defined on KC(X)xCLC (X).

Let B € KC(X) and A € CLC(X). We equip B x A with the convergence
structure: a sequence (b,, a,) in B x A converges to (b,a) in B x A if and only
if b, > banda, — a.LetI : BxA — R be defined by: I(b,a) = ||b — a,
(b, a) € BxA. We need the next lemma, whose proof is left to the reader.

Lemma3 Let X € (Rf) N (A). If (B,A) € KC(X)xCLC(X), then problem
(BxA,I)is gw.p.

In conjunction with [11], the above lemma yields:

Theorem 9 Let X € (Rf) N (A) be separable. Suppose K C(X) is equipped with
ty and CLC(X) is equipped with typ. Then there exists a dense G s subset Q2 of

Q:={(B,A) e KC(X)xCLC(X) :d(B, A) > 0}

such that for each (B, A) € Qq, problem (Bx A, I is T.w.p.
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3.4 Strong Uniqueness of Best Simultaneous Approximation

In the classical Chebyshev theory (cf., e.g., [31, 45]) as well as in the more recent
theory of best approximants in normed linear spaces, there has been a lot of interest
in studying “strong unicity” of best approximants: An element vy € V, a finite
dimensional linear subspace of a normed linear space X, is called a strongly unique
best approximant (SUBA) to x in V if there exists a constant A = A(x),0 < A < 1,
such that

lx =v|| = |lx —voll + Allv —wgl|, forallveV.

Put differently, the strong uniqueness of a best approximant vo € V to x is precisely
the Tikhonov well-posedness of problem (V, 1) where I,(v) := ||x —v|,v € V,
with the associated firm function being linear: c(t) = At, ¢t € T. The problem
(V, I) is also said to be linearly conditioned in this case.

Given a finite dimensional subspace V of a normed linear space X and x € X,
let us denote by Py (x) the (nonempty) set {vo € V : ||x — vo| = dist(x, V)} of
best approximants to x in V. In this case the multifunction X : x == Py(x) of
X into V is called the metric projection multifunction is said to be Chebyshev if
Py (x) # @, for each x € X. In case V is not Chebyshev, Li [30] introduced the
following definition: The metric projection multifunction Py : X = V is said to be
Hausdorff strongly uniquely at x € X if there exists a constant Ay (x) > 0, such that
lx —v|| > dist(x, V) 4+ Ly (x)dist(v, Py (x)), for all v € V. Note that Hausdorff
strong uniqueness of the multifunction Py at x is precisely M-well setness of the
problem (V, I,) with the associated firm function c, being linear: ¢, (f) = Ay (x)t.
In this case problem (V, I,) is also said to be linearly conditioned.

Consider the problem of approximating simultaneously a data set in a given space
by a single element of an approximating family. Such a problem arises naturally in
many practical situations (cf., e.g., [18, 19, 25]). One way to treat this is to cover
the given dataset (assumed to be bounded) by a ball of minimal radius among those
centered at the points of the approximating family. The problem of best simultane-
ous approximation in this sense coincides with problem (V, Ir), where V, a finite
dimensional subspace of a normed linear space X, is the approximating family, and
F, a nonempty bounded subset of X, is the dataset. The objective function in this
problem is Ir : V — R, which measures “worstness” of an element v € V as a
representer of F, defined by

Ir(v) =r(F;v), wherer(F;v):=sup{||f —v|:fe€F}

The optimal value function vy (/) in this case is denoted by rady (F). Thus the
“intrinsic error” in the problem of approximating simultaneously all the elements
f € F by the elements of V is the number rady (F) := inf{r(F;v) : v € V}, called
the Chebyshev radius of F in V. It is the minimal radius of a ball (if one such exists)
centered at a pointin V and covering F. The centers of all such balls are precisely the
elements of the set arg miny (/r) which in this case will be denoted by Centy (F).
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A typical element of the set
Centy (F) :={voe V :r(F;vy) =ry(F)}

is called a best simultaneous approximant or a restricted center of F in V. When the
bounded sets F are allowed to range over a certain family .% of nonempty closed and
bounded subsets of X, the multifunctions Centy : .% = V, with values Centy (F),
F € F,iscalled the restricted center multifunction. Note that in case F is a singleton
{x},x € X, ry(F)isthe distance of x from V, denoted by dist(x, V'), and Centy (F)
is precisely the set Py (x) of all best approximants to x in V.

Let F € .%. Analogously, as in the case of a SUBA, an element vy € V is called
a strongly unique best simultaneous approximant (SUBSA) to F in V if there exists
a constant A = Ay (F) > 0 such that

r(F;v) >r(F;vo) + Allv—gll, forallveV.

Likewise, in case Centy (F') is not a singleton, the set F is said to admit Hausdorff
strongly unique best simultaneous approximant (H-SUBSA) in V if there exists a
constant A = Ay (F) > 0 such that forallv € V,

r(F;v) > ry(F) + Adist(v, Cy (F)).

Clearly, F admits a SUBSA (resp. a H-SUBSA) in V if and only if problem
(V, Ir) is Tikhonov well-posed (resp. M-well set) and linearly conditioned. The
triplet (X, V, .%) is said to satisfy property SUBSA (resp. property H-SUBSA) if
F admits SUBSA (resp. H-SUBSA) in V for every F € .%. Let us recall that
%o(T) consists of all continuous functions f : T — K vanishing at infinity, i.e., a
continuous function f is in o (7) if and only if, for every € > 0, the set {t € T :
| f(®)] > e} is compact. The space 6o(T) is endowed with the norm:

11l :=max{|f ()] :t €T}, feCT).

Let us now take X = %o(7T') and V a finite dimensional subspace of X. Recall that V
is called a Haar subspace or that it satisfies the Haar condition if foreachv € V'\ {0},
card Z(v) < dim V — 1. Here, we use the notation card(A) to denote the cardinality
of A and Z(v) to denote the set of all zeros of v. Let

Qv(X) :={F € CLB(X) : rx(F) < ry(F)}.

Although uniqueness of best simultaneous approximants was studied previously in
many articles (cf., e.g., [1, 23, 25]), strong uniqueness was not treated in these
articles. See, however, [28, 36, 38]. Triplets (X, V, %) satisfying SUBSA and other
related properties were investigated in [36].

For finite dimensional subspaces V of %o(T), the following extension of Haar
condition is due to Li [30].
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Definition 5 V is said to satisfy property (Li) if for every v € V\{0},
card bdZ (v) < dim {p €V :plinzy = 0} — 1.

Note that if T is connected, then property (Li) coincides with the Haar condition.
Li [30] has shown that this property (Li) of V is equivalent to Hausdorff Lipschitz
continuity of the metric projection multifunction Py : X = V. This result was
extended in [20] to the restricted center multifunction as follows.

Theorem 10 [20] For a finite dimensional subspace V of €y (T) the following state-
ments are equivalent.

(1) The multifunction Cy : Ky(X) = V is Isc.

(i) V satisfies property (Li).

We also recall here the following theorem which was established in [20]. This
theorem extends to restricted center multifunction a similar result due to Li [30] for
metric projection multifunction.

Theorem 11 [20] Let V be a finite dimensional subspace of 6o(T). If V satisfies
property (Li) then the triplet (6o(T), V, Ky (X)) satisfies property H-SUBSA.

4 Tikhonov Regularization

Let us begin by recalling the following theorem which lists some classical sufficient
conditions for Tikhonov well-posedness of problem (X, f).

Theorem 12 Under any one of the following conditions, problem (X, f) is T.w.p.

(1) X is sequentially compact, f is proper and sequentially lower semicontinuous,
argminy (f) is a singleton.
(i) X =R", f: X — Ris strictly convex, and coercive:

f(x) => 400 as |x|| = oo.

(iii) E is a reflexive Banach space, X C E is a nonempty closed convex set, f :
X — R U {400} is proper, strictly convex, L.s.c., and coercive.
(iv) X = Rk, f 1 X — Ris convex and l.s.c., argminy (f) is a singleton.

Proof We will only prove Tikhonov well-posedness of (X, f) under the last set of
conditions:

X =Rk, f: X — Ris convex and L.s.c., arg miny (f) is a singleton.
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Indeed, by replacing f by x — f(x + x9) — f(xp), one may assume, without loss
of generality, that f(0) =0 < f(x), x # 0. Let < x, > be a minimizing sequence.
We claim that < x,, > is bounded. Indeed, if we assume the contrary that ||x, || — oo
for some subsequence, then by convexity of f,

() =5
=f = fxn) = 0.

lxall /]~ llxall

Again, for a subsequence, ﬁ — y with ||y|]| = 1. However, the lower semiconti-
n

nuity of f gives 0 < f(y) < liminf f ( e ) — 0, which is a contradiction. The

[EAA

proofs of the remaining parts are left to the reader. ]
In what follows, we need the following definition and the next theorem.

Definition 6 Let K be a nonempty convex subset of a normed space. Recall that a
function f : K — R is said to be uniformly quasi-convex if there exists a forcing
function ¢ : [0, +00) — [0, +00) such that

flax + (1 —a)y) < max{f(x), f(y)}—c(lx —yl), Vx,y€ Kanda € (0, 1).
(D

Theorem 13 [15] Let K be a nonempty closed and convex subset of a Banach space
X,and f : K — R be lower semicontinuous, bounded below, and uniformly quasi-
convex. Then problem (K, f) is Tw.p.

Proof Let < x;,, > be a minimizing sequence for (K, f). Then

Xn + Xm

ve(f) = f (T) < max{f(xn), f(xm)} — c(lxn = xmlD).

Let € > 0 be given. Pick N € N such that

JOa) <ve(f) +e flm) <vk(f)+e, Vn,m=N.

Hence, vg (f) < v (f) +€ —c(llxp — xml) = c(llxn — xmll) < €. This implies
<X, > is Cauchy, and if x;, — xg, by lower semicontinuity of f, xo € argming (f).
Uniform quasi-convexity of f entails arg ming (f) = {xo}. O

To motivate the idea of Tikhonov regularization, let us begin with the following
interesting example.

Example 1 [15] Let X := U(L?(0, 1)) be equipped with the strong convergence.
Given u € X, let x,, denote the unique absolutely continuous solution of the IVP:

x=u, ae.in(0,1), x(0)=0.
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Let
1 1

f(u)=/x5(t)dt, g(u)=/u2(t)dt. )

0 0

Then (X, f) is not T.w.p.; but (X, f + €g) is T.w.p. for every € > 0. This follows
from the fact that u, () = i “;‘1‘;1’:!’”‘ is a minimizing sequence for (X, f), which does
not converge to 0 in X.

Let us consider problem (K, f) where K C X, a Banach spaceand f : X — R
are such that (K, f) is Tikhonov ill-posed. Our aim here is to explore a strongly
convergent minimizing sequence for (K, f) by approximately solving appropriate
perturbations of (K, f) by adding to f a small regularizing term. This procedure
originally due to Tikhonov [47] is robust since only approximate knowledge of f is
all that is required.

Fix up sequences «,, > 0, €, > O such that ,, — 0 and €, — 0. For regularizing
(K, f), we add to f a small nonnegative uniformly convex term «, g defined on the
whole of X. So, g satisfies:

glax + (1 —a)y) <agx) + (1 —a)g(y) —c(llx —ylD 3)

forall x, y € X, o € (0, 1) and for some forcing function c : [0, 400) — [0, +00).
The following theorem is an extension of Theorem 5 in Levitin-Polyak [27] ap-
parently due to Dontchev and Zolezzi [15].

Theorem 14 Let X be a Banach space, f : X — R be w-sequentially .s.c., K C X
be nonempty w-compact, and g : X — [0, +00) be Ls.c. and uniformly convex. Let
an > 0, €, > 0 be given sequences of numbers such that o, — 0 and €,, — 0. Then
the following conclusions hold:

(a) If f and K are both convex, then problem (K, f +ag) is Tw.p. for every a > 0.
() Ifu, € €, —argming (f +a,8), n € N, then < u, > is a minimizing sequence
for (K, f): f(un) = v (f).
Also, if 2—:’1 — 0, then we have:
(c) ¥ # limsup,[e, —argming (f + @,g)] C arg Minarg ming (1) (8)-
Furthermore, if K and f are both convex, then we have:
(d) argmingg ming (£)(g) is a singleton and denoting this set by {it}, we have u, — i
ifu, € €, —argming (f + o, 8),n € N.

Proof (a) Note that since f is w-l.s.c. and K is w-compact, argming (f) # 0.
Also, since f is convex and g is uniformly convex, f + ag is uniformly convex. By
Theorem 13, (K, f 4+ ag) is T.w.p.

(b) Let v € argming (f) and u,, € argming (f + «,g), n € N. Then

fup) +angluy) <vg(f +azg) +e,
= fO) +ang(v) + €
= f(un) + Otng(V) + €.
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This gives
€
g(uy) < gv) + a—". )

n

Also, f(v) < fun) < fOV) +anlg(v) —gun)l +€n < f(v) + oy g(v) + €. This
implies lim, f (u,) = f(v) = vg(f), i.e., < u, > is a minimizing sequence for
problem (K, f). Next, let ;—'r’l — 0.

(c) By w-compactness of K, we may assume by passing to a subsequence that

Up X ii € K. Note that since g is convex and l.s.c., it is w-Ls.c. Therefore, by (4),
g() < liminf g(u,) < g(v).
n

This shows that i € arg mingeg ming (£)(g)- We claim thatu,, U u.Indeed, by uniform

convexity of g, c(|lu, — &]]) < %g(un) + %g(ﬁ) —g (#) . This implies

. 1 n [ nt i
¢ (lup —ull) < E[g(v)+§l—n}+§g(u)—g(u > u)

This implies

lim sup ¢(||un — @ll) < g(@) — liminf g (“;“) <0,
n

n

since g is w-l.s.c. This implies u,, u u, which proves (c).

(d) The assumptions K and f are convex = arg ming ( f) is convex. This implies
arg min,re ming (£)(g) is a singleton, since g is uniformly convex. O

5 Viscosity Solutions

Viscosity methods provide a very effective approach for tackling many global mini-
mization problems arising in variational analysis and optimization (cf., for example,
[4, 15, 16, 26, 46]). In various problems originating in the classical calculus of vari-
ations, viscosity method was also called elliptic regularization. It is convenient to
begin with the following abstract framework which seems to have been first perfected
in [4].

An Abstract Setting

e Let X be an arbitrary set to be equipped with a suitable topology t.

e Let f: X - RU{+4o00} be a given extended real-valued function whose definition
may include some constraints.

e Consider the minimization problem
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P) min{ f(x) : x € X}.

e Given g : X — RTU{+400} called the viscosity function and a sequence €, C R™
convergent to 0, consider the sequence of perturbed minimization problems:

(Pn) min{f(x) + €,8(x) : x € X}.

e Itis assumed that for each n € N, there exists a solution u,, of (P,).

Our central goal here is to study the convergence of the sequence <u,> and to
characterize its limit. To this end, we use the notion of variational convergence of
functions called epi-convergence also called I"-convergence given below.

5.1 Epi-convergence

Given a topological space (X, t) and functions < f, f,, : X - RU{4+o0},n € N >,

the sequence < f,, > is said to epi-converge to f, written T —epi — lim f,, = f,
n—0oo

if for each x € X, we have:

(1) There exists < x,, > which is t-convergent to x for which

limsup f;, (x,) < f(x);

n—o00

(ii)) Whenever < x, > is t-convergent to x, we have

S(x) = liminf £, (xn).

. . . epi .
For convenience, we simply write f, — f, whenever f,, epi-converges to f.

Remark 2 Recall thatincase X is a first countable topological space and the sequence
<Ap>,eN C CL(X), we define

liminf A, = {x € X : 3<x,> C <A,,>, such that x, — x},
n

and
limsup A, = {x € X : I<x,> C <Apr>, such that x,;, — x}.
n

The sequence <A, > is said to converge to A in C L(X) in the Painlevé—Kuratowski

. P-K , .
sense, written, A,, — A if

A =limsupA, =liminf A,,.
n n
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Given <f, f, : X > RU {400}, n € N>, asequence of extended real-valued func-
tions, we note that:

£ e epif) S5 epi(h).

We may also recall that the Painlevé-Kuratowski convergence of sequence of non-
empty closed subsets of X (assumed first countable) is compatible with the Fell topol-
ogy [17] T of CL(X) generated by the families V~, V C X open and (K¢)*,K
nonempty and compact.

Remark 3 Incase X is areflexive Banach space and we use for t the strong topology
(the topology of the norm ||.||) in (i) and the weak topology w in (ii), then the sequence

L . . M
< fu> 1is said to converge to f in the Mosco sense [32], written: f,, — f.
Epi-convergence of Monotone Sequences

In general, there is no compatibility between epi-convergence and pointwise conver-
gence. However, an important case frequently encountered in applications, where,
these two notions coincide (up to some closure operations) is this case of monotone
sequences:

1) If
hH<h<-<fu<--o,
then
T —epi — lim f, = sup(Isc; fn);
n—0oo HEN
(i) If
hzhz2fiz-,
then

T —epi — lim f, =lIsc;(inf, f,,).
n—0o0

Here Isc; f denotes the lower semicontinuous regularization of f. It is partly due
to this reason that the monotone approximation schemes and viscosity methods are
popular tools in variational analysis and optimization.

The next theorem clarifies the epi-convergence approach.

Theorem 15 Let us be given a sequence < €, >C RT such that €, — 0 and a
sequence of minimization problems

Pn) min{ f, (x) : x € X}.

Assume that there exists a topology T on X such that:

(i) For every n € N, there exists an €,-approximate solution u, to (P,),u, €
€, — argminy (f,), n € N, such that the sequence < u, : n € N > is
T-relatively compact;
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(i) f=tv—epi— lim f,.
n— o0
Then
lim vx(f,) =vx(f),
n—o0
and every t-cluster point it of < u, > minimizes f on X, i.e., i € argminy(f).

Proof Since u, € ¢, —argminy(f,), n € N, we have

Suun) < vx(fyu) + €n.

By assumption (i) and property (ii) of epi-convergence, we may assume, without loss
of generality, that u,, — u and that

vx(f) < f@a) < limninf Sfalup) < limninf vx (fn). )

Also, by property (i) of epi-convergence, we have, foreach x € X, there is a sequence
<X,> C X such that f,(x,) = f(x). Thus

lim sup vy (f,) < limsup f, (x,) < f(x). (6)

Thus, lim sup, vx (f,) < vx(f), and (5) completes the proof. ([
The next theorem is a modified version of [4, Theorem 2.1].

Theorem 16 Letf : X — R U {+o00} be a given function which is proper and
bounded below. Consider the associated minimization problem:

P min{ f (x); x € X}.

Assume that the following conditions hold.

(1) Let <€,>, <a,>,n € N be given sequences in RY, €, # 0, such that €, —
0, o, — 0, and letting B, = ‘:—Z, Bn — 0.

(2) Let us be given a function g : X — R (called the viscosity function), and for
eachn € N,
consider the perturbed minimization problem

(Pn) min{f(x) +€,8(x) : x € X}.

(3) Assume that there exists an ay-approximate solution of (P,) : u, € oy —
argminy (f,), n € N, where f, := f + €,g such that for some topology t on
X, we have:

(1) The sequence <un,>,cN is t-relatively compact;
(ii) The functions f and g are both t-Ls.c.
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Then every t-cluster point il of <u,> minimizes f on X and satisfies for all v €
argminy (f),

(a) the so-called viscosity selection criterion
(VSC) n € argm}}n(f), g <gv&uce arg Minyee min ( £)(8)-

Moreover; the sequence <u,> is a minimizing sequence for problem (P):

1
Jim —(f () = vx(f) = 0. )
(b) and also
nll)ngog(un) = Vargminx(f)(g)o (8)

Proof Since g is a nonnegative finite-valued function, the sequence of functions
fn = f + €,g is pointwise convergent and monotonically decreases to f. This
implies that

£ s f =

Since u, € o, — argmin(fy,), and «,, — 0, by epi-convergence, if a subsequence
<uyuy> of <u,> converges to i, then

argn}}n(fn) — argn}}n(f) and i1 € argn}}n(f).

Next, we rescale the minimization problem (/7,). Let

1 1
hn = U —vx(N] = 6—[f —vx (NI +g).

n

Note that |
vx (hn) = E_(VX(fn) —vx(f)),
n
and
Uy € Ay — argn}}n(fn) = fn(un) = VX(fn) + ap.
This implies

1
hn(un) = = (n(un) =vx () = vx (hn) + Bu,

which implies that u,, € 8, — argminy (h,).
Next, note that since f — vx(f) is a nonnegative function, &, monotonically

increases to the function & := g + Sare miny (f)- Hence, hy, i h, and by variational
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properties of epi-convergence,
vx (hy) = vx(h), e arg rn)%n(h) = arg minargminx(f) (8).

Also note that, we have

1 1
hnun) = —(fu(un) = vx () = = (f un) =vx (f)) + g un).

Hence,
hp(up) < vx(hy) + By < hp(v) + By

This gives

1
hy(un) = (6—) (fW —vx(f)+gv) + Bn, VveX. )
Thus, g(u,) < g(v) + By, Vv € argminy (f) which implies that

limsup g(u,) < g(v) = limsupg(u,) < g().
n n
By t-lower semicontinuity of g, we have

g@) < limkinf g(Uppy) < limsup g(unr)) < g(it).
k

This implies
lillcn gUny) = g() = Varg miny () (£)-

This being true for any extracted subsequence, g(u,) converges:
nli)néog(”n) = Vargminx(f)(g)- (10)

Let us again go back to (9). Using (10), and taking v = i in (9), we obtain

1
lim sup G—(f(un) —vx () +g@) < g().

n—oo n

-V
This implies lim M = 0, and the proof is complete. (]
n—oo €n
Definition 7 Following [4, Definition 2.2], we call a solution # of the minimization
problem (P) as in the last theorem, a viscosity solution corresponding to the viscosity
function g : X — R* U {400} if #i is a minimizer of g over arg miny (f).
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Following [4], we consider below a natural extension of the preceding theorem
where g takes on infinite values. Here, we need to assume that all the required
information can be recovered just from the knowledge of f on the effective domain
dom(g) of g.

Theorem 17 Let the hypothesis of the previous theorem be all fulfilled except that
we take the viscosity function g : X — R* U {400} t0 be extended real-valued, and
that in place of

(i) f, g are t-Ls.c., we assume
(ii), Isco (f + (Sdom(g)) = lIsc: (f).

Here 84 denotes the indicator function of A. Then every t-cluster point ii of < u, >
minimizes the function lsc; f on X and satisfies

nlgngof(un) =vx(f).

Furthermore, assume that the following hypotheses hold:

>iii) gist-Ls.c.;
(iv) Isce(f + €,8) =lIsc. f +€,8,Vn € N;
(v) dom(g) Nargminy (Isc; f) # @.

Then i € argminy (Isc; f) satisfies the following viscosity selection criterion

(VSC) il € arg min (2).

arg miny (Isc; f)

Proof We imitate the proof of the previous theorem. Indeed, note that the sequence
< fn> is pointwise convergent and monotonically decreases to f + ddom(g)- Thus,
by assumption (ii),

S E))l Isc. (f + 5d0m(g)) = Isc: (f).

By variational properties of epi-convergence, i € arg miny (Isc; (f)). As in Theo-
rem 16, the rescaled minimization problem is

1 1
min{h, (x) : x € X}, hy = —(fn —vx(ser f)) = —1f —vx(sc: )l +¢.

By hypothesis (iv), this can be expressed as

1
hy, = —[Isc; f —vx(sc: /)] + g,

n

which monotonically increases to the function /& := g + Sarg miny (Isc, ). Hence,
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epi
hl‘l — h =g + 5drg mil’lX(lSC'rf)'

Using variational properties of epi-convergence, we conclude that & minimizes g on
arg miny (Isc; f). The hypothesis (v) ensures that the function on the right-hand side
is proper. O

5.2 Hierarchial Minimization

As before, given a function f : X — RU {400}, consider the minimization problem
P min{ f(x) : x € X}

which is approximated by the sequence

Pn) min{ f (x) + €,2(x) + e,%h(x) tx € X}

of minimization problems. Observe that we can write f(x) + €,g(x) + e,%h(x) =
f(x) + €,8n(x), where g, (x) = g(x) + €,h(x). Clearly, it would be desirable if

gn i g. To this end, we have:
Lemma 4 (Attouch) [4] Let {o, : X — RU{+o0} :n € Ny and {, : X —

RU{+o00} : n € N} be two sequences of functions that are converging both pointwise
as well as t-epi-convergence sense, respectively to some functions g and h. Then

(@ + Ba) 3 (g +h).

The next theorem extends Theorem 16 to the situation as mentioned above, where
g is replaced by a sequence g, .

Theorem 18 Letf : X — R U {400} be a given function which is proper and
bounded below. Consider the associated minimization problem:

P min{ f (x); x € X}.

Assume that the following conditions hold.

(1) Let <€,>, <ap>,n € N be given sequences in R, €, # 0, such that €, —
0, o, — 0, and letting B, = (:_:: Bn — 0.

(2) Let us be given functions g, g, : X — RT,n € N, that are nonnegative and
finite-valued.

(3) Foreachn € N, consider the perturbed minimization problem

(Pn) min{ f(x) + €,gn(x) : x € X}.
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(4) Assume that there exists an oy-approximate solution of (P,) : u, € oy —
argminy (f,),n € N, where f,, := [ + €,8n such that for some topology t on
X, we have:

(1) The sequence <u,>,cN is t-relatively compact;
(i1) The function f is t-l.s.c.;
(iii) The sequence <gn,> converges to g both pointwise as well as in T-epi-
convergence sense.

Then every t-cluster point il of <u,> minimizes f on X and satisfies for all v €
argminy (f),

(a) the so-called viscosity selection criterion
(VSO) il € arg n}}n(f), g@) < g(v) & i € argmingy yin, (7)(8)-

Moreover, the sequence <u,> is a minimizing sequence for problem (P):

1
Jim = (f ) = vx(£) =0, an
(b) and also
nan;o gn(uy) = Vargminx(f)(g)- (12)

Proof The proof is a straight forward imitation of the proof of Theorem 17. We need
to apply the preceding lemma to the sequences { f +¢,g,} and {é (f=vx(f)+gn:
n € N}, noting that the sequence €,g, — 0 both in the pointwise as well as in the
T-epi-convergence sense and that the sequence {é( f —vx(f))} converges both in
the pointwise as well as in the T-epi-convergence sense to Sarg miny ( f)- O

For the sake of completeness, we will merely state here the following theorem,
whose proof is left to the reader.

Theorem 19 Let f : X — R U {400} be a given function which is proper and
bounded below. Consider the associated minimization problem:

P) min{ fo(x); x € X}.
Let <€,>, <a,>,n € N be given sequences in R", e, # 0, such that €, —

0, o, — 0, and letting B, = Z—:, Bn — 0.Let f1, fo: X — RY be given functions.
Consider the sequence of approximate minimization problems

(Pn) min{ fo(x) + €, f1(x) + €2 fo(x) : x € X}

Let us denote My = argminy (fo), My = argminy,(f1), M> = argminy, (f2).
Assume that there exists an oy-approximate solution of (P,) : u, € o, —
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argminy (f,), n € N, where f, := fo + €n fi + €22 f> such that for some topology
T on X, we have:

(i) the sequence <u, > is t-relatively compact:

@11 fo, f1, f» are T-Ls.c.

Then every t-cluster point ii of the sequence < u, > belongs to My, lim,, fo(u,) =
vx (fo), and lim,, f1(u,) = vm,(f1). In addition, if we assume

1
lim inf E—(f1(un) — v (f1)) = 0,

then we have i € M».

6 Convex Minimization and the Viscosity Approach

In what follows X will be either a reflexive Banach space or the normed dual E* of
a separable normed linear space E. We will denote the weak (resp. weak™®) topol-
ogy of X by w (resp.w*). Recall that a function g : X — R is called coercive if
lim|| |- 400 &(x) = 400. The next result is a modified version of [4, Theorem 5.1].

Theorem 20 Let X be a reflexive Banach space (resp. the dual E* of a separable
normed space E). Consider the minimization problem:

P min{ f(x) : x € X}

where f : X — RU {400} is a proper, convex, l.s.c. (resp. w*-1.s.c.) function which
is bounded below. Let <a,> C RT and <e,> C R1\{0} be sequences such that
a, > 0,¢, > 0and B, = ‘:—: — 0. Let g : X — RT be convex, Ls.c.(resp. w*-
l.s.c.) and coercive. For each n € N, consider the perturbed minimization problem:

Pn) min{ f,(x) : x € X}, fn:=f +eng,

and consider a sequence <u, > of a,-approximate solutions: u, € a,—arg miny (f,)
of (P,). We have:

e The sequence <u,> is bounded if and only if arg miny (f) # @.
In that case, every w-(resp. w*-) cluster point it of the sequence <u,> minimizes
f on X and satisfies the viscosity selection criterion:

(VSCO) I € arg MiNyg miny () (8)-

Moreover, the sequence <u,> is a minimizing sequence of problem (P):
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1
nll)rr;o e—(f(un) —vx(f) =0,

and also,
nl;ngo &(n) = Vargminy () (&)-

Proof The conclusion follows easily from Theorem 16 by taking the topology 7 to
be w (resp.w*). If <u,, > is bounded, its w-(resp. w*-) cluster point &z € arg miny ( f).
Conversely, if arg miny (/) # @, then as in the proof of Theorem 16,

guy) < g) + Bu, Vv € argm)%n(f)

From the coercivity of g we conclude that <u,, > is bounded. (]

Let X be a Hilbert space and take g(x) = % lx |?. The Fenchel-Moreau conjugate
of g is:

* _l 2., X _l 2 X
g = sup{{x, y) 2||x|| tX € }_2||y||,y€ :

This gives:
y€dgun) & gun) +87 () = (un, y).

(Here 0g(u,) denotes the subdifferential of g at u,,.) The last step gives

1 2 1 2
Slunll” 4 SIYIT = {un, ) &y = .

Let f : X — R U {400} be convex, Ls.c., proper function, and let f;, := f + €,8.
Then

z€dfu(uy) <& 0€d(fn— (. 2))(un).

Since the function f, — (., z) = (f — (., z)) + €, g is strictly convex, arg miny ( f;, —
(., 2)) is a singleton. Given a sequence <€,> C R™ such that €, — 0, observing
that

0fu(uy) = 0f (un) + €pltn, n € N,

the previous theorem leads us to the next corollary.

Corollary 1 [4] Let X be a Hilbert space and f : X — R U {400} be a proper
convex function which is l.s.c. Let us be given a sequence <€,>,cN C R such that
€n — 0. Fix z € X. Then for each n € N, there exists a unique solution u, of the
equation:

z € 3f (un) + €xltp. (13)

The sequence <u,> remains bounded if and only if the set (3f)~'z is nonvoid. In
that case
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Jm uy = projp-1.(0) = u,

where i is the unique element of the minimum norm of (3f) ™ 'z.

Proof Let us first note that (3f) ™'z = argminy (f — (., z)). The previous theorem
. W A N . A .
yields (for a subsequence) u,, — # and g(u,) — g(u), i.e., ||u,|| — |li]|. Since
norm in a Hilbert space is a Kadec norm, we conclude that u,, — # in the norm. This
completes the proof. (]

6.1 A Revisit to Tikhonov Regularization

Under the same hypothesis as in Theorem 20: X is a reflexive Banach space (resp. the
dual E* of a separable normed space E), f : X — RU {+o0} a proper convex, L.s.c.
(resp. w*-l.s.c.) function which is bounded below. Assume problem (P)(= (X, f))
is Tikhonov ill-posed. Let us be given a function g : X — R™ which is uniformly
convex:

glax + (1 —a)y) =ag(x) + (1 —a)g(y) —c(llx = yll), Vx,y e X,a e (0,1)

for some forcing function ¢ : [0, +00) — [0, +00) and a sequence <¢,> C RT
such that ¢, — 0.

Consider, following the standard Tikhonov regularization, the sequence of per-
turbed problems

Pn) min{ f(x) + €,¢(x) : x € X}, neN.

In addition, assume that g is l.s.c. (resp. w*-l.s.c.), bounded below and coercive. Since
the function f, := f + €,g is strictly convex, l.s.c., bounded below and coercive,
problem (P,) is Tikhonov well-posed for every n € N. Let u,, denote the unique
solution of (P,) for each n € N. Theorem 20 reveals that:

(i) The sequence <u,> is bounded < arg miny (f) # @;
(ii) The sequence <u, > is a minimizing sequence of problem (P);
(iii) If argminy (f) # @, then arg mingge ming () (g) is a singleton and denoting this
set {u} we have
U, — U.

This covers the standard Tikhonov regularization in which case X is a Hilbert space
and g(x) = 3 lx||*.
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6.2 Regularization of Ill-Posed Operator Equations

Let X and Y be Hilbert spaces and T : X — Y be a bounded linear operator. Given
y € Y, consider the operator equation

Tx =y, (14)

The Eq. (14) is called well-posed, if for every y € Y, there exists a unique solution
x € X which depends continuously on the data y; otherwise, it is called ill-posed.

Let us recall that if T is a compact operator of infinite rank, then its range % (T)
is not closed. Hence, a solution of (14) may not exist for every y € Y. Even if unique
solution exists for some y € Y, it need not depend continuously on the data y. (Recall
the result: If T : X — Y is an injective compact operator, then T~' : Z(T) — X is
bounded if and only if T is of finite rank.) In this case one looks for a least-residual
norm (LRN) solution which is the least squares solution of the convex quadratic
minimization problem:

(P) min{||7x — y|? : x € X}.
The Euler equation characterizing a solution of (P) is
T*T (x) = T*(y),
whose solution exists if and only if the following compatibility condition holds:
y € Z(T) + Z(T)*.

Tikhonov regularization overcomes the lack of stability of problem (P). Given a
sequence <e,> C RT such that €, — 0, the perturbed problem

(Pn) min{[|Tx — y|I* + e, llx[I* : x € X}

is T.w.p. for each n € N, with a unique solution u,. The sequence <u, > remains
bounded in X if and only if problem (P) has a solution, in which case this sequence
norm converges to an element # in X, which is the unique element of minimum norm
in arg miny (f):

Il < vl Vv € argmin(f).

Here, f(x) = |Tx — y|*>, x € X.
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Best Approximation in Nonlinear Functional
Analysis

S. P. Singh and M. R. Singh

Abstract An introduction to best approximation theory and fixed point theory are
presented. Several known fixed point theorems are given. Ky Fan’s best approxima-
tion is studied in detail. The study of approximating sequences followed by conver-
gence of the sequence of iterative process is studied. An introduction to variational
inequalities is also presented.

Keywords Best approximation theory - Fixed point theory - Ky Fan’s best approxi-
mation - Iterative process + Variational inequalities + Hartman-Stampacchia theorem

1 Introduction

In this chapter the material organized is as follows. We have introduction, then
best approximation theory, followed by fixed point theory. We cover Ky Fan’s best
approximation and after that the study of approximating sequences followed by
convergence of the sequence of iterative process. In the end, a list of references is
given.

The nonlinear analysis covers areas like fixed point theory, best approximation,
variational inequality, complementarity problems, and nonlinear problems arising in
economics, engineering, and physical sciences.

Multivalued analog of the present theory is not presented in this chapter. Though
this topic is very useful in optimization theory, game theory, and mathematical eco-

S. P. Singh

Department of Mathematics and Statistics, Memorial University,
St. John’s, NL A1C 5S7, Canada

e-mail: ssingh@mun.ca

M. R. Singh (X))

Department of Physics and Astronomy, The University of Western Ontario,
London, ON N6A 3K7, Canada

e-mail: msingh@uwo.ca

Q. H. Ansari (ed.), Nonlinear Analysis, Trends in Mathematics, 165
DOI: 10.1007/978-81-322-1883-8_6, © Springer India 2014



166 S. P. Singh and M. R. Singh

nomics, Ky Fan’s best approximation theory has important applications in fixed
point theory, approximation theory, minimax theory, variational inequalities, and
complementarity problems. The fixed point theory is a very useful tool in the study
of nonlinear problems of mathematics and engineering. Recently, this theory has
been applied in biology, chemistry, economics, game theory, optimization theory,
and physics. Fixed point theory is mainly used in the study of existence of solutions
for nonlinear problems arising in physical and biological sciences and engineering.
It plays a very important role in the existence theory of differential equation, integral
equations, functional equation, partial differential equations, eigen-value problems,
and two-point boundary value problems. The study of variational inequality has
become a very powerful tool for solving a wide variety of problems arising in phys-
ical sciences including engineering. The other applications are in the area of fluid
dynamics, transportation and economic equilibrium problems, free boundary value
problems, elasticity problems, and hydrodynamics. The well-known result of varia-
tional inequality, due to Hartman and Stampacchia [29], in finite dimensional case,
is stated below:

Let C be a compact convex subset of R” and f : C — R”" a continuous function.
Then there exists a point x € C such that

(f(x),y —x)>0, forallyeC. (1)

The Complementarity Problem (CP) provides a unified model for problems arising
in game theory, engineering, and mathematical economics.

Let f : R" — R”" be a continuous function. Then the (CP) [62] is to find a
solution of the system

y=f(x), x>0, y>0 and (x,y)=0. 2)

In this system x and y are nonnegative vectors in R”, so either x and y are
orthogonal (x, y) = 0, or the component wise product of x and y is the zero vector.
The (CP) requires to find a nonnegative vector whose image is also nonnegative and
such that the two vectors are orthogonal.

The equilibrium problem (EP) has applications in optimization theory, fixed point
theory, and other related areas. It is stated below.

Let X be a real topological vector space, C a closed convex subset of X and
f:C xC — Rsuchthat f(x,x) = 0forall x € C. Then the equilibrium problem
is to find an xg € X such that

x0€C, f(xo,y) >0, forallyeC. 3)

For details see Blum and Oettli [3, 8]. It is worth to mention that the optimization
problems, variational inequalities, minimax problems, complementarity problems,
and fixed point problems are particular cases of an equilibrium problem.

In Sect. 5, on convergence of approximating sequences with applications, we give
the following: If a sequence of contraction maps { f;,} with a sequence of fixed points
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{x,} is given and the sequence { f;;} converges to a function f, then we discuss the
convergence of {x,} to a fixed point of f.

In case the limit function f is a nonexpansive map, then it is also given in detail.

In the last section, detailed discussion on the convergence of the sequence of the
iterative process is given. The tools available in fixed point theory on the conver-
gence of iterative process can be applied to the study of variational inequalities and
approximation theory.

For example, if C; and C, are closed convex sets in Hilbert space H and P;, P>
are projection operators, then a fixed point of composition of P; o P; is a point of
Cq nearest C, [18].

If C; and C; are closed convex sets in Hilbert space H and g the composition
P o P, of their projection operators. Let x € Cp be arbitrary. Then convergence
of {g"x} to a fixed point of g is guaranteed if one set is finite dimensional and the
distance between the sets is attained [18].

The following result is in variational inequality [42].

Let C be a closed convex subset of Hilbert space H and f : C — H a continuous
function such that 7 —r f is a contraction function (7 is a constant). Then there exists
a unique solution u € C of

(fu,v—u) >0, forallveC, 4)
and u = limy,—, o0 Uy, where u,, 1 = P(I — rf)uy,, ug € C. P is the proximity map
onC.

2 Theory of Best Approximation
Let C be a subset of a Banach space X and let x € X, x ¢ C. We define the

distance between x and C by d(x, C) = inf{||x — z|| : z € C}. The problem of best
approximation is to find an element y € C such that

ly —xll =d(x, C).

The element y € C is said to be a nearest point or a closest point or an element of
best approximation to x € X.
In other words, an element y € C is called an element of best approximation to
x, if
lx =yl =d(x,C) =inf{||x — z|]| : z € C}.

Let Px denote the set of all points in C closest to x, that is,

Px={yeC:|x—y|l=dx,C)}.
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If Px is nonempty for each x € X, then the set C is said to be proximinal. If Px
is singleton for each x € X, then C is said to be Chebyshev set. Thus, if C is a
Chebyshev set, then P is a single-valued map.

The mapping P : X — 2€ is a multivalued map and it is called the metric
projection or the best approximation operator [17, 18, 62, 65].

We have the following properties of a proximinal set C:

(i) A proximinal set is always closed.
(i) A compact set is always a proximinal set.
(iii) A closed convex subset of a Hilbert space is a proximinal set.
(iv) A closed convex subset of a reflexive Banach space is a proximinal set.

Remark 1 (a) If C is a compact set of a Banach space X, then the problem of best
approximation is considered as an optimization problem. In this case, the projection
map P is a continuous function and attains its minimum on set C.

(b) If X is a finite dimensional normed linear space and C is a closed, bounded subset
of X, then, for each point x € X, there is a unique nearest point in C.

The geometry of spaces plays a key role in the theory of projection operators.

Definition 1 A normed linear space X is said to be strictly convex if ||x|| < r and
lyll < r imply that ||[x + y|| < 2r, unless x = y. In other words, if ||x + y|| =
lx|l + ||yl forall x, y € X, then x = ry, forr > 0.

Definition 2 A Banach space is called uniformly convex if for all ¢ > 0, there is a
8 > 0 such that

[xll =llyll=land x =yl =e = [(x+y)/2=1-4.

The strict convexity is a sufficient condition for the uniqueness of the best
approximation. Indeed, let y and z be two distinct elements nearest to x. Then
lx —y|l = lx —zll| = d(x,C) = d. Since ||x — y|| and ||x — z|| are distinct,
strict convexity implies that |[x — y +x — z|| < 2d, thatis, ||x — (z + y)/2| < d,
a contradiction to the fact that d is the infimum. Hence y = z and the nearest point
are unique.

In case X is not strictly convex, then the nearest point need not be unique. The
following example illustrates the fact. In case the norm on a finite dimensional normed
linear space X is not the Euclidean, then the nearest point need not be unique. For
example, let X = R? with norm ||(x, y)|| = max(||x|, [|y]]). Let C be the set of
all point (a, 0) with x = (2, 1). Then d ((2, 1), (a, 0)) = max (|2 —a]|, |1 — O]]),
which takes a minimum value 1 for all (a, 0) such that 1 < a < 3.

This example suggests that the uniqueness question may have a different answer
if the norm is replaced by an equivalent norm. If we take Euclidean norm then there
is a unique nearest point.

Remark 2 A Hilbert space is the uniformly convex Banach space and so strictly
convex.
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Definition 3 Let C be a nonempty set of a normed linear space X. A sequence {x,}
in C is called a minimizing sequence for x € X, if {||x — x,||} converges to d(x, C).

If a minimizing sequence converges weakly to y € C, then y is closest to x.

Definition 4 [56] A set C in a normed linear space X is called an approximatively
compact if each minimizing sequence has a convergent subsequence.

If C is an approximatively compact subset of a normed linear space X, then

(i) C is a set of existence, that is, each point x ¢ C has a nearest point in C,
(i) C is closed.
(iii) C is P-compact.

If C is an approximatively compact subset of X and Px is a singleton for some
x € X, then every minimizing sequence for x converges to Px.

A compact set is approximatively compact, but not conversely. A closed ball of a
uniformly convex Banach space is approximatively compact, but it is not compact.

A closed convex subset C of an uniformly convex Banach space X is approxima-
tively compact. If C is an approximatively compact set in a Banach space X, then
foreachx € X, Px ={y € C : ||x — y|| = d(x, C)} is nonempty and the map
P : X — 2€ is upper semicontinuous.

Let C be a nonempty, approximatively compact subset of a Banach space X and
P : X — 2€ be a metric projection of X onto C. Then, for x € X, we have the
following:

(1) P(x) is nonempty,
(i) P(x) is compact,
(iii) P(x) is convex if C is convex,
(iv) P(A) is compact for every compact set A of C.

The following result holds in Hilbert space.

Theorem 1 [fC is a nonempty closed convex subset of a Hilbert space H, then each
x € H has a unique nearest point in C.

Proof Letd = inf{||x — z|| : z € C}. Then we take a sequence of points {y,} in C
such that {||y, — x||} converges to d. Now, by using the parallelogram law, we show
that {y,} is a Cauchy sequence. For n, m € N, we have
200 = x1% 4 211ym = x> = 1ya = ymll> + Iy + ym = 2x11%,
it follows that
1y = Ymll* = 20y = 17 + 2llym = x> = 4 Qa + ym)/2 = xII*.

Since C is a convex set, (y, + yn)/2 € C. Thend < ||(y, + ym)/2 — x|| and hence

Iyn = ymll> < 2llyn — x11* + 2llym — x[> — 4d*> — 0,28 n and m — oo.
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Hence, {y,} is a Cauchy sequence. Since C is a closed subset of Hilbert space H,
therefore {y,} converges to y € C. Hence, ||y, — x|| > d = ||y — x||. It is easy to
show that y is a unique nearest point to x € H. ]

Let C be a closed convex subset of a Hilbert space H. Then, for each x € H,
there is a unique closest point y € C, called its projection Px. Thus,

lx =yl = llx = Px|| = d(x, ),

and
lx — Px|| <|lx —z| forall z € C.

Here P is called the proximity map of H onto C.
The proximity map P has the following properties:

(i) Px =xforallx € C;

(i) (x — Px, Px — Py) >0Oforallxand y € H;
(iii) P is nonexpansive, i.e, ||[Px — Py| < ||lx — y| forall x, y € H;
(iv) |lx — Px|®> + |Px — y|> < |x — y||* forall y € C.

Remark 3 If H is a Hilbert space and f : H — H is a nonexpansive map, then
I — fsatisfies (I — f)x — (I — f)y,x —y) >O0forallx,y € H, thatis, I — f is
monotone, where [ is the identity map on H.

To show this,let g = I — f and x,y € H. Then g : H — H. Since f is
nonexpansive, we have || fx — fy|| < |lx — y||, and

I fx — fyll* < e — yI* + llgx — gyl

Note

I —g)x — (I — yl* = ll(x —y) — (gx — g»I?
= |lx — yI> + llgx — gyllI> — 2(gx — gy, x — ¥)
< llx — yII* + llgx — gyll?,

only if (gx — gy, x — y) > 0. Therefore, g = I — f is monotone.

Theorem 2 Let C be a nonempty convex subset of a Hilbert space H. Then a point
x € H (x ¢ C) has a closest element y € C ifand only if (x — y,y — z) > 0 for all
zeC.

Proof Letx € H withx ¢ C. Assume that y € C is nearest to x and take any z € C.
Since C is convex, ¢z + (1 —a)y € C for all « € [0, 1]. Note

0<lx—(az+A—a)I* = llx —ylII* =&y — zl> + 20 (x — y, y — 2).

If (x —y,y —z) < 0, then for small @ we find that the right hand side is < 0, a
contradiction since left hand side is positive. Hence, (x —y, y—z) > Oforallz € C.
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On the other hand, if (x — y, y — z) > 0, then
2 2 _ 2
lx —zlI” = llx = yI" = lly —zl" +2(x —y,y —z) = Oforall z € C.

Consequently, [|x — y||> < |lx — z||%, and hence ||x — y| = inf{||lx —z|| : z € C}.
This means that x € H has a closest element y € C. (I

We briefly introduce the variational inequalities [4, 10, 16, 35, 62].
Let f : [a, b] — R be a differentiable function with continuous derivative. Then
one tries to solve min fx for x € [a, b]. Let xg € [a, b] such that

fxo =min{fx : x € [a, b]}.

Then xq is called the solution of the minimization problem. It is easy to see that
f'xog =0forall x € (a, b), f'xo > 0if xg =a,and f'x¢p < 0if xg = b. Thus,

f'xo(x —x0) >0, forall x € [a, b].

Inequality of this type is termed as the variational inequality (VI). The variational
inequalities are useful in the study of calculus of variations and in general, in the
study of optimization problems like minimize f on a given domain and thus we need
to solve f'x = 0.

In general, f'x = 0 may not hold. For example, if we have f : [2,4] — R given
by fx = x,then f(2) = 2isthe minimumbut 2 = 1 # 0. However, the inequality
of the type {f'x, y—x) > Oholds forall y € [2, 4]. If we replace f’x by a continuous
function say gx, then (gx, y — x) > 0O for all y, is called the variational inequality.
The theory of variational inequality has many applications in nonlinear functional
analysis like fixed point theory and best approximation. There are also applications
to the study of mathematical economics, engineering, and applied mathematics.

The study of variational inequality has become a very powerful tool for solving a
wide range of problems arising in physical sciences including engineering. The other
applications to the area of fluid dynamics, transportation, and economic equilibrium
problems, free boundary value problems, and hydrodynamics are well known.

3 Fixed Point Theory

The fixed point theory is a very useful tool in the study of nonlinear problems of
mathematics, engineering, and other physical sciences. Recently fixed point theo-
rems have been applied in biology, chemistry, economics, game theory, optimization
theory, and physics. This theory is useful in the study of existence of solutions of
nonlinear problems arising in physical, biological, and social sciences and in prob-
lems of mathematical economics, optimization theory, and game theory. The main
application is to find the solution of the nonlinear problems arising in mathematics,
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physics, social sciences, economics, engineering, and other sciences. The applica-
tions in the existence theory of differential equations, integral equations, partial dif-
ferential equations, functional equations, eigen-value problems, periodic solutions
to the Navier-Stokes equations, and two-point boundary value problems are well
known.

Definition S Let X be anonempty set. If f : X — X is afunction such that fy =y
for y € X, then y is said to be a fixed point of f.

Fixed point theory is useful in determining zeros of polynomial equations. A
polynomial equation Px = 0 can be written as fx — x = Px = 0. For example, if
x2—5x+4 = 0, where Px = x%—5x +4. We can write fx—x =Px = x2—5x+4,
sox = (x> +4)/5 = fx. Here f has two fixed points, f1 = 1, and f4 = 4.
Consequently, Px = 0 has two zeros x = | and x = 4.

The well-known Brouwer’s fixed point theorem [11] is given below:

Theorem 3 (Brouwer’s Fixed Point Theorem) (see [1, 10, 22, 27, 44, 62, 65]). If
f : B — B is a continuous function where B is a closed unit ball in R", then f has
a fixed point.

Brouwer fixed point theorem simply guarantees the existence of a solution, but
gives no information about the uniqueness and determination of the solution. For
example, if f : [0, 1] — [0, 1] is given by fx = x2,x € [0, 1], then f0 =0 and
f1 =1, thatis, f has two fixed points.

Several mathematicians have given different proofs of this theorem. Effective
methods have been developed to approximate the fixed points.

Brouwer fixed point theorem is not true in infinite dimensional spaces. For exam-
ple, if B is a closed unit ball in an infinite dimensional Hilbert space and f : B — B
is a continuous function, then f does not have a fixed point [33].

The first fixed point theorem in an infinite dimensional Banach space was given
by Schauder in 1930 stated below.

Theorem 4 (Schauder Fixed Point Theorem) [54] If B is a compact, convex subset
of a Banach space X and f : B — B is a continuous function, then f has a fixed
point.

The Schauder fixed point theorem has applications in approximation theory, game
theory, and other areas like engineering, economics, and optimization theory. It is
natural to prove the theorem by relaxing the condition of compactness. Schauder
proved the following theorem.

Theorem 5 (Schauder Fixed Point Theorem) [54] If B is a closed, bounded convex
subset of a Banach space X and f : B — B is a continuous map such that f (B) is
compact, then f has a fixed point.

A very useful result in fixed point theory is known as the Banach contraction
principle [7] (see [1-3, 25, 27, 62] for details). The Banach contraction principle is
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important as a source of existence and uniqueness theorems in different branches of
sciences.

This theorem provides an illustration of the unifying power of functional analytic
methods and usefulness of fixed point theory in analysis. The important feature of
the Banach contraction principle is that it gives the existence, uniqueness, and the
sequence of the successive approximation converges to a solution of the problem.
The important aspect of the result is that existence, uniqueness, and determination
all are answered by the Banach contraction principle.

Definition 6 A map f : X — X is said to be a contraction map on a metric space
X if there exists a constant k € (0, 1) such that

d(fx, fy) <kd(x,y), forallx,yeX.

Every contraction map is a continuous map, but a continuous map need not be a
contraction map. For example, fx = x2, x € [0, 1] is not a contraction map.

Theorem 6 (Banach Contraction Principle) If X is a complete metric space and
f X — X isa contraction map, then f has a unique fixed point, or fx = x has a
unique solution.

Proof 1t is easy to see the uniqueness. If fx = x and fy = y with x # y, then we
get
d(x,y) =d(fx, fy) < kd(x,y),

a contradiction. Hence fixed point of f is unique.
We now define x,+1 = fx, forn =0,1,2,3,...,starting with any xo € X. Here
x1 = fxoand xo = fx; and so on. Note

d(x2,x1) = d(fx1, fxo) < kd(x1, x0),
d(x3,x2) = d(fx2, fx1)

< kd(x2, x1)

< kPd(x1. x0).

Inductively, we have
d(xn-i-ly Xp) < kn(xl , X0).

We now show that {x,} is a Cauchy sequence. For m > n, we have

d(xp, xm) < d(xp, Xpg1) +d X1, Xp42) + -+ d(Xp—1, Xim)
<K'd(xy xo)l+k+k 4 k"
<k'd(xi, x)[1+k+k> 4+ K" 4]
< k"d(x1,x0)[1/(1 —k)] > 0asn — oo, (5)
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since k < 1. It follows that {x,} is a Cauchy sequence. Since X is a complete metric
space, x,, — y for some y € X. From (5), we have d (x;,+1, x,) - 0asn — oo and
hence lim,,_, oo X,+1 = Y. Since f is continuous,

y = lim Xp+l = lim fxn:fy' O
n— 00 n—o0

Definition 7 If X is a metric space and f : X — X is a mapping such that
d(fx, fy) < d(x,y) for all x,y € X with x # y, then f is said to be a con-
tractive map.

A contractive map need not have a fixed point in a complete metric space. For
example, if we take f : R — R defined by fx = x + 7w/2 — arctan x, then f is a
contractive map but does not have a fixed point. Here arctanx < /2 for all x. In
case a contractive map f has a fixed point, then it is always unique. For example,
if x = fxand y = fy, and x # y then d(x,y) = d(fx, fy) < d(x,y), a
contradiction. So, x = y.

Theorem 7 If X is a compact metric space and f : X — X is a contractive map,
then f has a unique fixed point.

Proof Consider gx = d(x, fx). Then g is continuous and has a minimum. Let
gxo be a minimum. Then fxo = xo. If it is not, then, by taking d( fxo, ffx0) <
d(xo, fxg) = gxo for some xo and we get a contradiction to the fact that gxg is a
minimum. Hence, fxo = xp. O

Definition 8 Let X be a metric space and f : X — X a mapping. Then f is said to
be a nonexpansive if d(fx, fy) <d(x,y)forallx,y € X.

If f:R — R” givenby fx = x + p, a translation map for some p # 0, then f
is a nonexpansive map, but f has no fixed point.

Theorem 8 [58, 62] If C is a compact, convex nonempty subset of Banach space
X, and f : C — C, is a nonexpansive map, then f has a fixed point.

Proof Let 0 € C. Define a sequence of maps f,, =r; f, where 0 <r; < 1,r; — 1
as i — oo. Then each f;; is a contraction map, and by the Banach contraction
principle, each f;,; has a unique fixed point say x,,, that is, f,x;, = x,,. Now

lxr, = [l = W frixr, = fxrl = Nri fxr, = fxrll = (A =r)ll fxn .
Since C is compact and f is a continuous map so f(C) is compact. By taking limit

we have ||x,, — fx,|| — 0asi — oo. Let {x,,} converge to y € C, since C is
compact so each sequence in C has a convergent subsequence. Then

Iy = Sl = 1y = xr |l + xr — fxr I+ 11f X5 = fylls

which gives y = fy. Since {x,,} converges to y, { fx,,} converges to fy and ||x,, —
fx 1l = 0. Hence f has a fixed point. O
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Remark 4 A nonexpansive map, unlike contraction map, need not have a fixed point
and if it has a fixed point, then it may not be unique. For example, if f : R — R
given by fx = x + 10, then f does not have a fixed point, and if identity function
I : R — R, is taken then each point of / is a fixed point.

The fixed point theorem for nonexpansive maps, given by Browder [12], Gohde
[26] and Kirk [36] independently, is stated below. Here it is given in a Hilbert Space.

Theorem 9 [12, 26, 36] If B is a closed, convex bounded subset of a Hilbert space
H and f : B — B is a nonexpansive map, then f has a fixed point.

Browder [13] proved the following results.

Theorem 10 Suppose H is a real Hilbert space and f : H — H is a nonexpansive
map. Let there be a closed convex bounded subset C of H and f : C — C. Then
F(f) is nonempty closed and convex. If y € H, then there is a unique nearest point
x € F(f) and is given by

(y —x,x—2z) >0, forallz € F(f).

Proof 1t is easy to see that F(f), the set of fixed points of f, is closed set. Let x
and y be fixed points in F. If z = (1 — #)x + ty, a linear combination of x and y,
t € [0, 1], then || fz — x|l + | fz— yll < lz = x[l + Iz — yll = [lx — yl|. Since H is
strictly convex so fz = z and the set F'(f) is convex set. Thus, F(f) is closed and
convex set. Existence and uniqueness of the closest pointx € F = F(f)tow e H
follows from Theorem 1 and Theorem 2, since F'(f) is closed and convex subset of
H. ]

Theorem 9 has been generalized by many researchers. The demiclosedness prop-
erty is very useful in the theory of nonexpansive mappings.

Definition 9 Let H be a Hilbert space and C a closed convex subset H.If f : C —
C, then f is said to be demiclosed when x,, — y weakly and fx, — z strongly,
imply that z = fy.

Theorem 11 [13] Let H be a Hilbert space and f : H — H a nonexpansive map.
If {x,} is a sequence in H converging weakly to x and {x,, — fx,} — 0 converging
strongly, then x is a fixed point of f.

Proof Let g = I — f. Then g is monotone, that is, (gx — gy, x — y) > 0 for all
x,y € H.lItis given that gx, — 0, converges strongly. We claim that gx = 0,
togetx = fx.Letu € H. Then0 < (gu — gx,,u — x,) — (gu,u — x), since
Xn — fx, = gx, — 0.Setu, = x + tz, where z € H is arbitrary, t > 0. Now
we have #(gu;, z) > 0. If we cancel ¢, then we get (gu;,z) > 0.If t — 0%, then
(gx, z) > 0. Since this is true for all z € H, so gx = 0, thatis, (/ — f)x = 0, and
x = fx. ([
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Theorem 11 provides demiclosedness principle for the class of nonexpansive
mappings. Here proof is based on theory of monotone operators. Another proof of
Theorem 11 can be found in Chap. 7 based on Opial condition.

We now give existence theorem for nonself, nonexpansive mappings, which was
is proved in [1].

Theorem 12 [1] Let C be a closed bounded convex subset of a uniformly convex
Banach space X, and 0 € C. Let f : C — X be a nonexpansive map. Then either

(1) f has a fixed point, or
(i) there exists anr € (0, 1) such that u = rfu, foru € dC (boundary of C).

One can see also [5] for maps when domain and range are different.
In the following result, C is not necessarily a bounded set but f(C) is bounded.

Theorem 13 Let C be a closed convex subset of a uniformly convex Banach space
X with0 € C. Let f : C — X be a nonexpansive map with f(C) bounded. Then
one of the following holds:

(1) f has a fixed point or
(i) thereisak € (0, 1) such that u = kfu foru € aC (boundary of C).

The study of iterated contraction was initiated by Rheinboldt [50] in 1969. The
concept of iterated contraction proves to be very useful in the study of certain iterative
process and has wide applicability (for further work see [59]).

Definition 10 Let X be a metric space. If f : X — X is map such that
d(fx, ffx) < kd(x, fx), forallx € X,0 < k < 1, then f is said to be an
iterated contraction map.

Incased(fx, ffx) <d(x, fx),x # fx,then f is an iterated contractive map.
Remark 5 A contraction map is continuous and is an iterated contraction.

For example, if y = fx, thend(fx, ffx) < kd(x, fx) is satisfied.

However, converse is not true. for example, if ' : [—1/2,1/2] — [—1/2,1/2] is
given by fx = x2, then f is an iterated contraction but not a contraction map.

If f: R — R, is a mapping defined by fx = 0 for x € [0, 1/2) and fx = 1 for
x € [1/2,1], then f is not continuous at x = 1/2, and f is an iterated contraction.

An iterated contraction map may have more than one fixed point. For example,
the iterated contraction function fx = x2 on [0, 1] has f0 = 0 and f1 = 1, two
fixed points.

A discontinuous function need not always be an iterated contraction. Let X =
[0, 1]. Define f : [0,1] — [0,1] by fx = 1/2, x € [0,1/2), and fx = O,
x € [1/2,1]. Then f is discontinuous and is not an iterated contraction. If we take
x = 1/4,thend(fx, ffx) <kd(x, fx),0 <k < 1, is not satisfied and hence f is
not an iterated contraction.

If f:10,1] — [0, 1] is defined by fx = 0 for x € [0, 1/2), and fx = %for
x € [1/2,1], then f is discontinuous at x = 1/2 and f is an iterated contraction
map and has a fixed point f(1/2) = 1/2.
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Theorem 14 If f : X — X is an iterated contraction map, and X is a complete
metric space, then the sequence of iterates {x,} converges to'y € X. In case f is
continuous at y, then y = fy, that is, f has a fixed point.

Proof Let xp41 = fx,,n = 1,2,... for x; € X. It is easy to show that {x,} is
a Cauchy sequence, since f is an iterated contraction. The Cauchy sequence {x,}
converges to y € X, since X is acomplete metric space. Moreover, if f is continuous
at y, then {x,} converges to fy. It then follows that y = fy. (I

Remark 6 A continuous iterated contraction map on a complete metric space has a
unique fixed point.

We give the following example to show that if f is an iterated contraction that is
not continuous, then f may not have a fixed point.

Let f : R — R, be a mapping defined by fx = x/5+ 1/5 for x < 0, and
fx =x/5forx > 0. Then f does not have a fixed point. Here f is discontinuous
atx =0.

Continuity of an iterated contraction map is sufficient but not necessary to have
fixed point. For example, if f : [0, 1] — [0, 1] is defined by fx = 0 on [0, %),
and fx = 2/3, for x € [1/2,1]. Then f is an iterated contraction and f0 = 0,
f(2/3) =2/3,but f is not continuous.

The following is a fixed point theorem for iterated contractive map.

Theorem 15 If f : X — X is a continuous iterated contractive map and the
sequence of iterates {x,} defined by x,+1 = fx,, n = 1,2,... for x; € X, has a
subsequence converging to 'y € X, then f has a fixed point.

Proof Note x,41 = fx,,n = 1,2,.... Then the sequence {d(x,+1, X,)} iS a non-
increasing sequence. It is bounded below by 0, and therefore has a limit. Since the
subsequence converges to y and f is continuous on X, so f(x,,) converges to fy
and f(f(x,,) converges to f(fy). Thus,

d(fy5 }’) = lim d(-xn[v xni+l) = lim d(xn,--Ha xn;+2) = d(ffy7 fY)
n—oo n—oo
If y # fy, thend(ffy, fy) < d(fy,y),since f is an iterated contractive map.
Consequently, d(fy,y) =d(ffy., fy) <d(fy,y),acontradiction and fy = y.

Theorem 16 If f : C — C is a continuous iterated contraction , where C is closed
subset of a metric space X, with f(C) is compact, then f has a fixed point.

Remark 7 1t is shown that the sequence {x,} has a convergent subsequence. By
using iterated contraction and continuity of f we get that f has a fixed point as in
Theorem 16.

Definition 11 Let X be a metric space and f : X — X. Then f is said to be an
iterated nonexpansive map if d(fx, ffx) <d(x, fx) forall x € X.
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The following is a fixed point theorem for the iterated nonexpansive map.

Theorem 17 Let X be a metric space and f : X — X an iterated nonexpansive
map satisfying the following :

(i) ifx # fx, thend(ffx, fx) < d(fx.x),
(ii) for some x1 € X, the sequence of iterates x,+1 = fx, has a convergent
subsequence converging to y say and f is continuous at y.

Then f has a fixed point.

Proof It is easy to show that the sequence {d (x,+1, x,,)} is a nonincreasing sequence
of positive reals bounded below by 0. The sequence has a limit. Hence

d(fy,y) = nli)ngod(xn,-,xn,-ﬂ) = nlggod(xn,-+1,xn,~+z) =d(ffy, fy)-

This is a contradiction to (i). Therefore, f has a fixed point, that is, fy = y. O

Noticing that if C is a compact subset of a metric space X and f : C — Cisa
continuous iterated nonexpansive map satisfying condition (i) of the above theorem,
then f has a fixed point.

Remark 8 If C is compact, then condition (ii) of Theorem 17 is satisfied, as f is
continuous iterated nonexpansive map, and hence the result.

The result given below is due to Cheney and Goldstein [18].

Theorem 18 Let f be a map of a metric space X into itself such that

(1) f is a nonexpansive map on X, that is, d(fx, fy) <d(x,y) forallx,y € X,
(i) ifx # fx, thend(fx, ffx) <d(x, fx), and

(iii) the sequence x,+1 = f(xn) has a convergent subsequence converging to y say.

Then the sequence {x,} converges to a fixed point of f.
Kannan [34] considered the following map.

Definition 12 Let X be a metric space. Let f : X — X satisfy

d(fx, fy) <kld(x, fx)+d(y, fy)]
forall x, y € X, where 0 < k < 1/2. Then f is said to be a Kannan map.

A Kannan map is an iterated contraction map. For example, if y = fx, then we

getd(fx, ffx) < kld(x, fx) +d(fx, ffx)]. This gives d(fx, ffx) < k/(1 —
k)d(x, fx), where 0 < k/(1 — k) < 1, thatis, f is an iterated contraction.
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The following result due to Kannan [34] is valid for iterated contraction map.

Theorem 19 Let X be a metric space. Let f : X — X satisfy d(fx, fy) <
kld(x, fx)+d(y, fy)lforallx,y € X, 0 <k < 1/2, f continuous on X and let
the sequence of iterates {x,} have a subsequence {x,,} converging to y. Then f has
a fixed point.

Several researchers have used fixed point theory to prove results in approximation
theory.

Forexample, let f : X — X, where X is anormed linear space, C a closed convex
subsetof X, f : C — C,and fy =y, y ¢ C.If the set D of best C —approximation
to y is nonempty closed convex and f : D — D is nonexpansive map with f (D)
compact, then f has a fixed point which is best approximation to y [58]. (see also
[57, 62]). In this direction, Hicks and Humphries have shown that if f(dC) € C,
then f : D — D [30].

4 Ky Fan’s Best Approximation

The well-known best approximation theorem of K y Fan has been of great importance
in nonlinear analysis, approximation theory, minimax theory, game theory, fixed point
theory, and variational inequalities.

Let C be a nonempty subset of a normed linear space X and f : C — X. We seek
apoint x € C which is a best approximation for fx, thatis, seek an x € C such that

lx — fxll =d(fx,C) =inf{|| fx —y|| : y € C}. (6)

Several researchers have contributed to this field [16, 48, 49, 61].

Remark 9 We know that y is a solution of (6) if and only if y is a fixed point of
P o f (composition of P and f), where P is the metric projection onto C.

We state the Ky Fan’s best approximation theorem below.

Theorem 20 (Fan’s Best Approximation Theorem) [22] Let C be a nonempty com-
pact convex subset of a normed linear space X and f : C — X a continuous
Sfunction. Then there exists a'y € C such that |y — fy| =d(fy, C).

Reich [49] proved the following where compactness of C has been relaxed.

Theorem 21 [49] Let C be a closed convex and nonempty subset of Banach space
X such that the metric projection on C is upper semicontinuous. If f : C — X
is continuous and f(C) is relatively compact, then there exists a’y € C such that

Iy = fyl =d(fy.C).
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Proof Let P be the metric projection on C. Define F(x) = (P o f)(x) for each
x € C. Then F is upper semicontinuous and F(x) is nonempty, compact convex
subset of C for x € C. Since f(C) is relatively compact, so F(C) is also rela-
tively compact because the image of a compact set under an upper semicontinuous
map with compact point images is compact. The result follows from Himmelberg’s
theorem. O

The Himmelberg theorem is stated below [31].

If C is anonempty convex subset of a locally convex Hausdorff topological vector
space E and F : C — C is an upper semicontinuous multifunction with nonempty
closed, convex values with F'(C) is contained in a compact set of C, then F has a
fixed point.

The following result given in R” is known as the Fan’s best approximation theorem
[22, 23]

Theorem 22 (Fan’s Best Approximation Theorem) Let C be a closed bounded con-
vex subset of R" and f : C — R" a continuous function. Then thereisay € C such
that

Iy = fyl =d(fy. C), (7

where d(x, C) = inf{||x — y|| forally € C}, x e R", x ¢ C.

Proof We note that y is a solution of (7) if and only if y is a fixed point of P o f,
where P is the metric projection from R” onto C. Then P is a continuous function.
Thus, Po f : C — C is acontinuous function and has a fixed point in C by Brouwer
fixed point theorem. On the other hand, if P o f has a fixed point say, (P o f)y =y
,y € C then |ly — fyl =d(fy, C). U

Theorem 22 has application in fixed point theory [1, 12, 30, 57, 61]. The following
is the Brouwer fixed point theorem.

Theorem 23 Let f : C — C be a continuous function, where C is a closed bounded
convex subset of R". Then f has a fixed point.

In this case d(fy, C) = 0 and therefore, fy = y.Incase f : C — R"isa
continuous function and C is a closed bounded convex subset of R”, then f has a
fixed point provided additional condition f(dC) C C is satisfied.

Theorem 22 has application in approximation theory. For example, a closed con-
vex bounded subset of R” is a set of existence, that is, for each x € R"*, x ¢ C, there
isay € Csuchthat ||y — x| =d(x, C). We define f : C — R" by fy = x for all
y € C,then ||y — fyll =d(fy, C), thatis, ||y — x|| = d(x, C).

Remark 10 ||y — x|| =d(x,C) ifand only if (x —y,y —z) > Oforall z € C.
Theorem 22 is also applicable in deriving results of variational inequalities [29].

Theorem 24 [f C is a closed bounded and convex subset of R", and f : C — R" is
a continuous function, then thereisa 'y € C suchthat (fy,x —y) > Oforallx € C.



Best Approximation in Nonlinear Functional Analysis 181

Proof Letg =1 — f.Then g : C — R", is a continuous function and by Theorem
22, we have ||y — gy|| = d(gy, C). Thus ||y — gy|| < |lgy — x]|| for all x € C, that
is, (gy — v,y — x) > 0. Hence, (fy,x —y) > 0forall x € C. O

Theorem 25 [61, 62] Let C be a closed convex subset of a Hilbert space H and
f : C — H a nonexpansive map with f(C) bounded. Then there is a 'y € C such
that ||y — fyll = d(fy, C).

It is easy to see that P o f has a fixed point y € C and the result follows [13],
where P : H — C is a metric projection, and is a nonexpansive map.

Remark 11 1If in Theorem 25, f : C — C, then f has a fixed point.

The following theorem was proved independently by Browder [12], Gohde [26]
and Kirk [36] in the Banach space setting. Here it is derived as a corollary from
Theorem 25 in Hilbert space.

Theorem 26 If C is a closed bounded convex subset of a Hilbert space H and
f : C — C is a nonexpansive map, then f has a fixed point.

In case we take B, = {x € H : ||x|| < r}, aball of radius r and center 0, in place
of C in Theorem 21, then the following result holds [1]:

(A) Let f : Br — H be a nonexpansive map. Then there is a y € B, such that
ly — fyll =d(fy, B;).If f : B, — B,, then f has a fixed point.

(B) If in (A) we have one of the following additional boundary conditions, then f
has a fixed point:

For y € 9B,,

@ Iyl < iyl

(i) (y, fy) < Iyl

(i) [1fyl < Iy — fyl

@iv) If fy =ky,thenk <1

) IEYIE < IvI2+ Ny = fyl*

For example, if (y, fy) < ||v||, then || fy|| < |ly| = r, implies that fy € B,.
Hence, f has a fixed point.

Hartman and Stampacchia [29] proved the following interesting result of varia-
tional inequalities, that is applicable in mathematical, physical and economic prob-
lems.

Theorem 27 (Hartman—Stampacchia Theorem) Let C be a compact convex subset
of R" and f : C — R" a continuous function. Then the following problem has a
solution:

(VIP) findy € C such that (fy,x —y) >0, forallx € C.

The study of variational inequality is said to find a solution of the variational
inequality problem (VIP).
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Remark 12 The variational inequality problem (VIP) has a solution if and only if
P(I — f): C — C has a fixed point [16, 60].

The following is given in Hilbert space.

Theorem 28 Let C be a closed bounded convex subset of H and f : C — H a
monotone, continuous map. Then thereisay € C such that (fy,x —y) > 0, for all
x eC.

Recall that f : C — H is monotone if (fx — fy,x —y) > Oforall x,y € C.
An application of Theorem 28 is to prove the following [12].

Theorem 29 Let C be a closed convex bounded subset of a Hilbert space H and
f : C — C anonexpansive map. Then f has a fixed point.

Proof Since f is a nonexpansive map, it is continuous. Consider g : C — H, where
g =1 — f.Then g is a continuous map. It is easy to see that g is monotone, that is,
(gx — gy, x —y) > 0. Since g is continuous and monotone, therefore, by Theorem
28, thereisa y € C such that (gy, x — y) > 0 for all x € C, that is,

(y—fy,x—y)>0, forallx eC.
Since f : C — C, so by taking x = fy we get that

y—=fy. fy—y =0,

that is,
(y—=fy,y—fy) =0

But |y — fyl* > 0, therefore, y = fy. 0

The following theorem is an application of Theorem 28 in approximation theory
[29, 58].

Theorem 30 Let C be a closed convex bounded subset of a Hilbert space H. Then
foreachy ¢ C, there is an x € C such that |x — y|| =d(y, C).

The following result for a closed ball B of radius r and center the origin, in a
Banach space X is given by Lin [38]. The definition and properties of a densifying
map are discussed in Sect. 6.

Theorem 31 Let B be a ball of radius r and center O in a Banach space X and
f : B — X a continuous densifying map. Then there is an x € B such that

lx — fxl =d(fx, B).

Proof Let R : X — B be a retraction map, defined by Rx = x if ||x|| < r,
and Rx = rx/||x|| if ||x|| > r. Then R is a continuous and 1-set contraction map
[23, 43]. Let gx = Rfx. Then g is a continuous densifying map and g : B — B.
Hence gx = x for some x € B. It follows that ||x — fx| =d(fx, B). O
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If f: B — R",then f is said to be a nonself map. Most of the fixed point
theorems have been given for self maps like f : B — B. Rothe gave the following
fixed point theorem for nonself maps ([6, 58]).

Theorem 32 Let B be the closed unit ball of a Banach space X with 0 € B, and
let f : B — X be continuous. Further, assume that cl(f(B)) is compact and
f(@B) C B, Then f has a fixed point.

The following result due to Petryshyn [45] is derived from Theorem 31.

Theorem 33 Let f : B — X be a continuous densifying map, where B is a closed
ball of radius r and center at the origin in a Banach space X. Then f has a fixed
point provided that one of the following conditions is satisfied for x € dB:

(1) If fx = ix, then A < 1, (Leray Schauder condition).
(i) f(dB) C B, (Rothe condition)
@ii) [|fx)> < | fx — x|I? + |Ix|I? (Altman condition) [62].

Some further work has been also given by Prolla [47], Carbone [14], Sehgal and
Singh [55, 56] and Takahashi [63]. Approximatively compact set has been taken in
[56].

5 Convergence of the Approximating Sequences

In this section, we give results dealing with convergence of approximating sequences.
The following is given by Bonsall [9].

Theorem 34 [9, Theorem 1.2] Let X be a complete metric space and{ f,} a sequence

of contraction mappings of X into itself with the same Lipschitz constant k < 1 such

that fyu, = u,,n € N. Let lim f,x = fx foreveryx € X, where f isacontraction
n—0oQ

map with Lipschitz constant k < 1 with fixed point u. Then lim u, = u.
n—od

Remark 13 In Theorem 34, it is not necessary to assume that f is a contraction map.
As a matter of fact, it follows that f is a contraction map with the same Lipschitz
constant k < 1.

The following result is given in general setting and extends Theorem 34.

Theorem 35 Let X be a complete metric space and { f,} a sequence of mappings
with fixed points u,. Suppose that lim f,x = fx for every x € X such that f is
n— o0

a contraction map with Lipschitz constant k < 1. Then f has a unique fixed point
u € X,and lim u, = u.
n—oQ
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Proof 1t is easy to derive that f has a unique fixed point . Since lim f,x = fx
n—o0

forevery x € X, therefore, for given ¢ > 0, there exists ng € N such that for n > ny,
we have d(fyu, fu) < (1 — k)e. Now, for n > ny,

d(u, uy) = d(fu, fuup) < d(fu, fuu) +d(fuu, fuuy) < (A —k)e +kd(u, uy,).

It follows that d (u, u,) < € for n > ng. Therefore, nli)ngo Uy = U. O

In case we do not have a k as a constant, then the result need not be valid. For
example, if we have a sequence of contraction maps converging to a nonexpansive
map f say, then the sequence of fixed points of f; need not converge to a fixed point
of nonexpansive map f. There are examples of a nonexpansive mapping without
fixed points, like translation map. Theorem 35 is valid if the sequence {k,} of the
contraction constants is a decreasing sequence. In this case, we can replace k, by ki
since k;,, < kp for all n.

The following simple example illustrates the facts.

Example I Forn € N, let f, : R — R be given by

X
=1———, forallx € R.
Jax T or all x

Then f;, is a contraction map with contraction constantk, = 1/(n+1). Here k| = %

so one could take % as a contraction constant for all the maps. The unique fixed point

for each f,, isx, = n + 1)/(n + 2). Also, lim f,x = fx = 1 for every x and
n— oo

lim x, = lim (n+ 1)/(n 4+ 2) = 1. Here f1 = 1 is a unique fixed point of f.
n— 00 n— oo

In case {k,} is an increasing sequence, then the result is false. For example, let
fn iR — Rbegivenby f,x = p+n/(n+ 1)x forall x € R, where p € R. Then
k, = n/(n+1) — 1. The sequence of fixed points is given by f,,x, = x, = (n+1)p.
Now the sequence { f,,} of contraction maps converges to f, where fx = p + x for
every x € Rand f is a translation map has no fixed points. In this example, nll)rr;o Xn

does not exist.
In case of uniform convergence, we have the following

Theorem 36 [40, Theorem 1] Let X be a metric space and { f,} a sequence of
mappings of X into itself with fixed points x, and f : X — X a contraction map
with fixed point x. If the sequence { f,,} converges uniformly to f, then the sequence
of fixed points x, of f, convergestox = fx.

Proof Since f, converges uniformly to f, therefore, for each ¢ > 0, there exists an
no € N with
d(fux, fx) < (1 —k)e forall x € X,n > ng,

where 0 < k < 1 is a contraction constant of f. Note
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d(xp, x) =d(fuxn, fx) < d(fuxn, fxn) +d(fxn, fXx)
< d(fuxn, fxn) +kd(xp, x),

which implies that
(I = k)d(xy, x) < d(fuxn, fxn).

Hence, we derive that d(x,, x) < ¢ since f, converges uniformly to f. Hence {x,}
converges to x = fx. [

We give the following [59, 64].

Theorem 37 Let X be a metric space and { f,,} a sequence of mappings of X into
itself with fixed points u,,. Let { f,} converge uniformly to f, where f is a contraction
mapping with contraction constant k < 1. Let f(X) be compact. Then the sequence
{un} converges to u, a unique fixed point of f.

Proof Since f is a contraction map and f (X) is compact, so by Schauder fixed point
theorem f has a unique fixed point say fu = u. To prove this, let B = f(X). Then
B is compact. Define a sequence {x,} by Picard method:

xn+1:fxn»n2071727"' .

The sequence {x,} has a convergent subsequence since B is compact. Let {x,,} be
a subsequence of {x,}, and let {x,,} converge to z. Since f is continuous, so fx,
converges to fz. Now

d(Z’ fZ) = d(Zv -xl’ll'+1) + d(xni-‘rls fZ) = d(Z, xn,-+1) + d(fxni’ fZ)
<d(z,xi+1) + kd(xp,,z2) - Oasi — oo.

Thus, z = fz, thatis, f has a fixed point. Since f is a contraction map so f has a
unique fixed point.

Now, since { f;,} converges uniformly to f, so for given & > 0, there exists ng € N
such that n > ng implies that d( f,,x, fx) < (1 — k)e for all x € X. Hence

d(un, u) =d(fau,, fu) <d(faun, fu,) +d(fu,, fu) < (1 —k)e + kd(u,, u).

Thus, d(u,, u) < e, thatis, lim,_, oo u,, = u. U
We give the following result due to Nadler [40].

Theorem 38 Let X be a metric space and { f,} a sequence of contraction mappings
of X intoitselfwith fixed point u,,. Suppose that the sequence { f,, } converges pointwise
to f, where f : X — X is contraction mapping with a unique fixed point x. If there
exists a sequence {uy,;} of {u,} such that {u,,} converges to u, then u = x.

Now we give results dealing with contractive approximation of a sequence of
contraction mappings to a nonexpansive map.



186 S. P. Singh and M. R. Singh

Let C be a nonempty closed convex subset of a Banach space X, andlet f : C —
C be a nonexpansive mapping. Let {r,,} be a sequence in (0, 1). For any x¢p € C and
n € N, define a mapping f,, by

frx =1y fx+ {1 —=ryxo,x €C.

Then f,, maps C into itself and is a contraction map with Lipschitz constant r,,. By
Banach contraction principle each f;, has a unique fixed point say x,, . Thus,

Xry, = frnxr,, = rnfxr,, + (I = ry)xo.

It is easy to see that if {r,} converges to 1, then the sequence {f,,} of contraction
mappings converges pointwise to the nonexpansive mapping f.

As the function f is a contractive approximation of f;, , so does the fixed point
of f is the limit of the sequence of fixed points x,, (Browder [13]).

There are nonexpansive mappings without a fixed point, therefore, in general the
convergence of x,, = f;, x,, to a fixed point of f is not guaranteed. However, when
F(f), is nonempty, then under suitable restrictions the answer is positive.

Before to give an affirmative answer, we need the following:

Theorem 39 Let C be a closed convex subset of a Hilbert space H and f : C — H
anonexpansive map with f (C) bounded. Then thereisay € C suchthat|y— fy| =

d(fy,C).

Browder [13] proved the following result using the monotonicity of / — f, where
f is a nonexpansive mapping.

Theorem 40 Let C be a closed convex bounded subset of a Hilbert space H and
f : C — C anonexpansive map. Define f, x = rpfx + (1 — ry)u, where u € C,
0<ry, <landr, — 1. Let f;,x,, = x,. Then the sequence {x,,} converges toy,
where y is a fixed point of f closest to u.

Remark 14 1If C is a closed convex subset of H and f : C — C is a nonexpansive
map, then f(C) is weakly compact.

Proof We know that f has a fixed point and the set of fixed points is closed and
convex. Therefore, there is a unique nearest point to u say x* = fx* € F(f), that
is,

(u—x*,x*—z) >0, forallz € F(f).

In order to show that {x,, } converges strongly to x*, it suffices to show that there is
a subsequence {xrn,- } with r,; — 1 converges strongly to x*. Let v; = Xr,, - Since all
the x,, lie in weakly compact set f(C), we may assume that {v;} converges weakly
to v for some v € H. We now show that v = fv. Note

i = fvill = llra; fvi + (= rdu — fvill = (0 = ra)llu — fill.
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Since {fv;} is bounded, so v; — fv; — 0 asi — oo.Set g = I — f. Then g is
monotone. Now,
0 =< (gu—gvi,u —vi),

which implies that (gu, u —v) > 0,forany u € C. Setu;, = v + ¢z for z arbitrary in
Cand0 <t < 1.So (gus, uy —v) > 0. Since tz = u; — v, therefore #(gu;, z) > 0,
that is, (gu,, z) > 0 for all z. Taking limit as t — 0, we get (gv, z) > 0. Putting
z = 0, we have gv = 0, that is, v = fv. Since v lies in f(C) as f(C) is weakly
closed, and v = fv € F(f).

Finally, we prove that {v;} converges strongly to x*. Observe that

(1= ra) )i + 1, 0 — fvi) = (1= 1y )u, since gv; =0 @®)
and since x* = fx*, we get
(1= ru )X 1, 0 = f*) = (1= g )™ ©)
Taking (8) and (9) and inner product with v; — x* we get
(1= ru ) vi = X%, v = x*) 1 (gvi — g* v —x*) = (1= ru ) — x*,vi — ).
Hence,
v = x*17 < (u = x*, v — <)
since g is monotone. Note
(—x*vi—v+v—x*=u—x"xi —v)+ u—x*v—x*.
On the right hand side x; converges weakly to v and
(u—x*,v—x* <0,

since v lies in F, and x* is the closest point to u in F(f), therefore, {v;} converges
strongly to x*. O

The following result is a general one and derives Theorem 40 as a corollary.

Theorem 41 [61] Let C be a closed convex subset of a Hilbert space H and f :
C — H a nonexpansive map with f(C) bounded and f(dC) C C. Define f, x =
rnfx 4+ (1 —ry)xo, where 0 < r, < 1l andr, — 1. Let f, x,, = x,,. Then the
sequence of fixed points {x,,} of f., {x;,} converges to y where y is a fixed point of
f closest to xy.

Proof First, we note that F'(f) is nonempty [12]. Here F(f) is a closed and convex
set [12], so has a unique nearest point from any point ¢ F(f). Thus, xo has a unique
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nearest point in F(f) say y = fy. For the sake of convenience, we take xop = 0 and
we write r for r,,. Note

I/ = ylI* = 1 fxr — I = Il fx — fyI? < lx — yII*

On simplification we get that ||x,||> < (x,, y). Hence, |[x.|| < ||y, and {x,} is a
bounded sequence. The sequence {x,} has a subsequence {x;} converging weakly to
x. Further,

lxx — fxell = lrefxe — fxll = A = r)ll fxell — O

as k — oo. Then {x; — fxi} converges strongly to zero.

Since I — f is demiclosed, therefore we get that (I — f)x = 0. Thus x is a fixed
point of f. Since ||x,|| < ||y]l so [|x]| < ||y]l. But y is closest to x = 0 and the
nearest point is unique, therefore x = y. Hence {x;} converges weakly to y. Again,

Iyl = el = llxe — y + yI% = e — 12+ Iy lI1* + 20 — p, »).

The last part of right hand side goes to 0 as k — oo. Therefore,||xx — y|| — O,
and the subsequence {xj} converges strongly to y. Since {x;} is any subsequence of
{x,,}, therefore the sequence {x,,} converges strongly to y. (]

Halpern [28] gave the following.

Theorem 42 Let C be a closed convex bounded subset of a Hilbert space H and
f : C — C is a nonexpansive mapping. Let {t,} be a sequence in (0, 1), and define
a sequence {x,} by

Xpp1 =tz + (1 —1t,) fxy,n > 0.

Then the sequence {x,} converges strongly to y, a fixed point of f, closest to
Zif limysooty = 0, 2oty = 00, and either Y oo lltns1 — tall < 00 or
lim, o0ty /th+1 = 1 (for example, if t, = 1/(n + 1)).

If 0 € C, then both results are good to find y € F(f),as fy = (1 —¢t)fisa
mapping from C into itself.

Remark 15 1f C is a closed convex subset of a Hilbert space H and f : C — Cisa
nonexpansive mapping, and for x € C, the sequence { f"x} is bounded, then F (f)
is nonempty.

Recently, the following result is given by Cui and Liu [19].

Theorem 43 Let H be areal Hilbert space, C a nonempty closed convex subset of H
and f : C — C anonexpansive mapping with F ( f) nonempty. Let {t,,} be a sequence
in (0, 1) such thatlim, o0 ty, = 0, > oo tn = 00, and either Y oo lltn1—1n || < 00
or lim,_, oo t,/ty+1 = 1. Then the sequence the sequence {x,} defined by x,+1 =
P((1 —t,) fx,),n > 0 converges strongly to y = fy closest to 0.
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6 Convergence of the Sequence of Iterates

The method of successive approximation is useful in determining solutions of inte-
gral, differential, algebraic, and nonlinear operator equations. This technique is used
in approximation theory and variational inequalities as well. The method of succes-
sive approximations is quite useful in approximating fixed points, in finding solution
of nonlinear equations [9, 42, 64]. The sequence of successive approximation for a
contraction map f : X — X, given by x,41 = fx,,n = 0,1, ... converges to a
unique fixed point of f.

For example, if x> = 2, then writing fx = %(x +2/x), f is a contraction map
and x,+1 = fx,,n=0,1, ... converges to V2.

On the other hand, a sequence {x,} of iterates for nonexpansive map need not
converge. For example, if f : R — R defined by fx = —x, then x,+1 = fx, need
not converge if xo # 0. Krasnoselskii [37] considered the iterative sequence given
below:

Let f%x = %x + %fx. Then f% is a nonexpansive map. Also, F(f) = F(f%). It
is easy to see that if f;x = x, then fx = x and conversely.

The sequence of iterates for the function f 1 under suitable restrictions converges

to a fixed point of f. Schaefer [53] considered f,x =rfx + (1 —r)x,0 <r < 1.
In this case F(f) = F(f;) and f, is a nonexpansive map.

For example, if fx = x, then we show that f,x = x. Since f,x =rfx+(1—r)x,
therefore f.x =rx + (1 — r)x = x. Further, if f,x = x, then fx = x.

Definition 13 Let X be a Banach space and C a subset of X. Themap f : X — X
with F'(f) # @ is said to be quasi-nonexpansive if

Ifx—pl=<lx—pl

forallx € C and p € F(f).

The quasi-nonexpansive map need not be continuous. A quasi-nonexpansive map
need not be nonexpansive. However, a nonexpansive map with at least one fixed
point is a quasi-nonexpansive. [2, 20, 21, 60]. The following example illustrates the
facts.

Example 2 Let f : [0,1] — [0, 1] be given by fx = 0 for 0 < x < 2/3 and
fx =2/3for2/3 < x < 1.Note fO = 0 and f is a quasi-nonexpansive map,
though f is discontinuous. However, f is not a nonexpansive map. Indeed, for
x =2/3and y = 1, we have

fx = fyl=12/3=01=2/3> |x —y| = [2/3— 1] = 1/3.

Mann [39] introduced the sequence of iterative process as follows:
If xpp1 = (1 — c)Xn + nfxn, 0 < ¢, < 1, lim ¢, = 0and > o2 | ¢, diverges,
n— oo

then the sequence {x,} converges to a fixed point of f under suitable conditions on
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domain and space. In this case F(f) = F(f.,), where f., x stands for (1 —¢,)x +

cnfx.

Let fx = x, then fo, x = cux + (1 —cy)x = x. If f,x = x, then x =
cnfx 4+ (1 —cy)x,soc, fx = cyx and hence, fx = x.

It is shown that f., is quasi-nonexpansive, that is, if p € F(f,,), then

I fenx = pPll = I fe,x = fe, Pl = llx = pll, forallx e C.

Note
len fx+ (A —cp)x—pll = llen fx—cnp+ (1 —cn)x—pll < cnll fx—pll+ 1 =cn)llx—pll.
We know that || fx — p|l < |lx — pll, we have

I fe,x — Pl < cnllx — pll+ (I —c)llx — pll = llx — pl.

Therefore, f., is a quasi-nonexpansive map.
Ishikawa [32] considered the following.

Xpp1 =t fnfxn + A —r)xn) + (1 —t,)xp,

0 <r, <landO < 1, < 1 with suitable restrictions on r, and t,,. In each case, it is
shown that x, — fx, — 0asn — oco. If f(C) is compact, then the sequence {x,}
converges to a fixed point of f.

The following result due to Krasnoselskii [37] deals with the convergence of the
iterative sequence of nonexpansive mappings..

Theorem 44 [37] Let X be a uniformly convex Banach space and C a closed convex
bounded subset of X. If f : C — C is a nonexpansive map with closure (f(C))
compact, then the sequence of iteration of the map defined by

1 1
Xn4+1 = Exn"‘zfxn, n>1

converges to a fixed point of f.

Theorem 45 [20] Let C be a closed subset of a Banach space X and f : C — C a
quasi-nonexpansive map with F(f), nonempty. For x1 € C, let {x,} be a sequence
of Mann iteration defined by

Xpp1 = Cu fxn + (1 —cp)xp, n>1.

Then {x,} converges to a fixed point of f, provided that lim d(x,, F) = 0.
n—o0
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The following result due to Naimpally and Singh [41] is given in general setting.

Theorem 46 Let X be a normed linear space and C a nonempty closed convex
subset of X. Let f : C — C be a mapping satisfying

Ifx=fyl < kmax{llx =yl llx = fxll, [y = fyll. lIx = fyll+lly = fxll}, forallx,y € C,

where 0 < k < 1 and let {x,} be a sequence defined by

[yn =1 = B)xy + Bufxn,

Xpp1 = (1 —ap)xy + oy fyn,n >0,

xo € C, where 0 < oy, B, < 1. If{a,} is bounded away from 0 and if {x,} converges
to p, then p is a fixed point of f.

For the proof and details see [41].
The following result is worth mentioning.

Theorem 47 Let C be a closed convex subset of a Banach space X and f : C — X
a function with F (f) nonempty and satisfying the following:

Ifx—pl<lx—pl, forallx € Cand p € F(f).

Define xp+1 = cpfxn + (1 — cp)xn, n > 0 for xo € C, where ¢, € [a, b] with
O<a<b<l,and lirr;o d(xy, F(f)) = 0. Then {x,} converges to a fixed point of
n—

f.

Proof Let us denote x, 41 = f¢,Xn = cpfxn + (1 —cp)x,. Then F(f) = F(f,).
The remaining proof follows on the lines as given in [20]. |

The contraction, contractive, and nonexpansive maps have been further extended
to densifying, and 1- set contraction maps. In 1969 several interesting results of fixed
points were given for densifying maps.

We now give results dealing with densifying mappings. First, we need a few
preliminaries ([24, 43, 52]).

Definition 14 Let C be a bounded subset of a metric space X. Define the measure
of noncompactness

«(C) = inf{e > 0 : C has a finite covering of subsets of diameter < ¢}.

The following properties of o are well known.
Let A be a bounded subset of a metric space X. Then

(i) a(A) <8(A), 6(A) is the diameter of A.

(i1) a(closure of A) = a(A).
(iii) If A C B, then a(A) < a(B).
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(iv) (AU B) = max{«a(A), x(B)}.
(v) «(A) = 01if and only if A is precompact.

A continuous mapping f : X — X is called a densifying map if for any bounded
set A with «(A) > 0, we have af (A) < a(A). If af (A) < ka(A),0 < k < 1, then
f is a k-set contraction.

In case af (A) < a(A), then f is said to be 1-set contraction. A nonexpansive
map is an example of 1-set contraction.

A contraction map is densifying and so is a compact mapping.

There are results in fixed point theory dealing with combination of two maps- say
f + g, where f is a contraction map and g is a compact map.

Remark 16 If f and g both are continuous functions, then f 4 g is also a continuous
map and the fixed point theorem for continuous map is applicable for f+ g. However,
if f is a contraction map, then Banach contraction Principle is applied and if g is
a compact map, then Schauder fixed point theorem is applicable. If f is densifying
and g is densifying, then f + g is also densifying.

The following is a well-known result [24, 43, 52].

Theorem 48 Let [ : C — C be a densifying map, where C is closed convex
bounded subset of a Banach space X. Then f has at least one fixed point in C.

For future work Nussbaum [43] is worth mentioning.
The following result is for densifying mappings [16, 24, 52].

Theorem 49 Let C be a closed convex subset of a Banach space and f : C — C
a nonexpansive densifying map such that f(C) is bounded. Then the sequence of
iterates x,4+1 = fx, converges strongly to a fixed point of f in C.

Proof Define f, by frx = rfx + (1 —r)u forsome u € C,0 < r < 1. Then
we get x, = f,x,. By using the Banach contraction principle, it is easy to see that
Xr— fxp =0asr - l.Let A =U{x, : n =0,1,2,...}. Then f(A) = U{fx, :
n=0,1,2,3} and a(f(A)) = «¢(A), and hence «(A) = 0, since f is densifying.
Thus, A is relatively compact and {x,} has a convergent subsequence converging to
y. Denote the subsequence of {x,} by {x;}. Let {x;} converge to y. Now using the fact
that f is continuous, we get that fx; converges to fy. Since x; — fx; — 0, we get
that y — fy = 0. Hence, {x;} converges to y = fy. Since {x;} is any subsequence
of {x,}, therefore, {x,} converges to y a fixed point of f. O

Theorem 50 Let C be a closed convex subset of a Banach space X and f : C — C
a nonexpansive map. If the following conditions are satisfied, F(f) # ¢ and
lim d(x,, F(f)) = 0, then the sequence of iterates x,+1 = ry fxp+(1—rp)x, € C
n— o0

for x1 € C, where ry, € [a, bl with0 < a < b < 1, converges to a fixed point of f.

Proof Since F(f) # ¢, therefore for p € F(f), we have

[*nt1 = Pl < llxa — plI.



Best Approximation in Nonlinear Functional Analysis 193

Since lim d(x,, F(f)) = 0, therefore for given ¢ > 0, there exists a positive
n— oo

integer N such that d(x,, F) < ¢/2 for all n > N. Hence for large n, m we get for

p € F(f),
lxp — xmll < 2llxy — pll < e.

Thus, {x,} is a Cauchy sequence and converges in C since C is a closed subset of

a Banach space X and is therefore complete. Let z € C such that lim,,_» X, = z.

From lim d(x,, F) = 0wegetthatz € F(f).Sinceforany p € F(f), |lz— fzll <
n—oo

2|lz — pll, therefore ||z — fz| < 2d(z, F) = 0. Hence, the sequence of iterates {x,}

converges to a fixed point of f (see [20] for details). U

The following is given by Petryshyn [45, 46].

Theorem 51 Let X be a strictly convex Banach space, C a closed convex bounded
subset of X, and f : C — C a densifying nonexpansive mapping. Let f.x =
rx+ (1 —r)fxforrealr, 0 <r < 1. Then the sequence x,+1 = rx, + (1 —r) fxp,
n=20,1, ... converges to a fixed point of f in C.

Remark 17 In case f : C — C is a nonexpansive densifying map and C is a
closed bounded convex subset of a Banach space X, then the sequence of iterates
Xnt1 = cn fxn + (1 — cp)xy, where {c,} € (0,1),¢c, <k < 1and Z;il Ccp = 00
has the property that ngngo |xp+1 — x|l = 0 [21, 41, 51]. Hence, if the range of f

is compact, then the sequence converges to a fixed point of f.

The following result deals with the convergence of the sequence of iterates [42]
in variational inequalities.

Theorem 52 Let C be a closed convex subset of a Hilbert space H and f : C — H

a continuous function such that I — Af is a contraction function. Then there is a

unique solution u € C of (fu,v —u) > 0forallv € C andu = lim u,, where
n— o0

Un+1 = P(I — Af)uy, , ug € C. (Here P is a proximity map onto C).

It can be easily seen that if f is of Lipschitz class and strongly monotone, then
I — Af is contraction for suitable A > 0. For example, if f : C — H satisfies
lfx — fyll <k|lx —y] forall x,y € C and for some k > 0, and f is strongly
monotone, that is,

ollx —y||2 <(fx— fy,x —y), forallx,y e C and for some k > 0,

then I — Af is a contraction map for 0 < A < 2a/k>.
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It is seen as follows: For x, y € C, we have

1 =A% = (1 =3 YIP = e = 1P = 20 fx = fy.x = 3) 271 fx = fy )
= (1 — 22 + 22D x — y|%.

Thus, I — \f is a contraction map if 1 — 2Ax + k202 < 1, thatis, A < 2a/k2.
Bae [6] has discussed results related to the generalized nonexpansive maps defined
below.

Definition 15 Let X be a metric space. If f : X — X satisfies d(fx, fy) <
ad(x,y) + bld(x, fx) +d(y, fy)} + cldx, fy) +d(y, fx)} forall x,y € X,
where a > 0,b > 0,¢ > 0,a + 2b 4+ 2¢ < 1, then f is said to be a generalized
nonexpansive mapping.

Ifa +2b 4+ 2c < 1 and X is a complete metric space, then f has a unique fixed
point and the sequence of iterates converges to the fixed point of f. The following
is also due to Bae [6].

Theorem 53 Let (X, d) be a compact metric spaceand f : X — X amap satisfying
d(fx, fy) < ad(x,y) +bd(x, fy) +cd(y, fx) forall x,y € X, (B)

wherea > 0, ¢ > 0, and a + 2¢c = 1. Then f has a fixed point and the sequence of
iterates x,+1 = fx,,n =0,1,2, ... for any xo € X converges to a fixed point of f.

Definition 16 Let (X, d) be a metric space. A map f : X — X is called asymptot-
ically regular if, for any x € X, d(f"'x, f"x) — Oasn — oo.

We give the following when X need not be compact.

Theorem 54 Let X be a metric space and f : X — X satisfy Condition (B).
Further, if X is bounded and the sequence of iterates x,+1 = fx,, n=0,1,2,---
has a convergent subsequence, then f has a fixed point and the sequence of iterates
converges to the fixed point of f.

Proof Let xop € X and x,41 = fx, be a sequence of iterates. Then there is a
subsequence {x,, } of {x,} converging to y € X. Let us write x; for x,, for the sake
of convenience. Then, by (B), we have

d(fyaxn,’) = d(fya -xi) S ad(yv xi—l) + Cd(yaxi) +Cd(fy, -xi—l)
=ad(y, x;) +ad(x;, x;—1) +cd(y, x;) + cd(fy, x;) + cd(x;, xi—1).

Hence

d(fy,xp) < (@a+0)/(1 =o)d(y, x;) +d(x;, xi—)] =d(y, x;) +d(x;, xi—1).
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Letting limit as i — oo, we get

d(fy,y) =0,

since f is asymptotically regular [6, 62], therefore d(x;, x;—1) — 0 asi — oo.
Hence fy = y. Again, by using (B) we have

d(xp+1,y) < ad(xp, y) +cd(xp, y) + cd(xpt1, y),

sod(xp+1,y) < (@+c)/(1 —c)d(x,,y) = d(x, y). Thus, {d(x,, y)} a bounded
decreasing sequence and hence {x,} converges to y. (I

Theorem 55 Let C be a closed convex bounded subset of a Banach space X and
f 1 C — C adensifying map satisfying

[fx—=fyl = allx=yl+b{x—fxl+lly—=fyl}+cllilx = fyl+Ily—fxl} (10)

forallx,y € Cwitha > 0,b>0,c>0,anda+ 2b+ 2c < 1. Then the sequence
of iterates x,11 = fx, converges to a fixed point of f.

Proof Since C is a closed convex bounded subset of a Banach space and f is a
densifying map, so F(f) is nonempty [24]. Let p = fp. Then, for x € C, we have

Ifx = pll=Ifx—=fpll <alx = pll +blx = fxll +clllx = pl+lp = fxl}.

By (10), we have

A=olfx—pll=@+olx—pll+blp— fxl.

Note
lx = fxll=lx—p+p—fxl <lx—pl+lp—fxl.

it follows that
(I=olfx—=pll =(@a+olx—pl+blx—pll+blp—fxl,

andhence, (1—-b—c)|| fx—p| < (a+b+c)||x—pl|. Therefore, || fx—p| < [[x—p].
Thus. the sequence {||x,, — p||} is a nonincreasing sequence and it is bounded below
by 0. Hence it converges. Now, in order to show that the sequence {x,} converges
strongly to a fixed point in F( f), it is enough to show that the sequence {x,} has a
subsequence converging to a point in F'(f).

For any xo € C, the sequence ({x,} suchthatn = 0,1,2...) = Ay is bounded
and is transformed to ({x, } suchthatn = 1,2,...) = A;.Hence «(Ag) = a(A) and
therefore (Ag) = O since f is densifying. Thus, {x,} has a convergent subsequence.
Let z = lim,,_, o Xx5;. Then z € F(f) and the sequence {x,} converges to z. (I
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Hierarchical Minimization Problems
and Applications

D. R. Sahu and Qamrul Hasan Ansari

Abstract In this chapter, several iterative methods for solving fixed point problems,
variational inequalities, and zeros of monotone operators are presented. A generalized
mixed equilibrium problem is considered. The hierarchical minimization problem
over the set of intersection of fixed points of a mapping and the set of solutions of a
generalized mixed equilibrium problem is considered. A new unified hybrid steepest
descent-like iterative algorithm for finding a common solution of a generalized mixed
equilibrium problem and a common fixed point problem of uncountable family of
nonexpansive mappings is presented and analyzed.

Keywords Fixed point problems - Variational inequalities - Monotone operators -
Generalized mixed equilibrium problems - Hierarchical minimization problem -
Hybrid steepest descent-like iterative method - Nonexpansive mappings - Resolvent
operators + Demiclosed principle + Projection gradient method

1 Introduction and Formulations

It is well known that the standard smooth convex optimization problem [47], given
a convex, Ffechet differentiable function g : H — R and a closed convex subset C
of a real Hilbert space H, find a point x* € C such that
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g(x™) =min{x € C : g(x)},

can be formulated equivalently as the variational inequality problem VIP(Vg, H)
over C (see [18]):
(Vgx*,y—x*) >0, forallyeC,

where Vg : H — H is the gradient of g.

Convex minimization problems have a great impact and influence in the devel-
opment of almost all branches of pure and applied sciences, see for example [3, 11,
13, 29]. Iterative methods for nonexpansive mappings have recently been applied to
solve convex minimization problems.

Let H be a real Hilbert space. Let A : H — H be a bounded linear strongly
positive operator with coefficient y > 0 (that is, there exists a constant y > 0 such
that (Ax, x) > 7|lx||> forall x € H), f : H — H be a contraction, y > 0 be a
constant and & be a potential function for y f (that is, 2’ (x) = y f(x) forall x € H).
We consider the following general convex minimization problem over the set D:

min l<Ax,x> — h(x), (1)
xeD 2

where D is a nonempty closed convex subset of H.

A minimization problem defined over the set of solutions of another minimization
problem or over the set of solutions of an equilibrium problem is called a bilevel
programming problem. For further details on bilevel programming problems, we
refer to [20, 24] and the references therein. If the minimization problem (1) is defined
over the constrained set D which is solution set of another problem, then problem
(1) is called the hierarchical minimization problem (in short, HMP) over the solution
set D.

A typical problem to minimize a quadratic function over the set of the fixed points
of a nonexpansive mapping 7 : H — H is the following:

1
min  —(Ax,x) — (x, b), 2)
xeFix(m) 2( )= x bl (

where b is a given point in H and Fix(T") denotes the set of all fixed points of 7. The
minimization problem (2) is a particular case of the general convex minimization
problem (1).

On the other hand, in a variety of scenarios, the constrained set D can be expressed
as the fixed point set of a nonexpansive mapping. A fixed point problem over the set of
solutions of another fixed point problem is called a hierarchical fixed point problem.
Since problem (2) is a minimization problem defined over the set of fixed points
of an operator T, we call it hierarchical minimization problem (in short HMP). Xu
[45] proposed an iterative method for finding the approximate solution of HMP (2)
and studied the strong converge of the sequence generated by the proposed method
to a unique solution of the HMP (2). Marino and Xu [21] introduced a general
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explicit iterative scheme by the viscosity approximation method for the minimization
problem (1), where D is the set of fixed points of a nonexpansive mapping 7" and
studied the strong convergence of the explicit iterative scheme. The HMP (1) over
suitable solution set D has been extensively studied in recent years, see for example
[16, 17, 27, 28, 35], and the references therein).

The hierarchical minimization problem over some solution set D (for example, the
set of fixed point and generalized mixed equilibrium problem) has a very important
role for the study of applied and computational mathematics.

In many applications, the family .7 = {T'(¢r) : 0 < t < oo} of nonexpansive
self-mappings on C is not necessarily a semigroup, namely, the family of resolvents
of maximal monotone operators and equilibrium problems.

In view of broad applicability of arbitrary family .7 = {T'(¢) : 0 < t < oo}
of nonexpansive self-mappings, in this survey chapter, we propose an iterative
algorithm for computing solutions of the hierarchical VIP defined over the set
D = Fix(7) N QIGMEP(®, ¥, ¢)], where Fix(.7) is the set of common fixed
points of a family 7 = {T'(¢t) : 0 < t < oo} of nonexpansive self-mappings on
C, and Q[GMEP(®, ¥, ¢)] is the set of solutions of generalized mixed equilibrium
problem (see GMEP (14)). Then we establish the strong convergence of an iterative
algorithm to the unique solution of the hierarchical minimization problem (1) over
the set D = Fix(.7) N Q[GMEP(®, ¥, ¢)]. In view of general theory of nonex-
pansive mappings, we also derive several known convergence theorems for zeros of
monotone operators and fixed points of semigroups that have appeared in Hilbert
space setting.

2 Preliminaries and Notations

Let H be areal Hilbert space whose inner product and norm are denoted by (-,-) and
I - ||, respectively. For all x, y € H, we have

I+ yI? < x> +2(y, x + ). 3)

Let C be a nonempty subset of H. A mapping 7 : C — H is said to be

(a) n-strongly monotone if there exists a positive real number 7 such that
(Tx — Ty, x —y) >nllx — y||2, forall x,y € C;
(b) v-inverse strongly monotone if there exists a positive real number v such that
(Tx —Ty,x —y) > v||Tx — Ty||>, forallx,y e C.

A subset C of H is called a retract of H if there exists a continuous mapping P
from H onto C such that Px = x for all x in C. We call such P a retraction of X
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onto C. It follows that if a mapping P is a retraction, then Py = y for all y in the
range of P.

A retraction P is said to be sunny if P (Px +t(x — Px)) = Px foreach x in H
and t > 0. If a sunny retraction P is also nonexpansive, then C is said to be a sunny
nonexpansive retract of H.

Let C be a nonempty subset of H and let x € H. An element yy € C is said to
be a best approximation to x if ||x — yo|| = d(x, C), where d(x, C) = 122 lx — y]l.

y

The set of all best approximations from x to C is denoted by:
Pe(x)={y e C:|x -yl =dx, C)}.

This defines a mapping Pc from H into 2€ and is called the nearest point pro-
Jection mapping (metric projection mapping) onto C.

It is well known that if C is a nonempty closed convex subset of a real Hilbert
space H, then the nearest point projection Pc from H onto C is the unique sunny
nonexpansive retraction of H onto C. It is also known that Pcx € C and

(x — Pcx, Pcx —y) >0, forallx e H, y € C. (@)

A Banach space X is said to satisfy the Opial condition if for each sequence {x,}
in X which converges weakly to a point x € X, we have

liminf ||x, — x|| < liminf ||x, — y||, forally € X, y # x.
n—oQ n— oo

Note that “lim inf” can be replaced by “lim sup.” It is well that every Hilbert space

n—oo n— 00

enjoys the Opial condition (see [1]).

The following lemma is a consequence of the Opial condition.

Lemma 1 (Demiclosed Principle) Let C be a nonempty closed convex subset of a
Hilbert space H and T : C — C a nonexpansive mapping. Then I — T is demiclosed
at zero, that is, if {x,} is a sequence in C converges weakly to x and {(I — T)x,}
converges strongly to zero, then (I — T)x = 0.

Proof Suppose that {x,} is a sequence in C such that it converges weakly to x and
{(I — T)x,} converges strongly to zero. Suppose, for contradiction, that x # Tx.
Then, by the Opial condition, we have

limsup ||x, — x|| < limsup ||x, — Tx]||
n—oo n—oo
< limsup(|lx, — Txnll + [ Txn — Tx|))
n— o0
< lim sup [, — x|,
n— o0

a contradiction. This proves that (/ — T)x = 0.



Hierarchical Minimization Problems and Applications 203

We present some lemmas which will be used in the sequel. Some of them are
known and others are not hard to prove.

Lemma 2 Let C be a nonempty closed convex subset of a Hilbert space H and
T : C — C be a nonexpansive mapping. Then Fix(T) is closed and convex.

Proof If Fix(T) = @, then clearly Fix(T) is closed and convex. Next, we assume
that Fix(T') # @. Let {x,} be a sequence in C such that x, — x € H asn — o0.
Then Tx,, = x,, foralln € N and lim,,_,  ||x, — x|| = 0. Now,

ITx = x|l < ITx = Txpll + 1T xn — x|l

< |lx =xull + lx, — x| = Oas n — oo.

This implies that x € C, which shows that C is closed.
Now, let x, y € Fix(T') and « € [0, 1]. Then for z = ax 4+ (1 — &)y, we have

lx =Tzl =Tx =Tzl < llx =zl = (A =) [lx =y

and
ly=Tzll =Ty =Tzl < lly —zll = allx = yl.
Hence
[Ix =yl = llx =Tzl + 1Tz =yl < llx =zl + Iy —zll = llx — yl|.
This implies that ||[x — Tz|| = ||x — z|| and ||y — Tz|| = ||y — z||. Since H is
strictly convex, we have Tz = z. This shows that Fix(7") is convex. O

Lemma 3 [21] Let C be a nonempty closed convex subset of a Hilbert space H.
Let f : C — H be an «-contraction mapping and A be a strongly positive linear
bounded operator on H with the coefficient y > 0. Then, for0 <y < y/a,

(A=yN)x —(A=yfHy.x=y) =7 —yo)lx—yl*, forallx,yeC.
Thatis, A — yf : C — H is strongly monotone with coefficient y — ay.

Remark 1 Taking y = 1 and A = I, the identity mapping, we have the following
inequality:

(= fx—U = fy.x—y) =1 -a)|x—y|* forallx,yecC.
Furthermore, if f is a nonexpansive mapping, then we have

(U=fHx—U~-fly,x—y) =0, forallx,yeC.
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Lemma 4 [21] Assume that A is a strongly positive linear bounded self-adjoint
operator on a real Hilbert space H with coefficient 7 > 0 and 0 < p < ||A||"L.
Then ||I — pAll =1 — py.

Proof Recall that if T is a bonded linear self-adjoint operator on H, then
ITI = sup{l{Tx,x)| : x € H, |lx|| = 1}.
Now, for x € H with ||x|| = 1, we see that
(I =pA)x,x) =1—-p(Ax,x) = 1= p|lA] =0,
that is, I — pA is positive. It follows that

1 = pAll = sup{| (I — pA)x,x)|:x € H, [lx[| =1}
= sup{{(/ — pA)x,x) :x € H, |lx|| =1}
=sup{l —p(Ax,x):x € H, ||x]| =1}
<1l-py. a
Lemma 5 Letr C be a nonempty subset of a real Hilbert space H and¥ : C — H

be an inverse strongly monotone mapping with coefficient v > 0. Let 0 < s < 2v.
Then I — s\ is nonexpansive.

Proof For x,y € C, we have

I(I = sW)x — (I —sW)ylI* < |(1 —s¥)x — (I —sW)y|?
= llx — yII* — 2s(Wx — Wy, x — y) + 57| Wx — Wy|?
< llx — ylI* = 2sv[|Wx — Wy||* + 57| Wx — Wy
=[x = yII* = s2v — 5) | Wx — Wy|? (5)
< [lx — yII*. o

Lemma 6 [44] Let {«,} be a sequence of nonnegative real numbers such that
1 = (I = yu)on + YnOn, Vn =0, (6)

where {y,} is a sequence in (0, 1) and {0,} is a sequence of real numbers such that

(i) > va =00,

. o0
(ii) either limsupo;, < 0 or Z | Vnon| < 00.
n—o00 n=0

Then {a,};2, converges to zero.

Proof For any ¢ > 0, let N be an integer big enough so that

o, <& n>N.
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Using (6) and by induction, we obtain, forn > N,

Anp1 < (H(l - m)ow +(<1 - [Ja- m)e.

k=N k=N

Then condition (ii) implies that lim sup ¢, < 2e. O
n—o0

3 Variational Inequality Problems

The classical VIP is to find a point x* € C such that
(Fx*, y—x*)>0, forally e C,

where C is a nonempty closed convex subset of a real Hilbert space H and .% : C —
H is a given operator. This problem is denoted by VIP (%, C).

It is important to note that the theory of variational inequalities has been play-
ing an important role in the study of many diverse disciplines, for instance, partial
differential equations, optimal control, optimization, mathematical programming,
mechanics, finance, etc., see, for example, [18, 46, 47] and the references therein.

The relationship between VIP (%, C) and a fixed point problem can be made
through the characterization (4) of the projection operator Pc as follows:

Theorem 1 Let C be a nonempty closed convex subset of a real Hilbert space H and
F . C — H a given operator. Then x* € C is the solution of variational inequality
problem VIP(.% , C) if and only if, for any v > 0, x* is the fixed point of the mapping
Pc(I — n%) : C — C, that is,
x* = Pc(I — uF)x*.
Proof Suppose that x* € C is a solution of VIP(%#, C), that is,
(Fx*, y—x*)>0, forally e C. @)

Let 4 > 0 such that Pc (I — %) : C — C. Multiplying —u in (7) and adding
(x*, y — x™) both sides we get

(x* — puFx*,y —x*) < (x*,y—x*), forallyecC.
From (4), we get x* = Pc(I — u.%)x*.

Conversely, suppose that i« > 0 and x* is the fixed point of the mapping Pc (I —
wF) : C — C.ltis easy to see from (4) that x* € C is a solution of VIP(%, C). O
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This equivalence formulation is useful for existence, uniqueness, and computation
of solutions of the varialtional ineqauality problem VIP(%, C). In particular, the
Banach contraction principle guarantees that VIP(.%, C) has unique solution x* and
the sequence of Picard iteration process converges strongly to x*. In fact, we have

Theorem 2 (Projection Gradient Method) [36, 47] Let C be a nonempty closed
convex subset of a real Hilbert space H and % : C — H a «-Lipschitzian and
n-strongly monotone. Let | be a positive constant such that w < 2n/k>. Then

(a) Pc(I — n7) : C — C is contraction and there exists the unique solution
x* € C of varialtional ineqauality problem VIP(F, C).
(b) The sequence {x,} of Picard iteration process, given by,

Xnt1 = Pc(I — pF)x,, foralln e N (8)

converges strongly to x*.

Proof Letx,y € C. Then

IPc(I — uF)x — Pc(I — uP)y|* < | — uF)x — (I — uF)yl?
= |lx = ylII* = 2u(Fx — Fy,x — y) + u* | Fx — Fy|*
< (1=2un+ @2k x — y|%.

Thus, Theorem 2 follows from the Banach contraction principle. O

Motivated by nonexpansiveness of P¢ in Theorem 2, Yamada [46] introduced the
following hybrid steepest descent method for solving the VI P (%, Fix(T)):

upt1 = Tup — Ay FTu,, foralln e N, )

where 0 < o < 2n/k%, T : H — H is a nonexpansive mapping with Fix(T) # @
and .% : H — H is a «-Lipschitzian and n-strongly monotone. Yamada proved
that hybrid steepest descent method converges strongly to the unique solution x* €
Fix(T) of variational inequality problem VIP(.%#, Fix(T)).
Note that, by letting x, = Tu, ({u,} being the sequence given by (9)) we imme-
diately obtain
Xne1 = T (xp — AyitFxy,), foralln e N. (10)

The hybrid steepest descent method (HSDM) has been extensively studied in
recent years (see, e.g., [6, 31, 32, 45], and references therein).

If # : H — H is monotone and hemicontinuous and if C C H is nonempty,
compact, and convex, the existence of a solution of the VIP for .% over C is
guaranteed.
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4 Zeros of Monotone Operators

Let H be areal Hilbert space and let A C H x H be an operator on H. The set D(A)
defined by
D(A) ={x € H: Ax # 0}

is called the domain of A, the set R(A) defined by

R(A) = U Ax

xeX

is called the range of A and the set G(A) defined by
GA)={(x,y)€e Hx H:x € D(A),y € Ax}

is called the graph of A.
An operator A C H x H with domain D(A) is said to be monotone if for each
x;i € D(A) and y; € Ax; (i = 1, 2), we have

(x1 —x2,y1 —y2) = 0.

A monotone operator A is said to be maximal monotone if the graph G(A) is not
properly contained in the graph of any other monotone operatoron H.If A : H — 21
is maximal monotone, then we can define, for each A > 0, a nonexpansive single-
valued mapping Jﬁ :H — Hby

A =1 +28)7h
It is called the resolvent of A.
Let A710 = {x € D(A) : 0 € Ax). Itis easy to see that A~10 is closed and

convex. It is well known, from [38], that if A C H x H is a maximal monotone
operator, then

1
Jix — J,AJ,AXH < " ”x - JtAxH , forallx e Handr,t > 0. (11)

,
It is well also known that [38] for each A, u > O and x € H,

[A — pl
A

[ 7 = giix| < | = ] (12)

One of the most interesting and important problems in the theory of maximal
monotone operators is to find an efficient iterative algorithm to compute approxi-
mately zeroes of maximal monotone operators. One method for solving zeros of max-
imal monotone operators is proximal point algorithm. Let A be a maximal monotone
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operator in a Hilbert space H. The proximal point algorithm generates, for starting
x1 € H, asequence {x,}in H by

Xnil = ]ﬁxn, foralln € N, (13)
where {c,} is a regularization sequence in (0, co). This iterative procedure is based

on the fact that the proximal map J C‘f is single-valued and nonexpansive. Note that
(13) is equivalent to

Xpn € Xp+1 + cnBxpy1, forallm € N,

This algorithm was first introduced by Martinet [22]. If v : H — R U {oo} is a
proper lower semicontinuous convex function, then the algorithm reduces to

1
2¢y,

Xpt1 = argming g {w(y) + lx, — y||2 , foralln € N.

Rockafellar [29] studied the proximal point algorithm in the framework of Hilbert
space and he proved thatif A C H x H is amaximal monotone operator with A~10 #
¢ and {x,} is a sequence in H defined by (13), where {c,} is a sequence in (0, co)
such that lim inf,_, o ¢, > 0, then {x,} converges weakly to an element of A~10.

The proximal point algorithm has been improved and generalized by Ceng et al.
[6], Lehdili and Moudafi [19], Sahu et al. [31, 32], Song and Yang [34], Takahashi
[39], Tossings [42],and Xu [43] in different aspects.

5 Generalized Mixed Equilibrium Problems

Let C be anonempty closed convex subset of areal Hilbert space H.Let® : CxC —
R be the equilibrium-bi function, i.e.,

(®0) ®(u,u) =0, forallueC.

Assume the bifunction @ : C x C — R holds the following conditions :

(®1) &(x,x) =0forall x € C,
(®2) @ is monotone, that is, ®(x, y) + ©(y,x) <Oforallx,y € C;
(®3) foreachx € C, y — ®(x, y) is convex and lower semicontinuous;
(@4) forallx, y,z € C,limsup ®(tz + (1 — )x, y) < d(x, y).
t}0

Let W : C — H be a nonlinear mapping, ¢ : C — R a convex function and
® : C x C — R a bifunction. Then, we consider the following generalized mixed
equilibrium problem (in short, GMEP (®, W, ¢)) of finding # € C such that

Ou,v) + (Yu,v—u)+¢(v) —epw) >0, forallvecC. (14)
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We denote by Q{GMEP(®, W, ¢)] the set of solutions of GMEP (14). The GMEP
(14) is considered and studied in [7, 9].

Such types of nonlinear inequalities model some equilibrium problems drawn
from operations research, as well as some unilateral boundary value problems stem-
ming from mathematical physics. Several problems arising in optimization, such
as fixed point problems, (Nash) economic equilibrium problems, complementarity
problems, and generalized set-valued mixed variational inequalities, for instance,
have the same mathematical formulation (see [5, 12, 15]), which may be formulated
as GMEP (&, ¥, ¢).

Given a real-valued function ¢ : H — R on a real Hilbert space H, we consider
the following generalized mixed equilibrium problem (in short, GMEP (®, ¥, ¢)) of
finding # € H such that

Ou,v) + (Vu,v—u)+¢v) —e) >0, forallveH. (15)

We denote by Q[GMEP(®, W, ¢)] the set of solutions of GMEP (15).

Ceng et al. [7-9] studied and developed extragradient-like method and relaxed
extragradient-like method for generalized mixed equilibrium problem (15). For dif-
ferent choices of ®, W and ¢, we get different kinds of equilibrium problems and
variational inequalities; see, for example, [2, 5, 9, 12, 14, 15, 18, 23, 25, 41] and
the references therein. For instance, we have the following:

(1) If ¢ = 0, then GMEP (14) reduces to the following mixed equilibrium problem
(for short, MEP (@, ¢)):
findu € Csuchthat®(u,v) + ¢(v) —p(u) >0, forallveC. (16)

The computation of solutions of such problems is studied in Ceng and Yao [9].
(2) If ¢ = 0, then GMEP (14) reduces to the following generalized equilibrium
problem (for short, GEP (&, W)):

find u € C such that ®(u,v) + (Yu,v—u) >0, forallveC. (17)

The problem (17) was studied by Moudafi [23] and Takahashi and Takahashi
[41].

(3) If ¥ = 0 and ¢ = 0, then GMEP (14) reduces to the following equilibrium
problem:

EP(®) findu € Csuchthat®(u,v) >0, forallveC.
We denote Q[EP(®)] for the set of solutions of EP ().
4) If ® = 0and ¢ = 0, then GMEP (14) reduces to the classical variational

inequality:

find u € C such that (W (u),v —u) >0, forallveC. (18)
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6 Hierarchical Minimization Problem Over Set of Fixed
Point and Generalized Mixed Equilibrium Problem

In this section, we deal with existence and approximation of solutions of the hierar-
chical minimization problem (1) over D = Fix(.7") N Q[GMEP(®, W, ¢)], where
Fix(7) is the set of common fixed points of a family .7 = {T'(¢) : 0 < t < oo}
of nonexpansive self-mappings on a nonempty closed and convex subset C of a real
Hilbert space H, and Q[GMEP(®, W, ¢)] is the set of solutions of GMEP (14).

The following auxiliary mixed equilibrium problem is an important tool for finding
solution of MEP (16):

Let r > 0. For a given point x € H,

1
findz € C such that ®(z, w)+oW)—p(2)+—-(w—z,z—x) >0, VYwe C. (19)
r

The existence of the solution of auxiliary mixed equilibrium problem (19) is
guaranteed by the following result.

It is well known ([48]) that if C is a nonempty closed convex subset of a real
Hilbert space H; ® : C x C — R is a bifunction satisfy the conditions (®1)-
(®4); ¢ : C — R is a proper lower semicontinuous convex function, » > 0 and

7% . H — C is a mapping defined by
1
TP ) = {zeC: D y) +00) — @) + ~y-2z-x) 20 Vye C} ,x € H,

then, the following assertions hold:

(a) Tr(q}’(p) (x) # ¥ foreach x € H and Tr(q)"p) is single-valued;
(b) Tr@’w) is firmly nonexpansive, that is,

2
H Tr@"p)x - Tr@’w)yH < <Tr@’¢)x — Tr(¢’¢)y, X — y>, forall x,y € H;

(¢) Fix (T,(“”W) — QIMEP(®, ¢)]:
(d) [MEP(®, ¢p)]is closed and convex.

Following [30], first we collect some properties of Tr@’w in the following propo-
sitions.

Proposition 1 Let C be a nonempty closed convex subset of a real Hilbert space H.
Let W : C — H be an inverse strongly monotone mapping with coefficient v > 0.
LetO) <r <2vand T, : H — C be a firmly nonexpansive mapping. Assume that
x* is an element in C such that x* = T,(I — rW)x*. Then

|71 = r®)x — x*|* < e —x*1>=|x = (I = r®)x — r(Wx — Wx™)|*, forallx € C.
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Proof Lemma 5 shows that I — W is nonexpansive. For x € C, we have
11 = r@)x — x| = |T.(I = r¥)x — T,(I — r@)x*|
<{T,(I —r¥)x —x*, (I —r¥)x — (I —r¥)x*)
1 *12 *112
< E[Il(l —rW)x — (I —rW)x™ |7+ T, —r¥)x —x7||
— T (I = r¥)x —x* — (I = r¥)x — (I — r¥)x*) )]
1
< Sl = X2+ 1T (1 = r@)x — 2%
— llx = T.(I — r¥)x — r(Wx — W) 7],

which implies that

T, (I —r®)x — x*|1> < lx —x*|1 — lx — T,(I — r¥)x — r(¥x — Wx)|% O

Proposition 2 [30] Let C be a nonempty closed convex subset of a real Hilbert space
H. Let ® : C x C — R be a bifunction satisfying the conditions (®1)-(®4) and
let ¢ : C — R be a proper lower semicontinuous convex function. For r > 0 and

x € H, define a mapping Tr((b’(p) :H — C by
1
7% (x) = [z €C: () +9M) =@+~ (y=2,2-x) 20, forallyeC.

Let VW : C — H be an inverse strongly monotone mapping with coefficient v > 0.
Let {r,} be sequence of real numbers such that0 < a <r, <b <2v foralln € N.
Let {x,} be a bounded sequence in C such that it converges weakly to x € C and

Hx,, T — ryW)x, | = Oasn — oco. Then & € QIGMEP(®, W, ¢)].

Proof Set u,, := T,E:D’W)(I — 7, W)x,, we have

1
Dup, v)+ (Wx,, v—uy)+oOW) — o, + —(up —x,,v—uy) >0, forallv e C.
r

! (20)
From (®2), we have

1
(Wxp, v —uy) +oO0) —@y) + —(uy — X, v —uy) > ®(v,u,), forallveC.
r,

n

Letve C.Putu; =tv+ (1 —t)x forall t € (0, 1]. Then u; € C, and from (20),
we have

1
(Wxn, ur — up) + @) — @uy) + r—<un — Xp, Uy — Up) = P(up, up).

n
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By monotonicity of W, we have
(Wup, up — up) > Vg, up —up) — (Wxp, uy — ty) + O (uy, uy)

1
+@@un) — o) — —(un — Xp, uy — ty)

T'n

= (Wur — Vuy, uy — uy) + (Vu, — Wy, up — upy) + O (uy, uy)

1
+ @(up) — @(uy) — r_<un — Xy, Up — Up)

n

> (Yuy — Wxp, ur — up) + ®(ur, uy)

1
+ @(un) — @uy) — r_<un — Xp, Us — Up).

n

Since ||x, — u,|l — 0 as n — oo, we obtain by Lipschitz continuity of W that
|Wx, — Yu,|| — 0asn — oco. Moreover,

Up — X Up — X
l[tn — Xl < [l — Xnll

n a

—0asn— o0

By (®3), weak lower semicontinuity of ¢ and u#,, — X, we have
(Wur,up — x) = ©(up, x) +@(x) — @(uy).
From (®1) and ($3), we get

0=®w,u)+ @) — o)
<tPup,v) + (1 =)y, X) + 19(v) + (1 — D@(X) — @(uyr)
=1[P(ur,v) + o) — )]+ (1 — 1) [P(us, X) + @(X) — @(uy)]
< t[P(up,v) +o(v) — )]+ (1 — ) (Vuy, up — x)
=1[Pur,v) + o) — @)+ A — D)t {(Vu,, v — X).

It follows that
0< D@, v)+oO) —e) + (1 —1)(Vu,, v —x).
Letting t — 0, we have, for each v € C,
0 <D, v)+ o) —ex) + (Ux,v—x).

This implies that x € QI{GMEP(®, ¥, ¢)]. 0O

Proposition 3 [30] Let C be a nonempty closed convex subset of a real Hilbert
space H. Let W : C — H be an inverse strongly monotone mapping with coefficient
vV >0.Let ®: C x C — R be satisfy conditions (®1)-(®4) and ¢ : C — R be
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a proper lower semicontinuous convex function. Then for r, s > 0 withr < 2v and
s < 2v, we have

|79 = swyy = B0 = rw)x| <y = xl+11=r/sl =3Il forallx,y e,

where v .= Ts((b’w(l —sW)y.

Proof Letx,y € C.Setu := T,(q)"p)(l —r¥)xand v := TS(CD’W(I — sW)y. Then,
we have

D, w) + o) — p(u) + %(w —uu—( —r¥)x) >0, forallweC (21)
and
D, w) + o) — p(v) + %(w —v,v— (I —sW)y) >0, forallweC. (22)
Putw = vin (21) and w = u in (22), we get
@(u,v)—l—(p(v)—<p(u)+%(v—u,u—(l—rlll)x) >0 (23)

and
(v, u)+(p(u)—<p(v)+é(u—v,v—(l—slll)y) > 0. 24)

Adding inequalities (23) and (24), we obtain
0< <v —u, %[u - —r¥)x] — %[v - - s\I/)y]>,
and hence,
0< <v—u,[u—(1—r\IJ)x]—g[v—(l—s\IJ)y]>
:<v—u,u—v+(l—E)(v—y)—(x—r‘{lx)—}—y—rllly),
which implies that
v —ul® < v —ullllt = /sl Iv =yl + lx = r¥x — (y = r&y)||].
By Lemma 5, we obtain

lv—ull <y =xIl +1L=r/s|llv=yl. o
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6.1 Existence and Uniqueness of Solutions of Hierarchical
Variational Inequality Problem

First, we show that the solution of a certain hierarchical VIP over the set D =
Fix(7) N Q[GMEP(®, ¥, ¢)] is unique.

Proposition 4 Let C be a nonempty closed convex subset of a real Hilbert space H.
Let 7 = {T ) : t € (0, 00)} be a family of nonexpansive self-mappings on C such
that Fix(7) # (. Assume that A : H — H is a strongly positive linear bounded
self-adjoint operator with the coefficient y > 0, f : C — H is Z-contraction,
v : C — H is an inverse strongly monotone mapping with coefficient v > 0,
¢ : C — Ris a lower semicontinuous convex functional and ® : C x C — Risa
bifunction satisfying conditions (®1)—~(®4). Then, for y € (0,7 /L), the mapping
QU — A+ yf): C — C has a unique fixed point x* € C and x* € Fix(7) N
QIGMEP(®, W, ¢)], where Q = PFix(?)mQ[GMEP(CD,\IJ,:p)]-

Proof Let Q = Ppix(7)nQiGMEP(@,w,¢)] a0d ¥ € (0,7/2). First, we show that
O — A 4+ yf) is a contraction mapping from C into itself. Let x, y € C, From
Lemma 4, we have

10U —A+yflx — QU —A+yfyl
=Id=-A+yflx—U—-A+y/yl
=IUd=A)x =T =A)yll+yIfx—=fyl
= 1= Allllx =yl +yIlfx = fyll
A =Plx =yl +yZlx -yl
=1-F-rv2)lx -yl

Since Q(I — A + yf) is a contraction, therefore, there exists a unique element
x* € C such that x* = Q(I — A + yf)x*. Since Q is onto, it follows that x* €
Fix(7) N Q[GMEP(®, ¥, ¢)]. O

6.2 Computation of Unique Solution of Hierarchical
Optimization Problem

Let C be a nonempty closed convex subset of a real Hilbert space H and let
T = {T(t) : t € (0,00)} be a family of nonexpansive self-mappings on C with
Fix(.7) # 0. Let {0, : n € N} be a sequence of nonexpansive self-mappings on
C such that Fix(7) C (),cyFix(0,). Assume that A : H — H is a strongly
positive linear bounded self-adjoint operator with the coefficient y > 0 such that
(I —aA)(C) C Cforeachx € (0, 1), f : C - H is Z-contraction, W : C — H is
an inverse strongly monotone mapping with coefficient v > 0, ¢ : C — Ris alower
semicontinuous convex functional and ® : C x C — R is a bifunction satisfying
conditions (®1)—(P4).
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Proposition 4 guarantees that, for y € (0, ¥/.%), the mapping

Prix(7)naiomer@,w,pnl —A+vf):C = C

has a unique fixed point x* € Fix(.7) N Q[GMEP(®, W, ¢)] =: D. It means that
x* € C is the unique solution of the following hierarchical VIP:

find z € D suchthat ((yf — A)z,z—v) >0, forall ve D. 25)

We remark that if C = H, then the hierarchical variational inequality problem
(25) reduces to the hierarchical optimization problem (1) over the set Fix(.7) N
Q[GMEP(®, ¥, ¢)].

To compute x* € D = Fix(.7) N Q[GMEP(®, W, ¢)], we propose the following
iterative algorithm:

x; € C;
D (i, v) + (W, v = ttn) + (V) = @Un) + -Gty = X, v =) 20, WveC;
Zn = BnxXn + (1 — Bp)oyn (un);
Xp+l = Y fxn + (I —anA)z,, foralln e N,
(26)
where {«,} and {,} are sequences in (0, 1] and {r,} is a sequence in (0, c0).

For convergence of algorithm (26), we use the method employed in [30]. We
investigate the asymptotic behavior of the sequence {x, } generated, from an arbitrary
point x; € C, by algorithm (26) under the following conditions:

X 00
(Cl) lim o, = Oandz oy = 00,
n—o0 n=1
C2)0<a<pp<b<lforalln e Nand lim |8, — Bu+1| =0,
n—o0
(C3) 0 <7 <r, <7 <2vforalln € Nand lim |r, —ryq1| =0,
n—o00
(C4) lim |loy (up) — op41 ()|l = 0.
n—oQ

Some basic properties of Algorithm (26) are detailed below:

Lemma 7 Let {x,} be a sequence of Algorithm (26). Then

(a) {x,}is bounded, and
(b) lim ||xpq1 — x|l = Hm [|upy1 —upll = lim |[|zp41 — 20| = 0.
n—oo n—o0 n—oo

Proof (a) Define v, := 0,(u,). Note that u, = T,id)’(p)(l — r,W)x, and x* =
T,(nq)"a)(l — r,W)x* for all n € N. Since T,'*"* is nonexpansive, it follows from

Lemma 5 that Tr@’(p)(l—rllf) is also nonexpansive foreachr > 0. Thus, |u, —x*|| <
lx, — x*||, and hence, ||v, — x*|| < ||x, — x™|| for all n € N. Moreover,

lzn = 2" < Ballxn — X + (1 = Bw)llow (un) — x7||
< Bullxn — " + (1 = B lun — x|
< lxn —x*Il, VneN.
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Noticing that lim «, = 0, we may assume, without loss of generality, that o, <
n— oo

|A||~! for all n € N. From (26), we have

[xne1 = X"l = lyon fxn — an AX™ + (I — @y A)(zn — x™) ||
< apllyfoan — AX*[ + (1 — e ¥)lzn — x*|
< an(lyfaxn — yfx*Il 4+ Iy fx* — Ax*) 4+ (1 = yo) lxp — x7||
S = =y Dllxn — x| + anlly fx™ — Ax™|

* _ Ax*
smax[uxn—x*n,”yﬁc—x”]
y —yL
*_ Ax*
5max[||x1—x*||,“yf_x—x”], forall n € N. 27)
Yy —vZ

Therefore, {x,} is bounded.

(b) Part (a) implies that iterates {x,} of Algorithm (26) is bounded. Therefore,
{un}, {vn}, and {z,} are bounded.

Taking y = x,4+1, X = x5, § = 141 and r = r,, in Proposition 3, we have

D, LXD)
litnsr = teall = | A5 Gt = rasr W) = THPP (5 = W)
I'n
= It = Xl [ 1= == gt = S 28)
Tn+1
[Pn+1 — Tl
< %41 — xpll + ——=— llun+1 — xn11ll-

We rewrite X, as
Xn+1 = (I — Ap)xp + Aywp,

where

Wn = )\i [anﬂn(l —A)xp+ (1= B —anA)vn + anyf(xn)]- (29)

and
g =1—=(1—=0ay)Byu.

From the assumptions lim o, = 0and0 <a < B, <b < lforalln € N, we
n—oo

have

0 < liminf A, <limsup, < 1.
n—00 n—00
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By (29), we have

Wn+1 — Wn

1
= o [enr1Bun1 (U = At + (1= BreD) U = w1 AVt + 1V f X
n+1

1
. [anﬂn(l = A)xp + (1= B —anA)vy + Ofl’tl/fxn]
n
1—
= Gt Pty = S Py, I )
Ant1 An Ant1

i (1 — Bu+1 1- .Bn)vn _ apy1(1 = Bug1)

Ant1 An

A(Vn—H — V)
An+1

[0 1 [07 (07
—(1- ﬂnm( Lusi —”)Avn + (Bus1 — Bu)— A,
)\n—H )\n )‘n

On+1Y

+—[fxn+l_fxn]+(w_a )fono

n
)\n+1 )"n—i-l )hn

Consequently,

[Wnt1 = wall = [1Xn41 — Xall
An+1Bn+1 an Bn
< —d = Axpall +
)\n-i-l An

L — Buti
T nl+ ~(lon+1 1) = Ont1 ) || + 001 (n) — 0 () 1l)
n+

1— 1-— 1-—
+ ( Bn+1 . ,Bn)”‘)n” + an+1( Bn+1)
)\‘l’l-‘rl )\4}1 )\n+l
+ aulBus1 — Bl
An

(I = A)xall

IAWp+1 — vl

Unyl O
)\n+1 )‘n

+ |:(1 - ,BrH-l)

Ap+1Y
+
A

]||Avn|| = X1 — xal|

Qpil Ay
An1 An

If X4t — fonll + YILfxnll. (30)

n+1

Note that 1;’3—;‘1“ < 1foralln € N, lzf—;’l“ — 1 and o, — 0. Using (28) and (30),
we obtain

lim sup (|[wWp41 — wall = [|xa41 — X)) <0,
n—oo
and hence, by [37, Lemma 2.2], we deduce that lim ||w;, — x,|| = 0. Therefore,
n—oo

lim ||x,41 — x,|| = lim A,][w, — x,|| = 0.
n—>00 n—00
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From (28), we immediately have lim ||u,+1 —u,|| = 0. Further, since {0, : n € N}
n— oo

is a sequence of nonexpansive self-mappings, we have

lzn — zn—1l]
= ||Bnxn + (1 = Bu)on(un) — Ba—1Xn—1 — (1 = Bu—1)0n—1(n-1)ll
= [1Bu(xn — xu—1) + By — Bu—1)xn—1 + (1 — Bu)oy (un) — on—1(n—1)
= (Bn = Bu—1)on—1@un-1|l
< Bullxn — xn—1ll + (1 = Bu)llow (un) — 0p—1(up—1)|l
+ 1B — Bu—1l lIxn—1 — 0n—1(@n-1) |l
< Bullxn — xn—1ll + (1 = Bu)(llon (un) — n (-l + llon Wn—1) — on—1@a-1) 1)
+ 180 — Bu—1l lIXn—1 — on—1(un—1)|l
< Bullxn — xn—1ll + (1 = B Ulun — un—11l + llon (un—1) — op—1(un—p1)
+ 1B — Bu—1l l1Xn—1 — on—1 (upn—1)|l.

Therefore,

zn — zn—1ll

|7 — -1l

< Bullxn — xp1ll + A = Bu)Ulxn — xp—1ll + | up — xp|l

+ llon(n—1) — on—1@u—DID) + 180 — Bu—-1lllxn—1 — on—1(up—1)|l
[y — ru—1l
< xn — xp—1ll + (1 = Bp) ? Il up — xpll + llow(p—1) — on—1(up—1)ll

+ 1B — Bn—tlllxn—1 — On—1(up-1)Il.

By the conditions (C2)—(C4), we obtain that ||z,41 — z,|| > 0asn — co. O

Now we prove strong convergence of the sequence generated by the proposed
algorithm (26) to the unique solution of the hierarchical VIP (25) over the set D =
Fix(.7) N Q[GMEP(®, ¥, ¢)].

Theorem 3 Let C be a nonempty closed convex subset of a real Hilbert space H.
Let 7 = {T(t) : t € (0, 00)} be a family of nonexpansive self-mappings on C with
Fix(7) #0, and ' = {0y, : n € N} be a sequence of nonexpansive self-mappings
on C such that Fix(.7') € (), en Fix(0y,) and Fix(:7) N QIGMEP(®, ¥, ¢)] # 0.
For given x1 € C, let {x,} be a sequence in C generated by (26), where {o,}
and {B,} are two sequence in (0, 1] and {r,} is a sequence in (0, c0) satisfying
conditions (C1)—(C4). Assume that 0 < y < y /. and {0y, (uy)} is an approximating
fixed point sequence of the family 7. Then, the sequence {x,} converges strongly to
x* € Fix(7)NQIGMEP(®, ¥, )], which solves the hierarchical VIP (25) over the
set Fix(Z) N QIGMEP(®, V¥, ¢)].
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Proof First, we show that lim sup{(y f — A)x™, x,41 — x*) < 0.

n—>0oo
Set v, := o,(uy) and 1, = (yf(x,) — Ax™*, x,41 — x*). Note that {Y,} is
bounded. Indeed,

Tl = [y f () — v (™) + v (™) = Ax™, xpq1 — x7)|
< (VIfGw) =y + Iy f %) — A g1 — x|
< (Y Llxn — x* + lyf (™) — Ax™|) Ixp41 — x*| forall n € N.

Since {x,} is bounded and so is {Y},}. Using (5), we have

lun = x*|> = TS5 = ry W)y — TSSO = 1 W)x*|?
< U =¥y — (I — 1 W)x*||?
< g — X1 = 1 Qv — 1) Wi, — W2 31)

From (3), we have
1 — X* 12 < 1 = @nA)(zn — X7 + 20 (y f () — Ax*, xpp1 — x%).
So, from (31), we have

Ixn41 — X1 < (1= an¥)?llzn — X*[1* + 200 (v f () — Ax*, xpq1 — x*)
< L+ 27D [Ballxn — x* 12 + (1 = B)llow (un) — x*[1*1 + 20, Y,
< L+ 7)) [Ballxn — I + (1 = B)llun — x*[1*1 + 200 Yoy
< (L4 27D [Ballxn — x* 17 + (1 = B (lxn — x|
— a2V — ) [ W, — Wx* )] + 20,7
< (1 + a2y, — x*|)?
— a0 — 1) (1 = B) (1 + 7)) Wy — Wx* % + 20, Vo
(32)
It follows that

v =) (1= B (1 + a7 ?) || Wi, — W™ |2
< lon = X117 = lxng1 = x*I7 + oy llxn — x*)1* + 200 Yy
< ottt = Xall Qe = ¥+ g1 — x* 1) + 72 2, — x*1?
+ 20, Y.

SinceF < r, <7 < 2v and By <bforalln e N, lim o, =0and lim |x,4+]—
n—0oo n—oo

xn|| = 0, we obtain that ||Wx, — Wx*|| — O0asn — oo. From Proposition 1,
we get
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g — x* |12 < 1% — X512 = % — g — r (W, — Wx*)||?
= Jlxy — X1 = [0 — unll® + 270 (0 — sy, W, — Wx*)
— 2| Wx, — Wx*|% (33)
From (32) and (33), we have
01 — X117 < (1 + 27D Bullxn — x* 17 + (1 = Ba) (% — x*[1* =[xy — |
+ 27 (X — tt, W, — Wx*) — 12| Wx, — Wx*[|1)] + 20, Y,
< A+ @27 — x* 117 + (1 + 27 (1= B2l — un |l W, — Wx™||
— ot — unl* = r2 1, — $x* 2] + 20, Y,

and hence,

(1 + 7)1 = b)[lxn = un
22 *112 *2
< (1 4+ @27 Ixn — x*1? = %1 — x*|
+ (1 + 27 = B 2rllxn — wn || Wx, — Wx*||
= Wy — Wt |2] + 20 Y
2—2 *112 *2
< (1427 Ixn — ¥ = xng1 — ¥
+ 2 (14 0272 (1 = B 1% — tn | | ¥ X, — Wx*|| 4 20, T,
< g1 = Xl = X5+ g1 — x5 + @27 |x, — x*|1?

+ 27 (1 + @272 1y — wn | 1¥x — Wx* | + 200, Y.

Sincer, <7 <2vforalln € N, lim o, = 0and lim ||x,+1 — x,]| = 0, we
n— o0 n—o0

have ||x, — u,|| = 0 as n — oo. From the condition lim «, = 0, we have
n—o0

lxn+1 — znll = anllyfxn — Azyll = Oasn — oo,

which gives, lim |[x, — z,|| = 0. Observe that
n—oo

X = vall < X0 = 2all + llzn — vall

< lxn — znll + Bullxn — vall,
and hence,

(A =D)lxn —vall = (I = B)lIXn — vall < IXn — zall = 0 as n — oo.
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Define

Dop:=1we C:|w—x"| <max{|x —x (34)

a lyfx* — Ax™| ”
Cov=vZ )]
From (27) we see that Dy is a nonempty closed convex bounded subset of C which

is T (t)-invariant for each ¢t € (0, co) and it contains {x,}, {u,}, {vn}, {zx}. Therefore,

without loss of generality, we may assume that 7 = {T'(¢) : t € (0, 00)} is a family

of nonexpansive self-mappings on Dy. Taking a suitable subsequence {x;, } of {x,},

we see that

limsup((yf — A)x*, x, —x*) = lim ((yf — A)x*, x,, — x™). (35)

n—oo

Since the sequence {x,} is bounded in C, we may assume that x,, — x € C. Note
that {v,} is an approximating fixed point sequence of family .7, that is,

lim v, — T(s)v,]| =0 forall s € (0, 00). (36)
n—oo

Using (36) we obtain, from the demiclosedness principle, that ¥ € Fix(.7).
Since ||x,; — uy, | — Oasi — oo, by Proposition 2, we obtain that x €
Q[GMEP(®, V¥, ¢)]. Thus, x € Fix(.7) N QIGMEP(®, V¥, ¢)]. Therefore, from
(35), we have

limsup((yf — A)x™, xpq1 — x¥) = ilirgo((yf — A)x*, x,, — x¥)

n— o0

((yf —Ax*x —x%) <0.

Observe that

1Xns1 = x*[1% = llo (v foxn — yfx* + yfa* — Ax®) + (I — ayA)(zn — x|
<N = 0 A)(zn — X*) + an (v fxn — yf*I?
+ 20, (Y fx* — Ax*, xpq1 — x¥))
< (I = @nA)(zn — X + yaull fxn — yf2*D* + 20 Y
< (= an?)llzn = x* |+ vaul fxn — FX*ID* + 20,
< —an@ =y L) llxn — x*|1* + 20, Y.

Therefore,
21 — ¥ < (1 — an (7 — YD) lIxn — x* 1% + 206, V.

o
Note Z O = oo and lim sup Y}, < 0. Therefore, we conclude from Lemma 6
n= n—00

that {x,} converges strongly to x*. O
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We now establish strong convergence of the sequence generated by the
algorithm (37) to a solution of minimization problem (1) over the set D =
Fix(Z) N Q[GMEP(®, ¥, ¢)].

Corollary 1 [30, Theorem 3.1] Let 7 = {T(t) : t € (0,00)} be a family of
nonexpansive self-mappings on H with Fix(J) # (), and T = {0y, : n € N} be a
sequence of nonexpansive self-mappings on H such that Fix(.7) € ),y Fix(oy,)
and Fix(F) N Q[GMEP(®, v, )] # @. For given x| € H, let {x,} be a sequence
in H generated by

x; € C;

D, v) + (W, v — ) + 9(V) = @) + 7 (U — Xn, v —tty) 20, Vv eC;

Zn = Buxu + (1 — Bu)on(un);

Xntl =y fx, + (I —ayA)z,, foralln € N,

(37)

where {ay,} and {B,} are two sequence in (0, 1] and {r,} is a sequence in (0, 0o)
satisfying conditions (C1)—(C4). Assume that 0 < y < y /% and {0,,(u,)} is an
approximating fixed point sequence of the family 7. Then, the sequence {x,} con-
verges strongly to x* € Fix(J) N QIGMEP(®, ¥, ¢)], which solves optimization
problem (1) over the set Fix(.9) N Q{GMEP(®, ¥, ¢)].

Corollary 1 is a far more general result than those in the existing literature of this
nature. Therefore, it unifies a number of results and includes several convergence
theorem of this nature. In particular, Kamraksa and Wangkeeree [17] considered the
optimization problem (1) when D = Fix(7)NQ[GE P (®, ¥)], where Fix(7) is the
set of common fixed points of a nonexpansive semigroup .7 = {T'(¢) : 0 <t < o0}
and Q[GEP(®, W)] is the set of solutions of the generalized equilibrium problem (in
short, GEP (®, ¥)) [2].

7 Special Cases of Hierarchical Equilibrium Problems

7.1 When 7 is a Semigroup Nonexpansive Self-Mappings

Let C be a nonempty subset of a (real) Hilbert space H. We call a one parameter
family 7 := {T'(¢) : t € [0, +00)} of mappings from C into C a strongly continuous
semigroup of nonexpansive mappings if

(S1) foreacht > 0,
IT@)x —T@yll <llx—yll forall x,yeC;
(82) T(0)x = x for all x in C;

(S3) T(s+1)=T(s)T(t) foralls, tin RT;
(S4) for each x in C, the mapping 7 (-)x from R into C is continuous.



Hierarchical Minimization Problems and Applications 223

We need the following:

Lemma 8 [33] Let C be anonempty closed convex bounded subset of a Hilbert space
H and 7 = {T(t) : t > 0} be a strongly continuous semigroup of nonexpansive
mappings from C into itself. Let 0;(x) := %fot T (s)xds. Then

tlim sup ||oy(x) — T(h)oy;(x)| =0, Vh >D0.
— 00

xeC

Proof Fix h > 0 and let t > h. Then, for n € N, there is a nonnegative integer i,,
t

such that (£)i, < h < (£)(in 4 1). Thus, we have lim (=)i, = h. Now, by an idea
n—-oo n

n [4], for {x; ,}?°_, € C and y, = %Z?:] Xi.n € C, we have

i,n=1
2 1 < 1 n 2
lyn —vII* = - Zl ||x,-7,, — v|| - Zi:l ||x,-,n — Yn H , foreach ve H.
1=
Put x; , = T((£)i)x, forx € C and v = T((£)i,)y,. Then, we have

I « 1L )
- Z R Z, |xin =y
*ZHM K +* Z i =] = *Z”M l’

3O

¢ 2
Yn — T((*)in)yn =
n

1 in ) 1 n
=;Z;,”xi,n—VH + >
i=

i=ip4

1 & 5
- ;z”xi,n _ynH
1
S ofel 3
i=ipt1
1
- *ZHM —w®
n“

”ln
*Z”xln_‘}” + - Zszn_yn| _*Z”xtn_)’n”

n

1 2 1 2
LS oL S -l
i=1

i=n—i,+1

2

@)

1 & 2 in
< - z ||xi,,, — v|| < — diam (C).
n = n



224 D. R. Sahu and Q. H. Ansari
For ¢ > 0, from ’7” < %, there is a positive real number #; such that 0 <

%”diam ) < %diam (C) < €2, foreacht > t;. Hence, we have Hyn — T((%)in)yn ||
< ¢g,foreacht > t,n € N, and x € C. We also have that

i=l1

t
. ol (1 et (1. 1
i = Jim 57 (1) = tim 3 (1) 1= 1 T <o
1= 0

for each x € C. Hence, for each x € C, we have lim |y, —o:(x)|| = 0.
n—oQ

On the other hand, we have
.
Yo =T\ —in ) yn
n

t t
+ T (_in) Yn — T (_in) Ut(x)
n n

+ |7 (’%ln) o1 (x) — T (h)o;(x)

lloy(x) — T (h)o; ()|l < lloy(x) — yull +

t,
<2yn =0+ |yu =T (;ln) Yn

+ T (%z) 01(x) — T (h)oy (x)

t,
<2llyp —or (I + || T (;ln) o1(x) = T(h)or(x)|| + &,
t
foreacht > #t1,n € N,and x € C. From lim |y, — o;(x)|| =0and lim (-)i, =
n—00 n—o00 n
h, we have ||o;(x) — T'(h)o;(x)|| < e foreacht > t; and x € C. Therefore,
lim sup |lo(x) — T'(h)or(x)[| =0
l*)OOxEC
for each h > 0. O

We observe that Theorem 3 extends and improves [ 10, Theorem 4.1], [17, Theorem
4.1] and [27, Theorem 3.1] from semigroup of nonexpansive self-mappings to the
general family of nonexpansive self-mappings. We now derive the following result
as corollary:

Corollary 2 Let C be a nonempty subset of a Hilbert space H and let 7 = {T (t) :
t € [0, 00)} be a strongly continuous semigroup of nonexpansive self-mappings on
C such that Fix(.7) N QIGMEP(®, ¥, ¢)] # 0. Assume that0 < y < y/.% and
th — ty—
that {t,} is a positive real divergent sequence such that lim M = 0. For
n— oo

given x1 € C, let {x,} be a sequence in C generated by thefollowinﬁg algorithm:
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x1 € C;

© (tn, ¥) + (Von, v = ) + @) = @) + 7ty = Xn, V=) 2 0, ¥ € C:
2 = Bpxn + (1 — ﬂn)i Oln T (s)uy ds;

Xnp1 = yan fxn + (I — 0y A)zy, Vn €N,

where {o,} and {B,} are two sequences in (0, 1] and {r,} is a sequence in (0, 0o)
satisfying conditions (CI1)~(C4). Then {x,} converges strongly to x* € Fix(Z) N
QIGMEP(®, ¥, @), which solves optimization problem (1) over the set Fix(7) N
Q[GMEP(D, ¥, ¢)].

Proof Foreachn € N, define 0,,(x) = é Ot” T (s)x ds,x € C.Note that {o,, (1)} is
in a bounded set Dy defined by (34). Set v,, := 0, (u;). As in the proof of Theorem
3, 7 ={T@®) : 0 <t < oo} is a semigroup of nonexpansive self-mappings on
Dy. It follows from Lemma 8 that {v,} is an approximating fixed point sequence of
semigroup .7 . Observe that

(I BN
llon (n—1) — on—1(un—Il = H (— - )/o [T (s)up_1 —x*ds

In Ih—1
1 n
+ —/ [T($)up—1 —x*ds
tn h—1

2|tn_tnfl|
In
2ty — th—
< |n nl|K

> A1
In

lln—1 — x*|

.. . Ih—th—
for some constant K| > 0. From the condition lim,,_, o ln=tnt] 0, we conclude

that the condition (C4) holds. Therefore, Corollary 2 follows from Theorem 3. O

Remark 2 (a) If C = H and ¢ = 0, then Corollary 2 reduces a main result of
Kamraksa and Wangkeeree [17]. In Corollary 2, the conditions Z;’o: 1 |ocn — Uyt | <
oo and ZZC; 1 |rn — rn+1| < 00 are not used, therefore, Corollary 2 is a significant
improvement on [10, Theorem 4.1].

(b) fC =Hand f =1 — F,where F : H — H is é-strongly monotone and
A-strictly pseudocontractive, then Corollary 2 reduces to [30, Corollary 3.2]

Remark 3 Compared with the results obtained in [8, 26, 27, 40, 41, 45], Theorem
3 deals with the problem of finding an element of Fix(.7") N Q[GMEP(®, V¥, ¢)]
which involves the fixed point problem of uncountable nonexpansive mappings and
the generalized mixed equilibrium problem.
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7.2 When 7 is a Family of Resolvent Operators of Monotone
Operators

From Corollary 1, we derive an interesting result, which is a combination of proximal
point algorithm for zeros of maximal monotone operators and an iterative method
for finding solutions of the generalized mixed equilibrium problems.

Corollary 3 [30] Let H be a real Hilbert space. Let A € H x H be a maximal
monotone operator such that A~'0 N QGMEP(G, )] # @. Assume that 0 <
y < v/ and {t,} is a divergent sequence of positive real numbers such that

|tn - tn—l|

= 0. For given x| € H, let {x,} be a sequence in H generated by
n— 00

the fOllOWl'ltllg algorithm:

x| € H;

D (i, v) + (Won, v — tty) + Q) = @) + 7y — Xy v —tt) 20, Vv € H;
Zn = Bpxn + (1 — IBn)Jthxn ds;

Xnt1 = yan fxn + U —0yA)zy, YneN,

where {o,} and {B,} are two sequences in (0, 1] and {r,} is a sequence in (0, co0)
satisfying conditions (C1)—(C4). Then {x,} converges strongly to x* € A~'0 N
Q[GMEP(®, W, ¢)], which solves optimization problem (1) over the set A~'0 N
QIGMEP(®, U, ¢)].

Proof Set o, = th. Then {o0,} is a sequence of firmly nonexpansive mappings
from H into itself such that Fix(o,,) = A~10 for every n € N. Setv, := 0, (u,). We
show that {v,} is an approximating fixed point sequence of the family {JlA 1t > 0}
of resolvent operators of A. As in the proof of Theorem 3, we can see that {v,} is
bounded. Then, there exists a positive real number M such that ||u, — thu all <M
for all n € N. For any fixed r > 0, by (11), we have

IA

A
U, — Jt,, U,

Ty — IR 1B,

n

r
—M.
In

Thus, in particular, we derive ||vn — J,Avn || — Qasn — oo forall r > 0.
‘We now show that the condition (C4) holds. From (12), we have

|tn - tn—1|
J;}un—l - J;filun—l H = l— ’ Up—1 — J;f“n—l” .
n
. . ty — Ih— ..
Since lim M = 0, we conclude that the condition (C4) holds. m]

n—oo tn
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1 Introduction

The theory of variational inequalities has tremendous applications in many areas
of science, social science, engineering, and management. It is a powerful unified
methodology to study partial differential equations, optimization problems, opti-
mal control problems, mathematical programming problems, financial management
problems, industrial management problems, equilibrium problems from traffic net-
work, spatial price equilibrium problems, oligopolistic market equilibrium problems,
financial equilibrium problems, migration equilibrium problems, environmental net-
work problems, knowledge network problems, and so on. It was started by the pio-
neer work of Fichera [22] and Stampacchia [69] in connection with Signorini’s
contact problem. Subsequently, Stampacchia gave out a series of classical papers
[26, 45, 49, 70] on variational inequalities. In 1980, Dafermos [20] recognized that
the traffic network equilibrium conditions as stated by Smith [68] is a structure of
a variational inequality in the setting of finite dimensional spaces. Since then, the
variational inequalities have been extended, generalized, and studied in the setting
of finite/infinite dimensional spaces. For further details on variational inequalities,
their generalizations and applications, we refer to [1-3, 21, 24, 25, 35, 40, 42, 43,
58, 63] and the references therein.

A constrained optimization problem in which the constrained set is a solution set
of another optimization problem is called a bilevel programming problem. In the last
two decades, such problems have been extensively studied in the literature because
of their applications in mechanics, network design, etc. For further details on bilevel
programming problems, we refer two monographs [46, 62]. If the first-level problem
is a variational inequality problem and the second-level problem is a set of fixed points
of a mapping, then the bilevel problem is called hierarchical variational inequality
problem. In other words, variational inequality problem defined over the set of fixed
points of amapping is called a hierarchical variational inequality problem, also known
as hierarchical fixed point problem. The signal recovery [18], beamforming [67] and
power control [30] problems can be written in the form of a hierarchical variational
inequality problem. For further details on hierarchical variational inequality problems
and their applications, we refer to [8, 10, 17, 18, 30, 34, 47, 52, 56, 57, 67, 78,
82-84, 92] and the references therein. In the recent past, several iterative methods
have been proposed and analyzed by several authors, see, for example [10, 17, 19,
28, 30, 34, 47, 48, 50, 52, 56, 57, 78, 80-83, 85, 92] and the references therein.

Recently, liduka [27, 29] considered a problem which has triple structure, that is,
a variational inequality problem defined over the set of solutions of another varia-
tional inequality problem which is defined over the set of fixed points of a mapping.
Because of the triple structure of the problem, it is called triple hierarchical varia-
tional inequality problem. So, a variational inequality problem defined over the set of
solutions of a hierarchical variational inequality problem is called a triple hierarchi-
cal variational inequality problem (in short, THVIP). liduka [27, 29] proposed some
iterative methods for computing the approximate solutions of THVIP. The strong
convergence of the sequences generated by the proposed methods is also studied.
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Some examples of triple hierarchical variational inequality problems are provided
in [29]. Subsequently, liduka [31] translated the nonconcave utility bandwidth allo-
cation problem with compoundable constraints into a triple hierarchical variational
inequality problem. Then, he suggested some iterative method, so-called fixed point
optimization algorithm, to find the solution of THVIP. The strong convergence of the
iterative method is studied. Recently, several iterative methods for finding the solu-
tions of THVIP have been proposed and analyzed; See, for example, [9, 11-13, 27,
29, 31, 36, 37, 41, 73, 89] and the references therein. Ceng et al. [11] combined the
regularization method, hybrid steepest descent method, and the projection method to
propose an implicit scheme that generates a net in an implicit way. They studied its
convergence to a unique solution of THVIP. They also introduced an explicit scheme
that generates a sequence via an iterative algorithm and proved that this sequence
converges strongly to a unique solution of THVIP. Ceng et al. [12] considered a
monotone variational inequality problem defined over the set of solutions of another
variational inequality problem which is defined over the intersection of the fixed
point sets of N nonexpansive mappings. They proposed two relaxed hybrid steepest
descent algorithms with variable parameters for computing the approximate solu-
tions of these two problems. The strong convergence of these two algorithms is also
studied. Recently, Zeng et al. [89] presented strong convergence of relaxed hybrid
steepest descent method under some mild conditions on parametric sequences. The
THVIP is further investigated and generalized in [13, 36, 37, 73].

Yamada [80] considered a hierarchical variational inequality problem defined
over the set of common fixed points of a finite family of nonexpansive mappings.
Such problem is called hierarchical variational inequality problem for a family of
nonexpansive mappings. An application of this kind of problem is given in [80].
Motivated by the work of Yamada [80], Ceng et al. [12, 89] considered the variational
inequality problem with the variational inequality constraint which is defined over
the intersection of the fixed point sets of a family of N nonexpansive mappings
T; : H - H,where N > 1 an integer. Such problem is called triple hierarchical
variational inequality problem for a family of nonexpansive mappings.

In this chapter, we give a survey on hierarchical variational inequality problems
and triple hierarchical variational inequality problems. By combining hybrid steepest
descent method, Mann’s iteration method and projection method, we also present
a hybrid iterative algorithm for computing a fixed point of a pseudo-contractive
mapping and for finding a solution of a triple hierarchical variational inequality in
the setting of real Hilbert space. Under very mild assumptions, we prove that the
sequence generated by the proposed algorithm converges strongly to a fixed point
which is also a solution of this triple hierarchical variational inequality problem.
On the other hand, we also propose another hybrid iterative algorithm for solving a
class of triple hierarchical variational inequality problems concerning a finite family
of pseudo-contractive mappings in the setting of real Hilbert spaces. Under very
appropriate conditions, we derive the strong convergence of the proposed algorithm
to the unique solution of this class of problems. Our algorithms are quite general and
very flexible and include some other iterative algorithms in the literature as special
cases.
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2 Preliminaries

Throughout the chapter, we use the following notations: “—” and “—" stand for
the weak convergence and strong convergence, respectively. Moreover, we use the
following notation: for a given sequence {x,} € H, w,,(x,) denotes the weak w-limit
set of {x,}, that is,

wy(xy) := {x € H : x,; — x for some subsequence {n;} of {n}}.

The following lemma is an immediate consequence of an inner product.
Lemma 1 Let H be a real Hilbert space. Then, forall x,y € H,

@ llx—ylI> = Ix1? = lIyl? = 2x — v, y).
®) lx +yI? < x> 4+ 2(y, x + ).

Let C be a nonempty closed convex subset of a real Hilbert space H. For each
point x € H, there exists a unique nearest point in C, denoted by Pc (x), such that

lx — Pc)|l < llx —yll, forally e C,

where Pc is called the metric projection of H onto C. It is known that Pc is a
nonexpansive mapping.
The following lemmas are well known.

Lemma 2 Let C be a nonempty closed convex subset of a real Hilbert space H.
Given x € H and z € C. Then, 7 = Pc(x) if and only if

(x —z,y—2) <0, forallyecC.

Lemma 3 [53] Let C be a nonempty closed convex subset of a real Hilbert space H.
Let {x,} be a sequence in H, u € H and q = Pc(u). If {x,} is such that w,,(x,) € C
and

llxn —ull < llu—qll, foralln = 0.

Then, x,, — q.
Definition 1 A mapping T : H — H is called
(a) L-Lipschtz continuous if there exists a constant L > O such thatforallx, y € H,

ITx) =TI < Lilx = yll;

Further, if L = 1, then T is called nonexpansive; if L € (0, 1), then T is called
contraction.
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(b) firmly nonexpansive if 2T — I is nonexpansive, or equivalently,
(T =T x =y 2 IT@ =TI, forallx,y € H;

alternatively, 7 is firmly nonexpansive if and only if 7' can be expressed as
T = 1(1 +5)
=5 ,

where S : H — H is nonexpansive; projections are firmly nonexpansive;
(c) pseudo-contractive if

(T) =T, x—y) <lx—yl?, forallx,ye H; ()
(d) ¢-strictly pseudo-contractive if there exists a constant ¢ € [0, 1) such that

IT) =TI < Ix=yI>+2 I =T)x)— (I =T))|?, forallx,ye H.
)

The condition (1) is equivalent to the following condition.
ITx = Tyl* < llx = yI> + (I = T)x = (I = D)yl’, forallx,y e H. (3)

Indeed, observe that

ITx — Tyl

=|x—y—[—T)x— -1yl

=lx—ylP =20 —y. I —Tx—U-T)y)+ (I —T)x — (I — )yl
=llx = yI* = 2[llx — yI* = (Tx = Ty, x — )]+ | — T)x — (I — T)y|*.

It is well known that the class of strictly pseudo-contractive mappings strictly
includes the class of nonexpansive mappings.

Definition 2 A mapping A : H — H is said to be
(a) monotone if

(A(x) — A(y),x —y) >0, forallx,ye H; 4)

Further, if strict inequality holds in (4) for all x # y, then A is called strictly
monotone.
(b) strongly monotone or -strongly monotone if there is a constant 8 > 0 such that

(A(X) — A(Y),x —y) > Bllx — y||*, forallx,y e H;
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(c) v-inverse strongly monotone (v-ism) (also called cocoercive) if there exists con-
stant v > 0 such that

(Ax) — A(y), x —y) = v[[Ax) — AW, forallx,y € H.

Lemma4 [32] Let A : H — H be an a-inverse strongly monotone operator. For
A € [0, 2«], define S, : H — H by S)x := x — AAx, forall x € H. Then, S, is
nonexpansive.

Lemma 5 [80, Lemma 3.1] Let A : H — H be B-strongly monotone and L-
Lipschitz continuous and 1 € (0, 2,3/L2). For » € [0, 1], define T* : H — H
by

T(x) == x — AnA®x), forall x € H.

Then,
IT*(x) = T*WIl < A — AD)|lx — yll, forallx,y e H,

where, T :=1— /1 — u(2p — nL?) € (0, 1].

A Banach space X is said to satisfy Opial’s condition if whenever {x,} is a
sequence in X which converges weakly to x, then

liminf ||x, — x|| < liminf ||x, — y||, forally € X, y # x.
n— o0 n—oo

It is well known that every Hilbert space H satisfies Opial’s condition (see, for
example, [23]).

Definition 3 Let X be a Banach space and C be a closed convex subset X. A mapping
T : C — Cissaidto be demiclosed when x,, — y (converges weakly) and 7 (x,,) —
z (converges strongly), imply that z = T'y.

Lemma 6 [94] Let X be a real reflexive Banach space which satisfies Opial’s condi-
tion. Let C be a nonempty closed convex subset of X and T : C — C be a continuous
pseudo-contractive mapping. Then, I — T is demiclosed at zero.

Lemma 7 [23, Demiclosed Principle] Let C C H be a nonempty, closed, and convex
setand T : C — C be a nonexpansive mapping. If T has a fixed point, then I — T is
demiclosed, that is, whenever {x,} is a sequence in C and weakly converges to some
x € C and the sequence {(I — T)x,} strongly converges to some y, it follows that
(I — T)x =y, where I is the identity operator on H.

Proposition 1 [23] Let C be a nonempty closed convex subset of a real Hilbert space
Hand T : H — H be a nonexpansive mapping. Then,

(a) Fix(T) is closed and convex;
(b) Fix(T) is nonempty if C is bounded.
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3 Variational Inequalities

Throughout the section, unless otherwise specified, let H be a real Hilbert space
whose inner product and norm are denoted by (., .) and || - ||, respectively. Let C be a
nonempty closed convex subset of H and A : H — H be a nonlinear operator. The
variational inequality problem is to find x* € C such that

(A(x®),x —x*) >0, forallx € C. (5)

The solution set of the variational inequality problem defined on the set C and by
the operator A is denoted by VIP(C, A). The inequality (5) is called a variational
inequality. When the operator A is monotone, it is called monotone variational
inequality. This kind of variational inequality was first introduced and studied by
Browder [5]. However, a more general form of the variational inequality was intro-
duced by Fichera [22] and Stampacchia [69] in connection with Signorini’s contact
problem. As we have pointed out in the first section that the theory of variational
inequalities is well established and well recognized. Nowadays, people are using this
theory as a tool to solve the problems from mechanics, partial differential equations,
game theory, optimization, etc.

Geometrically speaking, a variational inequality problem is to find a vector x*
in a closed, convex set C of a Hilbert Space H such that the vector A(x*) forms a
nonobtuse angle with every vector of the form x — x*, forall x € C.

For further details on variational inequalities and their applications, we refer to
[1-3, 5, 20-22, 24-26, 35, 40, 42-45, 54, 58, 63, 69, 70] and the references therein.

During the last three decades, the theory of variational inequalities has been stud-
ied in different directions, namely, applications, existence results and solution meth-
ods. A large number of solution methods has been proposed. Among all the solution
methods, the simplest iterative procedure for variational inequality problem is the
projection gradient method, whose iterative scheme is

Xnt1 = Pc(xy — nA(xp)), n=0,1,2,...,

where Pc : H — C is a projection operator from H onto C and u is a positive real
number.

When A is strongly monotone and Lipschitz continuous, the projection gradient
method with any initial choice xo € C and u > 0, generates a sequence {x,} that
converges strongly to a unique solution of the variational inequality problem (5).

Proposition 2 [29, Proposition 2.3] Let C be a nonempty closed convex subset of a
real Hilbert space H and A : H — H be a-inverse strongly monotone. Then, for
A € [0, 2], the mapping S, : H — H, defined by

S (x) := Pc(x —AA(x)), forallx € H,

is nonexpansive and Fix(S,) = VIP(C, A).
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Definition 4 Let C be a nonempty convex subset of a real Hilbert space H. A
mapping A : C — H is said to be hemicontinuous if for any fixed x, y € C, the
mapping A — A(x + A(y — x)) defined on [0, 1] is continuous, that is, if A is
continuous along the line segments in C.

The following proposition is well known and the proof can be found in [1, 40,
42, 43, 63].

Proposition 3 Let C C H be a nonempty closed and convex subset of real Hilbert
space H and A : C — H be a mapping.

(a) If A is monotone and hemicontinuous, then VIP(C, A) is equivalent to
MVIP(C,A) :={x*:(Ay,y —x*) >0, forall y € C}.

(b) VIP(C, A) # @, when C is bounded and A is monotone and hemicontinuous.

(c) VIP(C, A) = Fix(Pc(I — AA)), for all . > 0, where I is identity map on H.

(d) VIP(C, A) consists only one point, if A is strongly monotone and Lipschitz
continuous.

(e) VIP(C,V f) = argmin, - f(x) := {x* € C: f(x*) = minyec f(x)}, where
f : C — Ris a convex and Fréchet differentiable function and V f is the
gradient of f.

4 Hierarchical Variational Inequalities

A variational inequality problem defined over a set of fixed points of a mapping on
a Hilbert space H, is called hierarchical variational inequality problem.

Let H be a real Hilbert space, T : H — H be a nonexpansive mapping, and
A : H — H be a mapping. We assume that the set Fix(7") of all fixed points of T is
nonempty.

The hierarchical variational inequality problem (in short, HVIP) is to find x* €
Fix(T) such that

(A(x®),y —x*) >0, forall y € Fix(T), (6)
that is, to find
x* € VIP(Fix(T), A) := {x* € Fix(T) : (A(x™), y —x*) > 0, forall y € Fix(T)}.
Several problems, namely, image recovery problem in 3D electron microscopy [65],
quadratic signal recovery problem [18], robust wideband beamforming problem [67],
power control problem in code-division multiple-access (CDMA) data network [30],

etc can be modeled as a HVIP. Sezan [65] formulated the image recovery problem
in the form of a hierarchical minimization problem, that is, a minimization problem
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defined over the set of fixed points of a mapping. She / He used projection method to
study this problem. Combettes [18] proposed a block-iterative parallel decomposition
method to solve quadratic signal recovery problem. Slavakis and Yamada [67] used
hybrid steepest descent method (HSDM) to design robust smart antennas. liduka
[30] formulated a power control problem for a CDMA data network in the form
of a hierarchical variational inequality problem. He proposed an iterative algorithm
to solve this problem. Because of the applications of HVIP, it has been extensively
studied during the last decade by several researchers; See, for example [8, 10, 17,
19, 28, 30, 34, 47, 48, 50, 52, 56, 57, 67, 78, 80-85, 92] and the references therein.

Yamada [80] proposed a hybrid steepest descent method for solving variational
inequality problem which is defined over the set of fixed points of a nonexpansive
mapping. He also studied the solution method for HVIP defined by means of the set
of common fixed points of N nonexpansive mappings. He presented the following
result.

Lemma 8 [80, Lemma 3.1] Let T : H — H be a nonexpansive mapping with
Fix(T) # 0. Suppose that A : H — H is L-Lipschitzian and B-strongly monotone

over T (H). By using arbitrary fixed u € (O, i—ﬁ), define T* : H — H by

T*(x) := T (x) — AA(T (x)), forall ) € [0, 1]. @)
Then,
(a) G :=uA — I satisfies

16 =GWI? < [1 = r@B—puLD|Ix=yI2 forallx,y € T(H), ®)

which implies that G is strictly contractive over T (H), where T (H) denotes the
range of T. Moreover, the obvious relation 0 < 7 := 1 — /1 — u(2p — nL?)
< 1 ensure that the closed ball

Cri=|vemipx i < AL

is well defined, for all f € Fix(T).

(b) T* : H — H satisfies T)‘(Cf) C Cy, forall f € Fix(T) and A € [0, 1]. In
particular, T(Cy) C Cy, forall f € Fix(T).

() T* : H — H, forall » € (0, 1), is strictly contractive mapping having its
unique fixed point &, € ( repix(r) Cf-

(d) Suppose that the sequence of parameters {1} C (0, 1] satisfies lim,_ oo A, = 0.
Let &, be the unique fixed point of T—,~ = T*, that is,

&, =6, e Fix(T<,~), foralln.
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Then, the sequence {&,} converges strongly to the unique solution u* € Fix(T)
of VIP(Fix(T), A).

The conclusion (d) in Lemma 8 is a generalization of a pioneer result by Browder
[6].

Yamada [80] presented the following hybrid steepest descent method for solving
HVIP (6).

Algorithm 1 Let T : H — H be a nonexpansive mapping with Fix(T) # @.
Suppose that a mapping A : H — H is L-Lipschitz continuous and S-strongly

monotone over T (H). Start with any initial choice xo € H, any u € (O, i—é) and

generate a sequence {x,} by
i i= TP () o= T () = At WAT (). ©)

The Yamada [80] established the following strong convergence result for the
sequence generated by the Algorithm 1.

Theorem 1 LetT : H — H be anonexpansive mapping with Fix(T') # ¢. Suppose
that a mapping A : H — H is L-Lipschitz continuous and B-strongly monotone

over T(H). Then withany xo € H, any u € (O, i—é) and any sequence {A,} C (0, 1]

satisfying

() limy 00 Ap =0,
(i) 2 02; An = +o0,
(i) 1im,_,o0 225724 =0,
)‘n+l
the sequence {x,} generated by (9) converges strongly to the uniquely existing solu-
tion of VIP(Fix(T), A).

An example of the sequence {A,} of real numbers that satisfies conditions (i)—(iii)
of Theorem 1 is A,, = % forO <t < 1.

In 2004, Yamada and Ogura [81] extended Theorem 1 for quasi-nonexpansive
mappings.

Recently, liduka [30] considered HVIP (6) in the setting of finite dimensional
Euclidean space for fimrly nonexpansive mapping. He present an application of this
problem to a power control problem for a direct-sequence code-division multiple-
access data network. He considered the following problem.

Problem 1 Assume that

(Al) C c R"isanonempty, closed convex set and the explicit form of Pc is known;
(A2) T : R" — R" is a firmly nonexpansive mapping such that Fix(7) C C and
Fix(T) # 0;

(A3) A:R" — R"is acontinuous mapping.

The problem is to find x* € VIP(Fix(T), A) (C C).
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He presented the following, so-called, fixed point optimization algorithm.

Algorithm 2 [30] STEP 0. Choose xg € C, A1 € (0, 0c0) and a1 € [0, 1) arbitrary,
and setn := 1.
STEP 1. Given x,, € C, choose A, € (0, c0) and &, € [0, 1), and compute x4+ € C
as follows:

Yn =T (xy — A A(xp)),

10
Xpg1 = Pc (apxy + (1 — op) yn). (10)

Update n :=n + 1, and go to Step 1.
liduka [30] established the following convergence theorem for Algorithm 2.

Theorem 2 [30, Theorem 6] In addition to the assumptions of Problem 1, we further
assume that {A(xy,)} is bounded, VIP(Fix(T), A) # ), and there exists ng € N such
that VIP(Fix(T), A) C Q = (1,2, {x € Fix(T) : (A(xp), x, — x) > O}. If
{aey} C [0, 1) and {1} C (0, 00) satisfy the following conditions:

(1) limsupa, <1,
n— o0

(i) D09, A2 < oo,
then, the sequence {x,} generated by the Algorithm 2 has the following properties:

(a) Foreveryy € Q, lim, . ||x, — y| exists, and {x,} and {y,} are bounded.
(b) im0 llXp — yull = 0 and lim;, . ||x, — T (x)]| = 0.
©) Ifllxn — ynll = 0(Ay), then {x,} converges to a point in VIP(Fix(T), A).

Tiduka [30] also studied the conditions under which {A(x,)} is bounded, VIP
(Fix(T), A) # @, and the condition “there exists ng € N such that VIP(Fix(T"), A) C
Q= ﬂ;’o:no{x € Fix(T) : (A(x,), x, — x) > 0}” holds (see, Remark 7 (a)-(c) in
[30]).

Moudafi and Maingé [57] considered the following general form of hierarchical
variational inequality problem (HVIP).

Find x* € Fix(T) such that {(x* — §(x*), y — x*), forall y € Fix(T), (11)

where S, T : H — H are nonexpansive mappings and Fix(T) = {x € C : x =
T (x)} is the set of all fixed points of T and C is a nonempty closed convex subset of
a real Hilbert space H.

It can be easily seen that the HVIP (11) is equivalent to the fixed point problem
of finding x* € C such that

x* = Prix(r) © S(x™), (12)

where Prix(r) is the metric projection on the convex set Fix(7'). By using the defin-
ition of a normal cone to Fix(T'), that is,
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{deH:{d,y—x)<0,VyeFix(T)}, ifxeFix(T),
]

, otherwise, (13)

Nrix(T) 1 X > [
we can easily see that the HVIP (11) is equivalent to the following variational inequal-

1ty:
0e(I—Sx*+ NFix(T)(x*). (14)

When the solution set of the HVIP (11) is a singleton set (which is the case, for
example, when S is a contraction) the problem reduces to the viscosity fixed point
solution introduced in [55] and further developed in [19, 76].

Example 1 [57] Let A : H — H be L-Lipschitz continuous and S-strongly
monotone and S = I — yA where y € (O, ZL). Then, the HVIP (11) reduces

to the HVIP (6). !

On the other hand, if we take C = H, T = J)f‘ and § = Jf with A, B are two
maximal monotone operators and J. f ,J f are the corresponding resolvent mappings,
then the HVIP (11) reduces to the problem of finding x* € H such that

O S (I — Jf) (x*) + NA—I(O)(X*), (15)

where N 4-1) denotes the normal cone to A~10) = Fix(]{‘), the set of zeros of A.
The inclusion (15) can be written as to find x* such that

0e B)\(X*) + NA—I(O)(X*),

where B), := (A1 + B*I)_l is the the Yosida approximation of B.

Example 2 [57] Lety : H — R be a convex function such that Vi is a §-strongly
monotone and L-Lipschitz continuous (which is equivalent to the fact that Vi is
L~ cocoercive), ¢ : H — R be a lower semicontinuous convex function and
Q=1—-yVy withy € (0,2/L). Setting

. 1
T = prox,, := argmin 1 ¢(y) + all. — y|I?t. (16)

Then by the fact that Fix (prox; ) = @)1 (0) = arg min ¢, the HVIP (11) reduces
to the following hierarchical minimization problem:

min ¥ (x). (17)

xe€arg min ¢

We denote by ¢ and 8y the subdifferential operators of lower secontinuous
convex functions ¢ and ¥, respectively. On the other hand, if we consider A = §¢ and
B = 8¢ in (15), the HVIP (11) reduces to the following hierarchical minimization
problem:
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min ¥, (x),
X €arg min ¢

where ¥, (x) = inf{y¥ (y) + (1/21)]|x — y ||2} is the Moreau-Yosida approximate of
y
v

Example 3 [57] Let ¢ : H — R be a convex function such that Vi is §-strongly
monotone and L-Lipschitz continuous (which is equivalent to the fact that Vi) is
L1 cocoercive). Setting S =1 — yV¢ with y € (0,2/L). The HVIP (11) reduces
to the following hierarchical minimization problem studied by Yamada [80].

min Xx).
xeFix(T) ¢

On the other hand, when 7 is a nonexpansive mapping and S = [ — y
(A — yf), where A is a bounded linear y-strongly monotone operator, f is a given
a-contraction, and y > O withy € (0, ||A||4+y). The HVIP (11) reduces to the prob-
lem of minimizing a quadratic function over the set of fixed points of a nonexpansive
mapping studied by Marino and Xu [50], namely

((A—yf)(x*),y —x*) >0, forally e Fix(T), (18)

which is optimality condition for the following minimization problem:
.1
min  —(Ax, x) — h(x), (19)
x€eFix(T) 2
where £ is the potential function for y f, thatis, 7' (x) = yf(x), forx € H.

Moudafi [56] extended Krasnoselski-Mann (KM) iterative method for HVIP (11)
and proposed the following algorithm:

Algorithm 3 [56]
Xpgp1 = (1 —o)xy + oy Ay SOxp) + (1 = 2)T (x,)), foralln >0, (20)

where xo € C, {A,,} and {a,,} C (0, 1).

Moudafi [56] and Yao and Liou [83] studied the weak convergence of the sequence
generated by the Algorithm 3.

Theorem 3 [83] Let C be a nonempty closed convex subset of a real Hilbert space
HandT,S : C — C be two nonexpansive mappings such that Fix(T') # (. Let {x,}
be a sequence generated by the Algorithm 3. Let {a,} C (0, 1) and {A,} C (0, 1) be
two sequences of real numbers satisfying the following conditions:

(1) ZZO:() Ap < 005

.o . X, —X;
(i) 1imy,_, oo 12nrl—nl v o — .
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Then,

(@) {x,} converges weakly to a fixed point of T ;
) {x,} is asymptotically regular, namely lim, _ || X1 — Xn |l = O;
(©) {xn} converges weakly to a solution of HVIP (11).

Yao and Liou [83] also showed that the conclusion of the Theorem 3 still holds if
we replace the condition (i) in Theorem 3 by the following condition.

(1) D0 g anhy < 00, and limy— 00 Ay = 0.

When S is a contraction mapping, Yao and Liou [83] proved the following strong
convergence theorem under different restriction on parameters.

Theorem 4 [83, Theorem 3.3] Let C be a nonempty closed convex subset of a real
Hilbert space H and T, S : C — C be nonexpansive and contraction mappings,
respectively, such that Fix(T) # (. Let {x,} be a sequence generated by Algorithm
3. Let {ay} C (0, 1) and {A,} C (0, 1) be two sequences of real numbers satisfying
the following conditions:
(1) 0 <liminfea, <limsupo, < 1;

n—oo

n—o0
(i) 1imy o0 Ay = 0 and 322k = o

Then,

(@) {x,} converges strongly to a fixed point of T ;
) {x,} is asymptotically regular, namely lim,,_, || X1 — Xn || = 0;
(©) {xn} converges strongly to a solution of HVIP (11).

In 2007, Mainge and Moudafi [48] proposed the following viscosity-like method
for approximating a specific solution of HVIP (11).

Xnt1 = Ap f(xXn) + (1 —an) (@ S(xn) + (1 = 2)T (x)), forn =0,  (21)

where the initial guess xo € C, f : C — C is a contraction mapping and {A,} and
{ar, } are sequences in (0, 1) satisfying certain conditions. Note that this method can
be regarded as a generalization of Halpern’s algorithm. The strong convergence of
the sequence generated by this method is also studied in [48].

Lu et al. [47] proposed the following generalization of iterative scheme (21).

Xpp1 = Ay Lo f(x0) + (1 — o) SGep)] + (1 — A)T (x,), forn >0, (22)

where the initial guess xop € C, f : C — C is a contraction mapping and {},} and
{oen } are sequences in (0, 1) satisfying certain conditions. The strong convergence of
the sequence generated by the above method is also studied. An application of HVIP
to hierarchical minimization problem is also studied.

A fairly common method in solving some nonlinear problems is to replace the
original problem by a family of regularized (perturbed) problems and each of these
regularized problems has a unique solution. A particular (viscosity) solution of the
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original problem is obtained as a limit of these unique solutions of the regularized
problems. This idea is used by Moudafi and Mainge [57] and considered the viscosity
method for hierarchical fixed point problems of nonexpansive mappings as follows:

Let C be a nonempty closed convex subset of a real Hilbert space H. Given a
contraction mapping f : C — C and two nonexpansive mappings S,7 : C — C.
Then for s, ¢ € (0, 1), the mapping

x> sf)+ 1 =9)[rSx) + A -0)TKx)]

is a contraction mapping on C. So it has a unique fixed point, denoted by x;; € C;
thus

Xs0 =58 (s0) + (1= 9) [1S(x5.0) + (1 = DT (xy.0)]- (23)

It is interesting to know the behavior of {x;,} when s, — 0 separately or jointly.
Moudafi and Mainge [57] initiated the investigation of the behavior of the net {x; ;}
as s — O first and then as t — 0. It is further studied by Cianciaruso et al. [17],
Marino and Xu [52], Xu [78], Yao et al. [82], and Zeng et al. [92].

Yamada [80] considered the following variational inequality problem defined
over the intersection of the fixed point sets of a family of N nonexpansive mappings
T, : H— H,where N > 1 an integer.

Problem 2 Foralli =1,2,..., N, assume that

(B1) T; : H— H is a nonexpansive mapping with ﬂlN:] Fix(T;) # 0,
(B2) A: H — H is B-strongly monotone and L-Lipschitz continuous.

The hierarchical variational inequality problem defined over the set ﬂlNzl Fix(T;) is
to find x* € ﬂlNzl Fix(T;) such that

N
(AG*),y —x*) =0, forally e (") _ Fix(Ty, (24)

that is, to find

X EVIP((I\% Fix(T;), A)

i=1

N N
Ix* € ﬂ Fix(T;) : (A(x*),y —x*) >0, forally € N Fix(Ti)] .

i=1

Yamada [80] proposed the following iterative method to compute the approximate
solutions of HVIP (Problem 2).

Algorithm 4 Start with any initial choice xo € H, any u € (0, %) and generate a
sequence {x,} by

An
Xt = T ) = Tin11(6n) = A1 A (Tin11 () ) 5 (25)
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where [-] is the modulo N function defined by [i] := [i]ly = {i — kN : k =
0,1,2,...}n{1,2,...,N}.

The Yamada [80] established the following strong convergence result for the
sequence generated by the Algorithm 4.

Theorem 5 [80, Theorem 3.3] Fori = 1,2, ..., letT; : H — H be a nonexpansive
mapping with ﬂlNzl Fix(T;) # @ and

N
Fix(T}) = Fix (Tj o Th o T30 - - - 0 Ty)
i=1

=Fix(TyoThoTz30---0Tn_1)

=Fix(Ty_10Ty—0---0TyoTy).

Suppose that a mapping A : H — H is L-Lipschitz continuous and B-strongly

monotone over A = ﬂlNzl Fix(T;). Then with any xo € H, any n € (O, i—é) and

any sequence {A,} C [0, 1] satisfying
1) limp—seory =0,

(i) Zf,ozl Ap = +00,

(i) D00 | 1on — hns| < 00,

the sequence {x,} generated by (25) converges strongly to the uniquely existing
solution of HVIP 2.

An example of the sequence {A,} of real numbers that satisfies conditions (i)—(iii)
of Theorem 51is A, = %

Very recently, Ceng et al. [10] proposed the following iterative method to find the
approximate solutions of HVIP (Problem 2).
Algorithm 5 Start with any initial choice xo € H, any u € (0, i—é) () C [0, 1),

{a,} € (0, 1), {8} C (0, 2c) and generate a sequence {x,} by

Xng1 = @1+ (1= o) T Gin)
= apxp—1 + (1 —ap) [T[n](xn = YnF(xn)) — AnptA o Tiyy (xn — VnF(xn))] )
(26)

forn > 1, where F' : H — H is an a-inverse strongly monotone mapping.

Ceng et al. [10] establish the following weak convergence result for the sequence
generated by (26).

Theorem 6 [10, Theorem 3.1] Let F : H — H be an «-inverse strongly monotone
mapping, A : H — H is L-Lipschitz continuous and f-strongly monotone for some
constants L, B > 0. For eachi = 1,2,..., N, let T; : H — H be nonexpansive

with ﬂlNzl Fix(T;) # @. Suppose that VIP (ﬂlNzl Fix(T}), A) # (. Letp € (0, i—’ﬁ)
{An} C 10, 1), fon} C (0, 1), {Bu} C (0,20) be such that "> 1 Ay < 00, By < Ay
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anda < oy < b foralln > 1, for some a,b € (0, 1). Then, the sequence {x,}
generated by (26) converges weakly to an element of ﬂlN: | Fix(T;) # 0.
If; in addition, ||x, — Tin)(X,) || = 0(By), then the sequence {x,} converges weakly

t0 an element of V1P (mfvzl Fix(T}), A).
They also provided the following strong convergence result.

Theorem 7 [10, Theorem 3.4] Under the hypothesis of Theorem 6, the sequence
{x,,} generated by (26) converges strongly to an element of VIP (ﬂf\’: 1 Fix(T;), A)

if and only if lim inf d(x,, C) = 0, where C := VIP (n{il Fix(T}), A).
n— 00

5 Triple Hierarchical Variational Inequalities

A variational inequality problem defined over the set of solutions of hierarchical
variational inequality problem is called a triple hierarchical variational inequality
problem.

Problem 3 Let H be a real Hilbert space. Assume that

(B1) T : H— H is a nonexpansive mapping with Fix(T) # ;

(B2) A1 : H — H is an a-inverse strongly monotone mapping;

(B3) A>: H — H isa pB-strongly monotone and L-Lipschtiz continuous mapping;
(B4) VIP(Fix(T), A1) # 9.

The triple hierarchical variational inequality problem (in short, THVIP) is to find
x* e VIP (Fix(T), A1) such that

(A (x™),v—x*) >0, forallv e VIP (Fix(T), A}), 27)
that is, to find

x* € VIP (VIP (Fix(T), A1), A2)
= {x* € VIP(Fix(T), A1) : (A2(x*),v — x*) > 0, Vv € VIP(Fix(T), A})}.

Example 4 [29] Let C be a nonempty closed convex subset of a real Hilbert space H,
fo : H — Rbe aconvex function with %—Lipschitz continuous gradient, f; : H —

R be a convex function with é—Lipschitz continuous gradient, and f> : H — H be
a strongly convex function with a Lipschitz continuous gradient. Define

T := Pc(I — AV fy), fori e (0,2y],

and
A =Vf;, fori=1,2.
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Then, by Proposition 2 and Proposition 3 (c) and (e), T is nonexpansive with
Fix(T') = argmin, . fo(z). Then, THVIP (Problem 3) with T' := Pc (I —AV fp), for
A€ (0,2y]land A; := V f;, fori = 1, 2, reduces to the following triple hierarchical
constrained convex optimization problem (in short, THCCOP):

Minimize f>(x) subjectto x € arg min f1(y).
y€arg ’3?3 fo(2)

This problem is called double-hierarchical constrained convex optimization in [8].

Example 5 [29] Let Ag : H — H be a y-inverse strongly monotone and fi, f> :
H — R be the same as in Example 4. Consider

T = PR»er (I — MAp), for i € (0,2y],

and
A=V f;, fori=1,2.

Then, the set VIP(Fix(T), A1) coincides with the solution set of the following
mathematical program with the complementarity constraint (MPCC) [46, 62]:

Minimize fj(x) subjecttox € R, Agx) € R}, (x, Ag(x))=0.

Then THVIP (Problem 3) reduces to the following convex optimization problem over
solution set of MPCC:

Minimize f(x), subjecttox € Sol(MPCC),

where Sol(MPCC) denotes the set of solutions of MPCC.

Example 6 [29] Let H be a real Hilbert space and S, T : H — H be nonexpansive
mappings with nonempty fixed point set. Let f> : H — R be defined as in Example
4. Define

1
Ay = 3(1 —9), foréd >0, and A :=Vfy,

where I denotes the identity mapping. Then, A is %-inverse strongly monotone and
VIP(Fix(T'), A1) can be represented as the solution set of the following hierarchical
fixed point problem (HFPP) for nonexpansive mappings [48, 56]:

find ¥ € HFPP(S, T) := {% € Fix(T) : ¥ = Prixc)S()}.

Therefore, THVIP (Problem 3) reduces to the following minimization problem over
hierarchical fixed point problem:

Minimize f,(x), subjecttox € HFPP(S,T).
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Iiduka [27, 29] proposed the following iterative method to compute the solutions
of THVIP (Problem 3).

Algorithm 6 [27, 29] STEP 0. Take u > 0, {a,} C (0, 1], {*A,} C (0, 00), choose
Xxo € H arbitrarily, and let n := 0.
STEP 1. Given x, € H, compute x,,1 € H as

v =T — A A1(x)),

28
Xpa1 i= Yn — M A2(Vn). (28)

Update n :=n + 1 and go to Step 1.

liduka [27] established the following convergence result for Algorithm 6:

Theorem 8 [27, Theorem 3.2] Assume that the Assumptions (B1)—(B4) are satisfied
and {yp} in Algorithm 6 is bounded. Let u € (0, i—é), {any} C (0, 1] and {A,} C
(0, 2a] be such that the following conditions hold:

. )

(1) anl oy = OO,
(11) hmn*}oo U1 | Antl An
1 — 2o
On+1

(i) limy— oo ﬁ
(iv) lim,oory =0;
(v) limy— 0 ())»[_Z =0
(Vi) 1imy o0 2 = 0.
Then, the sequence {x,} generated by Algorithm 6 satisfies the following properties:

(@ {xn}, {A1(xn)} and {A2(yn)} are bounded.

(b) Timyys oo Lt=50l = 0, Tim, oo L2220 = 0 and lim, oo 16y — T () | = 0.

(c) Ifthereexistsk > Osuchthat||x—T (x)|| > k li;nf(T) lx—yl|l forallx € H, then
yeFix

the sequence {x,} converges strongly to the unique existing solution of THVIP
(Problem 3).

liduka [29] further studied the convergence of the sequence generated by the
Algorithm 6 by making some changes in the parametric sequences. He established
the following convergence result.

Theorem 9 [29, Theorem 4.1] Assume that the assumptions (B1)—(B4) are satisfied
and {y,} in Algorithm 6 is bounded. Let u € (0, i—'ﬁ) {an} C (0, 1] and {A\,} C
(0, 2a] be sequences of real numbers such that the following conditions hold:

(1) limysoa, =0;

(i) D02 ay = 005
(i) o) lenst — ol < 007
(V) oy PAnt1 = Aal < 00;
V) Ay <apforalln € N.
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Then, the sequence {x,} generated by Algorithm 6 satisfies the following properties:
(a) {x,} is bounded.

(b) limy—co [|Xn — yull = 0 and limy— o Xy — T (x,)|| = 0.
©) If llxn — ynll = 0(Ayn), then {x,} converges strongly to the unique solution of
THVIP (Problem 3).

Recently, Ceng et al. [12] extended Algorithm 6 by taking variable parameters
and proposed the following iterative method.

Algorithm 7 [12] STEP 0. Take {a,,} C (0, 11, {X,} C (0, 2a) and {u,} C (O, i—'ﬁ),
choose xg € H arbitrarily, and let n := 0,
STEP 1. Given x,, € H, compute x, ] € H as

Y =T — A A1(xp)),
Xp41 = Yn — UnOn A2(Vn). (29)

Update n :=n + 1 and go to Step 1.

In Algorithm 7, a sequence {u, } of positive parameters is introduced so as to take

into account possible inexact computation. For p € (0 ) whenever u, = u for

all n > 0, then Algorithm 7 reduces to Algorithm 6.
The following convergence result for the sequence generated by Algorithm 7 is
established by Ceng et al. [12].

5L2

Theorem 10 [12, Theorem 3.1] Assume that the Assumptions (B1)—(B4) are satis-
fied and the sequence {y,} generated by Algorithm 7 is bounded. Let {a,} C (0, 1],

(A} C (0,200) and {un) C (0, L2) such that

@) Z?,io oy = o0 and lim, o &y, = 0,

(i) | st < Vel

ﬁmhmeQwH—@m)m)—a
(V) D02 lAnt1 — Anl < 00 and hy < ap, foralln > 0.

2
, for some ¢ € (0, L2)

Then, the sequence generated by Algorithm 7 satisfies the following properties:

(a) {x,} is bounded.

(b) lim, oo X7 — yull = 0 and limy, . o0 || xp — T (x) || = 0.

(¢) {xn} converges strongly to a unique solution of THVIP (Problem 3) provided
lxn — ynll = 0(An).

, L2)’ whenever ,, = w for all n > 0, then the condition (ii)

Remark 1 For € (0
in Theorem 10 holds.
Indeed, since

B— /B2 —1L?

t—0t L2 =0<n
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and

lim = Y2~ 2%

(—0+ L T L2

B+ VB —1L? _2p
2

2

, %) such that

ﬂ—\/,m<
L2

there exist some 81, 52 € (0

wu, forallt € (0, 81),

and

w, foralltr € (0, 87).

B+ VB -1l
L2

2

Therefore, it is obvious that we can pick a number ¢ € (0 b ) such that

» L2
B— VB —cl? B+ B —cL?
L
L L
that is,
B|_VB—cL?
7 I P

Also, for u € (O, i—ﬁ) whenever i, = u for all n > 0, condition (iii) in Theorem

10 is equivalent to

. Oy
lim =1.
=00 0p41

This condition is different from the condition (iii) in Theorem 9.

The conclusion of Theorem 10 is also proved by Zeng et al. [89, Theorem 3.1] by
assuming the following parametric conditions.
(1) D2 gan = o0 and lim, oy = 0,
(i) lim, 00 % =0or z;.,o:() lotn 1 — o] < 00,
(i) limy o0 2272250 = 0 0r 3202 [An 1 — An| < 00,
@iv) Ay < ap foralln > 0.
They presented an application of THVIP (Problem 3) to constrained pseudoinverse

problem.
We now present an example to illustrate the Algorithm 7 and Theorem 10.

Example 7 Let H = R? with inner product (., .) and norm || - || are defined by

(x,y)=ac+bd and |x| = a2+ b2,
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forall x,y € R? with x = (a,b) and y = (c,d). Let C = {x e R? : ||x|| < 1}.
Clearly, C is a nonempty, bounded, closed and convex subset of R?. Let

el )

Then, A is a-inverse strongly monotone with o = %

Let |
1 5 0
—_J =12

Then, A, : C — C is a L-Lipschitz continuous and B-strongly monotone oper-

ator with constants L = % and B = %, respectively. Take u = 2 such that

0<p<?2B/L%
Let T be a 2 x 2 positive definite matric such that ||T|| = 1, for instance, putting

T:[ ]

Then, |T|| = 1and T : C — C is a nonexpansive mapping with

DY W
W WD

Fix(T) = {(a,a) : la| < 1} # 0.

Further, we observe that the solution set HVIP (Fix(T'), A) of the HVIP is the
following:

HVIP (Fix(T), A1) = {z* e Fix(T) : (A1(z*),z — z*) > 0, forall z € Fix(T)}
= {z* e Fix(T) : (0, z — z*) > 0, for all z € Fix(T)}

=Fix(T) = {(a,a) : |a| < 1} #@.

Itis easy to see that there exists a unique solution x* = (0, 0) to the following THVIP:
Find x* € HVIP (Fix(T"), A1) (= Fix(T)) such that

(Aa(x*),v —x*) >0, forall v e HVIP (Fix(T), A;).

By using Matlab programming, we analyze the convergence of the sequences
generated by Algorithms 6 and 7.
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For = 1 € (0,28/L?), we generate the sequence x,,41 by Algorithm 6.

253

No. of iterations Yn Xn41
1 (0.001, 0.001) (0.001, 0.001)
2 (0.001, 0.001) (0.0095, 0.0095)
3 (0.0095, 0.0095) (0.0086, 0.0086)
4 (0.0086, 0.0086) (0.0073, 0.0073)
5 (0.0073, 0.0073) (0.0058, 0.0058)
6 (0.0058, 0.0058) (0.0044, 0.0044)
7 (0.0044, 0.0044) (0.0031, 0.0031)
8 (0.0031, 0.0031) (0.0020, 0.0020)
9 (0.0020, 0.0020) (0.0012, 0.0012)
10 (0.0012, 0.0012) (1.0e —003)(0.6545, 0.6545)
11 (1.0e — 003)(0.6545, 0.6545) (1.0e —003)(0.3274, 0.3274)
12 (1.0e1.0e — 003)(0.3274, 0.3274) | (1.0el1.0e —003)(0.1473, 0.1473)
13 (1.0e1.0e — 003)(0.1473, 0.1473) | (1.0el.0e —004)(0.5893, 0.5893)
14 (1.0e1.0e — 004)(0.5893, 0.5893) | (1.0el.0e —004)(0.2062, 0.2062)
15 (1.0e1.0e — 004)(0.2062, 0.2062) | (1.0el1.0e —005)(0.6187, 0.6187)
16 (1.0e1.0e — 005)(0.6187, 0.6187) | (1.0el.0e —005)(0.1547, 0.1547)
17 (1.0e1.0e — 005)(0.1547, 0.1547) | (1.0el1.0e —006)(0.3094, 0.3094)
18 (1.0e1.0e — 006)(0.3094, 0.3094) | (1.0el.0e —007)(0.4640, 0.4640)
19 (1.0e1.0e — 007)(0.4640, 0.4640) | (1.0el1.0e —008)(0.4640, 0.4640)
20 (1.0e1.0e — 008)(0.4640, 0.4640) | (1.0el.0e —009)(0.2320, 0.2320)
21 (1.0e1.0e — 009)(0.2320, 0.2320) 0, 0)

For 1, C (0,28/L?%), we generate the sequence x,,, by Algorithm 7

No. of iterations Yn Xn+1
1 (0.0100, 0.0100) (0.0100, 0.0100)
2 (0.0100, 0.0100) (0.0099, 0.0099)
3 (0.0099, 0.0099) (0.0095, 0.0095)
4 (0.0095, 0.0095) (0.0086, 0.0086)
5 (0.0086, 0.0086) (0.0073, 0.0073)
6 (0.0073, 0.0073) (0.0054, 0.0054)
7 (0.0054, 0.0054) (0.0035, 0.0035)
8 (0.0035, 0.0035) (0.0018, 0.0018)
9 (0.0018, 0.0018) (1.0e1.0e — 003)(0.6402, 0.6402)
10 (1.0e1.0e — 003)(0.6402, 0.6402) | (1.0el.0e —003)(0.1216, 0.1216)
11 (1.0e1.0e — 003)(0.1216, 0.1216) 0, 0)

Among classes of nonlinear mappings, the class of pseudo-contraction mappings
is one of the most important classes because it is closely related to the class of
monotone mappings. Up to now, considerable research efforts have been devoted to
develop the iterative methods for computing the approximate fixed points of pseudo-
contraction mappings; See for example [16, 51, 61, 72, 85, 86, 90, 94, 95] and the
references therein.
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We propose the following hybrid iterative algorithm for computing a fixed point
of a pseudo-contraction mapping and finding a solution of THVIP (Problem 3) in
the setting of real Hilbert spaces.

Algorithm 8 Suppose that the assumptions (B1)—(B4) in Problem 3 are satisfied.
STEP 1. Take u > 0. Put C; = H, choose xo € H, A1 € (0,2«], a1 € (0, 1],
B1 € (0, 1) arbitrarily, and let n := 1.

STEP 2. Given x, € C,, choose A, € (0,2«x], a, € (0,1] and B, € (0,1) and
compute x,4+1 € Cp41 as

Yo =0 = B)xn + Bl — ayuA2) Ty (xp),
2€Cu: 1Bl — (I — anuuA2)T) () |12
Coy1 = <2Bullxn — 2, I — (I —anpnA)T) () 1, (30)
—A{an A2 Ty (yn) + 2 A1(T (Yn))s yn — 2)]

Xpt1 = Pc, . (x0), n >0,

where T,, := (I — A, A)T foralln > 1.
Update n :=n 4 1 and go to Step 2.

We now present the criteria for the strong convergence of the sequence generated
by the Algorithm 8.

Theorem 11 Let T : H — H be a L-Lipschitz continuous pseudo-contractive
self-mapping defined on a real Hilbert space H such that Fix(T) # (. Assume that

(Bn) C [a, b] for some a, b € (0, #1) and {a,} C (0. 1] and {»,} C (0, 2a] such

that limy,— 00 0ty = lim,— 00 Ay = 0. Take a fixed number o € (0, %) Then, the

sequence {x,} generated by Algorithm 8 satisfies the following properties:

(a) {xn} is bounded;

(b) lim, 0o X7 — Yull = 0 and lim,, o0 |l X, — T'(x,) || = 0;

() {xn} converges strongly to Prix(T)(x0);

(d) If T is nonexpansive and Ay is injective, Prix(Ty(x0) is a unique solution of
THVIP (Problem 3) provided limy,—, 5 (||xn, — yu|l + ) /2 = 0.

Proof We first show that Prix(7) and {x,} are well defined.
From [51, 94], we note that Fix(T) is closed and convex. Indeed, by Zhou [94],
we can define a mapping g : H — H by

g(x) = QI —-T)""(x), forallx € H.

Itis clear that g is anonexpansive self-mapping such that Fix(7") = Fix(g). Hence, by
Matinez-Yanes and Xu [53, Proposition 2.1 (iii)], we conclude that Fix(g) = Fix(T)
is a closed convex set. This implies that the projection Prix(7) is well defined. It is
obvious that {C},} is closed and convex. Thus, {x,} is also well defined.

We now show that Fix(T) € C, for all n > 0. Indeed, taking p € Fix(T), we
note that (I — T)p = 0 and (1) is equivalent to
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(U-T)x)— I —-T)y),x —y)>0, forallx,ye H. (31)

By using Lemma 1 and the inequality (31), we obtain

%0 — p — Bu(I — (I — eyt A2)T) () |2

=

=<

%0 — pI> = 1Ba(I — (I — atpyuA2)T) () I

- Z,Bn <(I - - anMAZ)Tn)(Yn)9 Xpn — D — ,Bn(l - - OfnlfLA2)Tn)(Yn)>
0 = PI? = 1Ba(I — (I — ctuptA2)T) ) |12

— 2By (I = T)(yn) — (I = T)(p) + 2y A1(T(3n))s yu — P)

- 2:311 <Tn(yn) - - anMA2)(Tn(yn))v Yn — P)

- 2,3n (I - - anﬂAZ)Tn)(yn)’ Xn — Yn — ,Bn(l - - anﬂA2)Tn)())n))
[0 — pI? = 1Bu(I — (I — ctupuA2)T) ()|

- 2,3n<Tn()’n) - - anMAZ)Tn(Yn) + AnA (T()’n))’ Yn — P>

- 2,3n<(1 - (I - anMAZ)Tn)(yn)» Xn — Yn — ,Bn(l - (I - anﬂAZ)Tn)(Yn))
%0 — PI? = %0 = Y + Y — Xn + Bu — (I — ayitA2)T) () I?

- Z,Bn <anMA2Tnyn + )\nAl(T(yn)s Yn — P)

— 280 (I — (I — atytADT) (¥n)s Xn — Yn — Bu(I — (I — otu it A2) T) ()
10 =PI = %0 — Yull> = lyn — X0 + Ba(I — (I — @t A2) T) () I
-2 (xn — YusYn — Xn + ﬂn(l - - anMAZ)Tn)(Yn»

+ 2/3n (I - - OlnMA2)Tn)(yn)’ Yn — Xp + ,Bn(l - - OlnHAZ)Tn)(yn))
- 2,311 <anMA2(Tn(yn)) + A A (T()’n))’ Yn — P)

122 — PI? = %0 — Yull®> = llyn — X0 + BT — (I — auitA)T) () I

- 2<xn — Yn — ,Bn(l - (I - O‘nMAZ)Tn)(Yn), Yn — Xn

+ ,Bn(l - - Oln/LA2)Tn)(yn))

- 2,3n <0‘nMA2Tn(YH) + An (AI(T(yn))s Yn — P)

%0 — P12 = %0 = yull® = lyn — Xn + Bu(I — (I — ctupuA2) T) () |I?

+20xn —yn — B — (I — aypA2)Ty)(Vn), Yn — Xn

+ B — (I — oy nA2)T,) (yn))

— 2By (o A2 Ty (yu) + 2 A1(T (Yu))s yn — D).
(32)

Since T is a L-Lipschitz continuous mapping, by Lemma 4 and Proposition 5, we

have

(I = —anuA2)Ty)(xn) — (I — (I — anpA2)Ty) (n)ll

< xn = yall + I — anpA2) Ty (xn) — (I — otq it A2) T () |l

< xn = yull + (1 — an )1 T (x) — T (yu)l

= lxn —yull + (A —n O = 2 ADT (xn) — (I = 2 ADT ()l (33)
S lxn = yull + 11 = 20 ADT (xp) — (I = 2 ADT ()|l

< xn = yull + 11T (xn) = T (ya)l

< (L + Dllxn — yulls

where T = 1 — /1 — u(2n — uk?). From (30), we observe that
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Xp—=Yn =PI — U —aynA2)T,) xp.

Hence, by utilizing (33), we obtain

[en — 3 = BuT = (I — et A)Ta) n). yn = 3n + fn (1 = (I = otn e A T) (y))|
= Bal((I = (I = an A Tw)(in) = (1 = (I = an A Tw) (¥n). yn = X

Bl — (I = anptA2) T) )|
< Bl = (I = nptAD) T) (xn) = (I = (I = et A To)yu -

lyn = + Bu (I = (I = an A Tw) o)
< Bn(L + Dlixn = yull lyn — xn + B — (I — apwA2)Tn)(yn)ll
< B5D (s — yull2 + lyn = % + Bull = (= e ADT) On)I1).

(34)
Combining (32) and (34), we get

”xn el 2 :Bn(l - (I - Oln/JvAZ)Tn)(yn)”2
< llxn = pI> = X0 — Yull> = lyn — X0 + Bu(I — (I — aunA)T,) () |12
+ Ba(L 41 (Ix = yall® + 1yn — X0 + Bu( — (I — 0ty A2)T,) (y)11%)
- 2:3n (Oln/LAZ(Tn(yn)) + )\nAl(T()’n))» Yn — P)
= |lx, — plI> + [Bu(L + 1) — 1(l|x, — yull®
+ llyvn = 20+ BT — (I — auynA)T) (v) 1%
- 2,611 (anMAZ(Tn(yn)) + )WzAl(T(yn))’ Yn — P)
< llxn = pII* = 2Bn (it A2(T(¥n) + An AL(T (Y)), yu — D).
35)
‘We observe that

%0 — p — Bu(I — (I — aytA2)T) () |12
= |lxn — pI*> = 2Bu{xn — p. (I — (I — ayitA2) T) () (36)
+ 1B (I — (I — ayptA2) Ty) (yn) I

Therefore, from (35) and (36), we have

1B:(I — (I — it ADT) ) I* < 2Bu[(xn — po (I — (I — auptA2) ) (3n))
—({y A2 (T (yn)) + An A1 (T (Yu)), yu — P},

which implies that
p € C,, thatis, Fix(T) € C,, foralln > 1.
Since x, = Pc, (xp), we have
(xo —xp, xp —y) >0, forally e C,.
Since Fix(T) € C,, we obtain

(xo — xp, X, —u) >0, forallu € Fix(T).
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Therefore, for all u € Fix(T'), we have

0 (X0 — Xp, Xp — u)
(X0 — Xp, Xp — X0 + X0 — u)
—llxo = xnll* + (x0 — Xn, x0 — 1)

—lxo = xul1? + llxo — Xl X0 — ull,

1A

Al

which implies that
lxo — x|l < llxo —ul|, forallu e Fix(T). (37)

Thus, {x,} is bounded and so are {y,}, {T (vn)}, {T(vn)}
From x, = Pc, (x¢) and x,41 = Pc,,, (x0) € Cy41 C Cy, we have

(X0 — Xn, Xn — Xpy1) = 0. (38)
Hence,
0 < (x0 — xp, Xp — Xn41)
= (X0 — Xp, Xp — X0 + X0 — Xp+1)
= —|lxo — x> + (X0 — Xn, X0 — Xpt1)
< —llxo — xall* + llxo — xullllxo — Xps1ll,

and therefore,
lxo — xull < llxo — Xp41ll-

Thus, lim,,— ~ ||x;, — X0l exists.
From Lemma 2 and the inequality (38), we obtain

%041 = XalI> = | (g1 — X0) — (xn — x0)1|?
= [lxn41 — %0l1? — lIxn — x0l1> — 2{Xn+1 — Xn, Xn — X0)
< xn+1 — xo0lI> = lxn — x0/*> — 0.

Since x,41 € Cpy1 € Cy, from ||x;, — xy41]| = 0, A, — 0 and «;; — O, it follows
that
B2 (I = (I = aaptA) T) () II?
< 2Bnl{xn — xn41, I — (I — antA2) 1) (Yn))
— Aty Ax (T, (yu)) + Au AL (T (Yn)), Yn — Xns1)]
< 2Bulllxn — xn1 Il — (I — o A2) T) (y) |l
+ ”anH«AZ(Tn(yn)) + )LnAl(T(yn))” ”yn — Xn+1 Il
< 2Bulllxn — Xpp1 1Al ynll + 1T ) | + cn el A2 (T (v )) D
+ (@l A2 (T )| + Al AL (T ) IDIYn — Xn4111]1 — 0.
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We note that 8, € [a, b] for some a, b € (0, LLH), we thus obtain

lyn — (I — anppA2) Ty (Yu)ll — 0.
‘We also note that

1T n) — U — anpwADTu ()l = 1T (yn) — Tn(yn) + cnpp Az (T (yn)) |
= ITOn) — U =2 ADT )l + ol A2 (T ()l

= M [lAL(T )l + anpl| A2 (T (yu || — 0.
Therefore, we get

Iyn =T )l = llyn — (I —otnp AD) Ty (v | + 1T (yp) — (I — @t A2) T (yu) | = O.

On the other hand, by utilizing Lemma 4 and Proposition 5, we deduce that

lxn — (I — anpA2) Ty (xn) ||
< xw = yull +llyn — (I — 0yt A2) T (yn) |l
+ I — anuA2)Tn(yn) — (I — ot A2) Ty (xn) |l
S xw = yall +llyn — (I — oyt A2) T (yn) |l
+ (L= anON T (yn) — Tu(xn) |l
< xw = yull +llyn — (I — 0yt A2) T (y) ||
+ I =2 AT (yn) — (I = 2 AT (xn) |l
< lxn = yull + llyn — U = onuA) Ty ()l + 1T (yn) — T (xn) |l
< lxn = yull + llyn — (I — onuA2) Ty () | + Lilyn — xnll
= (L + Dllxp = yull + llyn — (I — anpuA2) Ty (yu)l
= Bn(L + Dllxp — (I — anppA) Ty ()|l + llyn — (I — oquA2) T (y) |l

that is,

1
- (I - AT, <— — (I - AT, 0.
llxn — ( it A2) Ty (xp) |l < 1= Bo(L+ I)Hyn ( aptA) Ty (yp)ll —

We note that

1T (xn) — (I — anppA2)Tn ) | = 1T (xn) — T (xn) + cn pe A2 (T (X)) |l
ST (xn) — U = 2n ADT ) || + an il A2 (T ()
= Ml AL (T )l + il A2 (T (xp)) || — 0.

Consequently,

lxn =T )l < llxn — (L —an it A2) T (xi) | + 1T (X)) — (I =yt A2) T (x4) || — 0.

(39)
Relation (39) and Lemma 6 guarantee that every weak limit point of the sequence
{x,} is afixed point of 7', that is, w,,(x,) < Fix(7). This fact, the inequality (37) and
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Lemma 1 ensure the strong convergence of {x,} to Prix(7)(x0). Since ||x, — y, || =
1Bn(I — (I — anpuA2)T,)(xy)|| — O, it immediately follows that the sequence {y,}
converges strongly to Pg(r)(xp).

Finally, we prove that whenever 7 is nonexpansive and A is injective and (|]|x, —
Yull + o) /Ay — 0 (asn — 00), Prix(t)(x0) is the unique solution of Problem 3.

Indeed, put X := Prix(r)(x0). By condition (B4), we can take an arbitrarily fixed
element y € VI(Fix(T), A1) and put M := sup{|lx, =yl + 1y —yll :n > 1} <
00. Then, from the condition (B3) and Lemmas 4 and 6, it follows that for alln > 1,

(I = atprA2) Ty (xn) — y1I?
= (I — anptA2) T, (xn) — (I — anu AT, (y) + (I — ay A2 T (y) — v
< U = anpA) Ty (xn) — (I — aypuA) T, (V)12
+2((I — anMAZ)Tn(xn) -, - anMAZ)Tn(Y) - y)
< (1 = oy 0?1 T (xn) — Tu(MI?
+ 2()’ - (1 - anMAZ)Tn(xn)a )\nAl(y) + anMAZ(Tn(y)»
< U = 2MADT (xn) — (I — 2y ADT (P)I?
+ 2(y - - an,u'A2)Tn(xn)’ )\-nAl(y) + anﬂAZ(Tn(y)»
<N Txn — TyI? +2(y — (I — aptA) T (xn), An A1(Y) + ppAs (T (1))
< lxn = yIP +2(y — (I — appwA2) Ty (xn), AnA1(Y) + an it Az (Tr (1))
= [lxp — Y12+ 2y — T (xn), A A1(Y) + an it Az (Tr()))
+ 20, 11{ A2 (Ty (X)), An A1 (Y) + an b Az (T, (1))
< lxn = YIP +2(y = (I = 2 ADT (xn), 2y A1(¥) + b Aa (T, (y)))
+ Z(Xn,lL||A2(Tn()Cn)) ” ”)LnAl(y) + anMAZ(Tn(y)) ”
< lxn = ¥II> + 20y = T(xn), n A1 (Y) + @n it A2 (T, (3)))
+ A (AT (X)), Ay A1(¥) 4t Aa (T, (V)
+ 2“nl/‘||A2(Tn(xn)) ” ”)\nAl (y) + (ngAZ(Tn(y)) ”
< lxn = Y12+ 20y = T (xn), knA1(Y) + ctapt A2 (T (»)))
+ Gl AL (T Gl + il A2 T (x) DA A1 (9) + @t A2 (T YD),

and hence,

lyn = y17 = 11 = Bp)(xn — ¥) + Bul(I — atnptA2) T (x) — y1II?
< (1= Bllxn — yII> + Bull (I — anprA2) T (xn) — lII?
< (1= B)llxn — ylI> + Bulllxn — y1?
+2((y = T(xn), AnA1(») + ot Aa (Tr (1))
+ Gonll AT (T )|+ en el A2 (T Gen) D IAn A1 (Y) + etn it Aa (T () D]
= lxn — YII? + 28,0y — T(xn), AnA1(») + an A2 (Tr ()
+ Gonll AL (T )|+ anitll A2 (T ) D IAn A1 (9) + atn A2 (T ()1
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This implies that

0 < - {llxn — Y112 = lyn — ¥I2 +2Bal(y = T (tn), An A1 () + anpt Az (T (3))
+ O AL T G + o pell Ag (T o)) D120 A1 () + Ao (Ty ()1}
= (v = yll + llyn — yiy ===yl 98, 1y — 7060, Ay () + 152 A2 (T (1))
AT G + 82 [ A (T ) D12 AL (9) + ot A (T ()]
< M2l o [y — T o), ALY + 12 Ap(Tu (y)
AT G + w8 A (T ) DIAn A1 () + ot 2 A (T ()],

that is,

0L Lol (3 - T, A1) + &2 Ax (T, ()
+ (AT G+ 182 A2 (T o)) 10 A1) + ke As (T )

Since T is nonexpansive, it is known that L = 1 and {8, } C [a, b] for some a, b €
(0, %).In terms of the conditions that o, — 0, A, — Oand (||x, — yull + &) /An —
0, we deduce from (40) and x, — X (=: Prix(r)(x0)) that

(y —x,A1(y)) >0, forall y € Fix(T).
The condition (B1) ensures

(y —x,A1(x)) >0, forally e Fix(T),
that is, x € VIP(Fix(T), A). Furthermore, from the conditions (A2) and (A4), we
conclude that Problem 3 has a unique solution. Hence, VIP (VIP(Fix(T), A1), A3)
is a singleton. Thus we may assume that VIP (VIP(Fix(T'), A1), A2) = {x*}. This
implies that x* € VIP (Fix(T), Aj).

Now we show that X = x*. Indeed, since x, x* € VIP(Fix(T), A1), we have

(A1(X),y —x) >0, forally e Fix(T), 41)

and
(A (x®),y —x*) >0, forall y € Fix(T). (42)

Setting y = x™* in inequality (41) and y = X in inequality (42), and then adding the
resultant inequalities, we obtain

(A1(®) — A1 (x™), % —x¥) < 0.
Since A is a-inverse-strongly monotone, we have

a A1) — AL P < (AL(R) — Ar(x®), &£ —x*) < 0.
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Consequently, Aj(x) = A;(x*). Since A is injective, we have ¥ = x*. O
Ceng et al. [11] considered the following more general problem than Problem 3.

Problem 4 Let C be a nonempty closed convex subset of a real Hilbert space H and
f : C — H bea p-contraction mapping with constant p € [0, 1).LetS, T : C — C
be two nonexpansive mappings with Fix(7T) # @ and F : C — H be L-Lipschitz
continuous and S-strongly monotone with

2
O<M<L_€ and 0 <y <1,

where, 7 =1 — \/ 1 — w(2B — uL?). The triple hierarchical variational inequality
problem is to find x* € E such that

(WF —yf)(x*),v—x*) >0, forallve E, (43)

where E denotes the solution set of the following hierarchical variational inequality
problem:

e
[ Find z* € Fix(T) such that (44

((uF —y8)(z*),z —z*) > 0, forallv e Fix(T),
where we assume that the solution set of above hierarchical variational inequality is
nonempty.

Now we present two examples of above mentioned triple hierarchical variational
inequality problem.

Example 8 [11] Let H = R? with inner product (., .) and norm || - || are defined by

(x,y)=ac+bd and |x| = a2+ b2,

forall x, y € R? with x = (a,b) and y = (c,d). Let C = {x eR?: x| < «/5}

Clearly, C is a nonempty, bounded and closed convex subset of R>. Let f be a2 x 2
positive semidefinite matrix such that 0 < || f|| < 1, for instance, letting

|

W= W —

Then, || f| = % and f : C — C is a p-contraction mapping with contractivity
1
constant p = % Let F = %I = [ 8 (1)] Then F : C — C is L-Lipschitz
2

continuous and S-strongly monotone with constants L = % and g = %, respectively.
Take w = 2and y = I suchthat 0 < u < 2B8/L?> and 0 < y < 7, where
T=1-— \/1 — 2B —puL?) = 1.Let T and S be two 2 x 2 positive definite
matrices such that ||T|| = ||S|| = 1, for instance, letting




262 Q. H. Ansari et al.

21 32
_ 3 3 _ 55
T_[lZ] andS_IQQ].

3 3 55

Then, ||T|| = ||S|| =1and S, T : C — C are nonexpansive with Fix(T) = {(a, a) :
la| < 1} # 0.
We observe that the solution set E of the HVIP (Problem 4) is the following:

E={z"e Fix(T): (uF —yS)z*,z —z*) > 0, forall z € Fix(T)}
={z* e Fix(T) : ((I — S)(z*),z —z*) = 0, forall z € Fix(T)}

= {z* e Fix(T) : (0,z — z*) > 0, forall z € Fix(T)}
= Fix(T) = {(a,a) : |la| < 1} #0.

It is easy to see that there exists a unique solution x* = (0, 0) to the following
THVIP: find x* € E (= Fix(T')) such that

(WF —yf)(x*),x —x*) >0, forallx € &,

that is,
(= Hx™,x —x*) >0, forallx e E.

Example 9 [9] Let C be a nonempty closed convex subset of a real Hilbert space
H and f : C — H be [-Lipschitz continuous with constant [ > 0. Suppose that
go : H — R is a convex function with a 1/ag-Lipschitz continuous gradient,
g1 - H — R is a convex function with a 1/a-Lipschitz continuous gradient, and
g2 : H — R is an a-strongly convex function with a ay-Lipschitz continuous
gradient. Define T := Pc(I — AVgq) for A € (0,2a0], V := Pc(I — ):Vgl) for
% € (0,2a1] and F := Vg;. Then T,V : C — C are nonexpansive mappings
with Fix(T) = argmin, .~ go(z) and Fix(V) = argmin .- g1(z), and F is L-
Lipschitzian and B-strongly monotone with L = 1/a and = «. Assume that
argmin, . go(z) Nargmin, .- g1(z) # ¥. Then, we have

() # argmin .o go(z) Nargmin .o g1(2)

= Fix(T) N Fix(V)

Cc{z*eFix(T): (I —V)(*),z—2z*) >0, forall z € Fix(T)}
— HVIP(Fix(T), (I — V).

When 0 < <2ao¢%and0§yl < 1, where T = 1—\/1—u(2a—aﬂ2),we

have
0<pm<2B/L*> and 0<yl <1,
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where 7 = 1 — /1 — u(28 — uL?). In particular, when u = B/L* = « a3, we

have

O<yl<t=1- 1—M(2a—ﬂ2)=1— 1— a2 2.
)

In this case, when y = 5o’ of (obviously, Jl—a2a? <1-1a? a%),
the triple hierarchical variational inequality problem of finding x* € HVIP (Fix(7T),
(WF — yf)) such that

(WF — yf)(x*), x —x*) >0, forall x € HVIP(Fix(T), (uF — yf)),

reduces to the following THVIP: find x* € HVIP (Fix(T'), (wF — yf)) such that
o .
<(Vg2 - ﬂf) ("), x — x*> >0, forall x € HVIP (Fix(T), (uF — yf)).

Ceng et al. [11] combined the regularization method, the hybrid steepest descent
method, and the projection method to propose an implicit scheme that generates a net
in an implicit way. They studied the strong convergence of the sequence generated
by the proposed scheme to the unique solution of THVIP (Problem 4).

Further, Centetal. [9] proposed an approximation method to compute the solutions
of above mentioned THVIP (Problem 4). They combined the hybrid steepest descent
method, viscosity method, and the projection method to propose their method. The
strong convergence of the net generated by the proposed method is also studied.

We consider the following THVIP where the HVIP is defined over the intersection
of fixed point set of a nonexpansive mapping and fixed point set of strictly pseudo-
contractive mapping.

Problem 5 Let C a nonempty closed convex subset of a real Hilbert space H and
F : C — H be L-Lipschitz continuous and S-strongly monotone, where L > 0
and B > 0 are constants. Let V : C — H be p-contraction with coefficient p €
[0,1), S, T1 : C — C be nonexpansive mappings, and 7, : C — C be ¢-strictly
pseudo-contractive mapping with Fix(T) N Fix(T>) # ¥. Let 0 < u < 28/L?* and
0<y <rt,wheretr =1 — \/1 — (2B — uL?). The problem is to find x* € E
such that

(WF —yV)(x*),x —x*) >0, forallx € 8, (45)

where E denotes the solution set of the following hierarchical variational inequality
problem (HVIP) of finding z* € Fix(T}) N Fix(73) such that

((WF —yS)(@*),z—2") =0, forall z € Fix(T1) N Fix (7). (46)

Whenever T1 and 7> are strictly pseudo-contraction, Problem 5 is considered in
[41].
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Whenever 71 = T is a nonexpansive mapping and 7> = [ is an identity mapping,
then Problem 5 reduce to Problem 3.
We also consider the following triple hierarchical variational inequality problem:

Problem 6 Let C a nonempty closed convex subset of a real Hilbert space H and
F : C — H be L-Lipschitz continuous and S-strongly monotone, where L > 0 and
B > 0 are constants. Let A : C — H be a monotone and «-Lipschitz continuous
mapping, V : C — H be p-contraction with coefficient p € [0, 1),S,7T : C — Cbe
nonexpansive mappings with Fix(T) N\T" # . Let 0 < < 28/L*>and0 < y < T,
where t =1 — \/1 — (2B — uL?). The problem is to find x* € E such that

(WF —yV)(x™),x —x*) >0, forallx € &, 47)

where E denotes the solution set of the following hierarchical variational inequality
problem (HVIP) of finding z* € Fix(T) N I" such that

(WF —yS)(z*),z—2*) >0, forallz e Fix(T)NT, (48)

where I' = VIP(C, A).

We remark that Problem 6 is a generalization of Problem 5. Indeed, in Problem 6,
ifweput7 = Tyand A = I — T, where T} : C — C is anonexpansive mapping and
T, : C — C is a ¢p-strictly pseudo-contractive mapping. Then from the definition
of strictly pseudo-contractive mapping, we have

-0
2

I(I — T2)(x) — (I — T (I,

forallx,y € C.

(To(x) = To(y), x — y) < llx — ylI* —

. . _ . 1-¢
It is clear that the mapping A = I — T3 is —*

K = ﬁ, then A : C — H is monotone and k-Lipschitz continuous. In this case,
I' = Fix(T>). Therefore, Problem 6 reduces to Problem 5.

Motivated and inspired by Korpelevich’s extragradient method [73], the iterative
method proposed in [11] and multistep hybrid extragradient method proposed in [41],
we propose the following multistep explicit and implicit hybrid extragradient-like

methods for solving Problem 6.

-inverse strongly monotone. Letting

Algorithm 9 Let C be a nonempty closed convex subset of a real Hilbert space H
and F : C — H be L-Lipschitz continuous and B-strongly monotone A : C —
H be monotone and «-Lipschitz continuous, V : C — H be p-contraction with
coefficient p € [0, 1) and S, T : C — C be nonexpansive mappings. Suppose that
{an} C [0,00), {Ba}, {va} C [0, 1] and {A,}, {8} C (0,1). Let 0 < pu < 28/L%,
0O<y<tand A, =a,] + Aforalln >0, wheret = 1 — /1 — u(2B — nL?).
The sequence {x,} is generated by the following iterative scheme:
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xg =x € C chosen arbitrarily,

yn = (1 = Bn)xn + Bn Pc(xn — AAn(xn)),

Zn = Ynxn + (1 = yu) T (Pc(Yn — AAn(Yn))),

Xnt1 = Pclrny (6nV (xn) + (1 = 82)S(xn)) + (I — A F)(T (zp))], foralln = 0.
(49)

In particular, if V = 0, then (49) reduces to the following iterative scheme:

xo =x € C chosen arbitrarily,

yn = (1 = Bu)xn + BnPc(xn — LA, (xn)),

2w = Yun + (1= y) T (Pe(yn = AMAn (), (50)
Xnt1 = Pclrn(1 = 80)y S(xn) + (I — AguF)(T (z5))], foralln > 0.

If S = V, then (49) reduces to the following iterative scheme:

Xxo =x € C chosen arbitrarily,

Y =1 = B)xn + BuPc(xy — LA, (xn)),

Zn = YnXn + (1 = y) T (Pc(yn — LA, (Yn))),

Xn+1 = Pc[hnyV(xn) + (I — AquF)(T(z4))], foralln > 0.

(D

Moreover, if § = V = 0 then (49) reduces to the following iterative scheme:

xo =x € C chosen arbitrarily,

yn =1 = Bu)xy + Bu Pc(xn — AA, (X)),

an = Y + (1= y) T (Pe(yn = AAn (), (52)
Xnt1 = Pcl( — A F)(T (z,))], foralln > 0.

We now present the convergence analysis of Algorithm 9 for solving Problem 6.

Theorem 12 Let C be a nonempty closed convex subset of a real Hilbert space H,
F : C — H be L-Lipschitz and B-strongly monotone with constants L, § > 0,
A : C — H be 1/k-inverse strongly monotone, V : C — H be p-contraction with
coefficient p € [0,1) and S, T : C — C be nonexpansive mappings. Let 0 < A <
2/k,0 < <2B/L*>and0 <y < v, wheret = 1 — \/1 — (2B — uL?). Assume
that the solution set & of HVIP (48) is nonempty and the sequences {a,,} C [0, 00),
{Bn}, {vn} C 10, 1] and {A,}, {6,} C (0, 1) satisfy the following condition.

1) Xnlgan < 00;

(i) 0 < liminf B, <limsup B, < 1l and 0 < liminf y, < limsupy, < 1;
n—00 n— 00 n—00 n— 00

o0
(iii) 1imy oo An = 0, limy .00 8, = 0 and »_ 8,hn = 00;
n=0
(iv) there are constants k, 6 > O such that

lx — Tx| > k[d(x, Fix(T)NT)]?, VxeC;
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1/6

(v) limy_ oo — = 0.
dn

Then, the following assertions hold.

(@) If{x,} is the sequence generated by the scheme (49) and {Sx,} is bounded, then
{x,} converges strongly to a point x* € Fix(T) NT" which is a unique solution
of Problem 6 provided ||x,+1 — Xnll + X0 — znll = 0(Ay).

(b) If{x,} is a sequence generated by the scheme (50) and {S(x,,)} is bounded, then
{xn} converges strongly to a unique solution x* of the following VIP provided
lxn+1 — Xnll + 1xXn — zall = 0(An):

find x* € B such that (F(x*),x —x*) >0, forallx € E. (53)

6 Triple Hierarchical Variational Inequalities for a Family of
Nonexpansive Mappings

Ceng et al. [12, 89] considered the following monotone variational inequality with
the variational inequality constraint which is defined over the intersection of the fixed
point sets of a family of N nonexpansive mappings 7; : H — H, where N > 1 an
integer.

Problem 7 Foreachi =1, 2,..., N, assume that

N
(Cl) T; : H— H is a nonexpansive mapping with (] Fix(T;) # @,
i=1
(C2) Ay : H — H is an a-inverse strongly monotone mapping,
(C3) Ay : H — H isa B-strongly monotone and L-Lipschitz continuous mapping,

N
(C4) VIP( Fix(Tl-),Al) # 0.
i=1

The problem is to

N
find x* € VIP (VIP (ﬂ Fix(T;), Al) , A2)

i=1

N N
= {x* eVIP( Fix(T,-),Al) S{A(x*), v —x*) >0, VVEVIP( Fix(Ti),Al)}.
i=1 =1

1= 1=

We write Ty := Tk mod ~ forinteger k > 1 with the mod function taking values in
theset {1,2, ..., N}, thatis,ifk = jN + ¢ for some integers j > 0and 0 < g < N,
then Tjjy = Ty if g =0 and Ty = 7, if 0 < g < N.

Zeng et al. [89] proposed the following relaxed hybrid steepest descent method
for finding the solution of Problem 7.

Algorithm 10 [89] STEP 0: Take {a,,} C (0, 1], {A,} C (0,2a], & C (0,28/L?),
choose x¢ € H arbitrarily, and let n := 0.
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STEP 1: Given x, € H, compute x,,+1 € H as

Yo = T (n — A A1 (Xn)), (54)
Xn1 1= Yn — peln A2(Yn)-
Update n := n + 1 and go to Step 1.

Zengetal. [89] proved that the sequence {x, } generated be Algorithm 10 converges
strongly to a unique solution of THVIP (Problem 7).

Theorem 13 [89, Theorem 3.2] An addition to the assumptions of Problem 7,
assume that the sequence {y,} generated by the Algorithm 10, is bounded. Let
{an} C (0, 11, {Ay} C (0, 2c] and p, C (0,2B/L?) such that

(i) 3%,y = o0 and lim, 00 ay = 0;

(i) limy oo 2 = 0 0r 3502 oy — | < 00;
. An—A
(i) limy— oo WATMNHV =00r 220 lkneN — Al < 00;

iv) Ay < ay foralln > 0.

Assume, further, that

N
() Fix(T;) =Fix (TjoTh o T30 --- 0 Ty)
i=1

=Fix(TyoThoTz30---0Tn_1)

=Fix(ThoT30---0TyoTy).

Then, the sequence {x,} generated by Algorithm 10 satisfies the following properties:
(a) {x,}is bounded.
(b) limy— oo |xn+n — X || = 0 and limy,—, ”xn —Tipynyo---0 T[n+l](xn)|| =0.
(¢) {xn} converges strongly to a unique solution of THVIP (Problem 7) provided
lxn = yull = o(An).
Ceng et al. [12] extended Algorithm 10 by considering the variable parameter.
They proposed the following iterative method to find the solution of Problem 7.

Algorithm 11 [12]STEP 0: Take {r,,} C (0, 1], {A,,} C (0, 2c], {un} C (O, 2,B/L2),
choose xg € H arbitrarily, and let n := 0.
STEP 1: Given x,, € H, compute x, | € H as

Yn = T[n+l](xn — MA1(xy), (55)
Xnt1 = Yn — UnQnA2(Yn).

Update n :=n + 1 and go to Step 1.

Ceng et al. [12] proved that the sequence {x,} generated be Algorithm 10 con-
verges strongly to a unique solution of THVIP (Problem 7).
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Theorem 14 [12, Theorem 3.2] In addition to the assumption of Problem 7, assume
that the sequence {y,} generated by the Algorithm 10, is bounded. Let {a,,} C (0, 1],
{Xn} C (0, 2a] and {un} C (0, Zﬂ/Lz) such that

(i) 3%,y = 00 and lim, 00 ay = 0;

Yrompry)
@Gi) |, — % < %,for some ¢ € (0, i—z),
(i) Timy—voo (s = (525 ) 1a) = 0;

(1Av) D020 lhntn — Anl < 00 and Ay < o, foralln > 0.

Assume, further, that

N
Fix(T;) = Fix(Tj o Ty 0 Ty 0 - - 0 Ty)
i=1

=Fix(TyoThoTz30---0Tn_1)

=Fix(ThoT30---0TyoTy).

Then, the sequence {x,} generated by Algorithm 10 satisfies the following properties:

(a) {x,} is bounded.

(b) limy o0 [Xp4n —Xnll = 0 andlim,,_, ”xn - T[n+N] 0--+0 T[n+l](xn)” =0.

(c) {xn} converges strongly to a unique solution of THVIP (Problem 7) provided
lxn — yull = o(An).

Now we study the Problem 7, where 7; (i = 1,2, ..., N) is a Lipschitz contin-
uous and pseudo-contraction mapping on H with N > 1 an integer. In this case,
we propose a hybrid iterative algorithm for solving Problem 7 concerning a finite
family of mappings {T,-}lN: | with ﬂlNzl Fix(T;) # ¢. Under some appropriate con-
ditions, we derive the strong convergence of our algorithm to the unique solution of
Problem 7.

Let €2 be the intersection of the fixed point sets of N pseudo-contractive mappings
T; : H— H with N > 1 an integer, that is,

N
Q:ﬂﬁﬂm.
i=1

We propose the following hybrid iterative algorithm for computing a common fixed
point of a finite family {]}}f\’: | of pseudo-contractive mappings and a solution of
Problem 7 in the setting of a real Hilbert space H.

Algorithm 12 Suppose that the assumptions (C1)—(C4) in Problem 7 are satisfied.
STEP 1. Take u > 0. Put C; = H, choose xo € H, A1 € (0,2«], a1 € (0, 1],
B1 € (0, 1) arbitrarily, and let n := 1.

STEP 2. Given x,, € C,, choose A, € (0,2«], o, € (0,1] and B, € (0, 1) and
compute x,41 € Cp41 as
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s = (= B + Bl = euADTyC).
2€Cpt |Ball = = ADT) () |

Cour e =200~ 2 (== Do) | o

— (et AT (o) + A (A1 (T G)), o = 2)]

Xpt1 = Pc,.,(x0), foralln >0,
where
Tn = —2,A)T, and T, :=T, moa n, forintegern > 1, 57

with the mod function taking values in the set {1, 2, ..., N}.
Update n :=n 4+ 1 and go to Step 2.

Under quite appropriate conditions, we establish the following strong convergence
theorem for the sequence {x,} generated by the Algorithm 12.

Theorem 15 Foreachi = 1,2,..., N, let T; : H — H be a L-Lipschitz contin-
uous pseudo-contractive self-mapping defined on a real Hilbert space H such that

Q= ﬂzN=1 Fix(T;) # 0. Assume that {B,} C [a, b] for some a, b € (0, L;H) and
{ay} C (0, 1] and {r,} C (0, 2] such that lim,_ 5o oty, = limy, 00 A, = 0. Take a
fixed number . € (O, 2n /Kz). Then the sequence {x,} generated by the Algorithm
12 satisfies the following properties:

(a) {x,} is bounded.

) limy—eo X —yull = 0andlim,—  ||x, — T;(x,)|| = O0foralll =1,2,...,N.

(©) {xn} converges strongly to Pg(xo).

(d) If T, is nonexpansive for each 1 <1 < N and A is injective, PqoXx is the unique
solution of Problem T provided lim,,_ 5 (|| X, — Yn|l + @) /An = 0.

Proof As stated in the proof of Theorem 11, we can readily see that each Fix(7;) is
closed and convex fori = 1,2,..., N. Hence 2 is a closed and convex set. This
implies that the projection Pg is well defined. It is clear that the sequence {C,} is
closed and convex. Thus, {x,} is also well defined.

We show that 2 € C, for all n > 0. Indeed, taking p € €2, we note that
(I = Ty)(p) =0and

(I -=T))x)—U—-Ty)»),x —y)y>0, forallx,ye H. (58)
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By Lemma 1 and inequality (58), we obtain

X0 = p = Bl — (I — ctupt A T) () II?
= |lxy — pII* = 1Bu(I — (I — aynA2)T) ()|

= 2B — (I — A T,) (). Xn — p — Bl — (I — cuptA2) Tp) (3))
= llxn — pI> = 18I — (I — 0t AD)T) () |12
— 280 = T) ) — (I — T)(P) + 2n A1(Tu(¥n)). Yn — P)
= 2B(Tu(yn) — (I — 0wt A T (). Yu — P)
— 280 = (I — ot ADT) () X — Y — Bu(I — (I — awpt A T) ()
< llxw = pI? = 1B = (I — auppADT) ) I
= 2B,(Ty () — (I — it ATy () + 2y A (Ty (). Yn — P)
— 280 = (I — et ADT) ) X — Yn — Bu(I — (I — awpt A T) ()
= lxn = I = 160 = Yu + Yn — X+ Bu (I — (I — auiA)T) () |12
— 2Bu{an it A2 Ty () + A AL (T (V). Yn — P)
— 2B = (I — et ADT) () X — Y — Bu(I — (I — ewptA2) ) ()
= llxn =PI = %0 = yull?> = lyn — X + Bu(I — (I — 0t 1t AD)T) () |12
— 20X = Vs Yn — Xn + B — (I — 0t A2 Ty) (3))
+ 2B, (I = (I — antADT) () Yn — Xu + Bu(I — (I — awptA2) ) ()
— 2By (et A2 (T (9n)) + An A1 (T (Yn)), Y — P)
= llxn = pI% = 20 = yull® = llyn = X + Bu(I — (I — 01t A)T) () |12
=200 — yu = BalI — (I — awptADT)(3n). Yn — Xn + Bu(I — (I — et 1t A2)T) (yn))
— 2B lan it Ao (T () + n A1 (T (V). Yn — P)
< lw =PI = 1w = yull® = Iyn = xu + Bald — (I — ey A T) ) |12
+20(xn = Yu — Ba(I — (I = apptADT) ). Y — Xn + Bl — (I — awptA2) T) ()|
— 2B lan it A (T () + 2 A1(T (V). Yn — P).
(59)
Since each 7; is L-Lipschitz continuous fori = 1,2, ..., N, by Lemmas 4 and 5,
we obtain

I = (I = aaptA)(T) () — (I — (I — ea b A2)(T) ()|

< o = Yull + 11U = et A2) (T (xn)) — (I — it A2) (T () |

< 10 — yull + (1 = an O T (xn) — Ty |

=l = yull + A = e DI = 2 AT 6n)) — (I = An ATl (60)
< lxn = yall + 1 = 20 AD (T (xn)) — (I = Ay AD (T () |

< 1xn = yall + 1T () — T )

< (L + Dllxy — yull,

where T = 1 — /1 — u(2n — uk?). From (56), we observe that

Xn = Yn = Bu(I — (I — ot A2) ) (%)
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Hence, by utilizing (60), we get

[(xn = yn = Ba(I — (I = anpAD)T)(3n). yn — Xn + BT — (I — ctnpt A Tr) ()|
= ﬂn}((l = —appuA2)Ty)(xn) — (I — (I —anpA2)Tn)(Yn), Yn — Xn

+ Bl — (I — anpA2) Tp) ()|
< Bull(I = (I — anpuA) Tp) (xn) — (I — (I — antA2)Ty) () |
lyn —xn + B — (I —onpnA2)T) (Yn)l
=< ﬂn(L + 1)||xn — Yn ””)’n —Xp + ﬁn(l - - ‘Yn,U«AZ)Tn)()’n)”
< BBED (1, — v 2 4y = 30+ Bull = (= A TGP

(61)
Combining (59) and (61), we get

%0 — p — Bu(I — (I — ayitA)T) ()12 B
< X0 = pI> = %0 — yall®> = yn — Xn + B — (I — anpwA2)T) ) I

+ Bu(L 4 D(Uxn = yull> + 1w — xn + Bl — (I — ctutADT) (v 1)
— 2Bu{an it Ax(Ty (3n) + An A1 (T (3n)), ¥n — P)
= [lxn — pI? 4+ [Ba(L + 1) — 11(IIxn — yull?
+ 1yn = Xn + Bu(I — (I — oyt ADT) () 1)
— 2Buetn it A2 (T () + A AL (T(3n),s Yu — P)

< llxn — pI* = 2B (0t A2 (Ty(30) + An AL (Tu(¥n)), ¥u — D).
(62)
‘We observe that

1o = p = Boll — (I — cuuADTOGWI?
= |lx, — P||2 = 2Bn(xn — p, (I — (I — otn it A2) Ty) (yn)) (63)

1B (I = (I = @A) T) ()12
Therefore, from (62) and (63), we have

BT = (I =t ADT) )P < 2Bul(xn — p. (I = (I — a2 A) ) ()
—A{atn A2 (T (yn)) + A At (T (Yn))s yn — P,

which implies that
p € Cy, thatis, QCC,, foralln>1.
From x, = Pc, (xo), we have

(xo — xp, X, —y) >0, forally e C,.
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Since 2 C C,, we have
(x0 — xp, Xy, —u) >0, forallu € Q.

So, for all u € Q2 we have

0 < (xo — xp, Xy — u)
= (xO — Xn, Xn — X0 +X()—M>
= —|lxo — x> + (x0 — Xn, x0 — u)
< —llxo — xalI* + llxo — xallllx0 — wll,
which implies that
lxo — xull < llxo —ull, forallu e Q. (64)

Thus, {x,} is bounded and so are {y,} and {Tn ()}
From x, = Pc, (x0) and x,11 = Pc,,, (x0) € Cpy1 C Cp, we have

(X0 — Xn, Xn — Xpy1) = 0. (65)
Hence,
0 < (x0 — Xp, Xp — Xp41)
= (X0 — Xu, Xy — X0 + X0 — Xn41)
= —|lx0 — xp|I> + (X0 — X, X0 — Xpt1)
< —llxo — xn 1> + llxo — xnllllx0 — Xn1ll,

and therefore,
lxo — xnll < llxo — Xp+1-

This implies that the limit lim,,,  ||x, — xo|| exists.
From Lemma 1 and (65), we obtain

[xn41 — XlI> = | (ng1 — X0) — (xn — x0)1|?
= [lxn41 — x0l1% — lIxn — x0l1> = 2(Xn+1 — Xn, Xp — X0)

< xnt1 = xoll> = Xy, — x0ll> = 0, asn — oo.

Thus,
lim [|xp41 — xu[l = 0.
n—oo
It is easy to see that lim,_ oo [|Xp — Xp+ill = O foreachi = 1,2,..., N. Since

Xnt1 € Cpy1 € Cy, |Xn — X411l = 0 and A, — 0, we have
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BT = (I — anptADT)G)I>
< 2Bul{xn — xup1. (I = (I — et A2 T) ()

— (et A2 (T (v)) + An AL (T (y))s Y — Xng1)]
< 2Bulllxn — X1 11T — (I = aupu A T) )
+ Nt A2 (T (90)) + An AL (T ) yn — Xn111]
< 2Bullxn = Xt 1Yl + 1T )| + el A2 (T )

+ @l AT )| + Anl AL(Tu G ) ID Y0 = Xng 1111 — 0.

Since B, € [a, b] for some a, b € (O, LL—H) we obtain

lyn = (I = et A2) (T ()| — 0.
‘We also note that

T2 () — (I = eaptA2) (T ow) |
= | T (n) = Tu(yn) + enpt Aa(T () | B
SN Ta(yn) — (I = A AD) (T ) || + e ”AZ(Tn(yn))”

= M AL T i) + g | Ao(T () | — 0.

Therefore, we get

lyn = Tnm)l < [yn — (I — annA2) (T () ||
+ |10 ) — (I — anpwA2) (T (yn)) | — 0.

By Lemmas 4 and 5, we deduce that

|20 = (I = aaptA) (T ()|
< Il = yull + [lyn = (I = @A) Ty |
+ | = A (T (yn)) — (I — an it A2)(Ty (xn)) |
< xn = yull + {{yn — I — OlanAz)(T )
< X0 = yull + {|yn — (I — Oln/iA2)(T )
+ 1 =2 AT () — U — )‘nél)(Tn(xn))”
< lxn = yull +|yn — U — anU«AZ)(Zn(yn)) + 1T () — T ()|l
< xw = yull + | yn — I — anuA2) (T (yu)) || + Lllyn — Xnll

= (L4 Dllxn = yall + [y = (I — 0wt A2) (T () |
= Bu(L+1) Hxn - anﬂAZ)(T (xn))” + “)’n

that is,

273

+ (1 —au7) HT n) — T (xn)”
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[0 — (I — anpeA2) (T (xn)) |

1 o~
STopL+ D) |yn = (I = anpeA2) (Tu(yn)) | = .

Also, ~
” To(xn) — = an it A2)(Ty (xn)l”
= ” Ty (xn) = Ty (xn) + anpuA2(Ty (xn))” _
< T en) — (I = 2p AT () || + atnpe || A2(T (xn)) |
= dn |AL(T ) || + atn ”AZ(Tn(xn))” — 0.
Consequently,
lxn = T (xn)|l < ”xn - - anﬂAZ)(Tn(xn))” (66)
+ | T en) — (I = anprA) (T (xa)) || = O, (67)
and hence, foreachi =1,2,..., N,

lxn — Tngi ) | < Nlxn — Xngei |+ 1Xn4i — Tooi G Il + 1 T4 i) — T () |l
< (L + Dlxp = xp4ill + xXn4+i — Tnti Gppid) |l > 0 as n — oo.

So, we obtain limy,— o0 [|Xn — T+i(xn)|| = 0 foreachi = 1,2, ..., N. This implies
that
lim ||x, — Tj(xy)|| =0, foralll=1,2,..., N. (68)
n—o0

The relation (68) and Lemma 6 guarantee that every weak limit point of {x,} is a
fixed point of 7;. Since [ is an arbitrary element in the finite set {1, 2, ..., N}, every
weak limit point of {x,} lies in €2, that is, w, (x,) C 2. This fact, the inequality (64)
and Lemma 3 ensure the strong convergence of {x,} to Pqxp. Since

20 = yull = [|Bn (] = (I — ctntADT) (xa) | = 0,

it follows that {y,} converges strongly to Pg(xp).

Finally, we prove that whenever 7; is nonexpansive foreach 1 <i < N, and A
is injective and ||x, — v, || + on)/An — 0 as n — 00, Pq(xp) is the unique solution
of Problem 7.

Indeed, put X := Pq(xp). By condition (C4), we can take an arbitrarily fixed
y € VI(R2, Ay) and put M := sup{||x, — y|l + [lyn — ¥l : n > 1} < oo. Then, from
the condition (C3) and Lemmas 4 and 5, it follows that for all n > 1,
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(7 = et A2)(Tn (k) = yII? _ _
= 107 = anptA2) (T () = (I = anptA2) (Tn () + (I — anptA) (T () — yII?

<N = anpA2)(Tn(xn)) — (I — anpuA2) (T ()
+2(( — A2 (Tn(xn)) — v, (I — antA2)(Tu(»)) — y)
< (1= an 0?1 T (xn) — Tu)|?
+2(y = (I — anptA2)(Tn(xn)), in A1(Y) + ctntAz (Tu ()
< U =g AT (xn)) — (I = 2g AD(Tn ()12
+2(y = (I — apptA2) (Tn (xn)), in A1(Y) + ot tAz (Tn ()
<N TuGn) = TP + 20y = (I — @nppA2) (Tn (xn)), An A1 () + an iAo (Tr (1))
< lon = y12 4+ 20 = (I = optA2) (Tn (xn)s An A1 () + otn Az (T (1))
= llxn = YI? + 20y = Tn(xn), An A1 (9) + apnAa(Tr (1))
+ 2anM(A2(Tn (xn)), AnAg(y) + anﬂAZ(fn )
< n = y12 + 20 = (I = AT (i), An A1 (Y) + an Ao (Tn ()
+ 20 11| Ao (T ) | An A1 (9) + ot st Ao (T ()
< on = Y12 4+ 200 = T (xn)s An AL (Y) + oAz (T (1))
+ A (AL (T (), An AL () + an Ao (T (1))
+ 20 11| Ao (T o) | 2n A1 (9) + ot Ao (T ()|
<l = VI + 200 = TuGn)s An A1 () + anptAa(Ty (»)))
+ Qo l AL (T ) |+ a1l A2 (Tn ) D 13n A1 (9) + et A2 (T O,

and hence,

yn = y12 = 11 = Bw) n — ¥) + Bul(T — antA2) (T (xn)) — V1|12
< (1= Bllxn — yI2 + Bull(d — anpeA) (Tn (xn)) — 112
< (1= B)llxn — yI> + Bulllxn — yII?
+2((y = Tn(xn), An A1 (Y) + ot A2 (Tn(¥))
+ Qall AL T ) | + an el Az (T cn ) ID 1An A1 (9) + et A2 (T () D]
= lxn = YI> + 2821y — Tu(n), An A1(3) + an A2 (Tn ()
+ Qall A (T ) || + e el Ao (T Ga ) IDIAn A1 (9) + ot e Ao (Tu ()11

This implies that

0= 5l = Y12 = v = Y12+ 28, (¥ = Tux), a1 0) + A2 (T (1)
+ (o 1AL T G | + @it [ AT ) |2 A1 (0) + €npe A (T ()| ]}
= (lxw = yll + llyn — i L=l
+ 2'3"[<y —Tu(xn), A1(y) + M%Az(fn(y))>



276 Q. H. Ansari et al.
+ (141 T @l + 12 [ A2TaCen) ) A0 A1) + A2 Ta)| ]
= Ml op [y = Ty, A1) + w82 A2(Ta ()

+ (14T @l + e A2 T ) 4041 0) + Az o0 .

that is,

0 < 21\54” . ||xnk—nyn|| +<y — T (xn), A1 (y) +u‘§—:Az(fn(y))>
+ (AT |+ g2 [ AT ]) A1) +annar @ o0

(69)
Since 7T; is nonexpansive for each 1 < i < N, itis known that L = 1 and {8,} C
[a, b] for some a, b € (0, %) In terms of the conditions that oz, — 0, A, — 0 and
(Ixn = yull + an)/Ay — 0, we deduce from (69) and x, — x (=: Pq(xp)) that

(y—x,A1(y)) =0, forallye Q.
The condition (C1) ensures

(y—x,A1(x)) >0, forallye Q,
that is, X € VIP(2, Ay). Furthermore, from the conditions (C2) and (C4), we con-
clude that Problem 7 has a unique solution. Hence, VIP(VIP(L2, A1), A>) is a sin-
gleton set. Thus, we may assume that VIP(VIP(2, A1), A2) = {x*}. This implies
that x* € VIP(Q2, A1).

Now we show that X = x*. Indeed, since x, x* € VIP(2, A1), we have

(A1(X),y —x) >0, forallye Q, (70)

and
(A1(x™),y—x*) >0, forally e Q. (71)

Setting y = x™* in inequality (70) and y = X in inequality (71), and then adding the
resultant inequalities, we get

(A1) — A1 (x™), % —x¥) < 0.
Since A is a-inverse-strongly monotone, we have
N 2 N N
a|Ar®) — AT < (A@) — A1), 2 —x*) < 0.

Consequently, Aj(x) = Aj(x*). Since A is injective, we have X = x*. O
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Remark 2 Algorithm 11 in [86] for a Lipschitz continuous pseudo-contraction is
extended to develop our hybrid iterative algorithm for computing a common fixed
point of N Lipschitz continuous pseudo-contractions, that is, Algorithm 11. Beyond
question, our Theorem 14 is more general and more flexible than [86, Theorem 3.1]
to a great extent. Meantime, the proof of Theorem 14 is very different from that of
[86, Theorem 3.1] because our technique of argument depends on Lemma 5.
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Split Feasibility and Fixed Point Problems

Qamrul Hasan Ansari and Aisha Rehan

Abstract In this survey article, we present an introduction of split feasibility
problems, multisets split feasibility problems and fixed point problems. The split
feasibility problems and multisets split feasibility problems are described. Several
solution methods, namely, CQ methods, relaxed CQ method, modified CQ method,
modified relaxed CQ method, improved relaxed CQ method are presented for these
two problems. Mann-type iterative methods are given for finding the common solu-
tion of a split feasibility problem and a fixed point problem. Some methods and
results are illustrated by examples.

Keywords Split feasibility problems - Multisets split feasibility problems * Fixed
point problems - Variational inequalities - Projection gradient method + Mann’s
iterative method + CQ methods - Relaxed CQ algorithm - Extragradient method *
Relaxed extragradient method

1 Introduction

Let C and Q be nonempty closed convex sets in RY and R, respectively, and A be
a given M x N real matrix. The split feasibility problem (in short, SFP) is to find x*
such that

x*eC and Ax* € Q. (1)
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It was introduced by Censor and Elfving [14] for modeling inverse problems, which
arise from phase retrievals and in medical image reconstruction [5]. Recently, it is
found that SFP can also be used to model the intensity modulated radiation therapy
[13, 15, 16, 20]. It has also several applications in various fields of science and
technology.

If C and Q are nonempty closed convex subsets of real Hilbert spaces .77{ and
6, respectively, and A € B(J#, 73), where B(J#, 74) denotes the space of all
bounded linear operators from # to 7%, then the SFP is to find a point x* such that

x*eC and Ax* e Q. 2)

A special case of the SFP (2) is the following convexly constrained linear inverse
problem (in short, CCLIP) [29] of finding x* such that

x*eC and Ax* =0b. 3)

Ithas extensively been investigated in the literature by using the projected Landweber
iterative method [42]. However, SFP has received much less attention so far, due to
the complexity resulted from the set Q.

The original algorithm introduced in [14] involves the computation of the inverse
A~ (assuming the existence of the inverse of A) and thus does not become popular.
A more popular algorithm that solves SFP seems to be the C Q algorithm of Byrne
[5, 6], which is found to be a gradient-projection method in convex minimization (it
is also a special case of the proximal forward-backward splitting method [19, 21]).

Throughout the chapter, we denote by I' the solution set of the SFP, that is,

F={xeC:AxeQ}=CnA~'Q.

We also assume that the SFP is consistence, that is, the solution set I" is nonempty,
closed and convex.

Foreach j =1,2,...,J, let K}, be a nonempty closed convex subset of a M-
dimensional Euclidean space R with ﬂjj.zl K ; # . The convex feasibility problem

(in short, CFP) is to find an element of ﬂJ.:lK j- Solving the SFP is equivalent to
find a member of the intersection of two sets Q and A(C) = {Ac : ¢ € C} or of
the intersection of two sets A~!(Q) and C, so the split feasibility problem can be
viewed as a particular case of the CFP.

During the last decade, SFP has been extended and generalized in many direc-
tions. Several iterative methods have been proposed and analyzed; See, for example,
references given in the bibliography.

1.1 Multiple-Sets Split Feasibility Problem

The multiple-sets split feasibility problem (in short, MSSFP) is to find a point closest
to a family of closed convex sets in one space such that its image under a linear
transformation will be closest to another family of closed convex sets in the image
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space. It can be a model for many inverse problems where constraints are imposed
on the solutions in the domain of a linear operator as well as in the operator’s range.
It generalizes the convex feasibility problems and split feasibility problems. For-
mally, given nonempty closed convex sets C; C RN, i =1,2,...,t, and the non-
empty closed convex sets Q; C RM, j=1,2,...,r,inthe N and M dimensional
Euclidean spaces, respectively, the multiple-sets split feasibility problem (in short,
MSSFP) is to

t r
find x* € C := ﬂ C; suchthat Ax* e Q:= ﬂ 0, “4)
i=1 Jj=1

where A is given M x N real matrix. This can serve as a model for many inverse
problems where constraints are imposed on the solutions in the domain of a linear
operators as well as in the operator’s range. The multiple-sets split feasibility problem
extends the well-known convex feasibility problem, which is obtained from (4) when
there are no matrix A and the set Q; present at all.

The multiple split feasibility problems [15] arise in the field of intensity-modulated
radiation therapy (in short, IMRT) when one attempts to describe physical dose
constraints and equivalent uniform does (EUD) within a single model. The intensity-
modulated radiation therapy is described in Sect. 1.1.1. For further details, see Censor
etal. [13].

1.1.1 Intensity-Modulated Radiation Therapy

Intensity-modulated radiation therapy (in short, IMRT) [13] is an advanced mode
of high-precision radiotherapy, that used computer-controlled linear accelerators to
deliver precise radiation doses to specific areas within the tumor. IMRT allows for
the radiation doses to confirm more precisely to the three-dimensional (3D) shape
of the tumor by modulating-or controlling the intensity of the radiation beam in
multiple small volumes. IMRT also allows higher radiation doses to be focused to
regions within the tumor while minimizing the dose to surrounding normal critical
structures. Treatment is carefully planned by using 3-D computed tomograpy (CT)
or magnetic resonance (MRI) images of the patient in conjuction with computarized
dose calculations to determine the dose intensity pattern that will best conform to
the tumor shape. Typically, combinations of multiple intensity-modulated field com-
ing from different beam directions produce a custom tailored radiation dose that
maximizes tumor dose while also minimizing the dose to adjacent normal tissues.
Because the ratio of normal tissue dose to tumor dose is reduced to a minimum with
the IMRT approach higher and more effective radiation doses can safely delivered to
tumor with fewer side effects compared with conventional radiotherapy techniques.
IMRT also has the potential to reduce treatment toxicity, even when doses are not
increased. Radiation therapy, including IMRT stops cancer cells from dividing and
growing, thus slowing or stopping tumour growth. In many cases, radiation therapy
is capable of killing all of the cancer cells, thus shrinking or eliminating tumors.
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1.1.2 The Multiple-Sets Split Feasibility Problem in Intensity-Modulated
Radiation Therapy

Let us first define the notations:
R’ : The radiation intensity space, the J-dimensional Euclidean space.
R’ : The dose space, the /-dimensional Euclidean space.
x=(x j)]l-z | € R : vector of beamlet intensity.
h=(h;)!_; € R’ : vector of doses absorbed in all voxels.
d;j : doses absorbed in the voxel i due to radiation of unit intensity from the jth
beamlet.
S; : Set of all voxels indices in the structure .
N; : Number of voxel in the structure S;.

We divide the entire volume of patient into / voxels, enumerated by i =
1,2,..., 1. Assume that T + Q anatomical structures have been outlined including
planning target volumes (PTVs) and organ at risk (OAR). Let us count all PTVs and
OARs sequentially by S;, r = 1,2,...,T,T + 1,..., T + Q, where the first T
structure represents the planning target volume and the next Q structure represents
the organ at risk.

Let us assume that the radiation is delivered independently from each of the J
beamlet, which are arranged in certain geometry and indexedby j = 1,2, ..., J.The
intensities x ; of the beamlets are arranged in a J-dimensional vector x = (x;) ]J-:1 €

R in the J dimensional Euclidean space R” - the radiation intensity space.

The quantities d;; > 0, which represent the dose absorbed in voxel i due to radi-
ation of unit intensity from the jth beamlet are calculable by any forward program.
Let h; denote the total dose absorbed in the voxel i and let & = (h;) l.’:] be the vector
of doses absorbed in all voxels. We call the space R/ -the dose space. we can calculate
h; as

J
h; = Zd,-jx,-. 5)
j=l

The dose influence matrix D = (d;;) is the I x J matrix whose elements are the
dl.’ i mentioned above. Thus, (5) can be written as the vector equation

h = Dx. (6)

The constraint are formulated in two different Euclidean vector space. The delivery
constraints are formulated in the Euclidean vector space of radiation intensity vector
(that is, vector whose component are radiation intensities). The equivalent uniform
dose (in short, EUD) constraints are formulated in the Euclidean vector space of dose
vectors (that is, vectors whose components are dose in each voxel).

Now, let us assume that M constraints in the dose space and N constraints in the
intensity space. Let H,, be the set of dose vectors that fulfil the mth dose constraints
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and, let X, be the set of beamlet intensity vectors that fulfil the nth intensity constraint.
Each of the constraint sets H,, and X;,, can be one of the specific H and X sets,
respectively, described below.

In the dose space, a typical constraint is that given critical structure S;, the dose
should not exceed an upper bound u;. The corresponding set Hpax ; 1S

Hupax: ={h e R | by <u;, foralli € S,). (7

Similarly, in the target volumes (in short, TVs), the dose should not fall below a
lower bound /;. The set Hyin,; of dose vectors that fulfil this constraint is

Hping, = {h e R | I, < h; foralli € S,}. (8)

To handle the equivalent uniform dose EUD constraint for each structure S;, we
define a real-valued function E; = R/ — R, called the EUD function, is defined by

1/

1
Eh) = | - 2 )™ | ©)
t

ieS;

where N; is the number of voxels in the structure S;.
The parameter o is a tissue-specific number which is negative for target volumes
TVs and positive for organ at risk OAR. For oy = 1,

1
Eih) =+ > (ha), (10)

ieS;

that is, it is the mean dose of the organ for which it is calculated.

On the other hand, letting oy — oo makes the equivalent uniform dose EUD
function approach the maximal value, max{h; | i € S;}.

For each planning target volume PTVs structure Sy, = 1, 2, ..., T, the parameter
o, is chosen negative and the equivalent uniform dose EUD constraint is described
by the set

Hpup,: = {(h € R! | E™™ < E,(h)}, (11)

where E™" is given, for each planning target volumes PTVs structure, by the treat-
ment planner. For each organ at risk OAR, S,,, u =T +1,T +2,..., T + Q, the
parameter is chosen «; > 1 and the equivalent uniform dose EUD constraint can be
described by the set

Hgup, = {h e R' | E,(h) < E™}, (12)

where E™® is given, for each organ at risk OAR, by the treatment planner. Due to the
non-negativity of dose, 1 > 0 the equivalent uniform dose EUD function is convex
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for all ; > 1 and concave for all &, < 1. Therefore, the constraint sets Hgyp,; are
always convex sets in the dose vector space, since they are level sets of the convex
functions E;(h) for organ at risk OAR (with o, > 1), or of the convex functions
—E; (h) for the targets (with o, < 0).

In the radiation intensity space, the most prominent constraint is the non-negativity
of the intensities, described by the set.

Xy={xeR'| x;20 Vj=1,2,...,J} (13)

Thus, our unified model for physical dose and equivalent uniform dose EUD
constraints takes the form of multiple-sets split feasibility problem, where some
constraints (the non-negativity of radiation intensities) are defined in the radiation
intensity space R’ and other constraints (upper and lower bounds on dose and the
equivalent uniform dose EUD constraints) are defined in the dose space R/, and the
two spaces are related by a (known) linear transformation D (the dose matrix).

The unified problem can be formulated as follows:

N M
find x* € X ﬂ (ﬂ Xn) such that h* = Dx* and h* € (ﬂ Hm). (14)
i=1 m=1

2 Preliminaries

This section provides the basic definitions and results, which will be used in the
sequel.

Throughout the chapter, we adopt the following terminology and notations.

Let 57 be a real Hilbert space whose norm and inner product are denoted by || - ||
and (., .), respectively. Let C be a nonempty subset of 7. The set of fixed points
of a mapping T : C — C is denoted by Fix(T). Let {x,} be a sequence in 5# and
x € . We use x, — x and x,, — x to denote the strong and weak convergence of
the sequence {x,} to x, respectively. We also use w,,(x,) to denote the weak w-limit
sets of the sequence {x,}, namely,

wyw(xy) = {x € S : x,;, = x for some subsequence {x,,} of {x,}}.

The following result provides the weak convergence of a bounded sequence.

Proposition 1 [65, Proposition 2.6] Let C be a nonempty closed convex subset of
a real Hilbert space ¢ and {x,} be a bounded sequence such that the following
conditions hold:

(1) Every weak limit point of {x,} lies in C;
(i) lim |x, — x|| exists for every x € C.
n—o0

Then, the sequence {x,} converges weakly to a point in C.
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Lemma 1 [59] Let {x,} and {y,} be bounded sequences in a real Hilbert space F

and {a,} be a sequence in [0, 1] with 0 < liminf o, < lim sup o, < 1. Suppose that
n—00 n—00

Xpt1 = (L =ap)yn + apxy, foralln > 0, and im sup(||y,+1 — Y ll = [Xp41 — x4 1)) <
n—00
0. Then, lim ||y, — x| = 0.
n—00

Lemma 2 [33] Let 57 be areal Hilbert space. Then, forallx,y € 2 and ) € [0, 1],
2 + (1= DyIIP = Allx[* 4+ (1= DIyl* = 0 = R)x — y|*.

Definition 1 A mapping 7 : Z — S is said to be

(a) Lipschitz continuous if there exists a constant L > 0 such that

ITx —Ty|| < L|x —y|l, forallx,y e 5, (15)
(b) contraction if there exists a constant o € (0, 1) such that

ITx — Tyl <aflx —y|l, forallx,ye (16)

If o = 1, then T is said to be nonexpansive;
(c) firmly nonexpansive if 2T — I is nonexpansive, or equivalently,

(x—y,Tx —Ty) > ||Tx—Ty||2, forall x, y € J7. a7

Alternatively, T is firmly nonexpansive if and only if T can be expressed as
T = 1(1 +5)
=3 )

where S : 7 — ¢ is nonexpansive;
(d) averaged mapping if it can be written as the average of the identity mapping /
and a nonexpansive mapping, that is,

T=(1-a)l+as, (18)

where ¢ € (0,1) and S : Z — 7 is nonexpansive. More precisely, when
Eq. (18) holds, we say that T is a-averaged.

The Cauchy-Schwartz inequality implies that every firmly nonexpansive mapping
is nonexpansive but converse need not be true.

Proposition 2 Let S, T,V : 7 — I be given mappings.

(@ IfT =1 —-a)S+aV forsomea € (0, 1), Sisaveraged and V is nonexpansive,
then T is averaged.
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(b) T is firmly nonexpansive if and only if the complement I — T is firmly nonex-
pansive.

© IfT =1 —a)S+ aV for some a € (0, 1), S is firmly nonexpansive and V is
nonexpansive, then T is averaged.

(d) The composite of finitely many averaged mappings is averaged. That is, if each
of the mappings {T,-}lN: | is averaged, then so is the composite Tyo...oTy. In
particular, if T1 is a1-averaged and T, is az-averaged, where o1, ar € (0, 1),
then the composite T\ o T, is a-averaged, where @« = a1 + an — o).

(e) If the mappings {T; }1N= | are averaged and have a common fixed point, then

N
() Fix(T;) = Fix(Ty o+ o Ty).
i=1
The notion Fix(T) denotes the set of all fixed points of the mapping T, that is,

Fix(Ty={x e :Tx = x}.

Definition 2 Let 7 be a nonlinear operator whose domain D(7T) € J#, and range
is R(T) C . The operator T is said to be

(a) monotone if
(x —y,Tx —Ty) >0, forallx,ye D(T). (19)

(b) strongly monotone (or B-strongly monotone) if there exists a constant § > 0
such that

(x =y, Tx = Ty) = Bllx — y|>, forallx,y e D(T). (20)

(¢c) inverse strongly monotone (or v-inverse strongly monotone) (v-ism) if there
exists a constant v > 0 such that

(x—y,Tx —=Ty) >v|Tx — Ty||2, forall x,y € D(T). 21

It can be easily seen that if 7 is nonexpansive, then I — T is monotone.
It is well-known that if the function f : 2 — R is Lipschitz continuous, then
its gradient V f is %—ism.

Lemma3 Let f : 5 — R be a Lipschitz continuous function with Lipschtiz

constant L > 0. Then, the gradient operator V [ : 7 — I is %—ism, that is,

1
(VI@) = VG x=y) = LIVx) - ViWI?, forally,y e #. (22)

Proposition 3 Let T : 7 — S be a mapping.

(a) T is nonexpansive if and only if the complement [ — T is %-ism.
) If T is v-ism, then fory > 0, yT is %-ism.
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. . . . . 1
(¢) T is averaged if and only if the complement I — T is v-ism for some v > 5.

Indeed, for « € (0, 1), T is a-averaged if and only if I — T is %-ism.

2.1 Metric Projection

Let C be a nonempty subset of a normed space X and x € X. Anelement yp € C is
said to be a best approximation of x if

llx = yoll = d(x, C),

where d(x, C) = ing lx — y|l. The number d(x, C) is called the distance from x to
ye

C. The (possibly émpty) set of all best approximations from x to C is denoted by
Pe(x)={yeC:lx—yl=dx, C)}

This defines a mapping Pc from X into 2€ and it is called the metric projection
onto C. The metric projection mapping is also known as the nearest point projection,
proximity mapping or best approximation operator.

Theorem 1 Let C be a nonempty closed convex subset of a Hilbert space 7. Then,
for each x € I, there exists a unique y € C such that

lx — yll = inf [|x — z]|.
zeC

The above theorem says that Pc(.) is a single-valued projection mapping from
2 onto C.
Some important properties of projections are gathered in the following proposition.

Proposition 4 Let C be a nonempty closed convex subset of a real Hilbert space
F. Then,

(a) Pc is idempotent, that is, Pc(Pc(x)) = Pc(x), forall x € J¢;

(b) Pc isfirmly nonexpansive, thatis, (x —y, Pc(x)— Pc(y)) > ||Pc(x)— Pc (y)||2,
forallx,y € ;

(¢c) Pc is nonexpansive, that is, |Pc(x) — Pc(Y)|| < llx — y||, forall x,y € 7,

(d) Pc is monotone, that is, (Pc(x) — Pc(y),x —y) >0, forall x,y € 7.

2.2 Projection Gradient Method

Let C be a nonempty closed convex subset of a Hilbert space 7 and f : C — R
be a function. Consider the constrained minimization problem:
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min f(x). (23)
xeC

Assume that the minimization problem (23) is consistent.

If f: C — R is Fréchet differentiable convex function, then it is well known
(see, for example, [2, 39]) that the minimization problem (23) is equivalent to the
following variational inequality problem:

Findx* € C suchthat (Vf(x™),y—x*) >0, forallye C, (24)

where V f : 5 — J is the gradient of f. The following is the general form of the
variational inequality problem:

VIP(F,C) Findx* € C suchthat (F(x*),y —x*) >0, forallye C,

where F : C — JZ be a nonlinear mapping. For further details and applications
of variational inequalities, we refer to [2, 30, 39] and the references therein. The
following result provides the equivalence between a variational inequality problem
and a fixed point problem.

Proposition 5 Let C be a nonempty closed convex subset of a real Hilbert space
HC and F : C — J be an operator. Then, x* € C is a solution of the VIP(F, C) if
and only if for any y > 0, x* is a fixed point of the mapping Pc(I —yF) : C — C,
that is,

x* = Pc(x* =y F(x™)), (25)
where Pc(x* — y F(x*)) denotes the projection of (x* — y F(x*)) onto C, and I is
the identity mapping.

In view of the above proposition and discussion, we have the following proposi-
tion.

Proposition 6 Let C be a nonempty closed convex subset of a real Hilbert space 7
and F : C — I be a convex and Fréchet differential function. Then, the following
statement are equivalent:

(a) x* € C is a solution of the minimization problem (23);
(b) x* € C solves VIP(F, C) (24);
(c) x* € C is a solution of the fixed point Eq. (25).

From the above equivalence, we have the following projection gradient method.
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Theorem 2 (Projection Gradient Method) Let C be a nonempty closed convex subset
of a real Hilbert space 7€ and F : C — I be a Lipschitz continuous and strongly
monotone mapping with constants L > 0 and B > 0, respectively. Let y > 0 be a
constant such that y < i—é Then,

(i) Pc(I —yF): C — C is a contraction mapping and there exists a solution
x* € C of the VIP(F, C).

(ii) The sequence {x,} generated by the following iterative, process:
Xpy1 = Pc(I — y F)x,, foralln €N,

converges strongly to a solution x* of the VI P(F, C).

In view of Proposition 6 and Theorem 2, we have the following method for finding
an approximate solution of a convex and differentiable minimization problem.

Theorem 3 Let C be a nonempty closed convex subset of a real Hilbert space F°
and f : C — Rbeaconvex and Fréchet differentiable function such that the gradient
V f is Lipschitz continuous and strongly monotone mapping with constants L > 0
and 8 > 0, respectively. Let {y, } be a sequence of strictly positive real numbers such
that

28

0 <liminf y, <limsupy, < —
n—oo n—oo L

(26)

Then, the sequence {x,} generated by the following projection gradient method
Xnt1 = PcI — YoV f)x,, foralln eN, 27

converges strongly to a unique solution of the minimization problem (23).

The sequence {x,} generated by the Eq.(27) converges weakly to the unique
solution of the minimization problem (23) even when V f is not necessary strongly
monotone.

We present an example to illustrate projection gradient method.

Example 1 Let C = [0, 1] be a closed convex set in R, f(x) = x% and y, = 1/5
for all n. Then, all the conditions of the Theorem 3 are satisfied and the sequence
generated by the Eq.(27) converges to 0 with initial guess x; = 0.01. We have the
following table of iterates:

From Table 1, it is clear that the solution x = 0 is obtained after 11th iteration.
We performed the iterative scheme in Matlab R2010 (Fig. 1).
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Table 1 Convergence of {x,} in Example 1

Number of Xn Number of Xn Number of Xn
iterations (n) iterations (n) iterations (n)
1 0.0100 6 0.0008 11 0.0001
2 0.0060 7 0.0005 12 0.0000
3 0.0036 8 0.0003 13 0.0000
4 0.0022 9 0.0002 14 0.0000
5 0.0013 10 0.0001 15 0.0000
Fig. 1 Convergence of {x,} 0.01
in Example 1 0.009k |
0.008 [ 1
0.007 | 9
0.006 [ 9
So0.005¢ 1
0.004 | 1
0.003 | 1
0.002 | 9
0.001 | 9
0 ‘ ‘ ‘
0 5 10 15 20 25

No. of Iterations (n)

2.3 Mann’s Iterative Method

Let C be anonempty closed convex subset of a real Hilbert space 7 and T : C — C
be a mapping. The well-known Mann’s iterative algorithm is the following.

Algorithm 1 (Mann’s Iterative Algorithm) For arbitrary xo € 7, generate a
sequence {x,} by the recursion:

Xn+1 = (I —op)xy +oyTx,, n=>0, (28)

where {«,} is (usually) assumed to be a sequence in [0, 1].

Theorem 4 Let C be a nonempty closed convex subset of a real Hilbert space F°
and T : C — C be a nonexpansive mapping with a fixed point. Assume that {«,} is
a sequence in [0, 1] such that

Zan(l —ay) = 00. (29)
=1
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Table 2 Convergence of {x,} in Example 2

Iterations (n) Xn Iterations (n) Xn Iterations (n) Xn

1 0.0100 9 0.1367 17 0.1714
2 0.4800 10 0.1919 18 0.1717
3 —0.1386 11 0.1604 19 0.1715
4 0.4784 12 0.1777 20 0.1716
5 —0.0346 13 0.1683 21 0.1716
6 0.3280 14 0.1733 22 0.1716
7 0.0770 15 0.1707 23 0.1716
8 0.2324 16 0.1720 24 0.1716

Then, the sequence {x,} generated by Mann’s Algorithm I converges weakly to a
fixed point of T.

Xu [65] studied the weak convergence of the sequence generated by the Mann’s
Algorithm 1 to a fixed point of an «-averaged mapping.

Theorem 5 [65, Theorem 3.5] Let 5 be a real Hilbert space and T : 7 — ¢ be
an a-averaged mapping with a fixed point. Assume that {«,} is a sequence in [0,1/o]

such that
- 1
E oy (— — a,,) = 00. (30)
o
n=1

Then, the sequence {x,} generated by Mann’s Algorithm I converges weakly to a
fixed point of T.

We illustrates Mann’s Algorithm 1 with the help of the following examples:
Example 2 Let T : [0, 1] — [0, 1] be a mapping defined by

2

=220l ranx o
xX=———+-, forallx , 1]
4 2 4
Then, T is nonexpansive. Let {«,} = {ﬁ}. Then, all the conditions of Theorem 4

are satisfied and the sequence {x,} generated by Mann’s Algorithm 1 converges to
a fixed point of 7, that is, to x = 0.1716. We take the initial guest x; = .01 and
perform the Mann’s Algorithm 1 by using Matlab R2010. We obtain the iterates in
Table 2.

From Table 2, it is clear that the sequence generated by the Mann’s Algorithm 1
converges to x = 0.1716 which is obtained after 19th iteration (Fig.2).

Example 3 Let T : [0, 1] — [0, 1] be defined by

9 1
Tx = Ex + ESX’ forall x € [0, 1].
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Fig. 2 Convergence of {x,} in Example 2

Table 3 Convergence of {x,} in Example 3

Number of Xp Number of Xn Number of x(n)
iterations iterations iterations

1 0.0100 5 0.1693 9 0.1715
2 0.2215 6 0.1725 10 0.1716
3 0.1550 7 0.1712 11 0.1716
4 0.17770 8 0.1717 12 0.1716

where Sx = )‘TZ -3+ 4—1‘ is a nonexpansive map and {o, } = 10 — {%}. Then, T is a

%—averaged mapping and all the conditions of Theorem 5 are satisfied. Hence, the
sequence {x,} generated by Mann’s Algorithm 1 converges to a fixed point of T, that
is, to 0.1716 with initial guess x; = 0.01.

From Table 3, it is clear that the fixed point x = 0.1716 is obtained after 9th
iteration. We performed the iterative scheme in Matlab R2010 (Fig. 3).

3 CQ-Methods for Split Feasibility Problems

In the pioneer paper [14], Censor and Elfving introduced the concept of a split feasi-
bility problem (SFP) and used multidistance method to obtain the iterative algorithms
for solving this problem. Their algorithms as well as others obtained later involves
matrix inverses at each step. Byrne [5, 6] proposed a new iterative method called
CQ-method that involves only the orthogonal projections onto C and Q and does not
need to compute the matrix inverses, where C and Q are nonempty closed convex
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subsets of RY and RM respectively. It is one of the main advantages of this method
compare to other methods. The CQ algorithm is as follows:

Xpi1 = Pe (x,, — AT - PQ)Axn) Cn=0.1,...,

where y € (0,2/L), Aisa M x N matrix, AT denotes the transpose of the matrix A,
L is the largest eigenvalue of the matrix A" A, and P¢ and P denote the orthogonal
projections onto C and Q, respectively. Byrne also studied the convergence of the
CQ algorithm for arbitrary nonzero matrix A. Inspired by the work of Byrne [5, 6],
Yang [68] proposed a modification of the CQ algorithm, called relaxed CQ algorithm
in which he replaced Pc and Pg by Pc, and Py, , respectively, where C,, and Q,, are
half-spaces. One common advantage of the CQ algorithm and relaxed CQ algorithm
is that the computation of the matrix inverses is not necessary. However, a fixed
step-size related to the largest eigenvalue of the matrix A" A is used. Computing the
largest eigenvalue may be hard and conservative estimate of the step-size usually
results in slow convergence. So, Qu and Xiu [53] modified the CQ algorithm and
relaxed CQ algorithm by adopting Armijo-like searches. The modified algorithm
need not compute the matrix inverses and the largest eigenvalue of the matrix AT A,
and make a sufficient decrease of the objective function at each iteration. Zhao
et al. [75] proposed a modified CQ algorithm by computing step-size adaptively and
perform an additional projection step onto some simple closed convex set X € RY
in each iteration. Since all the algorithms have been introduced in finite-dimensional
setting, Xu [65] proposed the relaxed CQ algorithm in infinite-dimensional setting,
and also proved the weak convergence of the proposed algorithm. In 2011, Li [45]
developed some improved relaxed CQ methods with the optimal step-length to solve
the split feasibility problem based on the modified relaxed CQ algorithm [53].
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In this section, we present different kinds of CQ algorithms, namely, CQ algorithm,
relaxed CQ algorithm, modified CQ algorithm, modified relaxed CQ algorithm, mod-
ified projection type CQ algorithm, modified projection type relaxed CQ algorithm
and improved relaxed CQ algorithm. We present the convergence results for these
algorithms. We also present an example to illustrate CQ algorithm and its conver-
gence result.

3.1 CQ Algorithm

Let C and Q be nonempty closed convex sets in RY and R¥, respectively, and A
be an M x N real matrix with its transpose matrix AT. Let y > 0 and assume that
x* e T'. Then, Ax* € Q which implies the equation (I — Pg)Ax*™ = 0 which in
turns implies the equation y AT (I — Pp)Ax*™ = 0, hence the fixed point equation
(I —yAT(I — Pp)A)x* = x*. Requiring that x* € C, Xu [65] considered the fixed
point equation:

Pc(I —yAT(I — Pp)A)x* = x*. (31)

and also observed that solutions of the fixed point Eq.(31) are exactly solutions of
SFP.

Proposition 7 [65, Proposition 3.2] Given x* € RN. Then, x* solves the SFP if and
only if x* solves the fixed point Eq.(31).

Byrne [5, 6] introduced the following CQ algorithm:

Algorithm 2 Let xo € RY be an initial guess. Generate a sequence {x,} by
Suir = Pe (xu =y ATU = PQIAR), n=0,12,..., (32)

where y € (0,2/L) and L is the largest eigenvalue of the matrix AT A.

It can be easily seen that the CQ algorithm does not require the computation of
the inverse of any matrix. We need only to compute the projection onto the closed
convex sets C and Q, respectively.

Byrne [5] studied the convergence of the above method and established the fol-
lowing convergence result.

Theorem 6 [5, Theorem 2.1] Assume that the SFP is consistent. Then, the sequence
{x,} generated by the CQ Algorithm 2 converges to a solution of the SFP.

Remark 1 The particular cases of the CQ algorithm are the Landweber and projected
Landweber methods [42]. These algorithms are discussed in detail in the book by
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Table 4 Convergence of {x,}

. Number of x(n) Number of x(n)
in Example 4 . . . .
iterations (n) iterations (n)
1 0.0100 10 0.4970
2 0.7940 11 0.5018
3 0.3236 12 0.4989
4 0.6058 13 0.5006
5 0.4365 14 0.4996
6 0.5381 15 0.5002
7 0.4771 16 0.4999
8 0.5137 17 0.5000
9 0.5049 18 0.5000
Fig. 4 Convergence of {x,} 0.8
in Example 4
0.7 b
0.6 b
05 ]
So4t |
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Bertero and Boccacci [8], primarily in the context of image restoration within infinite-
dimensional spaces of functions (see also Landweber [41]). With C = R and
QO = {b}, the CQ algorithm becomes the Landweber iterative method for solving the
linear equations Ax = b.

The following example illustrates the CQ Algorithm 2 and its convergence result.

Example 4 Let C = Q = [—1,1] and A(x) = 2x. Then, A is a bounded linear
operator with norm 2. Let y = 2/5. Then, all the conditions of Theorem 6 are
satisfied.

We perform the computation of the CQ Algorithm 2 by taking the initial guess
x1 = 0.01 and by using Matlab R2010. We obtain the iterates in Table 4.

From Table 4, it is clear that the sequence generated by the CQ Algorithm 2
converges to 0.5 after 16th iteration (Fig.4).

Xu [65] extended Algorithm 2 in the setting of real Hilbert spaces to find the
minimum-norm solution of the SFP with the help of regularization parameter. He
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considered xpi, to be the minimum-norm solution of the SFP if xi, € I' has the
property

[%min|l = min{|lx*]| : x* € T'}.

3.2 Relaxed CQ Algorithm

Let C and Q be nonempty closed convex sets in RV and RM respectively, and A
be an M x N real matrix with its transpose matrix AT. Let P, and Pg, denote
the orthogonal projections onto the half-spaces C, and Q,, respectively. In some
cases it is impossible or need too much time to compute the orthogonal projections
[7, 32, 34]. Therefore, if this is the case, the efficiency of the projection type methods
will be seriously affected, as would the CQ algorithm. Inexact technology plays an
important role in designing efficient, easily implemented algorithms for the opti-
mization problem, variational inequality problem and so on. The relaxed projection
method may be viewed as one of the inexact methods. Fukushima [32] proposed a
relaxed projection algorithm for solving variational inequalities and the theoretical
analysis. The numerical experiment shows the efficiency of his method.

Inspired by the work of Fukushima [32], Yang [68] proposed the relaxed CQ
algorithm. In order to describe relaxed CQ algorithm, he made some assumptions on
C and Q, which are as follow:

e The solution set of the split feasibility problem is nonempty.

C={xeRY:c(x)<0} and Q={yeR¥ :4(y) <0} (33)

where ¢ and g are the convex functionals on RY and RM, respectively.
The subgradients dc(x) and dq(y) of c and g at x and y, respectively, are defined as
follows:

dc(x) ={z € RV . c(u) >c(x)+(u—x,z), Vu € RN} # @, forallx € C,
and
ag(y) =fweRY :qm) = g + (v =y, w), e RM} £ 0, forally € Q.

Note that the differentiability of c(x) or g(y) is not assumed. Therefore, both C and
Q are general enough. For example, suppose any system of inequalities ¢; (x) < 0,
i € J, where c;(x) are convex and J is an arbitrary index set, may be regarded as
equivalent to the single inequality c¢(x) < 0 with c(x) = sup{c;(x) : i € J}. One
may easily get an element of dc(x) by the expression of dc(x) provided all c; (x) are
differentiable.

With these assumptions, Yang [68] proposed the following relaxed CQ algorithm.



Split Feasibility and Fixed Point Problems 299
Algorithm 3 Let x( be arbitrary. Forn =0, 1, 2, ..., calculate
i1 = P, (xn —yAT(I = Pg,)Ax,). (34)
where {C,,} and {Q, } are the sequences of closed convex sets defined as follows:
Co={x € RV : () + (€0, x —xa) < O}, (35)
where &, € dc(x,), and
Qn = 1{y € RY : q(A@) + (mn, y — Alx)) < 0}, (36)

where 1, € dg(A(xy)).

It can be easily seen that C C C,, and Q C Q,, for all n. Due to special form of
C, and Q,, the orthogonal projections onto C,, and Q, may be directly calculated
[32]. Thus, the proposed algorithm can be easily implemented.

Yang [68] proved the following convergence result for Algorithm 3.

Theorem 7 [68, Theorem 1] Let {x,} be the sequence generated by the Algorithm
3. Then, {x,} converges to a solution of the SFP.

Xu [65] further studied the relaxed CQ algorithm in the setting of Hilbert spaces.
He proposed the generalized form of the Algorithm 3 in the setting of Hilbert spaces
and studied the weak convergence of the sequence generated by the proposed method.

3.3 Modified CQ Algorithm and Modified Relaxed
CQ Algorithm

In CQ method and relaxed CQ method, we use a fixed step-size related to the largest
eigenvalue of the matrix A" A, which sometimes affects convergence of the algo-
rithms. Therefore, several modifications of these methods are proposed during the
recent years. This section deals with such modified CQ method and relaxed CQ
method.

By adopting Armijo-like searches, which are popular in iterative algorithms for
solving nonlinear programming problems, variational inequality problems and so on
[30, 67], Qu and Xiu [53] presented modification of CQ algorithm and relaxed CQ
algorithm. In these modifications, it is not needed to compute the matrix inverses
and the largest eigenvalue of the matrix A" A, and make a sufficient decrease of the
objective functions at each iteration.

Let C, Q and A be the same as in Sect. 3.1. Qu and Xiu [53] proposed the following
modified CQ algorithm:

Algorithm 4 Given constants 8 > 0, 0 € (0, 1), y € (0, 1). Let xo be arbitrary.
Forn =0,1, 2, ..., calculate
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Sni = Pe (xn = AT = Po)A%, ),
where o, = By™" and m,, is the smallest nonnegative integer m such that
f(Pclon = By" AT(I = Pg)Axy)) <
f ) =0 (ATU = P) Ay, xw = P (xa = By AT(I = Pg) A, ),

where f(x) := 1| Ax — PoAx|?.

Algorithm 4 is in fact a special case of the standard gradient projection method
with the Armijo-like search rule for solving convexly constrained optimization.

Qu and Xiu [53] established the following convergence of the modified CQ Algo-
rithm 4.

Theorem 8 [53, Theorem 3.1] Let {x,} be a sequence generated by the Algorithm
4. Then the following conclusions hold:

(@) {x,} is bounded if and only if the solution set S of minimization problem:
. 1 2
min f(x) ;= = ||Ax — PgoAx]||",
xeC 2

is nonempty. In this case, {x,} must converge to an element of S.
(b) {x,} is bounded and lim f(x,) = 0 if and only if the SFP is solvable. In such
n—oo

a case, {x,} must converge to a solution of the SFP.

Remark 2 Algorithm 4 is more applicable and it is easy to compute as compared
to CQ Algorithm 2 proposed by Byrne [5], as it need not determine or estimate the
largest eigenvalue of the matrix AT A. The step-size «,, is judiciously chosen so that
the function value f(x,+1) has a sufficient decrease. It can also be identified the
existence of solution to the concerned problem by the iterative sequence.

Qu and Xiu [53] studied relaxed CQ algorithm proposed in Sect. 3.2 and proposed
amodified relaxed CQ algorithm. Let C, Q, A, C,, and Q,, be the same as in Sect. 3.2.
For every n, let F), : RN — RN be function defined as

Fo(x) = AT(I — Pg,)Ax, forallx € RV.

Modified relaxed CQ algorithm is the following:

Algorithm 5 Let x( be arbitrary and y > 0,1 € (0, 1), © € (0, 1) be given. For
n=20,1,2,...let
Xp = PC,, (xXp — anFr(x,)),

where o, = Y™ and m,, is the smallest nonnegative integer m such that

_ Xn — Xp
| Fn(xn) — Fu(xn) |l < Mu. (37)

n
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Set
Xn+1 = PC,1 (xp — anF(Xn)),

where C,, O, are the sequences of closed convex sets defined as in (35) and (36).
Qu and Xiu [53] established the following convergence theorem.

Theorem 9 [53, Theorem 4.1] Let {x,} be a sequence generated by Algorithm 5. If
the solution set of SFP is nonempty, then {x,} converges to a solution of SFP.

Inspired by Tseng’s modified forward-backward splitting method for finding a
zero of the sum of two maximal monotone mappings [60], Zhao et al. [75] proposed a
modification of CQ algorithm, which computes the step-size adaptively, and performs
an additional projection step onto some simple closed convex set X € R" in each
iteration. Let C, Q and A be the same as in Sect.3.1.

Algorithm 6 [75] Let xo be arbitrary, o9 > 0, 8 € (0,1),60 € (0,1), p € (0, 1).
Forn =0,1,2,... compute

Xp = Pc(xy — yuF (X)), (38)

where F = AT(I — Pp)A, v, is chosen to be the largest y € {0y, 0,8, anﬁz, .
satisfying

YIF(xn) — Fxn)ll < 0llxn — xall- (39
Let
Xpg1 = Px (X — v (F (xp) — F(xp))) . (40)
If
YullF (n1) — Fa) |l < pllxn+1 — Xalls 41)

then set o;,, = o0p; otherwise, set o, = ;.

This algorithm involves projection onto a nonempty closed convex set X rather
than onto the set C, which can be advantageous when X has a simpler structure
than C. The set X can be chosen variously. It can be chosen to be a simple bounded
subset of RY that contains at least one solution of split feasibility problem, it can
also be directly chosen as X = R In fact, it can be more generally chosen to be
a dynamically changing set X, provided ()2, X, contains a solution of the split
feasibility problem. This does not affect the convergent result. The last step is used
to reduce the inner iterations for searching the step-size y;,.

For such algorithm, we usually take

1 1
L Pc(xn)lI* + S lAx, — Po(Axp)|I> <0
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or |
I = Po)Ax|* <&

as the termination criterion, where ¢ > 0 is chosen to be sufficiently small.
Zhao et al. [75] established the following convergence result for the Algorithm 6.

Theorem 10 [75, Theorem 2.1] Let {x,,} be a sequence generated by Algorithm 6, X
be a nonempty closed convex set in RN with a simple structure. If X N\ T is nonempty,
then {x,} converges to a solution of SFP.

Remark 3 This modified C Q algorithm differs from the extragradient-type method
[38, 40, 53], whose second equation is

Xny1 = Pc(xy — v F (Xp)).

It also differs from the modified projection-type method [54, 57], whose second
equation is
Xnt1 = Xn — Vn(Xn — Xpn + an(F(Xy) — F(xn)).

In Algorithm 6, the orthogonal projections P¢c and Py had been calculated many
times even in one iteration step, so they should be assumed to be easily calculated.
However, sometimes it is difficult or even impossible to compute them. In order to
overcome such situation turn to relaxed or inexact methods [31, 32, 34, 53, 68],
which are more efficient and easily implemented. Zhao et al. [75] introduced relaxed
modified CQ algorithm for split feasibility problem. Let C, 0, A, C,, and Q,, be the
same as in the Sect. 3.2:

Algorithm 7 [75, Algorithm 3.1] Let xq be arbitrary, og > 0, 8 € (0, 1),0 € (0, 1),
p€©,1)forn=0,1,2,..., compute

Xp = PC,, n = YuFn(xn)) , (42)

where F,(x) = AT(I — Pgp,)Ax, and y, is chosen to be the largest y €
{ok, orB, ok,32 ...} satisfying

VI FnGn) — Fu )l < 011X, — x4l (43)
Let
Xpt1 = Px (% — yu(F(3n) — Fu(x))) . (44)
If
Yl Fn(xnt1) — Fn(xe) || < pllxn+1 — xalls 45)

then set 0,, = 09; otherwise, set o, = y;,, where {C,} and {Q,} are the sequences of
closed convex sets defined as in (35) and (36), respectively.
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Since projections onto half-spaces can be directly calculated, the relaxed algorithm
is more practical and easily implemented than Algorithm 6 [31, 32, 34, 53, 68]. Here,
we may take

1 1
5l = Pe, en)lI* + 5 I1Ax, = Po, (Axp)|? < e,

or
! 2
ST = Po,)Axall” < €

as the termination criterion.
We have the following convergence result for the Algorithm 7.

Theorem 11 [75, Theorem 3.1] Let {x,,} be a sequence generated by Algorithm 7, X
be a nonempty closed convex set in RN with a simple structure. if X NT is nonempty,
then {x,} converges to a solution of SFP.

Remark 4 In Algorithm 7, the set X can be chosen to be any closed subset of RY
with a simple structure, provided it contains a solution of split feasibility problem.
Dynamically changing it does not affect the convergence. For example, set X, = C,,
then we get the following double-projection method:

Xp = PC,, (xp — J/nFn(xn)) s
Xnt1 = Pc, Xn — Yn(Fn(Xp) — Fr(x,))) ,
forn = 0,1, 2, .... This method differs from the modified relaxed CQ algorithm
in [53]. Their method is in fact an extragradient method, with the second equation

written as
xp41 = Pc, (X — VaFn(Xy)) .

3.4 Improved Relaxed CQ Methods

Li [45] proposed the following two improved relaxed CQ methods and shown how
to determine the optimal step length. The detailed procedure of the new methods is
presented as follows:

Let C, Q, A, C, and Q,, be the same as in the Sect.3.2 and F,, be the same as
defined in Sect. 3.3:

Algorithm 8 Initialization: choose i € (0, 1), ¢ > 0, x9 € RY and n = 0.
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Step 1. Prediction: Choose an «;, > 0 such that
Xp = PCn (xn — o Fr(xp)) (46)

and
anllFn(xp) — B )l < pllxn — Xl 47)

Step 2. Stopping Criterion : compute
en(Xn, An) = Xy — Xn.

If |le, (xn, on) || < €, terminate the iteration with the approximate solution x;,. Oth-
erwise, go to step 3.
Step 3. Correction: The new iterate x,41 is updated by

Xn+1 = x;,k = PC,, (xp — ,BnanFn()En)), (48)
where

—X »d ) X B
Vi = X o X 00)) s s (0,2), (49)

Bn = Sn,B;zks :3:; =

ldy (xn, )zn’(xn)nz
and
dp(Xp, X, an) = Xp — Xy — oy (Fy (X)) — Fy(Xp)). (50)

Setn :=n + 1 and go to step 1.

Algorithm 9 : Initialization: Choose u € (0, 1), € > 0, xg € RN andn = 0.
Step 1. Prediction: Choose an ¢, > 0 such that

Xn = P, (xn — an Fn(xy)) (5D
and
ol Fn(xn) — Fu(xp) |l < pellxn — Xaull. (52)
Step 2. Stopping Criteria : Compute
en(Xn, Q) = Xp — Xp.
If |le, (xn, an) |l < €, terminate the iteration with the approximate solution x,,. Oth-

erwise go to step 3.
Step 3. Correction: The corrector x;' is given by the following equation
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x;lk = PCn (.Xn - ﬂnanFn(in))’ (53)
where

(xn — Xn, dy(Xp, X, aty))
— B B — 8, €[8..80]1C (0.2), (54
Bu=vaby. = T ORI 5 e 15801 € 0D, (4)

and
dy (Xp, Xn, 0y) = X — X — oy (Fp(x) — Fp(X)). (55)

Step 4. Extension: The new iterate x,4 is updated by
Xn+1 = PC,, (Xp — pn(xp — x:)), (56)
where

o llxn = X712 A+ Buotn (x5 — Xn, Fn(Fn))
Pn = Ynpis Pp =

vn € lyL, yul € (0, 2).
llxn — 55112 !

(57)

Setn :=n + 1 and go to step 1.

Remark 5 1In the prediction step, if the selected o, satisfies 0 < «,, < /L (L is the
largest eigenvalue of the matrix ATA), from [45, Lemma 2.3], we have

apllFn(xp) — Fp(X) || < anLllx, — xpll < pellxn — Xnll, (58)

and thus condition (47) or (52) is satisfied. Without loss of generality, we can assume
that inf{o,} = omin > 0. Since we do not know the value of L > 0 but it exist, in
practice, a self-adaptive scheme is adopted to find such a suitable «,, > 0. For given
xp and a trial o, > 0, along with the value of F, (x,), we set the trial X,, as follows:

Xy = PCn(xn — oy Fp(xp)).

Then calculate _
L o || Fn (xn) — Fn () ||

n .

llxn — Xl ,
if r, < pu, the trial x, is accepted as predictor; otherwise, reduce «, by o, =
Opa; min(1, 1/r,) to get a new smaller trial o, and repeat this procedure. In the
case that the predictor has been accepted, a good initial trial o, 41 for the next iteration
is prepared by the following strategy:

0.9 .

0.2 <

S (59)
oy, otherwise,

(usually v € [0.4, 0.5]).



306 Q. H. Ansari and A. Rehan

Condition (47) or (52) ensure that «, || Fy, (x;,) — F, (X,) || is smaller than ||x,, — X, ||,
however, too small o, || F, (x,,) — Fy(X,)|| leads to slow convergence. The proposed
adjusting strategy (59) is intended to avoid such a case as indicated in [35, 36].
Actually it is very important to balance the quantity of «,, || F;,(x,) — F,(x,)| and
lx, — X, || in practical computation. Note that there are at least two times to utilize
the value of function in the prediction step: one is F}, (x,), and the other is F;, (x,,) for
testing whether the condition (47) or (52) holds. When ¢, is selected well enough,
x, will be accepted after only one trial and in this case, the prediction step exactly
utilizing the value of concerned function twice in one iteration.

It follow from [45, Relation (3.16)] and [45, Relation (3.27)] that for Algorithm
8, there exists a constant 7; > 0 such that

It = x*1% < llxn — X1 = 71 - 20 — %ull*. (60)
From [45, Relation (3.38)], for Algorithm 9, there exist a constant 7, > 0 such that

2 2 = 2 2
%41 = X517 < lloen = 2*1° = 12 {lloen — Xull” + llen — x5 0173 (61

Finally, we have the following convergence result of the proposed methods.

Theorem 12 [45] Let {x,} be a sequence generated by the proposed methods (Algo-
rithms 8 and 9), {«,,} be a positive sequence and inf {«,} = omin > 0. If the solution
set of the SFP is nonempty, then {x,} converges to a solution of the SFP.

4 Extragradient Methods for Common Solution of Split
Feasibility and Fixed Point Problems

Korplevich [40] introduced the so-called extragradient method for finding a solution
of a saddle point problem. She/He proved that the sequences generated by this algo-
rithm converge to a saddle point. Motivated by the idea of an extragradient method,

Ceng et al. [10] introduced and analyzed an extragradient method with regular-
ization for finding a common element of the solution set I of the split feasibility
problem (SFP) and the set Fix(S) of the fixed points of a nonexpansive mapping S in
the setting of Hilbert spaces. Combining the regularization method and extragradient
method due to Nadezhkina and Takahashi [50], they proposed an iterative algorithm
for finding an element of Fix(S) NI". They proved that the sequences generated by
the proposed method converges weakly to an element z € Fix(S) NI.

On the other hand, Ceng et al. [11] introduced relaxed extragradient method for
finding a common element of the solution set I" of the SFP and the set Fix(S) of fixed
points of a nonexpansive mapping S in the setting of Hilbert spaces. They combined
Mann’s iterative method and extragradient method to propose relaxed extragradient
method. The weak convergence of the sequences generated by the proposed method
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is also studied. The relaxed extragradient method with regularization is studied by
Deepho and Kumam [26]. They considered the set S of fixed points of a asymptoti-
cally quasi-nonexpansive and Lipschtiz continuous mapping in the setting of Hilbert
spaces. They obtained the weak convergence result for their method.

Recently, Ceng et al. [12] proposed three different kinds of iterative methods for
computing the common element of the solution set I of the split feasibility problem
(SFP) and the set Fix(S) of the fixed points of a nonexpansive mapping in the setting of
Hilbert spaces. By combining Mann’s iterative method and the extragradient method,
they first proposed Mann-type extragradient-like algorithm for finding an element
of the set Fix(S) NI". Moreover, they derived the weak convergence of the proposed
algorithm under appropriate conditions. Second, they combined Mann’s iterative
method and the viscosity approximation method to introduce Mann-type viscosity
algorithm for finding an element of the Fix(S§) NI'. The strong convergence of the
sequences generated by the proposed algorithm to an element of the set Fix(S) NI"
under mild conditions is also proved. Finally, by combining Mann’s iterative method
and the relaxed C Q methods, they introduced Mann-type relaxed C Q algorithm for
finding an element of the set Fix(S) NI". They also established a weak convergence
result for the sequences generated by the proposed Mann type relaxed C Q algorithm
under appropriate assumptions.

Very recently, Li et al. [44] and Zhu et al. [76] developed iterative methods for
finding the common solutions of a SFP and a fixed point problem.

In this section, we discuss extragradient method with regularization, relaxed extra-
gradient method and relaxed extragradient method with regularization. We also men-
tion the convergence results for these methods. Two examples are presented to illus-
trate these methods. We present Mann-type extragradient-like algorithm, Mann-type
viscosity algorithm, and Mann-type relaxed C Q algorithm for computing an element
of the set Fix(S) NI'. The weak convergence results for these methods are presented.
Some methods are illustrated by some examples.

4.1 An Extragradient Method

Throughout this section, we assume that I'N Fix(S) # @.

We present the following extragradient method with regularization for finding a
common element of the solution set I' of the split feasibility problem and the set
Fix(S) of the fixed points of a nonexpansive mapping S. We also mention the weak
convergence of this method.

Theorem 13 [10, Theorem 3.1] Let C be a nonempty closed convex subset of a
real Hilbert space 74 and S : C — C be a nonexpansive mapping such that
Fix(S)NI" # @. Let {x,} and {y,} be the sequences in C generated by the following
extragradient algorithm:
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xo = x € C chosen arbitrarily,
yn = Pc — )anfa,,)xn, (62)
Xn+1 = Bnxn + (1 — Bu)SPc(x, — )\nvfotn (yn))a for alln > 0,

where V fo, = ol + A*(I — Pg)A, Zf,ioan < oo, {Ay} C la, b] for some
a,b e (0, W) and {Bn} C lc, d] for some c,d € (0, 1). Then, both the sequences
{x,} and {y,} converge weakly to an element x € Fix(S) NI'.

Furthermore, by utilizing [50, Theorem 3.1], we can immediately obtain the fol-
lowing weak convergence result.

Theorem 14 [10, Theorem 3.2] Let 74, C and S be the same as in Theorem 13.
Let {x,} and {y,} be the sequences in C generated by the following Nadezhkina and
Takahashi extragradient algorithm:

xp = x € C chosen arbitrarily,
Yn = Pc(I — AV fxy, (63)
Xn+1 = Buxn + (A = Bn)SPc(xy, — AV f(yy)), foralln >0,

where ¥ f = A*(I — Pg)A, {hn) C [a, b] for some a, b e (0, W) and (B} C
[c, d] for somec,d € (0, 1). Then, both the sequences {x, } and {y,} converge weakly
to an element x € Fix(S) NI

By utilizing Theorem 13, we obtain the following results.

Corollary 1 [10, Corollary 3.2] Let C = 7] be a Hilbert space and S : 74 — 4
be a nonexpansive mapping such that Fix(S)N(V f)~'0 # @. Let {x,,} be a sequence
generated by

xo = x € C chosen arbitrarily,
Xnt+1 = Bpxn + (1 = B)S(xn — An Vi fo, I — AnV fo,)xn), foralln > 0,
(64)
where £°° (a, < 00, {A,} C la, b] for some a,b € (0, W) and {B,} C [c,d]
for some c,d € (0, 1). Then, the sequence {x,} converges weakly to x € Fix(S) N

vl

For the definition of maximal monotone operator and resolvent operator, see
Chap.6.

Corollary 2 [10, Corollary 3.3] Let C = JZi be a Hilbert space and B : 761 — 24
be a maximal monotone mapping such that B0 N (Vf)~'0 # 0. Let jrB be the
resolvent of B for eachr > 0. Let {x,} be a sequence generated by

[xo = x € C chosen arbitrarily, 65)

Xn4+1 = ﬂnxn + 1 - ,Bn)]rB(xn - }anfan(l - )anfotn)xn): Yn >0,
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Fig. 5 Convergence of {y,}
in Example 5
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where Esioan < 09, {An} C la, b] for some a, b € (O, W) and {B,} C [c, d] for
somec,d € (0, 1). Then, the sequence {x,} converges weaklytox € B~'0N(V f)~\.

Example 5 LetC = Q =[0,1]and S : C — C be defined as

1
X = M, forall x € C.
4
Then, S is a nonexpansive mapping and 0 € Fix(S). Let Ax = x be a bounded linear
operator. Let o, = nLZ Bn = ﬁ and A, = m All the conditions of Theorem

13 are satisfied. The sequences {x,} and {y,} generated by the scheme (62) starting
with x; = 0.1. Then, we observe that these sequences converge to an element 0 €
Fix(S) NTI" (Figs.5 and 6).

We did the computation in Matlab R2010 and got the solution O after 8th iterates
(Figs.5 and 6, Table5).

4.2 Relaxed Extragredient Methods

In this section, we present a relaxed extragradiend method and study the weak conver-
gence of the sequences generated by this method. We also present a relaxed extragra-
diend method with regularization for finding a common element of the solution set I"
of the SFP and the set Fix(S) of fixed points of a asymptotically quasi-nonexpansive
and Lipschtiz continuous mapping in the setting of Hilbert spaces. The weak con-
vergence of the sequences generated by this method is also presented.

Theorem 15 [11, Theorem 3.2] Let C be a nonempty closed and convex subset
of a Hilbert space 74 and S : C — C be a nonexpansive mapping such that
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Fig. 6 Convergence of {x,} in Example 5

Table 5 Convergence of {x,} and {y,} in Example 5

Number of YV Xn Number of y(n) x(n)
iterations (n) iterations (n)

1 0.0750 0.1000 6 0.0011 0.0011
2 0.0584 0.0610 7 0.0004 0.0004
3 0.0265 0.0269 8 0.0001 0.0001
4 0.0101 0.0101 9 0.0000 0.0000
5 0.0035 0.0035 10 0.0000 0.0000

Fix(S)NT # (. Assume that 0 < A < W, and let {x,} and {y,} be the sequences
in C generated by the following Mann-type extragradient-like algorithm:

xo = x € C chosen arbitrarily,
Yn = (1 = Bu)xu + BnPc(x, — )vaa,, (xn)), (66)
Xp1 = YuXn + (L — yu)SPc(yn — )“Vfa,, (yn)), foralln >0,

where V fo, =V f +a,I = A*(I — Pg)A + a,1 and the sequences of parameters
{an}, {Bn}, {¥n} satisfy the following conditions:

1) 2o < 0o;
(i) {B,} C[0,1]and 0 < liminf B, <limsup B, < I,
n—>00 n—00
(iii) {y»} C [0, 1] and 0 < liminf y, <limsupy, < I.
n—0o0 n—00
Then, both the sequences {x,} and {y,} converge weakly to an element 7 €
Fix(S) NT".
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The following relaxed extragradiend method with regularization for finding a
common element of the solution set I" of the SFP and the set Fix(S) of fixed points
of a asymptotically quasi-nonexpansive and Lipschtiz continuous mapping in the
setting of Hilbert spaces is proposed and studied by Deepho and Kumam [26]. They
also studied the weak convergence of the sequences generated by this method.

Theorem 16 [26, Theorem 3.2] Let C be a nonempty closed and convex subset of
a Hilbert space 74 and S : C — C be a uniformly L-Lipschitz continuous and
asymptotically quasi-nonexpansive mapping such that Fix(S) N T" # (. Assume that
{kn} € [0, 00) for all n € N such that Zflozl(kn — 1) < o0. Let {x, } and {y,} be the
sequences in C generated by the following algorithm:

xo =x € C chosen arbitrarily,
Yn = Pc( — )anfoz,l (xn)), (67)
Xnt+1 = Bpxn + (1 = B)S"(yn), for all n >0,

where V fy, = Vf +ayl = A*(I — Pg)A 4+ a,l, S" = SoSo---0S. The
—_—

ntimes
sequences of parameters {o}, {Bn}, {An} satisfy the following conditions:

1) D02 o < 005
(i) {A,} C la, b] for some a, b € (0, m) and "2 1 |1 — Al < 00;
(iii) {Bn} C [c, d] for some c,d € (0, 1).

Then, both the sequences {x,} and {y,} converge weakly to an element z € Fix(S)
NI

5 Mann-Type Iterative Methods for Common Solution of Split
Feasibility and Fixed Point Problems

In this section, we present three different kinds of Mann-type iterative methods for
finding a common element of the solution set I" of the split feasibility problem and
the set Fix(S) of fixed points of a nonexpansive mapping S in the setting of infinite
dimensional Hilbert spaces.

By combining Mann’s iterative method and the extragradient method, we first
propose Mann-type extragradient-like algorithm for finding an element of the set
Fix(S) N I"; moreover, we drive the weak convergence of the proposed algorithm
under appropriate conditions. Second, we combine Mann’s iterative method and
the viscosity approximation method to introduce Mann-type viscosity algorithm for
finding an element of the Fix(§) N I"; moreover, we derive the strong convergence of
the sequences generated by the proposed algorithm to an element of the set Fix(S5) N
I" under mild conditions. Finally, by combining Mann’s iterative method and the
relaxed C Q methods, we introduce Mann type relaxed C Q algorithm for finding
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an element of the set Fix(S) N I'. We also establish a weak convergence result for
the sequences generated by the proposed Mann-type relaxed C Q algorithm under
appropriate assumptions.

5.1 Mann-Type Extragradient-Like Algorithm

Let C and Q be nonempty closed convex subset of Hilbert spaces .77 and /%3, respec-
tively,and A € B(J#, 7¢5). By combining Mann’s iterative method and the extragra-
dient method, Ceng et al. [12] proposed the following Mann-type extragradient-like
algorithm for finding an element of the set Fix(S) NI" (Figs.7 and 8):

The sequences {x,} and {y,} generated by the following iterative scheme:

X0 = x € J{ chosen arbitrarily,
o= (1= Bu)xn + By Pc(1 — 1y A*(I — Pg)A)xy, (63)
Xpt1 = Xy + (1 —0y)SPc(I — 1y A*(I — Pg)A)y,, foralln >0,

where the sequences of parameters {«,}, {8} and {X\,} satisfy some appropriate
conditions.
The following result provides the weak convergence of the above scheme.

Theorem 17 [12, Theorem 3.2] Let S : C — C be a nonexpansive mapping
such that Fix(S) N\I' # @. Let {x,} and {y,} be the sequences by the Mann-type
extragradient-like algorithm (68), where the sequences of parameters {oy,}, {B,} and
{An} satisfies the following conditions:

1) {an} C[0,1]and 0 < liminf o, < limsup < 1;
n—0o0 n—00
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(if) {Bs} C [0, 1] and liminf B, > 0;

(i) (A} C (0, Lz) and 0 < liminf &, < limsup A, <
[IA] n— 00

n—00 AN
Then, both the sequences {x,} and {y,} converges weakly to an element z € Fix(S)
N T, where
z=|-ll = lim Pgixs)nrxn.
n—oQ

We illustrate the above scheme and theorem by presenting the following example.

Example 6 Let C = Q = [—1, 1] be closed convex setin R. Let S : C — C be a
mapping defined by

12
Sx = %, forall x € C.

Then, clearly S is a nonexpansive map and 1 € Fix(S) NI". Let Ax = x be a bounded
linear operator. If we choose o, = %) — }l and 8, =1 — ﬁ, then all the conditions
of Theorem 17 are satisfied. We choose the initial point x; = 2 and perform the
iterative scheme in Matlab R2010. We obtain the solution after 6th iteration (Figs.7
and 8, Table6).

5.2 Mann-Type Viscosity Algorithm

Ceng et al. [12] modified the Mann-type extragradient-like algorithm, proposed in
the last section, to obtain the strong convergence of the sequences. This modification
is of viscosity approximation nature [9, 22, 48].

Theorem 18 [12, Theorem 4.1] Let f : C — C be a p-contraction with p € [0, 1)
and S : C — C be a nonexpansive mapping such that Fix(S) N T" # 0. Let {x,} and
{yn} be the sequences generated by the following Mann-type viscosity algorithm:

Xo = x1 € J chosen arbitrarily,
yn = Pc(I — A A*(I — Pg)A)xy,
zn = Pc(I — M A*(I — Pg)A)yn,
Xn+1 = On f (Yn) + HnXn + Vazn + 8,820, V0 = 0,

(69)

where the sequences of parameters {0,}, {un}, {vn}, {6n} C [0, 1] and {A,} C

(O, W) satisfy the following conditions:

Q) On+ pn +vn+8=1;
(i) lim 6, =0and X720, = 00;
n—o0

(iii) liminf§, > 0;
n—oo
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Fig. 8 Convergence of {x,} in Example 6

Table 6 Convergence of {x,} and {y,} in Example 6

Number of Vn Xn Number of y(n) x(n)
iterations (n) iterations (n)
1 1.500 2.000 7 1.000 1.000
2 0.7625 0.0500 8 1.000 1.000
3 1.0713 1.4275 9 1.000 1.000
4 0.9849 0.8789 10 1.000 1.000
5 1.0024 1.0242 11 1.000 1.000
6 0.9997 0.9964 12 1.000 1.000
V, V,
(iv) lim ( ntl o Tn ) —0;
n—=00 \ 1 — tp41 I — up
(v) 0 <liminf A, <limsupi, < — and lim (A, — Ay41) = 0.
n— 00 — 00 IIA]| n— 00

Then, both the sequences {x,} and {y,} converge strongly to x* € Fix(S) N T" which
is also a unique solution of the variational inequality (VI):

(I — fHx*,x —x*y >0, forallx € Fix(SyNT.

In other words, x* is a unique fixed point of the contraction Ppixs)nrf, x* =
(PEixsynr S)x™".
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5.3 Mann-Type Relaxed CQ Algorithm

As pointed out earlier, the CQ algorithm (Algorithm 2) involves two projections Pc
and Py and hence might hard to be implemented in the case where one of them fails to
have closed-form expression. Thus, in [65] it was shown that if C and Q are level sets
of convex functions, then the projections onto half-spaces are just needed to make the
C Q algorithm implementable in this case. Inspired by relaxed C Q algorithm, Ceng
et al. [12] proposed the following Mann-type relaxed C Q algorithm via projections
onto half-spaces.
Define the closed convex sets C and Q as the level sets:

C={xesi:c(x) <0} and Q ={x € 74 :q(x) <0}, (70)

where ¢ : 7] — Rand g : 5% — R are convex functions. We assume that ¢ and ¢
are subdifferentiable on C and Q, respectively, namely, the subdifferentials

de(x) ={zeJq:cu) =c(x)+u—x,2), Yue 4} #0
forall x € C, and
dg(x) ={we A :qv) =2 q(y) +{(v—y,w), Ve I} #0

for all y € Q. We also assume that ¢ and ¢ are bounded on the bounded sets.
Note that this condition is automatically satisfied when the Hilbert spaces are finite
dimensional. This assumption guarantees that if {x,} is a bounded sequence in 7
(respectively, .773) and {x;;} is another sequence in J7{ (respectively, .573) such that
X} € dc(xp) (respectively, x;* € dq(x,)) for each n > 0, then {x*} is bounded.

Let S : 41 — 7 be a nonexpansive mapping. Assume that the sequences of
parameters {«,}, {B,} and {1, } satisfy the following conditions:

() {a,} C[0,1]and 0 < liminf @, < limsupa, < I;
n—0o0 n— 00
(i) {B} C [0, 1] and liminf B, > 0;
n— oo
2 .. .
(iii) {An} C (O, _HAIIZ) and 0 < 11nrr_1)10%f < hﬁ)sogpkn < _||A||2'

Let {x,} and {y,} be the sequence defined by the following Mann-type relaxed C Q
algorithm:

X0 = x € JA chosen arbitrarily,
Yn = 1= Bu)x, + ,BnPC,, - )LnA*(I - PQ,,)A)xn’
Xng1 = Xy + (1 —0y)SPc, (I — A A*(I — Pg,)A)y,, foralln >0,
(71)
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where {C,,} and {Q,} are the sequences of closed convex sets defined as follows:
Cp ={x € A1 : c(xn) + (§n, x —xp) <0}, (72)
where &, € dc(x,), and
On ={y € 3 : q(Axy) + (nn, y — Axn) < 0}, (73)

where 1, € 0q(Ax,).

It can be easily seen that C C C,, and Q C Q, for all n > 0. Also, note that
C, and Q, are half-spaces; thus, the projections Pc, and Pg, have closed-form
expressions.

Ceng et al. [12] established the following weak convergence theorem for the
sequences generated by the scheme (71).

Theorem 19 [12, Theorem 5.1] Suppose that Fix(S) NI" # (. Then, the sequences
{xn} and {y,} generated by the algorithm (71) converge weakly to an element 7 €
Fix(S) N T, where

2=l = lim Ppigs -

6 Solution Methods for Multiple-Sets Split Feasibility
Problems

Foreachi = 1,2,...,tandeach j = 1,2,...,r,1et C; € J and Q; C J5
be nonempty closed convex set in Hilbert spaces 7] and 743, respectively. Let
A € B(J4, 7). The convex feasibility problem (CFP) is to find a vector x* such that

t
x* e ﬂ C;. (74)
i=1

During the last decade, it received a lot of attention due to its applications in approx-
imation theory, image recovery and signal processing, optimal control, biomedical
engineering, communications, and geophysics, see, for example, [7, 17, 58] and the
references therein.

Consider the multiple-sets split feasibility problem (MSSFP) of finding a vector
x* satisfying

t r
x*eC:=()C suchthat Ax*e Q:=()Q;. (75)
i=1 j=1

As we have seen in the first section that this problem can be a unified model of
several practical inverse problems, namely, image reconstruction, signal processing,
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an inverse problem of intensity-modulated radiation therapy, etc. Of course, when
i = j = 1, MSSFP reduces to SFP.

The MSSFP (75) can be viewed as a special case of the CFP (74). In fact, (75)
can be rewritten as

t+r
x* e ﬂc,-, where Ciyj i={x e 4 :A'xeQ;), 1<j<nr (76)

i=1

However, the methodologies for studying the MSSFP (75) are different from
those for the CFP (74) in order to avoid usage of the inverse A~L. In other words, the
methods for solving CFP (74) may not be applied to solve the MSSFP (75) without
involving the inverse A~!. The CQ Algorithm 2 is such an example where only the
operator A (not the inverse A~1) is relevant.

In view of Proposition 7, one can see that MSSFP (75) is equivalent to a common
fixed point problem of finitely many nonexpansive mappings. Indeed, decompose
MSSFP (75) into N subproblems (1 <i <):

.
xf €C; suchthat Axfe Q:=()0;. (77)
j=1

Foreachi = 1,2, ...,t, define a mapping 7; by

r
Ti(x) = Pe, (I =iV f)x = Pe, [ I —vi D_BiA*U = Po)A | xi,  (78)
j=1

where f is defined by

1 r
fo =3 ;ﬂjnAx — Po, Ax||?, (79)

with B; > Oforall j =1,2,...,¢. Note that the gradient V f of f is

Vi) =D BjA* (I — Pg,) Ax, (80)

j=1

which is L-Lipschitz continuous with constant L = Z§-=1 BillA I2.1fy; € (0,2/L),
then 7; is nonexpansive. Hence, fixed point algorithm for nonexpansive mappings
can be applied to MSSFP (75)

Now we present the optimization method to solve MSSFP (75).

If x* solves the MSSFP (75), then

(i) the distance from x* to each C; is zero, and
(ii) the distance from Ax* to each Q; is also zero.
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This motivate us to consider the proximity function

1 « 1 <
p) =5 > aillx = P, + 5 D BjllAx — Po, (A%, (81)
i=1 j=1

where a; > O for all i, 8; > O for all j. Then the proximity function is convex and
differentiable with gradient

t r
Vp) =D o (I = Pe;) (x) + D BiA* (I = Pg,) Ax, (82)
i=1 j=I

where * is the adjoint of A.
Proposition 8 [69] x* is a solution of MSSFP (75) if and only if p(x*) = 0.

Since the gradient V p(x) is L’-Lipschtiz continuous with constant

t r
L'=>"ai+ Y BilAl% (83)
i=1 j=1

one can use the project gradient method to solve the

xmeisrzl px), (84)

where Q is a closed convex subset of .77 whose intersection with the solution set of
MSSFP (75) is nonempty, and get a solution of the so-called constrained multiple-sets
split feasibility problem [15]:

Find x* € Q such that x* solves (84). (85)

In view of the above discussion, Censor et al. [15] proposed the following project
gradient algorithm to find the solution of MSSFP (75) in the setting of finite-
dimensional Hilbert spaces.

Algorithm 10 (Projection Gradient Algorithm) For any arbitrary xo € J#,
generates a sequence {x,} by

Xp1 = Po (xn — yVp(xn))
Po (v =y (Sioy @i = Pej(un) + B_ BjA™( = Pg)Axy)), n =0,
(86)

where ye€ (0,2/L).

Censor et al. [15] established the convergence of the Algorithm 10. The fol-
lowing theorem is a version of their theorem in infinite dimensional Hilbert spaces
established by Xu [64].
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Theorem 20 Let MSSFP (75) be consistent and a minimizer of the function p over
Q be inconsistent. Assume that 0 < y < 2/L’, where L' is given by (83). The
sequence {x,} generated by Algorithm 10 converges weakly to a point z which is a
solution of MSSFP (75).

In this direction, several methods and results were obtained during the last decade.
In [69], Yao et al. reviewed and presented some recent results on iterative approaches
to MSSFP (75).

Zhao et al. [75] proposed the following modified projection algorithm for MSSFP
(75) in finite dimensional Euclidean spaces.

Given closed convex sets C; C RN, i = 1,2, ..., t, and closed convex sets 0; <
RM, j=1,2,...,r,inthe N and M dimensional Euclidean spaces, respectively, and
A an M x N real matrix. Let € be a closed convex subset of RV whose intersection
with the solution set of MSSFP (75) is nonempty,

Algorithm 11 For any arbitrary x¢ € RN oy > 0,8€(0,1),0 €(0,1),p€(,1).
Forn =0,1,2,..., compute

Xp = Po(xp — yaVp(xn)), (87)

where y, is chosen to be the largest y € {0}, 0,8, an,BZ, ...} satisfying

YIVp() — Vpe) |l < 0llxn — xall. (83)
Let
Xn+1 = Px(Xn — yn(Vp(Xn) — Vp(xp))). (89)
If
YullVP(xXn+1) — Vo)l < pllxn+1 — xall, (90)

then set 0, = oy; otherwise, set o, = y,, where p(x) is proximity function as
defined by (81).

We cantake p(x,) < e€or ||[Vp(x,)|l < € asthe stopping criteria in this algorithm.
We have the following result on the convergence of the sequence generated by
Algorithm 11.

Theorem 21 [75, Theorem 4.1] Let X be a nonempty closed convex set in RN with
a simple structure and {x,} be a sequence generated by Algorithm 11. If the set
X contains at least one solution of the constrained multiple-sets split feasibility
problem, then {x,} converges to a solution of the constrained multiple-sets split
feasibility problem.

A relaxed scheme of Algorithm 11 is also presented in [75].

Censor et al. [16] proposed a perturbed projection algorithm for multiple-sets
split feasibility problem by applying the orthogonal projections onto a sequence of
supersets of the original sets of the problem. Their work is based on the results of
Santo and Scheimberg [55].
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Isotone Projection Cones and Nonlinear
Complementarity Problems

M. Abbas and S. Z. Németh

Abstract A brief introduction of complementarity problems is given. We discuss
the notion of *-isotone projection cones and analyze how large is the class of these
cones. We show that each generating *-isotone projection cone is superdual. We
prove that a simplicial cone in R™ is *-isotone projection cone if and only if it is
coisotone (i.e., it is the dual of an isotone projection cone. We consider the solvability
of complementarity problems defined by *-isotone projection cones. The problem
of finding nonzero solution of these problems is also presented.

Keywords Nonlinear complementarity problems - Cones - Isotone

projection cones - *-isotone projection cones - Partial ordering
Fixed point problems + Variational inequalities + Projection mapping

1 Introduction
Let A be an n x n real matrix, b € R", and f be the function defined by
1
fx) = E(x, Ax) + (b, x).

In 1961, Dorn [12] considered the following optimization problem:
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min f(x), (1
xeF

where
F={xeR"|x>0, Ax+b >0}

is the feasibility region. It was shown that, if A is a positive definite (not necessarily
symmetric) matrix, then problem (1) must have an optimal solution and

fcnei? f(x)=0.

Dorn’s paper was the first step in initiating the study of complementarity problems.

In 1963, Dantzig and Cottle [10] showed that, if A is a square (not necessarily
symmetric) matrix whose all principal minors are positive, then problem (1) has an
optimal solution x* satisfying the following equation

(x*, Ax* +b) = 0. 2)

In 1964, Cottle [8] studied problem (1) under the assumption that A is a positive
semidefinite matrix and observed that, in this case (1) may not have an optimal
solution.
However, if A is positive semidefinite and F # ¢ then an optimal solution
for (1) exists and again, ng? f(x) = 0. This result was generalized by Cottle
X

[8, 9]. He considered the following nonlinear problem associated to a continuously
differentiable mapping 4 : R” — R” : The problem is as follows:

mi}gf(x) = (x, h(x))
Xe
where F ={x e R" | x >0, h(x) > 0}. 3)

He showed that, if x is an optimal solution of the above problem and the Jacobian
matrix Jj (xo) has positive principal minors, then x satisfies the following conditions:

x0 = 0, h(xo) =0 and (xo, i (x0)) =0.

If we take h(x) = Ax + b, then we obtain (1). This was the first nice result about
the nonlinear complementarity problem.

In 1965, Lemke [27] contributed to the development of complementarity theory
as a method for solving matrix games.

The complementarity problems are closely related to variational inequalities and
to fixed point problems.

Concerning the complementarity problem, we distinguish two entirely distinct
classes of problems:

1. The topological complementarity problem (T. C. P.)
2. The order complementarity problem (O. C. P.).
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In the class of topological complementarity problem, we have the following cat-
egories:

1.1 Generalized Complementarity Problem

If E(7) is a locally convex space, then E* denotes the topological dual of E.
We say that (E, F') is a dual system if, £ and F are vector spaces and (., .) is
bilinear functional on E x F such that

(i) (x,y)=0, foreachx e E=y=0,
(i) (x,y)=0,foreachy € F = x = 0.

If E(7) is a locally convex space, we denote by (E, E*) the dual system defined by
the bilinear functional, (x, u) = u (x) forevery x € E andu € E*.

If (E, F) is a dual system and K C E is a convex cone, then the dual cone of K
is K*={ueF|(x,u) >0,V x € K}. The polar cone of K is K+ = {u € F |
(x,u) <0,Vx e K}.

Let (E, F) be a dual system of locally convex spaces. For a given closed convex
cone K C E and a mapping f : K — F, the generalized complementarity problem
(G.C.P) associated to K and f is the following problem:

Find xg € K such that
f(x0) € K* and (xq, f(x0)) = 0.

Note that if f(x) = L(x) + b, where L : E — F is a linear mapping and
b an element of F then we have the linear complementarity problem (L.C.P.). If
f : K — F is anonlinear mapping, then we have the nonlinear complementarity
problem (N.C.P).

n
FE=F=R"K=R],(x,y)= gxiy[, where x = (x;), y = (y;) € R",
i=
A € Myy,n(R) and b € R", then we obtain the classical linear complementarity
problem (L.C.P.):

Find x¢ > O such that
Axo+ b > 0and (xg, Axg + b) = 0.

(In this case, K = K* =R'}).

If (E, F) is a dual system of locally convex spaces, K C E a closed convex cone
and f : K — F a multivalued mapping (that is f : K — 2F), then the generalized
multivalued complementarity problem (G.M.C.P.) associated to f and K is:

Find xp € K and yp € F such that
yo € f(x0) N K* and (xq, yo) = 0.
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Note that, if we take f : K — F a single valued mapping, then the (G.M.C.P.)
becomes (G.C.P.) associated to K and f.

1.2 e-Complementarity Problem

The origin of the definition of e-complementarity problem is McLinden’s paper [29].
Let (E, F) be a dual system of locally convex spaces and let K C E be a closed
convex cone.
Given mapping f : K — F, an e-complementarity problem (¢-C.P.) associated
to f and K is:

foragive e > 0, find xg € K
such that f(xg) € K* and {xg, f(x0)) < &. 4)

1.3 Order Complementarity Problem

Consider a vector lattice (E, <), K = {x € E | 0 < x} and denote the Lattice
operations sup (resp. inf) by Vv (resp. A).
Given a mapping f : K — E, the order complementarity problem (O.C.P) is:

Find xg € K
such that xg A f (x¢9) = 0. 5)

Since xg A f(xg) = 0, then it is clear that f (xg) € K. The order complementarity
problem has interesting applications in Economics.

If (H, (-, ), K) is a Hilbert lattice and x, y € K, then x A y = 0 if and only
if (x,y) = 0. Thus for Hilbert lattices, the problems (O.C.P.) and (G.C.P.) are
equivalent.

There are many forms of complementarity problems based on the definition of
the mapping and the structure of underlying space.

One of the most important problems in nonlinear analysis is the nonlinear comple-
mentarity problem, which can be stated as follows: Let K be a cone in a real Hilbert
space (H, (-,-)), K* the dual cone of K, and f : K — H a mapping; then the
problem is to find an x* € K such that f(x*) € K* and (x*, f(x*)) = 0. The non-
linear complementarity problem defined by K and f will be denoted by NCP(f, K).
The nonlinear complementarity problems can be viewed as particular fixed point
problems, variational inequality problems, nonlinear optimization problems, convex
optimization problems, nonlinear programing problems, etc. The complementarity
problems are used to model several problems of economics, physics and engineering;
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they can be constraints for an optimization problem; and they occur in the Karush-
Kuhn-Tucker conditions for a nonlinear programming problem as well.

Motivated by solving complementarity problems, Isac and Németh have charac-
terized a cone in the Euclidean space which admits an isotone projection onto it [15],
where isotonicity is considered with respect to the order induced by the cone. They
called such a cone isotone projection cone. The same authors [16] and Bernau [5]
considered the similar problem for the Hilbert space. Bearing in mind the fixed point
characterization of nonlinear complementarity problems, the isotonicity of the pro-
jection provides new existence results and iterative methods [17, 18, 20, 35] for these
problems. Both the solvability and the approximation of solutions of nonlinear com-
plementarity problems can be handled by using the metric projection onto the cone
defining the problem, which emphasize the importance of studying the properties of
projection mappings onto cones.

The aim of this chapter is to discuss the notion of *-isotone projection cones
and its relationship to solvability of nonlinear complementarity problems. Our main
references for this chapter are [1, 11, 13, 16, 32, 35, 36].

The structure of this chapter is as follows. In Sect.2, we will fix the terminology
and notations, and present some background results used in the chapter. In Sect. 3,
we will discuss the notion of *-isotone projection cones and analyze how large is the
class of these cones. We will show that each generating *-isotone projection cone is
superdual. We will prove that a simplicial cone in R™ is *-isotone projection cone if
and only if it is coisotone (i.e., it is the dual of an isotone projection cone). By using
a more recent duality result from the preprint [37] of the second author it can be
shown that infact the class of *-isotone and coisotone cones in Hilbert spaces is the
same. However, the special terminology used in that paper is out of the scope of this
chapter. In case of Euclidean spaces this result has been shown in [38]; but the proof
uses the result for simplical cones presented here and it is also rather technical to
be included in our chapter. We remark that the proofs in [37] are independent of the
results of this chapter, but they are still subject to the scrutiny of reviewers. In Sect. 4,
we will consider the solvability of complementarity problems defined by *-isotone
projection cones.

2 Preliminaries

Let (H, (-, -)) be areal Hilbert space. All Hilbert spaces in this chapter are assumed
to be real Hilbert spaces. Let x, y € H, the line segment joining x and y is denoted
by [x, y] and defined by

[, y]={Ax+(1=1)y:0<Ar <1}
A subset K C H is called is called convex if for every x, y € K, [x, y] is a subset

of K. A nonempty subset K C H is called a cone if Ax € K, for all x € K
and A > 0. From this definition it can be seen that the zero element in (H, (-, -))
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belongs to K. A cone K is called pointed if K N (—K) = {0}. For example, the
setR:‘_ = {(xl,xg,x3,...,x,,)T eR":x; >0foralli =1,2,...,n}is apointed
cone. Note that a cone K in (H, (-, -)) is convex if and only if for every x, y € K,
x +y € K. Indeed, if K is a convex, then for every x,y € K, %x + %y e K,
that is %(x 4+ y) € K. Since K is a cone, x + y € K. Conversely suppose that for
everyx,y € K,x+ye K.If A € [0, 1], then Ax € K and (1 — L)y € K. Hence
Ax + (1 — X))y € K. Hence, asubset K C H is:

(i) aconeif Ax € K, forall x € K and A > O (non-negative homogenous)
(ii) convex cone ifitisconeandx +y € K, forallx,y € K.
(iii) pointed cone if it is cone and K N (—K) = {0}.

For the simplicity of the terminology we shall call a pointed closed convex cone
simply cone.
Note that convex cone need not to be a subspace. For example,

K = {x € C?*[a,b] : x(t) > O forall 7 € [a, b]}

is a convex cone which is not a subspace of C 2[a,b). K — K is the called the
linear subspace generated by K and it is the smallest linear subspace of H containing
K. A cone K C H is called generating if the linear subspace generated by K is H,
thatis, K — K = H.If K C H is a cone, then

K*={yeH:{(x,y)>0 forallx € K}

is called the dual of K. The dual cone of a subspace of R™ is its orthogonal comple-
ment. Note that x € K™ if and only if —x is the normal of a hyperplane that supports
K at the origin. A cone K C H is called superdual it K* C K.If K is a cone, then

Kl:{er:(x,y)SO, forall y € K}

is called the polar of K. Note that the polar of a cone consists of the origin and those
nonzero vectors in H that make a nonacute angle with every nonzero vector in K.
It is easy to see that K- = —K*. We say that the set A is generating the cone K if

K:{A1x1+~-~+)%x€:€eN, kl,...,AgZOandxl,...,xKGA}.

Note that if K is a generating cone, then K* and K~ are cones. This is the case
for example if K is a simplicial cone in R™, that is, a cone generated by m linearly
independent vectors.

The generating cones K and L are called mutually polar if K = L (or equiva-
lently K+ = L).

A relation p on H is called reflexive if xpx for all x € H. A relation p on
H is called transitive if xpy and ypz imply xpz. A relation p on H is called
antisymmetric if xpy and ypx imply x = y. A relation p on H is called an order
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if it is reflexive, transitive and antisymmetric. A relation p on H is called translation
invariant if xpy implies (x 4+ z)p(y + z) for any z € H. A relation p on H is called
scale invariant if xpy implies (Ax)p(Ay) for any A > 0. A relation p on H is called
continuous if for any two convergent sequences {x"},cny and {y"},cn with x" py”
foralln € N we have x*py*, where x* and y* are the limits of {x"},,cy and {y"},,eN,
respectively.

The relation p on H is a continuous, translation and scale invariant order if and
only if it is induced by a cone K C H, thatis, p =<k, where x <k y if and only if
y—x € K.The cone K canbe writtenas K = {x € H : 0 <k x} and itis called the
positive cone of the order <g. The triplet (H, (-, -), K) is called an ordered vector
space. A cone K C H is called regular if every decreasing sequence of elements in
K is convergent. In R™ any cone is regular. The ordered vector space (H, (-, -), K)
is called a vector lattice if for every x, y € H there exist x A y := inf{x, y} and
x Vy = sup{x, y}. In this case we say that the cone K is latticial and for eachx € H
we denote xt =0V x,x~ =0V (—x) and |x| = x V (—x). Then, x = xT — x~
and |x| = xT 4+ x~. If H = R™, then the latticial cones are exactly the simplicial
cones.

Let C be a closed convex set and Pc : H — H be the projection mapping onto
C defined by Pc(x) € C and ||x — Pc(x)|| = min{|lx — y|| : y € C}. If x € H and
ye C, then y° = Pc(x) if and only if (yO — x, y — y¥) > O forall y € C. That is,
a hyperplane passing through y° with normal x — y° supports C at y°. By using the
definition of the metric projection and item (i) of the definition of a cone, it is easy
to show that if K is a cone, then Pk (Ax) = APk (x), forany x € H and any A > 0.

The following theorem is proved in [32].

Theorem 1 (Moreau) Let H be a Hilbert space and K, L C H two mutually polar
generating cones in H. Then, the following statements are equivalent:

(i) z=x4+y, xe€ K, ye Land (x,y) =0,
(ii) x = Px(2) and y = Pr(2).

3 *-isotone Projection Cones in Hilbert Spaces

Definition 1 Let (H, (-, -)) beaHilbert space and K, L C H be cones. The mapping
p: H — Hiscalled (L, K)-isotone if x <y y implies p(x) <g p(y).If L = K,
then an (L, K)-isotone mapping is called K -isotone, and if Pk is K-isotone, then
K is called an isotone projection cone.

If K is a generating isotone projection cone, then it is latticial [16]. K is called
coisotone cone if K is a generating isotone projection cone [34]. If H = R™, the
coisotone cones are exactly the simplicial cones generated by m linearly independent
vectors which form pairwise nonacute angles [15, 19].

Definition 2 Let (H, (., .)) beaHilbertspaceand K C Hbeacone.If Py : H > H
is (K*, K)-isotone, then the cone K is called *-isotone projection cone.
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The following proposition shows that the class of generating *-isotone projection
cones is contained in the class of generating superdual cones.

Proposition 1 Let (H, (., .)) be a Hilbert space and K C H be a generating cone.
If the cone K is *-isotone projection cone, then it is superdual.

Proof Letx be an arbitrary element of K*. Since K is generating, there existu, v € K
such that x = v —u. Then, u <g= v. Since K is *-isotone projection cone, it follows
thatu = Pk (u) <g Pg(v) = v and consequently x € K. Thus, K* C K, thatis, K
is superdual. (]

Theorem 2 Let (H, (., .)) be a Hilbert space and K C H be a cone. The cone K
is *-isotone projection cone, if and only if Px (u +v) <k u for any u € K and any
ve Kt

Proof Suppose that K is an *-isotone projection cone. Let u € K and v € K~ be
arbitrary. Then, u + v <g+ u implies that

Pg(u+v) <g Pg(u) =u.
Conversely, suppose that
Px(u+v) <k u, foranyueKandanyveKL. (6)
Letx, y € H withx <g= y.Then,by Moreau’s theoremx <g» y <g= Pk (y).Thus,
x <g= Px(y). (N

Letu = Px(y)andv = x — Pk (y). Then, obviously u € K and, by Eq.(7),v € K+
Hence, we can use Eq. (6) to obtain

Pg(x) = Px(u+v) <x u = Pg(y).

Therefore, K is *-isotone projection cone. (I

Corollary 1 Let (H, (., .)) be a Hilbert space and K C H be a cone. The cone K is
*-isotone projection cone, if and only if Px (x) <k u foranyu € K and any x € H
with x <g+ u.

Proof Use Theorem 2 withv =x —u € K+ (I

4 *-isotone Projection Cones in Euclidean Spaces

Let R™ be endowed with a Cartesian reference system. All matrices considered in
this chapter will have real entries. We identify all vectors in R” by column vectors.
We denote the components of a vector in R” by assigning lower indices to the letter
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which denotes the vector. In R™ the simplicial cones are of the form L = AR",
where A is a nonsingular m x m matrix. The generators of the cone L are the column
vectors of A. Let (., .) be the canonical scalar product of R™.

Lemma 1 Let K C R™ be a cone and A a nonsingular matrix. Then,

(AK)* = (AT 'k, (8)
and
(AK): = (A 'kt 9)
In particular,
(AR™)* = (AT)"'R™, (10)
and
(AR = —(AT)7IR™. (11)

Proof Equation (9) follows easily from Eq. (8). Thus, it is enough to prove Eq.(8)
only. x € (AK)* if and only if (x, Au) > O for any u € K, which is equivalent to
(ATx,u) > 0forany u € K,orto ATx € K*. Hence, x € (AK)* if and only if
x € (AT)"'K*. Therefore, (AK)* = (AT)"'K*. O

For a vector x € R™ denote x* = sup(x, 0) and x~ = sup(—x, 0), where the
supremums are taken with respect to the order induced by R’}. We write x > 0 if all
components of x are non-negative.

The next proposition is a straightforward application of the Moreau’s theorem.
However, for the readers’ convenience, we present all details of this proof.

Proposition 2 Let A be a nonsingular matrix and K = AR the corresponding
simplicial cone. Then, for any y € R™ there exists a unique x € R™ such that one
of the following two equivalent statements hold:

(a) y=Axt —(A")"Ix~, x e R™",
(b) AxT = Pg(y) and —(AT)"Ix™ = Pgi(y).

Proof Let us first prove that the statements (a) and (b) are equivalent.
Suppose that (a) holds. Then, by using Eq.(11), it follows that Ax* € K,
—(ANH 'y~ e Kkt and

(AxT, —(ADH x )y =—@AxT, A HTx )= -t x7) =0.

Thus, (b) follows from Moreau’s theorem. The converse follows easily from the same
theorem.

Next, we show that there exists a unique x such that item (a) holds. From Moreau’s
theorem, there exist a unique p € K and a unique ¢ € K such that y = p 4+ ¢ and
(p,gq) = 0. Since K = AR’} and A is nonsingular, there exists a unique u € R’}
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such that p = Au. By using Eq.(11), K+ = —(AT)_IR'L and hence there exists a
unique v € RY such that ¢ = —(AT)~1y. Thus,

0=(p,q) = (Au, —(AH) ™) = —(Au, (A" Tv) = —(u, v).

Therefore, (u,v) = 0.Letx = u —v. Then, u € R}, v € R" and (u, v) = 0 implies
u = xT and v = x~. In conclusion,

y=p+g=Au—(A) lv=AxT — (A" x". O

Recall that a square matrix is called positive stable if all its eigenvalues have
positive real part. A real square matrix is called a Z-matrix if all of its off-diagonal
entries are nonpositive. An M-matrix is a Z-matrix whose eigenvalues are positive.
Therefore, a symmetric matrix is an M-matrix if and only if it is a positive definite
Z-matrix. There are a large number of papers and books dealing with the properties
and applications of the above classes of matrices. The reader can find more details
about the special classes of M- and Z-matrices in [13, 14, 39]. A Stieltjes matrix is
a symmetric positive definite Z-matrix [44]. It is easy to see that a symmetric matrix
is an M-matrix if and only if it is a Stieltjes matrix. It is known that a Z matrix A
is an M-matrix if and only if Av > 0 implies v > 0 [13, 14]. All square matrices
A satisfying the property “Av > 0 implies v > 0” are called inverse positive or
monotone [13]. Hence, all M-matrices (and in particular the Stieltjes matrices) are
inverse positive. However, the converse of this statement is not true. It is known that
a square matrix A is inverse positive if and only if A~! > 0 [13].

Proposition 3 An m x m positive definite matrix B is a Stieltjes matrix if and only
if

u>0andx~ +Bu—x7) = u—xt>0. (12)
Proof First, we show that any Stieltjes matrix B satisfies (12). We prove this by using
induction on the dimension of the matrix. If Bj is a one dimensional Stieltjes matrix,
then B; = (a), where a > 0. Let u, x € R. Thus, we have to show that u > 0 and
x +aw—xT)=x"+Bj(u—x")>0impliesu —x* > 0.If x < 0 this is trivial
because u —xt =u > 0.Ifx > 0,then0 < x~ +a(u —xt) = a( — x) and
hence u — x™ > 0. Suppose, that the statement is true for m and prove it for m + 1.

ui
We have to show that : > (0 and
Um+1
X Uy — x1+
+ By : >0 (13)

+
m—+1 Um+1 — Xy
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upG—Xx ?_
implies > 0, where By, is an m + 1-dimensional Stieltjes matrix.
Ut = X
X1
If all components of are non-negative, then inequality (13) becomes
Xm+1
up — x1+

Busi : >0, (14)

+
Um+1 — Xyt

Since By,+1 is a Stieltjes matrix, it is also an M matrix and hence inverse positive.
uy — xi"
Thus, > 0. Hence, we can suppose that at least one component of
Un+1 — x;;_,_]
X1
is negative. Thus, there exists k € {1, ..., m+ 1} such that x; < 0. Denote
Xm+1
by IT the permutation matrix obtained by swapping the k-th line and the (m + 1)-th
line of the (m 4 1) x (m + 1) identity matrix. Then inequality (13) becomes

x~ u—xvt
n(%)+mmn(w_ﬁ)za (15)
_ X
where x~ and u — xT are given by the equations IT (i_) = and
k —
Xm+1
u— ler
u—xt o
IT (u x+) = : . Denote by I,,4+1 the (m + 1) x (m + 1) identity
— x] .
L |

matrix. Now, we multiply (15) by IT and use [1> = I, 4| to obtain

- g
(K)+nmﬂn(”x+)za (16)

X Up — X

Since ITT = ITand B,, 1 is positive definite, it follows that ITB,, | IT is also positive
definite. Moreover, since By, is a Z-matrix, it follows easily that [1B,,4IT is also
a Z matrix. Thus, I1B,,4111 is a Stieltjes matrix and hence it can be written in the
form
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B, —b
[1By1 11 = (_,;"T ) )

where B, is an m-dimensional Stieltjes matrix, b is an m X 1 non-negative column
vector and c is a positive number. Hence, inequality (16) becomes

X~ B, —b u—xt
() (G () =0 @
Thus, from inequality (17) and x;r = 0, it follows that x = + By, (u —xT) —buy > 0

which implies
X~ + Bp(u —xT) > buy > 0. (18)

Since B, is an m-dimensional Stieltjes matrix and our statement is true for m,
it follows that B, satisfies (12). Thus, inequality (18) implies that u — x* > 0.
Therefore,

- + +
u—x u—x
: =1 L)=0 > 0.
. Uk — Xy Uk
u—x+
m+1

Next, we show that if an m x m positive definite matrix B = (b;;)1<;, j<m satisfies
(12), then it is a Stieltjes matrix. Suppose to the contrary, that B is an m x m positive
definite matrix which satisfies (12), but it is not a Stieltjes matrix. Then, there exists
i,je{l,...,m}suchthati # j and b;; > 0. Choose the vectors x, u € R™ such
that uy = O for all k # j, x; > 0 and u j, —x; are positive and large enough to have

bijuj — biix; > 0, (19)
and
— Xk + brjuj — brixi = 0,k #1i, (20)
Then, u > 0 and
X"+ Bu—xMH=>0 (21

because (19) is the i-th line of (21) and (20) is the k-th line of (21) for any k # i.
On the other hand u; — xi+ = —Xx; < 0. Thus, (12) cannot hold. This contradiction
shows that B must be a Stieltjes matrix. (I
Theorem 3 Let A be an m x m nonsingular matrix and K = AR a simplicial
cone. Then, K is a *-isotone projection cone ifand only if A" A is a Stieltjes matrix.

Proof First, note that ATA is positive definite. Hence, the condition “ATAis a
Stieltjes matrix”” makes sense.

By Corollary 1, K is a *-isotone projection cone if and only if “y € R” and Au €
K withu € Rf suchthaty <g+ Au”implies “Pg (y) <x Au”.By Proposition 2, the
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relation Pk (y) <k Au is equivalentto Au — Ax* € AR}, ortou —x* > 0, where
x is the element uniquely determined by the equation in the item (a) of Proposition
2. On the other hand, by Eq. (10), the relation y <g» Au is equivalent to

Au—xH+ANH " = Au—AxT+ (A T = Au—y e K* = (AT) 'R,

orto, x~ + ATA(u — xT) > 0. Thus, K is a *-isotone projection cone if and only
ifx +ATAw—xtH >0 implies u — x* > 0. Therefore, by Proposition 3, K is a
*-isotone projection cone if and only if AT A is a Stieltjes matrix. O

In R™ the coisotone cones are simplicial cones with the generators forming pair-
wise nonacute angles. This means that the coisotone cones in R™ are the simplicial
cones of the form AR'?, where A is a nonsingular m x m matrix such that ATAisa
Stieltjes matrix.

Hence, we have the following theorem which shows that in R™ the class of coiso-
tone cones is equal to the class of simplicial *-isotone projection cones.

Theorem 4 Let A be an m x m nonsingular matrix and K = AR a simplicial
cone. Then, K is a *-isotone projection cone if and only if it is coisotone.

Proof K is coisotone if and only if AT A is a Stieltjes matrix. Therefore, the result
follows from Theorem 3. ]

5 Connection Among Fixed Point Problems, Complementarity
Problems and Variational Inequalities

In this section, first we study several equivalent forms of fixed point problems:

Definition 3 Let K C H a closed convex set, and f : H — H a mapping, then
the variational inequality problem defined by f and K is the problem of finding an
x* € K such that (y — x*, f(x*)) > 0 for all y in K. We shall denote this problem
by VI(f, K).

It is known that Fix(f, K) < VI(I — f,K) = VI(T, K), where T = [ — f.
Indeed, if x* is the solution of Fix( f, K), then this implies that 7 (x*) = 0. Thus x* is
the solution of VI(T, K). If x* is the solution of VI(T', K), then (y —x™*, T (x*)) > 0
forall y in K. Thatis, (y —x*, x* — f(x*)) > O forall y in K. Taking y = f(x™),
we have (f(x™) —x™, x* — f(x*)) > 0. Thus

~[x* = e =0
which implies that f(x*) = 0. Hence x* is the solution of Fix(f, K).

Also, we have: VI(f, K) < Fix(Pg o (I — f), K). Indeed, x* is the solution of
Fix(Px o (I — f),K) & Px(x* — fx*) = x*. We know that Pg (x* — fx*) =
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X* = (x*— fx*f—x*,y—x*) <O0forallyin K & (—fx*,y —x*)) <0&
(fx*,y—x*)) >0forall yin K.

Next we show that variational inequality problem defined on a closed convex cone
is equivalent to nonlinear complementarity problem.

VI(f, K) & NCP(f, K), if K is closed convex cone:

If x* is the solution of NCP(f, K) then x* € K, f(x*) € K* and {fx*, x*) = 0.
Consider

(=" fG) =y, fO&) = (&5 FE) = (v, f(&) =0,

for all y in K as f(x*) € K*. Suppose that x* is the solution of VI(f, K) which
implies that x* € K and (y — x*, f(x*)) > 0 for all y in K. Take, y = O then
(—x*, £(x*)) > 0 gives that (x*, f(x*)) < 0. Take, y = 2x* then (x*, f(x*)) > 0.
Hence, (x*, f(x*)) = 0. Also,

0 < (y—x" fOx™) =y, f&T) = &" F&) = (v, FG&O),

for all y in K which implies that f(x*) € K*.

Definition 4 Let K C H a closed convex set, and f : H — R a mapping, then
the nonlinear optimization problem defined by f and K is the problem of finding an
x* € K such that f(x*) < f(y) for all y in K (that is, minimize f(x) subject to
x € K). We shall denote this problem by NOPT(f, K).

If f is differentiable then the implication NOPT(f, K) = VI(Vf, K) is well
known and it can be shown as follows: Let f : H — R adifferentiable mapping. If
x* is the solution of NOPT(f, K) and y is an arbitrary point of K, then

x* +1t(y —x*) € K implies that f(x*) < f(x* +1(y — x¥))

which further implies that

(VF G,y =) = lim [+l —tx*» — /6

for all y in K. Hence, x* is the solution of VI(V f, K).

Now assume that f is convex and differentiable. It is straightforward to check
that CNOPT(f, K) <& VI(Vf, K). Indeed, if f : H — R a differentiable convex
mapping, then NOPT(f, K) = VI(V f, K). If x* is the solution of VI(V f, K) and
f is a convex mapping, then x* + #(y — x*) € K implies that

fO) = fE&™) = (VfE™),y —x%) =0,

for all y in K. Hence x* is the solution of NOPT(f, K).
It is known that x* is a solution of the nonlinear complementarity problem defined
by K and f if and only if x* is a fixed point of the mapping
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K 5 x— Pg(x — f(x)), (22)

where Pk is the projection mapping onto K. Indeed, for all x in H if we put z =
x— f(x)and y = — f(x), then z = x + y. Suppose that x is a solution of nonlinear
complementarity problem defined by K and f, thatis x € K such that — f (x) € K+
and (x, — f(x)) = (x, y) = 0. Now this along with z = x 4 y via Moreau’s theorem
gives x = Pk (z). Therefore, x is a fixed point of the mapping Pk (x — f(x)).

Conversely suppose that x is a fixed point of the mapping Pk (x — f(x)), that s,
x = Px(x — f(x)). Thus x € K. Now by Moreau’s theorem we have

x—f(x)=Pg(x — f(x) 4+ Pgr(x — f(x)) =x 4+ Pgr(x — f(x),

which further implies that — f(x) € K L that is, f(x) € K*. Moreau’s theorem
also implies that (x, Pg1(x — f(x)) = (x, —f(x))=0 = (x, f(x)). Hence, x is a
solution of nonlinear complementarity problem defined by K and f.

Consider the following Picard iteration

X = P (et — f (M) (23)

for finding the fixed points of the mapping (22).

Note that if f is continuous and this iteration is convergent, then its limit is a
fixed point of the mapping (22) and therefore a solution of the corresponding fixed
point problem which in turn solves the nonlinear complementarity problem defined
by K and f. Moreover, if f is continuous, the sequence {x"},cn is decreasing and
the cone K regular, then the limit x* of {x"},, <y is a fixed point of the mapping (22),
and therefore a solution of the corresponding complementarity problem. By using the
ordering induced by the cone, it is interesting to study sufficient conditions for f such
that {x"*},,en to be decreasing. For this we introduce the notion of *-pseudomonotone
decreasing mapping as follows:

The *-pseudomonotone decreasing mapping is a mapping which satisfies the
following implication:

y—x € K and f(y) € K* implies f(x) € K*.

This class of mappings extends the set of mappings which satisfy the following
isotonicity property:

y—xeK= f(x)— f(y) e K"

For further details on equivalence among complementarity problems, fixed point
problems and variational inequalities, see [2, 3] and the references therein.

In the next section, we show that if f is continuous and *-pseudomonotone
decreasing, then {x"},cn is decreasing. By introducing other types of isotonicity
properties for f, we will also analyze the problem of finding nonzero solutions for
the complementarity problem.
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6 Nonlinear Complementarity Problems on *-isotone
Projection Cones

Recursions for complementarity problems, variational inequalities and optimization
problems, similar to (23), were considered in several other works, for example [4, 6,
21, 25, 26, 28, 33, 40-43]. However, neither of these works used the order induced
by the cone for analyzing the convergence. Instead, they used the Banach fixed point
theorem based approach, assuming Kachurovskii-Minty-Browder type monotonicity
(see [7, 22, 30, 31]) and global Lipschitz properties for f.

First we state two lemmas from [35] on which our main results are based.

Lemma 2 Let H be a Hilbert space, K C H aconeand f : K — H a continuous
mapping. Consider the recursion (23). If the sequence {x" }, N is convergent and x* is
its limit, then x* is a solution of the nonlinear complementarity problem NCP( f, K).

Lemma 3 Let H be a Hilbert space, K C H a regular cone and f : K —
H a continuous mapping. Consider the recursion (23). If the sequence {x"},eN
is monotone decreasing, then it is convergent and its limit x* is a solution of the
nonlinear complementarity problem NCP(f, K).

Definition 5 Let H be a Hilbert space, K C H acone. The mapping f : K — H is
called a *-increasing if f is (K, K*)-isotone. The mapping f is called *-decreasing
if — f is *-increasing.

The following notion is inspired by the notion of pseudomonotonicity defined by
Karamardian and Schaible in [23].

Definition 6 Let H be a Hilbert space, K C H a cone. The mapping f : K — H
is called a *-pseudomonotone decreasing if for every x,y € K

y—x € Kand f(y) € K* implies f(x) € K*.

Remark 1 (a) If f is *-decreasing, then it is *-pseudomonotone decreasing.
(b) If f(K) C K*, then f is *-pseudomonotone decreasing.

Theorem 5 Let H be a Hilbert space, K C H a regular *-isotone projection cone
and f : K — H a continuous mapping such that f~'(K*) # . Consider the
recursion (23) starting fromanx® € =V (K*). If f is *-pseudomonotone decreasing,
then the sequence {x"},en is convergent and its limit x* is a solution of the nonlinear
complementarity problem NCP(f, K).

Proof Given that *-isotone projection cone is regular, by Lemma 3, it is enough to
prove that the sequence {x"}, < is monotone decreasing. Moreover, it is enough to
prove that f(x") € K* forall n € N. Indeed, since K is a *-isotone projection cone,
f(x™") € K* and x" € K imply that

xn—H — PK(X" _ f(x”)) <k PK(xn) = x". (24)
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Hence, the sequence {x"}, ciy is monotone decreasing. We will prove the proposition
T f(x™ e K*, forallnm € N

by induction. (I'g) is obviously true. We suppose that (I') is true and prove that
(Tp41) is also true. Since f(x") € K*, by relation (24) we have that x"*! <y x”.
Since f is *-pseudomonotone decreasing we have f (x"t1) e K*; that is, (Tpy1) s
true. O

Example I The monotone non-negative cone in R” is defined in Example 2.13.9.4
of [11, pp. 198]. The monotone non-negative cone is an important cone in the isotonic
regression and its applications (see [24] and the references therein). The monotone
non-negative is also used in reconstruction problems (see [11], Sect. 5.13 and Remark
5.13.2.4). Suppose that K is the dual of the monotone non-negative cone in R3. Then,
by Egs. (435) and (429) of [11], we have

K:{xeR3:x1+xz+x3ZO,x1+xzzO,x120}, (25)
and
K*:{x€R3ZX1 szix_gZO}.
111
Itis a straightforward exercise to check that K* = U ]Ri,whereU ={011}.Then,
001
1 00
(U™ = | =1 10 and therefore, by using Eq.(10), we get K = (K*)* =
0-11
1 00 1 00
-1 10 Ri.The generators of K are the column vectorsof | —1 1 0 |, which
0-11 0-11

form pairwise nonacute angles. Thus, K is a coisotone cone, which by Theorem 4
is a *-isotone projection cone. Consider the mapping f = (f1, f>, f3)' : K — H
defined by

fx) = (3000 — x3 — 2x) — 23 — x3, 2000 — x3 — x; — x2, 1000 — x%)T
(26)
We will show that f is *-pseudomonotone decreasing. For this we have to show that
foreveryx,y € K

y—x € K and f(y) € K* implies f(x) € K*,

yi+y2+y3 = xp+x2+x3,
i+ > X1 + x2, (27)
Y1 > X1

or equivalently
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and

[ = L2 = f3()=0 (28)

implies

f10) = f2(x) = f3(x) = 0. (29)

Obviously, inequalities (27)3 and (28)3 imply inequality (29)s. It is easy to see that

f2(y) = f3(y) = 1000 — y1 — y2

and
fr(x) — f3(x) =1000 — xo — x3.

Therefore, inequalities (27); and (28), imply inequality (29),. It is straightforward
to see that

f1(y) = f2(3) = 1000 — y; — y2 — y3

and

fi(x) — fo(x) = 1000 — x1 — x2 — x3.

Therefore, inequalities (27); and (28); imply inequality (29);. In conclusion, inequal-
ities (27) and (28) imply inequalities (29). Thus, f is *-pseudomonotone decreasing.
Consider a point

T
V= (x?,xg,xg) € f_l(K*)

- {(xl,xz,x3)T € R3 | xq +x2 + x3 € [0, 1000], x + x3 € [0, 1000], x; € [0, 10]}.

Of course, there are infinitely many such points. For example, it is easy to see that
the box [0, 10] x [0, 490] x [0, 500] is contained in f’1 (K*), so one could choose
xY from this box. Thus, if we consider the recursion (23) with f defined by (26) and
starting from x°, then, by Theorem 5, the sequence {x"},,cry defined by this recursion
is convergent to a solution of the complementarity problem defined by f and the cone
K (given by (25)).

The next theorem gives a sufficient condition for the recursion (23) to be conver-
gent to a nonzero solution.
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Theorem 6 Let H be a Hilbert space, K C H a regular *-isotone projection cone
and f : K — H a *-pseudomonotone decreasing, continuous mapping such that
FUK*) # 0. Let J © K — H be the inclusion mapping defined by J(x) = x
and Px : H — K the projection mapping onto K. If there are X € f~'(K*) and
u € x + K such that

(Pgo(J— NGE+K)N@—K)nf (K" CE+K,
then X is a solution of the nonlinear complementarity problem NCP(f, K) and for
any x° € (& + K) N (u — K) N f~Y(K*) the recursion (23) starting from x° is
convergent and its limit x* is a solution of the nonlinear complementarity problem

NCP(f, K) such that x <g x* <k u. In particular, if X # 0, then the recursion (23)
is convergent to a nonzero solution.

Proof Since x € (X + K)N (u — K)N f~1(K*) and
(Pko(J = MNGE+K)N@w—K)nf'(K*) Ci+K,
we have £ <g (Pgx o (J — f))(%) = Px(® — f(%)) <k %. Hence,
£ =Px@E— f(R)),

that is, X is a solution of the nonlinear complementarity problem NC P( f, K). In the
proof of Theorem 5 we have seen by induction that

x"e KN f7YK*), foralln e N. (30)
We prove by induction the proposition
(Qn) X<k x"<gu, forallmeN. 31

Obviously, (£2p) is true. Suppose that (£2,) is true. Hence, by using relation (30), we
have x" € ( + K) N (u — K) N f~1(K*). Thus,

X" = (Pg o (J — (")

€ (Pxo(— NGHE)Nw-K)Nnf UKy ik O

On the other hand, by using relation (30) and the (K*, K)-isotonicity of Pk, we have

= P (" — f(xM) <k Pr(x") =x" <k u. 33)

Relations (32) and (33) imply that (£2,41) is also true. Taking the limit in relation
(31), as n tends to infinity, we get X <g x* <k u. O

Definition 7 Let H be a Hilbert space, K C H acone, f : K — H amapping and
L > 0. The mapping f is called *-order weekly L-Lipschitz if
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fx)— f(y) <g» L(x —y), forallx,y e K withy <k x.

If L = 1, then f is called *-order weekly nonexpansive.

It is easy to see that the mapping f is *-order weekly L-Lipschitz if and only if
the mapping K > x — Lx — f(x) is *-increasing.

Definition 8 Let H be a Hilbert space, K C H acone, f : K — H a mapping
and L > 0. Then, the mapping f is called projection order weekly L-Lipschitz if the
mapping K > x — Px(Lx— f(x))is K-isotone where P is the projection mapping
onto K. If L = 1 the mapping f is called projection order weekly nonexpansive.

If K C H is a *-isotone projection cone, then it is easy to see that every *-order
weekly L-Lipschitz mapping is projection order weekly L-Lipschitz. In particular,
every *-order weekly nonexpansive mapping is projection order weekly nonexpan-
sive. Therefore, the next theorem is also true if we replace the projection order weekly
L-Lipschitz condition for f with the *-order weekly L-Lipschitz condition.

Theorem 7 Let H be a Hilbert space, K C H a regular *-isotone projection cone,
L >0and f: K — H a *pseudomonotone decreasing, projection order weekly
L-Lipschitz, continuous mapping such that

FTHKS) #0.

Let x be a solution of the nonlinear complementarity problem NCP( f, K). Then, for
any x0 e x+K)N f_l(K*) the recursion

xn+1 — PK (xn _ f(z”)) (34)

starting from x° is convergent and its limit x* is a solution of the nonlinear comple-

mentarity problem NCP( f, K) such that x <g x*. In particular, if x # 0, then the
recursion (34) is convergent to a nonzero solution.

Proof We will use the following well-known property of the projection mapping
P. onto a cone «x: P.(Ax) = AP.(x) forall x € H and A > 0. We remark that
the nonlinear complementarity problem NC P ( f, K) is equivalent to the nonlinear
complementarity problem NCP(f/L, K). Denote g = f/L. Then, the recursion
(34) can be written in the form

"= P (x" — g(x™)).

We will use Theorem 6 for the mapping g.Let J : K — H be the inclusion mapping
defined by J(x) = x and u € X + K arbitrary. Since any solution of the nonlinear
complementarity problem NCP(g, K) is a solution of the nonlinear complementarity
problem NCP( f, K) too, it is enough to check the relation



Isotone Projection Cones and Nonlinear Complementarity Problems 343
(Pxo(J =G +K)Nw—-K)ng (K Ci+K. (35)

We have

Pg(x —g(x)) = Pg (%(Lx — f(x))) = iPK(Lx — f(x)), forallx € K.

L
(36)
Since the mapping f is projection order weakly L-Lipschitz, from relation (36) and
the scale invariance of the ordering induced by K, it follows that the mapping g is
projection order weekly nonexpansive. Foreachx € (X + K)N(u— K)N g N (K*)
we have ¥ <g x. Thus, since K > x — Pg(x — g(x)) is K-isotone and x is a
solution of the nonlinear complementarity problem NC P (g, K), it follows that

X =Pg(X —g*)) <g Prx(x —g(x)).

The previous relation can be rewritten as (Px o (J — g))(x) € x + K. Therefore,
relation (35) holds. (|

Example 2 We will use the notations from Example 1. Let L > 0 be a constant
and f : K — R3 a *-decreasing mapping. We will analyze under which con-
ditions is the mapping x — f(x) — Lx also *-decreasing. Let E = (U ")~
Then, K = ERi_, K* = URi, E = [el, e’ and U = [u',u?, u3].

The column vectors eq, ez, e3 are the generators of K and the column vectors

u', u?, u? are the generators of K*. Any element x € K can be uniquely written as

1 2 3
x =xje +x5e” +x5e”.

We also have the unique decomposition

F) = flreou' + A ou? + foou’.

Denote the components of x with respect to the canonical basis of R by x1, x2, x3
and the components of f (x) with respect to the canonical basis of R3 by f1(x), f2(x),
f3(x). We will next use the terminology of a decreasing, increasing function in the
classical sense. It is easy to see that f is *-decreasing if and only if f[, f}’, f3' are
decreasing with respect to each variable xf ,xﬁ, x§ . In other words f is *-decreasing
if and only if

) =gi@u' + g200u” + g3 (0w’ (37)

where g1, g2, g3 are decreasing with respect to each variable x{, x3, x5. We have
X1 x{

x |=E{x5].
X3 x5
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from where we get

xj X1
x5 | =U T x
x5 X3
or equivalently
x{ = x1,

X5 = x1 + x2,
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100 X
110 x|,
111 X3

(38)

x5 =x1 +x2+ x3.

Let f : K — R3 be a *-decreasing mapping. Then, by equations (37), there exists
&1, &2, g3 decreasing with respect to each variable x{, x5, x5 such that

f1 81 g1
L]l1=Ulg|= 2|
/3 83 g3
or equivalently
fi=g1+ g +g3,
fr= g+ 83, (39)
3= g3

Leth : K — R3 be defined by h(x) = f(x) — Lx, where L > 0 and hy, hy, h3 the
components of /2(x) with respect to the canonical basis and 7, h3, h the components
of h(x) with respect to the basis (ul, u?, u3). We have to analyze when are hY, h},
h% decreasing with respect to each variable x{, x7, x5. From Eq. (39) we get

hy = g1 +g + g3 — Lxi,
hy = 82+ 83— Lxa, (40)
h3 = g3 — Lx3.
We have
hy h'
hy | =U hg ,
h3 h%
from which we get
hY hy 1-10 hy
Ml=E"|h|=(01-1])h],
h’g h3 00 1 h3
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or equivalently

We=hy—hy
hs = hy — h3, (41)
Kt = hs.

Combining Egs. (40) and (41) we get

h| = g1 — L(x1 — x2),
h% = g» — L(x2 — x3), (42)
hy = g3 — Lxs,

or, by using Eq. (38)
hY = g1 — L(2x{ — x5),
hy = g2 — L(2x5 — x{ — x3), (43)
hs = g3 — L(x5 — x5).

Since g3 is decreasing with respect to each variable x{, x5 and x5, Eq. (43); implies
that /% is decreasing with respect to x{, x5. Equation (43), implies that h{ is decreas-
ing with respect to x{, x5. Equation (43), implies that A} is decreasing with respect to
x5. Itfollows thatx +— f(x)— Lx is *-decreasing if and only if 2, h% are decreasing
with respect to x5 and A is decreasing with respect to x{, x5. Thus, x > f(x) — Lx
is *-decreasingif and only if g1 = k1 —Lx5, g2 = ko —Lx{—Lx5and g3 = k3 —Lx3,
where k1 : K — R,k : K — Rand k3 : K — R are decreasing functions with
respect to each variable x{, x5, x5.

Thus, if we consider a mapping f : K — R? defined by Eq.(37) with
g1 = ki — Lx5, g2 = ko — Lx{ — Lx§ and g3 = k3 — Lx5, where k1 : K — R,
ky : K — R, k3 : K — R are decreasing functions with respect to each vari-
able x{, x5, x5, then f is *-order weekly L-Lipschitz and therefore projection order
weekly L-Lipschitz. Moreover, f is *-decreasing and therefore *-pseudomonotone
decreasing. Thus, we can use Theorem 7 to conclude that the nonlinear complemen-
tarity problem NCP( f, K) has a solution X and the recursion (23) starting from any
x0 € (F+K)N f~1(K*) converges to a solution x* of NCP( f, K) suchthat £ <g x*.
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