Bergman Kernel Asymptotics and a Pure
Analytic Proof of the Kodaira Embedding
Theorem

Chin-Yu Hsiao

Abstract In this paper, we survey recent results in [HMA12] about the asymptotic
expansion of Bergman kernel and we give a Bergman kernel proof of the Kodaira
embedding theorem.
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1 Introduction and Set up

Let L be a holomorphic line bundle over a complex manifold M and let L¥ be the k-th
tensor power of L. The Bergman projection Py is the orthogonal projection onto the
space of L2-integrable holomorphic sections of LX. The study of the large k behaviour
of Py is an active research subject in complex geometry and is closely related to topics
like the structure of algebraic manifolds, the existence of canonical Kéhler metrics,
Toeplitz quantization, equidistribution of zeros of holomorphic sections, quantum
chaos and mathematical physics. We refer the reader to the book [MMO7] for a
comprehensive study of the Bergman kernel and its applications and also to the
survey [Mal0].

When M is compact and L is positive, Catlin [Cat97] and Zelditch [Zel98] estab-
lished the asymptotic expansion of the Bergman kernel (see Theorem 4.2) by using a
fundamental result by Boutet de Monvel-Sjostrand [BouS;j76] about the asymptotics
of the Szegd kernel on a strictly pseudoconvex boundary. Dai et al. [DLMO06] obtained
the full off-diagonal asymptotic expansion and Agmon estimates of the Bergman ker-
nel for a high power of positive line bundle on a compact complex manifold by using
the heat kernel method. Ma and Marinescu [MMO07, MMO08a] proved the asymptotic
expansion for yet another generalization of the Kodaira Laplacian, namely the renor-
malized Bochner-Laplacian on a symplectic manifold and also showed the existence
of the estimate on a large class of non-compact manifolds. Another proof based on
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microlocal analysis of the existence of the full asymptotic expansion for the Bergman
kernel for a high power of a positive line bundle on a compact complex manifold
was obtained by Berndtsson, Berman and Sjostrand [BBS04].

In [HMA 12], we impose a very mild semiclassical local condition on 3, namely
the O (k=) small spectral gap on an open set D € M (see Definition 3.1), where Ak
denotes the Cauchy-Riemann operator with values in L. We prove that the Bergman
kernel admits an asymptotic expansion on D if 8 has O (k=) small spectral gap on
D, cf. Theorem 3.1. Our approach is based on the microlocal Hodge decomposition
for Kohn Laplacian established in [Hsiao08]. The distinctive feature of these asymp-
totics is that they work under minimal hypotheses. This allows us to apply them in
situations which were up to now out of reach. We illustrate this in the study of the
Bergman kernels of positive but singular Hermitian line bundles (see Theorem 3.3).

1.1 Setup

In this paper, we let M be a not necessary compact complex manifold of dimension
n with a smooth positive (1, 1) form ®. The form ® induces Hermitian metrics
on the complexified tangent bundle CT M and 7*%9M bundle of (0, ¢) forms on
M,q =0,1,...,n. We shall denote all these Hermitian metrics by (-|-). Let
(L, h™) — M be aholomorpic line bundle over M, where i denotes the Hermitian
fiber metric of L. Let R” be the canonical curvature two form induced by 4. Given
a local trivializing section s of L on an open subset D C M we define the associated
local weight of A% by

ls@)l7, = e W, ¢ e C®(D,R). (1.1)

Then RL|p = 2096. Let (LF, h") be the k-th tensor power of the line bundle L.
If s is a local trivializing section of L, |s|i . = e~ 29 then s¥ is a local trivializing

section of L¥ and ’Sk’iLk = ¢ 2k¢ We take dvy = dvy(x) as the volume form
on M induced by ®. For every ¢ = 0,1,2,...,n,let (-|-) and (- | -)th be the
standard L2 inner products on .Qg’q(M) = C3°(M, 794 M) and .Qg’q(M, LKy =
Ce(M, T4 M ® L¥) respectively induced by dvy, (-|-) and AL and we write
II-l and ||-]|,, & to denote the corresponding norms. Let L%O (M) and L(zo’q)(M, L5

be the completions of .Qg’q(M) and .Qg’q(M, L*) with respect to ||-]| and lI-1l, ok
respectively.

Let 9 : C®°(M, Lk) - %M, Lk) be the Cauchy-Rieman_n operator_with
values in LK. We extend 9 to L2(M, L¥) = L%O O)(M, LK by d; : Domd; C
L*(M, LY — L(20 (M, LK), where Domd; = {u € L*(M,L*); du €
L%O’l)(M, L)} Let B

P : L>(M, LF) — Ker ¢
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be the Bergman projection, i.e. Py is the orthogonal projection onto Ker d; with
respect to (- |-), .« and let P (x, y) € C®(M x M, Z (LK, Lfc)) be the distribution
kernel of Py.

2 Terminology in Semi-classical Analysis

In this section, we collect some definitions and notations in semi-classical analysis.

Let By : L*(M, L*) — L*(M, L¥) be a continuous operator with smooth kernel
Bi(x,y). Let s, 51 be local trivializing sections of L on Dy € M, D1 € M respec-
tively, |s|i L= e s IZ , = e 2% The localized operator (with respect to the
trivializing sections s and s1) of By is given by

Bissy ¢ Ligmp (D1) — L*(D),

u— eik‘bs*kBk(s{‘ekd’lu). (2.1)

and let By s 5, (x, y) € C*°(D x D) be the distribution kernel of By  s,, where
L2 (D) 1= {v € L2(D): Suppv @ Dy

Let D be a local coordinate patch of M and let Ay : C°(D) — C*°(D) be a
k-dependent continuous operator with smooth kernel Ay (x, y). We write Ay = 0
mod O(k~°°) (on D) or Ax(x,y) =0 mod Ok~°) (on D) if Ax(x, y) satisfies

0y 85 Ar(x, y)| = Ok~ uniformly on every compact set in D x D, for all multi-

indices o, 8 € N?" and all N > 0. Let By : L>(M, L*) — L?*(M, L*) be a k-
dependent continuous operator with smooth kernel. We write B,y =0 mod O (k~°°)
if Br 55, =0 mod O (k~°°) for every local trivializing sections s and s;.

Definition 2.1 Let D be a local coordinate patch of M. Let S(1; D) = S(1) be

the set of all a € C®(D) such that for every o € N2, there exists Cy > O,

such that |8§‘a(x)| < Cy on D.If a = a(x, k) depends on k €]1, oo, we say

that a(x, k) € Sioc (1; D) = Sjoc (1) if x(x)a(x, k) uniformly bounded in S(1)

when k varies in ]1, oo[, for any x € C§°(D). For m € R, we put S’ (1; D) =
o

S = k"Spoc (1). If aj € Sln;é (1), mj \{ —oo, we say that a ~ > a; (in
=

No
Sl”;g (h)ifa— > aj € S{Zévoﬂ (1) for every Ny. For a given sequence a; as above,
j=0
we can always find such an asymptotic sum a and a is unique up to an element in
S (1) = 8,,2°(1; D) == (N, S (D).
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3 Asymptotic Expansion of Bergman Kernel

Let s, 51 be local trivializing sections of L on Dy € M, D1 € M respectively,
|s|2L = ¢ 20, IslliL = ¢ 201 Let Py 5.5, be the localized operator of Py given
by (2.1) and let Py 55, (x,y) € C®°(D x D) be the distribution kernel of Py g, .
When s = s1, D = Dy, we write Py s 1= P s, Prs(x,y) 1= Pr s (x,y). When
Xx =y, Prs(x,x) is independent of s. We write Py(x) := P ¢(x, x) and we call
Pr(x) Bergman kernel function. Let fj € C*°(M, Lk), coos fa, € C°(M, L*) be
orthonormal frame for Ker 3y, di € {0} |J N {oo}. On Dy and Dy, we write

fi=skkf, fec™®D), j=1,2,....d,
fi=skek fi fiec™my), j=1,2,....d.

‘We can check that

dy. __
Phss (x.3) = D i) ().

j=1

d
Pex) = D | i@ - (3.1)
j=1

We recall O (k~N) small spectral gap property introduced in [HMA12]

Definition 3.1 Let D C M. We say that d; has O (k™) small spectral gap on D
if there exist constants Cp > 0, N € N, kg € N, such that for all k > k¢ and
ueCr(D, LK), we have

1T = Poullx < Cp k™ |Gk x -

It should be mentioned that in [HMA12], we actually introduced O(k_N ) small
spectral gap for Kodaira Laplacian. Note that O (k") small spectral gap for 9
implies O (k~V) small spectral gap for Kodaira Laplacian.

One of the main results in [HMA12] is the following

Theorem 3.1 With the notations and assumptions used before, let s be a local trivi-
alizing section of L onan openset D C M, |s |iL = ¢2?, and assume that R" is pos-

itive on D. Suppose that 3y has O (k—) small spectral gap on D. Then, x1 Py x =0
mod O (k™) for every x1 € C{°(M), x € C§°(D) with Supp x1 () Supp x = ¥
and

Prs(x,y) = EDp(x, y, k) mod Ok~>) on D,
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o0 .

where b(x,y, k) ~ > bj(x,y)k"/ in the sense of Definition 2.1, bj(x,y) €
Jj=0

C®(D x D), j=0,1,..., by(x, x) = 2r)™"|det RE (x)| and

¥(x,y) € C®(D x D), lI/(x,y)z—W(y,x), 3.2)
Jdec>0: Imllfzclx—ylz,lI/(x,y)=0<:>x=y,

for any p € D, take local holomorphic coordinates z = (z1, ..., z,) vanishing at
p, then near (p, p),

Yz, w) =i(¢(z) +d(w))

dlal+lBly  Logh

—2i N+1
. szagzp Ogipr TOUGWITT). VN €N,

a,pe((0} UM,
la|+IBI=N

(3.3)

where det R (x) = A1 (x) - -+ Ap(x), Aj(x), j =1,...,n, are the eigenvalues of RE
with respect to (- |- ).

oo .
In particular, Py(x) ~ 3 bj(x, x)k"~/ in the sense of Definition 2.1.
j=0

3.1 Big Line Bundles and Shiffman Conjecture

As an application of Theorem 3.1, we will establish Bergman kernel asymptotic
expansion for a big line bundle and this yields yet another proof of the Shiffman
conjecture. Until further notice, we assume that M is compact. We recall

Conjecture 3.1 (Shiffman, 1990). If hlisa singular Hermitian metric, smooth out-
side a proper analytic set X, RY > 0 in the sense of current, then L is big.

A line bundle L is said to be big if dim HO(M, L) ~ k", where
HOM, L) = {u € C®(M, LF): Bpu = 0} :

Ji and Shiffman [JS93] solved this conjecture.

Now, we assume that A% is a singular Hermitian metric, smooth outside a proper
analytic set ¥, RY > 0 in the sense of current. Consider the non-compact complex
manifold M \ X. We also write 3 to denote the Cauchy-Riemann operator on M \ X
with values in L. Let Py, M\ x be the associated Bergman projection on M \ X and
let Py pm\ x (x) be the associated Bergman kernel function. In [HMA12], we showed
that

Theorem 3.2 ;. has O (k~N) small spectral gap on every D € M \ X.
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From Theorem 3.2 and Theorem 3.1, we deduce that
Theorem 3.3 Py yp\x(x) ~ (27r) ™" | det RE (x) [K" b1 ()K"~ + by (x)k" 2+ -
locally uniformly on M \ X, where bj(x) € C*(M\ X), j =1,2,....

Let {g1 8245 8my } be an orthonormal frame for HO(M, Lk) N L2(M\Z‘, Lk).
The multiplier Bergman kernel function is defined by

mi

P g (x) = Z |gj(x)|iLk , xeM\ X.
j=1

The following result is essentially due to Skoda (see Lemma 7.3 of Ch. VIII in
Demailly [Desps11]).

Theorem 3.4 P )5 (x) = Py s(x), Vx € M\ X.

Proof (Proof of Shiffman conjecture) From Theorem 3.4 and Theorem 3.3, we estab-
lish Bergman kernel asymptotic expansion for big line bundle:

Py (x) ~ 27) "] det RE ()K" + b1 ()K" " + by (x)k" >
+ --- locally uniformly onM \ X, 3.4)

where b;(x) € C®(M \ X), j = 1,2,.... Let K € M \ X. Note that
dim HO(M, L*) > fK Py, 7 (x)dvy (x). From this observation and (3.4), we reprove
Shiffman conjecture. O

4 A Bergman Kernel Proof of the Kodaira Embedding
Theorem

For a holomorphic line bundle E — M, we say that E is positive if there is a
Hermitian metric 2Z of E such that the associated curvature R” is positive definite
on M. Let us recall the Kodaira embedding theorem first.

Theorem 4.1 Let M be a compact complex manifold. If there is a positive holomor-
phic line bundle E over M, then M can be holomorphic embedded into CPV, for
some N € N.

We return to our situation and we will use the same notations as before. By using
Hormander’s L estimates [Hor90], it is easy to see that if M is compact and R’ is
positive on M then 95 has O (k~) small spectral gap on M. From this observation
and Theorem 3.1, we deduce

Theorem 4.2 Assume that M is compact and R" is positive on M. Then,

x1Prx =0 mod Ok™) 4.1)
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forevery x1 € C®(M), x € C®(M) with Supp x1 [ Supp x = @. Let s be a local
trivializing section of L on an open set D C M, |s|2L =¢729, then

Prs(x,y) = EVb(x, v, k) mod OKk~>) on D, 4.2)

where b(x, y, k) and ¥ (x, y) are as in Theorem 3.1.
In particular,

Pr(x) ~ Q2m)™" | det RL(x)|k” + b1 ()K" 4+ by ()K" 2 + - - - uniformly on M.
4.3)

By using Theorem 3.1, we are going to give a Bergman kernel proof of the Kodaira
embedding theorem. From now on, we assume that RL is positive on M. As before,
put

HOM. L¥) := {u € C®(M., LY): Dpu = o}

and let { fiy..n, fdk} be an orthonormal basis for HO(M , Lk) with respect to
(+1+),.- The Kodaira map is given by

DrixeX = [fix), L&), ..., fg,(x)] € CPHL, (4.4)

dy
From (4.3), we see that there is a kg > 0 such that for every k > ko, >_ |fj (x) |iLk >
j=1
ck™ on M, where ¢ > 0 is a constant independent of k. Hence, fix any £ > kg, for
every x € X, thereisa f;, j € {1,2, ..., di},suchthat ’fj()C)‘iLk > (. We conclude

that @y is a well-defined as a smooth map from X to CP%~!, We will prove
Theorem 4.3 For k large, @y, is a holomorphic embedding.

It is clearly that the Kodaira embedding theorem follows from Theorem 4.3. We
recall that for a smoothmap @ : X — CP" is anembedding if d®, : TX — TCPV
is injective at each point x € X and @ : X — CP" is globally injective.

Let s be a local trivializing section of L on an openset D C M. Fix p € D and let
2=(21,...,20) = x = (X1,...,X2),2j = X2j—1 +ix2j, j = 1,...,n, be local
holomorphic coordinates of X defined in some small neighbourhood of p such that

n
2
$(2) = > Az + 0z, (4.5)
j=1
where 211, ..., 2, are the eigenvalues of R (p) with respect to (-|-). We may

assume that the local coordinates z defined on D. We also write y = (y1, ..., Y21)-
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Until further notice, we work on D. Take x € C§°(R, [0, 1]) with x(x) = 1 on
[—%, %], x(x) =0o0n]—o00, —11UI[1, ool and x (t) = x (—t), forevery ¢t € R. Let

ui = Pe(s5 ety (Vo) -+ 1 (Vyan)) € HOM, 1Y), (4.6)

On D, we write uy = s¥e*®Tiy, iy € C°°(D). Then, |uk(x)|2Lk = |ux (%)%, Vx € D.
We need

Lemma 4.1 With the notations used above, there is a ko > 0 independent of k and
the point p such that for all k > ko,

(P71 = co, (4.7)
|Mk(x)|th = ok Vx ¢ D (4.8)
and
1 0uy 1
— <—, s=12,...,2n, 4.9
Teom (p)‘ <0 n (4.9)

where cy > 0 is a constant independent of k and the point p.

Proof From (4.2), we can check that

i (x)

z/HW“”Mm%kmu@my~xu@nummo>rmdow%%

ik (x, Yy
= a2 k7"b(x, ,
/ N

From (3.3), Theorem 4.2 and note that ¥ (0, 0) = 0, we can check that

K x (1) -+ x(yan)dvy(y) mod O k™). (4.10)

Jim i@ (p) = 5 p‘/X(yl)"'X()Qn)dVM(y)-

Similarly, it is straightforward to check that limj_, o } i “(p) =0,5s = 1,2,

., 2n. Hence, there is a constant ko > 0 such that for every k > ko, (4.7) and (4.9)
hold. Since X is compact, kg can be taken to be independent of the point p.
Now, we prove (4.8). Since x ¢ D, from (4.1), we see that |uk(x)|iLk =0

mod O (k—°°) outside D. Thus, thgre is a constant 120 > ( such that for every k > 120,
(4.8) holds. Since X is compact, ko can be taken to be independent of the point p.
The lemma follows. O
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Forevery j =1,2,...,n,let
uj = Py (skekWZ(yz,-_l iy ) (V) -+ x (Veya) ) € HOM, LY. @.11)

On D, we write u =35 ek¢u u,/C € C*®(D), j = 1,2,...,n. The following
follows from some stral ghtforward computation and essentially the same as the proof
of Lemma 4.1. We omit the details.

Lemma 4.2 With the notations used above, there is a k1 > 0 independent of k and
the point p such that for all k > ky,

”j(P)‘ = —1 j=1,2 n —1 ]{(P) < _]— s =1,2 n
9 9 9t bl -_— J— 9 9 bl 9
k c1k J ﬁazs c1k /
! ] (p)] < ! s=1,2,. 1, j#s
fa 1k’ J: o/ ’
! (p) c =1,2,. 4.12)
\/_ 1, J= .

where c1 > 0 is a constant independent of k and the point p.

From now on, we take k be a large constant so that k > 2(ko + k1), where kg > 0
and k1 > 0 are constants as in Lemma 4.1 and Lemma 4.2. We can prove

Theorem 4.4 d®y(x) : T, X — T, CP%—1 g injective at every x € X.

Proof Fix p € X and let s be a local trivializing section of L on an open
set D C M, p € D.Letux € H'(M,L* and u] € H(M,L¥), j =
1,2,...,n,beasin Lemma 4.1 and Lemma 4.2. From Lemma 4.1 and Lemma 4.2,
it is not difficult to check that uy, u,l, u,% R uz are linearly independent. Take
{uk,uf,ul, ... ul, g1, ..., &} beabasis (not orthogonal) for HO(M, L¥), my =
dr —n — 1. From Lemma 4.1 and Lemma 4.2, it is easy to see that
the differential of the map x — (Z—i, e, ﬁ, s %) is injective at p.
k Ug " Ug Uk

(4.13)
From (4.13) and some elementary linear algebra, it is not difficult to check that
d®y(p) : T,X — T,CP%! is injective. We omit the detail. O

Now, we can prove
Theorem 4.5 For k large, &y : X — CP%~1 js globally injective.

Proof We assume that the claim of the theorem is not true. We can find x;;, yk; € M,
Xk; #* ykj,O < ki <ky <---,limj . k; = 00, such that ch (xk ) = d)k (yk ),
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for each j. We may suppose that there are xi, yx € M, x; # Y, such that @ (xi) =

D (yi), for each k. Thus, [ fi(xx), -+, fa, )] = [f1(yk)s -+ 5 fa, (r)], for each
k. We conclude that for every gy € H O(M , Lk), there is a Ay € C such that

8k () = A gr(yi)- (4.14)

We may assume that |Ax| > 1. Hence, for every gx € HO(M, Lk),
8k GO 1k = 18k GO - (4.15)

Since M is compact, we may assume thatxy — p € M,y — q € M,ask — oo.
Suppose that p # ¢. In view of Lemma 4.1, we see that there is a vy € HO(M, L¥)

with |vg (yk)l Lk > cp and |vk(xk)|h * =% k,where co > 0is a constant independent
of k. Thus, for k large, Ivk(xk)thk < |Vk(Yk)|iLk' From this and (4.15), we get a

contradiction. Thus, we must have p = q.
Let s be a local trivializing section of L on an open subset D C X of p, |s|iL =

e 2% Now, we assume that x;, — p € M, yy — p € M, as k — oo. Let
2=(1,...,2n) =X = (X1,...,X2),2j = X2j—1 +ix2j, j =1,...,n, be local
holomorphic coordinates of X defined in some small neighbourhood of p such that
(4.5) hold. We may assume that xi, yx € D for each k and the local coordinates x
defined on D. We shall use the same notations as before.

Case I: lim sup,_, o, Vk |xp — V| = M > 0 (M can be 00).
For simplicity, we may assume that

Jim Vk|xp =yl =M, M €]0, oo]. (4.16)
— 00

On D, we write f; = skek‘pf/, f, e C®(D),j=1,...,d. Put

dy _
vi(x) = > fi () fj() € HOM, LY). (4.17)
j=l
We can check that

2
dy
~ —_— 2
|Vk(xk)|sz = ij(xk)fj(yk) = | Pres (xk, yi)|” =
j=1
e TP b,y )2 (4.18)

eiktp(xkyk)b(xk, Vi, k) ’

and

. 2
VORI (v, yi, k)| = bk, yis K12
4.19)

2
|Vk(yk)|iLk = |PrsOk. yo)|” =



Bergman Kernel Asymptotics and a Pure Analytic Proof ... 171

From the fact that Im ¥ (x, y) > c|x — y|2, where ¢ > 0 is a constant, (4.16), (4.18)
and (4.19), we can check that

. _ _ 2 . _
lim k2" el 6 < e 2 M b (p. p)I? < bo(p. p)I* = Tim k™" vyl i
k— 00 h k— 00 h

(4.20)
where by is the leading term of b(x, y, k). Note that by (p, p) = 2x)™" | det RL(p)}
> 0 (see Theorem 3.1). From (4.20) and (4.15), we get a contradiction.

Case II: lim sup;_, o, Vi |xp — yi| = 0.

[vi (tx+(1— t)}k)l Lk
Put fi.(¢) = T t)yk)Pk(yk)’ where vy is as in (4.17). We can check that

2

de —
i + A =)y fi (k)
ng s St | Prs (txx + (1 —f))’ka)’k)’z

> Pl + (= Dy Pe(n)
Z|fj(txk+(1_t)yk)‘ Z|fJ(Yk)} kAT Xk Vi) Prc(yk

i) =

4.21)
From (4.14) and (4.21), it is easy to see that 0 < fi(r) < 1, Vr € [0, 1] and
f(©) = fik(1) = 1. Thus, for each k, there is a #; € [0, 1] such that f’(%) > 0.
Hence,

"
lim inf L")z >0 4.22)
k=00 |xp — yr|“k
From (4.2), we see that
‘Pk,s(lxk + =0, yk)‘z — o 2KIm ¥ (tx+(1=1)yi. k) Ib(txi + (1 — Yk, Vi, k)|2 )
Py (txp + (1 — 1) yr)
=b(txy + 0 =y, txx + (1 — 1)k, k) ~ Zk”_jbj(txk + (= )yk, txp + (1 — 1) yp).
j=0
4.23)

From (4.23), it is straightforward to calculate that

3 | P (tx + (1= Dye, o)

at
— e—ZkIm W (txp+(1=)yr, yk)

(( —2kIm ¥ (txx + (1 — Oy, y) » Xk — i) btk + (1= Oy, v, oI

+ (0™, xe =),

9% | Pes (txi + (1 — D)y, yio)|

012
— o 2KIm ¥ (ExrA+-(1=1) vk, yk)
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(((=2km v+ (= Dy 300 3= 30) laxe + (= Dy, v, DI
+ (=2kIm W (txic + (1 — Ok, Y6) Ok — i) 5 Xk — v ) 1Dk + (1 — 0y, v, k)
+ (—2kIm ¥, (txg + (1 = Oyi, v 5 Xk — ¥ ) OG™) | xi — yie)
+ (0™ = 30 . ¥ = 31)).

AP (txx + (1 — 1)y, ) 2
=(0k™), - ,
Py (OK™), xk — yk)

92P 1 — 1)y,
% (T X +a(t2 D) Yis Yk) _ (O(kz")(xk — )y Xk — k), 4.24)

where Im ¥/ (x, y) and Im¥(x, y) denote the derivative and the Hessian of
Im ¥ (x, y) with respect to x respectively. Note that

[(—=2kIm @y (2 + (1= D)ye, ye) » % — yi)| < ok e — yel> = O'as k — oo

and
(—2kIm W (txi + (1 — 1)k, yi) (X — k) » Xk — yi) < —cok lxx — yel?,

where cp > 01is a constant independent of k. From this observation, (4.21) and (4.24),

it is straightforward to see that lim inf;_, o % < 0. From this and (4.22), we
k— Yk

get a contradiction.

The theorem follows. O

From Theorem 4.4 and Theorem 4.5, we obtain Theorem 4.3 and the Kodaira
embedding theorem follows then.
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