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Preface

The KSCV Symposium, the Korean conference on Several Complex Variables,
started in 1997 at Pohang University of Science and Technology (POSTECH) in an
effort to promote the study of complex analysis and geometry in all dimensions.
Since then, the conference met semi-regularly for about 10 years and then settled as
a biannual conference. The sixth conference was held in 2002 as a satellite
conference to the Beijing ICM. The symposia have been successful in the sense that
many leading scholars in the field have participated from all over the world, and
more importantly, many new researchers in this field, especially from Korea, have
been brought up along with this effort.

The KSCV10 (the 10th) Symposium was held during 7-11 July 2014, as a
satellite conference to the ICM again; this time the ICM was held in Seoul, Korea.
It was clearly noticed by many that not only has the research level of the
Korean SCV community but also that of the conference improved so much that the
contents of the lectures will be useful to mathematicians in the field of complex
analysis and geometry of the world. Therefore, the organizers as well as the par-
ticipants of the conference agreed to have them organized into a book form;
therefore, this proceedings volume was composed.

I would like to express deep thanks to all those who contributed their articles to
this volume. We, the committee, of course, wish their study to flourish greatly.

April 2015 Filippo Bracci
Jisoo Byun

Hervé Gaussier

Kengo Hirachi

Kang-Tae Kim

Nikolay Shcherbina
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Fatou Flowers and Parabolic Curves

Marco Abate

Abstract In this survey we collect the main results known up to now (July 2015)
regarding possible generalizations to several complex variables of the classical Leau-
Fatou flower theorem about holomorphic parabolic dynamics.

Keywords Local holomorphic dynamical systems -+ Parabolic points * Fatou
flowers - Parabolic curves - Germs tangent to the identity

1 The Original Leau-Fatou Flower Theorem

In this survey we shall present the known generalizations of the classical Leau-Fatou
theorem describing the local holomorphic dynamics about a parabolic point. But let
us start with a number of standard definitions.

Definition 1.1 A local n-dimensional discrete holomorphic dynamical system (in
short, a local dynamical system) is a holomorphic germ f of self-map of a complex
n-dimensional manifold M at a point p € M such that f(p) = p; we shall denote
by End(M, p) the set of such germs.

If f, g belongs to End(M, p) their composition g o f is defined as germ in
End(M, p);in particular, we can consider the sequence { f k} ¢ End(M, p) of iterates
of f € End(M, p), inductively defined by 0 =idy and f¥ = fo f* ! fork > 1.
The aim of local discrete dynamics is exactly the study of the behavior of the sequence
of iterates.

Remark 1.1 Inpractice, we shall work with representatives, that is with holomorphic
maps f: U — M, where U € M is an open neighborhood of p € U, such that
f(p) = p. The fact we are working with germs will be reflected in the freedom
we have in taking U as small as needed. We shall also mostly (but not always) take
M = C" and p = O; indeed a choice of local coordinates ¢ for M centered at p
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yields an isomorphism ¢, : End(M, p) — End(C", O) preserving the composition
1

by setting . (f) =¢o fop™.
Definition 1.2 Let f: U — M be a representative of a germ in End(M, p). The
stable set Ky C U of f is the set of points z € U such that f*(2) is defined for all
k € N;clearly, p € Ky.If z € Ky, the set {f*(2)} is the orbit of z;if z € U \ Ky
we shall say that z escapes. The stable set depends on the chosen representative, but
its germ at p does not; so we shall freely talk about the stable set of an element of
End(M, p). An f-invariant set is a subset P C U such that f(P) C P; clearly, the
stable set is f-invariant.

Definition 1.3 A local dynamical system f € End(M, p) is parabolic (and some-
times we shall say that p is a parabolic fixed point of f)if df), is diagonalizable and
all its eigenvalues are roots of unity; is tangent to the identity if df,, = id. We shall
denote by End; (M, p) the set of local dynamical systems tangent to the identity in p.

Remark 1.2 If f € End(M, p) is parabolic then a suitable iterate f9 is tangent to the
identity; for this reason we shall mostly concentrate on germs tangent to the identity.
Furthermore, if f € End(M, p) is tangent to the identity then f~! is a well-defined
germ in End(M, p) still tangent to the identity.

Definition 1.4 The order ord, (f) of a holomorphic function f: M — Catp e M
is the order of vanishing at p, that is the degree of the first non-vanishing term in the
Taylor expansion of f at p (computed in any set of local coordinates centered at p).
The order ord, (F) of a holomorphic map F: M — C" at p € M is the minimum
order of its components.

A germ f € End(C", O) can be represented by a n-tuple of convergent power
series in n variables; collecting terms of the same degree we obtain the homogeneous
expansion.

Definition 1.5 A homogeneous map of degree d > 1 is amap P: C" — C”
where P is a n-tuple of homogeneous polynomials of degree d in n variables. The
homogeneous expansion of a germ tangent to the identity f € End{(C", O), f #
idcn, is the (unique) series expansion

f@=z+ P12+ Pyya() +--- (L.

where Py is a homogeneous map of degree k, and P,4+; # O. The number v > 1 is
the order (or, sometimes, multiplicity) v(f) of f at O, and P, 4 is the leading term
of f.Itis easy to check that the order is invariant under change of coordinates, and
thus it can be defined for any germ tangent to the identity f € End; (M, p); we shall
denote by End, (M, p) the set of germs tangent to the identity with order at least v.

In the rest of this section we shall discuss the 1-dimensional case, where the
homogeneous expansion reduces to the usual Taylor expansion
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f@ =z+ap2 ™ + 0" (1.2)

with ay41 # 0.

Definition 1.6 Let f € End; (C, 0) be tangent to the identity given by (1.2). A unit
vector v € S! is an attracting (respectively, repelling) direction for f at 0if a,1v" is
real and negative (respectively, positive). Clearly, there are v equally spaced attracting
directions, separated by v equally spaced repelling directions.

Example 1.1 To understand this definition, let us consider the particular case f(z) =
z+az" 1 Ifv € S'issuchthatav’ > Othenforevery z € Rtvwehave f(z) € Rtv
and | f(z)| > |z|; in other words, the half-line R is f-invariant and repelled from
the origin. Conversely, if v € S! is such that av¥ < 0 then RTv is again f-invariant
but now | f(z)| < |z| if z € R*v is small enough; so there is a segment of R*v
attracted by the origin.

Remark 1.3 If f € End;(C, 0) is given by (1.2) then
@ =2—anz' +0E").

In particular, if v € S! is attracting (respectively, repelling) for f then it is repelling
(respectively, attracting) for f~!, and conversely.

To describe the dynamics of a tangent to the identity germ two more definitions
are needed.

Definition 1.7 Let v € S! be an attracting direction for a f € End;(C, 0) tangent
to the identity. The basin centered at v is the set of points z € K¢ \ {0} such that
f*¥(z) = 0and f*(z)/|f*(z)| — v (notice that, up to shrinking the domain of f,
we can assume that f(z) # O forall z € K ¢\ {0}). If z belongs to the basin centered
at v, we shall say that the orbit of z tends to O tangent to v.

A slightly more specialized (but more useful) object is the following:

Definition 1.8 Let f € End;(C, 0) be tangent to the identity. An attracting petal
with attracting central directionv € S' for f is an open simply connected f-invariant
set P € Ky \ {0} with O € 9P such that a point z € K¢ \ {0} belongs to the basin
centered at v if and only if its orbit intersects P. In other words, the orbit of a point
tends to O tangent to v if and only if it is eventually contained in P. A repelling petal
(with repelling central direction) is an attracting petal for the inverse of f.

‘We can now state the original Leau-Fatou flower theorem, describing the dynamics
of a one-dimensional tangent to the identity germ in a full neighborhood of the origin
(see, e.g., [M] for a modern proof):

Theorem 1.1 ([Le, F1, F2, F3]) Let f € End;(C, 0) be tangent to the identity of
order v > 1. Let VT, e S! be the v attracting directions of f at the origin,

andvy,...,v, € S! the v repelling directions. Then:

> Vr
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(i) for each attracting (repelling) direction v;-r ( Vi ) we can find an attracting

(repelling) petal PJT" (P j_ ) such that the union of these 2v petals together with
the origin forms a neighborhood of the origin. Furthermore, the 2v petals are
arranged cyclically so that two petals intersect if and only if the angle between
their central directions is 7 /v.

(ii) K\ {0} is the (disjoint) union of the basins centered at the v attracting direc-
tions.

(iii) If B is a basin centered at one of the attracting directions, then there is a function
x: B — Csuchthat x o f(z) = x(z2) + 1 forall z € B. Furthermore, if P is
the corresponding petal constructed in part (1), then x| p is a biholomorphism
with an open subset of the complex plane containing a right half-plane — and
so f|p is holomorphically conjugated to the translation z — z + 1.

Definition 1.9 The function y : B — C constructed in Theorem 1.1. (iii) is a Fatou
coordinate on the basin B.

Remark 1.4 Up to a linear change of variable, we can assume that a,y| = —1 in
(1.2), so that the attracting directions are the v-th roots of unity. Given § > 0, the set

Dys={zeC||z" =3 <6} (1.3)

has exactly v connected components (each one symmetric with respect to a different
v-th root of unity), and it turns out that when § > 0 is small enough these components
can be taken as attracting petals for f—even though to cover a neighborhood of the
origin one needs slightly larger petals. The components of D, s are distributed as
petals in a flower; this is the reason why Theorem 1.1 is called “flower theorem".

So the union of attracting and repelling petals gives a pointed neighborhood of
the origin, and the dynamics of f on each petal is conjugated to a translation via a
Fatou coordinate. The relationships between different Fatou coordinates is the key
to Ecalle-Voronin holomorphic classification of parabolic germs (see, e.g., [A4] and
references therein for a concise introduction to Ecalle-Voronin invariants), which is
however outside of the scope of this survey. We end this section with the statement
of the Leau-Fatou flower theorem for general parabolic germs:

Theorem 1.2 ([Le, F1, F2, F3]) Let f € End(C, 0) be of the form f(z) = *z +
0(z?), where A € S' is a primitive root of the unity of order q. Assume that 9 # id.
Then there exists > 1 such that f9 has order qu, and f acts on the attracting
(respectively, repelling) petals of f9 as a permutation composed by u disjoint cycles.
Finally, K y = K ya.

In the subsequent sections we shall discuss known generalizations of Theorem 1.1
to several variables.
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2 Ecalle-Hakim Theory

From now on we shall work in dimensionn > 2. Solet f € End;(C", O) be tangent
to the identity; we would like to find a multidimensional version of the petals of
Theorem 1.1.

If f had a non-trivial one-dimensional f-invariant curve passing through the
origin, that is an injective holomorphic map ¢: A — C”", where A C Cis a
neighborhood of the origin, such that v (0) = O, ¥'(0) # O and f(w(A)) C Y (A)
with fly(a) # id, we could apply Leau-Fatou flower theorem to fy(4) obtaining a
one-dimensional Fatou flower for f inside the invariant curve. In particular, if z° €
¥ (A) belongs to an attractive petal, we would have f¥(z°) — O and [ f*(z°)] —
[v'(0)], where [-]: C* \ {0} — P""!(C) is the canonical projection. The first
observation we can make is that then [v/'(0)] cannot be any direction in P*~1(C).
Indeed:

Proposition 2.1 ([H2]) Let f(z) = z 4+ Py+1(z) + - - - € End{(C", O) be tangent
to the identity of order v > 1. Assume there is z° € Ky such that ¥z - 0 and
[f¥(z")] — [v] € P*~1(C). Then P,41(v) = Av for some } € C.

Definition 2.1 Let P: C* — C" be a homogeneous map. A direction [v] €
P*~1(C) is characteristic for P if P(v) = Av for some A € C. Furthermore, we
shall say that [v] is degenerate if P(v) = O, and non-degenerate otherwise.

Remark 2.1 From now on, given f € End;(C", O) tangent to the identity of
order v > 1, every notion/object/concept introduced for its leading term P, 1 will
be introduced also for f; for instance, a (degenerate/non-degenerate) characteristic
direction for P, will also be a (degenerate/non-degenerate) characteristic direction
for f.

Remark 2.2 If f € End;(C", O) is given by (1.1), then f_l € End | (C", O) is
given by
fTl@=2=Pp@+---.

In particular, f and f~! have the same (degenerate/non-degenerate) characteristic
directions.

Remark 2.3 If : A — C" is a one-dimensional curve with ¢(0) = O and
¥’(0) # O such that f ly(a) = id, itis easy to see that [¥'(0)] must be a degenerate
characteristic direction for f.

So if we have an f-invariant one-dimensional curve i through the origin then
[¥'(0)] must be a characteristic direction. However, in general the converse is false:
there are non-degenerate characteristic directions which are not tangent to any f-
invariant curve passing through the origin.

Example 2.1 ([H2]) Let f € End(C2, O) be given by
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_ 2 2
f(z,w)_(1+z,w+z )

so that f is tangent to the identity of order 1, and P>(z, w) = ( —72,7%).In particular,
f has adegenerate characteristic direction [0 : 1] and a non-degenerate characteristic
direction [v] = [1 : —1]. The degenerate characteristic direction is tangent to the
curve {z = 0}, which is pointwise fixed by f, in accord with Remark 2.3. We claim
that no f-invariant curve can be tangent to [v].

Assume, by contradiction, that we have an f-invariant curve ¥ : A — C? with
¥(0) = O and [¥'(0)] = [v]. Without loss of generality, we can assume that
Y() = ({ ,u(¢ )) with u € End(C, 0). Then the condition of f-invariance becomes

fz(;’,u(;“)): M(fl(f,u@))),thatis

u(C)—i—é‘z:u(l{Tg). 2.1

Put g(¢) = ¢/(1 + ), so that g*(¢) = ¢/(1 + k&); in particular, g*(¢) — 0 for
allz € C\ {—% | n € N*}. This means that by using (2.1) we can extend u to

C\ {—% | n € N*} by setting

k—1

u(@) = u(g () = D e/ )P

j=0

where k € N is chosen so that g¥(¢) € A. Analogously, (2.1) implies that for ||
small enough one has

u(g™'@) + (g71(©)* = u(@):;

so we can use this relation to extend u to all of C, and then to P'(C), because
g 1(c0) = —1. So u is a holomorphic function defined on P!(C), that is a constant;
but no constant can satisfy (2.1), contradiction.

Remark 2.4 Ribén [R]has given examples of germs having no holomorphic invariant
curves at all. For instance, this is the case for germs of the form f(z,w) = (z +
wi w472 + Azs) for all A € C outside a polar Borel set.

The first important theorem we would like to quote is due to Ecalle [E] and Hakim
[H2], and it says that we do always have a Fatou flower tangent to a non-degenerate
characteristic direction, even when there are no invariant complex curves containing
the origin in their relative interior. To state it, we need to define what is the correct
multidimensional notion of petal.

Definition 2.2 A parabolic curve for f € End;(C", O) tangent to the identity is an
injective holomorphic map ¢: D — C" \ {O} satisfying the following properties:
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(a) D is asimply connected domain in C with 0 € 9 D;

(b) ¢ is continuous at the origin, and ¢(0) = O;

(¢) @(D) is f-invariant, and (f |(p(D))k — O uniformly on compact subsets as
k — +o0.

Furthermore, if [¢({)] — [v] in IP’”’l((C) as ¢ — 0in D, we shall say that the
parabolic curve ¢ is tangent to the direction [v] € P*~!(C). Finally, a Fatou flower
with v petals tangent to a direction [v] is a holomorphic map @ : D, s — C, where
D, s is given by (1.3), such that ® restricted to any connected component of D, s
is a parabolic curve tangent to [v], a petal of the Fatou flower. If v is the order of f
then we shall talk of a Fatou flower for f without mentioning the number of petals.

Then Ecalle, using his resurgence theory (see, e.g., [S] for an introduction to
Ecalle’s resurgence theory in one dimension), and Hakim, using more classical meth-
ods, have proved the following result (see also [W]):

Theorem 2.2 ([E, H2, H3]) Let f € End;(C", O) be tangent to the identity, and
vl e P"1(C)a non-degenerate characteristic direction for f. Then there exists (at
least) one Fatou flower tangent to [v]. Furthermore, for every petal ¢ : A — C" of
the Fatou flower there exists a injective holomorphic map x : ¢(A) — C such that
X(f(z)) = x@) + 1 forall z € p(A).

Definition 2.3 The function x constructed in the previous theorem is a Hakim-Fatou
coordinate.

Remark 2.5 A characteristic direction is a complex direction, not a real one; so it
should not be confused with the attracting/repelling directions of Theorem 1.1. All
petals of a Fatou flower are tangent to the same characteristic direction, but each petal
is tangent to a different real direction inside the same complex (characteristic) direc-
tion. In particular, Fatou flowers of f and f~! are tangent to the same characteristic
directions (see Remark 2.2) but the corresponding petals are tangent to different real
directions, as in Theorem 1.1.

In particular there exist parabolic curves tangent to [1 : —1] for the system of
Example 2.1 even though there are no invariant curves passing through the origin
tangent to that direction.

Parabolic curves are one-dimensional objects in an n-dimensional space; it is
natural to wonder about the existence of higher dimensional invariant subsets. A
sufficient condition for their existence has been given by Hakim; to state it we need
to introduce another definition.

Definition 2.4 Let [v] € P"~!(C) be a non-degenerate characteristic direction for
a homogeneous map P: C" — C”" of degree v + 1 > 2; in particular, [v] is a fixed
point for the meromorphic self-map [P] of P"~!(C) induced by P. The directors
of P in [v] are the eigenvalues a7y, ..., @,—| € C of the linear operator

1 . o n—
;(d[P][v]—ld) : TP~ 1(C) — TP~ 1(O).
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As usual, if f € End;(C", O) is of the form (1.2), then the directors of f in a
non-degenerate characteristic direction [v] are the directors of P11 in [v].

Remark 2.6 Definition 2.4 is equivalent to the original definition used by Hakim
(see, e.g., [ArR]). Furthermore, in dimension 2 if [v] = [1 : 0] is a non-degenerate
characteristic direction of P = (P, P») we have P;(1,0) # 0, P>(1,0) = 0 and
the director is given by

Ldpay-—¢cpnao| _1[5E00
v d¢ Pi(1,2) ¢=0 Y Pi(1,0) ’

Remark 2.7 Recalling Remark 2.2 one sees that a germ f € End;(C”, O) tangent
to the identity and its inverse f~! have the same directors at their non-degenerate
characteristic directions.

Remark 2.8 The proof of Theorem 2.2 becomes simpler when no director is of the
form % with k£ € N*; furthermore, in this case the parabolic curves enjoy additional
properties (in the terminology of [AT1] they are robust; see also [Ro3]).

Definition 2.5 A parabolic manifold for a germ f € End;(C", O) tangent to the
identity is an f-invariant complex submanifold M C C" \ {O} with O € dM such
that f¥(z) — O for all z € M. A parabolic domain is a parabolic manifold of
dimension n. We shall say that M is attached to the characteristic direction [v] €
P"~1(C) if furthermore [ f¥(z)] — [v] forall z € M.

Then Hakim has proved (see also [ArR] for the details of the proof) the following
theorem:

Theorem 2.3 ([H3]) Let f € End|(C", O) be tangent to the identity of orderv > 1.
Let [v] € IP’"’l((C) be a non-degenerate characteristic direction, with direc-

tors oy, ...,a,_1 € C. Furthermore, assume that Rexy,....Reay > 0 and
Rewyt1, ..., Reay,—1 < 0 for a suitable d > 0. Then:
(i) There exist (at least) v parabolic (d + 1)-manifolds M1, . .., M, of C" attached
to [v];
(ii) flm; is holomorphically conjugated to the translation t(wo, wi, ..., wa) =
(wo + 1, w1, ..., wg) defined on a suitable right half-space in Ca+,

Remark 2.9 In particular, if all the directors of [v] have positive real part, there is
at least one parabolic domain. However, the condition given by Theorem 2.3 is not
necessary for the existence of parabolic domains; see [Ril, Us, AT3] for examples,
and [Ro8] for conditions ensuring the existence of a parabolic domain when some
directors have positive real part and all the others are equal to zero. Moreover, Lapan
[L1] has proved that if n = 2 and f has a unique characteristic direction [v] which
is non degenerate then there exists a parabolic domain attached to [v] even though
the director is necessarily 0.
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Two natural questions now are: how many characteristic directions are there?
Does there always exist a non-degenerate characteristic direction? To answer the first
question, we need to introduce the notion of multiplicity of a characteristic direction.

To do so, notice that [v] = [v; : -+ : v,] € P"1(C) is a characteristic direction
for the homogeneous map P = (Py, ..., P,) if and only if vy P (v) — v Po(v) = 0
for all h, k = 1, ..., n. In particular, the set of characteristic directions of P is an

algebraic subvariety of P*~1(C).

Definition 2.6 If the maximal dimension of the irreducible components of the sub-
variety of characteristic directions of a homogeneous map P: C" — C" is k, we
shall say that P is k-dicritical; if k = n we shall say that P is dicritical; if k = 0 we
shall say that P is non-dicritical.

Remark 2.10 A homogeneous map P: C" — C”" of degree d is dicritical if and only
if P(z) = p(z)z for some homogenous polynomial p: C* — C of degree d — 1. In
particular, the degenerate characteristic directions are the zeroes of the polynomial p.

In the non-dicritical case we can count the number of characteristic directions,
using a suitable multiplicity.

Definition 2.7 Let [v] = [v; : --- 1 v,] € IE”"_I((C) be a characteristic direction
of a homogeneous map P = (Py,..., P,): C" — C". Choose 1 < jo < n so
that vj, # 0. The multiplicity pp([v]) of [v] is the local intersection multiplicity
at [v] in P"~1(C) of the polynomials 2joPj — 7 Pj, with j # jo if [v] is an isolated
characteristic direction; it is +oo if [v] is not isolated.

Remark 2.11 The local intersection multiplicity I (p1, ..., px; z°) ofaset {p1, ...,
Pk} of holomorphic functions at a point z° € C” can be defined (see, e.g., [GH]) as

I(p1s..., pi; 2°) =dim Oy 0 /(p1, ...\ i),

where 0}, o is the local ring of germs of holomorphic functions at z°, and the dimen-
sion is as vector space. It is easy to check that the definition of multiplicity of a
characteristic direction does not depend on the index jo chosen. Furthermore, since
the local intersection multiplicity is invariant under change of coordinates, we can
use local charts to compute the local intersection multiplicity on complex manifolds.

Remark 2.12 When n = 2, the multiplicity of [v] = [1 : v»] as characteristic
direction of P = (P;, P») is the order of vanishing att = v, of P>(1,¢) —tP1(1,1);
analogously, the multiplicity of [0 : 1] is the order of vanishing att = 0 of Py (¢, 1) —
tPy(t, 1).

Then we have the following result (see, e.g., [AT1]):

Proposition 2.4 Let P: C" — C" be a non-dicritical homogeneous map of
degree v + 1 > 2. Then P has exactly
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1 i n—1 n )
;((V—i— D" —1) =j§0(j+ l)vf

characteristic directions, counted according to their multiplicity.

In particular, when n = 2 then a homogeneous map of degree v + 1 either is
dicritical (and all directions are characteristic) or has exactly v + 2 characteristic
directions. But all of them can be degenerate; an example is the following (but it is
easy to build infinitely many others).

Example 2.2 Let P(z,w) = (22w + 7zw?, zw?). Then the characteristic directions
of P are [1 : O] and [0 : 1], both degenerate. Using Remark 2.12, we see that
pup([1:0]) =3and up([0:1]) = 1.

So we cannot apply Theorem 2.2 to any germ of the form f(z) = z+ P(z) +---
when P is given by Example 2.2. However, as soon as the higher order terms are
chosen so that the origin is an isolated fixed point then f does have parabolic curves:

Theorem 2.5 ([A2]) Let f € End,(C?, O) be tangent to the identity such that O
is an isolated fixed point. Then f admits at least one Fatou flower tangent to some
characteristic direction.

In the next section we shall explain why this theorem holds, we shall give more
general statements, and we shall give an example (Example 3.1) showing the neces-
sity of the hypothesis that the origin is an isolated fixed point.

3 Blow-Ups, Indices and Fatou Flowers

In the previous section we saw that for studying the dynamics of a germ tangent to
the identity it is useful to consider the tangent directions at the fixed point. A useful
way for dealing with tangent directions consists, roughly speaking, in replacing the
fixed point by the projective space of the tangent directions, in such a way that the
new space is still a complex manifolds, where the tangent directions at the original
fixed point are now points. We refer to, e.g., [GH] or [A1] for a precise description
of this construction; here we shall limit ourselves to explain how to work with it.

Definition 3.1 Let M be a complex n-dimensional manifold, qnd p € M. The
blow-up of M of center p is a complex n-dimensional manifold M equipped with a
surjective holomorphic map w: M — M such that

i) E = n_l(p) is a compact submanifold of M, the exceptional divisor of the
blow-up, biholomorphic to P(7, M);
(i1) 71|A;,\E: M\ E — M \ {p} is a biholomorphism.
Let us describe the construction for (M, p) = (C", Q); using local charts one

can repeat the construction for any manifold. As a set, C" is the disjoint union of
C"\ {0} and E = P"~!(C); we shall define a manifold structure using charts. For
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Jj= 1,...,nletU]’- :{[VL sty e PPHO) | vj # 0}, U}’:{WG(C” | wj #
0}and U; = U; UUY C C". Define y;: Uj — C" by setting

Vi Vi .

V_],7"'9j_.1907 ./_-*.—‘I""’V_y% lfq: [vl : ...:vn] e U{7

xj(q) = Vi Vi Vi Vi J
w Wi—1 Wi+1 w, : "
(W—j_,...,vjv—j,wj, v’vj,...,w—;‘_) ifg = (wi,...,wn) € UJ.

‘We have
[wiio--twjmr s liwjpg oo owy] ifw; =0,
o) = .
Wjw, o WiWi L, W WiWjigt, ..., Wiwy)  ifw; # 0,

and it is easy to check that {(l71, X1)seees ([jn, Xn)} is an atlas for @7, with x; ([0 :
-:1:...:0]) = O and xj(f]j ﬂIP’"’l((C)) = {w; = 0} C C". We can then
define the projection 77 : C* — C" in coordinates by setting

-1
Tox; W) = (WiWwj, .., Wi W, Wi, Wit W), .o, WyWj);

it is easy to check that 7 is well-defined, that 77 10) = P""(C) and that 7
induces a biholomorphism between cr \P"~1(C) and C" \ {O}. Notice furthermore
that (C” has a canonical structure of line bundle over P! (C) given by the projection
7:Cr— P 1(C) defined by

#(q) = [v] ifg = [v] e P"~1(C),
wi:---tw,] ifg =weC"\{0};

the fiber over [v] € P*~!(C) is given by the line Cv c C".
Two more definitions we shall need later on:

Definition 3.2 Letw: M — M be the blow-up of a complex manifold M at p € M.
Given a subset S C M, the full (0~r total) transform of S is 7w ~1(S), whereas the strict
transform of S is the closure in M of 7 ~1(S \ {0}).

Clearly, the full and the strict transform coincide if p ¢ S; if p € S then the full
transform is the union of the strict transform and the exceptional divisor. Furthermore,
if § is a submanifold at p then its strict transform is (S \ {p}) U P(T}S).

Definition 3.3 Let f € End(M, p) be a germ such that df), is invertible. Choose
a representative (U, f) of the germ such that f is injective in U. Then the blow-up
of fisthemap f: 7~ (U) — M defined by

) = [dfp()] ifg =[vl € E=P(T,M),
' fow)  ifg=weU\({p}
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In this way we get a germ about the exceptional divisor of a holomorphic self-map of
the blow-up, given by the differential of f along the exceptional divisorand by f itself
elsewhere, satisfying o f = foi'r. In particular, Kf =g! (Ky) = (Kf\{O}) UE,
and to study the dynamics of f in a neighborhood of the exceptional divisor is
equivalent to studying the dynamics of f in a neighborhood of p.

If f € End;(C", O) is tangent to the identity, its blow-up f in the chart (Uy, 1)
is given by

xiofoxtw=
[W 1fW1 :0,

3 fr (Wi, wiwa, ..., wiwp) Sa WL, WIW2, ..o Wi W) : .
(‘h(wl’ WIW2s oo WIWn), Srovrwiwa,owiwn) 70 fiwrwiwz,,wiwg) ifwy #0;

similag formulas hold in the~0ther charts. In particular, writing w = (w1, w’), and
x1ofo Xl_l = (f1,..., fa), if f is tangent to the identity of order v > 1 and
leading term P41 = (Py+1.15 .-, Put1.n), We get

Aiw) =wi +wi T P (Lw) + 0],
Fiwy = wj+wy (Posr j(Aw) = wj Posri(1w)) + 0wt i j # 1.
(3.1)
It follows immediately that:

— if v > 2 then f is tangent to the identity in all points of the exceptional divisor;

— if v = 1 then f is tangent to the identity in all characteristic directions of f; in
other points of the exceptional divisor the eigenvalues of the differential of f are
all equal to 1 but the differential is not diagonalizable.

This means that we can always repeat the previous construction blowing-up f ata
characteristic direction of f; this will be important in the sequel.

As a first application of the blow-up construction, let us use it for describing the
dynamics of dicritical maps. If f € End;(C", O) is dicritical, Theorem 2.2 yields a
parabolic curve tangent to all directions outside a hypersurface of P*~!(C) (notice
that all directors are zero), and the same holds for f —!. One can then summarize the
situation as follows:

Proposition 3.1 ([Brl, Br2]) Let f € End|(C", O) be a dicritical germ tangent to
the identity of order v > 1. Write P,11(z) = p(z)z, and let D = {[v] € P"~1(C) |
p(v) = 0}. Then there are two open sets UT, U~ C C*\ {0} such that:

(i) UT U U~ is a neighborhood of P~V (C) \ D in the blow-up Cn of O;
(ii) the orbit of any z € U™ converges to the origin tangent to a direction [v] €
Pn—l(c) \ D;
(iii) the inverse orbit (that is, the orbit under f~') of any z € U™ converges to the
origin tangent to a direction [v] € P*~1(C) \ D.
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Coming back to the general situation, when f € End;(C", O) is tangent to the
identity its blow-up f fixes pointwise the exceptional divisor; more precisely, the
fixed point set of f is the full transform of the fixed point set of f, and in particular
f has a at least a hypersurface of fixed points. This is a situation important enough
to deserve a special notation.

Definition 3.4 Let E be a connected (possibly singular) hypersurface in a complex
manifold M. We shall denote by End(M, E) the set of germs about E of holomorphic
self-maps of M fixing pointwise E.

If E is a hypersurface in a complex manifold M, we shall denote by & the sheaf
of holomorphic functions on M, and by g the subsheaf of functions vanishing
on E. Given f € End(M, E), f # idy, take p € E. For every h € Oy, the germ
h o fis well-defined,and ho f — h € fE’p. Following [ABT1] (see also [ABT2,
ABT3]), we can then introduce a couple of important notions.

Definition 3.5 Let E be a connected hypersurface in a complex manifold M. Given
f €End(M,E),p € Eandh € Oy p,letvs(h) = max{n € N | hof—h € fgp}.
Then the order of contact vy of f with the identity along E is

v =min{vs(h) | h € Om p);

it can be shown ([ABT1]) that v¢ does not depend on p € E. Furthermore, we say
that f is tangential if min{v¢(h) | h € JE ,} > vy for some (and hence any; see
again [ABT1]) p € E.

Let (z1, ..., zn) be local coordinates in M centered at p € E, and £ € I ,
a reduced equation of E at p (that is, a generator of ¢ ). If (f1,..., fu) is the
expression of f in local coordinates, it turns out [ABT1] that we can write

fi@=z;+ ()" g (3.2)

for j =1, ..., n, where there is a jo such that £ does not divide gjo.o; furthermore, f
is tangential if and only if v¢(£) > vy.

Remark 3.1 If E is smooth at p, we can choose local coordinates so that locally E
is given by {z; = 0}, that is £ = z;. Then we can write

fi@ =zj+2, g2

with z; not dividing some g7; and f is tangential if z; divides g, that is if f1(z) =

71 + zll)fﬂhf(z). More generally, if E has a normal crossing at p with 1 <r <n
smooth branches, then we can choose local coordinates so that £ = z; - - - z,, so that
fi@=zj+ @ zr)"fg;?(z) with some g;?o not divisible by z; - - - z,; in this case
f is tangential if and only if z; divides g;? for j = 1,...,r. In particular, in the
terminology of [A2] f is tangential if and only if it is nondegenerate and by = 1.
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Definition 3.6 We say that p € E is a singular point for f € End(M, E) (with
respect to E) if g{(p) = --- = g7 (p) in (3.2); it turns out [ABT1] that this defi-
nition is independent of the local coordinates. Furthermore, the pure order (or pure
multiplicity) v,(f, E) of f along E at p is

Vo(f, E) = minfordp (g9), ..., ordo(g)} .

It is easy to see that the pure order does not depend on the local coordinates; in
particular, p is singular for f with respect to E if and only if v,(f, E) > 1. If E is
the fixed point set of f at p then we shall talk of the pure order v,(f) of f at p.

Remark 3.2 When f is the blow-up of a germ f, € End;(C", O) tangent to the
identity of order v > 1, then (3.1) implies that:

— f is tangential if and only if f, is not dicritical; in particular, in this case being
tangential is a generic condition;

— vy =vif f,isnotdicritical, and vy = v + 1 if f;, is dicritical;

— if f, is non dicritical, then [v] € P*1(C) is singular for f if and only if it is a
characteristic direction of f,.

Using the notion of singular points we can generalize Proposition 2.1 as follows:

Proposition 3.2 ([ABT1]) Let E C M be a hypersurface in a complex manifold M,
and f € End(M, E), f $ idy, tangential to E. Let p € E be a smooth point of E
which is non-singular for f. Then no infinite orbit of f can stay arbitrarily close to
P, that is, there exists a neighborhood U of p such that for all ¢ € U either the orbit
of q lands on E or f"(q) ¢ U for some ng € N. In particular, no infinite orbit is
converging to p.

More generally, we have:

Proposition 3.3 ([AT1]) Let f € End(C", O) be of the form

Fioy = 19t a (M 2i) 85@) forl < j<r. .
I Zj+(HZ=1ZZh)gj(Z) forr+1<j<n,
for suitable 1 <r < n, withvy,...,v, > land gy, ..., 8, € Ocr o. Assume that

8jo(0) # 0 for some r +1 < jo < n. Then no infinite orbit can stay arbitrarily
close to O.

A very easy example of this phenomenon, promised at the end of the previous
section, is the following:

Example 3.1 Let f(z,w) = (z,w + z%). Then f is tangent to the identity at the
origin; the fixed point set is {z = 0}, and thus O is not an isolated fixed point. We
have f*(z, w) = (z, w + kz?); therefore all orbits outside the fixed point set escape
to infinity, and in particular no orbit converges to the origin. Notice that this germ
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has only one characteristic direction, which is degenerate (and tangent to the fixed
point set). Moreover, f is tangential with order of contact 2 to its fixed point set, but
the origin is not singular.

After these generalities, in the rest of this section we specialize to the case n = 2
and to tangential maps (because of Remark 3.2; see anyway [ABT1] for information
on the dynamics of non-tangential maps). Take f € End(M, E), where M is a
complex surface and E C M is a 1-dimensional curve smooth at p € E, and assume
that f is tangential to £ with order of contact vy > 1. Then we can choose local
coordinates centered at p so that we can write

+1
f@ =a+2"" 1@, 3.4)
£ =22+7z 85,
where z1 does not divide g9; notice that £(0, ) = %(O, -), where g7 = z1h{. In

particular, O is singular if and only if g9(O) = 0. We then introduce the following
definitions:

Definition 3.7 Let f € End(M, E) be written in the form (3.4). Then:

— the multiplicity j, of f along E at pis i1, = ordg (gg O, -)), so that p is a singular
point if and only if ), > 1;

— the transversal multiplicity T, of f along E at p is T, = ordp (hf(O, -));

— pis an apparent singularity if 1 < j1,, < 7);

p is a Fuchsian singularity if 1), = 7, + 1;

p is an irregular singularity if i, > 7, + 1;

p is a non-degenerate singularity if 1, > 1 but 7, = 0;

p is a degenerate singularity if p,, 7, > 1;

— the index ¢, (f, E) of f at p along E is

hi©,)

t,(f, E) =vrResp—— ;
? TR0 00, )

the induced residue Res(l),( f) of f along E at pis

Res) (f) = —t,(f, E) = -

It is possible to prove (see [A2, ABT1, AT3]; notice that our index is vy times the
residual index introduced in [A2]) that these definitions are independent of the local
coordinates.

Remark 3.3 Recalling (3.1), we see that if f is obtained as the blow-up of a non-
dicritical map f,, and E is the exceptional divisor of the blow-up, then:

— the multiplicity of [v] as characteristic direction of f, is equal to the multiplicity
of f along E at [v];
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— [v] is a degenerate/non-degenerate characteristic direction of f,, if and only if it is
a degenerate/non-degenerate singularity of f.

Furthermore, if we write Pyyq(l,w) = Zi(l)akwk and Pyy12(1,w)

= ZI(I) bywk then [1 : 0] is a characteristic direction if and only if by = 0,
non-degenerate if and only if moreover ag # 0, and (setting b, = 0)

1.0 1 a0 + 2L axgt
850,0) ¢ (b —ag) + XVE (bt — )t

Soif by # ag we have

vag v—1ag+by

s Res?l;o](f) = ¢

wo =1, to(f. E)=

)

by —ag ap — by

moreover, if ag # 0 then [1 : 0] is a non-degenerate characteristic direction with
director = (b1 — ap)/vap. More generally, we have 1(1.0) = ordo(P,,H,l(l, w)),
piro] = ordo(Pyy1.2(1, w) —wPyy11(1, w)) and
va,—1 v —way—1+ pby
au—1 —by

Ui0] = . Res)jq =

’

by —au—

where @ = p[1.01- In particular we obtain:

— if [v] is non-degenerate characteristic direction of f, with director o 7 0 then

1
t(f, E) = ot

— [v] is a non-degenerate characteristic direction with non-zero director for f,, if and
only if it is a Fuchsian singularity of multiplicity 1 for f.

Residues and indices are important for two reasons. First of all, we have the
following index theorem:

Theorem 3.4 ([A2, ABT1]) Let E C M be a smooth compact Riemann surface in
a complex surface M. Let f € End(M, E), f # idy, be tangential with order of
contact v; denote by Sing(f) C E the finite set of singular points of f in E. Then

> () =vaNe), D ResS(f) =—x(E).

peSing(f) peSing(f)

where c1(NE) is the first Chern class of the normal bundle Ng of E in M, and x (E) is
the Euler characteristic of E. In particular, when f is the blow-up of a nondicritical
germ tangent to the identity and E = P (C) is the exceptional divisor we have
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D opH==v. D Res\(f)=-2.

PESing(f) peSing(f)

Remark 3.4 Bracci and Tovena [BT] have defined a notion of index at non-smooth
points of E allowing the generalization of Theorem 3.4 to non necessarily smooth
compact Riemann surfaces, where in the statement c1(Ng) is replaced by the self-
intersection E - E.

The second reason is that the index can be used to detect the presence of parabolic
curves. To state this precisely, we need a definition.

Definition 3.8 Let f € End;(C?, O) be tangent to the identity. We say that O is a
corner if the germ of the fixed point set at the origin is locally reducible, that is has
more than one irreducible component.

Then

Theorem 3.5 ([A2]) Let E C M be a smooth Riemann surface in a complex sur-
face M, and take f € End(M, E) tangential. Let p € E be a singular point, not a
corner, such that 1, (f) ¢ Q% U {0}. Then there exists a Fatou flower with vy petals
for f at p.

Corollary 3.6 ([A2]) Let f € End;(C?, O) be tangent to the identity, and assume
that O is a nondicritical singular point. Let [v] € P'(C) be a characteristic direction,
and f the blow-up of f. If [v] is not a corner for f and L[,,](f) ¢ QF U (0} then
there exists a Fatou flower for f tangent to [v].

Theorem 2.5 is then a consequence of Theorem 3.4 and Corollary 3.6. Indeed, take
f € End;(C?, 0) tangent to the identity with an isolated fixed point at the origin. If
O is dicritical, we can directly apply Theorem 2.2. Assume then O non-dicritical, and
let f € End(C2, E) be the blow-up of f. Since O is non-dicritical, f is tangential;
Theorem 3.4 then implies that at least one characteristic direction [v] has negative
index. Since O is an isolated fixed point, the fixed point set of f coincides with the
exceptional divisor; therefore [v] is not a corner, and Corollary 3.6 yields the Fatou
flower we were looking for.

Remark 3.5 Bracci and Degli Innocenti (see [B, D]), using the definition of index
introduced in [BT], have shown that Theorem 3.5 still holds when E is not smooth
at p. Bracci and Suwa [BS] have also obtained a version of Theorem 3.5 when M
has a (sufficiently tame) singularity at p.

Example 3.2 Let f(z,w) = (z+ 2w+ zw? +wh, w4 zw? +z%). Then f is tangent
to the identity at the origin of order 2, and the origin is an isolated fixed point. Further-
more, f is non-dicritical and it has (see Example 2.2) two characteristic directions,
[vi] = [1 : O] and [v2] = [0; 1], both degenerate. Working as in Remark 3.4 it is easy
to see that [v] is an irregular singularity of multiplicity 3 with index —2 and induced
residue —1, and that [v;] is an apparent singularity of multiplicity 1, vanishing index,
and induced residue —1. In particular, f admits a Fatou flower with 2 petals tangent
to [v1].
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Example 3.3 Let f(z,w) = (z +w?, w + z°). Then f is tangent to the identity at
the origin of order 1, and the origin is an isolated fixed point. Furthermore, f is non-
dicritical with only one characteristic direction [v] = [1 : 0], which is degenerate of
multiplicity 3, Fuchsian, with index —1 and induced residue —2. Therefore f admits
a Fatou flower with one petal tangent to [v]; compare with Example 3.4.

There are still instances where Theorem 3.5 cannot be applied:

Example 3.4 Let f(z,w) = (z+zw+w>, w+2w? 4+ bz3) with b # 0. This map is
tangent to the identity, with order 1, and the origin is an isolated fixed point. Moreover,
it has two characteristic directions: [1 : 0], degenerate Fuchsian with multiplicity 2,
index 1 and induced residue —3; and [0 : 1], non-degenerate Fuchsian with multi-
plicity 1, index —2 and induced residue 1. Theorem 2.2 (as well as Corollary 3.6)
yields a Fatou flower tangent to [0 : 1]; on the other hand, none of the results proven
up to now say anything about direction [1 : 0].

However, a deep result by Molino gives the existence of a Fatou flower in the
latter case too:

Theorem 3.7 ([Mo]) Let E C M be a smooth Riemann surface in a complex sur-
face M, and take f € End(M, E) tangential with order of contact v. Let p € E be
a singular point, not a corner, such that v, (f) = 1 and 1,(f) # 0. Then there exists
a Fatou flower for f at p. More precisely:

(i) if p is an irregular singularity, or a Fuchsian singularity with t,(f) # viLp,
then there exists a Fatou flower for f with v + 1,(v + 1) petals;

(ii) if p is a Fuchsian singularity with 1, (f) = v, then there exists a Fatou flower
for f with v petals.

Remark 3.6 Evenmore precisely, when p is Fuchsianwith ), > 2and¢,(f) = vip
then Molino constructs parabolic curves defined on the connected components of a
set of the form

Dy ={ceClig™ =i aoge) =1 — 5| < 5},
p

v+1—

which has at least v connected components with the origin in the boundary.

Corollary 3.8 ([Mo])Let f € End;(C?, O) be tangent to the identity of orderv > 1,

and assume that O is a nondicritical singular pomt Let [v] € PY(C) be a charac-
teristic direction, and f the blow-up of f. If [v] is not a corner for f Vo f ) =1
and ([ (f) # O then there exists a Fatou flower for f with at least v petals tangent
to [v].

The assumption on the pure order in these statements seems to be purely technical;
so it is natural to advance the following

Conjecture 3.9 Let E C M be a smooth Riemann surface in a complex surface M,
and take f € End(M, E) tangential of order of contact v. Let p € E be a singular
point, not a corner, such that ¢, (f) # 0. Then there exists a Fatou flower for f at p.
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See Sect. 5, and in particular (5.3), for examples of systems having Fatou flowers
at singular points with vanishing index.

Instrumental in the proofs of Theorems 3.5 and 3.7 is a reduction of singularities
statement. We shall need a few definitions:

Definition 3.9 Let f € End;(C", O) be tangent to the identity. A modification of
fisa f € End(M, E) obtained as the lifting of f to a finite sequence of blow-
ups, where the first one is centered in O and the remaining ones are centered in
singular points of the intermediate lifted maps contained in the exceptional divisor.
A modification is non-dicritical if none of the centers of the blow-ups is dicritical.
Associated to a modification f € End(M, E) of f we have a holomorphic map
7: M — C" such that 7= 1(0) = E, 7 |m\E is a biholomorphism between M \ E
and C" \ {0}, and f o = 7 o f. The exceptional divisor E is the union of a finite
number of copies of P~ (C), crossing transversally.

Definition 3.10 Let f € End; (M, p) be tangent to the identity, where M is a com-
plex surface. In local coordinates centered at p, we can write f(z) = z + £(2)g°(2),
where £ = gcd(f1 — z1, f2 — z2) is defined up to units. We shall say that p is an
irreducible singularity if:

(a) ord,(£) > 1 and v,(f) = 1; and
(b) if &1, Ao are the eigenvalues of the linear part of g¢ then either

(*x1) A1, A2 #0and A1/A2, Aa/A1 ¢ N, or
(x2) A1 #0, 4 =0.

It turns out that there always exists a modification with only dicritical or irreducible
singularities:

Theorem 3.10 ([A2]) Let f € End;(C?, O) be tangent to the identity, and assume
that O is a singular point. Then there exists a non-dicritical modification f €
End(M, E) of f such that the singular points of f on E are either irreducible
or dicritical.

Definition 3.11 Let f € End;(C?, O) be tangent to the identity. The modification
of f satisfying the conclusion of Theorem 3.10 obtained with the minimum number
of blow-ups is the minimal resolution of f.

Itis easy to see that the techniques of the proof of Theorem 2.2 yield the existence
of a Fatou flower at dicritical singularities, and at irreducible singularities of type
(x1) which are not a corner; then the proof of Theorem 3.5 amounts to showing
that if the index is not a non-negative rational number then the minimal resolution
contains at least a singularity which is either dicritical or of type (1) and not a corner.
The proof of Theorem 3.7(i) consists in showing that, under those hypotheses, the
minimal resolution must contain a non-degenerate singularity, which is not a corner
and where one can apply Theorem 2.2; the proof of Theorem 3.7(ii) requires instead
a technically hard extension of Theorem 2.2.
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See also [Ro4, Ro7] and [LS] for other approaches to resolution of singularities
for germs tangent to the identity in arbitrary dimension, and [AT2, AR] for the
somewhat related problem of the identification of formal normal forms for germs
tangent to the identity.

4 Parabolic Domains

Theorem 2.3 yields conditions ensuring the existence of parabolic domains attached
to a non-degenerate characteristic direction. In dimension 2, Vivas has found condi-
tions ensuring the existence of a parabolic domain attached to Fuchsian and irregular
degenerate characteristic directions, and Rong has found conditions ensuring the
existence of a parabolic domain attached to apparent degenerate characteristic direc-
tions. Very recently, Lapan [L2] has extended Rong’s approach to cover more types
of degenerate characteristic directions.
More precisely, Vivas has proved the following result:

Theorem 4.1 ([V1]) Let f € End; (C2, 0) be tangent to the identity of orderv > 1,
with O nondicritical. Let [v] € PY(C) be a degenerate characteristic direction, and
f the blow-up of f. Denote by . > 1 the multiplicity , by T > 0 the transversal
multiplicity, by 1 € C the index, and by v, > 1 the pure order of f at [v]. Assume
that either

(a) [v]is Fuchsian (thus necessarily T > 1 because [v] is degenerate) and

T VU T VU
eoveno, prI-]e 5o
eL+1 > L+2 > > 2+ 3
or
(b) |v]is Fuchsian, v, = 1 and
‘ LV wv
L= — A
2 2
or
(c) [v]is Fuchsian, v, > 1 and
1 1
Ret+1t >0, ‘L_(v—z)r (U_Z)T;

or
(d) [v]is irregular.

Then there is a parabolic domain attached to [v].

See also Remark 6.4 for a comment about the conditions on ¢ and 7.
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To state Rong’s theorem, consider a germ f € End;(C?, O) tangent to the identity
of order v > 1, and assume that [1 : 0] is a characteristic direction of f. Then we
can write

fiz,w) =z +azt + 0 2) + walz, w), @l
fa@ow) =w+bz'w 4 dz ™ + 0 + 0wzt + w?B(z, w), '
withv <r <4o00,v+1<s < +o00,0rdp () > v,ordp(8) >v—1,anda # 0
if r < 400 (respectively, d # 0 if s < +00). The characteristic direction [1 : 0] is
non-degenerate if and only if » = v; in this case the director is given by % (% - 1).
On the other hand, saying that [1 : 0] is degenerate with b # 0 is equivalent to saying
that » > v and that [1 : 0] has multiplicity 1 and transversal multiplicity at least 1;
in particular, in this case it is an apparent singularity. Then Rong’s theorem can be
stated as follows:

Theorem 4.2 ([Ro9]) Let f € End;(C?, O) be tangent to the identity of orderv > 1
and written in the form (4.1), so that [1 : 0] is a characteristic direction. Assume that
r > vandb # 0, so that [1 : 0] is an apparent degenerate characteristic direction.
Suppose furthermore that s > r, and that b*/a ¢ RT if r = 2v. Then there is a
parabolic domain attached to [1 : 0].

To state Lapan’s result we need to introduce a few definitions.

Definition 4.1 Let f € End, (C2, 0) be tangent to the identity of order v > 1 with
homogeneous expansion (1.1). We say that [v] € P'(C) is a characteristic direction

of degree s > v + 1 if it is a characteristic direction of P41, ..., P;. We shall say
that it is non-degenerate in degree r + 1, with v < r < s, if it is degenerate for
Py11, ..., P- and non-degenerate for P,y.

For instance, if f is in the form (4.1) with s < +o00, then [1 : 0] is a characteristic
direction of degree s. If furthermore r+1 < s thenitis non-degenerate in degree »+1.

Definition 4.2 Let f € End;(C?, O) be tangent to the identity of order v > 1
with homogeneous expansion (1.1). Assume that [1 : 0] € P!(C) is a characteristic
direction of degree s > v + 1. Given v + 1 < j < s, the j-order of [1 : 0] is the
order of vanishing at 0 of P;j (1, ), where P; = (P} 1, Pj2). We say that [1; 0] is
of order one in degree t 4+ 1, with v < t < s, if the j-order of [1 : 0] is larger than
one forv 4+ 1 < j <t and of (¢t 4+ 1)-order exactly equal to 1.

For instance, if b # 0 in (4.1) then [1 : 0] is of order one in degree v + 1. More
generally, if b = 0 and [1 : O] is of order one in degree ¢ 4 1 then we can replace the
term O (wz"+1) by O (wz't1).

Assumethat[1 : O]isacharacteristic direction of degree s < +00, non-degenerate
in degree r + 1 < s and of order one in degree r + 1 < s. Then we can write

filz,w) =z +az" 1 + 0 2) + walz, w),
Hw) =w+bZ w4+ dz* ! + 0 2) + 0wz +2) + w?B(z, w),
4.2)
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with abd # 0. Then Lapan’s theorem can be stated as follows:

Theorem 4.3 ([L2]) Let f € End{(C?, O) be tangent to the identity of order v > 1
and written in the form (5.1), so that [1 : 0] is a characteristic direction of degree
s < 400, non-degenerate in degree v+ 1 < r + 1 < s, and of order one in
degreet + 1 < s. Assume thatt < r and s > r +t — v. Suppose furthermore that
either

(i) r #t,2t, or
(ii) r =t and Re(b/a) > 0, or
(iii) r =2t and b*Ja ¢ RT.

Then there is a parabolic domain attached to [1 : 0].

The assumptions of Theorem 4.2 imply that [1 : 0] is a characteristic direction
of degree s, non-degenerate in degree v + 1 < r + 1 < s, and of order one in
degree t + 1 = v 4 1; therefore Theorem 4.2 is a particular case of Theorem 4.3.

Parabolic domains are often used to build Fatou-Bieberbach domains, that is
proper subsets of C"* biholomorphic to C"; see, e.g., [V2, SV] and references therein.

5 The Formal Infinitesimal Generator

A different approach to the study of parabolic curves in C? has been suggested
by Brochero-Martinez, Cano and Lopez-Hernanz [BCL], and further developed by
Céamara and Scardua [CaS] and by Lopez-Hernanz and Sanchez [LS]. It consists in
using the formal infinitesimal generator of a germ tangent to the identity. To describe
their approach, we need to introduce several definitions.

Definition 5.1 We shall denote by (C[[zl, s , Zn ]| the space of formal power
series in n variables. The order ord(E) of E € 0, is the lowest degree of a non-
vanishing term in the Taylor expansion of {. A formal map is a n-tuple of f formal
power series 1n n variables; the space of formal maps will be denoted by ﬁ . We
shall denote by End((C", 0) the set of formal maps with vanishing constant term; by
Eﬁl (C", O) the subset of formal maps tangent to the identity, and byina, (C", 0)
the subset of formal maps tangent to the identity of order at least v > 1.

Definition 5.2 We shall denote by Z; the space of germs at the origin of holo-
rnorphlc vector ﬁelds in C". A formal vector field is an expression of the form X =
X1 R +Xn P ER Where Xl, .. X € ﬁ are the components of X. The space of

formal vector fields w111 be denoted by 3&” The order ord(X ). of X (€ % is the min-
imum among the orders of its components We put 3&” {X € 5’{ | ord(X ) > k}.
If X e 3&”” , the principal part of X will be the unique polynomial homogeneous
vector field Hy of degree exactly k such that X —H € é”;k“. A characteristic
direction for X is an invariant line for Hy.
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Remark 5.1 There is a clear bijection between 3/&;; and /ﬁ:n obtained by associating
to a formal vector field the n-tuple of its components; so we shall sometimes identify
formal vector fields and formal maps without comments. In particular, this bijection
preserves characteristic directions.

If X € &, is a germ of holomorphic vector field vanishing at the origin (that
is, of order at least 1), the associated time-1 map fx will be a well defined germ
in End(C", O), that can be recovered as follows (see, e.g., [BCL]):

1
fx=2 XV, (5.1)

k=0

where X® is the k-th iteration of X thought of as derivation of End(C", O). Now,
not every germ in End(C”, O) can be obtained as a time-1 map of a convergent vector
field (see, e.g., [IY, Theorem 21.31]). However, it turns out that the right-hand side
of (5.1) is well-defined as a formal map for all X € 5&” .

Definition 5.3 The exponential map exp: f&? — End((C", 0) is defined by the
right-hand side of (5.1).

When k > 2,if X € 5&7‘ has principal part Hy then it is easy to check that
exp(X) = id+Hy + h.ot. ; (5.2)

in particular, the exponential of a formal vector field of order k is a formal map
tangent to the identity of order k — 1. Takens (see, e.g., [IY, Theorem 3.17]) has
shown that on the formal level the exponential map is bijective:

Proposition 5.1 The exponential map exp: z@;“"'l — EIEU (C*, 0) is bijective for
allv > 1.

Definition 5.4 If f € End (C", 0), the unique formal vector field Xe Z, 2 V1 such
that exp(X ) = f is the formal infinitesimal generator of f

The idea now is to read properties of a holomorphic germ tangent to the identity
from properties of its formal infinitesimal generator, using Theorem 2.2 as bridge
for going back from the formal side to the holomorphic side.

The first observation is that if 77 : ((C2 E) — (C2, 0) is the blow- -up of the origin,
X e 3&” is a formal vector field and [v] € E is a characteristic direction of (the
principal part of) X then we can find a formal vector field X v € .ﬁr‘fz such that
dn(X w) = X o 7. This lifting is compatible with the exponential in the following
sense:

Proposition 5.2 ([BCL]) Let f € End; ((C2 O) be tangent to the identity with formal
infinitesimal generator Xe 3”2 ,and let f € End(C2, E) be the blow-up of f. Let
[v] € E be a characteristic direction of f, and denote by f[v the germ off at [v].
Then fiv) = exp(Xy))-
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In particular, Brochero-Martinez, Cano and Lépez-Hernanz’s proofs of Theo-
rems 2.5 and 3.5 go as follows: let Xe X22 be the formal infinitesimal generator of
f € End; (C2, 0) with an isolated fixed point (so that X has an isolated singular
point at the origin). Then the formal version of Camacho-Sad’s theorem [CS] (see
also [Ca]) shows that we can find a finite composition 7 : (M, E) — (C2, 0) of
blow-ups at singular points and a smooth point p € E such that the lifting X p of X,
in suitable coordinates centered at p adapted to E (in the sense that E is given by
the equation {z = 0} near p), has the expression

. ” 5oy @ d
Xp(z,w) =z ((Mz +0(z ))8_2 + (2w + O(z))%)

with A # 0, A2/A; ¢ QF and m > ord(X) — 1. Then exp(f(,,) has the form

exp(Xp) (2, w) = (2 + 22"+ 0" ), w4 20"w+ 0" )

which has a non-degenerate characteristic direction transversal to £ — and hence
a Fatou flower outside the exceptional divisor. By Proposition 5.2, exp(f( p) is the
blow-up of exp()A( ) = f; therefore projecting this Fatou flower down by m we get a
Fatou flower for f.

In [CaS] and [LS] this approach has been pushed further showing how to relate
formal separatrices and parabolic curves.

Definition 5.5 A formal curve C in (C2, 0) is a reduced principal ideal of 5’2 Any
generator of the ideal is an equation of the curve; the equation is defined up to an unit
in 6’2 The tangent cone of a formal curve C is the set of zeros of the homogeneous
part of least degree of any equation of C; the tangent directions to C are the points
in P! (C) determined by the tangent cone.

Remark 5.2 1t is known that a formal curve C is irreducible if and only if it has a
unique tangent direction.

Definition 5.6 Let X 3&722 A singular formal curve for X isaformal curve C = (2)
such that X = £X for some X € @ A formal separatrix of X is a formal curve
= (é) such that X (é) € (é). Clearly singular formal curves are formal separatrices.

The corresponding notions for germs tangent to the identity are:

Deﬁnltlon 5.7 Let f € End; (C?, 0). A formal curve C= (E) is a formal separatnx
for f if lo fe (Z) In particular, this means that f acts by composition on 6’2 / (E)

if the action is the identity, we say that Cis completely fixed by f. Notice that Cis
completely fixed by f if and only if we can write f = id +£g for some ¢ € ﬁ’

Proposition 5.3 ([CaS]) Let Xe 3?22 be the formal infinitesimal generator of f €
End,(C?, O). Then:
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(i) aformal curve is a formal separatrix for f if and only if it is a formal separatrix

for X ;

(ii) a formal curve is completely fixed for f if and only if it is a singular formal
curve for X K

(iii) a completely fixed curve for f always has a convergent equation;

(iv) the tangent directions to a formal separatrix are characteristic directions for f,
and the tangent directions to a completely fixed curve are degenerate charac-
teristic directions for f.

Let C = (é) be a formal curve, and [v] € P(C) a tangent direction to C.If
T ((C2 E) — (C?,0) is the blow -up ¢ of the origin, we can find a formal curve
T C[v] = (E[v]) at [v] such that E[V = {ox; the tangent directions to n*C [v] are
higher order tangent directions of C. This construction can be iterated, and it gives
a way of lifting formal curves along a finite sequence of blow-ups. Using this idea,
and a generalization of Hakim’s technique, L6pez-Hernanz and Sdnchez have been
able to prove the following

Theorem 5.4 (Lopez-Hernanz and Sdnchez, [LS] )Let f € End; (C2,0)bea germ
tangent to the identity admitting a formal separatrix C not completely fixed. Then f
or =Y (or both) admit a parabolic curve tangent to (a tangent direction of) C.

Remark 5.3 Actually, [LS, Theorem 1] gives the more precise statement that the
parabolic curve ¢: D — C? is asymptotic to the formal separatrix C. This means

that there exists a formal parametrization y € o) 1~ of C such that for every N e N
there exists ¢y > 0 such that

(&) — (InPIO)| < enlg|N T

for all { € D, where Jy7p is the N-th jet of y. A formal parametrization of Cisa
formal map y € az such that g € C if and onlyifgoy =0.

Remark 5.4 In [CaS] Camara and Scéardua claimed that under the hypotheses of
Theorem 5.4 f must admit a parabolic curve tangent to C. Unfortunately, the core of
their argument was [CaS, Proposition 2.12], and in its proof they forgot to consider
vector fields of the form X (z,w) = z(1 +AwP) % +wptl % , where their approach
does not work.

The proof of Theorem 5.4 has three steps. First of all, the authors show that,
assuming the existence of a formal separatrix not completely fixed, after a finite
number of blow-ups the germ f can be brought in the following normal form:

{fl(Z,W) =z+ """ A+ ¥ w) . (5.3)

oz, w) =w+2"(b(2) + ax)w + O(w?))

with p > 0, A # 0, ordp ¥ > 1, a(0) # 0 and »(0) = 0. For a germ in this form,
a real attracting direction is a T € S' such that V71 = —1. Then, generalizing
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Hakim’s proof of Theorem 2.2, the authors show that if f has a real attracting

direction 7 such that Re (‘;(Op)) < 0 then f admits a parabolic curve, that turns out

to be asymptotic to C. Finally, they show that at least one between f and f~! have
a real attracting direction satisfying the given condition.

Notice that a germ in the form (5.3) has pure order 1, but vanishing index if
p > 1; so we cannot apply Theorem 3.7. On the other hand, there are germs tangent
to the identity admitting parabolic curves thanks to Theorem 3.7 but without formal
separatrices not completely fixed:

Example 5.1 Let f = exp(z'X?), withv > 2 and
X°(z,w) = z(A + Az, w))i + (z+Aw + B(z, W))i :
0z ow
with A # 0, ordp (A) > 1 and ordp (B) > 2. Then
fawy = (242 (A w) + 0 w2 (4 aw + Bz, w) + 0E)) .

The germ f has pure order 1 and the linear part of g° is not diagonalizable; since
the index of f at O along the fixed point set is 1, Theorem 3.7 yields a Fatou flower.
Furthermore, f has a unique (degenerate) characteristic direction, [0 : 1]. Blowing
up and looking in the coordinates centered at [0 : 1] we get

Flu,w) = (u +uV Y (—u+ wA (u, w)), w+ u”wv+1(k +u+wB(u, w)))

=expu’w'X?) ,

where X¢ = uC(u w)-L 5 —i—w()» + D(u w)) with ordo(C) ordp (D) > 1. Since
the linear part of X° is diagonalizable, X has exactly two formal separatrices, nec-
essarily given by the axes. It follows that all formal separatrices of f are completely

fixed; so to f we cannot apply Theorem 5.4, but f still has a Fatou flower because
f does.

The paper [LS] also indicates a way to adapt these techniques to more than two
variables. However, it should be kept in mind that [AT1] contains examples in C> of
germs tangent to the identity without parabolic curves asymptotic to formal separa-
trices.

6 Homogeneous Vector Fields and Geodesics

None of the results presented up to now (with the partial exception of Proposition 3.1)
describe the dynamics in a full neighborhood of the fixed point, and so in this sense
they are not a complete generalization of the Leau-Fatou flower theorem. As far as
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we know, up to now the only techniques able to give results in a full neighborhood
are the ones introduced in [AT3], that we shall briefly describe now.

We have seen that every germ tangent to the identity can be realized as the time-
1 map of a formal vector field of order at least 2; and that a lot of information
can be deduced from the principal part of this vector field, principal part which is
a homogeneous vector field. Furthermore, in dimension 1 Camacho-Shcherbakov
theorem (see [C, Sh]) says that every germ tangent to the identity is locally topo-
logically conjugated to the time-1 map of a homogeneous vector field. So time-1
maps of homogeneous vector fields clearly are an important class of examples; and
the insights we obtain from their study (and, more generally, from the study of the
real dynamics of homogeneous vector fields) can shed light on the dynamics of more
general germs tangent to the identity.

The work described in [AT3] had exactly the aim of studying the real dynamics
of homogenous vector fields in C"; for the sake of clarity, here we shall summarize
only the results in C? only, referring to [AT3] for more general statements.

Let H € 5&”2”1 be a homogeneous vector field in C? of degree v + 1 > 2. It
clearly determines a homogeneous self-map of C? of the same degree; in particular,
we can adapt to H all the definitions we introduced for homogeneous self-maps
(degenerate/non-degenerate characteristic directions, multiplicities, index, induced
residue, being dicritical).

Definition 6.1 Let H € 25 be a homogeneous vector field in C2. A characteristic
line for H is a line L, = Cv which is H-invariant, that is such that [v] € P1(C) is a
characteristic direction.

If L, = Cv is a characteristic line then integral lines of H issuing from points
in L, stay inside L,. If [v] is degenerate, H vanishes identically along L,, and so
the dynamics there is trivial. If [v] is non-degenerate, then the dynamics inside L, is
one-dimensional, and can be summarized as follows:

Lemma 6.1 Let [v] € PYC) be a non-degenerate characteristic direction of a
homogeneous vector field H = H; 3371 + Hz% IS 3&”2”"'1 of degree v + 1 > 2.

Choose a representative v € C? so that H(v) = v. Then the real integral curve of H
issuing from Loyv € L, is given by

Sov

o = =g

In particular no (non-constant) integral curve is recurrent, and we have:

o o
(a) if & ¢ R then lim_yy,(1) = O;

(b) lfé‘(;) € Rt then lim lVeov (@l = +o0.
1= (gyv)~!

Lemma 6.1 completely describes the dynamics of dicritical homogeneous vector
fields. More precisely, we see that every non-degenerate characteristic line contains
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a Fatou flower; thus in this case Theorem 2.2 becomes trivial, and we can shift our
interest to the understanding of the dynamics outside the characteristic lines. To do
so we need to introduce a new ingredient:

Definition 6.2 Let V° be a meromorphic connection on P}(C) (see [IY] for an
introduction to meromorphic connections), and denote by Sing(V?) the set of its
poles. A geodesic for V? is a smooth real curve o : [ — PL(C) \ Sing(V?) such that

Vie = 0.

The main result allowing the understanding of the real dynamics of homogeneous
vector fields is the following:

Theorem 6.2 ([AT3]) Let H € %”2”1 be a non-dicritical homogeneous vector
field of degree v + 1 > 2 in C?, and denote by Vy the complement in C? of the
characteristic lines of H. Then there exists a meromorphic connection V° on P! (C),
whose poles are a (possibly proper) subset of the characteristic directions of H,
such that:

(i) ify: I — Vy is areal integral curve of H then its direction [y]: [ — PL(C)
is a geodesic for V°; conversely,

(ii) if o: I — PY(C) is a geodesic for V° then there exists exactly v real integral
curves vy, ..., vv: I — Vg of H, differing only by the multiplication by a v-th
root of unity, whose direction is given by o, that is such that o = [y;].

Remark 6.1 If H = H; % + Hza‘%2 S 3&”2”"’1 is a homogeneous vector field of
degree v 4+ 1 > 2, the meromorphic 1-form representing V° in the standard chart
centered at 0 € P'(C) is given by ([AT3])

b |:UH1(1, o) R (g)} i

RO | R@)

where R(¢) = Hx(1,¢) — ¢ H (1, ¢); a similar formula, exchanging the role of z;
and z7, holds in the standard chart centered at co € P!'(C). In particular recalling
(5.2), (3.1) and Definition 3.7 we see that the poles of V are singular points for the
blow-up f of the time-1 map of H, and that the residue of V° at a pole p € P'(C)
coincides with the induced residue of f at p.

Furthermore, in [AT3] we introduced another meromorphic connection V defined
on the v-th tensor power N?” of the normal bundle Ng of the exceptional divisor
E = P!(C) in the blow-up of the origin in C2. The meromorphic 1-form representing
V in the standard chart centered at 0 € P'(C) is given by

H(1,¢)
R(%)

de.

Therefore the poles of V are exactly the Fuchsian and irregular characteristic direc-
tions of f, and the residue of V at a pole p € P!(C) coincides with the opposite of
the index of f at p.
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So the study of the real integral curves of H is reduced to the study of the geodesics
of a meromorphic connection on P! (C). This study is subdivided in two parts: the
study of the global behavior of geodesics, and the study of the local behavior nearby
the poles. It turns out that the global behavior is related to the induced residues, while
the local behavior is mainly related to the index. To state our results we need a couple
of definitions.

Definition 6.3 A geodesic o: [0, £{] — P! (C) for a meromorphic connection V°
is closed if 0 (¢) = o (0) and o’ (£) is a positive multiple of o’(0); it is periodic if
o (0) = o(0) and o' (£) = o’ (0).

Contrarily to the case of Riemannian geodesics, closed geodesics are not nec-
essarily periodic; see [AT3]. The (induced) residue allows to recognize closed and
periodic geodesics:

Proposition 6.3 ([AT3]) Let V° be a meromorphic connection on P' (C), with poles
{po, p1, ..., pr}, and set S = PHC)\ {po, ..., pr} € C. Leto: [0,£] — S bea
geodesic with o (0) = o (£) and no other self-intersections; in particular, o is an
oriented Jordan curve. Let {p1, . .., pg} be the poles of V° contained in the interior
of o. Then o is a closed geodesic if and only if

8
> ReRes, (V%) = -1,
j=1

and it is a periodic geodesic if and only if

8
> Res), (V) =—1.

j=1

If o is closed, it can be extended to an infinite length geodesic o : J — S, where J

is a half-line (possibly J = R). Moreover,

(i) if i ImRes; (V) < 0 then o'(t) > Oast — +ooand |o'(t)| > +ooast
telic:l; to the other end of J;

(ii) if i ImRes,; (V) > O theno'(t) — O ast — —oc and |o'(t)| — +oo ast
terjzc:l; to the other end of J.

Corollary 6.4 Lety: R — C2\ {0} be a non-constant periodic integral curve of a
homogeneous vector field H of degree v + 1 > 2. Then the characteristic directions
l, ... [vel € PY(C) surrounded by [y]1 satisfy

8

0
D Res), (H) = -1,
j=1
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where Res?vj](H ) denotes the induced residue at [v;] of the blow-up of the time-1
map of H.

Closed but not periodic geodesics correspond to integral curves converging to the
origin on one side and escaping to infinity on the other side; the convergence to the
origin occurs along a spiral, and thus the time-1 map has orbits converging to the
origin without being tangent to any direction. This can actually happen; see [AT3]
for an example.

Definition 6.4 Leto: I — Sbeacurve in § = PY(C) \ {po, ..., p,}. A simple
loop in o is the restriction of ¢ to a closed interval [fy, t;] € I such that o[, ;] is
a simple loop 7. If pi, ..., p,g are the poles of V contained in the interior of 7, we
shall say that T surrounds p1, ..., pg.

Definition 6.5 A saddle connection for a meromorphic connection V° on P!(C) is
amaximal geodesic o : (¢_, £;) — P!(C) (withe_ € [—00,0) and g4 € (0, +-00])
such that o () tends to a pole of V° both when ¢ 1 ¢4 and when ¢ | e_. A graph of
saddle connections is a connected graph in P! (C) made up of saddle connections.

Then we have a Poincaré-Bendixson type theorem, describing the asymptotic
behavior of geodesics:

Theorem 6.5 ([AT3, AB]) Let o : [0, &9) — S be a maximal geodesic for a mero-

morphic connection V° on P'(C), where S = P1(C)\ {po. ..., pr} and po, ..., pr

are the poles of V°. Then either

(i) o(t) tends to a pole of V° ast — &g, or

8

(ii) o is closed, and then surrounds poles p1, ..., pg With > ReRespj (Vo) = —1;
=1

or !
(iii) the w-limit set of o in P(C) is given by the support of a closed geodesic

g
surrounding poles pi, ..., pg with ReRes,; (V?) = —1; or

j=l1
(iv) the w-limit set of o in P (C) is a graph of saddle connections whose com-
plement in P (C) has a connected component containing py, ..., Dg With

ReRes;; (V?) = —1; or
j=1
(v) o intersects itself infinitely many times, and in this case every simple loop of

o surrounds a set of poles whose sum of residues has real part belonging to
(=3/2,-DH U (-1, —-1/2).

8

In particular, a recurrent geodesic either intersects itself infinitely many times or is
closed.

Corollary 6.6 Letr H be a homogeneous holomorphic vector field on C? of degree v+
1> 2 andlety: [0, e9) — C? be a recurrent maximal integral curve of Q. Then y
is periodic or [y]: [0, e0) — PY(C) intersects itself infinitely many times.
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Remark 6.2 We have examples (see [AT3]) of cases (i), (ii), (iii) and (v), but not yet
of case (iv).

It is worthwhile to notice that the maximal geodesics of generic meromorphic
connections will behave as in case (i), because the other cases require that a particular
relationships between the (induced) residues should hold. In particular, this means
that the direction of a maximal real integral curve of a generic homogeneous vector
field will go from a characteristic line to a characteristic line (possibly the same); the
next step then consists in understanding what happens nearby characteristic lines.
It turns out that we can find holomorphic normal forms for apparent and Fuchsian
singularities, and formal normal forms for irregular singularities; and we shall see
that the local behavior is mostly related to the index.

To key behind this local study is the following

Theorem 6.7 ([AT3]) Let Ng be the normal bundle of the exceptional divisor of the
blow-up (M, E) of the origin in C2. Then for every v > 1 there exists a holomorphic
v-to-1 covering x,: C? \ {0} — N?” \ E satisfying w o x,(v) = [v], where
mw: N ?” — E = PY(C) is the canonical projection, such that for every homogeneous
vector field H € 3&”2”“ of degree v + 1 the push-forward d x,,(H) defines a global
holomorphic vector field G on the total space of N?”. In particular, a real curve
y: I — C>\ {0} is an integral curve for H ifand only if x, o y is an integral curve
Jfor G.

Definition 6.6 The ficld G is the geodesic field associated to the homogeneous
vector field H. The reason of the name is that the projections on P!'(C) of the
integral curves of G are geodesics for the connection V¢ associated to H.

The point is that the field G has a form well suited to reduction to normal form.
Indeed, if we denote by ¢ the usual coordinate on C C P!(C) centered at the
origin, and by v the corresponding coordinate on the fibers of N&”, which over C is
canonically trivialized, we have

0 0
G(¢,v) = R(c)v& +vH (1, c)vza :

where R(¢) = Hx(1,¢) — ¢ H (1, ¢) as before; and a similar formula holds in the
usual coordinates centered at 0o € P! (C). In particular, we can read the multiplicity
and the transversal multiplicity (and hence the type of singularity) of a characteristic
direction of H in the order of vanishing of the components of the geodesic field.

Since G is a vector field on the total space of a line bundle, it is natural to
consider only changes of coordinates preserving the bundle structure, that is changes
of coordinates of the form

€. v) = (V(©), Q)
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where ¥ a germ of biholomorphism and & is a non-vanishing holomorphic function.
It turns out that these changes of coordinates are enough to obtain normal forms
around apparent and Fuchsian singularities.

For apparent singularities we have the following theorem:

Theorem 6.8 ([AT3]) Let [v] € P'(C) be an apparent characteristic direction of
multiplicity ;@ > 1 of a homogeneous vector field H € ,%”ZVH. Then we can find
local coordinates centered at [v] such that in these coordinates the geodesic field G
associated to H is given by

3
_ ifu=1,
o Uag if u

ad
4@l +a§”_1)v£ for some a € Cif u > 1.

Furthermore, if t > 1 then a € C is a holomorphic invariant, the apparent index.

In particular, around an apparent singularity the geodesic field G is explicitly
integrable. Studying the integral lines of G and rephrasing the results in terms of the
integral curves of H we obtain the following corollary:

Corollary 6.9 ([AT3]) Let H € %"H be a homogeneous vector field on C? of
degree v+1 > 2. Let [v] € P'(C) be an apparent singularity of H of multiplicity 1 >
1 (and apparent index a € C if w > 1). Then:

(i) ifthe direction [y (t)] € P1(C) of an integral curve y : [0, ) — C*\ {0} of H

tends to [v] ast — € then y(t) tends to a non-zero point of the characteristic
leaf L, C C%;

(ii) no integral curve of H tends to the origin tangent to [v];

(iii) there is an open set of initial conditions whose integral curves tend to a non-zero
point of L,,;

(iv) ifu=1o0ru > 1anda # 0 then H admits periodic orbits of arbitrarily long
periods accumulating at the origin.

In particular, in case (iv) the time-1 map of H has both periodic orbits accumu-
lating at the origin (small cycles), when the period of the integral curve is rational,
and orbits whose closure a is a closed Jordan curve, when the period of the integral
curve is irrational; both phenomena cannot happen in one variable.

The holomorphic classification of Fuchsian singularities is the following:

Theorem 6.10 ([AT3]) Let [v] € PY(C) be a Fuchsian characteristic direction of
multiplicity p > 1, transversal multiplicity t = u — 1 > 0 and index 1 € C* of a
homogeneous vector field H € 5&”2”“. Then we can find local coordinates centered
at [v] such that in these coordinates the geodesic field G associated to H is given:

(i) ift+1¢ N* by
é.,ufl (;vi —i—vai)'
¢ )’
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(ii) ifn =1 +1€N*by
0 )
n—1 2 n
¢ (g‘v—ag + o (1 +a¢ )_Bv)

for a suitable a € C which is a holomorphic invariant, the resonant index.

When the resonant index is zero the integral curves of the geodesic field can
be expressed in terms of elementary functions and easily studied. This is not the
case when the resonant index is different from zero; however we are able to obtain
the following description of the integral curves of H nearby Fuchsian characteristic
directions:

Corollary 6.11 ([AT3]) Let H € %”ZVH be a homogeneous vector field on C* of
degree v+1 > 2. Let [v] € PY(C) be a Fuchsian singularity of H of multiplicity p >
1, transversal multiplicity t = pu — 1 > 0 and index « € C* (and resonant index
a€Cift+eN*). Then:

(i) ifthe direction [y (t)] € P1(C) of an integral curve y : [0, ) — C*\ {0} of H
tends to [v] as t — ¢ and y is not contained in the characteristic leaf L, then

(a) if T +Ret > 0and ’t + %‘ > 5 then y (t) tends to the origin;

(b) ift+1=0,0rt+Ret <0, 0rt+Ret >0and |L + %| < 5, then ||y (1) ||
tends to +00;

(c) ift +Ret > 0and |L + %‘ = % then y (t) accumulates a circumference in
L,.

Furthermore there is a neighbourhood U C P'(C) of [v] such that an integral curve
y issuing from a point zo € C2\ L, with [z0] € U \ {[v]} must have one of the
following behaviors, where U = {z € C>\ {0} | [z] € U}:

(ii) if Tt +Ret < O then

(a) either y(t) escapes EA], and this happens for a Zariski open dense set of
initial conditions in U; or
(b) [y (] — [v]but |ly @] — +oo;

in particular, no integral curve outside L, converge to the origin tangent to [v];
(iiii) ift +Ret =0but v + 1 # 0 then

(a) either y(t) escapes 0 or

(b) y(t) — O without being tangent to any direction, and [y (t)] is a closed
curve or accumulates a closed curve in P1(C) surrounding [v]; or

(c) lly(@®)|| — oo without being tangent to any direction, and [y (t)] is a
closed curve in P'(C) surrounding [v];

in particular, no integral curve outside L, converge to the origin tangent to [v];
(iv) ift +¢ =0 then
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(a) either y(t) escapes U, and this happens for an open set U cU of initial
conditions; or

(b) [y(@®)] — vlwith|y ()| = +o0, and this happens for an open set Uz cU
of initial conditions such that U 1 U 02 is dense in U s or

(c) y is a periodic integral curve with [y] surrounding [v];

in particular, no integral curve outside L, converge to the origin tangent to [v],
but we have periodic integral curves of arbitrarily long period accumulating
the origin;

(v) ift+Ret > 0anda = O0then [y (t)] — [v] for an open dense set Uo of initial
conditions in U, and y escapes U forz € U \ Uo; moreover,

(a) if’t + %’ > 5 then y (t) — O tangent to [v] for all z € Uos
(b) if |+ 3| < 5 then ||y (1)|| = +oo tangent 1o [v] for all z € Uo;
(c) if |L + %| = 5 then y (t) accumulates a circumference in L.

Remark 6.3 We conjecture that Corollary 6.11.(v) should hold also when a # 0.

Remark 6.4 This result must be compared with Theorems 2.3 and 4.1. We already
noticed that a non-degenerate characteristic direction [v] with non-zero director § is
a Fuchsian singularity of multiplicity 1, and hence transversal multiplicity 0. Then
Corollary 6.11 says thatif Re ¢ < 0 (thatis Re § < 0) then no orbit of the time-1 map
of H outside of L, converges to the origin tangent to [v], whereas if Re ¢ > 0 (that
is Re § > 0) and ¢ is not a positive integer (or a = 0 if ¢ € N*) then the orbits under
the time 1-map of H converge to the origin tangent to [v] for an open (and dense in
a conical neighbourhood of [v]) set of initial conditions, providing the existence of
a parabolic domain in accord with Theorem 2.3.

Ifinstead 7 > Oand 7 4+ ¢ ¢ N* (ora = 0 if T 4+ ¢ € N*) then Corollary 6.11
yields a parabolic basin when r + Re ¢ > 0 and |t + 5| > Z, which is a condition
strictly weaker than the condition found in Theorem 4.1(a); this suggests that there
might be room for improvement in the statement of the latter theorem.

Putting all of this together we can finally have a completely description of the
dynamics for a substantial class of examples. For instance, we get the following:

Corollary 6.12 ([AT3]) Let H € 3”2”1 be a homogeneous vector field on C* of
degree v+1 > 2. Assume that H is non-dicritical and all its characteristic directions
are Fuchsian of multiplicity 1. Assume moreover that for no set of characteristic
directions the real part of the sum of the induced residues belongs to the interval
(=3/2, —1/2). Let y : [0, 9) — C? be a maximal integral curve of H. Then:

(a) If y(0) belongs to a characteristic leaf L,,, then the image of y is contained
in Ly,. Moreover, either y (t) — O (and this happens for a Zariski open dense
set of initial conditions in L,,), or ||y ()] — 4o0.

(b) If y (0) does not belong to a characteristic leaf then either

(i) y converges to the origin tangentially to a characteristic direction [vg]
whose index has positive real part; or
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(ii) |ly(¢)|| = oo tangentially to a characteristic direction [vo] whose index
has negative real part.

Furthermore, case (i) happens for a Zariski open set of initial conditions.

Remark 6.5 The conditions in Corollary 6.12 imply that there must be at least one
index with positive real part. Indeed, if the multiplicity is 1 then the induced residue
is one less the opposite of the index. So assuming that nosumof 1 < g < v 42
induced residues has real part belonging to the interval (—3/2, —1/2) is equivalent
to saying that no sum of 1 < g < v+ 2 indices has real part belonging to the interval
(% - g, % — g). Assume, by contradiction, that no index has positive real part; than
the real part of all of them should be less than —1/2. So the real part of the sum of
two indices must be less than —1 < —1/2; so it should be less than —3/2. Arguing
by induction on g one then shows that the sum of the real part of all indices should
be less than % — (w+2)=—-v—3/2 < —v, against Theorem 3.4, contradiction.

Example 6.1 Corollary 6.12 describes completely the dynamics of most vector fields
of the form

d )
H(z,w) = (pz> + (1 + r)zw)a—z + (1 + p)aw + Twz)ﬁ -

Indeed such a vector field has exactly three Fuchsian characteristic directions with
multiplicity 1 and indices respectively p, T and —1 — p — t; so the conditions
required by Corollary 6.12 are satisfied as soon as Re p, Re t ¢ (—1/2,1/2) and
Re(p + 1) ¢ (=3/2,—1/2).

7 Other Systems with Parabolic Behavior

Another situation where Fatou flowers can exist is when the eigenvalues of the
differential are all equal to 1 but the differential is not necessarily diagonalizable.
The reason is that we can reduce to the tangent to the identity case by using a suitable
sequence of blow-ups:

Theorem 7.1 ([Al]) Let f € End(C", O) be such that all eigenvalues of dfo are
equal to 1. Then there exist a complex n-dimensional manifold M, a holomorphic
projection w: M — C", a canonical point e € M and a germ around = ~'(0) of
holomorphic self-map f: M — M such that:

(i) 7 restricted to M \ w~'(0) is a biholomorphism between M \ 7~'(0) and
(Cn \~{0};
(ii) mof=fom;

(iii) e is a fixed point off where f is tangent to the identity.

It should be remarked that the projection 7 : M — C” is obtained as a sequence
of blow-ups whose centers are not necessarily reduced to points, and depend on the
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Jordan structure of dfp. Furthermore 7 is chosen in such a way that the interesting
part of the dynamics of f is outside the exceptional divisor E (which is not in
general pointwise fixed by f), allowing the study of the dynamics of f by means of
the dynamics of f. For instance, we can get the following

Proposition 7.2 ([Al]) Let f = (f1,-.., fn) € End(C", O) be such that dfo
is not diagonalizable with all eigenvalues equal to 1. Without loss of generality
we can suppose that dfo is in Jordan form with p blocks of order respectively
M1 = > o>y > 1, where puiy +- - -+ 1, = n. Assume that vy > 1o and that
the coefficient of (z1)* in Sfu, is not zero. Then f admits a parabolic curve tangent
to[1:0:---:0].

In dimension 2, using the tools introduced in [A2], one can get a cleaner result:

Corollary 7.3 ([A2]) Let f € End(C2, 0) be such that d fo is a Jordan block with
eigenvalue 1, and assume that the origin is an isolated fixed point. Then f admits a
parabolic curve tangent to [1 : 0].

See [Ro6] (and [A3] for a particular example) for a detailed study of the existence
of parabolic domains for germs in End(C?, O) with non-diagonalizable differential.

Finally, I would like to mention that parabolic curves, parabolic domains and
Fatou flowers appear also in non-parabolic dynamical systems. This is not surprising
in semi-parabolic systems, that is when the eigenvalues of the differential are either
equal to 1 or in modulus strictly less than 1 (see, e.g., [N, HI, Ri2, U1, U2, Ro5]), or
in quasi-parabolic systems, where the eigenvalues of the differential are either equal
to 1 or have modulus equal to 1 (see, e.g., [BM, Rol, Ro2]). On the other hand, a
recent surprising discovery is that they also appear in multi-resonant systems, whose
differential is not parabolic at all but whose eigenvalues satisfies some resonance
relation; see, e.g., [BZ, BRZ, RV, BR] for the main results of this very interesting
theory.
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A CR Proof for a Global Estimate
of the Diederich—-Fornaess Index of Levi-Flat
Real Hypersurfaces

Masanori Adachi

Abstract Yet another proof is given for a global estimate of the Diederich—Fornaess
index of relatively compact domains with Levi-flat boundary, namely, the index must
be smaller than or equal to the reciprocal of the dimension of the ambient space. This
proof reveals that this kind of estimate makes sense and holds also for abstract
compact Levi-flat CR manifolds.

Keywords Diederich—Fornaess index + CR geometry - Levi-flat real hypersurface

1 Introduction

The Diederich—Fornaess index 1n($2) of a ¢°°-smoothly bounded domain £2 in a
complex manifold X is a numerical index on the strength of certain pseudoconvexity
of its boundary 942. In this paper, we consider the index in the sense that 1(£2) is
defined to be the supremum of the exponents n € (0, 1] admitting a 6" *°-smooth
defining function of 02, say p : (02 C)U — R, so that —|p|" is strictly plurisub-
harmonic in U N £2; if no such 7 is allowed, we let n(£2) = 0.

For instance, if a defining function attains n = 1, it gives a strictly plurisub-
harmonic defining function of 952 and the boundary is strictly pseudoconvex. The
pseudoconvexity of 952 is clearly necessary for n(§2) to be positive; a much stronger
condition is actually necessary and sufficient, the existence of a defining function p
such that the complex hessian of —log |p| is bounded from below by a hermitian
metric of X near the boundary 92 as observed by Ohsawa and Sibony [OS].
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The Diederich—Fornaess index 1(§2) being positive means that the boundary 02
is well approximated by a family of strictly pseudoconvex real hypersurfaces from
inside. The original motivation of the study of Diederich and Fornaess [DF] was
to construct such an approximation on pseudoconvex domains in Stein manifolds,
and the index is considered to measure certain strength of the approximation. Since
then, the meaning of the index has been intensively studied in relation to the global
regularity in the 3-Neumann problem, in particular, pathologies occurring on the
worm domain. See for example [FS, §1], [Be] and references therein.

Under such circumstances, Fu and Shaw [FS] and Brinkschulte and the author
[AB1] reached a general estimate for the Diederich—Fornaess index of weakly
pseudoconvex domains. Here we state the result in a restricted form, for domains
with €"°°-smooth Levi-flat boundary:

Theorem 1 ([/FS], see also [ABI] and [A2]) Let §2 be a relatively compact domain
with € *°-smooth Levi-flat boundary M in a complex manifold of dimension (n+1) >
2. Then the Diederich—Fornaess index 1(§2) must be < 1/(n + 1).

The purpose of this paper is to give yet another proof of Theorem via an estimate
on the Levi-flat boundary M without looking inside §2 directly. The idea is to identify
the usual Diederich—Fornaess index n(§2) with its counterpart (M) on the Levi-flat
boundary based on the author’s previous work [A1].

Definition 1 Let M be an oriented %°°-smooth Levi-flat CR manifold. The
Diederich—Fornaess index n(M) of M is defined to be the supremum of € (0, 1)
admitting a €°>°-smooth hermitian metric 42 of the holomorphic normal bundle N 1{,}0
of M so that

i@h—ln iop ANag >0

holds on M as quadratic forms on the holomorphic tangent bundle TA],[’O of M; if no
such 5 is allowed, we let n(M) = 0. Here the forms o and ®;, denote the leafwise
Chern connection form and its curvature form of N /{,,’O with respect to 42 respectively.
(See Sect. 2 for their precise definitions.)

In our setting, 1(£2) agrees with n(M) as we will see in Lemma 3, and Theorem
follows from the following main lemma.

Lemma 1 Let M be a compact €°°-smooth Levi-flat CR manifold of dimension
(2n 4 1) > 3. Then the Diederich—Fornaess index n(M) must be < 1/(n + 1).

The organization of this paper is as follows. In Sect. 2, we provide preliminaries on
CR geometry and confirm that the two notions of Diederich—Fornaess index, n(2)
and n(M), actually coincide for Levi-flat real hypersurfaces based on previous works.
In Sect. 3, after proving Lemma 1, we give a remark that the substantial content of
Lemma 1 has been already pointed out by Bejancu and Deshmukh [BD] in manner
of differential geometry, and conclude this paper with an open question.
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2 Preliminaries

2.1 Levi-Flat CR Manifold

Let us recall the notion of Levi-flat CR manifold briefly. In the sequel, “smooth”
means infinitely differentiable.

Let M be a smooth manifold of dimension (2n + 1) > 3. A CR structure (of
hypersurface type) of M is given by a subbundle 7T 18[’1 C C ®r T M satisfying the
following conditions:

° T,8,’1 is a smooth C-subbundle T/\q/l C C®pr T M of rankc n;
° TAI,I’0 N Tlgl’l = (the zero section) where Tﬂl,l,’0 ={veCRrTM|Vve Tlel’l};
o [M(Ty"), I'(TyhlC I'(Tyh

where I"(-) denotes the space of smooth sections of the bundle, and the bracket
means the Lie bracket of complexified vector fields. The pair (M, T/Bil) is called a
CR manifold, which is regarded as an abstraction of real hypersurfaces in complex
manifolds associated with their (anti-)holomorphic tangent bundles.

We say that a CR manifold (M, TIBI’ s Levi-flat if it satisfies further integrability
condition

[F(Ty° @ Ty, (T, @ TyH1 € I'(T° @ Ty (1)

This is equivalent to say that the real distribution Hyy := Re(TAI,,’O @ T,S,’l) cCTM
of rankp 2n is integrable in the sense of Frobenius. It follows from Frobenius’
theorem and Newlander—Nirenberg’s theorem that the distribution Hy; defines a
smooth foliation .# by complex manifolds on M, namely, we have an atlas consisting
of foliated charts. We call .% the Levi foliation.

For a Levi-flat CR manifold (M, TIBI’I), we shall refer to TAI,[’O as the holomorphic

tangent bundle of M and call the quotient C-line bundle N }{,}0,
0T eTy - CorTM 5 N -0,

the holomorphic normal bundle. This is because TAI,I’O agrees with the holomorphic
tangent bundle of the leaves of the Levi foliation .%. Note that our holomorphic
tangent bundle is distinct from (C Qg T M)/ T18[’1 and our (p, q)-form on M means
asection of A”(Ty;")* @ ANU(To"* ¢ NPT, @ Ty ).

Now let us consider a Levi-flat CR manifold, simply denoted by M, and define
the form o, mentioned in Sect. 1. Fix a smooth hermitian metric 42 of N I{,io; in our
convention, we denote by & : N 1{/}0 — R the map given by the norm induced from
h* on (N ]{,)0) p foreach p € M. Pick a local smooth section & of N 1{,}0 around p e M
so that it is both normalized by h? and real, i.e., ? = &, which is determined up to
its sign. Using such a &, we define the (1, 0)-form o, : TAI,I’0 — C so as to satisfy
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(v, &1p) = —an(vp)Ep (2)

for v, € (TAEI’O) p Where & and v are any lift and extension of & and v, to local
sections of C ® g T M respectively. Here we used the Levi-flatness (1) to assure that
oy, is independent of the choice of &, E and v. We define @, (v,) = ap(vp), the
complex-conjugate (0, 1)-form of «;,.

Remark 2 The left hand side of (2) is the covariant derivative of & along v, with
respect to a complex Bott connection of the Levi foliation .# and the form « is
considered to measure the size of infinitesimal holonomy of .% with respect to 1.

We give the (1, 1)-form ©, : T/ll,]’0 ® Tjel’l — Chby

Opr(vp @wp) = vpar(w) —wpa(v) — ap([v, wlp)

= —wpap(v) — o ([v, wlp)

where v and w are arbitrary extensions of v, and W, to local sections of TAI,I’0 and
TJSI’I respectively. We again used the Levi-flatness (1) for the last term to be defined.

2.2 Description on Foliated Charts

Although we have defined the forms o and @), in a coordinate-free manner, their
descriptions on foliated charts are convenient in actual computations. Here we briefly
introduce them.

Take a foliated chart (U, (zy,ty)) of the Levi-flat CR manifold M, a chart
(zu,ty) : U — C" x R so that TAI/I’0|U agrees with the pull-back bundle of
T19C" ¢ C®p T(C" x R). Any coordinate change between intersecting foliated
charts, say (U, (zy, ty)) and (V, (zv, ty)), are of the form

v =zuzv,ty), ty =ty(ty)

where zy is holomorphic in zy. A leaf N of .# is a connected complex manifold
injectively immersed in M such that zy is holomorphic and 77 is locally constant
on U N N for any foliated chart (U, (zy, ty)). Our manifold M is decomposed into
the direct sum of the leaves of 7. A CR function on M, a C-valued function which
is annihilated by vectors in Tﬁ,’l by its definition, agrees with a function which is
leafwise holomorphic, namely, holomorphic in zgy on any foliated chart (U, (zy, ty)).

On afoliated chart (U, (zy = (z);, 23, -+ » 2})), fy)), we may trivialize T;° and
N 1{,}0 by using

a a a d
_1’ _2, ... . _n and —
dzy 9z, 92y oty
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respectively. This description illustrates that TA],,’O and N 111/}0 are locally trivial CR
vector bundles, smooth vectors bundles with local trivialization covers whose tran-
sition functions are CR. The transition functions of N ,{,}0 are much better; They are
leafwise constant.

Some computations show that on a foliated chart (U, (zy, ty)), the forms «j, and
©y, for a given hermitian metric h2 of N 1{,1’0 are described as

n
dloghy | ;
Olhzz—de]U,
=1 07y
nooa2
9°(—logh ;
on= > TR i
k=1 02,07y

where hy = h(%). We can see that o, and @) agree with the leafwise Chern

connection and curvature form of N ]{,;0 with respect to 4 respectively up to a positive
multiplicative constant.

2.3 The Diederich—Fornaess Index

In this section, we confirm that the two notions of Diederich—-Fornaess index given
in Sect. 1 coincide for Levi-flat real hypersurfaces.

Let £2 be a relatively compact domain with smooth Levi-flat boundary M in
a complex manifold of dimension > 2. We introduce here terms for intermedi-
ate notions that appeared in the definition of the Diederich—-Fornaess indices. The
Diederich—Fornaess exponent 1, of a fixed defining function p : (02 Q)U — R
of 952 is the supremum of the exponents n € (0, 1] such that —|p|" is strictly
plurisubharmonic in U N £2; if no such 7 is allowed, we let , = 0. We also define
the Diederich—Fornaess exponent n;, of a fixed hermitian metric 4% of N /{4’0 in the
same manner. The Diederich—Fornaess indices are clearly the supremum of the cor-
responding Diederich—Fornaess exponents.

Lemma 3 We have n(£2) = n(M).

Proof 1t is proved in [A1, Theorem 1.1] that one can construct a smooth hermitian
metric h% of N ]{,1’0 from a given smooth defining function p of M with , > 0 so that
Np = nn,. Hence, n(£2) < n(M).

To derive the other inequality, it suffices to show that any hermitian metric />
of N1-0 with n, > 0, which condition is equivalent to i ®, > 0 as quadratic forms
on TAI,,’O, can be obtained by the construction above from a defining function of
M. This inverse construction originates from the work of Brunella [Br] where he
proved that this is possible if the Levi foliation of M extends to a holomorphic
foliation on a neighborhood of M. Although the extended holomorphic foliation
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may not exist in our setting, we are able to apply refined constructions explained in
[O, §1], [BI, Proposition 1], or [A2, Proposition 3.1] and finish the proof. [l

Remark 4 We have restricted ourselves not to formulate the results for Levi-flat real
hypersurfaces with finite differentiability because we have a technical problem at
this point. The construction from defining functions to hermitian metrics in [Al]
loses one order in differentiability since taking its normal derivative, although the
inverse constructions in [? ] or [A2] do not give us a gain in differentiability. So we
cannot simply state that any %’*-smooth hermitian metric can be obtained from a ¢*
or €**1-smooth defining function for 2 < k < oo unlike in the case k = o0o.

3 The Proof of Lemma 1 and a Remark

3.1 Proof of Lemma 1

Now we shall give the proof of Lemma 1.

Proof of Lemma 1 Suppose the contrary: n(M) > 1/(n 4 1). By definition, there

exists a smooth hermitian metric of N ,{,, , say hz, such that

1 _
1O, — —iap Aoy >0
n

as quadratic forms on TAI,I’O.

By taking a double covering of M if necessary, we may assume that M is oriented.
We let n := hydty where fy is the transverse coordinate of a positively-oriented
foliated chart (U, (zy, ty)) and hy = h(%). Then we see that 1 is a well-defined
1-form on M, and that ®, A 5, ap A1 and @y, A 11 make sense as differential forms on
M regardless of the choice of extensions of &, or @, to tensors on CQp 7'M . Among
these forms, we can show the equalities (doy) An = O Ananddn = (ap +op) A7
from straightforward computation on the foliated chart.

Now we obtain by direct computation that

1
d ((i@h — —ioy /\W)n_1 ANiay A r))
n
. I, IS I . _
=m-10o, — —ia, Nay) A =IOy Niap N A1
n n
1
+ (O — =iy A"V AGO, —iap ATR) A
n
1
= (O — —iap Aap)" A,
n

and Stokes’ theorem yields a contradiction:
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. 1, o
0< (O, — —iap ANap)" An
M n

1
=/ d ((i@h — —iap Aap)" " Niap A n)
M n
=0. O

Remark 5 The proof shows in particular that [,, i®, An = [}, iap A€, Analways
holds when dimp M = 3. This equality well explains the behavior of the Diederich—
Fornaess exponent of an explicit example described in [A2, §5].

3.2 The Approach of Bejancu and Deshmukh

We give a remark that the substantial content of Lemma 1 has been already observed
by Bejancu and Deshmukh [BD] in the context of differential geometry.

Remark 6 Whendimg M = 3, the integrand (i ®, —iap Aaj) An was used in [BD]
to show that the totally real Ricci curvature of compact Levi-flat real hypersurfaces
in Kihler surfaces cannot be everywhere positive.

Let us explain this coincidence. Suppose that we have an oriented smooth Levi-
flat real hypersurface M in a Kdhler surface (X, w). We restrict on M the Kéhler
metric w as a Riemannian metric and consider its Levi-Civita connection V¥ and
Ricci curvature Ric”. We also consider the Gauss—Kronecker curvature G /m of
the leaves of the Levi foliation .% in M. Take the signed distance function to M with
respect to the given Kihler metric w and induce a hermitian metric A% of N 11‘/}0 from
it. Then, we can observe by direct computation that

4Oy — ion AT) = Ric" (€, €) = 2G 2 ) 0Ty @ Ty

. 1
= (RicM (¢, &) — Elldnllz +IVMeP) o|T) ® Ty

where £ is the Reeb vector field of M chosen so that it is normalized and orthogonal
to Hys with respect to w and positively directed, and 1 is the metric dual of £. The last
line is exactly the integrand used in [BD]. We leave the details of this computation
to the reader, who can find the techniques needed in [AB2, BD].
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3.3 Open Question

We conclude this paper with stating an open question explicitly.

Question Can we formulate the Diederich—Fornaess index for any CR manifold of
hypersurface type? Needless to say, it should agree with the Diederich—Fornaess
index of its complemental domain when it is realized as the boundary real hypersur-
face of a domain in a complex manifold. Can we prove the global estimate of Fu and
Shaw, and Brinkschulte and the author for this index in its full generality?
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Unbounded Pseudoconvex Domains in C”

and Their Invariant Metrics

Taeyong Ahn, Hervé Gaussier and Kang-Tae Kim

Abstract In this article, we introduce a method to study the positivity and the com-

pleteness of the Bergman metric for a broad collection of unbounded domains.

Keywords Bergman metric - Positivity - Completeness - Hahn-Lu comparison -

Unbounded domain

1 Some Problems

Whether a complex manifold admits a positive-definite and complete Bergman
metric (as well as other invariant metrics) has attracted much attention for quite
some time. While the Bergman metric of any bounded domain in C”" is positive-
definite, the completeness was extensively studied and has satisfactory conclusion
(cf. [Ohs, Diede] et al.). For manifolds, there are not many theorems in this direc-
tion; one of the well-known theorems is Theorem H of [GW]. In between, there are
unbounded domains of C”. As pointed out in [HTS], even some of the most basic-
looking features of bounded domains have turned out nontrivial when asked upon

the general unbounded domains in C".
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Naturally, we wished to introduce a method for studying the positivity and the
completeness of the Bergman metric for unbounded domains. But before focussing
more narrowly, we feel that it may be appropriate to point out some more related
problems whose answers are still in order.

Question 1.1 'Which unbounded domains possess the property that their Bergman
metric is positive-definite and complete?

One quick example is the domain
2 1= {(z,w) € C*: |w| < exp(—|zH)}.

This domain contains the complex line {(z, w) € C?>: w = 0} and hence is not
Kobayashi-hyperbolic and not biholomorphic to any bounded domain. But its volume
is finite, as one can check by a direct computation. Therefore any constant function
is square integrable. More generally, all holomorphic polynomial functions are of
L?. Thus the Bergman kernel exists. Moreover, in an unpublished note, the 3rd
named author in a communication with S. Shimizu of Tohoku University (Japan)
found explicit formulae of the Bergman kernel and metric; the result, showing the
positivity and the completeness of the Bergman metric, is presented in [AGK].
Now, consider the famous examples (for ¢ = 0, 1)

15
Q8 = {(z,w) € C*: Rew + ¢|zw]® + [z + —Re |zI°2° < 0}

called the Kohn-Nirenberg domain. The case & = 0 was studied by Herbort [Herb];
its Bergman metric is positive and complete. The other case is not so much different,
but requires some care. See [AGK] for details; the main theme of [AGK] is to set
up a method that can be used in this direction of study, and we shall present a brief
survey on this in the later part of this article.

A more general question is the following:

Question 1.2 Is the Kohn-Nirenberg domain biholomorphic to a bounded domain?

No progress has been made toward the solution of this problem as far as the authors
are aware of, at least at the time of this writing. However, this may be interesting to
see: according to Bedford and Fornaess [BF], the domain .Qf(N has a holomorphic
peak function at the origin, say /, that is continuous up to the boundary and enjoys
exponential decay. Now if one considers the map f: 25y — C3 defined by

f(z,w) = (h(z, w), zh(z, w), wh(z, w)),¥(z, w) € gy

then f(£25) is a bounded subset of C3. Notice that f is also 1-1 and holomorphic.
This domain is, therefore, Caratheodory (and hence also Kobayashi) hyperbolic.

Question 1.3 Which unbounded convex domains are biholomorphic to a bounded
convex domain?
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For a complex manifold to be biholomorphic to a bounded domain, it must be
Kobayashi hyperbolic. Then any Kobayashi hyperbolic convex domain is known to
be biholomorphic to a bounded domain. However it is still unclear when the bounded
realization of the unbounded convex hyperbolic domain should be convex.

This problem is more attractive when one recalls the theorem of Vinberg,
Piatetskii-Shapiro and Gindikin which says that every bounded homogenous domain
(hence in particular Kobayashi hyperbolic) is biholomorphic to a Siegel domain (of
the second kind). Since every Siegel domain is an unbouned convex domain, the
above question transforms into: “Which homogeneous domains are biholomorphic
to a bounded convex domain?” It is an open conjecture that all homogeneous domains
biholomorphic to a bounded convex domain is a bounded symmetric domain. [Known
as Gindikin’s problem.]

The main focus of this article, however, is upon the Bergman metric, its positivity
and completeness.

2 A Remark on Hahn-Lu Comparision Theorem

Toward Question 1.1, the following (slight) modification of the statement turns out
to be useful:

Theorem 2.1 (Hahn-Lu Comparison Theorem, II) If the Bergman kernel Ky of a
complex manifold M satisfies the condition Ky (p, p) # 0 at p € M then, for the
Caratheodory pseudometric ¢y and the Bergman (pseudo) metric By, it holds that

(s (p.v)?* < Bulp(,v). Vv € T,M.

Here, the Caratheodory pseudometric is the classic concept defined upon the
family (M, D) of the holomorphic functions of M with image contained in the
unit open disc D in C:

cv(p,v) = sup{ldyr,(V)|: ¢ € (M, D), ¥(p) = 0}.

The Bergman (pseudo) metric at p is defined by the matrix representation (with
respect to a holomorphic local coordinate system) with its jk-th entry

2
07;0Zk

Bjk(p) = log K+ (z, 2),

p

where K, is the complex-valued function defined by

Ky(z,w) =Koz, wydzy A ... ANdzg Adwip A ..o A dwy,.
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We recall that K s denotes the Bergman kernel of M. Notice that, if Ky, (p, p) # 0,
then the Bergman metric is nonnegative, but it may not in general be positive (or,
positive-definite in this case). This is why we used the term “pseudo” in parentheses.

The theorem was proved in 1958 by Q.-K. Lu (the transliteration of his Chinese
name then was written as K.-H. Look) for the bounded domains and was proved
independently by K. T. Hahn around 1976 for complex manifolds with the assumption
that both Caratheodory and Bergman metrics are positive [Lu, Hahn76]. Their proofs
were essentially the same.

Then we observed that the “short” proof presented by Hahn in [Hahn78] actually
demonstrated more than what was written in the statement of the theorem. Indeed,
the above statement is just the result of the arguments there.

On the other hand, the significance of this observation is that this current version
can be useful for showing the positivity of the Bergman metric; notice that the
Bergman metric is positive whenever the kernel is nonzero and the Caratheodory
metric is positive.

3 A Technique for Positivity and Completeness of Bergman
Metric

From the preceding section, it became obvious that one should study the class of
square integrable functions. The following theorem provides a technique which has
turned out to be useful.

First we set the notation: we put 8y (z) := min{l, dist (z, C" \ U)}, where U
is an open subset in C" and “dist” means the Euclidean distance. Moreover, with a
holomorphic function g, define Z(g) = {z: g(z) = 1}.

Theorem 3.1 (Ahn et al. [AGK]) Let 2 be a domain in C". If p € 052 satisfies the
following two properties:

1. There exists an open neighborhood V of p and a function g € O(V) supporting
VN2 atp.

2. Thereare constantsry, r, r3withQ <ry <ry <r3 < land B"(p,r3) C V,and
there exists a Stein neighborhood U of 2 and a functionh € O(2UV)NO*(V)

satisfying

Z,NUNB"(p,r2)\ B"(p,r1) =0 )
and
Su )™
h 2 _— 2
Ih(z)| SCO(H_”Z”2)2, € )

for some positive constant Cy, then §2 admits a holomorphic peak function at p.
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The reader would agree that construction of globally bounded holomorphic func-
tions with peaking property at boundary points should be useful in the light of the
exposition of this article, but would ask a question, incidentally, whether the condi-
tions in the hypothesis of this theorem can be met in a broad collection of domains.
We shall discuss this point in the next section with examples.

4 Examples

4.1 The Kohn-Nirenberg and Fornaess Domains
The first is the Kohn-Nirenberg domain mentioned earlier:
0 2 g, 19 2.6
pn =1, w) e Co: p(z,w) =Rew + [z|° + 7Re |z|7z” < 0}

For this domain we use the holomorphic peak-function, say f, constructed in [BF].
It enjoys the following properties:

e f vanishes nowhere,

e | f| decays exponentially at infinity. In particular it is square-integrable on £2, =
(o < ezl® + wh,

e f peaksat (0,0),i.e., |f(z)] < 1forevery z € 2xn, and f(z) — 1 as z € 2xkn
approaches (0, 0).

Thus one may let this f take the role of 4. Then this constructs, via Theorem 3.1,
global peak functions at every strongly pseudoconvex boundary point. Then the other
properties (such as the facts that all weakly pseudoconvex boundary points are in
the orbit of (0, 0) via the action by translation, and that the domain is weighted-
homogeneous) combined shall imply that the domain is complete Caratheodory
hyperbolic. Then the comparison theorem of Hahn-Lu applies here and one obtains
that the Bergman metric is positive and complete.
The other domain

15
‘QI](N ={(z,w) € C%: p(z,w) =Rew + [zw|> + |21® + 7Re 12122° < 0}

as well as similar domains constructed by Fornaess [Fspso] can be shown, after some
minor adjustments, to satisfy the same conclusion that their respective Bergman
metric is positive and complete.

4.2 Other Domains

Herbort presented in [Herb] the concept of domains with diagonal type, and showed
that their Bergman metrics are positive and complete. Our method is more general
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in its nature and shows that the same conclusion holds for all domains defined by a
weighted-homogeneous pluri-subharmonic polynomial defining function regardless
the dimension.

Notice that Theorem 3.1 concerns only the technique of finding a global peak func-
tion starting with alocal holomorphic support function. This procedure is independent
of the particular features of the defining function such as weighted-homogeneity. In
fact this theorem works for the domain defined by |w| < exp(—|z|?) for instance.

5 Remarks and More Questions

Earlier, the following theorem was discovered:

Theorem 5.1 (Chen et al. [CKO]) If p: C* — R is a pluri-subharmonic func-
tion with lim|;| o p(2) = +00, then the Bergman metric of the domain 2 =
{(20s ..., 20) € C"F 12 Rezg > p(z21, ..., 24)} is positive and complete.

The proof-arguments appear quite different from ours. It is of interest to compare
the two methods. For instance one can observe from the assumptions in Theorem 5.1
that £2 admits a global holomorphic peak function at infinity. Indeed, (z € £2, ||z|| —
) & (z € 82, |z0] — 400). Denote by @ that peak holomorphic function :

Vze 2, |P()] <land lim &(z) = 1.
lz]—>o00

Since the Caratheodory (pseudo)metric decreases under the action of holomorphic
maps, thenlim e, |7|- o0 dg (z, 2% = +oo for every 70 € 2, where d_g denotes the
Caratheodory pseudodistance on £2. The same condtion is satisfied for the Bergman
metric according to the Hahn-Lu comparison Theorem. It seems particularly inter-
esting to investigate the existence of holomorphic peak functions at boundary points
of £2.

Finally, we would like to suggest another problem. Fornaess constructed in [F04]
a manifold exhausted by a sequence of biholomorphic images of the open unit
ball, which admits a nonconstant bounded plurisubharmonic function, and yet its
Kobayashi metric is identically zero. This is called a Short-C¥ for every k > 2. Not
much has been studied on this manifold. Although the problem seems to be beyond
our techniques, we would like to close this article with the following question.

Question 5.1 Does a Short-C* admit Bergman metric?

For further details, the reader is invited to read [AGK].
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Abstract Basins of Attraction

Leandro Arosio

Abstract Abstract basins appear naturally in different areas of several complex
variables. In this survey we want to describe three different topics in which they play
an important role, leading to interesting open problems.

Keywords Canonical models - Bedford’s conjecture - Loewner theory in several
variables

1 The Construction of Abstract Basins

Inrecent years strong links among three different areas of research in several complex
variables were discovered. It was indeed shown that the Bedford conjecture, the
Loewner theory and the theory of models for holomorphic self-maps revolve around
a common concept introduced by Fornass—Stensgnes [FS04] in 2004: the abstract
basin of attraction. Let BY denote the open unit ball in C?, and let (¢, : B? — B?),>¢
be afamily of univalent (holomorphic injective) self-maps. We can think of this family
as a dynamical system whose evolution law may change in time, and we call it a
non-autonomous univalent dynamical system. If ¢, = ¢ for alln > 0, then we call it
autonomous. If 0 < n < m we denote by ¢, ,, the composition ¢, —1 0@y_20- - -0@,.
To construct the abstract basin we take the direct limit of (¢, ), that is, we consider
the following equivalence relation on the product BY x N: let 0 < n < m, then
(x,n) ~ (y, m) if and only if ¢, ;,,(x) = y. The set £2 = B? x N/~ is the abstract
basin of attraction (or the tail space) of (¢;). It comes naturally endowed with a
family of mappings (f,,: B? — £2),>0 which satisfy

fn:fmofpn,ms 0<n<m,
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and which give a complex structure to £2. The abstract basin £2 satisfies the following
universal property: if A is a complex manifold, and (g,: B¢ — A),>¢ is a family
of holomorphic mappings which satisfy

8n =8mo¢Pnm» 0=n=<m, (1.1)

then there exists a holomorphic mapping ¥ : §2 — A such that f, = ¥ o g, for all
n > 0. The mapping ¥ is univalent if and only if the mappings g, are univalent for
all n > 0, and its image is the domain [ J n>0 8&n (BY7) C A.

Remark 1.1 The same construction works for a non-autonomous univalent dynam-
ical system with R™ as an index set, that is, a family of univalent mappings
(¢s.: B? — B?)0<,<; satistying the evolution equation

OuroPsu=¢st, 0<s=<u=t (1.2)

If t = ¢:(2) is locally lipschitz, uniformly on compacta in z, then (gs ;) is called
an evolution family.

We know by construction that the basin §2 is the growing union of the subdomains
fn(B?) which are biholomorphic to B?, however, the complex structure of £2 may be
very complicated. Using a striking example due to Fornass [FO76] it is easy to see
that there exists an abstract basin which is not Stein and which is not biholomorphic
to a domain of C9.

The name ‘““abstract basin of attraction” deserves an explanation. Assume that
there exists a non-autonomus dynamical system given by a family of automorphisms
(®,: X — X), where X is a g-dimensional complex manifold, and a univalent
mapping i : B? — X such that for all n > 0 we have

hog,=®,0h.

Foralln > 0, let @p, := ®,_1 0 P,,_3 0 --- 0 Pg. Then the family g, := <D0_,1l oh
satisfies equation (1.1), and thus, by the universal property, the abstract basin of
attraction £2 of (¢,) is biholomorphic to the domain of X given by

U enBY) ={x € X: @y ,(x) € h(BY) eventually}.

n>0

Assume now that the origin is attracting for the dynamical system (¢,), that is
90.n(z) = Oforall z € B?. Then @ ,(x) — h(0) for all x € h(B?), which implies
that the abstract basin of attraction §2 of (¢, ) is biholomorphic to the “actual” basin
of attraction of (&,) at the point /(0), that is the domain of X defined by

{x € X: @9 pn(x) = h(0)}.
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2 Bedford’s Conjecture

Let ¢: B? — B9 be a univalent mapping fixing the origin such that the spectrum of
the differential at the origin dy¢ is contained in the punctured disc A ~\ {0}. Then the
autonomous univalent dynamical system associated with ¢ is attracting at the origin,
and its abstract basin of attraction is biholomorphic to C? by the Poincaré—Dulac
theory (see e.g. [R88]).

It is natural to ask whether this holds true if we consider non-autonomous dynam-
ical systems (¢,: B¢ — IB?) whose contraction rate at the origin is uniformly
bounded from above and from below.

Conjecture 2.1 ([FS04]) Let (¢p,: B? — BY) be a non-autonomous univalent
dynamical system such that ¢, (0) = O for all n > 0 and that

alzll < llgn @Il < bllzll, n>=0,0<a=<b<1

Then the abstract basin §2 of (¢,) is biholomorphic to C9.

Remark 2.1 Condition b < 1 ensures that ¢g ,(z) — O for all z € BY. If we drop
the condition a > 0 there is the following counterexample by Fornass [FOR03]. Set

On: (2, W) > (2% + aw, an2),

where |ag| < 1 and |a,41]| < a%. Then £2 admits a non-constant bounded plurisub-
harmonic function, and thus is not biholomorphic to C2. Such a domain is called
a short C?, since it shares several invariants with C? without being biholomorphic
to C2.

Conjecture 2.1 is still open, and is deeply studied since Forn@ss—Stensgnes [FS04]
proved that it is stronger than the well-known Bedford conjecture:

Conjecture 2.2 ([BED]) Let X be a complex manifold endowed with a Riemannian
metric, and let f: X — X be an automorphism which acts hyperbolically on some
invariant compact subset K C X. If p € K, then the stable manifold X' (p) is
biholomorphic to C¥, where k is the stable dimension.

Jonsson—Varolin [JV02] showed that the Bedford conjecture is true for every p in a
subset of K which is of full-measure with respect to any invariant probability measure
on K, and Abate—Abbondandolo—Majer [A14] showed that X'(p) is biholomorphic
to CX when the negative Lyapounov exponents of f at p are well defined.
Fornass—Stensgnes [FS04] proved that £2 is always biholomorphic to a domain
of C4. This implies in particular that §2 has to be Stein, and it is also easy to see
that the Kobayashi pseudometric and pseudodistance of £2 are zero everywhere. The
main approach to Conjecture 2.1 consists in adapting the Poincaré—Dulac method
to the non-autonomous setting, and this is why arithmetic relations between a and b
play a capital role. Wold [WOO05] showed that if 5> < a, then £2 is biholomorphic
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to C?. Abbondandolo-Majer [A014] showed that in B? this condition can be loosen

to b2*/1* < 4. Very recently Peters—Smit [PT98] obtained bS < a, and, assuming
all dog, diagonal, b> < a.

Other interesting “weak monotonicity” relations among the eigenvalues of dyg,
are considered in [PEO7, Al14]. See [E35] for a survey on non-autonomous basins
and the Bedford conjecture.

3 Loewner’s Theory

The Loewner PDE in the unit disc was introduced by Loewner [LOE3] in 1923 while
he was working on the Bieberbach conjecture. It was later developed by Kufarev
[KUF43] and Pommerenke [PM65] and is today one of the principal tools in geo-
metric function theory. Recently Bracci—Contreras—Diaz-Madrigal [BC12, BD09]
introduced a framework for a very general Loewner theory which works in com-
plete Kobayashi hyperbolic manifolds (see also [AB11]). We consider the case of
BY. They give the following definition, which is a generalization to the setting of
continuous time of the concept of non-autonomous univalent dynamical system. A
Herglotz vector field on BY is a function h(z, t): B¢ x R* — C¢ such that

1. z — h(z, t) is a semicomplete holomorphic vector field for a.e. ¢ € RT,
2. t — h(z, t) is measurable and locally bounded, uniformly on compacta in z.

They prove that a Herglotz vector field £ is semicomplete in the sense that the
ODE

dz(t)
dr

h(z, t)

has a solution flow given by an evolution family (¢ ;: B — BY)p<s<;-

The Loewner PDE in several complex variables was studied by Pfaltzgraff, Gra-
ham, Duren, Kohr, Hamada, and others (see [PF74, P75, DG10, GKO02, GHOS]). In
[AH13], the Loewner PDE was generalized to the setting of Herglotz vector fields
in the following way:

af:(z)
at

=—d fi h(z,1), aet>0,zeB, (3.1

where h(z, t) is a given Herglotz vector field and where the unknown (f; : B — C%)
is a family of univalent mappings such that r — f;(z) is locally lipschitz, uniformly
on compacta in z.

The following result shows that solutions exist and are essentially unique if we
do not restrict ourselves to solutions with values in C4.

Theorem 3.1 ([AH13]) The Loewner PDE (3.1) admits a univalent solution ( f; : BY
— §2), where §2 is the abstract basin of attraction of the evolution family (¢, ;)
associated with the Herglotz vector field h(z, t). If (g : BY — Q) is another solution,
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where Q is a g-dimensional complex manifold, then there exists a holomorphic
mapping ¥ : 2 — Q such that

g =Yof.
The abstract basin §2 is called the Loewner range of h(z, t) (or of (¢s.)).

Remark 3.1 This result transforms the analytic problem of finding a univalent solu-
tion (f;: BY — C9) for the Loewner PDE (3.1) to the geometric problem of under-
standing whether the Loewner range 2 of (¢y ;) is biholomorphic to a domain of C9.
For example, in one variable, we know that §2 is non-compact and simply connected
(since it is the growing union of discs). Thus, by the uniformization theorem, it has to
be biholomorphic to C or to the disc A. In either case it is biholomorphic to a domain
of C, and hence we obtain that the Loewner PDE in one variable always admits a
univalent solution, as proved by Contreras—D{iaz-Madrigal-Gumenyuk [ON10] with
a different method.

This embedding problem was solved in [AW13] using two major tools: a result
of Docquier—Grauert [DO60] which implies that for all 0 < s < t the pair
(fs(B?), f;(B?)) is Runge, and Andersén—-Lempert theory.

Theorem 3.2 The Loewner range $2 of (¢s.;) is biholomorphic to a domain of
C4. As a consequence, the Loewner PDE (3.1) always admits a univalent solution
(fy: B4 — C9).

An interesting open question is to find conditions for a Herglotz vector field A (z, )
which ensure that its Loewner range £2 is biholomorphic to C?. Some conditions are
given in [AR11, AR13, AR12]. We can also formulate a continuous-time analogue
of the Bedford conjecture. Recall that if A is a linear endomorphism of C?, we denote
m(A) := min{Re(Az, z): |z] = 1} and k(A) := max{Re(Az, z): |z| = 1}.

Conjecture 3.1 Let h(z,t) a Herglotz vector field on B? of the form h(z,t) =
A(t)z + O(|z|?). Assume that

1. m(A(t)) > Oforall + > 0 and fooom(A(t))d(t) = 00,
2. there exists £ € R such that £m(A (1)) > k(A(¢)), forall t > 0.

Then the Loewner range of /(z, t) is biholomorphic to C9.

Consider the evolution family (¢s ;)o<s</ associated with (z, t). Notice that any
discretization of the index set R gives as a result a (discrete) non-autonomous
dynamical system (@, m)o<n<m. The abstract basins of the two families are easily
seen to be biholomorphic. The assumptions in Conjecture 3.1 allow to discretize the
index set R in such a way that (®n,m)o<n<m satisfies the assumption of the Bedford
conjecture. Thus Conjecture 3.1 is weaker than the Bedford conjecture.

For a survey on Loewner theory, see [AB10].
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4 Models

The idea of using representation models to understand the local dynamics of holo-
morphic self-maps goes back to the birth of complex dynamics itself, that is the
introduction in 1870 of the Schréder equation [E70, SC70]. Let f: A — A be a
holomorphic self-map of the unit disc fixing the origin. Assume that 0 < | f/(0)| < 1.
Then the origin is an attracting fixed point, and the Schroder equation is the following:

cof=f(0)oo, (4.1)

where 0: A — C is an unknown holomorphic function. This equation was solved
in 1884 by Konigs [KO84], which showed that there exists a holomorphic solution
o, which is unique if we impose o (0) =0, ¢’(0) = 1.

If f has no interior fixed points, then by the Denjoy—Wolff theorem there exists a
pointa € d A called the Denjoy—Wolff point such that f” converges to a uniformly on
compacta. Moreover the dilation of f at a is defined as the following non-tangential
limit:

Zlim f'(z) = % € (0, 11.

The mapping f is called hyperbolic iff A € (0, 1), and is called parabolic iff A = 1.
Let H denote the upper half-plane. If f is hyperbolic, Valiron [VA31] proved in
1931 that there exists a holomorphic function o : A — H such that

1
Gof_xa,

and any other solution is a positive multiple of o. Notice that the growing union
UpmeN A™o (A) fills the whole half-plane H. If f is parabolic, Pommerenke—Baker
[PO79, BA79] proved in 1979 that there exists a holomorphic functiono: A — C
such that

cof=0+1.

In this case we have two cases for the complex structure of the growing union
UpenN (0(A) — m). Recall that, if z,, := f™(zo) is an orbit, its step s(f, zo) is
defined as lim;;,— o0 kA (2, Zm+1), Where k denotes the Poincaré distance of the
disc A. Such a limit exists thanks to the non-expansiveness of the Poincaré distance.
We have the following dichotomy:

1. for any orbit (z,,) we have s(f, zo) = 0 (zero-step),
2. for any orbit (z,,) we have s(f, zo) > 0 (nonzero-step).

The union U,, < (6 (A) — m) fills the whole C in the zero-step case, and is biholo-
morphic to A in the nonzero-step case.

Letnow f: B? — BY. If the origin is an attracting fixed point, then the Poincaré—
Dulac theory applies and one can solve a generalized Schroder equation in several
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complex variables (see e.g. Rosay—Rudin [R88]). If there are no fixed points in BY,
then as in one variable there exists a Denjoy—Wolff pointa € 0BY, such that f" — a
uniformly on compact subsets. The dilation of f at a is defined as

-l

lim inf =Ar¢€(0,1]

a1 -z
Again the mapping f is called hyperbolic iff A € (0, 1), and is called parabolic iff
A = 1. Zero-step and nonzero-step are defined as in the disc using the Kobayshi
distance instead of the Poincaré distance (notice however that it is not a dichotomy
anymore).

There are several generalizations by Bracci, Poggi-Corradini, Gentili, Bayart,
Jury (see [GO5, BGP10, JU10, BAOS8]) of the Valiron and Abel equations in the
unit ball which require additional regularity at the Denjoy—Wolff point a € BY.
All are obtained by scaling limit arguments. In 1981 Cowen [CO81] unified the
Schroder, Valiron and Abel equations in a unique framework, introducing the concept
of model (without naming it). Models in several complex variables were recently
introduced in [AM73]. If f: B? — B is a univalent mapping, a semi-model for
f is given by a complex manifold §2 (the base space), an automorphism i of £2
and a holomorphic mapping #: BY — §2 such that h o f = 1 o h. We also assume
2 = Uyuen ¥ " (h(B?)). If & is univalent, then we call (§2, ¥, h) a model for f.

Theorem 4.1 ([AM73]) Every univalent mapping f: B? — BY admits a model
(82, h, r), where §2 is the abstract basin of attraction of the autonomous univalent
dynamical system associated with f. Moreover, if (A, £, ¢) is any semi-model for f,
then there exists a surjective holomorphic map ¥ : §2 — A such that the following

diagram commutes:
B4 ¢ A
\ V
f 2 ¢

The complex structure of £2 is not known in general. However, we can single out a
semi-model on a possibly lower dimensional ball B* which contains all the Kobayashi
pseudodistance information of the model. Since §2 is the growing union of domains
which are biholomorphic to BY, there exists, by a result of Fornass—Sibony [FS81], a
surjective holomorphic submersion r: 2 — B*, where 0 < k < q, on whose fibers
the Kobayashi pseudo-distance of §2 vanishes. This implies that the automorphism



64 L. Arosio

¥ preserves the fibers, inducing an automorphism 7 of B* such that the following
diagram commutes:

B4 4f>IB§(1

hlwlh

2 —2

Bf —— Bk,

Set £ := r o h. The semi-model (IBS]‘, £, t) is called the canonical (K obayashi
hyperbolic) semi-model: every other semi-model with Kobayashi hyperbolic base
space is a factor of this one.

Let us discuss what happens in the unit disc. If f is hyperbolic with dilation A,
then by the Valiron equation it has a model with base space A, and the automorphism
Y is hyperbolic with dilation A. The canonical semi-model coincides with the model.
If f is parabolic nonzero-step, then by the Abel equation it has a model with base
space A, and the automorphism v is parabolic. The canonical semi-model coincides
with the model. If f is parabolic zero-step the base space of the model is C and thus
the base space of the canonical semi-model is a single point. In [AM73], the first two
cases are generalized to several complex variables.

Theorem 4.2 Let f: BY — B? be a hyperbolic (resp. parabolic nonzero-step) uni-
valent mapping with dilation ). Let (B*, €, t) be its canonical semi-model. Then
k > 1 and t is an hyperbolic (resp. parabolic) automorphism with the same dila-
tion M.

Corollary 4.1 Let f: B? — B? be a hyperbolic univalent mapping with dilation
M. Then there exists a holomorphic solution © : BY — H to the Valiron equation

1
Oof=-6.

The following questions are open.

Question 4.1 Tt would be natural to conjecture the following dichotomy (which is
true in one variable and for linear fractional mappings of B?): if f: B? — BY is a
parabolic univalent mapping and (B¥, £, 7) is its canonical semi-model, then either
7 is a parabolic automorphism, or k = 0 and the canonical semi-model is trivial.

It is known that the automorphism 7 cannot be hyperbolic, however it is an open
question whether a parabolic univalent mapping f: B? — B? can have a canonical
semi-model (IB%", £, v) with k > 0 and t with an interior fixed point.

Question 4.2 If f: B? — B? is univalent, are the fibers of the holomorphic sub-
mersion £2 — B* biholomorphic to C47*? Is it true that §2 is biholomorphic to
B¥ x C47*2
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Remark 4.1 By a result of Forness—Sibony [FS81], if k = ¢ — 1, then the answer
to Question 4.2 is affirmative.
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Invertible Dynamics on Blow-ups of PX

Eric Bedford

Abstract This is a survey of some recent results on the iteration of (pseudo) auto-
morphisms of blowups of k-dimensional projective space.

Keywords Pseudo automorphism - Birational map - Dynamical system - Rational
manifold

1 Introduction

Let X be a complex manifold, and let f be an automorphism, i.e. biholomorphic
self map, of X. We discuss the project of finding compact complex manifolds X
which carry automorphisms f which are dynamically interesting. If the dimension
of X is 1, then X is a compact Riemann surface, and if the genus is at least 2, then
Aut(X) is finite. The other two cases are when X is a torus, in which case the auto-
morphisms are essentially translations, or X = P!, in which case the automorphisms
are linear (fractional). Thus, to find maps with interesting dynamics, we must start
with dimension 2. In this case, a Theorem of Cantat (see [C1, C2]) restricts the set
of possible surfaces X. This raises the question to know exactly which surfaces X
might arise in these cases. Some basic ergodic properties hold for all automorphisms
with dynamical degree > 1, but little is known about the topological properties of
such maps. Here we focus on the case where X is a blowup of P? and we describe
some of the results that are known.

Next we will consider the case of dimension 3 and higher. In this case, we find that
it is natural to widen our search to manifolds X which carry pseudo-automorphisms.
These are birational maps whose indeterminate and exceptional behaviors only influ-
ence subvarieties of codimension 2 and greater. It is the purpose of this paper to
discuss pseudo-automorphisms that can be obtained from birational maps of P* by
blowing up, and in this discussion we formulate a number of open questions.
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2 Rational Surfaces

The group of automorphisms (biholomorphic self-maps) of complex projective space
P*is PG L(C, k+1), which may be written as linear fractional transformations of CX.
We can widen this class of manifolds by blowing up. In terms of complex analysis,
all the global holomorphic functions are constant, and this is not changed by blowing
up. However, the set of biholomorphic self-mappings might change.

Let us start with dimension 2 and the classical example of the Cremona Involution,
which on C? is given by (x, y) — (1/x, 1/y), and on projective space we write it
as a mapping of degree 2:

J i [xo:xpix2] = [1/x0: 1/x1 2 1/x2] = [x1x2 2 x0x2 : x0x1]

A rational (or meromorphic) mapping is said to be regular at a point p if it is
holomorphic in a neighborhood of p. The indeterminacy locus of a rational map
f X --» Y, written .# (f) is defined as the set of all points where f is not regular.
It may be shown that if f is indeterminate at a point p, then f blows up p to a
variety V C Y, and the dimension of V is at least one. This “blown up” image
V may be defined in more than one way. One of them is simply the cluster set:
V = ﬂ8>0 closure (f(B(p, &) — Z(f))), where B(p, €) denotes the ball about p
with radius ¢.

If W C X is any subvariety, and if .# () does not contain any irreducible compo-
nent of W, then W — . (f) is dense in W. The closure of the image f(W — .Z(f))
is a subvariety of Y, and we call it the strict transform of W. A general fact is that
the indeterminacy locus has codimension > 2. Thus if H C X is a hypersurface,
then we may take its strict transform f(H) C Y. We say that a hypersurface H is
exceptional if the codimension of f(H) is > 2.

With these definitions, we see that the indeterminacy locus of J is #(J) =
{eo, e1, ez}, and the lines ¥; := {x; = 0}, j = 0, 1, 2, are exceptional. Since J is
an involution, (i.e. J> = identity), we see that J blows up e j to X'j. Geometrically,
J acts as an inversion in the coordinate triangle, as shown in Fig. 1.

Now we blow up of P? at the point eg. This is a new manifold X with a holomorphic
projection 77 : X — IP? with the properties: (1) the exceptional fiber Eq := 7~ (e)

Fig. 1 Indeterminate point €9

epg=[1:0:0] <

exceptional curve b
o = (0 = 0) b

60 61
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Fig. 2 The space X
obtained by blowing up ep;
action of the induced map Jx

is isomorphic to Pland Q)7 : X — Eg — P2 — {ep)} is biholomorphic. We may
represent X in local coordinates (£1, &) over P2 - 5,

m(EL, &) =[1:& :&1&] =[x x1:x2], 7' (x) = (& = x1/x0, &2 = x2/x1)

Figure2 shows the new blowup space X in the (&1, &») coordinate chart. The
point ep has been replaced by a curve (called exceptional or blowup divisor) E(. The
projection = maps X — Eg biholomorphically to P> — {eg}. Since eg ¢ Xo, w1~ is
holomorphic in a neighborhood of X, and via this biholomorphism, we have a new
curve 7~ ! X inside X. We write this again as X, although technically it is the strict
transform of Xy in X. We may also use 7~ ! to lift the curve X — {eg} to X — Ejp;
inside the (&1, &) coordinate chart, this corresponds & = oo. The closure of this set
is a curve in X, which is the strict transform E{ of X1. Although the curves X'| and
X| are isomorphic, their normal bundles are not.

Now we describe the behavior of the induced map Jx := 7! o J o 7 in the part
of the (&1, &)-coordinate chart where & # 0, co. Jx will map this set into X — Ej,
which is mapped biholomorphically to P? — {eq} by 7. We represent its range in the
homogeneous x-coordinates as

IxELE) =J(: & &) =0:&" &6 =818 6 1]

which shows that Jy is regular in this coordinate chart.

To summarize: the induced map Jx has two points of indeterminacy e; and e>.
The exceptional locus of Jx consists of the strict transforms of X and X;. If we
continue this process and blowup all 3 points e, e; and e, then we obtain a manifold
Z, and the induced map Jz is an automorphism of Z. This is pictured symbolically
in Fig. 3, where all 3 blowup divisors are represented as red (thicker) segments, and
the strict transforms of the X'; are blue (thinner) segments. Together, they form a
hexagon, and the action of the induced map Jz is to interchange opposite sides of
the hexagon.

Thus we have started with a birational map and have obtained an automorphism
on some blowup of P2, We will explore the question of how much more generally this
might work: what are the birational maps of P? that might lead to automorphisms after
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Fig. 3 The space Z obtained
by blowing up ey, e, e2; the
action of the induced map Jz

some blowups? For instance, de Fernex and Ein [dFE] have shown: If f : X --» X
is a birational map of finite order (i.e. if " is the identity for some N ), then there
is an iterated blowup w : Z — X such that the induced map fz is an automorphism
of Z.

3 Degree Complexity, or Dynamical Degree

Every holomorphic or rational map f : PK --» P is represented by polynomials
f=1[fo: -1 fi] of acommon degree d. Dividing by the GCD, we may suppose
that the degree d is minimal, and we set deg( f) := d. The dynamical degree is the
limit

5(f) = lim (deg(f")"".

We may think of § as the degree complexity, or as the exponential rate of degree
growth of f" as n — oo. We note that 1 < § < d, and for “generic” f we have
8 = d (see [FS1, FS2]). The cases we are interested in, however, are when f is an
automorphism (or pseudoautomorphism) with § > 1, and in this case § is algebraic
but never rational (see [B]). In particular, it follows that § < d.

We may consider the lift F = (Fp, ..., Fy) of f to a polynomial self-map of
C**1 . In this case, F" = F o --- o F is the usual composition of polynomials, and
the degree of F" is d". Let us write F"" = xp,,F<">, where 1, is the GCD of F”". In
this case, we have deg(F ) ~ 8", and deg(,,) ~ d" — 8", s0 r,, carries almost all
the degree of F".

The degree of f is closely related to how it pulls back hypersurfaces. Recall
that H2(P*) = H1(PX), and H?(P*; Z) is generated by the class of a hyperplane,
which we will again write as H. If V is any hypersurface, then its class is given
by deg(V) - H € H*(PX; Z) corresponding to its degree. The pullback of the class
of a hyperplane H = {3 cjx; = 0} is given by the class of {>_¢; f; = 0}. Thus
S*H =deg(f)H.
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Let B8 denote any Kihler form (for instance, the Fubini-Study form) with
fpk BX = 1. Then deg(V) = fV B51. It follows that for a generic hypersurface
H, we have

, ~ 1
§ = nlgnoo (Volk_l (f n(H))) /n

1/n . 1/n
= lim ( / ﬁk_l) = lim ( / ﬁ"_lf\(f”)*ﬂ)
n—oo .f—nH n—0o0 ']P>k

so the dynamical degree also measures the exponential rate of growth of (k — 1)-
dimensional volume under pullback.

It would be convenient if we could have (f)* = (f*)". In our case, that would
mean that deg(f") = (deg(f))" (see [FS1, FS2]). In dimension k = 2, [DF] showed
that there is an iterated blowup 7 : X — P2 such that the induced map fy :=
771 o f ox does satisfy (f¥)* = (fy)". Inthis case, we let By := 7*(B), so these
integrals become:

1/n 1/n
§ = lim (/ 5A(f”ﬁﬁ) = lim (/mﬂXA(fﬁfﬂx)
n—oo P2 n—0oo X
1/n
— nhﬁngo (A Bx A (f;)n,BX) = ”f;”sp

where || - ||sp denote the spectral radius, i.e. the modulus of the largest eigenvalue.
The reason that the growth of Bx under (f¥)" gives the growth of [|(f¥)*|| is that
since it is a Kahler form, it can lie in an eigenspace only if § = 1, and thus (f¥)" Bx
must grow like the largest eigenvalue.

To give a simple example of the regularization of a map, we return to the map J
from §1. In this case, we have J* = 2, which means that J* acts on the generator
of H*(P?; Z) as multiplication by 2. On the other hand J? is the identity map, so
(JH*=1#4= "2

Now consider the space X, which was obtained by blowing up P? at the points e,
e1, 2. The cohomology group HZ(X; 7) has the ordered basis (Hy, Eqg, E1, E2),
where Hy denotes the class of the strict transform of a generic hyperplane (line),
and E; denotes the class of the exceptional fiber over ¢;. Let us see how to represent
J with respect to this basis. Since Jx is an automorphism of X, we see that J§ :
E;j < 2; Next we need to represent 2} with respect to this basis. Inside P2,

we have that X; = H is the generator of H 2(P2; 7). Now let us pull this back
under 7*. It follows that 7*H = Hy = m*X;. On the other hand, suppose for
instance that j = 0. Then Xy contains e; and e>, so when we pull back, we get
the total preimage, and 7*(Xy) = X + E| + E>. This gives J§ : E; — Z‘} =
Hy — E| — E;. Finally, J_l{z cjxj = 0} = {cox1x2 + c1x0x2 + c2x0x1 = 0},
so J! 1 cjxj = 0} contains {eg, e1, e2}. This is a curve of degree 2, so its class
in H2(P?) is 2H. We apply 7* to 2H = J~'{3 ¢;x; = 0} and find that we have
2Hx = J7 (> cjxj =0}x + > E, inside H?(X). Since Jy is an automorphism,
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we obtain J§ = JI> cjxj = O}x = 2Hx — > E,. Writing this as a matrix

2 1 1 1
. . -1 0 —1-1 . .

with respect to our ordered basis, we find J; = 1210 -1l which satisfies
—1-1-10

JH?=1.

In the preceding heuristic argument we did not take into account the multiplicities
of the E,, which in fact turn out to be 1in this case. In higher dimension, they are
> 1.

4 Some Rational Surface Automorphisms with § > 1

We start with a particularly simple family of planar rational maps:

+a
Jap(x,y) = (y, ch +b) 1 C? --» C?

We may write this in homogeneous coordinates [xg : x1 : x2] = [1 : x : y] as

Jap o [x0 :x1 2 x2] = [x0(bxo + x1) : x2(bxo + x1) @ xo(axo + x2)]

The points of indeterminacy are {ej, e2, p = [l : —b : —a]}. The Jacobian deter-
minant is 2xg(bxg + x1)(axo + x»2), which vanishes on three lines, which are the
exceptional curves of f, . Choosing a linear map mapping this triangle to the stan-
dard coordinate triangle {xox;x2 = 0}, we may conjugate f, 5 to a map of the form
LoJ,where L islinear, and J is the map from §1. The triangle of exceptional curves,
shown in Fig. 4, is mapped as:

Yg={bxo+x1=0}—>er-->2y)—>e - X, ={axg+x=0 > qg:=[1:-a:0]

Now let us construct a new space Y by blowing up P2 at the points 1 and e;.
We see that the induced map fy has one exceptional curve X, and one point of
indeterminacy p. If the orbit of ¢ lands on p, i.e. if f¥g = p, then we may blow
up the orbit ¢, fq, ..., fNq = p.If we start by blowing up ¢, then X, is no longer

by blowing up ey, e>; action
of the induced map fy

o

Fig. 4 The space Y obtained
& P %m m\_/ez
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exceptional, but the blowup fiber Q over ¢ is exceptional. Next, we blow up fq,
so Q is now mapped to f Q (the fiber over ¢) and is no longer exceptional. We
continue over the whole orbit and obtain an automorphism, since the fiber P over
the indeterminate point p now maps in a regular way to the line ge,, which is drawn
in (dashed) black in Fig.4. (It is easy to see that this line is what we would expect
because p = ¥, N Xg,and X}, — g, Xg > ez, so we expect p to be blown up to
qez.)
Let us define the set

=1, b) € C: £Y,(@) = [y(—a,00 = p = (=b, —a)}

From ([BK2], Theorem 2) we have: If (a, b) € ¥y, then there is a blowup X such
that the induced map fx is an automorphism.

Now let us suppose that f; ; is an automorphism and show how determine f.
We may use the basis (Hy, E1, E2, P = fNQ, f¥=10Q, ..., Q) as an ordered basis
for H2(X; 7). Since fy is an automorphism, we can read off the behavior of fx !
from Fig. 8:

[ Ei> X0, Ey> 55 P= N0 V10 o5 0 X
Further, as we saw in the case of Jx, we have
Z‘é:HX—E]—Ez, Z’é:HX—P—Ez, E;:Hx—El—P
and
fx: Hx—2Hx —E| —E;— P

This defines f§ on all the basis elements of H 2(X), so we may now compute the
characteristic polynomial of f§, and we find that it is:

v =t B D)+ 21 4.1)

The dynamical degree of f; j is the spectral radius of f¥, which is the largest root
of xn. We conclude (cf [BK2]) that: If (a, b) € ¥y, and if N >, then f,p is an
automorphism of X with §(fp) > 1.

It is known that #x # @ for all N (see [M] and [BK3]), but: It is not known
whether ¥y is discrete for N > 7. For generic (a, b) € C?, the dynamical degree of
Ja.b 18 85 ~ 1.324, the largest root of 13 —t — 1. Does the cardinality of ¥y grow
like (Siv as N — 00?
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5 Connection Between Dynamical Degree and Length
Growth: A Graphic Example

If we choose (a, b) € #7, then the map f,  in §3 will be an automorphism with
8 ~ 1.17628, which is the largest root of x7; from (4.1). By the discussion in §2,
we know that the nth iterate of a (complex) line will have 2-dimensional area ~ §".
This is closely related to the fact (see [C2]) that the entropy of f, ; is log§. There
is only one map f, , (and its inverse) with (a, b) € ¥7 N RZ2. The restriction of this
map to X, the real points of X was shown in [BK3] to have entropy log §. Figure5,
taken from ([BK2], Figure A.1), shows the example of the real point (a, b) € 77.
This shows the image of a line L after n iterations, and inspection shows empirically
that the length grows ~ §”.
To represent the real projective plane, we have taken the usual polar coordinates
(r, 0) and replaced them by modified polar coordinates (p, 6), where p = arctan(r).
Thus lines appear to be circular in these coordinates. The exceptional curve X
is the outer circle bounding the picture, and the exceptional curves X'z and X, are
labeled. The intersection points of any two of these exceptional curves are necessarily
indeterminate. The image of X', is labeled “0”, and the image of “0” is “1”, etc. The
cubic invariant curve is pictured, and the two fixed points are on this curve, close
together, just above the number “7” (which is the label for the indeterminate point
Xg N Xy).
The forward image of the line L appears to be “bunched” at the points “0”, “1”,
. These points are blown up in the construction of X, so the “bunching” is an
artifact of the projection v, which takes all the points of a blowup fiber and collapses
them to a point. It appears that " L may converge to a lamination as n — 00, and it

Fig.5 f(x.y) =

(- ¥55
x+b)

a = —0.499497,

b = —0.415761

€]
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would be interesting to know whether this is true. (A related map was shown to have
a lamination in [BD].)

We note that one of the fixed points is attracting, and the basin has full area (see
[M, BK3]). Another graphical representation for this map is to choose a point of the
basin and plot its orbit under f~!, as was done in ([M], Fig. 1). It is striking to see
the similarities between these figures, the main visual difference coming from the
coordinate systems used: affine for ([M], Fig. 1) and compactified polar for Fig.5
above.

6 Heuristic Picture: Dynamical Complexity Versus Degree
Complexity

The main goal of this paper is to discuss maps with interesting dynamics, so let us
give some examples of interesting dynamics. In dimension 1, we consider a rational
map f : P! — P! with degree(f) = 6(f) = degtop(f) > 1. Such maps are not
invertible. One of the basic results of the subject concerns the backward dynamics
of f,1i.e. the distribution of preimages of a point.

Theorem ([Br, FLM, L]). For almost all points zq there is a limiting distribution of
point masses over the preimages of zo:

{a: f"(a)=z0}

This measure is balanced, which means that, locally, f*u s = d - s. Thus, as we
consider backward iteration, the different branches of f -1 give wr(S;) = ur(S)/d.
The effect is like Bernoulli trials, as illustrated in Fig. 6.

If K C X is a compact set, and if f : X — X, then we may define the stable
set WS (K) := {x € X : dist(f"(x), K) — 0 as n — oo}. The unstable set W*(xq)
is defined as above, with f replaced by f~!. In dimension 1, if x¢ is a repelling
periodic point, the stable set of a point W* (xg) is just the set of all preimages of xg.
The Theorem above says that the asymptotic distribution of W* (xg) is independent
of x¢. In dimension 2, the stable set has the structure of a manifold (curve).

Stable Manifold Theorem. Let f : X — X be an automorphism of a complex
surface, let xo be a saddle fixed point, and let

Fig. 6 Choosing preimages
of a point is like flipping a
d-sided coin
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Fig. 7 Stable/unstable
manifolds for the Horseshoe
Map fC,a(x7 )’) =
(c+ay— x2, —x) with
c=6.0,a=0.8

W (x0) := {x : lim dist(f"x, xo) = 0}
n—>0oo

be its stable set. Then there is an injective holomorphic immersion & : C — X such
that £(C) = W*(xq).

A classic example is the Horseshoe Map. Figure 7 is the R? slice of a complex
automorphism of C2. It shows the stable and unstable manifolds of a saddle fixed
point xo, which is marked in the upper left. The arcs which are essentially “left-right”
(with bends) are contained in W* (x). They are cut off by the viewbox of the picture,
but they are connected in R%. Similarly, the arcs which are oriented in the “up-down”
sense are contained in the stable manifold W* (x(). In the case of the horseshoe, the
closure of W*(xg) is a complicated set; a laminar structure is clearly visible.

We summarize some dynamical properties of the horseshoe map:

e Allpoints outside W* (xo)UWH (x() escape to infinity in either forward or backward
time.

W5 (x0) N W (xg) = Cantor set x Cantor set

Saddle (periodic) points are dense in W9 (xg) N W¥(x0)

Dynamics on Cantor set x Cantor set is conjugate to the shift on {0, 1}

The closure W*(zg) is the same for all saddles z.

In the 1-dimensional case, the stable set is W*(xo) = J,~ f " (x0). This is an
infinite set whose closure contains the Julia set. If we start with an element xq in the
Julia set, then f~"(xp) will also be contained in the Julia set, and it will fill it out
as n — oo. By the Theorem at the beginning of this section, we may think of the
invariant measure p as describing how the sets W*(xg) accumulate. We want to do
something similar in the 2-dimensional case. Suppose that y is an oriented curve in
R?, or if I is a complex submanifold of C?. If y has locally bounded length (or if
I" has locally bounded area), we can consider the current of integration [y ], which
acts on test forms by ¢ +— fy ¢. In the case of the horseshoe, we cannot define the
current of integration [W* (x¢)] directly, but we may construct a current by taking the
average over arcs of stable manifolds in #°. Thus, instead of an invariant measure,
we have a family of transversal measures, which assign mass to families of stable
arcs. When we map #° by f~!, each individual stable manifolds is stretched, but
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WS

stable manifolds

transversal measures /

y holonomy equivalence

Fig. 8 Mapping by f~! acts on the family of transversal measures

the action on the set of transversal measures is very much like the Bernoulli trials that
we saw in the 1-dimensional case. Thus f -1 maps one stable manifold to another,
mixing them in the same chaotic way we saw in dimension 1 (Fig. 8).

While this phenomenon is rather special for real mappings, such as the horse-
shoe, it happens quite generally in the complex case. If f is an automorphism of a
complex surface with §(f) > 1, then there is an invariant current 7° which satis-
fies f*T* = 8T*. This current always exists, but it does not always have the same
elegant geometric laminarity that we have seen in the case of the horseshoe. The
current 7° can be sliced by a complex disk, and such slices 7%|p will serve as a
family of “transversal measures”. If we work in a more measure-theoretic sense, we
can assign a laminar structure to 7°*, and such currents have been useful in studying
the dynamics of f. With Misha Lyubich and John Smillie, we have written a series
of papers on the subject. See [D1, D2, D3] for a more recent treatment.

7 What Are the Compact Surfaces X Which Carry
an f € Aut(X) with §;(f) > 1?

Using the Kodaira classification of surfaces, Cantat gave the following answer:

Theorem [C1]. Suppose that X is a compact complex manifold of (complex) dimen-
sion 2, and there is an automorphism f of X with §(f) > 1. Then X is a blowup of
one of the following cases:

e X isatorus, and f is a “standard” torus automorphism.
e X is a K3 surface, or a finite quotient of one of these.
e X is arational surface

This leads immediately to the more precise question: What are the surfaces and
maps that actually occur for K3 or rational surfaces? The K3 surfaces or rational
surfaces which can carry nontrivial automorphisms are quite special and not easy to
find.

The set of all K3 surfaces has dimension 20, and the set of the family of K3
surfaces that carry nontrivial automorphisms has smaller dimension. On the other
hand, by [BK4], rational surfaces with automorphisms with § > 1 can occur in



78 E. Bedford

families of arbitrarily large dimension. This leads us to expect that a more interesting
variety of dynamical behaviors will be found within the class of rational surfaces, so
we concentrate on them, rather than on K3 surfaces.

Theorem (Nagata). If a rational surface X carries an automorphism with § > 1,
then X is an (iterated) blowup 7w : X — P? of the projective plane.

Any rational surface X can be obtained from P? by a series of blowings up and
down. This Theorem says that X can be obtained by blowups alone.

Thus one possible approach is to look for birational maps g : P> --» P? which
can be lifted to automorphisms, as was done in §2—4. Another approach which
has been productive is to require that the automorphism have an invariant curve.
McMullen gave a “synthetic” approach to this question, and Diller [Di] has shown
all the possibilities for rational surface automorphisms with invariant curves, and
which arise from quadratic maps of P2. Let us remark (see [BK3]) that while many
maps have been constructed by starting from invariant curves, not all rational surface
automorphisms have invariant curves.

If X is obtained from P2 by a sequence of N blowups, then HZ(X; 7)) = ZN+L,
and the intersection product makes H 2 (X ; Z) isometrically isomorphic to the Lorentz
space Z" | with signature (1, N). A Theorem of Nagata (see [Dol, M]) says that
if f is an automorphism of X, then f* must belong to the Weyl group Wy. Thus
the question arises: What are all the elements of Wy which can be realized by
rational surface automorphisms? That is, if g € Wy, are there a surface X and an
f € Aut(X) such that the map induced by f* on Z" coincides with g? If this is
the case, then 6 (f) is equal to the spectral radius of g. Uehara [Ueh] has shown that
for any g € Wy, there exists f € Aut(X) such that §( f) is the spectral radius of g.
In other words, the set of all dynamical degrees coincides with the spectral radii of
elements of Wy . On the other hand, Diller [Di] and Uehara [Ueh] have shown that
certain elements of Wy cannot be realized by automorphisms with invariant curves,
leaving open the question: What happens for maps without invariant curves? The
set of all dynamical degrees of surface automorphisms is well ordered and has other
properties (see [BC]).

8 Pseudo-automorphisms

We were led to pseudo-automorphisms by the problem of finding all periodicities
within the family f, ; of birational maps of P3:

oy Co1x2. 33) = (x b G0t ain +612X2+613X3)

a,b 1, X2, X3 2, X3, b()+b1)(f1 +b2X2+b3X3
What are the parameters aj, bj, 0 < j < 3, such that P = identity for some p?
This question seems to have originated when the first of the period 8 maps below was
found many decades ago by Lyness [Ly]. The second one was found by Csornyei and
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Laczkovich [CL]. The following is proved in [BKS], where the word “nontrivial” is
also explained.
Theorem. The only nontrivial periods that can appear are 8 and 12. The maps are

(x,y,2) > (y,z, (1 +y+2)/x) or (y,z,(—=1—y+2z)/x) period 8

(x,y,2) — (y, zZ, (% +ny+ z) / (nzx)) period 12

where 0 is a primitive cube root of —1.

The principle behind the method of proof is to consider the function (a, b) —
8(fa,p) on parameter space and identify the subvariety of parameters {(a,b) :
8(fap) = 1}, since any possible periodic map must lie here. The generic map in
this family has dynamical degree equal to 8, > 1, and the scan of parameter space
yielded a number of cases where 1 < §(f,,5) < 8. In the most interesting cases, we
blow up 2 points, then 2 lines, and then an orbit of curves (11 in one case and 19in
another) and arrive at a map without exceptional hypersurfaces. The first of these
cases is from ([BKS5], Theorem 1):

Fo: (x,y,2)=> (y,2,(a+wy+2)/x) (8.1)

where a € C, a # 0, and w is a primitive cube root of unity. After blowups, these
maps are “regularized” to the point that they are almost automorphisms, except that
there are a finite number of indeterminate curves, and points of these indeterminate
curves are blown up to other curves. These maps are pseudo-automorphisms, and it
is easy to deal with the map f* on cohomology, but the existence of indeterminacy
makes it tricky to analyze the pointwise dynamics.

In connection with the method described above, it would be interesting to know
more generally for a family f, of rational maps:

Is a — 8(f,) lower semi-continuous?
and

Is {a : §(f,) <t} always a subvariety?

The answer is “yes” for birational surface maps (see [X], Theorem 1.6)).

The indeterminacy locus .# (f) of any rational map f : X --» ¥ has codimension
atleast 2. Thus if H is any hypersurface, we may define the image (strict transform) of
H asthe closure of f(H —.7(f)). We say that H is exceptional if the codimension of
the strict transform of H is > 2. A birational f : X --» X is a pseudo-automorphism
if neither £ nor f~! has an exceptional hypersurface.

Pseudo-automorphisms behave very much like automorphisms, and we expand
our search to include this richer source of interesting maps. In dimension 2, all
pseudo-automorphisms are in fact automorphisms. What happens in dimension > 2?7
Given that the blowups of P? have yielded interesting automorphisms, it makes sense
to ask: Are there 3-folds X which are obtained as blowups of P3 and which carry
automorphisms f with §(f) > 1?7 Of course, we would expect such automorphisms
to exist only in very special cases.
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Fig. 9 Cremona involution ¢
blows up generic point of
edge o to all of edge B

[0]]

Fig. 10 After blowup of ¢p:
generic point of edge « still
blows up to all of edge B

Theorem [T]. If X is obtained from P3 by blowing up points and curves satisfying
a certain condition, and if f is an automorphism of X, then 81(f) = 62(f).

Theorem [BaC]. If X is obtained from P* by blowing up points, then any automor-
phism f of X satisfies 5¢(f) = 1 for all .
The Cremona involution on P2 is the cubic map given by

Jx)=1[1/x0: 1/x1:1/x2 : 1/x3] = [x1X2X3 : X0X2X3 : X0X1X3 : XoX1X2]

which acts as an involution on the coordinate tetrahedron e¢; < X, j =0, 1,2, 3.
We now see a new phenomenon: any non-vertex point of an edge of the tetrahedron
is blown up by J to the skew edge. In Fig. 9, this means that any non-vertex point of
o will be blown up to the whole edge 8.

Letr : X — 3 be the blowup of P* at e. The 3 edges of the tetrahedron passing
through ep are now separated as in Fig. 10. The induced map Jx : X --» X maps
Ep < Xy, so X is no longer exceptional. The restricted map Jx|g, : Eo — 2o
“looks like” the 2D map J mapping P? to itself: the black triangle inside Ey is
exceptional, and the dotted black line is mapped to the bold black dot in Xy in
Fig. 10. The edges of the tetrahedron (in green) are still indeterminate.

If we let 7 : ¥ — IP3 be the space obtained by blowing up all the vertices e B
Jj =0,1,2,3, then the induced map Jy will be a pseudo-automorphism of Y. In the
space Y, the strict transforms of the edges of the tetrahedron are disjoint curves. Let
7w : Z — Y be the space obtained by blowing up the strict transforms of the edges
of the tetrahedron. Thus Jz is an automorphism of Z, a very simple instance of the
Theorem of de Fernex and Ein mentioned above.

On the other hand, the example of F, in (8.1) illustrates why this procedure may
encounter difficulties if the map is not periodic; in [BK5] Theorem 4, it is shown
that F, is not birationally conjugate to an automorphism. Since blowing up or down
is a birational operation, F, cannot be turned into an automorphism by any sort of
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blowing up procedure. A heuristic explanation for this difficulty in the case of Fj, is
that we will need to blow up an orbit of curves, but the curves in the orbit are not
pairwise disjoint.

9 Intermediate Dynamical Degrees

Let X be a manifold of dimension k, and let f be an automorphism of X. We measure
the complexity of f in terms of dynamical degrees. We assume that X is Kihler,
so the action f* on cohomology respects the (p, ¢) bi-gradation H* = @H?4. If
1 < £ < k, then the ¢-th dynamical degree is defined as the exponential rate of
growth of the induced map f* on H%¢(X):

8¢(f) :=limsup || f™ : H**(X) — H““(X)[|'/"

n—o00

This is independent of the choice of norm on H . For an automorphism, we have
(f™)* = (f*)", so 8 is the same as the spectral radius of f* acting on H¢(X).
It is also the same as the spectral radius of the restriction of f* to H>¢(X). As
in §2, an equivalent definition is the exponential rate of growth of the integrals
[BEA(FM*(BY) asn — oo

Inall cases, §¢ > 1,80 = 1, and 6 = deg, is the topological or mapping degree
of f. Since f is invertible, we have 8; = 1. By duality, 8;(f) = 8x—¢(f~"). For the
intermediate degrees, ¢ +— log(dy) is concave. Thus, if §; = 1, then §; = 1 for all
0<fl<k;andif§; > 1,thenéy > 1 foralll <¥¢ <k —1.

Let us note that if f : X --» Y is merely rational, then there is still a well-
defined linear map f* : H*(Y) — H*(X). In dealing with rational maps, birational
conjugacy is a natural sense of equivalence. It was shown (see [DF] and [DS2]) that
8¢ 1s an invariant of birational conjugacy. However, the topological entropy is not a
birational invariant (see [G1]), but [DS2] gives an inequality:

entropytop(f) < max(log(éy), ..., log())

The only general class of non-holomorphic, rational maps for which the interme-
diate degrees has been computed is the case of monomial maps, and the following
is nontrivial:

Theorem [Lin, FW]. Let A = (ap ) be an integer matrix of size k x k, and let

A ai, aik a1 ak aj, ay,
fax) =x% =@ x X Xy )=(qu ",...,qu ")
q q
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be the associated monomial map. Then for each £ > 1, 8¢(f4) is the spectral radius
of the (-th exterior power A'A of A. Equivalently, if |h| > |A2| = --- > |Ak] are
the eigenvalues of A, then §p = |AAy - - - Agl.

Intermediate degrees have also been determined by [A] and [KR], but despite
their obvious importance, we have the problem:

Determine 8¢(f) for 1 < £ < k for other nontrivial f.

10 Existence of Pseudo-automorphisms of Blowups of P¥

We will try to find pseudo-automorphisms of the form L o J for some L which is a
nonsingular (k + 1) x (k + 1) matrix, and thus a linear automorphism of P*. The
exceptional locus consists of the hyperplanes X';, which are mapped:

fi=LolJ :X;—L;

where L ; denotes the point of IP¥ defined by the jth column of the matrix L. We will
have a pseudo-automorphism if

Lj> f(Lj)r> > ML) =e. fL) ¢ Z

where o is a permutation of {0, ..., k}. Let 7 : X — P¥ be the blowup of the orbits
of the L ;. The induced map fx := 7~ o f o 7 will be a pseudo-automorphism of
X. In ([BK1], Theorem A.1) a formula is given for the characteristic polynomial of

fx:

Theorem. The characteristic polynomial defining the dynamical degree 51 (Lo J) =
81(my, ..., my,0) is given by an explicit formula involving the orbit lengths m j and
the permutation o .

Thus the lengths 7 ; and the permutation o specify the dynamical degree that will
be produced. As a practical matter, however, the strategy given above for finding L
is not feasible because it involves solving equations of very high degree in many
variables. The relevant computations are possible, however, if we assume that all
the centers of blowup lie in an invariant curve. The existence of automorphisms of
blowups of P? with invariant curves was studied by McMullen, Diller and Uehara.
Perroni and Zhang brought the method of McMullen from dimension 2 to higher
dimension and gave the abstract existence of a map with an invariant curve.

Theorem [PZ]. For all k > 2 and d > 1 there exist infinitely many manifolds X
obtained by blowing up points on (P*)? such that X carries a pseudoautomorphism
with § > 1.

With Diller and Kim, we were motivated by the desire to see the Perroni-Zhang
maps more concretely, and for this we used the method of Diller [Di]. Let us consider
a parametrized curve ¥ : C — ¢ C P*. We say that ¢ satisfies a group law if
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the following holds: For each hyperplane H C P, the set of all solutions (with
multiplicity) 71, ..., ty of ¥ (¢;) € H satisfies D #; = 0. There are several cases of
curves with group law; all the curves we work with have degree k + 1. For instance,
thereis 6 := ¥ (C), whichistheimage of r > V(1) = [1: 1 : 12 ..o k=1 g+
which is irreducible and has a cusp. There is also 6, := ¥ (C), which is the image
of the set-valued map ¢t +— () = {[1 : ¢t :---: HLI0: -0 (=D L t}
and is the union of rational normal curve and a tangent line. Both of these curves are
singularat [0 :---:0: 1] = ¥ (00).

If there is an invariant curve, then the points to be blown up are of the form ¥ (¢;).
The problem of finding the centers of blowup is thus transformed to a problem of
determining the points {z;} C C. Using the group law on the curve, we obtain:

Theorem [BDK]. For most choices of orbit lengths (my, . . ., my) and permutations
o, there is a matrix L such that the space 7w : X — PX obtained by blowing up the
orbits yields an induced pseudo-automorphism fx : X --+ X.

This method applies also to products (P¥)?. For this we use the following variant
of J. We write a point of (P59 as (x, y(l), e, y(d_l)) and set

x/y(j) = (xo/y(()'/),...,xk/ylil)), J(x,y(l), ...,y(d_l)) = (l/x,x/y(l),...,x/y(d_l))

A linear map L € Aut((]P’k)d has the form L o r where L := (L1, ..., Lg), Lj €
Aut(P¥), and 7 is a permutation of the factors Pk,

This Cremona involution is discussed by Dolgachev [Do2, Do3] and Mukai [Muk]
in connection with Weyl groups W (p, ¢, r) which have T-shaped Coxeter diagrams.
Inthiscase, p =k+1,g =d + 1,and r — 1 is the number of blowups forming the
space 7 : X — (P*)4, and W(p,q,r) C GL(H*(X;Z), 7). It is shown in [BDK]
that if a map of the form f := L o 7 o J is a pseudo-automorphism of a space X
obtained by blowing up (P¥)?, then the induced map f* belongs to the Weyl group
W (p, q, r). The more general statement, however, is still open: Let X be a blowup of
(P*)?, and let G denote the group generated by J and the linear maps Aut (PX)4). If
f € 9 induces a pseudo-automorphism of X, does if follow that f* € W(p,q,r)?

A reflection group like W(p, g, r) is generated by reflections ry, ..., ry. The
Coxeter element of this group is given by the product rq - - - ry of these reflections,
where each of the r; appears exactly once. This element is unique up to conjugation
and represents the simplest element of reflection group with spectral radius > 1 (see
[M] and [Dol]). The results of [PZ] and [BDK] also apply to the Coxeter elements of
W(p, q, r).Forinstance, let us consider the case with orbit lengths (1, ..., 1, n), and
the permutation o = (012 ...k) is cyclic. In this case the action of f* on Pic(X)
corresponds to the Coxeter element of the Weyl group W(k + 1,2, n + k + 1). The
existence of such maps, representing the Coxeter element, was given by Perroni and
Zhang. In [BDK] it is shown that we may write such amap as f := L o J, where L
has the form:
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with B; being a rational function of §, any root of the minimal polynomial y, which
gives the dynamical degree of L o J. Different choices of invariant curve lead to
different expressions for fB; as rational functions of §.

In dimension 2, it appears that the majority of automorphisms f = L o J of
blowups of P? do not have invariant curves. Is it the case that “most” pseudo-
automorphsms of blowups of (PX)¢ do not have invariant curves?

11 Cohomological Hyperbolicity

A map f : X --» X is said to be cohomologically hyperbolic if there is a unique
1 < p <k — 1suchthat§,(f)is maximal. In this case, the maximal growth occurs
uniquely in bidegree (p, p), which corresponds to codimension p. As was noted in
[BDK], we have §; = d— for all maps f = L o J which are pseudo-automorphisms
of point blowups of P¥. Thus f is not cohomologically hyperbolic when k = 3. We
note the following open questions about maps L o J:

What are the intermediate dynamical degrees 8¢(L o J) when k > 3?

Can L o J be cohomologically hyperbolic for even k greater than 3?

Theorem [DS1]. If f is a cohomologically hyperbolic automorphism, then there
are invariant currents T*/*, and these may be used to form an invariant measure i
with interesting dynamical properties.

Guedj [G2] has conjectured that in the presence of cohomological hyperbolicity,
the basic ergodic properties of 2-dimensional maps should carry over to higher dimen-
sion. If f is not cohomologically hyperbolic, then it is not clear to what extent a result
like this would remain valid, and it is not clear what approach will reveal the dynam-
ics of such maps. It would be helpful if there could be an invariant fibration which
would allow us to somehow study the dynamics with lower-dimensional objects and
techniques. In dimension 2, cohomological hyperbolicity fails (for invertible maps)
exactly when §(f) = 1. In this case, Diller-Favre have shown:

Theorem [DF]. If f : X --+ X is a bimeromorphic surface map with §(f) = 1,
then there is an invariant fibration.

Let f : X --» X be a meromorphic map. Suppose that there is a dominant,
meromorphic map ¢ : X --» Y and a meromorphic map g : ¥ --» Y such that
0 <dim(Y) < dim(X), and g 0 ¢ = ¢ o f. In other words, ¢ gives a meromorphic
semiconjugacy from (f, X) to (g, Y). In this case, the sets {¢ = const} form an
invariant fibration.
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In the presence of an invariant fibration, there is a dynamical degree on the fiber,
written §; ( f|¢) (defined in [DN]), and itis related to the other dynamical degrees by:

Theorem [DN, DNT]. Suppose that the map f has an invariant fibration as above.
Then

8p(f) = max 8j(8)8p—j(fl) .

max{0, p—k+£}<j<min{p,{}

As a consequence of this, one can show:

Theorem. If X is a 3-fold, and f : X --+ X is a birational map with an invariant
fibration, then §1 = 8>. In this case, f is not cohomologically hyperbolic.

The possibilities for invariant fibrations in the automorphisms of tori are discussed
in [OT1, OT2]. Guedj also conjectured: If f is not cohomologically hyperbolic, then
f has an invariant fibration, or at least an invariant foliation. In dimension 2,
[KPR] have given a counter-example with §; = 8, = degmp = 2, which is thus a
non-invertible map.

If dim(X) = 3, and if f : X --» X is birational, then the condition that f is not
cohomologically hyperbolic is equivalent to the condition that §;(f) = §2(f). We
now give a 3-dimensional counterexample which is invertible. Set

0001
100a
0100
001c

La,c =

with a, ¢ € C such that
2 2
na“~+ (n+ ac+nc- =0

for somen > 2, and let J(x) = [1/xg : - - - : 1/x3] be the usual Cremona involution
on P3.

Theorem [BCK]. For n > 2, we set fs = Lq, o J. The dynamical degrees are
81(f) = 82(f) > 1. There is no (singular) foliation of dimension 1 or 2 which is
invariant under f, .. In particular, there is no invariant (singular) fibration.

Now let us sketch the structure of the map f := f, . in the example.

f(Zo)=e:=[0:1:0:0], f(X)=e, f(X2)=0¢3

f(Z3)=p:=[1:a:0:c]

Theorem. Let Y denote P? blown up at the points ei and e3. Then the induced map
fy is a dominant map of an invariant 4-cycle of surfaces:

Xo—> E —> X — Ez— Xy
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Fig. 11 Construction of Y

The orbit of the exceptional image point p is inside this invariant set (Fig. 11).

Theorem. If na®+ (n + 1)ac + nc* = 0, then the fy-orbit of p lands on the point
eo. Let X denote the space obtained by blowing up the 4n + 2 points p, fy(p), ...,
;" p = eo, and e3. Then the induced map fx is a pseudo-automorphism.

One difference between these maps and the [BDK] maps is that that there are two
“levels” of blowup, and in fact none of the [BDK] maps is birationally conjugate to
any of the [BCK] maps. The invariant 4-cycle of surfaces I' := Yo U E1 U X, U E3
plays an important role in understanding f.

Theorem. For g := f4|20, the dynamical degree satisfies §1(g) > 1, but it is not a
Salem number. Thus g is not birationally conjugate to a surface automorphism.

We note that the maps F, of (8.1) were analyzed by means of an invariant 8-cycle
of surfaces with similar properties. We may use [BKS5], Theorem 1.5, to conclude
that the maps in [BCK] are not birationally conjugate to an automorphism of a 3-
dimensional manifold.
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On Nazarov’s Complex Analytic
Approach to the Mahler Conjecture
and the Bourgain-Milman Inequality

Zbigniew Blocki

Abstract We survey the several complex variables approach to the Mahler
conjecture from convex analysis due to Nazarov. We also show, although only numer-
ically, that his proof of the Bourgain-Milman inequality using estimates for the
Bergman kernel for tube domains cannot be improved to obtain the Mahler con-
jecture which would be the optimal version of this inequality.

Keywords Mahler conjecture - Bergman kernel + Pluricomplex Green function

1 Introduction

Let K be a convex symmetric body in R”. This means that K = —K, K is convex,
bounded, closed and has non-empty interior. The dual (or polar) body of K is given
by

K'={yeR":x.-y<I1forallx € K},

where x - y = x1y1 + - - - + X, y». The Mahler volume of K is defined by
M(K) = )Vn(K))”n(K/)a

where A, denotes the Lebesgue measure in R”. It is easy to see that it is independent
of linear transformations and thus also on the inner product in R”. The Mahler volume
is therefore an invariant of the Banach space (R", gk ), where gk is the Minkowski
functional of K:

1

gx(x) =inf{t >0: ¢t 'x e K} =supf{x-y: y € K'}.
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The Blaschke-Santal6 inequality says that the Mahler volume is maximal for balls:
A (K (K') < (G (BD)?,

where for p > 1 we denote
By = {x e R": |x1|P + -+ [xa]” < 1).

In fact, it holds without the assumption of symmetry but one has to assume that the
interior of K contains the origin. Moreover, one has equality if and only if K is an
ellipsoid, that is a linear image of Bﬁ. It was proved by Blaschke [B1, B2] forn = 2,
n = 3, and by Santal6 [S1] for arbitrary n (see also [SR]).

Mahler [M1] conjectured that M (K') is minimized by cubes, that is

1 4"
An (K))‘*n (K/) > A (Bn)kn (BZO) = E s
where BJ® = [—1, 1]". It can be easily proved for n = 2: if K is a polygon with k
vertices and K is the polygon with k — 1 vertices obtained from K by moving one
vertex as in the following picture

then 22(K) = A2(K) but one can show that A2(K’) > A2 (K').
Bourgain and Milman [BM] proved the following lower bound for the Mahler
volume: there exists ¢ > 0 such that

n

4
)Vn(K))Vn(K/) > Cn_'-
n!

This is an important result in the theory of finitely-dimensional Banach spaces, it
also has applications in number theory, see [BM]. We see that the Mahler conjecture
is equivalent to this inequality with ¢ = 1. The best known constant so far is ¢ = /4
and was obtained by Kuperberg [Ku].

One of possible difficulties with the Mahler conjecture is that if it is true then
there would be more minimizers than cubes (and their linear images). We have
B°) = IB%% =~ IBS°, where by > we denote the linear equivalence, and indeed for
n = 2 the square is the only minimizer (up to linear transformations). However,
for n = 3 the octahedron Bé = (BS°)’ is not linearly equivalent to the cube BS°.
The conjecture for n = 3 is that the cube and octahedron are the only minimizers.
For arbitrary n it should be so called Hansen-Lima bodies [HL]: these are intervals
for n = 1 and in higher dimensions they are obtained by either taking products of
lower-dimensional Hansen-Lima bodies or by taking their duals.
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There is also a version of the Mahler conjecture for not necessarily symmetric
bodies. Assuming that the origin is in the interior of K, it is expected that a centered
simplex (that is the convex hull of affinely independent v', ..., 1**! € R” such that
vl ... 41"+ = 0) is the only minimizer, that is

(n+ 1)n+1

(K )n(K') 2 =

Recently Nazarov [N1] proposed a complex analytic approach to the Bourgain-
Milman inequality and Mabhler conjecture. Considering the Bergman kernel on the
tube domain £2 = intK + iR" at the origin

1SOF

——: fe0@)NL Q). f#0}
||f||L2(Q)

K (0,0) = sup{

and using the formula for the Bergman kernel in tube domains of Rothaus [R1], see
also [Hs], he proved the upper bound

Ko(0.0) < n! An(K) 0
ST W oN
The main part of his paper was devoted to the proof of the lower bound
K0.0)> (Z)" — L )
2 ) 2 <_) .
47 (w(K))?

As is usually the case with lower bounds for the Bergman kernel, the main tool
was Hormander’s estimate [H1]. Combining (1) with (2) we immediately obtain the
Bourgain-Milman inequality with ¢ = (1r/4).

In Sect.2 we will present Nazarov’s equivalent complex analytic formulation
of the Mahler conjecture using the Paley-Wiener theorem. The upper bound (1) is
explained in Sect. 3. We include the proof of Rothaus’ [R1] integral formula for the
Bergman kernel in tube domains, since it is not so well known. In Sect. 4 we discuss
the lower bound using some simplifications from [Bln]. We also show that this
approach cannot give the Mahler conjecture. We will see, although only numerically
using Mathematica, that although the Bergman kernel for tube domains does behave
well under taking products, it does not under taking duals.

The author is grateful for the invitation to the organizers of the 10th Korean Con-
ference in Several Complex Variables held in August 2014 in Gyeong-Ju, especially
to Kang-Tae Kim.
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2 Equivalent SCV Formulation

Assume that K is a convex body in R”, not necessarily symmetric. For u € L*(K’)
consider its Fourier transform

u(z) :/ u(x)e *idr(x), zeC",
K/

it is an entire holomorphic function. By the Schwarz inequality and the Parseval
formula

M (K")
Q@) Jr

[@(0)]* < Au(K") / |ul?dr, = [@(x) [*d A (x)
K’ n

and we have equality for u = 1 on K'. Tt is clear that f = u satisfies
|f @] = CexmD -z e C, (3)

for some C > 0. On the other hand, if f € &(C") satisfies (3) and is such that
| 1f @R < o0 )

then by the Plancherel theorem f = % for some u € L?(R") and by the Paley-Wiener
theorem suppu C K’. Therefore

0 2
(k) = @my sup O
fe2. 520 172 gy

where &7 denotes the family of entire holomorphic functions satisfying (3) and (4).
This way we have obtained a formula for the volume of the dual K’ which is

expressed only in terms of K, and not K’. It means that the Mahler conjecture is

equivalent to finding f € &(C") with f(0) = 1, satisfying (3) and such that

n
/ )P ) <0t (5) 2 (K)
Rn 2
in the symmetric case, and

(n)*Qn)"

(n+ 1)n+lk"(K)

/ (0 P (x) <
RVI

in the asymmetric one.
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3 The Upper Bound

Nazarov [N1] showed that the upper bound (1) easily follows from the formula for
the Bergman kernel in tube domains 2 = D + iR", where D is an arbitrary convex
domain in R":

1 e@tw)-y
Ko(z,w) = dr, (), 5
2w = g [ Gedin) ©

where

Ip(y) = / eV dy (x)
K

(see [R1] and [Hs]). Indeed, for y € R" and x¢ € K using the fact that (xo+ K)/2 C
K and that K is symmetric we get

1 o A (K) oy
JK(y)zz_n/Ke(xo—H)yd)‘"(x)znzTexoy'

Therefore Jx > 27"¢9%’ and to obtain (1) it is enough to observe that

o
/ e IKdM, =/ e "Mlgr < t)dt = nh,(K).
n 0

Proof (Proof of (5)) Take x € D and r > 0 such that C, :=x +r(—1, )" C D.

Then . .
7.ysinh(2ry;)  sinh(2ry,)

V1 ' Yn
ez;y d)\’ c 2n 6
< (=
/Rn e (”—(r) , ©6)

1 [® ¢ 2
¢t = —/ - dt = n—
2 Jo sinht 8

Since D is convex, we have D + D = 2D and from (6) it follows in particular that
the integral on the right-hand side of (5) is convergent.
Foru e LZ(R”, Jp)and z € Tp set

Ip(y) = Je, () = €*

and thus

where

u(z) =/ u(y)erda(y).
R»

By (6) the integral is convergent and thus # is holomorphic in 7p. It also follows that
h(y) := u(y)eRe=Y e L2(R") and we can write i#(z) = h(—Im z). By the Parseval
formula and the Fubini theorem
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#1327, = @T)" /K /R ()PP dA(y)dix) = Q)" ul22 e 5 - (D)
We claim that in fact the mapping
L>(R", Jp) > u —> i € A>(Tp) (8)

is onto. For f € A%(Tp) approximating D by relatively compact subsets from inside
and using the fact that | f|? is subharmonic we may assume that f is bounded in T}.
Multiplying f by functions of the form ¢®*'* we may even assume that it satisfies the
estimate

@] < Meeme ©

for some positive constants M and ¢. For a fixed x € D and fy(y) = f(x +iy) we
have fy(y) = u(x + iy) where u(y) = (—Zn)_”ﬁ(y)e_x'y. We have to prove that
for a fixed y the definition of u is independent of x. From (9) it follows that we can
differentiate under the sign of integration

— fx +ia)e” STV (a)
8)6]' Rn

- / (ﬂ(x +ia)—yjflx+ ia)) eIV d) (a).
R

3)Cj

We have df/0x; = —idf/da; and by (9) we can also integrate by parts. Therefore

/ %(x +ia)e” DV (a)
R

P .
—i/ —f(x+ia)e*(x+l“>'yd,\(a)
n ij R

n aa]

/ vif(x+ ia)e” MDYy (a)
Rn

and therefore u(y) is independent of x and the mapping (8) is onto.
By K (z, w) denote the right-hand side of (5) and fix w € Tp. Then K (-, w) =
(27)~""v, where
vy

L3R, J
() &L D)

v(y) =

by (6). It follows from (7) that K (-, w) € A2(Tp) and to finish the proof we have
to show that it has the reproducing property. For f = & € A?(Tp) where u €
L*(R", Jp) by (7)

1
Q)"

(f.KCow) g2y = (@, V) a2(1p) = W V) p2®n ) = /Rn u(y)e”di(y) = f(w).

This finishes the proof of (5).
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4 The Lower Bound

The lower bound (2) easily follows from a general lower bound for the Bergman
kernel proved in [Bln]: if £2 is a pseudoconvex domain in C” then for w € £2 and
t<0 .

Kow,w) > 3_2’7t}»2n({G9("W) < t})7

(10)

where

Go(z,w) =sup{u(z): u € PSH™ (£2), limsup(u(z) —log|z — w|) < oo}

—w

is the pluricomplex Green function of §2. It was proved in [Bln] using the Donnelly-
Fefferman [DF] estimate for d (which can be easily deduced from Hormander’s
estimate, see [Ber]) and the tensor-power trick. A simpler proof using subharmonicity
of sections of the Bergman kernel from [Ber2] was later given by Lempert [L2] (see
[Bms]).

The estimate (10) has various consequences when we let t — —oo. For example
for n = 1 it gives the Suita conjecture

cow)? < TKo(w,w),

where
cow) = eXp(zli_I)Ile(G:z(z, w) —log|z —wl))

is the logarithmic capacity of C \ §2 with respect to w. It was originally proved in
[Bin]. For arbitrary n if £2 is convex then using Lempert’s theory [L1] one can obtain
the estimate

1
Ko(w,w) > (11)
)VZn

(Io(w))’

where
Io(w) ={¢'(0): ¢ € O(A, 2), ¢(0) = w}

is the Kobayashi indicatrix (A is the unit disk in C). This particular estimate for
convex domains seems to be very accurate, see [BZ1, BZ2] for details.

Now let us come back to the case of the tube domain £2 = intK + iR" where
K is a convex symmetric body in R". Let ¢ € 0(A, §2) be such that ¢(0) = 0. By
S denote the strip {|Re¢| < 1} in C and let @ : S — A be biholomorphic with
@ (0) = 0. By the Schwarz lemma for u € K’

P(p(&) - u)

<1

g
0¢ |,
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and since |®’(0)| = /4 we obtain
, 4
lo"(0) - ul < —.
bid

It follows that
4 1 . 1 4 .
Io(0) C ;(K +iK") = ;(K—FZK)

and

4 2n
ran(I0(0)) < (;) (o (K))2.

The estimate (11) now gives the lower bound (2).
It was conjectured in [BIn] that the following lower bound holds in tube domains

1

— . 12
(n(K))? (12

Ka©.0)= ()"

It would be optimal because one can easily check using the product formula for the
Bergman kernel that one has equality in (12) for the unit cube K = [—1, 1]".

We will show however that we do not have equality in (12) for all Hansen-Lima
bodies. Take the octahedron

K =B;={x € R [xi| + 2| + x3] < 1).
One can then compute that

yi1sinh(2y;) y2 sinh(2yz) y3 sinh(2y3)

Jr(y) =
K ( _)’2)(}’1 _}’3) (}’2 _y])(y2 - )’3) (J’Q - yl)()’3 _)’2)

when all coordinates y; are different and that it extends to a positive smooth function
in R3. One can then compute numerically using (5) that

1 %
Ko(0,0) = (27_[)3 /R* P =0.2758. (13)

However, since 1, (B,ﬁ) = 2"/n!, the right-hand side of (12) is equal to

9 3
02725, ..
1024

This shows (although only numerically) that the Bergman kernel for tube domains
does not behave well under taking duals. It is also clear that even proving optimal
versions of the estimates (2) and (1) cannot give an optimal lower bound for the
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Mahler volume and thus this Nazarov’s approach to the Bourgain-Milman inequality
cannot give its expected optimal form, that is the Mahler conjecture.

To make this argument precise and get rid of the numerical computation in (13),
one could try to consider the n-dimensional octahedron

Kyp=B! = (x e R": [xq| + -+ |x,] < 1}.

One can compute that

i y;’_z cosh(2y;)
, neven
S OF =D 07 = VDO = Vi) - 07 =D
JKn (y) =1 'n n—2 _:
Y; sinh(2y;)
> n odd

SO D 0F = DO =D - 0F = D)

One could perhaps estimate Jg, from above in such a way that it would imply that

_ ( 1 / dkn)l/" w2
limsup | —— —_— > —.
n— 00 (n‘) Rn JKn 8

Another possibility would be to apply (11): it would be enough to show that there
exists n such that if 7, is the Kobayashi indicatrix of the tube domain int K, 4+ iR”

at the origin then
16"

Aon(Ip) < W

This could perhaps be possible using Lempert’s theory for tube domains developed
by Zajac [Z1].

Acknowledgments Partially supported by the Ideas Plus grant 0001/ID3/2014/63 of the Polish
Ministry of Science and Higher Education.
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A Survey on Bergman Completeness

Bo-Yong Chen

Abstract We provide a survey of results on Bergman completeness of open complex
manifolds

Keywords Bergman completeness

1 Introduction

Let M be a complex manifold of dimension n. Let # be the Hilbert space of
holomorphic n—forms f on M satisfying

‘/Mﬂf

Let iy, ha, ... be a complete orthonormal basis for 7. We may define the Bergman
kernel (form) Kj; of M as

< Q.

Kz, w) = D hj@) Ahjw).
J

Let (z1, z2, . .., ) be alocal coordinate system in M. Let
Kym(z) :=Ku(z,2) = K*(2)dzi A+ Adzg AdZI A+ AdZy

where K*(z) is a locally defined function. If K* is positive, then we may define the
Bergman metric dsjzw of M as
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8% log K*

ds?, =y —S—" dz,d7s.

i = 2 e el
o,B

We say that M possesses the Bergman metric if ds%w is a Kédhler metric on M. The
Bergman distance dp is the distance with respect to dsjzu. A complex manifold is
said to be Bergman complete if dp is complete.

In contrast with compact complex manifolds, the quantitative complex analysis
on open complex manifolds is far from well-developed, even in the case of Riemann
surfaces! As the Bergman kernel and metric depend only on the complex structure,
and they are invariant under biholomorphic transformations, thus they should occupy
a central place in the study of open complex manifolds. This is essentially the theme
of Kobayashi’s ground-breaking paper [Kobayashi59], although it is titled geometry
of bounded domains.

It is not difficult to see that M possesses the Bergman metric if and only if the
holomorphic mapping

T:M— P, 7z [h(): h(z):---]

is an immersion, where P(J¢) stands for the complex projective space of .7Z.
Kobayashi’s decisive observation is

dsyy = t(dsrg)

where d s% ¢ 18 the Fubini-Study metric of P(.%7). It follows that for any given distinct
points z, w € M, the Bergman distance dp and the Fubini-Study distance d g satisfy

dp(z,w) > drs(t(2), T(W)).

Since _
| 225 15 (@R w)

JZ @1 )]

drs(t(z), T(w)) = arccos

where hj is a local representation of 4 ;, we have

* " ) " >
dB(Z,W)zarccosM > 1_% _ |- |h7(2)] (.
> 5@l > 1h (@) K*(2)

provided that we choose {# ;} such that & ; (w) = O forall j > 2. From this Kobayashi
reached the following




A Survey on Bergman Completeness 101

Kobayashi’s criterion (cf. [Kobayashi59, Kobayashi61]). Suppose there is a dense
subset S of F such that for every f € S and for any infinite sequence { px} of points
in M which has no adherent point in M, there is a subsequence {py;} such that

—f(pkj) NP —- 0 as j— oo. (1.2)
KM (Pk,-)
Then M is Bergman complete.
Let us give a short proof of Kobayashi’s criterion. Suppose M is not Bergman
complete, i.e. there is a dp—Cauchy sequence {p;} which has no adherent point in
M. Let ko € Z7 satisfy

dB(pk,p1)< 1/2 Vk,l > ko.

Since S is dense in 77, we may construct by using the Gram-Schmidt procedure on S
a complete orthonormal basis {h } of 7 such that every h enjoys the same property
as f € S.Putw = py, in (1.1). We may write | = Z ajh, with Z] |a; 2 =1.
Choose jo € Z™* (depending only on py,), such that >_ . la;|? il < 1/4.Puthy j, =
Jo
Jj=1

Jj>Jjo
a jh ;- By the Cauchy-Schwarz inequality, we have

(h1 = h1jo) A =R j) < D lajl> D hjAnhy <

J>Jjo J>Jo

1
4M,

so that

hi Ahy < 2h1’j0 Ahl,j() n l
Km Ky 2

Let { pk.} be a subsequence of {pi} such that (1.2) is verified for Ay j,. Then

hlAh‘ (pk;) < 3/4 provided j sufficiently large. On the other hand, it follows from
(1) that
hi(pk;) ANhi(p;) 3

> 9
KM(ij) 4

and we get a contradiction.

The goal of this article is to survey some results concerning Bergman complete-
ness, built on Kobayashi’s criterion. Due to my personal taste, I am not able to
cover all interesting results in this direction. I must apologize to those authors whose
papers are not mentioned here. One may consult the nice books of Jarnicki and Pflug
[JarnickiPflug, JarnickiPflug2] for more references.

Nevertheless, Bergman completeness is only the first step to understand the geom-
etry of the Bergman metric, much more works need to be done in future.
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2 Bergman Completeness for Domains in C”

The first result concerning Bergman completeness was given by Bremermann:

Theorem 2.1 (cf. [Bremermann]) Every bounded Bergman complete domain in C"
is pseudoconvex.

Obviously, the converse is not true (e.g., the punctured disc). Thus it is natural to
ask

Problem 2.1 (cf. [Kobayashi59]) Which bounded pseudoconvex domain in C" is
Bergman complete?

By using his criterion, Kobayashi showed that every bounded analytic polyhedron
is Bergman complete. A useful consequence of Kobayashi’s criterion is that

H®(£2) lies dense in .57 and h%lg Ko(z) =00 2.1
—>

implies Bergman completeness, where H°°(£2) stands for the set of bounded holo-
morphic functions on £2. For the sake of simplicity, we say that a bounded domain
£2 is Bergman exhaustive if lim,_, 30 Ko (z) = oo.

The first general result toward Problem 2.1 is due to Ohsawa:

Theorem 2.2 (cf. [Ohsawa81]) Every bounded pseudoconvex domain in C" with a
C! boundary is Bergman complete.

The Bergman exhaustiveness follows from the following result of Pflug:

Theorem 2.3 (cf. [Pflug75]) Let $2 be a bounded pseudoconvex domain in C" and
p € 352. Suppose there exist a sequence {z"} C C"\$2, and positive numbers > 1,
r < 1 such that z° — p and

BiZ",riz" — plHyng2 =0.

Then §2 is Bergman exhaustive.

It is difficult to verify that H°°(£2) lies dense in /7, yet it is easy to verify this
property locally. Thus the following localization principle of the Bergman metric
becomes important:

Proposition 2.1 (cf. [Ohsawa84]) Let 2 be a bounded pseudoconvex domain in C".
Let p € 082 and let V. CC U be two bounded neighborhoods of p. Then there are
constants Cy, Cp > 0 such that

Cidsh(2) < dshry(2) < Cadsh(z), VzefNV.
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This proposition may be proved by a standard application of Hérmander’s L2 esti-
mates for the —operator (cf. [HormanderBook]). Without any regularity assumption
on the boundary, Jarnicki and Pflug [JarnickiPflug89] proved that every bounded bal-
anced domain is Bergman complete.

It follows from the work of Kerzman and Rosay [KerzmanRosay] that every
bounded pseudoconvex domain with a C!' boundary is hyperconvex, i.e., there
exists a continuous plurisubharmonic (psh) function p : £2 — [—1, 0) such that
{p < —c} CC £2 for all ¢ > 0. Another important class of hyperconvex domains
are Teichmiiller spaces of compact Riemann surfaces of genus > 2 (cf. [Krushkal]).
Blocki and Pflug [BlockiPflug] and Herbort [HerbortHyperconvex] proved inde-
pendently the following result which has been a longstanding conjecture due to
Kobayashi (see e.g., [KobayashiBook98]):

Theorem 2.4 Every bounded hyperconvex domain in C" is Bergman complete.

Earlier, Ohsawa [OhsawaHyperconvex] has proved that every hyperconvex domain
is Bergman exhaustive, which also initiates a program of studying asymptotic behav-
jor of L? holomorphic objects through investigating the Green function (see also
[Ohsawa95]).

Recall that the pluricomplex Green function g (z, w) of £2 is defined as

go(z,w) =supfu(z) :u <0,u e PSH($2),u(z) <log|z —w|+ O(1) near w}

where P S H (§2) stands for the set of psh functions on £2.

The following result was discovered independently by Herbort and myself, and
suggests that pluripotential theory would be essential for the study of Bergman com-
pleteness:

Proposition 2.2 (cf. [Chen99, HerbortHyperconvex]) Let §2 be a bounded pseudo-
convex domain in C". Suppose there is a constant ¢ > 0 such that

Jm {go (. w) < —c}[ =0 2.2)

where | - | stands for the (Euclidean) volume. Then 2 is Bergman complete.

Let me explain briefly the idea of proving the proposition. It suffices to verify
Kobayashi’s criterion. Given f € . and w € £2, we look for a new function
f € 7 (which actually depends on w) such that f(w) = f(w) and || f||;> tends to

zero as w — 9£2. Since Ko (w) = | f(w)|*/|| f1I2,. it follows that

2
|I£§2:) <[If12, > 0 asw— 382

The desired function f is given by

f=x{Uog(—goC.,w))f —u
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where x is a standard cut-off function such that
supp x (log(—go (-, w))) C {ga(-,w) < —c}.
Note that 8 f = 0 if and only if
u = fox(log(—ga (. w))).

Thanks to the L2 —estimates of Donnelly and Fefferman [DonnellyFefferman], we
may find a solution u satisfying

/ |u|26—2ngg(~,w)
2

21,7¢N1219 _ . 2 —2ngo (-,w)
< const. /Q P OB 10882 Py on e

< const./ |f|2.
{g2 (s w)<—c}

Since u is holomorphic in a neighborhood of w, we see that u(w) = 0. Thus f w) =
f(w) and

1712, < 2/ 12 +2/ Jul?
{ga(,w)<—c} 2

§const./ |f|2—>0 asw — 052.
{82 w)<—c}

Thus we are done. To make the argument rigorous, we need to smooth g (-, w) by
a standard approximating procedure.

To prove Theorem 2.5, it suffices to verify (2.2) for bounded hyperconvex domains.
Blocki and Pflug used the following results due to Blocki:

Proposition 2.3 (cf. [Blocki93]) Let 2 be a bounded domain in C". Assume that
u, v are non-positive psh functions such that u = 0 on 952. Then

[ ey < nivis [ piaacor. 23)
2 2

Theorem 2.5 (cf. [Blocki96]) Let 2 be a bounded hyperconvex domain in C". Then
there exists a solution ¢ of the following Monge-Ampere equation

9% _
det — ) =1, ¢ C(2)and ¢y =0.
024078

Putu = go(-,w) and v = ¢ in (2.3), one gets
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g (o) < —1}] §/Q|g9(-,w>|"(dd0¢)"

sn!||¢||';gl/g|¢|<dd°‘g9(-,w))"

< const.|¢p(w)| — 0

asw — 082, for (dd“gn (-, w))" = 4, (cf. Demailly [Demailly82]).

Remark 2.1 Recently, the property of the function A(?) := [{go (-, w) < —t}| defi-
ned on (0, 00), in particular, the asymptotic behavior of A(7) ast — oo, has attracted
much attention (see e.g., [BlockiSuita, BlockiBourgain, BerndtssonLempert]).

On the other side, there are many non-hyperconvex, Bergman complete domains
(cf. [Chen99, HerbortHyperconvex, PflugZwonek03, PflugZwonek05]). For
instance, one has the following

Proposition 2.4 (cf. [ChenEssay]) Let D be a bounded pseudoconvex domain in C"
and let ¢ > 0 be a continuous psh function on D satisfying

. »(2)
liminf ——— =
z—dD log1/6p(2)

Then (2.2) holds for the Hartogs domain 2 = {(z,w) € D x C : |w| < e #®}, in
particular, it is Bergman complete.

This result suggests that condition (2.2) is almost optimal for Bergman com-
pleteness, e.g., let D be a punctured disc and ¢(z) be psh on D satisfying ¢(z) ~
Nlog1/|z| as z — 0, where N is a positive integer, then £2 would not be Bergman
complete.

It is important to obtain guantitative lower estimates on the Bergman distance
which implies completeness. Diederich and Ohsawa proved the following

Theorem 2.6 (cf. [DiederichOhsawa)) Let 2 C C" be a bounded pseudoconvex
domain with a C? boundary and let z° € 2. Then the Bergman distance dp satisfies

dp(z°, z) = const.log |logdq (2)]

forall z € $2 sufficiently close to d§2. Here &g stands for the (Euclidean) boundary
distance.

The key idea of [DiederichOhsawa] is to use the following strengthening of
Kobayashi’ observation:

Proposition 2.5 (cf. [DiederichOhsawal)) Let p1, pa be distinct points in a bounded
domain 2 C C". Suppose there exists a constant C > 0 such that for any f € A
with || fll;2 = 1 there is another f € A satisfying f(pl) =0, f(p2) = f(p2)
and ||f||Lz < C, thendg(p1, p2) > C' where C' is a positive constant depending
only on C.



106 B.-Y. Chen

Proof Recall from (1.1) that

/ |h1(p2)I?
d , > ] - —
B(p1, p2) = Ko ()

where {h;} is a complete orthonormal basis of 7 satisfying h;(p;) = 0 for all
j=2.1f |h1(p2)|2 < lK_Q(pz), then we have dp(p1, p2) > 1/«/5; otherwise, we
may choose hy satisfying |h2(p2)| > |h1(p2)|/C, so that

)P _/Zfi‘;z 1 (p2) 2
Ko(py) Ka(p2)
- |h2(p2)] - |h1(p2)] - 1 .

= VKe(p) ~ CJKo(p) ~ V2C

dp(p1, p2) > \/1

O

Built on the previous proposition, we may prove the following result through a
similar argument as the proof of Proposition 2.6:

Proposition 2.6 (cf. [BlockiGreen], see also [ChenZhang]) Let 2 be a bounded
pseudoconvex domain in C". Suppose that py, p» are distinct points in §2 satisfying

{ga(, p1) < =1}N{ga(, p2) < -1} =0,

then dp(p1, p2) > const,.
Blocki improved substantially the result of Diederich-Ohsawa as follows

Theorem 2.7 (cf. [BlockiGreen]) One has
dp(z°, z) = const.|log 8¢ (2)|/ log | log 8¢ (2)

for all z € 2 sufficiently close to 052.

The proof of Theorem 2.7 relies on Proposition 2.6 and the following quantitative
estimate of g¢, which is also useful for other purposes (see e.g., [ChenFull]):

Proposition 2.7 (cf. [BlockiGreen], see also [HerbortGreen] for a weaker result)
Let 2 CC C" be a pseudoconvex domain. Suppose there is a negative psh function
p on S2 satisfying
C16%(2) < —p(2) < C285(2), z €2

where C1,Cy > 0 and a > b > 0 are constants. Then there are positive numbers
80, C such that

a 1 b n
{g2(.w) < =1} C {C '8 (w)? |log8a(w)| 75 < 8 < Céa(w)«|logde(w)|«}
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holds for any w € 2 with §o (w) < §.
For planar domains, I showed the following

Theorem 2.8 (cf. [Chen00]) Let $2 be a bounded domain in C. If 2 is Bergman
exhaustive, then it is Bergman complete.

The converse does not hold. Zwonek [ZwonekExample] has constructed a
Bergman complete Zalcman type domain, which is not Bergman exhaustive. By
a Zalcman type domain we mean a planar domain defined by

A\ UZ]-U{O}
j

where {A;} is a sequence of disjoint discs in the unit disc A. Zwonek’s example
also disproved an old conjecture due to Kobayashi [Kobayashi59] that Bergman
completeness implies

Jim 1f @ /Ke(@) =0

forall f € 7. 1tis still unclear whether the converse of Kobayashi’s criterion fails.
A characterization in terms of logarithmic capacity for Bergman exhaustive planar
domains was given by Zownek:

Theorem 2.9 (cf. [ZwonekWiener]) Let §2 be a bounded domain in C and p € 052.
Then

lim Kp(z) =00

z—p

if and only if

12 dt
)’Q(Z)3=/ — — 00 asz— p.
50(2) 17| log(cap(4;(2)\ D))

Here A;(z) stands for the disc with center z and radius t.

Similar results on the Bergman metric were obtained in Pflug and Zwonek
[PflugZwonek03]. By using these results, Wang [XuWang] was able to show
that Bergman completeness is not a guasiconformal invariant for bounded planar
domains. It is a classical result that (Green) hyperbolicity is a quasiconformal invari-
ant for open Riemann surfaces.

It is well-known that every hyperbolic planar domain admits a canonical complete
conformally invariant metric: the Poincaré metric of constant curvature —1. The
following question is of classical interest:

Problem 2.2 What are relationships between the Bergman metric and the Poincaré
metric?
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I have not learnt any example that the Bergman metric is not dominated by the
Poincaré metric. On the positive side, one has the following

Theorem 2.10 (cf. [ChenEssay]) The Bergman metric and the Poincaré metric are
equivalent on uniformly perfect domains. Both distances grow like |logdg| near
052.

A hyperbolic domain £2 C C is said to be uniformly perfect if there exists a
constant ¢ > 0 such that for any boundary point p € 9§2 and 0 < r < diamd$2
there is a point ¢ € 952 such that cr < |¢g — p| < r. For instance, the complement of
the %—Cantor set in A is uniformly perfect. There are many equivalent definitions
of uniform perfectness, as well as various interesting examples, among them of
particular interest is the complement in P! of the Julia set of a rational function of
degree at least two (cf. [SugawaPerfect]).

We refer to [Wolpert, NikolovPflugZwonek] for various interesting results con-
cerning the comparison of the Bergman metric with other invariant metrics on higher
dimensional domains (usually with a highly complicated boundary).

The Bergman kernel and metric are deeply studied for some unbounded domains,
e.g., Siegel domains of the second kind. Another interesting class of unbounded
domains are model domains defined by

Ry ={(',z0) €C" :Imz, > ¥ ()}
where v is a psh function in C"*~ .

Problem 2.3 When is £2, Bergman complete?

The answer is positive when  satisfies ¢ > 0 and

lim () = 400

|2/]—+00

(cf. [ChenKamimotoOhsawa], see also [PflugZwonek05] for related results). The
case when 1 has singularities is more complicated and interesting. For instance, we
have K¢, = 0if ¢ (z') = log |2/|, whereas Ky, > 0 if

Y () ~loglz'lasz’ — 0 and ¥ (z) ~ |z] as || = +oo.
Recently, Ahn-Gaussier-Kim obtained a closely related result:
Theorem 2.11 (cf. [AhnKim]) Let 2xkn be the Kohn-Nirenberg domain defined by
QN = {(z1.22) € C* : Im 2 > Py (21)}

where Py is a real-valued polynomial in z1 and Z1 satisfying (1) Py (tz) = 12k P (2)
foranyt € Rand z € C. (2) 3*Px /3207 > 0 on C* = C — {0}. Then Qkn is
complete with respect to the Carathéodory and Bergman metrics.
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3 Bergman Completeness for Open Complex Manifolds

For complex manifolds, one has to deal at first with the existence problem of the
Bergman kernel or metric. The following is a classical one:

Theorem 3.1 (cf. [AhlforsSario]) Every non-planar Riemann surface admits a
nonzero square integrable holomorphic 1—form, i.e., the Bergman kernel does not
vanish.

One of the most interesting class of open complex manifolds are universal cov-
erings of a compact complex manifold with an infinite fundamental group. Suppose
M is a complex manifold and I” is a free, properly discontinuous subgroup of the
automorphism group Aut(M) of M such that M := M /I is compact. The first Chern
number ¢| of M is negative provided that M possesses the Bergman metric. From
the opposite direction, one may propose the following

Problem 3.1 Let M be a compact complex n—manifold with an infinite fundamen-
tal group and ¢; < 0. Is the Bergman kernel of the universal covering M of M
nonvanishing?

The answer is positive when n < 2. The case n = 1 is trivial. The proof for
n = 2 is due to Claudon [Claudon] It follows from Atiyah’s L? index theorem and
Miyaoka-Yau’s inequality ¢z > ¢} 2/3:

c% +

2
> 15
12 — 9

2,017 0, 0,0, 17
hs) (M) = by (M) + hs) (M) = x@)(Oy) = x(On) =
Every L? holomorphic function f on M has to be constant in view of a L” —Liouville
theore{n of Yau [Yau76]. §ince M is of infinite volume, f has to be zero, i.e.,
h(()é())(M) = (), so that h%i())(M) > (), i.e., there exists a nonzero holomorphic 2—form
on M.
Conversely, I would like to ask

Problem 3.2 Let §2 be a bounded pseudoconvex domain in C" with n > 2 (e.g.
a bounded symmetric domain) and I" a free, properly discontinuous subgroup of
the automorphism group Aut(£2) of £2. When does £2/I" possess a nonzero square
integrable holomorphic n—form?

Kobayashi proposed the following criterion for the existence of the Bergman
metric:

Proposition 3.1 (cf. [KobayashiS9]) A complex manifold M possesses the Bergman
metric provided the following two conditions are verified:
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(1) Foreveryw € M, there exists a n—form f € F€ such that f(w) # 0;

(2) For everyw € M, there are n—forms f1, ..., fu in JC satisfying fo(w) = 0,
%(w) = 8up (Kronecker delta) for 1 < a, B < n. Here f;, 1 < a < n, are
local representations of f.

The concept of the pluricomplex Green function may be extended to complex
manifolds, which depends only on the complex structure of the manifold. A criterion
in terms of the pluricomplex Green function can be given as follows:

Proposition 3.2 (cf. [ChenZhang]) Let M be a Stein manifold. Suppose for any
w € M there is a positive number ¢ > 0 such that {gy (-, w) < —c} is relatively
compact in M. Then M possesses the Bergman metric.

From this we immediately know that every hyperbolic Riemann surface possesses
the Bergman metric. Combining with a theorem of Carleson on removable singu-
larities of L? holomorphic functions (see e.g., [Conway95]), we know that for any
2cC

Ko > Oatone point <= Kg > 0everywhere
= ds_%z exists <= £2 is hyperbolic.

The situation is completely different for higher dimensional domains. Rosay and
Rudin [RosayRudin] constructed a domain £2 C C? with finite volume, whereas
there exists a surjective, locally biholomorphic map F : C> — £2. It follows that
Ko(z) = 1/|182] > 0, i.e., 90 log K i is well-defined, whereas

ga(w) <inf {gea@m s € F'@), ne FTl ) = —oo

for all z, w € £2. It is unclear whether £2 can be made to be Bergman complete.

Let D be a parabolic domain and U CC D a small disc. The domain £ = D\U
is hyperbolic so that it possesses the Bergman metric, which is not complete in view
of Carleson’s theorem. It is reasonable to ask

Problem 3.3 ! Let M be a parabolic Riemann surface and U CC M a local coordi-
nate disc. Is M’ := M\U always Bergman incomplete?

In their famous book [GreeneWuBook], Greene and Wu suggested to study the
Bergman metric through Riemannian geometry. They proved the following

Theorem 3.2 (cf. [GreeneWuBook]) Let (M, g) be a Kiihlerian Cartan-Hadamard
manifold, let o be a fixed point in M and let r be the distance from o. Then

IRecently, I got a counterexample.
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(1) If the inequality
. —A
sectional curvature < B PR
r<(logr)'—¢
holds outside a compact subset of M, where € and A are positive constants, then
M possesses the Bergman metric.

(2) Suppose
A

B .
) < sectional curvature < )
r

~

holds outside a compact subset of M for some positive constants A and B, then
the Bergman metric dslzw satisfies dsjzw > const.(1 + r2)~'g. In particular, M
is Bergman complete.
(3) Suppose
— B < sectional curvature < —A

for some positive constants A and B, then dsjzw > const.g. In particular, M is
Bergman complete.

Recall that a Cartan-Hadamard manifold is a complete, simply-connected Rie-
mannian manifold of nonpositive sectional curvature. Greene-Wu conjectured that
the hypothesized lower bound in (2) or (3) is unnecessary for the lower estimate of
the Bergman metric, they even conjectured that M is Bergman complete under the
assumptions in part (1).

In attempt to solve these conjectures, Zhang and I proved the following

Theorem 3.3 (cf. [ChenZhang]) Let M be a Kdhlerian Cartan-Hadamard manifold,
let 0 be a fixed point in M and let r be the distance from o. Then

(1) Suppose

A

sectional curvature < -
,

outside a compact subset of M for suitable positive constant A, then the Bergman
distance dp satisfies

dp(0, x) > const.logr(x).

(2) Suppose
sectional curvature < —A

for some positive constant A, then
dp (o, x) > const.r(x).

Greene and Wu [GreeneWuBook] also showed that under the following weaker
assumption
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. —(I+¢)
sectional curvature < T

r=logr
outside a compact set, M has to be a hyperconvex manifold, i.e., there is a smooth
strictly psh function p : M — [—1,0) such that {p < —c} CC M for all ¢ > 0.
Thus it is worthwhile to extend Theorem 2.5 as follows:

Theorem 3.4 (cf. [ChenHyperconvex]) Every hyperconvex manifold is Bergman
complete.

Below we list some examples of hyperconvex manifolds beyond hyperconvex
domains:

(a) Closed complex submanifolds of a hyperconvex domain £2; these manifolds can
be highly complicated even when £2 is the unit ball!

(b) Bounded pseudoconvex domainsinP” witha C 2 boundary (cf. [OhsawaSibony]).

(¢) Sufficiently small neighborhoods of a totally real C' submanifold in a complex
manifold (cf. [HarveyWells]).

(d) Regular coverings of a hyperconvex manifold (cf. [Vajaitu]).

Although the proof of the previous theorem is not basically different from
[BlockiPflug], it still requires a few additional observations. Indeed, the following
modified criterion for Bergman completeness was implicitly used:

Proposition 3.3 (cf. [ChenEssay]) Let M be a Stein manifold which possesses the
Bergman metric. Suppose that for any infinite sequence of points {py} in M which
has no adherent point in M, there are a subsequence {px;}, a number ¢ > 0 and a
continuous volume form dV on M such that for any compact subset K of M, the
related volume

K N {gm(, pr;) < —c}l
tends to zero as j — oo, then M is Bergman complete.

Even for bounded hyperconvex domains, this criterion has the advantage of avoid-
ing any use of the solution of the Monge-Ampere equation. Furthermore, it was used
in [ChenEssay] to show that every Stein subvariety in a complex manifold admits a
fundamental family of Bergman complete Stein neighborhoods, which improves a
famous result of Siu [SiuNeighborhood].

As is well-known, every Stein manifold can be embedded holomorphically as a
closed complex submanifold of some C”. It is natural to ask

Problem 3.4 Which closed complex submanifold of C”" is Bergman complete?

For instance, the preimage 7 ~'(S) C C" of a smooth ample divisor S in an
Abelian variety A is Bergman complete, where 7 : C" — A is the covering map
(see e.g., [ChenEssay]). When n > 2, there is no nonconstant bounded holomor-
phic functions on 7 ~!(S); I guess that the related pluricomplex Green function
equals —oo.
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Even for a smooth analytic hypersurface M defined by f = 0 where f is an entire
function in C", it s still of great interest to find a criterion for Bergman completeness
of M in terms of the function f.

Finally, let us look at Riemann surfaces from a different viewpoint. Consider at
first an orientable surface M, i.e., a two-dimensional differentiable manifold. Let

ds® = E(x, y)dx*> + 2F (x, y)dxdy + G(x, y)dy?

where EG — F2 > 0, E > 0,be a (smooth) Riemannian metric defined in local
coordinates (x, y) of M. It is easy to see that every (paracompact) surface carries
a (complete) Riemannian metric by means of patching up together local metrics
through a partition of unity. By isothermal parameters we mean local coordinates
(§,8) with & = &(x, y), £ = {(x, y), such that

ds® = ME, O)(dE> +dE?), ME L) > 0.

Such isothermal parameters are known to exist by the famous Korn-Lichtenstein

theorem, which goes back to Gauss. Thus M carries local complex coordinates

z = & 4 ¢i so that it becomes a Riemann surface in classical sense. This observation

is significant since the complex structure of a surface is often unknown, whereas the

Riemannian metric can be analyzed through general theory of Riemannian geometry.

From this viewpoint, assumptions relying on the complex structure are unnatural.
Now I formulate a basic problem:

Problem 3.5 Let M be an open Riemann surface with a complex structure induced
by some complete Riemannian metric ds>. Under which condition on ds? is the
surface M Bergman complete?

As is well-known, popular conditions in Riemannian geometry are curvature,
volume, etc. These are not strong enough for giving a criterion for Bergman com-
pleteness. Certain global condition is needed.

A nice global property of Riemannian manifolds is isoperimetric inequalities.
Suppose M is a complete Riemannian n—manifold. Let .% denote the set of precom-
pact domains £2 C M with a smooth boundary. For 0 < v < oo, the v—dimensional
isoperimetric constant 7, (M) of M is defined by

I,(M) = inf [382|/|12)'~"".
RLeTF

Recently, I obtained the following

Theorem 3.5 (cf. [ChenRiemann]) Let M be a complete Riemannian surface with
the Gauss curvature bounded below by a constant. Let o be a point in M and r be
the distance from o. Suppose either of the following conditions is verified:
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() I,(M) > 0, for some 2 < v < 00,
2) Ioc(M) > 0 and infcpy |B1(x)| > 0, where B, (x) stands for the geodesic ball
with center x and radius a.

Then the Bergman distance dp satisfies
dp (o, x) > const. r(x).

Remark 3.1 (1) For the flat complex plane, one has I, (C) > 0, whereas C does not
possess the Bergman metric. (2) For the punctured disc A* with the Poincaré metric,
one has I, (A*) > 0, whereas the Bergman metric is not complete.

How to realize these assumptions? With respect the Poincaré metric, every unifor-
mly perfect domain £2 has bounded geometry and /,,(£2) > 0 (cf. [SugawaPerfect]).
Recall that a complete Riemannian manifold M has bounded geometry if the Ricci
curvature is bounded below by a constant, and the injectivity radius is positive. Thus
£2 satisfies the assumption in part (2). The point is that one may construct from §2
many open Riemannian surfaces verifying this assumption, based on the following
beautiful discovery of Kanai:

Theorem 3.6 (cf. [KanaiRough]) Let M|, M> be complete Riemannian manifolds
with bounded geometries such that they are roughly isometric to each other. Let v >
max{dim M1, dim M>}. Then I,(M1) > 0 if and only if I,(M>) > O.

Recall that amap F : M| — M between two Riemannian manifolds M and M, is
called a rough isometry if there are constants @ > 1 and b > 0 such that

a”'di(x,y) — b < dr(F(x), F(y)) < ady(x,y) +b

for all x, y € My, and F is e—full for some number ¢ > 0, i.e.,

U B:(F(x) = M.

xeM,

For instance, we learn from Kanai’s theorem that every 2—dimensional jungle gym
in R" with n > 2 has a positive n—dimensional isoperimetric constant; similarly,
every 2—dimensional jungle gym in a Cartan-Hadamard n—manifold (n > 2) with
sectional curvature < —A (A > 0) has a positive infinite-dimensional isoperimetric
constant.

Problem 3.6 Let M be an open real surface. Does there always exist a complex
structure on M such that the related Bergman metric is complete?
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Structure Theorems for Compact Kihler
Manifolds with Nef Anticanonical Bundles

Jean-Pierre Demailly

Abstract This survey presents various results concerning the geometry of com-
pact Kéhler manifolds with numerically effective first Chern class: structure of the
Albanese morphism of such manifolds, relations tying semipositivity of the Ricci cur-
vature with rational connectedness, positivity properties of the Harder-Narasimhan
filtration of the tangent bundle.

Keywords Compact Kihler manifold + Anticanonical bundle + Semipositive Ricci
curvature + Ricci flat manifold + Rationally connected variety + Holonomy principle

1 Introduction and Preliminaries

The goal of this survey is to present in a concise manner several recent results
concerning the geometry of compact Kéhler manifolds with numerically effective
first Chern class. Especially, we give a rather complete sketch of currently known
facts about the Albanese morphism of such manifolds, and study the relations that
tie semipositivity of the Ricci curvature with rational connectedness. Many of the
ideas are borrowed from [DPS96, BDPP] and the recent PhD thesis of Cao [Cao13a,
Caol3b].

Recall that a compact complex manifold X is said to be rationally connected if any
two points of X can be joined by a chain of rational curves. A line bundle L is said
to be hermitian semipositive if it can be equipped with a smooth hermitian metric of
semipositive curvature form. A sufficient condition for hermitian semipositivity is
that some multiple of L is spanned by global sections; on the other hand, the hermitian
semipositivity condition implies that L is numerically effective (nef) in the sense of
[DPS94], which, for X projective algebraic, is equivalent to saying that L - C > 0 for
every curve C in X. Examples contained in [DPS94] show that all three conditions
are different (even for X projective algebraic). Finally, let us recall that a line bundle
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L — X is said to be pseudoeffective if here exists a singular hermitian metric 4 on
L such that the Chern curvature current 7 = i@y, , = —i99d log & is non-negative;
equivalently, if X is projective algebraic, this means that the first Chern class ¢ (L)
belongs to the closure of the cone of effective Q-divisors.

The (Chern-)Ricci curvature is the curvature of the anticanonical bundle K 1 —
det(Ty), and by Yau’s solution of the Calabi conjecture (see [Aub76, Yau78]), a
compact Kéhler manifold X has a hermitian semipositive anticanonical bundle K ;1
if and only if X admits a Kdhler metric w with Ricci(w) > 0. Let us first review
some classical examples of varieties with K ;1 nef.

(ZFCC) Compact Kihler manifolds with zero first Chern class

The celebrated Bogomolov-Kobayashi-Beauville theorem yields the structure of
compact Kihler Ricci-flat manifolds ([Bog74a, Bog74b, Kob81, Bea83]) which,
by Yau’s theorem [Yau78], are precisely compact Kéhler manifolds with zero first
Chern class. Recall that a hyperkdhler manifold X is a simply connected compact
Kihler manifold admitting a holomorphic symplectic 2-form o (i.e. a holomorphic
2-form of maximal rank n = 2p = dim¢ X everywhere; in particular Ky = Ox). A
Calabi-Yau manifold is a simply connected projective manifold with Kx = O and
HO(X, .Q)’;) = 0for 0 < p < n = dim X. Sometimes, finite étale quotient of such
manifolds are also included in these classes (so that 71 (X) is finite and possibly non
trivial).

1.1 Theorem ([Bea83]) Let (X, w) beAa compact Ricci flat Kéhler manifold. Then
there exists a finite étale Galois cover X — X such that

X\zTXHY/XHSk

where T = C1/A = Alb(f(\) is the Albanese torus of X, and Y;, Sy are compact
simply connected Kiihler manifolds of respective dimensions n j, nj with irreducible
holonomy, Y; being Calabi-Yau manifolds (holonomy group = SU(n;)) and S
holomorphic symplectic manifolds (holonomy group = Sp(n;( /2)).

(RC-NAC) Rationally connected manifolds with nef anticanonical class

A classical example of projective surface with K ;1 nef is the complex projective
plane IP%C blown-up in 9 points {a;}1<;<9. By a trivial dimension argument, there
always exist a cubic curve C = {P(z) = 0} containing the 9 points, and we assume
that C is nonsingular (hence a smooth elliptic curve). Let i : X — P2 the blow-up
map, £; = wNa ) the exceptional divisors and C the strict transform of C. One
has

Kx = n*Kp ® Ox(3E)),

thus
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Ky' =1 0pm(3) ® Ox (-3 E;) = 0x(C),
L:=(Ky"e=ua L

where L := Oc(3)®0c(—2 laj]) € Pic’(C). As a consequence we have K;l .C =
(6)2 =0. For any other irreducible curve I” in X, we find K_1 r=Cc-r >0,
therefore K !'is nef. There is a non trivial section in H 0(C L®m) if and only if L
isam- torsmn point in PICO(C ) (i.e. iff L has rational coordinates with respect to the
periods of ) ), and in that case, it is easy to see that this section extends to a section
of H(X, K ") (cf. e.g. [DPS96]). This also means that there is an elliptic pencil
aP(2)" + 0O (z) = 0 defined by a fibration

Tm = Om/P™ : X — P!,

where Q,, € H(P2, ¢ (3m)) vanishing at order mm at all points a; ; the generic fiber
of 7,, is then a singular elliptic curve of multiplicity m at a;, and we have K" =
(1) * Op1 (1), in particular K™ is generated by its sections and possesses a real
analytic metric of semipositive curvature. Now, when L ¢ Pic’(C) (corresponding
to a generic position of the 9 points a; on C), Ueda has analyzed the structure
of neighborhoods of C in X, and shown that it depends on a certain following
diophantine condition for the point A € H'(C, Oc)/H'(C,7Z) on the Jacobian
variety of C associated with L (cf. [Ued82, p. 595], see also [Arn76]). This condition
can be written

—logd(ma,0) = O(logm) asm — +oo, (1.1)

where d is a translation invariant geodesic distance on the Jacobian variety. Espe-
cially, (1.1) is independent of the choice of d and is satisfied on a set of full measure
in Pic®(C). When this is the case, Ueda has shown that Cc possesses a “pseudoflat
neighborhood”, namely an open neighborhood U on which there exists a plurihar-
monic function with logarithmic poles along C. Relying on this, Brunella [Brul0]
has proven

1.2 Theorem Let X, C, L be as above and assume that L is not a torsion point in
Pic?(C). Then

(a) There exists on X a smooth Kdihler metric with semipositive Ricci curvature if
and only if C admits a pseudoflat neighborhood in X.

(b) There does not exist on X a real analytic Kahler metric with semipositive Ricci
curvature.

It seems likely (but is yet unproven) that C does not possess pseudoflat neighbor-
hoods when (0.2) badly fails, e.g. when the coordinates of A with respect to periods
are some sort of Liouville numbers like > 1/10™. Then, K ;1 would be a nef line
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bundle without any smooth semipositive hermitian metric!. It might still be possible
that there always exist singular hermitian metrics with zero Lelong numbers (and
thus with trivial multiplier ideal sheaves) on such a rational surface, but this seems
to be an open question as well. In general, the example of ruled surface over an ellip-
tic curve given in [DPS94, Example 1.7] shows that such metrics with zero Lelong
numbers need not always exist when K ;1 is nef, but we do not know the answer
when X is rationally connected. Studying in more depth the class of rationally con-
nected projective manifolds with nef or semipositive anticanonical bundles is thus
very desirable.

2 Criterion for Rational Connectedness

We give here a criterion characterizing rationally connected manifolds X in terms
of positivity properties of invertible subsheaves contained in .Q)’; or (T§)®P ; this is
only a minor variation of Theorem 5.2 in [Pet06].

2.1 Critertion Let X be a projective algebraic n-dimensional manifold. The follow-
ing properties are equivalent.

(a) X is rationally connected.

(b) For every invertible subsheaf % C .Q)’; = O(APTY), 1 < p < n, F is not
pseudoeffective.

(c) Foreveryinvertible subsheaf % C ﬁ((T;(k)‘X’p), p > 1, 7 isnot pseudoeffective.

(d) For some (resp. for any) ample line bundle A on X, there exists a constant
Cy > 0 such that

HYX, (TH®" @ A®) =0 forallm, k € N* withm > Ck.

Proof Observe first that if X is rationally connected, then there exists an immersion
f : P! € X (in fact, many of them) passing through any given finite subset of X,
and such that f*Ty is ample, see e.g. [Kol96, Theorem 3.9, p. 203]. It follows easily
from there that 1.1 (a) implies 1.1 (d). The only non trivial implication that remains
to be proved is that 1.1 (b) implies 1.1 (a). First note that Ky is not pseudoeffective,
as one sees by applying the assumption 1.1 (b) with p = n. Hence X is uniruled by
[BDPP]. We consider the quotient with maximal rationally connected fibers (rational
quotient or MRC fibration, see [Cam92, KMM92])

fiX--=W

! Added in proof. In a very recent manuscript, Takayuki Koike has established the existence of such
nef and non semipositive configurations, cf. arXiv:1507.00109, “Ueda theory for compact curves
with nodes”.
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to a smooth projective variety W. By [GHSO1], W is not uniruled, otherwise we
could lift the ruling to X and the fibers of f would not be maximal. We may further
assume that f is holomorphic. In fact, assumption 1.1 (b) is invariant under blow-ups.
To see this, let 7 : X — X be a birational morphisms from a projective manifold
X and consider a line bundle .% C .Q; Then 7, (j) C Ty (.Q;) = .Q§ hence we
introduce the line bundle

T = (m(F)™ C 2F.

Now, if Z were pseudoeffective, so would be .%. Thus 1.1 (b) is invariant under 7
and we may suppose f holomorphic. In order to show that X is rationally connected,
we need to prove that p := dim W = 0. Otherwise Ky = .Q{,’V is pseudoeffective by
[BDPP], and we obtain a pseudo-effective invertible subsheaf % := f* ([25[,) c 27F,
in contradiction with 1.1 (b). O

2.2 Remark By [DPS94], assumptions 1.1 (b) and (c) make sense on arbitrary com-
pact complex manifolds and imply that H°(X, .{2)2() = 0. If X is assumed to be
compact Kihler, then X is automatically projective algebraic by Kodaira [Kod54],
therefore, 1.1 (b) or (c) also characterize rationally connected manifolds among all
compact Kéhler ones. ([

3 A Generalized Holonomy Principle

Recall that the restricted holonomy group of a hermitian vector bundle (E, /) of rank
r is the subgroup H C U(r) >~ U(E,,) generated by parallel transport operators
with respect to the Chern connection V of (E, &), along loops based at zg that are
contractible (up to conjugation, H does not depend on the base point zp). The stan-
dard holonomy principle (see e.g. [BY53]) admits a generalized “pseudoeffective”
version, which can be stated as follows.

3.1 Theorem Let E be a holomorphic vector bundle of rank r over a compact
complex manifold X. Assume that E is equipped with a smooth hermitian structure
h and X with a hermitian metric w, viewed as a smooth positive (1, 1)-form v =
i > wji(z2)dzj AdZy. Finally, suppose that the w-trace of the Chern curvature tensor
1O j, is semipositive, that is

n—1 "

iOpp A ——— =B, BeHem(E,E), B>0 onX,
P =T T

and denote by H the restricted holonomy group of (E, h).

(a) If there exists an invertible sheaf £ C O ((E*)®™) which is pseudoeffective as
a line bundle, then £ is flat and £ is invariant under parallel transport by the
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connection of (E*)®™ induced by the Chern connection V of (E, h); in fact, H
acts trivially on £ .

(b) IfH satisfies H = U(r), then none of the invertible subsheaves £ of O ((E*)®™)
can be pseudoeffective for m > 1.

Proof The semipositivity hypothesis on B = Tr,i®f j is invariant by a conformal
change of metric w. Without loss of generality we can assume that w is a Gauduchon
metric, i.e. that 30w" 1 = 0, cf. [Gau77]. We consider the Chern connection V on
(E, h) and the corresponding parallel transport operators. At every point zg € X,
there exists a local coordinate system (zj, ..., z,) centered at zo (i.e. zo = O in
coordinates), and a holomorphic frame (e (z))1<;<, such that

(@), eu@n =8 — D, oz + 002, 1<rp<r

1<j.k=n

_ “ _
OF n(z0) = E Cikapdzj NdZx @ e ® ey,  Crjur = Cjkaps
1<j.k,h,pu<n

where 83, is the Kronecker symbol and & j(zo) is the curvature tensor of the Chern
connection V of (E, h) at zg.

Assume that we have an invertible sheaf . C &' ((E*)®™) that is pseudoeffective.
There exist a covering U; by coordinate balls and holomorphic sections f; of .2 of
generating . over U;. Then . is associated with the Cech cocycle g jk in 0% such
that fx = g« f;, and the singular hermitian metric e~ of .# is defined by a collec-
tion of plurisubharmonic functions ¢; € PSH(U;) such that e ™% = |gx|>e™%/. It
follows that we have a globally defined bounded measurable function

o -
Yo=Y fill” = e¥ 1l flljpom

over X, which can be viewed also as the ratio of hermitian metrics (h*)" /e™%
along .Z, ie. ¢y = (h*)lrfge‘/’. We are going to compute the Laplacian A,,v. For
simplicity of notation, we omit the index j and consider a local holomorphic section f
of . and alocal weight ¢ € PSH(U) on some open subset U of X . In a neighborhood
of an arbitrary point zg € U, we write

f=D faeh ®..®¢ . facOWU),

aeNm

where (e}) is the dual holomorphic frame of (e;) in &' (E*). The hermitian matrix
of (E*, h™) is the transpose of the inverse of the hermitian matrix of (E, h), hence
we get

(ef@, i@ =6u+ D, crunzz+ 00z, 1<rp=<r

1<jk=n
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On the open set U the function ¢ = (h*)l'flge‘ﬂ is given by

v=( 2 P+ D falscipaiio+ OUPISP)eH e,

aeN" a,BeN" 1<jk<n,1<l<m

By taking i99(...) of this at z = z¢ in the sense of distributions (that is, for almost
every zo € X), we find

99y =e<ﬂ(|f|2135<p Li(df + f09,f + fOg)

+ Z fo{f_ﬁcjkﬂ[o[g idzj A de).
o, B,j,k,1<l<m

Since 199y A {;l’i—];, = ALY “,;—7 (we actually take this as a definition of A,), a

multiplication by " ~! yields the fundamental inequality
Aot = | [P (Aug +mu)) + 1V, f + [015, jon ¢

where A1(z) > 0 is the lowest eigenvaluei of the hermitian endomorphism B =
Tr,i®F ;, at an arbitrary point z € X. As 39w"! = 0, we have

/A w—n—/'a§ i —/ AT
AV T AT T LY e

by Stokes” formula. Since idd¢ > 0, the above inequality implies A,p = 0, i.e.
i99¢ = 0,and V;’O [+ fd¢p =0 almost everywhere. This means in particular that the
line bundle (., e~¥) is flat. In each coordinate ball U; the pluriharmonic function
¢ can be written ¢ ; = w; +w; for some holomorphic function w; € €'(U;), hence
d¢; = dw; and the condition V}i’ofj + fjd¢; = 0 canbe rewritten V;l’o(ewf fi)=0
where e"/ f; is a local holomorphic section. This shows that .#" must be invariant
by parallel transport and that the local holonomy of the Chern connection of (E, h)
acts trivially on .Z. Statement 2.1 (a) follows.

Finally, if we assume that the restricted holonomy group H of (E, k) is equal
to U(r), there cannot exist any holonomy invariant invertible subsheaf ¥ C
OW(E*)®™), m > 1, on which H acts trivially, since the natural representation
of U(r) on (C")®™ has no invariant line on which U(r) induces a trivial action.
Property 2.1 (b) is proved. ([

4 Structure Theorem for Compact Kihler Manifolds
with K ;! Semipositive

In this context, the following generalization of the Bogomolov-Kobayashi-Beauville
Theorem 1.1 holds.
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4.1 Structure Theorem Let X be a compact Kdihler manifold with K y ! hermitian
semipositive. Then there exists a finite étale Galois cover XX such that

?:(Cq/A XHYj XHSk XHZg

where C1/A = Alb()?) is the Albanese torus of)?, and Y;, Sk, Zy are compact sim-
ply connected Kéhler manifolds of respective dimensions n j, ), ny with irreducible
holonomy, Y ; being Calabi-Yau manifolds (holonomy SU(n)), Sy holomorphic sym-
plectic manifolds (holonomy Sp(n) /2)), and Z rationally connected manifolds with

K le semipositive (holonomy U(n})).

Proof The proof relies on our generalized holonomy principle, combined with De
Rham’s splitting theorem [DR52] and Berger’s classification [Ber55]. Foundational
background can be found in papers by Lichnerowicz [Lic67, Lic71], and Cheeger
and Gromoll [CG71, CG72].

‘We suppose here that X is equipped with a Kdhler metric w such that Ricci(w) > 0,
and we set n = dim¢ X. We consider the holonomy representation of the tangent
bundle £ = Tx equipped with the hermitian metric # = . Here

B =TryiOf p = TryiO@1y , > 0

is nothing but the Ricci operator. Let X — X be the universal cover of X and
(X, o) ~ [[Xi, o)

be the De Rham decomposition of (f ,w), induced by a decomposition of the
holonomy representation in irreducible representations. Since the holonomy is con-
tained in U(n), all factors (X;, w;) are Kédhler manifolds with irreducible holonomy
and holonomy group H; C U(n;), n; = dim X;. By Cheeger and Gromoll [CG71],
there is possibly a flat factor Xy = C? and the other factors X;, i > 1 are compact
and simply connected. Also, the product structure shows that each K X ! is hermitian
semipositive. By Berger’s classification of holonomy groups [Ber55] there are only
three possibilities, namely H; = U(n;), H; = SU(n;) or H; = Sp(n;/2). The case
H; = SU(n;) leads to X; being a Calabi-Yau manifold, and the case H; = Sp(n;/2)
implies that X; is holomorphic symplectic (see e.g. [Bea83]). Now, if H; = U(n;), the
generalized holonomy principle 2.1 (b) shows that none of the invertible subsheaves
L c0o ((T;I_)@m) can be pseudoeffective for m > 1. Therefore X; is rationally
connected by Criterion 2.1.

It remains to show that the product decomposition descends to a finite cover X
of X. However, the fundamental group 1 (X) acts by isometries on the product, and
does not act at all on the rationally connected factors Z, which are simply connected.
Thanks to the irreducibility, the factors have to be preserved or permuted by any
element y € 71(X), and the group of isometries of the factors S;, Y; are finite (since
HO(Y, Ty) = 0 for such factors and the remaining discrete group Aut(Y)/ AutO(Y )
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is compact). Therefore, there is a subgroup I of finite index in 71 (X) which acts
trivially on all factors except C?. By Bieberbach’s theorem, there is a subgroup I" of
finite index in I that acts merely by translations on C?. After taking the intersection
of all conjugates of I" in 71 (X), we can assume that I” is normal i in 771 (X). Then,
if A is the lattice of translations of C? defined by I", the quotient X=X /T is the
finite étale cover of X we were looking for. (I

Thanks to the exact sequence of fundamental groups associated with a fibration,
we infer

4.2 Corollary Under the assumptions of Theorem 4.1, there is an exact sequence
0> 7% > m7(X)—> G —0

where G is a finite group, namely 7\ (X) is almost abelian and is an extension of a
finite group G by the normal subgroup w1 (X) ~ 7.

5 Compact Kihler Manifolds with Nef Anticanonical
Bundles

In this section, we investigate the properties of compact Kédhler manifolds possessing
a numerically effective anticanonical bundle K ;1. A simple but crucial observation
made in [DPS93] is

5.1 Proposition Let X be compact Kdhler manifold and {w} a Kdhler class on X.
Then the following properties are equivalent:

(a) K;l is nef.

(b) Foreverye > 0, there exists a Kiihler metric w, = w + 100¢, in the cohomology
class {w} such that Ricci(wg) > —ew.

(c) Foreverye > 0, there exists a Kiihler metric w, = w + i99¢; in the cohomology
class {w} such that Ricci(wg) > —ew,.

Sketch of Proof The nefness of K ;1 means that ¢ (X) = ¢ (K ;1) contains a closed
(1, 1)-form p; with p, > —ew, so (b) implies (a); the converse is true by Yau’s
theorem [ Yau78] asserting the existence of Kihler metrics w, € {w} with prescribed
Ricci curvature Ricci(w;) = pg. Since w, = w, (c) implies

c1(X) + e{w} 3 p, := Ricci(wg) + ewe > 0,
hence (c) implies (a). The converse (a) = (c) can be seen to hold thanks to the

solvability of Monge-Ampere equations of the form (w + i199¢)" = exp(f + €¢),
due to Aubin [Aub76]. (Il
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By using standard methods of Riemannian geometry such as the Bishop-Gage
inequality for the volume of geodesic balls, one can then show rather easily that the
fundamental group 771 (X) has subexponential growth. This was improved by M. Paun
in his PhD thesis, using more advanced tools (Gromov-Hausdorff limits and results of
Cheeger and Colding [CC96, CC97], as well as the fundamental theorem of Gromov
on groups of polynomial growth [Gr81a, Gr81b]).

5.2 Theorem ([Pau97, Pau98]) Let X be a compact Kiihler manifold with K , ! nef.
Then m1(X) has polynomial growth and, as a consequence (thanks to Gromov) it
possesses a nilpotent subgroup of finite index.

We next study stability issues. Recall that the slope of a non zero torsion-free
sheaf .# with respect to a Kihler metric w is

T\ — 1 a n—1
“‘”(J)_—rank(ﬁ)/xcl('/)/\w .

Moreover, .7 is said to be w-stable (in the sense of Mumford-Takemoto) if /1., (-) <
W (F) for every torsion-free subsheaf . C .# with 0 < rank(”) < rank(%).
In his PhD thesis [Caol3a, Caol3b], Junyan Cao observed the following important
fact.

5.3 Theorem ([Caol3a, Caol3b]) Let (X, ) be a compact n-dimensional Kdhler
manifold such that K 5 Vis nef. Let

0=%yCF C---CF =Tx

be a Harder-Narasimhan filtration of Tx with respect to w, namely a filtration
of torsion-free subsheaves such that F; | %;_\ is w-stable with maximal slope in
Tx/%i—1 lit is then well known that i +— u,(%;/F;—1) is a non increasing
sequence). Then

o (Fi)|Fi—1) =0  foralli.

Proof First consider the case where the filtration is regular, i.e., all sheaves .%; and
their quotients .%; /.%; _1 are vector bundles. By the stability condition, it is sufficient
to prove that

/ ci(Tx ) F) A" >0 foralli.
X
By 4.1 (b), for each ¢ > 0, there is a metric w; € {w} such that Ricci(wg) > —ew;.

This is equivalent to the pointwise estimate

1

107y 0, ANy > —e - ldry 0.
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Taking the induced metric on Tx/.%; (which we also denote by w;), the second
fundamental form contributes nonnegative terms on the quotient, hence the w,-trace
yields

1> _erank(Tx/.%) ol

: n
l@TX/<%sws A Wy

Therefore, putting r; = rank(Tx /.%;), we get

/Cl(TX/%)/\w"_1 =/ c1(Tx ) Fi) Ao
X X

—sr,-/ ] = —8r,-/ ",
X X

and we are done. In case there are singularities, they occur only on some analytic
subset § C X of codimension 2. The first Chern forms calculated on X ~ S extend
as locally integrable currents on X and do not contribute any mass on S. The above
calculations are thus still valid. ]

A%

By the results of Bando and Siu [BS94], all quotients .%; /.%; _| possess a Hermite-
Einstein metric 4; that is smooth in the complement of the analytic locus S of codi-
mension at least 2 where the .%; are not regular subbundles of Tx. Assuming w
normalized so that f x o" = 1, we thus have

1 n

-
Oz Fim N = pildg 70

where u; > 0 is the corresponding slope. Using this, one easily obtains:

5.4 Corollary Let (X, w) be a compact Kdhler manifold with K ;1 nef, and S the
analytic set of codimension > 2 in X where the Harder-Narasimhan filtration of Tx
with respect to w is not regular. If a section o € H(X, (T§)®’") vanishes at some
point x € X N\ S, it must vanish identically.

Proof By dualizing the filtration of Tx and taking the m-th tensor product, we obtain
a filtration

0=% C% C---CYy = (TH)>"

such that all slopes ©; = e (% /%i—1) satisfy 0 > pu; > ... > puy. Now, ifuisa
section of a hermitian vector bundle (¢, h) of slope u < 0, a standard calculation
shows that

wn—l n

2 Y 2 2 W
Au(logllully) = 09 log lullf A =7 = IVwuly 7 2 0.

By the maximum principle |ju||; must be constant, and also # must be h-parallel,
and if u < 0, the strict inequality for the trace of the curvature implies in fact u = 0.
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For u = 0 and u # 0, any equality u(x) = 0 at a point where & does not blow up
would lead to a non constant subharmonic function log |||, with a —oo pole on
X S, contradiction. From this, we conclude by descending induction starting with
i = N — 1 that the image of o in H(X, (T§)®’” /%) vanishes identically, hence
o lies in fact in H%(X, %), and we proceed inductively by looking at its image in
HY(X. % /9 ). 0

The next result has been first proved by Zhang [Zha96] in the projective case, and
by Paun [Paul2] in the general Kéhler case. We give here a different proof based on
the ideas of Junyan Cao (namely, on Theorem 5.3 and Corollary 5.4).

5.5 Corollary Let (X, w) be a compact Kihler manifold with nef anticanonical
bundle. Then the Albanese map o : X — Alb(X) is surjective, and smooth outside
a subvariety of codimension at least 2. In particular, the fibers of the Albanese map
are connected and reduced in codimension 1.

Proof Let o1,...,04 € HO(X, Q,]() be a basis of holomorphic 1-forms. The
Albanese map is obtained by integrating the o;’s and the differential of « is thus
given by da = (o1, ..., 04) : Tx — C?. Hence « is a submersion at a point x € X
if and only if no non trivial linear combination ¢ = >’ Ajo; vanishes at x. This
is the case if x € X . S. In particular  has generic rank equal to ¢, and must be
surjective and smooth in codimension 1. The connectedness of fibers is a standard
fact (o cannot descend to a finite étale quotient because it induces an isomorphism
at the level of the first homology groups). [

A conjecture attributed to Mumford states that a projective or Kihler manifold
X is rationally connected if and only if H Ox, (T;)@’m) = 0forallm > 1. As an
application of the above results of J. Cao, it is possible to confirm this conjecture in
the case of compact Kéhler manifolds with nef anticanonical bundles.

5.6 Proposition Let X be a compact Kdihler n-dimensional manifold with nef anti-
canonical bundle. Then the following properties are equivalent:

(a) X is projective and rationally connected,

(b) for everym > 1, one has H(X, (T;)®m) =0;

(c) for every m = 1,...,n and every finite étale cover X of X, one has
HO(X, 2%) =0.

Proof As already seen, (a) implies (b) and (c) Qpply 1.1 (d) and the fact that X is
simply connected). Now, for any p : 1 cover X — X, by taking a “direct image
tensor product”, a non zero section of H O(X , .Q;'A;) would yield a non zero section of

(%)% C (T)H®™,

thus (b) implies (c). It remains to show that (c) implies (a). Assume that (c) holds.
In particular H%(X, [2)2() = 0 and X must be projective by Kodaira. Fix an ample
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line bundle A on X and look at the Harder-Narasimhan filtration (.%;)o<j<s of Tx
with respect to any Kihler class w. If all slopes are strictly negative, then for any
m 3> p > 0 the tensor product (T5)®" ® AP admits a filtration with negative slopes.
In this circumstance, the maximum principle then implies that Criterion 2.1 (d) holds,
therefore X is rationally connected. The only remaining case to be treated is when
one of the slopes is zero, i.e. for every Kéhler class there is a subsheaf %, C Tx
such that f xc1(Tx/ Fo) A ®"~! = 0. Now, by standard lemmas on stability, these
subsheaves .%,, live in a finite number of families. Since the intersection number
/: yc1(Tx/F) A "1 does not change in a given irreducible component of such a
family of sheaves, we infer (e.g. by Baire’s theorem!) that there would exist a subsheaf
ZF C Tx and a set of Kihler classes {w} with non empty interior in the Kéhler
cone, such that f v c1(Tx YE2W "1 = 0 for all these classes. However, by taking
variations of (w—+ toz)"’1 with 7 > 0 small, we conclude that the intersection product
of the first Chern class ¢ (T /.%) with any product @" 2 A « vanishes. The Hard
Lefschetz together with Serre duality now implies that ¢;(Tx/.#)r € H*(X,R) is
equal to zero. By duality, there is a subsheaf ¥ C 2 )1( of rank m = 1, ..., n such
that ¢ (4)r = 0. By taking . = det(%)**, we get an invertible subsheaf ¥ C £2¥
with ¢ (Z)r = 0. Since A (X, Ox) = h°(X, .Q)]() = 0, some power .Z? is trivial
and we get a finite cover 7 : X — X such that 7*.% is trivial. This produces a non
zero section of H° (5(\ , .Q;’A;), contradiction. O

The following basic question is still unsolved (cf. also [DPS96]).

5.7 Problem Let X be a compact Kdhler manifold with K ;1 pseudoeffective. Is the
Albanese map o : X — Alb(X) a (smooth) submersion? Especially, is this always
the case when K Vis nef?

By [DPS96] or Theorem 4.1, the answer is affirmative if K;l is semipositive.
More generally, the generalized Hard Lefschetz theorem of [DPSO1] shows that
this is true if K ;1 is pseudoeffective and possesses a singular hermitian metric of
nonnegative curvature with trivial multiplier ideal sheaf. The general nef case seems
to require a very delicate study of the possible degenerations of fibers of the Albanese
map (so that one can exclude them in the end). In this direction, Cao and Horing
[CH13] recently proved the following

5.8 Theorem ([CH13]) Assuming X compact Kdhler with K;l nef, the answer to
Problem 4.7 is affirmative in the following cases:

(a) dimX <3;

(b) q(X) =h"X, Ox) =dimX — 1;

(c) q(X)=h"%X, Ox) > dim X — 2 and X is projective;

(d) the general fiber F of « : X — Alb(X) is a weak Fano manifold, i.e. K;l is
nef and big.

In general, a deeper understanding of the behavior of Harder-Narasimhan filtra-
tions of the tangent bundle of a compact Kihler manifold would be badly needed.
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An Estimate for the Squeezing Function
and Estimates of Invariant Metrics

J.E. Fornaess and E.F. Wold

Abstract We give estimates for the squeezing function on strictly pseudoconvex
domains, and derive some sharp estimates for the Carathéodory, Sibony and Azukawa
metrics near their boundaries.

Keywords Invariant metrics + Squeezing function - Exposing points

1 Introduction

Let £2 be a bounded domain in C". The squeezing function S, (z), which was intro-
duced in [Deng] inspired by [Liu04, Liu05, Yeun09], measures how much a domain
looks like the unit ball observed from a given point z € §2. More precisely it is
defined as follows: For a given injective holomorphic map f : £2 — B" satisfying
f(z) =0 we set

So,r(z) :=sup{r > 0:rB" C f(£2)},

and then we set

Se(z) = SI}P{SQ,/'(Z)},

where f ranges over all injective holomorphic maps f : 2 — B" with f(z) = 0.
Using the the method of exposing points from [Died 14] and the method from [Frid95],
it was proved in [Deng] that
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if £2 is a €2-smooth strictly pseudoconvex domain, and it was proved in [KimZ]
that the squeezing function is bounded on any bounded convex domain. Our goal
is to improve this estimate when the boundary has higher regularity, and to give an
application to invariant metrics.

Theorem 1.1 Let 2 = {§ < 0} C C" be a strictly pseudoconvex domain with
a defining function 8 of class €* for k > 3. The squeezing function Sq(z) for 2
satisfies the estimate

Se)=1-C-/I[8(2)]

for a fixed constant C. If we even have k > 4, then there exists a constant C > (
such that the squeezing function Sq (2) for §2 satisfies

Se()=1-C-[8(2)]

forall 7

Combining with a theorem due to D. Ma [Ma92] and a result of Deng, Guan and
Zhang [Deng], an immediate consequence is a sharp estimate for invariant metrics
near the boundary of a strictly pseudoconvex domain. Before we state the result, we
briefly recall the definitions of some invariant metrics. Let A denote the unit disc,
and let (M, N) denote the holomorphic maps from M to N.

e Kobayashi metric Ko (p, §). We define

Ko(p,§) =infllal; 3f € (A, 2), f(0) = p,af'(0) = &}.

e Carathéodory metric C (p, §). We define

Co(p, &) =sup{lf (p)E);3f € 02, 4), f(p) =0}

e Sibony metric S (p, £). We define

a2 —
Sa(p. &) = sup((X; ; F426E )% u(p) = 0,0 < u < 1, uis €2 near p and
In u is plurisubharmonic in £2}.

e Azukawa metric Ay (p, £). We define

. 1
Ag(p,§) = sup {limsup —u(p +Ar§)}
uePa(p) N0 Al

where
Po(p) = {u: 2 — [0, 1), Inu is plurisubharmonic and

M, > 0, r, > 0 such that
B"(p,r) C 2,u(z) < M|z —pl,zeB"(p,n}.
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Theorem 1.2 Let 2 C C" be a strictly pseudoconvex domain of class €7, let
p € bS2, and let § be a defining function for S2 near p, such that |Vé(z)|| = 1 for
all 7 € bS2. Then if Fo(z, ¢) is either the Carathéodory, Sibony or Azukawa metric,
there exists a constant C > 0 such that

B LaoGr) | lenl 777
( c\/|a<z>|>[ 50 +48(z)2} < Fo(z.8)

Lo 12
covcsman[aate , o]

Sor all z near p, and all &€ = &y + &7, where T is the orthogonal projection to bS2,
&N is the complex normal component of & at w(z) and &t is the complex tangential
component, and L is the Levi form of 6.

Ma’s result is the corresponding statement for the Kobayashi metric, and the result
is sharp in the sense that one cannot in general do better than the square root of the
boundary distance.

2 Proof of Theorem 1.2

The following was proved in [Deng], and we include the proof for the benefit of the
reader.

Lemma 2.1 Let §2 be any bounded domain in C", and let Fo(z, &) be either the
Carathéodory, Sibony or Azukawa metric. Then

Se(@)Ke(z,8) < Fo(z,§) < Ka(z,§)
forall z € 2 and all ¢ € C", where K denotes the Kobayashi metric.

Proof Tt is well known that K dominates F' so we need to show the lower estimate.
Let f : £2 — B" be injective holomorphic with f(z) = 0, such that B, C f(£2)
where r = S (z). For the existence of f see [Deng] (alternatively one can use a
limiting argument). We get that

Fo(z,8) = Fra)(0, fi§) > Fpn (0, fi§) = Kpn (0, fi&)
= S0 Kp, (0, fx§) = S (@K f2)0, fié) = Se(2)Ka(z, §).
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Proof of Theorem 1.2: By Lemma 2.1 we have that

Se(@)Ka(z,8) < Fo(z,§) < Ko(z,§).

Then combining Theorem 1.1 with the fact that Theorem 1.2 holds with Fo(z)
replaced by K (z) (see [Ma92]) completes the proof. U

3 Proof of Theorem 1.1

The following provides the key geometric setup for the proof. Let k = 3 or 4, and
let 2 be a bounded strongly pseudoconvex domain of class €*.

Lemma 3.1 Let p € bS2. There exists an injective holomorphic map ¢ : Q- C"
such that 2 = ¢ (82) satisfies the following:

(i) 2 cB",
(i) ¢(p)=(1,0,---,0) =:aand ¢~ (bB") = {p},
(ili) near a we have that, 2 = {p < u?},0 < u < 1 where

p(@) =lz1 — A =W+ 1217+ 0(z1 — 1) + O(llz — all*).

Proof By the main theorem in [Died14] there exists a map ¢ such that (i) and (ii)
are satisfied. That we can achieve (iii) follows from the proof which consists of three
steps. We first apply an automorphism of C" to ensure that, locally near p = 0, our
domain has a defining function

p(z) = 2Re(z1) + lIzII* + O(llzII"). 3.1)

To achieve this one approximates a local map with jet interpolation using the
Andersén-Lempert theory. We next apply another automorphism of C" which can
be chosen to match the identity at the origin to any given order, so we still have a
defining function of the form (3.1). The final exposing map is of the form ¢ = ¢ o,
where ¢(z) = (f(z1), 22, ..., Zn) Where f is injective holomorphic with f/(0) > 0,
and «(z) can be chosen to match the identity to any given order at the origin. By a
translation we assume that ¢(0) = 0. We then have a defining function for ¢(£2) of
the form

p(2) = 2Re(c1z1 + 22} + ¢32)) + lerPlz1 1> + 1212 + O1z11%) + 0 (lz))
=2c1Re(z1) + le1Plz1 2 + 11217 + 0(1z115) + O(lzlb).
Applying the linear change of coordinates (z1, ') — (z1/c1, z’), we get a defining

function
p(z) = 2Re(z1) + 211> + 121> + O(z1 %) + O(lIzII5).
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By chosing a small 0 < p < 1 we have that g (£2) is contained in the translated
unit ball {2Re(z1) + |1z||*> < 0}, with defining function

p(2) = 2uRe(z1) + lz1* + 1217 + OUz11*) + O(llzIlF),

which is the same as (iii) when translated (z, z’) — (z1 + 1, 2). O

Remark 3.1 On b.fZ the remainder term in (iii) is actually O (|z] — 1|¥/2). To see this
we first translate £2 to the origin, set Z; = z; — 1, Z = (Z1, Z’) so that it is defined by

i, o 1 i i
p(Z) =2Re(Z1) + 121 + ;uz’n2 + 03z + oxz15) <o.

We estimate ||Z/|| on 5 = 0. If ||Z/|| < |Z| the remainder term is less than C|Z;|* =
O(|z1|¥/%). 1f |z1| < ||Z| then the remainder term is O (||z’||¥) and we get

1217 + 0l I*) = u(=2Re 1) — 217 + 0(1711%)

2ReGr) _ - 0(z11%)

1Z1] 1Z1]

= plzil(= )-

This implies that the remainder term is &(||’||¥) = O(|z1 — 1]¥/?).

From now on we assume that £2 = §2 and satisfies (i)—(iii) above. Then £2 is
“almost” contained in the ball B;, C B" defined by

1
|m|2+;||z’||2 <1

We will use automorphisms of the ball B” of the form

_ J1 — 42
d)r(m,z’):(Zl r Yl rz/)-

l—rz1’ 1—rz

We have that ¢, leaves B, invariant. To prove the theorem, we will estimate two
things:

(a) How much ¢, (£2) sticks out of B, and
(b) the size of the largest ball in B, contained in ¢, (£2).

3.1 Estimate (a)

Lemma 3.2 There exists a constant C > 0 such that for w € b, (£2) we have that
k=2
wil? + 4w > <1+ CU =17,
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Proof We would like to express the maximum of the function ||¢,(z)|| in terms of
(1 —r)on bs2,i.e., we look at

lzt =P+ LA =212 =2 1 =r)R
6, I = . A a2

1 —rzi|? M—rzil?  w [1—rzi?

for z € b§2. Fix any n > 0. We show first that if z € B” with |z; — 1| > 7, then we
have a uniform estimate

I, @I> < 1+CA 7).
In this case we have that the denominator of the second term stays bounded

independent of r, while |z/| < 1, hence the term goes to zero like (1 — r). For the
other term we write

21 —r> (1=l =D
1T —rz1f? 11 —rz|?

<14+Cl-r).

Next we look at |71 — 1] < n. If n is chosen small enough, the local description
(iii) is valid. Hence if |z; — 1| < n and if z € bS2 we have that

1217 = —lz1 = (1 = w)*> + 0(z1 — al*/?) + p?
=—|z1 — 1> = 2uRe(z1 — 1) + O(|z1 — a|*/?),

which gives that
L0 1 2 k)2
;llz I =—;|21—1| —2Re(z1 — 1)+ O(lz1 —al™?)

< —lz1 — 1> =2Re(z1 — 1) + O(lz1 — al*/?)
1— |21+ 0(lz1 — al*/?).

Hence

2= rPP+ (=D

11 —rz;|?
Ca =P+ A =rHd =zl L a- r9)0(jz1 — 1]4/?)
[1—rz)? 11— rz1|?
(1—=r0(z1 — 1]¥/?) (1 =721 —rzy /2
=1+ <14+C
1 —rz)? [1—rz;)?
1—r 1—r
<14+C <1+C

|1 —rz1 |2—(k/2) (1 _ r)Z—(k/Z)

k=2
<1+C(-r 7.
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3.2 Estimate (b)
We define
Bl = (o — (1= )P + 1P < n?)
’ 2

with constants 0 < n <1 < 2n.

n, k=4

1 k=3~

Lemma 3.3 We set ) = {
1-Cn>

(1) Ifk =4 then B:;ﬁ C $2 for all n small enough

(i1) Ifk = 3, and the constant C > 0 is fixed large enough, then Bf; 7 C §2 for
all n small enough.

Proof For n small enough, the ellipsoid B" - is contained in the region where the
local defining function p is defined. Since p is plurisubharmonic it suffices to show
that p < Oon be;;. We translate coordinates, by settingZ; = zj—landz = (Z1, 7).
We want to show that

{2nRe(z) + 51 + £|z’|2 =0)
is contained in the set
2uReG) + 12117 + 12117 + 021D + O(IZ1%) < o).
Write Z; = x1 + iy;. On the boundary of the ellipsoid we have that
1 u u
x4+ x4y + P =0 Sy2 4212 = —S@nx +12)
28 n n
and consequently we get on the boundary of the ellipsoid that
- w w
IZ1% = xf + y7 + 1211° < xf + gy% + 117 = xf - 7 @20 +x7)
n
= —x1(—x1 + 5(271 +x1)) .

It follows that [|Z]|> < C|x;], and so

IZI1*F < Clag [F/2 . (3.2)
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Consider again the boundary of the ellipsoid; we have
U
X 437+ 203 + 7 =0.
n
Hence
n
117 = =5 G 401+ 203
Therefore

2uxt + 122 + 1217 + 00z %) + 01zI%)
- Mmoo -
< 2uxi + 5117 - 5(|ZI|2 +2nx1) + C3lx 2 + Calz1

using (3.2). It suffices therefore to show that the right side is < 0. This means:

n ~ w -
2ux (1= 2) + 2121 - 2 Cslx1 2 + C4l21)* < 0. (3:3)
Observe that % < % <1,s01— % > 0. Morever x; < 0 on the translated ellipse.
Hence the first term in (3.3) is < 0. It suffices therefore that

15121 — %) +ClE 2 <0, (3.4)

where we merged the constants C3 and C4. When k = 4, this holds as soon as 7 is
small enough. When k = 3, this holds when

- 2. ~ n
ClziP* < 15147 P2 - =)
n 1%

or

This holds when |Z;| > Cn? for large enough C. To complete the proof we need
to consider the case when k = 3 and || < C nz, and we go back to consider the full
expression (3.3). Since the sum |Z;|>(1 — %) + C4)Z1|? is negative when 7 is small,
it is enough to determine when

2 (1 — %) + Cslx P2 <.
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or equivalently when

n n
2uxi(l — 5) < Gn'? & 2u(l - 5) > C3lxp |2

By our assumption we now have that C3|x1|1/2 < C3(C'n2)1/2 = Csn, and so we
need that

n
2u(1 — 5) > Csn.

n
o works. |

Zun

Now let ¥ (z1,2) = (z1, \/Lﬁz’). Then ¥ (B! ) is the ellipsoid

Hence the choice 1 = ]

B) i ={lzi— (L= P +ilI> < n’},
Lemma3.4 LetO <n,r <landn>0.Ifz € bB; 7 then

2 2 2 - )
lpr(z1, 21> =1+ A =r)fz =117 A =r)(/n)|z1 — 1|

1—rz|? 1 —rz;|?
(1 =r2(1 = DH(Re(z1) = D
1 —rz;)? ’
Proof
nr lz =P+ A =rH?
e (21, 2)II* = Ty
_ =P+ A=A/ — 2 = A= n)l?)
11 —rz1]?
Clz =P+ A =rHA/H @ = 21 — 112 = 2nRe(z) — 1) — n?)
11 —rz1]?
lz =P+ A= rHA/H)(—2nRe(zi — 1) — |z — 1]?)
B 11 —rz1]?
lzi—rP =1 —rz > — 1 - rz)z—;?Re(m -1
- 1= rz?
_ A=A/l — 1P
11 —rz1]?
14 |z112 = 2rRe(z1) + rlzl— (1 —| 2rRe(z1) +r2z11%)
—

2 ~
(L=r)FRez =D (1 =rA)(A/)lz1 — 1]
1 —rzi|? 11 —rzf?
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(1 =r) (21 = ZRe(z) + (3 = 1)

11 —rzi?
(1 =rA)A/Mlz — 1
- 11—z 2
I T T U e [ V) T el
11 —rz|? 11 —rzi?
(1 =r2(1 = D(Re(z1) — 1)
11 —rz?

O

Lemma 3.5 Let ¥ (z) = (z1, \/Lﬁz’). Suppose that 0 < n,r < 1,1 —2n < r and
n > 0. Then ¥ (¢r (Bf]‘ﬁ)) contains the ball of radius

1 n
1-2(1—r)= — 4|1 — 2|
1 1

Proof Since 1 — 2n < r, we have that 0 € w(qbr(B# ﬁ)). Hence it suffices to show

that || (¢,)(2)]> = 1 —2(1 — r)% — 4|1 — %| on the boundary of B,‘;“ﬁ. (This is
nonempty if the expression on the right is nonnegative.) Since ¥ o ¢, = ¢, o ¥, it
suffices to show that ||¢, (z)[|> > 1 —2(1 — r)% —4|1 — %| on the boundary of B; 7

From the previous lemma we have that

A=rIz =17 A =r)(/D]z — 1]

2 > 1
@I = 14+ == T
(1—rH2(1 - %)(Re(m) -1
11— rzi|?

A=/l — 1P (=201 - FlRe) — 1)
- 11 —rzi|? 11— rzi)?

o QA= /ilra — 12 @ =m2il - Hlrzr — 1|
- [1—rz1|? [1—rz1)?

41 —rziDd — %)

L T

zl—(l—r))(Z/ﬁ)—4|1—%|
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We prove Theorem 1.1

Proof We will estimate the squeezing function at points (r, 0) when r < 1 is close
to 1. That this gives the uniform constant claimed in Theorem 1.1, follows from the
dependence on p as p varies over the boundary of the original domain. In particular,
the constants in our estimates can be chosen independently of the point p, and the
radial lines will foliate a neighborhood of the boundary so that we get an estimate for
all points near the boundary. The map ¥ o ¢ maps (r, 0) to the origin. We estimate
the image of £2.

It follows from Lemma 3.2 that there exists a constant C > 0 such that for
w € bg,(£2) we have that |w|*> + ﬁ||w/||2 <14 C( — ). Since the left side
is plurisubharmonic, the same estimate holds by the maximum principle on ¢, (£2).
Suppose that (z1,7") € ¥ (¢,(£22)). Then (z1,z) = Y (wi, w) = (wy, ﬁw/) for

some w € ¢, (£2). Hence ||z]|2 = |wi|>+ L+ ||w’||2 < 14C(1—r)F . Itfollows that

Y (¢, (£2)) is contained in the ball centered at the origin of radius 1 + C(1 — r)%

We next estimate the radius of the largest ball contained in ¥ (¢, (§2)). By Lemma
3.3 we have ellipsoids B,’;ﬁ ={z1 -0 -0+ g|z’|2 < 1%} contained in £2 for
certain 7, 77 : We set

- [n, k=4
n:
s k=3,

(i) If k = 4 we have that B)’; 7 C 2 for all n small enough, and

(ii) if k = 3, and the constant C > 0 is fixed large enough, then B:]L p C $2 for
all n small enough. We can then estimate instead the largest ball contained

in (¢ (B )

We use Lemma 3.5: Suppose that 0 < 1,7 < 1,1 —2n < r and 5 > 0. Then
V(o (B:f ﬁ)) contains the ball of radius

1 n
1—2(1—r)= —4]1 — =|.
N 1

We deal first with the case k = 4. Then we assume that 1 —2n < rand p = n. It
follows that

V(6 (2)) D V(6 ( " n)) S B0, /1 —2(1—r)1). We choose a fixed 7, and
letr — 1. We then get that for a fixed constant C’, ¥ (¢, (£2)) D B(0, 1 —C’(1 —r)).
Hence we have shown that in the case k = 4, —2 =1,

B, 1 —C'(1 —r)) C¥(p(£2)) CBO, 1+ C(1 —r)).
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Composing with the map A(z) = m we obtain that A (Y (¢, (r, 0))) = 0 and
that

1—C'(1—r)
B (0, m) C A (¢,(£2))) C B, 1).

Hence it follows that the squeezing function at (r, 0) is at least 1 — C”(1 — r).
Since the defining function §(z) = — (1 —r)+ O((1 — r)2) for z = (r, 0) and r close
to 1, we obtain Theorem 1.1 1in the case when k = 4.

It remains to do the case k = 3.

It follows as above that ¥ (¢, (§2)) is contained in the ball centered at the origin
of radius 1 + C(1 —r)' T = 1 + C(1 — r)3.

Asabove we suppose that0 < n,r < 1, 1—-2n < r,and we have that (¢, (B::ﬁ))
contains the ball of radius

1 n
1—2(1—r)= — 4|1 — 2.
] 1

We have that % =1 — Cn, and so it follows that

V(@ (2) DY (¢ (BY )

DB(O, \/1 —2(1 —r)% —4Cn)
DIB%(O, \/1 —2(1 —r)% —4Cn).

In this case, we let  depend on r. Set n = /T — 7. Thenr = 1 —n*> > 1 —2p if
r is close enough to 1. We then get that

v (¢r(§2)) OB (0, \/1 —2(1 — r)% _ 4Cn)

1
B(O,/l 20 =N eI _r)
]B%(O, \/1 — 2 440)V1 —r)

SB (o, 1 — (244C)V1 —r)
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Now it follows by the same scaling type argument with a map X that we get the
desired lower bound for the squeezing function in the case k = 3. ]

4 An Example

Let £2 be the domain §2 := B" \ %En. We will show that Sg; (z) cannot approach 1
faster than 1 — Cdist(z, b£2). By abuse of notation we setr = (7,0, ...,0),0 <r < 1
and we seta = (1/2, 0, ..., 0). Then the Kobayashi distance with respect to B” from
atoris %(log( 1J“r) — log(3)). Now let f : 2 — B" be an injective holomorphic

1—r

map with £ (r) = 0. Then f extends to a holomorphic map f : B" — B", so by the
decreasing property of the Kobayashi metric we have that the Kobayashi distance
between f(r) and f(a) is less that § log(+£2). It follows that Sg f(r) < r.

—r
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Classification of Proper Holomorphic
Mappings Between Generalized
Pseudoellipsoids of Different Dimensions

Atsushi Hayashimoto

Abstract We give arigidity theorem of proper holomorphic mappings between gen-
eralized pseudoellipsoids. The theorem claims that any proper holomorphic mapping
which is holomorphic extendable up to the boundary between generalized pseudoel-
lipsoids of non-equidimensions is a collections of totally geodesic embeddings up to
automorphisms.

Keywords Gap theorem - Proper holomorphic mappings - Generalized pseudoel-
lipsoids

1 The Research of Proper Holomorphic Mappings

The purpose of this article is to classify proper holomorphic mappings between cer-
tain bounded weakly pseudoconvex domains of different dimensions. Before going
on this, we survey the research of proper holomorphic mappings. Let f : D1 — Dy
be a holomorphic mapping. If the inverse image of any compact subset of D, is
compact, then f is called proper. Therefore biholomorohic mappings are the typical
example of proper holomorphic mappings, and many properties on biholomophic
mappings are generalized to those on proper holomorphic mappings. In this section,
we review three research topics of proper holomorphic mappings. There are many
topics which we shall not refer here, for example, complexity of proper holomor-
phic mappings, group invariant proper holomorphic mappings, the relations between
proper holomorphic mappings and CR mappings, rationality of proper holomorphic
mappings, and so on.
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1.1 Extension Problem

In 1974, C. Fefferman proved that any biholomorphic mapping between bounded
strictly pseudoconvex domains in C" with smooth boundaries can be extended to
a closure of the domains as a biholomorphic mapping. Motivated by this theorem,
many research have been done. The central problem of this line is the following.

Problem 1.1 Does every proper holomorphic mapping between bounded domains
Dy, Dy with smooth boundaries in C" extend smoothly to the boundary of D?

Bell-Catlin [BC] and Diederich-Fornaess [DF] gave important progress by introduc-
ing the notion of Condition R. A smooth bounded domain D C C" is said to satisfy
Condition R if the Bergman projection associated to D maps C*°(D) into C*°(D).

Theorem 1.1 Let D and D, be bounded pseudoconvex domains in C* with smooth
boundaries and let D satisfy the Condition R. Then any proper holomorphic mapping
f 1 D1 — Dy extends smoothly to D.

The examples of domains satisfying Condition R are

e strongly pseudoconvex domains with smooth boundaries,
e pseudoconvex domains with real analytic boundaries,
e pseudoconvex domains of finite type with smooth boundaries.

For a long time, Condition R had been considered as the best method to getting
the positive answer to the extension problem. However Barrett [B] constructed non
pseudoconvex domains in C? which do not satisfy Condition R. Therefore we need
another tools to attack this problem. If we do not assume the pseudoconvexity,
Diederich-Pinchuk proved the theorem in dimension 2 in [DP1] and then proved
in the general dimension in [DP2].

Theorem 1.2 Let Dy, D> be bounded domains in C"* with real analytic boundaries
and let f : D1 — Dj a proper holomorphic mapping. Then f extends holomorphi-
cally to an open neighborhood of D;.

They use Segre varieties. Segre variety is determined by a point near the boundary of
D;. Since there are only the finite number of points which determine the same Segre
variety, the mapping f can be extended as a proper holomorphic correspondence.
Then they show that the correspondence is actually a mapping.

1.2 Proper Holomorphic Mappings and Biholomorphic
Mappings

By definition, biholomorphic mappings are proper, and in some cases, the inverse
holds. The fundamental theorem of this line was shown by Alexander [A].
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Theorem 1.3 A proper holomorphic mapping f : B" — B" is necessarily biholo-
morphic if n > 1. Up to a unitary transformation, f has the form:

_Pa T Ra¥ak
f(z):w7 (1)

1-<z,a>

n _=%d=_. 0 — — (1112172
wherea € B", P,z = aifa #0and Pyz =0ifa =0,s, = (1 —|al|?)"/*,
<a,a>

and Qg = I — P,. ’
The same conclusion holds for wider class of domains, such as

e bounded strictly pseudoconvex domains in C"(n > 1) with C? boundaries,

e bounded weakly pseudoconvex domains in C*(n > 1) with real analytic
boundaries,

e bounded smooth pseudoconvex complete Reinhardt domains whose weakly pseu-
doconvex boundaries points are contained in coordinate hyperplanes.

The more should be known for the special kind of domain, such as complex ellipsoids,
symmetric domains and Hua domains. Let

n
Ep={@1,....2) €C": D |zjI?" < 1, pj € Rog) 2
j=1

be a complex ellipsoid. As a corollary of the theorem in [L1], we know that any
proper holomorphic self mapping of E, is an automorphism if p; € N. We expect
that this holds if p; € R. ¢, but it is not known yet.

The mappings between symmetric domains, refer to [T] and between Hua
domains, refer to [TW].

1.3 Determination of Proper Holomorphic Mappings

The determination problem is the following.

Problem 1.2 Let Dy, Dy be domains in C" with certain conditions. Determine the
form of a proper holomorphic mapping between Dy and D». For example, Taylor
expansion of them, or dependency of variables, and so on. Or determine it up to
automorphisms of D1 and D.

The typical answer to this problem is also Theorem 1.3. Many research of this topics
has been studied for complex ellipsoids or more generally, for Reinhardt domains
and we focus on these domains here. Let 7, be a transformation defined by

Ta:(Zlv"'szn)'_) (alzlv«--:anzn) (3)

for |aj| = 1,a = (ai, ..., ay). Dini-Selvaggi [DS] proved the following theorem.
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Theorem 1.4 Let R C C" be a Reinhardt domain and f : R — E, a proper
polynomial mapping. Here E , is defined by (2) for p; € N. Then there exists a linear
automorphism K of E , and a transformation T, suchthat f = Ko (z(f1 e 2o T,
forqj € N. Hence R = T,(E,) for some b and r = (p1q1, ..., Pugn)-

For Reinhardt domains, the forms of the mappings are not determined in general.
But some information, for example, variable splitting, is obtained. Landucci-Pinchuk
[LP] proved the following theorem.

Theorem 1.5 Let D{, D, C C? be bounded pseudoconvex complete Reinhardt
domains and f = (f1, f2) : D1 — Dy a proper holomorphic mapping. Assume
that there exist a complex variety V and an open neighborhood U of some point
p € 0Dy suchthat VU C 0D1. Then f1 and f> depend only on a single variable.
Namely, f(z1,z2) = (fi1(z1), f2(z2)) or f(z1, z2) = (f1(z2), f2(21)).

Recently, the forms of proper holomorphic mappings between generalized Hartogs
triangles [CX, CL, Z] and between weakly spherical domains [L2] are obtained.

If we consider mappings between non equidimensional domains, more facts are
known and it is the topics that we shall study in this note. We shall refer it in the next
section.

This article is organized as follows. In Sect.2, we state the main result of this
note, which is a kind of gap or rigidity theorem and we shall review a history of
gap theorems. In Sect. 3, we fix some notation and expansions of a mapping under
consideration. In Sect.4, we explain the main result and in Sect. 5, we consider the
low dimensional case. In the last Sect. 6, some conjectures are posed.

Finally, the author would like to express his gratitude to the organizers of KSCV10
for the hospitality during the conference. He attended KSCV1 at POSTEC and it was
his first time to go abroad. I am very happy to attend the memorial 10th conference.

2 Main Theorem and History of Gap Theorems

2.1 Main Theorem

Let EGm;my,...,my; a1, ...,ay) = E(m; (m}); («;)) be a bounded domain in
C™*! with a real analytic boundary defined by

E@m; (mj); (@) ={(z,w1,...,wn) € Cx C" x ... x C"V;

Z2 + (Wil 4 - a2 —1 <0} (4)

where a1, ...,ay € Nanda; > 2, m; +---+my = m and ||wj||2"‘-f = (Iw}l2 +
cee Iw';'j |%)% for wi = (W;, e w'}lj) € C™J. For simplicity, we use the notation
w12 = [lwi]]?¥ + -+ + [lwy||**¥. This domain E(m; (m,); (e;)) is called a

generalized pseudoellipsoid with N blocks. We say that the mapping F' : D1 — D>
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is equivalent to the mapping G : D1 — D, if there exist automorphisms ¢ of D
and ¢ of D> such that F = ¢ 0 G o ¢p1. We classify mappings under this equivalence
relation. The following is the main theorem in this article.

Theorem 2.1 Let E(m; (mj); (a;)) and E(n; (n}); (B})) be generalized pseudoel-
lipsoids with N blocks. Assume that there exists a proper holomorphic mapping
(F,%,....,9v) 1 E(m; (m;); («j)) = En; (n;); (Bj)) which is holomorphic
up to the boundary and fixes the origin. Assume that there exists a permutation of
indices o of order N such that one of three relations holds:

(@) 2<mg) <nj <2mg(j) —2,
() 3 =mo(jy,nj=2me) =1,
(©) 4 = mg(j), 2mo(j) = nj = 3mg(j) =4

Thenag(jy = Bjand (F, %, ..., 9n) is equivalent to (z, gl, e, %). Here, f% =
Wo (), 0,...,0) with the first mq(jy components being wq(jy and the rest being
zeros.

We also show the case of m; = 2, n; = 3 in Theorem 5.1.

If all ; are equal to one, then a generalized pseudoellipsoid E(m; (m ;); (1))
is a ball, and this is a well known case. Since any proper holomorphic mapping
between equidimensional balls is an automorphism, we are interested in the non-
equidimensional case, which is the topics that we see in the next subsection.

2.2 History of Gap Theorems

Webster [W] proved that any proper holomorphic mapping f : B" — B"*! n > 3,
which extends C* up to the boundary is equivalent to a totally geodesic embedding
given by z — (z,0). In the case of n = 2, Faran [F1] proved that, under the
assumption that it is C> up to the boundary, such a mapping is classified into four
cases:

(z,w, 0), (zz,ﬁzw, wz), (z, zw, w2), (23,«/§zw, w3). 5)

Let .%; be a closed interval

k(k+1)

Ik =lkn+1,(k+ 1)n — >

1]. (6)
Faran [F2] proved that any proper holomorphic mapping between n dimensional
ball to N dimensional ball which is holomorphic up to the boundary is equivalent
to the totally geodesic embedding provided that N € .#|. Huang [Hu] also obtained
the same conclusion under the weaker assumption that the mapping is only C2 up to
the boundary. X. Huang and S. Ji studied the case that the codimension N — n is
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higher. They proved in [HJ] that if N = 2n — 1, such a mapping is equivalent to a
totally geodesic embedding or Whitney mapping,

2
(@15 sZn=1,20) = (@15 -+ o5 Zn=1,21Zns - - - » Zn—12n> Zpp) - (7

Hamada proved in [Ham] that if N = 2n, such a mapping is equivalent to D’ Angelo
mapping,

Fo(2) = (215 -+ » Zn-1, 20 €080, 212, SN G, . .., Zy_12, sIN 6, 22 5in 0),  (8)

for some 6 with 0 < 0 < m/2. Note that Fy(z) is a totally geodesic embedding and
Fr2(z) is a Whitney mapping. If 6 differs, then Fy(z)’s are mutually non-equivalent
and therefore there are infinitely many non equivalent classes. Huang et al. [HIX]
proved that if a proper holomorphic mapping F between B" and BY thatis C> up to
the boundary is equivalent to (Fy(z), 0, ..., 0) provided that N € .%,. In the case
of 3n — 3 < N < 3n, as far as [ know, classification has not obtained yet. But there
are infinitely many mappings, see [HIY1]. If N € .73, a similar theorem is known
by X. Huang, S. Ji and W. Yin. They proved in [HJY2] that under the assumption
that n > 7 and N € .3, any proper holomorphic mapping between B" and B" is
equivalent to a mapping (G, O, ..., 0), where G is a proper holomorphic mapping
from B" to B¥". The paper by Huang et al. [HIY1] is a good survey of these topics.
These results say that if the target dimension N stays in each interval .7, ..., %3,
then new mapping does not appear, but it is out of intervals, new mappings appear.
We call such a phenomenon a gap phenomenon. If the domains under consideration
are Levi degenerate, then Ebenfelt-Son [ES] proved a kind of a rigidity theorem for
a local holomorphic mapping between boundaries of complex ellipsoids of different
dimensions.

3 Expansion of a Mapping

The bounded domains E(m; (m); (o)) and E(n; (n;); (8;)) have unbounded rep-
resentations £ and E; respectively by Cayley transformation, which are defined by

Ei={(z,wi,...,wny) € Cx C™ x -.. x C"V;

Imz > ||wi | + -+ [[wy ]V}, 9)
Ey={(z,wi,...,wy) €Cx C" x ... x C"V;

Imz > [wi [PV + -+ [wy [12PV). (10)

We denote by (F, G) = (F, Gy, ..., Gy) the mapping between E| and E5. Since
it is holomorphic up to the boundary, the restricted mapping on the boundary, which
is denoted by the same notation, is expanded as
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Fow)y= D apgw)P(x+i|llwl]*)9, (11)
[pl+q=0

Grxowy = D b, P +illwl*), j=1,... . Na=1..n
[pl+9=0

(12)

as a CR mapping on the boundary. Here we use a multi-index notation. For w =
Wi, ....wy) € C"and p = (p1, ..., pm) € N™, we define (w)? = wi' .. wh".

By observing the Levi degenerate set and its image, the following lemma holds.

Lemma 3.1 Let (F,Gy,...,Gy) : E(m; (m)); (aj)) — E(n; (nj); (B;)) be a
proper holomorphic mapping which can be extended holomorphically up to the
boundary. Then there exists a permutation of indices o of order N such that
G,-|W0(l.):0 = 0 holds foranyi =1, ..., N. Therefore we have G(x, 0) = 0.

Let L? be a CR vector field on the boundary of Ey:

9
Mt j=1... N.a=1....m;. (13

L = i+ioe»||w-||
awt S ox

J .
j
In the expansion of F, it does not contain the (w)? variable.

Lemma 3.2 We have the expansion

F(r.w) = > ag(x +i|llw|l*)?, a, €R. (14)
q>0

Proof By iterating CR vector fields, we have

8k
Ak Al — — Ak
ij...le_M—M+wij1+--~+wjkPk, (15)
wi L ow”
Jk J1
where Pj, ..., Py are differential operators with order smaller than or equal to k.

Since we have G (x, 0) = 0, we obtain

ey by 28
0= (L} ... LG, 0)

1
= (L;,f ...L;I] ImF)(x,0) = Z—i(L;: .. L?l' F)(x, 0) (16)
for any vector fields L;ll, e Li‘]’: Therefore F (x, w) satisfies
Gt (x,0) =0 (17)
x,0)=0.
aw L awh!

Je TN
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It implies, in the expansion (11) of F, that a), , = 0 for |p| > 0. We replace ag 4 by
ay. Since F(x, 0) is real, a; € R follows. [l

4 Main Result (General Case)

In this section, we shall explain how the Theorem 2.1 is proved. The proof contains
four steps. The first two steps appear in [Hay].

Proof Step 1. In this and the next Steps, we assume that 2 < my() < nj <
2mg (jy — 2. We prove it for one block case (N = 1). We substitute (14) and (12) with
N =1 into the defining function of the target domain. Pick up the terms with same
degree in the variables to get the relations among the coefficients in the expansions.
We continue the following arguments.

e By the method of undetermined coefficients, some coefficients of Taylor series are
ZerO0.

e We construct a unitary matrix which normalizes some coefficients of expansions.

e We construct a proper homogeneous mapping between balls, which are already
classified, to get normalizations of some coefficients. The assumption 2 < m| <
n1 < 2m—2isposed to use the fact that any proper holomorphic mapping between
B! and B! with such dimension condition is a totally geodesic embedding up to
automorphisms.

By these methods, we have proved the one block case.

Step 2. Next the N blocks case. Let w; € C"/ be a variable in the jth block in the
source domain. If we put w; = --- = wy = 0 except for w;, then all components,
except for F' and G,-1(;), vanish by Lemma 3.1. This is the one block case, which
has already proved. Since j is arbitrary, we obtain the relations of «’s and B’s.
Assume that 0 = id and o) = 1 < --- < ay = By. To get the normalization,
we use the three arguments as in the one block case. The difficulty is that, after
getting partially normalization of, say, G 1, next we normalize G by certain change
of coordinate. But, in the process of normalization of G, the coordinate change
gives some influences the obtained form of G and therefore a partial normalization
of G breaks. Therefore we need to check the influences seriously. By these Steps,
we completes the proof.

Step3.1fm; > 3,n; = 2my(j) — 1, then we use Whitney map and a totally geodesic
embedding instead of a totally geodesic embedding in Steps 1 and 2. Then we obtain
the result.

Step4. If m; > 4,2ms(j) < nj < 3mgy(;) — 4, then we use D’ Angelo map instead
of a totally geodesic embedding in Steps 1 and 2. Then we obtain the result. O

Theorem 2.1 says that, up to a permutation of indices and automorphisms, the map-
ping is a collection of totally geodesic embeddings between corresponding blocks.
Since it holds for n; = mj), we have the following corollary.
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Corollary 4.1 The proper holomorphic mapping from a generalized pseudoellipsoid
into itself is an automorphism.

5 Main Result (Low Dimensional Case)

The theorem proved in the previous section does not cover the case of m; = 2,
nj =3.Let

EQ2;2a) = {(z, w1, w2) € C x C*: |z]* +[w|[** — 1 < 0,a € N}, (18)
E(3;3;8) = {(z, wi, w2, w3) e Cx C¥ 1 [z2 + |[wl|* —1 < 0,8 €N} (19)

be generalized pseudoellipsoids with one block. On the line of the previous section,
this case has close relation to the proper mapping f : B> — B3, which is classified
into four mappings.

Theorem 5.1 Let E(2;2; o) and E(3; 3; B) be as defined. Assume that there exists
a proper holomorphic mapping (¥ ,%,% ., %) : E(2;2; a) — E(3; 3; B) which is
holomorphic up to the boundary and fixes the origin. Then we have the two equivalent
classes:

o 0 =B, (F, 9, %, %)~ (z,w, w2, 0),

o 0 =28, (F, 9., %, %) ~ (z, w}, w3, v 2wiwy).

Among four mappings in the classification (5) of f : B> — B3, the two mappings
appearing in this theorem satisfy

(2, wi, w2, 0)[1* = [I(z, w1, w2l [, (20)
1z, Wi, w3, V2wiw) |1 = [1(z, wi, wa)||*. Q1)
But other two do not satisfy || F(z)| 12 = ||z]|*" for any n. This is the reason why

only two mappings appear in the theorem.

6 Some Conjectures

There are some situations to be studied in the line of gap theorems.
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6.1 The Number of Blocks

In Theorem 2.1, the number of blocks of source and target domains are the same.
Assume that the conditions of the mapping are the same as Theorem 2.1.

Conjecture 6.1 (1) Let N and N’ be the numbers of blocks in the source and target
domains respectively. If the inequality N < N’ holds, then any proper holomorphic
mapping as in Theorem 2.1 is a collection of totally geodesic embeddings.

(2) If the opposite inequality N > N’ holds, then there does not exist such a

mapping.

6.2 Dimension in the Blocks

We pose assumptions on the dimensions m; and n; of variables in the blocks in
Theorem 2.1. It is needed to use the gap theorem for balls. If the codimension
nj — meg(j) is sufficiently large, a gap phenomenon does not occur and we can
not classify the mappings as shown in [DL]. But I guess that proper holomorphic
mappings between generalized pseudoellipsoids are not the cases.

Conjecture 6.2 Let (F, 9, ..., %) : E(m; (m}); («;)) — E(n; (nj); (B))) bea
proper holomorphic mapping which is extendable holomorphically up to the bound-
ary between generalized pseudoellipsoids with N blocks. Assume that there exists
a permutation of indices o such that 2 < mq(jy < nj. Then ag(jy = Bj and
(F,%,...,9N) is equivalent to (2,9, ...,9y). Here, 9; = (Wg(j,0,...,0)
with the first mq (j) components being Wy (jy and the rest being zeros.
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Bergman Kernel Asymptotics and a Pure
Analytic Proof of the Kodaira Embedding
Theorem

Chin-Yu Hsiao

Abstract In this paper, we survey recent results in [HMA12] about the asymptotic
expansion of Bergman kernel and we give a Bergman kernel proof of the Kodaira
embedding theorem.

Keywords Bergman kernel asymptotics + The Kodaira embedding theorem

1 Introduction and Set up

Let L be a holomorphic line bundle over a complex manifold M and let L¥ be the k-th
tensor power of L. The Bergman projection Py is the orthogonal projection onto the
space of L2-integrable holomorphic sections of LX. The study of the large k behaviour
of Py is an active research subject in complex geometry and is closely related to topics
like the structure of algebraic manifolds, the existence of canonical Kéhler metrics,
Toeplitz quantization, equidistribution of zeros of holomorphic sections, quantum
chaos and mathematical physics. We refer the reader to the book [MMO7] for a
comprehensive study of the Bergman kernel and its applications and also to the
survey [Mal0].

When M is compact and L is positive, Catlin [Cat97] and Zelditch [Zel98] estab-
lished the asymptotic expansion of the Bergman kernel (see Theorem 4.2) by using a
fundamental result by Boutet de Monvel-Sjostrand [BouS;j76] about the asymptotics
of the Szegd kernel on a strictly pseudoconvex boundary. Dai et al. [DLMO06] obtained
the full off-diagonal asymptotic expansion and Agmon estimates of the Bergman ker-
nel for a high power of positive line bundle on a compact complex manifold by using
the heat kernel method. Ma and Marinescu [MMO07, MMO08a] proved the asymptotic
expansion for yet another generalization of the Kodaira Laplacian, namely the renor-
malized Bochner-Laplacian on a symplectic manifold and also showed the existence
of the estimate on a large class of non-compact manifolds. Another proof based on
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microlocal analysis of the existence of the full asymptotic expansion for the Bergman
kernel for a high power of a positive line bundle on a compact complex manifold
was obtained by Berndtsson, Berman and Sjostrand [BBS04].

In [HMA 12], we impose a very mild semiclassical local condition on 3, namely
the O (k=) small spectral gap on an open set D € M (see Definition 3.1), where Ak
denotes the Cauchy-Riemann operator with values in L. We prove that the Bergman
kernel admits an asymptotic expansion on D if 8 has O (k=) small spectral gap on
D, cf. Theorem 3.1. Our approach is based on the microlocal Hodge decomposition
for Kohn Laplacian established in [Hsiao08]. The distinctive feature of these asymp-
totics is that they work under minimal hypotheses. This allows us to apply them in
situations which were up to now out of reach. We illustrate this in the study of the
Bergman kernels of positive but singular Hermitian line bundles (see Theorem 3.3).

1.1 Setup

In this paper, we let M be a not necessary compact complex manifold of dimension
n with a smooth positive (1, 1) form ®. The form ® induces Hermitian metrics
on the complexified tangent bundle CT M and 7*%9M bundle of (0, ¢) forms on
M,q =0,1,...,n. We shall denote all these Hermitian metrics by (-|-). Let
(L, h™) — M be aholomorpic line bundle over M, where i denotes the Hermitian
fiber metric of L. Let R” be the canonical curvature two form induced by 4. Given
a local trivializing section s of L on an open subset D C M we define the associated
local weight of A% by

ls@)l7, = e W, ¢ e C®(D,R). (1.1)

Then RL|p = 2096. Let (LF, h") be the k-th tensor power of the line bundle L.
If s is a local trivializing section of L, |s|i . = e~ 29 then s¥ is a local trivializing

section of L¥ and ’Sk’iLk = ¢ 2k¢ We take dvy = dvy(x) as the volume form
on M induced by ®. For every ¢ = 0,1,2,...,n,let (-|-) and (- | -)th be the
standard L2 inner products on .Qg’q(M) = C3°(M, 794 M) and .Qg’q(M, LKy =
Ce(M, T4 M ® L¥) respectively induced by dvy, (-|-) and AL and we write
II-l and ||-]|,, & to denote the corresponding norms. Let L%O (M) and L(zo’q)(M, L5

be the completions of .Qg’q(M) and .Qg’q(M, L*) with respect to ||-]| and lI-1l, ok
respectively.

Let 9 : C®°(M, Lk) - %M, Lk) be the Cauchy-Rieman_n operator_with
values in LK. We extend 9 to L2(M, L¥) = L%O O)(M, LK by d; : Domd; C
L*(M, LY — L(20 (M, LK), where Domd; = {u € L*(M,L*); du €
L%O’l)(M, L)} Let B

P : L>(M, LF) — Ker ¢
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be the Bergman projection, i.e. Py is the orthogonal projection onto Ker d; with
respect to (- |-), .« and let P (x, y) € C®(M x M, Z (LK, Lfc)) be the distribution
kernel of Py.

2 Terminology in Semi-classical Analysis

In this section, we collect some definitions and notations in semi-classical analysis.

Let By : L*(M, L*) — L*(M, L¥) be a continuous operator with smooth kernel
Bi(x,y). Let s, 51 be local trivializing sections of L on Dy € M, D1 € M respec-
tively, |s|i L= e s IZ , = e 2% The localized operator (with respect to the
trivializing sections s and s1) of By is given by

Bissy ¢ Ligmp (D1) — L*(D),

u— eik‘bs*kBk(s{‘ekd’lu). (2.1)

and let By s 5, (x, y) € C*°(D x D) be the distribution kernel of By  s,, where
L2 (D) 1= {v € L2(D): Suppv @ Dy

Let D be a local coordinate patch of M and let Ay : C°(D) — C*°(D) be a
k-dependent continuous operator with smooth kernel Ay (x, y). We write Ay = 0
mod O(k~°°) (on D) or Ax(x,y) =0 mod Ok~°) (on D) if Ax(x, y) satisfies

0y 85 Ar(x, y)| = Ok~ uniformly on every compact set in D x D, for all multi-

indices o, 8 € N?" and all N > 0. Let By : L>(M, L*) — L?*(M, L*) be a k-
dependent continuous operator with smooth kernel. We write B,y =0 mod O (k~°°)
if Br 55, =0 mod O (k~°°) for every local trivializing sections s and s;.

Definition 2.1 Let D be a local coordinate patch of M. Let S(1; D) = S(1) be

the set of all a € C®(D) such that for every o € N2, there exists Cy > O,

such that |8§‘a(x)| < Cy on D.If a = a(x, k) depends on k €]1, oo, we say

that a(x, k) € Sioc (1; D) = Sjoc (1) if x(x)a(x, k) uniformly bounded in S(1)

when k varies in ]1, oo[, for any x € C§°(D). For m € R, we put S’ (1; D) =
o

S = k"Spoc (1). If aj € Sln;é (1), mj \{ —oo, we say that a ~ > a; (in
=

No
Sl”;g (h)ifa— > aj € S{Zévoﬂ (1) for every Ny. For a given sequence a; as above,
j=0
we can always find such an asymptotic sum a and a is unique up to an element in
S (1) = 8,,2°(1; D) == (N, S (D).
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3 Asymptotic Expansion of Bergman Kernel

Let s, 51 be local trivializing sections of L on Dy € M, D1 € M respectively,
|s|2L = ¢ 20, IslliL = ¢ 201 Let Py 5.5, be the localized operator of Py given
by (2.1) and let Py 55, (x,y) € C®°(D x D) be the distribution kernel of Py g, .
When s = s1, D = Dy, we write Py s 1= P s, Prs(x,y) 1= Pr s (x,y). When
Xx =y, Prs(x,x) is independent of s. We write Py(x) := P ¢(x, x) and we call
Pr(x) Bergman kernel function. Let fj € C*°(M, Lk), coos fa, € C°(M, L*) be
orthonormal frame for Ker 3y, di € {0} |J N {oo}. On Dy and Dy, we write

fi=skkf, fec™®D), j=1,2,....d,
fi=skek fi fiec™my), j=1,2,....d.

‘We can check that

dy. __
Phss (x.3) = D i) ().

j=1

d
Pex) = D | i@ - (3.1)
j=1

We recall O (k~N) small spectral gap property introduced in [HMA12]

Definition 3.1 Let D C M. We say that d; has O (k™) small spectral gap on D
if there exist constants Cp > 0, N € N, kg € N, such that for all k > k¢ and
ueCr(D, LK), we have

1T = Poullx < Cp k™ |Gk x -

It should be mentioned that in [HMA12], we actually introduced O(k_N ) small
spectral gap for Kodaira Laplacian. Note that O (k") small spectral gap for 9
implies O (k~V) small spectral gap for Kodaira Laplacian.

One of the main results in [HMA12] is the following

Theorem 3.1 With the notations and assumptions used before, let s be a local trivi-
alizing section of L onan openset D C M, |s |iL = ¢2?, and assume that R" is pos-

itive on D. Suppose that 3y has O (k—) small spectral gap on D. Then, x1 Py x =0
mod O (k™) for every x1 € C{°(M), x € C§°(D) with Supp x1 () Supp x = ¥
and

Prs(x,y) = EDp(x, y, k) mod Ok~>) on D,
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o0 .

where b(x,y, k) ~ > bj(x,y)k"/ in the sense of Definition 2.1, bj(x,y) €
Jj=0

C®(D x D), j=0,1,..., by(x, x) = 2r)™"|det RE (x)| and

¥(x,y) € C®(D x D), lI/(x,y)z—W(y,x), 3.2)
Jdec>0: Imllfzclx—ylz,lI/(x,y)=0<:>x=y,

for any p € D, take local holomorphic coordinates z = (z1, ..., z,) vanishing at
p, then near (p, p),

Yz, w) =i(¢(z) +d(w))

dlal+lBly  Logh

—2i N+1
. szagzp Ogipr TOUGWITT). VN €N,

a,pe((0} UM,
la|+IBI=N

(3.3)

where det R (x) = A1 (x) - -+ Ap(x), Aj(x), j =1,...,n, are the eigenvalues of RE
with respect to (- |- ).

oo .
In particular, Py(x) ~ 3 bj(x, x)k"~/ in the sense of Definition 2.1.
j=0

3.1 Big Line Bundles and Shiffman Conjecture

As an application of Theorem 3.1, we will establish Bergman kernel asymptotic
expansion for a big line bundle and this yields yet another proof of the Shiffman
conjecture. Until further notice, we assume that M is compact. We recall

Conjecture 3.1 (Shiffman, 1990). If hlisa singular Hermitian metric, smooth out-
side a proper analytic set X, RY > 0 in the sense of current, then L is big.

A line bundle L is said to be big if dim HO(M, L) ~ k", where
HOM, L) = {u € C®(M, LF): Bpu = 0} :

Ji and Shiffman [JS93] solved this conjecture.

Now, we assume that A% is a singular Hermitian metric, smooth outside a proper
analytic set ¥, RY > 0 in the sense of current. Consider the non-compact complex
manifold M \ X. We also write 3 to denote the Cauchy-Riemann operator on M \ X
with values in L. Let Py, M\ x be the associated Bergman projection on M \ X and
let Py pm\ x (x) be the associated Bergman kernel function. In [HMA12], we showed
that

Theorem 3.2 ;. has O (k~N) small spectral gap on every D € M \ X.
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From Theorem 3.2 and Theorem 3.1, we deduce that
Theorem 3.3 Py yp\x(x) ~ (27r) ™" | det RE (x) [K" b1 ()K"~ + by (x)k" 2+ -
locally uniformly on M \ X, where bj(x) € C*(M\ X), j =1,2,....

Let {g1 8245 8my } be an orthonormal frame for HO(M, Lk) N L2(M\Z‘, Lk).
The multiplier Bergman kernel function is defined by

mi

P g (x) = Z |gj(x)|iLk , xeM\ X.
j=1

The following result is essentially due to Skoda (see Lemma 7.3 of Ch. VIII in
Demailly [Desps11]).

Theorem 3.4 P )5 (x) = Py s(x), Vx € M\ X.

Proof (Proof of Shiffman conjecture) From Theorem 3.4 and Theorem 3.3, we estab-
lish Bergman kernel asymptotic expansion for big line bundle:

Py (x) ~ 27) "] det RE ()K" + b1 ()K" " + by (x)k" >
+ --- locally uniformly onM \ X, 3.4)

where b;(x) € C®(M \ X), j = 1,2,.... Let K € M \ X. Note that
dim HO(M, L*) > fK Py, 7 (x)dvy (x). From this observation and (3.4), we reprove
Shiffman conjecture. O

4 A Bergman Kernel Proof of the Kodaira Embedding
Theorem

For a holomorphic line bundle E — M, we say that E is positive if there is a
Hermitian metric 2Z of E such that the associated curvature R” is positive definite
on M. Let us recall the Kodaira embedding theorem first.

Theorem 4.1 Let M be a compact complex manifold. If there is a positive holomor-
phic line bundle E over M, then M can be holomorphic embedded into CPV, for
some N € N.

We return to our situation and we will use the same notations as before. By using
Hormander’s L estimates [Hor90], it is easy to see that if M is compact and R’ is
positive on M then 95 has O (k~) small spectral gap on M. From this observation
and Theorem 3.1, we deduce

Theorem 4.2 Assume that M is compact and R" is positive on M. Then,

x1Prx =0 mod Ok™) 4.1)
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forevery x1 € C®(M), x € C®(M) with Supp x1 [ Supp x = @. Let s be a local
trivializing section of L on an open set D C M, |s|2L =¢729, then

Prs(x,y) = EVb(x, v, k) mod OKk~>) on D, 4.2)

where b(x, y, k) and ¥ (x, y) are as in Theorem 3.1.
In particular,

Pr(x) ~ Q2m)™" | det RL(x)|k” + b1 ()K" 4+ by ()K" 2 + - - - uniformly on M.
4.3)

By using Theorem 3.1, we are going to give a Bergman kernel proof of the Kodaira
embedding theorem. From now on, we assume that RL is positive on M. As before,
put

HOM. L¥) := {u € C®(M., LY): Dpu = o}

and let { fiy..n, fdk} be an orthonormal basis for HO(M , Lk) with respect to
(+1+),.- The Kodaira map is given by

DrixeX = [fix), L&), ..., fg,(x)] € CPHL, (4.4)

dy
From (4.3), we see that there is a kg > 0 such that for every k > ko, >_ |fj (x) |iLk >
j=1
ck™ on M, where ¢ > 0 is a constant independent of k. Hence, fix any £ > kg, for
every x € X, thereisa f;, j € {1,2, ..., di},suchthat ’fj()C)‘iLk > (. We conclude

that @y is a well-defined as a smooth map from X to CP%~!, We will prove
Theorem 4.3 For k large, @y, is a holomorphic embedding.

It is clearly that the Kodaira embedding theorem follows from Theorem 4.3. We
recall that for a smoothmap @ : X — CP" is anembedding if d®, : TX — TCPV
is injective at each point x € X and @ : X — CP" is globally injective.

Let s be a local trivializing section of L on an openset D C M. Fix p € D and let
2=(21,...,20) = x = (X1,...,X2),2j = X2j—1 +ix2j, j = 1,...,n, be local
holomorphic coordinates of X defined in some small neighbourhood of p such that

n
2
$(2) = > Az + 0z, (4.5)
j=1
where 211, ..., 2, are the eigenvalues of R (p) with respect to (-|-). We may

assume that the local coordinates z defined on D. We also write y = (y1, ..., Y21)-
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Until further notice, we work on D. Take x € C§°(R, [0, 1]) with x(x) = 1 on
[—%, %], x(x) =0o0n]—o00, —11UI[1, ool and x (t) = x (—t), forevery ¢t € R. Let

ui = Pe(s5 ety (Vo) -+ 1 (Vyan)) € HOM, 1Y), (4.6)

On D, we write uy = s¥e*®Tiy, iy € C°°(D). Then, |uk(x)|2Lk = |ux (%)%, Vx € D.
We need

Lemma 4.1 With the notations used above, there is a ko > 0 independent of k and
the point p such that for all k > ko,

(P71 = co, (4.7)
|Mk(x)|th = ok Vx ¢ D (4.8)
and
1 0uy 1
— <—, s=12,...,2n, 4.9
Teom (p)‘ <0 n (4.9)

where cy > 0 is a constant independent of k and the point p.

Proof From (4.2), we can check that

i (x)

z/HW“”Mm%kmu@my~xu@nummo>rmdow%%

ik (x, Yy
= a2 k7"b(x, ,
/ N

From (3.3), Theorem 4.2 and note that ¥ (0, 0) = 0, we can check that

K x (1) -+ x(yan)dvy(y) mod O k™). (4.10)

Jim i@ (p) = 5 p‘/X(yl)"'X()Qn)dVM(y)-

Similarly, it is straightforward to check that limj_, o } i “(p) =0,5s = 1,2,

., 2n. Hence, there is a constant ko > 0 such that for every k > ko, (4.7) and (4.9)
hold. Since X is compact, kg can be taken to be independent of the point p.
Now, we prove (4.8). Since x ¢ D, from (4.1), we see that |uk(x)|iLk =0

mod O (k—°°) outside D. Thus, thgre is a constant 120 > ( such that for every k > 120,
(4.8) holds. Since X is compact, ko can be taken to be independent of the point p.
The lemma follows. O
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Forevery j =1,2,...,n,let
uj = Py (skekWZ(yz,-_l iy ) (V) -+ x (Veya) ) € HOM, LY. @.11)

On D, we write u =35 ek¢u u,/C € C*®(D), j = 1,2,...,n. The following
follows from some stral ghtforward computation and essentially the same as the proof
of Lemma 4.1. We omit the details.

Lemma 4.2 With the notations used above, there is a k1 > 0 independent of k and
the point p such that for all k > ky,

”j(P)‘ = —1 j=1,2 n —1 ]{(P) < _]— s =1,2 n
9 9 9t bl -_— J— 9 9 bl 9
k c1k J ﬁazs c1k /
! ] (p)] < ! s=1,2,. 1, j#s
fa 1k’ J: o/ ’
! (p) c =1,2,. 4.12)
\/_ 1, J= .

where c1 > 0 is a constant independent of k and the point p.

From now on, we take k be a large constant so that k > 2(ko + k1), where kg > 0
and k1 > 0 are constants as in Lemma 4.1 and Lemma 4.2. We can prove

Theorem 4.4 d®y(x) : T, X — T, CP%—1 g injective at every x € X.

Proof Fix p € X and let s be a local trivializing section of L on an open
set D C M, p € D.Letux € H'(M,L* and u] € H(M,L¥), j =
1,2,...,n,beasin Lemma 4.1 and Lemma 4.2. From Lemma 4.1 and Lemma 4.2,
it is not difficult to check that uy, u,l, u,% R uz are linearly independent. Take
{uk,uf,ul, ... ul, g1, ..., &} beabasis (not orthogonal) for HO(M, L¥), my =
dr —n — 1. From Lemma 4.1 and Lemma 4.2, it is easy to see that
the differential of the map x — (Z—i, e, ﬁ, s %) is injective at p.
k Ug " Ug Uk

(4.13)
From (4.13) and some elementary linear algebra, it is not difficult to check that
d®y(p) : T,X — T,CP%! is injective. We omit the detail. O

Now, we can prove
Theorem 4.5 For k large, &y : X — CP%~1 js globally injective.

Proof We assume that the claim of the theorem is not true. We can find x;;, yk; € M,
Xk; #* ykj,O < ki <ky <---,limj . k; = 00, such that ch (xk ) = d)k (yk ),
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for each j. We may suppose that there are xi, yx € M, x; # Y, such that @ (xi) =

D (yi), for each k. Thus, [ fi(xx), -+, fa, )] = [f1(yk)s -+ 5 fa, (r)], for each
k. We conclude that for every gy € H O(M , Lk), there is a Ay € C such that

8k () = A gr(yi)- (4.14)

We may assume that |Ax| > 1. Hence, for every gx € HO(M, Lk),
8k GO 1k = 18k GO - (4.15)

Since M is compact, we may assume thatxy — p € M,y — q € M,ask — oo.
Suppose that p # ¢. In view of Lemma 4.1, we see that there is a vy € HO(M, L¥)

with |vg (yk)l Lk > cp and |vk(xk)|h * =% k,where co > 0is a constant independent
of k. Thus, for k large, Ivk(xk)thk < |Vk(Yk)|iLk' From this and (4.15), we get a

contradiction. Thus, we must have p = q.
Let s be a local trivializing section of L on an open subset D C X of p, |s|iL =

e 2% Now, we assume that x;, — p € M, yy — p € M, as k — oo. Let
2=(1,...,2n) =X = (X1,...,X2),2j = X2j—1 +ix2j, j =1,...,n, be local
holomorphic coordinates of X defined in some small neighbourhood of p such that
(4.5) hold. We may assume that xi, yx € D for each k and the local coordinates x
defined on D. We shall use the same notations as before.

Case I: lim sup,_, o, Vk |xp — V| = M > 0 (M can be 00).
For simplicity, we may assume that

Jim Vk|xp =yl =M, M €]0, oo]. (4.16)
— 00

On D, we write f; = skek‘pf/, f, e C®(D),j=1,...,d. Put

dy _
vi(x) = > fi () fj() € HOM, LY). (4.17)
j=l
We can check that

2
dy
~ —_— 2
|Vk(xk)|sz = ij(xk)fj(yk) = | Pres (xk, yi)|” =
j=1
e TP b,y )2 (4.18)

eiktp(xkyk)b(xk, Vi, k) ’

and

. 2
VORI (v, yi, k)| = bk, yis K12
4.19)

2
|Vk(yk)|iLk = |PrsOk. yo)|” =
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From the fact that Im ¥ (x, y) > c|x — y|2, where ¢ > 0 is a constant, (4.16), (4.18)
and (4.19), we can check that

. _ _ 2 . _
lim k2" el 6 < e 2 M b (p. p)I? < bo(p. p)I* = Tim k™" vyl i
k— 00 h k— 00 h

(4.20)
where by is the leading term of b(x, y, k). Note that by (p, p) = 2x)™" | det RL(p)}
> 0 (see Theorem 3.1). From (4.20) and (4.15), we get a contradiction.

Case II: lim sup;_, o, Vi |xp — yi| = 0.

[vi (tx+(1— t)}k)l Lk
Put fi.(¢) = T t)yk)Pk(yk)’ where vy is as in (4.17). We can check that

2

de —
i + A =)y fi (k)
ng s St | Prs (txx + (1 —f))’ka)’k)’z

> Pl + (= Dy Pe(n)
Z|fj(txk+(1_t)yk)‘ Z|fJ(Yk)} kAT Xk Vi) Prc(yk

i) =

4.21)
From (4.14) and (4.21), it is easy to see that 0 < fi(r) < 1, Vr € [0, 1] and
f(©) = fik(1) = 1. Thus, for each k, there is a #; € [0, 1] such that f’(%) > 0.
Hence,

"
lim inf L")z >0 4.22)
k=00 |xp — yr|“k
From (4.2), we see that
‘Pk,s(lxk + =0, yk)‘z — o 2KIm ¥ (tx+(1=1)yi. k) Ib(txi + (1 — Yk, Vi, k)|2 )
Py (txp + (1 — 1) yr)
=b(txy + 0 =y, txx + (1 — 1)k, k) ~ Zk”_jbj(txk + (= )yk, txp + (1 — 1) yp).
j=0
4.23)

From (4.23), it is straightforward to calculate that

3 | P (tx + (1= Dye, o)

at
— e—ZkIm W (txp+(1=)yr, yk)

(( —2kIm ¥ (txx + (1 — Oy, y) » Xk — i) btk + (1= Oy, v, oI

+ (0™, xe =),

9% | Pes (txi + (1 — D)y, yio)|

012
— o 2KIm ¥ (ExrA+-(1=1) vk, yk)
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(((=2km v+ (= Dy 300 3= 30) laxe + (= Dy, v, DI
+ (=2kIm W (txic + (1 — Ok, Y6) Ok — i) 5 Xk — v ) 1Dk + (1 — 0y, v, k)
+ (—2kIm ¥, (txg + (1 = Oyi, v 5 Xk — ¥ ) OG™) | xi — yie)
+ (0™ = 30 . ¥ = 31)).

AP (txx + (1 — 1)y, ) 2
=(0k™), - ,
Py (OK™), xk — yk)

92P 1 — 1)y,
% (T X +a(t2 D) Yis Yk) _ (O(kz")(xk — )y Xk — k), 4.24)

where Im ¥/ (x, y) and Im¥(x, y) denote the derivative and the Hessian of
Im ¥ (x, y) with respect to x respectively. Note that

[(—=2kIm @y (2 + (1= D)ye, ye) » % — yi)| < ok e — yel> = O'as k — oo

and
(—2kIm W (txi + (1 — 1)k, yi) (X — k) » Xk — yi) < —cok lxx — yel?,

where cp > 01is a constant independent of k. From this observation, (4.21) and (4.24),

it is straightforward to see that lim inf;_, o % < 0. From this and (4.22), we
k— Yk

get a contradiction.

The theorem follows. O

From Theorem 4.4 and Theorem 4.5, we obtain Theorem 4.3 and the Kodaira
embedding theorem follows then.
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On the Density and the Volume Density
Property

Shulim Kaliman and Frank Kutzschebauch

Abstract This article gives a short introduction into the notions of density property
(DP) and volume density property (VDP). Moreover we develop an effective criterion
of verifying whether a given X has VDP. As an application of this method we give a
new proof of the basic fact that the product of two Stein manifolds with VDP admits
VDP.

Keywords Stein manifolds - Density property - Flexibility + Volume density
property + Holomorphic automorphisms

1 Introduction

The density property has emerged from the so called Andersén-Lempert theory of
automorphisms of affine space C* n > 2, which was presented by Rosay in his
overview talks at the 1. KSCV Conference in 1997 [Ros]. It turns out that there
are many more Stein manifolds whose automorphism group is similarly big. For a
Stein manifold X the density property is a precise way of saying that X has a big
automorphism group. Density property has become an important notion for the study
of many geometric questions in Several Complex Variables.

Definition 1.1 (Varolin, [VarO1]) A complex manifold X has the density property
(DP) if in the compact-open topology the Lie algebra generated by complete holo-
morphic vector fields Lieyo (X) on X is dense in the Lie algebra of all holomorphic
vector fields on X.

We remind the reader that a holomorphic vector field ® on a complex manifold
X is called complete if the ODE
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%(ﬂ(x,t) = O(p(x, 1))
¢x,0)=x

has a solution ¢(x, ) defined for all complex times ¢ € C and all starting points
x € X.Itgives acomplex one-parameter subgroup of the holomorphic automorphism
group Auty, (X). The set of complete vector fields on X will be denoted by CVF(X).

In the presence of a holomorphic volume form w on X (i.e., a nowhere vanishing
holomorphic n-form, where n = dim X) it is natural to consider a similar notion for
vector fields 8 preserving this volume form, i.e., such that Lyw = 0 or equivalently by
the Cartan formula digew = 0. One also refers to such fields as fields of w-divergence
zero or w-divergence free(where the w-divergence div,,6 of a vector field 6 is defined
by the formula Lyw = div,0 w).

Definition 1.2 (Varolin, [VarO1]) A complex manifold X has the w-volume density
property if in the compact-open topology the Lie algebra Liep | (X) generated by
complete holomorphic vector fields of w-divergence zero on X is dense in the Lie
algebra of all holomorphic vector fields of w-divergence zero on X.

We will sketch in Chap.2 some remarkable consequences these two properties
have together with some very recent applications.

In Chap.3 we give an analogous criterion for volume density property to what
we developed for the algebraic volume density property in [KaKu]. We apply this
criterion to give a short new proof of the fact that that the product of two Stein
manifolds with VDP has again VDP. The first quite complicated proof of this fact
using Grothendiecks theory of completions of tensor products has been given by the
authors in [KaKu3].

We end the paper with some open problems.

2 Main Feature of Density and Volume Density Property
and Some Recent Applications

The density property is a precise way of saying that the automorphism group of a
manifold is big, in particular for a Stein manifold this is underlined by the main
result of the theory (see [FR93] for C", [Var01], a detailed proof can be found in the
Appendix of [Ritl13] or in [Forl1]).

Theorem 1 (Andersén-Lempert theorem) Let X be a Stein manifold with the density
property and let §2 be an open subset of X. Suppose that @ : [0, 1] x 2 — X isa
continuous map such that

(1) @, : 2 — X is holomorphic and injective for every t € [0, 1],

(2) @9 =1id : 2 — X is the natural inclusion of §2 into X, and
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(3) @,(£2) is a Runge subset' of X for everyt € [0, 1].
Then for each ¢ > 0 and every compact subset K C S2 there is a continuous
family, « : [0, 1] — Autyo (X) of holomorphic automorphisms of X such that

apg =id and |oy — P|g < ¢ for every t € [0, 1]

Here is a number of consequences the density property has, the proof of each of
them is a certain application of the Andersén-Lempert theorem:
If X is a Stein manifold with DP, then

() X is covered by Fatou-Bieberbach domains, i.e., each x € X has a n-hood
£2, C X biholomorphic to Cdim X , see [Var00].

(II) There is ¢ : X — X, injective holomorphic not surjective (biholomorphic
images of X in itself), see [Var00].

(II) If X is Stein with DP dim X > 3 and Y is a complex manifold such that
End(X) and End(Y) are isomorphic as abstract semigroups, then X and Y
are biholomorphic or anti-biholomorphic, see [A, AW]. We believe that the
same is true if the dimension of X is 2, but the known proofs do not apply.

(IV) There are complete homomorphic vector fields 0y, ...,0y € CV Fpp(X)
such that span(0; (x), ..., 0n(x)) = T X Vx € X (see [KaKu2]) and there-
fore

(V) X is an Oka-Forstneri¢ manifold which means it is an appropriate (nonlinear)
target for generalizing classical Oka-Weil interpolation and Runge approxi-
mation for holomorphic functions (linear target C) or sections of vector bun-
dles (linear target as well). More precisely, the following is true (see [For11]).
For any Stein space W, complex subspace W', compact &'(X)-convex subset
K=KcC Wand any ¢ : W — X continuous, such that the restriction to
W' U K is holomorphic, there is a homotopy of continuous maps

h:[0,1]xW—> X

from the continuous /g = ¢ to a holomorphic %1, with

interpolation: hy =¢@on W' V¢
and
approximation: |h; — ¢|k arbitrary small Vz.
(VD) Autpe(X) acts oo-transitively on X, i.e., for all natural numbers N and
pairs of N-tupels of distinct points (x1, x2,...,xy) and (y1, 2, ..., YN)

there is a holomorphic automorphism o € Autpy(X) with a(x;) = y;
Vi=1,2,3,..., N, see [Var00].
(VII) Moreover a parametrized version has been proven recently (see [KR])

IRecall that an open subset U of X is Runge if any holomorphic function on U can be approxi-

mated by global holomorphic functions on X in the compact-open topology. Actually, for X Stein
(Footnote 1 continued)

by Cartan’s Theorems A and B this definition implies more: for any coherent sheaf on X its section
over U can be approximated in the compact-open topology by global sections.
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Theorem 2 Let W be a Stein manifold and X a Stein manifold with the density
property.

Letx : W — XN\{(zl,...,zN) e XNzl =2/ for some i ;éj}

be a holomorphic map. Then the parametrized points x' (w), ..., x™N (w) are simulta-
neously standardizable by an automorphism lying in the path-connected component
of the identity (Auty (X)) of Autw (X) if and only if x is null-homotopic.

Here simultaneously standardizable means that given any fixed positions X1, X2,
..., Xy € X there are holomorphic automorphisms « of X depending holomor-
phically on w, i.e., an element of Auty(X) = {o¢ € Aut(W x X);a(w,z) =
(w, 2" (2))}, with & (x/ (w)) = X, forallw € Wand j = 1,..., N.

Coming back to the volume density property a theorem similar to the Andersén-
Lempert theorem formulated above can be proven. In addition to the natural condition
on volume preservation the open set §2 has to satisfy an additional cohomological
condition, namely the map H"~'(X) — H"~!(£2) induced by the inclusion of £2
into X is surjective. For contractible X, for example X = C”, this is equivalent to
H"1(£22) = 0. All properties mentioned above, except for (I) are also known for
Stein X with VDP, if in addition we demand that dim X > 2. Property (I) is unknown
in this case. Concerning the dimension condition it is easy to see that DP implies
dim X > 2, whereas C* is a (the only) 1-dimensional Stein manifold with VDP and
has to be excluded for all properties except (V) to hold. In order for (VII) to hold
for Stein X with VDP at the moment we need the additional assumption that X is
contractible. It is unknown whether this condition can be relaxed, see [KR].

Here is the complete list of known Examples of Stein manifolds with DP or VDP

e A homogeneous space X = G/H has DP, where G is a Linear Algebraic Group
and H is a closed reductive subgroup, such that X 0 £ (C*)*, C. Here (C*)¥ for
k > 2 is unknown. For C” the result is due to Andersén-Lempert see [AL92], for
G semisimple with trivial center to Varolin-Toth see [VT1, VT2], for G Linear
Algebraic is due to the authors see [KaKu1], the general case to Kaliman-Donzelli-
Dvorsky, see [DDK].2

e A homogeneous space X = G/H as above has VDP w.r.t. left invariant (Haar)
form in case this form exists. This result is due to the authors, for G see [KaKu4],
for the general case see [KaKu]. We would like to mention that before the work
of the authors only very view examples of manifolds with VDP had been known.
They were found by Andersén (C" in [And1] and Varolin, e.g., S>(C), see [ Var00,
Var(01],

e The manifolds (sometimes called suspensions or modifications) {(u, v, z) € C, x
Cy x C! : uv = f(2)} where f € &(C") has a smooth zero locus Z = {z €
C" : f(z) = 0} have DP , and in case f is a polynomial and H"~%(Z) = 0 they
have VDP. Both results are due to the authors see [KaKu2] and [KaKu4].

2In fact in the coming paper of the authors these results are extended to affine homogeneous spaces
of linear algebraic groups. More, precisely any such a space different from C or (C*)* has DP.
Similarly, any such a space (including C or (C*)¥) equipped with a left invariant volume form has
VDP.
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e Danilov-Gizatullin surfaces have DP due to Donzelli, see [Do].
e A hypersurface S in Ci’ y,2 given by an equation

px)+q(y) +xyz=1

where p and ¢ are polynomials such that p(0) = ¢(0) = 0 and 1 — p(x) and
1 — g(y) have simple roots only, has VDP. This is a recent result of the authors,
[KaKu]. The surface has only discrete algebraic automorphism group.

e New examples by Matthias Leuenberger, for instance, the Koras-Russel threefold
{(x,y,s,1) € C* : x +x2y 452413 = 0} with both DP and VDP, see [Leul4].

Here comes a number of applications which in one or the other form among other
things use the flexible behavior described by the Andersén-Lempert theorem. The
precise statements can be looked up at the references.

(a) Embedding Stein spaces of dimension 7 into affine space CV of the optimal
dimension N = [%n] + 1 with interpolation, see [FIKP]. Without interpolation
this is the celebrated result of Gromov-Eliashberg and Schiirmann. Prezelj was
able to prove almost the same interpolation result but loosing one dimension in
half of the cases by adapting the methods of Gromov-Eliashberg. Instead of fol-
lowing the Gromov-Eliashberg proof one can simply use their result and achieve
interpolation by constructing a sequence of automorphisms, each moving one
point into the correct position at the time. The construction of the automorphisms
involves the Andersén-Lempert theorem.

(b) Embedding many more examples of Riemann surfaces R <> C2. There is a series
of results due to Fornass-Wold and Forstneri¢, see [FW1, FW2, W1, W2, W3]
substantially enlarging the number of examples of open Riemann surfaces which
can be properly embedded into C2. The general notoriously difficult problem
whether all Riemann surfaces embed properly holomorphically into C? remains
open.

(c) Fatou-Bieberbach domains in C2 with boundary of Hausdorff dimension 4. It has
been known from dynamics that Fatou-Bieberbach domains can have boundaries
of Hausdorff dimension d for any d between 3 and 4. The case d = 3 is a famous
result of Stensgnes. Peters and Fornaess-Wold settled d = 4 with the help of the
Andersén-Lempert theorem [HFW].

(d) Embedding CK < C” in many different ways. The Andersén-Lempert theorem
was first used by Forstneri¢, Globevnik, Rosay in [FGR], later by Buzzard and
Forness [BF]. The most elaborated results are due to the second author and his
students [LK, BK].

(e) There are (many different) non-linearizable holomorphic group actions on C"
as a consequence of the existence of different embeddings [DK1, DK2, LK].
This is in turn an application of an application of the DP for C" but it seems
worth mentioning since it solved the Holomorphic Linearization Problem to the
negative.

(f) Each open Riemann surface with abelian fundamental group admits an acyclic
embedding into a Stein manifold with DP (thus into an Oka-Forstneri¢ manifold).
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This is the first result, due to Ritter, concerning the general question whether any
Stein manifold embeds acyclically into an Oka-Forstneri¢ manifold, see [Rit13].

(g) If X is a Stein manifold with DP or VDP and W a Stein manifold such that
dim X > 2dim W + 1 then there is a proper holomorphic embedding W — X.
In case X is affine space (linear target) this is the classical Bishop-Remmert
embedding theorem. This result by Andrist, Fornaess-Wold, Forstneri¢ and Ritter
can be viewed as a generalization to any (non linear) Stein target with DP or
VDP, [AFFWR].

(h) Constructions of Fatou-Bieberbach domains in C2 which are not Runge and a
long C? which is not C2. These beautiful results by Fornzss-Wold use DP for
C x C*, see [W4, W5].

(i) Any open Riemann surface admits a proper harmonic map to R? (disproving a
conjecture of Schoen and Yau). This result due to Andrist and Fornass-Wold
uses VDP for C* x C*, see [AW].

There are versions of the Andersen-Lempert theorem with (very special) control
on (very special) non-compact sets. One of them leads to

Theorem 3 ([KW]) Let ¢ : R® — RS be a smooth diffeomorphism, and assume
that s < n. Then ¢ can be approximated in the fine Whitney topology by holomorphic
automorphisms of C".

One can generalize the DP to (non-smooth) complex spaces X by considering
only vector fields vanishing on a subvariety which contains the singular locus. These
versions of DP have the same remarkable consequences as in the Andersén-Lempert
theorem, but for the automorphisms of X leaving the subset Y fixed (up to certain
order). The notions have been defined in a recent work of Liendo, Leuenberger and
the second author. Before coming to the definition we would also like to remark that
in case of X being affine algebraic one conveniently works with the dense (in the Lie
algebra of holomorphic vector fields) Lie sub algebra of algebraic vector fields on X.
One defines in the straightforward manner the algebraic density property ADP and
algebraic volume density property AVDP which imply DP resp. VDP. Thus these
algebraic versions are considered as tools for proving DP or VDP.

Definition 2.1 Let X be an affine algebraic variety and let X*" be the singular
locus. Let ¥ C X be an algebraic subvariety of X containing X*"¢ and let I =
I(Y) € C[X]betheideal of Y. Let VF,4 (X, Y) be the C[ X ]-module of vector fields
vanishing in Y and Lieyg (X, Y) be the Lie algebra generated by all the complete
vector fields in VF,(X, ).

Definition 2.2 X has the strong ADP relative to Y if VF,1o(X, ¥) = Lieae (X, Y).
Furthermore, we say that X has the ADP relative to Y if there exists £ > 0 such
that I* VFg (X, Y) € Lieag (X, Y).
If we let Y = X" we simply say that X has the strong ADP or the ADP,
respectively.
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In connection with this relative property we have two results:

Theorem 4 ([KaKul]) Let Y C C" be an algebraic subvariety with codimY > 2.
Then C" has ADP relative to Y.

Theorem 5 ([LLK]) Let X be an affine toric variety of dimension n at least two for
the torus T = (C*" and let Y be a T-invariant closed subvariety of X containing
X518 Then X has the ADP relative to Y if and only if X \'Y # T.

Every affine non-smooth (the smooth ones are the torus C* x C*, C% and C* x C)
toric surface is obtained as a quotient of C? by the action of a cyclic group. Letd > e
be relatively prime positive integers. We denote by V; . the toric surface obtained
as the quotient of C? by the Zz-action ¢ - (u, v) = (¢u, £¢v), where ¢ is a primitive
d-th root of unity. We can exactly characterize in these terms which toric surfaces
have strong ADP.

Theorem 6 ([LLK]) Vy . has the strong ADP if and only if e divides d 4+ 1 and
2
e“#d+ 1.

3 The Criterion and Volume Density of Products

Notation: Let X be a Stein manifold with a holomorphic volume form w. Let € (X)
be the space of holomorphic differential k-forms on X and 2% (X) and %y (X) be its
subspaces of closed and exact k-forms respectively. If dim X = n then there exists
an isomorphism ® : VF,(X) — 2,_1(X) given by the formula £ — (zw where
tgw is the interior product of w and § € VF,,(X).

Consider the homomorphism Dy, : €;—1(X) — Py (X) generated by outer differ-
entiationd and let D = D,,_;. The main theme of our new criterion is the search for a
0 (X)-module in the space D l'o® (Liepr ;(X)). With some additional assumptions
the existence of such a module implies VDP.

Definition 3.1 Let £ and 5 be nontrivial complete holomorphic vector fields on a
Stein manifold X. We say that the pair (€, 1) is semi-compatible

if the closure of the span of Ker & - Ker n contains a nonzero ideal of O (X).

The largest ideal contained in the closure of the span will be called the associate
ideal of the pair (&, ).

The next simple observation provides a crucial connection between semi-compa-
tibility and existence of ¢’(X)-modules in D~ o O (Liep, (X)) where D = D, 1.

Proposition 3.1 Let & and n be vector fields from VF,(X) . Then

Lg g = dlgtna). (1)
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Proof Recall the following relations between the outer differentiation d, Lie deriv-
ative L¢ and the interior product tg

Le = dLg + Lgd and [Lg, tyl = g n1- 2)
By this formula
tedipw = 1g(Ly — (pd)w

where the right-hand side is zero since Lyw — t,dw = 0 for closed w and n of
w-divergence zero. Then another application of formula (2) in combination with the
fact that 1z di,; = 0 yields

[Le, tylo = Letyow — tyLew = Letyo = digtyo + tediyo = digtyo.
Thus by formula (2) we have the desired equality
Lg n)w = dtétnw. [l

Let&, n be nonzero complete divergence-free holomorphic vector fieldson X, f €
Ker &, and g € Ker 7. Replacing £ and n in Formula (1) by f& and gn respectively
we can see that (fg)tgl,0 € D~ lo O (Liep, (X)). Hence one has the following.

Corollary 3.1 Let X be a complex manifold equipped with a holomorphic volume
form w and let & and n be semi-compatible divergence-free vector fields on X.
Then D™ o O (Liep (X)) contains a nontrivial O(X)-submodule L of the module
an—Q(X)-

Let u(x) C O(X) be the maximal ideal of functions vanishing at x € X and
let L be the largest &'(X)-submodule of D lo® (Liep ,(X)). By Cartan’s Theorem
B equality L = %,—2(X) holds as soon as L/u(x)L = €,—2(X)/1t(x)6p-2(X)
for every x € X. The latter is provided by Condition (A) below and we have the
following.

Proposition 3.2 Let X be a Stein manifold equipped with a holomorphic volume

formw andlet (§;,n j)I;: | be pairs of divergence-free semi-compatible vector fields.

Let I be the ideal associated with (§;,1;), and let 1;(x) = {f(x)|f € I;} for

x € X. Suppose that

(A) forevery x € X the set {I1;(x)§;(x) An;j ()c)}lj‘.:1 generates the fiber A>T X of
AT X over x.

Then © (Liep, (X)) contains %, _1(X) .

As a consequence of Proposition 3.2 we have our criterion.
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Theorem 7 Let X be a Stein manifold equipped with a holomorphic volume form
w and pairs of divergence-free semi-compatible vector fields satisfying

(A) forevery x € X the set {I;(x)&;(x) An; ()c)}];.:1 generates the fiber A*T X of
AT X over x.

and

(B) the image of © (Liey. (X)) under De Rham homomorphism &, : Zn_1(X)
— H" (X, C) coincides with the subspace ®,_1(Z,_1(X)) of H" (X, C).

Then © (Liep | (X)) = Z25-1(X) and therefore Liep., | (X) = VF,(X), i.e., X has the
volume density property.

Theorem 8 Let (X, wy) and (Y, wy) be Stein manifolds with VDP. Then the product
(X x Y, wx A wy) has VDP.

Proof The proof is an application of Theorem 7. Set n := dim X and m := dim Y,
w = wyxy N\ wy.

First we will show that Condition (B) is fulfilled. Remember that the de Rham
cohomology of Stein manifolds can be calculated by means of holomorphic forms
[GR] p.155. Let o be a holomorphic (n+m — 1) form on the Stein manifold X x Y. By
the Kiinneth formula we can assume that either « = o1 A where 1 is aholomorphic
(n — Dform on X and oy a holomorphic m-form on Y or o is a holomorphic
n-form on X and o a holomorphic (m — 1)-form on Y. By symmetry it is enough
to consider the first case. Since wy is a volume form we have ar = f(y)wy for
some holomorphic function f € &(Y). Since X has VDP there is a divergence-free
holomorphic field 6 € Liez);‘l (X) such that ipwy is cohomologous to «1. The field
f ()0 is divergence-free on X x Y and clearly contained in Liey; (X x Y) (multiply
one function in each iterated Lie bracket by f(y)). Moreover i o = igwx A o
represents the class of «.

In order to prove condition (A) remark that if 6 is a complete holomorphic vector
field on X and n a complete holomorphic vector field on Y, the pair (6, n) is semi-
compatible on X x Y. Indeed, let the Stein manifolds X and Y be closed submanifolds
of CV resp. CM. The algebra Py consisting of restrictions of polynomial functions
on CV to X are contained in Ker (). Analogously the algebra Py consisting of
restrictions of polynomial functions on CM to Y are contained in Ker(#). Thus
Ker(n) - Ker(0) contains all restrictions of polynomial functions on C¥ x CM to
the closed submanifold X x Y. By the Oka-Weill approximation theorem the closure
of Ker(n) - Ker(0) is 0(X x Y), the associated ideal is therefore the whole algebra
of holomorphic functions.

Next remark that V D P implies the existence of finitely many globally integrable
divergence-free holomorphic fields which span the tangent space at every point, see
e.g. [KaKu3].Let6; i =1,2,...,kandn; i = 1,2, ..., be such fields for X resp.
Y . The semi-compatible pairs (6;, 1) span the subspace Ty X ATy Y of AZT(x,y)X xY
at a point (x, y). In order to span the remaining part of AZT(X, »X x Y, namely the
subspaces A2T, X and A2TyY we will to our pairs of semi-compatible fields apply
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holomorphic volume preserving automorphisms 4 of X x Y fixing the point (x, y).
The image of a semi-compatible pair under a volume preserving automorphism is
again semi-compatible. By symmetry it’s enough to show how to span A2T, X. We
will show how to get 6; A 6;(x).

The following is easily proved in local coordinates:

Let v be a completely integrable vector field on a manifold Z and f € Kerv be a
function vanishing at a point z, i.e., f(z) = 0. Then the phase flow ¢, associated with
the completely integrable field fv generates an isomorphism 7,Z — T,Z given by
the formula

w— w+tdf(w)y 3)

where v = v(2).

The holomorphic volume preserving automorphism /# of X x Y fixing the point
(x, y) will be the time 1 map of the globally integrable divergence-free vector field
f6> where f € O(Y)ischosensuchthat f(y) = 0anddf (,,) = 1. For this we first
chose m such that the field 7, does not vanish at y and then use Cartans Theorem A
for Stein manifolds to find the appropriate f. The evaluation of the semi-compatible
pair (61, n,,) transported by the automorphism £ at the /-fixed point (x, y) will be by
formula (3) equal to 01 (x), 7, (¥) + 62(x). Since 61 (x) A 1, (y) is already spanned
by the semi-compatible pair (6, n,,) we are done.

Since both conditions (A) and (B) from our criterion are fulfilled the proof is
complete. O

4 Open Problems

Open Problem 1: Suppose X is a Stein manifold with density property and ¥ C X

is a closed submanifold. Is there always another proper holomorphic embedding

¢ : Y — X which is not equivalent to the inclusioni : ¥ — X?

Here we say that two proper holomorphic embeddings ¢; 2 : Y < X are equivalent

if there are holomorphic automorphisms & € Auty, (X) and 8 € Auty (Y) such that

a o @1 = ¢ o B or equivalently there is holomorphic automorphism « € Autj, (X)

such that the images of « o ¢ and ¢; coincide. We should remark that an affirmative

answer to this question is stated in [VarO0], but the author apparently had another

(weaker) notion of equivalence in mind.

Open Problem 2: Is any Stein manifold X, n = dim X > 2 with VDP covered

by open subsets biholomorphic to C"? In particular, does there exist an open subset

biholomorphic to C2 in C* x C*?

Open Problem 3: [see, e.g., Rosay at KSCV 1 in 1997 [Ros]] Does (CH* fork > 2

have DP?

(C*)* has VDP, see [Var01], which was crucial for disproving Schoen-Yau conjecture

(see application (i) above). It is conjectured that Auty ((CH5 preserves the Haar
Z

volume form dz_il Ao A % up to sign. For the subgroup AAuthol((C*)k) of the
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holomorphic automorphism group Auty (CH0) generated by flows of complete
algebraic vector fields this conjecture has been confirmed in [And].
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On Meromorphic Continuation of Local Zeta
Functions

Joe Kamimoto and Toshihiro Nose

Abstract We investigate meromorphic continuation of local zeta functions and
properties of their poles. In the real analytic case, local zeta functions can be mero-
morphically continued to the whole complex plane and, moreover, properties of the
poles have been precisely investigated. However, in the only smooth case, the situa-
tion of meromorphic continuation is very different. Actually, there exists an example
in which a local zeta function has a singularity different from poles. We give a suf-
ficient condition for that the first finitely many poles samely appear as in the real
analytic case and exactly investigate properties of the first pole.

Keywords Local zeta function - Newton polyhedron - Superadapted coordinate

1 Introduction

The purpose of this article is to announce our recent studies about local zeta functions,
that is, integrals of the form

Z(s:¢) = /Rn |[f(O) e(x)dx s €C, (1.1)

where f and ¢ are real-valued (C°°) smooth functions defined on an open neighbor-
hood U of the origin in R" and the support of ¢ is contained in U'.

The integral in (1.1) converges locally uniformly on the region Re(s) > 0, which
implies that local zeta functions are holomorphic there. Moreover, when f(0) # 0,
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if the support of ¢ is sufficiently small, then Z(s; ¢) is holomorphic on the whole
complex plane. It is known that in many cases when f(0) = 0, the situation of
analytic continuation of Z(s; ¢) is strongly affected by the singularity theoretical
property of f at the origin. In this article, we always assume that

f0)=0, Vf0)=0

and will consider detailed situation of analytic continuation of local zeta functions
from the viewpoint of singularity theory.

There have been many strong results about the above problem in the case when f
is real analytic on U. In this case, it is known (cf. [bg69, ati70]) by using Hironaka’s
resolution of singularities [hir64] that if the support of ¢ is sufficiently small, then
Z(s; @) can be analytically continued as a meromorphic function in the whole com-
plex plane and its poles belong to finitely many arithmetic progressions which are
constructed from negative rational numbers independent of ¢. (Recently, Greenblatt
[gre10jam] gives new proof of the results of [bg69, ati70] by using the elemen-
tary resolution of singularities constructed in his paper [gre08].) When Z(s; ¢) is
regarded as a meromorphic function, various analytic properties of poles of Z(s; ¢)
have been investigated in [gs64, bg69, ati70, var76, igu78, agv88], etc. In particu-
lar, Varchenko [var76] obtains quantitative results about the location and the order
of its poles by using the theory of toric varieties based on the geometry of the New-
ton polyhedron of f. Since his study, it has been strongly recognized that Newton
polyhedra play important roles in the analysis of local zeta functions. His results, in
general dimensional case, need some nondegeneracy condition, which depends on the
coordinates. Furthermore, in his same paper [var76], Varchenko more deeply inves-
tigates the two-dimensional case: the exisitence of so-called adapted coordinates
is shown and the above quantitative results about the poles of Z(s; ¢) are obtained
by using these coordinates without the nondegenracy condition. Later, the results
of Varchenko about adapted coordinates have been improved and developped in
[pss99, gre09, im1 I1tams] (see also Sect.2.4). In particular, Greenblatt [gre09] intro-
duces special adapted coordinates, which are called superadapeted coordinates, and
gives accurate results about the behavior of oscillatory integrals at infinity.

On the other hand, let us consider these problems about meromorphic continuation
of Z(s; ¢) without the real analytic assumption on f. The authors [kn13] introduce a
certain class of smooth functions containing the real analytic functions and naturally
generalize the general dimensional results of Varchenko in the case when f belongs
to this class under the nondegeneracy conditions. This class consists of the funtions
admitting “the y -parts” (see Sect. 2.3) for any face y of the Newton polyhedron of f.
The purpose of this article is to discuss how to generalize the above two-dimensional
results due to Varchenko in the smooth case.

The difficulties of analysis in the smooth case are often caused by the nonexistence
of “complete” resolution of singularities of f. But, Greenblatt [gre06] uses an idea of
his resolution of singularities in [gre04], applies Van Der Corput lemma and obtains
interesting results showing that the local zeta function can be analytically continued
in the region Re(s) > —1/d(f), where d(f) is the Newton distance of f with



On Meromorphic Continuation of Local Zeta Functions 189

respect to the adapted coordinates. Moreover, he investigates the behavior of Z(s; ¢)
at the point s = —1/d(f) and shows the sharpness of his results. Our result in
this article shows that Z(s; ¢) can be meromorphically continued in a wider region
Re(s) > —1/d(f) — e, with some positive &, under the additional assumption:
in a superadapted coordinate, f admits the y-part for the edges y of the Newton
polyhedron of f intersecting the bisectrix. Corresponding to our general dimensional
results in [kn13], we emphasize that these results do not always need the assumption
that f admits the y-part for all edges y of the Newton polyhedron of f. Moreover,
precise properties of poles of local zeta functions are obtained. In our analysis, after
using some kind of toric blowing-ups constructed in a similar fashion to the work of
Varchenko [var76], we also apply Var Der Corput lemma. In order to obtain many
estimates, we deeply use the properties of superadapted coordinates.

The properties of poles of local zeta functions are closely related to the asymptotic
behavior of oscillatory integrals, that is, integrals of the form

I(t:<p)=/ T Pe(x)dx t >0,
Rn

where f and ¢ are as in (1.1). This relationship is explained in detail in [agv88],
Chap. 6. From many kinds of motivation, the bahavior of oscillatory integrals as
t — oo has been deeply investigated (see for example [agv88, mul]). We can also
obtain corresponding results of the asymptotic behavior of oscillatory integrals in
two dimensions with smooth phases f. These results will appear elsewhere.

Notation and symbols.

e We denote by Z,, R the subsets consisting of all nonnegative numbers in Z, R,
respectively. For s € C, Re(s) expresses the real part of s.
e Forx = (x1,x2), y = (1, y2) € R%, & = (a1, @) € Z3, define

(,y) =x1y1 +x2y2, x% = x{"x3”

e For A,BCR? weset A+B={a+becR?>:aec Aandb € B}.

2 Preliminaries

2.1 Polyhedra

Let us explain fundamental notions in the theory of convex polyhedra in two dimen-
sions, which are necessary for our investigation. Refer to [zie95] for general theory
of convex polyhedra.

For (a,]) € R? x R, let H(a,!) and H*(a,l) be a straight line and a closed
halfspace in R? defined by
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H(a,l) :={x e R?: (a,x) =1},
HY(a, ) :={x e R*: (a,x) >},

respectively. A (convex rational) polyhedron is an intersection of closed halfspaces: a
set P C R? presented in the form P = ﬂ;v:l H*(a/, 1) for somea',...,aV e 7?
andll, ...,ZN €.

Let P be a polyhedron in R?. A pair (a,) € Z> x Z is said to be valid for P if
P is contained in H ™ (a, l). A face of P is any set of the form F = P N H(a,l),
where (a, ) is valid for P. Since (0, 0) is always valid, we consider P itself as a
trivial face of P; the other faces are called proper faces. The dimension of a face F
is the dimension of its affine hull of F' (i.e., the intersection of all affine flats that
contain F). The faces of dimensions O and 1 are called vertices and edges,
respectively.

2.2 Newton Polyhedra

Let f be a real-valued smooth function defined on a neighborhood of the origin in
IR?, which has the Taylor series at the origin:

FO)~ D7 cax. 2.1)

2
aels

The Newton polyhedron Iy (f) of f is defined by the convex hull of the set | J{« +
Ri; cq # 0}. Of course, the Newton polyhedron is a polyhedron. We say that f
is flat if I'y (f) = @ (i.e., all derivatives of f vanish at the origin). The Newton
distance of f is given by the coordinate d of the point (d, d) at which the bisectrix
a1 = oy intersects the boundary of the Newton polyhedron of f, which is denoted by
d(f). Of course, this distance depends on the coordinates. In order to make clear the
chosen coordinate x, we sometimes write this distance as d, ( f). The principal face
¥« of the Newton polyhedron of f is the smallest face of Iy (f) containing the point
d(f),d(f)). The multiplicity of the Newton distance is given by the codimension
of y,, which is denoted by m(f).

2.3 The y-Part

Let f be a nonflat real-valued smooth function defined on an open neighborhood V
of the origin in R? with the Taylor series (2.2).

Definition 2.1 Let y be a face of Iy (f). We say that f admits the y -part on an
open neighborhood U C V of the origin if for any x in U the limit:

lim F@%x1,1%2x2)

=0 t! (2.2)
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exists for all valid pairs (a, ) = ((a1, az),1) € Zi X Z.4 defining y. When f admits
the y-part, it is known in [kn13], Proposition 5.2 (iii), that the above limits take the
same value for any valid pair (a,/) € Zﬁ X Zy defining y, which is denoted by
fy (x). Let us consider f, as a function on U, which is called the y-part of f on U.

Remark 2.1 'We summarize important properties of the y-part. See [kn13] for the
details.

(i) The y-part f, is a smooth function defined on U.
(ii) If f admits the y-part f,, on U, then f, has the quasihomogeneous property:

fy (tMx1, 12x2) =1 f, (x) for 0 < ¢ < landx € U,

where (a,l) = ((a1, a2),!) € Zi_ X Z4 is a valid pair defining y .

(iii) For a compact face y of Iy (f), f always admits the y-part near the origin.
Then f, (x) is the same as the y-part of f defined in [var76, agv88], i.e.,
fr(x) = Zaeyﬁzi Cax?.

(iv) If f is real analytic, then f always admits the y-part on U for any face y of
I’ (f). Moreover, f, (x) is real analytic and is equal to a convergent power
series >, eynz2 cqx® on some neighborhood of the origin.

(v) Let f be a smooth function and y a noncompact edge of I (f). Then, f does
not admit the y-part in general. If f admits the y-part, then the Taylor series
of fy (x) at the origin is >, ¢, 72 Cax®.

(vi) When a noncompact edge y of I (f) is contained in some coordinate axis, f
always admits the y-part on U. Indeed, for every valid pair (a, /) defining y,
we have [ = 0 and so the limit (2.2) exists.

(vii) When f is smooth and y is a noncompact edge, there are many examples
in which f does not admit the y-part. For example, consider the case when

fx1,x2) = xlz—l—e_l/"% and the face y defined by {(«1, a2) : o] =2, ap > 0}.

2.4 Adapted Coordinates and Superadapted Coordinates

Let f be a nonflat real-valued smooth function defined near the origin in R? with
f(0) =0and V f(0) = 0. The height of real analytic (resp. smooth) function f is
defined by

h(f) :=supd(f),

where the supremum is taken over all local analytic (resp. smooth) coordinate systems
x at the origin and d, (f) is the Newton distance of f in the coordinates x.

Definition 2.2 A coordinate x is adapted to f (or f is in an adapted coordinate x)

ifh(f) = dx(f).
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When f is real analytic, the existence of adapted coordinates is shown by
Varchenko [var76] by means of two-dimensional resolution of singularities and by
Phong-Stein-Sturm [pss99] by means of the Puiseux series expansion of roots of f.
Moreover, Ikromov and Miiller [im1 1tams] apply Varchenko’s algrithm for the con-
struction of the coordinates to the method of Phong-Stein [ps97] and give stronger
results for the existence and the criterion for the adaptedness. Indeed, they shows the
existence in the case when f is smooth. We remark that in dimension higher than
two, adapted coordinates may not exist, as Varchenko shows in [var76].

Remark 2.2 'We gives some remarks on adapted coordinates. See [im1 1tams] for the
details.

(i) When y, is a vertex or a noncompact edge of I (f) in a coordinate, this
coordinate is adapted to f.

(i) A coordinate is adapted to f if and only if for any compact edge y of I} (f)
intersecting the bisectrix, any zero of the functions f), (£1, -) or f, (-, &1) has
order less than or equal to d(f).

(iii) When f is in adapted coordinates, if a compact face y of I (f) does not
intersect with the bisectrix, then any zero of f), (-, &1) and f), (&1, -) has order
less than d( f), where f), is the y-part of f.

(iv) The multiplicity m(f) of d(f) depends on taking adapted coordinates.

Greenblatt [gre09] introduces the following special adapted coordinates, called
superadapted coordinates. Though his coordinates are slightly different from the
adapted coordinates (compare to Remark 2.4 (ii)), they are much more useful for the
analysis of local zeta functions.

Definition 2.3 A coordinate x is superadapted to f (or f is in a superadapted
coordinate x) if for any compact edge y of I ( f) intersecting the bisectrix, any zero
of the functions f), (&1, -) or f, (-, &1) has order less than d, (f).

For any smooth function f, the existence of superadapted coordinates is shown
by Greenblatt [gre09].

Remark 2.3 We give some remarks on superadapted coordinates. See [gre09] for
the details.

(i) Any superadapted coordinate system is adapted.
(ii) If the principal face of the Newton polyhedron I} (f) is a noncompact edge,
then the function f is in superadapted coordinates.
(iii) For any superadapted coordinates, the multiplicity m (f) of d(f) is uniquely
determined. (i.e., The multiplicity m(f) does not depend on taking super-
adapted coordinates.)
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3 Main Results

Now, let us explain our results. In this section, the following two conditions are
assumed: Let U be an open neighborhood of the origin in R

(A) f is a nonflat real-valued smooth function defined on U satisfying that
f(0,0) =0and V £(0,0) = (0,0);
(B) ¢ is areal-valued smooth function whose support is contained in U'.

Let us consider the local zeta function:
Z(s,p) = /RZ | f(x1, x2)Pe(x1, x2)dx1dxy s € C.

The main theorem in [gre06] due to Greenblatt implies that Z(s; ¢) can be ana-
Iytically continued in the region Re(s) > —1/h(f), where h(f) is the height of f
defined in Sect. 2.4. Adding some assumption, we can see better properties of Z(s; ¢)
about the analytic continuation as follows.

Theorem 3.1 Suppose that a coordinate x is superadapted to f. We assume that if
the bisectrix intersects with a noncompact edge y of I'+(f), then f(x1, x2) admits
the y-part on U. For simplicity, we denote h = h(f) and m = m(f). If the support
of ¢ is contained in a sufficiently small neighborhood of the origin, then the following
hold:

(1) There exists a positive number ¢ independent of ¢ such that the function Z (s; ¢)
can be analytically continued as a meromorphic function to the region Re(s) >
—1/h —e.

(ii) The poles of the function Z(s; ) in the region Re(s) > —1/h — & belong to
finitely many arithmetic progressions which are precisely obtained by using
the theory of toric varieties based on the geometry of the Newton polyhedron
of f.

(iii)) When Z(s; @) has a pole at s = —1/ h, its order is at most m. More precisely,
the coefficient of the pole of Z(s; ¢) ats = —1/h:

Clp) = S_liilll/h(l +1/W"Z(s: ¢)

is explicitly given as follows:

(a) Suppose that the principal face vy of I'L(f) is a compact edge defined by a
valid pair (a,1) = (a1, a2),1) € Z% x Z. Then

__ 900 —1/h _ —1/h
€O =it fo (B0 Lol du
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(b) Suppose that the principal face y, of I'+(f) is a vertex. Let ((a1, az), 1)
and ((b1, b2), Ip) be valid pairs in Zﬁ_ x Z defining the two edges of I' ()
containing Yy, where 0 < ax/a; < by/by < oo. Then

4¢(0,0 1, D~ Vh 1 1
Clg) = @0, 0)] fy, (1, 1)] ( )

h2 wjay+1  by/b + 1

(c) Suppose that the principal face yy is a noncompact vertical edge. Then

1
c) = [ (1l 15 =101 (0. )
R

In the case where the principal face yy is a horizontal edge, we have the
analogous formula of C (¢).

In particular, when ¢(0,0) > 0 and ¢ is nonnegative on U, C(¢) is always
positive.

Remark 3.1 The above meromorphic continuation needs the additional assumption
of the admission of the y-part. Indeed, consider the following example discovered
by Greenblatt in [gre06]:

b b=2 |—x;|” /@)
F 1, x2) = x{x8 + xxh2el =1l ,

where a, b € N satisfy a < b and b > 2. In this case, it is easy to see that the
height of f is b, the principal face y; is {(a1, «2) : @1 > a,a> = b} and f does
not admit the y,-part. Moreover, the limit of Z(s; ¢) as s € R tends to —1/b from
the right hand side exists, as is shown in [gre06]. This means that s = —1/b cannot
become a pole of Z(s; ¢).
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Themes on Non-analytic Singularities
of Plurisubharmonic Functions

Dano Kim

Abstract We survey some results and questions on the singularity of psh
functions with non-analytic singularities. Also we show that the Demailly approxi-
mation sequence of a psh function does not contain a monotone singularity-increasing
linear subsequence, in general.

Keywords Plurisubharmonic function - Lelong number + Multiplier ideal sheaf

1 Introduction

A plurisubharmonic (psh for short) function is a fundamental object in several com-
plex variables and complex geometry. It also plays an important role in algebraic
geometry of complex projective varieties since it appears as a local weight function
of a singular hermitian metric of a holomorphic line bundle.

A psh function can be considered as limit objects of those nice psh functions of
the form c log | f| where f is a holomorphic function and ¢ > 0. More precisely, the
following definition gives the class of ‘nice’ psh functions.

Definition 1.1 [D] We say that a psh function ¢ on a complex manifold has analytic
singularities if it can be locally written as ¢ = clog(ZlN:1 | fi1%) + v where f; are
local holomorphic functions, ¢ > 0 a real number, v a locally bounded function and
o; > 0 rational numbers.

It is easy to see that we get an equivalent definition if we require o; = 2. We
need «; to be at least rational since otherwise ¢ may not have a log-resolution
(see Example 4.1). Despite the name ‘analytic’ singularities, a psh funciton with
analytic singularities can be considered as an algebro-geometric object since at least
its singularity is completely described in terms of its log-resolution.
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On the other hand, the singularity of a general psh function ¢ with non-analytic
singularities can be highly complicated and mysterious. In particular, its pole set
@1 (—00) can be far from an analytic subset, unlike the case of ¢ with analytic
singularities. Nevertheless, a psh function with non-analytic singularities is expected
to be equally well-behaved in some important questions. One of them is the openness
conjecture of Demailly and Kolldr, which was recently proved in general by Guan
and Zhou [GZ].

In this paper, we introduce two other unsolved questions of this nature and
survey related ideas. They are on the existence of attenuation of psh singularity
(Question 4.1) and on the coherence of analytic adjoint ideal sheaves (Question 5.1),
respectively. On the other hand, one original result in this paper is Theorem 3.1
(2) on the monotone linear subsequence of approximation of a psh function, which
complements [K13].

This paper is organized as follows. In Sect. 2, we recall some basic notions and
mention recent progresses on the openness conjecture for multiplier ideal sheaves.
In Sect. 3, we discuss our recent work on the monotone subsequences of Demailly
approximation of psh functions. In Sect. 4, we discuss the question on the attenua-
tion of psh singularities with a simple example. In Sect. 5, we discuss the question
on coherence of analytic adjoint ideal sheaves. Sections 3, 4 and 5 are largely inde-
pendent from each other.

Although a psh function with non-analytic singularities is a transcendental object,
its various aspects we describe in this paper are closely related to algebraic geometry:
in Siu-type hermitian metrics, in log resolutions and in multiplier and adjoint ideal
sheaves.

2 Multiplier Ideal Sheaves and the Openness Conjecture

2.1 Basic Notions and Some Examples

We refer to [D] for the definition and basic properties of a psh function and Lelong
numbers.

Since a psh function often appears as a local weight function of a singular her-
mitian metric in a given geometric context, our discussion often refers to the singular
hermitian metric instead of the psh function. Of course, a psh function on a complex
manifold X itself can be always considered as defining a singular hermitian metric
of a trivial line bundle on X.

We define the notion of equivalence of psh singularities. Let L be a line bundle on
a complex manifold X and 7| = e~ %! and hy = e~ %2 two singular hermitian metrics
of L. Following the usual convention, we often use ¢ to refer to the metric /.

Definition 2.1 [D14, Definition 0.5] We say h| = e~ %! is less singular than h;
e %2 and write ¢; < ¢y and h; =< hj if the local weight functions satisfy ¢o

Al
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¢1 + O(1). We say ¢1 and ¢, have equivalent singularities and write ¢ ~ ¢ if
@1 < @2 and g2 < 1.

Now we introduce some important classes of psh functions. Let .7 be the class of
psh functions with analytic singularities. Another nice class of psh functions is 7]
of toric psh functions: those locally given as ¢(zy, - - - , z,) Which depends only on
|z1], -+, |zn| inapolydisk (|z;| <r) (i =1,---n)in C".(See[G, 1.3] and [R13g]
for more about toric psh functions.) Note that 5 N 7] contains psh functions with
analytic singularities coming from monomials (in the place of f; in Definition 1.1).

Let % be the class of psh functions ¢ such that e? is locally Holder continuous
(Definition [DK]).

As an example, we consider a specific type of psh function of the form

00 km
¢s = 1og > em D> [sjm] ™)
m=1 j=1

where s ,,, are holomorphic functions (or holomorphic sections of a line bundle),
o, > 0 and the coefficients ¢, > 0 are such that the series converges.

If s}, are holomorphic sections of the m-th tensor power m L of a holomorphic
line bundle L on a complex manifold X and «,, = %, then this expression defines
a singular hermitian metric of L (whose local weight functions are psh functions of
the same form). Such a singular metric (which we will refer to as of Siu type) was
first defined and used successfully in Siu’s proof of invariance of plurigenera [S98]
in the case of general type.

Based on the openness theorem [GZ], a recent work [K14] showed that if X is a
projective manifold and L a big line bundle, then ¢ has analytic singularities if and
only if the section ring of L is finitely generated. Therefore for each instance of L
whose section ring is not finitely generated, we have an example of a psh function
@s which does not have analytic singularities. Note that such ¢g typically belongs
to the class % \ (99 U 7).

2.2 Multiplier Ideal Sheaves and the Openness Conjecture

Given a psh function ¢ on a complex manifold X, its multiplier ideal sheaf _# (¢) is
defined to be the ideal sheaf of holomorphic function germs u for which |u|? =% is
locally integrable.

The term multiplier ideal sheaf in this context was first introduced in [N89, N90]
though the version in [D93, N90a] is the standard definition we are using here.

Let us define 74 (¢) := limg—o 7 ((1+4 ¢€)¢). The openness conjecture _# (¢)
= _# (p) was recently proved by [GZ] in all dimensions, after which [H] presented
a simplified proof. Before [GZ], it was proved in dimension 2 case by [FJ1, FJ2], in
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the toric psh case by [G] and more recently in the case when _# () is a trivial ideal
by [B]. Also [JM, GZ1, Le] are related to the recent activity on the conjecture.

A consequence of the openness theorem [GZ, H] in relation to the local algebraic
characterization of multiplier ideal sheaves ([LL]) is as follows. A multiplier ideal
is integrally closed ([D, L]). Let .y be the class of integrally closed ideal sheaves
and .7 the class of multiplier ideal sheaves. Also let .%, be the class of multiplier
ideal sheaves _Z (¢) where ¢ is a psh with analytic singularities.

Then clearly we have the inclusion .5 C .7 C %. Lazarsfeld and Lee [LL]
showed that .5 # .#. Subsequently .7 # ¥ was shown by [K10]. Now that the
openness conjecture is proved, we know . = .} by equisingular approximation
of psh functions (see [D92, D, D14]). In the next section, we discuss the usual
approximation of psh functions.

3 Demailly Approximation of Psh Singularity

A fundamental theorem of Demailly [D92, Proposition 3.1] states that given a
plurisubharmonic function ¢ on a domain, there always exists a sequence {¢,,} of
plurisubharmonic functions with analytic singularities converging to ¢. Moreover,
the approximating function ¢, is given in a very natural form: ¢,, = ﬁ log > |oy 2
where (o07) is an orthonormal basis of the Hilbert space of holomorphic functions
that are square integrable with respect to the weight e =2"%.

It was further proved that the subsequence {¢,«} is increasing in its singularity:

Yok = Yokt (D

in [DPS, Step 3, Proof of Theorem 2.3] using a subadditivity property of the sequence
©m’s. (Note that in [K13], such sequence was referred to as decreasing, rather than
increasing, in terms of its values. This discrepancy arises from Definition 2.1.)

It remained a natural question, raised explicitly in [B, p.134], to ask whether
the entire sequence {¢,,} is increasing in singularities. In [K13], we showed by
an example of ¢ that the Demailly approximation sequence of a plurisubharmonic
function is not necessarily increasing, thus answering the above question negatively.
The example ¢ was given as a plurisubharmonic function with analytic singularities,
for which we can compute the multiplier ideal sheaf of each m¢g and determine the
singularities of ¢,, using a finite number of local generators of _# (mg).

Then there still remained a question at the end of [K13] (asked by J.-P. Demailly)
asking whether there always exists an increasing singularity subsequence of ¢,, with
linear indices m = ak + b (a, b € Z.).

Note that the existence of an increasing singularity subsequence with exponential
indices (1) is a consequence of subadditivity of multiplier ideal sheaves (which in
turn uses Ohsawa-Takegoshi extension theorem). Existence of such subsequence
with linear indices should require an even stronger general property for multiplier
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ideal sheaves than subadditivity. However, we answer the question negatively in the
second statement of the following

Theorem 3.1 (1) If ¢ has analytic singularities with the coefficient ¢ rational (in
Definition 1.1), then its Demailly approximation has an increasing singularity sub-
sequence with linear indices.

(2) If ¢ = clog|z1|? with the coefficient c irrational, then its Demailly approxi-
mation does not have an increasing singularity subsequence with linear indices.

The proof of (1) is exactly as in the proof for the special case of the example in
[K13]. The statement (2) follows immediately from the next arithmetic proposition,
which may be of independent interest.

Proposition 3.1 For ¢ > 0 an irrational number, the sequence

(G 1= lmc|

}mzl

does not have a monotone increasing subsequence of linear indices {gak+p}i>ko
where a, b, ko > 0 are integers. (Here | x| refers to the greatest integer £ such that
£ <x.)

L lme] < ¢ form > 1.

First note that ¢ — Pl

Proof Suppose that such subsequence {guk+p»}k>k, €Xists for some a, b, kg > 0.
Then we have

L(ak + b)c] - L(ak + b)c + ac|
ak+b ak+b+a

(2)
for every k > ko.
Define {x} := x — [x]. We will use the following well-known classical fact.

Lemma 3.1 Let ¢ > 0 be an irrational number. For any open interval J :=
(e1,e2) C (0, 1), there exists an integer n > 1 such that {nc} € (e1, e2).

Consider (ak + b)c + ac = |(ak + b)c| + |ac] + {(ak + b)c} + {ac}. Since
0 < {ac} < 1, there exists k = k| > kg such that

{(ak 4+ b)c} < min({ac}, 1 — {ac}) 3)

from Lemma 3.1. Hence for k = k1, we get | (ak + b)c + ac| = | (ak + b)c]+ |ac].
For k = ki, from the previous line and (2), we get

lac] (ak + b) > |(ak + b)c] a = (ak + b)ca — {(ak + b)c}a
> |ac] (ak + b) + {ac}(ak + b) — {ac}a

where we used (3) in the last inequality. This is contradiction since {ac} > 0 and
a,b,k>1.0
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4 Resolution of Psh Singularity

In contrast to approximating a psh function by ones with analytic singularities, one
may try to resolve the psh singularity by blow ups. More precisely

Definition 4.1 Let ¢ be a psh function on a complex manifold X. A log resolution
of ¢ is a proper modification 7 : X’ — X from a complex manifold X’ such that
m*¢ = ¥ + v where v is a locally bounded function and v is locally equal to a
function of the form >}, a; log |w; I (for a; > 0 and local analytic coordinates
(wi, - -+, wy) of X with dimension n).

In other words, v is the psh weight associated to a simple normal crossing (SNC
for short) effective divisor on X'. If ¢ has analytic singularities as in Definition 1.1,
then ¢ has a log-resolution 7 which one can take as the log resolution of the ideal
sheaf (or its integral closure) of the functions f1, - - -, fi (see [L, Definition 9.1.12]).

For example, near the origin of C?, one can take a log resolution 7 of ¢ =
log( |x3 | + |y2 |) to be the composition of three blow-ups which gives a log resolution
of the ideal a = (x3, y2) [L, Example 9.1.13].

Obviously not every psh function can have a log resolution. For a simple example,
consider a psh function with zero Lelong number at every point, but not locally
bounded. Instead of log resolution, it is natural to raise the following

Question 4.1 Let ¢ be a psh function on X. For arbitrary ¢ > 0, does there exist
a proper modification 7 = 7, : X’ — X from a complex manifold X’ such that
w*@ = ¥ + v where ¥ is as in Definition 4.1 and v is a psh function whose Lelong
number is less than ¢ at every point of X’?

Such 7, is called an attenuation of the psh singularity of ¢. This question can be
considered as generalization of Hironaka’s celebrated theorem [Hi] on the existence
of a log resolution of an ideal.

Question 4.1 is answered affirmatively in dimension 2 by [FJ1] (also by [Gu] in
the compact case). We would like to illustrate the question with a probably simplest
nontrivial example in dimension 2.

Example 4.1 Let ¢ = log(|x| 4 |y|%) near the origin of C2. Suppose that @ > 1
is an irrational number. Consider the blow up 7 of the origin as given by (u, v) —
(x,y) := (u,uv) and (u, v) — (x,y) := (uv, v). The ‘strict transform’ of ¢ is given
by log(|u| + [v|*~1) which is of the same form as the original ¢ and again the origin
(u,v) = (0, 0) is the only point to be blown up again. (For general psh ¢, one may
have a countable number of points to be blown up at each step, as was explained in
[DHI1].)

From this observation, we see that after |« ] times of point blow ups, the strict
transform psh function is of the form ¢ := log(|x|+|y|*~ lely whose Lelong number

atthe originise — o] < 1. Let 8 = > 1. Up to equivalence of singularities,

1
we can retake ¢ = log(|x| + |y|?) ~ %log(|y| + |x|/5). Then similarly as before,
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we have | 8] times of point blow ups and at each time the Lelong number of the strict
transform psh function at the only singular point is L

Now we will see that attenuation of ¢ indeed exists: let a; := « and ap := B.
Define a,, := m (m > 2) which is well-defined and a,, > 1 since @ ¢ Q.
Given ¢ > 0, the attenuation m, is the composition pg o - -- o up for some k > 1
sufficiently large:

2
Co oy X1 —py Xo <—py X3 <— -+

where p; is the composition of |a;] times of point blow ups, each of which has
Lelong number of the strict transform at the origin as b; := az-l--a,- (fori > 2) or as
1 (fori = 1). It is easy to see that the following equality of an infinite series holds

from the definition of a,,,:

1 1 1

o=+ + P+ [P+ P [P+ P (oo )

a;s az \——— a4y

lai] laz] las]

“)

The sequence b; is decreasing and it should converge to zero as i — 00, since the
RHS of (4) converges. This answers Question 4.1 positively in this special case.

Note that (4) also confirms the conjectured equality (**) of [DHI, p.26] in this

special case since the second Lelong number e;(¢) = « by [D, Corollary III (7.4)].

5 Analytic Adjoint Ideal Sheaves

The adjoint ideal sheaf is a variant of the multiplier ideal sheaf in algebraic geometry
(see [L, T10, E] and the references therein for its algebraic definition and its appli-
cations). Guenancia [G] gave an analytic definition of an adjoint ideal sheaf of a psh
function with respect to an SNC divisor H = >_ H;. For simplicity of exposition,
we will assume in this section that H has only one irreducible component. But the
discussion in this section makes sense in the general case as well.

Let X be a complex manifold and H C X a smooth irreducible hypersurface. Let
@ be a psh function on X (or a singular hermitian metric of a line bundle). For o > 1,
let Adjy; ,(¢) C Ox be the ideal sheaf of holomorphic function germs u for which

! .
e
112 (— log |hl)®

is locally integrable where /4 is a local equation of H. It is easy to see that the
definition is independent of the choice of & (as far as || < 1 around a point on H).
Note that [G] was using « = 2 in the definition, but we allow o > 1 for a reason

to be explained later on. The weight function m appears in the norm of
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the extended section in many versions of Ohsawa-Takegoshi extension theorem with
o = 2, but also with @ > 1 in [MV].

Guenancia [G] gave the following adjusted definition as the correct one to gener-
alize the algebraic adjoint ideal sheaf.

Definition 5.1 The ideal sheaf Adj (@) = Ugs0Adjf; (1 + )@) is called the
analytic adjoint ideal sheaf of ¢ with respect to H (for o > 1).

This generalizes the algebraic adjoint ideal sheaf in the sense of the following

Proposition 5.1 Let X be a smooth complex variety and a C Ox an ideal sheaf.
Then the algebraic adjoint ideal sheaf associated to a¢ (¢ > 0) is equal to the analytic
adjoint ideal sheaf associated to cpq where @ is the psh function defined by a.

Proof This is [G, Proposition 2.11] for « = 2. The proof works for « > 1 when one
replaces the first identity in [G, Lemma 2.12] by

xay—l —l—a 82
/ ———dydx = / x4 (= logx)‘““dx.
0,52 (—log(xy)) a—1Jy o

From the coherence of analytic multiplier ideal sheaves and algebraic adjoint ideal
sheaves, it is natural to raise the following

Question 5.1 ([G]) For o > 1 and ¢ psh, is the analytic adjoint ideal sheaf Adj; (¢)
coherent ?

This was answered affirmatively for those ¢ with e? locally Holder continuous
by [G, Corollary 2.19] using adjunction exact sequence.

Itis reasonable to try using L2 estimates for a d equation ([Ho, D]) for Question 5.1
as in the proof of coherence of multiplier ideal sheaves [D]. The problem is that the
weight e¥ := (_l(}w appears with the ‘opposite’ sign: ¥ is psh and we need L?>
existence for 9 for the weight of the form ¢*¥ ~" where a > 1 and 7 psh.

Such L? estimates for 9 equations result for @ < 1 was given by Berndtsson
[BO1] under the crucial condition 3y A 3y = 39y which is satisfied by the above
. Recent results of this type of Blocki in the case « = 1 were given and applied
toward Suita conjecture in [BI112, Bl113] (also see the references therein related to
this progress).

For Question 5.1, one would need a result of L? estimates for d for « > 1 and
that is our motivation in replacing « = 2 with @ > 1 in Definition 5.1. Note that
in this context, the psh function 7 in the weight can be taken as ¢ + log |2|> so the
weight ¢*¥ " at hand is more special than general, as in [BO1].

Therefore, besides having the intrinsic interest on the coherence of the naturally
defined ideal sheaf, Question 5.1 motivates further investigation into the fundamental
method of L? estimates for  equations.
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Proper Holomorphic Maps Between
Bounded Symmetric Domains

Sung-Yeon Kim

Abstract We consider rigidity problem of proper holomorphic maps between
bounded symmetric domains. We give an introduction to differential geometric tech-
niques on rigidity problems, based on the similar phenomenon for local CR maps
between arbitrary boundary components of two bounded symmetric domains of Car-
tan type I.

Keywords Bounded symmetric domains ¢ Proper holomorphic map + CR map *
Totally geodesic embedding

1 Introduction

Rigidity of holomorphic maps was first studied by Poincaré [PO7] and later by
Alexander [A74] for maps sending one open piece of the sphere into another. Then
Webster [W79] obtained rigidity for holomorphic maps between pieces of spheres
of different dimensions, proving that any such map between spheres in C* and C"*!
is totally geodesic. Further rigidity results are obtained by Faran [Fa86], Cima-
Suffridge [CS83, CS90], Forstneric [Fo86, Fo89] and Huang [H99] for CR maps
between pieces of spheres in C"*! and C"'+1 under the assumption n’ < 2n. Beyond
this bound, rigidity fails to hold as one can see Whitney map as a counterexample
[HJO1]. Rigidity for CR maps between real hypersurfaces and hyperquadrics are
studied by Ebenfelt-Huang-Zaitsev [EHZ04, EHZ05], Baouendi-Huang [BHOS5],
Baouendi-Ebenfelt-Huang [BEHOS, BEH09].

On the other hand, since the work of Bochner [Bo47] and Calabi [Ca53], rigidity
phenomena for the quotients of bounded symmetric domains have been widely stud-
ied. The reader is referred to the survey by Mok [M11]. Among rigidity phenomena,
problems such as metric rigidity and the characterization of totally geodesic complex
submanifolds are formulated and studied by differential geometric methods. Though
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they are formulated using metric, they may be deduced from which concern primarily
the complex structure, such as rigidity results on holomorphic mappings. Remark-
ably, many rigidity properties survive when the isometry condition is replaced by
purely topological conditions such as properness [MN12, MNT10, Ng12, Ng13].

In this direction, Mok introduced a method to incorporate the study of proper
holomorphic maps into the study of germs of holomorphic mappings preserving some
form of geometric structures [M89]. Then he proposed a question of using properness
only to verify a condition on the preservation of certain geometric structures such as
variety of minimal rational tangents, etc.

The aim of this article is to introduce a differential geometric method used in
[KZ13, KZ14] for the study of proper holomorphic maps between bounded sym-
metric domains. We use CR structure on the boundary components as geometric
structures preserved by proper holomorphic maps extending smoothly to an open
piece of a boundary component. Then we follow Cartan’s moving frame method
which was first adopted by Webster in the study of rigidity of locally defined
CR maps between spheres [W79]. In sphere case, moving frame method on local
CR rigidity rely heavily on Tanaka-Chern-Moser approach [Ta62, CM74] and many
of them also on Tanaka-Webster connection, which is unavailable for boundaries of
higher rank bounded symmetric domain. To compensate for the lack of the power of
Tanaka-Chern-Moser normalization, we introduce a sequence of several subsequent
adjustments of moving frames reaching further and further normalization conditions.

By slightly modifying the statements in [KZ14], we prove the following theorems.

Theorem 1.1 Let f be a smooth CR map between connected open pieces of bound-
ary components S, 4., and Sy g, of rank r < q and r' respectively of bounded
symmetric domains D 4 and D,y o with q,q" > 1, such that df (§) € T"\ T’ for
any tangent vector & € T \ TC. Assume that

q —r' <min(p —r,2(q —r)).

Then r < r" and after composing with suitable automorphisms of D), 4 and D, 4,
f takes the block matrix form

z 0 0
f@Q={0L_ 0 )
0 0 h(

where h: Sp 4. — Cl@' = =q=nxlp'=r=(p=n] js ¢ CR map satisfying
Id — h(z)*h(z) > 0.

Theorem 1.2 Let f: D), — Dy o (p > q > 1) be a proper holomorphic map
which extends smoothly to a neighborhood of a smooth boundary point. Assume that
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1 < g <min(p,2q —1).

Then p’ > p, q' > q and after composing with suitable automorphisms of D, 4 and
D,y o, f takes the block matrix form

z 0
where h(z) is arbitrary holomorphic matrix-valued function satisfying
Iy—g — h(2)*h(2) is positive definite, z € D, 4.

In §1, we introduce a CR structure on the boundary components of bounded sym-
metric domain of Cartan type I. In §2, we formulate a Pfaffian differential system for
CR mappings. Then we construct second fundamental forms and Gauss formulae.
With these, we sketch the proof of Theorem 1.1. Theorem 1.2 follows from Theo-
rem 1.1 by letting r = 1. Notice that the condition in Theorem 1.2 is a condition
imposed only on the rank of the target manifold(=¢"), while the condition in [KZ14]
is on both p’ and ¢’.

Throughout this paper, we adopt Einstein summation convention unless stated
otherwise.

2 Geometry of Boundary Components

Recall that a bounded symmetric domain D, ; of Cartan type I has the standard
realization in the space C”*? of p x g matrices, given by

Dp.q = {z € CP*9 : I, — 7"z is positive definite},

where I, is the identity g x ¢ matrix and z* = z’. We shall always assume p > ¢
so that the rank of D, 4 is g. Then each boundary of D, , is given by

Sp.qr=1z€ CP*1 1, — 7"z has (g — r) -positive and r -zero eigenvalues},

forr =1,...,q.Inparticular, S, 4 1 is the hypersurface boundary and S, , , is the
Shilov boundary. For ¢ = r = 1, S 1,1 is the unit sphere in C?.

We shall consider the standard inclusion D, , C C**? C G, 4, where G, 4 is
the Grassmanian of all g-dimensional subspaces (g-planes) of C*™4. We equip the
space CP*4 with the nondegenerate hermitian form
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- -1, j=1,...,q,
(z, w) zsjz]w,, g; [1’ i—atl gt
called the basic form.

In this identification, D, 4 is represented by all g-planes V C CP*4 such that the
restriction (-, -)|y is negative definite, and the boundary component S, , » C 9D 4
by all g-planes V C CP™4 such that restriction (-, -)|y has (g — r)-negative and
r-zero eigenvalues. For V € S, , ,, denote by Vy C V the r-dimensional kernel of
(-, -)|v. The connected identity component G of the biholomorphic automorphism
group Aut (D, ;) is now identified with the group of all linear transformations of
Crta preserving (-, -), and each §, ; , is a G-orbit.

2.1 Adapted Frames

An adapted S, 4 -frame is a set of vectors

Z1,...,Zr,Zi,...,Z;7,,X1,...,Xp,r,Y1,...,Yr,

for which the basic form is given by the matrix

0 0 0 I
0—I_, 0 0
0 0 I, 0
I. 0O 0 0
Thus we have
Vo =span{Zy, ..., Z,}, V:Vo@span{Z’l,...,Z(;fr}

and denote

V’::span{Z’l,...,Z;_r}, X :=span{Xy,...,Xp—r}, Y :=span{Yy, ..., Y, }.

2.2 The Connection Matrix Form

Write S := S, and denote by & — § the adapted S, , ,-frame bundle and
by 7 the Maurer-Cartan (connection) form on Z satisfying the structure equation
dm = 7 A . Then we can write
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dZ, Zs v 0 0 ok \ [z
dz, | _ . Z | _ ol o, 8,/. 6. Z,
dXy X; O—kﬁ Skv “)k], e\kﬂ X;
dy, o Y, B é:(xﬂ Gav o.a/ waﬁ Y B

where the matrix 7 satisfies the symmetry relation

vl 6 67 od B ) %5
auﬂ ) 8,/ 0,/3 euag" eugywy! susj(S/T” 8,,03“
okﬁ 8 a)kj Gkﬁ - £kaﬁk 8k8V5‘—)k eksja)jk 5k95k
& o) o Vi &' £,0;” ejof Y 55‘

ew =1(Z.Zy)=—1, u=1,....q—r, €j:=(X;,X;)=1, j=1,....p—r

The defining equations of S, ,  can be written as
Spgr ={VI€Gpg: ()l =0}
and hence their differentiation yields
(dZo, Zp) + (Zar dZg) = ¢ + 9 =0. 2.1)
By substitutingdZ, = AF Zr into (1, 0) component of (2.1) we obtain, in partic-
ular,

vd Yy Zp) = ¢ =0,

when restricted to the (1, 0) tangent space. Comparing the dimensions, we conclude
that the kernel of {goaﬂ, a,B =1,...,q} forms the CR bundle of S, 4,,, i.€.,

ker(glz) = T,"Sp.qr ® Ty Sp.q.r.
In other words, ¢ = (goaﬂ ) span the space of contact forms on S, 4 . Since

dZa =V Zp+ 06,2, + 0/ X; + ¢ Vg,
dZ, =0l Zp+ )7, + 58/ X; +6,, Vs

and ¢ = (%,3 ) is a contact form, we conclude that the upper right block forms
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eaj (paﬁ
sk 0f

give together a basis in the space of all (1, 0) forms on S, 4 ;.

2.3 The Tangent Space of Sp 4,r

The tangent space to the Grassmanian G, , at the element V is isomorphic to
Hom (V, CP*4/V). Hence, given an adapted frame (Z, Z’, X, Y), it is isomorphic
to

TyGpy =Hom(V, X ®7Y).

By taking into account the splitting V = Vy @ V’, the elements of
Hom(V,X®Y)=Hom (V@ V' ,XaY)

are given by block 2 x 2 matrices decomposed as

. (Hom (Vo. X) Hom (Vo Y)) . 2.2)

Hom (V/, X) Hom (V', Y)

Then the real tangent space Ty Sy 4. 10 Sp 4. 18

T=TySpg,= (: I:) . R=-F"

the complex tangent subspace is

TC=(*0).
k% %k

The complex tangent space 7°¢ contains further two invariantly defined subspaces

T~ :={ReTC:R(V0)CV}=(22),

T*::{RET“:(R(V)»V0>=O}=(:8)’

such that
TT+T- =T°.
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For a change of frame given by

~ < NN

7 changes via
F=dU-U'+U-m-U"
We shall employ several types of frame changes.
Definition 2.1 We call a change of frame
(i) change of position if
Za=WS2s, Z,=WPZs+W)Z, Yo=VLYs+V,) 'Z, X;=X,,
where Wy = (WO/B )and Vy = (Vaﬁ ) are r X r matrices satisfying VO* Wo = I,
W = (W})isa (g —r) x (g — r) matrix satisfying W*W' = I,_, and
Vl WY+ Vi WRY =0
(i1) change of real vectors if

Zo=7Zu Zo=7Z, X;=Xj, Vo=Yo+HlZ,

where H = (Ho/S ) is a skew hermitian matrix;
(iii) dilation if

where A, > 0;
(iv) rotation if

Zo=Zu Zy =2, Yo=Yy, X;j=U}Xy,

u

where (U jk) is a unitary matrix.

The remaining change of frame is given by

- P - .
X;j=X;+C/Zp, Yo=Yo+AlZs+B/X,,

or _
Z, I. 0 0 O Zg
g; _ 0 Iq_, 0 0 Zl;
i |Tlef o oo x|
Yo Al o BS 1) \Ys
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such that
C/+B J-“ =0
and
AL +AH+8/B =0,
where

Bj“ = Bo,'j.

2.4 Structure Identities

The structure equations yield
d¢f =0/ nof +6, A0 mod g,
o,/ =0, ~s;] mod (6. ).
do® =85 A6 mod {6, ¢},
where ¢ stands for the span of all ¢a’3 . The first equation via Cartan’s formula
dt(Ri, Ry) = Rit(R2) — Ryt (Ry) — ©([R1, Ra)),

determines the invariant tensor

Cr

10 5 701 (R1, Ry) > [R1, Ry] mod 7104701

L= TO0x1!H0 =

which represents the Levi form of S, , - up to imaginary constant. In particular,

T0:=T+0T_=(28)CTC

is the kernel of the Levi form of S, , . Levi kernel is always integrable. In fact, since
7Y is given by '
¢aﬂ — guﬂ =0/ =0,

on the integral manifold of Levi kernel, we obtain

dZy =y 7,
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i.e., the space (Z1, ..., Z,) is fixed. Hence up to automorphisms of D, ,, the integral
manifold of the Levi kernel is given by

I 0
0z)’
where I, is the r x r identity matrix and z is a (p — r) x (¢ — r) complex matrix

satisfying
Iy—r — 22> 0.

From this we can see that S, , , is foliated by Dp_, 4.
Similarly, the second and the third equations of the structure equations determine
together the invariant tensor

1.0 - T1,0+T0,1
KI,O = K1,0+T0,1’

L K0 710 (R, Ry) > [Ry, Ry] mod K10 4 701,

where K -0 is in the complexified Levi kernel. Note that for Ry € K -0, one always
has [R1, R2] € T10 + 791, The tensor .% can be regarded as the “second order
Levi form” that comes naturally into consideration along with the (first order) Levi
form .Z] to gain the “missing nondegeneracy”. In the decomposition (2.2), .2 takes
the form

00 a, 0 )
((Cl 0) ’ (c§ d2)) > (—c1d3) @ asc1 € Hom (Vo, X) @ Hom (V' Y).

3 Differential Equations for CR Maps

Let f be alocal CR map from an open set M C S, 4., to anopenset M' C Sy o7 .

‘We shall consider the connection forms d)f s 90/ , waﬂ o) jk, o /’3 s Saﬁ on M and denote

by capital letters @ab s @aj s llfab , 82 JK L2 Ié’ , Eab their corresponding counterparts on
M.

Since ¢ = ((l)aﬂ )and @ = (@ab) are contact forms on M and M’, respectively,
the pull back of @ via f is a linear combination of ¢ = (q&o,’3 ). Choose a diagonal
contact form of M’ and say @;'. Since contact forms are spanned by ¢,?, we can
write

¢11 = Caﬂ(ﬁ/ga

for some smooth functions c?. At generic points, after a change of position vector

Z on M, we may assume
-
1
@)l =D cady
a=1
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for smooth functions c,. Then using the structure equation for ¢ and its analogue for
M’, we obtain

O 7O +0,Y A0 =D 0] N0+, A0, mod ¢,
o

Since the Levi form is nonnegative, we conclude ¢, > 0. If @11 # 0, then after
dilation of @, we may assume that ¢y = 1. Moreover, since f sends the Levi kernel
of M given by ¢ = 6 = 0 into the Levi kernel of M’ given by ® = ® = 0, we can
write

O =h70,) +gl"0," mod ¢,
Oy =ng ;6 +&/,0,° mod ¢.

U,x”u

The same argument in §3 of [KZ14] using @Ul in place of (91] will yield the following
lemma.

Lemma 3.1 Supposeq’ —r' < p —r. Then

gi’u = 77(}“,]' =0,

[T CT™, fu(TT)CT™.
Furthermore, if ¢/ —r' < 2(q — r), then
1 1
D =¢y.

By this lemma and the same argument in §3 and §4 of [KZ14], we obtain the
second fundamental forms

2/ =4706+8"6/ mode, J>p-r,

J o
V=ab0f+BY6 mod¢, U>qg-r, (3.1)
on Tt and T, respectively for each fixed @ = 1,...,r. Since each 9(‘,{, 0, is

independent, if r > 2, then we conclude that the second fundamental forms are
trivial modulo ¢. If r = 1, then we analyze the Gauss equations for T7;

K . . s .
Ble]Km — glm(sk] + gljakm +gkm8l] +gk]8]ma

K oj . -
Ak uBJKm = num(sk] + nuj(skm’
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for T,

BB =8, + 88 +88) +8.3) (3.2)
AJeBY =8 + 8, (3.3)
and mixed terms; ‘ _ - .
ANAY + AR A =g)8) +4/5)

where § is the Kronecker delta, nuk = —r/k ,and gk o g, satisfy

Al =] —nleg =0,
51 (W =) — (Qk—w )+gj ¢y =0,
Sv” (l[/a"‘ - waa) - (‘Qvu - wvu) + gvu‘baa =0
with relation _ _ ‘
8 g +9,g = nu];}cv 3.4)

such that ' . . i
dnd —njo) +nfo! =n/sF  mod 6.0, 4.

Lemma 5.3 from [EHZ05] applied to (3.2) implies that
B \4 — guv — 0

uw

provided ¢’ — r’ < 2(q — r). Then differentiation of (3.1) as in [KZ14] implies

AV =0.
By (3.3), we obtain
n =0
and by (3.4), we obtain
8 jk =0

Then Gauss equations for 77 and mixed terms will imply
By = A, =0,

i.e., the second fundamental forms are trivial modulo ¢. This will lead to the following
key proposition.
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Proposition 3.1 There exist vector subspaces Vy, Vi, Vo C cr'+d of dimensions
dimVy=p+q, dmV,=¢'—r, dmVo=p' —r'+q¢’ —r' —(p—r)—(q—7r)

that form a direct sum, such that the basic form (-, -) is null when restricted to
V1, nondegenerate of signature (p, q) when restricted to Vi, and nondegenerate of
signature (p' —r' — (p —r), q' —r' — (g —r)) when restricted to V3, and such that
whenever x € Sp 4, and f(x) is defined, we have

fR)=WodVieW,eGr(Vo,q) Vi@ Gr(Va, (¢ —r") — (g —r1)), (3.5)

such that the basic form restricted to Wy has rank r.

With this proposition and the same argument in §6 of [KZ14], we can prove the
theorems.
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Characterizations of Strongly Pseudoconvex
Models in Almost Complex and CR
Geometries

Kang-Hyurk Lee

Abstract Inthis paper, we introduce the Wong-Rosay theorem, R. Schoen’s theorem
and its generalization in almost complex geometry.

Keywords Almost CR manifolds - Pseudo-Hermitian manifolds - Infinitesimal
automorphism

1 Introduction

The aim of this paper is to introduce (1) the Wong-Rosay theorem, a characterization
of the unit ball by its holomorphic automorphism group, (2) Schoen’s theorem, a
characterization of the unit sphere and the Heisenberg group by their CR automor-
phism groups, and (3) their generalizations to the almost complex and CR manifolds,
respectively.

1.1 The Characterization of the Unit Ball

The Riemann mapping theorem says that a simply connected proper domain in the
complex plane C is biholomorphic to the unit disc A. Hence in Complex Analysis
of one variable, it is important to understand the nature of the unit disc. But in
multi-dimensional complex Euclidean spaces, the Riemann mapping theorem fails
as H. Poincaré showed that the unit ball B> = {z eC?:|z]l < 1} and the bidisc
A2 = Ax Aare biholomorphically distinct. Moreover as showed in [BU78, GES82],
the biholomorphic equivalence classes of simply connected domains in C"* (n > 2)
forms indeed an infinite dimensional space. Therefore it has been a fundamental
problem in Several Complex Variables to classify bounded domains which can play
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the same rdle of model objects as the unit disc. A precondition for the role in Complex
Analysis and Complex Geometry is to admit a noncompact automorphism group.
While it is not possible to classify simply connected domains in C", the classification
of domains with noncompact automorphism groups seems to be possible since a
generic bounded domain has no automorphism except the identity (see [GES2]). A
typical classification is B. Wong’s characterization of the unit ball B" = {z € C" :
lzll < 1}.

Theorem 1.1 ([WO77]) A bounded strongly pseudoconvex domain in C"* with non-
compact automorphism group is biholomorphic to the unit ball B".

For a bounded domain £2, the noncompactness of the automorphism group of §2,
denoted by Aut(£2), is equivalent to the existence of an automorphism orbit {¢x(p)}
for some ¢ € Aut(§2) and p € §2 which is accumulating at a bounded point. In his
paper [RO79], J. P. Rosay strengthened Wong’s theorem as following:

Theorem 1.2 ([RO79, EF95, GA02]) A domain in a complex manifold which admits
an automorphism orbit accumulating at a strongly pseudoconvex boundary point is
biholomorphic to the unit ball.

Theorems 1.1 and 1.2 are usually called the Wong-Rosay theorem.

1.2 The Characterization of the Unit Sphere

In the confomal geometry, the Euclidean space R" and the Euclidean sphere $" =

{x € R""! : ||x|| = 1} are characterized as global homogeneous models as showed
in [AL72, SC95, FE96]:

Theorem 1.3 The conformal group of the Riemannian manifold (M", g) is essential
if and only if M is conformally equivalent to either R" or S".

Here essential means that the conformal group can not be reduced to an isometry
group of a metric in the conformal class. As in [AL72], if the conformal group of M
is essential, then it acts improperly on M (A topological group G acts improperly on
M if there is a compact subset K of M suchthat Gg = {¢p € G : p(K) N K # 0}
is noncompact). The main proof of Theorem 1.3 is to confirm D. V. Alekseevskii’s
assertion: if the conformal group acts improperly on M, then M is conformally
equivalent to R" or S".

A strongly pseudoconvex real hypersurface in a complex manifold, especially
a boundary of a strongly pseudoconvex domain, has a similar geometric structure
to the conformal geometry, usually called the pseudo-conformal structure. A real
hypersurface M in a complex manifold X admits a CR structure inherited by the
complex structure of X. If M is strongly pseudoconvex, then its CR structure is
determined by the conformal structure of its pseudo-hermitian metric. R. Schoen
also gave the CR version of Theorem 1.3 in case of strongly pseudoconvex CR
manifolds:
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Theorem 1.4 ([SC95]) Suppose that M*" ' is a strongly pseudoconvex CR manifold
whose CR automorphism group acts on M improperly. Then M is CR equivalent to
either the unit sphere S*"t1 = {z € C"' . |zl = 1} if M is compact or the
Heisenberg group if M is noncompact.

This is a CR counterpart of the Wong-Rosay theorem. In case of a bounded strongly
pseudoconvex domain £2, Fefferman’s extension theorem ([FE74]) implies that each
automorphism of §2 extends to a CR automorphism of the boundary 92 which is a
compact strongly pseudoconvex CR manifold. Thus the noncompactness of Aut(£2)
implies that the CR automorphism group of 942 is also noncompact, equivalently, it
acts improperly (for a compact manifold, the improper action by a topological group
G is the same as the noncompactness of G). In case of an unbounded domain, consider
the Siegel half plane, H'*1 = {(z°, !, ..., z") e C"*! : Re® + > 12412 < 0}
which is biholomorphic to the unit ball B"*! by the Cayley transform. The group
of affine automorphisms of H"*! coincides with the CR automorphism group of
the Heisenberg group dH"T!. Since Z; in (2.1) belongs to the isotropy subgroup at
the origin, the CR automorphism group of dH"*! is noncompact and moreover acts
improperly.

1.3 Generalizations

Gaussier and Sukhov ([GAO03]) showed that the Wong-Rosay theorem is also valid
in almost complex manifolds of complex dimension 2. But in higher dimensional
case, there is an exotic model (called a pseudo-Siegel domain) which admits an
automorphism orbit accumulating at a strongly pseudoconvex boundary point and
whose almost complex structure is non-integrable, so which is not biholomorphic
to the unit ball with the standard complex structure. Thus the local version (The-
orem 1.2) fails in almost complex manifolds. Gaussier and Sukhov [GA06] and
the author [LKO6] characterized the pseudo-Siegel domains: a domain in almost
complex manifold which admits an automorphism orbit accumulating at a strongly
pseudoconvex boundary point is biholomorphic to a pseudo-Siegel domain (Theo-
rem 2.1). However as in [BY09], the global version (Theorem 1.1) is also valid in
any dimension: a relatively compact, strongly pseudoconvex domain in an almost
complex manifold with a noncompact automorphism group is biholomorphic to the
unit ball with the standard complex structure (Theorem 2.2).

Asin Sect. 2, a pseudo-Siegel domain is the Siegel half plane with a certain almost
complex structure, so its boundary is noncompact. And its automorphism group is
the same as the CR automorphism group of the boundary which acts improperly.
Therefore the relationship between the Wong-Rosay theorem and Schoen’s theorem
makes us to expect:

Conjecture 1.1 A strongly pseudoconvex almost CR manifold M whose CR auto-
morphism group action is improper is CR equivalent to either the standard sphere if
M is compact or a boundary of a pseudo-Siegel domain if M is noncompact.
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In this paper, we introduce the basic technique to get the Wong-Rosay theorem
in almost complex structure as in [GA06, LK06] and a partial confirmation of the
conjecture by the collaboration work with Joo [JO15].

Convention: Throughout this paper, Greek indices indicating coefficients of complex
tensor run from 1 to n and Latin indices for real tensors run from 1 to 2n. For Greek
indices, the summation convention is always assumed. We will take the bar on Greek
indices to denote the complex conjugation of the corresponding tensor coefficients:

_ _ S &
Zo = Zg, 0* =a)°‘,Rﬂ M;:RB i

2 The Wong-Rosay Theorem in the Almost Complex
Manifold

Let X be an almost complex manifold with an almost complex structure J. By an
(holomorphic) automorphism of (X, J), we mean a biholomorphism of X onto itself
with respect to J. The automorphism group Aut(X, J) of (X, J) is the topological
group of automorphisms of (X, J) with the composition law and the compact-open
topology.

Let us define the pseudo-Siegel domain as in [LKOS]:

Definition 2.1 Consider the complex Eulidean space C"*! with the standard coordi-
nates (z%, z!, ..., ). Let P = (Pyp)a,p=1,....n b€ an x n skew-symmetric complex
matrix. The model structure Jp is the almost complex structure of C*+! defined by
the following (1, 0)-vector fields:

The pair (H"*!, Jp) is called a pseudo-Siegel domain for the Siegel half plane H"*+!
and the model structure Jp.

2.1 Automorphisms of the Pseudo-Siegel Domain

As mentioned, the Siegel-half plane H = H"*! with the standard complex structure
Jyt (the case of P = 0) is biholomorphic to the unit ball (]B%”Jrl , Jst); thus the pseudo-
Siegel domains can be considered as a deformation of the unit ball. The matrix P
represents the torsion for the integrability of the structure, in the sense of [Zy, Zg] =

—2i Pygd/ 320 so that J p is always non-integrable except P = 0. For any choice of
P, the boundary of H is always strongly pseudoconvex and H has the non-isotropic
dilation

D207, ) (@0, e, P (s eR) 2.1



Characterizations of Strongly Pseudoconvex Models ... 225

as its automorphism. This means that Theorem 1.2 fails in almost complex setting.

Moreover any pseudo-Siegel domain is homogeneous since it has the Heisenberg
group as its holomorphic transformation group. The Heisenberg group is the group
Hp = (0H, *p) whose binary operation *p is defined by

¢ € = (60 +80 28,56 +iPupt"cP +iPge" P ¢ +€). @)

for ¢ = (%, ¢), & = (69, &) € 9H. Each element ¢ € #p generates an
automorphism by z +— ¢ *p z; hence J¢p can be considered as a subgroup of
Aut(H, Jp). Then one can easily see that the transformation group generated by .7p
and {%; : s € R} acts on H transitively.

In [LKO8], the automorphism groups and the bihomorphic equivalence of pseudo-
Siegel domains are completely described.

2.2 The Scaling Method in Almost Complex Manifold

Here, we introduce the scaling method to the almost complex manifold due to
Gaussier and Sukhov [GA03, GA06].

Let £2 be a domain in an almost complex manifold (X, J) of complex dimension
n + 1. Suppose that there are ¢, € Aut(£2, J) and p € §2 such that

ok(p) > q €082 as k— oo,

where 052 is smooth near g and strongly J-pseudoconvex at q.

Step 1 (a local coordinate system): Choosing a local coordinate system @ : U C
C"*! — M about ¢ with ®(0) = ¢, we can identity ¢ = 0, ®(U) = U and
d® 1o Jodd = J.For a suitable @, we may assume that

1. J(0) = Jg where Jg is the standard complex structure of crtl
2. UNQ ={z:p(z) < 0} where p(z) = Rez® + 34_, 121> + o(llz]I*).

Step 2 (centering): We shall only consider sufficiently large k with ¢ (p) € U. For
each k, take p; € U N 042 that realizes the Euclidean distant 75 from p; = ¢ (p)
to U N 3£2. Then we consider a rigid motion L; of C"*! with Li(pg) = 0 and
Lr(px) = (—7,0,...,0).

Step 3 (dilating): Now we let

no=(2 2 2
k - Tkvﬁa""ﬂ .

For Ay = Ay o Ly, the sequence A (U N §2) of domains converges to the Siegel half
q g g
plane H"*! = {Rez" + ||z’ ||2 < 0} in the sense of the Hausdorff set convergence.
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Simultaneously, the sequence dAy o J od A,:l of induced almost complex structures
on Ax(U N §2) converges to an almost complex structure J' of H for which (H, J')
is biholomorphic to a pseudo-Siegel domain (H, Jp).

Finally one can get that Ag o ¢ : ¢ "\une)c 2 — C'hasa subsequential
limit F defined on the whole of §2 which is biholomorphism (§2, J) to (H, J').

Theorem 2.1 ([GA06, LKO6]) Let 2 be a domain in an almost complex man-
ifold (X, J). If 2 admits an automorphism orbit accumulating at a strongly J -
pseudoconvex boundary point, then (§2, J) is biholomorphic to a pseudo-Siegel
domains.

2.3 Bounded Realization of the Pseudo-Siegel Domain

For any non-integrable model structure, the induced structure by the Cayley trans-
form on the unit ball has a singularity at the boundary point corresponding to the
point at infinity. Thus it is natural to ask whether there is biholomorphism from the
non-integrable pseudo-Siegel domain to a relatively compact domain in an almost
complex manifold.

Let £2 be arelatively compact, strongly pseudconvex domain in an almost complex
manifold (X, J).If Aut(£2, J) is noncompact, then by Theorem 2.1, there is a biholo-
morphism F : (£2,J) — (H, Jp). Consider the point —1 = (—1,0,...,0) € H
and the automorphism % as in (2.1) for k = 1,2, .... Since the automorphism
orbit {Zx(—1) : k = 1,2, ...} is noncompact in H, there is a subsequential limit
g € 852 of the sequence F~!(Z;(—1)). Applying the scaling method again to the
automorphism orbit { F ~1(Zx(—1))} with certain local coordinates about g, we can
obtain a biholomorphism G : (§2, J) — (H, Jp) with G(¢) = 0 in the limit sense.
Then F~! o G is the automorphism of (H, Jp) with (F~! o G)(0) = co. But every
automorphism of (H, Jp) is affine if P # 0 ([LKOS8]); thus P = 0 so Jp is integrable.

Theorem 2.2 (Byun et al. [BY09]) A relative compact and strongly pseudoconvex
domain in an almost complex manifold with a noncompact automorphism group is
biholomorphic to the unit ball with the standard complex structure.

3 Schoen’s Theorem in Almost CR Manifolds

The scaling method in the Wong-Rosay theorem allows to rescale a given domain and
its complex structure to a biholomorphically equivalent model. But in order to get
the CR equivalence to a model, the local equivalence problem of CR structures must
be considered since the CR structure is a local structure. For the CR equivalence in
Theorem 1.4, R. Schoen used the pseudo-hermitian equivalence of Webster [WE78]
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via the CR Yamabe problem. In this section, we introduce the pseudo-hermitian
equivalence problem, the Yamabe type problem and generalization of Theorem 1.4
in strongly pseudoconvex almost CR manifolds as studied in Joo and Lee [JO15].

3.1 Pseudo-hermitian Structure Equations

Let us consider an almost CR manifold M of real dimension 2n + 1 with a CR
structure (H, J), that is, H = UpeM H, C TM is a hyperplane bundle with a
smooth field of bundle isomorphisms J : H — H such that / o J = —I. By
a CR automorphism of M, we mean a diffeomorphism ¢ of M onto itself with
de(H) = H and J odp = d¢ o J. The CR automorphism group of M, simply
denoted by Autcr (M), is the topological group of CR automorphisms of M with the
composition law and the compact-open topology.

The tensor field J decomposes the complexified bundle CH = C ®r H by
CH =H"YY @ H*! where H'O = {v —iJv :v € H} and H>! = H1.0, The CR
manifold is strongly peudoconvex if for an 1-form 6 annihilating H, the Levi form Ly
defined by Lg(Z, W) = 2id6(Z, W) for Z, W € H"'O is positively or negatively
definite. This is independent of the choice of 6. Let (Zy) = (Z1,...,Z,) be a
(1, 0)-frame, a local frame filed to H'-9. Then there is an admissible (1, 0)-coframe
(0% = (o, ..., »"), aC"-valued 1-form which is dual to (Z,) and satisfies

d6 = 2ig, 50" AP + pupe® AP + paz0® AP . 3.1)

Here (g,5) stands for the Levi form and (pyg) is uniquely determined by pos =
—ppa- We will use the Levi form (g, 5) and its inverse (gﬁ"‘) to lower and raise
indices (e.g. a)ﬂy gya = wgg)- Then we can define the pseudo-hermitian connection

form (a)ﬁ“), uniquely determined by dg, 5z — w,5 — wg, = 0 and
do® = a)’s/\a)ﬂw+T/3 aya)ﬁ/\a)”+N6a?w3/\a)f+A“BG/\a)f;+Baﬂ9/\wﬂ . (3.2)

. o o o o o — o o J—
The functions Tﬂ e Nﬁ 5 A 5 B g are also fixed by Tﬂ y = Ty 8> N,é ;=
—N); aﬁ, Bga = Bgp. The J-linear connection defined by VZ, = a)a’s ® Zg is the
pseudo-hermitian connection. Then we have the pseudo-hermitian curvature tensor
(Rﬂ“A ;) defined by

.Qﬁ“ = Rﬁamw)‘ Ao’ mod {0, ot A *, o* A o}

for the curvature form 2, = dw,” — w," A w,*.
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3.2 Pseudo-hermitian Equivalence Problem

Now we characterize a pseudo-hermitian structure of the boundary of the Siegel
domain. First, we introduce an intrinsic form of the boundary.

Let (t,z) = (1,7, ..., z") be the standard coordinates of R x C". A n x n skew-
symmetric complex matrix P = (Pyg) gives the Lie group structure *p to R x C"
by

(t,2) xp (s,w) = (t + 5+ 2Im (z, w) — 2Re P(z, w), z +w)

where (z,w) = 8a/§z°‘wﬂ and P(z,w) = aﬁz“wﬂ. This is the induced operation
from (2.2) under the natural projection 7 : dH"t! — R x C". We call #p =
(R x C", xp) a Heisenberg group associated to P. In fact all Heisenberg groups are
Lie group isomorphic to each others (see [BY09]).

Each Heisenberg group has the contact distribution Hp annihilated by

Op =dt + iéaﬁz“dzﬁ - iﬁaBZBdZa + Pypz®dzP + Pagz&dzﬁ (3.3)

and the strongly pseudoconvex CR structure Jp on Hp whose the global (1, 0)-frame
(Z1, ..., Zy) is defined by

5 P p) 2
Zy = +(18aﬁz +Paﬂz)— a=1,...,n.

az% ot ’
Then the Heisenberg group 7#p acts transitively on itself as a CR transformation
group of (Hp, Jp). We call the CR manifold R x C" with the CR structure (Hp, Jp)
a Heisenberg group, simply denoted by #p.

Since [Zy, Zg] = —2P,p0/0t, the CR structure of 7 is non-integrable except
P = 0. Each Heisenberg group .77 is CR equivalent to (JH"*!, Jp) and admits the
CR dilation,

Dy, 70, ) e (et e (s eR) (3.4)

as its CR automorphism. Therefore the CR automorphism group of .7 acts improp-
erly, so Theorem 1.4 is not valid in the almost CR setting.

Let us consider the pseudo-hermitian structure equations of .7p. For the contact
form 6p, we have dfp = 2i8,5dz* A dzP + Pugdz® A dzP + Pyzdz® Ad2P, so
that 84p = (SaB’ Pap = Pyp for (3.1), and (dzl, ...,dz7") is the admissible coframe

for 6p. Since dz“ is closed, one can see that the connection form (a)ﬁa) of (dz%)
vanishes identically. So all torsion tensors except peg = Pyg and curvature tensors
are vanishing identically. This characterizes the Heisenberg model with 6p:

Proposition 3.1 Let (M, 0) be a pseudo-hermitian manifold. Suppose that there is
an admissible coframe (', ..., w") with the following vanishing tensors:
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RY =0, (3.5)

o o
paﬂ;yETﬁyEN— = A% 8 i

B v B

Then (M, 0) is locally pseudo-hermitian equivalent to a Heisenberg group model

(P, 0p).

Here pgg;, stands for the coefficient of the covariant derivative of the tensor (pug)

9’ A.
by Z)/ S: Pap;y = Zypaﬁ — Parg (Zy) - a)ak(zy)pkﬂ-

3.3 Sub-Riemannian Yamabe Problem

In order to use the pseudo-hermitian equivalence (Theorem 3.1), we need to find
a contact form for which (3.5) holds. In his paper [SC95], R. Schoen uses the CR
Yamabe problem for the Webstar scalar curvature, R = R, A g%P g Unlike the
integrable case, the transformation formula of the Webster scalar curvature is much
more complicated. It is not possible to be simplified as the CR Yamabe equation in
the integrable pseudo-hermitian geometry. Thus in [JO15] we studied an auxiliary
contact sub-Riemannian structure and its Yamabe problem to find a desired contact
form.

Let (M2"*+1 H) be a contact manifold and 6 be a contact form (H = ker6). A
positive quadratic form g on the contact distribution H is called a sub-Riemannian
metric and the pair (6, g) is called a contact sub-Riemannian structure of M.

For an orthonormal frame (X1, ..., X,) to H withrespectto g, we havea2n x 2n
skew-symmetric matrix (%;;) defined by

hij = do(Xi, X;) .

Let Xo be the characteristic vector field of the contact form 6, that is, the vector
field uniquely determined by 6(Xg) = 1 and X -+ d6 = 0. For the dual coframe
©,0%,..., 92") of (Xg, X1, ..., Xo,),wehavedf = hijGi/\Gj. Then we can define
the contact sub-Rimannian connection form (9;.) for (0, g) (see [FV93, FV07]) which
is uniquely determined by

o' =67 AL +O AT 0i=—0] DT A0 =0.
i

Moreover the curvature form (G)j.) and the curvature tensor (Rj.kl) for (0, g) are
defined by
: . ko vi o of ok . al
O, =do; —0; N6 = R;,0" A0 mod 0.

We call R = Zi’j Rj-ij a sub-Riemannian scalar curvature of (0, g). When we let
Ri=13 1 R}klhikhﬂ for the inverse (/%) of (h;;), we call the amount
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a twisted scalar curvature for (6, g).

Assume that the contact sub-Riemannian structure (0, g) is orthogonal, that is,
h = (h;;) is the orthogonal matrix. Then we get the Yamabe type transformation
formula for the twisted scalar curvature:

Theorem 3.1 ([JO15]) Let (M**t! 0, g) be an orthogonal contact sub-Riemannian
manifold. For a subconformal change (6', g') = w?/"6,u*"g), let S and S' be the
twisted scalar curvatures for (0, g) and (0', g'), respectively. Then u satisfies

Surt! = Lu (3.6)

where L=4(n + 1)Ap + S and Ay, is the sub-laplacian operator defined by Apu =
— Zi Xi(Xiu) + Zi,j(xju)ei] (X).

For p =2 4 2/n and the volume form dV = (1/n!)0 A d0", the sub-conformal
Yamabe invariant Q(M) is defined by

Q(M):inf[/ uLudV:/ uPdv =1, ueCfo(M)andMZO]
M M

which is independent from the subconformal change of the contact sub-Riemannian
structure. Then we can solve the subconformal Yamabe problem.

Theorem 3.2 ([JO15]) Let (M, 0, g) be an orthogonal contact sub-Riemannian
manifold.

(1) If M is compact and Q(M) < Q(S¥'+1), then there is a sub-conformal change
©',g) = W*"0,u*"g) whose twisted scalar curvature S’ of (M, ', g') is
the constant Q(M).

2) If M is noncompact and Q(M) > 0 or Q(M) < 0, then there exists a sub-
conformal change whose twisted scalar curvature is the constant 0 or —1,
respectively.

This is a generalization of the CR Yamabe problem for the Webster scalar curvature
as in Jerison and Lee [JE87], Schoen [SC95].

3.4 A Generalization of Schoen’s Theorem

Let M be a strongly pseudoconvex almost CR manifold with a CR structure (H, J).
Suppose that there is a contact sub-Riemannian structure (0, g) on (M, H) which
is associated to the almost CR structure of M, that is, every CR automorphism of
(M, J)is asubconformal transformation of (M, 6, g). Note thatif (9, g) is associated
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to (M, H, J), then a sub-conformal change w2/"g, u?/n g) for positive u is also
associated to the almost CR structure.
Suppose that M is noncompact. Then by (2) of Theorem 3.2, we may assume that
= —1lorS =0 for (0, g).

Case 1 (S = —1): For each CR automorphism ¢ of M, let u,, be the positive function
with (¢*0, 9*g) = (uy/"6, u/" g) satisfies (4(n + 1)Ap — Duy, = —uy/" " from
(3.6) since ¢ is the isometry from (¢*6, p*g) to (8, g). Using the self-adjoint prop-
erty of Aj to non-negative test functions, we get that | ué,"ﬂ)/ " is locally bounded
uniformly for ¢ € Autcr(M). Using the mean value inequality for sub-elliptic oper-
ator 4(n + 1)A, — 1, one can conclude that u, is locally bounded uniformly for
@ € Autcr(M); so the CR automorphism group of M acts properly by the Arzela-
Ascoli theorem.

Case 2 (S = 0): Let 0 be a contact form with S = 0. If Autcr (M) acts improperly,
then there are a compact subset K of M and a sequence ¢ € Autcr (M) such that
or(K) N K # ¥ and supg uy — oo where (p,’:é = ui/"é. Equiation (3.6) to each
Uuj 18

Apup =0 . 3.7

Using the normal coordinates for the orthogonal contact sub-Rimannian structure
(6, g) about a point py € K with ¢x(pr) € K, we take a small open neighborhood
Vi of pi such that infy, uy — oo by the sub-elliptic Harnack Principle to (3.7), so
or (Vi) increasingly exhausts M by passing a subsequence.

Now consider T = (Tﬁ ay), the torsion tensors in (3.2) for 6 and let Ty = ¢; T
be the corresponding one for ¢; 0. Since ¢y is the pseudo-hermitian isometry from

go,f@ to 6, we have ”Tk o<pk_1H(p*9 = [ITllg, where || - [lg and || - |,
k

0 stand for tensor

norms with respect to the pseudo-hermitian metrices of 6 and ¢;’6, respectively.
Take any pointg € M. We shall consider sufficiently large k such thatg € ¢r(Vi).
For g, = cpk_l (g) € Vi, we have || Tk(qk)||¢:9 = |IT(g)lly. The transformation

formula for 7' under the pseudo-conformal change ¢;[6 = ui/ "® (Proposition 4.12
in [JO15]) gives

1
2 ~2/n 2 2
ITe(qillgre = Cur(qr) (”T(Clk)”g + )2 ||dbu(q1<)||9)

where ||dpuy||g is the holomorphic gradient norm of u; with respect to 6. By the sub-
elliptic Schauder estimates for (3.7), we have a uniform bound of ||dpu|lg /nux on
the relatively compact subset U Vi of M. Since ux(qx)~>/" < (infy, ug)~>/" — 0,
we have that ||T(qk)||(p;:9 — 0,50 [|T(g)lly = 0. This means that Tﬁ ay = 0atgqg.
Following the same manner, we have Condition (3.5) for 6, so get a local pseudo-
hermitian equivalence to .7#p by Theorem 3.1. Taking a local CR diffeomorphism Fj
from Vj to JZp and a CR dilation A (¢, z) = (xt, /Tkz) of Fp for some 7p — o0,
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we have a global CR diffeomorphism F : M — Jp as a subsequential limit of
Ago Frogr!.

Theorem 3.3 ([JO15]) Let M be a noncompact, strongly pseudoconvex, almost CR
manifold with an associated orthogonal contact sub-Riemannian structure. If the
CR automorphism group of M acts on M improperly, then M is CR equivalent to a
Heisenberg group Hp.

If M is compact and Autcr(M) acts improperly, then by the same way of
Schoen [SC95], we have a point p € M such that there is a CR diffeomorphism
F : M\{p} — p. Then we show that the CR automorphism Z; of M \ {p} >~ 5¢p
as in (3.4) extends to the CR automorphism of the whole M. Since F~1(0) is a fixed
point of each %, {7, : s € R} acts improperly on M \ {F~!(0)} which contains
p. Form Therorem 3.3 and the homogeneity of 75, there is a CR diffeomorphism
G : M\ {F~1(0)} - s with G(p) = 0. Thus the CR automorphism G o F~lof
p \ {0} which can not extend on .7p. This contacts to Proposition 3.3 in [JO15]
if P #0.

Theorem 3.4 ([JO15]) Let M*"*! be a compact, strongly pseudoconvex, almost CR
manifold with an associated orthogonal contact sub-Riemannian structure. If the CR
automorphism group of M is noncompact, then M is CR equivalent to the standard
sphere S¥'+1,

If dmM = 5 or 7, M always admits an associated orthogonal contact sub-
Riemannian structure. Thus we can partially confirm Conjecture 1.1.
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Compact Smooth but Non-complex
Complements of Complete Kihler Manifolds

Xu Liu

Abstract We modify the techniques developed by Diederich and Fornaess, and
construct compact smooth submanifolds of arbitrary real codimension > 3, which
are non-complex as the complements of complete Kihler manifolds.

Keywords Complements of complete Kihler domains + Complete pluripolar sets

1 Introduction

It was observed by Grauert that not every complex manifold M, dim¢M > 1, car-
rying a complete Kéhler metric is Stein. Instead, for any closed analytic subvariety
A of M, there exists a complete Kidhler metric on M \ A (Satz A in [Graul956]).

One question arises from the above observation: what kind of condition can force
the complement of a complete Kihler manifold to be complex-analytic?

The real codimension 2 case was considered by Ohsawa [Ohsal980]: Assume M
is a complex manifold, and A C M is a closed C! submanifold of real codimension
2.If M \ A admits a complete Kéhler metric, then A is complex-analytic.

Later Diederich and Fornaess [Die1982] considered the higher codimensional case
and showed: Assume M is a complex manifold, and A C M is a closed real-analytic
submanifold of real codimension > 3. If M \ A admits a complete Kéhler metric,
then A is complex-analytic.

Notice that in Ohsawa’s result, the C! regularity condition is sufficient. In the
contrary, in higher codimensional case, even smoothness is not able to guarantee the
analyticity. In other words, real-analyticity is necessary, due to the following: For any
k € N, k > 3, there exists a closed C* submanifold A of real codimension k in a ball
B, such that A is not complex-analytic and B \ A admits a complete Kédhler metric.

The above examples were constructed on open manifolds. After some modifi-
cations, we generalize their result to the compact case and obtain the main result:
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Theorem 1.1 For any k € N, k > 3, there exists a compact C*° submanifold A of
real codimension k in P, such that A is not complex-analytic and P" \ A admits a
complete Kdhler metric.

2 Compact Counterexamples

Here we are going to directly construct compact examples of non-complex submani-
folds of arbitrary real codimension > 3 in the complements of complete Kihler man-
ifolds.

Firstly, we construct a real dimension 2 submanifold A  C3 as a graph over ' x
S (instead of a graph over R? cf. [Die1982]) together with a complete Kihler metric
near A. It is based on the following key lemma.

Lemma 2.1 Assume f = F|g1, g1 where F(z1, z2) is a polynomial on C2. Iy isthe
graph of f. Fix a point p ¢ I'y with dist(p, I'y) > 1. For givenn € N, & > 0, there
exists a C™ strictly plurisubharmonic function ¢ on C? and h = H (z1, 22)[g1x 81
where H is a polynomial on C* such that

(A) DY — f)| <econS' x S, |a| < n;

(B) |¢| < € on By = {zllz| < 2n};

(C) ID*@| < & on By N{zldist(z, I'y) > &}, |a| < n;

(D) the distance from p to I', N B, measured in B, with respect to the metric
induced by 33¢ is at least n.

Proof Ttis known that there exists a continuous subharmonic function on C such that
¢ is radially symmetric, i.e., ¢ (z) = ¢ (|z); ¢ is smooth on C*; 93¢ gives a complete
Kéhler metric on C*. A detailed constructive proof is contained in [Die1982]. There
are also other approaches. Consider, e.g., ¢o(z) := m. Then dd¢y gives a

complete Kdhler metric at the origin on the punctured disk {0 < |z] < i}. Using
a cut-off function to combine ¢ with a convex smooth function increasing rapidly
enough will extend it to the whole plane.

Let ZF be the graph of F and ¢ := ¢(z3 — F(z1, z2)). Then ¢F is continuous
plurisubharmonic on C3. Then we can use Richberg’s regularization [Rich1968] to
¢r + |z|? to get required smoothness and scale the result to satisfy the conditions
(B-C). Then we get a C strictly plurisubharmonic function ¢; such that for any
curve y : [0, 1] = By, going from p to g € I'y with ¥ ((0, 1)) C Bz, \I'y, y has
length at least n+ 1 with respect to dd¢; unless it satisfies the following condition (x):

&€ .
V(r)¢A:={z||z3—F(X1,xz)|zE,l—nflz,-|§1+n,J=1,2}

forall T > ¢ :=sup{r € [0, 1] | dist(y (), I'y) > %},

where 7 is independent of y and small enough such that Zr N A N By, = @.
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The condition (x) means that y approaches I'y along Z . It makes sense because
due to the construction of ¢, any curve going into Zr transversely in By, has +00
length with respect to the metric induced by 39¢ and therefore dd¢;. It can also be
stated as: There exists §; > 0, §; < ¢, such that any curve y : [0, 1] > By, \ I'y
going from p to g with dist(g, I'y) < &1 has length at least n with respect to the
metric induced by 33¢; unless y satisfies (x).

Next we can choose a polynomial P(z1) and let G(z1, z2) := F(z1,22) + P(z1)
such that |P®)(z1)| < § forall |z1]| = 1,k < nanddist((z1, 22, G(z1, 22))), I'f) >
efor|zi|=1=x g Let g := G|g1 51 and repeat the above process to ¢g + 1z|% to
obtain a smooth strictly plurisubharmonic fucntion ¢, such that ¢, satisfies condition
(B-C) and thereexists 5 > 0,0 < 8) K 81,82 < % such thatany curve y : [0, 1] >
By, \ I'y going from p to any g withdist(g, I'y) < 8> haslength atleast n with respect
to the metric induced by 39 (¢1 + ¢2) unless y satisfies (x) and 1 — 7 < |z;| < 147
forall T > ¢.

Similarly, we can choose a polynomial Q(z;) satisfying the same conditons as
P(z1) and repeat the same process to ¢ + |z|> where H := G + Q to get a smooth
strictly plurisubharmonic fucntion ¢3 such that ¢3 satisfies condition (B-C) and any
curve y : [0, 1] +— By, \ I}, going from p to any ¢ with dist(q, I},) < 8, has length
at least n with respect to the metric induced by 99(¢1 + ¢ + ¢3) unless it satisfies
(and 1 —F <|z;| <142, j=12forallt >1.

However, this is impossible since A defined in (x) and {|z;| < 1 — g or |z;] >
1+ %}, Jj = 1,2 wrap up I}, which means any curve going to I} has to intersects
either of these three sets. (]

Remark 2.1 In fact, since any periodic function on R can be considered as a function
defined on S!, if we allow the variable to take complex values, we get C* as the
complexification of S! and a function defined on C*. Therefore, in the statement of
the lemma, we can take F as such extension of f from S x §' to C*? conversely,
where f can be chosen to be rational functions on C? with a permissible pole at the
origin.

Proposition 2.1 There exists A C P? given by the graph of a C* function over
St x S' such that P> \ A admits a complete Kihler metric.

Proof Let fi = 0,p = (%i, 0,0) € C3. Apply the lemma inductively to find a

series of smooth strictly plurisubharmonic functions ¢, ..., ¢x—1 and polynomials

f1s ..., fx satisfying the following conditions:

(A) ID*(fj — fi-Dl < s on St x SL ja| < j =1,/ =2, ...k

(B) |¢jl < Jron By, j=1,..k—1;

(C') D) < 3 on By, N{zldist(z, I'y,) = 5}, el < j, j =1k

(D') thedistance from p to I'f, N Byagjio in Bya(jk Withrespectto d0¢; > a(j, k) =
Jelt g =1 k=1

It follows from (A’) that fy — fuo in the C*-topology on S! x S! and from (B’) that

lz|> + lezl ¢; — ¢ uniformly on every compact subset such that ¢ is continuous
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on C?and C*® on C3\ I’y where 99¢ induces a complete Kihler metric. It remains
to use a cut-off function to combine it with a Fubini—Study metric to get the desired
complete Kéhler metric on P3\ I'y,_. g

Proof (Proof of Theorem 1.1) In the above construction, by restricting the function
Jfoo to C x {0}, we get its graph as a smooth curve in C x {0} x C = C? (the real
codimension 3 case). It is also easily seen that Lemma 2.1 and Proposition 2.1 can
be generalized to higher dimensions, i.e., we can construct the graph I'y C C" of a
smooth function f over S' x ... x §! and a continuous plurisubharmonic function

n—1
¢, smooth outside I'y. In every case, 85(]) combined with a Fubini—Study metric will
give complete Kihler metrics on P" \ Iy . (]

3 Remarks

In the last section, the existence of complete Kédhler metrics is shown by constructing
their potentials which are plurisubharmonic functions. It is also closely related to the
propeties of pluripolar sets.

Using similar techniques in [Diel1982], Diederich and Fornaess [DieFor1982]
proved that complete pluripolar sets are not necessarily complex, even when they are
closed C* real submanifolds.

It is known that if ¢ is the defining function of a closed complete pluripolar set
A C C" and smooth outside A, then

ds? := 99(|z> — log(—¢))

gives a complete Kéhler metric on C" \ A. Here f(¢) = —log(—t) should be under-
stood as a function extended to be defined on R such that it keeps increasing and
convex . This provides another approach to Theorem 1.1, if we can prove:

For any k € N, k > 3, there exists a compact C* submanifold A of real codi-
mension k in C”, such that A is complete pluripolar but not complex-analytic.

This problem was studied by Edlund [Ed12004] and answered affirmatively.

Sometimes, curvature conditions are considered when one studies the comple-
ments of complete Kédhler manifolds. For example, Anchouche [Anc2009] used
additional curvature conditions to reduce the compact complements of complete
Kihler manifolds into finite point sets. It is shown that in general there exist nontriv-
ial examples.

Acknowledgments [would like to thank Professor Nikolay V. Shcherbina for pointing out Edlund’s
result and for helpful discussion during KSCV 10.
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Injectivity Theorems with Multiplier Ideal
Sheaves and Their Applications

Shin-ichi Matsumura

Abstract The purpose of this survey is to present analytic versions of the injectivity
theorem and their applications. The proof of our injectivity theorems is based on
a combination of the L2-method for the d-equation and the theory of harmonic
integrals. As applications, we obtain Nadel type vanishing theorems and extension
theorems for pluri-canonical sections of log pairs. Moreover, we give some results
on semi-ampleness related to the abundance conjecture in birational geometry (the
minimal model program).

Keywords Injectivity theorems - Vanishing theorems - Singular metrics + Multiplier
ideal sheaves - The theory of harmonic integrals - L2-methods - Extension theorems -
Abundance conjecture

1 Introduction

The Kodaira vanishing theorem is one of the most celebrated results in complex
geometry, and such results play an important role when we consider certain funda-
mental problems in algebraic geometry and the theory of several complex variables,
including asymptotics of linear systems, extension problems of holomorphic sec-
tions, the minimal model program, and so on. According to these objectives, the
study of vanishing theorems has been a constant subject of attention in the last
decades. This paper is a survey of recent results in [Mat13b] and [GM13], whose
purpose is to present generalizations of the Kodaira vanishing to pseudo-effective line
bundles equipped with singular metrics and their applications, from the viewpoint
of the theory of several complex variables and differential geometry.
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1.1 Analytic Versions of the Injectivity Theorem

In this subsection, we introduce analytic versions of the injectivity theorem. The
injectivity theorem is a generalization of the vanishing theorem to “semi-positive”
line bundles, and it has been studied by several authors, for example, Tankeev [Tan71],
Kollér [Kol86], Enoki [Eno90], Esnault-Viehweg [EV92], Ohsawa [Ohs04], Fujino
[Fuj12, Fujl3a], Ambro [Amb03, Amb12], and so on. In his paper [Kol86], Kollar
gave the following injectivity theorem for semi-ample line bundles, whose proof
depends on the Hodge theory. In [Eno90], Enoki relaxed his assumption by a different
method depending on the theory of harmonic integrals, which enables us to approach
the injectivity theorem from the viewpoint of complex differential geometry.

Theorem 1.1 ([Kol86] resp. [Eno90]) Let F be a semi-ample (resp. semi-positive)
line bundle on a smooth projective variety (resp. a compact Kdihler manifold) X.
Then for a (non-zero) section s of a positive multiple F™ of the line bundle F, the
multiplication map induced by the tensor product with s

@, HI(X,Kx ® F) 25 HI(X, Kx @ F"+1)

is injective for any q. Here K x denotes the canonical bundle of X.

The above theorem can be regarded as a generalization of the Kodaira vanishing
theorem to semi-ample (semi-positive) line bundles. On the other hand, the Kodaira
vanishing theorem has been generalized by Nadel [Nad89, Nad90]. This generaliza-
tion uses singular metrics with positive curvature and corresponds to the Kawamata-
Viehweg vanishing theorem in algebraic geometry [Kaw82, Vie82]. Therefore, in the
same direction as this generalization, it is natural and of interest to study injectivity
theorems for line bundles equipped with “singular metrics”.

The Kodaira vanishing Cositivit Kollar’s injectivity theorem.
L. . semi-positivi . o .
cpx. geom: smooth positive metrics oo cpx. : smooth semi-positive metrics
alg. geom: ample line bundles alg. : semi-ample line bundles

lsingular metrics Jsingular metrics

The Nadel, Kawamata-Viehweg vanishing semi-nositivit Theorem 1.2
1-pOSItIV;
cpx. : singular positive metrics il e § cpx. : singular semi-positive metrics
alg. : big line bundles alg. : pseudo-effective line bundles

The following theorem is one of the main results, which can be seen as a gener-
alization of the injectivity theorem and the Nadel vanishing theorem.

Theorem 1.2 ([Matl3b, Theorem 1.3]) Let F be a line bundle on a compact Kéihler
manifold X and h be a singular metric with semi-positive curvature on F. Then for
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a (non-zero) section s of a positive multiple F™ satisfying supy |s|pm < oo, the
multiplication map

@, HI(X, Kx ® F ® 7 (h)) => HI(X, Kx ® F""' @ 7 ("))

is (well-defined and) injective for any q. Here % (h) denotes the multiplier ideal
sheaf associated to the singular metric h.

Remark 1.1 The multiplication map is well-defined thanks to the assumption of
supy |s|pm < oo. When & is ametric with minimal singularities on F', this assumption
is automatically satisfied for any section s of F'" (see [Dem] for the concept of metrics
with minimal singularities).

When we consider the problem of extending (holomorphic) sections from subvari-
eties to the ambient space, we need to refine the above formulation (see Theorem 2.1).
Our injectivity theorem can be seen as an improvement of [Eno90, Fuj12, Kol86,
Matl14]. For the proof, we take an analytic approach for the cohomology groups
with coefficients in Kx ® F ® .# (h), which includes techniques of [Eno90, Fuj12,
Matl3a, Mat14, Ohs04, Tak97]. The proof is based on a technical combination of
the L>-method for the 3-equation and the theory of harmonic integrals. To handle
transcendental (non-algebraic) singularities, after regularizing a given singular met-
ric, we investigate the asymptotic behavior of the harmonic forms with respect to
a family of the regularized metrics. Moreover we establish a method to obtain L?-
estimates of solutions of the d-equation by using the Cech complex. See Sect. 2.1 for
more details.

1.2 Applications to the Vanishing Theorem

Theorem 1.2 is formulated for singular metrics with transcendental (non-algebraic)
singularities, which is one of the advantages of our injectivity theorem. For example,
metrics with minimal singularities are important objects, but they do not always
have algebraic singularities. By applying Theorem 1.2 to them, we can obtain an
injectivity theorem for nef and abundant line bundles (Corollary 1.1) and Nadel type
vanishing theorems (Theorem 1.3 and Corollary 1.2).

It is natural to expect the same conclusion as in Theorem 1.1 under the weaker
assumption that F' is nef. However there is a counterexample to the injectivity theorem
for nef line bundles (see for example [Fuj13a, Example 5.1]). If F' is nef and abundant
(that is, the numerical dimension agrees with the Kodaira dimension), the line bundle
F admits a metric /i, with minimal singularities satisfying .7 (h7, ) = Ox for any
m > 0. This follows from [Kaw85, Proposition 2.1]. Hence Theorem 1.2 leads to
the following corollary.
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Corollary 1.1 ([Mat13b, Corollary 1.5]) Let F be a nef and abundant line bundle on
a compact Kdhler manifold X. Then for a (non-zero) section s of a positive multiple
F'™ of the line bundle F, the multiplication map induced by the tensor product with s

&, HI(X, Kx ® F) 25 HI1(X, Ky @ F™t))

is injective for any q.

The same statement was proved in [Fuj12], and a similar conclusion was proved in
[EPOS, EV92] by different methods when X is a projective variety. It is worth pointing
out that Theorem 1.1 is not sufficient to obtain Corollary 1.1. This is because the
above metric spjp may not be smooth and not have algebraic singularities even if F
is nef and abundant (see for example [Fujl3a, Example 5.2]).

As another application of Theorem 1.2, we obtain a Nadel type vanishing theorem
(Theorem 1.3) and its corollary (Corollary 1.2).

Theorem 1.3 ([Mat13b, Theorem 3.21] cf. [Matl4, Theorem 5.2]) Let F be a
line bundle on a smooth projective variety X and h be a singular metric with semi-
positive curvature on F. Then

HY(X,Kx @ F® #(h)) =0 foranyq > dim X — kpqq(F, h).

See Sect. 2.2 or [Matl4, Definition 5.1] for the definition of the bounded Kodaira
dimension kpqq(F, h).

Corollary 1.2 ([Mat13b, Corollary 1.6] cf. [Matl3a, Theorem 1.2]) Let F be a line
bundle on a smooth projective variety X and hmin be a singular metric with minimal
singularities on F. Then

HY(X,Kx @ F® % (hmin)) =0 foranyq > dim X — «(F).

Here k (F) denotes the Kodaira dimension of F.

Since multiplier ideal sheaves are coherent ideal sheaves, the family of multiplier
ideal sheaves {.# (h!7%)}5-¢ has the maximal element, which we denote by .7 (h)
(see [DELOO] for more details). In [Caol5], Cao gave striking results on the Nadel
vanishing theorem for the cohomology groups with coefficients in Kx ® F ® . (h).
However, the Nadel vanishing theorem for Kx ® F ® ¥ (hpy) is non-trivial even
if F' is big. In fact, it was first proved in [Mat13a] when F is big.

It is of interest to ask whether or not %, (¢) agrees with .# () for a plurisubhar-
monic (psh for short) function ¢, which was first posed in [DELOO]. We can easily
see that 7, (¢) = # (¢) holds if ¢ has algebraic singularities, but /i, unfortunately
does not always have algebraic singularities. It is a natural problem related to the
(strong) openness conjecture of Demailly-Kollar (see [DKO1]), but it had been an
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open problem. Recently, Guan-Zhou affirmatively solved the openness conjecture in
[GZ15], and Hiep gave another proof in [Hiel4]. Although their celebrated results
imply Theorem 1.3, we believe that our techniques are still of interest, since they
bring a quite different viewpoint and have further applications.

1.3 Applications to the Extension Theorem

In this subsection, we give an extension theorem for pluri-canonical sections of log
pairs. Our motivation is the abundance conjecture, which is one of the most impor-
tant conjectures in the classification theory of algebraic varieties. From now on, we
freely use the standard notation in [BCHM10, KaMM&7, KM] and further we inter-
changeably use the words “Cartier divisors”, “line bundles”, “invertible sheaves”.
Conjecture 1.1 (Generalized abundance conjecture) Let X be a normal projective
variety and A be an effective Q-divisor such that (X, A) is a klt pair. Then « (Kx +
A) = ks (Kx + A). In particular, if Kx + A is nef, then it is semi-ample. See [Nak]
for the definition of « (-) and «, (-).

Toward the abundance conjecture, we need to study the non-vanishing conjecture
and the extension conjecture (see [DHP13], [Fuj00, Introduction], [FG14, Sect. 5]).
We study the following extension conjecture for dlt pairs formulated in [DHP13,
Conjecture 1.3]:

Conjecture 1.2 (Extension conjecture for dlt pairs) Let X be a normal projective
variety and S + B be an effective Q-divisor satisfying the following assumptions :

(X, S + B) is a dlt pair.

S+ B] =S.

Kx + S + B is nef.

Kx + S+ B is Q-linearly equivalent to an effective divisor D with § € SuppD C
Supp (S + B).

Then the restriction map
HY(X, Ox(m(Kx + S+ B))) — H'(S, Os(m(Kx + S + B)))

is surjective for sufficiently divisible integers m > 2.

When S is a normal irreducible variety (thatis, (X, S+ B) is a plt pair), Demailly-
Hacon-Pdun proved the above conjecture in [DHP13] by using technical methods
based on a version of the Ohsawa-Takegoshi L2-extension theorem. This result can
be seen as an extension theorem for plt pairs.

By applying Theorem 2.1 instead of the Ohsawa-Takegoshi theorem to the exten-
sion problem, we prove the following extension theorem for dlf pairs. Thanks to the
injectivity theorem, we can obtain some extension theorems for not only plt paris but
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also dlt pairs. This is an advantage of our approach. Even if Ky + A is semi-positive
(that is, it admits a smooth metric with semi-positive curvature), it seems to be very
impossible to prove the extension theorem for dlt pairs by the Ohsawa-Takegoshi
theorem at least in the current situation, and thus we need our injectivity theorem
(Theorem 2.1).

Theorem 1.4 ([GM13, Corollary 4.5]) Let X be a compact Kdihler manifold and
S + B be an effective Q-divisor with the following assumptions:

e S+ B is a simple normal crossing divisor with) < S+ B < land |S+ B] = S.
e Kx + S+ B is Q-linearly equivalent to an effective divisor D with S C Supp D.
e Kx + S + B admits a singular metric h with semi-positive curvature.

e The Lelong number v(h, x) is equal to 0 at every point x € S.

Then, for an integer m > 2 with Cartier divisor m(Kx + S + B), every section
u e HOS, Os(m(Kx+S+ B))) can be extended to a section in H*(X, Ox (m(K x +
S+ B))).

In particular, Conjecture 1.2 is affirmatively solved under the assumption that
Kx + A admits a singular metric whose curvature is semi-positive and Lelong num-
ber is identically zero. This assumption is stronger than the assumption that Ky + A
is nef, but weaker than the assumption that Kx + A is semi-positive. Let us observe
that Verbitsky proved the non-vanishing conjecture on hyperKéhler manifolds (holo-
morphic symplectic manifolds) under the same assumption (see [Ver10]).

As compared to Conjecture 1.2, one of our advances has been to remove the
condition Supp D € Supp(S + B). As a benefit of removing the condition Supp D €
Supp(S + B) in Conjecture 1.2, we can run the minimal model program while
preserving a good condition for metrics (cf. [DHP13, Sect. 8], [FG14, Theorem 5.9]).
By applying the above theorem and techniques of the minimal model program, we
obtain results related to the abundance conjecture (see [GM13] for more details).

2 Proof of the Main Results

2.1 Proof of Theorem 2.1

In this subsection, we give a proof of the following theorem, which is an improvement
of Theorem 1.2 to obtain Theorem 1.4.

Theorem 2.1 Let (F,hp) and (L, hy) be (singular) hermitian line bundles with
semi-positive curvature on a compact Kahler manifold X. Assume that there exists
an effective R-divisor A with

he =he - ha,



Injectivity Theorems with Multiplier Ideal Sheaves and Their Applications 247

where a is a positive real number and h 4 is the singular metric defined by A.
Then for a (non-zero) section s of L satisfying supy |s|p, < 00, the multiplication
map

O HIX,Kx@F® .7 (hp) 25 HIX, Kx @ FR L ® . (hrhy))

is (well-defined and) injective for any q.

Remark 2.1 (1) The case of A = 0 corresponds to Theorem 1.2.

(2) If hz, and hp are smooth on a Zariski open set, the same conclusion holds under
the weaker assumption of /=16y, (F) > a+/—16y, (L) (see [Matl4, Theorem
1.5)).

Proof We give here only the strategy of the proof. See [Mat13b, GM13] for the
precise proof. First of all, we recall Enoki’s method to generalize Kollar’s injectivity
theorem, which gives a proof of the special case where A, is smooth and A = 0. In
this case, the cohomology group H?(X, Kx ® F) is isomorphic to the space of the
harmonic forms with respect to & g

SA(F)p, =

{u | uis a smooth F-valued (1, g)-form on X such that du = D;;u = 0},

where D;j; is the adjoint operator of the d-operator. For an arbitrary harmonic form

u € H"4(F)p,, we can conclude that D;’; p, St = 0 from the semi-positivity of
the curvature and hp = h¢. This step heavily depends on the semi-positivity of
the curvature. This implies that the multiplication map @, induces the map from
HO(F )y, to H9(F @ L) n, » and thus the injectivity is obvious.

When /7, is smooth on a Zariski open set, the cohomology group H? (X, Kx ®
F ® #(h)) is isomorphic to the space of harmonic forms on the Zariski open set.
Therefore we can give a proof similar to Enoki’s proof thanks to the semi-positivity
of the curvature (see [Mat14, Theorem 1.5]).

In our situation, we must consider singular metrics with transcendental (non-
algebraic) singularities. It is quite difficult to directly handle transcendental singu-
larities, and thus, in Step 1, we approximate a given singular metric s r by metrics
{he}e=0 that are smooth on a Zariski open set. Then we represent a given cohomology
classin HY(X, Kx ® F ® . (hF)) by the associated harmonic form u, with respect
to h. on the Zariski open set. We want to show that su, is also harmonic by using
the same method as Enoki. However, the same argument as in [Eno90] fails since
the curvature of %, is not semi-positive. For this reason, in Step2, we investigate the
asymptotic behavior of the harmonic forms u, with respect to a family of the regu-
larized metrics {/;}¢~0. Then we show that the L2-norm || D;th Sitg || converges to
zero as ¢ tends to zero, where A, . is a suitable approximation of h 1. Further, in Step
3, we construct solutions y; of the d-equation dy, = su, such that the L>-norm ||y, ||
is uniformly bounded, by applying the Cech complex with the topology induced by
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the local L?-norms. In Step 4, we see that

Isuell? = (e, 3yl < 1D, suelllyel — 0 ase — 0.

From these observations, we conclude that u, converges to zero in a suitable sense.
This completes the proof.

Step 1 (The equisingular approximation of / r)

Throughout the proof, we fix a Kidhler form w on X. For the proof, we want to apply
the theory of harmonic integrals, but the metric 7 may not be smooth. For this
reason, we approximate hr by metrics {h.}.~¢ that are smooth on a Zariski open
set. By [DPSO1, Theorem 2.3], we can obtain metrics {h.}.~o on F satisfying the
following properties:

(a) heissmoothonY := X \ Z, where Z is a subvariety independent of ¢.

(b) hgy, < hgy < hp holds forany 0 < &1 < 2.

(¢) F(hr) = I (he).

(d) V=164, (F) = —¢w.

See [Mat13b, Theorem 2.3] for property (a). By [Fujl12, Lemma 3.1], we obtain a
Kéhler form w on Y satisfying the following properties:

(A) w is a complete Kidhler form on Y.

(B) There exists a bounded function ¥ such that @ = dd“¥ on a neighborhood of
z€Z.

©) ® > w.

In the proof, we mainly consider harmonic forms on Y with respect to i, and
®. Let L?i)q(Y , F)p, i be the space of L>-integrable F-valued (n, q)-forms a with
respect to the inner product || - ||, 7 defined by

2 . 2 ~
lal2, 5 o= / a2 5@
Y

Then we have the following orthogonal decomposition:
LGIY, Fpi =1m3 @ A" (F)p, 5 ® Im D,

Here the operator D;l*g (resp. D;;") denotes the closed extension of the formal adjoint
of the (1, 0)-part D;lp (resp. (0, 1)-part D;F = 9) of the Chern connection Dy, =

D;lg + DZS. Further "4 (F ), & denotes the space of harmonic forms with respect
to h. and @, namely

A" (F)p, 5 = {a | ais an F-valued(n, ¢)-form with da = D;:‘a = 0}.
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A harmonic form in "4 (F), & is smooth by the regularity theorem for elliptic
operators. These results are known to specialists. The precise proof of them can be
found in [Fuj12, Claim 1].

Take an arbitrary cohomology class {u} € H?(X, Kx ® F ® % (h)) represented
by an F-valued (n, ¢)-form u with ||ul|, » < oo. In order to prove that the multi-
plication map @; is injective, we assume that the cohomology class of su is zero in
HI(X,Kx @ F® L ® #(hphpr)). Our goal is to show that the cohomology class
of u is actually zero under this assumption.

By the inequality ||u|l,.5 < llullpy.0 < 00, we can obtain u, € "1 (F)p, &
and v, € L:’ﬁ;}_l(Y, F)p, & such that

uUu=u,+ 5\18.

Note that the component of ImD;;Zk is zero since u is 9-closed.

At the end of this step, we explain the strategy of the proof. In Step 2, we show that
||Dh:‘hL<£sus llhehy .. converges to zero as & tends to zero. Here iy ¢ is the singular
metric on L defined by

hpe:=han"e.

Since the cohomology class of su is zero, there are solutions y, of the 3-equation
dys = su,. For the proof, we need to obtain L2-estimates of them. In Step 3, we
construct solutions y, of the 5—equation 5)/5 = su, such that the norm || ve 4.1, .. &
is uniformly bounded. Then we have

2 "
Isuellyon, .o < 1Dy, Suellneny o.allVellneny ..o

By Step 2 and Step 3, we can conclude that the right hand side goes to zero as ¢
tends to zero. In Step 4, from this convergence, we prove that u, converges to zero
in a suitable sense, which implies that the cohomology class of u is zero.

Step 2 (A generalization of Enoki’s proof)
By generalizing Enoki’s method, in Step 2, we prove the following proposition:

oy 4
Proposition 2.1 As ¢ tends to zero, the norm || Dh::h“s”@ hehy .. converges to zero.

The same argument as in [Eno90] fails since the curvature of /4, is not semi-
positive, and further property (d) is not sufficient for the proof of the proposition
since there is counterexample to the injectivity theorem for nef line bundles. To
overcome these difficulties, we first see the following inequality:

luellne,a < llulln,a < llullpe- (D
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This inequality and properties (b), (¢) imply the proposition. This step can be con-
sidered as a generalization of Enoki’s method.

Step 3 (A construction of solutions of the 9-equation via the Cech complex)

In Step 3, we construct solutions of the d-equation with suitable L2-norm by using
the Cech complex.

Proposition 2.2 There exist F-valued (n, q — 1)-forms o, on Y satisfying the fol-
lowing properties:

(1) datg = u — ug. (2) The norm laglln, & is uniformly bounded.

Remark 2.2 'We have already known that there exist solutions «, of the 3-equation
oo = u — ug since u — u, € Ima. However, for the proof of the main theorem, we
need to construct solutions with uniformly bounded L2-norm.

The strategy of the proof is as follows: The main idea of the proof is to convert the d-
equation dae = u — u, to the equation 8V, = S, of the coboundary operator 8 in the
space of cochains C*(Kx ® F ® . (h.)), by using the Cech complex and pursuing
the De Rham-Weil isomorphism. Here the g-cochain S, is constructed from u — u,.
In this construction, we locally solve the -equation. The important point is that the
space C*(Kx ® F ® . (h,)) is independent of ¢ thanks to property (c) of /. although
the L>-space L?z’;l (Y, F)p, & depends on ¢. Since ||u —ug ||, i is uniformly bounded,
we can observe that S, converges to some g-coboundary in CY(Kx ® F ® ¥ (h))
with the topology induced by the local L?-norms with respect to /. Further we can
observe that the coboundary operator § is an open map. Then by these observations
we construct solutions V; of the equation §V; = S, with uniformly bounded norm.
Finally, by using a partition of unity, we conversely construct o, € L?z’)q_l Y, F)n,.»
from S, satisfying the properties in Proposition 2.2. This proof gives a new method

to obtain L2-estimates of solutions of the d-equation.
Step 4 (The limit of the harmonic forms)

In Step 4, we investigate the limit of #, and complete the proof. By Step 2 and Step
3, we have

) " _ _
Isuelli.n, .5 < WDnpy Stellnny oallVellhehy .o = 0 ase — 0.
From this convergence, we can show that u, converges to zero in a suitable sense,

which implies that the cohomology class {u} of u is zeroin H4(X, Kx @ F ® . (h¢)).
By property (c), we obtain the conclusion of Theorem 2.1. (]

2.2 Proof of Theorem 1.3

In this subsection, we give a proof of Theorem 1.3 by using Theorem 1.2 and [Mat14,
Theorem 4.1].
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Proof of Theorem 1.3 We consider the space of sections with bounded norm defined by

Ht?dd,hm(Xv F™"y:={se HX,F™) | 51)1(p|s|hm < 0o},

The bounded Kodaira dimension kpgq(F, h) of (F,h) is defined to be —oo if
Hé’dd’hm (X, F™) = 0 for any m > 0. Otherwise, kpgd (F, i) is defined by

kbdd (F, h) := sup{k € Z | lim sup dim Ht?dd’hm (X, Fm)/mk > 0}.

m— 00

For a contradiction, we assume that there exists a non-zero cohomology class o €
H1(X,Kx®F®.#(h)).If sections {s; }1N=1 in Ht?dd,h'” (X, F™) are linearly indepen-
dent, then {s;or}}Y_| are also linearly independentin HY (X, Kx ® F" 1 ® .7 (h"+1)).
Indeed, if ZINZI cisia. = 0 for some ¢; € C, then we know ZlNzl cisi = 0
by Theorem 1.2. Since {si}lN: | are linearly independent, we have ¢; = 0 for any
i =1,2,...N.This yields

dim Hoyy pn (X, F™) < dim H9(X, Kx ® F"T' @ 7 (h")).
On the other hand, by [Mat14, Theorem 4.1], we have
dimHY(X,Kx @ F" @ Z(h™)) = O(mY™X~%) asm — oo,

for any ¢ > 0 (cf. [Dem, (6.18) Lemmal]). If ¢ > dim X — «pga(F, h), this is a
contradiction. [l

2.3 Proof of Theorem 1.4

In this subsection, we give a proof of Theorem 1.4.

Proof of Theorem 1.4 For simplicity, we put A := S+ Band G :=m(Kx + A). We
may assume the additional assumption of 7 < hp, where hp is the singular metric
on Ox (K x + A) defined by the effective divisor D. Indeed, for a smooth metric g on
Ox(Kx + A) and an L'-function ¢ (resp. ¢p) withh = ge™% (resp. hp = ge™¥P),
the metric defined by g e~ ™3(#:¢D) gatisfies the assumptions again.

Consider the following exact sequence:

0— Ox(G—S)®Ih" 'hg) - Ox(G)® I (" 'hp) — O5(G) ® 7 (K" 'hp) — 0.
We first prove the induced homomorphism

HY(X,Ox(G —S) Q@ I(W" 'hp)) - HI(X, Ox(G) Q@ I(K" 'hp))
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is injective by our injectivity theorem. By the assumption on the support of D, we
can take an integer a > 0 such that aD is a Cartier divisor and S < aD. Then we
have the following commutative diagram:

HY(X, 0x(G) @ I(h""hp)) 2 Im (+5)

/ i
+(@D-5)

HY(X, Ox(G — S) ® I (""" 'hp)) o HY(X, Ox(G — S +aD) ® I(h*T" hp)),

withamap+S : H1(X, Ox(G—S)QI (W™ 'hp)) — HI(X, Ox(G)I(h" 'hp)).
In order to show that the upper map on right is injective, we prove that the horizontal
map is injective as an application of Theorem 2.1.

By the definition of G, we have

G—-S=mKx+A)—-S=Kx+(m—-1D(Kx+A4)+B.

Then the line bundle F := Ox((m — 1)(Kx + A) 4+ B) equipped with the metric
hp := k" 'hgandthelinebundle L := Ox(aD) equipped with the metric iy := h¢
satisfy the assumptions in Theorem 2.1. Indeed, we have hp = h(Lm_l)/ “hp by
the construction, and further the point-wise norm |s,p|p, is bounded on X by the
inequality 7 < hp, where s, p is the natural section of a D. Therefore the horizontal
map is injective by Theorem 2.1. By the assumption on the Lelong number of &, we
can conclude that Os ® .# (W™~ 'hg) = O. This follows from Skoda’s lemma and
Holder’s inequality. This completes the proof. (I

3 Open Problems

In this section, we summarize and give open problems related to the topics mentioned
in this survey.

It is of interest to consider the injectivity theorem in the relative situation. The
following problem is a relative version of Theorem 1.2. For relative versions of the
injectivity theorem and their applications, we refer the reader to [Fujl3a]. In his
paper [Fujl3a], Fujino affirmatively solved this problem under the assumption on
the regularity of singular metrics, whose proof is based on the Ohsawa-Takegoshi
twisted version of the Bochner-Kodaira-Nakano identity. To remove this assumption,
it seems to be needed to use a combination of his method and the techniques of
Theorem 1.2.

Probelm 3.1 (cf. [Fujl3a, Problem 1.8]) Let ¥ : X — Y be a surjective holo-
morphic map from Kéhler manifold X to a complex manifold Y, and F be a line
bundle on X with a singular metric 27 whose curvature is semi-positive. Then for
a (non-zero) section s of a positive multiple F™ satisfying supy |s|pm < oo, the
multiplication map
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@y Rim,(Kx ® F ® I (h) 2> Rimo(Kx ® F"*' @ .7 (k"))

is injective for any ¢. Here R, (%) denotes the higher direct image of a sheaf .%.

Theorem 2.1 can be expected to hold under the weaker assumption made in the
following problem. Indeed, this problem was affirmatively solved in [Mat14] under
the regularity assumption on singular metrics. It is also an interesting problem to
consider the relative version of this problem in the same direction as Problem 3.1.

Probelm 3.2 (cf. [Mat14, Theorem 1.5], [Fuj12, Theorem 1.2]) Let (F, hf) and
(L, hp) be (singular) hermitian line bundles with semi-positive curvature on a com-
pact Kdhler manifold X. Assume there exists a positive real number a such that
V=164, (F) > av/—16y, (L). Then the same conclusion as in Theorem 2.1 holds.

Fujino proposed the following problem, which asks whether one can generalize
the injectivity theorem for Ic pairs proved by him. The main difficulty in studying
this problem is that one must handle Ic singularities by analytic methods.

Probelm 3.3 (cf. [Fujl1, Theorem 6.1]) Let D be a simple normal crossing divisor
and F be a semi-positive line bundle on a compact Kéhler manifold X. Then, for a
(non-zero) section s of a positive multiple F whose zero locus s~ (0) contains no
Ic centers of (X, D), the multiplication map

&, HI(X,Kx ® F ® Ox(D)) 2> HI(X, Kx ® F" @ 0y (D))

is injective for any q.

For a nef line bundle F on a smooth projective variety X, it can be proven that
dim HY(X, F™) = O(m*™*~) asm — oo.

When X is merely supposed to be a compact Kihler manifold, the same conclusion
can be expected. This was first posed by Demailly, and proved by Berndtsson under
the stronger assumption that F' is semi-positive in [Ber12]. The following problem
was also proved in [Mat14] when X is a smooth projective variety.

Probelm 3.4 (cf.[Matl4, Theorem4.1]) Let F be a line bundle on a compact Kihler
manifold X and /4 be a singular metric with semi-positive curvature on F. Then, for
any vector bundle (orlinebundle) M, we have

dim H1(X, M ® F" ® 7 (h")) = O(mY™*~9) asm — oo.
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Amoebas of Cuspidal Strata for Classical
Discriminant

E.N. Mikhalkin, A.V. Shchuplev and A.K. Tsikh

Abstract An amoeba of an analytic set is the real part of its image in a logarithmic
scale. Among all hypersurfaces A-discriminantal sets have the most simple amoebas.
We prove that any singular cuspidal stratum of the classical discriminant can be
transformed by a monomial change of variables into an A-discriminantal set and
compute the contours of the amoebas of these strata.

Keywords Amoeba + A-discriminant - Cuspidal stratum

The notion of the amoeba of an algebraic hypersurface was introduced in 1994 in
the book [GKZ94]. The study of the structure of amoebas began with the papers
[FPT00, Mik00], and by now there are many interesting results related both to the
description of amoebas [MRO1, BT12], and to their applications in the study of
dimer configurations [KOS06], extensions of non-Archimedean fields [EKLO06], to
mention but a few. The interest in amoebas is partly stimulated by the connections
to real algebraic geometry [Mik00] and tropical arithmetic [EKL06, Stu02]. The
extension of the notion of amoeba to non-algebraic complex analytic sets allows to
use this language in thermodynamics and statistical physics in general, for example
in problems with several Hamiltonians for a given physical system [PPT13, PT09].
In statistical physics amoebas appear when using asymptotical methods for studying
integrals with integration over cycles on analytic sets [LPT08, BKT14].

Denote by T" the complex algebraic torus (C \ 0)" and consider the mapping
Log : T" — R" given by
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Logz = (log|z1l, ..., log |z,]).

The amoeba of an algebraic set V C T" is its image LogV C R". The amoeba
of the set V will be denoted by <7y, while its complement R"\ .y will be denoted
by “efy . Since the map Log is proper, the complement of the amoeba is open. For
a hypersurface V, i.e. for a set of codimension 1, the complement ‘a7, consists
of a finite number of connected components, each is open and convex. Indeed, if a
hypersurface V is the zero set of a polynomial P, then for every connected component
E of oy the set Log~!E is a domain of convergence for some Laurent series for

1/ P centered at the origin:
1 o
— = awZ
P(2) Z «

aeZl

and such domains are logarithmically convex.

In the case of arbitrary codimension k = codimc V the complement “e7y has the
property of being (k — 1)-convex (the O-convexity is the usual convexity) [BT12,
Hen04].

In comparison to the case of hypersurfaces, amoebas of surfaces of codimension
k > 1 are studied to a less extent. One of the reasons behind that is the absence of a
simple analog of the Jensen-Ronkin function [PR04]. This paper deals with amoe-
bas of singular strata of cuspidal type for the classical discriminant. An important
role in this study is played by the Horn-Kapranov parametrization for the discrim-
inant set (see Sect.2). The implicit function theorem yields that singularities of an
algebraic function, given by a polynomial equation, appear only in those points
where the discriminant of the polynomial vanishes. It turns out that a general alge-
braic function, i.e. given by a polynomial with independent variable coefficients, is a
hypergeometric function in the sense of Horn [Hor89]. The hallmark of this property
is that one can explicitly parametrize the boundary of the domain of convergence of
a hypergeometric series, i.e. parametrize the set of conjugate radii of convergence.
This parametrization was obtained by J.Horn in 1889, and a hundred years later
M. Kapranov noticed a miraculous fact: if in Horn’s parametrization we omit the
absolute value signs and let the parameters be complex it becomes the parametriza-
tion of the singular set of a hypergeometric function [Kap91]. The ideas of Horn and
Kapranov were further developed in [AT12] to parametrize discriminantal sets for
polynomial transformations of C".

We proceed as follows. In Sect.1 we define the contour of an amoeba and the
logarithmic Gauss map and formulate a theorem that establishes a relationship
between them (Theorem 1). In Sect.2 we consider cuspidal strata for the classi-
cal discriminant and find their place in the hierarchy of all A-discriminantal sets
(Theorem 2). Theorems 3 and 4 are necessary steps to justify the fact that amoebas
of cuspidal strata have non-empty contours, which admit explicit parameterizations
(Theorem 5).
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1 The Contour of Amoeba and the Logarithmic Gauss Map

Definition 1 The contour of the amoeba <7y is the set €y of critical values of the
logarithmic mapping Log restricted to V, i.e. of the mapping Log : V — R”.

The structure of the contour of an amoeba can be described in terms of the logarith-
mic Gauss map. This mapping, introduced by Kapranov in [Kap91] for hypersurfaces,
extends naturally to the case of surfaces V' of any codimension k.

Definition 2 Let Gr(n, k) be the Grassmanian of k-dimensional complex subspaces
in C". The logarithmic Gaussmapy : V — Gr(n, k) sends asmooth point z € regV
to the normal subspace y(z) to Log¢V at Logr(z), where Loge is the complex
logarithm Log¢ : (z1,...,2,) — (logzi, ..., logz,).

If V is a hypersurface
V={zeT": P(z) =0}

(i.e. if k = 1 and Gr(n, 1) = CP,_) the logarithmic Gauss map y : V — CP,_4
has the following analytic expression

P oP
(11,-..,zn)—>(Z1—' : )

R
971 0zp

In this case it is known [Mik00, The02] that a point z € regV is critical for the
map Log|y if and only if its image y (z) under the logarithmic Gauss map lies in the
real projective subspace RPP,_; C CP,_;. So the contour 4y of the amoeba @7y of
a hypersurface is the set Log(y ~'(RP,_1)).

Consider now an algebraic surface V. C T", n > 1. Assume that V is of pure
complex dimension d, i.e. all irreducible components of V have the same dimension
d. Denote by k = n — d the codimension of V.

In a neighborhood of any its smooth point zp the set V is given by the system
P1(2)=...=Px(z) = 0 with the Jacobian matrix of rank k. Then the logarithmic
Gauss map at this point is defined by the matrix

Py a P
Zla_zl c 2 o,
y(2) = :
d Py 0P
Zla Zna

The rows of this matrix form a basis for the normal space to the image LogcV at
Logc(zo)-
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Theorem 1 ([BT12]) A point z € regV is critical for the mapping Log if and only
if the image y (z) of the logarithmic Gauss map contains

e atleastn — 2d + 1 linearly independent real vectors if 2d < n,
e at least one real vector if 2d > n.

In particular, if V is a hypersurface or a curve, i.e.d =n — 1 ord = 1, a point 7 is
critical if and only if y (z) is real.

Let us say some words on the essence of this statement. The mapping Log|y :
V — R" is the composition of the complex logarithm

Logc(z) = Log(z) + iArg(z) : V — R" @ iR"
and the projection onto the real part R":

Log|y, = mrn © Logdv .

The complex logarithm does not have critical point on regV’ (it is locally biholomor-
phic in T"), therefore the critical points of Log|y appear only as critical point of the
projection

7gn @ LogcV — R,

But the critical point of this projection are defined by the properties of its tangent
map
d(rn)|ogey © Tw(LogeV) = Trew) (R"), w = Logc(2).

As a matter of fact, the criterion for Log|y to be critical at z can be formulated as
follows

e if 2d < n, the tangent map of the projection = is not injective,
e if 2d > n, the tangent map of the projection = is not surjective.

The conditions of being non-injective or non-surjective are related to whether the
normal space to Log¢ V is real or not (in some sense Fig. 1 clarifies that: in critical
points of the projection - the normal subspace y (z) becomes ‘horizontal” and does
not have a real part, i.e. y (z) is real).

As an example, let us examine whether an amoeba of a complex line has a contour.
Let the complex line V in C" be given by

22 = axz1 + ba,
(D

Zn = anZ1 + by,
where all a;, b; # 0. The logarithmic projection of V has the form

Log(2)ly = (loglzil, loglazzi + b2, ..., logla,z1 + byl).
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ImC" 15

/ ReC™

/

Fig. 1 An illustration to Theorem 1

Its Jacobian matrix equals

11
a0z
dlog) 1|82
8(2,2) = 5 .Zl. 71
ap ap
2 7

Denote
: bj :
7 =x+iy, —=cj+idj,
aj

then the condition for z; = x + iy to be critical for the mapping Log|y (i.e. when
the rank of the Jacobian matrix is not maximal) can be written as

x y|_ -
¢ d; =0, j=2,...,n,

ck dy Xy ck di _ _

. ¢ d) ¢ d =0, k,1=2,...,n.

This system is consistent if and only if cxd; = cjdy forall k, [ = 2, ..., n, but this
condition is equivalent to

b
W2 eRr, kK 1=2,....n )
arby
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Thus, we arrive at

Proposition Forn > 3 the contour of the amoeba of a complex line (1) is not empty
if and only if the conditions (2) hold. In such case the contour of the amoeba is the
image of the real line dox = ¢,y under the mapping Log.

Consider two examples of lines in T3,

Example 1 For the complex line given by

=7+1,
z=z1+1+1,

the conditions (2) do not hold, therefore the contour of its amoeba is empty. The
logarithmic projection of this line does not have critical points, and the line is dif-
feomorphic to its amoeba (see Fig. 2, left). In this case we say that the amoeba is not
degenerate. At each point of the line the value y(z) of the logarithmic Gauss map
has only one real vector (see Fig. 2, right).

Example 2 For the complex line

=z2+1,
3=2z1+2
. azbs . . .
the condition (2) holds: b = 2 € R. The amoeba is a surface with a corner in
aszboy

IR3, each its interior point has two preimages on the line. Namely, for every non-real
z1 = x + iy the images of

Log(z1,z1 + 1,21 +2) and Log(z1,z1 + 1,21 +2)

Fig. 2 The amoeba of the complex line of Example 1
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Fig. 3 The amoeba of the complex line of Example 2

coincide. Thereal line z; = x is mapped to the contour of the amoeba (its topological
boundary), and the amoeba itself is the result of collapsing of a non-degenerate
amoeba (see Fig.3, left). At the points of the contour the logarithmic Gauss map
¥ (z) contains a plane of real normal vectors (see Fig. 3, right).

2 Cuspidal Strata for Classical Discriminant

By a general algebraic equation we understand the equation
fO)=ao+ary+...+ a1y +a,y" =0 3)

with variable complex coefficients a = (ag, ay, . .., a).

The classical discriminant is the polynomial D (a) that vanishes if and only if the
Eq. (3) has multiple roots. The zero set of the discriminant D (a) we denote by V and
call the discriminantal set of the Eq. (3) or of the polynomial f.

Define subsets .#/ C V that comprise all a € C"*! for which the Eq.(3) has
roots of multiplicity > j. They form a sequence of nested subsets

N=’>03>...0.0".

Each .77 %! is a subset of singular points sng.#/, and the stratum S/ = .27\ .#7+!
consists of points where either .#/ is smooth or self intersects with its smooth
components. Therefore we call .7/ the cuspidal strata. Note that certain properties
of these strata were studied in [Kat03].

Our recent result from the forthcoming paper [MT] states the following.

Theorem 2 There exist monomial transformations that turn the strata 2,
M3, ... M into some A-discriminantal sets Vays Vag, ..., Va,.

Recall the definition of an A-discriminantal set (see [GKZ94], Chap. 9). Instead of
Eq. (3) in one unknown y we consider an equation in k unknowns y = (y1, ..., Yx):
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fOLoy) = D aan™ . =0, )

a=(oy,..., ap)EA

where A C ZF is a fixed set of exponents that generate the lattice Z* as an additive
group, and the coefficients a, are variables. The set of coefficients (same as the set
of Eq. (4) and the set of Laurent polynomials f with exponents & € A)is C4, whose
dimension is equal to the cardinality of A.

Definition 3 Let V° be the set of all (a,) € C# for which the Eq.(4) has critical
roots y € (C\ 0), i.e. the roots where the gradient of f vanishes. The closure v’
of this set is called an A-discriminantal set and is denoted by V4.

Inthecase k =1, A =1{0,1,2...,n} C Z the set V4 is the classical discrimi-
nantal set V of the Eq. (3). In Theorem 2 each V4 is an A j-discriminantal set of an
equation in j — 1 unknowns. Moreover, the cardinality of Aj isn+1and V4, = V.

For the proof of Theorem 2, the crucial thing is the Horn-Kapranov parametriza-
tion (see [PTO04]) for the discriminantal set of a reduced equation

FO)=1+xy+...+x1y"  +y"=0. (5)

This parametrization x = ¥ (s) : CP{™ — C}~" is given by the formula

k
_ nsg (o, Y\ " _ _
Xp = (a,s)((ﬁ,s)) Ck=1,....,n—1, (6)

where «, § are vectors of integers
a=m-—1,...,2,1), p=(1,2,...,n—1).

Notice that the Eq.(3) can be reduced differently, fixing coefficients of any pair of
monomials y” and y9. The parametrization of the corresponding reduced discrimi-
nantal set V, will differ from formula (6) (i.e. the parametrization of V), it will
depend on different vectors o and B, and the root in the formula will be of degree
p — q instead of n [PT04].

Define the sequence of critical strata %/ of the parametrization (6). The first stra-
tum %’ is defined as the set of critical values of the parametrization ¥ It turns out that
the critical points of ¥ constitute a hyperplane L1 C CP"~2, consequently, the first
critical stratum %! is parametrized by the restriction of ¥ to L. Analogously, we
define the stratum € of critical values of that restriction and proceed by induction.
To formulate the result, introduce the following hyperplanes in CP" —2

n—1
Ly={s: D0 =1 = (= D) - s =0,

i=j
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where s = (s1 : ... : s,—1) is the homogeneous coordinates. The following theorem
is proved by the direct computations.

Theorem 3 The strata €’ are parametrized by the restrictions ¥ g on the planes
L'=LiNn...0L;j.

The next theorem shows the relationship between the critical strata of ¥ with

the reduced singular strata ///O]n obtained from ./ by intersecting with the plane
apg=a, = 1.

Theorem 4 The reduced singular strata ///0n C Vo coincide with the critical
strata €’ of the parametrization W.

The proof of Theorem 4 goes as follows. First, we notice that the expression

1
o = (B
(a,s)
involved in (6) is a root of the Eq. (5) of multiplicity > 2 for x = ¥ (s).
Let ¢ be a root of the Eq. (5) of multiplicity > wu, i.e.

fM =G -=0"fuiu(y), (7)

where

fn u(y) _Zx(n " k

is the result of division of f by (y —¢)*. Computing the coefficients x,in_“ ) in terms

of the root ¢ and the coefficients of x; of the initial polynomial f, we prove that
Foon(t(s) =0 s e LM,
So,if x = W (s) then y = ¢(s) is aroot of multiplicity > u — 2 if and only if s € L*.
From there, it is easy to finish the proof of Theorem 4.
To explain the proof of Theorem 2, recall the Horn-Kapranov parametrization for

areduced A-discriminantal set. In order to do that, with the set of exponents al € A
of (5) we associate the matrix

1 1 .- 1
aj] 021 -t ON]
Ak 0k« 0Nk

(we denote this matrix by A too). For the Eq. (3) we have
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1t--- 1 1
A_(01~-~n—1n)
Let B be an integer right annulator of A of rank m = N — k. There are many

such annulators and the choice of B gives a reduction of the Eq. (4) (see [GKZ94]
or [Kap91]). Write this annulator in the form

biy - bim
B — . .
by -+ bm
The matrix B defines the mapping
g : CP" ! > (CH™, s > 7= (Bs)?, ®)
where s = (s1 : ... : sy,) is the homogeneous coordinates in CP™~!. Coordinate-
wise the mapping ¥p has the form
N
Zk = H<b]’s)b/k3 k = 1a L] 7m7
j=1
where b; = (bj1,...,bj,) are the rows of the matrix B. Since the first row of A

is orthogonal to each column of B, the degree of homogeneity of these expressions
in s is zero, therefore (Bs)? are correctly defined on CP"~!. The mapping ¥g(s)
defined by (8) is called the Horn-Kapranov parametrization. The importance of this
mapping follows from Kapranov’s theorem [Kap91] stating that

e The mapping ¥ (s) is a parametrization of the reduced A-discriminantal set V4.
e If V, is a hypersurface then Wp(s) is a birational isomorphism that coincide with
the inversion of the logarithmic Gauss map for V4.

Example 3 Let us sketch the idea of the proof of Theorem 2 by the example of the
stratum //lgl for the equation of degree 4. Consider a reduced equation of fourth
degree

I+y+ Z2y2 +Z3y3 + z4y4 =0.

According to Kapranov’s theorem the reduced discriminantal set Vo is parametrized
by the mapping ¥ : CP? — C3 by

22 = 52(52 + 253 + 3s54) (=250 — 353 — 4is4) 72
23 = 53(s2 + 283 + 354)2 (=252 — 353 — 4s4) 7>
24 = s4(s2 + 253 + 354)3 (=250 — 353 — dsa) 2.

The line L' ¢ CP? of its critical points has the equation s> + 3s3 + 654 = 0. There-
fore, the reduced stratum //1031 defined by the restriction ¥ | 11> in the homogeneous
coordinates s’ = (s3:54) of this line is given by the formulas
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22 = (=353 — 654) (=53 — 354) (353 + 854) >
23 = 53(—s3 — 354)> (353 + 8s54) 3
24 = 54(—s3 — 354)° (353 + 8s4) .

The coefficients of five linear functions involved here define the matrix

The monomial change of variables M : (z1, 22, z3) — (w3, wa) given by
w3 = 2322_3, w4 = 2412_6,
transforms the parametrization of ///031 into

w3 = s3ls2(—3g — 654) 3 (=53 — 354) "' (Bs3 + 8s4)°

wa = 595, (=353 — 654)"0(=s3 — 354) 7 (353 + 8s4)°,
which has the form w = (Bs’)®. By Kapranov’s theorem such a mapping parame-
trizes some reduced A-discriminantal set. In order to determine the set A it is enough
to find a left integer annulator of B of the size 3 x5 such that all elements of its first
row are 1 and its columns generate Z>. In this case we can take

11111
A=110013
00136

Therefore, w = (Bs’)? parametrizes a reduced A-discriminantal set of the equa-
tion
aioy1 + ao1y2 + aoo + az1yiy2 + agzyly3 =0,

whose exponents are columns of the matrix A without the first row. The corresponding
reduction of the equation is obtained if we fix ajg = ag1 = agp = 1 and denote
asz] =: w3, de3z =: W4.

Notice that the chosen annulator A of B has all its elements non-negative. Fol-
lowing the general scheme (see Lemma below), we would have chosen the matrix

111 1 1
100 1 3],
010-3-8

which is obtained from A by multiplication by a unimodular (3 x 3)-matrix.
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The following lemma s a generalization of the observations of this example, itis an
essential ingredient of the proof of Theorem 2. Here p, g, io, ..., ;1 is an arbitrary
sequence of pair-wise distinct integers from {0, 1,...,n},and 1 < j <n — 2.

Lemma Consider two sets of variables

z2=(z),i #p.q,
w= W),k # p,q.io,....0j-1.

The map M : ((C*)Q*I — ((C*)fv_l_j defined by

i1 _ k=p)k=q) k—im
I T T

we=z ][], Lk # paduion.iijo, ©)
v=0

transforms the parametrization of the stratum M ,f; % 10 the formw = (Bs")B, where
B is a rational (n + 1) x (n — 1 — j)-matrix of rank (n — 1 — j) such that the sum
of elements in a row is zero, and s' = (si), k # p,q, io, ..., ij1.

For the proof of Theorem 2 it is convenient to take as p, g, io,...,ij—1 the
sequence 0, 1, 2,..., j+ 1.

3 Amoebas of Reduced Cuspidal Strata for Classical
Discriminant

Let us turn back to the reduced Eq. (5) and let n = 4. Consider the reduced discrim-
inantal set V4 for this equation. According to Theorems 2 and 3, its stratum ,//1034 is
parametrized by the restriction of

(/2 CP2—>V()4C(C3
to the complex line of its critical points

L'=L,={(s1:s2:83): 1-3-51+2-2-50+3-1-53 =0},

where ¥ is defined by formula (6) for n = 4. Choosing s as an affine coordinate in
L1, we see that the restriction ¥, ,is

___8sy 3s1—1 )4
X1 = 3s1—1(—sl+3)
1

_ ~3s143( 3s1—1\2
X2 =23, (—s1+3)

3
_ 8 3s1—1 )4
X3 = 35171(7s1+3) :
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Fig.4 The amoeba for the reduced stratum //{54 (left) and its contour from a different angle (right)

The amoeba and its contour for the stratum .2, which admits this parametriza-
tion, is depicted on Fig.4. One can see that the tentacles of the amoeba correspond

to the values |
s1 = —0Q, —], O, -, 3
3

The value s; = 1 corresponds to the zero-dimensional stratum ///(?4; this is a crit-
ical point of the parametrization. Thus, the contour of the amoeba for the zero-
dimensional stratum //16‘4 is a cuspidal point for the contour of the amoeba for the
one-dimensional stratum ///034 attached to it.

One has to be subtle when studying the attachement of the contours of the amoebas
for the strata ///024 = Vo4 and //1034. In the affine coordinates s, s» of CP? the
parametrization ¥ for .#> = V looks like

X = —4s1 3s14250+1 )4
I = 35 25n+1 \ 51425213

1
X = —4sy 3s14+2s0+1 ) 2
2 = 321\ 5120 +3

3
X2 = -4 3514+2sp+1 ) 4
3= 352+ \ 51425213

To draw the contour of the amoeba we need to compute the image of R*> ¢ RP?
under the map Log o ¥. This map has four polar singularities on four lines (the fifth
line s3 = 0 lies at infinity of the chosen affine space):

s1=0, 5o=0, 351 +250+1=0, s1+250 +3 =0.

The contour of the amoeba for the stratum ///034 is a curve of cuspidal points for the
contour of the amoeba for the whole V4, as shown on Fig. 5 (left). In a neighborhood
of the edge of the contour of the amoeba for //[034, which corresponds to s1 = 1,
the attachment of the contours forms ‘the swallowtail’. It should be noticed that the
contour of the amoeba of the discriminantal set contains the logarithmic image of the
real part of the discriminantal set, which is the object of study in singularity theory.
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Fig. 5 Attachment of the contour of the amoeba for Vy4 to the contour of the amoeba for //{034

The contour of the amoeba, however, is significantly larger, and its stratification is
more complex.

Let us make now some observations based on studying the equation of degree 4.
The contours of the amoebas for strata ///034 and //1024 = V4 are parametrized by the

restrictions of parameterizations lI/) 1 and lI/‘ 0= ¥ (here L° = CP?) on the real
L L

parts of the planes L' and L°. The mapping ¥ behaves continuously as the parameter
s € L approach L'\ L? (where L? is the zero-dimensional subspace corresponding
to the stratum //16‘4). Note a sharp contrast of such a ‘nice’ behavior with the fact that
the inverse ¥~ ! : Vo4 — CIP?, which coincides with the logarithmic Gauss map, is
not defined at singular points ///034 C Vos. In general, similar arguments prove the
following theorem.

Theorem 5 The contours of the amoebas of all strata M3, D> Mg, D -+ D M,
are not empty and their preimages under the Log-projection are parametrized by
the restrictions of the parametrization (6) to the real parts of the complex planes
L°>L' ..o 2

In conclusion, we would like to raise a question about the distribution of values
of the classical Gauss map for amoebas of complex curves V € T3. In its smooth
points the curve V admits a holomorphic parametrization z = z(¢), therefore the
mapping Logz(¢), which parametrizes the amoeba .y, is given by a triple of har-
monic functions. If # = u + iv were an isothermal coordinate for 7y, the amoeba
would be a minimal surface. According to the result of Fujimoto [Fuj97], the Gauss
map for a minimal surface can not omit more than 4 points. In the case of amoebas
the situation is quite different.

The line from Example 2 is parametrized by t = z; and the Gauss map is given
by the formula

(=112, 21t 4+ 112, —|t +2/?)

JItF 4+ 15+t + 2%
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Fig. 6 An oval on the
sphere is the image of the
boundary of the amoeba

The image of the boundary of the amoeba 7, under this map is shown on Fig. 6.
It is a smooth curve on the sphere, and the rest of the amoeba is mapped into the
smaller spherical cap bounded by this curve. The Gauss map omits here a dense set
of points of S2.
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A Remark on Hormander’s Isomorphism

Takeo Ohsawa

To the memory of Lars Hormander

Abstract A finiteness theorem on the bundle-valued L? 3-cohomology groups is
recalled and reproved with some refinement by employing the method of Hérmander
[H]. A new connection between the -cohomology of noncompact manifolds and the
problem of extending analytic objects is remarked.

Keywords Weakly 1-complete - L? 9-cohomology + Extension

1 Introduction

This is a continuation of the author’s master thesis [Oh] where the following was
proved:

Theorem 1.1 Let X be aweakly 1-complete manifold of dimensionn and let B — X
be a holomorphic line bundle. Assume that B admits a fiber metric whose curvature
form is positive outside some compact subset of X. Then

dim H"4(X, B) < oo forq > 1,

where H™9 (X, B) denotes the B-valued d-cohomology group of X of type (n, q).

This result is an extension of Grauert’s theorem in [G] asserting that the ¢-th coho-
mology groups of strongly pseudoconvex domains with coefficients in coherent
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analytic sheaves are finite dimensional for all ¢ > 1. A significance of the finite-
dimensionality lies in that it implies the existence of holomorphic sections of the
bundles with prescribed singularities at infinity. Nakano and Rhai [N-R] generalized
Theorem 1.1 for holomorphic vector bundles of higher rank, where the positivity
assumption on the curvature form is in the sense of Nakano [N]. Recall that X is
called weakly 1-complete if there exists a C* plurisubharmonic functiong : X — R
such that the sublevel sets X, := {x € X; ¢(x) < ¢} (c € R) of ¢ are relatively
compact (i.e. ¢ is also an exhaustion function on X). In what follows the pair (X, ¢)
will be referred to as a weakly 1-complete manifold.

For the proof of Theorem 1.1 and its generalization in [N-R], the method of
Hoérmander [H] is applied. For the case of Theorem 1.1, given a fiber metric of
B say h as above, H"9(X, B) is approximated by the L> 3-cohomology groups

("2‘)(1 (X, B) with respect to a fixed Hermitian metric w which satisfies w = i ®), on

X \ X, for the curvature form ®;, of h. More precisely H(z) (X, B) are considered
with respect to a family of fiber metrics. Namely, letting H( )qA(X , B) be the L?

d-cohomology groups with respect to (w, he™*(®)), Theorem 1.1 is a corollary of
the following more intricate assertion.

Theorem 1.2 Let (X, @) be a weakly 1-complete manifold of dimension n, let w be
a Hermitian metric on X, and let B be a holomorphic line bundle over X with fiber
metric h whose curvature form ®y, satisfies w = i@y, on X \ X, for some ¢ € R.
Then, for any nonconstant C*° convex increasing function A, one can find a positive
number (X) such that for all @ > (X)) the following are true.

(1) dlmH(z) ,(X,B) <00, g=>1.
(2) The natural restriction homomorphisms

(X, B) — Hp'(Xc, B), q=>1

(2) A (@3]

with respect to the restrictions of h and w are bijective.
(3) The natural inclusion homomorphisms

of : Hiy' (X, B) > H™(X.B), q>1

are bijective.

Theorem 1.2, which is essentially what we have proved in [Oh], is a higher dimen-
sional analogue of Mittag-Leffler’s theorem and Runge’s approximation theorem in
function theory of one variable. We would like to note that this way of unified gen-
eralization is what Oka has meant in [O-1, O-2]. For the reader’s convenience, let
us mention Hormander’s original result which is closer to Oka’s idea, in a slightly
modified but equivalent form:

Theorem 1.3 Let X be a complex manifold of dimension n and let ¢ : X — R
be an exhaustion function of class C2. Suppose that the Levi form of ¢ has at least
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n — q + 1 positive eigenvalues everywhere on X \ X.. Then, for any holomorphic
vector bundle E — X, the following hold.

(1) For any fiber metric h on E, there exist a Hermitian metric w on X, a convex
increasing function A and o > 0 such that

dim H! (X, E) < o0

for all p > q with respect to w and he ™" for any u > 0, and
HY (X, E) = H"P(X, E)

holds with respect to w and he™ ’“‘(‘7’) ifu>poandp >q.
(2) HOP(X,E) = HOP(X., E) = (2) P(X¢, E) forall p > q.
(3) The image of
HY7 (X, E) — H*" (X, E)

is dense.

Theorem 1.3 is due to Andreotti and Grauert [A-G] except for the assertions on
the L? cohomology. An advantage of Theorems 1.2 and 1.3 is that one can see a
relation between them and the works of Kodaira [K] and Serre [S] on compact com-
plex manifolds. Namely, roughly speaking, the stability of weighted L2 cohomology
groups for sufficiently large p as above can be regarded as the vanishing of coho-
mology groups along the divisor at infinity, under some curvature conditions. The
purpose of the present article is to make this similarily more explicit by establishing
an extension theorem on compact complex manifolds. Let M be a compact complex
manifold of dimension n, let D be an effective divisor on M, and let (E, h) be a
Hermitian holomorphic vector bundle over M. Let .#p be the ideal sheaf of D, and
put Op = Oy /-Fp, where Oy denotes the structure sheaf of M. By (|D|, Op)
we denote the complex space whose underlying space is the support |D| of D and
structure sheaf is O'p. By Kj; and [ D] we denote the canonical line bundle of M and
the line bundle associated to D, respectively. Then our remark here on Theorem 1.3
is the following.

Theorem 1.4 Let M, E and D be as above. Suppose that [ D] is semipositive and
E||p| is Nakano positive. Then there exists po € N such that

(1) HY (M, Oy (Ku ® E ® [DI*) - HY(ID|, Op(Kmu ® E ® [DIM) if 1 > 110
and
(2) H*9(M,E ® [DI*) = H™I(M \ |D|, E) ifg > 1 and p > po.

For the reader’s convenience, the proof of Theorem 1.2 will be given at first.
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2 An L? Isomorphism Theorem

Let (X, ¢), (B, h), ® and &, be as in the assumption of Theorem 1.2, and let Ay be
any C® convex increasing function such that

we = w + €199 (Mg 0 ) 2.1)

is a complete_metric on X for any ¢ > 0. (One may take Ao(t) = e’ for instance.)
Here 9 (resp.0) denotes the complex exterior derivative of type (1, 0) (resp. (0, 1)).
Let A be any nonconstant C*° convex increasing function and let Ln’q(X B)(=

(2) . . (X, B)) denote the Hilbert space of square integrable (= L?) B-valued (n, q)-
forms on X with respect to (wg, he™ *+e40)o¢),

By 9 : Ln q(X B) — Ln 4t (X, B) we denote the closed extension of 9 whose
domain of deﬁnltlon is

Domd N L';ig(X, B):={uely (X B); du € LY q“(x, B))}.
We put

Ker(5 : L”’q(X B) — LK’j“(X, B))
C Im@: LY, B) - LYX, BY)

Let L?z? (X¢, B)and H ("Z)q (X., B) be defined similarly with respect to the restrictions

of w and h. Let 2_)*(_ o) L" q+1(X, B) — LZ”Z (X, B) denote the adjoint of 9
and put

A" = Kerd N Kerd* N L (X, B).
Similarly we define

,q+1
d: L3z (Xe, B) = Ll T (Xe, B,

80" (=8 : L3I (Xe. B) > L] (X, B)

and

A1 = Kerd N Kerd* N L’&;’ (X¢, B).

Finite-dimensionality theorems by Hormander’s method are based on the follow-
ing.
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Proposition 2.1 Under the above situation, there exists a constant C > 0 which
does not depend on the choices of Ay, A and & such that

lull® < CLlIdul* + 18%ull + / || 2™ (A Fer0Io0 1y 2.2)

Xet1

holds for any u € LZ’E (X, B) N Domd N Domd* with g > 1. Here || - || denotes the

L? norm with respect to (ws, he*+20)@)y and |u| the length of u with respect to
we and h.

Corollary 1 dim 57", < oo and H, (X, B) = 2" hold if g > 1.

Corollary 2 There exists jug such that for any i’ > u > g and & > 0 the natural
inclusion homomorphisms

n,q n.q
Hyl o (X, B) > HE! . (X, B), q>1

are injective.

Proof of Proposition 2.1. By the assumption on the curvature form of 4, for any
compactly supported C*° B-valued (n, q)-form u such that suppu € X \ X, and
q=1

lull> < N8ull® + 19%ul?

holds with respect to w, and he~*T¢%0)°¢ by Kodaira-Nakano’s identity on Kihler
manifolds. Hence, for any u in LKZ (X,B) N Domd N Domd* with qg > 1, by
multiplying a C*° cut-off function x with suppx C X \ X, and supp(1 — x) C X¢+1
to u and approximating yu by C* forms, one has (2.2) by the completeness of w;.
C depends only on the gradient of x. (]
Proofof Corollary 1. From (2.2) and Rellich’s lemma, it follows that, for any sequence
up (w=1,2,..)in LY1(X, B) (g = 1) such thatu, L7#]" 7, Ju, || = 1, |9u, | —
0 and ||3*u wll = 0, one can choose a strongly convergent subsequence, once we fix
X and e. Therefore, there has to exist a constant Cq such that

lull®> < Collldull® + 118*ull*}

holds for any u € (L::Z(X, B) e %ﬁ)f’sq) N Domd N Domd* with q > 1, where
© denotes the orthocomplement. Indeed, if there were no such Cyp, one would have
a sequence u, € (L';’g (X,B)© ij\rf‘f) N Domd N Domd*, ¢ > 1, such that
lupll = 1, |0u,ll — 0 and [|[3*u,| — 0. Then the limit, say u, of a subse-
quence of u, would satisfy [u] = 1, du = 3*u = 0 and uJ_j‘f{f’gq, which is an
absurdity. Hence the assertion follows by a standard argument using Hahn-Banach’s
theorem. ([l
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Proof of Corollary 2. Let Ag be as in (2.1). We may assume in advance that suppig =
suppA = (—o0, c] because for any convex increasing function A one can find a
convex increasing function A such that suppiy = (—o0, c¢] and || — A3 is bounded.
Then, similarly as in the proof of Corollary 1, one can find pop = po(r) > 0 and a
constant C such that, for any ¢ > 0 and u > uo,

lull* < Crilldull® + [1*u )

holds for any u € L™ (X, B) N Domd N Domd* satisfying

A E
/ (u, V" =0
Xe

forall v e 77", where (-, -) denotes the pointwise inner product with respect to @
and h. Hence, by Hahn-Banach again, we obtain the desired conclusion. O

Proof of Theorem 1.2. Since this part is not used in the proof of Theorem 1.4, and
moreover the argument is essentially the repetition of the above, we shall only give
a sketch. Let ug be as above. Then, similarly as above, the natural homomorphisms

Bl Hy o (X, B) > Hi5' (Xe, B), g = 1

are injective for all u > po, dim H("z’)q (X¢, B) < oo forg > 1, and

(Uo2 ImB ) = Hy) (Xe, B)

forallg > 0.

Therefore, there exists w; > o such that ﬂz,g are bijective if ¢ > 1, u > g
and ¢ > 0. Since C is independent of  and ¢, we are allowed to let ¢ — 0 and
obtain the bijectivity of f ; for t > ju1 as well. Similarly, it is easy to see that a;
are bijective if © > 1. Hence it suffices to put () = ug. ([l

As is easily seen from the above proof, given a Hermitian holomorphic vector
bundle (E, hg) over X, the conclusions of Theorem 1.2 are also valid for the E-
valued L? §-cohomology groups, provided that there exists a Hermitian metric w on
X with supp(dw) C X, such that the curvature form ®;,,. of hg satisfies

iOp, —ldp ®w >0
on X \ X, in the sense of Nakano, since Proposition 2.1 holds for (E, i) then. This

is the reason why Theorem 1.4 is stated for vector bundles of any rank. In the proof
of Theorem 1.4 below, we shall use the above notations replacing (B, h) by (E, hEg).
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3 Extension and Isomorphism on Compact Manifolds

Let M, E and D be as in the assumption of Theorem 1.4, and let s be a canonical
section of [ D]. Since [ D] is semipositive, there exists a fiber metric of [ D] for which
the function —log |s| is plurisubharmonic on M \ |D|. Here |s| denotes the length
of 5. Since E is Nakano positive along | D|, there exists a fiber metric zg of E and a
neighborhood U D |D]| such that (E, hg) is Nakano positive on U. In this situation,
one can find a Hermitian metric wys on M such that

lull> < N9ull® + 19%ul?

holds for any compactly supported C*° E-valued (n, ¢)-form u on U \ | D|, in virtue
of Nakano’s identity (cf. [N]). Hence, similarly as in the proof of Corollary 2, one
can find a complete Hermitian metric w, on M \ |D| and ng € N such that the
homomorphisms

Hn,l

,1
(2),—M10g|5|,8(M \ D], E) — H; (M \ |D|, E), /’L/ >pu=po—1

(2),—p' log|s|,e

are injective. Given any f € H(|D|, Ky ® [D]* ® E), let f be any extension of
f to M as a C* section of Ky ® [D]* ® E such that 3 f||p| = 0. Then

3f n,l A

o € L—(u—l)loglsl,s(M\ |D|, E) N Kera.
Since d(f/s"*) = 3 f/s* and f/s* € L'ig logM,E(M\ |D|, E), the above injectivity
implies that there exists g € LT?M—I)log\s\ (M\|D|, E) suchthatdg = 5f/s“ holds

on M\ |D|. Then f —s"g is the desired extension of f in HO(M, Ky @ [DI* Q E),
which is the end of the proof of 1). The proof of 2) is similar as in Theorem 1.2. [J

4 Additional Remarks

Corollary of Theorem 1.4. Let M be a compact complex manifold. If there exist an
effective divisor D on M and a holomorphic line bundle B — M such that [D] > 0
and B|p| > 0. Then M is a Moishezon manifold.

In particular, by a theorem of Chow and Kodaira [C-K], M is projective algebraic
if moreover dim M = 2. If there exists a compact Riemann surface S of genus g > 2
and aholomorphic embedding p : § — M suchthat[p(S)] > 0, one may take K s or
[p(S)] as B. In other words, a compact complex surface containing a semipositively
embedded irreducible smooth curve of genus > 2 is algebraic. Therefore, in the case
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deg [p($)]lps) = 0, it might be an interesting question whether or not there eixsts a
constant p» independent of the choice of M, § and p such that the restriction maps

HO(M, Oy (Kh) — HO(p(S), Opisy(Kh))

are surjective for all & > p».
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The Julia-Wolff-Carathéodory Theorem
and Its Generalizations

Jasmin Raissy

Abstract This note is a short introduction to the Julia-Wolff-Carathéodory theorem,
and its generalizations in several complex variables, up to very recent results for
infinitesimal generators of semigroups.

Keywords Infinitesimal generators + Semigroups of holomorphic mappings - Julia-
Wolff-Carathéodory theorem + Boundary behaviour

1 The Classical Julia-Wolff-Carathéodory Theorem

One of the classical result in one-dimensional complex analysis is Fatou’s theorem:

Theorem 1.1 (Fatou [Fa]) Let f: A — A be a holomorphic self-map of the unit
disk A C C. Then f admits non-tangential limit at almost every point of 0 A.

This result however does not give precise information about the behavior at a
specific point o of the boundary. Of course, to obtain a more precise statement in
this case some hypotheses on f are needed. In fact, as it was found by Julia [Jul]
in 1920, the right hypothesis is to assume that f({) approaches the boundary of A
at least as fast as ¢, in a weak sense. More precisely, we have the classical Julia’s
lemma:

Theorem 1.2 (Julia[Jul]) Let f: A — A be a bounded holomorphic function such

that
L—1f)]

lim inf =a < 400 (1.1)

t—o 1 —|¢]

for some o € dA. Then f has non-tangential limit T € dA at o. Moreover; for all
¢ € A one has
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T fOP _ lo—¢P
L=1f@PF = 1=gP

(1.2)

The latter statement admits an interesting geometrical interpretation. The horo-
cycle E (o, R) contained in A of center o € A and radius R > 0 is the set

o ceal 255 <o

(o,R) =1 e€eA| —— <R} .
1—[¢]?

Geometrically, E (o, R) is an euclidean disk of radius R/(R + 1) internally tangent

to 0 A at o. Therefore (1.2) becomes f(E(U, R)) C E(t,aR) forall R > 0, and

the existence of the non-tangential limit more or less follows from (1.2) and from

the fact that horocycles touch the boundary in exactly one point.

A horocycle can be thought of as the limit of Poincaré disks of fixed euclidean
radius and centers going to the boundary; so it makes sense to think of horocycles
as Poincaré disks centered at the boundary, and of Julia’s lemma as a Schwarz-Pick
lemma at the boundary. This suggests that « might be considered as a sort of dilation
coefficient: f expands horocycles by a ratio of «. If o were an internal point and
E (o, R) an infinitesimal euclidean disk actually centered at o, one then would be
tempted to say that « is (the absolute value of) the derivative of f at ¢. This is exactly
the content of the classical Julia-Wolff-Carathéodory theorem:

Theorem 1.3 (Julia-Wolff-Carathéodory) Let f: A — A be a bounded holomor-
phic function such that

L=/ @]

lim inf =a < 400

t—o 1 —¢]
forsome o € 0A, andlet T € 3 A be the non-tangential limit of f at o. Then both the

incremental ratio (1: — f( )) / (o — ¢) and the derivative f'() have non-tangential
limitxot ato.

So condition (1.1) forces the existence of the non-tangential limit of both f and its
derivative at 0. This is the result of the work of several people: Julia [Ju2], Wolff [Wo],
Carathéodory [C], Landau and Valiron [L-V], Nevanlinna [N] and others. We refer,
for example, to [B] and [A1] for proofs, history and applications.

2 Generalizations to Several Variables

It was first remarked by Koranyi and Stein [Ko, K-S, St] in extending Fatou’s theorem
to several complex variables, that the notion of non-tangential limit is not the right
one to consider for domains in C”. In fact, it turns out that two notions are needed,
and to introduce them it is useful to investigate the notion of non-tangential limit in
the unit disk A.
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The non-tangential limit can be defined in two equivalent ways. A function
f: A — Cis said to have non-tangential limit L € C ato € 0A if f(y (t)) — L
as t — 17 for every curve y: [0,1) — A such that y(¢) converges to ¢ non-
tangentially as t — 17. In C, this is equivalent to having that f({) - Las¢{ — o
staying inside any Stolz region K (o, M) of vertex o and amplitude M > 1, where

lo =<
1—|¢]

K(a,M):{;eA‘ <M],

since Stolz regions are angle-shaped nearby the vertex o, and the angle is going to

as M — +oo. These two approaches lead to different notions in several variables.
In the unit ball B” C C” the natural generalization of a Stolz region is the Kordnyi

region K (p, M) of vertex p € dB™ and amplitude M > 1 given by

11— (z, p)l <M]

K(p,M) = Iz € B"
1=zl

where || - || denote the euclidean norm and (-, -) the canonical hermitian product.
Then a function f: B" — C has K-limit (or admissible limit) L € C at p € dB",
and we write

K —1lim £(2)
z—=p

if f(z) — L asz — p stayinginside any Kordnyiregion K (o, M). A Koranyi region
K (p, M) approaches the boundary non-tangentially along the normal direction at p
but tangentially along the complex tangential directions at p. Therefore, having K -
limit is stronger than having non-tangential limit. However, as first noticed by Kordnyi
and Stein, for holomorphic functions of several complex variables one is often able
to prove the existence of K-limits. For instance, the best generalization of Julia’s
lemma to B” is the following result (proved by Hervé [H] in terms of non-tangential
limits and by Rudin [R] in general):

Theorem 2.1 (Rudin [R]) Let f: B" — B™ be a holomorphic map such that

1 —
]iminfM =«

< +00
=p  1—z] ’

for some p € dB". Then f admits K-limit g € dB™ at p, and furthermore for all
z € B" one has

- (@ aP _ 11=(@p)P
=@ = 1=zl

To define Kordnyi regions for more general domains in C" than the unit ball,
we need to briefly recall the definition of the Kobayashi distance (we refer, e.g., to
[A1, JP] and [Ko] for details and much more). We denote by k 4 the Poincaré distance
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on the unitdisk A C C. Given X a complex manifold, the Lempert functiondy : X X
X — RT of X is defined as

8x(z,w) = inf{ka(¢, n) | 3p: A — X holomorphic, with¢(¢) = zand ¢ () = w}

for all z, w € X. The Kobayashi pseudodistance ky: X x X — R™ of X is then
defined as the largest pseudodistance on X bounded above by §x. The manifold X
is called (Kobayashi) hyperbolic if kx is indeed a distance; X is called complete
hyperbolic if kx is a complete distance.

The main property of the Kobayashi (pseudo)distance is that it is contracted by
holomorphic maps: if f: X — Y is a holomorphic map then

Vz,we X ky(f(z), f(W)) <kx(z,w).

In particular, the Kobayashi distance is invariant under biholomorphisms.

It is easy to see that the Kobayashi distance of the unit disk coincides with the
Poincaré distance. Furthermore, the Kobayashi distance of the unit ball B" c C”
coincides with the Bergman distance (see, e.g., [Al, Corollary 2.3.6]); and the
Kobayashi distance of a bounded convex domain coincides with the Lempert function
(see, e.g., [A1, Proposition 2.3.44]). Moreover, the Kobayashi distance of a bounded
convex domain D is complete [A1, Proposition 2.3.45], and thus for each p € D we
have that kp (p, z) — 400 if and only if z tends to the boundary 9 D.

Using the Kobayashi intrinsic distance we obtain the natural generalization to
complete hyperbolic domains of Koranyi regions of the balls.

Let D cC C" be a complete hyperbolic domain and denote by kp its Kobayashi
distance. A K -region of vertex x € dD, amplitude M > 1, and pole zg € D is the
set

w—X

Kp z(x, M) = [Z € D | limsup [kp(z, w) — kp(z0, w)] + kp(z0, 2) < log M] .

This definition clearly depends on the pole zg. However, this dependence is not
too relevant since changing the pole corresponds to shifting amplitudes. Moreover,
it is elementary to check that in the unit ball K-regions coincide with Kordnyi re-
gions, Kpn o(x, M) = K(x, M). Therefore K -regions are a natural generalization of
Koranyi regions allowing us to generalize the notion of K -limit. A function f: D —
C™ has K -limit L at x € D if f(z) — L as z — p staying inside any K-region of
vertex x. The best generalization of Julia’s lemma in this setting is then the following,
due to Abate:

Theorem 2.2 (Abate [A2]) Let D CC C" be a complete hyperbolic domain and let
z0 € D. Let f: D — A be a holomorphic function and let x € 0D be such that

liminf [kp (20, 2) — ka(0, f(2))] < +oo.
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Then f admits K -limit t € 0D at x.

In order to obtain a complete generalization of the Julia-Wolff-Carathéodory
for B”, Rudin discovered that he needed a different notion of limit, still stronger
than non-tangential limit but weaker than K-limit. This notion is closely related to
the other characterization of non-tangential limit in one variable we mentioned at the
beginning of this section.

A crucial one-variable result relating limits along curves and non-tangential limits
is Lindelof’s theorem. Giveno € 0 A, ao-curveisacontinuouscurve y : [0, 1) — A
such that y(t) — o ast — 17. Then Lindelof [Li] proved that if a bounded
holomorphic function f: A — C admits limit L € C along a given o -curve then
it admits limit L along all non-tangential o -curves — and thus it has non-tangential
limit L at 0.

In generalizing this result to several complex variables, Cirka [C] realized that
for a bounded holomorphic function the existence of the limit along a (suitable)
p-curve (where p € d B™) implies not only the existence of the non-tangential limit,
but also the existence of the limit along any curve belonging to a larger class of curves,
including some tangential ones — but it does not in general imply the existence of
the K-limit. To describe the version (due to Rudin [R]) of Cirka’s result we shall
state in this survey, let us introduce a bit of terminology.

Let p € dB™. As before, a p-curve is a continuous curve y : [0, 1) — B" such
that y(t) — past — 17. A p-curve is special if

_ 2
im @ = @, pipl —0: 2.1)
1= 1=y @), p)?

and, given M > 1, it is M-restricted if

[T —(y (@), p)l -
1—Ky@®), p)l

forallr € [0, 1). We also say that y is restricted if it is M -restricted for some M > 1.
In other words, y is restricted if and only if  — (y (¢), p) goes to 1 non-tangentially
in A.

It is not difficult to see that non-tangential curves are special and restricted; on
the other hand, a special restricted curve approaches the boundary non-tangentially
along the normal direction, but it can approach the boundary tangentially along com-
plex tangential directions. Furthermore, a special M -restricted p-curve is eventually
contained in any K (p, M") with M’ > M, and conversely a special p-curve eventu-
ally contained in K (p, M) is M-restricted. However, K (p, M) can contain p-curves
that are restricted but not special: for these curves the limit in (2.1) might be a strictly
positive number.

With these definitions in place, we shall say that a function f: B" — C has
restricted K -limit (or hypoadmissible limit) L € C at p € d B", and we shall write
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K —lim f(z) =L,
z—>p

if f(y(t)) — L ast — 1~ for any special restricted p-curve y: [0,1) — B".
It is clear that the existence of the K-limit implies the existence of the restricted
K -limit, that in turns implies the existence of the non-tangential limit; but none of
these implications can be reversed (see, e.g., [R] for examples in the ball).

Finally, we say that a function f: B" — C is K-bounded at p € dB" if it is
bounded in any Koranyi region K (p, M), where the bound can depend on M > 1.
Then Rudin’s version of Cirka’s generalization of Lindelf’s theorem is the follow-
ing:

Theorem 2.3 (Rudin [R]) Let f: B" — C be a holomorphic function K -bounded
at p € 0B". Assume there is a special restricted p-curve y°: [0, 1) — B" such that
f ()/”(t)) — L € Cast — 17. Then f has restricted K -limit L at p.

As before, it is possible to generalize this approach to a domain D C C" different
from the ball. A very precise and systematic presentation, providing clear proofs,
details and examples, of various aspects of the problem of generalization of the
classical Julia-Wolff-Carathéodory theorem to domains in several complex variables,
and updated until 2004, can be found in [A6].

For the sake of simplicity we state here only the definitions needed to state Abate’s
version of Lindelof’s theorem in this setting. Given a pointx € 9D, a x-curve is again
a continuous curve y : [0, 1) — D so thatlim,_, ;- y () = x. A projection device at
x € 9D is the data of: a neighbourhood U of x in C", a holomorphic embedded disk
¢y A — DNU,such that lim; 1 ¢, (¢) = x, a family P of x-curvesin D N U,
and a device associating to every x-curve y € P a l-curve y, in A, or equivalently
a x-curve yy = @y o Yy in ¢, (A). If D is equipped with a projection device at
x € 9D, then a curve y € P is special if lim,_, - kpny (v (¢), yx(t)) = 0, and it is
restricted if y, is anon-tangential 1-curve in A. A function f: D — C has restricted
K-limit L € C at x if lim,_,1- f(y(t)) = L for all special restricted x-curves. A
projection device is good if: forany M > 1 thereisa M’ > 1sothat g, (K (1, M)) C
Kpnu.zo(x, M), and for any special restricted x-curve y there exists M1 = M/ (y)
such that lim,_, |- kKDﬁU,zo M) (Y (@), yx(t)) = 0. Good projection devices exist,
and several examples can be found for example in [A6]. Finally, we say that a function
f: D — Cis K-bounded at p € 9 B" if itis bounded in any K -region Kp ;,(x, M),
where the bound can depend on M > 1.

With these definitions we can state the generalization of Lindelof principle given
by Abate.

Theorem 2.4 (Abate [A6]) Let D C C" be a domain equipped with a good projec-
tion device at x € dD. Let f: D — A be a holomorphic function K-bounded
at x. Assume there is a special restricted x-curve y°: [0,1) — D such that
f(y”(t)) — L eCast — 1. Then f has restricted K -limit L at x.

We can now deal with the generalization of the Julia-Wolff-Carathéodory theorem
to several complex variables. With respect to the one-dimensional case there is an
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obvious difference: instead of only one derivative one has to deal with a whole
(Jacobian) matrix of them, and there is no reason they should all behave in the
same way. And indeed they do not, as shown in Rudin’s version of the Julia-Wolff-
Carathéodory theorem for the unit ball:

Theorem 2.5 (Rudin [R]) Let f: B" — B™ be a holomorphic map such that

1—
lirninfM =«

< 400,
=r 11—zl

for some p € dB". Then f admits K-limit ¢ € dB™ at p. Furthermore, if we set
fq@) = (f(z), p)q and denote by df; the differential of f at z, we have:

(1) the function [1 — ( f(2), q)] / [1 — (z, p)] is K-bounded and has restricted

K-limit a at p;

(i) the map [f(z) — fy(D1/11 — (z, p)1V/? is K-bounded and has restricted
K-limit O at p;

(iii) the function (dfZ (p), q) is K-bounded and has restricted K -limit « at p;

(iv) the map [l — (z, p)]l/zd(f — f¢)2(p) is K-bounded and has restricted
K-limit O at p;

(V) if v is any vector orthogonal to p, the function (dfZ ), q)/[l —(z, p)1"%is
K -bounded and has restricted K -limit 0 at p;

(vi) ifv is any vector orthogonal to p, the map d(f — f;).(v) is K-bounded at p.

In the last twenty years this theorem (as well as Theorems 2.1 and 2.3) has been
extended to domains much more general than the unit ball: for instance, strongly
pseudoconvex domains [Al, A2, A3], convex domains of finite type [AT], and poly-
disks [A5] and [AMY], (see also [A6] and references therein).

We end this section with the general version of the Julia-Wolff-Carathédory the-
orem obtained by Abate in [A6] for a complete hyperbolic domain D in C". To
formulate it, we need to introduce a couple more definitions. A projection device at
x € 3D is geometrical if there is a holomorphic function p,: DNU — A such that
Px oy =1idp and y, = py o y forall y € P. A geometrical projection device at x
is bounded if d(z, dD)/|1 — px(z)| isbounded in D N U, and |1 — p,(2)|/d(z, D)
is K-bounded in D N U. The statement is then the following, where k p denotes the
Kobayashi metric.

Theorem 2.6 (Abate [A6]) Let D C C" be a complete hyperbolic domain equipped
with a bounded geometrical projection device at x € dD. Let f: D — A be a
holomorphic function such that

1
1133)?10 [kp (20, 2) — ka(0, f(2))] = 3 log < +o00.

Then for every v € C" and every s > 0 such that d(z, dD)*kp(z; v) is K-bounded
at x the function
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d@ﬁm“hf (2.2)
av

is K -bounded at x. Moreover, if s > inf{s > 0 | d(z, dD)*kp(z; v) is K-bounded at
x}, then (2.2) has vanishing K -limit at x.

Depending on more specific properties of the projection device, it is indeed pos-
sible to deduce the existence of restricted K -limits, see [A6, Sect. 5].

Further generalizations of Julia-Wolff-Carathéodory theorem have been obtained
in infinite-dimensional Banach and Hilbert spaces, and we refer to [EHRS, ELRS,
ERS, F, MM, SW, W11, W12, W13, Z], and references therein.

3 Julia-Wolff-Carathéodory Theorem for Infinitesimal
Generators

We conclude this survey focusing on a different kind of generalization in several com-
plex variables: infinitesimal generators of one-parameter semigroups of holomorphic
self-maps of B”.

We consider Hol(B", B"), the space of holomorphic self-maps of B", endowed
with the usual compact-open topology. A one-parameter semigroup of holomorphic
self-maps of B" is a continuous semigroup homomorphism @ : Rt — Hol(B", B").
In other words, writing ¢; instead of @(¢), we have ¢y = idg~, the map t — ¢,
is continuous, and the semigroup property ¢; o ¢; = ¢4 holds. An introduction
to the theory of one-parameter semigroups of holomorphic maps can be found in
[A1, RS2] or [S].

One-parameter semigroups can be seen as the flow of a vector field (see, e.g.,
[A4]). Given a one-parameter semigroup @, it is possible to prove that there exists a
holomorphic map G: B" — C”, the infinitesimal generator of the semigroup, such
that

— =God. 3.1)

It should be kept in mind, when reading the literature on this subject, that in some
papers (e.g., in [ERS] and [RS1]) there is a change of sign with respect to our
definition, due to the fact that the infinitesimal generator is defined there as the

solution of the equation

0P
— 4+ Go®=0.
ot

A Julia’s lemma for infinitesimal generators was proved by Elin, Reich and
Shoikhet in [ERS] in 2008, assuming that the radial limit of the generator at a point
p € 0B" vanishes:

Theorem 3.1 ([ERS, Theorem, p. 403]) Let G: B" — C" be the infinitesimal
generator on B" of a one-parameter semigroup ® = {¢;}, and let p € dB" be such
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that
linla G(tp) = O. (3.2)
—1-

Then the following assertions are equivalent:

(D) « = liminf, - Re'CU2:L) - | oo;

— (G@),2) _ (G(@).p) .
(Il) B =2sup,cpgn Re[ I 1_(“7)] < +o0;
‘2

() there exists y € R such that for all z € B" we have % <
- t
ytll=z.p)P?
1—z)> ~

Furthermore, if any of these assertions holds then o« = B = inf y, and we have

i (G(tp), p)
m ———F——
t—1- t—1

=5. (3.3)

If (3.2) and any (whence all) of the equivalent conditions (I)—(III) holds, p € 3 B"
is called a boundary regular null point of G with dilation B € R.

This result suggested that a Julia-Wolff-Carathéodory theorem could hold for
infinitesimal generators along the line of Rudin’s Theorem 2.5. A first partial gen-
eralization has been achieved by Bracci and Shoikhet in [BS]. In collaboration
with Abate, in [AR] we have been able to give a full generalization of Julia-Wolff-
Carathéodory theorem for infinitesimal generators, proving the following result.

Theorem 3.2 ([AR]) Let G: B" — C" be an infinitesimal generator on B" of a
one-parameter semigroup, and let p € 0 B". Assume that

(G(2). p)

- is K -bounded at p 3.4)
Z, p -

and

G() —(G(), p)p
(z, p) = DY

is K-bounded at p for some 0 <y < 1/2. (3.5

Then p € 0B" is a boundary regular null point for G. Furthermore, if B is the
dilation of G at p then:

(i) thefunction (G(z), p)/((z, p)—1) (is K-bounded and) has restricted K -limit B

at p;

(ii) if v is a vector orthogonal to p, the function (G(z),v)/((z, p) — 1)V is
K -bounded and has restricted K -limit O at p;

(iii) the function (dG,(p), p) is K-bounded and has restricted K -limit B at p;

(iv) if v is a vector orthogonal to p, the function ((z, p) — D"V (dG.(p),v) is
K -bounded and has restricted K -limit 0 at p;

(v) if v is a vector orthogonal to p, the function (dG;(v), p) / {z, p) — 1)V is
K -bounded and has restricted K -limit O at p.
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(vi) if vi and vo are vectors orthogonal to p the function ((z, p) — 1)Y/?77
(dG;(v1), v2) is K-bounded at p.

Sketch of Proof of Theorem 3.2. Statement (i) follows immediately from our hypothe-
ses, thanks to Theorems 2.3 and 3.1. Statement (iii) follows by standard arguments,
and (iv) follows from (ii), again by standard arguments.

The main point is the proof of part (ii). By Theorem 2.3, it suffices to compute
the limit along a special restricted curve. We use the curve

ot)=tp+e (1 -7y

which is always restricted, and it is special if and only if y < 1/2. We then plug (i)
and this curve into Theorem 3.1.(II), and we then let ¢ — 0T, using 6 to get rid of
the real part.

Statement (v) follows from (i), (ii) and by Theorem 3.1 using somewhat delicate
arguments involving a curve of the form

y@) = (t+icl —0)p+n@)yv,

where 1 — ¢ < [n()|> < 1 — |t +ic(1 —1)|?, and the argument of 7(¢) is chosen
suitably. (]

A first difference with respect to Theorem 2.5 is that we have to assume (3.4)
and (3.5) as separate hypotheses, whereas they appear as part of Theorem 2.5(i) and
(ii). Indeed, when dealing with holomorphic maps, conditions (3.4) and (3.5) are a
consequence of the equivalent of condition (I) in Theorem 3.1, but in that setting the
proof relies in the fact that there we have holomorphic self-maps of the ball. In our
context, (3.5) is nota consequence of Theorem 3.1(I), as shown in [AR, Example 1.2];
and it also seems that (3.4) is stronger than Theorem 3.1(I).

A second difference is the exponent y < 1/2. Bracci and Shoikhet proved Theo-
rem 3.2 with y = 1/2butthey couldn’t prove the statements about restricted K -limits
in cases (ii), (iv) and (v). This is due to an obstruction, which is not just a technical
problem, but an inevitable feature of the theory. As mentioned in the sketch of the
proof, in showing the existence of restricted K -limits, the curves one would like to
use for obtaining the exponent 1/2 in the statements are restricted but not special, in
the sense that the limit in (2.1) is a strictly positive (though finite) number. Actually
the exponent 1/2 might not be the right one to consider in the setting of infinitesimal
generators, as shown in [AR, Example 1.2].

An exact analogue of Theorem 2.5 with ¥ = 1/2 can be recovered assuming a
slightly stronger hypothesis on the infinitesimal generator. Under assumptions (3.4)
and (3.5) we have

(G(e®). p)

<G(t)’p>_1=,3+o(1) (3.6)

as t — 17 for any special restricted p-curve o: [0, 1) — B". Following ideas
introduced in [ESY, EKRS, EJ] in the context of the unit disk, p is said to be a
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Holder boundary null point if there is @ > 0 such that

(Gle®). p)

m :,3“1‘0((1 —l)a) (3.7)

for any special restricted p-curve o: [0, 1) — B”" such that (o (¢), p) = ¢. Using
this notion we obtain the following result.

Theorem 3.3 ([AR]) Let G: B" — C" be the infinitesimal generator on B" of a
one-parameter semigroup, and let p € 0 B". Assume that

(G(2), p) G(z) —(G(2), p)p
_— and
(z,p)—1 ((z, p) — D1/?

are K-bounded at p, and that p is a Holder boundary null point. Then the statement
of Theorem 3.2 holds with y = 1/2.

Examples of infinitesimal generators with a Holder boundary null point and sat-
isfying the hypotheses of Theorem 3.3 are provided in [AR].

In a forthcoming paper in collaboration with Abate, we will deal with the gener-
alization of Theorem 3.2 to strongly convex domains in C".
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A Brief Survey on Local Holomorphic
Dynamics in Higher Dimensions

Feng Rong

Abstract We give a brief survey on local holomorphic dynamics in higher dimen-
sions. The main novelty of this note is that we will organize the material by the
“level” of local invariants rather than the type of maps.

Keywords Local holomorphic dynamics + Local invariant - Attracting flower -
Attracting domain

1 Introduction

Let f be a holomorphic map in C" with a fixed point, which we assume to be the
origin. The local (discrete) holomorphic dynamics studies the asymptotic behavior
of f in a neighborhood of the fixed point under iterations. There are several well-
written surveys on this subject, see e.g. [A4, A5, B2]. The aim of this short note
is twofold. First, we will present some more recent results in this area which were
not covered in previous surveys. Second, we organize the material in a different way
than before so as to emphasize the importance of the “third-level” local invariants in
future studies.

A quantity will be called a local invariant if it only depends on the map f, i.e.
invariant under changes of local coordinates. (Ecalle [E] gave a detailed study on
local invariants of holomorphic maps, although the dynamics associated with these
invariants are not clear.) We will divide local invariants into three levels, depending
on from which “level” of the Taylor expansion of f at O the invariants are defined.
Roughly speaking, a first-level invariant comes from the linear part of the Taylor
expansion; a second-level invariant comes from the leading nonlinear part of the
Taylor expansion; and a third-level invariant comes from higher order nonlinear part
of the Taylor expansion. When defining these local invariants, we will always use
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some suitable local coordinates. However, all these local invariants have been shown
to be well-defined, i.e. independent of the choice of (allowable) local coordinates.

There are two typical types of results in local holomorphic dynamics. One type is
to give normal forms or even linearizations via conjugations, the other is to describe
the attracting set of a given map.

Two maps f and g are said to be (holomorphically) conjugate if there exists a
biholomorphism ¢ such that f o ¢ = ¢ o g. Obviously, if f and g are conjugate
then their local dynamics are equivalent. For a given map f, the “simplest” g it is
conjugate to is called its normal form. The best one can hope for is that g is the linear
part of f, in which case we say that f is linearizable. The well-known Poincaré-
Dulac normal form and Brjuno’s linearization theorem are typical examples. This
type of results are certainly important. However, the majority of the note will be
devoted to results on the attracting sets.

A point p in a neighborhood of 0 is in the attracting set of f if f¥(p) goes to
0 as k goes to the infinity. Here, of course, f k stands for the k-th iteration of f.
The ultimate goal of the local dynamical study is to give a complete description
of the asymptotic behavior of a map in a full neighborhood of the fixed point. The
first step in achieving this goal is to give a complete study on the attracting set. The
well-known Leau-Fatou Flower Theorem is the “model” result. Much of the work
on the attracting sets in higher dimensions can be viewed as generalizations of the
Leau-Fatou Flower Theorem.

Due to the limit of space, the results surveyed in the note are by no means com-
plete. Our focus will be on results obtained in the past few years. For more detailed
information on earlier results and results in one dimension, please see the existing
surveys cited above.

The author would like to thank the organizers of the KSCV10 conference, espe-
cially Prof. Kang-Tae Kim, for the invitation and hospitality. He also thanks Filippo
Bracci and the referee for valuable comments.

2 The First-Level Invariants

2.1 The Multipliers

Let f be a holomorphic map in C"* with the origin as a fixed point. Write f as

f@Q=LRD)+P()+ P+,

where L(z) is the linear part of f(z) and Py (z) are homogeneous of degree k, k > 2.
Write L(z) = L - z, where L is an n x n matrix. The multipliers of f are defined to
be the eigenvalues {Aj}’}zl of L.
Denote by N the set of non-negative integers. For o = (o, --- , a,) € N”, set
0
A% =[[j_14;" and la| = >77_; @;. Define



A Brief Survey on Local Holomorphic Dynamics in Higher Dimensions 297

w(m)= _min min [A* —X;|, m>2.
2<|a|<m 1<j<n

We say that the multipliers of f satisfy the Brjuno condition if

Zi_lo ; 00,

g <
= Pi @(pi+1)

where {p;}72 is a sequence of integers with 1 = pg < p; < ---. The following is
the best known linearization result (improving earlier results by Siegel [S]).

Theorem 2.1 (Brjuno, [Br]) Let f be a holomorphic map in C" with the origin as
a fixed point. If dfy is diagonalizable and the multipliers of f satisfy the Brjuno
condition, then f is holomorphically linearizable.

A resonance for f is arelation of the form
A= =0, Ja|=2, 1<j<n

Obviously, Theorem 2.1 is not applicable in the presence of resonances. A map f is
said to be quasi-parabolic, if dfy is diagonalizable and A; = 1for1 < j <m <n
and A; # L but|A;| = 1form+1 < j < n. Note that quasi-parabolic maps always
have resonances. However, inspired by a partial linearization result by Poschel [P],
the author proved the following linearization result for quasi-parabolic maps.

Theorem 2.2 (Rong, [R1]) Let f be a holomorphic map in C" with the origin as a
quasi-parabolic fixed point. Assume that there exists an m-dimensional manifold M
of fixed points through 0 such that df, = dfy for every p € M. If {X }?:m—H satisfy
the Brjuno condition, then f is holomorphically linearizable.

This was later generalized to more general settings by Raissy [Ra].

2.2 Multi-resonance

As we have seen above, the presence of resonances is usually an obstacle for the local
dynamical study. However, in a recent development, the presence of resonances has
been used in a positive way to study the attracting sets of certain maps.

Assume that d fy is diagonalizable and that there are resonances among the multi-
pliers {A }S?: |- If the resonances are generated over N by a finite number of Q-linearly
independent multi-indices, f is said to be multi-resonant. In [BZ], Bracci and Zait-
sev studied one-resonant maps and obtained sufficient conditions for the existence of
local attracting basins. This was later generalized to multi-resonant maps by Bracci
et al. [BRaZ]. More recently, Raissy and Vivas [RaV] gave a more detailed study
on two-resonant maps, and Bracci and the author [BR] studied quasi-parabolic one-
resonant maps.
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The basic idea of this line of study is as follows: first by using the multi-resonance,
f can be projected into a lower-dimensional map f , the so-called parabolic shadow
of f,such that f is tangent to the identity at the origin; then using the local attracting
basin of f and some attracting conditions on the “fibers,” one can create an attracting
basin for f. Recall that a holomorphic map f is said to be tangent to the identity at
0if dfy = I,, the identity matrix.

2.3 Diagonalization

Most of the results in local holomorphic dynamics assume the linear part of the
maps under study to be diagonalizable. However, the non-diagonalizable case is
certainly important and worth studying. For instance, Yoccoz [Y] pointed out that
the Brjuno condition is in general not sufficient for holomorphic linearization in the
non-diagonalizable case (see also [DG]).

The method of blow-up is a very important tool in the study of local holomorphic
dynamics. Itis particularly so for the study on attracting sets in the non-diagonalizable
case. Indeed, Abate [A1] gave an explicit description of how to systematically diag-
onalize a non-diagonalizable map via blow-ups.

There are very few results in the non-diagonalizable case, see e.g. [A3]. Recently,
the author [R5] gave a somewhat systematic study of the non-diagonalizable case in
dimension two. In particular, the attracting basin studied in [A3] was recovered as a
special case.

3 The Second-Level Invariants

3.1 The Order and Characteristic Directions
Let us first recall the well-known Leau-Fatou Flower Theorem from the one-
dimensional theory (see e.g. [M]).

Theorem 3.1 (Leau, [L]; Fatou, [F1]) Let f be a holomorphic map in C with the
origin as a fixed point. Assume that f is tangent to the identity with order v, i.e. f
can be written as

f@=z+az"+0@E"hH, v=2 a#0.

Then there exist v — 1 “attracting petals” for f at the origin.

A central theme in the study on attracting sets for holomorphic maps in higher
dimensions has been to generalize the Leau-Fatou Flower Theorem. To state the
known results so far, let us first make several definitions.
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Let f be a holomorphic map in C”, tangent to the identity at the origin. Write f
as

f@Q=z+P@@+ P+ -,

where Px(z), k > 2, are n-tuples of homogeneous polynomials of degree k. The
order v of f is defined as

v:=min{k : P(z) # 0}.

Write z = (z1, -+, z,) and P,(2) = (P,.1(2), - -+, Py.n(z)) and denote by [-] the
canonical projection from C™\ {0} to P"~!. A direction [v] = [z} : - - - : z,] is called
a characteristic direction of f if

(PV,I(Z)"" 7PU,n(Z)):)\'(Z17"' 7Zn)v )\'EC

If & # 0, then [v] is said to be non-degenerate, otherwise degenerate.

An attracting petal of dimension d for f at the origin is an injective holomorphic
map ¢ : A — C" satisfying the following properties:
(i) A is a simply connected domain in C¢ with 0 €  A;
(ii) ¢ is continuous on d A and ¢(0) = 0;
(iii) ¢ (A) is invariant under f and f¥(¢(¢)) — 0as k — oo forany ¢ € A.
Furthermore, if [¢(¢)] — [v] € P! as ¢ — 0, then ¢ is said to be tangent to [v]
at 0. If there are v — 1 attracting petals tangent to [v] at 0, then we say they form an
attracting flower tangent to [v] at 0. When d = 1, an attracting petal is also called
a parabolic curve. When 1 < d < n, an attracting petal is also called a parabolic
manifold. When d = n, an attracting petal is a (parabolic) attracting domain.

The first main generalization of the Leau-Fatou Flower Theorem to higher dimen-
sions is the following

Theorem 3.2 (Ecalle, [E]; Hakim, [H2]) Let f be a holomorphic map in C", tangent
to the identity at the origin. If f is of order v < oo and [v] is a non-degenerate
characteristic direction of f, then there exists a one-dimensional attracting flower
of f tangent to [v] at 0.

A similar result holds for quasi-parabolic maps, which was proven in dimension
two by Bracci and Molino [BMo] and in higher dimensions by the author [R2]. To
be more precise, we need some definitions.

Let f be a quasi-parabolic map in C" with eigenvalue 1 of multiplicity / and other
eigenvalues A;, 1 < j <m =n — 1. Set A = Diag(Ay, - - , Ay). In a suitable local
coordinates (z, w) € C! x C™, we can then write f as

21 =24+ p@) +riz,w),
wr = Aw+q(2) + s(z, w),

where p, g, r, s are all of degree greater or equal to two and r(z, 0) = s(z, 0) = 0.
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We say that f is in ultra-resonant form if ordp(z) < ordg(z), in which case we
call v = ordp(z) the order of f. Assume that v < oo, and let p,(z) be the lowest
order term of p(z). A characteristic direction of f is of the form [v] = [z1 : --- :
z7:0:---:0] where [u] = [z1 : --- : z7] is a characteristic direction of p,(z), i.e.
pv(z2) = Az forsome A € C. And [v] is said to be non-degenerate if A # 0, otherwise
degenerate.

If f has a characteristic direction [v], then in a suitable local coordinates it can
be assumed that [v] = [1 : 0 : --- : 0]. Write z = (x,y) € C x C!-1 Set
u = min{k; kaj ins(z,w)}. We say that f is dynamically separating in [v] if
muw=v—1.

Theorem 3.3 (Bracci-Molino, [BMo]; Rong, [R2]) Let f be a holomorphic map in
C", with a quasi-parabolic fixed point at the origin. If f is of order v < 0o, has a
non-degenerate characteristic direction [v], and f is dynamically separating in [v],
then there exists a one-dimensional attracting flower of f tangent to [v] at 0.

3.2 The Director and Residual Index

Let f be a holomorphic map in C”, tangent to the identity at the origin. Assume that
f has order v < oo and has a non-degenerate characteristic direction [v]. In suitable
local coordinates z = (x, y) € C x C"~! it can be assumed that [v] = [1 : 0]. Write

f as

X1=X+Pv(xvy)+0(v+1)’ (3 l)
M=y +qu, )+ 0w+, '
where py (x, y) and g, (x, y) are homogeneous of degree v.
Under the blow-up y = xu, the blow-up map f takes the form
x1=x+x"po(L,u) + 0", 32
ui=u+x""'r(w) + ox"), )

where r(u) = q,(1, u) — py(1, u)u. The matrix
A= p, ' (1,007'(0)

is a local invariant associated with f and its n — 1 eigenvalues are called the directors
of f in the non-degenerate characteristic direction [v].

Theorem 3.4 (Hakim, [H3]) Let f be a holomorphic map in C", tangent to the
identity at the origin. Assume that [ has order v < oo and has a non-degenerate
characteristic direction [v]. Let «j, 1 < i < n — 1, be the directors of f in [v].
Suppose that there exists a > O such that Reaj > a for1 < j <land Reajyx < a
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for1 <k <n—1—1. Then there exists an (I 4+ 1)-dimensional attracting flower of
f tangent to [v] at 0.

Similar results hold for quasi-parabolic maps (see [R3]) and semi-attractive maps
(see e.g. [F2, U, H1, Ri, R4]). Recall that a holomorphic map f is said to be
semi-attractive at 0 if dfy = Diag([;, A), where I; is the identity matrix with size
1 <[ < n — 1 and the eigenvalues of A all have modulus less than one.

Theorems 3.2 and 3.4 deal with holomorphic maps tangent to the identity with
a non-degenerate characteristic direction, which is a generic condition. It would be
desirable to obtain a “full” generalization of the Leau-Fatou Flower Theorem without
this generic condition. So far, this has only been achieved in dimension two by
Abate [A2].

Theorem 3.5 (Abate, [A2]) Let f be a holomorphic map in C"*. Assume that the
origin is an isolated fixed point of f and f is tangent to the identity at 0. Then there
exists a one-dimensional attracting flower of f at 0.

The main point of the proof of Theorem 3.5 is to show that after a sequence
of blow-ups one gets a blow-up map which is generic, i.e. with a non-degenerate
characteristic direction, as in Theorem 3.2. For this purpose, Abate introduced a key
local invariant, the residual index, defined as follows.

Let f bea holomorphic map in C2, tangent to the identity at the origin. Assume
that there is aline S of fixed points of f through 0. In local coordinates (x, u) € CxC,
such that S is given by {x = 0}, we can write f as

X1 =X +XVP(X, u),
M] M+-x,uq(xau)s
where p(0,u) #0and ¢g(0,u) #0,v>2and u > 1.
Define a meromorphic function, the residual function, k (u) by

o p(x, u)
K@) = lim — 20
x—0 xHvHg(x, u)

Ifu<v—1,thenk(u) =0.If u > v — 1, then k(1) = oco. If u = v — 1, then
k() = p(0, u)/q(0, u). The residual index 1o(f, S) of f at 0 along S is defined as
Res(x (u); 0). Note that if f is the blow-up map of a holomorphic map tangent to the
identity in a non-degenerate characteristic direction and S is the exceptional divisor,
then the residual index is exactly the reciprocal of the director as defined above.
Although Theorem 3.5 gives a Leau-Fatou Flower Theorem in dimension two, it
leaves open two questions: 1. What happens if the origin is non-isolated? 2. Given a
degenerate characteristic direction, is there always an attracting petal tangent to it?
For results related to the first question, see e.g. [B1, De]. Note that the residual in-
dex theorems used in [A2, B1] have been developed systematically by Abate, Bracci
and Tovena [ABT] to much more general settings and also to higher dimensions. It
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would be desirable to find an effective use of such more general index theorems to
the study of local holomorphic dynamics.

For the second question, Abate [A2] already showed that the answer is yes if the
residual index of the blow-up map at the given direction along the exceptional divisor
does not belong to Q. This result was later generalized by Molino [Mo] to the case
of non-vanishing residual index (under a mild “regularity” condition).

In dimension two, using the residual function « (1) defined above, the character-
istic directions can be divided into three types (cf. [AT]).

Let f be a holomorphic map in C2, tangent to the identity at the origin. Assume
that f has a characteristic direction, which we assume to be [1 : 0]. Then we can
write f asin (3.1), and its blow-up map f asin (3.2). If r(u) = 0, then f is said to
be dicritical at 0.

Assume that f is not dicritical at 0. Then the residual function is given by x (1) =
pv(1, u)/r(u). If O is a simple pole of x (1), then [1 : 0] is a Fuchsian characteristic
direction of f. If O is a pole of x(u) of order greater than one, then [1 : 0] is an
irregular characteristic direction of f. If x(#) = 0 or if 0 is a removable singularity
of k (u), then [1 : 0] is an apparent characteristic direction of f.

Theorem 3.6 (Vivas, [V2]) Let f be a holomorphic map in C?, tangent to the
identity at the origin. Assume that f has an irregular characteristic direction [v].
Then there exists an attracting domain of f tangent to [v] at 0.

Vivas [V2] also gave sufficient conditions (in terms of the residual index) for
the existence of attracting domains in Fuchsian characteristic directions, and studied
examples of apparent characteristic directions. See also [V 1, La] for related results.

3.3 The Non-dicritical Order

Let f be a holomorphic map in C", tangent to the identity at the origin. Assume
that f has order v < oo and has a non-degenerate characteristic direction [v]. Let
a;, 1 <i < n—1,be the directors of f in [v]. If Rea; > Ofor1 < j <[ and
Reajyr < Oforl <k <m = n—1—1, then by Theorem 3.4 there exists an
(I + 1)-dimensional attracting flower of f tangent to [v] at 0. In fact, from [H3,
ArRa], it follows that / + 1 is the maximal dimension of attracting flowers in this
case. It is then natural to ask what happens when Re oy = Oforall 1 <k < m.

In suitable local coordinates (x, y,z) € C x C! x C™, we can assume that
[v] = [1:0 : 0]. Under the blow-up (y = xu, z = xv), the blow-up map f can be
written as (after possible scaling and suitable linear transformations)

x1=(1—x""Hx+o0u"|wl,x" ),

uy = (I —x"""Bu+ 0" iw)?, 1), (3.3)
vi = (In —x""1Ov + 0" Hw?, 1),
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where w = (u, v), B is an [ x [ matrix with eigenvalues «;, 1 < j </, and C is an
m x m matrix with eigenvalues o4, 1 <k < m.
Rewrite vy in (3.3) as

v+1
vi=v+x""" D e+ o ullwll, x"),
|k|=1

where k = (ky, - - - , kjy) € N is a multi-index, |k| = k; + -+ - + k;,,, and y, € C™.
Then the non-dicritical order of f in the characteristic direction [v] is defined as

T :=min{|k| — 1; y # 0}.

The name “non-dicritical” refers to the fact that if / = 0 then f is dicritical at the
origin if and only if all y, vanish. It will always be assumed that some y; # 0, in
which case 0 < t < v (see e.g. [Bro] for a study in the dicritical case).

Theorem 3.7 (Rong, [R6]) Let f be a holomorphic map in C2, tangent to the identity
at the origin, with a non-degenerate characteristic direction [v]. Let T be the non-
dicritical order of f in [v]. If T > 1, then there exists an attracting domain of f
tangent to [v] at 0.

A similar result holds in higher dimensions with extra conditions. When t = 0, it
is possible for f to admit a “spiral domain” at the origin (see [R6] for more details).
Note also that in dimension two, if T > 1 then [v] is an irregular characteristic
direction of f.

4 The Third-Level Invariants

4.1 Essentially Non-degenerate

From the discussion above, it is clear that one of the main problems in the study
of local holomorphic dynamics of maps tangent to the identity is to understand
the dynamics in degenerate characteristic directions. So far there are only very few
results, and only in dimension two (see e.g. [R7, V2]).

Let f be a holomorphic map in C?, tangent to the identity at the origin. Assume
that f has order v < oo and [v] = [x : y] = [1 : 0] is a degenerate characteristic
direction of f. Write f as

xi=x+yp_1(x,y) + O+ 1),
i=y+yg-1(x,y) +0Ww+1),
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where p,,_1(x, y) and ¢, (x, y) are homogeneous of degree v—1. We say that[1 : 0]
is a generically degenerate characteristic direction of f if g, _1(x, 0) # 0. Note thata
generically degenerate characteristic direction is an apparent characteristic direction.

Let G be the group of local changes of coordinates which preserves [1 : 0] as the
degenerate characteristic direction. For each ¢ € G, write (xy, y3) = ¢ (x, y). Then
f is transformed under ¢ as

Xp,1 = Xxp + Py(xp) + yO(v — 1),
Yol = Yo + Qp(xp) + Yo Rp(xp) + y50(v = 2),

where ordPy > v +1,0rdQy > v + 1 and ordRy = v — 1. The essential order of
fin [1 : 0] is defined as
= dP, .
p 1= maxor »(Xg)

We say that [1 : 0] is an essentially non-degenerate characteristic direction of f if
n < 00.

Remark 4.1 The above definition is slightly different than the original definition
given in [R7], where u is required to be less than the so-called virtual order. However,
using simple linear transformations of the form (X =x,Y =y + ax®) fork > 2, it
is easy to check that the virtual order is always greater than u if u < oo.

Now assume that © < oo and rewrite f as

xi=x—ax* 4+ Px)+yo(w—1),
yi=y—byx""' 4+ 0(x) + yR(x) + y* 0 — 2),

where a, b # 0, ordQ > ordP > p + 1 and ordR > v. Then the director of f in
[1:0]1is defined as
b
“= 0D/

Theorem 4.1 (Rong, [R7]) Let f be a holomorphic map in C?, tangent to the iden-
tity at the origin. Assume that f has an essentially non-degenerate characteristic
direction [v] and the director of f in [v] is a. If Rea > O, then there exists an
attracting domain of f tangent to [v] at 0.

Note that the above theorem gives an attracting petal instead of an attracting
flower. As first observed by the author [R2], this “symmetry break-down” is indeed
expected in degenerate characteristic directions.
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4.2 Non-dynamically-Separating

Let f be a holomorphic map in C?, quasi-parabolic at the origin. Then [1 : 0] is the
only characteristic direction of f. Write f as

21 =2+ P(z) + wS(z, w),
wi = w4+ 0(2) + wR(2) + w?T(z, w),

with |A| = 1 and A # 1. Set p = ordP, g = ordQ and » = ordR. Assume that f is
in ultra-resonant form, i.e. ¢ > p, and non-dynamically-separating, i.e.r < p — 1.
Now rewrite f as

21 =z—az’ + 0", w),

wi = Aw —bwz" + 0P, wz' T wh),

with a, b # 0. We call p the essential order and r the generic order. The director

of f is then defined as
b

&= ST

Theorem 4.2 (Rong, [R8]) Let f be a holomorphic map in C?, quasi-parabolic at
the origin. Assume that f is non-dynamically-separating and the director of f is «.
If Rea > 0, then there exists an attracting domain of f tangent to [1 : 0] at 0.

Acknowledgments The author is partially supported by the National Natural Science Foundation
of China (Grant No. 11371246).
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L?*-Serre Duality on Singular Complex
Spaces and Applications

J. Ruppenthal

Abstract In this survey, we explain a version of topological L>-Serre duality for
singular complex spaces with arbitrary singularities. This duality can be used to
deduce various L2-vanishing theorems for the d-equation on singular spaces. As
one application, we prove Hartogs’ extension theorem for (n — 1)-complete spaces.
Another application is the characterization of rational singularities. It is shown that
complex spaces with rational singularities behave quite tame with respect to some
9-equation in the L2-sense. More precisely: a singular point is rational if and only if
the appropriate L2-3-complex is exact in this point. So, we obtain an L?-3-resolution
of the structure sheaf in rational singular points.

Keywords Cauchy-Riemann equations + L?-theory - Serre duality + Dolbeault
cohomology - Vanishing theorems - Singular complex spaces - Rational singularities

1 Introduction

Classical Serre duality, [S1], can be formulated as follows: Let X be a complex n-
dimensional manifold, let V. — X be a complex vector bundle, and let & 0.9 (X,V)
and &7 (X, V*) be the spaces of global smooth (0, ¢)-form with values in V and
global smooth compactly supported (2, ¢)-forms with values in the dual bundle V*,
respectively. Then the following pairing is non-degenerate

H(6%(X, V), d) x H"1("*(X, V*),3) — C, (l¢l5, [¥]5) / OAY

B B (D
provided that H¢ (éao"(X, V), d) and HIt! (@@O"(X, V), ) are Hausdorff topolog-
ical vector spaces.
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If X is allowed to have singularities, then, traditionally, Serre duality takes a
more algebraic and much less explicit form. To explain that more precisely, let
F = O(F), F* := O(F*) and let £2% denote the sheaf of holomorphic n-forms
on X. Then we can rephrase (1) via the Dolbeault isomorphism algebraically: There
is a non-degenerate topological pairing

HY(X,7)x H" (X, 7* @ 2%) — C, 2)

realized by the cup-product, provided that HY(X,.%) and H1t! (X, %) are Haus-
dorff. In this formulation, Serre duality has been generalized to singular complex
spaces, see, e.g., Hartshorne [H1, H2] and Conrad [C] for the algebraic setting and
Ramis-Ruget [RR] and Andreotti-Kas [AK] for the analytic setting. In fact, if X is
of pure dimension n, paracompact and Cohen-Macaulay, then there is again a non-
degenerate topological pairing (2) if we replace §2% by the Grothendieck dualizing
sheaf wy. If X is not Cohen-Macaulay, then H"~4(X, 7* ® 2%) has to be the
replaced by the cohomology of a certain complex of &'x-modules, called a dualizing
complex.

In this survey, we will explain how L>-theory for the 3-operator can be used
to obtain an L2-version of Serre duality on singular spaces which has an analytic
realization completely analogous to (1). More precisely, we will show how (1) gen-
eralizes to singular spaces by replacing the Dolbeault cohomology groups of smooth
(0, ¢) and (n, g)-forms, respectively, by L2-Dolbeault cohomology groups.

2 L?-Theory for the 3-Operator on Singular Spaces

The Cauchy-Riemann operator 8 plays a fundamental role in Complex Analysis
and Complex Geometry. On complex manifolds, functions— or more generally
distributions—are holomorphic if and only if they are in the kernel of the 3-operator,
and the same holds in a certain sense on normal complex spaces. For forms of arbi-
trary degree, the importance of the d-operator appears strikingly for example in the
notion of 9-cohomology which can be used to represent the cohomology of complex
manifolds by the Dolbeault isomorphism.

The L>-theory for the d-operator is of particular importance in Complex Analysis
and Geometry and has become indispensable for the subject after the fundamental
work of Hérmander on L2-estimates and existence theorems for the 5—operator [H3]
and the related work of Andreotti and Vesentini [AV]. Important applications of the
L>-theory are e.g. the Ohsawa-Takegoshi extension theorem [OT], Siu’s analyticity
of the level sets of Lelong numbers [S2] or the invariance of plurigenera [S3]—just
to name some.
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The first problem one has to face when studying the 3-equation on singular spaces
is thatitis not clear what kind of differential forms and operators one should consider.
Recently, there has been considerable progress by different approaches.

Andersson and Samuelsson developed in [AS] Koppelman integral formulas for
the 9-equation on arbitrary singular complex spaces which allow for a d-resolution
of the structure sheaf in terms of certain fine sheaves of currents, called &7 -sheaves.
These o7 -sheaves are defined by an iterative procedure of repeated application of
singular integral operators, which makes them pretty abstract and hard to understand
(and difficult to work with in concrete situations).

A second, more explicit approach is as follows: Consider differential forms which
are defined on the regular part of a singular variety and which are square-integrable
up to the singular set. This setting seems to be very fruitful and has some history by
now (see [PS]).! Also in this direction, considerable progress has been made recently.
@vrelid—Vassiliadou and the author obtained in [OV2] and [R3] a pretty complete
description of the L?-cohomology of the d-operator (in the sense of distributions) at
isolated singularities.

In this setting, we understand the class of objects with which we deal very well (just
L?-forms), but the disadvantage is a different one. Whereas the d-equation is locally
solvable for closed (0, ¢)-forms in the category of «7-sheaves by the Koppelman
formulas in [AS], there are local obstructions to solving the 3-equation in the L>-sense
at singular points (see e.g. [FOV, OV2, R3]). So, there can be no L2-3-resolution
for the structure sheaf in general.

In this survey, we will see that the 9-operator in the L>-sense behaves pretty well
on spaces with canonical singularities which play a prominent role in the minimal
model program. The underlying idea is that canonical Gorenstein singularities are
rational (see e.g. [K], Theorem 11.1), i.e., we expect that the singularities do not
contribute to the local cohomology.

Pursuing this idea, it turned out that there is a notion of L?-3-cohomology for
(0, g)-forms which can be described completely in terms of a resolution of singu-
larities (see (6) below). A singular point is rational if and only if this certain L2-
d-complex is exact in this point. If the underlying space has rational singularities,
particularly on a Gorenstein space with canonical singularities, then we obtain an L2-
9-resolution of the structure sheaf, i.e., a resolution of the structure sheaf in terms of
a well-known and easy to handle class of differential forms. One of our main tools is
a version of topological L2-Serre duality for singular complex spaces with arbitrary
singularities, which seems to be useful in other contexts, too (Theorem 4.1).

! The interest in this setting goes back to the invention of intersection (co-)homology by Goresky
and MacPherson which has very tight connections to the L2-deRham cohomology of the regular part
of a singular variety. We refer here to the solution of the Cheeger-Goresky-MacPherson conjecture
[CGM] for varieties with isolated singularities by Ohsawa [O] (see [PS] for more details).
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3 Two 3-Complexes on Singular Complex Spaces

We need to specify what we mean by differential forms and the d-operator in the
presence of singularities. Let X be a Hermitian complex space® of pure dimension
n and F — X a Hermitian holomorphic line bundle. We denote by .£79(F) the
sheaf of germs of F-valued (p, g)-forms on the regular part of X which are square-
integrable on K* = K \ Sing X for any compact set K in their domain of definition.’
Note that .79 (F) becomes a Fréchet sheaf with the L2/°~topology on open subsets
of X.

Due to the incompleteness of the metric on X* = X \ Sing X, there are different
reasonable definitions of the 3-operator on .#7*4 (F)-forms. To be more precise, let
5017, be the d-operator on smooth forms with support away from the singular set
Sing X. Then 5cp, can be considered as a densely defined operator £79(F) —
£P-4FT1(F). One can now consider various closed extensions of this operator. The
two most important are the maximal closed extension, i.e., the 5—0perator in the sense
of distributions which we denote by 9., and the minimal closed extension, i.e., the
closure of the graph of 501” which we denote by ;. Let €79 (F) be the domain
of definition of 9,, which is a subsheaf of .74 (F), and .ZP-4(F) the domain of
definition of 5s which in turn is a subsheaf of €74 (F). We obtain complexes of fine
sheaves

@r O(F) @p: l(F) = P 2(F) €)]
and
FPO(F) s, FPUF) KN FP2(F) KN “)

We refer to [R4] for more details, but let us explain the 9-operator more precisely
for convenience of the reader. Let f be a germ in €79(F), i.e., an F-valued (p, ¢)-
form on an open set U in X (living on the regular part of U) which is L? on compact
subsets of U and such that the 9 in the sense of distributions, d,, f, is in the same
class of forms. Then f is in the domain of the ER -operator (and we set ER f= EM D)
if there exists a sequence of forms { f;}; C €79(U, F) with support away from the
singular set, supp f; N Sing X = @, such that

fi— f in 279U, F),
A fi — dwf in LPINU,F).

2 A Hermitian complex space (X, g) is areduced complex space X with a metric g on the regular part
such that the following holds: If x € X is an arbitrary point there exists a neighborhood U = U (x)
and a biholomorphic embedding of U into a domain G in CV and an ordinary smooth Hermitian
metric in G whose restriction to U is g|y .

3This is what we mean by square-integrable up to the singular set.
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This means that the d-operator comes with a certain Dirichlet boundary at the
singular set of X, which can also be interpreted as a growth condition. We have e.g.
the following:

Lemma 3.1 ([R4]) Bounded forms in the domain of 9., are in the domain of 9s.

If F is just the trivial line bundle, then #x := ker 3,, C €™ is the canonical sheaf
of Grauert—-Riemenschneider (see [GR]) and Ji/)g = ker 9, C .Z"9 is the sheaf of
holomorphic n-forms with Dirichlet boundary condition that was introduced in [R3].
We will see. below that Oy = ker 9, C .#%0 for the sheaf of weakly holomorphic
functions 0.

It is clear that (3) and (4) are exact in regular points of X. Exactness in singular
points is equivalent to the difficult problem of solving 3-equations locally in the L2-
sense at singularities, which is not possible in general (see e.g. [FOV, OV1, OV2,
R1, R2, R3]). However, it is known that (3) is exact for p = n (see [PS]), and that
(4) is exact for p = n if X has only isolated singularities (see [R3]). In these cases,
the complexes (3) and (4) are fine resolutions of the canonical sheaves #y and . %5,
respectively.

For an open set £2 C X, we denote by H,! .(£2, F) the cohomology of the com-
plex (3), and by vaggf,,, (82, F) the cohomology of (3) with compact support. Analo-
gously, let H)";4 (£2, F) and H{;} (52, F) be the cohomology groups of (4). These
L?-cohomology groups inherit the structure of topological vector spaces, which are

locally convex Hausdorff spaces if the corresponding d-operators have closed range.*

4 L2-Serre Duality

We can now formulate the L2-version of (1) for singular complex spaces:

Theorem 4.1 (Serre duality [R4]) Let X be a Hermitian complex space of pure
dimension n, F — X a Hermitian holomorphic line bundle, and let 0 < p,q < n.
IfH?! (2, F) and Hp’qH(.Q, F) are Hausdorff, then the mapping

w,loc w,loc

LPURF) x ;f{;”’"_q(.{z, F*Y—C, (n,0) / nA®,
Q*

induces a non-degenerate pairing of topological vector spaces

HPY (2, F)x H' P"" 9@, F*) > C

w,loc s,cpt

such that H!'_P""~9(§2, F*) is the topological dual of H”"! (2, F) and vice versa.

s,cpt w,loc

4 Note that different Hermitian metrics lead to 3-complexes which are equivalent on relatively
compact subsets. So, one can put any Hermitian metric on X in many of the results below.
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The same statement holds with the indices {s, w} in place of {w, s}. Then there is
a non-degenrate pairing

HPY (2, F) x H' " 2792, F*) — C.

s,loc w,cpt

If the topological vector spaces Hp 4 (@2, F), H?4T (2, F) are non-

w/s,loc w/s,loc
Hausdorff, then the statement of Theorem 4.1 holds at least for the separated coho-

mology groups H,, /s = ker Ay /s/Im Bw/v The two main difficulties in the proof
of Theorem 4.1 are as follows. First, the d-operators under consideration are just
closed densely defined operators in the Fréchet spaces .£7'4(§2, F) and the (LF )
spaces .i”cpt P4 (2, F*). Second, we have to show that the operators d,, and 9
are topologically dual, even at singularities. Note that H?: /s, IOC(Q, F) is Hausdorff
if and only if 8W/S has closed range in .Z7+9(2, F), and to decide whether this is
the case is usually as difficult as solving the corresponding 3-equation. Using local
L?-3-solution results for singular spaces, one can show at least:

Theorem 4.2 ([R4]) Let X be a Hermitian complex space of pure dimension n,
F — X a Hermitian holomorphic line bundle, and let 0 < p,q < n. Let 2 C X be
a holomorphically convex open subset. Then the topological vector spaces

(2,F), H"

w,

4(R0F) |, HYLUR2,FY) | HYTUR, FY)

w loc s,cpt s loc

are Hausdorff for all0 < g < n.

A main point in the proof of Theorem 4.2 is to show that the canonical Fréchet
sheaf structure of compact convergence on the coherent analytic canonical sheaf ¢y
coincides with the Fréchet sheaf structure of L2-convergence on compact subsets.
This allows then to show also the topological equivalence of Cech cohomology and
L2-cohomology. If X has only isolated singularities, then the Hausdorff property is
known also for some cohomology spaces of different degree (see [R4]).

As a direct application of Serre duality, Theorem 4.1, one can deduce:

Theorem 4.3 Let X be a Hermitian complex space of pure dimension n, F — X
a Hermitian holomorphic line bundle and 2 C X a cohomologically q-complete
open subset, ¢ > 1. Then

(2,F)=HY""(2,FY=0 foral r > q.

w lac s ,cpt

Note that §2 is cohomologically g-complete if it is g-complete by the Andreotti-
Grauert vanishing theorem [AG]. So, Theorem 4.3 allows to solve the gs-equation
with compact support for (0, n — ¢g)-forms on g-complete spaces, which is of par-
ticular interest for 1-complete spaces, i.e., Stein spaces.

SThe notation w/s refers either to the index w or the index s in the whole statement.
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5 Hartogs’ Extension Theorem

Let us mention some applications. As an interesting consequence of Theorem 4.3,
we obtain Hartogs’ extension theorem in its most general form. This version of the
Hartogs’ extension was first obtained by Merker-Porten [MP] and shortly thereafter
also by Coltoiu-Ruppenthal [CR]. Merker and Porten gave an involved geometrical
proof by using a finite number of parameterized families of holomorphic discs and
Morse-theoretical tools for the global topological control of monodromy, but no
d-theory. Shortly after that, Coltoiu and Ruppenthal were able to give a short 9-
theoretical proof by the Ehrenpreis-g—technique (cf. [CR]). This approach involves
Hironaka’s resolution of singularities which may be considered a very deep theorem.
In the present survey, we give a very short proof of the extension theorem by the
Ehrenpreis-d-technique without needing a resolution of singularities. We just use the

vanishing result Hg ’Clpt X)=0

Theorem 5.1 Let X be a connected normal complex space of dimension n > 2
which is cohomologically (n — 1)-complete. Furthermore, let D be a domain in X
and K C D a compact subset such that D \ K is connected. Then each holomorphic
function f € O(D \ K) has a unique holomorphic extension to the whole set D.

Proof Let f € O(D \ K). Choose a cut-off function x € CZ,(D) such that x
is identically 1 in a neighborhood of K. Then g := (1 — x) f is an extension of
£, but unfortunately not holomorphic. However, we can fix it by the d-strategy of
Ehrenpreis. By Lemma 3.1, g is in the domain of 8, and Hg ’Cll,, (X) = 0 by Theorem
4.3. So, there exists a solution  to the d,-equation with compact support 3,4 = d,g
and F := g — h is the desired extension of f to the whole of D. That can be seen by
use of the identity theorem and the fact that X cannot be compact (because Theorem
4.3 implies also that Hs(f’g,,(X) =0). O

6 Rational Singularities

Another, very interesting application of L>-Serre duality is the following character-
ization of rational singularities. Let m : M — X be a resolution of singularities and
§£2 CC X holomorphically convex. Give M any Hermitian metric. Then pullback of
L?-(n, g)-forms under 7 induces an isomorphism

e ] = n,q
T 'Hw,cpt('Q) Hw,cpt

(r~'(2)) = HY

(T ($2), ) (5)

for all 0 < g < n by use of Pardon—Stern [PS] and the Takegoshi vanishing theorem
[T] (see [R4] for more details). Now we can use the L2-Serre duality, Theorem 4.1,
and classical Serre duality on the smooth manifold 7~ (£§2) to deduce that push-
forward of forms under 7 induces another isomorphism
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— — = 0,n—
met H' (w1 (), o) — H ) 1 (2) (6)
for alll 0 < g < n(see[R4], Theorem 1.1). This shows that the obstructions to solving
the d-equation locally for (0, ¢)-forms can be expressed in terms of a resolution of
singularities. For the cohomology sheaves of the complex (Z%*, 3;), we see that

(%q (ﬁow’ﬁs)) = (RIm:0n),

X

in any point x € X for all ¢ > 0. It follows that the functions in the kernel of 9, are
precisely the weakly holomorphic functions, and for p = 0 the complex (4) is exact
in a point x € X exactly if x is a rational point:

Theorem 6.1 ([R4], Theorem 1.3) Let X be a Hermitian complex space. Then the
L2-3-complex

F] 9, 9, .
0— Ox — 700 2, 201 &, 202 &, £03 &, | (7)

is exact in a point x € X if and only if x is a rational point.
Hence, if X has only rational singularities, then (7) is a fine resolution of the
structure sheaf Ox.

Recall thata pointx € X isrational if itis a normal point and (Rq 7.0, M)x = Ofor
all ¢ > 1. If X has only rational singularities, then Theorem 6.1 yields immediately
further finiteness and vanishing results, e.g. if X is g-convex or g-complete.

Let us point out also the following interesting fact. Let X be a Gorenstein space
with canonical singularities. By exactness of (7) and exactness of (3) for p = n, the
non-degenerate L2-Serre duality pairing

HYE(2) x HI9(2) — C . (In), [w)) — /Q Ao,

is for 0 < g < n then an explicit realization of Grothendieck duality after Ramis-
Ruget [RR],

(H9(2,0%)" = Hy ' (2, 0x),
given the cohomology groups under consideration are Hausdorff. Here, wx denotes
the Grothendieck dualizing sheaf which coincides with the Grauert-Riemenschneider
canonical sheaf .#y as X has canonical Gorenstein singularities.

7 <f -sheaf duality

We conclude by mentioning another approach to analytic Serre duality on singular
complex spaces which is based on the so-called % ,-sheaves introduced by Anders-
son and Samuelsson in [AS]. These are certain sheaves of (0, g)-currents on singular
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complex spaces which are smooth on the regular part of the variety and such that the
d-complex

0= Ox = dlyo —o oy — o —> ... )

is a fine resolution of the structure sheaf. The .<7-sheaves are defined via Koppelman
integral formulas on singular complex spaces.

Analogously, in [RSW], we introduced a d-complex of fine sheaves of (1, ¢)-
currents (smooth on the regular part of the variety)

O—>wa—>,;z%n,0—a>gz{,,71—8>;z{n72—>... 9

where X is of pure dimension n and wx denotes the Grothendieck dualizing sheaf.
The complex (9) is exact only under some additional assumptions, e.g. if X is Cohen-
Macaulay. We call (<7, o, 3) a dualizing Dolbeault complex for @'y because we obtain
in [RSW] a non-degenerate topological pairing

HY (20,6(X), 9) x Hpp ! (,o(X),8) = C,  (Iglg, [¥]3) — /X<p Ay, (10)

providedthat HY (X, Ox) = H9 (o +(X), 3) and HIT1 (X, Ox) = HI™ (e o (X),
5) are Hausdorff topological spaces.
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Proper Holomorphic Maps Between
Bounded Symmetric Domains

Aeryeong Seo

Abstract Inthisarticle, we survey the background and recent development on proper
holomorphic maps between bounded symmetric domains.

Keywords Bounded symmetric domain - Proper holomorphic map

A bounded domain £2 is called symmetric if for each p € 2, there is a holo-
morphic automorphism 7, such that / ; is the identity map of §2 which has p as an
isolated fixed point. All bounded symmetric domains are homogeneous domains,
i.e. the automorphism group acts transitively on the domain. In 1920s, E. Cartan
classified all irreducible bounded symmetric domains which consist of 4 classical
types and 2 exceptional types [CA35]. The classical types are the following:

1. Typel: 2}, ={Z € M(@m,n,C):1,—ZZ* > 0}
where m > n = rank(£2/, )
2. Typell: 2! ={Z e M(m,m,C) : I, — ZZ* >0, Z' = —-Z}
rank(211) = [1m]
3. Type Il : 2111 =(Z e M(m,m,C) : I, — ZZ* > 0, Z' = Z}
rank (211 = m
4. Type IV : 21V = {z = (z1,...,z2) € C" ¢ |lz]> < 2, |[z> < 1+
143 2}, rank(2!V) = 2

Note that £2,, 1 is the m-dimensional unit ball and irreducible bounded symmetric
domain of rank 1 is the unit ball. Bounded symmetric domains have abundant sym-
metries, hence there are many structures to make these domains rigid. For domains
£21, 822, amap f : 21 — $2o is called proper if for every compact set K C £27,
f~Y(K) is compact. Equivalently, f is proper if and only if for every sequence
{a;} in £21 which converges to 0§21, { f(a;)} converges to 0§2,. This is the reason
why proper holomorphic maps are deeply related to boundary structures of bounded
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domains. There are several interesting results on proper holomorphic maps between
strongly pseudoconvex domains or general weakly pseudoconvex domains. In this
article, we will only focus on proper holomorphic maps between bounded symmetric
domains of classical type.

1 Proper Holomorphic Maps Between the Unit Balls

The simplest case of classifying proper holomorphic maps is those between discs.
Denote the unit disc by A = {z € C : |z] < 1} and the n-dimensional unit ball by
B"={zeC":|z] < 1}.

Theorem 1.1 Ler f : A — A be a proper holomorphic map between unit discs.
Then there are finitely many points {a;} in the unit disc, positive integers {m ;} and
0 such that

f@ =€ (%) ' (1.1)
_ j

The form of (1.1) is called Blaschke product. In higher dimensional ball, proper
holomorphic maps are more rigid as H. Alexander proved the following theorem.

Theorem 1.2 (Alexander (1974) [AL74]) Every proper holomorphic self-maps of
the unit ball B" where n > 2 are holomorphic automorphisms.

We say that proper holomorphic maps fi, f> : §£21 — £2; are equivalent if and
only if f| = g» o f> o g1 for some g; € Aut(£2;). Hence every proper holomorphic
self-maps of the unit ball are equivalent to the identity map. A first result on rigidity of
proper holomorphic maps between balls with different dimensions is due to Webster
([W79]). He proved that every proper holomorphic maps from B” to B**! forn > 3,
which extends C? up to the boundary, are equivalent to

(1, oo onzn) = (2150005 20, 0).

For n = 2, Alexander suggested a proper map (z, w) — (22, v/2zw, w?) and Faran
classified sufficiently big subset of proper holomorphic maps as following:

Theorem 1.3 (Faran (1982) [F82]) Let f : B> — B3 be a proper holomorphic map
that is C3 up to the boundary. Then f is equivalent to one of the following:

@ w) > (W, V3zw) (@ w) > (2. 2w, wh)
(@ w) > (2%, V22w, w?) (zw) = (z,w,0) .
If the difference of the dimension gets bigger, there are infinitely many inequiva-

lent proper holomorphic maps between the unit balls. For example, proper holomor-
phic maps Q; : B* — B?" with t € [0, 1] defined by
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QZ(Z) = (le v Zn—1,12n, (] - tz) 213n, (1 - tz) 23y oo v s (1 - tz) Z%)

are inequivalent for every ¢ € [0, 1]. For the projection g : C** — C?*~! given
by (Z1s.--»200) F> (Z1s++vsZn—1>Znt1s--->220) and wy : C** — C" given by
Z1y.-szm) > (21y---y2Zn), Moo Qo : B — B2 is the Whitney map and
mp o Qg : B" — B” is the identity map. The Whitney map and the identity map are
homotopic to each other by Q;. On the other hand, if one considers only monomial
proper holomorphic maps, there are 12 number of maps.

Theorem 1.4 ( D’Angelo (1988) [DAS88]) Ler f : B2 — B* be a monomial proper
holomorphic map. Then f is equivalent to one of the following:

(z,w,0,0), (z2, zw, w, 0), (2%, V2zw, w2, 0), (z3, V3zw, w3, 0),
(23, 322w, V3zw?, W), (23, 22w, 2w, w), (22, 22w, Zw?, W),
(2%, V222w, V2zw?, w2, (23, V322w, V22w, wh), (2, 22w, V22w, wd),
(2%, 22w, V3zw, wd), (24, V322w, 2w, w), (22, V53w, V5zw?, wd),
(z, cos()w, sin(@)zw, sin(@)w?), (z2, v/ (1 4 cos2(9))zw, cos(O)w?, sin(8)w).

There are many other result finding difference of the dimension to make proper
holomorphic maps rigid. For more detail, see [F86, Fo89, Ds09, D07, L12, HUO1,
Ds88, HA05, HJ06, Hu04] and the references therein.

2 Rigidity of Proper Holomorphic Maps Between Bounded
Symmetric Domains

The first work on the rigidity of proper holomorphic maps between bounded sym-
metric domains of rank greater than or equal to two are given by G. M. Khenkin and
R. Novikov in 1982. They proved that every proper holomorphic self-maps of irre-
ducible bounded symmetric domains of rank > 2 are holomorphic automorphisms.
In case of proper holomorphic maps between two different bounded symmetric
domains, the difference of rank is more crucial than that of dimension because of
fine structures of bounded symmetric domains. Especially, orbits of domain’s auto-
morphism group at a given point in its compact dual and boundary arc components
are explicitly described in [W72].

Definition 2.1 ([W72]) Let V is acomplex analytic space and S C V is a subset. We
callaholomorphicmap f : A — V with f(A) C Saholomorphicarcin S. Wecalla
finite sequence { f1, ..., fx} of holomorphic arcs in S such that f;(A) () fj+1(A) #
W for1 < j <k — 1 chain of holomorphic arcs in S. Then for v, vy € S, v| ~ vy if
and only if there is a chain {f1, ..., fx} such that vi € f1(A) and v, € fi(A). We
call the equivalence classes of ~ the holomorphic arc components of Sin V.

Using the property that proper holomorphic maps between bounded symmetric
domains which can be extended over the boundary should preserve these bound-
ary components, N. Mok and I. H. Tsai proved that every proper holomorphic maps
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between bounded symmetric domain should preserve the maximal characteristic sub-
spaces (See [M092].) which are totally geodesic subspaces in its ambient bounded
symmetric domain. With these fine structures, I. H. Tsai proved that proper holo-
morphic maps between bounded symmetric domains are very rigid in some special
case.

Theorem 2.1 (Tsai (1993) [T93]) Let (£21, g1) and (§22, g2) be bounded symmetric
domains. Suppose that $21 is irreducible and rank($21) > rank(§22) > 2. Then
rank($21) = rank(§2,) and any proper holomorphic map f : £21 — $2 is a totally
geodesic isometric embedding up to normalizing constants.

Based on I. H. Tsai’s result and structures given by Wolf et al. in [W72, M092], it is
proved that for equidimensional bounded symmetric domains £21, £2o where £2] is
irreducible and rank is greater than 1, then every proper holomorphic maps should
be biholomorphism [Tu02]. For the specific case, when f is a proper holomorphic
map from 2 117 o1 to 2 [I, p» J should be a totally geodesic isometric embedding with
respect to their Bergman metrics [Tu03]. Furthermore, for proper holomorphic maps
from 2/ to er,‘s, where s > 2 and s > r’ > r,if ¥’ < 2r — 1, then the map is

equivalent to Z +— (g 8) ([Ngl3]).

Bounded symmetric domains can be canonically embedded into some compact
manifold, so called, the compact dual by the Borel embedding. The compact dual of
.Q,I , is the Grassmannian of s-dimensional plane in C"** and the Borel embedding
is given by

Z— Vi A AV

where [v| A -+ A v,] is the r-dimensional plane in C"™ generated by row vec-
tors (vi,...,v,) of (Ir, Z). In [M092, T93], authors considered the subspaces of
bounded symmetric domains which are called the invariantly geodesic subspaces
which are totally geodesic under the action of automorphism group of its compact
dual.

Definition 2.2 For W € 2, ¢ with v’ < r and s’ < s, consider the image of the

embedding
00
W — (0 W) € 25

which is an invariantly geodesic subspace in .Q,I - The totally geodesic subspaces

which are equivalent under the action of Aut(.Qr{ s) = SU(r, s) to this subspace are
called (', s")-subspaces of §2,.

Let D, ; be a generalized ball in P"+5=1 which is defined by

-1, 2 2 2 2
Dr,s={[Zla~~-azr+s]epr+s ST+ 4z >|Zr+l| +"'+|Zr+s| }.
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Bounded symmetric domains of type I are more intensively studied by S. C. Ng
using maximal invariantly geodesic subspaces. For X € M (r,r + s, C) of rank r,
denote [X] a r-plane in C"™ which is generated by the row vectors of X. For 2
and D, s, consider the two surjective maps

¢ P x 2. > 2,5, (X1,2) > Z 2.1
VP % 2. — Dy, (X1, 2) — [X, XZ]. (2.2)

For Z € £2,4, denote Z* = y(¢~'(Z)) C D,,. Similarly for X € D,, denote
X =W (X)) C 2. 7Z* and X* are called fibral images of Z and X respec-
tively. Then for Z € §2,5 and X = [A, B] € D,; where A € M(1,r,C) and
BeM(,s,OC),

Z¥ ={[A,AZ] e D, : [A] e Py = P! (2.3)
X* ={Z e ,5:AZ=B}= (r — 1, s)-subspace (2.4)

This implies that the maximal subspaces, (r — 1, s)-subspaces are parametrized by
the generalized ball D, in P" 1,

Theorem 2.2 (Ng(2013) [Ngl3) Letr > v’ > 2and f : 2,y — $2,.¢ be a proper
holomorphic map. Suppose that fmaps (r —1, s)-subspaces into (r' —1, s')-subspaces
and f(£2y.5) is not contained in a single (r' — 1, s')-subspace. Thenr =r1',s < s’
and f is equivalent to Z +— (Z|0).

The condition mapping (r — 1, s)-subspaces to (+' — 1, s”)-subspaces may be
considered strange. However since every proper holomorphic maps should send
(r — 1,5 — 1)-subspaces to (r' — 1, s’ — 1)-subspaces, this condition is a little bit
stronger, but reasonable.

3 Other Proper Holomorphic Maps Between Bounded
Symmetric Domains of Type I

Now we can ask that what kind of proper holomorphic maps are there between
bounded symmetric domains non-equivalent to

Z 0
Z (0 h(Z))

for some holomorphic function /4 : .er ¢ — Csatistying Iy, s, —h(Z)h(Z)* > 0
forall Z € .er 7 If the difference of the rank gets bigger, there exists many other
proper holomorphic maps.

Using the relations between proper holomorphic maps from er s o2 rI,’S, and
proper rational maps from D, to D,/ ¢ which parametrize (r — 1, s)-subspaces
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of .Q,{S and (r' — 1, s”)-subspaces of .er,’s, [Ng13] and [SE], one can find proper
holomorphic maps between .er s
(r' — 1, s")-subspaces explicitly. Since finding proper holomorphic maps between
bounded symmetric domains of type I is relatively harder than finding proper rational

maps between generalized balls, it gives an effective way.

and .er,’s, which maps (r — 1, s)-subspaces to

Example 3.1 (Generalized Whitney map) In [SE], there is a proper holomorphic
map f : 92”2 — .(23’73 given by

2

% 2122 2

71 22 1cle2 <2

f = | 2123 2223 4
73 24

23 z4 0

This map can be generalized to proper holomorphic map from .Qr’ s to _(221r_1 2g_1 S

2
27 211212 -+ - 211215 212 - -+ Zls
711321 221312 - .- 22131s 222 - .- 22s

f o = | 21121 Zr1212 -+ Zr121s Zr2 -« - Zrs
2l -+ Zrs 221 7222 ... z2s 0 ... 0

Zrl Zr2 ..+« Zrs O . 0

Under the condition of Theorem 2.1, every proper holomorphic maps can be extended
to its compact dual as a meromorphic maps. But this is no longer true if the rank
of the target domain is bigger than that of the source domain as we can see via the
generalized Whitney maps.

Example 3.2 (Homogeneous map) In [SE], there is a proper holomorphic map
given by

21z 2 V22122 2
122
f = | V22123 2124 + 2223 V22224
324 2 2
23 V22324 7y

which is first found by S.C. Ng. This homogeneous map can be also generalized to

. . . . . I [
higher dimensional domain, i.e. from £2; | to Q%r(r+l),%s(s+l)'
Definition 3.1 Let f, g : £2,; — £2,7 ¢ be holomorphic maps. Then we call f and
g are isotropically equivalent if there are U € Isoty(§2,) and V € Isoto(£2, o)
suchthat f =V ogoU.

In [Ds88], D’ Angelo proved that for f, g : B” — B is equivalent if and only if f
and g are isotropically equivalent. Extending this result to the bounded symmetric
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domains, in [SE], the author proved that f, g : £2,; — £2,7 ¢ is equivalent if and
only if f, g are isotropically equivalent. Using this property, one can find infinitely
many inequivalent proper holomorphic maps between §2; 2 to §24 4.

Example 3.3 Let f; : §222 — $24.4 with t € [0, 1] be maps defined by

2 1.2 2 1
4 L AR o
21 22 0 2 Q2+0Dmz 0
Ji = 2 1 . (3.1)
23 24 0 3372224 2124 + 2223 57724
140z 0 0 0

f: are inequivalent proper holomorphic maps for all ¢ € [0, 1].
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Some Dynamical Systems of Extremal
Measures

Hajime Tsuji

Abstract We consider the dynamical system of extremal measures on a compact
Kihler manifold. And we show that the dynamical system converges to the canonical
measure, if we assume the abundance of the canonical bundle.

Keywords Kihler-Einstein metrics + Bergman kernels - Extremal measures

1 Introduction

In complex geometry, there has been introduced several intrinsic (pseudo)volume
forms on complex manifolds such as Bergman volume forms, Kihler-Einstein vol-
ume forms, Carathéodory volume forms and Kobayashi volume forms (cf. [B, C, Y,
C-Y, KJ). It is interesting to study the relation between these volume forms.

In this survey article, I would like to review my recent works about the construc-
tion of Kihler-Einstein volume forms in terms of the dynamical systems of twisted
Bergman volume forms (cf. Sect. 1.3) and twisted estremal measures (cf. Sect.2).
These new constructions of Kihler-Einstein volume forms or more generally canon-
ical measures will be used to study the pluricanonical systems of compact Kéhler
manifolds in [T9].

Let us briefly review several invariant volume forms which are used in this article.

1.1 Bergman Volume Forms

The Bergman volume forms is the most basic invariant volume form in complex
geometry.

H. Tsuji (B)
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Let £2 be a bounded pseudoconvex domain in C" and let K ;; denote the canonical
bundle of £2. Then the space of L?-canonical forms on £2:

AX2,Ko) = [o eI, ﬁQ(KQ)N/ lof? < +oo] (o = (/=D"0 )
9}
is a Hilbert space with respect to the inner product:

(0,7) = (J—_1)"2/ o AT
2

We set
K(2)(x) = sup{lo|*(x)|o € A*(2,Kg). |l o |= 1}(x € £2), (1.1)
where || o || denotes the L%-norm of o. We call K (§2) the Bergman volume form

on £2. This definition is a little bit different from the usual one. But this definition
coincides with the usual definition:

K(2) = loil,
i
where {o;} is a complete orthonomal basis of A%($2, Ko) (The definition is inde-
pendent of the choice of the complete orthonormal basis {o;}). Then
wp = —Ric K(£2)

is the pull back of the Fubini-Study Kéhler form by the embedding

b2 — P®
defined by
D(x) =[o1(x):00(x) -+ 1op(x) -]
Hence wpg is C* and
wp >0

holds, i.e., wp is a C°°-Kihler form on £2.

The Bergman kernel can be generalized to the case of compact complex manifolds
as follows. Let X be a compact complex manifold of dimension n and let (L, k)
be a singular hermitian line bundle on X. Let {0} be a complete orhonormal basis
of HO(X, Ox(Kx + L) ® . (hy)) with respect to the L>-inner product:

(0,7) = (ﬁ)nz/ o AT-hL.
X
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And we set
K(X.Kx + L. he) =D lojI. (1.2)
J

Then K (X, Kx+ L, hy) is a semipositive |L|? = L ® L-valued semipositive (n, n)-
form on X such that K (X, Kx + L, hL)’1 is a singular hermitian metricon Ky + L
with semipositive curvature current, unless it is not identically 4-oco.

As above, in the case of a compact complex manifold, the Bergman kernel is
defined in terms of line bundle on X,

1.2 Kdhler-Einstein Volume Forms

On the other hand, there exists another invariant volume form on a bounded pseudo-
convex domain in C”.

Theorem 1.1 ([C-Y, M-Y]) Let §2 be a bounded pseudoconvex domain in C". Then
there exists a unique complete Kdihler form wg on §2 such that

—Ric(wg) = wg

holds.

By the definition, we see that the Kdhler-Einstein volume form:
dVg = lcu”
E=n"E

satisfies
—RiC(dVE) = WEg > 0.

In the compact case, we have the following theorem,

Theorem 1.2 ([A, Y]) Let X be a smooth projective variety with ample Kx. Then
there eixsts a unique C°°-Kdihler form wg such that —Ric(wg) = wg holds on X.

1.3 Dynamical System of Bergman Kernels

In [T3], I have discovered the relation between a dynamical system of Bergman
volumes forms and the Kihler-Einstein volume form on a smooth projective variety
with ample canonical bundle.

The relation is described as follows. Let X be a smooth projective variety with
ample canonical bundle. Let A be a sufficiently ample line bundle on X and let / 4
be a C°°-hermitian metric on A. We set
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K1 :=K(X,Kx + A, hy)

and
h; = Kl_l.

We note that mK x + A is globally generated for every positive integer m. Then 7
is a C*°-hermitian metric on Ky + A. For every m = 2, we define inductively

Ky =KX, mKx+ A, hyu_1)

and
b =K, L.

Then we have the following theorem.

Theorem 1.3 ([T3, S-W])

3=

lim ((m!)inhA . Km) ! Ve

m— 00 - 2m)"

holds in the uniform topology.

1.4 Supercanonical Volume Form

In [T5], I have introduced the canonical volume form on a smooth projective variety
with pseudoeffective canonical bundle.

Let X be a smooth projective n-fold such that the canonical bundle K x is pseu-
doeffective. Let A be a sufficiently ample line bundle such that for every pseudo-
effective singular hermitian line bundle (L, ) on X, Ox(A + L) ® .#(hr) and
Ox(Kx +A+L)® .#(hy) are globally generated. The existence of such an ample
line bundle A follows from Nadel’s vanishing theorem ([N, p. 561]).

For every x € X we set

Kb x) = sup | o) |7

o e I'(X,OxmKyx + A)), || o || 1= 1}, (1.3)

where

m
2

(1.4)

1
V h7 (o AG)
X

ol
m
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2. . . .
Here | o | is not a function on X, but the supremum is takan as a section of the real

. 2 . . L. .

line bundle | A |= ® | Kx |? in the obvious manner.! Then & 4K ,/2 is a continuous
semipositive (n, n)-form on X. Under the above notations, we have the following
theorem.

Theorem 1.4 ([T5]) We set

1
1 m . pA
:=limsuph)y - K,
m— 00

IeA

e¢]

and ) A
Rean. = the lower envelope of (K2A)~!.

Then fzc,m’A is an AZD(cf. Definition 1.1) of K x. And we define

hean := the lower envelope of igf hean,As

where inf denotes the pointwise infimum and A runs all the ample line bundles on X.
Then hcqy is a well defined AZD(cf. Definition 1.1) on K x with minimal singularities
depending only on X.

Remark 1.1 As one sees later, fzcan’ A= I;m,, holds for every sufficiently ample A.

Definition 1.1 Let M be a compact complex manifold and let L be a line bundle on
X. A singular hermitian metric %y, is said to be an AZD of L if the followings are
satisfied:

(1) /=16 (hz) = 0holds on M,
(2) HM, Oy (mL) ® S (W) ~ H*(M, Op(mL)) holds for every m = 0.

Definition 1.2 Let X be a smooth projective variety with pseudoeffective canonical
bundle. Let /.4, be as in Theorem 1.4. We set

~ |
d.ucan = hcan

and call it the supercanonical measure.

1.5 Extremal Measures

Now we shall introduce an intrisic volume form on a bounded pseudoconvex domain.
Let £2 be a bounded pseudoconvex domain in C". We shall introduce a new
invariant volume form on £2:

IWe have abused the notations | A|, | Kx | here. These notations are similar to the notations of
corresponding linear systems. But we shall use the notation if without fear of confusion.
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A (2)exs (x) 1= (sup [dV(x)| — RicdV = 0,/ dv = 1]) (x € 2),
2

where dV runs all the upper-semicontinuous semipostiive (7, n)-forms such that
dV~!is a singular hermitian metric on K and —RicdV = /=199 logdV = 0
in the sense of current and ( )* denotes the uppersemicontinuous envelope. We call
A (82)exs the extremal measure of §2. Then we see that

—Ricdi($2)exr 2 0

holds in the sense of current.
This definition can be generalized to the case of compact complex manifold with
pseudoeftective canonical bundles.

1.6 Relation Between Extremal Measures
and Supercanonical Measures

In the case of a smooth projective variety, the extermal measure conicides with the
supercanonical measure.

Theorem 1.5 ([T8]) Let X be a smoorh projective variety with pseudoeffective
canonical bundle. Then di(X)can = diu(X)exs holds.

By the logarithmic plurisubharmonic variation property of supercanonical mea-
sures ([T5]), we have the following corollary.

Corollary 1.1 ([T5]) Let f : X — S be a surjective projective morphism with
connected fibers such that X and S are smooth. Suppose that Kx s is relatively
pseudoeffective. Let S° be the smoorh locus of f. We define the relative extremal
measure diLx;s on F=H(S°) by

d,uX/S|XS =dpu(Xs)exs, s € S°.

Then we have

(D d,u}}s extends to a singular hermitian metric hx ;s ox; of Kx ;s on the whole X.
(2) /=160 (hx/s) 2 0 holds on X.

2 Dynamical Systems of Extremal Measures

In this section, we shall consider a dynamical system of extremal measures and prove
that its normalized limit exists and is the Kéhler-Einstein volume form. This result
is similar to the dynamical construction of the Kihler-Einstein volume form in [T3].
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2.1 Dynamical System of Extremal Measure

Let X be a smooth projective variety with ample canonical bundle. Let A be a
sufficiently ample line bundle on X such that for every pseudoeffective singular
hermitian line bundle (F, hp) on X, Ox(A + F) ® .Z (hF) is globally generated on
X. Such a A exists by Nadel’s vanishing theroem ([N, p. 561]). Let us fix a C*°-
hermitian metric 74 on A. Let du(A, ha).y; be the extremal measure associated
with (A, hy), ie.,

du(A, hp)(x) :=

(sup[dV(x)|—Rich+J—_1@(hA) go,/ dV:l]) (x € X),
2

where ( )* denotes the uppersemicontinuous envelope. And we set
hy o= du(A ha) ™ ® ha,
And for m = 2, inductively we define
hn = dp((m = DKx + A, )™ © b1,
where
du(m —1DKx + A, hy—1)(x) :=

(sup[dV(x)|—Rich+«/—_1(~)(hm1)20,/ dV:l]) (x € X).
2

Then by definition, A,, is a singular hermitian metric on m K xy + A with semipositive
curvature current. We set

dvy, = hy,' =dp(m = DKx + A, hp-) @b
Then hy4 - dv, is a m-ple volume form on X.

By the assumption that K x is ample, there exists a C°°-Kéhler form wg such that
—Ric(wg) = wg holds on X. Let n denote the dimension of X and we set

1 n
dVE = EQ)E.

Then we have the following theorem.
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Theorem 2.1 ([T8])

1
2m)"

1
lim A% - ()™ - dvy)m = dV
m—0o0

holds in the uniform topology on X.

2.2 Proof of Theorem 2.1

Now we shall explain the proof of Theorem 2.1 according to [T8].
As in Sect. 2.1, we set

K1 :=K(X,Kx+ A, hy)
and for m = 2, inductively we define
Kni=KX,Kx +A K ')
By induction on m and the definition of A, we see that K, ! is a C*°-hermitian metric

on mKy + A for every m.
Now we shall compare dv,, and K.

Lemma 2.1 dv,, = K,, holds on X for everym = 1.

Proof By the construction we have that
dun () = suplh ™ (VIO 20, [ W =1, @)
X

holds, where 4 runs lower semicontinuous singular hermitian metrics on mKy + A.
On the other hand by the extremal property of the Bergman kernel, we have that

K (x) = sup{lo(x)|*lo € I'(X, Ox(mKx + A)),/ o> K, ' =11 (22)
X

holds. Comparing (2.1) and (2.2), noting hg = K(;l = h g, the inequality dv; = K
holds on X. This means that iy < K ! Hence again by (2.1) and (2.2), we have
that

dvy 2 K(X,2Kx + A, h) 2 K(X,2Kx + A K[ = K>
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holds. Hence dv; = K3 holds on X. Continuing this process, we have the desired
inequality dv,, = K,, for every m. O

By Theorem 1.3 and Lemma 2.1, we have the following lower estimate:

Lemma 2.2

= 1
liminf 2% - ((m)™" .dvm)ﬁ > dVg
m—00

~ Qo
holds.

Next we shall estimate dv,, from above.
Let xo € X be an arbitrary point. Then by the Kéhler-Einstein condition, there

exists a holomorphic normal coordinate (U, (z1, ..., z,)) with center xq such that
D g; =14,
(2
n 1 -1
det(g;p) =[] (1 - 5|Zj|2) +odl z I, (2.3)
j=1

(3) U is biholomorphic to B(O, r) for some r > 0.

We shall identify U with B(O, r) and later we let » tend to 0.
For m = 1, there exists a positive constant C; such that

dvi £Cy-hy'-dVg
holds on X. Suppose that for some m = 1, such that
dvmy < Cy - by - @VE)"
holds on X. We note that
v (x0) < dv(U, C,' - ha - (dVE)™™)(x0)
holds, where

dv(U, Cp' - hp-dV;™)(x) = suplh(x)~'|V/=16(h) 2 0, C;,'! / Wl g -dve™ =1).
JX

Here & runs lowersemicontinuous singular hermitian metricson mKx + A on U.
On the other hand, by Demailly’s approximation theorem ([D]), we have that

1
' = tim b KU, ek + Ay, b
£—00
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holds. This implies that

dvpy1(xg) =

lim sup sup{|o | /(xo)lo € I'(U, Ox (EmKx + A))),/ ot ha-dVy" =1)
{L—00 U

2.4)
holds.
Letey be alocal holomorphic frameof AonU.Letoy € I'(U, Ox (U(mK x+A)))
be a section such that
|00 (x0)|* =
2 2
sup(lo|? (xo)lo € F(U, Ox (e(om + DK + A)),/ o1} gV = 1),
U
We define f € Ox(U) by
o0 =[5 ' ®Q1dzy A Adz)®" 2.5)
Then
Cy' / IF17 - hatea,ea) -dVy™ - @7 ldzy Ao AdzyHFD < 1
U
holds. Hence we have

2
/U 1T @V - Q7 dzy A Adzn )™ 1dzy A+ - Adza)? < (igth<eA,eA>>—1 -Cp.

By the Taylor expansion (2.3), there exist a function (r) of r > 0 such that
. 1
dvg' @ Mdzn A ndzP) 2 ] (1 -0+ s(r)>|zj|2) (2.6)
j=1

and
1.]“8 r) = O. 2.;

We set
2
Ky (xo) :=sup{|F|t(xg) | F e Ox(U),

/U FIT ([T (1= 271+ 0Dl 2)" 27"z A ndel? = 1)
j=1
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We note that

1 1 m _ 2 1 m+1
vy (1——|t|2) di ndi = 2 1—(1——,02)
2 A(0,p) 2 m—l—l 2

holds, where A(0, p) denotes the unit open disk in C with center 0 and radius p. By
the symmetry. we have that

2 n
Ke(o) < (1 +e(r)" (m—fl)

holds. By (2.5) and (2.6),
| f (x0) > < Ke(xo)

and by (2.4) and (2.5), there exists a positive constant ¢ < 1 and and a positive
function &(r) of r such that

dvpi1(x0) < Cpy - (mz—j;l) (L+er)" (1 =™y avirt(x) - hy (xo)

holds. This implies that

1
lim sup 2% - ((m!) " dvy) 7 (x0) <

im su < Gy (160" AV o)

holds. Letting r | 0, by (2.7), we have that

1

lim sup A - ((m) ™" vy (x0) < Gy VECD)
holds. Since xg is arbitrary we have the following lemma.
Lemma 2.3 N 1
Iimm_f;p hYy - ((mY)™"dvy)m < ) dVg
holds on X.
By Lemmas 2.2 and 2.3, we conclude that
lim hﬁ () vy = ——avp

m— 00 2m)"

holds. By the proof, the convergence is uniform on X. This completes the proof of
Theorem 2.1.
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3 Dynamical System of Extremal Measures on Compact
Kihler manifolds

In this section we shall consider the dynamical systems of extremal measures on a
compact Kéhler manifold. In this case the main difference is that we start from a
Kihler which is not a Chern form of an ample line bundle.

The motivation to investigate the dynamical systems of extremal measure on
compact Kdhler manifolds is to prove the deformation invariance plurigenra for
compact Kéhler manifolds ([T9]).

3.1 Abundance of Canonical Line Bundle

Let X be a compact complex manifold. The Kodaira dimension « (X) of X is defined
by

, logdim HO(X, Ox(mKx))
Kk (X) := lim sup .
m-—0Q0 logm

It is known that if k(X) = 0, then for every m >> 1, the complete linear system
|m!K x| defines a rational fibration (unique up to birational equivalence)

fiX— Y

with dim ¥ = «(X). This fibration is called an litaka fibration.

Definition 3.1 Let X be a compact complex manifold with «(X) = 0 and let f :
X — Y be an litaka fibration(We may and do assume that f is a morphism and Y is
smooth by taking a suitable modification).

K x is said to be abundant, if there exists a Q-line bundle L on Y and a singular
hermitian metric /7, on L such that

(1) There exists an effective (Q-divisor E on X such that
Kx = f"L+E,

(2) Let o be a multivalued holomorphic section of E with divisor E. Then
(f*h) - —=
log|?

is an AZD(Definition 1.1) of K.

Remark 3.1 This definition is birationally invariant. Hence the abundance of Ky is
defined for every compact complex manifold X. Also this definition can be general-
ized for any line bundle F on a compact complex manifold with « (F) = 0.
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3.2 Twisted Kdihler-Einstein Currents and Canonical
Measures

First we shall review the twisted Kéhler-Einstein current on the canonical model of
a smooth projective variety with nonnegative Kodaira dimension.

Let X be a smooth projective variety with k(X) = 0. Let f : X — - — Y be the
Iitaka fibration of X. The following argument is birationally invariant. We may and
do assume that f is a morphism and Y is smooth. Let Ly,y be the Hodge Q-line
bundle on Y defined by

1
Ly)y == %(f*ﬁx(m!KX/Y))** € Div(Y) ® Q,

where m is a sufficiently large positive integer. We define a singular hermitian metric

onLX/yby
m!
ny (o,a):/ o) . 3.1)
o X/Y

hry,y is said to be the Hodge metric on Lx/y. We may take f : X — Y so that
some positive multiple of the Hodge Q-line bundle Lx/y is locally free.

Theorem 3.1 (cf. [T7, Theorem 1.5] and [S-T, Theorem B.2]) In the above nota-
tions, there exists a unique singular hermitian metric on hx on Ky + Lx,y such
that

(1) hg isan AZD of Ky + Lx,y,

(2) f*hg isan AZD of Kx + D,

(3) hg is C* on a nonempty Zariski open subset U of Y,
4) wy = =1 Oy is a Kdhler form on U,

(5) wy satisfies the twisted Kdhler-Einstein equation:

_Rich + A/ _1 @hLX/Y = wy

holds on U, where hyy,, denotes the Hodge metric defined as (3.1).

The above equation:
— Ric,,, ++/—1 @hLX/Y = wy (3.2)

is similar to the Kihler-Einstein equation:
—Ricy, = wy.

The correction term «/—1 @, Ly/y reflects the isomorphism :

R(X,Kx)® = R(Y, Ky + Lx/y)@
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for some positive integer a, where for a graded ring R := ®7°R; and a positive
integer b, we set
R® .— @?i()Rhi'

We note that even if X is a compact Kédhler manifold the litaka fibration f : X — Y,
the Hodge Q-line bundle L,y and the Hodge metric /11y, is well defined and the

curvature /=16 (hLy ) is semipositive. Since the equation (3.2) is defined on the
projective variety Y even in this case, Theorem 3.1 is valid, even if X is a compact
Kihler manifold with nonnegative Kodaira dimension.

Now we shall define the twisted Kédhler-Einstein current and the canonical mea-
sure.

Definition 3.2 ([S-T, T6, T7]) The current wy on Y constructed in Theorem 3.1 is
said to be the twisted Kdhler-Einstein current of the litaka fibration f : X — Y.

Also wy p := f*wy is said to be the canonica of X. We define the measure d tcqn
of X by

1 _
dibcan == ;f* (wgl’ 'hL)lg/y)

and is said to be the canonical measure of X, where n denotes dim Y. Here we note
that wY is a singular volume form on Y and f *h}}y is considered to be a relative

singular volume formon f : X — Y (cf.(3.1)), hence f* (a)’;, . hz;/y) is considered
to be a singular volume form on X.

Remark 3.2 In Theorem 3.1, the metric 4 g depends only on the canonical ring of X.
Hence adding effective exceptional Q-divisors does not affect 4 g and wy essentially.

We note that the canonical measure d 4.4, depends only on the canonical ring of
X, hence it is birationally invariant.

3.3 Dynamical Systems of Extremal Measures on a Compact
Kdihler Manifold

Let X be a compact Kihler n-manifold with pseudoeffective canonical bundle. Let
wp be a C*°-Kihler form on X. We set

duy = du(X, wo) :=sup{dV| —RicdV + wy = 0,/ dv = 1}%,
X

where dV runs semipositive (1, n)-forms such that V! is a singular hermitian
metric on Ky and { }* denotes the uppersemicontinuous envelope. And we set

T1 ;== —Ricdu + wy.
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For m = 2, we define
ditm = dje(X, Ty_1) := sup{d V| — RicdV + Tp_1 = o,/ av = 1y,
X

and
Ty := —Ricdu, + Tip—1.

By the construction we see that the de Rham cohomology class [7},,] of T}, satisfies
[Tin] = 2mmc1(Kx) + [wol-
We shall consider the normalized limit of {7}, }7,_,.

Theorem 3.2 ([T9]) Suppose that Kx is abundant. Then

1
lim —7,, = —Ric d/chan

m—00 m
holds, where dicqn denotes the canonical measure (cf. Definition 3.2) on X.

Remark 3.3 The abundance of Ky is necessary because lim,;,— m~'T,, isacurrent
with minimal singularity (the curvature of an AZD of Kx) and d M;zln is an AZD of
Ky, if and only if Kx is abundant.
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On Representative Domains and Cartan’s
Theorem

Atsushi Yamamori

Abstract This is a short survey article on Cartan’s theorem about automorphisms
fixing the origin for certain class of quasi-circular domains and non-hyperbolic cir-
cular domains. Some open problems are also given.

Keywords Automorphism + Quasi-circular domain - Non-hyperbolic circular
domain - Bergman mapping - Representative domain

1 Introduction

Throughout this article, we always assume that D is a domain in C" which contains
the origin. The focus of interest of the present article is on a certain class of domains
which are so-called representative domains (Definition 2.1). For instance, this class
of domains includes as a special case the bounded circular domains (e.g. the unit
ball, the polydisk, the Thullen domain). The purpose of this article is to survey how
this class of domains is useful to derive the linearity of automorphisms fixing the
origin.
Let us recall the following classical result due to Cartan.

Theorem 1.1 (Cartan’s Uniqueness Theorem) Let D be a bounded (or hyperbolic)
domain and f : D — D a holomorphic mapping such that

e f(P)=p
e the Jacobian matrix of f at p is the identity matrix,

for some p € D. Then f must be the identity mapping.

As a consequence of this theorem, one can prove the linearity of origin-preserving
automorphisms of the bounded circular domains (for the proof see Proposition 11.1.2
in [Kran]).
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Itis also known by Kaup [Kaup] that every origin-preserving automorphism of the
quasi-circular domains (Definition 3.1) is a polynomial mapping. The two theorems
due to Cartan and Kaup are apparently analogous and thus the problem below arises
naturally:

Problem 1 When does Cartan’s theorem remain true for quasi-circular domains?
For the circular case, the Jacobian matrix of the rotation mapping pg : z — ¢!z isa
scalar matrix. This fact is substantial when one applies Cartan’s Uniqueness Theorem
to prove the linearity. On the other hand, for the quasi-circular cases, the same
argument does not work. In fact, the Jacobian matrix of the mapping (z1, ..., 2,) —>
(™7, ..., €M%z is not a scalar matrix unless m; = - - - = m,,. This situation
indicates that an essentially different method is required for the study of Problem 1.
Moreover, the method presented here gives some non-hyperbolic circular domains
for which Cartan’s theorem remains true.

The organization of this article is as follows. In Sect. 2, we prepare basic definitions
and relevant properties. In Sect. 3, we explain how the notion of representative domain
is helpful in the study of automorphisms of certain class of quasi-circular domains and
non-hyperbolic circular domains. We conclude this article with some open problems.

This article is only an exposition of some aspects of applications of the represen-
tative domains. We do not intend to cover all important results in the subject. We
refer the readers to [IK, Lu, Tsuboi, Y2014, Ypre] and references therein for more
information about the representative domains and applications.

2 Preliminaries

In this section, we prepare some definitions and basic facts. Let D be a domain in
C", Kp the Bergman kernel of D and Tp the n x n matrix defined by

2 2
0
— logKp(z,w) --- ———log Kp(z,
w107 og Kp(z,w) B9z, og Kp(z,w)
Tp(z,w) := ; : ,
2 32
loe K , oo —— oo K s
o021 og Kp(z,w) TS og Kp(z,w)

for Kp(z, w) # 0. In the following, for simplicity, we use the notation

2

ow;0z;

T;.j(z,w) = log Kp(z, w).

The matrix Tp(z, z) is a positive definite hermitian matrix for all z € D. The matrix
Tp possesses the following transformation formula under the biholomorphism ¢ :
D — D"
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Tp(z, w) ="J(@, w)Tp (¢(2), pW)I(g, 2), if Kp(z, w) # 0. (D

Here J(¢p, z) is the Jacobian matrix of ¢ at z. The matrix Tp is well-defined if D
is bounded and z = w. However Tp may not be well-defined for some z,w € D
in general. For instance, it is known that the Bergman kernel of the domain E,
defined by

Ep = {(m, czn) €CT ] [P 4 2 < 1}

has zeros if p» + --- + p, > 2. It is also known that the Bergman kernel of the
domain defined by

, Cc?:
[(z1 22) € |z2] < 1+|Z1|]

has a zero at the origin. For details of these examples, see Boas’s paper [Boas].
We now define a class of domains, which plays an important role in this article
(see also [Lu]).

Definition 2.1 A domain D is called representative if Tp satisfies

Tp(z, o) = Tp(to, o),

for some #y € D. The point ty is called the center of D.

In the case of the unit ball B, in C2, the Bergman kernel is given by

2!

e =

Using this explicit form, one has

T, (z,0) = 1, (0,0) = ((3) 2) .

It follows that the unit ball B, is a representative domain with the center at the origin.
Since we do not know an explicit form of the Bergman kernel for an arbitrary given
domain D, it is impossible to verify Tp(z, 0) = Tp(0, 0) in the same way.

Instead of an explicit form of the Bergman kernel, one can use the transformation
formula (1) of Tp. Since B, is circular (i.e. pg : z ez is an automorphism), one
can obtain the following relation on T, :

Tg,(z, 0) = Tp, (e (2), 0).
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It is not difficult to see that this relation gives us our desired conclusion. Since we
use the circularity of B, and (1) in the argument, the same argument works for any
bounded circular domains. Namely we have the following proposition (cf. [IK]).

Proposition 2.1 Every circular domain is a representative domain with the center
at the origin.

In the next section, we will see an example of representative domain which is not
circular.

3 Cartan Theorem Revisited

One of the fundamental theorem on holomorphic automorphism groups is the fol-
lowing theorem due to Cartan.

Theorem 3.1 Let D be a bounded circular domain and f an automorphism of D
with f(0) = 0. Then f is a linear mapping.

As we mentioned in the Introduction, this theorem is proved by using Cartan’s
Uniqueness Theorem. In that proof, what is the most important part is to show the
commutative relation py o f = f o py. However this is not the only way to prove this
theorem. Indeed, we will see that the theory of representative domain allows us to
have another commutative relation involving origin-preserving automorphisms and
the Bergman mapping.

Before explaining a connection between this theorem and representative domains,
let us pause to consider the following toy observation. Let D be a domain in C”,
Hol(D, D) the set of holomorphic mappings from D to D and S a certain class of
holomorphic mappings in Hol(D, D) such that one wishes to show the linearity for
all mappings in S. Further we pose the following assumption on S.

Assumption 1 For each element f of §, there exists a linear mapping L and a
holomorphic mapping g? such that the following diagram is commutative:

D——=D

ngl O \LEIgD

cr i> cr

Here g depends only on D and L depends only on f.
Under this assumption, we readily observe the following:

Observation 1 Let S be a set as in Assumption 1. If D is a domain in C” such that

gP is a biholomorphic linear mapping, then all elements of S are linear.
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Since Assumption 1 poses a strong condition on S, one cannot expect the existence
of such a nice mapping g? for an arbitrary given S. However if one considers the
set of all origin-preserving automorphisms of D as S, then one can show that such a
mapping g? exists. Indeed the following theorem is known (cf. [IK]):

Theorem 3.2 Suppose that Kp(z,0) # 0 for any z € D and let O’OD be a holomor-
phic mapping defined by

Kp(z,w)

of :D— C" (z1,....20) = Tp(0, O)—l/zgradwlogm

w=0

where we set

af af
d. ==, ..., ,
grads; f (w) (awl (w) o, (W))
for anti-holomorphic functions f on D. Then the following commutative diagram
holds:

D—Y=p

l o l
L

Cr——C”

Here ¢ is an automorphism of D with ¢(0) = 0 and L, is a certain unitary trans-
formation.

The mapping O’OD is called the Bergman (representative) mapping of D. If D is a
bounded circular or quasi-circular, then the Bergman kernel K p satisfies Kp(z, 0) =
K (0,0) > 0. Thus the crOD is globally defined on D for these cases. However, in
general, the Bergman mapping is defined only on UOD ={ze D:Kp(z,0) # 0}
(cf. [IK]). From this theorem and Observation 1, one can see that Theorem 3.1
remains true for any domains for which the Bergman mapping is a biholomorphic
linear mapping. Moreover one can find that the Bergman mapping aOD is linear if and
only if D is a representative domain with the center at the origin. In fact, it follows
from the following two facts on the Bergman mapping:

e 0(0) =0,
o J(og’,2) = Tp(0,0)"'*Tp(z, 0).

This, together with Proposition 2.1, gives us another proof of Theorem 3.1 without
Cartan Uniqueness Theorem. Then it is appropriate to ask the question below.

Question 1 Can we find a class of representative domains which are not circular
domains?

In many standard texts on Several Complex Variables (cf. [Kran, Chapt. 11], [Nar,
Chap. 5]), Theorem 3.1 is proved as a consequence of Cartan’s uniqueness theorem.
It is absolutely unclear whether or not Cartan’s uniqueness theorem holds even for
some non-hyperbolic unbounded cases. Thus it is also non-trivial to decide whether
or not Theorem 3.1 holds for a given non-hyperbolic unbounded circular domain.
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Question 2 Can we find a non-hyperbolic unbounded domain for which Theorem
3.1 holds?

Before discussing the results related to these two questions, let us first introduce
some definitions.

Definition 3.1 Letmy, ...m, be positive integers such that m| < my < --- < my,

and ged(my, ..., my,) = 1. A domain in C" is called quasi-circular if it is invariant
under

omo:D—C" (z1,...,20) > @™, ..., em07,).
The n-tuple m = (my, - - - , my,) is called the weight of D.

The domains given below are examples of quasi-circular domains:

Dy = {(z1 + 22, z122) : lz1l, |z2| < 1},

Dy ={(z1,22) : Iz} + 23| < 1}.

The weights of these domains are (1, 2) and (2, 3) respectively. Now we are ready
to state our result [Y2014], which gives an answer for Question 1:

Theorem 3.3 Let D C C? be a quasi-circular domain whose weight satisfies 2 <
m1 < my. Then D is a representative domain with center at the origin. In particular,
every origin-preserving automorphism is linear.

Let us give a sketch of the proof:

Step 1. Applying the transformation formula (1) to ¢ = p, ¢, one has a relation of
Tp:

T:(2,0) = Tii (fn0(2),0), i=1,2,
Ti,(z, 0) = € M2=m00T 5 (p,, 9(2), 0),
T5,(z,0) = € ™M=m20 Ty (p, 9(2), 0).

Step 2. Put T;;(z,0) = 34 1,20 algi’,gz)zlf‘zgz. Then, except for T5;, one can show
that the coefficient a,i'l’ka) = 0 for any k # (0, 0) without the assumption
“2<mp <my”.

Step 3. Using the assumption of the theorem, one can conclude that 75,(z,0) =
75,0, 0).

Remark 1 1f the weight is (1, 2) then there exists a quasi-circular domain such that
the automorphism group contains a non-linear mapping [Z]. Thus, we cannot drop
the condition “2 < m” in the theorem.
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We note that the above theorem holds for any biholomorphism f : D — D’ between
quasi-circular domains with the assumption as in the theorem. It is known by Kaup
[Kaup] that if two quasi-circular domain are biholomorphic then there exists a biholo-
morphic mapping fixing the origin. Therefore we obtain the next corollary (cf. [Rong,
Ypre]).

Corollary 3.1 Let Dy, D> be quasi-circular domains as in Theorem 3.3. Then the
two domains D1 and D> are biholomorphically equivalent if and only if they are
linearly equivalent.

This result is regarded as an analogue of Braun-Kaup-Upmeier’s theorem [BKU] for
quasi-circular cases.

Theorem 3.4 (Braun, Kaup, Upmeier) Let Dy, Dy be circular domains. Then the
two domains D1 and D> are biholomorphically equivalent if and only if they are
linearly equivalent.

Let us now turn to Question 2. For unbounded cases, it is a non-trivial question
whether or not the Bergman kernel exists. Moreover it is also unclear that K (0, 0) >
0 and Tp(0, 0) is positive definite for a unbounded circular domain D. The two
domains given below are examples of circular domains (more precisely Reinhardt
domains) for which the Bergman mappings are well-defined:

Q=€) eC" xC": ¢)? < e, 5 >0,
2 ={(z,w) € C? : log [w|® + |z> + |w|> < 1}.
Since the Bergman mappings are well-defined for these two, Cartan’s theorem

remains true for £2; (i = 1, 2). Using this fact, the automorphism groups of §21, £2»
are computed (cf. [KNY, Kim]).

Theorem 3.5 The automorphism group of §21 is generated by the following
mappings:
pu (2, 8) = Uz, ), UelUm),
o (2,0 = (2, U'0), U eUm),
o (2, 8) = (2 -, es(z’”_%”V”zC), veC".
Theorem 3.6 The automorphism group of §22 is generated by the following
mappings:
991 (zw) > (%2,w), 6 €eR,
0o (2, w) > (z,¢%w), 0" €R.

Remark 2 More information about 21, £2, can be found in [HST], [Spri] and
[Y2013].
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4 Open Problems

We conclude this article with some open problems.

In the previous section, we gave the two non-hyperbolic circular examples £21, §2>
with explicit descriptions of the automorphism groups. However, we do not know any
non-hyperbolic quasi-circular domain whose automorphism group can be computed
explicitly.

Problem 2 Can we find a non-hyperbolic quasi-circular domain with the well-
defined Bergman mapping and an explicit description of the automorphism group?

As we have seen in the previous section, Cartan’s theorem remains true for two
domains £21, £2,. Since the Bergman mapping is used for the proof, we do not know
whether or not Cartan Uniqueness theorem holds for these domains. Thus it is natural
to ask to the following problem.

Problem 3 Can we find a non-hyperbolic circular domain D such that the Bergman
mapping is well-defined, but Cartan uniqueness theorem does not hold?

In particular, it might also be interesting to study this problem for two specific
domains £21, £2o. We expect that there does not exist such a non-hyperbolic circular
domain. However, we do not succeed in proving it at the time of writing this article.
We hope that these problems will be helpful towards a deep understanding of non-
hyperbolic (quasi-)circular domains.

The following proposition asserts that if a holomorphic mapping f : D — D of
a representative domain D such that f(0) = 0,J(f,0) = Id and f # 1d, then f
must not be biholomorphic. Although the proof is essentially contained in the article
[Lu], we give the proof of the proposition for the convenience of the reader (see also
[Kim, Proposition3.1]).
Proposition 4.1 Let D be a non-hyperbolic representative domain with the center at
the origin such that Kp(0,0) > 0 and Tp (0, 0) is positive definite and f : D — D
an automorphism such that f(0) = 0 and J(f,0) = Id. Then f must be the identity
mapping of D.
Proof Using the assumption J(f, 0) = Id and the transformation formula (1) to
¢ = f, we obtain

Tp(z,0) = T(f,0)Tp(f(2), 0I(f, 2),
=1J(f,0)Tp(0,0)J(f, 2),
=Tp0,0)I(f, 2). (2)

Combining two relations (2) and Tp(z, 0) = Tp(0, 0), we see that
Tp(0,0) = Tp(0,0)J(f, 2). 3)

It follows that J(f, z) = Id. This, together with f(0) = 0, implies that f = Id as
desired. O
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The argument presented here entirely relies on the transformation formula of Tp.
Thus this argument does not work for a holomorphic mapping f : D — D which is
not an automorphism.

Remark 3 The circularity of a domain D implies that Kp(z,0) = Kp(0, 0). Thus
it is enough to assume that K p (0, 0) > O to ensure UOD = D. We also note that the
assumption of Tp is needed to derive the relation J( f, z) = Id from (3).
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On Curvature Estimates of Bounded
Domains

Liyou Zhang

Abstract We consider the Bergman curvatures estimate for bounded domains in
terms of the squeezing function. As applications, we give the asymptotic boundary
behaviors of the curvatures near strictly pseudoconvex boundary points, using a
recent result given by Fornaess and Wold.

Keywords Bergman curvature + Squeezing function - Intrinsic derivative

1 Introduction

The holomorphic invariant objects related to the Bergman geometry have been exten-
sively studied during the past decades, for instance, the Bergman canonical invariant
introduced by Bergman himself [Ber], various kinds of curvatures of the Bergman
metric, including the holomorphic sectional curvature, the Ricci curvature and the
scalar curvature. Sometimes, these curvatures are called Bergman curvatures in the
literatures (see e.g. [KiY, KrY]). It is well known that for any bounded domain in
C", the upper bound of the holomorphic sectional curvature is 2 (see [Fuk, Hua,
Kob]) and the Ricci curvature is strictly less than n 4 1 (see [Kob, Noz]).

A natural question is to consider the lower bounds of the above mentioned curva-
tures. Usually, one can not expect there exist uniform lower bounds of the Bergman
curvatures for all bounded domains, like the upper bounds. Recently, Lu [Lu4] pro-
posed a program to investigate the lower bounds of the Bergman curvatures on a
bounded domain D in C”, in terms of the Bergman kernel and metric of the domain
D contained in D and the domain D, containing D. In particular, if D and D; are
chosen "good" enough, for example, the Euclidean balls, then both the upper and
lower bounds can be established explicitly (see Theorem 3.1 and Theorem 3.2 in
Sect. 3). Unfortunately, the lower bounds of the Bergman curvatures in Theorem 3.1
and 3.2 tends to —oo as the point goes to the boundary of the domain D.
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The aim of this present paper is to explore the lower bounds of the holomorphic
sectional curvature, the Ricci curvature and the scalar curvature. We show that both
the explicit uniform lower and upper bounds of these Bergman curvatures exist on
some general classes of bounded pseudoconvex domains named the holomorphically
homogeneous regular manifolds (HHR) or the uniformly squeezing domains (USq),
which was introduced independently by Liu-Sun-Yau in [LSY I, Definition 7.1] and
by Yeung in [Yeu, Definition 1] (see also Definition 4.1 in Sect.4). The concept,
HHR or USq, has been developed in order for the study of completeness and other
geometric properties such as the metric equivalence of the invariant metrics including
the Carathéodry metric, the Kobayashi-Royden metric, the Teichmiiller metric, the
Bergman metric, and the Kéhler-Einstein metric.

The examples of HHR or USq domains include bounded homogeneous domains,
bounded strongly convex domains, bounded domains which cover a compact Kéhler
manifold, and the Teichmiiler spaces .7, , of hyperbolic Riemann surfaces of genus
g with n punctures (see [Yeu, Proposition 1]). Recently, it has been proved that
the bounded convex domains [KiZ] and the strictly pseudoconvex domains with Cc?
boundary also admit such HHR/USq property (see [DGZ2, KiZ]).

Note that for domains with HHR/USq property, it was S.-K Yeung who proved
firstly that the curvature tensor for either the Kéhler-Einstein metric or the Bergman
metric, as well as any order of covariant derivatives of the curvature tensor is bounded
by a uniform constant [Yeu, Proposition 4]. What we present in this article is to
describe how the upper or lower bounds depend on the so called squeezing function
(see Definition 4.2 in Sect. 4) for a bounded domain in C”. The concept of squeezing
function was introduced by Deng, Guan and the author in [DGZI1], inspired by
Yeung’s talk in Chinese Academy of Science in 2009. It was used to characterize
how a bounded domain looks like the unit ball observed at a point of the given
domain. A bounded domain is HHR/USq if and only if its squeezing function admits
a positive lower bound. Later, it turns out that the squeezing function is powerful in
the characterization of the geometric and analytic properties of bounded domains in
C". In particular, the squeezing function approaches to 1 when the point tends to a
strictly pseudoconvex boundary point. In virtue of the squeezing function, we state
the main result as follows.

Theorem 1.1 Let D be a bounded domain in C" and s (z) be the squeezing function
at the point z € D. Denote by Secp(z, &), Ricp(z, &) and Scalp(z, &) the holomor-
phic sectional curvature, the Ricci curvature and the scalar curvature at 7 in the
direction &, respectively. Then we have

n+2 _ n+2
2_szr lsD4"(z) < Secp(z,£) <2 -2 " 151‘;'(@,

n

(n+1) = (n+2)sp°" () < Ricp(z.6) < (n+ 1) — (n + )57 (2).

nn+1)—nmn+ 2)s52n(z) < Scalp(z) <n(n+1) —n(n +2)s7(2).
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Furthermore, if D is HHR/USq, that is, the squeezing function sp(z) admits a
positive lower bound, say §p (depends merely on D), then one can substitute §p
into Theorem 1.1 to obtain the uniform bounds for the Bergman curvatures on the
domain D.

One important application of Theorem 1.1 is the boundary behaviors of the
Bergman curvatures near a strictly pseudoconvex point p € dD. As mentioned
above, the squeezing function at the moment tends to 1 when the point z tends to p.
Therefore, Theorem 1.1 immediately yields

lim Sec JE)=——""
D3z—p p(.§) n+1

, lim Ricp(z,§) =—land lim Scalp(z) = —n.
D>z—p D>z—p

The asymptotic behavior of the holomorphic sectional curvature near strictly
pseudoconvex boundary points was firstly considered by Klecmbeck for the C*
boundary case [Kle]. Later, Kim and Yu reduced the boundary condition to the C?
case by using the scaling method (see [KiY] or [GKK, Chap. 10]).The boundary
limit of the Ricci curvature was indicated in [ChY, pp. 510]. The existence of the
boundary behaviors of the above Bergman curvatures was given by Krantz and Yu on
some h-extendible pseudoconvex domains (see [KrY, Definition 0]), or semiregular
domains as in [DiH]. These include, for example, not only the bounded pseudocon-
vex domains of finite type in C? and convex domains of finite type in C”, but also
bounded strictly pseudoconvex domains (see [KrY, Corollary 2]). Green and Krantz
showed that for a sufficiently small C* perturbation D of a strongly pseudoconvex
domain D, the boundary behavior of the holomorphic sectional curvature is stable
near the boundary of D (see [GK1, Theorem 3] or [GK2, Theorem 1.1]).

The paper is organized as follows. In Sect.2, we introduce some basic notations
and terminology, especially the concept of intrinsic derivatives of sections of the
canonical line bundle, induced by the Bergman kernel. In Sect. 3, we recall the min-
imal function method Lu used in [Lu4] to estimate the lower bounds of the Bergman
curvatures. In the last section, we will explore the curvature estimates in term of the
squeezing function on a bounded domain in C" and obtain the uniform estimates
depending only on the squeezing constant. Some open questions are proposed in the
final conclusion.

2 Intrinsic Derivatives Induced by the Bergman Kernel

Let £2 be a bounded domain in C” with C? smooth boundary b52. Let A2(£2) be the
space of L? holomorphic n—forms on £2, i.e. ,

A%(2) = [F e HO(£2, ﬁ(/\"T{i’o)))‘/ IF? < oo] ,
2

where A" T{; 0) (£2) denotes the canonical line bundle over §2 and | F/ |2 = (V- 1)”2 F
AF. Itis well known that A2(£2) is a Hilbert space with respect to the inner product
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(F,G) := (\/—1)"2/ FAG, YF,G e AX().
2

Let {® j}‘/’.ozo be a complete orthonormal basis of A%(£2). The holomorphic (1, n)-
form Ko (z, w) := Z;io D;(z) A Clsj (w) on £2 x £2 is called the Bergman kernel

formof 2. Letz!, --- , z" be acoordinate system on £2 and Ko (z, ) = k(z, 2)dz' A
- Adz" AdZ'--- AdZ". The Kihler metric given by

Z": 82 logk(z, 2)

o =B
079978 et @ dz

ds? =
o,B=1

is called the Bergman metric on §2 and wp := v/—193 log k(z, 7) is the correspond-
ing Kahler form.
Let h = k~1(z, 7). Then h is a C° Hermitian metric on the canonical line bundle
(1 0) (£2) with strictly positive curvature. The Hermitian connection of # is given
by B(z,7) :=dh-h~! = —dlogk(z, 7).
For a smooth section F € I'(£2, A"T, (a 0)) F = fdz' A--- AdZ", the covariant
derivative of F associated to the Hermltlan connection B(z, z) is defined as

DUOF = (3f(2)/02% + f(2)Ba(z.2)) dz' A+ AdZ" ® d2”,
where By(z,7) = —d logk(z,7z)/dz%. This shows
DO (2, AT o) = T2, N'TG 6y ® T( o)
where T("i 0) (£2) is the holomorphic cotangent bundle of £2.

Hereinafter, unless otherwise stated, the Einstein Summation Convention is used.
Let

8f(z) _ 0f(2)
sz« T 9z

+ f(2)By(z, 2).

8f(z)/8z" is called the intrinsic derivative by Lu in [Lu2], where Lu considered the
estimates of higher order intrinsic derivatives of holomorphic mappings.
It is well known that there exists a reduced connection on 7% (1.0) (£2) with respect

to the Kihler metric gag(z) =32 logk(z,7)/0z407p, that s,

() = —g™(z )ag““(Z),

where (gg"‘) denotes the inverse matrix of (g, /3) Therefore, one can define the
covariant derivative for a section F € I'(£2, A\"T, (1 0) QT 0. 0)(.(2)) in terms of the

connections B(z,z) and I' ﬁ(z) More precisely, let F(z) = fy(2)e(z) ® dz*, where
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we denote dz' A --- A dz" by e(z) for short, we define (Here we still use D9 if
no confusions are caused)

DIOF .= (Bfa/azﬁ + faBg(z,2) — fi} ,B(Z)) e(2) ®dz* @ dzF.
This implies that
DY o DO P(@, AT ) = T(R2, AT ) ® T o) ® Tih o)

Similarly, for a smooth section F' € I"(£2, A" T(B 1))> One can define the conjugate

covariant derivative DD by
DOVF = (0f(2)/07% + f(2)Ba(z, 2)) ez) ® dZ,

and for F € I' (2, AT, 10) ® T(?O))’

DOVF = (9fu /02 + fuB5(z. ) — fili5(2)) @) @ dZ* @ d2,

where Bz(z,z) = —dlogk(z,z)/0z".
In general, givenasmoothsection F € I' (2, A"T(; o @\"T 5, ®T, (ﬁ@())l)’ T(T)(Xi(;)
one has

1,0 0 *®(p+1) *®q
DUOF e H(£2, N'Th o @ N'TE @ T, @ T

DOVF e HO Q. AT}, o) ® AT 1) @ TS @ Tl ).

For example, for the Bergman kernel form on the diagonal K (z, 7) = k(z, 2)e(z) A
e(2), both DI K (7, 7) and DOV K (z, 7) vanish, while neither DY-9 K (z, w) nor
DOV K (z,w) does.

In the following theorem, we will see the relations between the Bergman curvature
tensors and the above mentioned covariant derivatives (see [Lu3]).

Due to the well known reproducing property of the Bergman kernel, for any L>
holomorphic n—form F € A2(.Q), in local coordinate system, we have

Flo) = /S2 FONk(z, )d Vi, o0

where d'V,, is the Lebesgue measure on §2.
Taking the covariant derivative D19 on both sides of (2.1), we obtain by a direct
calculation that

‘V © / Fow )5’“‘2(Z ™ v, (22)
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Fix t € £ and let f(w) = %050 it is easy to check that f(w) € A%(£2). By
(2.2) we have
8%k(z, 1) _/ Sk(w, it)
8298t Jo  Suf

Sk(z, w
@w oy
87%

u=t

Inductively, one has the following higher order derivatives

8Pk(z, w)
g 0% -+ 8Z%

dv,.

8PTak(z, 1) _/ 89k(w, u)
8701 ... 879081 ... 8tBa o Sibr - - . §itba

Let

b 8PHIk(z. 1)
oy BBy (z.2) = 8z ... §z% 8tB1 . .. §FPa P ’

we have the following theorem due to Q.-K. Lu.

Theorem 2.1 ([Lu3, Theorem 1.1]) Let 2 be a bounded domain in C". For any
point 7 € §2, we have

L. Ifp #q, then H, ., g .5,z 2) =0.

2. If p = q, then Hal,‘,%gl‘..f}p (z, 2) is positively definite, i.e., for any non-zero
vector ¢, one has Ha1~~a,,/§1~~6p (z, D)ca e PrFp > 0.

3. The following recurrence relation holds:

14
Hal"‘apgl'“/ép (Z’ Z) = Z] HO(]"'(Z])—]E]"‘E)»"'B]? Tal’g)‘
A=

o _ _ pY
- Z Hal'“apflﬂl"'ﬁk*l?ﬁ)ﬁ»l"'ﬂp RﬂxﬁI&p’
A<l

where T, 3 and R;‘ﬂ g are the metric tensor and the curvature tensor with respect

to the Bergman metric.

Example 2.1 1. For p = 1, it’s easy to check H,5(z, 2) = k(z, D) T, 5.
2. For p = 2, the above recurrence formula gives

Hyy oy (2 2) = k(2. 2) (Talﬁl Torpy + Tonp Ty — Rﬁlalazﬁz) :

3 Lu’s Estimates of the Bergman Curvatures

In this section, we recall the lower bound estimates for the Bergman curvatures. First
of all, let us briefly recall some basis definitions and notations we will use in the text.

Throughout this section, we focus our attentions on a bounded domain D in C”
with the Bergman metric ds%) =T,5(z, 7)dz%dzP, where T,5(z,2) = 8% logk(z,7)/
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az“_azﬁ is the Bergman metric tensor and k(z, ) denotes the Bergman kernel. Let
(T8%) be the inverse matrix of T = (T, f;). The holomorphic curvature tensor is

given by
0Ty e 0Ty 3T5
MBI T 7B YzI azf dzn’

and the holomorphic sectional curvature at z with a complex tangent direction & is
defined by Secp(z, §) = Rj,p,E*EEPEN /(T55E7E")2.

The complex Ricci curvature tensor is defined by R,; = THPR iipas» Which is
equivalent to R ; = —9%logdet T/ 81"‘82?. The corresponding Ricci curvature at
z with direction & is Ricp(z, &) = Ra;EUSA/ngE"S" and the Scalar curvature is
Scalp(z) = T*R,;.

Remark 3.1 Due to Theorem 2.1, we know that Hy 001 (z, z7) in Example 2.1(2)

is positive definite. Therefore it follows that Secp(z, £) < 2 and Ricp(z, &) <n+1
hold for any bounded domain D in C”".

3.1 Lower and Upper Bounds of the Bergman Curvatures

For any fixed t € D, Lu considered the subspace of A2(D), say EN (D), consisting
of the elements with the following property:

f()=0,
Y| g
8z |, ’
8Nf(z) %_ozpnotl — (Sl l=1.-.---.N
Sz .8z - N> ’ s LV

where § ,{ is the Kronecker symbol, %1, - - . | £*1""4N~1 gre arbitrary complex numbers
and £%""N are some given constants.

A minimal function of E IN (D) is the element with the minimal L2 norm in E IN (D).
The minimum problem in Bergman geometry goes back to S. Bergman in 1940s,
which was used to obtain the extremal function subject to some constraints (see [Ber,
Chap.2]).

In what follows, we’d like to get the minimal function of EN (D). More precisely,
for f € E,N (D), f(2) = > arpr(z), where {p Ji—o is a complete orthonormal
basis of A2(D), we will choose the coefficients a; to minimize the L% norm || f||? =
> lak |2 under the following conditions:


http://dx.doi.org/10.1007/978-4-431-55744-9_2
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8 f(2)

- v ooy _ 1 .
879 ... §z% z:téﬁ —ZakClk =&y, [=0,1,---,N,

where

8'or(2)
(SZal .. .5Z0‘l 7=t

ik = gae.

The method of Lagrange multipliers allows us to minimize functions with the con-
straint. Let

00 N 00 N 00
L= Zak&k — ZM (z axcrl — 55\/) — Z)_Ll (Z agCrl — 85\/) )
k=0 I=1 k=0 =1 k=0

where Ag, A1, - - - , Ay are dummy variables called g,agrange multipliers.
Letd.Z/da; = 0,9.%¢/dar = 0. We have a; = A;¢;x and the constraint becomes

N 00
DD e = 8. (3.1)
=1 k=0
Let Ay =D Cixemk(l,m =0, 1, --- , N). From the definition of ¢z and Theorem
2.1, we see that A = (Ay,) is adiagonal m_atriz( of rank_N + 1, and all the eigenvalues
are positive. The equality (3.1) becomes (Ag, A1, -+ , An)A = (0, ---,0, 1), which
yields Ao = -+ = Ay—1 =0 and
8Nk (z, w) _
-1 _ _ = _ ’ ar-ay gp1-By
Ay = ANN = CNKCNK = TRy = TR Z:w:té 3 )
The coefficients a; now is
- 8N @i (2) z
_ 1 aj-ay
ap = )\-NCNk ANN8Z‘¥1 _ -SZaN Z=t$
and the minimal function of EtN (D), say fp,is
Nk(z, 1) -
1 s o
o) = Zakﬁok(Z) NNW‘& 1N 3.2)
The minimal L2 norm is
_ —1 — g A\ ed1on £B1 By
I fpll® Z > = Ayy = H ! o o (@ DESTNERTAN . (33)
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Let D1 C D be two bounded domains and fix ¢+ € Dj. It is easy to see that
EtN(D) C E,N(Dl). Denote by fp and fp, the minimal functions of EtN(D) and
EtN (D1), respectively, then we have || fp, ||2 < | fp ||2, or equivalently,

D o Vel Ay EB1BN Dy o el £B1 BN

Hoz1~~a1v/31~~/31v(t’ 24 § = Ha1~~~aNﬂ1~-~f3N(t’ 1§ &
(see [Lu4, Theorem 2]). In particular, we have the following three inequalities in the
casesof N =0, 1, 2.

(1) For N = 0, we have kp(t, ) < kp, (¢, f), which is the well known decreasing
property of the Bergman kernel.

(2) For N = 1, we have kp(z, t_)TaDﬁ(t, 1 < kp,(t, f)Ta%‘ (¢, 1) due to Example
2.1(1), which can also be regarded as certain decreasing property (see also [JaP,
Remark 6.2.7].)

(3) ForN = 2, wehavekp(TP. T?. +T7P_ TP —RP ) < kp, (TPL TP

b b D a1 aaps B ai1po Biaiazfpy aifioa2ps
1 1 _ ph ~
+TazB1Ta152 Rﬂualazﬂz)'
Divided by (Ta%éaéﬁ )2 on both sides of the case (3), then we have
Digarg 2
kp T, 86"§"
Secp(t,€) >2——(2-S t, LB 3.4
ecp(r,§) > s (2 — Secp, ( é))(Ta’;é"Sﬂ (3.4)

Furthermore, if we consider three bounded domains D1 C D C D>, by the

decreasing property of the case (1) and (2), we have kp, < kp < kp,, kp, Ta%z <
kp TaDE < kp, TaDﬁl' Substitute this relations into (3.4), we have
Digg 2
kp, T2 6*Er
Secp(t,§) =2 — (2 — Secp, (1, §)) P (3.5)
sz TO{B é E
Similar arguments give the upper bound estimate,
Drsagp 2
kD2 T(x,é ‘i: S
Secp(t,€) <2 — (2 —Secp, (1, §)) (3.6)

—
kp, T, &*&m

In general, the Bergman kernel and the Bergman metric of D and D; are not easy
to compute. However, if we choose D and D1 good enough, for instance, D1 and D;
are the Euclidean balls, with the same center # and radius r(¢), R(¢) respectively, the
following estimates were obtained by Lu. Note that at the moment the holomorphic
sectional curvature of D; (i = 1,2)is —2/(n + 1).
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Theorem 3.1 ([Lu4, Corollary 5] Under the above hypothesis, we have

n+2 R n+2r"
— <S8 t,§) <2-2 .
n+1r4 — ecpt, §) = n+ 1R

2-2

3.7

Follows this line, we state the result without proof about the estimates for the
Ricci curvature and the scalar curvature.

Theorem 3.2 ([Lu4, Corollary 6]) Under the above hypothesis, we have

R2n 2n
D)=+ <Ricp(t.§) =(n+ D= (n+2)70. (B8
Theorem 3.3 Under the above hypothesis, we have
R2n }"2"
nn+1)—nn+2) 3 < Scalp(t) <n(n+1)—nn+2)—. 3.9
y2n R2n

Now one natural question occurs that the lower bound tends to —oo as the point ¢
tends to d D, or equivalently r () — 0. In the next section, we will see that there exist
some general classes of bounded domains with squeezing property whose Bergman
curvatures admit uniform bounds.

4 Uniform Estimates of the Bergman Curvatures

In this section, we will give uniform estimates for the Bergman curvatures on the
holomorphically homogeneous regular manifolds or the uniform squeezing domains.

Definition 4.1 [[LSY1, Definition 7.2], [Yeu, Definition 1]] A complex manifold X
of dimension # is called holomorphic homogeneous regular (HHR) or equivalently,
uniformly squeezing (USq) if 3r < R such thatVp € X, there is a holomorphic map
fp + X — C" which satisfies

L. fp(p) =0;

2. fp: X — fp(X) is bi-holomorphic;

3. B"(,r) C fp(X) C B"(0, R), where B"(0, r) and B" (0, R) are Euclidean balls
with center 0 in C".

To tell abounded domain is HHR or USq, i.e., to determine the universal constants
r and R is not trivial. In [DGZ1], the authors introduced the concept of squeezing
function in order to study geometric and analytic properties of the HHR/USq mani-
folds.
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Definition 4.2 [[DGZ1, Definition 1.1]] Let D be a bounded domain in C". For
z € D and an (open) holomorphic embedding f : D — B" with f(z) = 0, we
definesp(z, f) = sup{r|B"(0,r) C f(D)}andsp(z) = sup{sp(z, f)}, where the
supremum is taken over all holomorphic embeddings f : D — B" with f(z) = 0.
Here B" is the unit ball in C", and B" (0, r) is the ball in C" with center 0 and radius
r. We call sp the squeezing function of D.

For any point z € D, we now consider the extremal holomorphic embedding
f : D — B™ with f(z) = 0. Since the Bergman curvatures are invariant under
biholomorphic mappings, taking the holomorphic sectional curvature for example,
Secp(z, &) = Secy(p)(0,df - &), therefore we have the following analogue of The-
orem 3.1, 3.2 and 3.3. Note that at the moment the radius of D and D; are sp(z)
and 1, respectively.

Theorem 4.1 Let D C C" be a bounded domain. ForNz € D and & € C" \ {0}, we
have

n+2 —4n
n+

2-2

@),

(n+1) = (1 +2)s5”"(2) < Ricp(z,6) < (n+ 1) = (n + 257 (2),

—2n

n(n+1) —n(n+2)sp> () < Scalp(z) <n(n+ 1) —n(n +2)sp ().

Furthermore, if we define the squeezing constant sp on the domain D as §p =
in£ sp(z), then D is HHR/USq if §p > 0. For HHR/USq domains, we have the
zZ€

following estimates.
Corollary 4.1 Let D be a HHR/USq domain in C". We have

n+2 _4

2-2
n+1 *p

n+2.4
< Secp(z,&) < 2_2n+ lsD",

(n+1) — (n +2)§,* < Ricp(z,6) < (n+ 1) — (n +2)§3,

§720 < Scalp(z) < n(n+1) —n(n + 2)5"

nn+1)—nn+ 2)s
Remark 4.1 Note that if s4D” (z) > (n+ 1)/(n 4 2), then all the Bergman curvatures
of D are negative. This means that if the domain looks “close” enough to the unit
ball observed at z, then the curvatures are negative at this point.

One important application of Theorem 4.1 is boundary behaviors of the Bergman
curvatures near strictly pseudoconvex boundary points. First, let us recall the asymp-
totic behavior of the squeezing function.
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Theorem 4.2 ([DGZ2, KiZ)) Let D be a C*—smooth bounded strictly pseudoconvex
domain in C". Then Dlim sp(z) = 1 holds for any p € dD.
Sz—>p
Remark 4.2 'We should point out that what we proved actually is a little more general
than Theorem 4.2. That is, for any bounded domain D C C”", if p € 9D is global
strongly convex or extremely spherical (see [DGZ2] or [KiZ] for the definition), then
lim sp(z) = 1.

D>z—p

The proof of Theorem 4.2 is based on the following remarkable theorem recently
given by Diederich, Fornaess and Wold, which asserts that any strictly pseudoconvex
boundary point can be exposed to be global strongly convex or extremely spherical.

Theorem 4.3 ([DFW, Theorem 1.1]) Let 2 C C" be a bounded domain which
is locally convexifiable and has finite type 2k near a point p € 052. Assume
further that 382 is C™®-smooth near p, and that 2 has a Stein neighborhood
basis. Then there exists a holomorphic embedding f : 2 — Ez, where B} =
{z€ C?:)z,)? +121% < 1}, such that f(p) = (0,---,0, ) and{z € 2: f(2) €
IB}'} = {p}.

In particularly, if 082 is strongly pseudoconvex near p, i.e. k = 1, it is enough to
assume that 382 is C%-smooth near p.

Combining Theorem 4.1 and Theorem 4.2, one can immediately obtain

Corollary 4.2 Let D be a bounded p.s.c. domain and p € 3D be C? strictly

pseudoconvex. One has lim Secp(z,§) = —2/(n+1), lim Ricp(z,§) = —1,
D>z—p D>z—p
lim Scalp(z) = —n.
D>z—p

Very recently, Fornaess and Wold gave an improvement on the estimate of the
squeezing function when a bounded strictly pseudoconvex domain has C*¥(k > 3)
boundary.

Theorem 4.4 ([FoW, Theorem 1.1]) Let 2 = {z € C" : p(z) <0} c C" beaa
strictly pseudoconvex domain with a defining function p of class C* for k > 3. Then
there exists a constant C > 0 such that the squeezing function sg (z) for §2 satisfies
the estimate so(z) > 1 — C - J/]p(@)].

If k > 4, then there exists a fixed constant C' such that sg(z) > 1 — C' - |p(2)]
forall 7 € £2.

By Theorem 4.1 and Theorem 4.4, we have the following asymptotic behaviors
of the Bergman curvatures, which is an improvement of Corollary 4.2.

Corollary 4.3 Let D = {z € C" : p(z) < 0} be a strictly pseudoconvex domain
with a defining function p of class C* for k > 3. Then for any point z near the
boundary 0D and a nonvanishing direction &, there exists a constant C > 0 such
that
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2
Secp(z,8) = e + O/ Ip@D), Ricp(z,§) =—-1+ 0K/ 1p()),
Scalp(z) = —n + O/ |p(@))).

If k > 4, there exists a constant C' > 0 such that

2
Secp(z,§) = Tarl + O0(lp)D, Ricp(z,§) = =1+ O(lp(2)D),

Scalp(z) = —n + O(lp(2))),

where O (|p(z)|) denotes a quantity dominated by C | p| with the constant C depending
only on the dimension n.

A natural question now may be asked: Can we expect higher order asymptotic
behaviors of the Bergman curvatures when the boundary has more higher regularity?
The following theorem shows that this is not true in general.

Theorem 4.5 ([JoS, Theorem 1.1]) Let §2 be a bounded strictly pseudoconvex
domain in C" with C®-smooth boundary and p be a defining function of class
C* for k > 4 such that 8i;= - log(—p)/0z;0z; is a complete Kiihler metric on
2. Forz € 2 and & € C"\ {0}, we have

1. Forn >3, ifSecq(z,€) = =2/(n 4+ 1) + O(p?), then 382 is locally spherical;
2. Forn = 2, ifk > 5 and Secg(z,€) = —2/3 4+ O(p3), then 382 is locally
spherical.

It has been proved by Nemirovskii and Shafikov that a strictly pseudoconvex
domain with spherical boundary is universally covered by the unit ball [NS1, The-
orem A.2] and if a strictly pseudoconvex domain with real analytic boundary is
covered by the unit ball, then its boundary is spherical [NS2, theorem 1.2]. However,
the boundary of a strictly pseudoconvex domain is non-spherical in general.

5 Concluding Remarks and Open Questions

In the final section, we present some remarks and open questions.

We have already talked about the Bergman curvature estimates for bounded
domains in C" by using the squeezing function in the previous sections. Actually,
the study of squeezing functions has its own interest since in general it is difficult to
have the explicit expression of the squeezing function on a given bounded domain,
except bounded symmetric domains on which the squeezing functions have already
been calculated (see [Kub, Theorem 1]). For us, the only known example now is
the punctured ball B" \ {0}, of which the squeezing function is sgn\j0)(z) = l|zll,
where || e || denotes the Euclidean norm (see [DGZ1, Corollary 7.3]). In general,
N. Shcherbina posed the following interesting question: Whether the squeezing func-
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tions are always plurisubharmonic without knowing the explicit formulae? At the
time of writing this paper, we do not know the answer yet.

From the squeezing function of the punctured unit ball, we know that B" \ {0} is
not HHR/USq since spn\(0)(z) = [|z]| has no positive lower bound on B" \ {0}. Yet
it is well known that B" \ {0} is not a domain of holomorphy for n > 1. Hence it
is natural to ask whether all smooth bounded pseudoconvex domains in C"*(n > 1)
admit HHR/USq property? One counterexample is the smooth pseudoconvex domain
2 c (C3, constructed by Diederich and Fornaess [DiF], on which the Bergman metric
and the Kobayashi metric are not equivalent. Consequently, £2 is not HHR or USq.
However, we do not know for instance whether the bounded pseudoconvex domains
of finite type in C? are HHR/USq.

One amazing property of the squeezing function is the asymptotic behavior near
the strictly pseudoconvex boundary points. Thanks to J.E. Fornaess who proposed the
following interesting question at the special workshop of several complex variables
held in Chinese Academy of Science in 2014: If the boundary limit of the squeezing
function is 1, does this imply the domain is strictly pseudoconvex? The answer is
still unknown.
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Some Problems

John-Erik Fornaess and Kang-Tae Kim

Abstract We pose some problems for the future research in complex analysis and
geometry.

Keywords Complex analysis - Dynamics - Holomorphic map - Invariant metric -
Curvature - Automorphisms * Pseudoconvexity

Large part of this problem set is from a lecture by Fornaess at the Center for Geometry
and its Applications of POSTECH in August 2014 after the KSCV 10 Symposium in
Gyeong-Ju. Then the authors agreed to compose this problem set with the addition
by the second named author.

1 Worm

Problem 1 Let 2 be the worm domain. Show that every strongly pseudoconvex
boundary point of £2 can be exposed.

A boundary point p € £2 is called exposed if there is an open neighborhood U
of p and a 1-1 holomorphic mapping f = (f1, f>): U U £2 — C? [Note: the worm
domain introduced in [DF] is in C2.] such that Re fi(p) = 0and Re fi(z) < O for
every z € £2.

This problem was solved in [DFW] for domains which are strongly pseudoconvex.

See [DF] for definition of the worm . The worm is strongly pseudoconvex except
on an annulus. It has no Stein neighborhood basis. But you can still solve the equation
du = f on the closure, so that u is C* if f is C*°, see Kohn [Kohn].
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2 Nirenberg Problem

Problem 2 (Nirenberg) Let U be a strongly pseudoconvex bounded domain in C"
with smooth boundary. Suppose that y is a smooth curve in the boundary which is
transverse to the complex tangent space at each point. Can there exist a continuous
function from U, holomorhic on U, such that it vanishes identically on y but does
not have any zero inside U?

Note that the curve y is not assumed to be real analytic. If it is real analytic, it
extends as a complex curve to the inside. Then the holomorphic function must be
zero there.

3 The 9-problem

Problem 3 Solve for u in du = f with sup-norm estimates on bounded convex
domains in C? with C! boundary.

If the boundary is real analytic, one can solve d with supnorm estimates. The
difficulty is that there might be infinitely flat points.

4 Bergman Space

Problem 4 Let U be an unbounded (smooth strongly) pseudoconvex domain in C2.
Let A2(U) be the set of L2 holomorphic functions on U. If A2(U) # {0}, is A2(U)
infinite dimensional?

There is an example by Wiegerinck (1984), Math. Z., a Reinhardt domain in C?
with a nontrivial finite dimensional A%. But this domain is not pseudoconvex. M.
Englis showed that the Bergman space is either trivial or infinite dimensional if the
domain is pseudoconvex Reinhardt.

5 Polynomial Convexity

Problem 5 Let X be a complex hypersurface in C* with an isolated normal singu-
larity at 0. Suppose that K C X 0 is compact. Suppose that O is in the polynomially
convex hull of K. Let K C F C X be contained in the relative interior. Is 0 in the
relative interior of the polynomial hull of F?

This problem originated in some questions about the Levi problem in complex
spaces [Fornas].
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6 Complex Dynamics/Real Dynamics

Problem 6 Let P(z) be a complex polynomial in C. For z € C let P"(z) = z, =
X, + iy,. We call the sequence {x,} the real part of the orbit. Suppose that one only
knows the real orbits. How much can one say about the complex dynamics of P?
For example, how can one detect the degree of P?

See the paper by Fornass and Peters [Fornaess]. Almost nothing is done on this
kind of problems. In general, one can iterate a map F: R¥ — R¥ and one can see
only the parts of the orbits, (x’f, el xZ’) where ¢ < k. What can one then say about
the dynamics?

7 Fatou-Bieberbach Domains

7.1 Definition of Fatou-Bieberbach (FB) Domains

They are domains in C> which are biholomorphic to C? while being proper subsets
(Same in C", n > 2.).

7.2 Standard Construction of Fatou-Bieberbach Domains

See Rosay and Rudin [Ros]. Take a biholomorphic self map of C2; for example
a Henon map H with 0 < a < b < 1. Then there is a small ball B so that, if
(z,w) € B then, a|(z,w)| < |H(z,w)| < b||(z,w)]|, for some constant ¢ < 1.
This means that, on B, |H"(z,w)|| — 0 as n — oo. We say that B is contained
in the basin of attraction of 0. Denote by £2 the set of all points (z, w) such that
|H"(z, w)|| — 0. This is an open set and it is biholomorphic to C2. One also sees
that, if we start with (z, w) = (100, 0) then, H" (z, w) — oo. Hence this point is not
in £2. Hence £2 is a Fatou-Bieberbach domain. Since a Fatou-Bieberbach domain is
biholomorphic to C2, it contains a smaller FB domain. In fact we can find a sequence
of FB domains £2; D §22 D ---. One can then ask if it is possible to find such a
sequence such that [ §£2, = @. If this is true, then an old conjecture by Michael is
true: All characters on a Frechet algebra are continuous. (See Dixon and Esterle
[DE] for precise statements).

One can have Fatou-Bieberbach domains V with a boundary which is C°°, Sten-
sgnes [Sten].

Problem 7 The boundary of V is a union of Riemann surfaces. Are they all biholo-
morphic copies of C? Does there exist an FB domain which has real analytic
boundary?
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Problem 8 (Harz et al. [Harz]) Does there exist an FB domain which is contained
in a proper strongly pseudoconvex subdomain in C??

One can perturb the construction of FB domains: Pick two numbers 0 < a <
b < 1. Let F, be a sequence of biholomorphisms of C2 such that, if ||(z, w)|| < 1
then, all(z, w)|| < |[F.(z,w)|| < bll(z,w)|l. Then one can consider the iterates
F™ = F,0---0 Fi.Let 2 = {(z, w): F®™(z, w) — 0}. We call this a uniformly
random basin (or non-autonomous basin), see [AAF] for a recent survey.

Problem 9 Are uniformly random basins FB domains?

There are partial results if a and b are close together. (See Peters and Smit [Pet]
on Arxiv recently).

Consider the projective compactifiaction of a ball Bg = {z € C": ||z|]| < R}.
Identify the boundary of Br with the plane at infinity. This gives topology to the
closure. The boundary and the inside both have complex structure. But they match
poorly. Note that if we take a limit as R — oo, we get the usual P".

Now consider a random basin §2. This £2 is an increasing union of balls (rather,
domains biholomorphic to a ball) B, = (F m)=1(B). Use this compactification.
And try to pass to the limit.

Problem 10 Does such a limit exist and does it give a complex structure on a com-
pactification of the random basin?

Remark 1 If the random basin is not biholomorphic to C”, then this gives a new
complex structure to P". If this can be done when n = 3 this might provide a
complex structure to the real 6-dimensional sphere S° as observed by Siu. In fact, if
there is a complex structure on S°, and we blow up a point then we get a complex
manifold which is diffeomorphic to P3 but not biholomorphic to P3. So if we get a
new complex structure on P so that we can blow down a copy of P2 we obtain a
complex structure on S°.

Remark 2 An alternative to the uniformly random basins are obtained by removing
the condition of the lower bound a. In such a case one can obtain random basins
which are not boholomorphic to C". (Fornaess: Short C”, [Fornae]).

If one can use the above compactification in the case of short C3, then one surely
gets a nonstandard P,

Problem 11 Does the above compactification work for short C3? Harz et al. [Harz]
has introduced the concept “core of a domain”. There is also a notion of core for
short C2.

Problem 12 Describe the core of a short C2.

Problem 13 Let £2 be a random basin. Show that there exists a proper holomorphic
map from C into £2 [There exist many non-constant holomorphic maps from C into
$2, see [AAF].].

This problem can be considered to be the next step in the process of showing that
uniformly random basins are biholomorphic to C". Random basins occur as stable
manifolds of hyperbolic maps on complex manifolds. One has similar questions.
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8 Convexity

Problem 14 Let £2 be an unbounded convex domain in C". When will there exist
a biholomorphic mapping-into ¥r: £2 — C”" so that the image v (£2) is bounded
convex?

If such ¢ exists, £2 has to be Kobayashi hyperbolic. Every convex Kobayashi
hyperbolic domain can be mapped biholomorphically onto a bounded pseudoconvex
domain in C". But the image may not in general be convex. Thus finding some
analytic/geometric conditions on the boundary for such mapping ¥ to exist is the
question here.

Problem 15 (Gindikin) Let §2 be a bounded homogeneous domain in C". If there
exists a biholomorphism-into ¥ : 2 — C” such that ¥ (£2) is bounded convex, then
show that £2 is a bounded symmetric domain.

A theorem by Vinberg, Pyatetsky-Shapiro and Gindikin says that every bounded
homogeneous domain is biholomorphic to a Siegel domain (of the second kind). Since
all Siegel domains are tubes over a convex cone, they are convex but unbounded.
Then the Harish-Chandra realization (via linear fractional transformation) of such
domains is convex if and only if the domain is symmetric, [Kai]. There is another
special mapping, called the Bergman representative map, that can turn these domains
into bounded domains. Ishi and Kai [Ishi] showed that the image under this map of
a bounded homogeneous domain is convex if and only if the domain is symmetric.

9 Unbounded Domains

Problem 16 Which unbounded domains can be biholomorphic to a bounded
domain?

If one considers for instance the domain
2
W ={(z,w) € C*: |w| < e 1},

then a direct computation shows that this has a finite volume. Any monomial z*w*
is L2. Since the domain is Reinhardt, these generate the whole A%(W) the space
of square integrable holomorphic functions of W. Its Bergman metric is positive-
definite and complete, [AGK]. But the domain contains the complex line defined by
w = 0. Hence it is not Kobayashi hyperbolic and cannot be realized as a bounded
domain.

The Kohn-Nirenberg domain

15
Qxn ={z w) e C?:Rew+ |zw|® + |z/® + 7|z|2Rez6 <0}
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is still not known whether it is biholomorphic to a bounded domain in C2. The
following problem may also be considered.

Problem 17 Which unbouned domains admit positive-definite (and complete) Berg-
man metric?

The domains W, 2k as well as several others are shown to admit positive-
definite and complete Bergman metric. See [AGK, CKOh, Herb], e.g. On the other
hand Short C¥ does not; A. Seo showed recently, in a private discussion, that there
are no nonzero L? holomorphic functions on Short C.

10 Automorphism Groups

Even when the automorphism group of a bounded domain is non-compact, the under-
standing of general cases is rather poor.

In the paper of Griffiths [Griffi], a complex two dimensional bounded domain has
been constructed as the universal covering space of a Zariski open set. This domain
is a disc fibration over the unit open disc and has a noncompact automorphism group.

Problem 18 Is the automorphism group of this domain discrete?
There had been some claims but we are not aware of any written proof.

The Teichmiiler space of a compact Riemann surface of genus g > 1 is biholo-
morphic to a bounded domain in C*$~3. The embedding by L. Bers is also a bounded
domain. This domain has been shown to be non-convex [Kim].

Problem 19 Can it be re-embedded biholomorphically to be a bounded convex
domain?

Of course there is this old guiding question: Which bounded domains admit non-
compact automorphism group?

For the pseudoconvex bounded domains, there are a few results. Along the line
of thoughts, there is this old problem:

Problem 20 (Greene-Krantz conjecture) Let §2 be a bouned pseudoconvex domain
with smooth boundary. If a boundary point is not of finite type in the sense of
D’ Angelo, then show that there does not exist any automorphism orbit accumulating
at this boundary point.

A weaker problem may be:

Problem 21 Let £2 be a bounded pseudoconvex domain in C> with € smooth
boundary. Then show that no automorphism orbit can accumulate at a boundary
point of infinite D’ Angelo type if every other neighboring boundary points are of
finite type.

It is shown in [Byun] that if boundary is of finite type, but one boundary point
has the type strictly larger than the neighboring boundary points, then it cannot be
an orbit accumulation point.
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11 CR Manifolds and CR Vector Fields

Problem 22 Classify the germs of CR manifolds admitting a parabolic orbit.

The case of CR manifolds of CR codimension 1 that admit CR contractions is
understood. See [ Yoccoz].

12 Semicontinuity of Automorphism Group

Problem 23 In case the bounded domains converge in the sense of normal conver-
gence (or equivalently, in the sense of Caratheodory kernel convergence) to another
bounded domain, show that the automorphism groups show the upper semicontinuity
phenomenon, i.e., show: if £2; — £2 as j — oo in the sense described above, show
that there exists N > 0 such that Aut (£2;) is a Lie subgroup of Aut (§2y) for every
j > N.

See [Gree] for the developments concerning this problem up to the early 1980s.
Another recent progress is presented [Greene].

13 The Scaling Methods

In the late 1970s, S. Pinchuk came up with the scaling method in complex analysis.
See [Pin]. Another scaling method was presented by Frankel [Fran] in the mid 1980s.
But there are still some questions left.

Problem 24 Show the “forward convergence” of the Pinchuk scaling sequence for
the pseudoconvex domains of finite type when the dimension is 3 or higher.

Problem 25 On which domains, other than convex hyperbolic domains, does the
Frankel’s scaling sequence converge?

14 Curvature

Problem 26 McNeal proved in [McNeal] that the holomorphic sectional curvature
of the Bergman metric for a bounded domain in C? with finite type boundary has to
be bounded. Can one prove it without using the results on the d-Neumann problem?

There is a counterexample in C3, see [Herbo]; it is a domain that is pseudoconvex,
Reinhardt, of finite type boundary, and defined by a polynomial defining function,
but not semiregular (or, h-extendable).
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