Finite Markov Chains and Markov Decision
Processes

Tomoyuki Shirai

Abstract Markov chains are important tools used for stochastic modeling in various
areas of mathematical sciences. The first section of this article presents a survey
of the basic notions of discrete-time Markov chains on finite state spaces together
with several illustrative examples. Markov decision processes (MDPs), which are
also known as stochastic dynamic programming or discrete-time stochastic control,
are useful for decision making under uncertainty. The second section will provide
a simple formulation of MDPs with finite state spaces and actions, and give two
important algorithms for solving MDPs, value iteration and policy iteration, with an
example on iPod shuffle.
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1 Markov Chains

Throughout this article, we assume that S is a finite set of states and we denote the
set{0,1,2,...} by T.

A discrete-time stochastic process on S is a sequence of S-valued random variables
{X;}:eT defined on a probability space (§2, ., P). A Markov chain on S is a stochas-
tic process having the following Markov property: for0 <7 <t < --- <t, <t
and xg, X1, ..., X5, X €S,

P(X; = x| Xy = x0, Xy, = X1, ..., X,

n

= _xn) = ]P)(Xt = Xlth = xn).
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Fig.1 State transition diagram and corresponding transition matrix
In particular, a Markov chain X = {X;},er is said to be time homogeneous if

P(X:;+1 = y|X; = x),x,y € § does not depend on . When a Markov chain X
is time homogeneous, the |S| x || matrix P = (p(x, y))x,yes given by the one-step
transition probability p(x, y) := P(X;4+1 = y|X; = x) is called a transition matrix.
A time homogeneous Markov chain is completely determined by a transition matrix.

Lemma 1 Ler X = {X,};eT be a time homogeneous Markov chain. Then, for every
s,t€Tandx,y € S, P(X;45s = y| Xy = x) = P'(x,y).

Throughout this section, we treat only time homogeneous Markov chains.

1.1 Examples of Markov Chains

Example 1 Let S = {1,2,...,n}. An n by n matrix P = (pij):.szl is said to be
a stochastic matrix if p;; > Oforalli, j =1,2,...,n and Z;’-:l pij = 1 for all
i =1,2,...,n. Every stochastic matrix P defines a Markov chain. If n is small, it
is well described by using a diagram (Fig. 1).

Example 2 (Simple random walk (SRW) on a finite graph) Let G = (V, E) be a
finite connected graph and set S = V with |V| > 2. An SRW on a finite graph G is
a Markov chain on the vertex set S with the transition probability being deg(x)~! at
each vertex x € S, where deg(x) is the degree of a vertex x in G. For example, in
Fig.2, deg(1) = deg(2) = deg(5) = 2, and deg(3) = deg(4) = 3.

Example 3 (Ehrenfest’s urn) In two urns, say U; and Uy, there are n balls in total.
A ball is taken out uniformly at random and put into the other urn. Looking at the
number of balls in Uy, we can regard it as a Markov chainon S = {0, 1,2, ..., n}
with transition probability

k n—k
pk,k—1)=—, plk,k+1)=—— (k=0,1,2,...,n).
n n
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—— 3 0 1/21/2 0 0
1/20 0 1/2 0

(5) p=11/30 0 1/31/3

0 1/31/3 0 1/3

@ 0 0 1/21/2 0

Fig. 2 Finite graph and transition matrix of SRW on it

Example 4 (SRW on a hypercube) Let S = {0, 1}". We can identify S with the
vertices of a square when n = 2 and those of a cube when n = 3. Since the size of
the transition matrix is 2", it is not practical to write it down. In this case, it is more
convenient to give a transition rule algorithmically. The transition rule from a point
x = (x1,...,x,) € Sis defined as follows:

1. Choose a coordinate i from {1, 2, ..., n} uniformly at random.
2. Update x; tobe 1 if x; = 0 and O if x; = 1. Thatis, x; — 1 — x;.

This rule defines the SRW X = {X;};et on S. For example, when n = 5, transition
proceeds like

(1,0,1,1,0) > (1,0,0,1,0) > (1,0,0,1, 1) > (1, 1,0, 1, 1) > (I, 1, 1,1, 1) > -

The number above each arrow indicates the coordinate chosen in step 1. If we use
up-spin and down-spin instead of 1 and 0, we see that

G VI SO W SC SRR S5 =S G ST SIS SO S S S WS NI N S S S L P

It seems like a transition for the stochastic Ising model (a model for magnetism). One
can easily see that N; = Z?zl(X,),-, the number of 1’s in X;, is the same Markov
chain as was given in Example 3.

Example 5 (Markov chain on the set of q-colorings) Let G = (V, E) be a finite
connected graph. For a fixed integer ¢ > max,cy deg(x), we consider a map c :
V — {1,2, ..., q}. It can be regarded as a coloring of V by g-colors. We call a map
¢ a g-coloring and denote the set of all g-colorings by S. If ¢ satisfies c(v) # c(w)
whenever vw € E, i.e., v and w are adjacent in G, we call it a proper g-coloring
and denote the totality of proper g-colorings by S oper. Even when it is difficult to
identify the structure of S for a general graph G, we can define a natural Markov
chain {c¢;};eT on § algorithmically:

1. A vertex in V is chosen uniformly at random.

2. If v e Vischosenatstep 1, weset Ay(c;) = {1,2,...,q}\ {c:(w) : vw € E},
which is the set of colors admissible for the vertex v. A color is chosen from
Ay (cy) uniformly at random and c;41(v) is updated to that color, leaving all the
other vertices unchanged (Fig. 3).
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Fig. 3 Left diagram shows a proper 3-coloring, and right diagram shows an improper one

1.2 Irreducibility and Periodicity

It is important to know whether or not the Markov chain under consideration can
traverse its state space.

Definition 1 We say that a Markov chain X = {X;};cT on § is irreducible if for any
x,y € S there exists t =t y € N such that P(X; = y|Xo = x) > 0.

Definition 2 Let Per(x) := {t e N: P(X; = x | Xo = x) > 0}. We call the greatest
common divisor of Per(x) the period of a state x € S. It is known that the period is
constant on S when X is irreducible. In this case, the period can be considered as
that of Markov chain X. If the period is 1, X is said to be aperiodic.

Example 6 (Random bishop/knight moves) The possible moves for a bishop and a
knight from a particular square on a chessboard are shown in Fig. 4. The state space S
comprises the 64 squares. The square to move to is chosen uniformly at random from
the possible moves. In the example shown, the bishop chooses one of the squares
with probability 1/13 and moves to it, and the knight does the same with probability
1/8. These transition rules define Markov chains on S. We call these chains “random
bishop move” and “random knight move,” respectively.

e (Irreducibility). The random bishop move is not irreducible. Indeed, by the tran-
sition rule, the bishop can only move on the squares of the same color as that of
the initial place. Then, it is impossible for the bishop to jump to any square of the
other color. By induction on the size of the chessboard, it can be shown that the
random knight move is irreducible.

e (Periodicity). The period of the random knight move is two. Indeed, the random
knight can move only to a square of the opposite color so that an even number of
moves is required to return to the initial square. On the other hand, the random
bishop move is aperiodic since it is clear that {2, 3} C Per(x) for every x € S.
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Fig. 4 Bishop (B) and knight (K) can move to a square with a white dot

1.3 Stationarity and Reversibility

It is important to study the behavior of a Markov chain X = {X;};eT as t — oo.
By the Markov property, the distribution of X, converges to a stationary distribution
(under mild conditions) as t — oo regardless of its initial distribution.

Definition 3 We say that 7 is a stationary distribution of a Markov chain X on § if
it is a probability distribution and satisfies

Z”(X)P(xs y)=m(y), Yy €S.
xes

We say that a Markov chain X or its transition matrix P is reversible with respect to
7 if the detailed balance condition

T()px,y) =mx(y)p(y,x), Vx,y €S
holds. We call 7 a reversible distribution or a reversible probability measure.

It is easy to see the following.

Proposition 1 If v is a reversible distribution, then it is also a stationary distribu-
tion.

Remark 1 Suppose that P is irreducible. There exists a reversible distribution if and
only if for any closed path (x1, x2, ..., X5, X1), it holds that

p(x1, x2) p(x2, x3) === p(xn, X1) = p(X1, X)) P (Xns Xn—1) -~ p(x2, x1). (1)

~ _  pla.x)p(x1,x2)-pXn,x) ;

For fixed a € S, we define 7 (x) = p(XI’;Zp(x;’xf)_._p(an)' py taking a path

(a,x1,...,xn,x). It does not depend on the choice of a path joining @ and x under
the condition (1), and it is a constant multiple of the reversible distribution.

Example 7 Itis easy to show that the Markov chain defined in Example 3 is reversible
with respect to (k) = (Z) 27" Indeed, the detailed balance condition 7 (k) "n;k =
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e+ D5k =0,1,...,n — 1 with 7(0) = 1 yields 7 (k) = (}). Therefore, we
obtain the reversible distribution 7 (k) = 7 (k)/ Z;'.:O 7(j).

Example 8 Let C, be the cycle graph with n vertices. The SRW on C,, is irreducible
and reversible with respect to the uniform distribution. If n is odd, the SRW is
aperiodic; if n is even, the SRW has period 2. A Markov chain on C,, moving to the
right with probability p(s# 1/2) and to the left with probability 1 — p(s# 1/2) has
the uniform distribution as the stationary distribution; however, it is not reversible
since the condition (1) in Remark 1 fails.

The following two propositions are useful for identifying reversible distributions:

Proposition 2 The SRW on a finite graph G = (V, E) in Example 2 has the

reversible distribution w(x) = d;“gg), where 2|E| = erv deg(x) by the hand-

shaking lemma.

Proposition 3 Suppose that the transition probability of an irreducible Markov
chain on S is symmetric in the sense that p(x,y) = p(y, x) for every x,y € S.
Then, the uniform distribution w(x) = ﬁ, Vx € S, is the reversible distribution.

The next theorem is one of the most important facts in Markov chain theory.

Theorem 1 Let X = {X;};eT be an irreducible Markov chain on a finite state space
S.

(1) There exists a unique stationary distribution .

(2) If X is aperiodic, then the distribution P(X; = -|Xo = x) = P'(x,-) of X;
starting at x converges to the stationary distribution w as t — 00 for any
x € S. In other words, P' converges to the matrix IT whose row vectors are all
IHx,)=m (x €9).

(3) Foreachx € S, m(x) =

1 : . —
eI where T =inf{t > 1: X, = x}.

Example 9 The Markov chain given in Example 2 has the stationary distribution
T = (%, l, ‘l‘, %, l) from Proposition 2. Since P is irreducible and aperiodic, (2) of

Theorem 1 implies

t

0 1/21/2 0 0 1/6 1/6 1/41/41/6

120 0 1/2 0 1/6 1/6 1/4 1/4 1/6
Pr=|1/30 0 1/31/3] - |1/61/61/41/41/6| =0 (t — )
0 1/31/3 0 1/3 1/6 1/6 1/4 1/41/6
0 0 1/21/2 0 1/6 1/6 1/4 1/41/6

By (3) of Theorem 1, we have E [t ] = 6 for x = 1,2,5 and E,[t;"] = 4 for
x=3,4.

Example 10 For a random knight move starting from one of the corners on the
chessboard, say c, it is easy to show that E.[7.] = 168 by Proposition 2 and (3) of
Theorem 1. Indeed, it is easy to check that deg(c) = 2 and that
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20E| = deg(x) =2x4+3x8+4x20+6x 16+8 x 16 = 336.

xeS

Remark 2 'We note that an irreducible Markov chain on S is aperiodic if there exists
a state x € S such that p(x, x) > 0. To apply (2) of Theorem 1, we define the lazy
version of a Markov chain with P = (p(x, y)) as the Markov chain with transition
matrix Q = (¢q(x, y)) with

_|apayy ity #x
gx.y) =137 T
5t 5px,x) if y=ux.

It is clear that Q = %(1 + P). If a fair coin is flipped and it comes up heads, then
the Markov chain moves according to the original probability law P; if it comes up
tails, then it stays at the present position. The stationary distribution of Q is the same
as that of P. Even if P is periodic, Q becomes aperiodic.

Example 11 Let G = (V, E) be a finite connected graph and suppose that g >
max,cs deg(x). In Example 5, a Markov chain was defined on the set of all g-
colorings. By the transition rule, a vertex chosen in step 1 is colored differently from
the vertices in its neighborhood. Through repeated transitions, at least after all the
vertices are chosen in step 1, the state becomes a g-proper coloring even if it was
originally a non-g-proper coloring. Moreover, once the state becomes g-proper, it will
remain g-proper. This means that Sy, is closed with respect to this Markov chain.
Although the Markov chain on S is notirreducible, thaton S, per is irreducible. Such
a subset of a state space as Sp,oper is sometimes called an irreducible component.
By Proposition 3, the stationary distribution is the uniform distribution on Sp,oper-

1.4 Coupon Collector’s Problem

Coupon collector’s problem is a classic problem in probability theory and has been
extended in several ways. Here we consider the most basic one.

Problem 1 Suppose that there are n different kinds of coupons. One coupon is
obtained with equal probability % in each trial. How many trials does it take to
collect a complete set of coupons?

The number of different coupons is considered to be a Markov chain X = {X,},cT
onS ={0,1,2,...,n} with Xg = 0. Since the probability of getting a new kind of
coupon is "n;k if one has k different kinds already, the transition probability is given
by

k —k
plk. k)=~ p(k,k+1)=”T k € 5).
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Fig. 5 Histogram of 710 (simulation) and the limiting distribution e ¢’

By definition, this Markov chain only goes upwards. Let 7, be a random variable
taking values in N defined by

1, =inf{r e N: X; = n},

which is the first time that a complete set of coupons has been collected; if the set
{t € N: X; = n}is empty, 7, is understood to be co. Problem 1 can thus be
rephrased as the problem of studying the random variable t,,.

Proposition4 (1) E[t,] = n > ;_, % ~ nlogn.1 (2) limy— o0 P(t, < nlogn +
cn) =e¢ " (ceR).

This proposition implies that the expected time to collect a complete set of coupons
is about n log n and the probability that all kinds are not yet collected after n log n is
exponentially small. For example, if n = 100, then E[t190] = 518.738... (Fig. 5).

1.5 Mixing Time

The distribution at time ¢ of an irreducible and aperiodic Markov chain on a finite
state space S converges to the stationary distribution as t — 0o by Theorem 1. Here
we consider the speed of convergence. For that we introduce a distance on Z(S),
the set of all probability measures on S.

Definition 4 For u, v € Z(S), we define the rotal variation distance by
Iln —vilry = max|u(A) —v(A)|.
ACS

This distance has several different expressions.

"4, ~ b, means that a, /b, — 1 asn — oo.
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Proposition 5 For ,v € Z(S5),0 < |lju —v|ry < 1and

1
I =vliry =5 2 1m0 —v@l = 3 1) = )]

xesS xeS
u(x)=v(x)

=inf{P(X #Y): (X,Y)is a coupling of(iu, v)},

where a two-dimensional random variable (X, Y) is said to be a coupling of (i, v)
if the marginal distributions of X and Y are equal to | and v, respectively. Here we
simply write u(x) for u({x}).

Remark 3 When a Markov chain is irreducible and aperiodic, since S is finite, The-
orem 1 implies that d(f) := maxyes || P (x, ) — |7y — 0. Moreover, it is known
that d(¢) is monotone decreasing.

Definition 5 From the remark above, we can define the mixing time by
tmix(e) :=inf{t e N: d(t) < &}

for given ¢ € (0, 1/2). In particular, we write fmix := fmix(1/4). Here 1/4 can be
replaced with any ¢ € (0, 1/2).

Mixing time is the time when a Markov chain approaches the stationarity “suffi-
ciently.” Several results have been obtained for the following problem.

Problem 2 Given an increasing sequence of state spaces {S, : n € N} and Markov
chains X = {X t(")},ET on S, one can define t™ for each X™ on S,. Analyze the

mix
asymptotic behavior of the mixing time tr(n"lz( asn — oo.

1.6 Coupling of Markov Chains

The coupling method is often used for comparisons with probability distributions.
In the example below, we use a coupling of Markov chains to derive an inequality.

Definition 6 (1) Let X = {X;};cT and Y = {Y;};cT be Markov chains on § starting
at different initial states x and y, respectively. A Markov chain {(f(,, ?t)}teT on
S x S is said to be a Markov coupling of X and Y if the probability law of (X Yrer
(resp. {Y,}ier) is equal to that of the given Markov chain X (resp. Y). We denote the
probability law of this coupling {(X/, ¥;)};eT by Py .

(2) We define a coupling time by toupre = inf{t > 0 : 5(, = Yt}.

Example 12 Consider a Markov chainon S = {0, 1, 2, ..., n}. This chain jumps to
one of its two neighbors with equal probability 1/2 at {1,2,...,n—1},toOor I with
equal probability at 0, and to n — 1 or n with equal probability at n. We construct
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a coupling as follows: Toss a fair coin. Both X; and Y, move upwards if it comes
up heads and both move downwards if it comes up tails. The important feature of
this coupling is the fact that if x < y, then X < ft for any # > 0. Therefore, since
{X; = n} C {Y; = n}, we can see that if x < y then

P'(x,n) =Py (X, =n) <Py (¥ =n) = P'(y,n).

In other words, P’(x, n) is an increasing function of x for each ¢. This fact is not so
easy to prove by simply using matrix computations.

1.7 Upper Estimate of Mixing Time via Coupling of Markov Chains

The expected coupling time is used as an upper bound of #;x.

Proposition 6 Let P, , be a coupling of two Markov chains starting at x and y.
Then, tmix < 4maxx,y€S Ex,y[fcouple]-

From Proposition 6, it is important to construct a “nice” coupling with small
coupling time. Here we give two examples.

1.7.1 Mixing Time of LSRW on Cycle Graph C,

First we estimate the mixing time for the lazy version of the SRW on C, given in
Example 8. We construct a coupling {(X;, Y;)};eT of two LSRWs starting at x and
y respectively as follows:

1. Toss a fair coin. If it comes up heads, X; moves according to the transition rule;
if it comes up tails, 17, does.

2. After the two chains meet, they move together as a single LSRW, keeping X, =Y,
fort > Tcouple-

Looking at either X ; or Y, ; reveals that each chain is obviously an LSRW on C,,.
Let us consider the coupling time of this chain {(5( t ?,)},ET. Let Z, be the shortest
path distance between X, and Y;. It is thus a Markov chain on {0,1,..., n/2]}.
(The transition rule at [n/2] is a little different depending on whether » is even or
odd.) Then, the coupling time of X, and Y, is equal to the first hitting time of Z;
at 0. It is known to be of O(nz). Therefore, by Proposition 6, we can conclude that
1" = 0n?).

mix
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1.7.2 Mixing Time of LSRW on Hypercube

Consider the lazy version of the SRW on hypercube § = {0, 1}" given in Example 4.
A coupling {(X;, Y;)};eT of two LSRWs starting at different initial states is con-
structed as follows:

1. A coordinate i is chosen from {1, 2, ..., n} uniformly at rarldom. 3
2. Ip accordgnce with the heads or tails of a fair coin flip, set X;(i) = Y;(i) = 1 or
X (1) =Y (i) =0.

For example, a transition when n = 5 proceeds like

10110 3,}53ds 10110 S,tEfds 10111 3,t_a)ils 10011 l,t_a)ils
00000 00100 00101 00001

Suppose i is chosen at step 1. No matter what the value of the i-th coordinate is,
at step 2, it keeps that value with probability 1/2 and is updated to the other value
with probability 1/2. Therefore, if we look at either X; or ¥; only, we see nothing
but an LSRW. Under this coupling, once the i-th coordinate is chosen at step 1,
the values of the i-th coordinate of X ¢+ and 17, will remain the same. Therefore, the
coupling time of the coupled chain is the first time when all the coordinates at which
the values are different at + = 0 (e.g., {1, 3, 4} in the example above) are chosen. If
we regard {1, 3, 4} as the coupons yet to be collected, the coupling time is smaller
than 7, defined in coupon collector’s problem in Sect. 1.4. Therefore, Ey y[Tcouple] <

Elr,] < nlogn +n. By Proposition 6, we see that 1) <

mix —

4(nlogn +n). Itis known
that tr(nnll ~ %n logn.

1.8 Cutoff Phenomenon

The cutoff phenomenon is said to occur when the total variation distance d(¢) keeps
nearly 1 before the mixing time 7nix and abruptly drops to near O around the mixing
time fmix. This implies that the distribution of X; is far from the stationarity before
time #yix and close to stationarity after time #,;x. This phenomenon is formulated as
follows.

Definition 7 A sequence of Markov chains has a cutoff if

[

mix

(&) ~t™ (1 —¢) for every ¢ € (0,1/2)

mix

as n — 00, which is equivalent to

1 ifec<1
: ) _ ,
i A (i) = {0 ife> 1.



200 T. Shirai

(n)
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(n)

t Tiix

Fig. 6 Cutoff phenomenon. Graph of d,, (¢) rescaled by 1" asn — oo

le

The total variation distance dj, () converges to a step function asn — oo by rescaling
time ¢ by 1) (Fig.6).
The following is a more precise version of the above.

Definition 8 A sequence of Markov chains has a cutoff with a window of size w,, if

(")) and for every ¢ € (0, 1/2) there exists ¢ > 0 such that

Wnp = O(Imix

t™ &) =t (1 —¢) < cow, (YneN),

lTlIX mix

which is equivalent to

lim lim 1nf d, (tmlx + cwy) =1, hm lim sup dj, (t( n) + cwy) = 0.

c—>—00 n— — 400 N— 00 mix

Example 13 (1) The LSRW on the hypercube {0, 1}" has a cutoff at t( ) n logn
with a window of size n.

(2) The SRW on cycle graph C,, does not have a cutoff.

(3) Abiasedrandomwalkon {0, 1, ..., n} moves upwards with probability p > 1/2
and downwards With probability 1 — p. Then its lazy version has a cutoff around

1 ~ (p — 1/2)"'n with a window of size \/n.

le

2 Markov Decision Processes

On many occasions one has to make a decision to minimize a cost or maximize a
reward. Markov decision processes (MDPs) provide a model for use in such situa-
tions.

Here we give a formulation of MDPs. Let S be a finite state space and A a finite
set of actions. For each a € A a transition matrix P(a) = (pxy(a))x,yes is given.
A function ¢ : S x A — [0, 00) is called a cost function. A policy is a sequence
u = {u;}ser of functions u; : St 5 A, For given { P (a)},e4, we define a stochastic
process {X;};eT on § associated with policy u and initial state u© = (uy)xes by the
following properties: for xg, x1, ..., Xr+1 € S,
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L. P*“(Xo = x0) = fx,-
2. P*( X1 = x411Xo0 = x0, ..., Xy = %) = Pxixi1 (s (x0, - - -5 X1)).

When the initial state u is the delta measure at x, we denote the probability law of
{X:}ieT by P%. This process is not, in general, a Markov chain since the conditional
probability depends on the past not just on the present state. A policy u is said to be
a stationary policy if there existsamap u : § — A such that u;(xg, ..., x;) = u(x;)
forany t = 0, 1, .... Here we abuse the notation of u. If a policy u is stationary,
then the corresponding stochastic process is a Markov chain.

In what follows, for simplicity, we assume the following:

(A1) There exists an absorbing state z € S in the sense that p;y(a) = 6,y and
c(z,a) = 0 for any a € A. We denote the set of all absorbing states by Sgp;.

(A2) Forx € S\ Sups, c(x,a) > 0 foreverya € A.

(A3) There exists a stationary policy u such that for every x € S\ Sups there exists
t =t, € Nsothat PY(X; € Sqps) > 0.

Let 7 be the first hitting time to Syps,i.e., T = inf{r > 0: X; € Sups}. We define
the expected total cost associated with a policy u by

T—1
Vi(x) = E [Zc(xt, u (Xo, X1, ..., X,))} (x €S$)

t=0

and the optimal total cost by
V¥(x) =inf V*(x) (x €9).
u

It is clear that
CminE;[T] = Vu(x) = CmaxE? [t], 2)

where Ciyin = minyes\s,,,aea ¢(x, a) and cpax = Maxyes,qaea ¢(x, a). Thisimplies,
under (A2), that max,ecs V" (x) < oo is equivalent to max,cs E4[7] < oo.

Lemma 2 Let u be a stationary policy as in (A3). Then, max,cs E4[t] < 00. In
particular, max,cs V*(x) < oo.

We note that if a policy u is a stationary policy associated with u : § — A, then
V¥ (x) satisfies
Vi) = e, u(x) + D pry )V (). 3)

yeS

Example 14 Forn > 2,1let S = {0, 1,2, ..., n} be a state space with 0 being the
absorbing state. There are two actions A = {ay, az}. If one chooses aj, then one
goes downward by 1 in every state; if one chooses a;, then one jumps to 0 or n — 1
with equal probability 1/2 at n and goes downward by 1 otherwise. Suppose that
the cost of action aj (resp. az) is 1 (resp. C), i.e., c(x, a;) = 1 (resp. c(x, a2) = C)
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forx = 1,2,...,n. Suppose C > 1 for simplicity. It is clear that V*(x) = x for
xe{0,1,...,n—1}and

-1 n+1
n if > 24t

for x = n. One should choose action a; at n for the former and action a; for the
latter.

In Example 14, we can compute the optimal cost V* explicitly. However, it is not
easy to determine the optimal cost in general. So the question is how to estimate the
optimal cost V*. Here we give upper and lower estimates for V*.

2.1 Lower Bound: Value Iteration

For a lower bound, we define the minimum expected cost incurred before time ¢
inductively by

Vi(x) =min {c(x,a) + D py@Vi1(y) . Vo) =0(Vx€S), 4
acA Vves

which is often called the Bellman equation with finite horizon. By induction, it is
easy to see that V;(x) is increasing in 7. Hence, there exists an increasing limit
lim;— Vi (x) € [0, oc]. We can show that the limit is equal to the optimal value
V*(x).

Proposition 7 For each x € S, V;(x) is increasing in t and converges to V*(x) as
t — oo. In particular, V;(x) < V*(x) for any t.

We apply Proposition 7 to Example 14. Since V;(0) = 0 and C > 1, we see that

V() 1+Vi_ix—1) forx=1,2,....,.n—1,
X) =
! min{l + V,—1(n — 1), C+ 3Vi_i(n = 1)} for x =n.

This implies that V;(x) = min{x, ¢} and hence V*(x) = x forx =1,2,...,n — 1.
Whent >n,as V,_1(n — 1) =n — 1, we have

C+%1 ifl <C <,
V*(")ZV’(")Z{;@ it € >l
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2.2 Upper Bound: Policy Iteration

Next we consider an upper bound for V*. For a given stationary policy u¢ such that
max,cs V*0(x) < 00, one can choose a stationary policy u such that foreach x € §
action @ = u1(x) minimizes the function a — c(x, a) + Zyes Pxy(@) V" (y). For
such a stationary policy ug, we inductively define a sequence of stationary policies
{us}reT by

ur(x) € afggleig c(x,a)+ Z;pxy(a)vu”l(y) (x €9), ®)
ye

where arg mingec4 f (a) is the set of arguments for which f (a) attains its minimum
and u; (x) is arbitrarily chosen from the right-hand side.

Proposition 8 For a stationary policy ug such that max,cs V"0 (x) < 0o, we define
{u;}ret as described above. Then, V' (x) is decreasing in t and converges to V*(x)
ast — oo for each x € S. In particular, V*(x) < V" (x) for any t.

We apply Proposition 8 to Example 14. For simplicity, we assume thatn > 3. The
n = 2 case is left to the reader as an exercise. First, we suppose a policy up(x) = as
for every x. Then,

Cx forx =0,1,...,n—1,
$(1+n) forx=n.

V”O(x)z{
Itis clear that u1(x) = a; forx =0,1,...,n — 1 since C > 1. For x = n,

c(n, @) + D puy(@)V*(y) =

yeS

1+Cn—1) fori=1,
C+icm—-1) fori=2.

Then, it is easy to see that u(n) = a» when n > 3 since C > 1 and that

" X forx=0,1,...,n—1,
Vi = c+in=1) forx=n
5 =n.

Similarly, it is clear that u>(x) = ay forx = 1,...,n — 1 and that

c(n,ai) + D puyla) V' (y) =

[1+(n—l)=n fori =1,
yes

C+imn—1) fori=2

for x = n. Therefore, we have
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ar if 1 <C <t
uyx)=ax=1,...,n—1), wuz(n) = 2 6
2(x) 1( ), uz(n) [al isz% (6)
and
ViR (y) = X forx=0,1,...,n—1,0rf0rx=nandCz%,
C—}—% forx:nandl<C§%.

It can be easily seen that u,(x) = up(x) for t > 2. Therefore, u;(x) given in (6) is
an optimal policy.

2.3 An Example: iPod Shuffle

An iPod shuffle is an MP3 music player with a clickable control pad and an external
button for switching between two different modes; one is sequential play mode and
the other is random shuffle mode. Suppose that the playlist for your iPod is sorted by
song title, say, S = {1, 2, ..., n}, and n is assumed to be the song you want to listen
to. If you click the control pad in the sequential play mode, x goes to x + 1, and if you
click the control pad in the random shuffle mode, the next song is chosen uniformly
at random from {1, 2, ..., n}. Intuitively, if you start at a song close enough to n, it
might be better to stay in the sequential play mode, and if you start at a song far from
n, it might be better to switch to the random shuffle mode until a song close to 7 is
reached. The question is, what is the threshold for switching between two modes?
This problem is well-modeled by a Markov decision process.

Example 15 (iPod shuffle) Let S = {1, 2, ..., n} be a state space with n being the
absorbing state. There are two actions A = {ay, a;}. If action a; is chosen, one moves
upward by 1; if action ay is chosen, one jumps to a state uniformly at random. The
costs of action a; and a; are 1 and T, respectively. We assume that 1 < T < n. We
apply Proposition 7 to this example. It follows from (4) that

1 n
Vi) =min {1+ Vit D, T -3 Vi), x=1o.on—1, (D
y=1

and V;(n) = 0(Vt =0, 1, ...). From this expression, by induction, it is easy to see
that V; (x) is decreasing in x for each ¢ and that there exist v; > Oand K; € {1, ..., n}
such that

Vs forx=1,2,...,n— K;,

Vi(x) =
() [n—x forx=n—-—K;,+1,n—K;,+2,...,n.
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By Proposition 7, V;(x) / V*(x) ast — o0, and hence we obtain v > 0 and
K € {1,...,n} such that

v forx=1,2,...,.n— K,

Vi(x) =
n—x forx=n—K+1,n—K+2,...,n.

On the other hand, from (7),

1 n

V@) =min { 1+ V*x+1), T+= D> V), forx=12....n-1
nvz]

3

The second argument on the right-hand side does not depend on x and is equal to
1 1
C,v. K. T) =T + —{(n — K+ 3K (K - 1)}.
n
Setting x = 1 in (8) yields

v=min{l +v, C,(v, K, T)} K=0,1,...,n—-2,
v=min{fn —1, C,(v,n—1,T)} K=n-—1,
n—1=min{n—-1, C,(v,n,T)} K =n.

Since we assumed that T <« n, we have that C,,(v,n, T) <n —1,andso K # n. It
is also easy to see that v = C,, (v, K, T') for K < n — 1, which implies that

Lk —n+iL ©)
v=—(K — —,

2 K

Settingx =n — K andx =n — K + 11in (8) yields v = min{K, C,(v, K, T)} and

K —1=min{K — 1, C,(v, K, T)}. Hence, we have
K-1<v=(C,WvK,T)<K.

By solving these inequalities together with (9), we have

V1 4+8nT —1 K<\/l+8nT+l
2 - 2 '

Therefore, we can see that v ~ K ~ 4/2nT asn — oc. O
Remark 4 We refer the reader to Levin et al. [1] for a comprehensive account of
the topics covered in Sect. 1, especially mixing time and cutoff phenomenon. Norris

[2] provides additional details for the explanations in Sect.2. The iPod example in
Sect. 2.3 is taken from Norvig [3].
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