Chapter 11
p-adic Measure and Kummer’s Congruence

In modern number theory, the p-adic method or p-adic way of thinking plays an
important role. As an example, there are objects called p-adic L-functions which
correspond to the Dirichlet L-functions, and in fact the natural setup to understand
the Kummer congruence described in Sect. 3.2 is in the context of the p-adic
L-functions. To be precise, a modified version (by a suitable “Euler factor”) of
Kummer’s congruence guarantees the existence of the p-adic L-function.

To discuss this aspect fully is beyond the scope of this book, but in this chapter we
explain the p-adic integral expression of the Bernoulli number and prove Kummer’s
congruence using it. Interested readers are advised to read books such as Iwasawa
[51], Washington [100], Lang [66].

We assume the basics of p-adic numbers. For this we refer readers to Serre [83,
Ch. 1] or Gouvea [37]. The results in this chapter are not used in other chapters.

11.1 Measure on the Ring of p-adic Integers and the Ring
of Formal Power Series

In this section we review the general correspondence between measures on the ring
of p-adic integers Z, and the ring of formal power series. We use this setup in the
next section to define the Bernoulli measure on Z, and to express Bernoulli numbers
as integrals. This expression turns out to be very useful in proving Kummer’s
congruence relation.

Let 6,, be the algebraic closure of the field Q, of p-adic numbers. The p-adic
absolute value | | of Q, (normalized by | p| = 1/ p) is extended uniquely to Q » We
use the same notation | | for this extension. Then Gp is not complete with respect
to this absolute value, and the completion is denoted by C,. The absolute value | |
also extends naturally to C,. Let O, be the ring of integers of C:

O,={xeC,||x| <1}

T. Arakawa et al., Bernoulli Numbers and Zeta Functions, Springer Monographs 183
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Remark 11.1. Like the complex number field C, the field C, is complete and
algebraically closed. To do analysis in the p-adic setting, we need this big field.

First we review the general theory of measures on Z,.
Denote the Z-module Z/ p"Z by X,, and the canonical map from X, 4| to X, by
41, SO Ty 2 Xug1 — X, is defined by

x mod p"t'Z — x mod p"Z.

The system of pairs (X, 7,) gives a projective system and we have the projective
limit lim X, :

tim X, = {(0) € [T X0 | 7wt o) = 3.
lim

n>1
The ring of p-adic integers Z, is identified with this projective limit lim X,, .
«—

Definition 11.2 (Measure on Z,). A set of functions u = {u,}oo, is called an
O,-valued measure on Z, if the following two conditions are satisfied:

(i) Each p, is an O,-valued function on X, u, : X, — O,.
(ii) For any n € N and x € X, the distribution property

M (x) = Z Mn+1()

yeXn+1
Tut1(y)=x

holds.

The set of O,-valued measures on Z, is denoted by M(Z,,O,) . This has an
O ,-module structure. Further, the norm of p = {u,,} € M(Z,, O,) is defined as

lul = sup  |ua(x)].

neN, xeXx,

Also, the O,-module of continuous O ,-valued functions on Z, is denoted by
C(Z,,0,), and the norm ||¢| of an element ¢ € C(Z,, O)) is defined by

el = sup |p(x)|.

X€Z)
Forg € C(Z,,0,) and i = {u,} € M(Z,,O,), the integral on Z, is defined by

p'—1

| odue) = fim Y o).
14 r=0

lim
n—>00
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(We use the abbreviated notation w, (r) for w,(r mod p"). A similar abbreviation
will be used in the following.) The convergence of the limit on the right-hand side
is guaranteed by the following estimate: when n < m, we have

p'—1 p"—l1
| ) = Y e pn() |
r=0 =0
p”—l m—n__|
=| D (¢r) = X 9+ P Dualr + ") |
r=0 q=0

pn_l pm—n —1

=[>[ X @or=et+ eyt + p 0 | |
=0

q=0

< max lp(r) —o(r + p @)l |l

For each natural number &, the binomial polynomial

ty =1t —k+1)
k] k!

in f is a continuous function on Z,.

Topu = {un} € M(Z,,0,) weassociate f € O,[[X]] in the following manner.
Set A = O,[[X]], A» = ((1 + X)?" — 1)A and consider the projective system
{(A/A,,®w,)} by the natural map w, : A/A, — A/A,_,. Define f,(X) €
A/ A, by

pi—1 pi—=1 r =l
LX) =) ) +X) =Y > unm(;)xk = > Xt
r=0 r=0 k=0 k=0

Here we understand that the equalities are mod A, and put

Pl
r
k=Y, un(r)(k).
r=0
Since we have
p'—1

@) X) =, | D pa(r)(1 + XY

r=0
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pnfl_l p—l

=o, | 3 3wl + A+ X) (14 X7

r’'=0 [=0

”_11

p”_l—l

Y a1+ X))

r’=0
= fu—1(X),

the system ( f,,) is an element in the projective limit lim A/ A, . Now we have the
<~

isomorphism
Ax=limA/A,, A>gr—(g,) €limA/A,,
<« <~

where, for g € A, the system (g,) is given by g, = g mod A,. Through this
isomorphism, the above { f,,} corresponds to f € A by

f(X) = Z cnX™,

m=0

where

pi—1
) r
Cm = nlirgo Z :un(r) (m)
r=0

= /Zp (;) du(x).

We therefore have obtained a map from M(Z,, O,) to O,[[X]]. An important
fact is that this map gives a natural isomorphism between M(Z,, O,) and the ring
of formal power series O, [[X]], often referred to as the Iwasawa isomorphism. The
way to associate a measure to an element in O,[[X]] is described as follows.

For f =Y cuX™ € O,[[X]], define o = {u,} by

pa) = — 3 =D e Xy, (L
e =1

the sum running over all p”-th roots ¢ of 1. Since | — 1| < 1, f({ — 1) converges.
For each m > 0, we have

1 1 " m o
Y-y =— c—’( .)(—D'"—fzf
) RPN

> (’") (1"
0<j=m I

j=r mod p"
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So this is contained in O, . In particular, if p” > r > m, then this is zero. When { is
a primitive p¥-th root of 1 (v > 1), the equality
|6 —1]??") =|p| (¢ is the Euler function)
holds and hence
€= 1" = [p"/*@7).
From this, we conclude that p° divides the quantity
m .
5 ( . )<—1>m—f
o<j<m \J
j=r mod p"

fore = m/¢(p") — n. Therefore,

o) = Y- | o X TG
m=0 =1

is convergent and the value is in O,. To check the distribution property (ii) of the
measure, we need to calculate the following value:

Z Mn+1(y) = Z /'LnJrl(x + Pna)

YEXy41. Tu1(y)=x amod p

= L | X o) e,

;pn-i-l —1 \@mod p

Using the identity

Z = 0 if¢? #1,
p if? =1

a mod p

for a p"*!-th root ¢ of 1, we have

Y Te=p )

a mod p =1
é_plz-|>1 -1

so we have

Do ka1 (p) = ()

yGX,,+1
Tut1(y)=x
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which is to be proved. If we define the formal power series f € O,[[X]]
corresponding to this measure defined as before, then the coefficients ¢, of X k of
this series are given by

=1
= nli)rgo Z Wen () (2)
r=0
= 1i C = r m 1 m—j
Shm e 2 i) 2 ;)

m=0 O=j=m
Jj=r mod p*

We fix k. To calculate the coefficient of c,, in the expression of ¢ in the right-hand
side above, we fix m. We have (;) = 0 for k > r so we may assume that k < r.
Taking n big enough, we assume that m < p”. Then, if j = r mod p" for some j
with 0 < j < m, we have j = r since we also have 0 < r < p" — 1 by definition.

So we may assume that k < r = j < m. So the coefficient of ¢,, is given by

m r m —r m—k m—k m ki 1 ifm:k,
r;(k)(r)(_l) =§< i )(k)(_l) Z{Oifmyék,

Hence we have ¢, = c;. So we have f = f and two mappings are inverse with
each other and we see that the set M(Z,, O) of O,-valued measures and the space
of formal power series O, [[X]] are bijective.

More precisely, we can introduce a product for both spaces and show that these
are isomorphic as O, algebras, as given in the following theorem whose complete
proof is omitted (see e.g. Lang [66, Ch.4]).

For two measures i, v € M(Z,, 0,), we define an O ,-valued function (u *v),
on X, by

p"—1

(n*xv),(x) = Z WD)V (x — y) (x € X,). (11.2)

y=0

Then u * v = {(n * v),} becomes an element of M(Z,,O,). We call this a
convolution product of & and v. The set M(Z,,O,) becomes an O, algebra by
this product p * v.

Theorem 11.3 (Iwasawa isomorphism). Between the space M(Z,,O,) of O-
valued measures and the ring of formal power series O,[[X]], there is an O,
algebra isomorphism P : M(Z,,0,) — O,[[X]] given by

M(Zy.0)) 3 1= () r> f(X) = 3 cnX™ € O,[IX]].

m=0
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Here, c,, is determined by ju:

X
en = /Z ,, (m) dp().

and conversely |, is determined by f :

[ (x) = Z 1.

1
"

For convenience of the description below, we recall Mahler’s’ theorem giving
the necessary and sufficient condition for an O,-valued function on Z, to be
continuous.

Theorem 11.4. The function ¢ : Z, — O, is continuous if and only if it can be
written as

o0
X
p(x) = E a, (n) a, € 0,, |a,| — 0.
n=0

If this is the case, the coefficients a, are uniquely determined by ¢ and given by

—Z( " k( )w(k)

We omit the proof (cf. Lang [66, §4.1]).

If we use Theorem 11.4, we can understand a part of Theorem 11.3 more
intuitively as follows. Fix xo € Z. Denote by ¢ the characteristic polynomial of
Xo + p"Z,. Then by the definition of the p-adic measure, we see easily that

/Z o) = fn(x0).

So if we replace ¢(x) by the expansion g(x) = Y o a,,,( ) in Theorem 11.4, we
have

Mn(x0) = Zamcm = Z Cm Z( n" k( )‘P(k)

m=0 m=0

Kurt Mahler (born on July 26, 1903 in Krefeld, Prussian Rhineland—died on February 25, 1988
in Canberra, Australia).
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Now, for any ¢ with {7 = 1, we have
o0 o0 m m
den@ =" =" cn ( k)(—l)’""‘ﬁk.
m=0 m=0 k=0

Since ¢(k) = 1if k = xy mod p" and ¢(k) = 0 otherwise, we have

% DY e =D" =Y emy. (’Z) (=1)" o (k).
m=0 k=0

et =1 m=0

So we get the expression of w(x) by f in Theorem 11.3.
We describe here several useful properties of the correspondence P in Theo-
rem 11.3 between measures and formal power series. Let the maximal ideal of O, be

P=1{z€0,|lz <1}

For z € P, define the function (1 4 z)* in x by

(1+2)":= Z (;)Z".

n=0

By Mabhler’s theorem, (1 + z)* is a continuous function of x € Z,. When x is a
non-negative integer, this definition of (1 + z)* coincides with the usual binomial
expansion. We have the relation

1+ +2" =1+ (x, ¥ €Z)). (11.3)

This is obvious for x, x’ € N, and the general case for x, x’ € Z » follows from the
fact that the set N of natural numbers is dense in Z,.

In the following, we list several properties of measures and corresponding power
series, which will be used later.

Property (1). Let z € P.If u corresponds to f (i.e. Pu = f), then

£ = [Z (142" dp(x).

P

In particular, by putting z = 0,

£0) = /Z du ().
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o0
Proof. Writing f(X) = Z ¢, X", we have by Theorem 11.3

n=0
X — — x n
/Z 1+ ) = fz p ;(ﬂ)z ()
o0 . x
= r;) z /Z,, (n) du(x)
=Y 0d = Q).

=
I
S

a

We call the map A from C(Z,,0,) to O, a bounded linear functional on
C(Z,,0,) if the following conditions (i), (ii) are satisfied:

(i) Forany ¢, ¢’ € C(Z,,0,)andany a, b € O,,
AMag + be') = al(p) + bA(¢").

(ii) There exists a positive constant M > 0 such that for any ¢ € C(Z,, O)),

A (@) = Mllell.
The norm of A is defined by
1A (@)]
Al = T
9eC(Z,,0,) loll
9F#0

Let A be a bounded linear functional on C(Z,,O)). For x € X, = Z/p"Z, write
the characteristic function of x + p"Z, as ¢, ,. If we put

M (X) = A(@x.n)s

then u = {u,} is an O ,-valued measure on Z, (i.e. u € M(Z,, O,)). Conversely,
given . = {u,} € M(Z,,0,), if we put

A(p) = f o(x) dpu(x),

Z,
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then A is a bounded linear functional on C(Z,, O,). This correspondence between
A and p is easily seen to be one to one.
Moreover, for h € C(Z,,0,) and u € M(Z,,O,), the map

@ /Z ph(x)du(x), (¢ € C(Z,,0)))

is a bounded linear functional on C(Z,, O,). Let hj be the corresponding measure.
It is an interesting problem to compute the formal power series corresponding to the
measure sijr when p corresponds to f = Pu € O,[[X]]. Properties (2) and (3)
below give examples of this correspondence.

For f € O,[[X]], put

UF)X) = f(X) - % S @+ x) -1, (11.4)
er=1
Since
LS ¢+ %) - 1) ez,x]
[t

for non-negative integers /, we have U f € O,[[X]].

Property (2). Let f € O,[[X]] and u s be the corresponding measure. Also, let yr
be the characteristic function of Z;. Then the formal power series corresponding
to the measure Y r is Uf, ie., yuy = pyy. More precisely, we have for any
peCZ, 0,

/ o)W () di s (x) = / () gy (x).
z, z,
This can also be written as
[ () dpiy (x) = / o(x) dpu s ().
zx z,

Proof. Write the power series corresponding to the measure ¥4y as g. Whenz € P,
by Property (1) we have

¢() = /Z (1 + 2"y () dje ().

Let ¢ be a pth root of 1. Regarding v also as a function on Z/ pZ via ¥ (a mod
p) = ¥(a + pZ,), and putting
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" 1 —a
VO == Y @i
a€l/pZ

(Fourier transform on Z/ pZ) we have

Yia) =Y ¥

(=1

by a simple calculation (inverse Fourier transform). Since

. —1 if £ # 1,
V(@) = { 4 ifi i
0 )
by the definition of ¥, we obtain
g = [ I+ dus(x)

Zy
= [ avar ¥ b0 s

cr=1

=Y Vo /Z (1+2)¢ dpuy (x)

(=1
=Y b [ (1+¢a+a-1) dese
tr=1 Z,
= Y IOIGa+I =D = f@ -~ I fG1+9-D.
(r=1 (r=1

This shows g = U f. (Here we define the power {* for x € Z, by
=[x
C=(14L-1) =) ( )(;—1)".
n=0 n

If we choose a € Z sothat x —a € pZ,, we have {* = {“.) |

Define the differential operator D on the ring of formal power series O,[[X]] by

d
D =(1+X)Dy, h Dy = —.
1+ X)Dy where X =%
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Property (3). For f € O,[[X]], the power series corresponding to the
measure xuy is Df. Hence the power series corresponding to the measure
x¥ pr (k natural number) is D* f and the equalities

/ K dp () = / ditpi 1 (x) = (D* £)(0)
z, zZ,

hold.

Proof. It is enough to show this when k = 1. Let g € O,[[X]] be the power series
corresponding to the measure xu . By Property (1), we have for z € P

¢ = /Z (14 2 dpy ().

P

Put /(X)) =>"20 an X", g(X) =Y 2, byX". Using

)=l ) =)

and Theorem 11.3, we have

by = /Z (z) djig(x) = /Z <z)xduf(x>
=n+1) /zp (n j_ 1)a’uf(x) + n/;p (z)du‘f(x)

= (n + Day+1 + nay.
On the other hand, Df is computed as

(DfYX) = (1 + X)Dx f)(X)
=1+ X)a +2a:X + - +na, X" 1+ ...

o0
Z ((n 4+ Day+1 +na,) X",
n=0

This gives g = Df. |

In general, for a power series f(X), we define a new power series f*(Z) in Z
by setting X = e¢? — I:

f2Z) = fe# -1). (11.5)
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For example, when

we have

Note the identity

(D%,

since

fXO=0+X)7"=Y" (Z)X

£5(0) = (D* £)(0)

Dz f*(Z) = (1 + X)Dx f(X) = Df(X).

195

(11.6)

The next property is the basis of the fact that the isomorphism P in Theorem 11.3
is an O, algebra isomorphism.

Property (4). Let the measures p, v correspond respectively to the power series
/. g € Op[[X]] Gee., u = Ly, v = ug). Then the power series corresponding to
the convolution u * v is fg:

Hr* g = Ufg.

Proof. By Eq. (11.1), we have

vk —r)=

pa(r) = — > LT fE -1,
=1

“cl._. ﬁl._
I

= Y e - ).
o =1

Substituting this into the right-hand side of (11.2), we obtain

(m*v)u(k) =

pn_l

£ =1

LSS s g - et L Y ey
V4 V4
¢ € r=0

> pi > C"f@—l)ﬁ 3 g - 1)
r=0 ;p"=1
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= LS pe-nec—ne*
P

= Hfg.n (k)

Here ¢ and £ run through all p”-th roots of 1. From this, Property (4) follows. O

11.2 Bernoulli Measure

We define a specific measure called the Bernoulli measure. Recall that the first
Bernoulli polynomial is by definition equal to

1
Bl(X) =X — E

In the following, p denotes an odd prime. For each natural number n and x € X, =

Z/p"Z, set
pl’l

where in the right-hand side, we regard x as an integer representing x mod p”, and
for w € R, {w} is the real number satisfying 0 < {w} < 1 and w — {w} € Z (the
fractional part of w). Then E = {E,} is a measure on Z, but is not O ,-valued. We
modify this as follows in order to have an O,-valued measure. Take an invertible
elementcinZ, (ie.c € Z;), and for x € X, = Z/p"Z, let

E.n(x) = Ep(x) — cE,(c'x).

We understand ¢~ 'x as an element in X,, = Z/p"Z. It is easy to see that E. =
{Ec}is an O ,-valued measure. We call this the Bernoulli measure.

Proposition 11.5. (1) The formal power series corresponding to the Bernoulli
measure E. is given by

1 c
FO =y a1

(2) Let k be a natural number. For ¢ € Z; with ¢k # 1, we have

B —1)k
—k—( ) / x*VdE,.
ZP

kK~ 1—ck

In particular, if p — 1 t k, then By /k € Z).
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Proof.(1) Since ¢ € Z’;, we see f. € Z,[[X]], the first two terms of f.(X) being

c—1 1=¢2
_l’_

2 12 +

Je(X) =

Let st = {,} be the measure on Z, corresponding to f. by Theorem 11.3. For
r € X, = Z/p"Z we have

1

un(r) = — > T fuC—1)
Pt
1 1 1 c
U U ()
p P o S =1 ¢o—1

Now we use Lemma 8.5 onp. 110. For ¢?" =1, { # 1 and f = p”, the lemma
gives

1 =
é-c_l :7Z]§Cj

Jj=1

since (c, p) = 1. By this, if we choose [ so that ¢/ = k mod p", 0 <[ < p",
we obtain

~—

f—1
_ N e (=1
= S kY e S
Lo Vet el 7

_ed_e(f=D)
Y

¢k c N c
= C _— —_ = _
pn 2 2f

and by substituting this into the formula for j, (r) above and noting that f.(0) =
(¢ — 1)/2, we have

- c—1+ r 1+1 clr Lo
n(r) = —(~5t57—¢ 5= 57
K 2f | 27T o T2 2
r 1 clr 1
—t—=]-c -=).
p'l 2 p}’l 2
By the definition of the Bernoulli measure, we conclude w,(r) = E.,(r), i.e.,

u = E. and the power series corresponding to E. is f,.
The proof of (2) goes as follows. By Property (3) and Eq. (11.6) we have
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/ VdE, = (DK £)(0) = (DS £4)(0).
Z,

Here by definition (11.5), we have

1 c
* _ zZ _ — _
f;‘(z)_ﬁ’(e 1) eZ—l ecz_l
0 Zn—l
=D (=) (=1 By =
= n!
so we have
k=1 ;% k « Bk
(Dz f‘c )(0) = (1 —c")(=1) 7
and thus
B
/ XVAE, = (1 — by (k2K
z, k
This gives (2). O

11.3 Kummer’s Congruence Revisited

The “right” formulation of Kummer’s congruence is the following.
Theorem 11.6. Suppose p is an odd prime.

(1) Assume that m is a positive even integer such that p — 1 + m. Then B,,/m €
Zp).

(2) Let a be a positive integer, and m and n positive even integers satisfying m =
nmod (p — 1)p*~' and m # 0 mod (p — 1). Then we have

_ Bm n— Bn a
(1=p"H=—"==(1-p""H—" mod p*.
m n
To prove this, we need the following integral expression of the Bernoulli number,
a refined version of Proposition 11.5 (2).
Proposition 11.7. Let k be a positive even integer and take ¢ € Z;. Then we have

B
(1—chya —pk—l)f =/ 1 dE,.
zy
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Proof. The power series that corresponds to the Bernoulli measure E. is f. in
Proposition 11.5. As in (11.4), define from f. a new power series g by

¢(X) = Uf(X) = fu(X) % S A+ X) - 1),
(=1

We have g € O,[[X]] and so we let © = j1, be the measure on O, obtained from g.
By Property (2) on p. 192 we have

/ xKVdE, =/ xKdpu.
zx z

4

Further, using Property (3) on p. 194 and (11.6) one sees

/ x*dp = (D*'g)(0) = (DX 'g*)(0).

Zy

We compute the value (Dk 1¢*)(0) . First,

" _ e _l _ c
g(z)_ez—l - pg(éez 1 Ece"z—l)'

Here, since

we get

(7 1 c 1 c
£(2) eZ—1 eZ_1 \etZ_—1 erZ_]

(1= YD 22 = 37 (1= Ry 2 ()
D |

e g

- By i
(1= (A= P52

k=1

Hence if k is even we have

B
(D50 = (1= (1= )7

and the proposition is established. O



200 11 p-adic Measure and Kummer’s Congruence

Proof of Theorem 11.6. The first assertion is already given in Theorem 3.2, but we
give here an alternative proof for that too. Since we assumed m % 0 mod p — 1, we
can take ¢ € Z such that (c, p) = 1 and ¢ # 1 mod p. For instance one may take
a primitive root mod p. From the proposition above, we have

B
(1 —Cn)(l _pn—l)_" :/ xn—] dEL
n zx

and

Bﬂ’l —
(1—c™(1—-prH—= = [ x"VdE,.
m Z[>J<

The assumption m = n mod (p — 1) p®~! gives ¢"™ = 1 mod p?, and since we
assumed (1 —c™, p) = 1, we have also (1—c”, p) = 1. Since E, is an O, measure,
the above integral values are in O, and we see that B, /n and B,,/m € Z . Since
x" 1= x"""'mod p¢ if x € Z;, and since E, is an O ,-valued measure, we have

B, . B
=) (=2 =2 € o,
n m
The left-hand side being contained in Z,, we conclude

— B" — B’n
a-p" 1)7—(1—17'" 1)? € p'Z,.

This proves the theorem. O

Theorem 3.2 is a corollary of Theorem 11.6. Indeed, if @ < m < n, then by
Theorem 11.6, we have

_.B 1 By
(1-p"H=—-1-pH=
m n

B B, B _ _
2(1—[)"1_1)(%—7)—{‘7”([7” m_l)pm 1
= 0 mod p“.

Since p—1 ¢ n, we have B, /n € Z,) by Theorem 11.6. Since a < m — 1, we have
p" B, /n € p*Z,. Hence we have
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Exercise 11.8. Give an example of an odd prime p and integers 2 < a =m < n
such that the congruence in Theorem 3.2 does not hold. Check that for the same
choice of a, n, m and p, the congruence of Theorem 11.6 surely holds.

Hint: For example, put p = 5, a = m = 2 and n = 22 and use the following
values:

Exercise 11.9. Show that the Bernoulli number B, is given by the limit (p-adic
limit in Q)
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(For a function f : Z, — Q, with a suitable condition, the limit

is sometimes referred to as the Volkenborn integral of f over Z,. See [94,95] for
details.)
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