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1. Introduction

The pioneering works concerning control systems governed by second order
ordinary differential equations (SODE) with three point boundary condition
are developed in [2, 16]. In this paper we present some new applications of
the Green function introduced in [11] to the study of viscosity problem in
Optimal Control Theory where the dynamic is governed by (SODE) with m-
point boundary condition. The paper is organized as follows. In Sect.2 we
recall and summarize the properties of a new Green function (Lemma 2.1)
with application to a second order differential equation with m-point bound-
ary condition in a separable Banach space E of the form

ifit,x,f(t) + V”‘tr,x,f(t) = f(), t €[z, 1]

(SODE) m-2
e f(T) =X tr e p(1) = D etz p(0i)-

i=1
Here y is positive, f € L}g([O, 1]), m is an integer number > 3,0 < 7 <
N <m<---<nu2<lag e RIE=1,2,...,m— 2) satisfying the
condition

m—2 m—2

Dodi—ltexp(—y(l—1) =) aiexp(—ymi—1)#0 (LLD)

i=1 i=1

and u x, ¢ is the trajectory Wé’l ([, 1])-solution to (SODE) associated with
f e L}E([O, 1]) starting at the point x € E attime t € [0, I[. By Lemma 2.1,
Uy, ¢ and g g are represented, respectively, by

1
Urx,f (1) = e x (1) +/ G(t,5) f(s)ds, Vr € [z, 1]
0

) . 139G,
ey, (1) = ér () + /O —; G f(©)ds, Vi ez, 1]

where G is the Green function defined in Lemma 2.1 with

m—2

erx(t) =x 4 Ac(1 =Y a1 —exp(—y(t —))x, Vi € [1, 1]
-y
rx(t) =y A, (1 -> ai) exp (—y(t — T)x, Vr € [z, 1]

i=1
-1

m—2 m—2
Ar = (Z ai — 1+ exp(—y(1 = 1)) = > aiexp(—y (n; — r)))

i=1 i=1
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We stress that both existence and uniqueness and the integral representation
formulas of solution and its derivative for (SODE) via the new Green func-
tion are of importance of this work. Indeed this allows to treat several new
applications to optimal control problems and also some viscosity solutions
for the value function governed by (SODE) with m-point boundary condi-
tion. In Sect. 3, we treat an optimal control problem governed by (SODE) in
a separable Banach space

iif (1) + yiip(t) = f(1), f € Sk
(SODE) m2
i wp©) =x, wp(l)y=Y aup(n)

i=1

where I' is a measurable and integrably bounded convex compact valued
mapping and SIL is the set of all integrable selections of I". We show the
compactness of the solution set and the existence of optimal control for the
problem
iiy (1) + yig (1) = f (1), f €St
m—2
up©) =x, wup(l)y=Y aupm),

i=1

1
inf / J@up@), up@),iip(t))de.
restJo

These results lead naturally to the problem of viscosity for the value func-
tion associated with this class of (SODE) which is presented in Sect.4. In
Sect. 5 we deal with a class of (SODE) with Pettis integrable second mem-
ber. Existence and compactness of the solution set are also provided. Open
problems concerning differential game governed by (SODE) and (ODE) with
strategies are given in Sect. 6. We finish the paper by providing an applica-
tion to the dynamic programming principle (DPP) and viscosity property for
the value function associated with a sweeping process related to a model in
Mathematical Economics [25].

2. Existence and Uniqueness

Let E be a separable Banach space. We denote by E* the topological dual
of E; EE is the closed unit ball of E; £([0, 1]) is the o algebra of Lebesgue
measurable sets on [0, 1]; A = dt is the Lebesgue measure on [0, 1]; B(E) is
the o algebra of Borel subsets of E. By L }E([O, 1]), we denote the space of
all Lebesgue—Bochner integrable E-valued functions defined on [0, 1]. Let
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CEg ([0, 1]) be the Banach space of all continuous functions u : [0, 1] — E
endowed with the sup-norm and let C 115([0, 1]) be the Banach space of all
functions u € Cg([0, 1]) with continuous derivative, endowed with the norm

max{ max |lu(t)|], max ||11(t)||} .
tel0,1] t€l0,1]

We also denote Wé’l ([0, 1]) the space of all continuous functions in
CEg([0, 1]) such that their first derivatives are continuous and their second
weak derivatives belong to LIE([O, 1.

We recall and summarize a new Green type function given in [11] that is
a key ingredient in the statement of the problems under consideration.

Lemma2l.LetO<t<n<m<-<fp2<1l,y>0m>3bean
integer number, and a; € R (i =1, ..., m — 2) satisfying the condition
m—2

m—2
Yo —l+exp(—y(1—1)— > aiexp(=y(g —1) #0. (LLI1)

i=1 i=1

Let E be a separable Banach space and let G, : [t, 1] x [T, 1] — R be the
function defined by

1
G.(t,5) = ;(1 —exp(—=y(—s)), 1 <s<tr=<1
0, T<t<s<l1
Ar
+ (I —exp(—y(t = D) e (o), @.1)

where

m—2

I—exp(—y(1 =) — > o (1 —exp(—y(i —5)), T <s <m

i=1

m—2

pe(s) = 1 —exp(=y (1 =) = > i (1 —exp(—y (i =), m <5 <m
i=2

I —exp(=y (1 =), Mm—2 <8 <1,
2.2)
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and
-1

m—2 m—2
A= (Z a — 1 +exp(—y(1 = 1) — Y _ e exp(—y (n; — r)))

i=1 i=1
(2.3)
Then the following assertions hold

(i) For every fixed s € [t, 1], the function G,(.,s) is right derivable on
[z, 1[ and left derivable on 1z, 1]. Its derivative is given by

(aGr> (t.s) = {exp(—y(l—s)), 1<s<t<l
+

ot 0, T<t<s<l
+Arexp(—y (t — 1)) (s), 249

+ A exp(=y (t —1))p (5).
2.5)

(8Gf> (t.5) = {gxp(fy(tfs)), r<s<rt<l

ot T<t<s<l1

G

(ii) G- (-, -) and °C

L (-, -) satisfies

G
|G+ (1, 5)| =< Mg, and ‘a—t’(t,s) <Mg,, V(@ s)elr,1]x[z1],

where
m—2
Mg, = max{y !, 1} |:1 + |A¢| (1 + Z |05i|>:| .
i=1

(iii) If u € W' ([z, 1]) with u(t) = x and u(1) = Y- aju(n;), then

1
u(t) = eqx(t) +/ G (t,$)(i(s) +yu(s)ds, Vitelr, 1],

where

m—2

erx(®) =x+Ac(1 =) a)(1 —exp(=y(t — T)x.

i=1

(iv) Let f € L}E([t, 1) and letuy : [t, 1] — E be the function defined by

1
ur(t) =erx(t) +/ G.(t,s)f(s)ds, Vtelr,1].
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Then we have
m—2

up(ry=x, wup(l) =Y aupm).
i=1
Further the function uy is derivable on [z, 1] and its derivative iy is
defined by

) _upt+h) —upt) . 139G,
it p (1) = lim ! - L2 — () + f 5 () f()ds,

with

m—2

bex(®) =y A (1= ai)exp(—y(t —T))x.
i=1
W If fe L}S([r, 1)), the function iy is scalarly derivable, and its weak
derivative ii y satisfies
iip()+yurt)=f(t) ae te]r,1].
Proof. (1) Lets € [r, 1] and ¢ € [7, 1]. We consider two following cases.

Case 1t # 5. Forevery small 4 > O with 4 < min {|t — 5|, 1 — ¢}, we
have

(Vh)_l exp(—y (t —s)) (I —exp(—yh)),
Gf(t—l—h,s)—GT(t’s)_ T<s<t<l

h 0.

T<t<s<l]
+Arexp(—y (t — 1))
x (I —exp (—=yh) (yh) ™" ¢ (s).
Hence G, (-, s) is right derivable at ¢ € [z, 1[\ {s} and

9G exp(—y (t =),
(1) 0
a ),

0, T<t<s<l
+Arexp(—y (t — 1)) ¢ (5).

Similarly, it is not difficult to check that G (-, s) is left derivable at ¢t €
Iz, 1]\ {s} and

T<s<t<l

exp(—=y (t—ys)), t<s<t=<1

0G¢
o (t,s) =
r)- 0, T<t<s<l

+Arexp (=y (t = 1)) dr (5).
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Case2t=s5.Given0 < h < 1 — 5. We have

G‘[ (t+h7s)_GT (t,S)

- = (yh)~' (1 — exp (—yh))

+ Arexp (—y (t — 7)) (1 — exp (—yh))
x (yh) L ¢ (),

hence

G,
( 3 ) (5,8) =1+ Arexp(=y (s — 1)) ¢ (5) .
r /4

Now given 0 < h < s — 7. We have

GT (t_h’s)_GT (t’s)
h

= Arexp(—y (t — 1))
x (1 —exp (—yh) (yh) ™' ¢ (),

hence

0G;
( p ) (s,8) =Arexp(—y (s — 7)) ¢ (5).
t /4

(i1) Itis easy to see that |¢p,(s)| < 1 + Z;”:_lz |aj| for all s € [0, 1]. So, from
the definition of G, we deduce that for all s, ¢t € [7, 1]

1 m—2
Gett )l < [1 + 1A (1 +> '“"')} < Mg,.

i=1

Similarly we deduce that for all s, t € [z, 1]

“(t,s)

oG
ot

m—2
< 141 Acl g ()] < 1+ |Aq| (1 +3 |a,-|) < Mg,.

i=1

(iii) Let x* € E*. By definition of G, for all ¢t € [z, 1], we have

1 1
<x*,/ G,(t,s)ﬁ(s)ds>=/ (x*, G (1, 5)ii(s))ds

1 t
= ;/ (1 —exp(—y (t —5))) (x*, ii(s))ds

Ac : ..
+ 7(1 —exp(=y(t — T)))/ (x*, pe (9)ii(s)) ds.
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On the other hand
t
/ (1 —exp(—y(t —s))) (x*, ii(s))ds

t
= (exp(—y(t — 1) — D) (x",i(v)) + V/ exp(—y (t — $))(x*, i(s))ds

and frl (x*, ¢ (8)ii(s))ds = Iy + I, where

m—1

1122f

i=1 YN~

ni
1 (1 —exp(=y (1 — ) (x*, ii(s))ds

1
= (exp(—y(1 — 1) = D) (x*, () + J// exp(—y (1 — ) {x™, 1i(s))ds

m—2m—2

12=—22(xj

ni
f (1 —exp(—=y (j — s))(x*, i(s))ds
i=1 j=i Um~l
m—2
==Y o (exp(—y (g — 1) — D) (x*, k(7))
i=1
m—2m—2

ni
s Z Z /n-f] exp(—y (i — $)){x*, u(s))ds

i=1 j=i

withng = 7, ny—1 = 1.
Hence

1
<x*, / Gf(r,s)<ii<s>+yu(s))ds>

1
;(GXP(—V(I — 1)) — D", (1))

Ac .
+ 7(1 —exp(—y(t — )", (1))

m—2
x [exp(—y(l —1) = 1= e (exp(—y(ni — 1)) — 1)}

i=1

¢ m—2 m—2
+/ (x*, 1(s))ds + A (1 — exp(—y1)) Z (1 — Z aj)

i=1
mi
x/ (x*, u(s))ds.

nNi—1

j=i
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This implies that
(x*, /01 G (t,s)(s)+yu(s))ds) = (x*, u@)—er ,(2)), Vtelr,1].
Since this equality holds for every x* € E*, we get
u(t) =erx(t) + [1 G.(t,s)(ii(s) +yu(s))ds, Vtelr, 1]
T

@iv) Let f € L}E([O, 1) and us(t) = eqx(t) + frl G.(t,s)f(s)ds, Vt €
[0, 1]. Then, by definition of G; in (i), we have u s (t) = x and

1 1
u (1) =ef,x<1>+;/ (1 — exp(—y (1 — ) f(s)ds
A; ‘ 1
50— exp(-y (1 - 1) / $e(5) f(s)ds
1 1
= e+ / [1 = exp(—y (1 = 5)) — de ()] £ (5)ds

1 1
4[4 —exp(—y (1 = o) +1] / $2(5) f(s)ds

m—2m—2

1 i
SCRUEEDY > f (= exp(oy =)/ 0)ds
i=1 j=i i~

m—2

A; !
Y a1~ ey (= 1) [ oeor50as
i=1 T

1 m—2 ni
— e+~ Y a /0 (1 = exp(=y (ni — ) f(5)ds
i=1

m—2

A; !
+ > il —exp(—y(mi — 1)) / ¢ (5) f (5)ds.
i=1 T

From the definition of e, . (¢) and A;, we deduce that

m—2

ern(l) = x + A (1 = Zm) (1 —exp(—y(1— 1) x

i=1

i=1

m—2
= A [AT‘ +1—exp(—y(1—1) + Y ai (exp(—y(1 - 1)) — 1>} x

m—2 m—2
= A [Z aiexp(—y(1—1) = Y a;exp(—y(n; — r))} x

i=1 i=1
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and
m—2
eox)=x+A; [ 1= aj | (1 —exp(—y(mi —1)))x
j=1

m—2 m—2
= A, {ATI +1—exp(—ymi —T) — Y aj+exp(—y(mi —1) Yy oe,} x

j=1 j=1

m—2
=A; [eXp (—y(1 = 1) —exp(=y (i — 7)) +exp(—y (i — 1) Y _ @;

j=1

m—2
+ ) ajexp(—y(n; — r))} x.

j=1

Hence we deduce that

m—2
Z aier x (1)
i=1

m—2 m—2
= A, {Z aiexp(—y(1—1) = Y aiexp(—y (i — 1))

i=1 i=1

m—2 m—2 m—2
+ (Z ij) Z a;exp(—ymi — 1)) — (Z a,->
Jj=1 i=1 i1

m—2
x ) ajexp(—y(n; - f))} * = enx(D).

j=1

So, by combining the above relations, we get

m—2 m—2 .
1 ni
wp(l) =Y ajecc(n) + - Y /0 (1 — exp(=y (n; — $))) f (s)ds
i=1 i=1
A m—2 1
+7r > (1 —exp(—y (i — r)))/ ¢ () f(s)ds
i=1 T
m—2

_ 1 ni
=Y [e,,xmi) + fo (1 = exp(=y (i — ) f(5)ds

i=1
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AL 1
+ 7(1 —exp(—y(mi — 1) [ ¢ (s)f(s)ds
T

m—2
=Y aius(n).
i=1

On the other hand, by the same arguments as in [2] we can conclude that
u s is derivable and its derivative # 7 is defined by

, . LG
up(t) =érx(t) +/ E(t’ s)f(s)ds, Vtel0,]1].

(v) Indeed, let ¢ € [0, 1]. Using the expression of 88—? in (i) we have
t
i) = )+ [ exp(oy(t =) 7(5)ds
1
+Acexp(—y(r — T))/ ¢ () f(s)ds.
Whence
R
(X)) = E(X g (1))
d t
= (x*, & (1)) + E/ exp(—y (t —$)){(x*, f(s))ds
1
—Aryexp(—y(t — f))/ (x*, ¢ (s) f (s))ds
t
= (X", érx (1)) + (x*, (1)) — V/ exp(—y (t — $)(x™, f(s))ds

1
—Ary exp(—y(t — f))/ (x*, dc(5) £ (5))ds.

We also note that €; (t) = —yé x(¢). Therefore
(i @) = (x*, f@) — (x*, yieg ().
This implies that i ¢ is scalarly derivable and

i) +yur@)=f@t) ae tel01]



12 C. Castaing et al.

The following result is a direct application of Lemma 2.1.

Lemma 2.2. With the notations of Lemma 2.1, assume 0 < 7 < n) <1 <
ces < me2 < 1L,y > 0, m > 3 be an integer number, and a; € R
i=1,....m—=2)and (1.1.1). Let f € Cg([t,1]) (resp. f € L}E([r, 1]).
Then the m-point boundary problem

Urx, (1) + v @) = f(1), t € [7,1]
m—2

e f (1) =Xtz p(1) = Y aitte p(0i)

i=1

has a unique CIZ:"([T’ 1])-solution (resp. Wé’] ([z, 1])-solution) which is given
by the integral representation formulas

1
ur,x,f(t) = et,x(t) +/ G (t,8)f(s)ds, t € [7,1]

) ) 139G,
iy x, f(1) = ér x(1) +/ W(t,S)f(S)ds, telr, 1]

where

m—2

erx(t) =x+A:(1 =) a;)(1 —exp(—y(t — T))x,
n‘lijl

erx(t) =vA; (1 - Zai) exp (—y(t — 1))x,
i=1

m—2 m—2
A = (Z a — 1 +exp(—y(1 = 1)) = > aiexp(—y (n; — r)))

i=1 i=1

Remark. It is clear that the Green function G, depends on . When t = 0,
(1.1.1) is reduced to

m—2 m—2
D= 1+exp(—y) = D aiexp(—y(m)) #0 (1.1.2)

i=1 i=1

where m is an integer number > 3,0 <ny <m <--- <np—2 < l,a; €R
(i=1,2,...,m —2). Then the m-point boundary problem

iy, f (1) +yux p(t) = f(0), t €[0,1]
m—2

e, 1 (0) =X 1y p(1) = Y ety (n)

i=1



Optimal Control Problems Governed by a Second Order Ordinary ... 13

has a unique C%([O, 1])-solution (resp. Wé’l ([0, 1])-solution), uy s, with in-
tegral representation formulas

1
Uy, (1) = ex(t) +/ Go(t,s) f(s)ds, t €0, 1]
0
. . 198Gy
tiy, () = éx(t) +f W(t,s)f(s)ds, t €[0,1]
0

where

m—2

ex(t) = x + Ao(l — E o) (1 —exp(—y1)x,
i=1
m—2

éx(1) =y Ao (1 - Oli) exp (—y1)x,

i=1

m—2 m—2
Ag = (Z @ —l+exp(—=y) — Y o eXP(—V(m))>

i=1 i=1

—1

This remark and its notation will be used in the next section.

3. Existence of Optimal Controls

Let us recall the following denseness result based on Lyapunov theorem. See
e.g. [12,28].

Proposition 3.1. Let E be a separable Banach space. Let I' : [0, T] —
cwk(E) be a convex weakly compact valued measurable and integrably
bounded mapping. Let ext (I') : t — ext(I'(t)) where ext(I"(t)) is the set of
extreme points of I'(t)(t € [0, T]). Then the set S}w of all integrable selec-
tions of I' is convex and o (L1, L%.)-compact and the set of all integrable
selections Se]x[ ) of ext(I') is dense in S} with respect to this topology.

Proof. Seee.g.[12, 28]. m]

In this section we will assume that the hypotheses and notations of
Lemma 2.1 hold with T = 0.

Theorem 3.1. With the hypotheses and notations of Proposition 3.1, let E be
a separable Banach space and let T" : [0, T] — ck(E) be a convex com-
pact valued measurable and integrably bounded mapping. Let us following
(SODE)
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iip(t) +yipt) = f(t), f e Sk

(SODE)r m—2
ur(0)=x, wur(l)= Zaiuf(m)

i=1
lig(t) +yug(t) =g(t), g € Selx[(r)

(SODE)¢xs(r) m=2
TN ue@ =x. w1y =3 wiugmi).
i=1
Then the set{uy : f € Sll} of Wé’l([O, 1])-solutions to (SODE)r is compact
in CIIZ([O, 1]) and the set {ug : g € Selxt(l")} of WI%’I([O, 1])-solutions to
(SODE) ¢y (1) is dense in the compact set {uy : f € SII“} of Wﬁil([O, 1])-
solutions to (SODE) .

Proof. Step 1. Compactness of the solution set {u s : f € SIL} in C};([O, 1]).
Let (uz,) be a sequence of WZJI([O, 1])-solutions to (SODE)r. As S}-
iso(LL, L%)-compact, by Eberlein—Smulian theorem, we may assume that

(fi) o(LL, L%i)—converges to fo € Sll. From the properties of the Green
function G in Lemma 2.1 (by taking t = 0) we have, for eachn € N,

1
ug, () = ex(t) —i—/ Gol(t,s) fu(s)ds, t €0, 1], (3.1.1)

0

1
iy, (1) = eéx(t) +/ %(l, s) fn(s)ds, t €0, 1], 3.1.2)

0
ii 1, (1) + yii;, (t) = fo(t) € T(1),a.e. t € [0, 1] (3.1.3)
with
m—2

ex(t) = x + Ao(1 = Y ai)(1 —exp(—y1)x, 1 € [0, 1]
i=1
m—2

éx(t) = y Ao (1 -> a,-) exp (—yt)x, t €[0,1]

i=1

m—2 m—2
Ay = (Z a — l+exp(—y) — ) o eXp(—V(m))>

i=1 i=l1

-1

On the other hand, from definition of the Green function G¢ in Lemma 2.1(iv)
and (3.1.1), it is not difficult to show that {u s, : n € N} is equicontinuous
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in Cg([0, 1]). Indeed, let ¢,¢' € [0, 1], from (3.1.1) and (iv), we have the
estimate

g, () —ug, (]|

1
< llex(t) = ex ()| +/(; |Go(t, s) = Go(t', )| |lii 5, (s) + yit s, (s)llds

1
< llex(t) — ex ()| +/(; |Go(t, ) — Go(t', )| IT(s)lds.

Further, for each ¢t € [0,1] {uys,(t) : n € N} is relatively compact be-
cause it is included in the norm compact set e, (1) + fol Go(t, s)T'(s)ds (see
e.g. [12, 14]). So by Ascoli’s theorem, {uy, : n € N} is relatively com-
pact in Cg ([0, 1]). Similarly using the properties of % in Lemma 2.1 and
(3.1.2) we deduce that {L'tfn ‘n e N} is equicontinuous in Cg ([0, 1]). In
addition, the set {iif, (r) : n € N} is included in the compact set éx(f) +

01 % (t,s) T (s)ds. So {L'tfn ‘n € N} is relatively compact in Cg ([0, 1])
by Ascoli’s theorem. From the above facts, we deduce that there exists a sub-
sequence of (u f")n o still denoted by (u fn)n <N Which converges uniformly
tou® € Cg ([0, 1]) withu® (0) = x, u®> (1) = Z;”:_lz a;u® (n;). Similarly,
we may assume that (L'tfn) converges uniformly to v>° € Cg([0, 1]). Further-
more, by the above facts, it is easy to see that (u fn) o (L, L%)-converges

to w™® € L}E ([0, 17). For every ¢ € [0, 1], using the representation formula
(3.1.1), we have

1
WX () = lim uy, (f) = ey (1) + lim/ Go(t, 5) (i, (s) + yii 5, (s))ds
n—oo n—>o0 J

1 1
=e,;(t) + lim / Go(t, 8)ii f,(s)ds + y lim / Go(t, s)i s, (s)ds
n—0o0 0 n—0o0 0
1 1
=e, () + / Go(t, s )w™(s)ds + y / Go(t, s)v>(s)ds
0 0

1
=e. () + / Go(t, s)(w™(s) + yv™(s))ds. (3.1.4)
0

From (3.1.4) and Lemma 2.1(iv), we deduce that u® is derivable and its
derivative 1™ is given by

1
u®(t) = éx(r) +f %(t, (W™ (s) + yv™(s))ds, vt € [0, 1]. (3.1.5)
0
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Now using the integral representation formula (3.1.2) we have, for every ¢ €
[0, 11,

1aG
v(1) = lim iy, (1) = éx(t) + lim / —O(t, s)(i g, (s) + yug,(s))ds
n—00 n—oo Jq ot

1
. . dGo ..
:ex(t)+nlirgo/0 T(I,s)ufn(s)ds
1
oG
+y lim 8—t0(l,s)b'tfn(s)ds

n—0oo 0
LFTe LG
:éx(t)+/ —O(t,s)woo(s)ds—i—y/ 201, $)veo (5)ds
o Ot o Ot

1
=é,() + /0 %(Z, ) (WX (s) + yv>(s))ds (3.1.6)

so that by (3.1.5) and (3.1.6) we get v™° = 1°°. Now invoking Lemma 2.1(v)
and using (3.1.4) we get

U@ +yu®™ @) = we@) +yv>e@) = w® @) +yua>@¢) ae. te]l0,1].

Thus we get ii®°(t) = w*>(t) a.e.t € [0, 1] so that by (3.1.4)
1
u®(t) = e (t) +/ Go(t, )l (s) + yu(s))ds, te][0,1]
0

m—2
W) =x, w®(l)=Y ou™ ).
i=1
(3.1.7)
Step 2. Main fact: u® coincides with the Wé’l([O, 1])-solution u s, associ-

ated with f € SIL to

i () +yup, () = fool®),

m—2
(3.1.8)
up O =x, up ()= s ().

i=1
Remember that

lif, (1) +yuy () = fu),

m—2

w0 =x, ug(l)=> euym)
i=1



Optimal Control Problems Governed by a Second Order Ordinary ... 17

and by the above fact, (ii s, + y 1 r,) converges weakly in L 2([0, 1) to &> +
yu®. Letv € LE. ([0, 1]). Multiply scalarly the equation

ii f, (1) + yiiy, (1) = fult)
by v(¢) and integrating on [0, 1] yields

1

1
/o (v(t),ﬁﬁ,(t)eruﬁ,(t))dt=/0 (v(), fn())dt. (3.1.9)

It is clear that

1 1
lim (), ii g, () + vy, (1))dt :/ (v(2), i) + yu(t))dt
0

n—oo 0

1 1
=nli)rgof0 (v(t),fn(t)>dt=/0 (v(1), foo(t))dt

so that
i+ yu® = foo. (3.1.10)
Using (3.1.7), (3.1.8), and (3.1.10) and uniqueness of solutions we get u® =

u r.. This proves the first part of the theorem, while the second part follows
from Proposition 3.1 and the integral representation formulas. O

Now comes a direct application to the existence of optimal controls for
the problem
iif (1) +yip(t) = f(0), f €5f
m—2 (*)
up©O) =x, wup(l)y=Y aup(m),

i=1

1
inf/ J(@t, up(t), up(t),iip(t))dr. ")
festJo

Theorem 3.2. Under the hypotheses and notations of Theorem 3.1, problem
(*)~(**) admits an optimal control.

Proof. Let us set m := inffes} fol J(t,up(t), uyp(t),iip(t))dt. Let us con-
sider a minimizing sequence (uy,, it s, , i f,), that is

1
lim J(tugp, (1), 1y, (), g, @)dt =m.

n—oo 0

Since (f;) is relatively weakly compact in L}E([O, 1]), we may assume that
(fn) converges weakly in L}E([O, 1]) to f. Applying the arguments in the
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proof of Theorem 3.1 shows that (u f,) converges uniformly to (uf), (g,)
converges uniformly to L't? and (i 1) o(LL, L) -converges to ii7 with

iz (t) + yuz(t) = f@,

m—2
ur0) =x, up(l) =D aup(n).
i=1
Now apply the lower semicontinuity for integral functionals ([14], Theo-
rem 8.1.6) yields

1 1
lim inf/ J(@t, ug, (), iy (), iif()dt > / J(t, u7(t), L‘tf(t), iif(t))dt >m.
0 0

n—oo

Hence we conclude that

1

1
m = inf/ J(t,uf(t),L‘tf(t),iif(z))dt:/ J(z,u7(t),u7(t),i4'7(t))dt.
reskJo 0

0O

Now along the paper we will assume that the hypotheses and notations of
Lemma 2.1 hold.

4. Viscosity Property of the Value Function

The results given in Sect. 3 lead naturally to the problem of viscosity for the
value function associated with a second order differential inclusion. Similar
results dealing with ordinary differential equation (ODE) and evolution inclu-
sion with control measures are available in [2, 7, 14, 16]. In this section we
treat a new problem of value function in the context of second order ordinary
differential equations (SODE) with m-point boundary condition. Assume that
E is a separable Banach space, Z is a convex compact subset of E and S é is
the set of all Lebesgue measurable mappings f : [0, 1] — Z (alias measur-
able selections of the constant mapping Z). For each f € S % let us denote
by u: x r the trajectory solution associated with the control f € § IZ starting
from x at time 7 € [0, n1[ to

e, f(1) + yiex p (1) = ft), 1 €[7,1]

(SODE) m=2
e f (1) =%, e p(1) = Y itte e (i)

i=1
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with the integral representation formulas

1
Urx, (1) = e x(1) +/ G(t,5)f(s)ds, 1 €[, 1]

oG “4.1)
e 0 = b+ [ ) )5, € 1)
and
m—2
er () =x+ A (1= )l —exp(—y(t —D))x, t € [1, 1]
.3
rx(t) = yA; (1 - ou) exp (=y(t —=0)x, 1 €[z, 1]
i=1
m—2 m—2 -
A = (Z a — 1 +exp(—y(1 = 1) = Y aiexp(—y (n; — t)))
i=1 i=1
“4.2)

where the coefficient A; and the Green function G are given in Lemma 2.1.

By the above considerations and Lemma 2.1(ii), it is easy to check that
li¢ 5, r are uniformly majorized by a continuous function ¢; : [7, 1] — RT,
namely

1 3G,
[litrx, r (D] < IIeT,x(t)||+/ | o @ I f)ds
1 3G,
< IIeT,x(t)||+/ I o (t, ) Zlds = c (1), Vt € [, 1]. (4.3)

It is worth mentioning that integral representation formulas (4.1) and (4.2)
will be useful in the study of the value function we present below. Let us
mention a useful lemma that is borrowed from ([16], Lemma 6.3) and ([7],
Lemma 3.1).

Lemma 4.1. Assume that (1.1.1) is satisfied. Let (ty, xo) € [0, ni[x E and let
Z be a convex compact subsetin E. Let A : [0, T] x E x Z — R be an upper
semicontinuous function such that the restriction of A to [0, T] x B x Z is
bounded on any bounded subset B of E. If

maxZEZA(t07 X0, Z) <—n< O
for some n > 0, then there exists o > 0 such that
to+o on
sup {f AT, ugy xg, £ (1), f(t))dl} <-3
fo

1
fes;
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where uy, ., r is the trajectory solution associated with the control f € S %
starting from x at time t to

iito,xo,f(t) + yl’.tt(),xo,f(t) = f(t)v 1 e [t()a 1]
(SODE) m=2
iy xg. £ (10) = X0, Uigxg, f (1) = Y ity g 1 (i)
i=1
Proof. By hypothesis, one has max,cz A (ty, xo,z) < —n < 0. As A is upper
semi continuous, so is the function

(t,x) > max A(t, x, z).
zeZ

Hence there is ¢ > 0 such that

max A(t, x,z) < _7
z€Z 2

forO <t —1ty < eand||x —xo|| <é&.ASily, x, s is uniformly bounded for all
f e SIZ and for all ¢ € [19, 1] by using the estimate (4.3) we can take 0 > 0
such that [|uy, xo, £ (t) — sy x, F(t0)|| < € forall z € [to, 1o + o] and for all
fes é Then by integrating

to+o o
[r?eazxA(t’ Uy, xo, (1), 2)]dt < -

fo+o
/ Nt gy, (1), f(2))dt < /
1

0 fo
forall f €S % and the result follows. O

For simplicity we deal first with a dynamic programming principle (DPP)
for a value function V; related to a bounded continuous function J : [0, 1] x
E x Z — R associated with

W) +yu@) = f@), feSh, telr, 1]

m—2

w(@) =x, u(l) =Y au(n).

i=1

(SODE)

The following result is of importance in the statement of viscosity.

Theorem 4.1 (of Dynamic Programming Principle). Lez (1.1.1) holds. Let
x€eE0<T1<n <. <npo<lando > 0 such that t + o < n.
Assume that J : [0,1] x E x E — R is bounded continuous such that
J(t,x,.) is convex on E for every (t,x) € [0, 1] x E. Let us consider the
value function

1
VJ(T’X) = Sup{ J(tsu‘[,x,f(t)v f(t))dt}7 ('L',.X) € [Oa 771[XE
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where u; y, r is the trajectory solution on [t, 1] associated the control f € S é
starting from x at time t to

g, f (1) + yiex f (1) = f(t), 1 €[1,1]

(SODE) m=2 (4.4)
e f(T) =X, tr e p(1) = D etttz e p(0i)-

i=1

Then the following hold

T+0o
Vy(z,x) = sup {/ J(t uex p (), f@)dt +Vi(T +0,urx (T + 0))}
fesy Wr

with

1
Vi(t +o0,ucx (T +0)) = sup / J(t, UrJrcr,uf‘x,f(qua),g(t)v g(t))dt
geSlz T+0

where Vrto,ury f(t40).8 denotes the trajectory solution on [t + o, 1] associ-
ated with the control g € S} starting from u; x (t + o) at time T + o io!

ijr+a,uz.x,f(r+o),g(t) + yi)t+0,u1,x,f(r+a),g(t) = g(t)7
ter+o,l1]

(SODE) vf+‘7’”f,x.j'(f+‘7)sg(r +o)= uf,X,f(f +0), 4.5)
m—2
Ut-i—ﬂ,ufvx,_/(r-}—(r),g(l) = Z aiUt-i—a,ur,x,f(t-i-d),g(771')-

i=1

Proof. Let

T+o
Wi (t,x) := sup {/ Stz p (1), f(0)dt + V(T +0, Uz p(T+ a))} :
resy Wr

For any f € SL. we have

1
/ (s ten (1), F())d1

1

T+0
_ / Tt ter (), FO)d1 + / Tt ter (), F())L.

+o

Uoge s necessary to write completely the expression of the trajectory
Vrtour . f(T40),8 that depends on (f, g) € S]Z X SIZ in order to get the lower semi-

continuous dependence with respectto f € Sé of Vy(r +o,ury r(t +0)).
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By the definition of V;(t + 0, uz x, r(t + o)) we have

1

Vit 40y ttrn (7 +0)) = / It ten (1), F))d1.
T+0

It follows that
1
/ Tt tte e £ 0), ()
T
T+0o
< / J(tugy r @), f@)dt +Vi(t +0,urx (T +0)).
T

By taking the supremum on S % in this inequality we get

T+o
Vi(z,x) < sup{ J(t urx p (1), f(0))dt + V(T +0,urx f (T +0))}
feSé T

=Wy (‘L’, X )
Let us prove the converse inequality.

Main Fact: f — V;(t + 0, u x, r(t + o)) is lower semicontinuous on SIZ
(endowed with the o (L1, LT)-topology).
Let us focus on the expression of Vj(t + o, ur (T +0))

1
Vi(t +o0,ucx (T +0)) = sup / J(, Ur-i—o,u,yxyf(r-i-a),g(t)» g(t))dt
ges), | Jtto ‘

where vy, F(r+o).g denotes the trajectory solution on [t + o, 1] associ-
ated with the control g € Slz starting from u; , ¢(t + o) at time T + o to
(SODE) (4.5). By the integral representation formulas (4.1) (4.2) given above
we have
1
UT+U,u,_x.f(r+o),g(t) = €r40,ucy, f(1+0) @) + /+ Giqo(t,s)g(s)ds
TT1+0

with

€r40,uzr y f(T40) ®)
m—2
=ury f(t+o)+Arqo(l— Z o) (1 —exp(—=y(t — (r + 0))urx (T +0).
i=1
Itis already seen in the proof of Step 1 of Theorem 3.1 that f +> u; » s from
SIZ into Cg([t, 1]) is continuous when SIZ is endowed with the cr(L1 , L%‘i)
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topology and Cg([7, 1]) is endowed with the norm of uniform convergence,
namely, when f, o (L} , LE.)-converges to f € S ), then u, f, converges
uniformly to u . f, this entails that

€r40,urx, fy (t+0)1) > €rto,ury f (T +0)@)
for every ¢t € [, 1]. Further, when g, G(L}E, L%.)-converges to g € st

by compactness of Z, and the boundedness property of G,y (f,s) in
Lemma 2.1, it is not difficult to check that

1 1
/ Grio(t, 5)gn(s)ds — / Grio(t,5)g(s)ds
T+o T+o

for every ¢ € [t, 1]. Therefore

Vtto,urx, f, (T+0),8n @) — Ur+a,ur_xyf(r+0),g(t)

for every ¢ € [t, 1]. Hence in view of ([14], Theorem 8.1.6) we deduce that

1
(Fo) = [ i i 0. 8O0
T+o

is lower semicontinuous on S} X Sé using the above fact and the con-
vexity assumption on the integrand J (¢, x, .). Consequently f — V;(t +
0, U x, (T + o)) is lower semicontinuous on § % Hence the mapping

T+o
f= / J( e, @), f(O)dt + V(T 40, urx p(T +0))

is lower semicontinuous on Slz. Since Slz is weakly compact in L]E([O, 1),
there is f! € Sé such that

T+0
Wj(z,x) = sup {/ J(@ urx g @), fF@)dt + V(T +o,urx f(T +cr))}
fesy Wr

T+0
= / J(tug o (), fL@O)dt+ V(T +0,u, (T +0).
T

Similarly there is g2 € S ]Z such that

1
Vit +o, Urx, fl (t+0)) = sup / J(t, erro,uTX /1 (r+a),g(t)’ g(1))dt
geSIZ T+o "

1
/ R O R G)
T+0o o
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where v 1@+0). & (t) denotes the trajectory solution on [t + o, 1]

r+a,utx

associated with the control g2 € S% starting from u, , (7 + o) at time
T+oto

. . 2

UT+U’ur,x.f1 (t40),8? ®) + yvt+d’ur,x,fl(f+‘7)v82 ) =g @),
telr+o,1]

(SODE) vT+U’ur,,r,fl (‘L’—I—U),gz (T + 0) = u‘[’x,fl (t + 0—)7

m—2

vT+U’ur,x_fl (r+o),g2(1) = Z o Uf+g,um(’fl (t+0).8% (n:)-
i=1

Let us set

o= lrtorf + lgonn
Then f € Sé (because S% is decomposable). Let W F be the trajectory
solution on [z, 1] associated with ? €S %, that is

W, (0 +yi, 7)) = f@), 1 €[, 1],

m—2

w70 =x, w 7(1) =Y ww, 7).

i=1

By uniqueness of solution we have

wr’x"?(t) = Mr,x’fl(t), Vit elr,t+o0],

w, 7)) = Vrtou, fl(r+a),g2(t)’ vVt e[t +o0,1].
Coming back to the expression of V; and W; we have

Wj(t, x)

T4+0 1
=/ J(t,ur’x’fl(t),fl(t))dt+/ J(t, Ve ygu /_I(Tﬂ,)’gz(t),gz(t))dt
T T+o T

1
= / T, w,  7@), f@)dt

1
< sup { | St urx p (1), f(£))dt}) = Vy(T,x).

Here are our results on viscosity of solutions for the value function.

Theorem 4.2 (of Viscosity Subsolution). Assume that E is a separable
Hilbert space. Assume (1.1.1) and J : [0,1] x E x E — R is bounded
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continuous such that J(t, x, .) is convex on E for every (t,x) € [0, 1] x E.
Let us consider the value function

1
VJ(Ta X) = Sup {/ J(tv u‘[,x,f(t)v f(t))dt k] (T,X) S [Ov UI[XE
fes, Ut

where u; ¢ is the trajectory solution on [t, 1] associated the control f € S IZ
starting from x € E at time T to

e, f (1) + yitex, f (1) = f(1), 1 € [1,1]

(SODE) m—2
Urx, f(T) =X, e i p (1) = Z itz x, £ (i)
i=1

Then V) satisfies a viscosity property: For any ¢ € C'([0, 1] x E) such that
Vj reaches a local maximum at (t, xo) € [0, n1[ X E, then

1

0 X G
22 (0. x0)+max{J (19, X0 2)}+6* (Ve (1o, x0). é19.xo (10)+ / " (19, ) Zds) > 0.
ot zeZ n 0

Proof. Assume by contradiction that there exist a ¢ € C1([0, 1] x E) such
that V; reaches a local maximum at (g, xg) € [0, n1[x E for which

1

ap " . 9Gy,
E(to, x0) + Iglea?{f(to, X0, 2)} + 8" (Vo(to, x0), €1y, (t0) + T(IO, §)Zds)

)

<-n<0

for some n > 0. Applying Lemma 4.1, by taking

X . 196Gy, dp
At,x,2) = J(t,x,2) + 8" (Vo(t, x), er,x () + ar (t,5)Zds) + 5(&)6)
1o

yields o > 0 such that

to+o
sup {/ J(t, ugy,x, £ (), f(2))d2
resl W

1

fo+o . . 3Gz0
+/ 8 (V(ﬂ(tauto,xo,f(t))»eto,xo(f)+/ o7 (t,8)Zds)dt
I 0]

fo+o 9
+/ _go(ts uto,xo,f(t))dt}
4 ot

0

an
—— 4.2.1
<=3 4.2.1)
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where uy, x,, r is the trajectory solution associated with the control f € Sé
starting from xg at time f to

ligg,xg, f (1) + Yty xo, £ (1) = f(0), 1 € [10, 1]

(SODE) m=-2
ut(),xo,f(to) = X0, ut(),xo,f(l) = Z aiut(),xo,f(ni)-

i=1

Applying the dynamic programming principle (Theorem 4.1) gives

th+o
Vj(to, x0) = sup {/ J (@, ugy x, £ O, f@))dt + V(o + 0, ugy x, £ (10 +U))} .
fes, W
(4.2.2)
Since V; — ¢ has a local maximum at (¢y, xg), for small enough o

Vj(to, x0) — @(to, x0) = Vy(to + 0, ugy xg, f (f0 + 0))
— @l + 0, thy g, (T + ) (42.3)
for all f € S]Z. By (4.2.2), for each n € N, there is f" € S} such that

th+o
V) (10, x0) < / Tttty ng g (1), F O+ V) (10

fo
1
+ 0, Uy xo, 1 (f0 +0)) + = (4.2.4)
From (4.2.3) and (4.2.4) we deduce that
Vi(to + 0, us,xo, fn (to + 0)) — @(to + 0, Ugy,x, pn (10 + 0))

th+o 1

= f J(t, gy xg, pr (2), f*(@))dE + =

) n
—@(to, x0) + Vy(to + 0, gy 5o, pr (o + 0)).

Therefore we have

fo+o
0< / Tttty g o (D5 (00t
1

0
1
+ @(to + 0, Ugy xo, f2 (f0 + 0)) — @(to, X0) + . (4.2.5)
As ¢ € C1([0,1] x E)
@(to + 0, Ugy xq, f2 (fo + 0)) — @(to, X0)

to+o
= f (Vo(t, ugy xg, fr (1)), g xo, 2 (1))dE + /
fo

fo

to+o

E (ta Uy, xo, [ (t))d[
(4.2.6)
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Applying the integral representation formulas (4.1) and (4.2) gives

1
ulo,xo,f” (t) = eto,xo(t) +/ Gt()(tv s)f”(s)ds, re [t()v 1]

fo
1

. . G
ity ng g (1) = 61000 (1) + / 22 1, 5) " 5)ds, 1 € Tt 1]

fo
with

m—2
€y xo(1) = X0+ A (1 = Y i) (1 — exp(—y (t = 10))x0, ¥t € [10, 1]
nes
€100 (1) = ¥V Ay (1 - Z ai) exp (—y (t — to))xo, Vt € [10, 1]

i=1

m—2 m—2
Ay = (Z o — 1 +exp(=y( —1)) — Z o exp(—y (i — to)))

i=1 i=1

where the coefficient A;, and the Green function Gy are defined in
Lemma 2.1. Then from (4.2.6) we get the estimation

O(to + 0, Ugy x, 1 (20 + 0)) — @(to, X0)

to+o
= / (Vﬁﬂ(t, Uty,xg, [ (1)), ét(),x() ) + /
7 0

0

1y

anto (t, ) f(s)ds)dt

to+o @
+ / E(ta Uty,xo, f (t))dt (427)
1

0
Since f"(s) € Z for all s € [tg, 1], it follows that

0G

fo
t,8)Z
o7 (,s)

8Gfo n
—(Z, €
2 (t,8)f7(s)
for all ¢, s € [tg, 1]. From (4.2.7) and this inclusion we get

@(to + 0, Ugy xy, 2 (20 + 0)) — @(fo, X0)
1

to+o . . aGto
= / J (V(P(t, u[(),xo,f" (l))v eto,xo(l) + / 8t ([, S)st)dt
to 0]

th+o 1)
+/ E(l‘a Uy, xo, [ (t))dt. 4.2.8)
1

0
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Put the estimation (4.2.8) in (4.2.5) we get

fo+o
0< / J(t, gy xg, pn (1), f"(1))dt
0]

1

fo+o , 3G,
+/ 8*(V(p(t»ut0,xo,f”(t))seto,xo(t)+/ 57 (t,s)Zds)dt
Io ]

fo+o 8§0 1
+ / —(t, Uy xg, (D)) + —. 4.2.9)
1 ot n

0

By combining (4.2.1) and (4.2.9) we get the estimation

to+o
0< f Tt gz g (0), F ()t
o

1

to+o . aGI()
—i—/ 8*(V(p(t,u,0)xO,fn(t)),eto‘xO(t)—i—/ P (t,8)Zds)dt
fo fo

+/m+a L oyt ++ <204 1 (4.2.10)
—(t,u n - <-4+ - 2.
o at fo.%0. f n 2 n

Therefore we have that 0 < % < % for every n € N. Passing to the limit
when n goes to oo in the preceding inequality yields a contradiction. O

5. Optimal Control Problem in Pettis Integration

We provide in this section some results in optimal control problems gov-
erned by an (SODE) with m-point boundary condition where the controls are
Pettis-integrable. Here E is a separable Banach space. We recall and summa-
rize some needed results on the Pettis integrability. Let f : [0, 1] — E be
a scalarly integrable function, that is, for every x* € E*, the scalar function
t = (x*, f(t)) is Lebesgue-integrable on [0, 1]. A scalarly integrable func-
tion f : [0, 1] — E is Pettis-integrable if, for every Lebesgue-measurable
set A in [0, 1], the weak integral [, f(r)dt defined by (x*, [, f(t)dt) =
fA(x*, f(@))dt for all x* € E* belongs to E. We denote by Pé([O, 11, dt)
the space of all Pettis-integrable functions f : [0, 1] — E endowed with the
Pettis norm || f|| pe = SUD B 1 fol [{(x*, f())|dt. A mapping f : [0, 1] —
E is Pettis-integrable iff the set {{(x*, f) : ||x*|| < 1} is uniformly inte-
grable in the space Llll([O, 1], dt). More generally a convex compact val-
ued mapping I" : [0, 1] = E is scalarly integrable, if, for every x* € E¥*,
the scalar function ¢ — §*(x*, I'(¢)) is Lebesgue-integrable on [0, 1], " is
Pettis-integrable if the set {8*(x*, '(.)) : ||x*|| < 1} is uniformly integrable
in the space L}{([O, 1], dt). In view of [[6], Theorem 4.2; or [14], Cor. 6.3.3]
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the set Sﬁ ¢ of all Pettis-integrable selections of a convex compact valued
Pettis-integrable mapping I” : [0, 1] = E is sequentially o (P}, L® ® E*)-
compact. We refer to [19], for related results on the integration of Pettis-
integrable multifunctions.

We provide some useful lemmas.

Lemma 5.1. Let G : [0, 1] x [0, 1] — R be a mapping with the following
properties

(i) for each t € [0, 1], G(¢t, .) is Lebesgue-measurable on [0, 1],
(ii) for each s € [0, 1], G(., s) is continuous on [0, 1],
(iii) there is a constant M > O such that |G(t,s)| < M for all (t,s) €
[0, 1] x [0, 11.

Let f : [0, 1] — E be a Pettis-integrable mapping. Then the mapping

1
uf:tv—>/ G(t,s)f(s)ds
0

is continuous from [0, 1] into E, that is, uy € Cg([0, 1]).

Proof. Let (t,) be a sequence in [0, 1] such that #, — ¢ € [0, 1]. Then we
have the estimation

1 1
sup |(x*, f Gltn, 5) f (s)ds — f Gt ) (s)ds)]
0 0

x*€B px

1
= sup /0 |G (ty, ) — G(t, )|[{x", f(s))lds.

x*eBpx

As the sequence (|G(¢,,.) —G(t, .)]) is bounded in Li’f([O, 1]) and pointwise
converges to 0, it converges to 0 uniformly on uniformly integrable subsets
of Llll([O, 1]) in view of a lemma due to Grothendieck’s [24], in others terms
it converges to 0 with respect to the Mackey topology 7(L>°, L'), see also
[5] for a more general result concerning the Mackey topology for bounded
sequences in Lg,. Since the set {|(x*, f(s))| : |[[x*|| < 1} is uniformly inte-
grable in Llll([O, 1]), the second term in the above estimation goes to O when
t, — t showing that u s is continuous on [0, 1] with respect to the norm
topology of E. O
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The following is a generalization of Lemma 5.1.

Lemma 5.2. Let G : [0, 1] x [0, 1] — R be a mapping with the following
properties

(i) for each t € [0, 1], G(¢, .) is Lebesgue-measurable on [0, 1],

(ii) for each s € [0, 1], G(., s) is continuous on [0, 1],
(iii) there is a constant M > O such that |G(t,s)| < M for all (t,s) €

[0, 1] x [0, 1].

Let T' : [0,1] — E be a convex compact valued measurable and Pettis-
integrable mapping. Then the set

1
{up upt) =/ G(t,s)f(s)ds :t €[0,1], f € SF}
0

is equicontinuous in Cg ([0, 1]).

Proof. By Lemma 5.1 it is clear that

1
{ug:up(r) :/ G(t,5) f(s)ds 1t €[0,1], f € SE¢} € CE([0, 1]).
0

Let us check the equicontinuity property. Indeed, let ¢, tx € [z, 1] such that
ty — t, we have the estimation

1

g (6) —up @)l < sup / G 1, 5) = G, $)[|8*(x*, T(s))lds.
X*GEE* 0

As the sequence (|G(%,.) — G(t, .)|) is bounded in Ly ([0, 1]) and the set

{18*(x*, T()| : ||x*|| < 1} is uniformly integrable in Lllz([O, 1]), by invok-

ing again Grothendieck lemma [24] as in the proof of Lemma 5.1, the second

term goes to O when #; — ¢ showing that {uy : f € SIE ¢} is equicontinuous
in Cg([0, 1]). m]

The following lemma is crucial in the statement of the (SODE) with
Pettis-integrable second member and m-point boundary condition. Here we
suppose that the hypotheses and notations of Lemma 2.1 hold.

Lemma 5.3. Let x € E, let G, be the Green function, er , and é;y in
Lemma 2.1

m—2
er(D) =2+ Ac(1 = ) an)(1 —exp(—y (1 = )x, ¥t €[z, 1]

i=1
m—2

érx(t) =y A, (1 -3 a,-) exp (—y(t — T)x, Vr € [z, 1]

i=1
-1

m—2 m—2
A = <Z o — 1 +exp(—y(1—1) — Y a;exp(—y (i — r)))

i=1 i=1
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and let f be a Pettis-integrable function. Let us consider the mapping

1
Uex, () = erx (1) +/ G:(t,5)f(s)ds, ©el0, [, tel0,1]

Then the following assertions hold

(1) uc x, r is continuous i.e. uz x r € Cg([0, 1),

(2) the f(©) =20 ttrep(1) = Y0P Gt p (1),

(3) The function u. x y is scalarly derivable, that is, for every x* € E*, the
scalar function (x*, u x, ¢) is derivable and its weak derivative ti; x ¢
satisfies

1

. . 0G

gy (1) = erx(t) + / 8; @, ) f(s)ds, tel0,m], telr 1]

T

(4) The function ti; x s is continuous and scalarly derivable, that is, for ev-
ery x* € E*, the scalar function (x*, i, 5 r) is derivable and its weak
derivative iy x y satisfies

liex, (1) + Ve f(t) = f(t) ae. te]r,1].

Proof. (1) Since e, € Cg([0, 1]) and G is a Carathéodory and bounded
function, u; x s is continuous on [z, 1] with respect to the norm topology of
E in view of Lemma 5.1.

(2) follows from Lemma 2.1(iv).

(3)-(4) Similarly, using the property of 3G,

a1
11 3?; (t, s) f(s)ds is continuous on [z, 1] with respect to the norm

topology of E in view of Lemma 5.1 and so is the mapping ¢ +— é, (f) +
f ! 35’ (t,s) f(s)ds. Now (3)—(4) follow from the computation used in (iv)—

in Lemma 2.1 we infer that

t —

T
(v) in Lemma 2.1. O

By W?,',IE([‘L', 1]) we denote the space of all continuous functions in
CEg([t, 1]) such that their first weak derivatives are continuous and their sec-
ond weak derivatives are Pettis-integrable on [z, 1]. By Lemma 5.3, given
a Pettis-integrable function f : [7,1] — E (shortly f € Pll-([r, 1]) the
(SODE)

ligx,f(t) + Ve ;) = f(@),t €[r,1], T € [0, m[
m—2

Urx, f(T) =X, Ugy (1) = Z iz x, £ (0i)

i=1
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admits a unique W?,'IE([‘L', 1])-solution with integral representation formulas

1
Urx, f (1) = erx (1) +/ Ge(t,5)f(s)ds, Tel0,m[, telrl],

156G,
fren 1 (6) = éun () + f s, TelOml relr)

The following result provides the compactness of solutions for a class
of (SODE) with m (m > 3) point boundary condition and Pettis-integrable
controls.

Theorem 5.1. Let E be a separable Banach space and let T' : [0,1] —
ck(E) be a convex compact valued measurable and Pettis-integrable map-
ping. Let us consider the following

fiv f(t) + pite @) = f(), 1 €[r, 1], T €[0,ml, feSke

(SODE)r i
e (D) =X, tey f ()= iutre r(m).
i=1

Then the set {uzx.; : f € SE¢} of Wy ([r. 1])-solutions to (SODE)r is
compact in Cg([t, 1]).

Proof. Let (u¢ x, r,) be a sequence of le,”lE ([z, 1])-solutions to (SODE)r. As
Slf ¢ is sequentially o (P}, L™ ® E*)-compact, by extracting a subsequence
we may assume that (f,) converges with respect to the o (PL, L® ® E*)
topology to fo € Sllfe. Using Lemma 5.3, we have, for eachn € N,

1
Urx, £, (1) = er x (1) +/ G.(t,s) fu(s)ds, t €7, 1] (5.1.1)
. : 109G,
ey, f,(t) = érx(t) —1—/ o @, 8) fu(s)ds, t €1, 1] (5.1.2)
ligx f, () + Vg x 5,(t) = fu(®) €(#),a.e. t €1, 1]. (5.1.3)

From the property the Green function G; in Lemma 2.1, (5.1.1) and

Lemma 5.2, we infer that {u; » 7, : n € N} is equicontinuous in Cg ([0, 1]).
Further, for each t € [z, 1], {u¢x,r,(t) : n € N} is relatively compact be-

cause it is included in the norm compact set e; (¢) + fol G.(t,s)I'(s)ds
(see e.g. [12, 14]). So by Ascoli’s theorem, {u; . r, : n € N} is relatively
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compact in Cg([t, 1]). Similarly using the properties of 857 in Lemma 2.1,

(5.1.2) and Lemma 5.2, we deduce that {b'tf’ X, fy S PE N} is equicontinuous
in Cg ([t, 1]). In addition, the set {dr,x,ﬁl (t):n € N} is included in the
compact set é; ,(t) + fol Bgf (t,5)T (s)ds. So {irx s, :n € N} is rela-
tively compact in Cg([t, 1]) using the Ascoli’s theorem. From the above
facts, we deduce that there exists a subsequence of (“r,x,fn)n o still de-

noted by (uT, x, fh)n N which converges uniformly to u* € Cg([z, 1]) with

u>® 0) = x and u® (1) = 2?1:_12 o;u (n;). Similarly, we may assume
that (12,, x,fn) converges uniformly to v*° € Cg([z, 1]). Furthermore, by the
above facts, it is easy to see that (ii,,x,fn) converges o(PL,L® @ E*) toa

Pettis integrable function w™ € Pé([‘f, 1]). For every ¢ € [z, 1], using the
representation formula (5.1.1), we have

u™(1)
1
— m terp, (1) = exn () + lim / Gt $)Ginr. £, (5) + ite.r. 1, (5))ds
n—oo n—oo T

1 1
= erx(t) + lim / G (t, 8)iiz x, f,(s)ds +y lim / G (t, )itz x, 1, (s)ds
n—0o0 O n—oo T

1 1
= erx(t) +/ G.(t, s)w™(s)ds —|—y/ Go(t, s)v™°(s)ds
0 0
1
= er (1) +/ G (t, s)(w>(s) + yv™(s))ds. (5.1.4)
0

From (5.1.4) and Lemma 5.3, we deduce that u is scalarly derivable and its
weak derivative 11*° is given by

1
i) = ér,x(t)—i—/ a;t @, s)(w™(s)+yv>X(s))ds, vt € [t,1]. (5.1.5)

Now using the integral representation formula (5.1.2) we have, for every ¢ €
[z, 11,

v®(t) = lim i 5, (1)
n—>0oo
1
. . 0G. .. .
= erx(t) + lim 5 O i, () + iz, (s))ds
T
1
. . 0G ..
= er,x(t) + nlllgo/ a—tr(l‘, S)an (s)ds
T

1
. 0G, .
+y nll%lo/r S (t, )iy, (s)ds
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1 1
= ¢, (1) +/ 96+ (@, Hw™(s)ds +y / 96+ (t, s)v™>(s)ds

Jt at
. 19G, o ~
= e x(t) —i—/ o7 (, s)(W™(s) + yv=7(s))ds (5.1.6)

so that by (5.1.5) and (5.1.6) we get v>° = °°. Now using (5.1.4) and invok-
ing Lemma 5.3(4) we get

W) +yu® @) = w®@®) +yv™e@) = w®@)+yu> @) ae. te[r, 1]

Thus we get ii®°(t) = w®(t) a.e.t € [t, 1] so that

1
ue(1) = er (1) +/ G (t, )™ (s) + yu>(s))ds, telr, 1]
! m—2
u®(r)y=x, w1 =Y ou m).
i=1
(5.1.7)
Step 2. Main fact: u® coincides with the W}Z{’IE([‘L’, 1])-solution u 7., associ-

ated with foo € SF° to

ﬁfoc(t) + )/Mfoo(t) = foo(t), ter, 1]

m—2

up (t)=x, up(l)= Z aiu g, (i)

i=1

(5.1.8)

Remember that

ligx, f, (1) +yig, () = fu),

m—2

urx, f,(t) =x, Uy f(1)= Z aitrx, £, (1;)

i=1

and by the above fact, (ii; x, 5, + Viizx, f,) o (P}, L® ® E*)-converges in
Pé([t, 1]) to ti>® + yu®*. Let v = h @ x* € L*®([r, 1]) ® E*. Multiply
scalarly the equation

e, f, (1) + Vitex, f, (1) = fu(t)

by v(#) and integrating on [z, 1] yields

1 1
/ (h(t)®x*,iifn(t)+yufn(t))dt=/ (h(t) @ x*, f(®))dt. (5.1.9)
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It is clear that

1 1
nll>ngo (h(t)®x*,iifn(t)+yzifn(t))dt=/ (h(t)@x™*, i () +yu™(1))dt

1

1
—iim [ () @x*, f ()t = / (h(1) ® x*, foo(D)dt

n—o0 T

so that by invoking the separability of E

W) +vu> @) = foot) a.e. tel]r,1]. (5.1.10)
Using (5.1.7), (5.1.8), and (5.1.10) and uniqueness of solution we obtain
u® =uy,. o

Remark. In the context of Theory of Control, we have stated in the proof
of Theorem 5.1, the dependence of the trajectory solution with respect to the
Pettis controls. Namely, with the notations of Theorem 5.1, if u x , is the

Wﬁ:%([t, 1])-solution of

fiz,x,f, (1) + yitg, (1) = fu(0), telr,1]
m—2

e (D) =X, tey g, ()= jtrr ()
i=1

and if (f,) o(PL, L™ @ E*)-converges to foo € Slfe, then (u;x, f,)
converges uniformly to ur y r, (itzx f,) converges uniformly to i,y r.
and (ii¢ x,f,) o(PL, L® ® E*)-converges to liz,x, fn, Where uq, r. is the

W,z;g([t, 1])-solution of

l:ir,x,foc(t) + V’:{r,x,foo(t) = foo(t), te]r, 1]

m—2
e oo (D) =X, ttey o, (1) =Y citte x 1, (7).
i=1
The above remark is of importance since it allows to prove further results.

Here is an application to the existence of WIZ;’IE ([z, 1])-solution of a (SODE)
with m-point boundary condition.

Theorem 5.2. Let F : [0, 1] x (E x E) — E be a Carathéodory mapping

satisfying
F(t,x,y) e (1)
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forall (t,x,y) € [0,1] x E x E where T : [0, 1] = E is a convex compact
valued Pettis-integrable mapping. Then the (SODE)

() +yu@)=F@t,u@),u@®), telr1]

m—2
w(@) =x, u(l)y=>y au)
i=1

has a W}Z,:%([t, 1])-solution.
Proof. Let us set

Xi={uex, [0, 1] = E tury 5(t) = er (1)
1
+/ G.(t,s)f(s)ds, t €[r,1], f e Slfe}.

Then Theorem 5.1 shows that X’ is compact and convex in Cg([t, 1]). For
each u € X, let us set

Q) :={weX:wkt)+ywk) = F,u(),u()), t €[z, 1]}.

In view of Lemma 5.3, ®(u) is non empty. Let us prove that the mapping
® : X — X is continuous. Let (u,, v,) € Graph ® such that u, — u
and v, — v in X. We need to check that v = ®(u). Taking account of
the particular structure of X and the remark of Theorem 5.1, we have that
ity — 1 uniformly and ii, o (PL, L ® E*)-converges to ii and that v, — ¥
uniformly and ¥, o (P}, L ® E*)-converges to . Multiply scalarly the
equality
i}n(t)—i_yi)ﬂ(t):F(’»”n(t)vl'.tn(t))s te[f,l]

by h(1) ® x* where h € LY ([z, 1]) and x* € B+ and integrating on [, 1]

gives

1 1
/ (h(t)®x*,55n(t)+7/ﬁn(t))dt=/ (h() @ x™, F(t, un(t), 1ty (1)))dt.

(5.2.1)
By passing to the limit when n — oo in (5.2.1) we get

1 1
lim (h(t)®x*,i5n(t)+yﬁn(t)>dt=/ (h(t) @ x*, (1) + y0(t))dt

n— 00 T

1 1
:nhi%‘o/ (h(t) ® x*, F(t, un(t),ﬂn(l)))dIZ/ (h(t) @ x*, F(t, u(t), u(1)))dt
(5.2.2)
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by Lebesgue dominated convergence theorem, because
[(h(t) ® x*, F(t, x, ))| < h(@®)[8*(x*, T ()]

for all (¢, x,y) € [0, 1] x E x E. By (5.2.2) we deduce that

1 1
/ (h(t)®x*,i}(t)+yz)(t))dt=/ (h(t) @ x*, F(t,u(t), u(t)))dt.

Whence we get
(x*,0() +yo@)) = (x*, F(t,u@®),u@))), ae. (5.2.4)

for every x* € Bp+. By taking a dense sequence (e})keN in B+ for the
Mackey topology we get

(e, V(1) +yo()) = (e, F(t,u(r), u())), a.e. (5.2.5)
for all k € N. Finally we get
V(@) 4+ yo@) = F(t,u(t),u(t)), a.e.

proving that Graph ® is compact. By applying the Kakutani—Ky Fan fixed
point theorem to ®, we find u € X such that ¥ = &(u) which is a
Wf,’ 55 ([z, 1])-solution of the (SODE) under consideration. O

The compactness in Cg([7, 1]) of
X = {ur,x,f [, 1] = E: ur,x,f(t) = er,x(t)
1
+/ G.(t,5)f(s)ds, t € [t,1], f e SE¢)
T

YVi={tueyrilt, 1] = E ttirx p(t) = érx(1)

1
+/ aaGtT (t,s)f(s)ds, t € [r, 1], f € SE)

are of importance and rely on some delicate arguments in the pioneering work
of [1, 2] involving the Pettis uniformly integrable condition, Grothendieck
lemma characterizing the Mackey topology for bounded sets in Ly [24] and
other compactness results. Second order differential inclusions with three
point boundary condition in case where the second member is a Pettis-
integrable convex compact valued multifunction is initiated in [2]. At this
point a second order differential inclusion with upper semicontinuous con-
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vex compact valued multifunction and three point boundary condition of the
form

() e F(t,u(),u(t)) a.et €[0,1],
u(0) =0; u®) =u(l).
is available in [2, 27]. Taking account into the above facts, one may state the

validity of Theorem 5.2 when F is a convex compact valued upper semicon-
tinuous mapping. Since we don’t focus on differential inclusion in the paper,
we only mention a closure type lemma which may have an independent in-
terest and solves this problem.

Theorem 5.3. Let F : [0,1] x E x E — E be a convex compact valued
upper semicontinuous mapping satisfying

F(t,x,y) cT'(t)

forall (t,x,y) € [0,1] x E x E where T : [0, 1] = E is a convex compact
valued Pettis-integrable mapping. Let (uy, v,) € X x X such that u, — u
and v, — v in X and that

Un (1) + yvn(t) € F(t,un(t), ity (1))

for all n € N and for all t € [t,1]. Then we have v(t) + yv(t) €
F@t,u(),u())a.e.

Proof. Leth ® x* where h € L, ([r, 1]) and x* € Bg+. From
Un (1) + yon(t) € F(t, un (1), ity (1))
we have
(h(t) @ x*, U (1) + yva (1)) < 8" (h(t) @ x*, F(t, un(t), itn(1))).

Integrating on [z, 1] this inequality yields

1 1
/<h(t)®x*,iin(t)+yvn(t)>dtsf §*(h(t) @ x*,

T

x F(t, un(t), tin()))dt.  (5.3.1)

Repeating the arguments of the proof of Theorem 5.2, we have that i, — u
uniformly and ii, o (P, L°® E*)-converges to ii and that v,, — © uniformly
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and ©, o (PL, L>® ® E*)-converges to ii. Then by passing to the limit when
n — oo in (5.3.1) we get

1
lim | (h(t) ® x*, B, (t) + y 0 (t))dt

n—oo T

1
=/ (h(t) ® x*, (1) + y0(t))dt

n—o00

1
< lim sup/ h(1)8* (x*, F(t, un (1), itn(1)))dt

1
< / h(t) limsup 8*(x*, F(t, u,(t), it,(¢)))dt

1
< / h()8*(x*, F(t,u(t), u()))dt (5.3.2)
because

8% (h(t) @ x™, F(t, x, )| < 18" (h(t) ® x*, T(#)| = h(®)[6"(x*, (1))

forall (¢, x, y) € [0, 1] x E x E and the mapping F' is upper semicontinuous.
By (5.3.2) we deduce that

1 1
/ h(t){(x*™, U(t) + yo(t))dt < / h()8*(x™*, F(t,u(t), u(t)))dt.
Whence we get
(x*,0() + yo@)) < 8*(x*, F(t,u(t), u(t))) a.e.

for every x* € B By taking a dense sequence (e,’(“)keN in B+ for the
Mackey topology we get

(e, U(t) +yo()) < 8"(ef, F(t,u(t),u(r))) a.e.
for all k € N so that

v()+yo(t) € F(t,u(t),u()) a.e. O

6. Open Problems: Differential Game Governed by
(SODE), (ODE) and Sweeping Process with Strategies

To finish the paper we discuss some viscosity problems in a differential game
governed by a class of (ODE) with strategy in the line of Elliot [20], Elliot—
Kalton [21] and Evans—Souganides [22]. For simplicity we assume that E is
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a separable Hilbert space. Let us consider two compact subsets ¥ and Z in
E. Set

Y(tr) ={y: [z, 1] — Y|y measurable}
Z(t) = {z : [t, 1] = Z| z measurable}

Denote by I'(t) the set of all strategies & : Z(t) — Y (r) and A(t) the set
of all strategies B : Y(tr) — Z(t). Let us given a Carathéodory integrable
mapping F : [0,1] x (Y x Z) — E such that F(¢,y,z) C K(t) for all
(t,y,2) € [0,1] x Y x Z where K : [0,1] = E is a convex compact
valued integrably bounded mapping, a bounded continuous integrand J :
[0,1] x E x Y x Z — R and let us define the upper—lower value function

1

Uj(t,x) = sup inf { J(, Mr,x,a(z),z(t)v a(z)(t), z(t))dt}, T € [0, n1]
ael (1) 2€2(1) J¢

1
Vi(t,x) = inf sup {/ J(t uz .,y 5@, y(©), B(y)())dt}, T € [0, n1]
BEA() yey(r) Jt

where u; x «(z),; is the trajectory Wi-’l ([z, 1])-solution of second order dif-
ferential game

le,x,a(z),z(1) + Vit xa(),: (1) = F(t, a(2)(@), 2(0)), t € [7, 1], T € [0, 1]

Uz x.a(),z(T) = X,
m—2

ur,x,a(z),z(l) = Z ai”t,x,a(z),z(ni),
i=1
(6.1.1)
with the integral representation formulas

1
Urx,0(2),: () = er x(7) +/ G (t,5)F(s, a(2)(s), z(s))ds, t € [, 1]

T

at

1
. . el
e x.a(). (1) = érx (1) +/ (t,5)F (s, a(z)(s), z(s))ds, t € [z, 1]
T
and similarly u; x y g(y) is the trajectory Wé’l ([z, 1])-solution of second or-
der differential game

I:ir.x,y,ﬂ(y)(t) + )”:ir,x,y,ﬂ(y)(t) =F@ y®),B®),t €[r,1],7 €[0,m]
ur,x,y,ﬂ(y)(f) =X,
m—2
Uy, py)(1) = Z itz x,y p(y)(Mi)-
i=1
6.1.2)
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We aim to generalize the viscosity problem in Theorem 4.2 to the case of
strategies in the following

Proposition 6.1. Let J : [0, 1] X E x Y X Z — R be a bounded continuous
integrand, t,0 € [0, 1] such that T € [0,n[ and T + o < 1 and let us
consider the upper value function

1
UJ(Tvx) = Sup lnf {/ J(tsur,x,a(z),z(t)’ Ol(Z)(t)y Z(I))dt} ’

ael(r) 2€Z(1)

te€[0,n],x €eE.

where Uz x a(z),; IS the trajectory Wé’l([t, 1])-solution of second order dif-
ferential game

ﬁr,x,a(z),z(’) + yur,x,a(z),z(t) =F(t, a()(@),z(t),t €[z, 1], T € [0, n1]

ur,x,a(z),z(f) =X,
m—2

Urxa().o (D) = Z Aillr x a(z).z (i) 6.1.1)

i=1

Then Uy satisfies a sub-viscosity property: For any ¢ € C'([0, 1] x E) such
that Uy — ¢ reaches a local maximum at (ty, xo) € [0, n1[ X E, then

0 .
d (10, x0) + min max{J (to, xo0, ¥, 2)} + 8" (Ve(to, x0), é1y,x, (f0)
ot 7€Z yeY

LG
+/ “ (1o, )K (s)ds) > 0
T

provides that U satisfies the DPP

T+0
Uj(r,x) = sup inf {/ J(t, Uy 0(2),2(8), a(2)(s), z(5))ds
ael(r)2€Z(@) | Je

+Uj(T+0), U xa(),2(T + U)}

Proof. Assume there is a ¢ € Cl([O, 1] x E) such that U; — ¢ reaches a
local maximum at (fg, xo) € [0, n1[x E for which

0 . .
g (10, x0) + min max{J (to, x0, y, 2)} + 8" (Ve(10, X0), é1y,x, (10)
ot zeZ yeY

139G
+/ (19, s)K (s)ds) < 0.
n Of



42 C. Castaing et al.

Hence there exists some 7 > 0 such that

0 . .
g (10, x0) + min max{J (to, x0, y, 2)} + 8" (Ve(10, X0), é1y,x, (10)
ot z€Z yeY

1

3G

+/ N (ty, $)K (s)ds) < —n < 0.
n Of

Set

ap .
Alt,x,y,2) = E(I’ X))+ J(t,x,y,2) + 8 (Vo(t, x), éq,x, (1)

1
+/ 9G1, (t, $)K (s)ds).

Then we have

min max A(fy, xo, y,2) < —n < 0.
zeZ yeY

Hence there exists some 7 € Z such that

max A(t, X0, y,2) < —n < 0.
yeY

Since the mapping
(t, x) = max A(to, xo, y,2)
yey

is continuous there is € > 0 such that

max A(1, x, y.2) < —2
yeY

forO0 <t —tp < eand ||x — xol| < &. AS iy, x,a(z),z 15 estimated by

0

1
. . G
ekt x0.02),2 (D] = €155 (D)]] +/ | 8tt° (t, )IIK(s)|ds = (1)
fo

with ¢ € Cr([ty, 1]) for all z € Z(#y) and for all « € I'(#) in view of the
above integral representation formula, so we can choose o > 0 such that

to+o

||ut0,x0,a(z),z(t) - uto,xo,ot(z),z(tO)” = fto c(t)dt < eforallt € [ty, to + 0]
and for all z € Z(#p) and for all « € A(fp). Then the constant control Z(¢) =
z, Vt € [to, 1] belongs to Z(tg) and «(zZ) belongs to Y (tp) for all « € I'(7p) so

that by integrating we have

to+o B _ on
/ A(t, gy xg,02),2(1), 2(2) (1), 2(1)dt < 5
I

0
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for all « € I'(¢p). Thus

to+o
sup {/ J (@, Uty xo,az),z(), 2 (@)(1), 2(2))dt (6.1.3)
fo

ael(ty)
1

. G
F8*(Vo(t, try xp.0@).7(1)s 5.0 () + / 8;0 (t, $)K (s)ds)
fo

% on
+ a—t(t, uto,xo,a(z),z(t)} < —7.

As Uy satisfies the DPP property, we have

to+o
Uy(to, x0) < sup {/ J (8, uy,x0,0z),2(1), 2 () (1), 2(2))dt
1

ael'(ty) 0

+ Uj(to+o,u (to+cr))}-

0,%0,%(2),Z

Hence, for every n € N, there exists " € I'(#p) such that

fo+o

Uy (10, x0) < / Tttty g 0 (5. 2(0). @ (D)D), Z(0)) e

fo
1
+ Us(to + 0, Uy xp.an@).z(00 +0)) + e (6.1.4)
But Uj — ¢ has a local maximum at (¢, xo), for small enough o

Uy (to, x0) — @(to, x0) = Uy (to + 0, Uz, xg,a(2),z (o + 0))
—@(to + 0, Uz xp,a(2),z (f0 + 7))
(6.1.5)

for any trajectory solution u; y, «(z),; associated with control («(z), z) (o €
I'(t9), z € Z). From (6.1.4) and (6.1.5) we deduce

Uy(to+ 0, uy,xg,an@),z(t0 +0)) — @(to + 0, sy, xy,0nz),7(T0 + 0))

ty+o
< / Tttty .0 or.2(0), @ (B0, Z(0))d
fo

1
+U (10 + 0, uzy,xg,0n3),z(t0 + 0) + o @ (1, x0).
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Thus we have

to+o
0< / Tt sy ng a9 (0), & (B (1), Z(0))dt
1

0

1
+ @(to + 0, Uy xg,0nz),z(F0 + 0)) — @(to, X0) + . (6.1.6)
But
@(to + 0, Uy xp.0nz)z(00 + 0)) — @(fo, x0)
to+o
= / (V(p(tv Ml‘(),xo,a"(z),z(t))a ﬂto,xo,a"@,f(t))dt
fo
to+o @
+ / 09 (1. gy e 9 20 6.1.7)
and
3G

(1, 5)F (s, & ()(5), 2(s))ds

Uy, x0,0m @),z () = €19,x0 (1) +f

fo

ot
because iy, x,.an(z) 7 is the W2! ([, 1])-solution to (SODE)
ﬁto,xo,an(z)i(t) + yl'.tto,xo,a"(f),f(t) = F(t’ o (E)(t)9 Z(t))v

Uy, xg,an(2),z(0) = X0,
m—2

uto,xo,a"(f),f(l) = Z aiuto,xo,ﬂt”@j(ni)-

i=1

From (6.1.6) and (6.1.7) we deduce

fh+o
0< / J(t, Uiy xp.0n @) z(1), @ (2)(1), Z(1))dt
0]

ty+o . 1 8Gto

+/ 8*(v¢(lvuto,xo,a"(f)(t),f(t))seto,xo(t)+/ a7 (t, s)K (s)ds)dt
fo to
to+o 9 1

+/ —(t, Uy, xg,07(2),z(2)) + —. (6.1.8)
o ot 1o,x0,0"(2),Z n

Using (6.1.3) and (6.1.8) it follows that 0 < % < }l for every n € N.
Passing to the limit when n goes to oo in the preceding inequality yields a
contradiction. O
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The viscosity property for the lower—upper value function is an open
problem in the present context. Proposition 6.1 is a step forward in the prob-
lem under consideration. Compare with earlier result in the literature deal-
ing with viscosity problem governed by (ODE) in R” involving differential
games and strategies, e.g. [4, 20, 22], evolution inclusions, e.g. [7, 8, 13-17]
involving Young control measures, and Relaxation and Bolza problems gov-
erned by (SODE), e.g. [3, 9—11]. In order to illustrate the comparison, let us
come back to a differential game governed by ordinary differential equation
(ODE). Let M }F(Y ) and M L(Z) be the set of all probability Radon mea-
sures on compact metric space Y and Z, respectively, endowed with the nar-
row topology so that ./\/lﬂr( Y) and ML(Z ) are compact metrizable. Consider
the space of Young measures (alias relaxed controls)

Yo)={y:[r,1]— ML(Y) | y measurable}

Zty={z:[t, 1] — MEF(Z) | z measurable}

and as above denote by I'(7) the set of all strategies o : Z(t) — Y(7)
and A(t) the set of all strategies 8 : V(r) — Z(r). Let J : [0, 1] x
(E x Y x Z) — Rbe abounded Carathéodory integrand and let F : [0, 1]
x (E x Y x Z) — E be a Carathéodory mapping satisfying F (¢, x, y, z) €
K(t)forall (t,x,y,z) € [0, 1]XxExY xZ where K : [0, 1] == E is a convex
compact valued integrably bounded mapping and a Lipschitz type condition
F (@, x1,y,2)=F(t, x2,y, Dl < Allxi—xzf[ forall (¢, x1, y, 2), (t, x2, y, 2)
in [0, 1] x E x Y x Z. Then one may consider the lower value function

1
Vj(ts -x) = lnf Sup {/. [/ [/ ‘I(tv M‘L’,X,;L,ﬂ(,u) (t)v )’» Z)/M(dY)i|
BEA® ey |/« Lz LUy
Xﬂ(M)t(dZ)] dl}

where u; , ;. g 18 the absolutely continuous solution to (ODE)

ur,x,u,ﬂ(u)([) = /; |:/Y F(t, “r,x,u,ﬂ(u)([)v Y, Z)Mt(dy)] ,B(ﬂ)t(dz)vt €[z, 1]

Uz x,u,Bw)(T) = X

and the upper value function

1
Uj(r,x) = sup inf {/ [/ [/ J(t,ur,x,a(u),u(t),y,z)a(V)t(dy)} w(dz)”dt,
ael(r)veZ() | Jr z LJy

tel0,1],x e E
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where u; x o(v),v is the absolutely continuous solution to (ODE)

llr,x,oz(v),u(t) = /Z |:/Y F(, ur,x,a(v)(z),v(t)a Y, Z)a(‘))t(dy)i| vi(dz),t € [, 1]

ur,x,a(v),v(f) =X
and state the viscosity properties for these functions. In the sequel, we will
make some additional assumptions on J and F, namely, J and F are contin-
uous and the family (J (., ., ¥, 2))(y,z)ey x z is equicontinuous and the family
(F(.,.,¥,2))(y,2)er =z 1s equicontinuous.

Proposition 6.2. Let J : [0, 1] X E x Y X Z — R be a bounded continuous
integrand, and let us consider the upper value function

1
Us(r,x)= sup inf {/ [/ [/ J(t,uz,x,a(u),u(l),y,z)a(V)r(dy)} vt(a'z)”dt,
ael(r) VEZ(@) | Jr z LJy

tel0,1],x € E.

Let us consider the Hamiltonian

HY(t,x,p) = min max {(p,/ [/ F(t,x,y,z)du(y)j| dv(z)
ve ML (2) peMi(Y) z LJy

+/ [/ J(t,x,y,z)du(y)}dv(z)}.
VA Y

Then U is a viscosity solution to the HIB equation %—}—HﬁL (t,x,VU)) =0,
that is, for any ¢ € C([0, 11x E) for which Uy — ¢ reaches a local maximum
at (to, xo) € [0, 1] x E we have

0
8—‘f(ro, x0) + H* (10, x0. Ve (to. x0)) = 0

and for any ¢ € C1([0, 1] x E) for which U; — ¢ reaches a local minimum
at (tp, xg) € [0, 1] x E, we have

0
3_(f(t0’ x0) + H™ (to, x0, Vo(to, x0)) <0

provided that U satisfies the DPP

T+o
Uj(r,x) = sup inf {/ |:/ [/ J(@, gy am)v(s),y,2)
ael(r) vEZ() Jr z LJy

Xa(v)s(dy)} Vs (dz)} ds

+U;(x+0) urxam(®+ O')} .
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Proof. See Proposition 6.1 and ([14], Theorem 8.3.12). We will sketch the
proof. Assume thereis a ¢ € C'([0, 1] x E) such that U; — ¢ reaches a local
maximum at (fg, xg) € [0, 1] x E for which

agp
—(to,XO)-i- min max {/ [/ J(lo,XO,y,Z)dM(y)} dv(z)
veML(Z) peMl () Y

+ (pr(to,XO),/ [/ F(IOaXO’y,Z)dM(}’)} dV(Z)>} <0
z LJy
Hence there exists some 1 > 0 such that

g
—(lo,xo)-i- min max {/ |:/ J(to,xo,y,Z)dM(y)} dv(z)
veML(Z) peM(¥) Y

+ (Volo, x0). /Z [ /Y F(IO,XO,%Z)dM(y)] dv(z))} < p<o.
Set

A, x,pu,v) = (t x)—i—/ |:/ J(t, x,y, z)d,u(y)i| dv(z)

+ (Vo(t, x), / [/ F(t,x,y,z)du(y)] dv(z)).

Then we have

min max  A(t, xo, u,v) < —n < 0.
veML (Z2) peMi ()

Hence there exists some v € ML(Z) such that

max  A(t, xo, u,v) < —n < 0.
peML ()

Since the mapping

(t,x) = max A(f, xo, 4, V)
peMLl)

is continuous there is € > 0 such that

max A(t,x,u,v) < _7
peMl () 2

for 0 <t —1ty < e and [[x — xol| < &. AS Uiy, xp,a(v),v 1S estimated by
210, x0,000),0 ] < |K ()] with |K| € L{l([to, 1]) for all v € Z(#y) and for
all @ € I'(#p) I'(#p) so we can choose o > 0 such that ||us, x,a(),v () —
Wy o) (10)]| < ’°+" |K(1)|dt < ¢ forall t € [to, to + o] and for all
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v € Z(ty) and for all @ € I'(fp). Then the constant control v; = v, Vt €
[0, 1] belongs to Z(fp) and « (V) belongs to V(#) for all @ € I'(#) so that
by integrating we have

fh+o on
/ A(t9 ulo,xo,ot(g),v(t)v a(v)ﬁ vl)dt < _7
0]

for all « € I' (tp). Thus

ty+o
sup { / [ fz [ fy J(r,u,o,xo,a@),;(r),»z)a(ﬁ),(dy)}m(dz)]dr
fo

ael (1)
+<V(p(t, uto,xo,a(?),i(t))v A [/Y‘ F(ta Mt(),xo,oé(v),v(l)’ Y, Z)a(i)t(d)’):| gl‘ (dZ))

a o
+ ai(f(ts uto,xo,a(v),f(t))} < _777 (623)

As Uj satisfies the DPP, we have

th+o
Uy (ty, xg) < sup {/ [/Z [/; J(I,Mro,xo,a(m.v(t),y,Z)Ol(U)t(dy)]Vt(dZ)] dt
fo

ael (1)

+ Uy (to + 0, Uy, xg,am),7 (o + U))} .

Hence, for every n € N, there exists " € I'(fp) such that

to+o
U, (to, x0) 5/ [/Z [/Y J(t,uro,xo,an(m,v(t),y,z)a”(i)z(dy)],E(dz)] dt

fo

1
+U (1o + 0, Uz xg.0n@),5(to +0)) + - (6.2.4)
But Uj — ¢ has a local maximum at (¢, xg), for small enough o

Uj(to, x0) — ¢(to, x0) = Uj(to + 0, sy xp,a(v),v (o +0))
—p(ty + o, uto,xo,a(v),v(to +0)) (6.2.5)

for any trajectory solution u;, y, «(v),» associated with control (@ (v), v) (o €
I'(ty), v € Z(tp)). From (6.2.4) and (6.2.5) we deduce

Uy (o + 0, Uy, xg,0n@),5(t0 +0)) — @(to + 0, Uy, xg,an ), 50 + 0))

fo+o
= / [/; |:/; J(t’ ulo,x(),a"‘(i),i(t), Yy, Z)an (G)[(dy)] vl(dz)il dt
1

0

1
+ Uy (to + 0, sy, xg,0n )50 +0) + P @(to, X0)-
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Thus we have

to+o
0 =< / |:/ [/ J(t, Mzo,xo,an(i),ﬁ(t)y Y, Z)Otn(i)[(dy)i| s gt(dz):| dt
fo Z LJY

1

+ @(to + 0, gy, xy,0n@),5 (0 + 0)) — @(to, X0) + - (6.2.6)

But

@ty + 0, Uy, xg,an@),5 (L0 + 7)) — @(to, X0)
to+o
= / (Vgﬂ([, ulo,xo,ot”(f),f([))a ﬂto,xo,a"(i),f@))‘it
fo
to+o 7

+ / 09ttty g oy 5 () 62.7)

and

iy .m0 () = / [ f F(r,uto,xo,anm,u(t),y,z>a"(v)f<dy)} v, (d2)
VA Y

so that by combining with (6.2.7)
@(to + 0, Ugy xq.0n (m),5 (00 + 0)) — @19, X0)

ty+o
=/ (Vo(r, uzo,xo,a"(v),v(l)),/z[/y F(ts“to,xo,a”(i)j(f)sysZ)an(i)l(dy)}it(d@)dt
)

fhto 9
+ / 21ty 0,500, 6.2.8)
0

From (6.2.6) and (6.2.8) we deduce

th+o
0< / [ /Z [ /Y J(t,u,U,xo.an@,w),»z)a"@(dy)]ﬂ(dz)] dr
1o

ty+o
/ (Vo ty vp.ar).0(0)): /Z [ /Y F(t,um,m.an@,m),y,z)a"(v)t(dw] B (d2)dt
0]

to+o @ 1
+/ E(tv ulo.xg,a”(i),i(t)) + ; (629)

1o

Using (6.2.3) and (6.2.9) it follows that 0 < % < % for every n € N.
Passing to the limit when n goes to oo in the preceding inequality yields a
contradiction.

Next assume that U; — ¢ has a local minimum at (g, xo) € [0, 1] x E.
We must prove that
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0
2 (t.x0)+ min  max { f [/ J(to,xo,y,z)du(w]dv(z)
ot veMl(ZyveMml(z) Uz Ly

+ (Volio, 0), /Z [ /Y F(to,XO,y,Z)dM(y)} dv(z»} <0

and so will assume the contrary that

9
% (ty,x0) + min  max { / U J(to,xo,y,Z)dM(y)}dv(Z)
ot veMy(z) ueMl ) Lz L)y

+ (Volto, x0), /Z [ /Y F(to,xo,y,z)du(w} dv(z»} -~ >0

Arguing as in ([14], Lemma 8.3.11(b)) asserts that there exists for all suffi-
ciently small o > 0 some o € I'(#p) such that

fo+o
/ [ / [ / Tttty .00y (), 3, Z)oe(V)r(dy)} w(dz)] d
to Z Y

ty+o
+/ (V(p(ta ul(),xo,ot(l)),l)(t))v L |:/)‘/ F(ta uto,xo,o{(l)))}(t)v y7 Z)a(v)z(d)’)i|
fo

X v (dz))dt
ty+o ® on
+ E(t’ Uty xp,0(v),v (1)) = - (6.2.10)
0]

for all v € Z(tg). According to the DPP property we have

U, (1, x0)

to+o
> inf {/ [/ [/ J(t,uzo,xo,w),u(t),y,z)a(V)z(dy)] vr(dz)}dt
veZ(t) | Jy z LJy

+ Uj(to + o, uto,xg,oc(v),u(to + J))} .

Hence, for every n € N, there exists v"* € Z(fg) such that

to+o

Uy (tg, xp) > / |:/Z |:-/Y J(t, gy xo.0(vmyn (), Y, z)a(v");(dy)] v?(dz)] dt
fo

1
+Uj (10 + 0, usy, xg,a(vn),vn (f0 + 0)) — P (6.2.11)
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But U; — ¢ has a local minimum at (¢, xo), for small enough o
Uy (to, x0) — @(to, x0) < Uy(to + 0, Uz, xy,av),v(t0 +0))

—@(to + o, uto,xo,a(v),v(to +0)) (6.2.12)

for any trajectory solution u;, y, «(v),» associated with control (@ (v), v) (o €
I'(ty), v € Z(tp)). From (6.2.11) and (6.2.12) we deduce

Uy (to + 0, sy, xg,a(um),vn (o +0)) — @(to + 0, gy, xo,a(un), v (f0 + 0))

fo+o
Zf U U / (”“fo)w<v">,v"<f>,m)a(v")t(dy)] v,”(dz)} dt
10 VA Y

1
+U (o + 0, Uy, xg,a(vr),vm (o +0) — o @(to, X0).

Thus we have

fo+o
0> / [/ |:/ J(t, Uy, xp,a (V)01 ®,y, Z)Ol(v”)t(dy)] vf(dz)i| dt
] V4 Y

1

+‘P(t0 + o, Uty,xq,0 (V1) 0" (to + 0)) - (0(t0, XO) - ; (6213)

But

@(to + o, Uty xp,0 (V)01 (to + o)) — @(t0, x0)
th+o
= / (Vo(z, Uiy, xg,00 (™), 0" 1)), l'.‘t(),xo,o((u”),v” (t))dt
fo
to+o
+f E(I, Uty xg,a (), 0" (t))dt (6.2.14)
fo
and
uto,xo,a(v”),v" () = / |:/ F(, Uiy, xg,a(v), 0" ).y, Z)Ol(vn)t (d)’)] V?(dz)
Z Y

so that from (6.2.14)

@(to + 0, gy, xo,an),vn (fo + 0)) — @(t0, X0)

thy+o
:/ (Vo(, utg,xg,a(u"),v"(t)),
fo
[Z |:/; F (2, ugy xg,000m),0m (£), ¥, Z)Ol(vn)t(dy)] v (dz))dt

to+o 9
+/ a_(tv Uiy, xg,0 (V™) 0" (t)) (6215)
) t
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From (6.2.13) and (6.2.15) we deduce

thy+o
0= [ [/ [/ J (1, gy xg 0 omy, v (1), va)a(Vn)t(dy)] v;l(dz):| dt
] V4 Y

to+o
+ / (Vo(t, uzy,xg,avm,vn (1)),
1

0

/;[/Y F (2, uty,xg.a0m),vm (t),y,Z)a(V")z(dy)] vy (dz))dt

fo+o ® 1
+/; E(t, Uty,xg,a (), 0" ) — ; (6.2.16)

0
Using (6.2.10) and (6.2.16) it follows that % > ‘77” > 0 for every n € N.

Passing to the limit when n goes to oo in the preceding inequality yields a
contradiction. m]

Taking account into the sweeping process introduced by J.J. Moreau [26]
and its modelisation in Mathematical Economics [25], we finish the paper
with an application to the DPP and viscosity property for the value function
associated with a sweeping process. Compare with Theorem 3.5 in [17] deal-
ing with sweeping process involving Young measure control and Theorem 4.2
dealing with (SODE). Here E is a separable Hilbert space.

Proposition 6.3. Let C : [0, T] — ck(E) be a convex compact valued L-
Lipschitzean mapping:
ld(x, C(#)) —d(y,C(t)| = Llt —t|+|lx — y||,Vx,y € E x E, Vt,
T €[0,T] %[0, T].
Let Z be a convex compact subset in E and Sé is the set of all integrable
mappings f : [0, T] — Z. Assume that J : [0, T] x E x E — R is bounded

and continuous such that J(t, x,.) is convex for every (t,x) € [0,T] x E.
Let us consider the value function

T
Vi(t,x) = sup {/ J(tugyx r (@), f(1)) dt}, (t,x) €0, T]x E
feSé T

where ur x, ¢ is the trajectory solution on [t, T associated the control f €
S} starting from x € E at time t to the sweeping process (PSW)(C; f; x)

{ — gy, (1) — f(t) € Ne@y (e x, (1)), 1 € [T, T)

Ut x, f () =x
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and the Hamiltonian

H(t, x, p) = sup{—(p, z) + J(t,x, 2)} + 8" (o, —Md[dc)(x))
z€Z
where M := L 4 2|Z|, (t,x, p) € [0, T] x E x E and 9[dc)1(x) denotes
the subdifferential of the distance functions x + dcyx. Then Vy has the
DPP property

T+o
Vy(z,x) = sup [/ J(t,u,,x,f(t),f(t))dt+v,(r+a,um,f(r+a))]
fes} ~J

and is a viscosity subsolution to the HIB equation
oU
E(t’x) +H(t,x,VU(,x)) =0

that is, for any ¢ € CY([0,T1) x E) for which V; — ¢ reaches a local
maximum at (ty, xo) € [0, T] x E, we have

dp
H (t, xo, Vo (to, x0)) + E(to, x0) > 0.

Proof. We prove first that V; has the DPP property by applying the contin-
uous property of the solution with respect to the state and the control (see
Lemma 6.1 below) and lower semicontinuity of the integral functional ([14],
Theorem 8.1.6). We omit the proof of Lemma 6.1 because it is an adaptation
of the proof of Lemma 4.1 in [17].

Lemma 6.1. Let u, xn_gn be the trajectory solution on [z, T| associated the
control f" € Sé starting from x" € E at time T to the sweeping process

(PSW)(C5 f"5 %)

—dign pn(t) — (1) € Ny (e an, (1))
urxn () =x" € C(r)

(a) If (x™) converges to x> and f" converges o (L} LLY) to [, then
Uy, pn converges uniformly to uy yo goo, which is the Lipschitz solu-
tion of the sweeping process (PSW)(C; f°; x*°)

— lig xoo, foo (1) — fOt) € Ney (e xoo, poo (1))
Ug oo, oo (T) = x°° € C(1)
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(b) Let J : [0, 1] X (E x E) —]— 00, +00] be a normal integrand such that
J(t,x,.)isconvexon E forall (t,x) € [0, T] x E and that

J(@t, ugn pu (1), f(2)) = Bu(?)

for all n € N and for all t € [0, T] for some uniformly integrable se-
quence (Bn)neN in L}l([O, T1), then we have

T

T
liminf/ J(t, ugon (1), (1)) dt z/ J(t, ur xoo poo (), f7O(1)) dt.

n—oo T

Let us focus on the expression of V(1 + 0, ur (T +0))

T
Vit +o, Mr,x,f(T +0)) = sup {/ J(t, Ur+a,u,1x_f(r+t7),g(t)7 g(t))dt}
geSé T+o

where vri54, Fr+o).g denotes the trajectory solution on [t + o, T'] associ-
ated with the control g € Slz starting from u; x ¢(t + o) attime 7 + 0.

Main Fact: f — V;(t + 0,u, r(t + 0)) is lower semicontinuous on
Sé (endowed with the o (L., LZ’)-topology). Let (fy, gn) € Sé X Sé such
that f, — f € S} and g, —> g € Sé. By Lemma 6.1, u¢ s, con-
verges uniformly to ur ¢ and veigu,, ; (r+0).g, cONverges uniformly to
Vrto,u, . f(r+0),¢ SO that by invoking the lower semicontinuity of integral
functional ([14], Theorem 8.1.6) we get

T+o Tto
lim inf / Tt tne g, (), fa(0)dt = / Tt ter (1), F())d1

n—o0

T
lim inf/ J(t, Voo, g (ct0).80 (1), 8n())dt
T

n—oo 4o

T
> / J(t, UT-‘rO‘,urquf(‘L’-‘rO'),g(t)a g@))dt
T+o

proving that the mapping f +— [

St uex p (1), f(2))dt is lower semi-
continuous on S% and the mapping (f, g) +— fTTJrG J(t, Vetour, p(t+0).g
(1), g(t))dt is lower semicontinuous on S} X S}. It follows that the mapping
f = Vy(t +o0,ucy r(r +0)) is lower semicontinuous on Sé and so is the
mapping f > [T Tt ur, (1), f(©)dt+V) (T 40,y (T +0)). Now
the DPP property for V; follows the same line of the proof of Theorem 4.1.
This fact allows to obtain the required viscosity property. Let us recall the

following
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Lemma 6.2. Let (ty, xo) € [0, T] x E and let Z be a convex compact subset
inE.Let A : [0, T] x E x Z — R be an upper semicontinuous function such
that the restriction of A to [0, T] x B x Z is bounded on any bounded subset
Bof E. If

maxzez A(tg, x0,2) < —n <0

for some n > 0, then there exists o > 0 such that

fo+o on
sup / At ugy x, (1), f())dt < my
fo

fes),

where uy, ., r s the trajectory solution associated with the control f € S é
starting from xq at time ty to

- If‘tt(),xo,_}"(t) - f(t) € NC(Z‘)(ut(),xo,f(t))v t e [t()v T]
Uy, xo, f (T0) = X0.

Assume by contradiction that there exists a ¢ € C 1([0, T] x E) and a
point (fp, xo) € [0, T] x E for which

0
S0, 30) + H 10, x0. Vo(to.x0)) < = <0 for 1> 0.
Applying Lemma 6.2 by taking
A(t,x,z) = J(t,x,2) — (Vo(t, x),z) + 8" (Vol(t, x),

0
— MOlde) () + 5ot )

provides some o > 0 such that
sup {
feS)

ty+o
+/ 8*(V(,0(l, ut(),xo,f(t))v -M a[dc(t)](uto,xo,f(t))) dt
fo

ty+o to+o
/ J(t, ug,xo, £ (1), f(2))dt — f (Vo(t, uy x, £ (), f(2))dt
I

0 fo

ty+o 9 o
+/ —‘p(z,u,o,xo,f(t))dt} <-4 6.3.1)
) at 2

where uy, v, s is the trajectory solution associated with the control f € S},
starting from x¢ at time #( to the sweeping process (PSW)(C; f; x)

— gy xg, £ (1) — f() € Ny (g xg, £ (1)), t € [t0, T
Uy, xo, f (T0) = X0.
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Applying the dynamic programming principle gives
fo+o
V) (t0, x0) = sup [/ J(t, ttryxg. £ (1), F()dt
f eSé fo
Vit + 0. gy g (T + a))] . (63.2)
Since V; — ¢ has a local maximum at (¢y, xo), for small enough o

Vi (10, x0) — @(t0, x0) = Vj(to + 0, Uy xy, £ (0 + 0))
—@(to + 0 Uy 1o (t0 +0))  (63.3)

forall f € S%. For each n € N, there exists f” € S% such that

th+o

V) o, x0) < f

1
J(t, upy x, pr (), [ (@) dt 4+ Vi (to+0, gy xo, 1 (fo+0)) + —
fo

(6.3.4)
From (6.3.3) and (6.3.4) we deduce that
Vi(to + 0, sy xo, fr(t0 +0)) — @(to + 0, gy xy, 1 (10 + 0))

th+o 1
< / Tt g0, O, F O+
1

0

—@(to, x0) + Vy(to + 0, gy xy, rr (to + 0)).

Therefore we have

to+o 1
0< f J(t, gy o, fr (@), f71(0) dt +@ (10 +0, ugy g, fr (to+0) — @(to, x0) + P
fo
(6.3.5)
As g e CL([0, T] x E) we have
©(to + 0, gy, xy, 2 (Fo + 7)) — @(to, X0)

toyt+o . t0+(78(p
= / <V§0(ta Uty,xo, f" (t)), Uty,xo, f" (0) dt + / E(ts Uty,xo, [ (t)) dt.
4]

0]

(6.3.6)

Since uy, x,, o is the trajectory solution starting from xo at time #o to the
sweeping process (PSW)(C; f; x)

— gy, xg, fn (1) — [ (1) € Newy (g xg, f7 (1), t € [to, T
Uz, x, £ (T0) = X0
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by the classical property of normal convex cone and the estimation
ety xo, 2 (1) = POl = L +2|Z| = M we get

—ligy,xq, 2 (1) — f"(t) € M Aldc ()| (Ury,xg, 7 (1))
so that (6.3.6) yields

@(to + 0, Uy xo, 7 (10 + 7)) — @ (10, X0)

to+o
= f (V(P(t, u[o,xo,f" (t))v l;‘t(),xo,f” (t)) dt
0]
th+o (p
+ / _(ta uto,xo,f" (t)) dt

th+o
<- / (Yot ity xg. g (1)), F"(0)) dt
1

0

to+o
+/ 8 (Vo(t, usy xg, pr (1)), —M dldc 1) (Ury xo, 7 (1)) dt
fo

to+o ¢
+f 8—(t, Uy xo, f7 (1)) dt. (6.3.7)
fo t

Putting the estimate (6.3.7) in (6.3.5) we get
fo+o

fo+o
05/ J(fauto,xo,f"(t)vfn(t))dt_/ (Vo(t, ugy xo, (1)), f" (1)) dt
1

0 fo

fo+o
+ / 85 (Vo(t, gy xg, (1)), =M 3[dc 1)1 (Ury xo, 2 (1)) dt
1

0

fo+o ) 1
+ / B_(I’ Urg,xo. fn (1)) df + — (6.3.8)
1 t n

0

so that (6.3.1) and (6.3.8) give 0 < % < % for all n € N. Passing to the limit
when n goes oo in this inequality gives a contradiction. O

Viscosity problem governed by sweeping process with strategies and
Young measures

’/'lt,x,ot(v),v(t) € / |:f F(, “r,x,a(v),v(t)a Y, Z)“(”)t(dY)i| v (dz)
Z Y
- NC(t)(ur,x,a(u),v(t))»t € [z, 1],

ur,x,a(u),v(f) =x € C(1),

1
Uj(r,x) = sup inf {/ {/ [/ J([auf.x,a(v)i,v(t),ysZ)a(V)t(dy)] Vr(dz)]dt}
ael(r) VEZ() | Je z LJy
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where the integrand J, the upper value function Uy, the data Y, Z and F
are defined as in Proposition 6.2, is an open problem. Further related results
dealing with continuous and bounded variation (BVC) solution in sweeping
process governed by non empty interior closed convex valued continuous
mappings are available in [17, 18].
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Abstract. In the present paper the authors discuss the efficiency of stochastic mesh
methods introduced by Broadie and Glasserman (J Comput Finance 7(4):35-72,
2004). The authors apply stochastic mesh methods to certain type of Hormander type
diffusion processes and show the following. (1) If one carefully takes partitions, the
estimated price of American option converges to the real price with probability one.
(2) One can obtain better estimates by re-simulation methods discussed in Belomestny
(Finance Stoch 15:655-683, 2011), although the order is not so sharp as his result.
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1. Introduction

Stochastic mesh methods were introduced by Broadie and Glasserman [4],
and Avramidis and Hyden [1] and Avramidis and Matzinger [2] proved
the efficiency of them in some cases (see [5] also). Also, Belomestny [3]
showed in Bermuda options that once we have estimated functions for
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the so-called continuation values, we have a better estimated value if we
construct a pre-optimal stopping time by using these estimated functions and
estimate the expectation of pay-off functionals based on this stopping time
by re-simulation.

In the present paper, we consider the efficiency of stochastic mesh meth-
ods and re-simulation in the case that we apply them to Hormander type
diffusion processes.

Let N,d = 1. Let Wy = {w € C([O0, oo);Rd); w(0) = 0}, F be the
Borel algebra over Wy and p be the Wiener measure on (Wy, F). Let B’ :
[0,00) x Wy — R, i =1,...,d, be given by B'(t, w) = w'(t), (t, w) €
[0, 00) x Wy. Then {(B1 ®,...,B%);t €0, 00)} is a d-dimensional Brow-
nian motion. Let BO(+) = ¢, ¢ € [0, 00). Let Vg, V1, ..., V4 € CZO(RN; RM).
Here C)° (RV; R") denotes the space of R”-valued smooth functions defined
in RV whose derivatives of any order are bounded. We regard elements in
C°(RY; RY) as vector fields on RY.

Now let X (¢, x), t € [0,00), x € RY, be the solution to the Stratonovich
stochastic integral equation

d .
X(t,x)=x+2/ Vi(X (s, x)) o dB'(s). (1)
i=0 70

Then there is a unique solution to this equation. Moreover we may assume
that X (¢, x) is continuous in ¢ and smooth in x and X(z,-) : RY — RY,
t € [0, 00), is a diffeomorphism with probability one.

Let A = {#}UlUg=,{0, 1, .. .,d¥andfora € A, let || = 0ifa = @, let
ol =kifa=(a',...,aX) € {0,1,...,d}, andlet | & || = |or| +card{l <
i <|al; o =0}.Let A* and A** denote A\ {#}} and A\ {#, 0}, respectively.
Also, foreachm > 1, .A*g*m, {a e A, || o |S m}.

We define vector fields Vg, @ € A, inductively by
Vig =0, Vin=V., i=0,1,....d,

V[Ol*l] Z[V[Ol]a ‘/l]v i=0,1,...,d.

Here o i = (a!, ..., ok, i) fora = (&}, ...,aF)andi =0, 1,...,d.

We say that a system {V;;i = 0, 1,...,d} of vector fields satisfies the
following condition (UFG).
(UFG) There are an integer £o and ¢, g € C;O(RN), ae A, B e A’?ZO,

satisfying the following.

Vil = Z a,p Vg1 a e A*.
ﬁeAg[O
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Let A(x) = (AY(x)); j=1,..n,t > 0x € RV bea N x N symmetric
matrix given by

ATy = 3 Vi VL@, ij=1.....N.

ok
aEAgzo

Let h(x) = det A(x),x € RY and E = {x € RY; h(x) > 0}. By Kusuoka—
Stroock [7], we see that if x € E, the distribution law of X (z, x) under u has
a smooth density function p(¢, x, -) : RY = [0, oo) for t > 0. Moreover, we
will show in that [ p(t,x, y)dy =1, x € E.

Now let xo € E and fix it throughout this paper. Let (2, F, P) be a
probability space, and X, : [0, 00) X 2 — RY, ¢ =1,2,..., be continu-
ous stochastic processes such that the probability laws on C([0, c0); RY) of
X¢(-) under P and of X (-, xo) under p are the same forall £ = 1,2, ..., and
that o {X,(¢); + 20}, £ =1,2,..., are independent.

Letq(l‘) ExQ—[0,00),t>s20,L =1, be given by

05 (v, 0) = Zp(t—s,Xe(s,w),y), YEE, weQ.
Z:]

Let m(E) denote the space of measurable functions on E.

We define a random linear operator Qgﬁ), t >s=20,L =1, defined in
m(E) by

% ) =+ ZP(I 8, X, )Xe(t))f(Xz(t))
g\ (Xe(0))

x € E, fem(E).

Nowlet T > 0, and g : [0, T] x RY — R be a continuous function
with sup{(1 + |x])"'|g(t,x)|; x € R¥,r € [0,T]} < co. Forany n > 1,

and0 =1y <ty < ... <t, =T, wedefine ¢; ..., - £ — R, and
Ez(f,?“l,...,tn cExQ —> R k=nn—1,...,0, L > 1, inductively by

and

~(L

& @ =00 () VED L (O)@)
forx e Eandk=n-1,...,0.

Then we will show the following.
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Theorem 1. Suppose that n(L) = 1, 0 = t(gL) < tl(L> <...< tr(l(LL)) =T.If
there is an € > 0 such that
n(L)
—(1— L L)\—
[—(1-¢)/2 Z(tlg ) f/f—)1) (N+Dto/4 _ 0,
k=1
then
~(L) 2
Ellc o, ) w (o) — €, (@) (L) (x0)|"] = 0, L — oc.
A S (D) 0 i ety

Letn =2 1,and0 =Ty < Ty < ... < T, = T and fix them. For each
we Q,letty ,Wo — {T1, ..., T,} be a stopping time given by

T o=min{Ty; k=1,2,...,n, E%k, 7, X (Tk, x0), @) = g(Tie, X (Tx, x0))}-

Let ¢ : Q — R be given by
¢(w) = EM[g(TL.w, X (TL.ws X0)]-

Then we have the following.

Theorem 2. Suppose that y € (0, 1]. If

k=1

then for any o € (1/2,(1 +y)/(2 + y)), there are Q € F, L 2 1, and
C > 0 such that P(21) — 1, L — 00, and

|¢(@) —cny.1y....1,| S CL™* forany w € Qp and L 2 1.

2. The Basic Property of Hormander Diffusion Processes

Let J : [0, 0c0) % RN x Wy — RY @ RV, J(t,x) = (Jj’:(t,x)),;jzl
given by

. 9 .
i _ i
Jj(t,x) = _8fo (t, x).
Then it has been shown in [6] Sect. 2 that there are bg [0, 00) x RY x Wy —

*kek
R, o8¢ <ty such that

Vi@ = Y bh. 0 07 Vg (X@x), e e AY,
ﬁEAgzo
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and

sup  EMIBEP(t,x)Pl<o0  a,Be€ e T>0, p2 L
xeRN t€[0,T] -

So we see that for any £ € RV,

AEE = Y Vi), £)°

QEAEL’O

< DY BE@ 0N Y] 0T Vg (XA X)), )
aeA*g*[O B E.A*é‘(() B GAEZO

=( Y. > BRI 0)AX (1, x) T (1, 0E E).
aEA*;*ZO ﬁGAglo

Therefore we see that

) S (Y Y bR oHNdet(J(t, x)*h(X(1.x). (2

kk k%
“€A§£0 /36“45@0

Then we have the following.

Proposition 3. (1) u(X(t,x) € E) = 1 forany x € E andt > 0. In partic-
ular, p(t,x,y) =0,y € RV \E,x€E.
(2) Forany p > 1 and T > 0, there exists a C > 0 such that

E*[h(X(t,x))"P1 S Ch(x)7?, xeE, tel0,T]

(3) Foranyn,m 2 0, p € (1,00), and T > 0, there exists a C > 0 such
that

IR(X (t, x) " [lwnr < Ch(x)~ "™ x € E, t €0, T.
Here || - ||wn.r is the norm of a Sobolev space W™ P (c.f. Shigekawa [8]).
Proof. The assertions (1) and (2) are easy consequence of Eq. (2). Note that
D" (X (1,x))) = —mh™ "D (X (1, ) DX (1, ).
Thus we easily obtain the assertion (3) by induction. |

By Kusuoka—Stroock [7], we have the following.



66 S. Kusuoka and Y. Morimoto

Proposition 4. Let 59 > 0 be given by

d
8o=(BN(sup Y Ve )"

xeRN k=1
Then we have the following.

(1) Forany T > 0,

sup

28
EMlexp(Z21X (¢, x) — x|9)] < 0.
1€(0,T], xeRN t

2) Forany T > 0,n 2 1, and p € (1, 00),

8
sup "] exp(—0|X(t, x) — x| ||lwnr < o0.
1€(0.T], xeRN t

L., lyl,ae AZ i

<t T 1, ..., k, such that
| |8|y\ 14 ,
h(x)" ax—yf(x) = Z &y O Vigy] - Vi1 /)(x), x €R
k=b,...,apc A

forany f € C[‘jo(RN).

Proof. Let A(x) = (Ai j(x))i, j=1,..,~ be the cofactor matrix of the matrix
A(x) for x € RV, Also, let ¢4;(x), x € RV, a € A%

) §(zo,izl,...,N,be
given by

N
Cai () = Y Aij(x) Vi, (x).
j=1
Then we see that h, ¢y ; € C}° (RM), and

i)
> co,,,-(x)(v[a]f)(x)=h(x)a—;(x), i=1,...,N.
aEAggo
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So we have the assertion for the case that |y| = 1. Since

g olvl
axl dxv

9 glvl oh alvl
= h(x)W(h'V‘ax—yf)(x) ~ |y|ﬁ<x>h'y'<x)8x—yf<x),

R (x) f(x)

we have our assertion by induction. |

Now we have the following lemma.
Lemma 6. Foranyt > 0, x € E and yo, 1 € Z];’O, there are ky; , (t, x) €
WO~ such that -
/ R0 ple,x, ) f(n)dy = EM[R(X (2, x)) 2 0binbt
R
Xf(X(t7 -x))ky(),]/] (t7 -x)]a
[ eCFERY),
and

sup t(\yo|+|)/1|)€o/2||ky0’y1 (t,X)”WYl’p < 00, T > 0, ne N, pe (1’ OO)
te(0,T],xeE

Here 3 = 3V!/3xY and 8;/ =3lrl/ayY.
Proof. First, by the argument in Shigekawa [8] we see that for y € Zgo,

there are J, g(t,x) € W=t >20,x e RV, B ¢ Zgo, 18] < |yl, such

that
N (fXtx)= Y. @LHXE )y p ),

pezl . 1BI<Iy|

and

sup | Jy,p(t, X)|lwn,p < 00, T>0,neN, pe(,o0).
te(0,T],xeRN

Then we have for any x € E and f € C{° (RM),

[ pte v £ o2y

— (=il /R A x )Y 0Ny

= (=DM EFI@Y (X (1, x)]
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= (=D 3 BN (X x00) yy p( )]

pezy . 181wl

lyil+181

— (_1)|)/1| Z Z Z Eu[h(X(t’x))*(l}’lIHﬁ\)

ezl BIShnl k=0 ar.ee AT,
X y1+B.ay,...,0x (X(tv x))-]}/o,ﬁ(t’ -x)(V[OtI] e V[Olk]f)(x(t’ -x))]

So by the integration parts formula in [6] Lemma 8 and by Propositions 3
and 5, we have our assertion. ]

Proposition 7. Foranyt > 0, x € E and yp, y1 € Zgo,

38 p(t,x,y) =0a.e.y e RV \ E.

Moreover, for any yy, y1 € ZI;’O, pe,00), T >0, andm € Z with
m < 2(lyol + |11,

Sup{t(lyo\-ﬂ/l\)Zo/zh(x)Z(l)/o\Hm\)Zo—m(/ h(y)P™ eXP(P_(S()ly — x|2)
E t

5 103095 p(t, x, y)|?

1/p.
S x )Pl dy)''?;

te(0,T], x € E} < o0.
Proof. Let

3o
@15 () = exp(—~ly —x, x,yeRM r>o.

Then we have for any ¢ > 0, f € Cgo(RN) andx € E

/RN A pt, x, v) () (e + )" (V)dy

= EM[h(X (1, x)) 20D £ (x (1, x)) (e + (X (2, x)))™
X @12 (X (1, X)))kyy 1 (2, X)].

By Propositions 3 and 4, we see that

/RN A p(t, x, ) FOIR) " @1 x (y)dy

= EM[R(X (1, )" 200D £ (X (1, %)) r 2 (X (2, X))k, (8, )]
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Let k'(t,x) = h(X(t,x))"2nl+Dbog, (X (t,x))ky, y (t, x). Then we
see that

sup t(IVoH-IVl\)Zo/zh(x)Z(lyoHlyl\)Zo—mEMHk’(t, x)|17]1/1’
te(0,T],xeE
<00, T>0, pe(l,o00).

Note that there is a Borel function lg(t, x):RY > R, te(0,T],x €E,
such that

EM[K (t, x)|o{X (1, x))}] = k(z, x)(X (1, x)), te(0,T], xe€E.

Then we have
[ 8 b ) F OO s )
= EMK (20 £ (X (6 0)] = EXRG (X (0)f (X (@ 0)]
= /R SO 0GP, x, )y,

for any f € C(‘)’O(RN). This implies that 8}/08)},/‘p(t,x, W)™ x(y) =
k@, x)(y)p(t,x,y)a.ey, t 20, x € E. Therefore letting m = 0, we have
the first assertion. Since

1Y p(t, x, y)IP -
/h(y)p’”wz,x(y)py—,ldyZ/ lk(t, x, I p(t, x, y)dy
E p(tv-xv )’)p E

= E"[Ik(t, x)(X (6, )|"] < EF[IK' (¢, )11,
we have our assertion. [ ]
Proposition 8. For any T > 0, there is a C > 0 such that
p(L x’ y) é Ct—(N-‘rl)(()/zh(x)—Z(N-i-l)Zo
2680 5
Xexp(_Tb’ _x| )7 re (O’ T]v X,y eE
and
p(t, X, y) é Ct7<N+1)60/2h(y)72(N+1)€O
280 )
Xexp(_Tb’ _xl )’ t e (Oa T]a X,y € E.
In particular, forany T > 0 and m 2 1, there is a C > 0 such that

p(t, x,y) £ Ctm TV () Z2NFDl (e 2ym (1 4 |yH) ™™,
te(0,T], x,yeE.
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Proof. Let Cy

. N+1

ly —x?)
p(t, x, y)N

= sup{tl"/zh(x)z(/ exp(w
E

dy)l/(N-‘rl)’
te0,T], xe€ E, e > 0}.
Let

280
0e(t,x,y) = (p(t, x, y) + sexp(—(1 + T)|y _ X2/ VD,

Then we see that

280 9
(f exp(— |y — x|2)|—, pe(t, x, y)|N+1dy)1/(N+1)
RN t 8y’

268
=(N+1)_1(/ exp(—0|y_x|2)
RN t

N 18, (p(t, x, ) + e exp(—(1 + Z2)|y — x|2))|N+!
(p(t,x, ) + e exp(—(1 + 20)|y — x[2)N

280
S (/ exp(— |y — x|%)
RN t

. N+1
|9y p(2, x, y)

d )1/(N+1)

X 1/(N+1)
(p(t,x, ) + e exp(—(1 + 20)|y — x[2)N
250
+ (f exp(— |y —x[»)
RV t
e exp(=(1+ F0ly —xPOIMH sy

(p(t,x,y) + eexp(—(1 + 220)|y — x[2))N
< Cor™h(x) 2 + (e /R @by = M

x exp(—|y — xlz))dy)l/(N“),

Also, we have
280
(/ exp(—|y — X|2),Oe(l, X, y)N+1dy)1/(N+1)
RN t
2680 )
= (| exp(—ly = xI)(p(t, x, )
RN t
2680
+ eexp(—(1 + T)|y _ x|2))dy)1/(N+1)

28
= (E”[eXp(T0 1X(t,x) — x[)]+ 7 Ne) /N+D,
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and

(/ (IBy,(eXp((NJrl) ly — x[2)pe(t, x, y)NHldy)/N+D

4801y — xi| 260
2O T AN exp(— 2|y — x2)(p(t. x. y)

= RN( ‘ (N + Dt

280
teexp(—(1+ =)y = x|2))dy>‘/<N+‘>
450 |N+1

= —E“[IX(t x) —

120 / |yi|N+1exp<—|y|2>>dy>”<N+”.
t RN

exp( %X (1, x) — x|})]/NHD

Then by Sobolev’s inequality, we see that there is a constant C > 0 such
that

sup <exp(—|y—x| Y((p(t, x,y) + e exp(—|y|H)) O+
yeRN

1
< C(Cor™Ph@) 0 €712 4 Ce(1 4+ ).

So letting ¢ | 0, we have our first assertion.
Let

- 250
Pe(t, 0, ) = (p(t, 6, RPNV 4 e exp(=(1+ =)y — a2V VHD,

Then similarly we can show that

/( p<(N )|y x5 pe(t, x, y))N !

9 5. (t, x, YN hdy < cr~t/2,
+;| }’(eXp((N—{—l)tly X2 pe(t, x, y) N hdy <

te(0,T], xeE.

So we have our second assertion.
Finally note that

x|

1
[log(1+1x[*) —log(1+|y[*)| < I/ 7] Sh—yl = g+8|x—y|2,

x,yeRN,8>0.

So we have the final assertion. [ |
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Proposition 9. Let 6 € (0,1/N), o, B € ZQO and T > 0. Then there are
C > 0and q > 0 such that -

18208 p(r, x, y)| < Cr(IFIPHDO/2 ) () =200HBHE D gy )10,

x,yeE, te(0,T],

and
00 p(r. x. y)| < Com (IO () 2D p gy, )17,
x,yeE, te(0,T].

Proof. Let p=1/6 > N, and let

0298 p(t, x, y)
(p(t, x,y) +)!=?

108 (ta X, Y) =
for ¢ > 0. Then we see by Proposition 7 that there is a C; > 0 such that

B

19998 p(t, x, )P
t,x, y)|Pdy)/P = XY

(/RNms( pirdyr = [ PR

< Clt—(\d|+|ﬂ|)fo/2h(y)—Z(WIHﬁWO’ £>0,1e(0,T], xecE.

d )1/P

Also, we have

</ 18yi pe (8, x, P dy)' /P
RN
= e lxmror T

050 P x PP oy [ p@x P )
Ry (p(t, %, y) + £)2771 Ry (p(t 6, y) + e 1

Yl /p
+(1 = 8)(
So we see by Proposition 7 that there is a C» > 0 such that

(/ 19y, P (1, 3, ) Pdy) /P
RN

< Czt_(|a|+|ﬁ|+1)[0/2h(y)_z(la‘+|’3|+1)€0, £>0,7€(0,T], xcE.
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So by Sobolev’s inequality, we see that there is a C3 > 0 such that

sup |pe(, x, y)| < C3t7(la\+|ﬁl+1)€o/2h(x)72(|a|+|/3|+1),
yeR¥N
e>0,1re0,T], xeE.

Letting € | 0, we have the first assertion.
Let

B
aydy p(t, x, y) h(y)2al+IB1+D
(p(t, x,y) + &)1-3

for ¢ > 0. Then a similar argument implies that there is a C4 > 0 such that

ﬁs(t, x’ )’) =

sup |fe(t, x, y)| < Cqr~ (el HIBIHDE/2,
yeRN

e>0,1re(0,T], xeE.
So we have the second assertion. [ |
Proposition 10. Letm 2 0, a, B € ZQO, pell,o0),5€(0,1)and T > 0.
Then there is a C > 0 such that -
/ 1970298 p(t — s, x, WI” p(s, x0, X)dx
RN

g C(l _ S)p(la|+‘ﬂ|+2m+2)€0/2p(t, X0, y)]fé

foranyt € (0,T], s €[0,1), y € RV,
Proof. First note that

d

dp(t,x,y) = Lyp(t,x,y) WhereL=12V2+Vo
t s Ay X s A ) 2k—l k .

So it is sufficient to prove the case m = 0.
Letr =1/(1 —4). Since p > 1 —§, we see by Propositions 8 and 9, that
there are C > 0 and b > 0 such that

0500 p(t — 5, x, P)IP £ Ct — s)PHPEDO 2000 " p( — 5, x, )2,
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foranyr € (0,T], s €[0,7), x € E, y € RY. So we see that
/ |8)‘f8§jp(t —s,x, V|Pp(s, xg, x)dx
RN
<Cc@— s)[’(|"“+|ﬂ|+2)£°/2/ h(z) P pt — s, 2, Y p(s, x0, 2)dz
RN
< C(t —s)PUeltiplato/2( / (h(z)"""° p(s. x0. 2)d2)’
RN

X (/ p(t —s,2,9)p(s, x0, 2)dz) ' 2.
RN

Since
/N p(t —s,z,y)p(s, x0,2)dz = p(t, x0,y),
R

we have our assertion. [ |

Proposition 11. Let a € (0, 1], and b € (0, a). Then we have
/ p(s, x0, )" p(t — 5, x, )’ ¢ (x)dx
RN
< p(t, x0, )’ ( / dxp(s, xo, )@= gy (x0) /=01y 1=0
E

foranyt > s 2 0, and non-negative measurable function ¢ : E — [0, 00).

Proof. Lets = (a—b)/(1 —b), p=1/b, and g = 1/(1 — b). Then we see
that 1 -6 = (1 —a)/(1 —b)anda — 6 = b(1 —a)/(1 — b), and so we have

/ p(s, xp, ) p(t — s, x, y)b(])(x)dx
RN

= /RN (s, x0, X)° p(s, x0, )P p(t — 5, x, )P (x)dx

< (/E p(s, x0, x)° p(s, x0, ) 7 p(t — 5, x, y)dx)'/”

8 q 1/q
X (/ p(s, x0, x)°p(x)?dx)
E
= p(s. x0, ) /E p(s, xg, x) @D A0 g () 1/ =D gy =b,

This proves our assertion. |

Proposition 12. Let p =2 1, m = 1. a, B € Zgo, T >0,a € (0,1/p] and
be(a—1/N,a). Thenthereisa C > 0 such that
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/N 102 (p(s. x0, )D)|P10F p(t — 5, x, y)|Pdx
R

< CS—P(IGI+1)@0/2(I _ S)—P(|ﬁ|+2)fo/2p(t’ X0, y)pb(l + |y|2)—m
foranyy € Eands,t € (0, T]withs < t.

Proof. Let 5§ = (a — b)/2 < 1/N. Note that 9% (p(s, x9, x)%) is
a linear combination of a(@ — 1)---(a — m + 1)p(s, xg, x)4 ™0y

p(s, x0,%) -+ 35" p(s, x0, %), m =
k= 1,...,m,a1+~-~+am = Q.
Then by Propositions 9, we see that there is a C; > 0 such that

Lo lel, ax € Zx, lowl = 1,

192 (p(s, x0, V)OI p(t — 5, x, y)

< Cls—(|a|+1)€o/2(t _ s)—(\ﬁH-l)fo/zh(x)—z(lﬁl-‘rl)fop(s, X0, x)a—S
X p(t —s,x, y)lf‘S

foranya € (0,1/pl, b € (a —1/N,a), x,y € E and s,t € [0, T] with
s < t. By Propositions 8, we see that there is a C, > 0 such that

pt —s5,x, ) 7070 < Cot — )70 () 2NVED
X (1 + |x|2)m(1 + |y|2)—(1—3—h)m
forany x,y € E and s, t € [0, T] with s < 7. So we have

19% (p(s, x0, )OI p(t — s, x, y)|

g ClCzs—(\al-‘rl)lo/Z(t _ s)_(lﬂl"'z)e(’/zh(x)_2(|ﬁ|+N+2)e°p(s, X0, x)ll—5
x p(t — s, x, V)P A+ [x[2)"(1 4 |y|?)~U-@tb)y/2m

Note that pb < p(a — §) < 1, and so we have
/ (h () T2UPHENTD 0 b (s, x0, )P p(t — 5, x, )P (1 + |x[2)™)Pdx
E
— / p(s’ X0, x)p(a—é—b)/(l—pb)p(s’ X0, y)pb(l—p(a—é))/(l—pb)
E
X p(t — s, x, y)PP(h(x)2PUPIENTD 0 (1 4|5 2ymP dx
< (/ (s, x0, x)P@ 8=/ A=Pb) ;¢ oy (=pa=8))/(1=pb)

E

X plt — 5. %, y) dx)P( / (s, 30, x)P @D/ (1=pb)
E

% h(x)—P(|ﬁ|+N+2)/(l—pb)(1 + |x|2)mp/(1—Pb) dx)l_pb
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= p(t, xo, y)”b(/ (1 + X2 p(s, xg, x)P@0-0)/1=pb)
E
x h(x)—ZP(|ﬁ|+N+2)/(1—Pb)(1 + |x|2)mp/(l—pb)+N dx)l_pb
< p(t, x0, 1P ( / 1+ 1x12)~N p(s, x0, ) (x)~PUBIHN+2)/to(pla—b=b))
E

x (14 |x|2)(mP+N(1—Pb))/(P(u—5—b)) dx)P(a—5—b)

“ (/ (14 [x[2)~N d)(=pla=3=b)/(1=pb)
E

= plt. 30, )" ([ (14 ) a0/
E
x EM[h(X (s, xO))—(|ﬁ|+N+2)@0/5(1 +1X (s, xO)|2)(mp+N(l—pb))/(p5)]p8.

So by Proposition 3, we have our assertion. |

3. Stochastic Mesh and Random Norms

Let ]-'Z(L), t=20,L=0,1,...,00be sub o-algebra of F given by
FE = o(Xy(s); s€[0,1], €=1,2,....L},

and
F = o(Xy(s); s€[0,1], £=1,2,...).

Let vy, t = 0, be the probability law of X (¢, xo) under w. Then we see that
Vg is the probability measure concentrated in xg, and v; (dx) = p(¢, xo, x)dx,
t > 0.

Then for any ¢+ > s = 0, we can define a linear contraction map P, :
LY(E;dv;) — L'(E;dvy) by

(Ps.i [)(x) =/ pt—s.x.)f(dy,  x€E, feL'(Eidv).
E
Proposition 13. Lett > s 2 0, a € Zgo and bounded measurable function
f : E — R. Then we have B
E[02(047 PHOIFST = 0%(P f)x), v —aex.

and

1 Y — s X, 2 2
Enaﬁé‘<Q§,€)f)(x)—a§é‘(Rq,tf)<x>|2\f§°°)]§Z/E(“’“ 2 X IO 4

qs,[) ()’)
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Proof. Note that

30[
£ Nl F = 1 Z/ P s)f)y)f(y) Pt — 5. Xg(s), y) dy
qvt

= /E Ay p(t —s,x,y) f(y) dy = 0y (Ps,; f)(x).

This implies the first assertion.

Let
L[ 3p(t—s.x. ) f ()
mgzzf x P > Ny ot — 5. X0(5), y) dy
E qst 6))
and
gy = LEPE =5 Xew) FOX)
L g7 (X))
for¢ =1, ..., L. Then we see that

Eld|FvF =0, ¢=1,... L.

Here we let F; © = {@, Q}. Moreover, we have

L

> de = 07057 @) = 3 (P ()

=1

So we see that

E[182(Q\5 £)(x) — 8% (Pyc /) (0)P|F] £ E[(Z e ) F]

=1
L o
< ZE[(l 0T p(t —s, x) Xﬁ(t))f(xe(t)))ZU_-s(oo)]
= L g% (Xe(1))
I [ 2 2
§ﬁ;/ (5 p(r — sL;c( y))z) lf I D0t — 5. Xo(s). v) dy

_ l/ @ Pt =5, x, MAFWIE
4: )

So we have the second assertion. [ |
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Now let MY : m(E) x @ — R, and N¥

:m(E) x  — [0, 00),
t 20, L =2 1, be random functionals given by

1 L
M) =MD (fro)= 7D FXe@®)  f em(B),
=1

and

1 L
NEG =N (fro) = MEAf) = 2 DT IF ). f em(E).
=1

Then we see that M,(L) is a linear function and N[(L) is a semi-norm in
m(E).

Proposition 14. Lett > s 2 0and L 2 1 (1) For any f € m(E),
MO ) = Mi(f).

(2) For any f € m(E)
NP ) S N

Proof. Suppose that f € m(E). Then we have

1

1 i 1 i p(t = 5. Xe(s). Xi () f (Xx(1))
=1

L)L) £y _
Mx (Qs,t f) - L L q;ﬁ)(xk(t))

L

L 1 plt = 5, Xo(8). Xi(0) £ (Xi (1))
= — (—
L ; L ; 45 (Xi(0))
So we have the assertion (1).

) = Mt(f)

The second assertion is an easy consequence of the assertion (1). |

Proposition 15. (1) Let T > 0 and m = 1. Then there is a C > 0 such that

1 L
7 2 ENQLT DXe(9) = (Pt f)(Xe() | F)
(=1

s

=~ Q

(t —5)~(NHD/2 Zgath(XAs))—Z(N“)(l +1Xe()1H™)

x fE FOPA+ D™ dy aus.
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forany L 2 1 ands,t € [0, T] withs < t.
In particular,

EINP Q"R f— P )2

C
< S- s>—<N+“‘°/2E[63axLh(xm))—z“””(l +1Xe()1H™

x /E FOR(+ D) dy

forany L 2 1 ands,t € [0, T] withs < t.
(2) Foranye >0and T > 0,

lim L™% sup E[ max h(X@(s)) 2NED (1 4 | X ()12 =
L—o0o 5€[0,T] =1..

Proof. By Proposition 13, we see that

L

1
ZZ E[(Q5 )(Xe(9)) = (Pys f)(Xe())*F

=1

p(t —s, Xe(s), y)zf(y)2
= dy
L2 Z/ a

X 2
Z/( max P(f—S X[/(s) y)) ( -5 (i)(*z))y)f(y) y
..... y

1
=7 ] (max p(t =5 Xe(). V) f()2dy.

Then by Proposition 8 we have the assertion (1).
Lete > 0. Let us take p > 1/e. Then we have

E[Zit}ath(Xg(s))_z(NH)(l +1Xe()1H™

L
< ELQ_((Xe(s) 2N A+ X (9)Hy™P)7]
(=1

< E[Q_(h(Xe() >NV 4 X o () [)y™)P1P
(=1
= LYPEMA(X (5, 20) PO (A + X (s, x0) )PP

< LYPEMR(X (s, x0)) PN FEDIVCP ER[(1 4 X (5, x0)|P) P/ CP)

So we have the assertion (2) by Proposition 3.
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4. Application 1

Let r > 0, and let B, be the set of Borel measurable functions f : RY — R
such that sup, cgnv (1 + [x]?) 772 f(x)| < 0.

Then we see that QEﬁ) and Ps,, t > s = 0, can be regarded as linear
operators on B,.

Now let ¢5; : R" x R, 5,1 € [0,00), s < t, be measurable functions.
We assume that there is a A = 0, such that

|50 (6, )= s (x, D) < exp(r(t—s5))|y—z], x R, y,z e Rt >520.

Also, we assume that ¢ (-, 0) € B,, t > s = 0.
Let us define a nonlinear operator &, ; : B, — B,, s,t € [0, 00), s < t,

by
(D5, f)(x) = st (x, f(x)), xeE, feb.

Then we have
NE (@, f — Dy08) < exp(h(t —s)HNE(f — g)

for any f, g € ;.

Let us define operators Qiﬁ) and P, ; on B, by ng) =&, 0 Qgﬁ) and
Ps,t = ®s,t o Ps,t-

Then we have the following easily from Propositions 14 and 15.

Proposition 16. (1)
NE@E F - 00 £ expirt = NP (f — )

forany f, g € B,.
(2) Let T > 0and m 2 1. Then there is a C > 0 such that

EINP QS £ — By A

< %a(L)exp(zx(t —$))(t — 5)”NFTDb/2

x / FOPA+ Iy~ dy
E

forany L Z 1 and s, t € [0, T withs < t. Here

a(L) = sup E[ max h(X,(s)) 2NV 4+ X0 (5)H)™]
sef0,7] =1L

Note that by Proposition 15(2), we see that for any § > 0,
L7%(L) - 0, L — oo.

So we have the following.
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Theorem 17. For T > 0, there is a C > 0 satisfying the following. For any
n2l,and0=1y<tH <---<t, T,

E[|<Q§0L?1 O D (x0) = (Pt - Py @0V

a(L)l/zexp(Atn)Z(tk_tk )N/
k=1

<
=12
x ( / Prtinr = By o HHOHA 4 [y1H TN gyyl/2
E
Proof. Note that

108 - O FYx0) = (g -+ Bty /) (x0))
= NSL)((QI(OL?] OB Y = (P By )

L L L 5 S
< ZN( )((Qt(o 3] : ng )| l‘kPlkythrl ”.Ptn—lstnf)
k=1

= Qi+ O o Py )
= ZeXp(Mk*I)thcL)l (Qt(kL_)1,tk ﬁ’kaH e I’;tnflvln )
~ Py P D).
Also, we have by Proposition 16
E[Nf(kL)l (kaL)l tk ﬁthkH e ﬁtn—lstn f) - (ﬁlkfl,lk T ﬁtn—lstn f))z]l/z
= LIZCI(L)I/Z exp(h(tx — ti—1)) (tg — ty—y) N D00/
< P Py HOPA+ P a1,

These imply our theorem. |

Now we apply the above theorem to American option. Let g : [0, T] x
R"” — R be a continuous function such that there are r = 1 and C; > 0
such that |g(t, x)| < C1(1 + |x|?)/%, ¢t € [0,T], x € R". Let ¢ ,(x, y)
=g@s,x)vy forx e R, y €e R, and s,t € [0, T] with s < ¢. Then we
have ¢s;(x, ¥) — ¢s.1(x, 2)| < |y — z|. Tt is easy to see that there isaa = 0
such that

E[ sup (1+|X(r, )|*)7?] < exp@T)(1 + |x|*)/?, x € R™.
t€[0,T]
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So we see that

sup (1 + |x|%) 772 Py, f(x)| < exp Cy V exp(a(t — 5))

xeR”

x sup (1 + x| 721 f)l, f € B

xeR”

Then we see that

( / Prtinr = Py a8ty NN (1L + [y~ gyyl/2
E

< Crexplalty — 1)) / (L+ 1y~ dayl/2.
E
So we have by Theorem 17, we see that there is a C; > 0 such that
ENOLE) - 0 | gltn, Y(x0) = (Prgny -+ Pryy 18t ) (x0) 12

C> - _
= ma(L)l/2 Z(fk — tg—y) VDG
k=1
foranyn =2 1,and0 =1y <t; <--- <1, < T.Soif wetake ny, = 1 and
0= téL) < tl(L) <. < t,EL) = T foreach L 2 1, and there is a 8y, 81 > 0,
with §o < 81 < 1/2 such that

np
lim L% $ D) _ L)y =(N+DEo/4 _
T 20T
k=1
then we see that
—(1— ~(L AL
L0002 gB 9B (T, ) (xo)
Ih 4 b =1,

— (PtéL)’tl(L) .- P

(L)
tnL—I

8T, N (x0)| — 0

in probability.

5. Preparations for Estimates of Functions

Proposition 18. Let Zy, k = 1, 2. .. be independent integrable random vari-
ables.

(1) Forany p 2 1, there is a C > 0 only depend on p such that

E[l Y (Zx — ELZDIPP1 £ CELY Zp)P1+ (Y IEIZ D), n 2 1.
k=1 k=1 k=1
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(2) Forany p 2 1, there is a C > 0 only depend on p such that

E[1Y_ Zi?P1 = CEIOQ_ ZHP 1+ OQ_IEIZID*), n = 1.

k=1 k=1 k=1

(3) For any m € N, there is a C > 0 only depend on m such that

m+1 n

E[|ZZk|2 1Y QO EzZ )" az
r=1 k=1
Proof. (1) If 22:1 E[|Zk|21’] = 00, the right hand side is infinity, and so

the inequality is valid. So we assume that ZZ:I E[|Zk|2P] < 00. Then
by Burkholder’s inequality we have

E[| Z(zk — E[ZDIPP] £ Csz[(Z(Zk — E[ZD)P)P].

k=1 k=1

Since we have

E[Q (Zx — ELZ))P1 £ 2PEL)Y (Z; + ELZ]H)"]

k=1 k=1

<2 E(()ZHP1+ 220 () ELZP)Y

k=1 k=1

< 2PENQ ZDP1+ 2P () 1EIZdD*,
k=1 k=1

we have our assertion.
(2) Note that

E[lY_ ZP) = ElI Y _((Zx — E[Zi]) + ELZD)I]

k=1 k=1

n n
< 2°P(E[lY (Zi — ELZAIPP1 41 ) ELZiPPP).
k=1 k=1
So we have our assertion by the assertion (1).

We can show the assertion (3) easily by induction and the assertion (2).
[ |
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Proposition 19. Foranym =21, j 2 0, o € Zgo’ §e€(0,1),and T > 0,
there is a C > O such that a

L
1 i H m—+1
E[ sup [(= Y & 3%p(t —s, Xe(s),y)) — 8 8% p(t, x0, »)I* ]
L Yy y
s€[0,r—¢] =1

< CeT 2" UHEIO L2 L (1, xg, ) THLT! 4 p(t, x0, 1) TP,
foranyy e RN, L >1,t€(0,T], ¢ € (0,1).

Proof. Let us note that

a . .
58{8;‘]70,)6, y) =L,3/ 9 p(t. x. y). t>0, xcE, yeRY,

where

1 2
Lx=§k;vk + V.

So we see that ajao‘p(t—s, Xo(s),y),s €[0,¢), h > 0, is a martingale, and
t %
(0] 05 p(t — -, Xe (), ¥))s

d s
=y / 10/ 03 Vix p(t — 1, Xo (), y)dr.
0
k=1

So we have by Burkholder’s inequality and Proposition 18(3),

L

E[ sup | Y (3/0%p(r — s, Xe(s). y) — 8] 92 p(t. x0, )]
s€[0,r—¢] =1

om+l1
]

L d .-
< CnEIQY ) / 10795 Vi p(t = s, Xe(s), »)Pds)*"]
0

=1 k=1

d Lt
< Cpund® Y EI) / 18/ 02 Vi p(t — s, Xo(5), y)Pds) "]
k=1 =10
L 1= / r m—r
> ElC fo 10089 Vi p(z — 5, Xe(s), )Pds)? 2
=1

A
MQ‘
NE

k

I
-
Il
o

r

A
M&
NE

=~
Il
~
Il
o

L t—s
22 (ZE[(/ 18] 8% Vi«
0
=1

pm—r

x pt — 5. Xo(s), )X ds])



Stochastic Mesh Method 85

m t—e
m__nm—r m—r i r+1
=Ccy Yy & (fo (/RN 10/ 0% Vi p(t — 5,2, y)|?

k=1r=0
X p(s, x0, 2)dz)ds)?" .
Then by Proposition 10, we have

L

i i m+1

E[ sup | (3] 9%p(t — s, Xe(s), y) — 8] 9% p(t. x0, y)I* ]
s€[0,1—¢] =1

< C'12" 2" GHlal+3)6 i LZ”’*'p(t’ X0, y)2"’7r(1—5)'
r=0
< /12" ¢~ 2" el +3)o 2" Lp(t, xo, y)I*S(L*I + p(t, xo, y)178)2m.
This implies our assertion. |
Proposition 20. For any § € (0,1/2), T > 0 and p € [2,00), there is a
C > 0 such that

(L)
— (1, x0,
E[( sup sup ( |‘I‘,t (y) — p(t, x0, )|

eV, refe. T)sel0.—e] (L7179 4 p(t, xo, y)) 17972

)P.]l/P

S cedopTlAYP L > e € (0, D).
Proof. Let us take an m 2> 1 such that p + N < 2™. Note that
L™+ p(t,x0, ' S 27V 4 p(, o, )
Let

L
qﬁ,z)(y) = p(t, x0,y)
(L=Y=9)  p(z, x0, y))179/2”
We see by Proposition 9, we see that foranya > 0, j 2 0, and o € ZQO,
there is a C > 0 such that -

(LA 4 p(, o0, y) T 5 (L 4 e, x0, ) )]
< CrmFHDO e 0, 7 yeRY, 1€(0,TI.

pL(s, t,y) = 0Ss<t<T,yeR".

So we see that by Proposition 18, foranya > 0, j =0, 1, and« € ZI;’O with
|| £ 1, there is a C > 0 such that B
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: m+1
E[ sup |8t]8ff,0L(S,t,y)|2 1

s€[0,1—¢]
< e L2 p(t, xg, ),
yeRY, L>1,e€(0,1), te(T]

Therefore we see that

: m+1
E[/Ndy sup 1902 pr (s, 1. )P
R

s€l0,1—¢]
< C8_2"1+3‘°L_2mLf p(t, x0, ) "2 dy,
RN
L>1,e€1), teeT)

Note by Proposition 8 that there is a C > 0 such that
f p(t,xo, )" ?dy < CiNDO 1 e (0, 7).
RN

Also, note that

T
WpL(s.t,y) =0FpL(s, T, y)—/ 9,05 pr(s, r, y)dr,
1
and so we see that

swp [ ot P dy
RN

tele, T],s€[0,t—¢]

gzm“/ dy sup |33;0L(S,T,y)|2m
RY s€[0,T—e] ~

T
+ 2T 4 1)? / dr/Ndy sup |92 pL (s, I*
t R

s€[0,r—e)
Then by Sobolev’s inequality, we see that there is a C > 0 such that

m+1 m+1
E[ sup sup e Gs,t, PP 12
yeRN tele, T],s€[0,t—¢]

< C87(4+(N+1)/2m+1)e0L71/2+1/2'"+1,

L 21, ¢ € (0, 1). This implies our assertion.
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Let

(L
— t, xo,
Z0(5.1:8) = sup lgs.; () — p(t, x0, ¥)|

sery (L9 p(r, xg, ) T-D72°

t>0, se[0,01)

and

Z1(6,8,T) = sup Zi(s,1;8)
tele,T],s€[0,t—¢]

for T > 0, e € (0,T], and 8 € (0, 1). Note that Z; (s, £; 8) is F -
measurable.
Then we have the following.

Proposition 21. (1) Let T > 0, ¢ € (0,T], and 8§ € (0, 1). Then for any
p > 1, there is a C > 0 such that

E[LY=2Z, (s, 8, T))PIV/P < Ce=Sop—p8241p [ >,

() Let 8 € (0,1),1 > 0, and s € (0,1). If LYD72Z; (5,1, 8) < 1/4, and
p(ta X0, )’) 2 L—(l—ﬁ)’ then

@)
I

Lo W) oh e T se0.r—el.
2 7 p(t, x0,y)

Proof. The assertion (1) is an immediate consequence of Proposition 20.
Note that

L — _ _
145 () = p(t, x0, I £ Zp(s, 15 8LV 1 p(e, xg, y)) 179/
forany y e RV, t € [e, T]and s € [0, — ¢].
If p(z, x0, y) 2 L=U=9 we have
L
‘Is(,t)()’)
p(t, x0,y)

< Zp (s, 15 §)(L~ VA= [1=6 L y1=)/21 1=8/2<o 1 1=6D/2 7, (5 1. 5).

— 1| £ Zu(s. 6 )LD p(r, xo, )7+ IV

This implies our second assertion. |

Proposition 22. Let T > 0, and § € (0,1). Let By (s,t) € F, L = 1, be
given by

Bi(s,t) ={weQ: LY27,(5,1;8) < 1/4), > ands € (0,1),
and ¢, - E — {0,1}, 1€ (0, T], L 2 1, be given by

1,1 = Ve p(t,x0,)>L-0-9)}> t>0.
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(1) Leta € (1/(2N),1/2), b € (a — 1/(2N), a), and m = 1. Then there is
a C > 0 such that

L) EL(sUP ps. x0 QS @i )

— (Pos(@r.L /)®DFE]
< St _ gy-tv4dt0 / P, x0, N TPA+ [y
=7 .
X o LSy as.
fort € (0,T],s € (0,t), L 2 1, and any bounded measurable function
f defined in E.
(2) Leta € (0,1/2), and m = 1. Then there is a C > 0 such that

1, (5.0 EL(sup p(s, x0, )20 (0 1 £))(x)

xek
— (P (1, ) (X)) F]
C
é Ll_asf(NJrZ)lo (t _ s)f(NJrZ)KO

« /E A+ P ™00 f)2dy aus.

fort € (0, T], s € (0,t), L 2 1, and any bounded measurable function
f defined in E.

(3)Leta € (0,1/2) and b € (a — 1/(2N), a). Then there is a C > 0 such
that

18, (5.0 EL(sup p(s, x0, )1 Q8 (1.1 (2, x0, ) ™)) (x)
xeE

— (Py.1(@r,1p(t, X0, ) 2N )N?FLI

< £s_(NJrz)eO (t —s)~ N+ a.s.

LS
fort € (0,T],s € (0,1), L = 1.

Proof. Note that for o € Zgo

1, 5.0 EL18% (p(s, x0, ) (O (01,1 L)) = (Pss(@r.1 ) 0N PF ]
1 H)/ 102 (p(s, x0, X) p(t — s, x, )|
L g a\? ()

El a(x a _ 2
L By (s,t) El X(P(S,xo,x) P(t s, X, Y))|

x p(t, X0, ¥) " @ Lo £ () dy

@1 () dy

[IA
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So we have by Proposition 12 there is a C > 0 such that
g EL /R 198 (p(s. 0. ) (Q47 (@1, /) = (Prrlgr, L NENPF]

c

<=
- L

sTWNFDb ;)= (N+Dko /E P, x0, T2+ D e L () F ()2 dy.

This and Sobolev’s inequality imply the assertion (1).
In the assertion (1),ifa =1 —§/4and b > 1/2 — §/2, then we have

p(t, x0, )@ L (y) S L7

This implies the assertion (2).
In the assertion (1), if m = N + 1 and f = p(¢, xo, ~)_b then we have

[ P00 T B e 0 f 0Py S 21 [Py

This implies the assertion (3). ]

Similarly by using Proposition 12, we have the following.

Proposition 23. Leta € (1/(2N), 1/2) andb € (a—1/(2N), a). Then there
is a C > 0 such that

sup p(s, x0, X)*|(Ps,¢ f)(x)]

xeE

< Csm W2 (p — 5)=NFI/2 5up p(z, x0, V)21 F ()
yeE

fort € (0,T], s € (0,t), and any bounded measurable function f defined
inE.

6. Application to Bermuda Type Problem

Let us think of the situation in Sect. 4. Then we have the following.

Theorem 24. Let 0 =Ty < T) < ... < T, <T,8 € (0,1/2), and f € B,,
for some r 2 0. Then there are C > 0, Ql e F, L > 1, and measurable
functionsdn({:l? T ExQ - [0,c0),m=1,....n—1,i =1,2, L 21,
such that
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lim LP(1 — P(Q)) =0, p e (l,00),

L—oo

loel Q%) -+ 0% 1 @) = (Pr, 1,y Pry 1, @)
<d(L)(x)+d(L)(x) xeE,m=1,....n—1, L>1
and

E[ f d") (0) p(T. x0, x)dx] < CL™1°

E[/ d\F (x)? p(T, x0, x)dx] < CL~17)
forany L2 1, m=1,...,n—1.
Proof. Note that for f, g € B,
10 ) — (O o)l
= I¢s.0 (0, (O () = By (x, (O ) (1))
< exp(r(t — sN(QL (I f — g ()
So we see that
Oy O 1 @) = (O, O 1 @) )]
< exp(M(Tk = Tu)(Q1,, Ty -+~ O 1, (1f — 8)(X)
Similarly we have

10 @) — (Pyi2) ()] < exp(h(t — sNIQL £ (x) = (Psr) ()]

Letustake ax, k =0,1,...,nsuchthat 1/2 > ay > a1 > ... > a, >
1/2 — 4. Also, let

en(x) = (Pr, 100y -+ Pr,_ 1, f)(X).
Note that

O O 1 ) = (Pry gy Pry 1, D))

(L) (L) b 5
< Z |(Q m+l : QTm+k lsTm+1< PTm+vam+k+1 T PTn—lan f)('x)

(L) (L) b
- (QT 1 QTm+k 2, Tntk—1 PTerk—l’Terk e 1:)Tn—1’Tnf)(')C)|



Stochastic Mesh Method 91

n—m
(L) (L) (L)
< exp(AT) Z(QTm;Tm+1 e QTm+k—2’Tm+k—1 (I QTm+k71,Tm+kC’"+k
k=1

- PTm+kflaTm+kcm+k|))(x)'
Let
L
Ri = 1g, 13y, 70 sup p(Tk—1, X0, )Y (10 7 (97, .00
xek

- Pkal,Tk (‘ka,Lck)D(x)v

Zi = 1,1y, 1) sup p(Ti—1, xo, x) !
xeE

L _
x (107 7 @1.Lp(Tk. x0, )™ %)
- Pkal,Tk((ka,Lp(Tks X0, .)*ak)|)(x)’
and

Dy = sup p(Ti—1, x0, X)* ' (Pr,_,. 7, (@1, P(Tk, X0, )~ %)) (x) < 00,

xeE
k=1,...,n.
Then Ry and Z; are }'}fo)—measurable for k = 1,...,n, and by Proposi-
tion 22 we see that there 1s a C > 0 such that
2| (00) -1 2 (00) —(1-68
E[R{|F; 1S CL™, E[Z{|Fp 1S CL (1-4)
forany L =2 1, and k = 1, ..., n. So inductively we have
k k
ERY( [] zi + DoHIFE1 £ 27k~ T (0F + cL=7)
i=0+1 i=0+1

forany L > 1,and 1 £ ¢ <k < n. Let QF = (_; BL(Tx—1, Tx). Then we
have
L —ay
19t Q% 1 (p(Tk x0, ) ™) (x)
L _
=1t 0% 7 (@1.Lp(Tk. X0. )~ *)(x)
L _
+ 0% 5 (1= 05,0 p(Tic. x0. ) ™) (x)
< lqu(Zg + Di) p(Ti—1, X0, x) !
L —ayg
+ 190 1 (1= 91.1)p(Thco X0, ) ™) (x).
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Therefore we have

(L) (L) (L)
IQL(QT Tyt QTm+k—2 Tntk—1 (IQTn1+k—l s Stk
L L
— Pr o Ttk D@) S g Rk Q5 0 0

X p(Tpgk—1, X0, )~ " H=1)(x)

+lgu(Q®P, .. o® o (=97, o) Cmrk])

Tn.Tng1 Tintk—2 Tmntk—1 = Tntke—1, Tin+k
+ PTmJFk,],Terk((l - §0Tm+k,L)|Cm+k|)))(x)
g dm,Z(x) + dp.1(x),

where
k
L _
d\ ) = Rusi([ [(Zmsi + Dinsi)) p (T, x0, x)™")
i=1
and
m+k
L
d\ (x) = Z Rusk( [ (Zi+Di)
i=m+L+1
L L
X (Q(Tm) Tog1 (Tm)wfngmel ((I=97, . L) P(Tge—1, X0, ) 1)) (x))
(L) (L) (L)
+ (QTm,Tm+1 o QTm+k—2,Tm+k—1 (QTm+k—1,Tm+k (- ¢Tm+k’L)|Cm+k|)

+ PTerk,I,Tm+k((1 - (me+k’L)|Cm+k|)))(x).

Note that
m-+k
L L
ERuwic( [ @i+ Do)QEy 0% 0 (=95, 1)
i=m+L+1
X p(Tnge—1, X0, )1 (x))]
m-+k
= E[E[Ruc( [] (Z+D)IFE),)
i=m+l+1
(L) (L)
X (Q Tns +1 e QTm+K—2sTm+(—I ((l - gon+l_l’L)
X p(Tm+z—1,x0, Afm+=1) (x))]
m+k
g (2kck+1L7] 1_[ (D12 + CL*(lfa)))l/2
i=m+L+1
(L) (L)
x E[Qy, Tn.Tng1 QTm+l—2sTm+l—l (1 = ¢7,0,1)
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X p(Tnye—1, X0, )1 (x))]
m-+k
=@M [T @R+ L) 2P (= e 1)
i=m+L+1

X p(Tnge—1, X0, )1 (x).

Note that fora = 0
[ Pt 0= 01 0P im1, 30,90 p T 50,50
=fEl{p(Tmel,xo,x)gL—(l—a)}P(TmH—l,xo,X)H”dx
< L_(l_a)z/EP(meq,XO,X)H“dx.

Then we have our assertion. [ |

7. Re-simulation

We think of application to pricing Bermuda derivatives.

Letr > landletg : [0, T] x RY — R be a continuous function such
that

sup (14 [x]))77?|g(t, x)| < .
xeRN, t€[0,T]

Let ¢5,(x,y) = g(s,x) Vy,0<s <t <T,x € RV and y € R. Let
0=Ty<Ti <...<T,<T,andletc,, : E—> R, m=20,1,...,n, be
given by

em () = (Pp, 7, P, 1,8(Tn, ) (), m < n— 1, and ¢, (x) = g(Ty.x).

Nowletc, : E— R, m=1,...,n—1, be given and let ¢, = g(Tj,, -).
We regard ¢,, as estimators of ¢;,,, m =1, ..., n.

Let us think of the SDE in Introduction. Let t : Wy — {T1, ..., T,} and
T: Wy — {T1,...,T,} be stopping times given by

t =min{Tk; cx(X(Tx, x0)) = g(Tk, X (Tx, x0), k=1,...,n}
and

T =min{Ty; k(X (Tk, x0)) = g(Ti, X (T, x0), k=1,...,n}
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Letc,,, m =0, ..., n, be given by inductively, ¢, = g(T, -), and

em—1= P11, (8T, Mz, <o(1, 9y TEm (G >g(T,0))s m=nn=1....1

Then we have the following.
Proposition 25. (1) Form =0,1,...,n —1,
EM[g(t, X (t, x0)|Br, 1 >7,, 1y = em(X (T, x0) 1 >7,, ) a-s.
and
EMg(T, X (7, xo)|BTm]1{szm+]} = Cm (X (T, X 1(z>7,,, ) @-5-
Here B; = o{Bi(s); s <t,i=1,...,d}.
) Form =0,1,...,.n—1,andx € E,
0= cn(x) = m(x) = Pr,,.7, 4, (Iem+1 — Cmr11)(x)

+PTmaTm+] (1{Em+l>gm+l}(cm+1 - Em""l))(x)‘

In particular,

n
0Sen—en@) = > Prpla—a&hE), m=0.1,....n
k=m+1

Proof. Since we have
EM[g(T, X (T, x0)|B1,,_ 11z>1,,
= EM[E"[g(T, X (T, x0) 1 (3>7,,, ,,B7,]
+ 8(Tn, X (Ton, xo) 1 z7=1,,}|BT,,_, 1

we can easily obtain the assertion (1) by induction.
Note that

Cm — Cm
= Pr,, T 1z, <o (it} (@ (Tmt1, ) V Cmg1) — (T, 4)))
+ Pr, Tt My > e (Tgr ) (€Tt 1, ) V €t 1) — Cmt1))
= Pr,. T 1z <e(Tnin, ) (8Tt 1, ) V Cnge1)
= (&(Tn+1, )V Cmt1)) + Pry 1 (L1 > (Tt (8 (Tmt1, 2)
—cmt1) V 0) = (((Tn+1, 1) — Cm41) V 0) + Cut1 — Cmt1))
< P, Ty UCms1—=Cms1 ) + Pry Ty (L > (T 1,9} €t 1) —Cmt 1))

This implies the first inequality of the assertion (2). The second inequality
follows from this by induction. |
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Proposition 26.

co(xo) — co(xo)
n
<> / (18 — Tkl + lex — ED O g, g tep - o) )
. >
k=1

+ elyg(1y,)—cx | <e} P (Tk» X0, X)dx

forany e > 0.

Proof. Note that

co(x0) — Co(xo) = E"[g(t, X (t, x0)) — &(T, X (T, x0))]

= E"[g(t, X (7, x0)) — g(T, X(T, x0)), T > T] + E*[g(r, X (7, x0))
—g(7,X(T,x0), T < T]

= EM[E"[g(T, X (z,x0))Bz] — g(T, X (T, x0), T > 7]
+ E[g(z, X (7, x0) — E*[g(T, X(T,x0))|B:], T < 7]

n—1

= Y (E"[ck (X (Tx, x0)) — &(Tx, X (Ti;, x0)), T > T, T = Ti]
k=1

+ EMg(Tx, X (k, x0)) — k(X (Tx, x0)), T = Tx, Ty < T])
n—1

<Y (EM(er(X (T, x0)) = 8(Tks X (Tks X)Lz, < o110 <c) (X (T %0))]
k=1

+ E*[((8(Tk, X (k, x0)) — k(X (T, x0)))) V 0)
X l{ck§g(Tk,-)<5k}(X(Tk’ xo) D).
For any ¢ > 0, we see that
(ek = 8(Tis Nig<g(ni<ar)
S el <aSemo+e) T (€ = 8T N g <oy <ci Hgere<er)

S elg(tp)<Tr+el T (€ = ) L —g>er L <o (T )<cr)

and

((&(Tk, ) — i) VO 1y, <oy 9 <cr)
= (8T, ) — &) V OV i <1y y<in) Hice—cu [+ len—cn | 2e)
+ (8 (Tk, ) — ) vV O) 1y, <o (7, )<y Ler—culHlen—rl <)
= (6 — ekl + lek = D g —co 1+ 1ce—a =6} Lee <o (Tr,) <é)
* el <oty <crre)-

So we have our assertion. [ |
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Now we have the following.

Lemma 27. Letdy, ; : E — [0,00). m =1,...,n,i = 1,2, be measurable
functions. Assume that ¢y — ¢ < dm1 + dmo, m = 1,...,n. Then we
have the following.

co(x0) — co(xo)

<ny /E di,1(x) p(Ti, x0, X)dx +n()_( fE di 2(x)* p(Ti, X0, ¥)dx)'/?)
k=1 k=1
x VY [ deap(ixe, nd)
k=1"E
+e7' O ( /E di 2(¥)* p(Tk, x0, ¥)dx)'/%))
k=1

n
+282/ Hig(ti.)—crl<2¢) P (Tk» X0, X)dx
k=1 E

forany e > 0.
Proof. Let

n

dpi(x) =Y (Pp, ndei)(x),m=1,....n.

k=m

Then by Proposition 25, we have

18m (X) = em ()| + 1Em (X) = e ()| < d 1 (X) + dp 2 (x).
Note that

[ @1+ 82D g, 0118, 02202 50,50
< fE A, 1 (X) (T, X0, X)dx + ( /E din 2(X)* p(T, X0, ¥)dx) '/
x (( /E L1026y )P (T, x0, )dx) 2
([ 14,020 P T 10, 0000

< / A1 (X) p(Ton, X0, X)dx + ( f A 2(X)* p(Tn, x0, x)dx) '/
E E
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X (6712 / Gt () p (T, %0, X)d) /2
E
Fel( / G2 (2P (T, 30, X)) 2)
E

Also, note that
n
[ dns@p (0. 0dx £ Y- [ diap(ixo, v,
E k=m E
and
n
( f dn 2 () p (T, x0, X)dX)'* < 3 ¢ f di 2(x)* p(Tk, X0, ¥)dx)'/?.
E k=m E

This and Proposition 26 imply our assertion. ]

Now we apply this lemma and the results in the previous section to a
Bermuda derivative.

Let ¢ (x,y) = g(5,x) Vy,0<s <t <T,x ¢ RV and y € R. Let
cm:E—->R m=1,...,n—1, be given by

~ ~(L
En(x) = (0%

O (T ().

Then by Theorem 24, we see that for any § € (0, 1/2), there are Q’L e F,

L = 1, C > 0 and measurable functions dr(an cEx Q — [0,00), m =
1,...,n—1,i=1,2, L =1, such that

lim P(Q)) =1,
L—o0

Em () —cm ()| £ dpy 1 () +dp 2(x), x€E, weQ, m=1,....n—1, L 21

and

E[/ 1 )T 50, 0)dx]1 S CL™" =1, n—1, L 21,
E

and

E[/ Ay 2 ()2 p (T, %0, x)dx] < CL™0D" =1, n—1, L> 1.
E
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Let
= (0 [ dnaIpTx0.n)dx 2170 o
E

/ A2 (02 p(Ty, 30, x)dx = L=,
E
Then we see that

PQ\Q)) <20L~0-9% [ >,

Let Q; = Q;, NQY, L 2 1. Then we see that P(Q7) — 1,1 — oo. Soif we
use these ¢, (x), m = 1,...,n — 1, as estimators and use the re-simulation
method, we have

co(x0) — co(xo)
S;ﬂL’“*”3+4§L*“’”W2@*V2L’“*“”24—54L*“*®W%

n
te Z/ 1{|g(Tka')_Ck|<£}p(Tks X0, X)dx
E
k=1

forany ¢ > 0, w € Qp, and L = 1. Suppose that
n—1
> [ lettr-ar=ap (i . 0dx = 0G0, e Lo,
E
k=1

for some y € (0, 1]. Then letting ¢ = L’(l"s)s/(””, we see that co(xg) —
Go(xg) = O(L=U=9’U40/Q40)y a5 [ — oo,
Since § is arbitrary, this proves Theorem 2.
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1. Introduction

The study of the existence and the structure of solutions of optimal con-
trol problems defined on infinite intervals and on sufficiently large inter-
vals has recently been a rapidly growing area of research. See, for example,
[2, 3, 6-10, 13, 14, 16, 18, 22, 23, 25, 26, 29, 31, 36-38, 40, 51, 57, 59]
and the references mentioned therein. These problems arise in engineering
[1, 27, 60], in models of economic growth [4, 11, 12, 17, 24, 30, 35, 39, 42—
44, 51], in infinite discrete models of solid-state physics related to disloca-
tions in one-dimensional crystals [5, 45] and in the theory of thermodynam-
ical equilibrium for materials [15, 28, 32-34]. In this paper we discuss the
structure of solutions of a discrete-time optimal control system describing a
general model of economic dynamics and the structure of solutions of vari-
ational problems with extended-valued integrands. We study an autonomous
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discrete-time control system with a compact metric space of states X. This
control system is described by a bounded upper semicontinuous function
v : X x X — R! which determines an optimality criterion and by a nonempty
closed set 2 C X x X which determines a class of admissible trajectories
(programs). In models of economic growth the set X is the space of states, v
is a utility function and v(x;, x;41) evaluates consumption at moment .

We are interested in a turnpike property of the approximate solutions
which is independent of the length of the interval, for all sufficiently large
intervals. To have this property means, roughly speaking, that approximate
solutions of optimal control problems on an interval [0, 7] with given values
v, z at the endpoints 0 and T, corresponding to the pair (v, 2), are determined
mainly by the objective function v, and are essentially independent of 7', y
and z. Turnpike properties are well known in mathematical economics. The
term was first coined by Samuelson in 1948 (see [43]) where he showed that
an efficient expanding economy would spend most of the time in the vicinity
of a balanced equilibrium path (also called a von Neumann path). This prop-
erty was further investigated for optimal trajectories of models of economic
dynamics (see, for example, [24, 30, 35, 42, 51] and the references men-
tioned there). In the classical turnpike theory the function v has the turnpike
property (TP) if there exists x € X (a turnpike) which satisfies the following
condition:

For each € > O there is a natural number L such that for each integer
T > 2L and each solution {x,'},.T:0 C X of an optimal control problem corre-
sponding to the pair (v, 2), foralli = L, ..., T — L, the point x; belongs to
an e-neighborhood of x.

Note that L does not depend on 7T'.

In the classical turnpike theory the space X is a compact convex subset of
a finite-dimensional Euclidean space, the set €2 is convex and the function v
is strictly concave. Under these assumptions the turnpike property can be es-
tablished and the turnpike x is a unique solution of the maximization problem
v(x, x) > max, (x, x) € Q.

In this situation it is shown that for each admissible sequence {x;}7°
satisfying (x;, x;4+1) € € for all integers + > 0, either the sequence
{X:,T:_O1 v(x, x;41) — Tv(x, X)}3; is bounded (in this case the sequence
{x,};’io is called (v)-good) or it diverges to —oo. Moreover, it is also estab-
lished that any (v)-good admissible sequence converges to the turnpike x. In
the sequel this property is called as the asymptotic turnpike property.

More recently, it was shown that the turnpike property is a general phe-
nomenon which holds for large classes of variational and optimal control
problems without convexity assumptions [46—49, 51]. For these classes of
problems a turnpike is not necessarily a singleton but may instead be an
nonstationary trajectory (in the discrete time nonautonomous case) or an ab-
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solutely continuous function on the interval [0, co) (in the continuous time
nonautonomous case) or a compact subset of the space X (in the autonomous
case) [51]. Nevertheless, problems for which the turnpike is a singleton are
of great importance because of the following reasons: there are many models
of economic growth for which a turnpike is a singleton; if a turnpike is a sin-
gleton, then approximate solutions have very simple structure and this is very
important for applications; if a turnpike is a singleton, then it can be easily
calculated as a solution of the problem v(x, x) — max, (x, x) € Q.

The results presented in the paper explain when the turnpike property
holds with the turnpike being a singleton. We show that the turnpike property
follows from the asymptotic turnpike property. More precisely, we assume
that any (v)-good admissible trajectory converges to a unique solution x of
the problem v(x, x) — max, (x, x) € 2 and show that the turnpike property
holds and x is the turnpike. Note that we do not use convexity (concavity)
assumptions.

The paper is organized as follows. In Sect.2 we describe the class of
discrete-time optimal control problems. For this class of problems we present
turnpike results and show the existence of optimal solutions over infinite hori-
zon. Section 3 contains two auxiliary results. In Sect. 4 we discuss the struc-
ture of solutions of the discrete-time problems in the regions containing end
points. In Sect.5 we study turnpike properties of approximate solutions of
variational problems with extended-valued integrands. For this class of varia-
tional problems we also show the existence of optimal solutions over infinite
horizon. Section 6 contains two auxiliary propositions. Examples of varia-
tional problems are considered in Sect. 7. In Sect. 8 we discuss the structure
of solutions of the variational problems with extended-valued integrands in
the regions containing end points. In Sect. 9 we show equivalence of opti-
mality criterions used in the literature for our class of variational problems.
A new result on agreeable solutions is presented in Sect. 10. Its proof is given
in Sect. 11.

2. Discrete-Time Problems

Let (X, p) be a compact metric space, 2 be a nonempty closed subset of
X x X andletv : X x X — R! be a bounded upper semicontinuous function.

A sequence {x;};°, C X is called an (2)-program (or just a program if
the set Q2 is understood) if (x;, x;41) € 2 for all nonnegative integers 7. A
sequence {xt}tTiT1 where integers 77, Tp satisfy 0 < 77 < T is called an
(£2)-program (or just a program if the set €2 is understood) if (x;, x;41) € 2
for all integers ¢ € [T1, T> — 1].
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We consider the problems

T—-1
Z V(. i) = max, {(nxi)) ) C QL xo =y, xr =z, (PP)
i=0

and
T—1
- - -1 _ )
D v, xip1) = max, {0, xS CQ, xo =, (P7)
i=0

where T > 1 is an integer and the points y, z € X.
Set |lv|| = sup{|v(x, y)| : x,y € X}. For each pair of points x, y € X
and each natural number T define

T—1
o, T,x)=sup{ Z v(xi, Xi+1) - {)c,'}l-T=0 is a program and xog = x},
i=0
2.1
T—1
O'(U, Tv X, y) = SUP{Z U(.x,', xi+1) :
i=0
{Xi}iT:() is a program and xg = x, X7 = y}, 2.2)
T-1
o, T) = sup{Z v(xi, Xi+1) : {Xi},-T:() is a program}. 2.3)
i=0

(Here we use the convention that the supremum of an empty set is —00).
We suppose that there exist a point x € X and a positive constant ¢ such
that the following assumptions hold.

(A1) (x,x) is an interior point of €2 (there exists a positive number € such
that {(x,y) e X x X : p(x,Xx), p(y,x) <€} C ) and the function
v is continuous at the point (x, X).

(A2) o0 (v, T) < Tvu(x, x) + c¢ for all natural numbers 7.

Clearly, for each integer 7 > 1 and each program {x,}tho we have

T—1
Z v(xs, X+1) <o, T) <Tv(x,x)+c. 2.4)
t=0

Inequality (2.4) implies the following result.
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Proposition 2.1. For each program {x;}7°,, either the sequence

T-1
vl xip1) — To(E, DIF,
t=0
is bounded or imr _, o[ ]! v(xy, x,41) — Tv(X, X)] = —o0.

A program {x;}7° is called (v)-good if the sequence

T-1

1D vl xip1) — To(E, DI,

t=0

is bounded.
We suppose that the following assumption holds.

(A3) (the asymptotic turnpike property) For every (v)-good program {x;}°°,,
lim p(x;, x) =0.
11— 00

In view of (A3) |lv|| > 0. For each positive number M denote by X the set
of all points x € X for which there exists a program {x;}7°, such that xo = x
and that for all natural numbers 7 the following inequality holds:

T-1

> v xig) = To(E. ©) = —M.
t=0

It is not difficult to see that U{X,; : M € (0, co)} is the set of all points
x € X such that there exists a (v)-good program {x,};° satisfying xo = x.
Let T > 1 be an integer. Denote by Y7 the set of all points x € X such
that there exists a program {x,}tT:0 which satisfies xo = x and x7 = x.
The following turnpike result describes the structure of approximate so-
lutions of problem (P}y)).

Theorem 2.2. Let €, M be positive numbers. Then there exist a natural num-
ber L and a positive number § such that for each integer T > 2L and each
program {)c,}tT:O which satisfies

T-1

X0 € X, Y v(x, Xi41) = 0 (v, T, x0) — 8 2.5)
t=0

there exist nonnegative integers 11, 7> < L such that p(x;,x) < € for all
t=r1,...,T —wandif p(xg,Xx) <9, then 71 = 0.
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In the sequel we use a notion of an overtaking optimal program intro-
duced in [4, 17, 44].

A program {x,}7°, is called (v)-overtaking optimal if for each program
{ye}72, satisfying yo = x¢ the inequality

T—-1
limsup Y " [w(yr, yig1) = v(xr, x141)] <0

T—o0 =0

holds.
The following result establishes the existence of an overtaking optimal
program.

Theorem 2.3. Assume that x € X and that there exists a (v)-good program
{xt};’io such that xo = x. Then there exists an (v)-overtaking optimal pro-
gram {x;}72, such that x; = x.

The next theorem is a refinement of Theorem 2.2. According to Theo-
rem 2.2 we have tp < L where the constant L depends on M and €. The next
theorem shows that 1o < Ly where the constant Ly depends only on €.

Theorem 2.4. Let € be positive number. Then there exists a natural number
Lo such that for each positive number M there exist an integer L > Ly and
a positive number § such that the following assertion holds:

For each integer T > 2L and each program {xt},T=0 which satisfies (2.5)
there exist integers 11 € [0, L], o € [0, Lo] such that p(x;, x) < € for all
t=r1,...,T — 1w andif p(xo,X) <9, then 11 = 0.

The following result provides necessary and sufficient conditions for
overtaking optimality.

Theorem 2.5. Let {x;}7°, be a program such that
xo € U{Xpy : M € (0,00)}.

Then the program {x;};°, is (v)-overtaking optimal if and only if the follow-
ing conditions hold:
(i) limy— 00 o (X7, X) = 0;
(ii) for each natural number T and each program {yt}tho satisfying yo = Xo,
yr = x7 the inequality Z[T:_Ol v(yr, Yra1) < ZIT:_Ol v(xy, Xr41) holds.

The next two theorems establish uniform convergence of overtaking
optimal programs to x.
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Theorem 2.6. Assume that the function v is continuous and let € be a pos-
itive number. Then there exists a positive number § such that for each (v)-
overtaking optimal program {x;};° satisfying p(xo,X) < & the inequality
p(x¢, X) < € holds for all nonnegative integers t.

Theorem 2.7. Assume that the function v is continuous and let M, € be
positive numbers. Then there exists an integer L > 1 such that for each
(v)-overtaking optimal program {x;}7° satisfying xo € Xy the inequality
p(x¢, X) < € holds for all integerst > L.

Theorems 2.2-2.7 were obtained in [52]. The next two theorems obtained
in [55] describe the structure of problem ( P;y 2y,
Denote by Card(A) the cardinality of the set A.

Theorem 2.8. Let €, My, M| be positive numbers and let Lo be a natural
number. Then there exist a natural number L and a natural number K
such that for each integer T > 2L, each zo € Xuy, and each z1 € Yy,
o, T, zo, z1) is finite and for each program {x,}szo which satisfies

T-1
X0 = 21, XT = 22, Z v('xt’-xt-'rl) z U(va T? 20, Zl) - Ml
t=0

the following inequality holds:
Card({t €{0,...,T}: p(x;,x) > €}) <K.

Theorem 2.9. Let €, My be positive numbers and let Ly be a natural number.
Then there exists a natural number L and a positive number § such that for
each integer T > 2L, each zo € X, and each z1 € Y1, 0 (v, T, z0,21) is
finite and for each program {x; };T=0 which satisfies

T-1

X0=2z1. X7 =22, Y 0. x541) =0, T,20.21) —
t=0

there exist integers 11, T € [0, L] such that
px,x)<e, t=1,...,T —10.
Moreover if p(xo, X) < 8, then 11 = 0and if p(x7,Xx) < 8. then 15 = 0.

Example 2.10. Let (X, p) be acompact metric space, 2 be a nonempty closed
subset of X x X, x € X, (x,x) be an interior point of 2, 7 : X — R!
be a continuous function, o be a real number and L : X x X — [0, 00)
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be a continuous function such that for each (x, y) € X x X the equality
L(x,y) = 0holds if and only if (x, y) = (x, x). Set

v(x,y) =a — L(x,y) +7(x) —m(y)
for all x, y € X. It is not difficult to see that (A1), (A2) and (A3) hold.

Example 2.11. Let X be a compact convex subset of the Euclidean space R"
with the norm | - | induced by the scalar product (-, -), let p(x, y) = |x — y|,
x,y € R", Q be a nonempty closed subset of X x X, a point x € X, (x, x)
be an interior point of Q and let v : X x X — R! be a strictly concave
continuous function such that

v(x,x) =sup{v(z,z): z € Xand (z,2) € Q}.
We assume that there exists a positive constant 7 such that
(Y €R" X R": [x—X|, [y —% <7} C Q.

It is a well-know fact of convex analysis that there exists a point/ € R" such
that
v(x, y) = v, X) 4+ (Lx —y)

for any point (x, y) € X x X. Set
Lx,y) =v(x, %)+ (I, x —y) —v(x,y)

forall (x, y) € X x X.Itis not difficult to see that this example is a particular
case of Example 2.10. Therefore (A1)—-(A3) hold.

Examples 2.10 and 2.11 were considered in [52].

3. Two Auxiliary Results

For each integer T > 1 denote by Y7 the set of all points x € X for which
there exists a program {x,}tr=0 such that xo = x and x7 = x.
It is easy to see that

Y7 C Y74 for all natural numbers 7.

By assumption (A1), if T is a natural number and a point x € Y7, then there
exists a (v)-good program {xt}?io which satisfies xo = x. Assumptions (A1)
and (A3) imply that if a program {x,}fio is (v)-good, then there exists an
integer T > 1 such that xo € Y7. The boundedness of v implies the following
result.
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Proposition 3.1. Let T be a natural number. Then there exists a positive num-
ber M such that Yy C Xy.

The next result was obtained in [52].

Proposition 3.2. Let M be positive number. Then there exists an integer T >
1 such that the inclusion X C Y7 holds.

In view of assumption (A1), there exists a number 7 € (0, 1) such that
{(x,y) e X xX: p(x, %), p(y,X) =7} C Q.
In view of the inclusion above for each pair of points x, y € X such that

p(x,x), p(y,X) <7

and each natural number 7', the value o (v, x, y, T) is finite.

4. Structure of Solutions in the Regions Containing
End Points

Assume that X is a compact convex subset of the n-dimensional Euclidean
space R" with the norm | - | induced by the scalar product (-,-), Q is a
nonempty closed convex subset of X x X and thatv : X x X — Rlisa
continuous strictly concave function such that

v(azr + (1 —a)z2) > av(z)) + (1 — a)v(z2)

VYa € (0,1),Vz1,22 € X x X such that 71 # z5.

Put p(x,y) = |x —y|forall x, y € X. We assume that x € X,r € (0, 1) and
that
v(x,x) =sup{v(z,z): z € X and (z, z) € Q)},
{(x,y) e R" x R": |x—X%|, |y—Xx| <2F} C Q.

We have mentioned (see Example 2.11) that there is / € R" such that
v(x,y) <v(x,x)+ (I,x —y)forall (x,y) € X x X.

Set
Lix,y)=v(x,x)+{,x—y)—v(x,y), (x,y) € X x X.

It is clear that the inequality L(x, y) > 0 holds for all points x,y € X. It
was explained in Sect.2 that assumptions (A1)—(A3) hold. Therefore The-
orems 2.2-2.7 hold for the function v. Since the set €2 is convex and the
function v is strictly concave Theorem 2.3 implies the following result.
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Theorem 4.1. Assume that x € X and that there exists a (v)-good program
{x:}72 such that xo = x. Then there exists a unique (v)-overtaking program
{x7}72,) such that x; = x.

Let z € X be given and let there exist a (v)-good program {x;}°, C X

such that xo = z. Denote by {x,(v’Z)};’iO a unique (v)-overtaking optimal
program satisfying x(()”’Z) =z.

The following theorem which describes the structure of approximate so-
lutions in the region containing the left end point of the interval [0, T'] was
obtained in [52].

Theorem 4.2. Let M, € > 0 be given and Lo > 1 be an integer. Then there
exists a positive number § and an integer L1 > L such that for each natural
number T > Ly and each program {z; }zT=() which satisfies

T-1
20 € Xm, Y vz z41) 20, T, 20) = 8
t=0
the inequality |z; — x,(v’zO)| < € holds for all integerst =0, ..., L.

It follows from Theorem 2.4 applied with € = r/4 that there exists a
natural number L such that the following property holds:

For each positive number M there exist an integer L > L and a positive
number § such that if a natural number 7 > 2L and if a program {x,}tho
satisfies

T—1
X0 € Xm, v, xi41) = 0 (v, T, x0) = 6,
t=0
then
|x; — x| <r/4forallintegerst =L,...,T — Lo.

Define the functions L, 7 : X x X — R! and the set Q by
v(x,y) =v(y,x), L(x,y) =L(y,x), x,y € X,

Q={(x,y)eXxX: (y,x) e Q).

It is easy to see that Q is a nonempty closed convex subset of X x X, ¥ :
X x X — R!is a concave function,

{61, e R" x R": & —X| <27, i=1,2)CQ,

U(%, %) = sup{i(z,z) : z € X and (z, 2) € Q},
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v(azr + (1 —a)zp) > av(z)) + (1 —a)v(zp) foreach z;,z0 € X x X
satisfying z; # zp and each o € (0, 1).

Evidently, for all points (x, y) € X x X, we have
l_)(-xv )’) S l_)(-ivi) + (_l9x - )’)»

L(x,y) = 0(x, %) + (—, x —y) — d(x, y).

It is not difficult to see that the assumptions (A1)-(A3) hold for the function
v and the set 2 and that Theorems 2.2-2.7, 4.1 and 4.2 hold for v and €2. _
Denote by X, the set of all points x € X for which there exists an (£2)-

program {x,}tL:Og_ ! such that
X0 =X, XLy+1 = X.

It is clear that X, is a closed and convex set.

In view of Theorem 4.1 for any point x € X, there exists a unique (v)-
overtaking optimal (£2)-program {A(x)}72, such that Ag(x) = x. For any
point x € X, put

T-1
7(x) = Tlimw Z[ﬁ(i, X) = v(A(x), Arg1(x))]
=0

T-1
= Tli_)moo[z L(A;(x), Arg1(x) + (I, x — Ap(x))]
t=0

D L(A), Ay () + (L x — %)
t=0

It is not difficult to show that 7 (x) is finite for all points x € X,.
In order to study the structure of approximate solutions of the problems

(P}y )) in the regions [T — L, T] (see the definition of the turnpike property)
we need the following auxiliary results obtained in [52].

Proposition 4.3. An (Q)-program {x:}72 is (v)-good if and only if
o
ZL(xlvxFFI) < Q.
t=0

Proposition 4.4. Let x € X, and let an (S_Z)—program {xt};’io be (v)-good
and satisfy xo = x. Then Z?io L(x;, Xex1) + (L, x —X) = w(x).

Proposition 4.5. The function 7 : X5 — R' is lower semicontinuous.
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Proposition 4.6. Let points y, 7z € X, satisfy y # z and a number o € (0, 1).
Thenm(ay + (1 —a)z) <an(y) + (1 — o) (2).

Since the function 7 : X, — R! is lower semicontinuous and strictly
convex it possesses a unique point of minimum which will be denoted by x,.
Thus

7 (xy) < w(x) for all points x € X, \ {x4}.

The next theorem which describes the structure of approximate solutions
{x; }1T=0 of the problems (P}y )) in the region containing the right end point of
the interval [0, 7] was obtained in [52]. It shows that this structure depends
neither on xo nor 7.

Theorem 4.7. Let M, € be positive numbers and let L1 > 1 be an integer.
Then there exist a positive number § and an integer Ly > L1 such that if an
integer T > 2L, and if an (2)-program {xt},T:o satisfies

T—1
X0 S XMa Z U()Ct, xl-‘rl) Z G(Uv Tv XO) - 61
t=0
then |x7—; — As(x4)| < € for all integerst =0, ..., L.

5. Variational Problems with Extended-Valued Integrands

We study turnpike properties of approximate solutions of an autonomous
variational problem with a lower semicontinuous integrand f : R" x R" —
R! U {00}, where R" is the n-dimensional Euclidean space. More precisely,
we consider the following variational problems

T
/ f@®), V' ())dt — min, (PD)
0

v : [0, T] — R" is an absolutely continuous (a.c.) function such that
v(O0) =x, v(T) =y
and

T
/ f(@), V' (t))dt — min, (P,)
0

v: [0, T] — R"is an a.c. function such that v(0) = x,

where x, y € R".
We denote by mes(E) the Lebesgue measure of a Lebesgue measurable
set E C R!, denote by | - | the Euclidean norm of the space R” and by (-, -)



Turnpike Properties 113

the inner product of R”. For each function f : X — R! U {oo}, where X is a
nonempty, set
dom(f)={xe X: f(x) <oo}.

Let a be a real positive number, i : [0, o0) — [0, 0o) be an increasing
function such that

Jim (0 = o0

and let f : R" x R" — R! U {00} be a lower semicontinuous function such
that the set

dom(f) = {(x,y) € R" x R" : f(x,y) < o0}
is nonempty, convex and closed and that

fx,y) = max{y(Ix]), ¥ (IyDlyl} —a foreach x, y € R™.

For each pair of points x, y € R" and each positive number 7 define

T
o(f,T,x) = inf{/ f@),vV@)dt: v:[0,T] - R"
0

is an absolutely continuous (a.c.) function satisfying v(0) = x},

T
o(f, T,x,y):inf{/ f@®),vV@)dt: v:[0,T] - R"
0

is an a.c. function satisfying v(0) = x, v(T) = y},
T
o(f,T) = inf{/ f®),v'#))dt: v:[0,T] — R"is an a.c. function}.
0

(Here we assume that infimum over an empty set is infinity.)
We suppose that there exists a point x € R" such that

f(x,0) < f(x,0) foreach x € R" 6D

and that the following assumptions hold:

(A1) (x, 0) is an interior point of the set dom( f) and the function f is con-
tinuous at the point (x, 0);
(A2) for each positive number M there exists a positive number cjs such that

o(f;T,x) =Tf(x,0) —cum

for each point x € R" satistying |x| < M and each real number 7' > 0;
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(A3) foreach point x € R" the function f(x,-) : R" — R! U{oc} is convex.
Assumption (A2) implies that for each a.c. function v : [0, c0) — R"
the function

T
T — / f@),v'@)dt — Tf(x,0), T € (0, 00)
0

is bounded from below.

It should be mentioned that inequality (5.1) and assumptions (A1)—-(A3)
are common in the literature and hold for many infinite horizon optimal con-
trol problems [13, 51]. In particular, we need inequality (5.1) and assump-
tion (A2) in the cases when the problems (P;) and (P;) possess the turnpike
property and the point x is its turnpike. Assumption (A2) means that the con-
stant function v(¢) = x, t € [0, 00) is an approximate solution of the infinite
horizon variational problem with the integrand f related to the problems (P;)
and (P,).

We say that an a.c. function v : [0, 00) — R" is (f)-good [13, 51] if

T
Sup{l/ F@,V(0)dt = Tf(x,0)|: T € (0,00)} < oo.
0

The following result was obtained in [53].
Proposition 5.1. Let v : [0, 00) — R" be an a.c. function. Then either the
function v is (f)-good or

T
/ f®),vV@#)dt — Tf(x,0) = ooas T — oo.
0

Moreover, if the function v is (f)-good, then sup{|v(t)| : t € [0, 00)} < o0.

For each pair of numbers 77 € R I T, > Ty and each a.c. function v :
[Ty, T,] — R™ put

T
1 (Ty, T, v) = / z f(),v'(@))dt.
T

For each positive number M denote by X the set of all points x € R"
such that |x| < M and there exists an a.c. function v : [0, c0) — R" which
satisfies

v(0) = x, If(O, T,v) —Tf(x,0) <M foreach T € (0, 00).

It is clear that U{Xy; : M € (0,00)} is the set of all points x € X
for which there exists an (f)-good function v : [0,00) — R" such that
v(0) = x.
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We suppose that the following assumption holds:

(A4) (the asymptotic turnpike property) for each (f)-good function v :
[0, 00) — R",lim;_, o |V(2) — x| = 0.

The following turnpike result for the problem (P;) was established
in [53].

Theorem 5.2. Let €, M be positive numbers. Then there exist an integer L >
1 and a real number § > 0 such that for each real number T > 2L and each
a.c. function v : [0, T] — R"™ which satisfies

v(0) € Xprand 170, T, v) <o (f, T,v(0)) + &

there exist a pair of numbers 11 € [0, L] and v € [T — L, T] such that
lv(t) — x| <€ forallt € [, 12]

and if |v(0) — %| < 8, then 71 = .

In the sequel we use a notion of an overtaking optimal function [13, 51].
An a.c. function v : [0, c0) — R" is called (f)-overtaking optimal if for
each a.c. function u : [0, co) — R" satisfying u#(0) = v(0) the inequality

limsup[Z7/ (0, T,v) — I7(0, T, u)] <0

T—o0

holds.
The following result which establishes the existence of an overtaking op-
timal function was obtained in [53].

Theorem 5.3. Assume that x € R" and that there exists an ( f)-good function
v : [0,00) — R" satisfying v(0) = x. Then there exists an (f)-overtaking
optimal function uy : [0, 00) — R" such that u,(0) = x.

Denote by Card(A) the cardinality of the set A.

Let M be a positive number. Denote by Y, the set of all points x € R” for
which there exist a number 7 € (0, M] and an a.c. function v : [0, T] — R"
such that v(0) = %, v(T) = x and 1/(0, T, v) < M.

The following turnpike results for the problems (P;) were established in
[58].

Theorem 5.4. Let e, My, M1, M, > Q. Then there exist an integer Q > 1 and
a positive number L such that for each number T > L, each point zo € Xy,
and each point z1 € Yy, the value o (f, T, 2o, 21) is finite and for each a.c.
function v : [0, T] — R" which satisfies

v(0) = zo, v(T) =z1, 170, T,v) <o(f, T, z20,21) + M3
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there exists a finite sequence of closed intervals [a;, b;] C [0,T], i =
1,..., q such that
q S Qv bi —aj SLv l: 11-"’Q1
[v(t) — x| <€, t €0, TI\U;_,lai, bi].

Theorem 5.5. Let €, My, My > 0. Then there exist numbers L, § > 0 such
that for each number T > 2L, each point zo € Xy, and each point 71 € Yy,
the value o (v, T, zg, z1) is finite and for each a.c. function v : [0, T] — R"
which satisfies

v(0) = z0, v(T) =21, I7(0. T, v) <0(f. T,20,21) +§
there exists a pair of numbers t1 € [0, L], o € [T — L, T] such that
v(@) — x| <€, 1t €11, 2]

Moreover if [v(0) — x| <6, thenty =0and if |[v(T) — x| <4.thenty =T.

6. Two Propositions

In the proofs of the results stated in the previous section the following two
propositions play an important role.

Proposition 6.1. Let My, M| > 0. Then there exists a positive number M3
such that for each positive number T and each a.c. functionv : [0, T] — R"
which satisfies

()] < Mo, 17(0,T,v) < Tf(%,0) + M
the following inequality holds:
lv(t)| < My forallt € [0, T].
Proposition 6.2. Let € be a positive number. Then there exists a positive num-
ber § such that if an a.c. function v : [0, 1] — R”" satisfies |v(0) — x|,

[v(1) — x| <6, then

17(0,1,v) > f(x,0) —e.
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7. Examples

Example 7.1. Let ag be a positive number, ¢ : [0,00) — [0, 00) be an
increasing function satisfying

Jim Yo(7) = oo
andlet L : R" x R" — [0, oo] be a lower semicontinuous function such that
dom(L) :={(x,y) € R" x R" : L(x,y) < 0o}
is nonempty, convex, closed set and

L(x, y) = max{o(Ix]), Yo(lyDlyl} —ao foreachx, y € R".

Assume that for each point x € R" the function L(x, ) : R" — R U {00} is
convex and that there exists a point x € R" such that

L(x,y) = 0if and only if (x, y) = (&, 0),

(x,0) is an interior point of dom(L) and that L is continuous at the point
(x,0).
Let 4 € R' and [ € R". Define

f,y)=Lx,y)+u+(y), x,y € R".
We showed in [53] that all the assumptions introduced in Sect. 5 hold for f.

Example 7.2. Let a be a positive number, ¥ : [0, 0c0) — [0, 0co) be an in-
creasing function such that lim;, o ¥ (f) = oo and let f : R" x R" —
R' U {00} be a convex lower semicontinuous function such that the set
dom( f) is nonempty, convex and closed and that

f(x,y) = max{y(|x]), ¥(|yD|yl} —a foreachx,y € R".
We suppose that there exists a point x € R” such that
f(x,0) < f(x,0) for each x € R"

and that (x, 0) is an interior point of the set dom(f). It is known that the
function f is continuous at the point (x, 0). It is well-known fact of convex
analysis [41] that there exists a point [ € R" such that

f,y) = f(x,00+ (. y)

for each x, y € R".
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We assume that for each pair of points

(x1, y1), (x2, ¥2) € dom(f)

satisfying (x1, y1) # (x2, y2) and each number « € (0, 1), we have

fla(x, yp) + 10 —a)(x2, y2)) <af(x, y1) + 1 —a)f(x2, y2).

Put
L(x,y) = f(x,y) — f(x,0) — (I, y) foreach x, y € R".

It is not difficult to see that there exist a positive number @ and an increasing
function vy : [0, co) — [0, c0) such that

L(x,y) = max{yro(lx]), Yo(lyDIyl} —ao forallx,y € R".

Itis easy to see that L is a convex, lower semicontinuous function and that the
equality L(x, y) = Oholds if and only if (x, y) = (x, 0). Now it is easy to see
that our example is a particular case of Example 7.1 and all the assumptions
introduced in Sect. 5 hold for f.

8. Behavior of Solutions in the Regions Containing
End Points

We continue to use the notation and definitions introduced in Sect. 5 and to
study the structure of approximate solutions of problems (P,). Our goal is to
study their structure in the regions containing end points.
Let a be a positive number, ¥ : [0,00) — [0, 00) be an increasing
function which satisfies
lim ¥ (¢) = o0
—>00

andlet f : R" x R" — R'U{oo} be a convex lower semicontinuous function
such that the set dom( f) is nonempty and closed and that

f(x,y) = max{y(Ix]), ¥ (IyDlyl} —a foreach x, y € R".

We suppose that there exists a point x € R" such that the following
assumption holds:

(AS5) (x, 0) is an interior point of the set dom( f) and

f(%,0) < f(x,0) forall x € R".
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They are well-known facts from convex analysis [41] that the function f
is continuous at the point (x, 0) and that there exits a point / € R" such that

f(x,y) > f(x,0)+(l, y) foreachx, y € R".

We also assume that for each pair of points (x1, y1), (x2, y2) € dom(f)
such that (x1, y1) # (x2, y2) and each number « € (0, 1) the inequality

fla(xr, y1) + A —a)(x2, y2)) < af(x1, y1) + (1 —a) f(x2, y2)

holds. This means that the function f is strictly convex. The integrand f was
considered in Example 7.2. It was shown there that assumptions (A1)—(A4)
and all the results of Sect. 5 hold for the integrand f.

In our study we use an integrand L defined by

L(x,y)=f(x,y)— f(x,0)—(l,y) forall x,y € R".
We suppose that the following assumption holds.

(A6) For each pair of positive numbers M, € there exists a positive number
y such that for each pair of points (£1, &), (11, 72) € dom (f) which
satisfies the inequalities |&; [, |n;| < M,i = 1,2 and |&§; — &| > €, we
have

27 fEL )+ 27 f G m) — FQTIE &), 27 + ) > .

Since the restriction of the function f to the set dom(f) is strictly convex
(see assumption (A6)) Theorem 5.3 implies the following result.

Theorem 8.1. Assume that x € R" and that there exists an ( f)-good function
v : [0,00) — R" satisfying v(0) = x. Then there exists a unique (f)-
overtaking optimal function vy : [0, 00) — R" such that v4(0) = x.

Let z € R" and let there exist an (f)-good function v : [0, c0) — R"
such that v(0) = z. Denote by ¥/'?) : [0, o0) — R” aunique ( f)-overtaking
optimal function satisfying ¥ (/-4 (0) = z which exists by Theorem 8.1.

The following theorem obtained in [54] describes the structure of approx-
imate solutions of variational problems in the regions containing the left end
point.

Theorem 8.2. Let M, € > 0 be real numbers and let Ly > 1 be an integer:
Then there exist a positive number § and an integer L1 > L such that for
each number T > Ly, each point z € Xy and each a.c. functionv : [0, T] —
R" which satisfies

v(0) =2z, 170, T,v) <o(f,T,2)+3$
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the inequality
lu(r) — YD) <€, t €0, Lo]

holds.
We intend to describe the structure of approximate solutions of variational

problems in the regions containing the right end point. In order to meet this
goal define the functions f, L : R" x R" — R' U {co} by

fx,y) = f(x,—y), L(x,y) = L(x,—y) forall x, y € R".
It is not difficult to see that
dom(f) = {(x,y) € R" x R" : (x,~y) € dom(f)},
dom( f) is nonempty closed convex subset of R” x R",
fx.y) = max{y(IxD), ¥(IyDIyl} —a foreachx,y € R" x R",

the point (x, 0) is an interior point of the set dom( f) and the function f is
convex and lower semicontinuous.
It is not difficult to see that for each pair of points x, y € R",

FOey) = f =y 2 fEO0+{—y) = f(Z.0+ (L),
L(x,y) = L(x,—y) = f(x,—y) — f(%0) — (I, —y)
= flx,y)— (&0 — (=1, )

and that for each pair of points (x1, y1), (x2,y2) € dom( f ) such that
(x1, y1) # (x2, y2) and each number « € (0, 1) we have

Flatxr, y1) + (1 —a)(x2, y2)) < af(xr, y1) + (1 — @) f(x2, y2).

Therefore all the assumptions posed in this section for the function f also
hold for the function f. Also all the results of this section and of Sect. 5 stated
for the function f are valid for the function f. In particular Theorems 5.2
and 5.3 hold for the integrand .

Assumption (A6) imply that the following assumption holds.

(A7) For each pair of numbers M, € > 0 there exists a positive number y
such that for each pair of points (&1, &), (91, 172) € dom( f) which
satisfies

&l, Inil =M, i=12and|§ —&]>€

the inequality
27 FEL ) + 27 fE,m) — FRTIE &), 27 +m) =
holds.
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It is easy now to see that Theorems 8.1 and 8.2 hold for the integrand f.

For each positive number M denote by X, the set of all points x € R"
such that |[x| < M and that there exists an a.c. function v : [0, c0) — R"
which satisfies

1700, T, v) — T f(%,0) < M foreach T € (0, o).

Set B B
X, =U{Xy : M e (0,00)}.

Since the function f is convex we conclude that the set X/ is convex for all
positive numbers M. It is not difficult to show that for each positive number
M the set X/ is closed.

By Theorem 8.1, applied to the integrand f, for each point x € X, there
exists a unique (f)-overtaking optimal function A®) : [0, c0) — R" such
that A®)(0) = x. Proposition 5.1 implies that A is ( f)-good function for
any point x € X,. Therefore, for each point x € X,,

lim [AW () — x| = 0.
11— 00
For each point x € X, set
() = lim [17(0, T, A% — T £(%, 0)].
T—o0
Let x € X, be given. Then

(x)

T T
Jim [/ LAY (1), (AW (1))dt — / {1, (ADY (1))d1]
—o00 Jo 0

T
lim LAD @), (ADY 1))dt — tim (1, AT = x)

T—o0 Jo

/OO LAW @), (ADY (t)dt — (I, % — x).
0

Therefore the value 7 (x) is well-defined. Since the function AW is ( f )-
good, Proposition 5.1 implies that 7 (x) is finite for each x € X,.

The function & plays an important role in our study of the structure of
approximate solutions of variational problems in the regions containing the
right end point. We show that approximate solutions of the problem (P,) are
arbitrary close to the function AT — 1) ina region which contains the
right end point 7', where x, is a unique point of minimum of the function .

The following result was obtained in [54].
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Proposition 8.3. 1. For each positive number M the function w : Xy —
R! is lower semicontinuous. B
2. For all pairs of points y,z € X, satisfying y # z and each number
o e (0,1),

m(ay + (1 —@)z2) <an(y) + (1 - )7 (2).

3. w(x)=0. y
4. There exists a number M > |x| such that 7w (x) > 2 for each point x €
X\ X7

Let a positive number M be as guaranteed by Proposition 8.3. By Propo-
sition 8.3, there exists a unique point x, € X ;; such that

7 (xy) < mw(x) for all points x € )_(M \ {xs}).
By Proposition 8.3 if x € X, \ )_(M, then
T(x) >2>m(X) > w(xy).

The following theorem obtained in [54] describes the structure of approx-
imate solutions of variational problems in the regions containing the right end
point.

Theorem 8.4. Let M, € > 0 be real numbers and let L1 > 1 be an integer.
Then there exist a positive number § and a natural number L, > L1 such
that if a number T > 2L, and if an a.c. function v : [0, T] — R" satisfies

v(0) € Xy and 17(0, T, v) < o(f, T, v(0)) + 8,

then
|W(T — 1) — AY) ()| < € forallt € [0, Ly].

9. Optimal Solutions for Infinite Horizon Problems

In this section which is based on [56] we study the structure of optimal solu-
tions of infinite horizon autonomous variational problems with a lower semi-
continuous integrand f : R" x R" — R! U {oo} introduced in Sect.5. We
also show that all the optimality notions used in the literature are equivalent
for the problems with the integrand f. We use the notation and definitions
introduced in Sect. 5.
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Let a be a positive number, ¥ : [0,00) — [0, 00) be an increasing
function such that
lim ¥ (t) = o©
11— o0

and let f : R" x R" — R! U {00} be a lower semicontinuous function such
that the set dom( f) is nonempty convex and closed and that

[, y) = max{y(Ix]), ¥(IyDIyl} —aforeachx, y € R".

We suppose that there exists a point X € R" such that
f(x,0) < f(x,0) for each x € R"

and that assumptions (A1)-(A4) introduced in Sect. 5 hold.

We use the notion of an overtaking optimal function introduced in Sect. 5.
The following two optimality notions are also used in the infinite horizon
optimal control.

An a.c. function v : [0, c0) — R" is called (f)-weakly optimal [11, 51]
if for each a.c. function u : [0, c0) — R" satisfying u(0) = v(0), we have

liminf[Z7 (0, T, v) — 170, T, u)] <O.
T—0o0

An a.c. function v : [0, 00) — R" is called (f)-minimal [5, 51] if for
each pair of numbers 77 > 0, each 7, > T and each a.c. function u :
[Ty, To] — R”" satistying u(7;) = v(T;),i = 1, 2, we have

T b3
f@),v'(®)dr < fu(), u'(1))dr.

T T

The following theorem obtained in [56] shows that for the integrand con-
sidered in the section all the three optimality notions introduced before are
equivalent.

Theorem 9.1. Assume that x € R" and that there exists an ( f)-good function
v : [0,00) — R”" satisfying v(0) = x. Let v : [0,00) — R" be an a.c.
Sunction such that v(0) = x. Then the following conditions are equivalent:

(i) the function v is ( f)-overtaking optimal; (ii) the function v is (f)-weakly
optimal; (iii) the function v is (f)-good and ( f)-minimal; (iv) the function v
is (f)-minimal and lim;_, »c v(t) = X, (v) the function v is (f)-minimal and
liminf;_, o V() — x| = 0.

The following two theorems obtained in [56] describe the asymptotic be-
havior of overtaking optimal functions.
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Theorem 9.2. Let € be a positive number. Then there exists a positive number
8 such that:

(i) For each point x € R" satisfying |x — x| < § there exists an (f)-
overtaking optimal and (f)-good function v : [0, 00) — R" such that
v(0) = x.

(ii) If an (f)-overtaking optimal function v : [0, 00) — R" satisfies |v(0) —
x| <6, then |v(t) — x| < € for all numbers t € [0, 00).

Theorem 9.3. Let €, M be positive numbers. Then there exists a number a
positive number L such that for each point x € Xy and each ( f)-overtaking
optimal function v : [0, 00) — R" satisfying v(0) = x the following inequal-
ity holds:

lv(t) — x| <eforallt € [L, o).

The next theorem obtained in [56] establishes a non-self-intersection
property of overtaking optimal solutions analogous to the property estab-
lished in [34, 50] for variational problems with finite-valued integrands.

Theorem 9.4. Assume that v : [0, 00) — R" is an (f)-good ( f)-overtaking
optimal function and that 0 < 11 < tp satisfy v(t1) = v(t2). Then v(t) = x
for all numbers t > 1.

10. Agreeable Solutions

We use the notation, definitions and assumptions introduced in Sect.5. In
particular we assume that assumptions (A1)—(A4) hold.

An a.c. function v, : [0, 00) — R" is called (f)-agreeable [19-21] if for
any Ty > 0 and any € > O there exists a number 7. > Tg such that for any
number T > T, there exists an a.c. function v : [0, T] — R" which satisfies

v(t) = v*(t)5 te [Oa To]a
17(0,T,v) < o (f, T, v.(0) +e.
We will prove the following result.

Theorem 10.1. Let v, : [0, 00) — R”" be an a.c. function and let v : [0, 00)
be an (f)-good function such that v,(0) = v(0). Then the following proper-
ties are equivalent:

(i) the function vy is (f)-agreeable; (ii) the function v, is ( f)-minimal and

lim |v(r) — %| = 0.
11— o0
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Theorem 10.1 is proved in the next section.
It is easy to see that Theorems 9.1 and 10.1 imply the following result.

Theorem 10.2. Assume that x € R" and that there exists an ( f)-good func-
tion v : [0, 00) — R" satisfying v(0) = x. Let v : [0, 00) — R" be an a.c.
function such that v(0) = x. Then the following conditions are equivalent:

(i) the function v is ( f)-overtaking optimal; (ii) the function v is (f)-weakly
optimal; (iii) the function v is (f)-good and ( f)-minimal; (iv) the function v
is (f)-minimal and lim;_, », v(t) = X, (v) the function v is (f)-minimal and
liminf;, » |v(t) — x| = O; (vi) the function v is (f)-agreeable.

11. Proof of Theorem 10.1

Let us show that property (i) implies property (ii). Assume that property (i)
holds. We claim that the function v, is (f)-minimal.

Assume the contrary. Then there exist So > 0 and an a.c. function u :
[0, So] — R" such that

u(0) = v4(0), u(So) = v«(So), (11.1)
170, So, u) < 17(0, So, v).
Fix a positive number
A < 170, So, ve) — 17 (0, So, u). (11.2)

Since the function v, is (f)-agreeable there exists a number 77 > Sy such
that the following property holds:
(P1) for any T > T there exists an a.c. function v : [0, T] — R" such
that
v(t) = v (t), t € [0, Sol, (11.3)

1700, T, v) <o (f, T, v:(0)) + A/2.

By property (P1) there exists an a.c. function v : [0, T1] — R" such
that (11.3) holds and

1700, Ty, v) < o(f, Ti, v4(0)) + A/2. (11.4)

It follows from (11.1) and (11.3) that there exists an a.c. function z
[0, T1] — R" such that

z(t) = u(t), t € [0, Sol, z(t) = v(t), t € (So, T1]. (1L.5)
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In view of (11.1)—(11.5),

0<17(0,T1,2) — o (f, T1, v:(0)) < 170, T1,2) — 170, Ty, v) + A/2
=170, So, u) — 17(0, Sp, v) + A/2
<1700, So, v) = A =170, So,v) + AJ2 = —A)2,

a contradiction. The contradiction we have reached proves that the function
Uy 18 (f)-minimal.
Let us show that
lim |v.(¢) — x| =0.
—0o0

Let € > 0. Since the function v is (f)-good there exists a constant M > 0
such that
17(0,T,9) < Tf(X,0)+ M forall T > 0. (11.6)

By (11.6) and the equality v, (0) = v(0),
v4(0) € X . (11.7)

In view of Theorem 5.2, there exist an integer L > 1 and a number § > 0
such that the following property holds:

(P2) for each number T > 2L and each a.c. function v : [0, T] — R"
which satisfies

v(0) € X and If(O, T,v) <o(f,T,v(0))+6
we have
lv(t) — x| <eforallt e [L,T — L].

Let a number
S >2L. (11.8)

Since v, is (f)-agreeable there exists Ts > S such that the following property
holds:
(P3) for any T > T there exists an a.c. function v : [0, T] — R" which
satisfies

v(t) = v(2), t €0, S], (11.9)

170, T,v) <o (f, T, v4(0)) + 3. (11.10)

Let T > Ts and let an a.c. function v : [0, T] — R" be as guaranteed by
(P3). Thus (11.9) and (11.10) hold.
It follows from (11.7)—(11.10) and property (P2),

lv(t) — x| <eforallt e [L,T — L].
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Together with (11.8) and (11.9) this implies that
v (t) — x| <eforallt € [L,S — L].
Since the inequality above holds for any S > 2L we have
|[ve(t) — X| < eforallt > L.

Thus
lim |v,(#) — x| =0
11—

and we showed that property (ii) holds.
Assume that the function vy is (f)-minimal and that

lim |vs(t) — | = O.
—> o0

We claim that the function v, is ( f)-agreeable. By Theorem 9.1 the function
Uy 18 (f)-good and there exists a number M > 0 such that

[v:(0)] < M, (11.11)

1170, T, vs) — Tf(x,0)| < M forall T > 0. (11.12)

Let Ty > 0 and € > 0. By Proposition 6.2 there exists a positive number
€0 < € such that the following property holds:
(P4) for each function v : [0, 1] — R" satisfying

[v(0) — x|, [v(l) = X| < o,

we have _
170, 1,v) > f(x,0) —¢/8.

In view of (A1) there exists a number € € (0, €p) such that the following
property holds:
(P5)

{(z,y) € R" x R" : |z —X| < 4ey, |y| < 4e1} C dom(f),

|f(z,y) — f(%,0)] < e/8 foreach (y,z) € R" x R"
satisfying |x — z| < 4e€1, |y| < 4ey.

In view of (A4) there exists Ly > 0 such that

[vs(f) — X| < € forallt > Lo. (11.13)
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By Theorem 5.2 there exist an integer L; > 1 and a number § € (0, €/4)
such that the following property holds:
(P6) for each number T > 2L and each a.c. function v : [0, T] — R" which
satisfies

v(0) € X7 and If(O, T,v) <o(f,T,v(0)+$§

we have
lv(t) —x| < e forallt € [L{, T — Lq].

Fix
T. > 2Ly +2Ly+ Tp + 4. (11.14)

Letanumber T > T.. By (11.12) and (11.14), there exists an a.c. function
v : [0, T] — R"™ which satisfies

v(0) = v,(0), (11.15)

170, T,v) <o (f, T, v4(0)) + 5. (11.16)
It follows from (11.12), (11.14), (11.15), (11.16) and (P6) that

lv(t) — x| <eforallt € [L, T — L1]. (11.17)
By (11.14), (11.17) and (P4),
I'(T—L -2, T—L; —1,v) > f(%,0) —€/8. (11.18)
Define an a.c. function ¢ : [0, T — L} — 1] — R" by
) =v@®), te€[0, T — L —2],

V() =v(T —L1—=2)+ (@t —(T—Ly =2))[vi(T — L1 = 1) —v(T — L1 =2)],
te(T—L;—2,T —L,—1]. (11.19)
By (11.15) and (11.19),

0(0) = ve(0), (T — Ly — 1) =v (T — Ly — 1). (11.20)
Since the function v, is (f)-minimal (11.20) implies that

170, T—L; —1,v) <170, T —L; —1,9). (11.21)
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It follows from (11.13), (11.14), (11.17) and (11.19) that for all t € (T —
Li—2,T—L;—1),

V() =v (T —Li —1)—v(T — L1 —2), (11.22)
[0/(t)] < Jvs(T — L1 —1) — x| +|X —v(T — L —2)] <2, (11.23)
[0(t) — x| < [o(T — L1 —2) — X[ +|0'(1)] < 3e1. (11.24)
In view of (11.23), (11.24) and (P5), forallt e (T — Ly —2,T — L1 — 1),
If(0(0), 0'(1)) — f(X,0)] <€/8

and
I'(T—-L1—2,T—Li—1,0) < f(x,0) +¢/8. (11.25)

In view of (11.19), (11.21) and (11.25),

O, T—Li—1,v)<If0,T—L —2,v)+ f(%,0) +¢/8
=170, T-Li—1,v)— /(T =L —=2,T—L—1,v) + f(%,0) +¢/8
<10, T—L—1,v)+¢/4. (11.26)

By (11.14), (11.17) and (P4),
I'(T—Ly—1,T —Lyi,v) > f(%,0) —€/8. (11.27)
Define an a.c. function u : [0, T — L{] — R" by
u(t) =v4(t), t €0, T — L1 — 1],

u@®) =vs(I' —L1 =D+ @ — (T — L1 —1)[v(T — L) —v (T — L1 = 1)],
te(T—Li—1,T—L]. (11.28)
By (11.28) and (11.15),

u(0) = v(0), u(T — Ly) = v(T — Ly). (11.29)

Set u(t) =v(t), t € (T — Ly, T. (11.30)
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It follows from (11.13), (11.14), (11.17) and (11.28) that for all t € (T —
Ll - 17 T - Ll)’

W(t) =v(T — Ly) —v(T = L1 = 1),

lu' ()] < [v(T = L1) =%+ ¥ —ve(T — L1 — D] < 265, (11.31)

() — x| < |vs(T — L1 — 1) = x|+ [v(T — L1) — v(T — L1 — 1)| < 3ey.
(11.32)

In view of (11.31), (11.32) and (P5), forallt e (T — L1 —1,T — Ly),

Lf (), u' (1)) — f(%,0)] <€/8
and
I'(T—Li—1,T—Li,u) < f(%,0) +¢/8. (11.33)
In view of (11.16), (11.26), (11.27), (11.28), (11.30) and (11.33),

170, T,u) =170, T —Li,u)+ I/ (T =L, T,v)

<170, T—L—1,v)+ f(x,0)+€/8+ 1/ (T =Ly, T,v)

<170, T—Li—1,v)+¢/4+1/ (T —L,—1,T — Ly, v)
+e/4+ /(T — Ly, T, v)

=170, T,v)+¢/2 <o(f, T,vs(0)) + €/4/ +¢/2

and
170, T, u) <o (f, T, v:(0) + €. (11.34)

Thus in view of (11.28) for any T > T, there exists an a.c. function u :
[0, T] — R" such that u(t) = v«(¢), t € [0, Tp] and (11.34) holds. Thus the
function v, is (f)-agreeable. This completes the proof of Theorem 10.1.
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Abstract. Let g and u be Cl-class real-valued functions that satisfy the Lagrange
multiplier condition Du = Ag and Du # 0. In this paper, we show that u is quasi-
concave if and only if g satisfies an inequality which is related to the Bordered Hessian
condition even if both of u and g are C I rather than C2.

Key words: Integrability, Inverse demand function, Quasi-concavity, Utility function

1. Introduction

Let C be an open and convex subset of R” and g : C — R" \ {0} be a C!-
function. Hosoya [2] shows that under integrability condition of g, for any
x € C there exist an open (and convex, if necessary) neighborhood U of x
and a couple of functionsu : U — R and A : U — R such that

(a) uis C'-class,
(b) A is positive and continuous, and furthermore,
(©) Du(y) =A(y)g(y) forany y € U.

However, we have to admit that it is an incomplete result for the theory of
consumers in the following sense. Usually, g and u are interpreted as an in-
verse demand function and a utility function, respectively. Hence, it is re-
quired that every y € U is a maximum point of # with the budget constraint
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determined by the price g(y) and the income g(y) - y. Thatis,each y € U
must be a solution of the following problem:

max  u(z)

subject to. g(y) -z < g(y) -y, (0
zeU.

We say that u has the property A if it satisfies the above condition.

In this paper, we assume that two functions u, A : U — R with conditions
(a), (b) and (c) exist, where U is an open and convex subset U of C. Our main
task is to show the following results: (1) u satisfies the property A if and only
if u is quasi-concave,' and (2) u is quasi-concave if and only if

w' Dg(y)w <0

for any y € U and any w € R” such that w - g(y) = 0.
Note that if u is C2, the result of (2) is an easy consequence of the result
of Otani [3]. Indeed, Otani [3] shows that u is quasi-concave if and only if

wTDzu(y)w <0

forany y € U and any w € R” such that w - Du(y) = 0.> Under conditions
(a), (b) and (¢), w - Du(y) = 0 if and only if w - g(y) = 0. Also, under
conditions (a), (b) and (c), A is C! if u is C? and thus,

w” D*u(y)yw = w” [g(y) DA(Y) + A(y) Dg(y)]w
= 2w’ Dg(y)w

for any w € R” such that w - g(y) = 0. Hence, (2) holds in this case. There-
fore, our main purpose is to extend this result for the case u is C! rather than
C?, provided that the integrability condition is fulfilled.’

In Sect. 2, we present a rigorous statement of our theorem. The proof of
theorem is in Sect. 3.

' A real-valued function f defined on the convex set is said to be quasi-concave if
every upper contour set {x| f(x) > a} is convex.

2 This condition is known as the Bordered Hessian condition.

3 Debreu [1] introduces an example of C ! _class function g such that it satisfies the
integrability condition and there is no C 2_function u such that Du = Ag for some
C!-function A. Hence, our extension is meaningful.
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2. Main Results

Let n > 2, U C R”" be open and convex, and the functions g : U —
R*\{0},A : U - Ryy and u : U — R be given. We assume both g
and u are C! and,

Du(x) = A(x)g(x),

forany x € U.
Theorem. The following three claims are equivalent.

(1) u has property A.
(2) u is quasi-concave.
(3) wIDg(x)w < 0 forany x € U and w € R" such that w - g(x) = 0.

3. Proof

3.1. (2) Implies (1)
Suppose that u is quasi-concave and fix x € U. Then, Du(x) # 0 and
Du(x) = A(x)g(x), that is, the Lagrange multiplier condition holds at x.
Hence, u has property A and thus (2) implies (1). |
3.2. (1) Implies (3)
Suppose (1) holds and w - g(x) = 0. Define x(¢) = x + tw. Then,

g(x) - x(1) =gx)-x

for any t. Let c(¢t) = u(x(¢)). Since (1) holds and U is open, the function ¢
can be defined on [—e¢, ¢] for sufficiently small ¢ > 0, and

c(t) = c(0)

for any t € [—e¢, ¢]. Note that ¢’(f) = Du(x(¢)) - w. By the mean value
theorem, there exists a sequence (f,,,) such that ,,, | 0 and ¢/(z,,) < 0. Hence,
we have the following evaluation:

Du(x(twm)) - w

0 > lim sup
m—00 Im
. Mx(tm))g(x(tm)) - w
= lim sup
m—00 tm

t .

m—00 Im
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— Mlimsup g(X(tm))t— sx©)

= MwTDg(x)w,

where M = max;c[—g ¢ A(x(1)) > 0. Consequently, we have w! Dg(x)w <
0, and thus, (3) holds. |

3.3. (3) Implies (2)

Suppose (3) holds and (2) does not hold. Then, there exists x, y € U and
z € [x, y] such that u(z) < min{u(x), u(y)}. Define a number s* by

s* = max[arg min u((1 —t)x +1ty)].
1ef0,1]

By the assumption concerning x and y, we have 0 # s* # 1. Let x(¢t) =
(1—=0tx+1ty,w=x(s*) and Du(w) = p. Then p # 0 and thus || p|| # 0.
Consider the following function:

fla,b) =u(w +a(y — x) +bp) = u(x(s* +a) + bp).

Then, f is ¢! around (0, 0), £(0,0) = u(w) and f3(0,0) = ||p||2 > 0, and
thus, by the implicit function theorem, there exists &1 > 0,¢&2 > Oanda C 1
function b : [—e1, 1] — R such that 5(0) = 0 and f(a, b) = u(w) if and
only if b = b(a) for any (a, b) € [—¢1, €1] X [—&2, &2]. Now, since

_ fala, b(@))

fo(a, b(a))
_ Du(x(s* +a)+bla)p) - (y —x)
~ Dux(s*+a)+b@p)-p

b (a) =

we have
_Du@)-(y—x) _

Du(w) - p

by the first-order condition of the following minimization problem:

b 0) =

min u(x(t)).
1€[0,1]

Meanwhile, since f(a, b(a)) = u(w), we have

Du(x(s* +a) + b(a)p) - [b'(@)p + (y — x)] =0,
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and thus,
gx(s* +a)+b@p)-[b(@p+(»y—x)]=0
for any a € [—¢1, €1].
Clearly, if a = 0, then Du(x(s* 4+ a) + b(a)p) - p = || p|I*> > 0. Hence,
if a > 0 is sufficiently small, then Du(x(s* + a) + b(a)p) - p > 0. For such
a >0,

0 = lim sup {Du(x(s* +a) +b(a)p) - [b'(@)p + (y — )]

a'la

—Du(x(s* +a) + b(a)p) - [b'(@)p + (v = )]}

= limsup — 1 {Du(x(s* +a) +b(a@)p) - [b'@)p + (y = 0)]

a'la a —a
—A(x(s™ +a) + b(@)p)g(x(s* +a) + b(a)p) - [V'(@")p + (y — )]}
{Du(x(s* +a) + b(a)p) - [(b'(@)p + (y — x))

a —a

= lim sup
r_
a'la a a

—@®'@p+ (y—x)N]+Ax (™ +a) +b@)p)lgx(s*+a) +b@@)p)
—gx(s* +a) +b@p))-[b'@)p+ (y— )1}

b —b
= Du(x(s* +a) + b(a)) - p x limsup < )/ @
a'la a —da

+A( (5™ + a) + b@)p)b' (@p + (v — 0] Dg(x(s* +a) + b(a)p)
[b'(@p + (v — )1,

where the second term of the right-hand side is non-positive from (3). Hence,

we have b b
lim sup M > 0.

d'la a —a
Similarly, we can show that

b'a) —b'@) 0

lim sup
a —a

a'ta
for sufficiently small a > 0.
Now, fix any such a > 0 and define h(0) = b’ (0)a—b'(a)0. Then h(a) =
h(0) = 0, and thus, there exists 6* €]0, a[ such that either 4(6) < h(6*) for
any 6 € [0, a] or h(0) > h(0*) for any 6 € [0, a]. If the former holds, then

h(0) — h(6*
OZ hmsupu
06* 9—9*

. b'(0) —b'(67)
=alimsuyp ——— —

/
mer g e M@
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and thus, we have »’(a) > 0. We can show b'(a) > 0 in the latter case
similarly. Therefore, we have b’'(a) > 0 for any sufficiently small a > 0.
Since b(0) = 0, we have b(a) > 0 for any sufficiently small a > 0.
Now, since
f»(0,0) = [Ipll* >0,

there exists a neighborhood V of (0,0) such that fy(a,b) > 0 for any
(a,b) € V. If a > 0 is sufficiently small, then (a,b) € V for any
b € [0, b(a)]. Therefore,

Du(x(s* +a)+bp) - p = fp(a,b) > 0,

and thus,
u(x(s* +a)) <u(x(s*+a) + ba)p) = u(w),

which contradicts the definition of s*. Hence, we conclude that (3) implies
2). ]
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