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Abstract

While considering the circulatory system, a mechanical view point provides the
basis for understanding various physiological and pathophysiological phenom-
ena. In this section, we introduce the fundamentals of fluid and solid mechanics
in relation to the circulatory system. In the first part on fluid mechanics, we start
by introducing the concepts of Newtonian and non-Newtonian fluids, viscosity,
and apparent viscosity. Then, the rheological properties of blood are described,
and the universal mechanical law for flow through cylindrical tubes is derived.
Based on that law, we consider the characteristics of tube flow for Newtonian
and non-Newtonian fluids and present several representative examples of math-
ematical models for blood flow through vessels. These models have a close
relationship with important physiological phenomena. In the second part, we
first discuss the concept of continuum mechanics for a large deformation of the
vascular wall. Then, we introduce passive hyperelastic models, an active smooth
muscle model, and incorporations of residual strain and smooth muscle
contractions. We demonstrate typical axisymmetric solutions of arterial wall
stress for a tube model under physiological loading conditions, i.e., longitudinal
stretch and intraluminal pressure. We also show some approaches for arterial
diseases such as atherosclerosis, aortic aneurysm, and aortic dissection.
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2.1 Vascular Fluid Mechanics

In this section, we introduce the basic concepts of fluid mechanics to understand the
circulatory system from a mechanics standpoint. Focusing on steady flow through
circular cylindrical tubes, we describe the rheological behaviors of Newtonian and
non-Newtonian fluids, and consider several distinctive features of blood flow
through vascular vessels by utilizing simple mathematical models.

2.1.1 Newtonian and Non-Newtonian Fluids

First, the definition of “stress” in a fluid will be introduced. Suppose a small surface,
S, is inside the fluid, and a unit vector normal to this surface is denoted as n. As
shown in Fig. 2.1, the fluid on the side of the surface, to which the normal vector
points, exerts a force, F, on this surface. In mechanics, the term “stress” is used to
express force per unit area. Thus, the stress acting on this side of the surface, 6, is
defined as F/S as the limit of S approaches 0. The stress acting on the other side of
the surface is expressed as —F/S in the same limit, as may be understood by
Newton’s third law. The stress has three components in space that depend on the
location and orientation of the normal vector n. In this sense, the stress can be
specified by the so-called stress tensor of rank 2 (For details, refer to a text book of
fluid mechanics, e.g., Farber 1995).

It is usually convenient to decompose stress, 6, into a normal stress, normal to
the surface or parallel to the vector n, and a tangential stress, tangent to the surface,
as shown in Fig. 2.1. The normal stress is sometimes called the tension if it works in
the direction of n, whereas it is called the pressure if it works in the opposite
direction of n.

2.1.1.1 Viscosity and Apparent Viscosity

As may be expected, only pressure acts on a fluid at rest. When the fluid flows,
tangential stress is also generated. With regard to this issue, Newton first introduced
the concept of “viscosity” of a fluid, utilizing a simple flow configuration sketched
in Fig. 2.2.

Fig. 2.1 Force F exerted on
a surface, S, in a fluid
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Fig. 2.2 Couette flow y /
between two parallel plates
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Suppose that a fluid is confined between two parallel plates, an upper plate that
moves with a constant velocity and a lower plate that is stationary. Following the
movement of the upper plate, planar laminae of the fluid lying parallel to the plates
move steadily and slide over one another creating a uniform velocity gradient
(or shear rate), y. Newton postulated that in such circumstances, a frictional shear
stress (tangential stress) arises between adjacent laminae, the magnitude of which is
proportional to the velocity gradient:

T =y (2.1)

The proportional constant, 7, is called the viscosity or shear viscosity. For homoge-
neous fluids such as water or saline, # is a material constant if temperature and
pressure are specified. These fluids are referred to as Newtonian. Equation (2.1) is
called the Newton formula. More rigorously, a Newtonian fluid is one in which the
stress tensor in the fluid is a linear function of the rate of strain tensor, the
components of which are expressed in terms of velocity gradients (e.g., Farber
1995).

In Fig. 2.2, the lamina next to the plate exerts the shear stress expressed by
Eq. (2.1) on the plate. Thus, to keep the movement of the upper plate steady, we
need to apply an external force on the plate that balances such a tangential force
over the plate. Accordingly, if the force applied to the upper plate is measured, the
fluid viscosity, #, can be estimated using Eq. (2.1). This is the principle used by
rotational viscometers to measure viscosity of a fluid.

A fluid not obeying the Newton formula (2.1) is referred to as non-Newtonian.
Blood plasma is generally regarded as a Newtonian fluid. Blood, however, behaves
as a non-Newtonian fluid; the shear stress, 7, is a nonlinear function of y. Before
studying blood viscosity, let us consider some representative characteristics of
non-Newtonian fluids.

2.1.1.2 Representative Types of Non-Newtonian Fluids
A number of complex fluids, including whole blood, suspensions and slurries of
rigid and deformable solid matter, and pastes and emulsions, are non-Newtonian. If
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measurements of the shear stress, 7, and shear rate, y, are made for the flow
configuration shown in Fig. 2.2, the ratio of these quantities defines a function,
which is called apparent viscosity:

na(7) =~ (2.2)

T
/4
Although the apparent viscosity is not a material constant, it represents a rheologi-
cal characteristic of the complex fluid.

Non-Newtonian fluids may be classified depending on the variation of the shear
stress with shear rate or on the variation of the apparent viscosity with shear stress
or shear rate. Figure 2.3 shows several representative behaviors of non-Newtonian
fluids as well as that of Newtonian fluids (line (i)). The materials corresponding to
lines (ii), (iii), and (iv) in Fig. 2.3 are called “Bingham plastic,” “pseudoplastic,”
and “dilatant,” respectively. Bingham plastic does not deform at all when subjected
to a shear stress smaller than a certain value. This is mostly due to the presence of
microstructures or clusters of molecules, and a certain stress is required to break
them. This critical value is called the “yield stress.” For stresses above the yield
stress, the Bingham plastic flows with the shear stress as a linear function of shear
rate. The pseudoplastic (line (iii)) exhibits a decrease in apparent viscosity as the
shear rate increases. This phenomenon is sometimes called “shear-thinning.” Many
materials, such as various polymer solutions, show pseudoplastic behavior in
varying degrees. There are some materials that appear to expand when subjected
to shear stresses; the dilatant (line (iv)) exhibits an increase in apparent viscosity as
the shear rate increases because of this dilation. This phenomenon is sometimes
called “shear-thickening,” and some concentrated suspensions of solids, slurries,
and proteins show dilatant behavior.

(ar) (ii) (2

(i)

(iv

0 7 O 4

Fig. 2.3 Rheological properties of various types of fluids: (a) shear stress and (b) apparent
viscosity vs shear rate for (i) Newtonian, (ii) Bingham plastic, (iii) pseudoplastic, and (iv) dilatant
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It is evident that the straight line (i) in Fig. 2.3a for a Newtonian fluid is
described by Eq. (2.1). The slope of this line corresponds to the viscosity, #. The
line (ii) for Bingham plastic is expressed by

{f =t +pup (t271) (2.3)

where 7. represents the yield stress, and u is the plastic viscosity. The shear-
thinning and shear-thickening may be ideally expressed by the so-called power-
law fluid:

T = k", (2.4)

where n and k are constant, and n <1 and n > 1 represent the shear-thinning and
shear-thickening, respectively. n=1 represents the Newtonian fluid. Equations
(2.1), (2.3), and (2.4) specify the properties of the materials and are collectively
called the constitutive equation.

2.1.2 Blood Viscosity

Blood is a suspension of red blood cells (erythrocytes), white blood cells
(leukocytes), and platelets in plasma. Plasma is about 90 % water by weight, 7 %
plasma protein, 1 % inorganic substances, and 1 % other organic substances.
Normally, plasma is an incompressible Newtonian fluid with a viscosity of about
1.2 cP at 37 °C. The red cells constitute the largest percentage of cells with a
hematocrit (volume fraction of red cells) of about 40—45 % in normal blood. The
white cells of various categories make up less than 1/600th of the total cellular
volume, and the platelets occupy less than 1/800th of the cellular volume (Fung
1993). Thus, blood can be regarded as a highly concentrated suspension of red cells,
and its rheological properties are strongly influenced by these red cells.

The viscosity of blood at a given temperature is a function of shear rate,
hematocrit, plasma viscosity, physical properties of the red cells, and cell aggrega-
tion. At a normal state of 45 % hematocrit, the apparent viscosity of whole blood is
about 4 cP at relatively high shear rates. The relationship between the apparent
viscosity, 7,, and hematocrit is nonlinear, with 7, rising at an increasing rate as the
hematocrit increases.

Human red cells can form aggregates under low-flow conditions. They can
deform when subjected to shear. Figure 2.4 is a typical diagram used to show the
importance of red cell deformation and aggregation (Chien 1970). The apparent
viscosities relative to the medium viscosity are shown for three different red cell
suspensions, NP, NA, and HA. The line NP refers to normal blood. When the shear
rate increases, blood aggregates tend to be broken up, and the viscosity of blood
decreases. As the shear rate further increases, the deformation of the red cells
becomes more evident, and the red cells are elongated and aligned with the flow
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Fig. 2.4 Logarithmic relation between viscosity and shear rate in three types of suspensions at
37 °C, each containing 45 % human RBC by volume (Modified from Chien 1970)

direction, which reduces blood viscosity. The line NA refers to a suspension of
normal red cells in isotonic saline containing 11 % albumin, and they show
deformation but no aggregation. The third line, HA, refers to a suspension of
hardened red cells in the same saline solution, and they show neither deformation
nor aggregation. At low shear rates, the apparent viscosity relative to the medium
viscosity is higher for NP than for NA because of red cell aggregation, and at high
shear rates it is lower for NP than for HA because of red cell deformation.

It is convenient to have analytical expressions representing the blood apparent
viscosity as a function of rheological factors such as hematocrit and shear rate. A
number of equations have been proposed to describe the rheological behavior of
blood. Among them, Scott-Blair (1959) used Casson equation derived by Casson
(1959) based on a mechanical model of suspension flow:

\/;: ﬁ+ﬁ\/;v (2'5)

where 7. and 7. are called the Casson viscosity and Casson yield stress, respec-
tively. In this model, the suspension was assumed to contain particles that can
aggregate at low shear rates to form rod-like aggregates, which increase in length as
the shear rate decreases. Scott Blair plotted 2 against 7'/2 for whole blood,
plasma, and serums of several species and showed that they produced excellent
straight lines. Cokelet et al. (1963) showed that for small shear rates, y < 10 s71,
and for a hematocrit less than 40 %, the blood viscosity is well described by the
Casson Eq. (2.5).
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It is generally accepted that blood does not flow unless the shear stress exceeds
yield stress, 7., the value of which is markedly influenced by several factors such as
hematocrit and macromolecular composition. Since 7. is very small, ~ 0.05 dyn/
cm® (Merrill et al. 1963), experimental determination of yield stress is complicated.
It is known that a suspension of red cells in plasma containing fibrinogen has a finite
yield stress, but a suspension of red cells in saline plus albumin has zero yield stress.
At high shear rates, whole blood behaves like a Newtonian fluid with a constant
viscosity.

2.1.3 Steady Flow Through Circular Cylindrical Tubes

As a basis to understand blood flow through vascular vessels, we consider the
steady laminar flow of a homogeneous fluid through a straight circular cylindrical
tube of radius R and length L under a pressure difference, Ap. Since the tube radius
is uniform, it is reasonable to assume that the flow is parallel to the cylindrical axis,
the x-axis. In this section, we derive an expression for shear stress in the fluid using
the property that the net force acting on any fluid element vanishes because of
steady flow.

We consider a fluid element of circular cylindrical annulus of radius r, thickness
Ar and length Ax, the center of which lies on the centerline of the tube, as shown in
Fig. 2.5. If shear stresses acting on the circumferential surfaces of the annulus at
r=rand r+ Ar are expressed as 7(r) and z(r + Ar), respectively, then the total force
exerted on the circumferential surfaces becomes

(r + Ar) x 2z(r + Ar)Ax — z(r) X 2zrAx (2.6)

in the x-direction. This force is balanced with the pressure difference exerted at both
ends of the cylindrical annulus at x = x and x + Ax. This condition of force balance
yields

[(r 4+ Ar)e(r + Ar) — rz(r)] 2zAx = [p(x + Ax) — p(x)] 2zrAr. (2.7)
Fig. 2.5 A fluid element of
circular cylindrical annulus of dr+dr)
radius r, thickness Ar, and R Ar
length Ax \m
—p(x)

Flow
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Using Taylor expansions, we obtain

——+-—(rr) =0. (2.8)

Integration of this equation in the r-direction leads to

a C
= — — 29
=t (2.9)
where @« = —dp/dx = Ap/L represents the pressure gradient, and C is a constant.

Since the shear stress is finite at r = 0, C is determined to be 0, and the shear stress at
the radial position 7 is obtained as

r. (2.10)

The magnitude of shear stress is illustrated in Fig. 2.6. It vanishes at the centerline
of the tube and increases linearly with r up to a maximum value, 7,, (= aR/2), on the
tube wall. Equation (2.10) is valid for both Newtonian and non-Newtonian fluids.
Next, we obtain a velocity profile for several types of fluids based on this relation-
ship (2.10).

Fig. 2.6 Magnitude of shear

stress in a steady tube flow. | 7
The shear stress reaches the

yield stress 7, at radial

distance ..

a/2

A
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2.1.3.1 Flow of Newtonian Fluids

We consider the flow of a Newtonian fluid with viscosity # through a cylindrical
tube treated above. Since velocity gradient in this case is expressed as du/dr,
Eq. (2.1) is rewritten as

du
=n—. 2.11
=0y (2.11)
Thus, substituting Eq. (2.11) in Eq. (2.10) and integrating under the no-slip bound-
ary condition on the tube wall yields the velocity profile in the tube:

a
=2 (R? —?). 2.12
u ™ ( ) (2.12)

Equation (2.12) represents a parabolic velocity profile, called the Poiseuille flow.
The flow rate per unit time is easily obtained as

R 4

Q:J u27trdr:£a. (2.13)
0 81

For a given pressure gradient, a(=Ap/L), the flow rate Q is proportional to R*,

indicating that it depends substantially on the tube radius. In other words, a small

change in the tube radius drastically affects the flow rate through the tube. This may

reflect effective control of blood flow in arterioles by changing their radii.

2.1.3.2 Flow of Casson Fluids

Next, let us consider the steady flow of a Casson fluid through a tube under the same
condition. The constitutive Eq. (2.5) can be used if 7> 7.. If not, the velocity
gradient vanishes, i.e.

d
o du g

p== (2.14)

Thus, we notice from Fig. 2.6 that if z,, < 7., then the magnitude of the shear stress
is smaller than 7. in the entire region of the tube. In this case, Eq. (2.14) together
with the no-slip boundary condition on the tube wall leads to

u=0 (7, <t). (2.15)

The condition of z,, =7, provides a critical pressure difference (Ap). to generate
fluid flow through the tube:

(ap), = 2L, (2.16)

If the pressure difference across the tube is smaller than (Ap),, flow does not occur.
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For the case of 7,, > 7., we define the critical radius 7. by

Te. (2.17)

_a
=3
It can be seen from Fig. 2.6 that for r > r,, the magnitude of shear stress is larger
than 7. for cases where Eq. (2.5) is satisfied. For r < r., the magnitude of shear stress
is smaller than 7. for cases where Eq. (2.14) is satisfied. Combining these equations
and Eq. (2.10) yields

a du

=T = 4/T¢ Al — «<r<R

P s
du 0

3 (r<re)

The second equation implies that the velocity profile is flat for » < r.. From the first
equation, we obtain

du_l

a_a(gFWEY@grgm. (2.19)

Integrating this equation and using the no-slip boundary condition on the tube wall
at r =R, we have

a
u=

- 4.

|:R2 — 2 grol/Z <R3/2 — r3/2> + 2}‘6.(R — }”):| (I'L- <r< R) (220)

Inserting r=r, into Eq. (2.20), we obtain the velocity u., which represents the
constant velocity in the region r <r,:

e = % (\/1? - \/rT.)B <\/1—?+%\/r_c> (r<re). (2.21)

Equations (2.20) and (2.21) provide a blunt velocity profile as shown in Fig. 2.7.
The flow rate is easily obtained as

aR*a
0= A
P

where F(&) was formulated by Oka (1981) as

F() (zw> 7o), (2.22)

o Bapt La e
FQ=1-2¢"42e-8 e=2. (223)
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Fig. 2.7 Velocity profile of a
Casson fluid in a tube (r./ 2
R=0.2). up = aR?/(4n,) r.
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In the case of r.=0 or 7.=0, as expected, Egs. (2.20) and (2.22) reduce to
Egs. (2.12) and (2.13), respectively. In the other cases, since r. is related to a
(Eq. 2.17), the velocity profile and flow rate depend nonlinearly on pressure
gradient.

Here, if we define , = n./F(&), then Eq. (2.22) can be rewritten as

_ zR*

0= 8, a.

(2.24)

This equation has the same form as Eq. (2.13) for Poiseuille flow. The quantity 7, in
Eq. (2.24) is also called apparent viscosity. From Eq. (2.23), we note that apparent
viscosity for a Casson fluid increases rapidly with increasing ¢&.

2.1.3.3 Flows of Bingham Plastic and Power-Law Fluids
It may be interesting to consider the flow of other types of non-Newtonian fluids in a
tube. Here, we briefly treat a Bingham plastic and power-law fluid as representative
examples.

For a Bingham plastic fluid with the constitutive equation given by Eq. (2.3), a
straightforward calculation similar to Sect. 2.1.3.2 for a Casson fluid leads to the
velocity profile and apparent viscosity under the condition of 7. < 7,,:

- %[(Rz —) =2r(R—71)] (re<r<R)
4

(R—r.)? r<r) (2.25)
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and

& re

4 —1
na=u[1—§5+—} e=" (2.26)

3 R’

where 7. is defined by Eq. (2.17). Under the condition of 7. > z,,, there is no flow.
For a power-law fluid with the constitutive equation given by Eq. (2.4), we
obtain the velocity profile and apparent viscosity:

1

A aNy N
—up( 1 (f) ,u= (7) R, 227
! ”°< R ) =k (227)

_R2a3n—|—1
r]a_gu() n+1"°

(2.28)

Except for the case of n = 1, corresponding to a Newtonian fluid, the velocity profile
as well as flow rate depend on the pressure difference in a non-linear fashion as a
power of 1/n.

2.1.4 Application to Various Blood Flows

The basic ideas introduced above are helpful to understand several important and
unique characteristics of blood flow through blood vessels. Here, we present some
typical examples. In each case, an idealized model describes the distinct features of
blood flow observed in vivo and predicts its physiological impact.

2.1.4.1 “Stacked-Coins” Model
The apparent viscosity of blood flowing through small vessels is known to be much
smaller than the bulk viscosity of blood (Fahraeus-Lindqvist effect) (Fahraeus and
Lindqvist 1931). Fluid mechanical investigations on this phenomenon are rather
complicated, since the continuum approach considered so far may be inappropriate
because of the comparable sizes of blood cells and vessel radii. Instead, we need to
analyze the individual motion of the blood cells that interact with the surrounding
plasma. However, the idea introduced at the beginning of this section is useful for
conducting a simple analysis that accounts for the phenomena in small capillaries.
In a vessel with a diameter smaller than ~6 pm, red cells are most likely to flow
in a single file, and a layer of plasma exists between the red cells and vessel wall.
When the distance between neighboring cells is much smaller than vessel diameter,
this flow situation may be described as the first approximation by the “axial-train”
model developed by Whitmore (1968), depicted in Fig. 2.8, and also referred to as
the “stacked-coins” model. In this model, the red cells are confined in a cylindrical
core of radius AR that is concentric with the vessel and moves as a rigid body. The
spacing between the core and vessel wall is assumed to be filled with plasma, a
Newtonian fluid of viscosity 7.
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Fig. 2.8 Stacked-coins
model

, ' rigid(stacked-coins)

If we follow procedure similar to Sect. 2.1.3.1 for the plasma in the region of
AR < r < R, then we obtain Eq. (2.12) for the velocity profile of the plasma in the
gap region. From the no-slip condition at the interface between red cells and
plasma, putting r=AR in Eq. (2.12) provides the velocity of the stacked coins
(red cell core):

ue =—(1-2%). (2.29)

0="—(1-2%. (2.30)

Thus, apparent viscosity of the stacked-coins model is given in terms of plasma
viscosity, #, and radius ratio, 4, as

n

=1 2.31
1_/14 ( )

Ma

This model may give some insight into the low viscosity observed in small
capillaries. Equation (2.31) indicates that the presence of even a relatively thin
layer of plasma in a capillary is sufficient to keep apparent viscosity at a reasonably
low level. For instance, a plasma layer of 0.3 pm thickness in a capillary of diameter
6 pm gives 1 =0.9 and #,=2.9n, which is lower than the bulk viscosity of whole
blood.

2.1.4.2 Capillary Flow in the Presence of a Glycocalyx Layer

Although it has long been known that the luminal surface of the vascular endothe-
lium is lined with a layer of glycocalyx, it was not known until recently that this
glycocalyx layer plays important roles in multifaceted endothelial functions such as
microvessel permeability, regulation of blood flow, and blood cell interactions
(Pries et al. 2000; Weinbaum et al. 2007). If the glycocalyx layer impedes the
flow, the presence of the layer decreases the effective cross-sectional area of the
vessel available for plasma and red cell motion, so it could possibly cause an
increase in apparent viscosity as well as a decrease in hematocrit in small vessels.
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These effects can be understood based on the same idea by using a mathematical
model for the flow of a Newtonian fluid.

In the current model, we consider a circular cylindrical tube of radius R with a
glycocalyx layer of constant thickness % lining the interior surface of the tube wall.
Since the glycocalyx layer is composed of fiber matrixes, it can be assumed to be a
porous material and the so-called “Darcy law” is applied. Thus, a frictional force
proportional to the fluid velocity, —Ku, is exerted on the fluid per unit volume
within the glycolcayx layer, where K denotes the hydraulic resistivity of the
glycocalyx layer. Adding this frictional force term, —Ku - 2zrArAx, to the left-
hand side of Eq. (2.7), we obtain, in place of Eq. (2.8), for the steady flow of a
Newtonian fluid within the glycocalyx layer (R — h < r <R):

— ot ) —Ku=0 (R—h<r<R). (2.32)

Applying Eq. (2.32) for R — h < r < R and Eq. (2.8) for r < R—h together with the
constitutive Eq. (2.1) for the Newtonian fluid, we obtain the velocity profile:

%[AIOG) +BK0(£) + 1} (R—h<r<R)

"= 0 0 , (2.33)
4—}7(71”2+C) (r<R-—h)

where I and Ky are modified Bessel functions and § = /n/K. A, B, and C are
constants expressed in terms of R, 4, and  (for details see Sugihara-Seki and Fu
2005). The dimension of § is the length, and it represents a typical thickness to
which the flow outside the layer penetrates within the layer.

Figure 2.9 illustrates the velocity profiles of Eq. (2.33) for 6 =0.02, 0.05, 0.1,
and 0.2 pm, when the pressure gradient o is kept constant at #=0.5 pm and
R =3 pm. In this figure, the velocity is normalized by the centerline velocity of a
Poiseuille flow at K =0.

No direct measurements of the mechanical properties of the glycocalyx layer
have been reported. However, observations of its functional behavior and theoreti-
cal considerations have given estimates that the value of K for the vascular
endothelial glycocalyx layer is at least 10'" N s/m* or 10'* N s/m*, leading to § ~
0.01 — 0.1 ym (Pries et al. 2000; Weinbaum et al. 2003; Sugihara-Seki 2006).
Figure 2.9 indicates that the fluid is almost stationary within the glycocalyx layer,
so the presence of the glycocalyx layer is nearly equivalent to a decrease in the
vessel radius from R to R — h. This result implies that the flow of Newtonian fluids
exhibits an increase in apparent viscosity by R*/(R — h)* times. For instance, a 0.5-pum
thick glycocalyx in a 6-pm diameter capillary gives R/(R-h)=1.2 and
R*/(R — h)4 ~ 2, which is a significant increase in apparent viscosity. In addition,
the presence of the glycocalyx layer causes a considerable decrease in the hematocrit
in small vessels since red cells do not invade the glycocalyx layer under normal
conditions.
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Fig. 2.9 Velocity profiles of a Newtonian fluid through a tube in the presence of a glycocalyx
layer at its luminal surface (A=0.5 pm, R =3.0 pm). Dotted curve, d =0.02 pm; dashed curve,
8=0.05 pm; dash-dotted curve, 8=0.1 pm; dash-double dotted curve, 8=0.2 pm. The solid
curve represents the velocity profile of Poiseuille flow with the same pressure gradient « (Modified

from Sugihara-Seki and Fu 2005)
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Fig. 2.10 The flow of a Newtonian fluid through an elastic tube. (a) Configuration and (b)

relationship between flow rate and radius ratio

2.1.4.3 Steady Flow in an Elastic Tube

Another type of flow in circular cylindrical tubes to consider is the steady flow of a
Newtonian fluid in an elastic tube when the upstream and downstream pressures are
prescribed, as shown in Fig. 2.10a. The flow through distensible vessels was first
analyzed in a model study for sheet flow in pulmonary alveolar blood vessels (Fung

and Sobin 1972).

We assume that the cross section of the tube is maintained in a circular shape,
and the radius of the tube is governed by the pressure difference between the inside

and outside of the tube, p — py, in such a way that
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R =Ro+k(p— po), (2.34)

where R and k are constants. The pressure p, represents the external pressure; we
assume po = 0 hereafter, without the loss of generality. We further assume that the
radii of the tube vary gradually in the flow direction along the x-axis, so that
Egs. (2.12) and (2.13) for Poiseuille flow can apply locally at each cross section.
From Eq. (2.34), the variation of the tube radius R can be expressed as

R d
k<P

— = . 2.35
Then, since a = —dp/dx, Eq. (2.13) reduces to
R* —dR /dx dR’ /dx
0=" [de_ = 4R/ (2.36)

T8k 8 5k

where 7 is the viscosity of the Newtonian fluid. Since the flow rate Q is constant
along the x-axis, R’ is found to be a linear function of x. If the radii of the tube at the
inlet and outlet are expressed as R, and R,, respectively, and the disturbances due to
entry and exit are assumed to be negligible, then the radius of the tube, R(x), can be
expressed as

RS —R)

R° =R - T

(2.37)

where L is the length of the tube, and R, and R, are related to the pressures upstream
and downstream, p, and p,, respectively, as

R, =Ro+kp,, Ry =Ro+kp,. (238)

Then, from Egs. (2.37) and (2.36) we have the tube radius and flow rate:

. (2.39)

R\’ R,
0- Qo<1 - (R—) ) 00 = J0L (2:40)

Figure 2.10b shows Q/Q, versus R/R,. It is seen that Q/Q, ~ 1 for a rather wide
range of R,/R, from 0 to~0.5. Since Q is independent of the downstream condi-
tion, this implies that the flow rate is mainly determined by the upstream condition,

1
RS_RS 5
R:{Ra5—¥x},
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unless Ry /R, =~ 1. This feature exhibits a sharp contrast to the flow through a rigid
tube, where the flow rate is proportional to the pressure difference, Ap (= p, — py).
The solutions (2.39) and (2.40) are obtained based on the linear relationship
between tube radius and pressure difference (2.34). Instead of this assumption, we
may adopt Hooke’s law for the dilatation of the tube (Fung 1996).
Noting that the circumferential stress in the tube wall of thickness / is expressed
as pR/h by Laplace’s law, we have an expression for Hooke’s law in terms of

Young’s modulus E:
R R
PE_E(Z—1). (2.41)
h Ro

Here, we assume F, i and R are constant. Inserting this expression into Eq. (2.13)
yields

dp Ro - 8n
o I " =—_0. 2.42
( hEp) Ry Q ( )

Since all quantities except p(x) are constant, Eq. (2.42) can be integrated to obtain
the solution in terms of tube radii at the inlet and outlet, R, and R,, respectively,

R\’ hER,>
0- Qo(l - (R—) ) 00 =30 (243)

This equation is similar to Eq. (2.40) and has a similar feature, i.e., the flow rate
does not depend linearly on pressure difference, Ap, and instead depends mostly on
the upstream condition.

2.2 Vascular Solid Mechanics

Mechanical stress is one of the factors that regulate the behavior of blood vessels
(Hayashi et al. 2001; Humphrey 2002). It affects the physiological and pathological
responses of the vascular wall. Macroscopically, mechanical stress can cause a
vascular wall to rupture. Microscopically, it can trigger responses in the mechanor-
eceptors of vascular cells. This section focuses on the macroscopic effects of
mechanical stress on the vascular wall.

2.2.1 Fundamentals of Solid Mechanics

There are two approaches to studying the mechanics of the vascular wall: one
involves formulating an equation to balance force to obtain the stress, and the other
formulates a stress-strain relationship for the vascular wall and solves a boundary-
value problem for a large deformation of the blood vessel.
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Considering the first approach, Laplace’s law can be applied to a membrane,
which has negligible resistance to deformation with bending (Fung 1993). Denoting
the principal curvatures and tensions (force per unit length) as k; and T; (i =1, 2),
respectively, and the pressures on the inner and outer wall as p; and p,, Laplace’s
equation is expressed as

Tik1 +Toko = p; — po (2.44)

where k; is related to the principal radius of curvature r; as

ry=1/k1, ra=1/k;. (2.45)

For a thin cylindrical tube with inner diameter d; and wall thickness ¢ subjected
to intraluminal pressure p (po=0), the relations

rn=d/2, rp=0 (2.46)
hold. Therefore, Laplace’s equation can be written as

2T1/d,‘ = 20't/d,~ =p (247)

where o is the average of the circumferential stress (hoop stress) distributed over the
wall thickness.

The other approach to revealing the mechanics of the vascular wall involves
formulating a stress-strain relationship for the vascular wall and solves a boundary-
value problem for a large deformation of the blood vessel. To solve the problem,
finite deformation theory is introduced from continuum mechanics (Holzapfel
2000).

Consider the Cartesian coordinate system O-x;x,x3. A particle at an initial
position X in a body at time # =0 moves to its current position x at time ¢ =t with
deformation of the body. Using basis vectors e; and components X; and x; (i =1,
2, 3), the initial and current positions x and X are expressed as

X =Xie; = Xje; + Xper + X3e3, X = xje; = x1€1 + X285 + x3€3 (248)

where the repeat of the dummy index i obeys the summation convention.
We assume that the relations

x=x(X,1), X=X(x,1) (2.49)

hold. The deformation gradient F, a two-point tensor, is defined as

ox  Ox;

F=Fiei®ei=3%=3x;
J

e X e; (250)

where the symbol ® indicates a tensor product.
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The inverse of F is obtained as

1 1
F'= JetF <§ejkleimanmFln>ei ®e; (2.51)

where ¢, is a permutation symbol defined as

L (k) =(1,2,3),(2,3,1), (3, 1,2)
eijk = 71, (lal7k) = (3? 31)’ (27 1a3)’ (17372) (252)
0, i=j or j=k or k=i
and the determinant of F is calculated as
detF = eiijl,'szF3k. (253)
A transpose of F is expressed as
Ox; 0x;
FT:FT,‘jei®ej:Fijej®ei:§3j®ej:%ej®ej. (2.54)
J i

The right Cauchy-Green deformation tensor C and the left Cauchy-Green defor-
mation tensor B are defined as

C=F'F, B=FF (2.55)

Therefore, the components of the above deformation tensors can be written as

(B, (B o,
C_<8X,-5_Xj)el®e” B-(an aX}()e,@e,. (2.56)

Green’s strain tensor E is defined in the reference configuration as

1 1
E:E,-je,-®ej:§(C—l)ZE(C,:j—éjj)e,-@ej (257)
where I is a second-order unit tensor and J;; is Kronecker delta defined as
I=9djexe; (51'_,' =1 if i=j and 6;=0 if i# j) (2.58)

The first, second, and third invariants of the right Cauchy-Green deformation tensor
C are defined as

[1 =trC = C,',' (259)

I, = (tr2C - trCz) = % (C,-,'ij - CijCj[) (2.60)

Iy =det C (2.61)

N =
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If v is a velocity vector and v; is its component, the material time derivative of
variable A is defined as

: 04 04
A(X, l) = E + a—XiVi. (262)
The deformation rate tensor D and spin tensor W are defined as

p Mo (o *E{FF*I + (FF)"}

- 2] 0x Ox 2 (2.63)

VI P |

n 2 ax‘/‘ 8x,» ¢ ¢

1| ov or\” L. T

W z{ax‘ (5) }z{W -’ e

_Lovi vy, o,
N 2 an ax,« ¢ ¢
2.2.2 Structure and Components of Vascular Walls

In the order of the blood circulation, blood vessels are classified as the aorta (main
artery), arteries, arterioles, capillaries, venules, veins, and the vena cava (Burton
1954; Rhodin 1979). Typical dimensions and intraluminal pressures for these
vessels are listed in Table 2.1 (Mashima 1986; Berne and Levy 1993).

Blood vessels consist of fiber components; i.e., elastic and collagen fibers,
ground substances, and cellular components such as endothelial and smooth muscle
cells (SMCs). The elastic and collagen fibers are load-bearing components. Elastic
fibers are extensible, while collagen fibers are stiff. SMCs generate a contractile
force to shrink muscular arteries.

The aorta, arteries, veins, and the vena cava have load-bearing structures. The
vascular walls of these vessels consist of concentric layers called the intima, media,
and adventitia. The intima is a thin layer, which comprises endothelial cells at the

Table 2.1 Typical

Vessel Diameter Wall thickness Pressure (mmHg)
dimensions and pressure of
blood vessels (Burton Aorta 25 mm 2 mm 120-80
1954; Mashima 1986; Artery 4 mm 1 mm 120-80
Berne and Levy 1993) Arteriole 30 pm 6 pm 60—40
Capillary 8 pm 0.5 pm @ 30(—15)
Venule 20 pm 1 pm @ 15(-10)
Vein 5 mm 0.5 mm 10(—5)
Vena cava 30 mm 1.5 mm 5-0

100 mmHg = 13.3 kPa. © The listed values (Berne and Levy 1993)
differ from those in Burton (1954)
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luminal surface and an internal elastic lamina at the boundary with the media. The
media is the major region of the vascular wall. The media of the aorta and elastic
arteries has a multilayer structure with an elastic lamina. Muscular arteries have a
large number of smooth muscle cells, which generate force actively, mainly in the
circumferential direction. The adventitia is the outermost layer of the vascular wall
and connects the vascular wall to the surrounding tissues.

2.2.3 Mechanics of Normal Arterial Walls

We focus on the mechanics of the aorta and arteries. These vascular walls are
subjected to blood pressure and longitudinal stretch. The luminal surface of the
blood vessels are subjected to the blood pressures listed in Table 2.1 and the
pressure of the blood column, for which the reference level is located at the height
of the heart. Posture primarily affects the blood pressure in the lower limbs
(Thubrikar 2007). If a blood vessel is located at heart level, the intraluminal
pressure equals the value in Table 2.1.

2.2.3.1 Structure

Two types of multilayer wall model have been proposed (von Maltzahn et al. 1981;
Yamada et al. 1999; Holzapfel et al. 2000; Matsumoto et al. 2004). One type of
model includes the intima, media, and adventitia. The intima of the aorta/arteries is
thickened physiologically in elderly people, while it is very thin in the young. The
other type of model comprises alternate elastic and SMC layers in the media. A
homogeneous single-layer wall model is the simplest and most commonly used
model.

2.2.3.2 Geometry

The arterial tree includes straight, curved, and branched portions. The transverse
cross-section of the vascular wall is almost circular and the wall thickness can vary
along the circumference. Such variation occurs as a result of the remodeling of
vascular tissues in a variety of environments.

The simplest geometrical model is a hollow cylinder. Realistic patient-specific
models can also be built using image slices obtained with magnetic resonance
imaging (MRI) or computed tomography (CT) (Tang et al. 2009). A model is
subject-specific if the dimensions of a specimen are measured from an actual
body using any technique.

2.2.3.3 Incompressibility

The vascular wall is nearly incompressible because of its high water content
(Carew et al. 1968; Chuong and Fung 1984). The incompressibility condition is
expressed as

I3=detC=1 or J=detF=1. (2.63)
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This incompressibility constraint is added to an equation for an incompressible
strain energy density function asH/2 - (Is — 1), where H is a Lagrange multiplier or
an indeterminate pressure, which is determined by the boundary conditions. An
example showing how to calculate H is given in Sect. 2.2.3.5.

2.2.3.4 Passive and Active Mechanical Properties

The stress-strain relationship of the arteries depends on the direction of deforma-
tion. It tends to be isotropic in the portion near the heart and anisotropic (orthotropic
or transversely isotropic) peripherally (Azuma and Hasegawa 1971).

Elastic and collagen fibers are passive components, while smooth muscle is an
active component. In a passive state, the vascular wall behaves as a nonlinear
viscoelastic material. In an active state, generation of a contractile force in the
smooth muscle reduces the vascular diameter (Murphy 1980). The effect of smooth
muscle contraction is strong for muscular arteries; e.g., the renal and femoral
arteries, and weak for elastic arteries; e.g., the carotid artery (Cox 1978). The
maximum contractile force depends on the length of the smooth muscle (Murphy
1976).

2.2.3.5 Constitutive Equations

Hyperelastic, viscoelastic, and poroelastic models have been proposed (Vito and
Dixon 2003). Of these, incompressible hyperelastic models are used most fre-
quently. One postulates a strain energy density function in a stress-free configura-
tion. Unloaded and stress-free configurations should be distinguished because a
vascular wall can change its geometry by releasing any residual stress (See
Fig. 2.11) (Fung 1993).

An isotropic, transversely isotropic, or orthotropic incompressible strain energy
function is introduced and applied to a hollow cylinder representing a blood vessel.
Stresses are calculated under physiological loads; i.e., a constant axial stretch, 4,
and a uniform intraluminal pressure, p. The residual strain component in the

Stress-free state  Unloading state Loading state
(p, 20, 0) (R, 27, Z) (r, 2, Z)

Fig. 2.11 Transverse cross-sections of a hollow cylindrical vessel in the stress-free, unloaded,
and loaded states. The corresponding radius, central angle, and longitudinal-axis coordinates are
shown in each state (Note that the stress-free geometry is an assumption)
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circumferential direction is assumed as a function of the position along the wall
thickness.

Under axisymmetric deformation of a hollow cylinder, the radial, circumferen-
tial, and longitudinal directions are the principal directions. Then, the principal
stretches in these three directions are defined respectively as

dR 7R Z
h=—, =—, == loaded stat 2.66
i =5 z (unloaded state) (2.66)
=Y = =% (loaded state) (2.67)
== =—, A=< oaded state). .
' " ep ¢

If there is no residual stress, the relationships

O=r, p=R, (=Z (2.68)
hold. Therefore, the stretches can be written as

d .
Ar = bl Ao = ’ A= z (loaded state, no residual stress).  (2.69)

R’ Z

Based on a vascular wall with a constant volume, the radius in a loaded state is
expressed as

where the subscripts i and o denotes the inner (radius of the inner surface of the
intima) and outer (radius of the outer surface of the adventitia) radius, respectively
(Yamada 2012).

Since the radial, circumferential, and longitudinal directions are the principal
directions, the incompressibility condition (Eq. 2.65) is written as

Ardod; = 1. (2.71)
An equilibrium equation in the radial direction is expressed as

do, o0, — o0y

dr r

0 (2.72)

where o, and oy are the Cauchy stress in the radial and circumferential directions,
respectively. The boundary conditions are written as

o, = { —p - ”j) (2.73)
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Then, the radial component of the Cauchy stress is calculated using

6,(r) = J % ; % ar — p. (2.74)

rl

The first and second invariants of C are written as

I =42+ 2% + 225 I =220 + Ag° A2 + A.%0,° (2.75)

For an incompressible isotropic hyperelastic model, a strain energy density function
is a function of /; and I, and the Cauchy stress components are written as

o =20{Wi + (A’ + 2.2 )W} + H
o9 =20"{Wi + (> +12)Wo} +H (2.76)
0. =27 {Wi + (4> + 2" )Wa} + H

where W, and W, are defined as

ow(l,, I,) ow(ly, )
W=—F7+—7—" Wy=—7F——". 2.77
! oI, 2 ol (277)
Vito and Hickey (1980) postulated that
W = by (I} — 3) + ba(I, —3)* + b3 (I, — 3)* + bs(l; — 3)* (2.78)
and Yamada et al. (1999) postulated that
W =Ci(I, —3) 4 Ca(l, — 3) + C3(I, — 3)* 4+ C4(I, — 3)° (2.79)

as polynomials of the first and second invariants of C where b, and C; (i=1, 2, 3, 4)
are material constants.

Substituting Eq. (2.76) into Eq. (2.74), the radial component of the Cauchy stress
is expressed as

dr = —L(r). (2.80)

6 (r) = — J 22> = 47) (W1 + 2.2W3)

r r

To optimize the set of material constants in a strain energy density function, one
minimizes the error between the experimental (data points) and estimated (calcu-
lated points) curves. For each given pressure p, a value of the outer radius (or inner
radius using Eq. (2.70)) should be determined to satisfy the relation

L(r;) = p. (2.81)
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If an outer (inner) radius is given, the pressure p is calculated using Eq. (2.80). The
stress components are obtained by

o, = —L(r)
oo = 2(Ag* — 4,2) (W1 + 2.*W») — L(r) (2.82)
0. =2(A7 = 47) (W1 + 2g°W2) — L(r)

In the longitudinal direction, the equation for the balance of force

F.+mri’p = 277:J ( o.rdr (2.83)

Ti

holds, where F, is the force in the longitudinal direction. For an incompressible
isotropic hyperelastic model, the longitudinal force can be calculated as

F.= 2;:] ' {2(22 = 22 (W1 + 26°W2) — (2> — 4,2) (W1 + A.2W>) prdr. (2.84)

As an incompressible orthotropic hyperelastic model, Chuong and Fung (1983)
formulated an exponential type of strain energy density function

c
W=7ex0 (2.85)

Q = biEg* + byE.> 4 b3E,? + 2b4EyE. + 2bsE.E, + 2beE,Ey

in terms of the components of Green’s strain tensor, which are expressed by the
principal stretches as

E, = % (A*=1), Eg= % (* —1), E.==(A>—1). (2.86)

The stress components and longitudinal force are expressed as

o, = —L(r)
69 = Ce?[(1+ 2Eg){b1Eg + bs(.> — 1) /2 + beE, }
— (1+2E,){b3E, + bs(1.*> — 1) /2 + beEy }| — L(r) (2.87)

0. = Ce?[2.2{by(A.> — 1) /2 + bsEg + bsE, }
— (14 2E,){b3E, + bs(2.> — 1) /2 + beEg }| — L(r)
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To

L(r) = CJ [(1+2Eg){b1Eg + bs(2.> — 1) /2 + beE, }

—(1 4 2E,){bsE, + bs(A.> — 1) /2 + bEg }| (€2 /r)dr
(2.88)

F. :27:CJ

U ‘0
i

re? [A.2{by (1> — 1) /2 + b4Eg + bsE, }

—(1+2E,){bsE, + bs(2.> — 1) /2 + beEg } /2
—(142Eg){b1Eg + bs(2.> — 1) /2 + b6E, } /2]dr ~ (2.89)

In a loaded state, the resultant force of the circumferential Cauchy stress is balanced
by the resultant intraluminal pressure as

J cpdr = pr;. (2.90)
A comparison of the above equation with Laplace’s equation (Eq. 2.47) shows that
the circumferential stress in Eq. (2.47) is equal to an average of the circumferential
stress over the wall thickness for a deformed blood vessel as

o= J cpdr/t. (2.91)

Yamada et al. (2007) demonstrated the effect of residual strain on the circum-
ferential stress over the wall thickness. They used the following strain energy
density function

W =Ci(I, —3) 4+ Ca(I, —3)* + C3(I, — 3)°. (2.92)

They determined the material constants Cy, C», and C3, and the inner or outer radius
in the stress-free state to reproduce the same pressure-diameter relationship for
various cases of residual strain.

In the model, the opening angle ¥ is defined as

Table 2.2 Dimensions of an opened hollow cylindrical wall in the stress-free state and the
material constants used to reproduce the same pressure-diameter relationship under a constant
longitudinal stretch of 1.3 and intraluminal pressure (Yamada et al. 2007)

Y (degree) r; (mm) ro (mm) C, (kPa) C, (kPa) C; (kPa)
0 2.6 35 12.0 8.0 37.5
60 5.0 4.1 9.9 11.3 38.1

100 7.3 6.4 8.3 12.8 37.2
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Fig. 2.12 Distributions of the circumferential stress in the unloaded stage (/eff) and loaded state
under a longitudinal stretch of 1.3 and intraluminal pressure of 13 kPa (Modified from Yamada
et al. 2007)

O+¥=r (2.93)

The dimensions and material constants of the model were determined as shown in
Table 2.2. Figure 2.12 shows the distributions of the circumferential component of
the Cauchy stress in the unloaded and loaded states under the boundary conditions
of a longitudinal stretch of 1.3 and an intraluminal pressure of 13 kPa (98 mmHg).
The results indicate that an increase in the opening angle decreases the concentra-
tion of the circumferential stress at the intimal side of the wall, and a further
increase causes a negative stress gradient across the wall thickness.

It is important to model the mechanical behavior of the active components; i.e.,
the smooth muscles, to describe the mechanical behavior of blood vessels. The
active force of skeletal muscles is modeled as a function of the length, velocity, and
activation level. The following model of smooth muscles considers their length and
activation (Yamada 1999).

The total Cauchy stress tensor of an active component is assumed to be the sum
of the passive and active stresses or

6, =0,+0,. (2.94)
The stress-strain relationship of the passive stress is formulated as
6, = k(trD)I + 2uD (2.93)

where k and u are Lame constants. These constants are related to Young’s modulus
E and Poisson’s ratio v as

Ev E

Ui My

DR (2.96)

The Jaumann time derivative of the passive stress is defined as
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Fig. 2.13 Length 10F T J ]
dependence of the isometric
maximum force of various
smooth muscles (Murphy 8 0.8 i
1976) and a mathematical :@
model (Eq. 2.99) formulated — Q.6+ ]
by Yamada (1999) (Modified G,d
from Yamada 1999) ©
= 04 { Porcine carotid media
= X Canine trachealis
0.2r + Cat duodenal circular -
— Eq. (2.99)
0.0 I L
0.0 0.5 1.0 1.5 2.0
Normalized length
6, =6, +o,W— Wo,. (2.97)

Active stress of smooth muscle that aligns in the direction of a unit vector m and has
a stretch of 1 is formulated as a product of the activation level & and the length-
dependent maximum Stress 7, as

60 = Ermx(Am@m (0<£<1) (2.98)

where the first unit vector m shows the direction of the stress component and the
second m shows the normal direction of the face on which the stress acts.

Based on Murphy’s report (1976), Yamada (1999) determined the length-
dependent maximum stress for smooth muscles as (Fig. 2.13)

1.67(A/Amax) — 0.56, 0.34 < A/Amax < 0.93
(1) _ 1, 0.93 < A/ Amax < 1.03 (2.99)
Timax (Amax ) —1.27(A/ Amax) + 2.31, 1.03 < A/ Amax < 1.82
0, A Pmax < 0.34, A/ Amax > 1.82

A finite element analysis was conducted using a model with nine concentric
layers, including five passive and four active layers alternately, with the same
thickness (Yamada et al. 1999). Figure 2.14 shows the stress distributions in the
circumferential direction in the passive and active states and the change in the
opening angle as an index of the residual strain with an increase in the activation
level.

The simulation results indicate that activation decreases the circumferential
stress of the passive components; i.e., elastic and collagen fibers, and increases
the stress of the active component; i.e., smooth muscles. A comparison of Figs. 2.12
and 2.14 indicates that both the opening angle and contraction of smooth muscles
change the gradient of circumferential stress of a homogeneous model in the
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Fig.2.14 (a) Distributions of the Cauchy stress in the circumferential direction in the passive and
active states (activation level £ =0 and 1, respectively) for a nine-layer finite element model under
a longitudinal stretch of 1.7 and an intraluminal pressure of 13 kPa. Residual stress is not
considered. (b) Change in the opening angle, ¥, which is defined at a stress-free vascular wall
as an index of residual strain, with an increase in the activation level of & (Modified from Yamada
et al. 1999)

negative direction. In other words, they cause the stress to decrease on the inner side
and increase on the outer side.

2.2.4 Mechanics of Arterial Walls in Diseases

The structure, components, geometry, and accompanying mechanical properties of
arterial walls change with age (Hayashi 1993; Nichols et al. 2011). Elderly people
frequently develop arterial diseases such as atherosclerosis, aneurysms, and aortic
dissection as a result of degeneration with aging.

2.2.4.1 Atherosclerosis

Atherosclerosis involves the accumulation of lipoproteins in a deep intimal layer
and the development of a fibrous cap. The rupture of a plaque causes the formation
of a thrombus, which can lead to ischemia or infarction. Many fluid and solid
mechanics studies have examined atherosclerosis.

The earliest studies of atherosclerosis focused on the hemodynamic conditions
that accelerate the invasion of low-density lipoproteins in the blood into the intima.
In recent years, many researchers have investigated the stress state in plaque
regions using the finite element method. They evaluated the possibility of plaque
rupture or compared the stress between vulnerable and stable plaques or between
ruptured and un-ruptured ones.

Yamada et al. (2010) conducted a finite element analysis of ring-like specimens
of the common carotid artery with a plaque by releasing the stress by cutting the
wall, as shown in Fig. 2.15. They demonstrated the deformation and stress distri-
bution of the arterial wall under a cyclic intraluminal pressure of 0—13 kPa and a
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Fig. 2.15 Geometries of ring-like specimens of the common carotid artery in a stress-released
state and under a physiological load with a longitudinal stretch of 1.07 and an intraluminal pressure
of 13 kPa (Modified from Yamada and Sakata 2013)
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Fig. 2.16 The axisymmetric AAA model considered by Elger et al. (1996) (Modified from
Yamada and Hasegawa 2007)

constant longitudinal stretch of 1.07. Yamada and Sakata (2013) observed a fluid-
like lipid core. They modeled the lipid core using the bulk modulus of water and
simulated a small change in pressure in the lipid core.

2.2.4.2 Aortic Aneurysms and Dissection
Abdominal aortic aneurysms (AAA) have frequently been investigated using solid
mechanics. Two approaches can be used to estimate the stress in the aneurysm wall:
one estimates the average stress based on the equilibrium of force, assuming a
membrane-like aneurysm, and the other estimates the stress distribution using the
equilibrium of stress and a constitutive equation, utilizing a finite element method.
Elger et al. (1996) assumed an axisymmetric spindle-like geometry for an AAA,
as shown in Fig. 2.16, and formulated two equations for the equilibrium of force; i.
e., Laplace’s Eq. (2.44), and, in the longitudinal direction,
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Fig. 2.17 Comparisons of the circumferential (solid curve) and meridional (dot dashed curve)
components of the Cauchy stress using the results of equations for the force equilibrium (thick
lines) and finite element analysis (thin lines: maximum and minimum values in the cross-sectional
wall) along the median line on the side with the large bulge. The model has a maximum bulge with
an inner diameter of 60 mm in the unloaded state at the origin (0 mm) of the longitudinal
coordinate and ends at 60 mm (Modified from Yamada and Hasegawa 2007)

2nrTycos = n(r* — riy) p+ F-. (2.100)

Yamada and Hasegawa (2007) extended this model to bilaterally symmetric
AAA models to estimate the peak stress in the wall. They estimated the circumfer-
ential and meridional stresses along the anterior median line of the symmetric
model using the two equations of force equilibrium and compared them with the
results of a finite element analysis. This method provides a reasonable value and
gives the location of the peak stress to evaluate the risk of wall rupture without
utilizing the stress-free geometry and a constitutive equation (Fig. 2.17).

Aortic dissection follows an intimal tear and the penetration of blood into the
delaminated space of the media in the longitudinal direction. An aortic dissection
extends from the ascending to the descending thoracic aorta. This portion is
subjected to pulsatile flow from the left ventricle. From the viewpoint of solid
mechanics, the stress-strain relationship and mechanical strength have been
investigated using the tensile loading and peeling tests (Okamoto et al. 2003;
Holzapfel 2009; Pasta et al. 2012).
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