Chapter 6

Kato-Rellich Theorem

In this and the next chapters, the preservation of self-adjointness under hermitian
perturbations are considered. The classical application of Rellich’s theorem by
Kato to a hydrogen atom hamiltonian is discussed in detail. Examples, the virial
and KLMN theorems and an outstanding Kato distributional inequality are also
presented in this chapter.

6.1 Relatively Bounded Perturbations

Self-adjointness is a delicate property. It may not be preserved by a sum of oper-
ators. For instance, if T, S are self-adjoint operators in H, then dom T'Ndom S is
the subspace on which T + S is a priori defined. However, this intersection may
be too small for T'+ B be self-adjoint (e.g., both C§°(R) and the set of simple
functions are both dense in L2?(R), but their intersection contains only the null
vector; see a specific instance in Exercise 6.2.25). It may also happen that such an
intersection is dense but 7'+ S is not self-adjoint.

If T is self-adjoint and B is hermitian, under which conditions is T+ B
self-adjoint? This is the general question to be addressed now. Although the
main interest is in perturbations of the free Schrodinger operators Hy acting in
L2(A),A C R", by potentials V, it is useful to deal with abstract hermitian per-
turbations B of a general self-adjoint operator 7.

The motivation for the next results is the following. Let T' be hermitian;
then T is self-adjoint iff AT is self-adjoint for some (and so any) 0 # A € R. It is
known (Proposition 2.2.4) that a hermitian 7" is self-adjoint iff rng (T'+i1) = H.
One has

T+ B+ i\l = (BRyi\(T) + 1)(T +i)1)
=ANBRLin(T) +1) (%T + il) 7
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so that if for some real A one has ||[BR\(T)|| < 1, then (BR1;A(T)+ 1) has also
a bounded inverse in B(H) and so rng (BR+;\(T) + 1) = H. If T is self-adjoint
rng (T +£iA1) = Arng (T/A +£41) = H, and the above relation implies

mg (T + B+i\l) = H,

so that (T'+ B) would also be self-adjoint. We now explore some details of these
ideas.

Definition 6.1.1. Let T : dom T'C ‘H — H and B : dom B C 'H — H be linear
operators. Then B is T-bounded (or relatively bounded with respect to T) if
dom B D dom T and there exist a,b > 0 so that

1Bl < allTE| +blill, V€ €dom T

The T-bound of B is the infimum Np(B) of the admissible a’s in this inequality.

Remark 6.1.2. An equivalent definition is dom B O dom T and there exist ¢,d > 0
so that
IBEI? < ANTEN? + €)%, VE € dom T

Further, Ny (B) coincides with the infimum of the admissible ¢’s. Therefore, both
formulations will be freely used.

Proof. If the latter relation holds, then
IBENI? < 2|TEN? + d?|[€]|* + 2cd | €] €]
2
<l Tel + dll=l)”,
and one can take a = ¢ and b = d. For the other inequality, consider the following

Lemma 6.1.3. Let £,n € H and s,t > 0. Then, for all v > 0 one has
22 2, ez
2stlnll €]l < r=s™ Inll” + 1€l

Proof. 1t is enough to expand 0 < (rs|[n|| — $||§||)2 O
Suppose then that || BE|| < a||T¢|| + b||£]|. By Lemma 6.1.3 it follows that

IBEI < (@lTel + bl < a1+ 76l 422 (14 5 ) Jel?

and the second relation holds with ¢ = a?(1 + r?) and d? = b*(1 + 1/r?). By
taking r — 0 it is found that the same value of Np(B) is obtained from both
relations. O

Lemma 6.1.4. Let T be a linear operator in H with p(T) # @ and B a closed
operator with dom T C dom B. Then B is T-bounded and Nr(B) < ||BR,(T)|,
Vz € p(T).
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Proof. 1f z € p(T'), then BR,(T) : H < is a closed operator (check this!) and, by
the closed graph theorem, it is bounded. Thus, for £ € dom T and z € p(T) one
has

IBE| = I1BR(T)(T — 21)¢]| < [|BR-(T)I| (1T + |=lI€11) ,

and B is T-bounded. O

Proposition 6.1.5. If T is self-adjoint and dom T' C dom B, then B is T-bounded
iff BR.(T) € B(H) for some z € p(T); in this case BR,(T) € B(H), Vz € p(T),
and N7(B) = lim|y| o [ BRiA(T)|| (A €R).

Proof. If BR,(T) is a bounded operator for some z € p(T"), then by the proof of
Lemma 6.1.4 it follows that B is T-bounded and Ny (B) < ||BR,(T)||; moreover,
by the first resolvent identity,

BRy(T) = BR.(T) + (y — 2) BR=(T)Ry(T),

so that BRy(T) is bounded for all y € p(T"). Hence, since T is self-adjoint one can
consider z = i\, with 0 # A € R, which belongs to p(T).
Suppose now that B is T-bounded, so that there are a,b > 0 obeying, for all
£en,
IBRix(T)E]l < al TRix(T)EI| + bl Rix (T)E ],

and since ||Tn — i||? = |[Tn||> + N2||n||?> > || Tn||?, one has, with n = R;x(T)¢,

IBRiA(T)E]l < all(T — iA1) Ria(T)S | + bl Ria (T) [ 1I€]]

b
< (a+ w) el

and BR;\(T) is bounded (Theorem 2.2.17 was employed). Together with the in-
equality at the beginning of this proof,

b
Nr(B) < |[BRAD < a+ 3

From the definition of Np(B) it then follows that

Nr(B) = lim [[BRi\(T)].

|A|—00
Thereby the proof is complete. 0
Ezercise 6.1.6. If T is a self-adjoint operator, show that |TR;\(T)| < 1,

V0 # X eR.

Exercise 6.1.7. Let T > (1 be self-adjoint, 5 € R. Inspect the proof of Proposi-
tion 6.1.5 and check that for A < 0, |\| large enough, ||[TRA(T)|| < 1, and that
Np(B) = limy—,_ || BRA(T)]|-
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Theorem 6.1.8 (Rellich or Kato-Rellich). Let T be self-adjoint and B hermitian.
If B is T-bounded with Np(B) < 1, then the operator

dom (T + B) = dom T, (T + B) :=T¢ + B¢, V¢ € dom T,
1s self-adjoint.

Proof. Clearly (T'+ B) is hermitian. Since Np(B) < 1, by Proposition 6.1.5 there
exists Ao > 0 so that ||BR;x,(T)|| < 1. Thus, (1 + BRy;x,(T)) is invertible in
B(H) and onto. Hence,

(T + B)+iNl=B+ (T £i)\1)
= (BR4ix,(T)+ 1) (T £iA1)

and so rng (T'+ B+i\g) = H. By Proposition 2.2.4 (see also the discussion at the
beginning of this section), (T+B) is self-adjoint. O

Corollary 6.1.9. Let T and B be as in Theorem 6.1.8. If D C dom T is a core of
T, then D is a core of (T + B).

Proof. Take Ao as in the proof of Thm. 6.1.8. Then the operator (1+BR4;x,(T)) is
a homeomorphism onto H. Thus, if (T'£iA¢1)D is dense in H, then (T'+B=+iAo1)D
is also dense in H. Therefore the deficiency indices of (T'+ B)|p are both zero (see
Theorem 2.2.11), consequently D is a core of (T + B). O

Example 6.1.10. In L2(R") the momentum operators P; = —i0;,1 < j < n, are
Hy-bounded with Ng, (P;) = 0; thus the operator

Hip = Hotp — i\ Y 050
J

is self-adjoint in the domain H?(R™), VA € R. In fact, for » € H*(R™) C dom P;,
| Pj)ll2 = ||lpj2b(p)|l2, and given a > 0 there is b > 0 so that |p;| < (ap® + b), and
so (assume that A # 0)

IAP¢ll2 < aAP*0@)ll2 + b A 1D ()12 = a [\ [|Howl2 + bIA [[9]]2-

Since a > 0 was arbitrary, the result follows by Theorem 6.1.8.
Ezercise 6.1.11. Let T and B be self-adjoint operators in H. If B € B(H), verify
that
a) Np(B)=0.
b) T + B is self-adjoint with dom (T"+ B) = dom T.
¢) Every core of T is also a core of T+ B.
Ezercise 6.1.12.

a) If B is T-bounded with Np(B) < 1, show that B is also (T'+ B)-bounded.
b) If T is self-adjoint and B hermitian and T-bounded with N (B) < 1/2, show
that (T' + 2B) is also self-adjoint.
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Ezercise 6.1.13. Let T be closed and B a T-bounded operator with 7T-bound
Nr(B) < 1. Show that T+ B with domain dom T is closed. If Np(B) = 1 take
B = —T and conclude that 7'+ B can be nonclosed.

6.1.1 KLMN Theorem

This theorem is a partial counterpart for sesquilinear forms of the Kato-Rellich
theorem, and it was dubbed KLMN by J.T. Cannon in 1968 from the initials of
Kato, Lions, Lax, Milgram and Nelson. In this subsection b; and by denote two
(densely defined) hermitian sesquilinear forms in H, with b; lower bounded b, > .
The domain of b; + by is dom b; N dom bs.

Definition 6.1.14. bs is b;-bounded if dom by C dom by and there are a > 0,¢ > 0
so that
b2(E)] < albr(&)| +cll€]]>, V€ € dom by.

The infimum of the admissible a’s in this inequality is called the b;-bound of bs.

Ezercise 6.1.15. Show that the b1-bound of by coincides with the (b; + «)-bound
of by for any a € R.

By Exercise 6.1.15 there is no loss if it is assumed that b; > 0, i.e., that by is
positive.

Lemma 6.1.16. Suppose that by > 0 and by is bi-bounded with bi-bound < 1, that
is, the inequality in Definition 6.1.14 holds for some 0 < a <1 and 0 < ¢ € R.
Then:

i) b1 + b > —c, that is, by + ba is also lower bounded.
ii) by + be is closed iff by is closed.

Proof. For all £ € dom by = dom (by + bs),

—cll€ll* < —clléll* + (1 = a)ba(€) = — (cll€ll* + abi(€)) + b1 (€)

b2(€) +b1(€) = (b1 +b2)(€) < abi(€) + cll€]* + br(€)
= (1+a)bi(€) + cll&ll*.

<
<

Then i) follows at once. By adding (1 + ¢)||£[|? to the terms in the above chain of
inequalities, one gets

(1= a)(ba (&) + [I€*) < (1 = a)bu (§) + €)1
by +b2)(€) + (1 + c)l¢]f?
1+ a)bi(€) + (1 +20)[¢]1*

( 1(6) + ||£||) A =max{l+a,1+ 2c};

thus the norms £ — +/b1(§) +|€]|? and & — \/(bl +b2)(€) + (1 +¢)[€]|* are

equivalent on dom b; and ii) follows (see Lemma 4.1.9). O

—~~
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Theorem 6.1.17 (KLMN). Suppose that by > 0 and by is by -bounded with by -bound
< 1. Then there exists a unique self-adjoint operator T with dom T' T dom by,
whose form domain is dom by, and

(&, Tn) =b1(&,m) + b2(&,m), V¢ € dom by,n € dom T.

Further, T is lower bounded and dom T is a core of by + bs.

Proof. By Lemma 6.1.16, by + by is closed and lower bounded. The operator T is
the one associated with by + by as in Definition 4.2.5. The other statements follow
by Theorem 4.2.6. O

Although the hypotheses of KLMN are weaker than those of Kato-Rellich,
in the latter the domain of the operator sum is explicitly found. Be aware that
in concrete situations it can be a nontrivial task to decide if such theorems are
applicable.

Typical applications of Theorem 6.1.17 involve the definition of the sum of
two hermitian operators 77 > 1 and Ty via b™* + b*2 (see Example 4.1.11), in
particular when Kato-Rellich does not apply, as in Example 6.2.15, and cases of
forms not directly related to a potential, as in Examples 6.2.16 and 6.2.19.

One can roughly think of the KLMN theorem as a definition of an adequate
quantum observable from the addition of expectation values.

6.2 Applications

6.2.1 H-Atom and Virial Theorem

Now the Kato-Rellich Theorem is applied to perturbations of the free particle
hamiltonian
dom Ho=H*[R"),  Hop = —A¢,

discussed in Section 3.4. Recall that, by Proposition 3.4.1, C§°(R™) is a core of Hy.
Besides the Sobolev embedding theorem, the next result gives valuable information
on elements of the Sobolev space H2(R"), n < 3.

Lemma 6.2.1. Ifn < 3, then H*(R") C C(R™)NL>(R™) and for each a > 0 there
exists b > 0 so that

[¥llo < allHoyll +0llwll, Yy € HA(R™).
Proof. Technically, the point of the argument is that for n < 3 the function p —

(1+p?)~t € L2(R™), and also (1 + p?)(p) = F(y + Hot)).
If ¢ € dom Hy, by Cauchy-Schwarz,

(/n |1/3(p)|dp>2 < /n(l + %) () dp /Rn uii%)z < o0,
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and so ¢ € L'(R™). By Lemma 3.2.8 it follows that ¢ € C(R™) N L>(R"). Note
that since ¢» € L?(R") and is continuous, then lim | ¢(z) = 0.

Let A > 1 and x = ||(1 + p?)~!{|2/(27) 2. Then, for ¢ € dom Hy, again by
Cauchy-Schwarz,

1

dp
[Y(x)| = W

(A% +p?)

<(27$n/2 H(A2+P2)”L/AJ(P)H2 ﬁ ,

<5t (e, +[éw],)
)\2_, | Hotll2 + kA% (|92,

/"(A2 +p?)e™" 1) (p)

since the Fourier transform is a unitary operator. Now take A large enough. O

For the potential V' : R® — R in L*°(R"), one associates a bounded self-
adjoint multiplication operator V = My, and so

H:=Hy+YV, dom H := dom Hy,

is self-adjoint (see Exercise 6.1.11). This situation can be generalized to some
unbounded potentials V.

The notation V' € Lj +Lj, means that the function V =V, +V, with V,. € Ly,
and Vs € L}, and it has already been incorporated into the main stream of Schro-
dinger operator theory.

Theorem 6.2.2 (Kato). If n < 3 and V € L*(R") + L*°(R") is a real-valued
function, then V is Hy-bounded with Ny, (V') =0, the operator

H:=Hy+YV, dom H = dom Hy,
is self-adjoint and C§°(R™) is a core of H.
Proof. By hypothesis V = V3 + Vo, with V2 € L%(R") and V., € L>®(R"). Thus,
by Lemma 6.2.1, for all a > 0 there is b > 0 so that, for all ¢ € dom Hy,
[Vibllz < [IVatdllz + [IVoothllz < IVall2 [¥]lcc + [[Vaolloo [[]]2
< [IVallz (al|Howll2 + bllell2) + [[Vacloo 40112
= (allVall2) [[Hotll2 + (0] Vall2 + [[Veollo) lI4]]2-

Since a > 0 is arbitrary, it follows that Ny, (V) = 0. To finish the proof apply
Theorem 6.1.8 and Corollary 6.1.9. 0

Example 6.2.3. Consider the class of negative power potentials in R?,

e
x|

V(z) =— kER, 0<a<3/2
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Fix R > 0; then V = V5, + V, with
Va(z) = V(z)xpo.r) (7)), Vaol®) = V(@) X([R,00) (2])

where y 4 denotes the characteristic function of the set A. Since V5 € L?(R3) and
Voo € L°(R3), it follows that the Schrédinger operator

H=Hy— ﬁ dom H = H2(R?),
is self-adjoint and C§°(R?) is a core of H (recall 0 < a < 3/2).

The very important Coulomb potential & = 1 gives rise to 3D hydrogenic
atoms; if also k > 0, it is briefly referred to as an H-atom Schrodinger operator
Hpy (see Remark 6.2.6); as discussed on page 295, this operator is lower bounded
(see also Remark 11.4.9). The unidimensional version of the H-atom presents
additional technical issues and is addressed in Subsection 7.4.1.

Ezample 6.2.4. The same conclusions of Example 6.2.3 hold for the “generalized
Yukawa-like potential” in R3,
Vy(x):—%efam, kER, 0<a<3/2,a>0,

€T «
since Vy- € L2(R?). Hence the Schrodinger operator H = Hy + Vi with dom H =
H2(R3) is self-adjoint. The genuine Yukawa potential is obtained for x > 0 and
a=1.
Exercise 6.2.5. Apply the Kato-Rellich theorem to the Schrédinger operators of
Example 6.2.3, but in dimensions 1 and 2, i.e., for the cases of Hilbert spaces L?(R)
and L2(R?), respectively. For which values of a > 0 are self-adjoint operators H
obtained?

Remark 6.2.6. The expression for the Coulomb potential above describes the elec-
trostatic interaction between two charged particles, and one of them is supposed
to be at rest at the origin, so heavy with respect to the other that this approxi-
mation is taken. For a hydrogenic atom, that is, with just one electron of mass m
and charge —e (e > 0), and nuclear mass M and charge Ze, with M > m and
Z a positive integer indicating the total number of protons in the nucleus, the
corresponding Schrodinger operator with all physical constants made explicit is
2 2
N <)
2p ||

with K indicating the electrostatic constant, u = mM/(m + M) the so-called
reduced mass, and = corresponding to the relative position between the electron
and the nucleus. Note that in the limit of a fixed nucleus, represented here by the
condition M — oo, one has p — m. Throughout this discussion the center of mass
has been “removed” [Will03], so that only the relative motion remains.

Remark 6.2.7. For R™, n > 4, the Kato Theorem 6.2.2 holds for V € LP(R") +
L>°(R™), with p>2ifn=4and p > n/2if n > 5.
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By using the Virial Theorem 6.2.8, with relatively little effort it is possible
to say something about the spectrum of the H-atom Schrédinger operator. Let
Uq4(s) be the strongly continuous dilation unitary evolution group discussed in
Example 5.4.8, adapted to R”,

(Ua(s)¥)(z) = e_"s/2¢(e_sx), s € R, € L2(R™).

Assume that V' is an Hy-bounded potential with Ny, (V) < 1, so that H := Ho+V
with dom H = H?(R") is self-adjoint.

Theorem 6.2.8 (Virial). Let V' be an Ho-bounded potential with Ng,(V) < 1.
Suppose there exists 0 # o € R so that

Ua(—8)VUy(s) = e~ *V.

If \ is an eigenvalue of H and 1y the subsequent normalized eigenvector, i.e.,
Huy = My, ||l = 1, then

(¥, Hotpa) = =5 (2, Viin)
and

A= (1 2) o) = (1= ) tor, V),

Proof. Note that Uy(—s)HoUq4(s) = e 2°Hy. Since 1) € dom Hy = dom H and
Uq(s)dom Hy = dom Hp, Vs € R, one has

0= (Ua(—5)bx, Mbx) — (Ua(—=s)\bx, ¥x)
= (Ua(—8)tx, Hpx) — (Ua(—s)Hx, ¥)
= (Ua(—8)tx, Hpx) — (Hpx, Ua(s)¥x)
= (Ua(=8)x, Hbx) = (Ua(=8)¥x, Ua(=s)HUqa(s)Px)
= (Ua(—s)Yx, [H — Ug(—s)HUq4(s)] r), Vs € R.

Write out H = Hy 4+ V in the above expression and use the hypothesis on V to
get

0=ty (Ual-3)0n, [~ Va5 HU(o)] 0 )
= (Va2HoYx + aVl/a) ;

so that o
(U, Hopy) = —§<1/1A7V1/J,\>,

which is the first equality in the theorem. Since

A= (¥x, (Ho + V)a) = (¥n, Hotoa) + (¥n, Vi),
the other equality follows. O
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Corollary 6.2.9. Let V and « be as in the virial theorem.

a) If a < 2, then all eigenvalues of H are negative and, if also V' > 0, then H
has no eigenvalues.

b) The Schrédinger operator Hy+V with the negative power potential (Example

6.2.3)
K

x|

V(z)=— 0<a<3/2,

in L2(R?) has no eigenvalues if k < 0 and all its eigenvalues are negative if
k > 0 (note that the H-atom is a particular case).

Proof. 1t is enough to recall that Hy is a positive operator, to note that
Ua(—8)VUy(s) = e~ *V

and apply the conclusions of Theorem 6.2.8. For instance, if @ < 2 and A is an
eigenvalue of H, then the relation

A= (1 - 2) (U, Hoox)

implies A < 0. d

Exercise 6.2.10. Look for an eigenfunction of the hydrogen atom hamiltonian in
the form ¢ (z) = e~*!, for some a > 0. Find the corresponding eigenvalue, which
is the lowest possible energy value (“ground level” in the physicists’ nomenclature)
of the electron (see, for instance, [Will03]).

Ezercise 6.2.11. Verify the relation Uy(—s)HoU4(s) = e 2°Hp, and that
Uq(s)dom Hy = dom Hy, VseR.

Ezercise 6.2.12. Consider the energy expectation value (see the discussion in Sec-
tion 14.1)

€0 = (v, Ho) + (¥, VY), v € CF(R),
and let ¥(s) = Uy(s)y. By taking appropriate values of s, show that

inf £ = -0
ll¥ll=1
in case V(z) = —1/|z|* and o > 2. Comment on the physical meaning of this
result — see Remark 11.4.9.

Ezample 6.2.13. The condition Uy(—s)VUy(s) = e~ **V in the virial theorem is
not strictly necessary. Consider the bounded potential

K

Va(@) = ————,
() T+ a

a >0,
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acting on L2(R). Then Uy(—8)V,Uq(s) = e *V,—s,; if Hipy = My, by following
the proof of Theorem 6.2.8 one gets

1
0< <'¢))\aHO¢)\> = %@ﬁ)\v |.1‘|Va2¢)\>,

and if k < 0 the operator H = Hy + V, has no eigenvalues.
Ezercise 6.2.14. Present the missing details in Example 6.2.13.

The virial theorem is closely related to its version in classical mechanics.
Both relate averages of the potential energy and kinetic energy, and was originally
considered by Clausius in the investigation of problems in molecular physics (re-
call that average kinetic energy is directly related to temperature in equilibrium
statistical mechanics). Restricting to dimension 1, Clausius considered the classi-
cal quantity G = xp, the so-called virial; note that in the quantum version this
quantity corresponds to the infinitesimal generator of Uy(s) — see Example 5.4.8.
Some domain issues are avoided by working directly with the unitary group Uy(s)
(as in the virial theorem above) instead of its infinitesimal generator. It has appli-
cations to thermodynamics and astrophysics, among others. For several aspects of
the quantum virial theorem the reader is referred to [GeoG99).

6.2.2 KLMN: Applications

Let b0 be the (closed and positive) form generated by the free hamiltonian Hy =
—A in L2(R"), so that

bHo (1, @) = (4, —AB), Vi) € dom b0, V¥¢ € dom Hy.
According to Examples 4.2.11 and 9.3.9, dom b0 = H!(R") and

b0 (1, ) = (Vip, Vo),  Vab, ¢ € dom bo.

The following three examples consider form perturbations of b0,

Ezample 6.2.15. In L?(R3) the Kato-Rellich theorem allows the definition of a
self-adjoint realization of Hy + V for

R

x|

Viz)=—- 0<a<3/2,

since such potential belongs to L? + L>°. The KLMN theorem can be used to give
meaning also for 3/2 < o < 2.

Let b, be the form generated by |z|~%. Fix 0 < o < 2 and note that dom b, D
dom b in this case; given a > 0, choose € > 0 so that |z|~® < a|z|~2/4 for all
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|z| < e. By Hardy’s Inequality 4.4.16, for all ¢ € dom bHo = H1(R3),

o R@E, [ @) () ?
b“(”’)‘/w e df”‘/|w|<e e d“/.m e %
< a/ () dx + ia |v(2)|? do
|

z|<e 4|$|2 |z|>e

<o Bobars £ [ o

2 2
<o [ IVe@Pde+ = [ @l de
—ab™() + [

Since a > 0 was arbitrary in the above inequality, the b°-bound of b, is zero.
Hence the KLMN Theorem 6.1.17 defines a self-adjoint realization of Hy — k/|z|*
in L2(R?), 0 < a < 2, given by the operator associated with b0 + b,,.

Ezample 6.2.16 (Delta-function potential in R). In L?(R), perturb the free form
bHo(4h, ) = (', ¢') by the nonclosable form bs(v, ¢) = 1(0)¢(0) of Exam-
ple 4.1.15, which simulates a Dirac delta interaction at the origin. Here dom bs =
dom b0 = H!(R). The KLMN theorem permits the association of a self-adjoint
operator with the form

bHo + aby, a €R,

with domain H!(R); see also Example 4.4.9.
In fact, if v» € H'(R) one has 1(z) — 0 as |z| — oo, and by using Lem-
ma 6.1.3 with s =t =1, =2, for all M > 0,

b5 (1) < |I%(0) M)?| + (M
_ Md 2d
- / 2 (o) d

M 7 N -
/0 (Wﬂr) () + ()Y (m)) dzx

+ (M)

+[(M)?

1
< ()P +2||w'|| lll < QD +el9/[17 + ]
— 00 1

MR I+ 2 I = <t o) + Il

Since € > 0 is arbitrary, it follows that the bo-bound of abs is zero for all o € R. By
KLMN theorem, there is a unique self-adjoint operator T, with dom T}, C H!(R),
whose form domain is H*(R), and

¥, Tad) = (', ¢') + ap(0)9(0), Vo € H'(R), ¢ € dom T,.

Further, T, is lower bounded.
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Ezercise 6.2.17. If o < 0, verify that e®*l/2 is an eigenvector of T, in Exam-
ple 6.2.16, whose corresponding eigenvalue is —a? /4.

Remark 6.2.18. In the KLMN theorem it is strictly necessary that a < 1. In fact,
one has |—bo| < b0 b5 (so a = 1) but the “perturbed” form (b5 +bs)—bHo = b
is not closable.

Example 6.2.19. Let v be a positive Radon measure in R", that is, a Borel, finite on
compact sets and regular measure. Under suitable conditions, the KLMN theorem
will be used to give meaning to the operator

H = Hy+ av,

that is, the interaction potential is ruled by the measure v with intensity a €
R, as proposed in [BraEK94]. The “interaction” form b®" associated with this
“potential” is introduced by the expression

b¥ (¢, ¢) = o | P(x)o(x) dv().

R™

Singular (with respect to Lebesgue measure) v are the most interesting cases,
but in view of the KLMN theorem one faces the difficulty of getting dom b** D
dom b0 = H1(R™), since the elements of H!(R") are not necessarily continuous
and the restriction to the support of v can be meaningless. The idea is to define b*”
as above initially on C§°(R"™), and assume that v is such that there are 0 < a < 1
and ¢ > 0 so that (see Remark 6.2.20)

1+l [ W@Pdvta) <a [ (Ve@Rdete [ (p@)lds

for all ¢ € C§°(R™). Since C§°(R™) is dense in H!(R™), the map J : C§°(R") —
L2(R™), Jt = 1, has a unique extension to a continuous linear map (also denoted
by J; note that 1 is being used to denote elements in both equivalence classes
L2(R") and L2(R"™))

J: HYR™) — L2(R™),

and, by continuity, the above inequality holds for all ) € H!(R™), that is,

-+l [ 1@ P ) <o [ [Vo@Pdee [ o).

n

Finally, the precise definition of the interaction form 6™ is presented: dom " =
H(R™) and for ¥, ¢ € dom b,

b (1), ) = a / To(@) Jé(x) dv(z).

n
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For 1 € H*(R™), one then has

b @)l =lal [ 170 dvia)

alal 5 clal 5
< \Y, d d
< [ve@P s (90 [ e
ale| g, clal 2
= b 0
1+ |al (W) + 1+ |a IW||

Since ala|/(1 + |e|) < 1, for such measures v the KLMN Theorem 6.1.17 provides

a self-adjoint realization of Hy + av rigorously defined by the operator associated
with bHo 4+ pov,

Remark 6.2.20. Sufficient conditions for the above inequality to be valid for posi-
tive Radon measures v in R™ appear in [StoV96]: e.g., all finite measures over R,

lim sup / [In |z — y|| dv(y) =0, n=2,
B(z;e)

€l0 zecRr2

and 1
lim sup / o) =0 n=3
€l0 yxeRn B(zx;e) |~73 - y|

Particular interesting cases are v = uC, that is, a measure concentrated on the
ternary Cantor set in R (see Example 12.2.13), and when v is supported by smooth
curves and other manifolds in R™, which is part of the set of so-called leaky quan-
tum graphs.

6.2.3 Some L2 (R") Potentials

Theorem 6.2.21. Let V : R” — R be a measurable potential and B, = B(z;1)
denote the closed ball of center x € R™ and radius 1.

a) If dom Hy C dom V, then

loc

dwwzwp/|wm%y<w

zeR™ JB,

in particular V € L _(R™).
b) If dom Hy C dom V and limsupy, |« [V(z)| = s < oo, then V € L?(R") +
L>°(R™).

Proof. a) Since V is a closed operator and p(Hy) # 0, by Lemma 6.1.4 there is
¢ > 0 so that

V)2 < e (|Howl? + |0]%), V4 € dom Hy.
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If x € R", pick ¢ € C§°(R™) so that ¢(y) = 1 for y € By, and set ¢,.(y) = ¢p(y— ).
Thus,

/lwmﬁwsw%Ws4WmmMW@m

x

=c ([Hoo|* + [|¢lI*) < oo,

and note that this upper bound does not depend on x. Hence d(V') < co.

b) Let E, = {z € R" : [V(z)| < 25}, Voo = Vxg, and Vo = Vxg., with
E¢ =R"\ Es. Then V = Vo4 Vi, Voo € L(R™) and, by the definition of s, there
exists R > 0 so that Va(x) = 0 if ¢ B(0; R). Pick ¢ € C5°(R™) so that ¢(z) = 1
for x € B(0; R); then ¢ € dom Hy C dom My and

IVal* = /R Va(@)[? |9(2) | do = [|[Va¢* < [[V@I|* < oo,

so that V5 € L2(R"™). O

Ezercise 6.2.22. Show that if limsup),_, [V ()| = 0 in Theorem 6.2.21, then the
L*>(R™) part of V' can be chosen with arbitrarily small L>° norm.

Theorem 6.2.23. Let V and d(V') be as in Theorem 6.2.21. Then for n =1, i.e.,
in L2(R), the following assertions are equivalent:

a) dom Hy C dom V.

b) d(V) < oo.

c) V is Hy-bounded.

d) V is Ho-bounded with Ng,(V) = 0.

Proof. The implications a) = ¢) = b) were already discussed in the proof of
Theorem 6.2.21. d) = a) is clear. It is only needed to show that b) = d).

Assume that b) holds. If ¢ € dom Hy = H2(R), then 1 is continuous and
continuously differentiable. Assume first that v is real valued. By using an idea in
Lemma 6.1.3, given € > 0 for z,y € B, one has

wwP = oGP = [ wer) a=2 [Cow o

gl Y dt+e | (1) dt.
€ JB, B.

By the mean value theorem, choose z € B, so that ¢(z)? = sz P(t)? dt, thus

P(y)? < (1+ i) /B ¢(t)2dt+s/BI Y’ (1) dt.

For complex ¢ € H2(R) one gets, for all ¢ > 0 and all x € R,

[y < (H—i) L |¢(t)|2dt+eﬂ [ (£)]? dt.

P2 Bz
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Hence,

| westr ay<aw) (1+2) [ wopasave [ pora

@ x

and so (denote the set of even integers by 27Z)

Vol = [ IV - Z/ ()2 dy

€27

<a) (1+2) [ wePar+ awye / WO dt,
<av) (14 1) 1P b+ vl

Since 0 < (p* — 1)? it follows that p* < (p* +1)/2 < (p* + 1), and then

111 = P12 = / P12 dp
< 1P + 1902 = | Howll? + 4],

and one obtains
1
Vol < dw) ol + (<414 1) ) ol

Since this holds for all € > 0, d) follows. O

Hence, in order to apply the Kato-Rellich theorem to conclude that H :=
Hy +V, with dom H = dom Hy, is self-adjoint and C5°(R™) is a core of H, it is
necessary that d(V') < oo, and for n = 1 this condition is also sufficient.
Ezample 6.2.24. Let V,(z) = el*l and V,(z) = |z|*, 0 < a < 1/2, z € R; then
d(V.) = oo while d(V,) < oo. Thus, by Theorem 6.2.23, the operator H, :=
Hy + Vo, with domain H?(R) is self-adjoint and C§°(R) is a core of it; however,
H, := Hp + V, can not be defined on H?(R), although C§°(R) is a core of H, by
Corollary 6.3.5.

Ezercise 6.2.25. For z € R, let

o(z) = {1/¢W if o] <1

0, if |7 >1°
Consider the enumeration of rational numbers Q = (r;)52; and the potential
V(z) = Z;‘;l é(z —rj)/27. Show that:
a) V € LY(R) and V is not L? over any open interval in R.
b) If ¢ € (dom V N C(R)), show that ¢) = 0.
Conclude then that dom Hy Ndom V = {0}.
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Ezercise 6.2.26. Discuss for which dimensions n (i.e., spaces L2(R")) each of the
potentials V,,,(z) = |z|, Vi(z) = In|z| and V.(z) = —|z|~! have d(V) < oo.
Remark 6.2.27. Note that V € LZ (R") is the minimum requirement for Vi
to be an element of L?(R") with ¢ € C§°(R™). It is shown in Section 6.3 that if
V € L .(R") and is bounded from below V' (x) > 3, then the operator H = Ho+V
is essentially self-adjoint on C5°(R™).

6.3 Kato’s Inequality and Pointwise Positivity

An outstanding distributional inequality due to Kato will be discussed (the original
reference is [Kat72]; see also [Sim79]). It involves functions and here applications
are restricted to standard hamiltonians in the Hilbert space L2(IR™). It will be used
to show that lower bounded V' € L2 (R") leads to essentially self-adjoint hamilto-

nians —A + V with domain C§°(R"™). See Subsection 9.3.1 for other applications.
In this section a.e. refers to Lebesgue measure.

Definition 6.3.1. A distribution u in R™ is positive if u(¢$) > 0 for all test functions
¢ € C3°(R™) with ¢(x) > 0, Vo € R™. This fact will be denoted by v > 0 and
u > v will indicate (u —v) > 0.
Ezample 6.3.2.
a) If F:R™—[0,00) is continuous, then the distribution up(¢)= [ F(z)¢(z)dz,
¢ € C§°(R™), is positive.
b) If u, > 0, Vn, and u,, — u in the distributional sense (i.e., u,(¢) — u(®),
V¢ € C§°), then u > 0.

If ¢ € L (R"), define the function (sgn)(z) := 0 if ¢ (x) = 0, otherwise

loc
¥(x)
(Sgn w)(m) R NYIRYE)

|9 ()]
which belongs to L>°(R"™) and |¢(x)| = ¥ (x)(sgn¥)(x) (this is the motivation for
introducing the function sgn). Given ¢ > 0, denote ¥ (z) = (J1(z)* + 52)1/2
which converges 9. (z) — |¢(z)| pointwise as ¢ — 0. Denote also sgn _i(x) :=
¥(z) /b (z). In the following, the derivatives of L] _ functions mean distributional
derivatives.

Theorem 6.3.3 (Kato’s Inequality). If both u, Au are elements of L, (R™), then
(sgnu)Au € LE _(R™), so it defines a distribution, and

loc
A((sgnuw)u) = Alul > Re ((sgnu)Au),

set

b

that is to say,

[ u@lad@ds = [ (sgnuiu) o) do

for all 0 < ¢ € Cg°(R™).
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Example 6.3.4. Tt is instructive to play with some standard functions u : R — C
in this inequality. For instance:

1. If u(z) = e+ g b € R, then a straight computation shows that Kato’s
inequality reads a?e®® > (a? — b?)ed®.

2. If u(x) = z, then Kato’s inequality expresses that the Dirac delta distribution
is positive, i.e., é(x) > 0.

3. If u(x) = 23, then it turns into an equality 6|z| = 6|x|.

We leave it as an exercise to check details in the above statements.

A very important consequence of this inequality implies that some standard
Schrédinger operators in L2(R™) are well posed; recall Hy = —A.

Corollary 6.3.5. If there is 8 € R so that V € L2 (R") satisfies V(z) > J,
Vx € R™, then the operator

Hp := Hop + V), ¢ € dom H = C§°(R™),

1s essentially self-adjoint.

Remark 6.3.6. The domain and action of the unique self-adjoint extension of H
in Corollary 6.3.5 are described in Corollary 9.3.17, and its domain can be strictly
smaller than dom Hp = H?(R"), even for n = 1; see Example 6.2.24.

Ezample 6.3.7. a) The operator Ho+ /|z|, k > 0, with domain C§°(R?) is essen-
tially self-adjoint. Compare with Example 6.2.3 where negative « is allowed.

b) The operator Hy + x/|z|?, j,x > 0, with domain C§°(R") is essentially
self-adjoint if n > 25 + 1.
Remark 6.3.8. Note the great generality of Corollary 6.3.5, since the operator sum
H = —A+V is defined on C§°(R") iff V € L2 (R™); hence, if V is bounded from
below, then H is essentially self-adjoint on C§°(R™) iff it is defined (as a sum of
operators)!

Before proceeding to proofs, a rough idea and figurative arguments of how
Theorem 6.3.3 can be used to get Corollary 6.3.5 are presented. Let A € R obeying
A+0 > 0;s0 V+A > 0. By Proposition 2.2.4iii), to show that the deficiency index
ny(H) =0, it will suffice to show that the solution of

(Ho+V + A1) u =0, u € L2(R™) C LY (R™),
is solely u = 0 (recall that (rng T)* = N(T™*)). Since Hy is a positive operator,
one could guess that Hy|u| > 0; the positivity of V 4+ X and Kato’s inequality will
imply Ho|u| < 0, so that Ho|u| = 0 and, since u € L2, u = 0. Now the proofs.

An important step in the proof of Kato’s inequality is first to prove it when
u is smooth, and then use the so-called mollifiers to create sequences of smooth
functions, via convolutions, approximating certain distributions and nonsmooth
functions.
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Let m € C§°(R"), m(x) > 0, Va, with [;, m(z) dz =1 (i.e., m is normalized).
Given r # 0 (usually r > 0) set

1
my(x) == —m (E) , u™ = uxm,,
T

where * denotes the convolution, which was recalled in Section 3.1. The family
r — m, is called a mollifier and m a mollifier generator. The standard example of
mollifier a generator is

m(xz) = Cexp (—1_112)7 lz] < 1,

and m(z) = 0 for |z| > 1; C'is just a normalization constant. Thus, [ m,(z)dz =1,
u(") € C®(R™) for all u € LL _(R™), r # 0, and, by Lemma 6.3.9,

loc
A(u™). > Re (sgns(u(r))Au(T)>.

Lemma 6.3.9. For any v € C*(R") one has, pointwise and in the distributional
sense,

Av. > Re (sgn,.(v) Av).

Proof. Clearly |ve| > |v|. On differentiating v2 = |v]? + &2 one gets 2v. Vv, =
vVv 4+ vVy = 2Re (v Vv). This expression will derive two relations. The first one
is obtained by taking the divergence of it:

|V1}g|2 + v. Ave = Re (T Av) + |Vv|2.

The second one is

[Re (7Vv)| _ [770]

|ve | N

|Vve| = < |Vo|.

Kl
Combine these two relations to get
ve Ave > Re (UAv) = Av. > Re ((sgn . v)Av)

pointwise; thus, for every 0 < ¢ € C5°(R™),

/ veApdr = Av. pdx > Re / (sgn . (v) Av) ¢ dx,
n Rn

and the inequality also holds in the distributional sense. O
Ezercise 6.3.10. If ¢ € C§°(R™), write
6(@) — 67 (w) = [ (8(o) ~ oo~ 1)) maly) d

for a fixed mollifier generator m, and use the uniform continuity of ¢ to show that
lim, o [[¢) = ¢lloe = 0.
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Lemma 6.3.11.
a) For any r > 0 the linear map LP(R™) — LP(R™), u — u("), is bounded and
with norm < 1, for all 1 <p < co.
b) If u € LP(R™), 1 < p < 0o, then lim, o ||[ul™) — ul|, = 0.
¢) Ifu € LP(R™), 1 < p < oo, then Au™) € LP(R™), Vr > 0 (the laplacian can
be replaced by any derivative).
d) Ifu e LL_(R™), then u™ — u in the distributional sense as r | 0.

loc

Proof. a) Since m, € LY(R"), for u € LP(R") it follows by Young’s inequality
(Proposition 3.1.9) that (take “r = p” in Young’s inequality)

Py = llux mrllp < Jullpllmell = [ullp.

b) If ¢ € C§°(R™) and Q4 is the support of ¢, one has

16 = @ll, < 167 — Blloo £(S26)7,

where £(-) denotes Lebesgue measure over R”. Hence ||¢(") — ¢||, — 0 as 7 — 0
(see Exercise 6.3.10). Now take u € LP(R™). Given € > 0, choose ¢ € C§°(R") so
that ||u — ¢||, < €. By triangle inequality and a), for » small enough,

[ul = ullp, < [ = 6, + 167 = 6l + 16 — ullp
<|lu—9|p +e+e < 3e.

Item b) follows.
c) It is a consequence of

iu(r) — i(u * M) = Uk ——My
31‘j 31‘j 31‘j
and Young’s inequality, i.e.,
0 0
F—u| < ully || 5—m.
656]‘ p Ba:j 1

d) Since u(") € C*(R") it also defines a distribution. If ¢ € C§°(R™) and
is the support of ¢, a change of variable and Fubini’s theorem lead to

W) = [ @) o) ds = [ (-1)"ul@)e @) do = (~1)u(e ),

n

and so

[u(@) = u(6)| = |u (6= (1)) | <||6 = (=107

OO/% |u(z)| d.

Note that (—1)"¢(~") = ¢ * m,., where m(z) := m(—z) also satisfies the assump-
tions required for 72, to be a mollifier; so [[¢ — (—=1)"¢(~")||», vanishes as r — 0
by Exercise 6.3.10. Therefore, u(") — w in the distributional sense. O
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Other properties needed to complete the proof of Corollary 6.3.5 will be
collected in the following proposition.

Proposition 6.3.12. Let u € L (R™) and r | 0. Then:

loc
i) There exists a subsequence u™ (x) obeying u) (x) — u(z) a.c., and so also
(sgn u™)(z) — sgn u(z) a.e.
i) Au = (Au)") and, if also Au € L} (R™), one has Au") — Au in L] (R™)

(that is, [, |u(") — u|dx — 0 for every compact K C R™) and a.e. as well.

Proof. i) Let m be a mollifier generator with support €2,,. Let K be a compact
subset of R™ and y g its characteristic function. By the definition of convolution
and Fubini,

@ =] < [ mio) lute) = e = o))l an

It turns out that |[(u(x) —u(x —ry))xk||,; vanishes as r — 0 (see the proof of
Lemma 13.3.2), and so ||(u") — u)xx||, — 0. Thus, u("”) — u in L*(K), for any
compact K. Hence there is a subsequence with a.e. convergence.

ii) After an interchange of integration and differentiation (by dominated con-
vergence), it is simple to verify that Au(™ = (Au)("). By hypothesis Au € Ll ;

loc?
so the convergences stated in ii) follow by i). O

Proof. [Corollary 6.3.5] Pick A so that A+ 8 > 0 and u € dom H* C L*([R") a
solution of (H 4+ Al)*u = 0, which amounts to

0= ((H +M\)*u,¢) = (u, (H+ \1)¢), Vo€ CP(RM),
and since H + A1 = —A + V + A1 one finds that, in the distributional sense,
0=—-Au+ (V+ Al)u.

Since u, Vu € LL (R"), it follows that Au = (V + Al)u € Li (R") and Theo-

loc loc
rem 6.3.3 implies

Alu] > Re ((sgnu) Au) = Re ((sgnu) (V + Al)u) = (V + A1)|u] > 0.
However, |u| is not ensured to belong to dom A, and a “regularization pro-

cess” is necessary. Thus, for any 7 > 0, Alu|") = Alu| * m, > 0 pointwise and in
the distributional sense; also, by Lemma 6.3.11c), Alu|") € L?(R") and so

<MW%NMW>:/ | Alu|™ dz > 0.
Rn

On the other hand, again by Lemma 6.3.11c), 9|u|(") /dz;, Alu|™) € L2(R™),
consequently |u|("™ € H2(R") = dom Hy (see Section 3.2); hence (recall Hy > 0)

(Iul®, Alul)) <0,
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Combining with the other inequality one finds (|u|", Alu|(") = 0, and thus
|u|(") = 0. Since u € L2(R"), by Lemma 6.3.11b) one can consider a subsequence
and assume that |u|(™) — |u| a.e. as r | 0, so that u = 0. By Proposition 2.2.4, the
deficiency indices of H are null. The corollary is proved. O

Ezercise 6.3.13. Use results of Section 3.4 to show that if ¢ € dom Hy = H?*(R")
and (¢, Hypyp) = 0, then ¢ = 0. This was used in the proof of Corollary 6.3.5.

Proof. [Theorem 6.3.3] Let u,Au € Ll _(R"). Thus, «(") € C*°(R") and, by
Lemma 6.3.9,

A@u®). > Re (sgo () Au),  Ver >0,

that is, for every 0 < ¢ € C3°(R"),
/ u{” A¢dz > Re / (sgn . u™) Au ¢ dz.

The point now is to take the limit | 0 in both terms of this inequality.
Since u, Au € Ll , by Lemma 6.3.11c), d) and Proposition 6.3.12ii), u(” — u
and Au(") = (Au)") — Awu in Ll . and in the distributional sense. By passing to
a subsequence one can suppose that (" — u and Au(") = (Au)") — Au a.e.
Together with the inequality

U(T)—UE — u(r)2_|_82 1/2_ U2+82 1/2
€
[[ut]? = Jul?|
(ju[2 +2) 2 4 (juf? + £2)"/?

< ’|u(r)| - |u|’ < ’u(r) - u‘

the convergence u("™ — u implies that uy) — U in L

subsequence), and so

1

ve and a.e. as r | 0 (for a

/ ul™ A dx — us A¢pdx.

Rn

Taking into account the uniform boundedness of sgn _u(") (that is, |sgn .u("| < 1)
and Au(") — Aw, in a similar way it is found that (for a subsequence)

sgn _(u) (Au(r) — Au) — 0,
in the distributional sense as r | 0. By dominated convergence

/ sgn _(u'")Au ¢ dz — sgn _(u)Au ¢ dz, r— 0.
n Rn
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By collecting these convergences and taking the appropriate subsequence r | 0,
for 0 < ¢ € C(R™),

Re / (sgn u™) AuM ¢ dr = Re / (sgn u(™) (Au(r) — Au) ¢ dx

n

+Re/ (sgn u™) Aug dx

— sgn (u)Au ¢ dz
RTL

asr | 0, that is,

/ usqudezRe/ ((sgn ,u) Au)¢ dx,

which is equivalent to the distributional inequality
Aue > Re ((sgn u) Au).

Since ue — |u| uniformly as ¢ — 0, the left-hand side in the above integral
inequality converges to [ |u| A¢dz. Now sgn_u — sgnu as ¢ — 0 and since
lsgn  Aul < |Au| and Au € L{ (R"), one can apply dominated convergence on

the right-hand side of the above integral inequality to get

Re / ((sgn ,u) Au)pdr — Re / ((sgnw) Au)¢ dx
as € — 0. Therefore, the final result, i.e., Kato’s inequality, follows by taking the
limit € — 0 in the latter distributional inequality. 0

Remark 6.3.14. In [LeiS81] there is a generalization of Corollary 6.3.5 that in-
cludes magnetic fields; for an introduction to Schrédinger operators with magnetic
fields see Sections 10.5 and 12.4. The Leinfelder-Simader proof also makes use of
Kato’s inequality and their theorem reads as follows: Let V € L2 (R") be bounded

from below, the components of the magnetic vector potential A; € L (R"),

j =1,...,n, and the distributional divergent (}_;0;4;) € L (R™); then the
Schrodinger operator with magnetic field

n 2
J

is essentially self-adjoint.



