Chapter 3

Fourier Transform and
Free Hamiltonian

The standard free energy and momentum operators are also properly defined in R™
through Fourier transform. It is also an opportunity to briefly discuss some aspects
of Sobolev spaces and related differential operators. The definitions of distributions
C§°(2) and tempered distributions S'(€2), as well as their derivatives, are also
recalled.

3.1 Fourier Transform

Fourier transform is a very useful tool in dealing with differential operators in
LP(R™), with especial interest in p = 2. So some of its main properties will be
reviewed and summarized in the first sections, including its relation to Sobolev
spaces. Few simple proofs will be presented. Applications to the quantum free
particle appear in other sections. Details can be found in the references [Ad75]
and [ReeS75]; a nice introduction to distributions and Fourier transform is [Str94].
Readers familiar with the subject are referred to Sections 3.3 and 3.4, which discuss
some (quantum) physical quantities.

Recall that the Fourier transform F = ": L}(R") — L?(R") is a unitary
operator onto L?(R™). This is known as the Plancherel Theorem, and it implies
the Parseval identity

1Fllz = 1]l Vo € LAR™).

Note the two notations for the Fourier transform Fy = 1& For functions v €
L!(R") there is an explicit expression for this transform, that is,

[ etmiw s

F)0) = s
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with p = (p1,...,0n),x = (21,...,2,) € R” and pzx = Z; 1Djxj, i.e., the usual
inner product in R™. Denote the norm [z = (37_; 23)"/2 and 2* = Y7 a3
Similarly for the variable p.

Besides the use of variables x and p, sometimes it is convenient to distinguish
L2(R") from FL2(R™) by denoting the latter by L2(R™); functions ¢ and opera-
tors T acting in LQ(R") are said to be in the position representation, while the
corresponding ¢ and T := FTF ! acting in L2(R™) are said to be in the momen-
tum representation; see Section 3.4 for illustrations that justify the nomenclature.

The inverse Fourier transform F~'L2(R™) = L2(R") has the expression, for
¢ € L'(R"),

1

(F)@) = 6(0) = ooy

[ oot
R’n

again with two different notations. These expressions hold, especially, for functions
in the Schwartz space

§=S®") = {veC*®R"): lm_ ’mmz/)(k) (x)‘ = 0,k,m},

where m = (mq,...,my), k = (k1,..., k,) are multiindices,

okt ... gkngp
dxh .. gl

o = aft a0 =

Also, |m| =mq +---+my, |k| = k1 +- - - + k, (which should not be confused with
the norm ||, |p| above) and 8;-"1/1 may also indicate

_ oMy
oz

J

o =

It is possible to show that FS = S (one-to-one). Since S is a dense subspace
of all LP(R™), 1 < p < o0, any bounded linear operator defined on this space can be
uniquely extended to LP(R™). This holds in particular for the Fourier transform,
and it is the usual road for its definition on such spaces. If p = 2 one has the
Plancherel Theorem, and so many authors consider that this is the natural space
of Fourier transforms. Instead of S it is possible to work with C§°(R™) because
this space is also dense in L2(R™) and also FC§°(R") is dense in L?(R™).

Recall the famous integral fR exp (—t?) dt = /7. A sample of Fourier trans-
form evaluations, which will be used repeated times (e.g., in the proof of Theo-
rem 5.5.1), is

2 1 2 . 2
F(e—wr—zx /2 — _— ,w/(22) jiwp/z—p /(2,2)7
( )p) = e/ ¢
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where w € C and the branch of the complex number z with Re z > 0 has been
chosen so that Re 1/z > 0. It is worth remarking that the linear subspace spanned
by all such functions

{e_“””_z‘"ﬁz/2 cw,z € C,Re z >0}

is dense in L2, and so it is a way to extend (and define) the Fourier transform to

every element of L2. Note that e’ /?isan eigenvector of F with eigenvalue 1 (pick

w = 0 and 2z = 1). More generally, one has that (F21)(z) = ¢(—x), Vip € L2(R"),

so that every even function is an eigenvector corresponding to this eigenvalue.
For computations it is also useful to invoke the limit in L?(R™)

Fo)e) = Jim o3

/ e P ap(x)dr, Vi € LA(R"),
lz|<R
which is usually denoted in the literature by

1 )

Fo)p) =tim oo [ i) d
@)% Jun

l.im. means “limit in the mean.”

Ezercise 3.1.1. Let ¢ € L2(R") and Br = {x € R" : |z| < R} a closed ball. Show
that the function ¥r = ¥xp, is integrable and so the above explicit expression
for the Fourier transform ¢ is valid. This justifies the use of Li.m. above.
Exercise 3.1.2. Find eigenfunctions of the Fourier transform corresponding to the
eigenvalues —1 and =+i.

Many utilities of the Fourier transform come from its property of exchanging
multiplication and differentiation, as in the next propositions, whose simple proofs
are quite instructive. The roots of those properties are the relations

0 _iap 0
e -
31‘j apj
Proposition 3.1.3. Let ¢ € S. Then,
a) (FW)(p) = (=0)Mp*e(p).
b) (F )P (z) = M F 1 (p*e)(p)) (x).
Proposition 3.1.4. Let ¢ € L2(R"). Then, for fived y € R,
a) (Fu(z —))(p) = e~ "i)(p).
b) F(e™Wi(x))(p) = ¥(p —y).
Similar properties hold for the inverse Fourier transform.

Proposition 3.1.5. Let ¢, ¢ € S. Then, for the convolution

—ixp

s —ixp __ —ixp
—ip; € y = .

—ixje

(Y x ¢) () == - Yz —y)dly) dy = - Y(y) p(z —y) dy
one has F (¥ * ¢)(p) = (2m)"/2 ¥ (p) d(p).
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Exercise 3.1.6. Since S C L!(R"), by using the above explicit integral represen-
tation of the Fourier transform, provide proofs of Propositions 3.1.3, 3.1.4 and
3.1.5.

Ezercise 3.1.7. Compute the Fourier transform of the following functions in L (R):
a) P(x) = Xiap) (7).
b) Fora >0, ¢¥(z) =e *if x >0 and ¢(z) =0if z < 0.

Exercise 3.1.8. Parseval identity can be used to compute certain integrals. For a >
0, consider the characteristic function x[_, 4)(7); compute its Fourier transform
X[—a,q) @and use Parseval to show that

. 2
/ (smaz) dr = Ta.
R xr

It is possible to extend the convolution to spaces LP(R™) by using Young’s
inequality, which is now recalled.

Proposition 3.1.9 (Young’s Inequality). Let 1 < p,q,r < oo with 1/p+ 1/q =
14 1/r. If ¢ € LP(R™) and ¢ € LY(R"™), then the convolution v * ¢ € L"(R™) and

19 % Bl < 9]l [|6lq-

The expression for i * ¢ is the same as that in Proposition 3.1.5.

3.2 Sobolev Spaces

In Chapter 2 the particular classes of Sobolev spaces H™(R) were recalled via
distributional (i.e., weak) derivatives and absolutely continuous functions. A main
point is that the existence of sufficiently many weak derivatives in L?(R) im-
plies some derivatives in the classical sense. In this section additional properties
of suitable Sobolev spaces are collected, and the discussion extended to higher
dimensions.

Before going on, for reader’s convenience, the definition of distribution and
its derivatives are suitably recalled. Let 2 be an open subset of R™; a sequence
(¢j); C C5°(9) is said to converge to ¢ € C3° () if there is a compact set K C
so that the support of ¢; is contained in K, Vj, and for each multiindex k the
sequence of derivatives ¢*) — ¢*) uniformly. C§°(€) is called the space of test
functions.

A distribution w on €2, is a linear functional on C§°(£2) that are continuous
under the above sequential convergence, that is, u(¢;) — u(¢) whenever ¢; — ¢
in C§°(2). Tts derivative is the distribution u(®) defined by

uM () = (-1)Flu(®)),  vo € C§(Q).

The space of distributions on €2 is denoted by C§°(Q)".
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A distribution u is represented by a function v € L{ (Q) if

loc

u(g) = /Q O(e) dle)dr, o e C(Q),

and in this case one usually says that « = ¢ in the sense of distributions. Note that
Ll .(€) is naturally included in the space of distributions, and this fact suggests
the extra terminology generalized function for distributions. The fundamental fact
here is that if u € L () and

[u@ e =0.  voecE@),

then v = 0 a.e. in €. This justifies v = 0 in the sense of distributions as well as
u = 1 above. The Dirac ¢§ is a well-known example of a distribution that is not
represented by any function in Llloc'

The statement u € LL () has distributional derivative u®¥) = v € L} _(Q)

loc
() = (~1)¥ / u() 6 () dir = / o(e) () de,

Q Q
for all ¢ € C§°(2). An important result is discussed in Lemma 2.3.9 and Re-
mark 2.3.10, that is, if Q is an open connected set and u is a distribution with null
derivative, then wu is constant.

A sequence of distributions (u;); in C§°(€2)" converges to the distribution «,
in the same space, if for every ¢ € C5°(€2) the sequence (u;(¢)); converges in C
to u(9).
Ezample 3.2.1. To illustrate how weak is the notion of convergence of distributions,
consider the sequence u;(z) = €“® in L] _(R), which has a bad behavior in terms
of convergence as a sequence of functions (e.g., it has constant absolute values and
it does not converge pointwise to any function). However, for each ¢ € C§°(R), on
integrating by parts

luj ()| =

/ e9" ¢(x) dx
R

C
s7¢||¢’||oo —0

= ’;/Reijng’(m)dm

as j — oo, where Cy is the Lebesgue measure of the support of ¢. Hence u; — 0
in the sense of distributions. The mechanism is the fast oscillations as j — oo
implying cancellations in the integral.

Ezample 3.2.2. If 0 < ¢ € L*(R") and [+(z)dz = 1, then ¢;(z) := j™¢ (jz)
converges to Dirac J at the origin as j — oco. Indeed, for ¢ € C§°(R"™),

Uy(0)= | (@) (0la) ~ o0 dr + [ iy(x) 6(0)d
= | (@) (6(z) - 6(0)) d + 0(0),

Rn
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since [4;(z)dz = 1. Now a change of variable gives

- ¥j (@) (o(z) — ¢(0)) dz = - P(z) (¢(z/5) — 6(0)) d

which vanishes as j — oo by dominated convergence. Hence 9;(¢) — ¢(0) for all
¢ € C3°(R™), that is, 1; — § in the sense of distributions.

A sequence (¢;); C S(R™) is said to converge to ¢ € S(R™) if for every
polynomial p : R™ — C and all multiindex k, pz/)gk) — py®*) uniformly. A tempered
distribution w on R™, is a continuous linear functional on S(R™), that is, u(¢;) —
u(y)) whenever ¢; — ¢ in S(R™). The space of tempered distributions is denoted
by S'(R™). Note that S'(R™) C C§°(R™), so that tempered distributions are
indeed distributions.

The exponential function e” is an example of L] (R) function that defines a
distribution but not a tempered distribution.

At last the definition of (some) Sobolev spaces! For positive integers m, one
defines H™(2), for an open  C R™, as the Hilbert spaces of 1) € L2(£2) so that the
weak derivatives ¢(*) exist and *) € L2(Q) for all |k| < m, and it is considered
the norm

[SIE

9l = | 32 o]

[k|<m

In case 2 = R™ the Fourier transform provides another approach to H™(R™).
Proofs of some of the next results will be provided as examples of typical argu-
ments.

Proposition 3.2.3. Let ¢» € H™(R™). Then, for |k| < m one has
FW®)(p) = (=i)*p*d(p),
with ¥®) denoting distributional derivatives.

Proof. 1t is enough to consider that only one k; # 0; the general case follows by
induction. Since the weak derivatives belong to L?(R"™), one can use Plancherel’s
theorem. Let ¢ € C5°(R™). Then, by Proposition 3.1.3,

<]:¢(kj))’¢§> _ <¢(kj)7¢> _ (_1)kj <¢’¢(kj)>
= (1) (§, Fo) = (~1)h (
= ((=i)sp;b. ),

<
—~
d
S~—
B
&
3
ST
ASSY
\/

and the result follows since FCg°(R") is dense in L2(R™). O
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Corollary 3.2.4. If v € H™(R"™), then
PPo(p) e L2RY)  and W) = F Y (—=i)Flpk . Y|k < m.

Corollary 3.2.4 has a converse statement, but for its proof it is necessary to
recall that, for a tempered distributions u € S'(R™), the Fourier transform 4 is
defined by

a(¢) =u(d), Vo€ SR,
and due to Proposition 3.1.3 the relation
F(u®)(p) = (=i)*p*a(p)

follows. The space LP(R™) can be identified with a subset of &’'(R™) (the inclu-
sion LP(R™) +— S’(R™) is a continuous injection). With this, a very important
characterization will be presented.

Proposition 3.2.5. The above norm ||| - |||, in H™(R™) is equivalent to

m

oll = ([ () W0 ap

Proof. Let 1) € S(R™); since [p|* < (1+|p|?)I¥/2, then if pFi) € L2(R™) for |k| < m,

[ o) o= [

< [ sl ]io)| a.

1
2

P < [ ) o)

and there is a constant a > 0 obeying |||, < a|l|¢[|[,,, since S(R™) = H™(R™)
and the norms are continuous, the latter inequality extends to ¢ € H™(R™).
Conversely, if 1 € H2(R™), it follows by the binomial relation that there are
positive constants b; so that

’ 2

1+ 5| = bl [
j=0

and so
m ) . 2
il = 320 [ 19| a,
j=0 R

and because the right-hand side is a linear combination of terms of the form
|[p*4)(p)||3, then, by Proposition 3.2.3, there is b > 0 with [||¢[||’, < b[[|<]],,,. The
proposition is proved. U

Remark 3.2.6. By using the norm ||| - |||', it is possible to define H*(R™) for any
s eR.
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Theorem 3.2.7. Let u be a tempered distribution in S'(R™). Then the following
statements are equivalent:

1. w belongs to H™(R™).
2. ul™ ¢ L%(R") (weak derivative).
3. pFa(p) € L2(R™), V|k| < m.
4. p™i(p) € LA(R™).
Moreover, if such statements hold, then F(u®)(p) = (—i)*Ip*a(p).

Proof. (Sketch) The equivalences 1 < 2 and 3 < 4 will not be discussed here.
1 = 3 is Corollary 3.2.4. Finally, 3 = 1 follows by Proposition 3.2.5. U

Some of the above results show that, for ¢ € L2(R"), the existence of weak
derivatives implies integrability properties of 1. The next discussion is about dif-
ferentiability properties.

Lemma 3.2.8. If ¢ € LY(R"), then p — 1/3(p) is a continuous function and

. - 1 1
9l = s1p [60)] < o rllblh = oy [ (@)l
pER™ R™

(2m)? (2m)?

Similarly, if ¢ € LY(R™), then ¢(x) is a continuous function and

1

6l < g ol

Proof. Write

1

9 +1) = 90 < ooy [

(27r)% e~ ipth)z _ —i(p)x ()| da

and note that, since ¢ is integrable, the right-hand side vanishes by dominated
convergence as h — 0; hence ¢ (p) is continuous. The inequality in the statement
of the proposition is immediate. O

Ezercise 3.2.9. Verify the inequalities in Lemma 3.2.8.
Proposition 3.2.10. Let ¢ € LY(R™). If 2%4(x) is integrable for all |k| < m, then
¥ ®) is a continuous and bounded function, and

(F)® = (<)M Faky(), VK <m.

Proof. 1t is enough to consider k; = 1 for some j and k; = 0 if [ # j; the general
case follows by induction. One has

1

Y(p) = Ol /Rn e Pa(x)dx.
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Consider also the differentiation of this integrand with respect to p;, that is,

1 . —ix
o) = 0(ps) = g [ (im)e P i) d
this integral is ¢(p) = —iF (x;9)(p), which is a continuous function of p; since, by
hypothesis, z;9(x) is integrable (see Lemma 3.2.8). For p; € R, denote 1/3(pj) the
function obtained by keeping fixed py for £ # j. By using Fubini’s theorem it is
found that, for h # 0,

h
=15 | 1oy ot nar

< sup |p(p; +7) — d(ps)l,
[r|<|h]

[W(pj + h) — ¥ (p;)] — o(p;)

1
h

and since ¢(s) is uniformly continuous in any closed interval, the above expression
vanishes as h — 0. Therefore, 9,,¢(p) = ¢(p). O

Corollary 3.2.11. If¢) € L2(R™) and p¥i)(p) is integrable for all |k| < m, then v®)
18 a continuous and bounded function, and

™ =ikl F1pkd(p)), VK| < m.

Proof. This is essentially Proposition 3.2.10 adapted to the inverse Fourier trans-
form. d

The functions ¢ € H™(R"™) are characterized as those that have weak deriva-
tives () e L2(R™) for any |k| < m and, by a set of results called Sobolev em-
bedding theorems (also called Sobolev lemmas), they become more regular with
increasing m. One of such (nontrivial) results is the following one:

Theorem 3.2.12 (Sobolev Embedding). Let Q be an open subset of R™. If ¢ €
H™(Q) and m > r+ 5, then Y*) s a continuous and bounded function for all
|k| < r. Furthermore, in case Q = R™ the inclusion map H™(R™) — C"(R™) is
bounded.

By way of illustration, take n = 1; it follows that if ¢ € H™(R) then ¥(¥) are
bounded continuous functions for 0 < k < m. For n = 3 and ¢ € H?(R?), then
¥»*) is surely continuous only for k& = 0. In case of bounded open intervals (a,b)
one has C(a,b) C H'(a,b) C Cla,b]; so, roughly speaking, for n = 1 the elements
of H! are continuous functions that are primitives of functions in L2.

For the curious readers, Exercise 3.2.13 gives a flavor of how such results can
be obtained; of course it does not replace a specific text about Sobolev spaces.
Ezercise 3.2.13. The case m > r+mn and 2 = R™ in Theorem 3.2.12 has a simpler
proof. The interested reader may follow the steps ahead to prove this restricted
version of the first part of Sobolev’s embedding theorem, that is, if ¥ € H™(R"™)
and m > 7+ n, then 1) is a continuous and bounded function for all |k| < 7.
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1. If ¢» € H™(R™) then, by Corollary 3.2.11, conclude that it is enough to show
that pF¢p € LY(R"), for all |k| < r.
2. Write p*9) = ¢1¢, with

pk

T (L [

p1(p) = () (L+|p; ")) d(p),  ¢2(p)

and show that if |k| < r both ¢; and ¢2 belong to LQ(R"), so that ¢1¢o is
integrable. For ¢1, dominate it by a finite sum of integrable functions of the
form |p;|"i|¢(p)], with 0 < r; < |k|. For ¢, use Fubini’s theorem and note
that . )
Ip L
L+ |p[* = |pl
for |p| large enough.

Ezercise 3.2.14. If Q C R™ is a bounded set, show that () = |¢t|* belongs to
H™(Q) iff (o — m) > —n/2.

It is also worth mentioning (see [Ad75]):

Lemma 3.2.15. Let Q be an open set in R™ with a reqular bounded boundary. Then
the norm |||¢||,,, in H™ () is equivalent to the norm

o= (I03+ X2 o] -

|k|=m

Example 3.2.16. As an application of Sobolev’s embedding theorem, another proof
of Proposition 2.3.20 will be provided. Recall that dom H = C§°(a,b) C H =
L?(a,b), V € L2 (a,b), —o00 < a < b < oo, and

(H)(2) = —" () + V(@)o(a), & € dom H.
The question is to find H*. If ¢ € dom H*, then H*) € L2(a,b) and for all
¢ € C5°(a,b),

b
/ (—¢"(2) + V(2)$(a)) $(z) dz = (G, H*v),
that is
b b
/ ¢ (2)(x) dx = / o(x) (V(2)b(z) — H*) d,

so that the second distributional derivative of 1) belongs to L (a,b); by Sobolev
embedding v, 1)’ are absolutely continuous functions and

W= VY- H,
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that is,
dom H* = {3 € L*(a,) : ¥, ¢ € AC(a, ), (—¢" + V) € L*(a,b) },
(H*Y)(x) = —¢" (z) + V(z)p(z), 1 € dom H*.

Thereby the proof is complete. 0

3.3 Momentum Operator

This section begins with a summary of a very important statement. For ¢ €
H™(R™) there are two equivalent ways of differentiating it: if |k| < m, under
Fourier transform the derivative in the sense of distributions ¢ — 3) corre-
sponds to the multiplication operator 7 — (—i)ks p?j ¥ in L2 (R”) It is also worth
recalling some integration by parts formulae: if ¥, ¢ € H!(R™), then

(@)0j¢(x)de = — | 9;(¢(x)) ¢() dz,
R’Vl R’Vl
and for ¥, ¢ € H?(R™) then
YAy dr = — [ V() V() da.
R’IL R’IL

Two particular cases will be discussed in detail: related to the first derivative
Pjyp = —i0;1, corresponding to the jth component of the quantum momentum

operator and, related to the laplacian Hyyp = —Ay = — Z?Zl 8]21% corresponding

to the quantum kinetic energy in L2(R"™), discussed in Section 3.4.

In L?(R) the quantum momentum operator was previously introduced, in
Chapter 2), as dom P = H!(R),

(PY)(z) = —it)'(x), ¢ € dom P.

See Examples 2.3.11 and 2.4.10. By Fourier transform one gets
(FPY)(p) = pd(p) = Mopd(p),  ¢(p) =p.

Note also that H!(R) = {zﬁ e L2(R) : 1]l < oo}, that is,

1

R 2
oll = ([ (407 i) < o,
which is the graph norm of M) in L2(R), and dom P = F~'H'(R). Then,

(FPF)b(p) =pd(p),  (P¥)(z) = (F 'pF)(),
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and it follows that the momentum operator is unitarily equivalent (via Fourier
transform) to this multiplication operator M, by a continuous real function.
Therefore, see Subsection 2.3.2, it provides another proof that this operator is
self-adjoint with no eigenvalues, and that its spectrum is R, since such properties
hold for M, (see Exercise 2.1.26).

This construction is readily generalized to the jth component of the momen-
tum operator P; in L?(R"™), given by

F(Pi)(p) = pjtb(p) = Mp,d(p),  1<j<nm,

which is also self-adjoint, with no eigenvalues and its spectrum is R. The (total)
momentum operator is defined through the gradient

P:_ZV:_Z(alaaa’n)a

ie, P=FY(p1,....,pn)F = (F I;F,...,F p,F).

3.4 Kinetic Energy and Free Particle

The nonrelativistic quantum kinetic energy operator in L2(R") (or L?(Q), Q an
open subset of R™) is denoted by Hp and (up to a sign) it is the self-adjoint
realization of the laplacian (distributional derivatives), that is, Hy = —A with
domain H?(R").

For the one-dimensional case L?(R) the kinetic energy corresponds to
dom Hy = H%(R) and Hpy = —v”. By using Fourier transform, this operator
is unitarily equivalent to the multiplication operator

FHop = FHoF ' Fip = M,29).

In higher dimensions L?(R™), n > 2, an alternative way of defining the kinetic
energy operator is dom Hp = H?(R") and

(Hoy)(x) = —Av(z) = F L p*b(p)(z), 1 € dom Hy.

That is, it is unitarily equivalent to the multiplication operator FHyy = /\/lpmﬁ
in L2(R"),
Hy=F'p*F.

Since p — p? is a positive continuous function, it follows that its spectrum is
o(Hp) = rng p? = [0, 00); see Exercise 2.3.29. Further, Hy has no eigenvalues.

Note that the unitarity of the Fourier transform allows one to conclude that
if v € L?(R") with Ay € L%(R"), then ¢ € H?(R"); see other comments on
page 197.

Since only kinetic energy is present (there is no interaction among parti-
cles), the operator Hy is also called the Schrédinger operator for the free particle.
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Another terminology is free hamiltonian or free Schrédinger operator. Perturba-
tions of Hy by a potential energy V (z), resulting in the total energy operator, are
considered in other chapters.

Proposition 3.4.1. The operators Tc,Ts with domains C3°(R™) and S(R™), re-
spectively, both with action ¢ — —Av, are essentially self-adjoint and

Tc =Hy=Ts.
In other words, C3°(R™) and S(R™) are cores of Hy.
Proof. If g € dom T;, C L*(R™), then

(9, =A¢) = (Tog,¥), Vi e Cg°(R");

thus the distributional derivative —Ag = T¢g € L?(R™) and so g € H*(R")
and Thg = —Ag = Hyg, so that Tg C Hp. Conversely, if ¢ € H?*(R"™) then
—A¢ € L2(R") and, via integration by parts,

(0, Tcy) = (¢, —A¢) = (A, ¥), VY € CF°(R");

by definition, ¢ € dom T and Th¢ = —A¢ = Ho¢, so that Hy C TF. Hence
T¢ = Hp. Since Hy is self-adjoint, one has To = TE* = Hy, and it is found that
Tc is essentially self-adjoint.

For Ts, note that T C Ts C Hp. Thus, since T is essentially self-adjoint,
TS = Te = Hy, and so Hy C Té C T¢ = Hy. Therefore, Té = Hy and Ty is
essentially self-adjoint (also Ts = T4* = Hy). O

Ezercise 3.4.2. Show that (1 + Hp)S = S.
In view of Hy = F~'pF, one has

1

R.(Ho)=F '—5—
(Ho) P

F,
for the resolvent of Hy at z ¢ [0,00) (check this!). The operator of multiplication

by the functions
1

p?—z

and e~ itP’

corrpspond to important quantum operators in the momentum representation
L2(R™); their actions in the position representation L?(R™) will be discussed in
Subsection 3.4.1 and Section 5.5, respectively.

Ezercise 3.4.3. Use Fourier transform to show that for all complex numbers z ¢
[0, 00) the operator P;R.(Hy) is bounded for any momentum component P;.

For a measurable function f : R — C one defines the operator

dom f(Hy) = F *dom f(p?), f(Ho) :== FLf(p»F;
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since dom f(p?) is a dense set and JF is unitary, then dom f(Hy) is dense and if
f(p?) is real valued the operator f(Hp) is also self-adjoint — see Subsection 2.3.2.
If f is a (essentially) bounded function, then f(Hp) € B(H). According to the
nomenclature on page 80, f(p?) is the operator f(Hp) in momentum representa-
tion.

In a similar way one defines the function of momentum operators f(P;) and
f(P), the latter with f : R™ — C. Note, as before, the abuse of notation by
indicating the multiplication operator M, by just f(p).

Erercise 3.4.4. Verify that if f(p) = p*, k € N, then the corresponding operator
f(Hp) in L2(R) is

dom f(Ho) = H™R),  f(Ho)y = (=1)* 4.
Challenge: What about Hg?

3.4.1 Free Resolvent

In this subsection the resolvent of the free hamiltonian R.(Hy) in R?, in position
representation, will be computed from its momentum representation (p? — 2z)~1.
First, a result also of general interest.

Lemma 3.4.5. If f € L2(R"), then the operator f(P) in position representation is
an integral operator whose kernel is 1/(2m)% f(y —x), that is, for all 1 € L2(R™),

PRI =7 [fo0iw] ) = s [ o= ) dy

Proof. Since f1/3 € LI(R") there is an explicit expression for its inverse Fourier
transform. Fix # € R™. Then, since F~! is unitary and by a simple variation of
Proposition 3.1.4,

r)EF (1) @)= [ i) do

This is the desired expression. O

Theorem 3.4.6. Fiz a complex number z ¢ [0,00). Then the resolvent of the free
hamiltonian Hy in L?(R3) at z, in position representation, is given by

eiVzlz—yl
(Reti)@) = 3= [ T v dn, e e LAR?)

with the branch of the square root given by Im /z > 0.
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Proof. The resolvent is (R.(Ho))(z) = F [ (p)(p))(z) with f(p) = (57 — 2)""
which belongs to L?(R?) (and is also bounded). By Lemma 3.4.5, the resolvent is
an integral operator with kernel

Golx —y:2) == 1/(2m) f(z —y).
The task now is to compute
1xp 1xp
X =(2r 3/2f x :l.i.m./ c dp = lim e dp.
(2m)* = f(x) 2 — 2 R Jen P2 — 2

Introduce spherical coordinates xp = |z||p|cos8, r = |p[, 0 <O <7, -7 <I <7
and also a = cosf. Then

zr|:v|a
= lim / / / 2d19da dr
R—oo .

2w lim / ret Tl d 27 i / we' W] d
im ———dr = - im w,
ile| Rooo | p 12— 2 i || R0 cr (W —2)(w+/2)
where Im /z > 0, Cg is the rectangle in the upper half complex plane, delimited

by the vertices (—R,0), (R,0), (R,VR),(—R,VR), and w the complex integration
variable. Then, by residues, one gets

et Vzlz|
X =27 Ei Im /z > 0,
x

so that

1 eiVzlz—yl

Golz —y;2) = ————, Im vz > 0,

Ar |z —y|

and the proof is complete. O

Definition 3.4.7. The function Go(z — y;z), introduced in the proof of Theo-
rem 3.4.6, is called the three-dimensional free Green function. It is the kernel
of the free resolvent operator in L2(IR3).

Exercise 3.4.8. Given a potential V : R3 — R, assume that ¢ € L?(R3) is an
eigenfunction of Hy+ V with eigenvalue A < 0, that is, (Ho+ V)¥ = M and, also,
Vi € L2(R?). Show that

e~ V—=Alz—yl
ve) =4 [ S V@) dy

dm Jps |z —yl
This is an integral equation for ¢ closely related to the Lippmann-Schwinger equa-
tion in scattering theory.

FEzercise 3.4.9. Check that the kernel of the free resolvent operator in L2(R), i.e.,
the one-dimensional free Green function, at z ¢ [0, 00) is

Go(x —y;2) = ﬁ eVl with Im /z > 0.
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Remark 3.4.10. For dimensions different from one and three, the computation of
the free Green function is more difficult to handle; it can be performed in terms
of modified Bessel functions of the second kind. The situation is simpler for odd
dimensions, since spherical Bessel functions can be employed. Nonetheless, they
are not too illuminating. See the full expression in [HiS96] page 164 and details in
[CouH53], and for Bessel functions [Wa62].

Exercise 3.4.11. Check that for L2(R"), n = 1,3, there exists (a.e.) the limit of
the free Green function for z = A +ie, A > 0,

Go(z —y; A £0) := h%li Go(z — y; A + ie).

So the operators Ryio(Hp) are also defined as integral operators with kernels
Go(x—y; A£0). Verify that Ry1o(Ho) # Rx—o(Hp). Are these operators bounded?
Ezercise 3.4.12. Write out the one-dimensional harmonic oscillator energy opera-
tor (Example 2.3.3) (H1)(z) = —¢" (x) + 2%4(x) in the position and momentum
representations.

Remark 3.4.13. The kinetic energy, the j-component of the momentum and the
total momentum operators in L?(R™), with all physical constants included, have
the expressions

h2

H =
0 2m

A,  Pj=—ihd;, P =—ihV,

respectively. For the Green function in L?(R3),

m 1 . V2mz
Go(x_yvz): 2o |$_y|exp ? B |'T_y| )

while in L?(R)

Go ) 1 m o V2mz | |
T—y;z)=—4/—exp |1 T — .

0 Y n\ 22 p Y

Finally, the expression of Fourier transform in L?(R") usually employed in quan-
tum mechanics takes the form

~ 1 PEdd
= — e 'm (x)dx.
00) = oy [ vle)
Remark 3.4.14. In the context of quantum mechanics, usually the term “Green
function” refers to a representation (e.g., in position or momentum representa-
tion) of the resolvent of a self-adjoint operator. The Green function for the hydro-
gen atom Schrédinger operator was studied in [Ho64] and [Schw64] (see Exam-
ple 6.2.3).



