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Related to Jensen’s Inequality
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Abstract. We present several general inequalities related to Jensen’s inequal-
ity and the Jensen-Steffensen inequality. Some recently proved results are
obtained as special cases of these general inequalities.

Mathematics Subject Classification (2000). 26D15.

Keywords. Convex functions, Jensen’s inequality, Jensen-Steffensen inequality,
Slater’s inequality, Mercer’s inequality.

1. Introduction

Let the real function ¢ be defined on some nonempty interval I of the real line R.
We say that ¢ is conver on I if

Az +(1-XNy) <Ap(z) +(1-A)e(y)
holds for all z,y € I and A € [0, 1].

An important property of convex functions is the existence of the left and
the right derivative on the interior I of I (see [11]). If ¢ : I — R is convex then for
any = € I the left derivative ¢’ () and the right derivative ¢!, (x) are increasing
on I and

o (z) <¢ (z) forallze I.

It can be also proved that for any convex function ¢ : I — R the inequalities
() +c(2)ly—2) <o), c2)€ [Pl (2),¢) (2)] (1.1)

() <e@)+e) (y—2), c) el (), @) (1.2)

hold for all y,z € 1.
One consequence of (1.1) and (1.2) is that ¢ : I — R is convex if and only
if there is at least one line of support for ¢ at each g € I. Furthermore, ¢ is
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differentiable if and only if the line of support at z¢ € Iis unique. In this case,
the line of support is

A(z) = ¢ (o) + ¢’ (w0) (x — o) -

There are many known inequalities for convex functions, but surely the most
important of them is Jensen’s inequality. In its integral form it is stated as follows
(see [10, p. 45]).

Theorem A. (Jensen) Let (2, A, 1) be a measure space with 0 < p () < oo, and
let u:Q — I, I CR, be a function from L' (u). Then for any convex function
@ : I — R the inequality

(p(u(lm/gud@ < ﬁ/ﬂ(wou)du (1.3)

One of the inequalities which are strongly related to Jensen’s inequality is the
Jensen-Steffensen inequality for convex functions. An integral version was proved
by Steffensen, but here we consider a variant given by R.P. Boas in [3].

holds.

Theorem B. (Steffensen-Boas) Let f : (o, 8] — (a,b) be a continuous and mono-
tonic function, where —oo < a < f < 400 and —oo0 < a < b < 400, and let
¢ : (a,b) — R be a convex function. If X : o, 8] — R is either continuous or of
bounded variation satisfying

(Vo €[, 8]) Aa) <A(x) <A(B), A(B)—A(a) >0, (1.4)
then

8 B
(fa £ () dA (t)) < JapUA® (1.5)

JZan@) JZax@

In [7] a couple of companion inequalities to Jensen’s inequality in its discrete
and integral form were proved. The main result in its discrete form is stated as
follows.

Theorem C. (Matié, Pecarié) Let ¢ : C' — R be a convex function defined on an
open convex subset C in a normed real linear space X. For the given vectors x; €
C,i=1,2,...,n, and a nonnegative real n-tuple p such that P, =Y ;" p; >0
let

T = Pin;]%wu Y= %n;pi@ (x4) .

If ¢,d € C are arbitrarily chosen vectors, then

1 n
*(ex—c)<T< =N "piat (xpxi — d). .
ple)+a" (T —c)<y< p(d)+ B ;leza (xi; 2, — d) (1.6)



On Some General Inequalities Related to Jensen’s Inequality 235

Also, when ¢ is strictly convex we have equality in the first inequality in (1.6) if
and only if x; = ¢ for all indices i with p; > 0, while equality holds in the second
inequality in (1.6) if and only if x; = d for all indices i with p; > 0.

In the rest of the paper without any loss of generality for the convex function
¢ : (a,b) — R we denote

o () :=¢ (x), =€ (a,b).

Theorem D. (Klaricié, Matié, Pecarié) Let ¢ : (a,b) = R, —00 < a < b < 400, be
a convez function and p € R™ (n > 2) such that

0<P.=F pi<P, k=1,....,n, P,>0. (1.7)
Then for any x € (a,b)" such that
T3 S22 < STy O X1 2T 20 2Ty

the inequalities
n 1 n
pc)+¢ ()T —¢) Z (zi) < o )+szi¢/(xi) (zi—d) (1.8)
i=1 =1

hold for all ¢,d € (a,b).

Under the stated assumptions on @ and p the inequalities in (1.8) are valid
for all ¢,d € (a,b), so in the first inequality in (1.8) we may choose ¢ = T thus
obtaining the discrete Jensen-Steffensen inequality. Moreover, the choice ¢ = 7 is
the best possible since

e +¢ (c)(T—c) < p(T)
for all ¢ € (a,b).

The integral version of Theorem D, stated in Theorem E, has been also proved
in [6].

Theorem E. (Klaricié, Matié, Peéarié) Suppose that f, o and X are as in Theorem

B. Then x and y given by
1 B
ORI ACEC

1 B
W/a @ (f (1) dr ()

are well defined and T € (a,b). Furthermore, if ¢’ (f) and X\ have no common
discontinuity points, then the inequalities

ple)+¢' (c) (@ -0

8|
I

<

@I
‘G
s
+

hold for each ¢,d € (a,b).
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In [9] the following theorem was proved.

Theorem F. (Pecarié) Suppose that ¢ is conver on (a,b) and a < x1 < --- <
Tp < b. If p1,...,pn are real numbers such that the conditions (1.7) hold and if

n § n Pz'fUiﬁP/ (fCi)
) piSD/ (‘rZ) 7& 0, = 1711 € (a7 b) )
=t > pig! ()

i=1 1 1

Pinzpiga(m <o (@).

In paper [8] A. Mercer proved the following variant of Jensen’s inequality:

® (acl + T, — szxl> <@ (z1) + ¢ (zn) sz (i) (1.10)

i=1

then

which holds whenever ¢ is a convex function on an mterval containing the n-tuple
x such that 0 < 27 < 29 < --- < 2, and where w is a positive n-tuple with
>, w; = 1. His result was generalized for weights satisfying the conditions as in
the Jensen-Steffensen inequality in [1], and two alternative proofs of (1.10) were
given in [13] and [2].

2. The results

The goal of this paper is to obtain Mercer-type variants of Theorems C, D, E
and F.

In the following with (€2, A, i) we denote a measure space with 0 < p () < 0o
and for a,b,m, M € R we always assume oo < a <m < M < b < oco.

Theorem 1. Let ¢ : (a,b) — R be a convex function and let u : Q — [m, M| be a
measurable function such that ¢’ ou belongs to L' (i) . Then the inequalities

w(e)+ ¢ (o) (m—kM—c—ﬁ/{zudﬂ)

1
<pm)+e(M)— —/ ou)d 2.1
w()w()u(mﬂ(w)u (2.1)
1
<) +¢' (m)(m—d)+¢" (M) (M -d) - m/ﬂ(ﬂ(t) —d) (¢ ou)dp
hold for all ¢,d € [m, M].
Proof. We prove the first inequality in (2.1).
For all u (¢) € [m, M], t € Q, we can write
U(t) = )\tm—l— (1 - )\t)]\{7 )\t S [07 ].]
hence

(pou)(t) = (Mm+ (1= A) M) < Ao (m) + (1= M) @ (M)
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for all t € Q. Also
o (m+ M —w(t) = o (1 M)m+ AM) < (1— ) (m) + Ao (M)
=@ (m)+ (M) —[Ap(m)+ (1= A) @ (M)]
<p(m)+e(M)—(pou)(t).
If in (1.1) we choose z = c and y = m + M — u (t) we obtain
pe)+¢ () (m+M—u(t)—c) (2.2)
<e(m+M—u(t) <@(m)+e(M)—(pou)(t).
Integrating over  and dividing by u (2) we obtain

p(c)+ ¢ (o) (m+M—c—M1m/Qudu)

1 1
Sm/ﬂw(m—FM_u(t))dﬂgSD(m)+<P(M) H(Q)/(goou)d,u.

Now it remains to prove the second inequality in (2.1). Let d, u (t) € [m, M],
tef.

We consider two cases.
Case 1. u (t) > d. From (1.2) we have
p(m) —p(d) <¢' (m)(m—d),
@ (M) = (pou)(t) < ¢ (M) (M —u(t),

hence

+
+ + 6

(M) = (pou)(t)

(m) =@ (d) +¢ (M) = (pou) (1)

m) (m — d) + " (M) (M — u(t))

m) (m —d) + " (M) (M —d) — " (M) (u(t) - d). (2.3)

A s
€ € 6 3
==

(d) +¢'

Since ¢ is convex the derivative ¢’ is nondecreasing and we know that from u (t) <
M follows (¢’ ou) (¢t) < ¢’ (M), hence (2.3) implies

@ (m)+ e (M) = (pou)(t)
<@(d)+¢' (m)(m—d)+¢ (M) (M —d) = (¢ ou) t)(ut)—d). (2.4)
Case 2. u () < d. Similarly as in the previous case we can write

p(m) +¢ (M) = (pou)(t)

=p(d)+e(m) —(pou)(t) +¢(M)—p(d)
<@ (d) +¢" (m)(m—u(t) +¢ (M) (M —d)
=@ (d)+¢' (m)(m—d)+¢" (M) (M —d) +¢' (m)(d—u(t)).
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From m < u (t) we have ¢’ (m) < (¢’ ou) (¢), hence

@ (m)+¢ (M) = (pou)(t)
<@(d) +¢" (m)(m—d)+¢" (M) (M —d)+ (¢ ou) (t) (d—u(t)
=@ (d)+¢" (m) (m —d) +¢" (M) (M —d) — (¢'ou) (t) (u(t) - d),
which is again (2.4).
In other words, for any d,u (t) € [m,M] the inequality in (2.4) holds. In-

tegrating (2.4) over Q and dividing by w (€2) we obtain the second inequality in
(2.1). The proof is complete. O

Corollary 1. Let ¢ : (a,b) — R be a convez function. If p € R} and @ € [m, M|"
then the inequalities

p(@+¢ (@ (m+ M —co Pig_jpx)

< (m) + 5 (M) = -3 i (1) (25)
™ i=1
<@(d)+¢ (m)(m—d)+¢ (M) (M —d) —*szw ;) (z; — d)

hold for all ¢,d € [m, M].
Proof. This is a straightforward consequence of Theorem 1. We simply choose

92{172,...,7’1}7
p({ih)=pi i=12,....n
u(z)::r“ i:1,27...,n. 0O

Corollary 2. The following inequalities are valid under the assumptions of Corol-
lary 1:

0<p(m)+o(M)— %stﬂ(m) —¢(7)
" i=1

<@ (m)(m—=)+¢ (M) (M —2) - %Zm’ (z:) (z; — ),
™i=1

where T =m + M — l/Panixi.
i=1
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Corollary 3. Suppose that the conditions of Corollary 1 are satisfied and addition-
ally assume

S el ) # P [ m) + ¢ (M)

Pn m ' m M ' M — " i Lq ' xX;
__ Palm () + M () Spme)
Pole (m)+¢ (M)] = pie! (w:)

Then

o (m) + 0 (M)~ 2> pi () < 0 (7).
"i=1

The inequalities obtained in Corollary 2 and 3 are the Mercer-type variants
of the corresponding inequalities given in [4] and [12].
Theorem 2. Let ¢ : (a,b) — R be a convex function and w € R' such that

k
0<Wi=> wi <W, k=1,....,1, W;>0.
=1

Let € € [m,M]l be such that & < & < --- <& or& > & > - > &. Then the
inequalities

l
o (c)+ ¢ (c) (m +M—c— V:[l/lZwZ&)
l
< o (m)+ ¢ (M) - %ZW () (2.6)
=1

l
<o (d)+ ' (m) (m = d) + ¢! ) (M = ) = 7S "wi? (6) (6 — )
=1

hold for all ¢,d € [m, M].

Proof. For n =1+ 2 we define
T =m, xg = &1, z3 = &2, Tn—1 = &, Tn =M
pr=1, p2=—wi /W, pa=—wa/Wi, ... pp1=-w/Wi, p,=1

Itisobviousthat z; < ao < - <z, if§H <&E << orawp >a0 >0 >
I lfglzggzzgl and that

k
0<Pe=Y pi<Py k=12,...,n, P,=1>0,

i=1

hence we can apply Theorem D on ¢,  and p thus obtaining (2.6). O
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Note that under the conditions of Theorem 2 we also have
l
- 1
E=m+ M — Wl;wifz‘ € [m, M],

which means that in (2.6) we can choose ¢ = £ in which case the first inequality in
(2.6) becomes the generalized Mercer inequality as it was stated in [1]. Mercer’s
inequality itself can be obtained in the same way as a special case of Corollary 1.

Corollary 4. The following inequalities are valid under the assumptions of Theo-
rem 2:

l
0<p(m)+p(M)-— %wa(&) -9 (6

l
</ (m) (m =€)+ (M) (M~ 8) - 5= >"wie (€) (6~ ©).
i=1
where l
— 1

Corollary 5. Suppose that the conditions of Theorem 2 are satisfied and addition-

ally assume
l

> wid (&) £ Wi ¢ (m) + ¢ (M),
Wi [’ (m) + Mg (10)] =3 witie (&)

Wile' (m)+¢ (M) = 3w (&)

€= € (m,M).

Then
l
o m) + o (M) = - wi () < ¢ (2).
i=1

The inequalities given in Corollary 4 are the Mercer type variants of a result
from [5] and the inequality given in Corollary 5 is the Mercer type variant of
Theorem F.

Now we prove the integral case of Theorem 2.

Theorem 3. Suppose that f : [, B] — [m, M], o, \,T andy are all as in Theorem E
and additionally assume that @ is continuously differentiable. Then the inequalities
) +¢ () (m+M—c—7)<p(m)+e(M)-y

< @(d) +¢' (m)(m—d)+¢ (M) (M —d)
1 A,
- t t) —d]dA(t 2.7
eyl A ACEEENC (27)
hold for each c¢,d € [m, M].
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Proof. Suppose that f is nondecreasing (for f nonincreasing the proof is analo-
g~ous). For arbitrary &, 8 € R such that & < a and 8 > § we define a new function
f @, 8] — [m, M] by

m—4 19" &) te[a o,

ft) = fw,  tend,
M+ 20— 3), e s, B).

It can be easily seen that the function f is continuous and nondecreasing.
Next we define two new functions A : [&, 3] — R and A, : [@, 3] — R by

1, t=a, )
AN)={ 0 te@p)
_]-7 t:67
and
1, t € la,al,
Ae(t) =4 3B L€l
0, t e [3,0].

Note that for any function g : [&, 5] — R continuous at the points & and 3 we
have

P ) i o
/ g (1) dAs (1) = 9 (@) s (6 + 0) — Ay (8)] + 9(B)As(B) — Au( — 0)
= —g(a) — g(B). (2:8)

[e3

Also, if A is continuous on [a, 8] then \. is continuous on [&, 3]7 and if \ is of
bounded variation on [e, 8] then A. is of bounded variation on [&, §]. This means
that for any continuous and piecewise monotonic function g : [@, ] — R the

integral | f g(t)dX.(t) is well defined and

3 ~ @ ~ 8 . B .
dA. = dA. dA. d\.
[ g () dA. (1 / g ()i (£) + / g ()i (£) + /ﬂ g () dA. (1

B N B _
- [swa.0= [Csoa3G=0]
1 B
YRy )/a g (#)dr (1) (2.9)

Now we define \ : [&, 5] — R by

AB)=Xe(t) = As (), te]

@
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From (2.8) and (2.9) we conclude that the integral fs g(t)dX(t) is well defined for
any continuous and piecewise monotonic function g : [@, 3] — R and

B
) a [ SOVO @ 9B (2w0)
We also have
AB) = A (@) = AelB) — A (@) — As(B) + X (@) =0—1+1+1=1.

If we apply Theorem E on the functions f, o and A (we can do that even if the
function A is neither continuous nor of bounded variation since all the integrals
are well defined) we obtain

p(c)+¢' () (Z—0)

<g<w«b+§——i———/ﬁ¢(ﬂw)V@w—ﬂdﬂm

(8) = A(a) Ja
where
;o s
= 1~ . / f@)ydx@) = [ f@)dr(t)
JORROM :

1 B s
:_XU%—A@)LLHﬂdMﬂ+f&U+ﬂ@
=m+M-=

and

Now we have

ele)+¢ () (m+M—c—T)<o(m)+¢(M)-7
A
Sw(d)+[

[e3%

o (Fo) [fo-ddw. (2.11)

and if in the second inequality in (2.11) we apply (2.10) for the function g : [&, 5] —
R defined by

g0 =¢ (F1) [F0)-d

we obtain (2.7). The proof is complete. O
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