Chapter 5

Preliminary Results on Measure
Theory

In this chapter we introduce, mostly without proofs, some basic measure-theoretic
tools needed in the next chapters. We decided to present the most significant
result in the quite general framework of separable metric spaces in view of possible
applications to infinite dimensional Hilbert (or Banach) spaces, thus avoiding any
local compactness assumption (we refer to the treatises [126, 71, 72, 136, 67] for
comprehensive presentations of this subject).

At this preliminary level, the existence of an equivalent complete metric (Pol-
ish spaces) only enters in the compact inner reqularity (5.1.9) or tightness (5.1.8) of
every Borel measure (it is a consequence of Ulam’s Theorem [72, 7.1.4], a particular
case of the converse implication in Prokhorov Theorem 5.1.3), which in particular
appears in the so called disintegration theorem 5.3.1 and its consequences; this
inner approximation condition is satisfied by a wider class of even non complete
metric spaces (the so called Radon spaces [136, page 117]) and it will be sufficient
for our aims. Since weak topologies in Hilbert-Banach spaces are not metrizable, it
will also be useful (see Lemma 5.1.12) to deal with auxiliary non complete metrics,
still satisfying (5.1.9).

Even if the presentation looks more abstract and the assumptions very weak
with respect to the more usual finite dimensional Euclidean setting of the standard
theory for evolutionary PDE’s, this approach is sufficiently powerful to provide all
the crucial results and allows for a great flexibility.

Let X be a separable metric space. We denote by Z(X) the family of the
Borel subsets of X, by #(X) the family of all Borel probability measures on X.
The support supp u C X of p € P(X) is the closed set defined by

supp p = {x € X :u(U) >0 for each neighborhood U of x} (5.0.1)



106 Chapter 5. Preliminary Results on Measure Theory

When X = X; x ... x X} is a product space, we will often use bold letters
to indicate Borel measures p € Z(X). Recall that for separable metric spaces
X1, ..., X the Borel g-algebra coincides with the product one

B(X) = B(X1) x B(Xs) x - x B(Xp). (5.0.2)

5.1 Narrow convergence, tightness, and uniform
integrability

Conformally to the probabilistic terminology, we say that a sequence (u,) C Z(X)
is narrowly convergent to p € Z(X) as n — oo if

nlirr;o f ) dpin, (z / f(z)du(z (5.1.1)

for every function f € CP(X), the space of continuous and bounded real functions
defined on X.

Of course, it is sufficient to check (5.1.1) on any subset € of bounded con-
tinuous functions whose linear envelope span% is uniformly dense (i.e. dense in
the uniform topology induced by the “sup” norm) in C(X). Even better, let us
suppose that 6y C CP(X) satisfies the approximation properties

/ f(z)dp(x) = sup {/ h(z)du(z) : h € Gy, h < f} (5.1.2a)
X X
- inf{/Xh(x) du(z) : h ey, h> f}, (5.1.2b)

for every f € € then if (5.1.1) holds for every f € %, then it holds for every
continuous and bounded function f. In fact for every f € € we easily have

liminf/ f(@)du,(x) > sup liminf/ h(z) dpy, (x)
X X

n—o00 hE€y,h<f M0

N he%&%gf/x h(z) dp(z) = /Xf(x) du(z)

and the opposite inequality for the “limsup” can be obtained in a similar way
starting from (5.1.2b). Thus every f € € satisfies (5.1.1), and we get the same
property for every f € CP(X) since span %’ is uniformly dense in CP(X).

If d is any metric for X, the subset of d-uniformly (or d-Lipschitz) continuous
and bounded real functions provides an important example [138, Th. 3.1.5] sat-
isfying (5.1.2a,b). For, we can pointwise approximate a continuous and bounded
function f from below with an increasing sequence of bounded Lipschitz functions
fx (they are particular examples of the Moreau-Yosida approximations for the

(5.1.3)
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exponent p = 1, see Section 3.1)

inf f < fi(z) < fz) <sup f,

f(a) = lim fi(x) = sup fi(x), (5.1.4)
e keN

fr(z) = n;f f(y) + kd(x,y), with

thus obtaining (5.1.2a) by Fatou’s lemma; changing f to —f we obtain (5.1.2b).

A slight refinement of this argument provides a countable set of d-Lipschitz
functions satisfying (5.1.2a,b) for every function f € CP(X): we simply choose
a countable dense set D C X and we consider the countable family of functions
h: X — R of the type

h(z) = (Ch + Q2d(x,y)) Ak

(5.1.5a)
for some q1,¢2,k € Q, ¢2, k€ (0,1), y € D.

We denote by %1 the collection generated from this set by taking the infimum of
a finite number of functions, thus satisfying

sup |h(x)] <1, Lip(h,X)<1 Vhe %; (5.1.5b)
zeX

finally we set

G = {M:he6,\eQ). (5.1.5¢)

As showed by the next remark, the above constructions are useful, since in
general Cp(X) (endowed with the uniform topology) is not separable, unless X is
compact.

Remark 5.1.1 (Narrow convergence is induced by a distance). It is well known
that narrow convergence is induced by a distance on Z?(X): an admissible choice
is obtained by ordinating each element of ¢ in a sequence (fy) and setting

o, v) :—i?k‘/)(fkdu/xfkdu‘. (5.1.6)

If d is a complete bounded metric for X we could also choose any p-Wasserstein
distance on Z(X) (see Chap. 7 and Remark 7.1.7). In particular, the family of all
converging sequences is sufficient to characterize the narrow topology and we do
not have to distinguish between compact and sequentially compact subsets.

Remark 5.1.2 (Narrow topology coincides with the weak™ topology of (CP (X ))/)
Z(X) can be identified with a convex subset of the unitary ball of the dual space

(CS(X ))/: by definition, narrow convergence is induced by the weak* topology of

(C’g(X ))/ This identification is useful to characterize the closed convex hull in
P(X) of a given set K C #(X): Hahn-Banach theorem shows that

p € Conv (K) fdp < sup/ fdv YfeC)X). (5.1.7)
X vek JX
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For instance we can prove the separability of &2(X) by choosing K := {595 rx €
D}, where D is a countable dense subset of X: by (5.1.7) we easily check that
P(X) = ConvK and therefore the subset of all the convex combinations with
rational coefficients of J-measures concentrated in D is narrowly dense in Z(X).

The following theorem provides a useful characterization of relatively com-
pact sets with respect to the narrow topology.

Theorem 5.1.3 (Prokhorov, [67, ITI-59]). If a set K C Z(X) is tight, i.e.
Ve>0 3JK. compact in X such that (X \K:)<e VYpek, (5.1.8)

then KC is relatively compact in P(X). Conversely, if there exists an equivalent
complete metric for X, i.e. X is a so called Polish space, then every relatively
compact subset of P(X) is tight.

Observe in particular that in a Polish space X each measure p € Z(X) is
tight; moreover, compact inner approximation holds for every Borel set:

VBe #B(X), e>0 IK.€B: puB\K.) <e. (5.1.9)

In fact, this approximation property holds for a more general class of spaces, the
so-called Radon spaces [136].

Definition 5.1.4 (Radon spaces). A separable metric space X is a Radon space if
every Borel probability measure p € 2 (X) satisfies (5.1.9).

When the elements of K C X are ordinated in a sequence () of tight
measures (which is always the case if X is a Radon space), then the tightness
condition (5.1.8) can also be reformulated as

inf i X\K)=0 5.1.10
Jnf lﬁsolipun( \ K) =0, ( a)

or, equivalently since p,(X) =1,

sup liminf pu, (K) = 1. (5.1.10b)

An interesting result by LE CaMm [103], [72, 11.5.3], shows that

in a (metric, separable) Radon space X, (5.1.11)
every narrowly converging sequence (p,) C P(X) is tight. o

Remark 5.1.5 (An integral condition for tightness). It is easy to check that (5.1.8)
is equivalent to the following condition: there exists a function ¢ : X — [0, +00],
whose sublevels {x € X : ¢(z) < ¢} are compact in X, such that

sup/ o(x) dp(r) < +oo. (5.1.12)
neK JX
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For, if {,}52 is a sequence with Zn 0En < 400 and K, := K. is an (increas-
mg) sequence of compact sets satisfying (5.1.8), the function

+o00
p(x) = inf{nZO:xeKn} :ZXX\K”(x), (5.1.13)
n=0

satisfies (5.1.12). Conversely, if IC satisfies (5.1.12), Chebichev inequality shows
that (5.1.8) is satisfied by the family of sublevels of .

We conclude this part by a well known result comparing narrow convergence
with convergence in the sense of distributions when X = R¢.

Remark 5.1.6 (Narrow and distributional convergence in X = R?). For n € N let
[in, it be Borel probability measures in the euclidean space X = R¢ such that

lim f(z) dpn(z / f(x)du(z) VfeCZ(RY). (5.1.14)
n—oo [pd
Then the sequence (uy,) is tight and it narrowly converges to p as n — co.
For, if ¢ € C°(RY) satisfies
0<¢<1, ((z)=1 if|z|<1/2, ((z)=0 ifl|z|>1,

and (;(z) := ((x/k), we have

lim inf jz,, (B (0)) > lim Ck ) dpin (x / () dp(z

n—0o0 n—0o0

since Lebesgue dominated convergence theorem yields

lim [ () du(a) =1,
k—oo Rd

choosing k sufficiently big we can verify the tightness condition (5.1.10b). By

Prokhorov theorem the sequence (i) has at least one narrowly convergence sub-

sequence: a standard approximation result by convolution shows that any narrow

limit point of the sequence () should coincide with g, which is therefore the

narrow limit of the whole sequence (recall that the narrow topology is metrizable,
see Remark 5.1.1).

5.1.1 Unbounded and l.s.c. integrands

When one needs to pass to the limit in expressions like (5.1.1) w.r.t. unbounded or
lower semicontinuous functions f, the following two properties are quite useful.
The first one is a lower semicontinuity property:

liminf/Xg(J;)d,un(x) E/Xg(x)d,u(x) (5.1.15)

n—0o0
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for every sequence (u,,) C &(X) narrowly convergent to p and any l.s.c. function
g: X — (—00,+00] bounded from below: it follows by the same approximation
argument of (5.1.3), by truncating the Moreau-Yosida approximations (5.1.4); in
this case l.s.c. functions satisfy only the approximation property (5.1.2a), where
e.g. 6o is given by (5.1.5a,b,c).

Changing g in —g one gets the corresponding “lim sup” inequality for upper semi-
continuous functions bounded from above. In particular, choosing as g the char-
acteristic functions of open and closed subset of X, we obtain

liminf 4, (G) > p(G) VG open in X, (5.1.16)
n—oo
limsup pp (F) < pu(F) VF closed in X. (5.1.17)

The statement of the second property requires the following definitions: we say
that a Borel function g : X — [0, +o0] is uniformly integrable w.r.t. a given set
Kc2(X)if

lim g(x)dp(x) =0 uniformly w.r.t. g e K. (5.1.18)
k=00 Jag(a)2k)

If d is a given metric for X, in the particular case of g(z) := d(x,Z)P, for some
(and thus any) Z € X and a given p > 0, i.e. if

lim dP(Z,x)du(xz) =0 uniformly w.rt. p € K, (5.1.19)
koo JX\By (@)

we say that the set K C P(X) has uniformly integrable p-moments. Notice that
if

0<p<ps and sup/ d(z, )P du(z) < +oo, (5.1.20)

peK JXx

then K has uniformly integrable p-moments. In the case when X = R¢ with the
usual Euclidean distance, any family K € £2(R?) satisfying (5.1.20) is tight. The
following lemma provides a characterization of p-uniformly integrable families,
extending the validity of (5.1.1) to unbounded but with p-growth functions, i.e.
functions f : X — R such that

|f(z)| < A+ BdP(z,z) VreX, (5.1.21)

for some A, B >0 and z € X. We denote by &2,(X) the subset

Py(X) = e 2(x): /

d(x,Z)P du(x) < +oo  for some T € X}. (5.1.22)
X

Lemma 5.1.7. Let (u,) be a sequence in & (X)) narrowly convergent to p € 2 (X).
If f : X — R is continuous, g : X — (—o0,+0o0] is lower semicontinuous, and
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|f|, 9~ are uniformly integrable w.r.t. the set {{in }nen, then

liminf/ g(x) dpon (x )_/ g(x) du(z) > —oo, (5.1.23a)

lim / fz) dpn (z / f(z)dp(z (5.1.23b)
Conversely, if f: X — [0,400) is continuous, pn,-integrable, and
limsup/ f(z) dpn(z / fz)du(z) < +oo, (5.1.24)

then f is uniformly integrable w.r.t. {fin }nen.
In particular, a family {pntneny C P(X) has uniformly integrable p-moments iff
(5.1.1) holds for every continuous function f: X — R with p-growth.

Proof. 1If u, narrowly converges to p as n — oo and ¢ is lower semicontinuous,
(5.1.15) yields

lim inf/ g Aty > / gr dp Vk € N,
X X

n—oo

where g := gV (—k), k > 0. On the other hand, since ¢~ is uniformly integrable
w.r.b. {fin }nen and g > g, (5.1.18) gives

sup (/ Gk dpin, —/ gdun> < sup/ g duy, — 0
neN X X neNJ{z:g— (z)>k}

as k — oo. Using these two facts we obtain (5.1.23a). As usual, (5.1.23b) follows
by applying (5.1.23a) to g := f and g := —f.
Conversely, let f: X — [0,+00) be a continuous function satisfying (5.1.24)
and let
()= flx) Ak, Ve eX, FFi={zeX:f(x)>k};

since f* is continuous and bounded and F* is a closed subset of X, recalling
(5.1.17) and (5.1.15) we have for any ¢ > 0

n—0o0 n—0o0

sk kY _
< [ = rydusir = [ pan<e

limsup/ [ dpy, = limsup (/ (f = f*) dpn + an(Fk))
{w:f (x) >k} X

for k sufficiently large. Since f is uniformly integrable for finite subsets of {1, }nen,
this easily leads to the uniform integrability of f. O

There exists an interesting link between narrow convergence of probability
measures and Kuratowski convergence of their supports:
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Proposition 5.1.8. If (u,) C Z(X) is a sequence narrowly converging to p €
P(X) then supp p C K—liminf supp pin, i.e.
n—oo

Vo €suppp I, €Supp iy @ lim xz, = x. (5.1.25)

Proof. Let x € supp p and let By () be the open ball of center = and radius 1/k
with respect to the distance d on X. By (5.1.16) we obtain

liminf i, (By 1 (2)) = p(Bayk(x)) > 0;
thus the strictly increasing sequence
jo:=0, jr:=min {n eN:n>jgr 1, supppumNBip(x)#I Ym> n}

is well defined. For jx < n < jix41 pick a point x,, € supp j,, N By (x): clearly the
sequence (x,,) satisfies (5.1.25). O

Corollary 5.1.9 (Convergence of Dirac masses). A sequence (x,) C X is convergent
in X iff the sequence (3z,,) is narrowly convergent in & (X); in this case, the limit
measure [ is 0, x being the limit of the sequence (zy,).

Proposition 5.1.10. Let (p,) C P(X) be a sequence narrowly converging to p €
P(X) and let f,g : X — (—o0,+00] be Borel functions such that |f|,g~ are
uniformly integrable with respect to {pn }nen. If for any e > 0 there exists a closed
set A C X such that

f|A is continuous, g, s l.s.c., and lim sup pn (X \ 4) < e, (5.1.26)

then (5.1.1) and (5.1.15) hold.

Proof. As usual we can limit us to consider the ls.c. case; using the uniform
integrability of g~ with respect to {in }nen, a truncation argument, and arguing
as in the first part of the proof of Lemma 5.1.7, we reduce immediately ourselves
to the case when g is bounded from below by a constant —M < 0. Let e > 0,k € N
be fixed and let A C X be a closed set such that (5.1.26) holds. We consider the

truncated functions g¥(x) := g(x) Ak for z € X, and the lower semicontinuous §*

~ g*(z) ifxz e A,
k ifre X\ A,

which extends gk| 4 to X. We obtain

lim inf/ gdpy, > lim inf/ gk dpt, > liminf (/ fjk dpy, +/ (gk — f}k) dun)

> lim inf/ G" dptn, — (M + k) limsup p,, (X \ A)
p's

n—oo n—oo

> [ @)= +1) > [ o) du— (k4 M,
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Passing to the limit, first as € | 0 and then as k T co we obtain (5.1.15). |

5.1.2 Hilbert spaces and weak topologies

Let X be a separable, infinite dimensional, Hilbert space, with norm | - | and
scalar product (-,-); in many circumstances it would be useful to rephrase the
results of the previous section with respect to the weak topology (X, X’) of X.
Unfortunately, the weak topology is not induced by a distance on X, thus the
previous statements are not immediately applicable.

We can circumvent this difficulty by the following simple trick: we introduce a
new continuous norm || - || », inducing a topology w globally weaker than o(X, X'),
but coinciding with o (X, X”) on bounded sets (with respect to the original stronger
norm | - |). In particular bounded sets of X are relatively compact w.r.t. w and
Borel sets with respect to the three topologies coincide.

For instance, if {e,},7>] is an orthonormal basis of X, an admissible choice
is -
2
l2l1Z = —5(wen)”. (5.1.27)
n=1

In fact, if (zx) C X is a bounded sequence, we can extract a subsequence, still
denoted by xj, weakly converging to x in X; since (z — z,e,) — 0 as k — oo for
each n > 1, Lebesgue dominated convergence theorem yields

oo
. . 2
Jin llow = allz = Jim 3 Z5ton = o en)” =0
n=

We denote by X the new pre-Hilbertian topological vector space. We will also
introduce the space of smooth cylindrical functions Cyl(X): observe that for finite
dimensional spaces, X is homeomorphic to X and Cyl(X) = C(X).

Definition 5.1.11 (Finite dimensional projection and smooth cylindrical functions).
We denote by 114(X) the space of all maps ©: X — R< of the form

w(z) = ((z,e1), (z,e2),...,(x, eq)) re X, (5.1.28)
where {e1,...,eq} is any orthonormal family of vectors in X. The adjoint map
d
™ :yeRY— Zykek € span(eq,...,ep) C X (5.1.29)
k=1
is a linear isometry of R onto span(ey,...,eq) so that

mom* s the identity in R? and (5.1.30)
m:=m"omw is the orthogonal projection of X onto span(ei,...,eq). h

We denote by Cyl(X) the functions p = o1 with m € M4(X) and ¢ € C(R?).
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Notice that any ¢ = ¥ om € Cyl(X) is a Lipschitz function, everywhere
differentiable in the Fréchet sense, and that ¢ is also continuous with respect
to the weak topology of X and to X (if the corresponding orthogonal systems
coincide). Moreover Vi = 7% o Vi) o 7.

The following properties are immediate:

Lemma 5.1.12. Let X be a separable Hilbert space and let X, be the pre-Hilbertian
vector space whose norm is defined by (5.1.27).
(a) If K is weakly compact in X then K is strongly compact in X .

(b) If
g: X — (—o0,400] is weakly l.s.c. and lim g(z) = +oo, (5.1.31)

|| —o00
then it is lower semicontinuous in X with compact sublevels.

(c) Let us denote by B := {x € X : |x| < R} the centered closed balls w.r.t. the
strong norm; if K C P (X) satisfies the weak tightness condition

Ve >0 3R. >0 suchthat (X \ Bgr.)<e Vwpeck, (5.1.32)

then IC is tight in P (X) and therefore relatively compact in P (X ).

(d) If the sequence (un) C P(X) is narrowly converging to p in P(X5) and it
is weakly tight according to (5.1.32), then for every Borel functions f,g : X —
(=00, +00| such that g—,|f| are uniformly integrable and f (resp. g) is weakly
continuous (resp. l.s.c.) on bounded sets of X, we have

1iminf/Xg(J;)d,un(J;)2/ g(x)dp(x), (5.1.33a)

n—0o0 X

fim [ F(2) dpn(z) = / F(@) dua). (5.1.33b)
n—oo X X

(e) K C P(X) is weakly tight according to (5.1.32) iff there exists a Borel function

h:X —[0,4+00] such that h(x) — 400 as |x| — oo and

sup/ h(x) dp(r) < +o0. (5.1.34)
neK JX

(f) If the sequence (un) C P(X) is weakly tight according to (5.1.32), then it
narrowly converges to p in P (X) iff

lim o(x) dpin (x) :/ p(x)dp(r) Ve e Cyl(X). (5.1.35)
Proof. (a) and (b) are trivial and (c) is a direct consequence of the fact that
bounded and closed convex sets are compact in X. Since on bounded subsets
of X the topology of X coincides with the weak one, (d) follows from Proposi-
tion 5.1.10.
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One implication in (e) follows directly from Chebichev inequality. The other one
can be proved arguing as in Remark 5.1.5.

Finally, one implication in (f) is a consequence of (5.1.33b) of (d), since (smooth)
cylindrical functions are bounded and weakly continuous. In order to prove the
converse implication, we can simply check that any two narrow limit point p!, ;i
of the sequence (1,,) in #(X ) should coincide. For, let f € CP(X) and 74 be the
map (5.1.28), so that 7q := 7; o mg is the orthogonal projection of X onto Xgq =
span(er, -+ ,eq). We set g := fonh € CQ(RY), pg:=1pgomy = foryg € Cyl(X);
by (5.1.35) we know

[ ela)dnt @) = [ ele)di@) Ve culcx) (5.1.36)
X X

a standard approximation argument for bounded continuous functions defined in
R by smooth functions in C2°(R?) as in Remark 5.1.6 yields (5.1.36) for ¢ := ¢4
and d € N; therefore

| ftate) dnt @) = [ faala)) di(@) vd e,
X X

Passing to the limit as d — oo, since 74(x) — « for every = € X, Lebesgue
dominated convergence theorem yields

J@)dp' (@) = [ (@) di?(a).
/. /.

Since f is an arbitrary function in Cp(X) we obtain p! = p?. O

In the following theorem we will show that narrow convergence in & (X )
and convergence of the p-moment [ || duy, () (but more general integrands are
allowed) yields convergence in Z2(X), thus obtaining the measure-theoretic version
of the fact that weak convergence and convergence of the norms in X imply strong
convergence. We will show a different proof of this fact at the end of Section 7.1.

Theorem 5.1.13. Let j : [0,4+00) — [0,400) be a continuous, strictly increasing
and surjective map, and let pi,, p € P(X) be satisfying

pn — 1 in P(Xg), lim

am J(|x]) dpn () :/ j(|z]) dp < +o00.  (5.1.37)
X X

Then i, converge to p in P(X).

Proof. Observe that the family {u,}nen is weakly tight, according to (5.1.32).
We consider the vector space S of continuous functions h : X — R satisfying the
growth condition (compare with (5.1.21))

JA,B>0: |h(z) <A+ Bj(lz]) VzeX, (5.1.38)
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and
lim [ () dpn(z) = /X h(z) du(z). (5.1.39)

n—oo X

Observe that 7 is closed with respect to uniform convergence of functions and
contains the constants and the function j(| - |).

By the monotonicity argument outlined at the beginning of Section 5.1 we need
only to check that the infimum of a finite number of functions of the form

= (g +q@lr—y) k @geR, ¢k>0, yeX, (5.1.40)

belongs to #7. To this aim, let us consider the convex cone &/ C ¢ of strongly
continuous functions which satisfy (5.1.38), (5.1.39), and are weakly lower semi-
continuous. Notice that, truncated affine functions of the type

z— (=)V(a+(z,y))Am, forl,m=>0,a€R, ye X belongsto s, (5.1.41)

since they are bounded, weakly continuous, and condition (5.1.39) follows by (d)
of Lemma 5.1.12.
Let us first prove that &/ is a lattice.

Claim 1. If f, g € CY(X) satisfy (5.1.38), are weakly lower semicontinuous,
and f+ g € o, then both f, g € <.

Indeed, by (5.1.33a) we have

/(f+g)d/¢: lim /(erg)d,unZlimsup/ fdunJrliminf/ gdpn

n—oo

z/dequ/ngu:/X(Hg)du,

which yields

limsup/ fdunJrliminf/ gdﬂn:/ fd,qu/ g du; (5.1.42)
X n—ee Jx X X

n—oo

since by (5.1.33a)

limsup/ fd,unZ/ fdu, liminf/ gd,unz/ gdpu,
n— o0 X X n—oe Jx X

(5.1.42) yields

limsup/ fd,un:/ fdu, liminf/ gd,un:/ g du;
n— o0 X X n—oe Jx X

inverting the role of f and g we obtain f,g € 7.
Claim 1 immediately implies that <7 is a lattice, as

fhged = f+g=(rg+(fVvged = [fAg fVged.
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Since
(th + ga|x — yl) Nk = (q1 + (q2lz = yl) A (k — CII)) Nk,

it remains to show that

all functions x — |z — y| A k, for y € X, k > 0, belong to <. (5.1.43)

To this aim, we need a further claim.

Claim 2. If f € & and 0 : R — R is a uniformly continuous, bounded,
increasing function, then Qo f € <.

Indeed, since 6 can be uniformly approximated by a sequence of Lipschitz
continuous increasing maps, it is not restrictive to assume that 6 is Lipschitz,
bounded, and its Lipschitz constant is less than 1; in this case also x — x —6(z) is
Lipschitz and increasing, thus fo f and f— fof are still weakly lower semicontinuous
they satisfies the growth condition (5.1.38) and and their sum is f € &: we can
apply Claim 1.

Let us consider (5.1.43) in the case y = 0 first: we fix R > 0 and we consider
the continuous increasing function §r which vanishes in (—oo, 0) and satisfies

Or(s) :== (jfl(s))2 AR? s>0, sothat 72AR*>=0gr(j(r)) Yr>0.

By Claim 2, we deduce that the map fr defined by fr(x) := |z|*> A R? belongs to
o .
Now, for fixed k,I,m > 0 and y € X, we set

, 1/2
gl,m(x) = (_l) Vv (_ 2<.T, y> + |y‘ ) A m, IR, l.m,k = ((fR + gl,m) \ 0) A k‘,

and we know by the lattice property, the previous claim, and (5.1.41) that g i m k€
/. Choosing now R > + k2 and m > k the expression of 9R,1,m,k simplifies to

g1 s(@) = Guxe) = ((Ja + (= 20e9) + o) v (=) v 0)1/2 Ak,

which belongs to &7, is decreasing with respect to [, and satisfies
lim g p(x) =inf g p(x) =z —y| Ak VzeX.
l—o0 leN

It follows that

limsup/X (|z —y| A k) dpn(z) < limsup/Xgl,k(x) dpiy, (x) = /Xg,,k(x) du(x);

n—0o0 n—o0

passing to the limit as [ — +o00, and recalling that the corresponding “lim inf”
inequality is provided by (5.1.33a) of Lemma 5.1.12, we obtain (5.1.43). |
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5.2 Transport of measures

If X1, X are separable metric spaces, p € Z(X;), and r : X1 — X5 is a Borel (or,
more generally, y-measurable) map, we denote by r4uu € Z?(Xsz) the push-forward
of i through r, defined by

ryuu(B) = pu(r ' (B)) VB A(X,). (5.2.1)

More generally we have
flr@@)du(z) = [ fy)dryp(y) (5.2.2)
X1 X2

for every bounded (or r4p-integrable) Borel function f : Xy — R. It is easy to
check that
VL = Tal K Tyl Yy, ve P(Xy). (5.2.3)

In the following we will extensively use the following composition rule
(ros)up=ru(sgp) wheres: X; — Xo, 7: Xo — X3, p e 2(X1). (5.24)
Furthermore, if » : X; — X5 is a continuous map, then
ry : P(Xy) — P(Xy) is continuous w.r.t. the narrow convergence  (5.2.5)

and
'r(supp ,u) C supprup = r( supp /J). (5.2.6)
Lemma 5.2.1. Let r, : X1 — X5 be Borel maps uniformly converging to r on com-

pact subsets of X1 and let (pn,) C P(X1) be a tight sequence narrowly converging
to . If v is continuous, then (7y)xfin narrowly converge to T4 .

Proof. Let f be a bounded continuous function in Xs. We will prove the lim inf
inequality

timinf [ Fd(ra)pmn > [ farpn,
X2 X2

n—oo

as the lim sup simply follows replacing f by — f. To this aim, possibly adding to f
a constant, we can assume that f > 0. For any compact set K C X; the uniform
convergence of 7, to r on K gives the uniform convergence of f or, to for on
K, therefore (5.1.15) gives

lim inf/ forydu, > lim inf/ fory,du, = lim inf/ fordu,
X K

n—oo n—oo

Y

n—oo

(fsupf)sup,un(Xl\K +hmmf/ forduy

> (—sup f)suppn (X1 \K)+ [ fordpu.
n X
Since {pn}nen is tight, we can find an increasing sequence of compact set K,
such that lim,, sup,, (X1 \ K,,) = 0. Putting K = K, in the inequality above
and letting m T +o0o the proof is achieved. O
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Lemma 5.2.2 (Tightness criterion). Let X, X7, Xo,..., Xy be separable metric
spaces and let r* : X — X; be continuous maps such that the product map

ro=rtxrix. . xrV X 5 Xy x...x XN is proper. (5.2.7)

Let K € P(X) be such that K; := 7%,(K) is tight in 2(X;) fori =1,...,N.
Then also K is tight in P(X).

Proof. For every u € Z(X) we denote by u; the measure p; := 'I";EM. By definition,
for each & > 0 there exist compact sets K; C X; such that u;(X; \ K;) < e/N for
any p € K; it follows that u(X \ (r)~}(K;)) < e/N and

N N
Iz (X \ ﬂ(r”)%&»)) <Y X\ () NK)) <e  VpeK.  (5.28)
i=1 i=1

On the other hand NI, (r*)~Y(K;) = r~1(K; x K2 x ... x Ky), which is compact
by (5.2.7). O

For an integer N > 2 and i, j = 1,..., N, we denote by 7*, 7% the projection
operators defined on the product space X := X; x ... x Xy respectively defined
by

ﬂii(l‘l,...,l‘N)l—)l‘iEXi, 7Ti’jZ(l‘l,...,l‘N)l—)(.’EZ‘,.’Ej)EXZ'XX]'. (529)
If e #(X), the marginals of p are the probability measures
ph=rhpe 2(X), pti=rpe P(Xix X;). (5.2.10)

If u@ € 2(X;), i = 1,...,N, the class of multiple plans with marginals u’ is
defined by

L(pt,..., 1) = {p,e,@(Xl XX X)) mlyp =, i:l,...,N}. (5.2.11)

In the case N = 2 a measure pu € I'(ut, p?) is also called transport plan between
p' and 2. Notice also that

T(p', p?) = {u* x p?} if either ' or p? is a Dirac mass. (5.2.12)

We will mostly consider multiple plans with N = 2 or N = 3. To each couple
of measures p! € Z(X;1),u? = rypp' € P(Xz) linked by a Borel transport map
r: X1 — X9 we can associate the transport plan

o= (i x r)gp' € T(u', p?), i being the identity map on X;. (5.2.13)

If p is representable as in (5.2.13) then we say that p is induced by 7. Each
transport plan p concentrated on a p-measurable graph in X; x Xo admits the
representation (5.2.13) for some p'-measurable map r, which therefore transports
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ut to pu? (see, e.g., [9]; the same result holds for Borel graphs and maps if X1, X
are Polish spaces [136, p. 107])

We define also the inverse p=t € 2(Xy x X1) of a transport plan p €
P (X1 x Xo) by ixp, where i(z1,x2) = (22, 21).

Remark 5.2.3. By Lemma 5.2.2, if X7, Xo, -+, Xy are Radon spaces (i.e. each
measure pf € P(X;) is tight), T(p!,. .., u") is compact in Z(X) and not empty,
since it contains at least p! x...x ™. If for some Borel functions g; : X; — [0, +-00]

/ gi(z;) dp'(z;) < 400 i=1,...,N, (5.2.14)
X.

i

then it is easy to check that g(z) := ZZ]\LI gi(x;) defined in the product space
X = X x Xy x --- x Xy is uniformly integrable with respect to T'(z!, ..., u™V).

When X is a separable Hilbert space as in Section 5.1.2, the following result
provides a sufficient condition for the convergence of the integrals | 2 (T1,21) dpn
even in the case when the measures u; do not converge narrowly with respect to
the strong topology.

Lemma 5.2.4. Let (p,,) C P(X x X) be a sequence narrowly converging to p in
P (X x Xw), with

sup/ 1|7+ 22| dps,, (21, 22) < 400, p, g€ (1,00), p~'+¢ " =1. (5.2.15)
n X2

If either 7771%/.1% have uniformly integrable p-moments or 7@ i, have uniformly in-
tegrable g-moments, then

lim <JJ1, .T2> d[,l,n = / <JJ1, .T2> d/.L
XxX

=0 JXx X

Proof. We assume to fix the ideas that 7732‘7£ W, have uniformly integrable g-moments
and we show that the function (z1,22) — g(x1,22) = |21]| - |22| is uniformly
integrable. For any k, m € N we have

g(z1,22) >k, x| <m = |z > k/m

and therefore

1/q
| sdu, <m oy, + ([ e, )
{g>Fk} {lz1|=k/m} {lz2|2m}

where C? := sup,, [ |#1|P dp,,. Taking the supremum w.r.t. n and the limsup as
k — o0, since 7r71£,£ t,, has uniformly integrable 1-moments by (5.1.20) we have

k—oo n

1/q
lim sup sup/ gdp,, <sup C’(/ |z |? dﬂ'i[.l,”)
{g>k} n {lza|>m}
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Letting m — oo we conclude.

In the finite dimensional case (or even if g, — p in Z(X x X)) we conclude
immediately, since the map (z1,x2) — (x1,x2) is continuous in X x X.

In the infinite dimensional case, let B be the centered closed ball of radius
R in X which is compact in X,. The map (z1,22) — (x1,22) is continuous in
each closed set X x Bg with respect to the X x X, topology and (5.2.15) yields

limsup p,, (X?\ (X x Bg)) = 0.

n,R—oo

Therefore we conclude by invoking Proposition 5.1.10. |

5.3 Measure-valued maps and disintegration theorem

Let X, Y be separable metric spaces and let z € X +— p, € Z(Y) be a measure-
valued map. We say that u, is a Borel map if « — pu,(B) is a Borel map for any
Borel set B C Y, or equivalently if this property holds for any open set A C Y.
By the monotone class theorem we have also that

reX '—>/ f(x,y) dus(y) is Borel (5.3.1)
Y

for every bounded (or nonnegative) Borel function f: X xY — R.
By (5.3.1) the formula

u(f):/x </Y f(z,y) d/ix(y)) dv(x)

defines for any v € Z(X) a unique measure y € (X xY), that will be denoted
by [y tedv(z). Actually any p € Z(X x Y) whose first marginal is v can be
represented in this way. This is implied by the so-called disintegration theorem
(related to the existence of conditional probability measures in Probability), see
for instance [67, III-70].

Theorem 5.3.1 (Disintegration). Let X, X be Radon separable metric spaces, p €
P(X), let m : X — X be a Borel map and let v = mupp € P(X). Then there
exists a v-a.e. uniquely determined Borel family of probability measures { iy }oex C
P(X) such that

pr( X\ 7Y 2)) =0 forv-ae xz€X (5.3.2)
and

[ t@au) = [ ([ L @) i) (5.3.3)

for every Borel map f: X — [0,400].
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In particular, when X := X; x X9, X 1= X1, p € Z(X; x Xo), v=pl =
71';1&,& w, we can canonically identify each fiber (7!)~1(x1) with X5 and find a Borel
family of probability measures {fiz, }zex, € P(X2) (which is pl-a.e. uniquely
determined) such that p := le e, dpt (7).

As an application of the disintegration theorem we can prove existence, and
in some cases uniqueness, of multiple plans with given marginals.

Lemma 5.3.2. Let X, Xo, X3 be Radon separable metric spaces and let v'? €
P (X1 x Xa), v'? € P(X1 x X3) such that wlyy'? = wh~y'? = p'. Then there
exists p € P (X1 x Xo x X3) such that

7791¢2N =~'2 ﬂ#gu =~13, (5.3.4)

Moreover, if ¥*2 = [~A12du', v'3 = [L3du' and p = [ p,, du' are the disin-
tegrations of Y12, 413 and p with respect to u*, (5.3.4) is equivalent to

Bo, €ET(122,727) C P (X2 x X3)  for p'-a.e. z1 € X, (5.3.5)

In particular (5.2.12) implies that the measure p is unique if either ¥12 or 413
are induced by a transport. We denote by T''(y2,413) the subset of plans p €
P (X1 x Xo x X3) satisfying (5.3.4).

Proof. With the notation introduced in the statement of the theorem, the measure
p whose disintegration w.r.t. z; is

|ttt
X1

has the required properties.

Now we prove the equivalence between (5.3.4) and (5.3.5). If p satisfies
w#zu =~'? and w#du = ~!3 then

2
Y == /X Tty du' (21)
1

and the uniqueness of the disintegration gives ﬂiuml = 7;12 for pl-a.e. 11 € X;.
A similar argument gives that Wium = 'y;f for pl-a.e. 1 € X;.

Conversely, let us suppose that p satisfies (5.3.5) and let f: X7 x Xo — R
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be a bounded Borel function; the computation

/ f($1,$2)d73¢’2lt:/ f(@1,22) dp(zy, 22, x3)
X1 ><X2

X1 ><X2 ><X3

—/X1 (/XMXsf(xl,xz)duml(ffz,ff:s)) dp* (1)
- /X (|t i, ) dit @)

— [ (] fa) i) dut o)
X1 X2

:/ f(xlaxQ)dpylz(xlaxZ)
X1><X2

shows that 7r;1¥2u = ~!2. A similar argument proves that 773#’3u =13 a

Remark 5.3.3 (Composition of plans). An analogous situation occurs when v!2 €
P (X1 x Xo) and 23 € 2(X2 x X3). In this case we say that

pel?(v' 2% if mlu=v"% mlu=~"" (5.3.6)

Of course, I'?(y*2,423) is not empty iff ﬂi'yl 2 = 71'#'72 3. In this case, the measure
71';&’3/1,, with p € T'?(~12,~23) constructed as in the proof of Lemma 5.3.2, belongs

by construction to I'(u!, u?); it will be called composition of v?3 and 4'? and
denoted by v23 o 4! 2. We have then

[ reeaertern = [ ( / f<x1,x3>dv;3xvi§’) dy (@)
X1 xX3 Xo X1xX3 (537)

for any bounded Borel function f : X; x X3 — R. The name is justified since in the
case v'2, 423 are induced by the transports 7' 2,723, then the plan 723 o412 is
induced by the composition map 23 or!2: this fact can be easily checked starting
from (5.3.7)

/ St on?) - /. 2 ( i f(xhr”(xz))dvif(m)) dy (2)
- / F@1,723(22)) dy* (31, 22)
X1 xXo
= [ fan 3 @) d ().
X1

Notice that by (5.2.12) this construction is canonical only if either (y12)~! or 423

are induced by a transport.
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In the proof of the completeness of the Wasserstein distance we will also need
the following useful extensions of Lemma 5.3.2 to a countable product of Radon
spaces.

Lemma 5.3.4. Let X;, i € N, be a sequence of Radon separable metric spaces,
pt e Z(X;) and o't € T(pt, pith), B € D(p!, 1t). Let X o = Iien X, with
the canonical product topology. Then there exist p,v € P (X ) such that

=o't iy =g vieN. (5.3.8)

Proof. Let X,, :=II"_1 X; = X,,_1 x X,, and let 7" : X,, — X,,, m > n, be
the projection onto the first n coordinates. In order to show the existence of p,
we set pu? := o'? and we apply recursively Lemma 5.3.2 and Remark 5.3.3 with
ut e P(X,_1 x Xn),a"(”*l) € P(Xn x Xpt1), n > 2, to obtain a sequence
ptt e P(X,,41) satisfying

n+1 n,n+1l n+4l — avz(n+1)

TEptT =t m
Kolmogorov’s Theorem [67, §51] provides a measure p € & (X o) such that 7y p =
p" and therefore

7;_1%” _ W;;_l’” (ﬂ_;u) _ W;—l,nun _ a(nfl) n
The existence of v can be proved by a similar argument, by setting v2 := 32
and by applying recursively Lemma 5.3.2 to v € 2(X; x X,_1),8'"™V ¢
P (X1 x Xpi1), n > 2: we can find a sequence v" 1 € P(X 1) satisfying

W;I#Vn+1 _ Vn’ W#n+1y7l+1 — ﬂl(nJrl).

Kolmogorov’s Theorem [67, §51] provides a measure v € &(X ) such that v =
v"™ and therefore

1,n

v = W;;n (w;lu) = W;;nu” =" O

5.4 Convergence of plans and convergence of maps

In this section we investigate the relation between the convergence of maps and
the convergence of the associated plans.

Let us first recall that if X,Y7,...,Y, are separable metric spaces with Y :=
Vix...xY,pePX),andr; : X - Y, i=1,--  k, then the product map

r:=(ry,re, - ,1): X =Y is Borel (u-measurable) iff (5.4.1)
each map 7; : X — Y; is Borel (resp. p-measurable). o

In particular, if r,s : X — Y are p-measurable, then their distance dy (r(-), s(+))
is a p-measurable real map.
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We can thus define the convergence in measure of a sequence of y-measurable
maps 7, : X — Y to a u-measurable map r by asking that

nl;rgc p({z € X i dy (rp(z),7(z)) >e}) =0 Ve>0. (5.4.2)

We can also introduce the LP spaces (see e.g. [7])

LP(u;Y) = {'r : X =Y p-measurable : [ d (r(z),7)du(z) < +oo
X (5.4.3)
for some (and thus any) y € Y}.

with the distance

1/p

(r.5) vy = ([ 0. s) du(o) " (5.4.4)

it is easy to check that LP(u;Y") is complete iff Y is complete. When Y is a
(separable) Hilbert space and p > 1, then the above distance is induced by the

norm
1/p

Il = ([ @ dute) " (5.45)

for r € L' (11;Y) the (vector valued) integral [ 7(x) du(z) € Y of r is well defined
and satisfies

/ (. (@) du(z) = (v, / r(@)du()) VyeY, (5.4.6)
X X
o /X r(z) du(a)) < /X o(r(2)) du(z) (5.4.7)

for every proper, convex and ls.c. function ¢ : Y — (—o0, +00] (Jensen’s inequal-
ity).

In the following lemma we consider first the case when the reference measure
u is fixed, and show the equivalence between narrow convergence of the plans
(4 X 7)1 and convergence in measure and in LP(u;Y) of 7, when the limiting
plan is induced by a transport 7.

Lemma 5.4.1 (Narrow convergence of plans and convergence in measure). Let
we ZP(X) and let rp, v : X — Y be Borel maps. Then the plans (% X 7y)up
narrowly convergence to (4 X r)up in (X xY) as n — oo if and only if ry,
converge in measure to 7.

Moreover, the measures (ry)gp have uniformly integrable p-moments iff r,, con-
verges to r in LP(u;Y).

Proof. Since for every Borel map s : X — Y

/ (. y) d(i X 8) 1 = / (o, s(x) du(z) Ve e CUX xY)
XxY X
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and convergence in measure is stable by composition with continuous functions,
it is immediate to check that convergence in measure of the maps implies narrow
convergence of the plans.

The converse implication can be obtained as follows: fix ¢ > 0, a continuous
function ¢ with 0 < 9. < 1, 9.(0) = 0 and t.(t) = 1 whenever |t| > ¢ and a
continuous function 7 such that p({r # 7}) < e. Then, using the test function

e(z,y) = Ye(dy (y,7(x))) we obtain

limsup p({dy (ry,7) > €}) < limsup/ Ce d(T X Ty) et = / Ced(T X T) gt
XxY X

n—oo n—o00 xY

[ @), 7 @) dnto) <
X

Taking into account our choice of 7 we obtain limsup pu({dy (rn,r) > €}) < 2e.

n—oo
The second part of the lemma follows easily by Vitali dominated convergence
theorem and the identities

tim [ (ra0).5) di(e) = Jim / & (9, 7) A((rn) 1) ()

n—0o0

:/ng(r(x), /d Y, ) d(rsm)(y),

which hold either if 7,, converges to 7 in LP(p;Y") or if the family (7,,)4u, n € N,
has uniformly integrable p-moments. O

(5.4.8)

In the rest of this section we assume that X is a separable Hilbert space as
in Section 5.1.2.

Definition 5.4.2 (Barycentric projection). The barycentric projection 4 : X — X
of a plan v € P(X x X), which admits the disintegration v = fX YV, dpp(z1) with
respect to its first marginal p = 773#7, is defined as

¥(z1) ::/ o dVe, (x2)  for p-a.e. v € X (5.4.9)
X

provided v, has finite first moment for p-a.e. x.

Assume that we are given maps v,, € LP(u,; X): here we have to be careful in
the meaning of the convergence of vectors v,,, which belong to different LP-spaces.
Two approaches seem natural:

(i) we can consider the narrow limit in & (X5) of the X-valued measures v,, :=
VUp i, (component by component);

(ii) we can consider the limit v of the associated plans v, := (¢ X vy)gp, in
P9 (X X X)), recovering a limit vector v by taking the barycenter of ~.

In fact, these two approaches yields equivalent notions: we formalize the point (i)
in the following definition, and then we see that it coincides with (ii).
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Definition 5.4.3. Let (e;) be an orthonormal basis of X, let (un) C P(X) be
narrowly converging to pu in P(Xg) and let v, € LY (u,; X). We say that v,
weakly converge to v € LY (u; X) if

lim [ C(@)leyvala)) dien(o) = [ C@)les. (@) dita) (5.4.10)

n—oo X

for every ¢ € Cyl(X) and any j € N. We say that v, converges strongly to v in
L?, p>1, if (5.4.10) holds and

limsup [|vn || o (unx) < M0l 2e(ux)- (5.4.11)

It is easy to check that the limit v, if it exists, is unique.

Theorem 5.4.4. Let p > 1, let (u,) C P(X) be narrowly converging to p in
P (Xx) and let v, € LP(puy; X) be such that

sup/ |V (2)|P dpin () < 4o00. (5.4.12)
neNJ X
Then the following statements hold:

(i) The family of plans ~y,, == (¢ X vy)xpn has limit points in P (X x Xo) as
n — oo and the sequence (vy,) has weak limit points as n — 0o.

(ii) v, weakly converge to v € LP(u; X) according to Definition 5.4.3 if and
only if v is the barycenter of any limit point of the sequence of plans ~y,, in
P(Xp x Xi); in this case

Jim inf /X (@) djin () > /X g(v(2)) du(z), (5.4.13)

n—o0

for every convex and l.s.c. function g : X — (—o0,+00].

(iii) If vy, strongly converge to v in LP then =y, narrowly converge to (i X v)gp
in P(Xp x X) and

i ol = Jim [ foal v = [0l (5414)

If, in addition, [, narrowly converge to p in P (X) then v, narrowly con-
verge to (4 X v)xp in P (X x X). Finally, if u, has uniformly integrable
p-moments, then

lim flzy v (x)) dpy (z / flzyv(x)) du(x), (5.4.15)

n—0o0 X

for every continuous function f : X x X — R with p-growth according to
(5.1.21).
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Proof. (i) Observe that Lemma 5.2.2 ensures that the sequence (7,,) is relatively
compact in (X x Xg), since (see also Lemma 5.1.12) wh, = pp, — p in
P (X) and wi'yn is relatively compact in Z(X5) by (5.4.12).

(ii) For every j € N and any ¢ € Cyl(X) we have

| elaleson@) diale) = [ plar)leszz) dv o, o)
X XxX
Since |z2| is uniformly integrable w.r.t. (,,), Proposition 5.1.10 yields

im [ @) (e, x2) dyy, (e1,22) = / o(@1) (€5, 2 dry(1, 22)
k—oo XxX XxX

- / pla1)(e;, ¥(x1)) du(ar)
X

for every subsequence (7, ) converging to v in # (X4 X Xg ). Therefore, (5.4.10)
holds if and only if v = 4 for every limit point ~.
(5.4.13) follows by Jensen’s inequality and (5.1.33a), being g weakly lower semi-
continuous.

(iii) If v is a limit point of «,, as in (ii), taking into account that v = 4 we

have
/ |z2|P dy < liminf/ |z2|P dvy,, = / |YIP dp.
XxX n—=eo JXx X X

Hence, by disintegrating v with respect to =1 we get

/X (/X |22 [P d’Ym)p — 5z [P () = 0

and so Jensen’s inequality gives that v, = dy(s,) for p-a.e. x1, i.e. v = (i x v)pp.
This proves the narrow convergence of 7, to v in P (X5 x Xz) and (5.4.14).
By applying Theorem 5.1.13 we obtain that the second marginals of «,, are also
converging in the stronger narrow topology of Z(X). Lemma 5.2.2 yields that the
sequence ,, is tight in (X, x X) and therefore converges to vy in (X5 x X).
The last part of the statement follows again by Lemma 5.2.2 and Lemma 5.1.7. O

5.5 Approximate differentiability and area formula in
Euclidean spaces

Let f : RY — R? be a function. Then, denoting by ¥ = D(V f) the Borel set where
f is differentiable, there is a sequence of sets 3,, T ¥ such that f|s, is a Lipschitz
function for any n (see [77, 3.1.8]). Therefore the well-known area formula for
Lipschitz maps (see for instance [75, 77]) extends to this general class of maps and
reads as follows:

/Eh(x)|detVf\(x)dx:/Rd > h(x)dy (5.5.1)

zeXNf~1(y)
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for any Borel function h : R — [0, +00]. Actually, these results hold more gener-
ally for the approzimately differentiable maps, whose definition and main proper-
ties are recalled below.

Definition 5.5.1 (Approximate limit and approximate differential). Let Q C R? be
an open set and f : Q — R™. We say that f has an approzimate limit (respectively,
approzimate differential) at x € Q if there exists a function g : Q@ — R™ continuous
(resp. differentiable) at x such that the set {f # g} has density 0 at x. In this case
the approximate limit (resp. approxzimate differential) will be denoted by f(m) (resp.

V().

It is immediate to check that the definition above is well posed, i.e. it does not
depend on the choice of g. An equivalent and more traditional (see [77]) definition
of approximate limit goes as follows: we say that z € R™ is the approximate limit
of f at x if all sets

{y: |f(y) — 2] >¢€} €>0

have density 0 at x. Analogously, a linear map L : R — R™ is said to be the
approximate differential of f at x if f has an approximate limit at z and all sets

{y: If(y)—f(w)—L(y—x)l>€} 0

ly — z|

have density 0 at x.

The latter definitions have the advantage of being more intrinsic and do not rely
on an auxiliary function g. We have chosen the former definitions because they
are more practical, as we will see, for our purposes. For instance, a property that
immediately follows by the definition, and that will be used very often in the
sequel, is the locality principle: if f has approximate limit f(x) (resp. approximate
differential V f(z)) for any z € B, with B Borel, then g has approximate limit
(resp. approximate differential) equal to f(z) (resp. Vf(z)) for Z%a.e. z € B,
and precisely at all points & where the coincidence set BN {f = g} has density 1.

Remark 5.5.2. Recall that if f:Q — R™ is & d:measurable, then it has approx-
imate limit f(z) at Z%-a.e. z € Q and f(z) = f(z) Z%a.e.. In particular every
Lebesgue measurable set B has density 1 at #%-a.e. point of B.

Denoting by X7 the Borel set (see for instance [7]) of points where f is ap-
proximately differentiable, it is still true by [77, 3.1.8] that there exists a sequence
of sets X, T Xy such that f », is a Lipschitz function for any n. By Mc Shane
theorem we can extend f|s, to Lipschitz functions g, defined on the whole of R?.
In the case m = d, by applying the area formula to g, on ¥, and noticing that
(by definition) Vg, = Vf Z%a.e. on %,, we obtain

/th(x)|detVf(x)dx—/Rd > h(z)dy (5.5.2)

z€S NS~ (y)
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for any Borel function h : R? — [0, +00].
This formula leads to a simple rule for computing the density of the push-
forward of measures absolutely continuous w.r.t. Z¢.

Lemma 5.5.3 (Density of the push-forward). Let p € L'(RY) be a nonnegative
Junction and assume that there exists a Borel set ¥ C Xy such that f|2 18 injective
and the difference {p > 0} \ 3 is L4 -negligible. Then fy (pfd) < L% if and only
if |detV f] > 0 ZL-a.e. on ¥ and in this case

pd) _ P~ F—1 .
T#(p27) |detvf‘0f 1)

Proof. If |detV f| > 0 .Z%a.e. on ¥ we can put h = prpl(B)mz/\det@ﬂ in (5.5.2),
with B € %(R%), to obtain

dp = dp — ,ON(f‘{(y)) i
/fl(B>p ! /fl(Bmzp ! /an(z> |detV f(f~(y))] Y

Conversely, if there is a Borel set B C ¥ with £%(B) > 0 and |detVf| =0 on B
the area formula gives Z?¢(f(B)) = 0. On the other hand

Fa(p 2 (F(B)) = / pdr >0

F7HA(B)
because at ZL%-a.e. z € B we have f(z) = f(z) and p(z) > 0. Hence fu(pL?%) is
not absolutely continuous with respect to .Z<. ]

By applying the area formula again we obtain the rule for computing integrals
of the densities:

f#(ﬂfd)> _ ( p ) -
/RdF( Z dxf/RdF oo ] |detV f| dx (5.5.3)

for any Borel function F' : R — [0, +o0] with F'(0) = 0. Notice that in this formula
the set ¥ does not appear anymore (due to the fact that F'(0) = 0 and p = 0
out of X), so it holds provided f is approximately differentiable p.#%-a.e., it is
p-ZL%-essentially injective (i.e. there exists a Borel set ¥ such that f |s is injective
and p = 0 Z%a.e. out of X)) and |detV f| > 0 p.Z%a.e.

We will apply mostly these formulas when f is the gradient of a convex func-
tion ¢ (corresponding to optimal transport map for the quadratic cost function),
or is an optimal transport map. In the former case actually approximate differen-
tiability is not needed thanks to the following result (see for instance [4, 75]).

Theorem 5.5.4 (Aleksandrov). Let g : R? — R be a convex function. Then Vg is
differentiable £?-a.e. in its domain, its gradient V2g(x) is a symmetric matriz
for £L%-a.e. x € R, and g has second order Taylor expansion

g9(y) = g(x) + (Vg(z),y — ) + %<V29(w), y—xz)+o(ly—=|*) asy—z. (554)
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Notice that Vg is also monotone
(Vg(z1) = Vg(x2), 21 —12) 20 21, 22 € D(Vg),

and that the above inequality is strict if g is strictly convex: in this case, it is
immediate to check that Vg is injective on D(Vg), and that |detV2g| > 0 on the
differentiability set of Vg if g is uniformly convex.



