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Uniform and Smooth Benzaid-Lutz Type
Theorems and Applications to Jacobi Matrices

Luis O. Silva

Abstract. Uniform and smooth asymptotics for the solutions of a parametric
system of difference equations are obtained. These results are the uniform
and smooth generalizations of the Benzaid-Lutz theorem (a Levinson type
theorem for discrete linear systems) and are used to develop a technique for
proving absence of accumulation points in the pure point spectrum of Jacobi
matrices. The technique is illustrated by proving discreteness of the spectrum
for a class of unbounded Jacobi operators.
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1. Introduction

The asymptotic behavior of solutions of discrete linear systems can be obtained
by means of discrete Levinson type theorems [4, 6]. Here we are mainly concerned
with asymptotically diagonal linear systems to which the Benzaid-Lutz theorem
can be applied.

Consider the system

Tnt1= (A + Rp)%n,  n>no, (1)

where T, is a d-dimensional vector, A, + R, is an invertible d x d matrix, and
A, = diag{yflk)}ﬁzl. The Benzaid-Lutz theorem [2, 4, 6] asserts that, when the

sequence {Ap}n>n, satisfies the Levinson condition for k = 1,...,d (see below
Def. 2.1) and
IRl _ _
Z |(k)| k=1,....d,
n=ng
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then, there is a basis {a?glk)}nZno (k=1,...,d) in the space of solutions of (1) such
that
—»(’f)
—€yll—0, asn—o0, for k=1,...,d,
5
Hz no i

where {€},}¢_, is the canonical basis in C¢. This result has its counterpart for linear
systems of ordinary differential equations [3]. Loosely speaking, if the conditions
of the Benzaid-Lutz theorem hold, the solutions {f%k)}nzym of (1) asymptotically
behave as the solutions of the unperturbed system

Tny1 = Ay, n>mng.

Let us now consider the second order difference equation for the sequence

{wn}%ozl’

bn—1Tn—1+ @nZTn + bnZTpt1 = Az, AER, n>2, (2)
where {g,}52; and {b,}5°, are real sequences and b, # 0 for any n € N. This
equation can be written as follows

Tpi1 = Bpn(NZn, AER, n>2. (3)

o Tp— 0 1 .
where, Z, := ( . 1> and By, (\) := <bn1 A—an ) In general, difference equa-
n b bn

n

tions of order d can be reduced to similar systems with d x d matrices.
It is well known that the spectral analysis of Jacobi operators having the
matrix representation

q1 b1 0 0
bi g2 b2
0#b,€eR,VneN,
0 by gq3 b3 , 7
g €R,VneN,

0 0 63 qa

with respect to the canonical basis in I3(N), can be carried out on the basis of
the asymptotic behavior of the solutions of (2), for example using Subordinacy
Theory [5, 8]. In its turn, in certain cases (see Sec. 5), the asymptotics of solutions
of (3) (and therefore of (2)) can be obtained by the Benzaid-Lutz theorem applied
point-wise with respect to A € R.

In this paper we obtain sufficient conditions for a parametric Benzaid-Lutz
system of the form

Tny1(A) = (An(A) + Rn(A)Zn (), n = no,

to have solutions with certain smooth behavior with respect to A (see Sec. 4). This
result, together with a uniform (also with respect to \) estimate of the asymptotic
remainder of solutions of (2) obtained in [12], is used to develop a technique for
excluding accumulation points in the pure point spectrum of difference operators.
The technique is illustrated in a simple example.
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2. Preliminaries

Throughout this work, unless otherwise stated, J denotes some real interval. Be-
sides, we shall refer in multiple occasions to the sequence of matrices A defined as
follows

A= {A, (N}, , where A, == diag{v{P(N)}{_,, NeT. (4)

Definition 2.1. The sequence A, given by (4), is said to satisfy the Levinson con-
dition for k (denoted A € L(k)) if there exist an N > ng such that I/(k)( A) # 0,
for any n > N and A\ € J, and if for some constant number M > 1, with k being
fixed, each j (1 < j < d) falls into one and only one of the two classes I; or I,
where

(a) je L ifvAed
P EZAIY|
Ty )

n’ k
| YO | ,
> ", Vn/ ,nsuchthatn >n>N.
Hn’ (])()\) M

ZnZ

(b) jel ifvVaed

n' k
-, 2
1, v ()

Definition 2.2. Fix the natural numbers k (k < d) and n;, and assume that

ufzk)( A) # 0, Vn > ny and YA € J. Let X%(n1) denote the normed space con-
taining all sequences @ = {Gn (A )}n:n1 41 of functions defined on J and with range
in C?, such that

<M, V¥n',nsuchthatn'>n>N.

1
sup sup < ||@n(A)]|ca } < 00
Aes{ TS, P00

znlz

and where the norm is defined by

, 1
18]l x5 (nr) = sup iup{II%(A)c T )|} ()

n=mn i=ny Vi
1

Clearly, Xj(n1) is complete. It will be also considered the subspace X2 (n1)
which contains all functions of X (n1) such that

1

—0asn—o0. 6
T2, ()I} )

sup {H@n()\)(c
AT



176 L.O. Silva

In C?% consider the canonical orthonormal basis {€}}¢_,. The d x d diago-
nal matrix diag{d; }{,, where 0y (k,l = 1,...,d) is the Kronecker symbol, is a
projector to the one dimensional space generated by €.

Definition 2.3. Assuming A € L(k) (for some k = 1,...,d), let P;(A, k) = P; be
defined by

Pi=Y diag{du}tl, i=12, (7)

JEL

where I; and I are the classes of Definition 2.1.

3. Uniform asymptotics of solutions
The following result has been proven in [12].

Lemma 3.1. Let the sequence A be defined as in (4). For anyn € N, A € J, let
R.(\) be a d x d complex matriz. Fix the natural number k < d and assume that
the following conditions hold:

(i) A e /:(k;)
ll R (

(ii) supyesy Z o M« o (N is given by the previous condition, see Def. 2.1).

&)
(iii) for any € > 0 there exists an N. (which depends only on €) such that VA € J
we have
i 1R (N)
b O]

Then, for some Ny > N and any bounded continuous function, denoted by ©n,(\)
(A €7), the operator Ty, defined on any @ = {Gn(N) Fntn, 11 in Xr(No) by

(TeB)n(X) = P1 H Aq( Z_: (H Az’(/\)> Rin(N)@m(N)

1= NO m:NO i:NO

— P2 H Ai(A) i (ﬁ MA)) Ru(N@m(N), n >N,

i=Np m=n \i=Np

(®)

has the following properties
1. HTkH <1
2. Tka(No) C Xg(No)

Assuming that A, defined by (4), and {R,())
Lemma 3.1, let the sequence ¢ = { _'(k)( M Inen, in Xk (No) be a solution of

}on, satisfy the conditions of

—

=¢® 1+ T35, (9)
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where ¢(*) = {Jg’“)(/\)};?:%ﬂ is defined by

n—1 n—1
o =TI aae= [T v"0e,  n>nNo.
i=N0 Z4=1\70

It is straightforwardly verifiable that one obtains an identity if substitutes (9) into
Grt1(A) = (An(A) + Bn(A)@n(A),  n> No, (10)

and take into account (8). Thus, ¢ € Xi(Ny), defined as a solution of (9), is a
solution of (10) for each k < d. Notice that T}’s property 2, stated in Lemma 3.1,
implies

7= € XYNo). (11)

The following assertion is the uniform version of the Benzaid-Lutz theorem [2, 4].

Theorem 3.2. Let the sequences A, given by (4), and {R,(\)}5L,, satisfy the
conditions of Lemma 3.1 for all k =1,...,d. Then one can find an Ny € N such
that there exists a basis {FF(\)}_,, g*) = {@'%k)(/\) oL Not1, in the space of

solutions of (10) satisfying
~(k
adn
n—1 (k) Gk
Hz’:NO v (A)
Proof. We have d solutions of (10) given by (9) for k = 1,...,d. Equation (12)

follows directly from (11). That {F*)(\)}¢_, is a basis is a consequence of (12).

Indeed, let ®(n, A) be the d x d matrix whose columns are given by the d vectors

4555) (N (k=1,...,d); then (12) implies that, for sufficiently big n,

YAeTd, det®(n,\) #0. O

sup
A€T

—0, asn—ooo, fork=1,...,d. (12)

Tt is worth remarking that the uniform Levinson theorem (in the continuous
case, i.e., for a system of ordinary differential equations) has already been proven in
[10], where this result is used in the spectral analysis of a self-adjoint fourth-order
differential operator.

4. Smoothness of solutions

Here we show that if the matrices R, (\) and A, () enjoy certain smooth properties
with respect to A, then the solutions of (10) obtained through Theorem 3.2 are
also smooth.

Lemma 4.1. Let the sequences {Rn(A)}52,,, and A, defined in (4), satisfy the
conditions of Lemma 3.1, and suppose that the entries of R, (\) and A, (\), seen
as functions of X\, are continuous on J for every n > Ny, where Ny is given by
Lemma 3.1. Then the solution ¢ = {Gn(\)}nln, 11 of (9) is such that G, ()), as a

function of A, is continuous on J for each n > Njy.
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Proof. From the definition of T} it follows that if the sequence @ = {Fn(A) }nln, 1
is such that &, (\) is a continuous function on J, Vn > Ny, then (Tx@),(N) is
continuous on J, Vn > Ny. Indeed, from (8) one has that (Tx@),(\) is a uniform
convergent series of continuous functions. The assertion of the lemma then follows
from the fact that the unique solution of (9) can be found by the method of
successive approximations. O

Lemma 4.2. Suppose that the sequences { Rn (N}, and {A,(N)}5,,, satisfy the

n=nogo
conditions of Theorem 3.2 and J is a closed interval. Let R,()\) and An()\) be
matrices whose entries are continuous functions of A\ on J for every n > ng and
such that

det(Ap,(A) + R,(N) #0, AeT, ng<n<Np. (13)
Then, the solutions {G* (N }i_,, g = {@'%k)()\) o Not1, 0f (10) given by The-
orem 3.2 can be extended to solutions ¥ = {gb’%k) (N}, of the system
Pnt1(A) = (An(X) + Bn(N)Pn(A) 0> no,

having the property that, given n > ng fized, for any ¢ > 0 there exists 6 such that
Vi de €3, -l <8 = @000 - g 00| <6, k=1,..d. (19)

Proof. The proof is again straightforward. By Theorem 3.2 there exists an Ny € N

such that the basis {¢*)(A\)}{_, in the space of solutions of (10) satisfies (12).

@'Sbk) (A) is continuous on J for all n > Ny as a consequence of Lemma 4.1. Since J

is closed, each @'%k) (\) is actually uniform continuous. Therefore, we have (14) for

n > Ny. Now, for ng < p < Ny, one has

@;E)k) (A) = Q(Aap? NO) _‘g\lfeg-',-l(A) ;
where
QA,p, No) == (Ap(N) + Rpy(N) ™1 (Ang(N) + Ry (V)™

Condition (13) implies that Q(A, p, No) is always well defined, and the smooth
properties of R,(A) and A, ()\) imply that the entries of Q(A, p, Np) are uniform
continuous on J for all p. Thus, from

[90) = 8090 < (@ o) — Qe M)A %)
+ @O p No)@R () = E8 02|

it follows that
H@é’ﬂ(xl)—@(p’“)(&)H S0 as A — Ao O
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5. An application to a class of Jacobi matrices

In the Hilbert space [2(N), let J be the operator whose matrix representation with
respect to the canonical basis in l2(N) is a semi-infinite Jacobi matrix of the form

0 b 0 O
by 0 b O

0 0 b3 O

The elements of the sequence {b,}52 ; are defined as follows
bn::na(1+c7f:), vneN, (16)

where a > 1 and ¢, = cuq2r (L € N). We assume that 14- < # 0 for all n. Clearly,
the Jacobi operator J is symmetric and unbounded. J is closed by definition since
the unbounded symmetric operator J is said to have the matrix representation (15)
with respect to the canonical basis in [3(N) if it is the minimal closed operator
satisfying
(Jek,ek+1)=(Jek+1,ek)=bk, Vk‘EN,

where {ej}72 , is the canonical basis in Io(N) (see [1]). The class of Jacobi matrices
given by (15) and (16) is said to have rapidly growing weights. This class is based
on an example suggested by A.G. Kostyuchenko and K.A. Mirzoev in [9].

On the basis of subordinacy theory [5, 8], the spectral properties of J have
been studied in [6, 11, 12]. The theory of subordinacy reduces the spectral analysis
of operators to the asymptotic analysis of the corresponding generalized eigenvec-
tors. This approach has proved to be very useful in the spectral analysis of Jacobi
operators. In [6] it is proven that if
2L

D (=DFe

k=1

> L(a—1), (17)

then J = J* and it has pure point spectrum. However, within the framework of
subordinacy theory, one cannot determine if the pure point spectrum has accumu-
lation points in some finite interval.

Equation (2) for J takes the form

bp—1Un—-1 + bplint1 = Ay, n>1, AER, (18)

with {b,}22; given by (16). As was mentioned before, the asymptotic behavior of
the solutions of (18) gives information on the spectral properties of J. If a solution
u(A) = {un(N)}52, of (18) satisfies the “boundary condition”

b1UQ = /\U1 (19)

and turns out to be in [3(N), then u(\) is an eigenvector of J* corresponding to
the eigenvalue .
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Using the results of Sections 3 and 4, we shall develop a technique to prove
that J with weights given by (16) and (17) has discrete spectrum.

It is worth remarking that there are simpler methods for proving that the
spectrum of J is purely discrete. Indeed, one can use for instance the asymptotic
behavior of the solutions of (18) to show that the resolvent of J is compact. This
has been done for a class of Jacobi operators in [7] and the technique developed
there can in fact be used to obtain estimates for the eigenvalues.

The method we develop below may, nevertheless, be advantageous in some
cases since it uses and preserves more information inherent in system (18). For
simplicity, operator J has been chosen to illustrate the technique, but one can
easily adapt the reasoning for other Jacobi operators. Our technique seems to be
especially useful for operators having simultaneously intervals of pure point and
absolutely continuous spectrum [6, Th. 2.2].

We begin by deriving from (18) a system suitable for applying our previous
results, but first we introduce the following notation. Given a sequence of matrices
{Ms(N)}22, (A €7J) and a sequence {f;}32; of real numbers, we shall say that

Ms(\) = O5(f,) ass— oco.
if there exists a constant C' > 0 and S € N such that
sup [Ms(M|| < C|fs|, Vs> S.
AET

Now suppose that J is a finite interval and rewrite (18), with A € J, in the form
of (3). We have

Bn()\)<b21 i), n>2, Aed.

bn  bn

Define the sequence of matrices {A,,(A\)}5°_; as follows

Lm
An(N) = J[  Basti(M)Ba(d), meN. (20)
s=1+L(m-—1)

Whenever we have products of non-diagonal matrices, as in (20), we take them in
“chronological” order, that is,

Am(A) = Barm+1(N)Barm - - - Bapm-1)4+3(A\) Bar(m—1)+2 -

A straightforward computation shows that

Cos—C2s—1tQ 0 R L
Bra ) =1+ (5T LS ) £ 0, >0

Indeed, one can easily verify that

Cas—C2s—1+Q
2eT02e 1 0 r1(s) ro(s)
B B _ 2s _
25+1()\) 25()\) + 1 ( 0 025_,_1—025-&-04) = (7“3(8))\ 7“4(8) +T5(8)/\2

2s
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where 7(s) = O(s717¢) for I = 1,...,5. Clearly, up to the same asymptotic
estimate, we may also write (e > 0)

C2s—1—C2s—
—e 2s 0 ~ —1—¢
Basi1(A)Bas(\) = ( > [uog(s 1 )} .
0 —e 2s
Therefore,
Lm 025712—62.9—<¥ 0 Lm
—e R ~ .
AnN = ]I ( +> 11 [I+03(3 1 )}
s=1+L(m-—1) 0 —€ 28 s=1+L(m—1)
Lm
exp Z 62571;;25704 0
= (71)11 s=1+L(m—1) . |:I+ 63(7717176)}
0 exp y, TG
s=1+L(m—1)

Let us define, for m € N, A € J, the matrices
Ay = diag{vy), v},

where
m . c o
2s—1 — C2¢ —
yﬁrp = (=1)Fexp Z 95
s=1+L(m-—1)
LU c « 21
(2) — (1 L 2s — C2s4+1 —
= (e 3o TR O
s=1+L(m—1)
and

Ry (A) := A (N) — Ay
Observe that A,, does not depend on A, and Ry, () = O5(m™17¢) as m — co.

Lemma 5.1. Let J be a finite closed interval. There is a basis ¥ (\) = {:E'%k) N,
(k= 1,2) in the space of solutions of the system

Tnt1(N) = A (V)@ (N), neN, XelJ, (22)
with An(X) given by (20), such that

—0, asn—oo, fork=12,

where ui(k) is defined in (21). Moreover, for any fized n € N
sup |7 () = 7D )|
[N =A|<s

N A€T

-0, asd—0, k=12
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Proof. Write Ap(\) = A, + R,(\) as was done before. We first show that the
sequences {A,,}22; and {R,(\)}52, satisfy the conditions of Theorem 3.2. Let us
prove that {A,}22, € L(k) for k =1, 2. Define

1
V=g ;Czs—l — 2¢95 + Cos41 -

It is not difficult to verify that for every m > 2 there is a constant K such that
n (1)‘

L Li c 2¢95 + €
o 2s—1 — 2s 2s+1
H| (2)‘ eXpZ Z 9

=1 s=1+L(i—1)

1
<Kexp{yzs}.

Analogously for some constant K

= 2(1)‘ - " L C25—1 — 2C25 + C2541
IR S S
i=1 IV

=1 s=14L(i—1)

~ 1
> Kexpqy .
U3l
Clearly, one obtains similar estimates interchanging k = 1, 2. Thus i holds. Condi-
tions ii and iii follow from the fact that uy(Lk) —1lasn — ooand R, = O5 (n=1=e).
Now observe that (13) holds for the system (22), and for n € N the entries
of R,(X\) and A,, are continuous functions of A € J. Therefore, the conditions of

Lemma 4.2 are satisfied. (|

Lemma 5.2. Let J be any closed finite interval of R. Then, there exists a solution
u(A) = {un (M)}, of (18), with {b,}52 given by (16) and satisfying (17), such

that
Z sup |ty (A
1 AET

Moreover, for any fired n € N,
sup |up(\) —u,(N)] — 0, as §—0.

[N =<6
N, ed

Proof. By (20) and (22), it is clear that

k
k) uéL)n-i-l (N
n+1 ()‘) (k)
Us (A
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Thus, Lemma 5.1 yields that for n € N and some constants C,C’ > 0

#0L0)|

1
sup ’ugL)nH()\)‘ < sup
A€T AET

n
I+

i=1

- TV —
= Cexp Z Z 9%

1=1 s=1+L(i—1)

L n
C25-1 — C25 — QO 1
<! E E
- eXp{ 2L 5} ’

s=1 s=1

<C

183

where we have use the periodicity of the sequence {c }7° ;. Thus for some constant

C" we have

(1) . a 1
sup umu(%)‘ <", B QLZ ey —

Analogously, there is a C > 0 such that
~ 1 2
o 3.
sup‘uanH(/\)’ <CnP, @:= ol ;(_1) 1
Since a > 1, (17) implies that either for k =1 or k = 2

3 (*) 2
ZSUp’%an()‘)‘ < o0
1 \ED

(24)

The first assertion of the lemma follows from (24) and the fact that there is a

constant C' such that

supHHB2Ln+j(/\)H<C’ s=2,3,...,2L, n €N,
DS i

Now, Lemma 5.1 and (23) yield, for n € N and k = 1, 2,

k k
sup ‘U;L)n-s-Q(/\/) - U;L)n-u()‘)‘ —0, as d—0.
|V =x|<o
N, Aed
Since for any s = 2,3,...,2L

(k) (k)
u2Ln+a B u2Ln+1 ()\)
H 2Ln+] )
u(k) ()\) (k) (\)
2Ln+s+1 2Ln+2
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the following inequality holds for n € N and s =2,3,...,2L

08y N) = 08 O] < || TT Botnss V) = [T Bozars V) | #5200

H Bapniy (V) (25, 00) = 20, (0)

Taking into account the smooth properties of the finite product Hj:z Born+j(A)
and Lemma 5.1, one obtains from the last inequality and (25) the second assertion
of the lemma for any n > 2L + 2. To complete the proof use the invertibility and
smoothness of the matrices By, (\) for n < 2L + 2. O

Remark 1. Let u(A\) (A € J) be the solution mentioned in the previous lemma. If
J = J* and g € J is such that (19) is satisfied, then )¢ is in the point spectrum
of J and u()\g) is the corresponding eigenvector.

Theorem 5.3. Let J be the Jacobi operator defined by (15), (16) and (17). Then
the spectrum of J is discrete.

Proof. 1t is already known that the spectrum of J, denoted o(J), is pure point [6].
Suppose that o(J) has a point of accumulation y in some finite closed interval J.
Let A and X (X # X') be arbitrarily chosen from o(J)NJN Vs (1), where Vs (u) is

a g—neighborhood of p. Consider

Zun Yun ()
Zun Yun ()

As a consequence of Lemmas 5.1 and 5.2, one can choose Ny, 6 and ng < N so
that

[(w(A), u(N))io) | =

(26)

v

— 1) unNun (V)] -

n>Ny

Z Un (A)un(N)

n>Ny

1 1
<y g < ) ung VP (27)

Now, consider the first term in the right-hand side of (26)

Ny

)‘)un(/\/)

un(N) —un(/\))‘

> |’U,1

—un(/\))‘ .
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Since [N — A| < 4, we have

~ 1<n<N;

N
D un (N (Wn (V) = un (X))

Ny
< max wn((S)Z\un(/\)\,
n=1

where
wn(d) = sup  [un(N) — un(N))
[N =<6
N, AET
is the modulus of continuity of w,(A) on J. By the second assertion of Lemma 5.2,
taking d sufficiently small, one obtains

1

Ny
D W) (@ (N) = un(V)| < fng V)] - (28)
2

From (26), (27), and (28)

(W), iy > g I = g W) = ) g V) = 0.

But this cannot be true since J = J* and it must be that u(A) L u(X).
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