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Finiteness of Eigenvalues of
the Perturbed Dirac Operator

Petru A. Cojuhari

Abstract. Finiteness criteria are established for the point spectrum of the
perturbed Dirac operator. The results are obtained by applying the direct
methods of the perturbation theory of linear operators. The particular case
of the Hamiltonian of a Dirac particle in an electromagnetic field is also con-
sidered.

Mathematics Subject Classification (2000). Primary 35P05, 47F05; Secondary
47A55, 47A75.

Keywords. Dirac operators, spectral theory, relatively compact perturbation.

1. Introduction

The present paper is concerned with a spectral problem for the perturbed Dirac
operator of the form

H =
n∑

k=1

αkDk + αn+1 + Q, (1.1)

where Dk = i ∂
∂xk

(k = 1, . . . , n), αk (k = 1, . . . , n+1) are m×m Hermitian matrices
which satisfy the anticommutation relations (or, so-called Clifford’s relations)

αjαk + αkαj = 2δjk (j, k = 1, . . . , n + 1), (1.2)

m = 2
n
2 for n even and m = 2

n+1
2 for n odd. Q is considered as a perturbation of

the free Dirac operator

H0 =
n∑

k=1

αkDk + αn+1 (1.3)

and represents the operator of multiplication by a given m×m Hermitian matrix-
valued function Q(x), x ∈ Rn. In accordance with our interests we assume that
the elements qjk(x) (j, k = 1, . . . , m) of the matrix Q(x) are measurable functions
from the space L∞(Rn). The operators H0 and H are considered in the space
L2(Rn; Cm) with their maximal domains of definition. Namely, it is considered
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that the domain of the operator H0 is the Sobolev space W 1
2 (Rn; Cm) and, because

Q is a bounded operator, the perturbed Dirac operator H is defined on the same
domain W 1

2 (Rn; Cm) as well. The Dirac operators H0 and H are selfadjoint on this
domain. For the free Dirac operator H0 is true the following algebraic relations

H2
0 =

n∑
k=1

α2
kD2

k +
∑
j �=k

(αjαk + αkαj)DjDk +
n∑

k=1

(αn+1αk + αkαn+1)Dk + α2
n+1

=
n∑

k=1

D2
k + Em = (−Δ + I)Em,

so that
H2

0 = (−Δ + I)Em. (1.4)

Here Δ denotes the Laplace operator on Rn and Em the m×m identity matrix. It
follows from (1.4) that the spectrum of the operator H2

0 covers the interval [1,∞]
and, since the spectrum of the operator H0 is a symmetric set with respect to
the origin, it results that its spectrum coincides with the set σ(H) = (−∞,−1] ∪
[1, +∞). We note that the symmetry of the spectrum of H0 can be shown easily by
invoking, for instance, another matrix β which together with αk (k = 1, . . . , n+1)
the anticommutation conditions (1.2) are satisfied. Then

(H0 + λ)β = −β(H0 − λ)

for each scalar λ, and so the property of the symmetry of σ(H0) becomes to be
clear. The unperturbed operator H0 has no eigenvalues (in fact the spectrum of
H0 is only absolutely continuous). If the entries of the matrix-valued function Q(x)
vanish at the infinite, the continuous spectrum of the perturbed Dirac operator
H coincides with σ(H0) and the perturbation Q can provoke a non-trivial point
spectrum. Our problem is to study the point spectrum of the perturbed Dirac
operator H . This problem has been studied by many researchers in connection
with various problems (note that the most of the results were concerned with the
case n = 3 and m = 4). A good deal of background material on the development
and perspectives of the problem can be found in [1], [2], [3], [5], [7], [10], [12],
[13], [14]. Apart from the already mentioned works, we refer to the [15] and the
references given therein for a partial list.

In this paper, we give conditions on Q(x) under which the point spectrum
of H (if any) has ±1 as the only possible accumulation points. Specifically, we
assume that Q(x) satisfies the following assumption.

(A) Q(x) = [qjk(x)], x ∈ Rn, is an m×m Hermitian matrix-valued function
the entries of which are elements from the space L∞(Rn) and

lim
|x|→∞

| x | qjk(x) = 0 (j, k = 1, . . . , m).

The main results are obtained by applying the abstract results from [6] (see
also its refinement results made in [9]). Below, we cite the corresponding result.
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Let H be a Hilbert space. Denote by B(H) the space of all bounded operators
onH and by B∞(H) the subspace of B(H) consisting of all compact operators inH.
The domain and the range of an operator A are denoted by Dom(A) and Ran(A),
respectively.

Theorem 1.1. [9] Let A and B be symmetric operators in a space H and let the
operator A has no eigenvalues on a closed interval Λ of the real axis. Suppose that
there exists an operator-valued function T (λ) defined on the interval Λ having the
properties that

(i) T (λ) ∈ B∞(H) (λ ∈ Λ),
(ii) T (λ) is continuous on Λ in the uniform norm topology, and
(iii) for each λ ∈ Λ and for each u ∈ Dom(B) such that Bu ∈ Ran(A− λI) there

holds the following inequality

‖ (A− λI)−1Bu ‖≤‖ T (λ)u ‖ . (1.5)

Then the point spectrum of the perturbed operator A + B on the interval Λ
consists only of finite number of eigenvalues of finity multiplicity.

Remark 1.2. The assertion of Theorem 1.1 remains true if in place of (1.5) it is
required the following one

‖ (A− λI)−1Bu ‖≤
N∑

k=1

‖ Tk(λ)u ‖, (1.6)

where the operator-valued functions Tk(λ) (k = 1, . . . , N) satisfy the conditions (i)
and (ii).

As we already mentioned we will apply Theorem 1.1 to the study of the
problem of the discreteness of the set of eigenvalues of the perturbed Dirac operator
H . The main results are presented in the next section.

2. Main results

Let H be the Dirac operator defined by (1.1) in which the matrix-valued function
satisfies the assumption (A). The unperturbed Dirac operator H0 represents a ma-
trix differential operator (of the dimension m×m) of order 1. The symbol of the op-
erator H0 is a matrix-valued function which we denote by h0(ξ), ξ ∈ Rn. Note that
by applying the Fourier transformation to the elements of the space L2(Rn; Cm)
the operator H0 is transformed (in the momentum space) into a multiplication op-
erator by the matrix h0(ξ). The Fourier transformation is defined by the formula

û(ξ) = (Fu)(ξ) =
1

(2π)
n
2

∫
u(x)ei<x,ξ>dx (u ∈ L2(Rn))

in which < x, ξ > designates the scalar product of the elements x, ξ ∈ Rn (here and
in what follows

∫
:
∫

Rn). The corresponding norm in Rn (or Cm) will be denoted
as usually by | . |. The operator norm of m × m matrices corresponding to the
norm | . | in Cm will be denoted by | . |, as well.
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Our main result is the following

Theorem 2.1. Let H be the perturbed Dirac operator defined by (1.1) for which the
assumption (A) is satisfied. Then the point spectrum of the operator H has only
±1 as accumulation points. Each eigenvalue can be only of a finite multiplicity.

Proof. That the spectrum in the spectral gap (−1, 1) is only discrete without any
accumulation points in the interior of this interval follows at once due to Weyl type
theorems. Let Λ be an closed interval contained in the set (−∞,−1)∪(1, +∞) and
let λ be an arbitrary point belonging to Λ. It will be shown that under assumed
conditions the operators H0 and H verify all of hypotheses of Theorem 1.1. To this
end, we estimate the norm of the element (H0−λI)−1Qu for each u ∈ L2(Rn; Cm)
such that Qu ∈ Ran(H0−λI). Let Q̂u be the Fourier transform of Qu, and denote

v̂(ξ) := (h0(ξ) + λ)Q̂u(ξ), ξ ∈ Rn.

According to (1.4), we may write

‖ (H0 − λI)−1Qu ‖2 =
∫
|(h0(ξ)− λ)−1Q̂u(ξ)|2dξ

=
∫
|(|ξ|2 − r(λ)2)−1v̂(ξ)|2dξ, (2.1)

where r(λ) :=
√

λ2 − 1.
Next, we let

Ω(Λ) = ∪λ∈Λ{ξ ∈ Rn :| ξ |= r(λ)}
and we choose a sphere U of radius R with center of the origin such that U ⊃ Ω(Λ)
and let V = Rn \ U. Then passing to spherical coordinates ξ = |ξ|ω, ρ = |ξ| (we
write dsω for the area element of hypersurface Sn−1 of the unit sphere S in Rn),
and denoting

f̂(ρ, ω) =
ρ

n−1
2 v̂(ρω)

ρ + r(λ)
(0 ≤ ρ <∞, ω ∈ Sn−1),

we have∫
U

|(h0(ξ) − λ)−1Q̂u(ξ)|2dξ =
∫

Sn−1

∫ R

0

ρn−1|(ρ2 − r(λ)2)−1v̂(ρω)|2dρdSω

=
∫

Sn−1

∫ R

0

∣∣∣∣ f̂(ρ, ω)
ρ− r(λ)

∣∣∣∣2dρdSω .

Since Qu ∈ Ran(H0 − λI), it follows that f̂(ρ, ω) vanishes at ρ = r(λ), and
we can continue[∫

Sn−1

∫ R

0

∣∣∣∣ f̂(ρ, ω)
ρ− r(λ)

∣∣∣∣2dρdSω

] 1
2

=
[∫

Sn−1

∫ R

0

∣∣∣∣ ∫ 1

0

∂f̂

∂ρ
(t(ρ− r(λ)) + r(λ), ω)dt

∣∣∣∣2dρdsω

] 1
2
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≤
∫ 1

0

[∫
Sn−1

∫ R

0

∣∣∣∣∂f̂

∂ρ
(t(ρ− r(λ)) + r(λ), ω)|2dρdsω

] 1
2

dt

≤ 2
[∫

Sn−1

∫ R

0

∣∣∣∣∂f̂

∂ρ
(ρ, ω)

∣∣∣∣2dρdsω

] 1
2

≤
[∫

Sn−1

∫ R

0

∣∣∣∣ρn−3
2 ((n− 3)ρ + (n− 1)r(λ))(ρ + r(λ))−2v̂(ρω)

∣∣∣∣2dρdsω

] 1
2

+ 2
[∫

Sn−1

∫ R

0

∣∣∣∣ρn−1
2 (ρ + r(λ))−1 ∂

∂ρ
v̂(ρω)

∣∣∣∣2dρdsω

] 1
2

.

Taking into account that | ∂
∂ρ v̂(ρω)| ≤ |∇v̂|, we get[ ∫

U

∣∣∣∣(h0(ξ) − λ)−1Q̂u(ξ)
∣∣∣∣2dξ

]2

≤ 2r(λ)
[ ∫

U

∣∣∣∣ (n− 3) | ξ | +(n− 1)r(λ)
|ξ|(|ξ|+ r(λ))2

v̂(ξ)
∣∣∣∣2dξ

] 1
2

+ 2
[ ∫

U

∣∣∣∣ ∇v̂(ξ)
|ξ|+ r(λ)

∣∣∣∣2dξ

] 1
2

.

Since the expressions (n−3) | ξ | +(n−1)r(λ), (| ξ | +r(λ))−1 (λ ∈ Λ; ξ ∈ U)
and each element of the matrix-valued function h0(ξ) − λ (λ ∈ Λ; ξ ∈ U) are
bounded on Λ× U there exist constants c1 > 0 and c2 > 0 such that[∫

U

|(h0(ξ)− λ)−1Q̂u(ξ)
∣∣∣∣2dξ

] 1
2

≤ c1

[ ∫
U

∣∣∣∣ | ξ |−1 Q̂u(ξ)
∣∣∣∣2dξ

] 1
2

+ c2

[ ∫
U

|∇Q̂u(ξ)|2dξ

] 1
2

.

We claim that the integral operators with kernels

| ξ |−1 Q(x)e−i(x,ξ), xlQ(x)e−i(x,ξ) (| l |= 1; x ∈ Rn, ξ ∈ U)

are compact operators in the space L2(Rn; Cm). The compactness of them can be
proved by applying the criteria obtained in [4] (or, also, by applying the lemma
from [8], page 45).

In addition, we note that the integral operator KV with the kernel

(h0(ξ)− λ)−1Q(x)e−i(x,ξ) (x ∈ Rn; ξ ∈ V )

represents also a compact operator. To see this fact, it suffices to show that

‖ (I − Ph)KV ‖→ 0 as h→∞, (2.2)

where (Phu)(x) = u(x) for | x |≤ h and (Phu)(x) = 0 for | x |> h.
Since each element of the matrix-valued function (h0(ξ) − λ)−1 behaves as

| ξ |−1 at the infinite, it follows the evaluation

‖ (I − Ph)KV u ‖2≤ c

∫
|ξ|>h

|(1+ | ξ |)−1Q̂u(ξ)|2dξ ≤ c(1 + h)−2 ‖ u ‖2,

and so (2.2) is realized.
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Thus, taking into account (2.1), we obtain an estimate like that from (1.6)
(see Remark 1.2) and, therefore Theorem 1.1 can be applied. This completes the
proof of Theorem 2.1. �

As an application of Theorem 2.1 we give a result concerning the particular
case of the Hamiltonian of a Dirac particle in an electromagnetic field. The Dirac
operator in this case is typically written in the physics literature (see, for instance,
[11], [15]) as follows

Hu =
3∑

j=1

αj(Dj −Aj(x))u + α4u + q(x)u, u ∈ W 1
2 (R3; C4), (2.3)

where A(x) = (A1(x), A2(x), A3(x)) (the vector potential) and q(x) (the scalar
potential) are given functions on R3.

Theorem 2.2. If

lim
|x|→∞

|x|Aj(x) = 0 (j = 1, 2, 3), lim
|x|→∞

|x|q(x) = 0,

then the point spectrum of the Dirac operator defined by (2.1) is discrete having only
±1 as accumulation points. Each eigenvalue can be only of a finite multiplicity.
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A Mathematical Study of Quantum Revivals
and Quantum Fidelity

Monique Combescure

Abstract. In this paper we present some results obtained recently, partly in
collaboration with Didier Robert, about “quantum revivals” and “quantum
fidelity”, mainly in the semiclassical framework. We also describe the exact
properties of the quantum fidelity (also called Loschmidt echo) for the case
of explicit quadratic plus inverse quadratic time-periodic Hamiltonians and
establish that the quantum fidelity equals one for exactly the times where the
classical fidelity is maximal.

Mathematics Subject Classification (2000). Primary 99Z99; Secondary 00A00.

Keywords. Class file, Birkart.

1. Introduction

The quantum return probability is the modulus of the overlap between an initial
wavepacket and its time evolution governed by Schrödinger equation. When this
quantity happens to equal one for some time t, then the system is said to exhibit
“quantum revivals”.

R(t) := |〈ψ, U(t, 0)ψ〉|.
When the Hamiltonian Ĥ(t) (possibly time-dependent) is assumed to be perturbed
Ĥg(t) := Ĥ(t) + gV , then we can compare the evolutions generated by Ĥ(t) and
Ĥg(t) respectively, acting on the same initial state ψ:

F (t) := 〈U(t, 0)ψ, Ug(t, 0)ψ〉
which is the measure of the “quantum fidelity” in the state ψ along the evolution.
Of course F (0) = 1 and F (t) ≡ 1 if g = 0.

Thus the decrease in t of F (t) measures the lack of fidelity due to the per-
turbation.

Both quantum revivals and quantum fidelity have attracted much recent in-
terest in the physics literature (see references). Notably, it has been heuristically
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claimed that the decrease in time of the quantum fidelity allows to distinguish
between systems having regular versus chaotic classical evolution.

In our study, we consider the semiclassical regime for both quantities, using
coherent states as initial wavepackets ψ.

We also perform exact calculations of the quantum fidelity in the case of
the singular time-periodic harmonic oscillator, with initial wavepackets ψ being
“generalized coherent states” in the sense of Perelomov, showing that they do
not decrease to zero as time evolves, but present recurrences to 1 exactly at the
values of times where the classical fidelity is maximal. More specifically we consider
Hamiltonians:

Ĥ(t) :=
P 2

2
+ f(t)

Q2

2
and

Ĥg(t) := Ĥ(t) +
g2

Q2

where the real constant g is the size of the perturbation, and f is a T -periodic
function of time, and we perform an exact calculation of:

F (t) := 〈U(t, 0)ψ, Ug(t)ψ〉

where U(t, 0) (resp. Ug(t, 0)) is the quantum evolution generated by Ĥ(t), (resp.
Ĥg(t)).

2. Semiclassical quantum revivals

We use the “coherent states” of the harmonic oscillator: let ϕ0 be the ground state
of the harmonic oscillator P̂ 2/2 + Q̂2/2 in dimension n, where Q̂ (resp. P̂ ) is the
operator of multiplication by x (resp. the derivation operator P̂ := −i�∇) in the
Hilbert space of quantum states H = L2(Rn).
The Weyl-Heisenberg unitary translation operator by α := (q, p) is defined as:

T̂ (α) := exp

(
i
p.Q̂− q.P̂

�

)
and the coherent state ϕα is defined as follows:

ϕα := T̂ (α)ϕ0.

Now consider a classical trajectory in phase space induced by the Hamiltonian
H := p2

2 + V (q):
α �→ αt := (qt, pt).

Let S(t) be the classical action along this trajectory, and Mt be the Hessian matrix
of H taken at point αt:

(Mt)i,j :=
∂2H

∂αi∂αj
(qt, pt).
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It is a real symmetric 2n× 2n matrix. The linearized flow (or stability matrix) is
obtained by solving the differential equation:

Ḟt = JMtFt

where J is the symplectic matrix:

J =
(

0 1

−1 0

)
with initial data

F0 = 1.

Clearly Ft is a symplectic matrix, i.e., satisfies for any t

F̃tJFt = J.

Namely
d

dt
(F̃tJFt) = −F̃tMtJJFt + F̃tJJMtFt = F̃tMtFt − F̃tMtFt = 0

and therefore F̃tJFt is a constant 2n× 2n matrix equal to J since F0 = 1.

To this symplectic matrix can be associated a unitary operator R̂(F ) in the
Hilbert space H, acting as expected:

R̂(F )−1

(
Q̂

P̂

)
R̂(F ) = F

(
Q̂

P̂

)
.

Now we are in a position to give the semiclassical approximation for the
quantum evolution of coherent states (see [8])

Proposition 2.1. Under suitable assumptions on V, there exists a constant ε(�, t),
small as � goes to zero, such that if U(t, 0) is the quantum evolution operator
associated to the Weyl quantization of H one has:

‖U(t, 0)ϕα − eiδt/�T̂ (αt)R̂(Ft)ϕ0‖ ≤ ε(�, t)

where δt := S(t)− (pt.qt − p.q)/2.

Thus, up to a controllable error, the recurrence probability |〈ϕα, U(t, 0)ϕα〉|
can be replaced with

R̃(t) := |〈T̂ (α)ϕ0, T̂ (αt)R̂(Ft)ϕ0〉| = |〈T̂ (α− αt)ϕ0, R̂(Ft)ϕ0〉|.

We shall now make use of a beautiful result by Mehlig and Wilkinson [22],
that gives the Weyl covariant symbol of the metaplectic operators. For a complete
mathematical proof see our paper [9].

Proposition 2.2. Let F be a symplectic 2n× 2n matrix not having 1 as eigenvalue.
Then the associated metaplectic operator R̂(F ) can be written as

R̂(F ) =
h−nγF

| det(1− F )|1/2

∫
R2n

dzT̂ (z)eiz.Az/2�
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where γF is a complex number of modulus 1, and

A :=
J

2
(F + 1)(F − 1)−1.

We now set
zt := α− αt.

Then using Proposition 2.2, we have:

R̃(t)=h−n|det(1−Ft)|−1/2

∣∣∣∣∫ dz〈T̂ (zt)ϕ0,T̂ (z)ϕ0〉eiz.Az/2�

∣∣∣∣
=h−n|det(1−Ft)|−1/2

∣∣∣∣∫ dzexp
(

iz.Az

2�
+

iz.Jzt

2�
− 1

4�
(z−zt)2

)∣∣∣∣
=h−n|det(1−Ft)|−1/2e−z2

t /4�

∣∣∣∣∫ dzexp
(
− 1

2�
z.(

1

2
− iA)z+

1
2�

z.(J + i1)zt

)∣∣∣∣.
Now by using the calculus of Fourier transforms of Gaussians, we get:

R̃(t) = | det(1− Ft)
(
1

2
− iA

)
|−1/2

∣∣∣∣exp
(
− z2

t

4�
− 1

4�
zt.Kzt

)∣∣∣∣
where the matrix K is given by

K := (J − i1)(1− 2iA)−1(J + i1).

Now we have the following remarkable result:
1

2
− iA = N(F − 1)−1

where
N :=

1
2
(F (1− iJ)− (1 + iJ))

so that

| det(1− F )
(
1

2
− iA

)
|−1/2 = | detN |−1/2.

But N has the important following property

Lemma 2.3.
| detN | ≥ 1

and
| detN | = 1 ⇐⇒ F is unitary

This result has been established in full generality in [9], but we shall here
indicate the calculus in dimension n = 1. The symplectic matrix F has now the
simple form

F =
(

a b
c d

)
with ad− bc = 1 to ensure the symplecticity. Using the form given above for N we
easily get

detN = −1
2
(a + d + i(b− c))
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so that

| detN |2 =
1
4
((a + d)2 + (b− c)2) =

1
4
(4 + (a− d)2 + (b + c)2) ≥ 1

with equality to 1 ⇐⇒ a = d, b = −c, in which case F is just unitary
(rotation).

Thus we get the following result

Theorem 2.4. Denoting by zt the following distance zt := α − αt, the complete
return probability has the following semiclassical estimate:∣∣∣∣R(t)− | detN |−1/2

∣∣∣∣exp
(
− z2

t

4�
− 1

4�
zt.Kzt

)∣∣∣∣∣∣∣∣ ≤ ε(�, t).

Thus if α lies on a classical periodic orbit γ with period Tγ, the exponential is just
1; furthermore the prefactor is 1 ⇐⇒ FTγ is unitary, in which case we have
almost semiclassical recurrence.

R(Tγ) ≥ 1− ε(�, t).

Note that ε(�, Tγ) = O(�ε) provided Tγ ≤ λ| log �| for some λ given by the classical
dynamics.

3. The quantum fidelity

Let Ĥ be a quantum Hamiltonian, and Ĥg := Ĥ + gV be a perturbation of it (g
small). The quantum fidelity at time t in the state ψ is given as

F (t) := |〈e−itĤ/�ψ, e−itĤg/�ψ〉|.

Remark 3.1. If ψ = ψj is an eigenstate of Ĥ (resp. Ĥg), then the fidelity is nothing
else that the “return probability” |〈ψ, e−itĤg/�ψ〉| (resp. |〈ψ, e−itĤ/�ψ〉|).

Remark 3.2. Clearly F (0) = 1, and F (t) ≡ 1 if g = 0. One expects that if g �=
0 then F (t) will decrease as time increases. Furthermore it is believed that this
decrease could be significantly different for an associated classical dynamics being
regular versus chaotic. No exact result has been established up to now.

One can semiclassically estimate this quantum fidelity along the same lines
as the return probability above.

Theorem 3.3. Let αt (resp. α′(t)) be the classical phase-space point reached by the
trajectory governed by Hamiltonian H (resp. Hg), starting from the same point α
at time 0. Then the following estimate holds true:

|F (t)− Ct exp
{
− 1

4�
(F ′

t (α
′
t − αt))2K(α, g, t)

}
| ≤ �1/2L(α, g, t)

where F ′
t is the stability matrix for the dynamics generated by Hg, and Ct,

K(α,g,t), L(α, g, t) are positive controllable constants.
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Remark 3.4. The proof of this statement is contained in our paper [9].The impor-
tant fact to notice is that the classical infidelity αt − α′

t is an important quantity
to estimate in t and in g.

We now come to an interesting particular case where the quantum fidelity
can be computed exactly. The Hamiltonians considered are time-periodic and have
the following form:

H0(t) :=
p2

2
+ f(t)

x2

2

Hg(t) := H0(t) +
g2

x2

where t �→ f is a T -periodic function, and g a real constant.
We denote by Ĥ0(t) and Ĥg(t) the corresponding selfadjoint operators in

H = L2(R). The initial states we shall consider are generalized coherent states in
the sense of Perelomov ([23]) adapted to the underlying algebra SU(1,1). Let

K0 :=
Q̂2 + P̂ 2

4
+

g2

2Q̂2
=

1
2
Ĥg

K± =
P̂ 2 − Q̂2

4
∓ i

Q̂.P̂ + P̂ .Q̂

4
− g2

2Q̂2
.

They satisfy:

[K0, K±] = ±K±, [K−, K+] = 2K0, K− = K∗
+.

Let ψ be the ground state of Ĥg:

Ĥgψ = (α +
1
2
)ψ

with α = 1
2 +

√
1
4 + 2g2. It also annihilates K−:

K−ψ = 0

and has the following form:

ψ(x) = cxαe−x2/2

where c is a normalization constant such that ‖ψ‖ = 1.
For β ∈ C, we define the unitary operator

Ŝ(β) := exp(βK+ − β̄K−)

and the generalized coherent states as

ψβ := Ŝ(β)ψ.

Let U0(t, 0) and Ug(t, 0) be the quantum unitary evolution operators generated by
Ĥ0(t) and Ĥg(t). We shall study the quantum fidelity (without absolute value):

F (t) := 〈U0(t, 0)ψβ , Ug(t, 0)ψβ〉.
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We shall first study the particular case g = 1 (whence α = 2). Then ψ is
obviously a simple linear combination of the eigenstates ϕ0 and ϕ2 of the harmonic
oscillator.

We have the following explicit result (see [7]):

Proposition 3.5. Let z(t) be a complex solution of the linear differential equation
(Hill’s equation):

z̈ + fz = 0.

We define its polar decomposition by

z(t) = eu+iθ

where t �→ u and t �→ θ are real, and consider the following initial data:

u(0) = u0, u̇(0) = u̇0, θ(0) = θ0, θ̇(0) = e−2(u0−ε).

Let Ĥg = P̂ 2+Q̂2

2 + g2

Q̂2 . Then we have:

Ug(t, 0) = eiu̇Q̂2/2e−i(u−ε)(Q̂.P̂+P̂ .Q̂)/2e−i(θ−θ0)Ĥgei(u0−ε)(Q̂.P̂+P̂ .Q̂)/2e−iu̇0Q̂2/2.

The same formula holds true for U0(t, 0) with Ĥg(t) replaced by Ĥ0(t).

An important fact to notice is that the constants u0, u̇0, θ0, ε can be ad-
justed, given any β ∈ C such that

Ŝ(β)ψ = eiu̇0Q̂2/2e−i(u0−ε)(Q̂.P̂+P̂ .Q̂)/2e−iθ0Ĥgψ.

Then Ug(t, 0)ψ and U0(t, 0)ψ have simple explicit form (see [7]), leading to a very
simple form of the fidelity:

Theorem 3.6. Let g = 1. Then the fidelity is just given by

F (t) =
2
3

+
1
3
e−2i(θ(t)−θ(0)).

Let us remark that θ(t) is just given by the formula

θ(t)− θ(0) = e2ε

∫ t

0

e−2u(s)ds.

Study of the Hill’s equation
z̈ + fz = 0.

• Stable case:
u is T -periodic, and thus θ(t) grows from −∞ to +∞ when t varies from −∞ to
+∞. Therefore there exists an infinite sequence (tk)k∈Z such that

θ(tk)− θ(0) = 2kπ

in which case F (tk) = 1, i.e., the quantum fidelity is perfect. Moreover there exists
an infinite sequence (t′k)k∈Z such that

θ(t′k)− θ(0) = (2k + 1)π

in which case F (t′k) = 1/3. We thus have the following picture:
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• Unstable case:

In this case there is some Lyapunov exponent λ > 0, and solutions of Hill’s equation
c(s) = p(t)eλt, s(t) = q(t)e−λt, with t �→ p, q real T -periodic functions such that
z(t) is a complex linear combination of them. Depending on the instability zone
of Hill’s equation, this yields for |z(t)|−2 integrability or not at time t → ∞. If
|z(t)|−2 is not integrable, then |θ(t)| → ∞ and the quantum fidelity behaves as
in the picture for the stable case. If we are in the instability zone where |z(t)|−2

is integrable, then θ(t) → θ±, as t → ±∞, in which case we have the following
picture:

General case

We assume now that g is an arbitrary real constant. Then ψ no longer has a finite
linear decomposition on the Hermite functions, but instead

ψ =
∞∑
0

λnϕn

with
∑
|λn|2 = 1. Then the following result holds true:
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Theorem 3.7.

〈U0(t, 0)ψβ , Ug(t, 0)ψβ〉 = e−i(θ(t)−θ(0))α
∞∑
0

|λn|2e−in(θ(t)−θ(0)).

Therefore |F (t)| = 1 if θ(t)− θ(0) = 0 (mod 2π).

If g is such that α := 1
2 +

√
1
4 + 2g2 = p

q ∈ Q, then F (t) = 1 if θ(t)−θ(0) = 0,
(mod 2qπ).

Exact classical fidelity implies exact quantum fidelity

Let x(t) and y(t) be real classical solutions for the Hamiltonians H0(t) and Hg(t)
respectively such that x(0) = y(0) and ẋ(0) = ẏ(0) which means that the trajec-
tories merge from the same point in phase space at t = 0.

t is said a time of classical fidelity if x(t) = y(t) and ẋ(t)− ẏ(t) = 0, and the
classical infidelity at time t is measured by the distance |x(t)− y(t)|.

Theorem 3.8. Let x(t) be a real solution of Hill’s equation ẍ + fx = 0. We write
it as

x(t) = eu(t) cos θ̃(t)

with u and θ̃ real functions and θ̃(t) = g
√

2
∫ t

0
dse−2u(s). Then y(t) := eu(t) is a

solution of equation

ÿ + fy − 2g2

y3
= 0

such that x(0) = y(0) and ẋ(0) = ẏ(0). This means that y(t) is a real trajectory
for Hamiltonian Hg(t), merging from the same point in phase space as x(t).
We clearly have

|x(t)− y(t)| = y(t)(1 − cos θ̃(t))

which vanishes for θ̃(t) = 0 (mod 2π).

Remark 3.9. By choosing ε such that e2ε = g
√

2, we clearly have

θ̃(t) = θ(t)− θ(0).

Corollary 3.10. If θ(t)− θ(0) = 0 (mod 2π), then the classical fidelity is zero, and
the quantum fidelity equals 1 (at least in absolute value in the case of general g).

The proof is very elementary. Let z(t) be a complex solution of Hill’s equation
of the form

z(t) := eu(t)+iθ̃(t)

with u and θ̃ real functions. Since f is real the Wronskian of z and z∗ is constant,
and we assume that it equals 2ig

√
2:

żz∗ − ż∗z = 2iθ̃|z|2 = 2ig
√

2.

Therefore
d

dt
θ̃ = g

√
2e−2u
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and therefore Hill’s equation for z implies:

z̈ + fz = 0 =

[
ü + u̇2 −

(
d

dt
θ̃

)2

+ f + i

(
d2

dt2
θ̃ + 2u̇

d

dt
θ̃

)]
z

whence the equation for u:

ü + u̇2 − 2g2e−4u = −f

and thus for y := eu:

ÿ + fy − 2g2

y3
= 0

which is nothing but Newton’s equation for Hamiltonian Hg(t). Furthermore as-
suming that θ̃(0) = 0, x(t) := eu(t) cos θ̃(t) and y(t) have the same initial data.
This completes the proof, noting that

θ̃(t) = θ(t)− θ(0) = g
√

2
∫ t

0

dse−2u(s).
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F-69622 Villeurbanne Cedex, France
e-mail: monique.combescure@ipnl.in2p3.fr



Operator Theory:
Advances and Applications, Vol. 174, 21–34
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Dynamics in a Leaky Graph Decay Model
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Abstract. We use a caricature model of a system consisting of a quantum wire
and a finite number of quantum dots, to discuss relation between the Zeno
dynamics and the stable one which governs time evolution of the dot states
in the absence of the wire. We analyze the weak coupling case and argue that
the two time evolutions can differ significantly only at times comparable with
the lifetime of the unstable system undisturbed by perpetual measurement.
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1. Introduction

It is well known that the decay of an unstable system can be slowed down, or even
fully stopped in the ideal case, if one checks frequently whether the system is still
undecayed. The first proper statement of this fact is due to Beskow and Nilsson
[2] and a rigorous mathematical proof was given by Friedman [11], but it became
popular only after Misra and Sudarshan [14] invented the name “quantum Zeno
effect” for it. In recent years this subject attracted a new wave of interest – a rich
bibliography can be found, e.g., in [10, 15].

The motivation of this interest is twofold. On one hand the progress in exper-
imental methods makes real the possibility to observe the effect as a phenomenon
really existing in the nature, and ultimately to make use of it. On the other hand,
the problem presents also interesting mathematical challenges. The most impor-
tant among them is obviously the question about the quantum Zeno dynamics: if
the perpetual measurement keeps the state of the system within the Hilbert space
associated with the unstable system, what is then the time evolution of such a
state? Some recent results [7, 8] give partial answers to this question, which we
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shall describe below, and there are counterexamples [13], see also [6, Rem. 2.4.9],
which point out the borders beyond which it has no sense.

In this note we are going to address a different question. Suppose that at the
beginning the interaction responsible for the decay is absent, so state vectors evolve
within the mentioned space which we below call PH. Switching the interaction
with the “environment” in, we allow the system to decay which means the state
vectors may partially or fully leave the space PH. If we now perform the Zeno-style
monitoring, the system is forced to stay within PH and to evolve there, but what
is in this case the relation of its dynamics to the original “stable” one?

A general answer to this question is by no means easy and we do not strive for
this ambitious goal here. Our aim is to analyze a simple example which involves a
Schrödinger operator in L2(R2) with a singular interaction supported by a line and
a finite family of points [9]. This model is explicitly solvable and can be regarded as
a caricature description of a system consisting of a quantum wire and dots which
are not connected mutually but can interact by means tunnelling. The main result
of this paper given in Theorem 6.1 below is that in the model the two dynamics do
not differ significantly during time periods short at the scale given by the lifetime
of the system unperturbed by the perpetual observation.

Let us briefly summarize the contents of the paper. First we recall basic
notions concerning Zeno dynamics; we will prove the needed existence result in case
when the state space of the unstable system has a finite dimension. Sections 3–5
are devoted to the mentioned solvable model. We will introduce its Hamiltonian
and find its resolvent. Then we will show that in the “weak-coupling” case when
the points are sufficiently far from the line the model exhibit resonances, and in
Section 5 we will treat the model from the decay point of view, showing how
the point-interaction eigenfunctions dissipate due to the tunnelling between the
points and the line; in the appendix we demonstrate that in the weak-coupling
case the decay is approximately exponential. The main result is stated and proved
in Section 6.

2. Quantum Zeno dynamics

Following general principles of quantum decay kinematics [6, Chap. 1] we associate
with an unstable system three objects: the state Hilbert spaceH describing all of its
states including the decayed ones, the full Hamiltonian H on H and the projection
P which specifies the subspace of states of the unstable system alone. H is, of
course, a self-adjoint operator, we need to assume that it is bounded from below.

The question about the existence of Zeno dynamics mentioned above can be
then stated in this context generally as follows: does the limit

(P e−iHt/nP )n −→ e−iHP t (2.1)

hold as n→∞, in which sense, and what is in such a case the operator HP ? Let us
start from the end and consider the quadratic form u �→ ‖H1/2Pu‖2 with the form
domain D(H1/2P ) which is closed but in general it may not be densely defined.
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The classical results of Chernoff [3, 4] suggest that the operator associated with
this form, HP := (H1/2P )∗(H1/2P ), is a natural candidate for the generator of the
Zeno dynamics, and the counterexamples mentioned in the introduction show that
the limit may not exist if HP is not densely defined, so we adopt this assumption.

Remark 2.1. Notice that the operator HP is an extension of PHP , but in gen-
eral a nontrivial one. This can be illustrated even in the simplest situation when
dimP = 1, because if H is unbounded D(H) is a proper subspace of D(H1/2).
Take ψ0 ∈ D(H1/2)\D(H) such that H1/2ψ0 is nonzero, and let P refer to the one-
dimensional subspace spanned by ψ0. This means that PHP cannot be applied to
any nonzero vector ψ (= αψ0) of PH while HP ψ is well defined and nonzero.

It is conjectured that formula (2.1) will hold under the stated assumptions in the
strong operator topology. Proof of this claim remains an open question, though.
The best result to the date [7] establishes the convergence in a weaker topology
which includes averaging of the norm difference with respect to the time variable.
While this may be sufficient from the viewpoint of physical interpretation, math-
ematically the situation is unsatisfactory, since other results available to the date
require modifications at the left-hand side of (2.1), either by replacement of the ex-
ponential by another Kato function, or by adding a spectral projection interpreted
as an additional energy measurement – see [8] for more details.

There is one case, however, when the formula can be proven, namely the
situation when dimP <∞ and the density assumption simply means that PH ⊂
Q(H), where Q(H) is the form domain of H . Since this exactly what we need for
our example, let us state the result.

Theorem 2.2. Let H be a self-adjoint operator in a separable Hilbert space H,
bounded from below, and P a finite-dimensional orthogonal projection on H. If
PH ⊂ Q(H), then for any ψ ∈ H and t ≥ 0 we have

lim
n→∞

(P e−iHt/nP )nψ = e−iHP tψ , (2.2)

uniformly on any compact interval of the time variable t.

Proof. The claim can be proved in different ways, see [7] and [8]. Here we use
another argument the idea of which was suggested by G.M. Graf and A. Guekos
[12]. Notice first that without loss of generality we may suppose that H is strictly
positive, i.e., H ≥ δI for some positive number δ. The said argument is then based
on the observation that

lim
t→0

t−1
∥∥Pe−iHtP − P e−itHP tP

∥∥ = 0 (2.3)

implies
∥∥(Pe−iHt/nP )n − Pe−iHP t

∥∥ = n o(t/n) as n → ∞ by means of a natural
telescopic estimate. To establish (2.3) one has first to check that

t−1
[
(φ, Pe−iHtPψ)− (φ, ψ) − it(H1/2Pφ, H1/2Pψ)

]
→ 0
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as t→ 0 for all φ, ψ from D(H1/2P ) which coincides in this case with PH⊕(I−P )H
by the closed-graph theorem. The last expression is equal to(

H1/2Pφ,

[
e−iHt − I

Ht
− i

]
H1/2Pψ

)
and the square bracket tends to zero strongly by the functional calculus, which
yields the sought conclusion. In the same way we find that

t−1
[
(φ, Pe−iHP tPψ)− (φ, ψ)− it(H1/2

P φ, H
1/2
P ψ)

]
→ 0

holds as t → 0 for any vectors φ, ψ ∈ PH. Next we note that (H1/2
P φ, H

1/2
P ψ) =

(H1/2Pφ, H1/2Pψ) by definition, and consequently, the expression contained in
(2.3) tends to zero weakly as t→ 0, however, in a finite dimensional PH the weak
and operator-norm topologies are equivalent. �

Remark 2.3. It is clear that the finite dimension of P is essential for the proof.
The same results holds for the backward time evolution, t ≤ 0. Moreover, the
formula (2.2) has non-symmetric versions with the operator product replaced with
(P e−iHt/n)n and (e−iHt/nP )n tending to the same limit – see [7].

3. A model of leaky line and dots

Before coming to the proper decay problem let us describe the general setting of
the model. We will consider a generalized Schrödinger operator in L2 ≡ L2(R2)
with a singular interaction supported by a set consisting of two parts. One is a
straight line, the other is a finite family of points situated in general outside the
line, hence formally we can write our Hamiltonian as

−Δ− αδ(x− Σ) +
n∑

i=1

β̃iδ(x− y(i)) , (3.1)

where α > 0, Σ := {(x1, 0); x1 ∈ R2}, and Π := {y(i)}ni=1 ⊂ R2 \ Σ. The formal
coupling constants of the two-dimensional δ potentials are marked by tildes because
they are not identical with the proper coupling parameters βi which define these
point interaction by means of appropriate boundary conditions.

Following the standard prescription [1] one can define the operator rigorously
[9] by introducing appropriated boundary conditions on Σ∪Π. Consider functions
ψ ∈ W 2,2

loc (R2 \ (Σ∪Π))∩L2 which are continuous on Σ. For a small enough ρ > 0
the restriction ψ �Cρ,i to the circle Cρ,i ≡ Cρ(yi) := {q ∈ R2 : |q − y(i)| = ρ} is well
defined; we will say that ψ belongs to D(Ḣα,β) iff (∂2

x1
+ ∂2

x2
)ψ on R2 \ (Σ ∪ Π)

in the sense of distributions belongs to L2 and the limits

Ξi(ψ) := − lim
ρ→0

1
ln ρ

ψ �Cρ,i , Ωi(ψ) := lim
ρ→0

[ψ �Cρ,i +Ξi(ψ) ln ρ] , i = 1, . . . , n ,

ΞΣ(ψ)(x1) := ∂x2ψ(x1, 0+)− ∂x2ψ(x1, 0−) , ΩΣ(ψ)(x1) := ψ(x1, 0)
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exist, they are finite, and satisfy the relations

2πβiΞi(ψ) = Ωi(ψ) , ΞΣ(ψ)(x1) = −αΩΣ(ψ)(x1) , (3.2)

where βi ∈ R are the true coupling parameters; we put β ≡ (β1, . . . , βn) in the
following. On this domain we define the operator Ḣα,β : D(Ḣα,β)→ L2 by

Ḣα,βψ(x) = −Δψ(x) for x ∈ R2 \ (Σ ∪Π) .

It is now a standard thing to check that Ḣα,β is essentially self-adjoint [9]; we
identify its closure denoted as Hα,β with the formal Hamiltonian (3.1).

To find the resolvent of Hα,β we start from R(z) = (−Δ−z)−1 which is for any
z ∈ C\ [0,∞) an integral operator with the kernel Gz(x, x′) = 1

2π K0(
√
−z|x−x′|),

where K0 is the Macdonald function and z �→
√

z has conventionally a cut at the
positive half-line; we denote by R(z) the unitary operator with the same kernel
acting from L2 to W 2,2 ≡ W 2,2(R2). We introduce two auxiliary Hilbert spaces,
H0 := L2(R) and H1 := Cn, and the corresponding trace maps τj : W 2,2 → Hj

which act as

τ0ψ := ψ �Σ , τ1ψ := ψ �Π= (ψ � {y(1)}, . . . , ψ � {y(n)}) ,

respectively; they allow us to define the canonical embeddings of R(z) to Hi, i.e.,

RiL(z) = τiR(z) : L2 → Hi , RLi(z) = [RiL(z)]∗ : Hi → L2 ,

and Rji(z) = τjRLi(z) : Hi → Hj , all expressed naturally through the free Green
function in their kernels, with the variable range corresponding to a given Hi. The
operator-valued matrix Γ(z) = [Γij(z)] : H0 ⊕H1 → H0 ⊕H1 is defined by

Γij(z)g := −Rij(z)g for i �= j and g ∈ Hj ,

Γ00(z)f :=
[
α−1 −R00(z)

]
f if f ∈ H0 ,

Γ11(z)ϕ :=
[
sβl

(z)δkl −Gz(y(k), y(l))(1−δkl)
]n

k,l=1
ϕ for ϕ ∈ H1 ,

where sβl
(z) = βl + s(z) := βl + 1

2π (ln
√

z
2i −ψ(1)) and −ψ(1) is the Euler number.

For z from ρ(Hα,β) the operator Γ(z) is boundedly invertible. In particular,
Γ00(z) is invertible and it makes sense to define D(z) ≡ D11(z) : H1 → H1 by

D(z) = Γ11(z)− Γ10(z)Γ00(z)−1Γ01(z) (3.3)

which we call the reduced determinant of Γ; it allows us to write the inverse of
Γ(z) as [Γ(z)]−1 : H0 ⊕H1 → H0 ⊕H1 with the “block elements” defined by

[Γ(z)]−1
11 = D(z)−1 ,

[Γ(z)]−1
00 = Γ00(z)−1 + Γ00(z)−1Γ01(z)D(z)−1Γ10(z)Γ00(z)−1 ,

[Γ(z)]−1
01 = −Γ00(z)−1Γ01(z)D(z)−1 ,

[Γ(z)]−1
10 = −D(z)−1Γ10(z)Γ00(z)−1 ;

in the above formulae we use notation Γij(z)−1 for the inverse of Γij(z) and
[Γ(z)]−1

ij for the matrix element of [Γ(z)]−1.
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Before using this to express Rα,β(z) ≡ (Hα,β − z)−1 we introduce another
notation which allow us to write Rα,β(z) through a perturbation of the “line only”
Hamiltonian H̃α the resolvent of which is the integral operator

Rα(z) = R(z) + RL0(z)Γ−1
00 R0L(z)

for z ∈ C \ [− 1
4α2,∞). We define Rα;L1(z) : H1 → L2 and Rα;1L(z) : L2 → H1 by

Rα;1L(z)ψ := Rα(z)ψ �Π for ψ ∈ L2

and Rα;L1(z) := R∗
α;1L(z); the resolvent difference between Hα,β and H̃α is given

then by Krein’s formula. Now we can state the result; for the proof and a more
detailed discussion we refer to [9].

Theorem 3.1. For any z ∈ ρ(Hα,β) with Im z > 0 we have

Rα,β(z) = R(z)+
1∑

i,j=0

RLi(z)[Γ(z)]−1
ij RjL(z) = Rα(z)+Rα;L1(z)D(z)−1Rα;1L(z) .

These formulæ make it possible to analyze spectral properties of the operator
Hα,β , see again [9] for more details. In this paper we will be concerned with one
aspect of this problem only, namely with perturbations of embedded eigenvalues.

4. Resonance poles

The decay in our model is due to the tunnelling between the points and the line.
This interaction is “switched off” if the line is removed (formally speaking, put to
an infinite distance). Consequently, the free Hamiltonian from the decay point of
view is the point interaction only H̃β := H0,β . Depending on the configuration
of the set Π and the coupling parameters β this operator has m eigenvalues,
1 ≤ m ≤ n. We will always assume in the following that they satisfy the condition

−1
4
α2 < ε1 < · · · < εm < 0 and m > 1 , (4.1)

i.e., the discrete spectrum of H̃β is simple, contained in (the negative part of)
σ(H̃α) = σac(Hα,β) = (−α2/4,∞), and consists of more than a single point. Let
us specify the interactions sites by their Cartesian coordinates, y(i) = (ci, ai). We
also introduce the notations a = (a1, . . . , an) and dij = |y(i)−y(j)| for the distances
between point interactions.

To find resonances in our model we will rely on a Birman-Schwinger type
argument1. More specifically, our aim is to find poles of the resolvent through
zeros of the operator-valued function (3.3). First we have to find a more explicit
form of D(·); having in mind that resonance poles have to be looked for on the
second sheet we will derive the analytical continuation of D(·) to a subset Ω− of
the lower half-plane across the segment (−α2/4, 0) of the real axis; for the sake
of definiteness we employ the notation D(·)(l) where l = −1, 0, 1 refers to the

1We will follow here the idea which was precisely discussed in [9].
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argument z from Ω−, the segment (−α2/4, 0), and the upper half-plane, Im z > 0,
respectively. Using the resolvent formula of the previous section we see that the
first component of the operator Γ11(·)(l) is the n× n matrix with the elements

Γ11;jk(·)(l) = − 1
2π

K0(djk

√
−·) for j �= k

and
Γ11;jj(·)(l) = βj + 1/2π(ln

√
(−·)− ψ(1))

for every l. To find an explicit form of the second component let us introduce

μij(z, t) :=
iα

25π

(α − 2i(z − t)1/2) ei(z−t)1/2(|ai|+|aj|)

t1/2(z − t)1/2
eit1/2(ci−cj)

and μ0
ij(λ, t) := limη→0+ μij(λ + iη, t) cf. [9]. Using this notation we can rewrite

the matrix elements of (Γ10Γ−1
00 Γ01)(·)(·) in the following form,

θ
(0)
ij (λ) = P

∫ ∞

0

μ0
ij(λ, t)

t− λ− α2/4
dt + gα,ij(λ) , λ ∈ (−α2

4
, 0)

θ
(l)
ij (z) = l

∫ ∞

0

μij(z, t)
t− z − α2/4

dt + (l − 1)gα,ij(z) for l = 1, −1

where P means the principal value and

gα,ij(z) :=
iα

(z + α2/4)1/2
e−α(|ai|+|aj|)/2 ei(z+α2/4)1/2(ci−cj) .

Proceeding in analogy with [9] we evaluate the determinant of D(·)(·) as

d(z)(l) ≡ d(a, z)(l) =
∑

π∈Pn

sgnπ

⎛⎝ n∑
j=1

(−1)j(Sj
p1,...,pn

)(l) + Γ11;1p1 . . . Γ11;npn

⎞⎠ (z) ,

where Pn denotes the permutation group of n elements, π = (p1, . . . , pn), and

(Sj
p1,...,pn

)(l) = θ
(l)
jp1

Aj
p2,...,pn

with

Aj
i2,...,in

:=
{

Γ11;1i2 . . . Γ11;j−1,ij Γ11;j+1,ij+1 . . . Γ11;kik
if j > 1

Γ11;2i2 . . . Γ11;kik
if j = 1 .

After this preliminary we want to find roots of the equation d(a, z)(l)(z) = 0. On
a heuristic level the resonances are due to tunnelling between the line and the
points, thus it is convenient to introduce the following reparametrization,

b̃(a) ≡ (b1(a), . . . , bn(a)) bi(a) = e−|ai|
√
−εi

and to put η(b̃, z) = d(−1)(a, z). As we have said the absence of the straight-line
interaction can be regarded in a sense as putting the line to an infinite distance
from the points, thus corresponding to b̃ = 0. In this case we have

η(0, z) =
∑

π∈Pn

sgnπ (Γ11;1p1 . . . Γ11;npn) (z) = det Γ11(z) ,
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so the roots of the equation η(0, z) = 0 are nothing else than the eigenvalues of
the point-interaction Hamiltonian H̃β ; with the condition (4.1) in mind we have

η(0, εi) = 0 , i = 1, . . . , m .

Now one proceeds as in [9] checking that the hypotheses of the implicit-function
theorem are satisfied; then the equation η(b̃, z) = 0 has for all the bi small enough
just m zeros which admit the following weak-coupling asymptotic expansion,

zi(b) = εi +O(b) + iO(b) where b := max
1≤i≤m

bi . (4.2)

Remark 4.1. If n ≥ 2 there can be eigenvalues of H̃β which remain embedded
under the line perturbation due to a symmetry; the simplest example is a pair of
point interactions with the same coupling and mirror symmetry with respect to
Σ. From the viewpoint of decay which is important in this paper they represent a
trivial case which we exclude in the following. Neither shall we consider resonances
which result from a slight violation of such a symmetry – cf. a discussion in [9].

5. Decay of the dot states

As usual the resonance poles discussed above can be manifested in two ways,
either in scattering properties, here of a particle moving along the “wire” Σ, or
through the time evolution of states associated with the “dots” Π. By assumption
(4.1) there is a nontrivial discrete spectrum of H̃β embedded in (− 1

4α2, 0). Let us
denote the corresponding normalized eigenfunctions ψj , j = 1, . . . , m, given by

ψj(x) =
m∑

i=1

d
(j)
i φ

(j)
i (x) , φ

(j)
i (x) :=

√
− εj

π
K0(

√
−εj|x− y(i)|) (5.1)

in accordance with [1, Sec. II.3], where the vectors d(j) ∈ Cm satisfy the equation

Γ11(εj)d(j) = 0 (5.2)

and a normalization condition which in view of ‖φ(j)
i ‖ = 1 reads

|d(j)|2 + 2Re
m∑

i=2

i−1∑
k=1

d
(j)
i d

(j)
k (φ(j)

i , φ
(j)
k ) = 1 . (5.3)

In particular, if the distances between the points of Π are large (the natural length
scale is given by (−εj)−1/2), the cross terms are small and |d(j)| is close to one.

Let us now specify the unstable system of our model by identifying its state
Hilbert space PH with the span of the vectors ψ1, . . . , ψm. Suppose that it is pre-
pared at the initial instant t = 0 at a state ψ ∈ PH, then the decay law describing
the probability of finding the system undecayed at a subsequent measurement
performed at t, without disturbing it in between [6], is

Pψ(t) = ‖P e−iHα,βtψ‖2. (5.4)
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We are particularly interested in the weak-coupling situation where the distance
between Σ and Π is a large at the scale given by (−εm)−1/2. Since our model bears
resemblance with the (multidimensional) Friedrichs model one can conjecture in
analogy with [5] that the leading term in Pψ(t) will come from the appropriate
semigroup evolution on PH, in particular, for the basis states ψj we will have
a dominantly exponential decay, Pψj (t) ≈ e−Γjt with Γj = 2 Im zj(b). A precise
discussion of this question is postponed to appendix – see Section 7 below.

Remark 5.1. The quantities Γ−1
j provide thus a natural time scale for the decay

and we will use maxj Γ−1
j as a measure of the system lifetime. A caveat is needed,

however, with respect to the notion of lifetime [6] which is conventionally defined
as Tψ =

∫ ∞
0 Pψ(t) dt. It has been shown in [9] that PH is not contained is the

absolutely continuous subspace of Hα,β if n = 1, and the argument easily extends
to any n ∈ N0. This means that a part of the original state survives as t → ∞,
even if it is a small one in the weak-coupling case. It is a long-time effect, of course,
which has no relevance for the problem considered here.

6. Stable and Zeno dynamics in the model

Suppose now finally that we perform the Zeno time at our decaying system charac-
terized by the operator Hα,β and the projection P . The latter has by assumption
the dimension 1 < m <∞ and it is straightforward to check that PH ⊂ Q(Hα,β).
Moreover the form associated with generator HP has in the quantum-dot state
basis the following matrix representation

(ψj , HP ψk) = δjkεj − α

∫
Σ

ψ̄j(x1, 0)ψk(x1, 0) dx1 , (6.1)

where the first term corresponds, of course, to the “dots-only” operator H̃β.

Theorem 6.1. The two dynamics do not differ significantly for times satisfying

t� C e2
√
−ε|ã| , (6.2)

where C is a positive constant and |ã| = mini |ai|, ε = maxi εi.

Proof. The difference is characterized by the operator Ut := (e−iH̃βt − e−iHP t)P .
Taking into account the unitarity of its parts together with a functional calculus
estimate based on |eiz− 1| ≤ |z| we find that the norm of Ut remains small as
long as t‖(H̃β − HP )P‖ � 1. Thus to check (6.2) we have to estimate norm of
the operator (H̃β −HP )P acting in PH; in the basis of the vectors {ψj}mj=1 it is
represented by m×m matrix with the elements

sij = α(ψi, ψj)Σ ,

where (ψi, ψj)Σ :=
∫
Σ ψ̄i(x1, 0)ψj(x1, 0) dx1. Using the representation (5.1) we

obtain
sij = α

∑
(l,k)∈M×M

d̄
(i)
l d

(j)
k (φ(i)

l , φ
(j)
k )Σ
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where M is a shorthand for (1, . . . , m). To proceed further we use Schur-Holmgren
bound by which the norm of (H̃β − HP )P does not exceed mS, where S :=
max(i,j)∈M×M |sij |, and the last named quantity can be estimated by

S ≤ αm2 max
(i,j,k,l)∈M4

|d̄(i)
l d

(k)
j (φ(i)

l , φ
(j)
k )Σ| .

The final step is to estimate the expressions (φ(i)
l , φ

(j)
k )Σ. Using the momentum

representation of Macdonald function we obtain

(φ(i)
l , φ

(j)
k )Σ =

√
εiεj

2

∫
R

e−((p2
1−εi)

1/2|al|−(p2
1−εj)

1/2|ak|)

(p2
1 − εi)1/2(p2

1 − εj)1/2
eip1(ck−cl) dp1 ,

where y(i) = (ci, ai) as before. A simple estimate of the above integral yields

(φ(i)
l , φ

(j)
k )Σ ≤

π

2
εmin√
−ε

e−2
√
−ε|a|

where εmin = mini εi, |ã| = mini |ai|, and ε = maxi εi. In conclusion, we get the
bound

‖(H̃β −HP )P‖ ≤ Ce−2
√
−ε|a| ,

where C := 1
2πm3α εmin(−ε)−1/2 max(i,j,k,l)∈M4 |d̄(i)

l d
(k)
j |. �

7. Appendix: pole approximation for the decaying states

Let us now return to the claim that the decay is approximately exponential when
the distances of the points from the line are large. Let ψj be the jth eigenfunction
of the point-interaction Hamiltonian H̃β with the eigenvalue εj ; the related one-
dimensional projection will be denoted Pj . Then we make the following claim.

Theorem 7.1. Suppose that Hα,β has no embedded eigenvalues. Then in the limit
b→ 0 where b is defined in (4.2) we have, pointwise in t ∈ (0,∞),

‖Pje−iHα,βtψj − e−izjtψj‖ → 0 .

To prove the theorem we need some preliminaries. For simplicity, we denote
Ut(ε) := e−iεt for a fixed t > 0. It was shown in [9] that the operator Hα,β has
at least one and at most n isolated eigenvalues. We denote them by εαβ,k, k =
1, . . . , l with l ≤ n, and use ψαβ,k as symbols for the corresponding (normalized)
eigenfunctions. Then the spectral theorem gives

Pj e−iHα,βtψj =
m∑

k=1

Ut(εαβ,k)|(ψj , ψαβ,k)|2ψj + Pj

∫ ∞

−α2/4

Ut(λ)dE(λ)ψj , (7.1)

where E(·) ≡ Eα,β(·) is the spectral measure of Hα,β . By assumption there are no
embedded eigenvalues (cf. Remark 4.1) and by [9] also the singularly continuous
component is void, hence the second term is associated solely with σac(Hα,β). Let
us first look at this contribution to the reduced evolution. The key observation is
that one has a spectral concentration in the set �ε ≡ �ε(b) := (εj−ε(b), εj +ε(b))
with a properly chosen ε(b); we denote its complement as �̄ε := σac(Hα,β) \ �ε.
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Lemma 7.2. Suppose that ε(b)→ 0 and ε(b)−1b→ 0 holds as b→ 0, then we have

‖Pj

∫

̄ε

Ut(λ)dE(λ)ψj‖ → 0 .

Proof. Given an arbitrary Borel set � ⊂ σac(Hα,β) and a projection P we have
the following simple inequality,

‖P
∫



Ut(λ)dE(λ)f‖ ≤ ‖E(�)f‖ , (7.2)

and another straightforward application of the spectral theorem gives

‖(Hα,β − εj)f‖2 ≥
∫

̄ε

|λ− εj |2(dE(λ)f, f) ≥ ε(b)2‖E(�̄ε)f‖2 (7.3)

for any f ∈ D(Hα,β). To make use of the last inequality we need a suitable function
from the domain of Hα,β . It is clear that one cannot use ψj directly because it
does not satisfy the appropriate boundary conditions at the line Σ, thus we take
instead its modification fb = ψj + φb, where φb ∈ L2(R2) vanishes on Π ∪ Σ and
satisfies the following assumptions:

(a1) ΞΣ(φb) = −αΩΣ(ψj)
(a2) ‖φb‖ = O(b) and ‖Δφb‖ = O(b).

In view of (3.2) the first condition guarantees that fb ∈ D(Hα,β), while the second
one expresses “smallness” of the modification. It is not difficult to construct such
a family. For instance, one can take for φb a family of C2 functions with supports
in a strip neighborhood of Σ of width dΣ assuming that φb behaves in the vicinity
of Σ as 1

2αΩΣ(ψj)(x1)|x2|. Since |ΩΣ(ψj)| ≤ Cb, where C is positive constant we
can choose dΣ = O(b). Using (a1) and (H̃β − εj)ψj = 0 we get

(Hα,β − εj)fb = −Δφb − εjφb ,

so the condition (a2) gives

‖(Hα,β − εj)fb‖ = O(b) .

This relation together with (7.3) yields ‖E(�̄ε)fb‖ = O(b)ε(b)−1. Combining it
further with (7.2) and using the inequality

‖E(�̄ε)ψj‖ ≤ ‖φb‖+ ‖E(�̄ε)fb‖
and the condition (a2) we get the sought result. �

The next step is to show that the main contribution to the reduced evolution
of the unstable state comes from the interval �ε.

Lemma 7.3. Under the assumptions of Lemma 7.2 we have

‖Pj

∫

ε

Ut(λ)dE(λ)ψj − Ut(zj)ψj‖ → 0

for any fixed t > 0 in the limit b→ 0.
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Proof. Let RII
α,β stand for the second-sheet continuation of the resolvent of Hα,β .

Using the results of Section 4 we can write it for a fixed j as

RII
α,β(z) =

m∑
k=1

B
(k)
b

z − zk
+ Ab(z) , (7.4)

where B
(k)
b is a one-parameter family of rank-one operators and Ab(·) is a family

of analytic operator-valued functions to be specified later. Mimicking now the
argument of [6, Sec. 3.1] which relies on Stone’s formula and Radon-Nikodým
theorem we find that the spectral-measure derivative acts at the vector ψj as

dE(λ)
dλ

ψj =

[
1

2πi

m∑
k=1

(
(B(k)

b )∗

λ− z̄k
− B

(k)
b

λ− zk

)
+

1
π

Im Ab(λ)

]
ψj . (7.5)

This makes it possible to estimate Pj

∫

ε

Ut(λ)dE(λ)ψj . Using the explicit form of
RII

α,β derived in Section 4 one can check that Ab(·) can be bounded on a compact
interval uniformly for b small enough, which means that the contribution to the
integral from the last term in (7.5) tends to zero as ε(b)→ 0. The rest is dealt with
by means of the residue theorem in the usual way: we can extend the integration
to the whole real line and perform it by means of the integral over a closed contour
consisting of a real axis segment and a semicircle in the lower half-plane, using
the fact that the contribution from the latter vanishes when the semicircle radius
tends to infinity. It is clear that only the m poles in (7.5) contained in the lower
half-plane contribute, the kth one giving Ut(zk)PjB

(k)
b ψj ; an argument similar to

Lemma 7.2 shows that the integral over R \ �ε vanishes as b → 0, and likewise,
the integral over semicircle vanishes in the limit of infinite radius.

Furthermore, since Pj is one-dimensional we have PjB
(k)
b ψj = c

(k)
b ψj where

b �→ c
(k)
b are continuous complex functions, well defined for b small enough. Hence

the above discussion allows us to conclude that

‖Pje−iHα,βtψj −
m∑

k=1

c
(k)
b e−izktψj‖ → 0 as b→ 0 . (7.6)

Our next task is show that for k �= j we have c
(k)
b → 0 as b → 0 and c

(j)
b → 1

at the same time. To this aim it suffices to check that B
(k)
b converges to Pk for

b → 0. First we observe that the terms involved in the resolvent Rα,β derived in
Theorem 3.1 satisfy the following relations

D(z)→ Γ11(z) , Rα;1L(z)→ R1L(z) as b→ 0

in the operator-norm sense; the limits are uniform on any compact subset of the
upper half-plane as well as for the analytical continuation of Rα,β . Consequently,
the second component of the resolvent tends RL1(z)[Γ11(z)]−1R1L(z) which obvi-
ously has a singular part equal to

∑m
k=1(z − εk)−1Pk; this proves the claim. �
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Proof of Theorem 7.1. In view of (7.1) together with Lemmata 7.2, 7.3 it remains
to demonstrate that the contribution from the discrete spectrum to (7.1) vanishes
as b→ 0, i.e., that ∣∣∣∣∣

m∑
k=1

Ut(εαβ,k)|(ψj , ψαβ,k)|2
∣∣∣∣∣→ 0 . (7.7)

This is a direct consequence of the following relation,

0 = (Hα,βψαβ,k, fb)− (ψαβ,k, Hα,βfb) = (εαβ,k − εj)(ψαβ,k, fb) +O(b) ,

where k = 1, . . . , l, and fb is the function introduced in the proof of Lemma 7.2. In
combination with (4.1) we get |(ψj , ψαβ,k)| = O(b) which in turn implies (7.7). �
Acknowledgment

The research was supported in part by the Czech Academy of Sciences and Ministry
of Education, Youth and Sports within the projects A100480501 and LC06002 and
by the Polish Ministry of Scientific Research and Information Technology under
the (solicited) grant no PBZ-Min-008/PO3/2003. Two of the authors (P.E. and
S.K.) are grateful to the organizing committee of OTAMP2004 for supporting their
participation in the conference, as well as for the hospitality at the University of
Kanazawa, where a substantial part of this work was done.

References

[1] S. Albeverio, F. Gesztesy, R. Høegh-Krohn, H. Holden, Solvable Models in Quan-
tum Mechanics. 2nd edition with an appendix by P. Exner, AMS Chelsea Publ.,
Providence, R.I., 2005.

[2] J. Beskow and J. Nilsson, The concept of wave function and the irreducible represen-
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On the Spectrum of
Partially Periodic Operators

Rupert L. Frank and Roman G. Shterenberg

Abstract. We consider Schrödinger operators H = −Δ + V in L2(Ω) where

the domain Ω ⊂ Rd+1
+ and the potential V = V (x, y) are periodic with respect

to the variable x ∈ Rd. We assume that Ω is unbounded with respect to the
variable y ∈ R and that V decays with respect to this variable. V may contain
a singular term supported on the boundary.

We develop a scattering theory for H and present an approach to prove
absence of singular continuous spectrum. Moreover, we show that certain
repulsivity conditions on the potential and the boundary of Ω exclude the
existence of surface states. In this case, the spectrum of H is purely absolutely
continuous and the scattering is complete.

Mathematics Subject Classification (2000). Primary 35J10; Secondary 35J25,
35P05, 35P25.

Keywords. Scattering theory, periodic operator, Schrödinger operator.

Introduction

In the last decade the interest in periodic operators of mathematical physics has
grown and led to a number of new results. We refer to [13] for a recent survey. The
main method to investigate periodic operators is the decomposition into a direct
integral. Namely, let M = M(x, D), x ∈ Rd, D = −i∇, be a pseudo-differential
operator and assume that M is periodic with respect to a (d-dimensional) lattice
Γ. Then M is unitarily equivalent to the direct integral

∫
Ξ
⊕M(k) dk, where Ξ is

an elementary cell of Γ and the operators M(k) = M(x, D + k) act on the torus
Rd/Γ. For most of the operators of mathematical physics it turns out that, since
Ξ is bounded, the spectrum of the corresponding operators M(k) is discrete and
depends analytically on the parameter k. This allows to use effectively the direct
integral decomposition to investigate the spectrum of the operator M .

Let {Ej(k)} be the eigenvalues of the operators M(k) arranged in non-
decreasing order. Then the spectrum of the operator M has band structure and
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consists of the union of the ranges of the band functions Ej(·). Sufficiently gen-
eral considerations show that the singular continuous spectrum of M is empty
(for an elementary proof of this fact see [7]). Herewith, if a band function Ej is
non-degenerate then it contributes to the absolutely continuous spectrum of M .
If Ej(k) = λj ≡ const then λj is an eigenvalue of M of infinite multiplicity. Often
one can prove absence of such degenerate bands (and thus absolute continuity of
the spectrum of M) by complexification of the parameter k and estimates of the
resolvent of M(k) for large imaginary values of k. This method was suggested in
[17] and is now known as the Thomas scheme.

The progress in the investigation of periodic operators led to the study of
partially periodic operators, where the coefficients are periodic only in some vari-
ables and tend to constants in others. One can again decompose the operator M
into a direct integral but now the cell Ξ is unbounded and hence the operators
M(k) have rich continuous spectrum. In this situation the problem of scattering
for the operator M is also non-trivial. In general, there appear so called surface
states, i.e., waves which propagate along the hyper-surface of periodicity of the
operator.

Under not very restrictive conditions on the coefficients of M scattering the-
ory allows to describe the structure of the spectrum of the operators M(k). The
following situation is typical: The spectrum of M(k) consists of an absolutely
continuous part, isolated eigenvalues of finite multiplicity and possibly embedded
eigenvalues. The singular continuous spectrum is empty. The isolated eigenvalues
depend analytically on k and can be taken into account similarly as for fully peri-
odic operators. The main difficulties are caused by embedded eigenvalues of M(k)
since their dependence on k is very hard to control.

In the present paper we introduce some ways to investigate the structure of
the spectrum of partially periodic operators. For this purpose we use the Schrö-
dinger operator as an example. At the moment there exist only few papers concern-
ing this problem and they are very disconnected (for references see our discussion
in Subsection 1.5). Here, we present probably for the first time a sufficiently ab-
stract method. Note that most of the elements of this method were already used
earlier in different particular cases including the investigation of fully periodic op-
erators. The combination of these elements with results from scattering theory
allows us to advance in the study of partially periodic operators.

Let Ω ⊂ Rd+1
+ := {(x, y) ∈ Rd × R : y > 0} be a connected open set which

is (2πZ)d-periodic with respect to the variable x and unbounded with respect to
the variable y. Assume also that Rd× [a,∞) ⊂ Ω for some a > 0. We consider the
Schrödinger-type operator

Hu = −Δu + V u in Ω

together with the boundary conditions

u = 0 on ΓD,
∂u

∂ν
+ σu = 0 on ΓN , ∂Ω = ΓD ∪ ΓN . (0.1)
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Here ν is the external unit normal on ∂Ω. The functions V , σ as well as the
parts ΓD,N of the boundary are assumed to be (2πZ)d-periodic with respect to
the variable x. The precise definition of the operator H is given in Subsection 1.2.

Our first result is the following. Assume V has bounded support with respect
to the variable y. Then under not very restrictive conditions on σ and ∂Ω we
prove absence of singular continuous spectrum of the operator H (see Theorem
2.1 below). Note that this result can be applied without significant changes to
many other operators of mathematical physics with constant coefficients outside
some bounded interval in y. The proof can be modified to deal also with the case
where y is multi-dimensional.

Our second result (see Theorems 3.1 and 3.3 below) is more specific and pro-
vides sufficient conditions for complete scattering and, in particular, the absolute
continuity of the spectrum of the operator H .

1. Initial results

This section is a survey. In Subsections 1.1–1.4 we introduce the basic definitions
and state some initial results. Proofs are only indicated. In Subsection 1.5 we
discuss the results obtained so far and give references for more detailed results.

1.1. Notation

For an open set U ⊂ Rn the index in the notation of the norm ‖.‖L2(U) is usually
dropped.

We denote by D[a] the domain of a quadratic form a and by N (A),R(A) the
kernel and range, respectively, of a linear operator A.

Statements and formulae which contain double indices are understood as two
independent assertions.

1.2. Definition of the operator H . Initial results about scattering

Let Ω ⊂ Rd+1
+ := {(x, y) ∈ Rd × R : y > 0} be a connected open set which is

periodic with respect to the variable x and unbounded with respect to the variable
y, i.e.,

(x + 2πn, y) ∈ Ω whenever (x, y) ∈ Ω, n ∈ Zd,

Rd × [a,∞) ⊂ Ω for some a > 0.

We assume that ∂Ω is Lipschitz and that there is a decomposition ∂Ω = ΓD ∪ ΓN

where ΓN is an open subset of ∂Ω (possibly empty) and ΓD = ∂Ω\ΓN . Both parts
of the boundary are assumed to be periodic,

(x + 2πn, y) ∈ ΓN,D whenever (x, y) ∈ ΓN,D, n ∈ Zd.

Moreover, let V : Ω→ R be a measurable function satisfying

V (x + 2πn, y) = V (x, y), (x, y) ∈ Ω, n ∈ Zd,

|V (x, y)| ≤ C(1 + |y|)−ρ, (x, y) ∈ Ω, for some ρ > 1,
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and let σ : ΓN → R be a measurable function satisfying

σ(x + 2πn, y) = σ(x, y), (x, y) ∈ ΓN , n ∈ Zd,

σ ∈ Lq,loc(ΓN ) q > 1 if d = 1, q = d if d ≥ 2.

(The space Lq,loc(ΓN ) is of course defined with respect to the surface measure on
ΓN , which we denote by ds.) These assumptions are assumed to hold throughout.

It follows from the embedding theorems that the quadratic form

D[h] := {u ∈ H1(Ω) : u|ΓD = 0},

h[u] :=
∫

Ω

(|Du|2 + V |u|2) dxdy +
∫

ΓN

σ|u|2 ds
(1.1)

is lower semibounded and closed in the Hilbert space L2(Ω). We denote the corre-
sponding self-adjoint operator by H . Functions u in its domain satisfy the bound-
ary conditions (0.1) in a generalized sense.

In the case Ω = Rd+1
+ , ΓN = ∅, V = 0, σ = 0 we denote the operator by

H0. This is the Dirichlet Laplacian in the half-space. Its spectrum coincides with
[0, +∞) and is purely absolutely continuous of infinite multiplicity.

Our first goal is to compare the operator H with the “unperturbed” operator
H0 by means of scattering theory. Since these operators act in different spaces we
use as identification operator J : L2(Rd+1

+ )→ L2(Ω) the restriction

Ju := u|Ω, u ∈ L2(Rd+1
+ ).

Recall the definition (in case of existence) of the wave operators (see, e.g., [18])

W± := W±(H, H0, J) = s− lim
t→±∞

exp(itH)J exp(−itH0). (1.2)

The basis of all our further considerations is the following

Theorem 1.1. The wave operators W± exist, are isometric and satisfy R(W+) =
R(W−).

We indicate one possible proof of this result in Subsection 1.4 below.
The question of completeness of W± as well as spectral consequences of The-

orem 1.1 will be discussed in Subsection 1.5.

1.3. Definition of the operators H(k). Direct integral decomposition

Because of periodicity the operator H can be partially diagonalized. We introduce
the notations

Π := {(x, y) ∈ Ω : x ∈ (−π, π)d}, γD,N := ΓD,N ∩Π.

By H̃1(Π) we denote the subspace of functions u ∈ H1(Π) the periodic extension
of which belongs to H1

loc(Ω).
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Let k ∈ Q := [− 1
2 , 1

2 ]d and V , σ as above. Again by the embedding theorems
the quadratic form

D[h(k)] := {u ∈ H̃1(Π) : u|γD = 0},

h(k)[u] :=
∫

Π

(
|(Dx + k)u|2 + |Dyu|2 + V |u|2

)
dxdy +

∫
γN

σ|u|2 ds
(1.3)

is lower semibounded and closed in the Hilbert space L2(Π). We denote the cor-
responding self-adjoint operator by H(k). In the special case Π = (−π, π)d × R+,
γN = ∅ (i.e., Ω = Rd+1

+ , ΓN = ∅), V = 0, σ = 0 we denote the operator by H0(k).
The Gelfand transformation is initially defined for u ∈ C∞

0 (Ω) by

(Uu)(k, x, y) :=
∑

n∈Zd

e−i〈k,x+2πn〉u(x + 2πn, y), k ∈ Q, (x, y) ∈ Π,

and extended by continuity to a unitary operator U : L2(Ω) →
∫

Q
⊕L2(Π) dk.

Moreover, it turns out that

U H U∗ =
∫

Q

⊕H(k) dk. (1.4)

For a careful presentation of these facts in domains with Lipschitz boundaries we
refer to [2]. (The proofs there extend without problems to the case of an unbounded
period cell.)

The relation (1.4) allows us to investigate the operator H by studying the
fibers H(k).

1.4. Results about scattering for the fiber operators

Information about the operators H(k) can be obtained by developing a scattering
theory for the pair (H(k), H0(k)). Note that the operator H0(k) can be diago-
nalized explicitly. Its spectrum is purely absolutely continuous and coincides with
[|k|2, +∞). The spectral multiplicity is finite and changes at the points |n + k|2,
n ∈ Zd.

We use the same notation J for the restriction operator J : L2((−π, π)d ×
R+)→ L2(Π),

Ju := u|Π, u ∈ L2((−π, π)d × R+).

The results about the continuous spectrum of H(k) and the wave operators

W±(k) := W±(H(k), H0(k), J) = s− lim
t→±∞

exp(itH(k))J exp(−itH0(k))

are summarized in

Proposition 1.2. Let k ∈ Q. Then the wave operators W±(k) exist, are isometric
and complete. In particular, σac (H(k)) = [|k|2, +∞). Moreover, σsc (H(k)) = ∅.

We will only make some remarks about the proof of this proposition. It consists
in a straightforward modification of the methods developed for bounded obstacle
scattering. One may apply either time-dependent techniques (see, e.g., Examples
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5.2 and 6.2 in [16]) or stationary techniques (see [14] where ideas of smooth scat-
tering theory are combined with ideas of extension theory from [1]).

Finally, Theorem 1.1 can be deduced from Proposition 1.2 in the same way
as in [8]. We only note that

W = U∗
(∫

Q

⊕W(k) dk

)
U .

1.5. Discussion

Let us pause for a moment and summarize the information about the spectrum of
H that we have obtained so far. We have the decomposition

L2(Ω) = R(W±)⊕ C⊕ T,

where C := R(W±)⊥ ∩ R(Pac), T := R(Psing) and Pac, Psing are the projections
onto the absolutely continuous and the singular subspaces of H . This decomposi-
tion reduces H . Its part on R(W±) is unitarily equivalent to H0 and has purely
absolutely continuous spectrum [0, +∞). From the results of Subsections 1.3, 1.4
it is easy to derive the time-dependent characterization

C⊕ T = {u ∈ L2(Ω) : lim
a→+∞

sup
t∈R

∫
{y>a}

| exp(−itH)u|2 dxdy = 0},

see [3], [15]. Hence elements in this subspace represent surface states. They con-
stitute the characteristic feature of partially periodic operators. Obviously, the
spectrum of the operator H is purely absolutely continuous iff T = {0}, and the
wave operators are complete iff C = {0}. This leads to two problems.

The problem of absolute continuity: Prove T = {0}. This has only been
achieved in the case Ω = Rd+1

+ and either ∂Ω = ΓD or ∂Ω = ΓN . If σ ≡ 0, the
spectrum of H is purely absolutely continuous provided V is super-exponentially
decaying. (This follows from [5] by extending V to an even (with respect to y)
function on Rd+1.) The same conclusion holds if V ≡ 0 and σ satisfies some mild
regularity conditions, see [10], [9].

The problem of absolute continuity for partially periodic operators seems to
be more difficult than the corresponding problem for fully periodic operators. This
is due to the fact that the period cell is unbounded and the fiber operators H(k)
have continuous spectrum. Since eigenvalues may be embedded in the continuous
spectrum (see [10] for examples), one cannot (directly) apply the Thomas approach
to prove absolute continuity. The existing proofs ([5], [6], [10], [9]) rely on a separa-
tion of the (possibly embedded) eigenvalues from the continuous spectrum. Then
one applies the Thomas method and the abstract Proposition 2.2 stated below.

In Section 2 we will use this proposition to prove absence of singular contin-
uous spectrum. This is only a small step towards the main goal, but still it seems
to be the first result about partially periodic operators in domains with curved
boundary.
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The second problem is to give sufficient conditions for the completeness or
non-completeness of the wave operators W±. In [9] it is proved that the fiber
operators H(k) have non-empty spectrum in (−∞, |k|2) if Ω = Rd+1

+ , ∂Ω = ΓN

and the average of σ over a period is non-positive. The same conclusion is proved
in [12] if d = 1, k �= 0, ∂Ω = ΓN , σ ≡ 0 and ∂Ω is not a straight line. If the
spectrum of H is purely absolutely continuous (at least in (−∞, 0) in the first
case and in [0, ε), ε > 0, in the second case), this gives sufficient conditions for the
non-completeness of the wave operators.

The completeness of the wave operators, and simultaneously absolute conti-
nuity of the spectrum, (i.e., the absence of surface states) has been verified in [10],
[9] in the case Ω = Rd+1

+ , ∂Ω = ΓN and σ ≥ 0. In Section 3 we will generalize this
result to the case where V �≡ 0 but satisfies a certain repulsivity condition. If we re-
strict ourselves to Dirichlet boundary conditions we can allow curved boundaries.
The proof shows that the fiber operators H(k) have no eigenvalues. It is close in
spirit to the proof of Rellich’s theorem on absence of positive eigenvalues for the
Dirichlet Laplacian in unbounded domains and to one possible proof of the Virial
Theorem (see [4]).

2. Absence of singular continuous spectrum

2.1. Statement of the result

Assume that
supp(V ) ⊂ Rd × [0, b] for some b > 0. (2.1)

Theorem 2.1. Under the assumption (2.1) the singular continuous spectrum of the
operator H is empty.

The proof will be given in Subsection 2.4 below after some preparations.
We note that σsc (H)∩(−∞, 0) = ∅ holds even without the assumption (2.1).

(This follows from the fact that the spectrum of H(k) in (−∞, 0) is discrete with
piecewise analytic eigenvalues and from a “localized” version of Proposition 2.2.)
The point of Theorem 2.1 is that it can treat eigenvalues of H(k) embedded in the
continuum [|k|2, +∞).

Moreover, we emphasize that this theorem requires only minimal assumptions
on Ω. For much more detailed results in the case Ω = Rd+1

+ see the discussion in
Subsection 1.5.

2.2. An abstract result

Let H be a separable Hilbert space, O ⊂ Rd a connected open set and

T =
∫

O

⊕T (ζ) dζ in
∫

O

⊕H dζ

the direct integral of a measurable family of self-adjoint operators T (ζ) in H. We
prove the following result about the spectrum of the (self-adjoint) operator T .
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Proposition 2.2. Assume that

σsc (T (ζ)) = ∅ for all ζ ∈ O (2.2)

and that there exist countable families of connected open sets Uj ⊂ R, Vj ⊂ O and
non-constant real-analytic functions hj : Uj × Vj → C such that

{(λ, ζ) ∈ R×O : λ ∈ σp (T (ζ))} ⊂
⋃
j

{(λ, ζ) ∈ Uj × Vj : hj(λ, ζ) = 0}. (2.3)

Then σsc(T ) = ∅.

This result is well known if the resolvent of the operators T (ζ) is compact and
depends analytically on ζ. (For an elementary proof see, e.g., [7].) In this case
the assumptions (2.2), (2.3) are automatically fulfilled. However, we are interested
in the case where the absolutely continuous spectrum of the operators T (ζ) is
non-empty.

Proof. Put Λ0 :=
⋃

j{λ ∈ Uj : hj(λ, ζ) = 0 for all ζ ∈ Vj} and let Λ ⊂ R \ Λ0

with measΛ = 0. If E(Λ), E(Λ, ζ) denote the spectral projections of T , T (ζ),
respectively, corresponding to Λ then

E(Λ) =
∫

O

⊕E(Λ, ζ) dζ (2.4)

and we claim that this operator is equal to 0.
Indeed, write O = O1 ∪O2 where

O1 := {ζ ∈ O : σp (T (ζ)) ∩ Λ = ∅} , O2 := O \O1.

Since σsc (T (ζ)) = ∅ we immediately obtain E(Λ, ζ) = 0 for ζ ∈ O1. On the other
hand,

O2 ⊂
⋃
j

{ζ ∈ Vj : hj(λ, ζ) = 0 for some λ ∈ Uj ∩ Λ}.

Since hj is real-analytic, λ �∈ Λ0 and measΛ = 0, it follows from Theorem A in
[11] that meas{ζ ∈ Vj : hj(λ, ζ) = 0 for some λ ∈ Uj ∩ Λ} = 0 for every j. Hence
measO2 = 0 and the operator in (2.4) is 0.

Further, since hj is non-constant the set {λ∈Uj :hj(λ,ζ)=0 for all ζ∈Vj} is
countable for every j, and hence Λ0 is so. Thus, we conclude that σsc(T ) = ∅. �
2.3. Characterization of eigenvalues of H(k)
Our proof of Theorem 2.1 relies on Proposition 2.2. In order to construct the
functions hj we include now the eigenvalues λ of H(k) into the zero-eigenvalue set
of analytic auxiliary operators A(λ, k) defined below.

We assume that (2.1) holds and write Πb := {(x, y) ∈ Π : y < b} where b is
as in (2.1). Assume also that b is so large that Rd × [b,∞) ⊂ Ω.

Let λ ∈ R, k ∈ Q and define for any n ∈ Zd

βn(λ, k) :=

⎧⎨⎩
√∑d

j=1(nj + kj)2 − λ if
∑d

j=1(nj + kj)2 > λ,

−
√

λ−
∑d

j=1(nj + kj)2 if
∑d

j=1(nj + kj)2 ≤ λ.
(2.5)
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In the Hilbert space L2(Td) we consider the quadratic form

D[b(λ, k)] := H1/2(Td),

b(λ, k)[f ] :=
∑
n∈Zd

βn(λ, k) |f̂n|2, (2.6)

where f̂n := (2π)−d/2
∫

Td f(x)e−inx dx, n ∈ Zd, are the Fourier coefficients of f .
We note that

c0‖f‖2H1/2 ≤ b(λ, k)[f ] + c1‖f‖2 ≤ c2‖f‖2H1/2 , f ∈ H1/2(Td), (2.7)

for some constants c0, c1, c2 > 0 (depending on λ, k).
Finally, we consider in the Hilbert space L2(Πb) the quadratic form

D[a(λ, k)] := {u ∈ H̃1(Πb) : u|ΓD = 0},

a(λ, k)[u] :=
∫

Πb

(
|(Dx + k)u|2 + |Dyu|2 + V |u|2 − λ|u|2

)
dxdy +

+
∫

γN

σ|u|2 ds + b(λ, k)[u|y=b].

(2.8)

From our assumptions on V and σ and from (2.7) and the boundedness of the
trace operator H̃1(Πb) � u �→ u|y=b ∈ H1/2(Td) it follows that the forms a(λ, k)
are lower semibounded and closed, so they generate self-adjoint operators A(λ, k).

The compactness of the embedding of H̃1(Πb) in L2(Πb) implies that the
operators A(λ, k) have compact resolvent.

Now we characterize the eigenvalues of the operator H(k) as the values λ for
which 0 is an eigenvalue of the operators A(λ, k). More precisely, we have

Proposition 2.3. Assume (2.1) and let k ∈ Q and λ ∈ R.

1. Let u ∈ N (H(k) − λI) and define

v(x, y) := u(x, y), (x, y) ∈ Πb, (2.9)

v̂n(b) := (2π)−d/2

∫
Td

v(x, b)e−i〈n,x〉 dx, n ∈ Zd. (2.10)

Then v ∈ N (A(λ, k)), v̂n(b) = 0 if |n + k|2 ≤ λ and, moreover,

u(x, y) =
1

(2π)d/2

∑
|n+k|2>λ

v̂n(b) ei〈n,x〉 e−βn(λ,k) y, (x, y) ∈ Π \Πb. (2.11)

2. Let v ∈ N (A(λ, k)) and assume that v̂n(b) = 0 if |n + k|2 ≤ λ, where v̂n(b)
are given by (2.10). Define u by (2.9),(2.11).
Then u ∈ N (H(k) − λI).

The proof of this proposition is straightforward and will be omitted.
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Remark 2.4. Obviously, the statement of Proposition 2.3 does not depend on the
definition of βn(λ, k) for |n + k|2 ≤ λ. Our choice is useful in the following sense.
Let Λ = (λ−, λ+) be an open interval. A Birman-Schwinger-type argument as in
Theorem 4.1 of [10] using Proposition 2.3 and the monotonicity of A(λ, k) with
respect to λ yields

�cm{λ ∈ (λ−, λ+) : λ is an eigenvalue of H(k)}
≤ �cm{μ < 0 : μ is an eigenvalue of A(λ+, k)}
−�cm{μ ≤ 0 : μ is an eigenvalue of A(λ−, k)}.

(2.12)

Here �cm{. . . } means that the cardinality of {. . . } is determined according to
multiplicities. The RHS of (2.12) is finite since A(λ±, k) are lower semibounded
and have compact resolvent. In particular, the eigenvalues of H(k) have no fi-
nite accumulation point. This result cannot be obtained by scattering theory (see
Subsection 1.4) and improves the corresponding results in [15].

2.4. Proof of Theorem 2.1
We will apply Proposition 2.2. In order to cover “threshold eigenvalues” we include
the functions hn, n ∈ Zd, defined by hn(λ, k) :=

∑d
j=1(nj + kj)2 − λ in our

collection. By a covering argument it suffices to prove the following statement:
For all k0 ∈ Q, λ0 ∈ σp

(
H(k0)

)
\ {|n + k0|2 : n ∈ Zd} there exist neighborhoods

U ⊂ R, V ⊂ Rd of λ0, k0 and a non-constant real-analytic function h : U×V → C
such that

h(λ, k) = 0 if (λ, k) ∈ U × V, λ ∈ σp (H(k)) .

For this we construct an analytic extension of the operators A(λ, k) near (λ, k) =
(λ0, k

0). Since |n+k0|2 �= λ0 for all n ∈ Zd, there exist neighborhoods Ũ ⊂ C, Ṽ ⊂
Cd of λ0, k0 such that the functions βn, n ∈ Zd, admit an analytic continuation
to Ũ × Ṽ . Then we can define sectorial and closed forms a(z, κ) for z ∈ Ũ , κ ∈ Ṽ
by (2.8) and obtain corresponding m-sectorial operators A(z, κ). These operators
have compact resolvent and it is well known that (after possibly decreasing Ũ

and Ṽ ) there is an analytic function h : Ũ × Ṽ → C such that h(z, κ) = 0 iff
0 ∈ σ (A(z, κ)). It is easy to see (cf. Lemma 4.3 in [10]) that h is non-constant.
Now it suffices to note that 0 ∈ σ (A(λ, k)) whenever λ ∈ σp (H(k)) according to
Proposition 2.3. This completes the proof of Theorem 2.1.

3. Absolute continuity in the repulsive case

In this section we give sufficient conditions on V , σ and Ω that exclude surface
states. This implies purely absolutely continuous spectrum of H and complete
scattering. Our conditions say basically that the surface ∂Ω is repulsive.

3.1. Statement of the result

Our first result concerns smooth curved boundaries with Dirichlet conditions.
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We assume that

∂Ω = ΓD and ΓD ∈ C2, (3.1)

and that, with the exterior unit normal ν(x, y) at (x, y) ∈ ΓD and the unit vector
ey = (0, . . . , 0, 1) in y-direction,

〈ν(x, y), ey〉 ≤ 0, (x, y) ∈ ΓD. (3.2)

Note that these assumptions are satisfied in the special case Ω = {(x, y) : y > h(x)}
with a periodic C2-function h.

Introduce a modified distance to ∂Ω,

d(x, y) := min{|(x, y′)− (x, y)| : (x, y′) ∈ ∂Ω}, (x, y) ∈ Ω.

Concerning the electric potential V we will assume the repulsivity condition
∂V

∂y
(x, y) ≤ 1

2y d(x, y)2
, (x, y) ∈ Ω. (3.3)

This relation is understood in the sense of distributions, i.e.,∫
Ω

V
∂ϕ

∂y
dxdy ≥ −1

2

∫
Ω

ϕ

y d2
dxdy

for all ϕ ∈ C∞
0 (Ω), ϕ ≥ 0. Our result is

Theorem 3.1. Assume (3.1), (3.2), (3.3). Then the wave operators W± are unitary
and satisfy

H = W±H0W
∗
±.

In particular, the spectrum of H is purely absolutely continuous and there exist no
surface states.

Remark 3.2. The conclusion is not true if ∂Ω = ΓN , σ ≡ 0 and ΓN is not a
hyperplane. This is an easy generalization of [12] to the case d ≥ 2.

A result for general boundary conditions can be obtained when ∂Ω is straight, say,

Ω = Rd+1
+ . (3.4)

We write σ(x) instead of σ(x, 0) and assume that

σ ≥ 0 a.e. on ΓN . (3.5)

In addition we assume that V satisfies the following repulsivity condition: There
exists a measurable periodic function ω : ΓN → R+ such that

∂V

∂y
(x, y) ≤

{
ω(x)σ(x)2

2ω(x)+π/2
1

y(ω(x)2+σ(x)2y2) if (x, 0) ∈ ΓN ,
1

2y3 if (x, 0) ∈ ΓD.
(3.6)

Similarly to (3.3), this relation is understood in the sense of distributions. Note
that the allowed oscillations of V (x, y) are larger the larger σ(x) is. If first σ →∞
and then ω → ∞, we obtain ω(x)σ(x)2

2ω(x)+π/2
1

y(ω(x)2+σ(x)2y2) →
1

2y3 and we recover the
required decay in the case of Dirichlet boundary conditions.
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Theorem 3.3. Assume (3.4), (3.5), (3.6). Then the conclusions of Theorem 3.1
hold.

Remark 3.4. This answers a question posed by Prof. P. Exner. Theorem 3.3 gener-
alizes the results of [10], [9], where only the case V ≡ 0 and ΓD = ∅ was considered.

3.2. A virial inequality

The first part of the proofs of Theorems 3.1, 3.3 can be given simultaneously. We
assume in this subsection that ∂Ω is of class C2 (at least in a neighbourhood of
ΓD) and that a : Ω→ Rd+1 is a periodic (with respect to x) C1-vector field such
that supp(a) is bounded with respect to the variable y and such that

a = 0 in a neighborhood of ΓN . (3.7)

We denote the Jacobian of a by Ja.
In order to simplify the notation we write in this and the next subsection

D + k instead of (Dx + k, Dy) when k ∈ Q. Moreover, by C̃∞(Π) we denote the
class of functions in C∞(Π) with periodic extension (with respect to the variables
x) in C∞(Ω). The following is sometimes called Rellich’s identity (at least when
k = 0).

Lemma 3.5. Let λ ∈ R, k ∈ Q. Then for any v ∈ C̃∞(Π) with bounded support
and v|γD = 0 one has

2 Im
∫

Π

((D + k)2 − λ)v〈(D + k)v, a〉 dxdy

=
∫

Π

(
2 Re〈Ja(D + k)v, (D + k)v〉 − div a(|(D + k)v|2 − λ|v|2)

)
dxdy

−
∫

γD

〈a, ν〉
∣∣∣∣∂v

∂ν

∣∣∣∣2 ds.

Proof. This is a straightforward calculation using that ∇v|γD = ∂v
∂ν ν. �

Now let W ∈ L1,loc(Ω) be periodic with respect to x and assume that

〈∇V, a〉 ≤W (3.8)

as distribution in Ω, i.e.,∫
Ω

V div(aϕ) dxdy ≥ −
∫

Ω

Wϕdxdy (3.9)

for all ϕ ∈ C∞
0 (Ω), ϕ ≥ 0. Moreover, assume that∣∣∣∣∫

Π

W |v|2 dxdy

∣∣∣∣ ≤ C‖v‖2H1 (3.10)

for all v ∈ C̃∞(Π) with bounded support and v|γD = 0. Then we obtain the
following virial inequality.
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Proposition 3.6. Let λ ∈ R, k ∈ Q and assume (3.8), (3.10). Then for all u ∈
N (H(k)− λI) one has∫

Π

(
2 Re〈Ja(D + k)u, (D + k)u〉 −W |u|2

)
dxdy

≤
∫

Π

div a
(
|(D + k)u|2 + V |u|2 − λ|u|2

)
dxdy +

∫
γD

〈a, ν〉
∣∣∣∣∂u

∂ν

∣∣∣∣2 ds.

Proof. Let v ∈ C̃∞(Π) with bounded support and v|γD = 0. Because of (3.10) we
can replace ϕ in (3.9) by |v|2 and we obtain by Lemma 3.5

2 Im
∫

Π

((D + k)2 + V − λ)v〈(D + k)v, a〉 dxdy

≥
∫

Π

(
2 Re〈Ja(D + k)v, (D + k)v〉 −W |v|2

)
dxdy

−
∫

Π

div a
(
|(D + k)v|2 + V |v|2 − λ|v|2

)
dxdy −

∫
γD

〈a, ν〉
∣∣∣∣∂v

∂ν

∣∣∣∣2 ds.

Now the boundedness of V , ΓD ∈ C2 and (3.7) imply that any u ∈ N (H(k)− λI)
is of class H2 on supp(a). Approximating u by v ∈ C̃∞(Π) with bounded support
and v|γD = 0 simultaneously in the H1-norm on Π and in the H2-norm on supp(a)
we obtain the result. �

Remark 3.7. Recall that one form of the Virial Theorem (see [4]) says∫
Π

(
2
∣∣∣∣∂u

∂y

∣∣∣∣2 − y
∂V

∂y
|u|2

)
dxdy =

∫
γD

y〈ν, ey〉
∣∣∣∣∂u

∂ν

∣∣∣∣2 ds, u ∈ N (H(k)− λI),

provided V is smooth and γN = ∅. This is equality in Proposition 3.6 with a = yey,
W = y ∂V

∂y and serves as intuition behind our proof of Theorems 3.1 and 3.3. Note
that our conditions are weaker and more effective than those in [4].

3.3. Proof of Theorems 3.1 and 3.3
We begin with the

Proof of Theorem 3.1. Taking Proposition 1.2 into account we see that it suffices
to prove σp (H(k)) = ∅ for all k ∈ Q.

Let η ∈ C∞(R+) such that η ≥ 0 and η(t) = 1 if t ≤ 1, η(t) = 0 if t ≥ 2.
We apply the results of Subsection 3.2 with the vector field aε(x, y) := η(εy)yey,
where ey = (0, . . . , 0, 1) as above. Note that we have by (3.3)

〈∇V, aε〉 ≤Wε, Wε(x, y) :=
η(εy)

2d(x, y)2
,

and (3.10) holds because of Hardy’s inequality

1
4

∫
Π

|v|2
d2

dxdy ≤
∫

Π

|Dyv|2 dxdy. (3.11)
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Hence if u ∈ N (H(k)− λI), then by Proposition 3.6∫
Π

(
2χε|Dyu|2 −Wε|u|2

)
dxdy (3.12)

≤
∫

Π

χε

(
|(D + k)u|2 + V |u|2 − λ|u|2

)
dxdy +

∫
γD

η(εy)y〈ν, ey〉
∣∣∣∣∂u

∂ν

∣∣∣∣2 ds

where χε(y) := ∂
∂y (η(εy)y). Now we let ε tend to zero. Because of (3.2) the integral

over γD is non-positive. Moreover, χε(y) = εyη′(εy) + η(εy) is bounded and tends
to 1 pointwise. Hence by dominated convergence the integral over Π on the RHS
of (3.12) tends to ∫

Π

(
|(D + k)u|2 + V |u|2 − λ|u|2

)
dxdy = 0.

Similarly by dominated convergence (recall (3.11)) the LHS of (3.12) tends to
2
∫
Π

(
|Dyu|2 − |u|2

4d2

)
dxdy. Hence (3.12) implies that

2
∫

Π

(
|Dyu|2 − |u|

2

4d2

)
dxdy ≤ 0,

i.e., we have equality in Hardy’s inequality. We conclude that u = 0 and hence
that σp (H(k)) = ∅. �
Proof of Theorem 3.3. The proof is similar to the previous one, so we only sketch
the differences. We define aε(x, y) := η(εy)(1−η(ε−1y))yey with η and ey as before.
Again we apply Proposition 3.6 and obtain as ε→ 0

2
∫

Π

(
|Dyu|2 −W |u|2

)
dxdy ≤ −

∫
γN

σ|u|2 dx,

where W denotes y/2 times the RHS of (3.6). The proof is completed by Lemma
3.8 below. �
The following Hardy-type inequality was used in the previous proof.

Lemma 3.8. Let σ, ω ∈ R+. Then

ωσ2

2ω + π/2

∫ ∞

0

|u|2
ω2 + σ2y2

dy ≤ 2
∫ ∞

0

|u′|2 dy + σ|u(0)|2, u ∈ C∞
0 (R+).

Proof. By scaling we may assume σ = 1. For v := u − u(0) the “ordinary” Hardy
inequality holds, so∫ ∞

0

|v′|2 dy ≥ 1
4

∫ ∞

0

|v|2
y2

dy ≥ 1
4

∫ ∞

0

|v|2
ω2 + y2

dy.

It follows that for any ε > 0

2
∫ ∞

0

|u′|2 dy ≥ 1
2
(1− ε)

∫ ∞

0

|u|2
ω2 + y2

dy − 1
2
(ε−1 − 1)|u(0)|2

∫ ∞

0

1
ω2 + y2

dy,

and the assertion follows with ε = (4ω/π + 1)−1. �
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Functional Model for Singular Perturbations
of Non-self-adjoint Operators

Alexander V. Kiselev

Abstract. We discuss the definition of a rank one singular perturbation of a
non-self-adjoint operator L in Hilbert space H . Provided that the operator
L is a non-self-adjoint perturbation of a self-adjoint operator A and that the
spectrum of the operator L is absolutely continuous we are able to establish a
concise resolvent formula for the singular perturbations of the class considered
and to establish a model representation of it in the dilation space associated
with the operator L.
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1. Introduction

Let A be a self-adjoint operator acting in Hilbert space H . Let ϕ be a linear
bounded functional on the domain of the operator, endowed with the graph norm.
Then the rank one perturbation of the operator A is the operator formally given by

Aα = A + α 〈·, ϕ〉ϕ, (1.1)

where α is a real parameter. The formal expression (1.1) corresponds to a well-
defined self-adjoint operator acting in Hilbert space H when ϕ belongs to at least
the space H−2 (the operator is determined uniquely if ϕ belongs to at least the
space H−1, see Section 2 below) of bounded linear functionals over the domain of
the operator A, see [1, 2, 3]. The theory of singular perturbations of self-adjoint
operators in Hilbert spaces relies heavily on the classical extension theory for
symmetric operators. In fact (see Section 2 for details) every operator (1.1) is
a certain extension of a symmetric restriction of the operator A to a manifold
dense in H . Thus there is no obvious way to define singular perturbations of a

The author gratefully appreciates financial support of IRCSET (Post-Doctoral Fellowships Pro-
gramme) and RFBR (grant No. 03-01-00090).
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non-self-adjoint operator within the framework of the extension theory. It should
be mentioned however that the spectral theory of non-self-adjoint extensions of
symmetric operators was developed in terms of the spaces of boundary values by
Ryzhov in [16], see also [13, 19, 14]. This included construction of the functional
model for operators of this class.

In the present paper we are going to extend the formalism (1.1) to the case of
possibly non-self-adjoint operators, to explicitly construct the corresponding scale
of spaces and to provide a direct analogue of the Krein’s formula for the resolvent
of the perturbed operator in both the model representation of the non-self-adjoint
operator and the original Hilbert space H . To this end, we use the functional model
of a non-self-adjoint operator constructed in [20, 12] for the dissipative case and
then extended in [9, 10, 11] to the case of a wide class of arbitrary non-self-adjoint
operators.

The functional model for an operator of the form L = A + iV (A = A∗,
V = V ∗; see also Section 3 below for complete set of assumptions and definitions)
with absolutely continuous spectrum makes two different approaches to consider-
ation of rank one perturbations of L possible. Following the first approach, one
might consider the operator Aα, corresponding to the formal expression (1.1), and
then the class of operators Lα = Aα + iV for all admissible perturbations V . This
limits one to consideration of real α only and leads to different functional models for
the operators L and Lα. We propose a different approach to the non-self-adjoint
operator Lα, namely, we begin with the non-self-adjoint operator L = A + iV
which action in its model representation, provided that spectrum of L is abso-
lutely continuous, closely resembles just the componentwise multiplication by the
independent variable.1 We then show, that all admissible singular perturbations
of the operator L lead to rank one singular perturbations of the multiplication
operator in the dilated Hilbert space H and, using the Krein’s resolvent formula,
“return back” to the original Hilbert space H , obtaining an explicit description
of the operator Lα via its resolvent. It turns out that this approach leads to the
same results as the “standard” one in at least the case when the perturbation V
is bounded in H .

The present paper is organized as follows. In the second section we briefly
recall relevant results of the theory of self-adjoint singular perturbations of self-
adjoint operators, devised in [1, 2, 3]. We are mainly interested in the construction
proposed in [2] for dealing with the case of non-semibounded self-adjoint operators.

In the third section we pass over to the case of a non-self-adjoint operator
in Hilbert space H , restricting consideration to operators possessing absolutely
continuous spectrum. We then provide a construction of a functional model for
singular perturbations of such operators, following ideas outlined above, and prove
that results obtained are consistent with ones obtained in the self-adjoint case.

1We refrain from rigorous discussion of this statement here since at this point our primary concern
is to give an overall outlook of the problem. We refer the reader to Section 3 for details.
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2. Singular perturbations of self-adjoint operators

In the present section we briefly describe (following [1, 2, 3]) a construction leading
to the definition of a rank one self-adjoint singular perturbation of a self-adjoint
operator A, acting in Hilbert space H , i.e., the self-adjoint operator corresponding
to the formal expression

Aα = A + α 〈·, ϕ〉ϕ, (2.1)
where the vector ϕ, determining the perturbation, does not belong to Hilbert
space H .

Suppose that ϕ is a bounded linear functional on the domain of the operator
A (treated as a Hilbert space with the norm chosen to be equal to the graph norm
of the operator A), i.e., ϕ ∈ (D(A))∗ \H . Then [2] the condition 〈ψ, ϕ〉 = 0 is well
defined for all ψ ∈ D(A) and the restriction A0 of the operator A to the domain
Dϕ = {ψ ∈ D(A) : 〈ψ, ϕ〉 = 0} is a densely defined symmetric operator in H with
deficiency indices (1, 1).

We choose a normalization for the vector ϕ in a way such that ‖(A−i)−1ϕ‖ =
1. The element (A−λ)−1ϕ for all non-real values of λ has to be understood in the
generalized sense, i.e., (A − λ)−1ϕ is a bounded linear functional over H which
acts on every ψ ∈ H according to the formula〈

ψ, (A− λ)−1ϕ
〉

=
〈
(A− λ)−1ψ, ϕ

〉
.

Henceforth we identify the functional (A − λ)−1ϕ with an element of Hilbert
space H .

The domain of the adjoint operator A∗
0 can be described as follows:

D(A∗
0) = Dϕ+̇

∨
{(A− i)−1ϕ, (A + i)−1ϕ},

so that for every ψ ∈ D(A∗
0) we have the following representation:

ψ = ψ̂ + a+(ψ)(A− i)−1ϕ + a−(ψ)(A + i)−1ϕ, (2.2)

where ψ̂ ∈ Dϕ, a±(ψ) ∈ C. On every ψ ∈ D(A∗
0) the operator A∗

0 acts as follows:

A∗
0(ψ̂ + a+(ψ)(A − i)−1ϕ + a−(ϕ)(A + i)−1ϕ)x

= Aψ̂ + a+(ψ)i(A − i)−1ϕ + a−(ψ)(−i)(A + i)−1ϕ. (2.3)

Every self-adjoint extension of the operator A0 is a restriction of the adjoint oper-
ator A∗

0 to the domain Dv = {ψ ∈ D(A∗
0) : a−(ψ) = va+(ψ)} with a unimodular

parameter v ∈ C. The extension corresponding to v = −1 coincides with the
original operator A.

Consider the standard scale of Hilbert spaces associated with the nonnegative
operator |A| [1]:

H2(|A|) ⊂ H1(|A|) ⊂ H ⊂ H−1(|A|) ⊂ H−2(|A|), (2.4)

where H2(|A|) = D(A) and H1(|A|) coincides with the domain of the operator
|A|1/2; the spaces H−1(|A|) and H−2(|A|) are dual to H1,2(|A|), respectively, with
respect to the inner product in H .
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A vector ϕ is said to define a form-bounded perturbation of the operator A
if it belongs to Hilbert space H−1(|A|). Vectors ϕ ∈ H−2(|A|) \H−1(|A|) are said
to define form-unbounded perturbations.

If ϕ defines a form-bounded perturbation of the self-adjoint operator A, ϕ ∈
H−1 \H , then the self-adjoint operator Aα corresponding to the formal expression
(2.1) can be shown to be a self-adjoint extension of A0; its domain is described by
the following formula:

D(Aα) = {ψ ∈ D(A∗
0) : a+(ψ) = −

1 + α
〈
(A + i)−1ϕ, ϕ

〉
1 + α 〈(A− i)−1ϕ, ϕ〉 a−(ψ)}. (2.5)

If α = 0 then the corresponding operator corresponds to the original operator A.
Considering different α ∈ R ∪ {∞} all self-adjoint extensions of the operator A0

can be obtained.
In the form-unbounded case, ϕ ∈ H−2(|A|) \H−1(|A|), the formal expression

(2.1) is defined on the domain of the adjoint operator A∗
0 if the functional ϕ is

defined on this domain. The domain of the operator A∗
0 can be described as a

one-dimensional extension of the domain D(A): any element ψ ∈ D(A∗
0) possesses

the following representation:

ψ = ψ̃ +
b(ψ)

2
((A− i)−1ϕ + (A + i)−1ϕ), (2.6)

where b(ψ) = a+(ψ) + a−(ψ) and ψ̃ = ψ̂ + (a+(ψ)− a−(ψ))i(A− i)−1(A + i)−1ϕ.
Therefore, since ϕ is a bounded functional over the domain D(A), it needs to be
extended to the elements (A± i)−1ϕ as a bounded functional.

All such extensions are parameterized by a single parameter c ∈ C and the
extended functional ϕc acts as follows on any ψ ∈ D(A∗

0), see (2.6):

〈ψ, ϕc〉 =
〈
ψ̃, ϕ

〉
+ cb(ψ). (2.7)

This extension defines a real quadratic form
〈
ψ, [(A− i)−1 + (A + i)−1]ψ

〉
with

domain H+̇{ϕ} if and only if the parameter c is real.
Henceforth in the case of ϕ ∈ H−2(|A|) \ H−1(|A|) we define ϕc to be the

linear bounded extension of the functional ϕ to the domain D(A∗
0), submitted to

the condition 〈
[(A− i)−1 + (A + i)−1]ϕ, ϕc

〉
= 2c, c ∈ R. (2.8)

Then it can be shown, that the self-adjoint operator Aα corresponding to the
formal expression Aα = A + α 〈·, ϕc〉ϕ is a self-adjoint extension of the operator
A0 (with Aα = A for α = 0) with its domain described by the following formula:

D(Aα) = {ψ ∈ D(A∗
0) : a−(ψ) = −1 + α(c + i)

1 + α(c− i)
a+(ψ)}. (2.9)

We note, that in the case of form-unbounded perturbations the definition of a
singular perturbation of a self-adjoint operator is not unique. This non-uniqueness
is due to the fact, that the choice of a bounded extension of the functional ϕ to
the domain of the operator A∗

0 is also not unique.
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The Krein’s resolvent formula holds in both cases of form-bounded and form-
unbounded perturbations, that is,

(Aα − λ)−1 = (A− λ)−1 − α

1 + αF (λ)
〈
·, (A− λ)−1ϕ

〉
(A− λ)−1ϕ, (2.10)

where
F (λ) =

〈
(A− λ)−1ϕ, ϕc

〉
.

In the case of form-bounded perturbation ϕc = ϕ, whereas in the case of form-
unbounded perturbation the following representation can be obtained from the
definition of the extended functional ϕc:

F (λ) = c +
〈
(1 + λA)(A − λ)−1(A− i)−1ϕ, (A− i)−1ϕ

〉
.

In both cases, F (λ) is a Nevanlinna function (a holomorphic function in the upper
half-plane with positive imaginary part there).

3. The non-self-adjoint case

3.1. The functional model

In the present section, we use the functional model of a non-self-adjoint operator
constructed in [20, 12] for the dissipative case and then extended in [9, 10, 11, 16]
to the case of a wide class of arbitrary non-self-adjoint operators.

Let us briefly describe the corresponding results here. Consider a class of
non-self-adjoint operators of the form [11]

L = A + iV,

where A is a self-adjoint operator in H defined on the domain D(A) and the
perturbation V admits the factorization V = γJγ

2 , where γ is a nonnegative self-
adjoint operator in H and J = J∗ ≡ signV is a unitary operator in the auxiliary
Hilbert space E, defined as the closure of the range of the operator γ: E ≡ R(γ).
This factorization corresponds to the polar decomposition of the operator V . It
can also be easily generalized (when A and V are bounded) to the “node” case
[21], where J acts in an auxiliary Hilbert space H and V = γ∗Jγ/2, γ being an
operator acting from H to H. In order that the expression A + iV be meaningful,
we impose the condition that V be (A)-bounded with the relative bound less than
1, i.e., D(A) ⊂ D(V ) and for some a and b (a < 1) the condition

‖V u‖ ≤ a‖Au‖+ b‖u‖, u ∈ D(A)

is satisfied, see [8]. Then the operator L is well defined on the domain D(L) =
D(A).

Alongside with the operator L we are going to consider the maximal dissipa-
tive operator L‖ = A + iγ2

2 and the one adjoint to it, L−‖ ≡ L‖∗ = A− iγ2

2 . Since
the functional model for the dissipative operator L‖ will be used below, we require
that L‖ be completely non-self-adjoint, i.e., that it has no reducing self-adjoint
parts. This requirement is not restrictive in our case due to Proposition 1 in [11].
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Now we are going to briefly describe construction of the self-adjoint dilation
of the completely non-self-adjoint dissipative operator L‖, following [20, 12], see
also [11].

The characteristic function S(λ) of the operator L‖ is a contractive, analytic
operator-valued function acting on Hilbert space E, defined for Imλ > 0 by

S(λ) = I + iγ(L−‖ − λ)−1γ. (3.1)

In the case of an unbounded γ the characteristic function is first defined by the
latter expression on the manifold E ∩ D(γ) and then extended by continuity to
the whole space E.

Formula (3.1) makes it possible to consider S(λ) for Imλ < 0 with S(λ) =
(S∗(λ))−1. Finally, S(λ) possesses boundary values almost everywhere on the real
axis in the strong operator topology: S(k) ≡ S(k + i0), k ∈ R (see [20]).

Consider the model space H = L2( I S∗
S I ), which is defined in [12] as a Hilbert

space of two-component vector-functions (g̃, g) on the axis (g̃(k), g(k) ∈ E, k ∈ R)
with metric((

g̃

g

)
,

(
g̃

g

))
=

∫ ∞

−∞

((
I S∗(k)

S(k) I

)(
g̃(k)
g(k)

)
,

(
g̃(k)
g(k)

))
E⊕E

dk.

It is assumed here that the set of two-component functions has been factored
by the set of elements with the norm equal to zero and then closed w.r.t. the
above metric. Although we consider (g̃, g) as a symbol only, the formal expressions
g− := (g̃ + S∗g) and g+ := (Sg̃ + g) can be shown to represent some true L2(E)-
functions on the real line. In what follows we plan to deal mostly with these
functions.

Define the following orthogonal subspaces in H:

D− ≡
(

0
H−

2 (E)

)
, D+ ≡

(
H+

2 (E)
0

)
, K ≡ H� (D− ⊕D+),

where H
+(−)
2 (E) denotes the Hardy class [7] of analytic functions f in the upper

(lower) half-plane taking values in the Hilbert space E.
The subspace K can be described as K = {(g̃, g) ∈ H : g̃ + S∗g ∈

H−
2 (E), Sg̃ + g ∈ H+

2 (E)}. Let PK be the orthogonal projection of H onto K:

PK

(
g̃

g

)
=

(
g̃ − P+(g̃ + S∗g)
g − P−(Sg̃ + g)

)
,

where P± are orthogonal projections of L2(E) onto H±
2 (E).

The following theorem holds [20, 12]:

Theorem 3.1. The operator (L‖ − λ0)−1 is unitarily equivalent to the operator
PK(k − λ0)−1|K for all λ0, Im λ0 < 0.

This means, that the operator of multiplication by k serves as a self-adjoint
dilation [20] of the operator L‖. Moreover, this dilation also has the property of
minimality (closIm λ�=0(k − λ)−1K = H).
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Provided that the non-real spectrum of the operator L is countable, the
characteristic function of the operator L is defined by the following expression:

Θ(λ) ≡ I + iJγ(L∗ − λ)−1γ, Im λ �= 0,

and under an additional assumption that V is a relatively compact perturbation2

can be shown to be a meromorphic, J-contractive (Θ∗(λ)JΘ(λ) ≤ J, Im λ > 0)
operator-function [6]. The characteristic function Θ(λ) admits [4, 9] a factorization
(also called Ginzburg-Potapov factorization of a J-contractive function [5]) in the
form of a ratio of two bounded analytic operator-functions (in the corresponding
half-planes Imλ < 0, Im λ > 0) triangular with respect to the decomposition of
the space E into the orthogonal sum

E = (X+E)⊕ (X−E), X± ≡
I ± J

2
:

Θ(λ) = Θ′∗
1 (λ)(Θ′∗

2 )−1(λ), Im λ > 0

Θ(λ) = Θ∗
2(λ)(Θ∗

1)
−1(λ), Im λ < 0,

where the following designations have been adopted [10]:

Θ1(λ) = X− + S(λ)X+, Θ2(λ) = X+ + S(λ)X−;

Θ′
1(λ) = X− + S∗(λ)X+, Θ′

2(λ) = X+ + S∗(λ)X−,

and S(λ) is defined by (3.1).
Following [10], we define the subspaces N± in H as follows:

N̂± ≡
{(

g̃

g

)
:

(
g̃

g

)
∈ H, P± (Θ′∗

1 g̃ + Θ∗
2g) = P±(X+g+ + X−g−) = 0

}
and introduce the following designation:

N± = closPKN̂±.

Then, as it is shown in [11], one gets for Im λ < 0 (Im λ > 0) and (g̃, g) ∈
N̂−(+), respectively:

(L− λ)−1PK

(
g̃

g

)
= PK

1
k − λ

(
g̃

g

)
. (3.2)

Conversely, the property (3.2) for Im λ < 0 (Im λ > 0) guarantees that the vector
(g̃, g) belongs to the set N̂−(+).

The absolutely continuous and singular subspaces of the non-self-adjoint op-
erator L were defined in [9]: let N ≡ N̂+ ∩ N̂−, Ñ± ≡ PKN̂±, Ñe ≡ Ñ+ ∩ Ñ−,
then3

Ne ≡ clos
(
Ñ+ ∩ Ñ−

)
= closPKN ≡ clos Ñe

Ni ≡ K �Ne(L∗),
(3.3)

where Ne(L∗) denotes the absolutely continuous subspace of the operator L∗.

2This assumption guarantees that the non-real spectrum of L is discrete.
3The linear set Ñe is called the set of “smooth” vectors of the operator L (see [11]).
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This definition in the case of maximal dissipative operators leads to the same
subspace as the classical definition by L.A. Sahnovich [18] (the latter definition in-
troduces the absolutely continuous subspace as the maximal invariant subspace re-
ducing the operator L to an operator with purely outer characteristic function) and
was later developed by V.A. Ryzhov (in the case of more general non-dissipative
operators) [16, 17] and A.S. Tikhonov (the so-called weak definition of the abso-
lutely continuous subspace). Recently it turned out that (at least in the dissipative
case) the weak definition coincides with the strong one (3.3) (see [15]).

We call an operator L an operator with absolutely continuous spectrum if
Ne = H , i.e., PKN is dense in K.

3.2. Singular perturbations of non-self-adjoint operators

In this section we assume, that the non-self-adjoint operator L = A + iV acting
in Hilbert space H has real spectrum. We further assume (without the loss of
generality, see above) that it is completely non-self-adjoint. Under these assump-
tions we develop an approach to the theory of singular perturbations based on the
functional model.

We begin with the following Lemma, which provides an equivalent description
of the scale (2.4) in terms of the non-self-adjoint operator L and its resolvent.

Proposition 3.2. Suppose that L = A+ iV , V being relatively bounded with respect
to A with the relative bound less than 1. Let the spectrum of the operator L be real.
Then

(i) The space H−2(|A|) is the set of bounded linear functionals ϕ over D(A) ≡
D(L) such that the element (L − λ)−1ϕ, Im λ �= 0 is itself a bounded linear
functional over H.

(ii) The space H−1(|A|) is the set of bounded linear functionals ϕ over D(A) ≡
D(L) such that the element (L − λ)−1ϕ, Im λ �= 0 is itself a bounded linear
functional over H1(|A|) (with respect to the H1(|A|)-inner product).

Proof. (i) Let ϕ ∈ H−2(|A|). For u ∈ H consider

|
〈
u, (A− λ)−1ϕ

〉
|2 = |

〈
(A− λ)−1u, ϕ

〉
|

≤ ‖ϕ‖2H−2
‖(A− λ)−1u‖2H2

≤ C(λ)‖ϕ‖2H−2
‖u‖2,

and therefore (A− λ)−1ϕ is itself a bounded linear functional over H .
Conversely, let (A−λ)−1ϕ be a bounded linear functional over H and suppose,

that ϕ �∈ H−2(|A|). Then there exists a sequence of vectors {un} ∈ D(A) such that
‖un‖H2 ≡ 1 for all n and | 〈un, ϕ〉 | ↑ +∞ as n→∞.

Denote vn := (A − λ)un, then {vn} is a uniformly bounded sequence in H .
Finally,

|
〈
(A− λ)−1vn, ϕ

〉
| = |

〈
vn, (A− λ)−1ϕ

〉
| ≤ C(λ, ϕ)‖vn‖ ≤ C

uniformly with respect to n. On the other hand, the left-hand side tends to infinity
by our assumption. Therefore, ϕ has to be an element of H−2(|A|).
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We pass over to the operator L using Hilbert identities

(L− λ)−1 = (A− λ)−1 + (L− λ)−1(−iV )(A − λ)−1

(A− λ)−1 = (L− λ)−1 + (A− λ)−1(iV )(L− λ)−1.

Taking into account that the conditions imposed on the operator L lead to both
operators (L−λ)−1V and (A−λ)−1V being bounded in H for all non-real values
of λ (see [8]), these identities immediately imply that (A − λ)−1ϕ is a bounded
functional over H (and therefore can be identified with an element from H) if and
only if the functional (L− λ)−1ϕ also possesses this property.

(ii) Let ϕ ∈ H−1(|A|). Then obviously for every u ∈ H1(|A|)
〈u, ϕ〉 =

〈
u, (|A|+ 1)−1ϕ

〉
H1

,

where (|A|+1)−1ϕ is a bounded functional over H1(|A|) and can therefore itself be
identified with an element from H1(|A|). It is easy to see now that (A− λ)−1ϕ =
(|A|+ 1)(A− λ)−1(|A|+ 1)−1ϕ also belongs to Hilbert space H1(|A|).

Conversely, let (A−λ)−1ϕ ∈ H1 and suppose that ϕ �∈ H−1(|A|). Then there
exists a sequence of elements {un} ∈ H1(|A|) such that ‖un‖H1 ≡ 1 for all n, but
| 〈un, ϕ〉 | ↑ +∞ as n→∞.

Denote vn := (A − λ)(|A| + 1)−1un. It is easy to see that the sequence
{vn} ∈ H1(|A|) is itself uniformly bounded with respect to n. Then

| 〈un, ϕ〉 | = |
〈
vn, (A− λ)−1ϕ

〉
H1
| ≤ C

uniformly with respect to n. On the other hand, the left-hand side tends to infinity
by the assumption and therefore in fact ϕ ∈ H−1(|A|). Passing from (A− λ)−1 to
(L−λ)−1 on the basis of Hilbert identities as in the proof of (i) above, we complete
the proof. �

Remark 3.3. The result obtained makes it sensible to consider the natural scale of
Hilbert spaces, associated with the self-adjoint operator A, as the natural choice of
the corresponding scale, associated with the non-self-adjoint operator L, provided
that the assumptions of the last Proposition hold for the operator L.

Consider (see [12]) another representation of the dilation of the dissipative
operator L‖, i.e., the space H: H = L2(R−; E)⊕H⊕L2(R+; E). There exists [11] a
unitary operator F that maps H onto H. This mapping is defined by the following
formulae:

g̃ + S∗g = − 1√
2π

γ(L‖ − k + i0)−1u + S∗(k)v̂−(k) + v̂+(k)

Sg̃ + g = − 1√
2π

γ(L−‖ − k − i0)−1u + v̂−(k) + S(k)v̂+(k)
. (3.4)

Here v̂± = (1/
√

2π)
∫

R
exp(ikξ)v±(ξ)dξ is the Fourier transform of the function

v±(ξ) extended by zero to the complementary semiaxis, where v±(ξ) are two non-
central elements of an element of H, v± ∈ L2(R±; E).
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Formulae (3.4) do indeed define a mapping of a vector (v−, u, v+) ∈ H onto
a vector (g̃, g) ∈ H due to the fact (see Theorem 2 in [11]) that every vector
(g̃, g) ∈ H is uniquely determined by the corresponding true L2(E) functions
g− = g̃ +S∗g and g+ = Sg̃ + g. The latter statement is an immediate consequence
of the definition of the norm in H, from which it is easy to see that

‖(g̃, g)‖H ≥ max{‖g−‖L2(E), ‖g+‖L2(E)}. (3.5)

In the space H the self-adjoint dilation L of the operator L‖ is defined on the
domain

D(L) = {(v−, u, v+) :

u ∈ D(A), v− ∈W 1
2 (R−; E), v+ ∈ W 1

2 (R+; E), v+(0)− v−(0) = iγu}

and acts on it as follows:

L

⎛⎝v−
u
v+

⎞⎠ =

⎛⎝ − 1
i

d
dξ v−(ξ)

Au + (γ/2)[v+(0) + v−(0)]
− 1

i
d
dξ v+(ξ)

⎞⎠
(see [11] for details).

We introduce a natural scaling procedure for the Hilbert space H. Namely,
let H1 := L2(R−; E) ⊕ H1(|A|) ⊕ L2(R+; E) and H2 := L2(R−; E) ⊕ H2(|A|) ⊕
L2(R+; E), respectively; the subspaces H−1 and H−2 being dual to H1 and H2,
respectively, in the usual sense.

Alongside with this scaling in H consider the one, associated with the self-
adjoint operator L itself,

H2(|L|) ⊂ H1(|L|) ⊂ H ⊂ H−1(|L|) ⊂ H−2(|L|),

where H2(|L|) = D(L) is a Hilbert space, equipped with the graph norm of the
operator L; H1(|L|) = D(|L|1/2) and the dual spaces are defined accordingly.

The following lemma clarifies the relative geometry of the two scales intro-
duced in H.

Lemma 3.4. Suppose that L = A + iV , V being relatively bounded with respect to
A with the relative bound less than 1. Let the spectrum of the operator L be real.
Then the following identities hold:

H−1 = L2(R−; E)⊕H−1 ⊕ L2(R+; E)

H−2 = L2(R−; E)⊕H−2 ⊕ L2(R+; E).

The unitary transformation F admits unitary continuation F̂ from H to both
H−1(|L|) and H−2(|L|), and

F̂H−1(|L|) = L2(( I S∗
S I ); (1 + |k|)−1) =: H−1(|k|)

F̂H−2(|L|) = L2(( I S∗
S I ); (1 + |k|)−2) =: H−2(|k|),
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where L2(( I S∗
S I ); 1

1+|k| ) is a Hilbert space of two-component vector-functions (g̃, g)
on the axis (g̃(k), g(k) ∈ E, k ∈ R) with metric((

g̃

g

)
,

(
g̃

g

))
=

∫ ∞

−∞

((
I S∗(k)

S(k) I

)(
g̃(k)
g(k)

)
,

(
g̃(k)
g(k)

))
E⊕E

1
1 + |k|dk

and the space L2(( I S∗
S I ); 1

(1+|k|)2 ) is defined analogously.
Finally, the following inclusions hold:

H−1 ⊂ H−1(|L|); F̂H−1 ⊂ H−1(|k|)
H−2 ⊂ H−2(|L|); F̂H−2 ⊂ H−2(|k|).

Proof. The first claim of Lemma follows immediately from the definition of H.
The second one can be easily obtained based on the fact, that the self-adjoint

dilation L of the dissipative operator L‖ is unitarily equivalent under the unitary
transformation F to the operator of component-wise multiplication by the inde-
pendent variable in H. Therefore, FH2(|L|) is equal to the domain of the multi-
plication operator in H equipped with the graph norm of the latter. It follows,
that the operator (1 + |k|2)F(L − i)−1(L + i)−1 is the unitary continuation of F
to the (unitary) operator, intertwining H−2(|L|) and H−2(|k|) (here we have used
the fact that the operator (L− i)−1(L + i)−1 is a unitary operator from H−2(|L|)
to H2(|L|) and the operator of component-wise multiplication by (1 + |k|2)−1 is
a unitary operator from H−2(|k|) to H2(|k|), see [1]). The space H−1(|L|) can be
treated analogously.

Finally, the last part of the statement follows immediately from the obvious
inclusions H2(|L|) ⊂ H2 and H1(|L|) ⊂ H1. �

The last lemma makes it possible to consider natural imbeddings H−1 ⊂
H−1 ≡ L2(R−; E) ⊕ H−1 ⊕ L2(R+; E) and H−2 ⊂ H−2 ≡ L2(R−; E) ⊕ H−2 ⊕
L2(R+; E). Moreover, the unitary extension of transformation F justifies the pro-
cedure of “lifting” the vector ϕ ∈ H−1(|A|) (ϕ ∈ H−2(|A|)) into the space F̂H−1

(F̂H−2, respectively). The following lemma provides an explicit and transparent
description of this procedure.

Lemma 3.5. Suppose that L = A + iV , V being relatively bounded with respect to
A with the relative bound less than 1. Let the spectrum of the operator L be real.
Then the model image (g̃, g) := F̂ϕ of any vector ϕ ∈ H−2(|A|) (ϕ ∈ H−1(|A|),
respectively) can be obtained as the limit of the transformation

g̃n + S∗gn = − 1√
2π

γ(L‖ − k + i0)−1ϕn

Sg̃n + gn = − 1√
2π

γ(L−‖ − k − i0)−1ϕn

(3.6)

as H � ϕn → ϕ in H−2(|A|) (H−1(|A|), respectively) norm, where the limit as
n→∞ of the first of expressions in (3.6) exists in H−

2 (E; (1+ |k|)−2) (H−
2 (E; (1+

|k|)−1), respectively) and of the second – in H+
2 (E; (1+|k|)−2) (H+

2 (E; (1+|k|)−1),
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respectively). Here H±
2 (E; (1 + |k|)−2) is a weighted Hardy class, i.e., the class of

analytic in the upper (lower) half-plane E-valued functions f such that

sup
ε>0(ε<0)

∫
R

‖f(k + iε)‖2 1
(1 + |k|)2 dk <∞.

Proof. Consider the case ϕ ∈ H−2(|A|) (the case ϕ ∈ H−1(|A|) is dealt with
analogously). As shown in the proof of Lemma 3.4 above, the unitary transfor-
mation F : H → H is extended by continuity to the unitary transformation
F̂ : H−2(|L|) → H−2(|k|) by the formula F̂ = (1 + |k|2)F(L − i)−1(L + i)−1.
Moreover, it is easy to see that F̂ |H = F . Let {ϕn} be a sequence of elements
from Hilbert space H such that ϕn → ϕ in H−2(|A|). Then on each ϕn the trans-
formation (3.4) is well defined and coincides with the transformation (3.6). From
[11] it also follows that for each n g̃n + S∗gn ∈ H−

2 (E), Sg̃n + gn ∈ H+
2 (E). Fur-

thermore, by Lemma 3.4 F̂H−2(|A|) ⊂ H−2(|k|), hence passing to the limit as
n → ∞ we arrive at the fact that there exists a unique vector (g̃, g) ∈ H−2(|k|)
such that (g̃n, gn)→ (g̃, g) in H−2(|k|) as n→∞. It is easy to see that due to the
definition of the norm in H−2(|k|) the following generalization of (3.5) holds:

‖(g̃, g)‖H−2(|k|) ≥ max{‖g−‖L2(E;(1+|k|)−2), ‖g+‖L2(E;(1+|k|)−2))}, (3.7)

and an analogous inequality holds forH−1(|k|) and L2(E; (1+|k|)−1)), respectively.
Then by the same argument as in [11] one immediately obtains on the basis of the
definition of the norm in H−2(|k|) (H−1(|k|), respectively) that the vector (g̃, g)
of any of these Hilbert spaces is uniquely determined by the corresponding pair of
true L2(E; (1 + |k|)−2) (L2(E; (1 + |k|)−1), respectively) functions g− ≡ g̃ + S∗g
and g+ ≡ Sg̃ + g.

By (3.7), g̃n + S∗gn → g− and Sg̃n + gn → g+ in L2(E; (1 + |k|)−2), and
therefore also in H−

2 (E; (1 + |k|)−2) and H+
2 (E; (1 + |k|)−2), respectively. This

completes the proof. �

Remark 3.6. The statement of Lemma 3.5 clearly makes it possible to identify the
model image (g̃, g) = F̂ϕ of every element ϕ from H−2(|A|) (H−1(|A|), respec-
tively) with a certain element of Hilbert space H−

2 (E; (1 + |k|)−2) ⊕H+
2 (E; (1 +

|k|)−2) (H−
2 (E; (1+ |k|)−1)⊕H+

2 (E; (1+ |k|)−1), respectively). This identification
is via the corresponding functions g− ≡ g̃ +S∗g and g+ ≡ Sg̃ + g belonging to the
named weighted Hardy spaces, which uniquely determine the vector F̂ϕ.

Let L be the self-adjoint operator of component-wise multiplication by the
independent variable in H:

(Lg)(k) = kg(k), g ≡
(

g̃

g

)
∈ D(L),

where D(L) = {g : kg(k) ∈ H} and consider the class of rank one perturbations
for the operator L, Lα = L + α 〈·,ϕϕϕ〉ϕϕϕ, where ϕϕϕ is an arbitrary bounded linear
functional on the domain of the operator L. The natural scale of Hilbert spaces,
associated with the operator L, is H2(|k|) ⊂ H1(|k|) ⊂ H ⊂ H−1(|k|) ⊂ H−2(|k|),
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where by Lemmas 3.4 and 3.5 the subspaces H−1(|A|) and H−2(|A|) are naturally
imbedded into H−1(|k|) and H−2(|k|), respectively.

Fix an element ϕϕϕ ∈ F̂H−1\H (ϕϕϕ ∈ F̂H−2\F̂H−1). Then the Krein’s formula
for the action of the resolvent of the perturbed operator Lα on any vector g ∈ H
holds:

(Lα − z)−1g = (L − z)−1g− α

1 + α 〈(L − z)−1ϕϕϕ,ϕϕϕc〉
〈
(L − z)−1g,ϕϕϕ

〉
(L − z)−1ϕϕϕ,

(3.8)
where in the case of ϕϕϕ ∈ FH−1 \ H one has ϕϕϕc = ϕϕϕ, whereas in the case ϕϕϕ ∈
FH−2 \ FH−1 the identity〈

(L − z)−1ϕϕϕ,ϕϕϕc

〉
= c +

〈
(1 + zL)(L − λ)−1(L+ i)−1(L − i)−1ϕϕϕ,ϕϕϕ

〉
holds, see [1, 2].

Lemma 3.4 allows to extend the definition of the orthogonal projection PH :
H→ H to the space H−2(|L|) by the same formula PH(v−, u, v+) = (0, u, 0). Then
the orthogonal projection PK admits the corresponding extension to the operator
acting from F̂H−2(|L|) = H−2(|k|) to F̂H−2(|A|). We preserve the notation PK

for this extension and expect that this will not lead to any confusion.
Consider the operator-valued analytic function PK(Lα − z)−1|K . The fol-

lowing Lemma establishes its connection to the resolvent of the non-self-adjoint
operator L in the case of absolute continuity of its spectrum.

Lemma 3.7. Suppose that L = A+ iV , V being relatively bounded with respect to A
with the relative bound less than 1. Assume also that the operator L is an operator
with absolutely continuous spectrum, i.e., Ne(L) = H. Let ϕ ∈ H−2(|A|)\H−1(|A|)
(ϕ ∈ H−1(|A|) \H) and ϕϕϕ = F̂ϕ. Then for every u ∈ Ñe

PK(Lα − λ)−1u = (L− λ)−1u− α

D(λ)
〈
u, (L∗ − λ)−1ϕ

〉
(L− λ)−1ϕ, (3.9)

where D(λ) = 1 + α
〈
(L− λ)−1ϕ, ϕc

〉
is a scalar analytic function in C±;〈

(L − λ)−1ϕ, ϕc

〉
=

〈
(L− λ)−1ϕ, ϕ

〉
in the case ϕ ∈ H−1(|A|) \H and〈

(L− λ)−1ϕ, ϕc

〉
= c +

〈
(1 + λL)(L − λ)−1(L + i)−1(L− i)−1ϕ, ϕ

〉
in the case ϕ ∈ H−2(|A|) \H−1(|A|).

Proof. Let {ϕn} ∈ H be a sequence of elements such that ϕn → ϕ in H−2(|A|)
as n → ∞. On each ϕn the identity (3.9) clearly holds. Passing to the limit as
n → ∞ and using Proposition 3.2 and Lemmas 3.4, 3.5 one obtains (3.9) for an
arbitrary ϕ ∈ H−2(|A|) (ϕ ∈ H−1(|A|)). �

It is therefore reasonable to expect, that the analytic operator-valued function
Φ(λ), defined for all λ such that Imλ �= 0 by the following expression:

Φ(λ) = (L − λ)−1 − α

D(λ)
〈
·, (L∗ − λ)−1ϕ

〉
(L− λ)−1ϕ, (3.10)
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is the resolvent of some non-self-adjoint linear operator in H . Indeed, the following
Theorem holds.

Theorem 3.8. For every ϕ ∈ H−1(|A|) \H (ϕ ∈ H−2(|A|) \H−1(|A|), respectively)
the expression (3.10) is the resolvent of a densely defined non-self-adjoint operator
Lα. Moreover, if the perturbation V is a bounded operator in H and α is a real
number, the corresponding operator Lα coincides with the non-self-adjoint operator
Aα + iV , where Aα = A + α 〈·, ϕc〉ϕ.

Proof. Without any loss of generality, let α = 1 (if this is not the case, scale
the functional ϕ accordingly). Let further ϕ ∈ H−1(|A|) \ H (the case of form-
unbounded perturbation ϕ can be dealt with in an analogous fashion). Let u ∈
D(Aα) and consider the expression (denoting Aϕ ≡ Aα) Φ(λ)(Aϕ + iV −λ)u. It is
clear that since for every u0 ∈ D(A0) we have 〈u0, ϕ〉 = 0, Φ(λ)(Aϕ + iV −λ)u0 =

u0. Let uϕ := (A + i)−1ϕ + β(A− i)−1ϕ, where β = − 1+〈(A+i)−1ϕ,ϕ〉
1+〈(A−i)−1ϕ,ϕ〉 . From (2.2)

and (2.5) it follows then, that D(Aϕ) = D(A0)+̇{uϕ}.
We are going to prove that Φ(λ)(Aϕ + iV − λ)uϕ = uϕ. Indeed, consider

(L − λ)−1iV uϕ = (L− λ)−1iV (A + i)−1ϕ + β(L − λ)−1iV (A− i)−1ϕ

= (i + λ)(L − λ)−1(A + i)−1ϕ− (L− λ)−1ϕ

+ β(−i + λ)(L − λ)−1(A− i)−1ϕ− β(L− λ)−1ϕ + uϕ.

Then

(L− λ)−1(Aϕ − λ + iV )ϕ

= (L − λ)−1[(−i− λ)(A + i)−1ϕ + β(i− λ)(A− i)−1ϕ] + (L− λ)−1iV uϕ

= uϕ − (1 + β)(L − λ)−1ϕ. (3.11)

Therefore,

Φ(λ)(Aϕ + iV − λ)uϕ = uϕ − (1 + β)(L− λ)−1ϕ

− 1
1 + 〈(L− λ)−1ϕ, ϕ〉

〈
uϕ − (1 + β)(L − λ)−1ϕ, ϕ

〉
(L− λ)−1ϕ.

On the other hand,

−(1 + β)− 1
1 + 〈(L− λ)−1ϕ, ϕ〉

〈
uϕ − (1 + β)(L− λ)−1ϕ, ϕ

〉
(L− λ)−1ϕ

=
−(1 + β)− 〈uϕ, ϕ〉
1 + 〈(L− λ)−1ϕ, ϕ〉 = 0,

since
〈uϕ, ϕ〉 =

〈
(A + i)−1ϕ, ϕ

〉
+ β

〈
(A− i)−1ϕ, ϕ

〉
= −β − 1.

Therefore, we have established the fact that for all u ∈ D(Aϕ) ≡ D(Aϕ + iV )

Φ(λ)(Aϕ + iV − λ)u = u. (3.12)
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Since for λ with sufficiently large imaginary part the range of the operator Aϕ +
iV − λ coincides with Hilbert space H , for these values of λ at least the operator
Φ(λ) is invertible and therefore

(Aϕ + iV − λ)u = Φ(λ)−1u, u ∈ D(Aϕ).

Moreover, the domain of the operator Φ(λ)−1 coincides with D(Aϕ). Indeed, the
inclusion D(Aϕ) ⊂ Ran(Φ(λ)) follows from (3.12). On the other hand, from (3.11)
it follows, that for all u ∈ H

Φ(λ)u = (L− λ)−1u

− 1
D(λ)(1 + β)

〈
(L− λ)−1u, ϕ

〉
[uϕ − (L− λ)−1(Aϕ + iV − λ)uϕ]

≡ u0 + c(λ)uϕ,

where

u0 = (L− λ)−1u +
1

D(λ)(1 + β)
〈
(L− λ)−1u, ϕ

〉
[(L− λ)−1(Aϕ + iV − λ)uϕ]

is a vector from the domain of the operator A. Moreover, it is easy to see that
〈u0, ϕ〉 = 0 and thus u0 ∈ Dϕ. This in turn implies (see (2.2)) that Φ(λ)u ∈ D(Aϕ)
for all u ∈ H .

Therefore, we have established the fact that the operator Φ(λ)−1 coincides
with the operator Aϕ + iV − λ.

In the case of arbitrary (possibly, unbounded) perturbation V and non-real
values of α it is still true that the operator-function Φ(λ) is analytic; moreover, its
kernel for all values of λ is trivial and the range is dense in the Hilbert space H .
Indeed, let u ∈ D(L) be such that 〈u, ϕ〉 = 0. Then

Φ(λ)(L − λ)u = u

by (3.10). On the other hand, such elements u are clearly dense in H . Finally, the
function Φ(λ) clearly satisfies the Hilbert identity for the resolvents.

It follows then (see [8]), that Φ(λ) is the resolvent of a densely defined (in
general, non-self-adjoint) linear operator Lα in Hilbert space H , which completes
the proof of the Theorem. �

Remark 3.9. Note, that in the last Theorem the assumption of V being a bounded
operator in H cannot be dropped. Indeed, the classes of relatively bounded per-
turbations for the operators A and Aα do not coincide due to the fact, that the
domains of these operators are different. Therefore, the classes of admissible per-
turbations V are necessarily different as well.

We are now able to formulate the following result, which allows us to derive
a functional model representation of the singular perturbations of non-self-adjoint
operators with absolutely continuous spectrum.
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Theorem 3.10. Let the spectrum of the operator L = A+ iV be absolutely continu-
ous. Let the vector ϕ belong to the space H−1(|A|) (H−2(|A|), respectively). Then
in the space H of the dilation associated with the dissipative operator L‖, the resol-
vent (Lα − λ)−1 of the the singular perturbation of the operator L, formally given
by the expression Lα = L + α 〈·, ϕ〉ϕ, on all u ∈ Ñe (the set of smooth vectors of
the operator L) acts as follows:

(Lα − λ)−1u (3.13)

= PK

[
(L − z)−1u− α

1 + α 〈(L − z)−1ϕϕϕ,ϕϕϕc〉
〈
u, (L− z)−1ϕϕϕ

〉
(L − z)−1ϕϕϕ

]
,

where L is the operator of component-wise multiplication by the independent vari-
able in Hilbert space H, ϕϕϕ is the model image of the vector ϕ and ϕϕϕc is the corre-
sponding one-dimensional extension of the latter (in the case of ϕ ∈ H−1 we have
ϕϕϕc ≡ ϕϕϕ).

The proof of this theorem follows immediately from a combination of Theo-
rem 3.8 and Lemmas 3.5, 3.7.

Remark 3.11. The approach developed by us in the present paper allows for consid-
eration of more general singular perturbations of non-self-adjoint operators with
absolutely continuous spectrum, i.e., of the perturbations corresponding to the
formal expression

Aα = A + α 〈·, ϕ〉ψ.

This analysis will be carried out in a forthcoming publication on this subject.
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Masson, Paris and Akad. Kiadó, Budapest, 1967.
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in Connection with Scattering Theory
for Quasi-Periodic Background
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Abstract. We investigate trace formulas for Jacobi operators which are trace
class perturbations of quasi-periodic finite-gap operators using Krein’s spec-
tral shift theory. In particular we establish the conserved quantities for the
solutions of the Toda hierarchy in this class.
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1. Introduction

Scattering theory for Jacobi operators H with periodic (respectively more general)
background has attracted considerable interest recently. In [14] Volberg and Yu-
ditskii have exhaustively treated the case where H has a homogeneous spectrum
and is of Szegö class. In [2] Egorova and the authors have established direct and
inverse scattering theory for Jacobi operators which are short range perturbations
of quasi-periodic finite-gap operators. For further information and references we
refer to these articles and [12].

In the case of constant background it is well known that the transmission
coefficient is the perturbation determinant in the sense of Krein [8], see, e.g., [11]
or [12]. The purpose of the present paper is to establish this result for the case
of quasi-periodic finite-gap background, thereby establishing the connection with
Krein’s spectral shift theory. For related results see also [7], [10].

Moreover, scattering theory for Jacobi operators is not only interesting in its
own right, it also constitutes the main ingredient of the inverse scattering transform
for the Toda hierarchy (see, e.g., [5], [4], [12], or [13]). Since the transmission

Work supported by the Austrian Science Fund (FWF) under Grant No. P17762.
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coefficient is invariant when our Jacobi operator evolves in time with respect to
some equation of the Toda hierarchy, the corresponding trace formulas provide the
conserved quantities for the Toda hierarchy in this setting.

2. Notation

We assume that the reader is familiar with quasi-periodic Jacobi operators. Hence
we only briefly recall some notation and refer to [2] and [12] for further information.

Let

Hqf(n) = aq(n)f(n + 1) + aq(n− 1)f(n− 1) + bq(n)f(n) (2.1)

be a quasi-periodic Jacobi operator in �2(Z) associated with the Riemann surface
of the function

R
1/2
2g+2(z), R2g+2(z) =

2g+1∏
j=0

(z − Ej), E0 < E1 < · · · < E2g+1, (2.2)

g ∈ N. The spectrum of Hq is purely absolutely continuous and consists of g + 1
bands

σ(Hq) =
g⋃

j=0

[E2j , E2j+1]. (2.3)

For every z ∈ C the Baker-Akhiezer functions ψq,±(z, n) are two (weak) solutions
of Hqψ = zψ, which are linearly independent away from the band-edges {Ej}2g+1

j=0 ,
since their Wronskian is given by

Wq(ψq,−(z), ψq,+(z)) =
R

1/2
2g+2(z)∏g

j=1(z − μj)
. (2.4)

Here μj are the Dirichlet eigenvalues at base point n0 = 0. We recall that ψq,±(z, n)
have the form

ψq,±(z, n) = θq,±(z, n)w(z)±n,

where θq,±(z, n) is quasi-periodic with respect to n and w(z) is the quasi-mo-
mentum. In particular, |w(z)| < 1 for z ∈ C\σ(Hq) and |w(z)| = 1 for z ∈ σ(Hq).

3. Asymptotics of Jost solutions

After we have these preparations out of our way, we come to the study of short-
range perturbations H of Hq associated with sequences a, b satisfying a(n) →
aq(n) and b(n) → bq(n) as |n| → ∞. More precisely, we will make the following
assumption throughout this paper:

Let H be a perturbation of Hq such that∑
n∈Z

(
|a(n)− aq(n)|+ |b(n)− bq(n)|

)
<∞, (3.1)

that is, H −Hq is trace class.
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We first establish existence of Jost solutions, that is, solutions of the per-
turbed operator which asymptotically look like the Baker-Akhiezer solutions.

Theorem 3.1. Assume (3.1). For every z ∈ C\{Ej}2g+1
j=0 there exist (weak) solutions

ψ±(z, .) of Hψ = zψ satisfying

lim
n→±∞

w(z)∓n (ψ±(z, n)− ψq,±(z, n)) = 0, (3.2)

where ψq,±(z, .) are the Baker-Akhiezer functions. Moreover, ψ±(z, .) are contin-
uous (resp. holomorphic) with respect to z whenever ψq,±(z, .) are, and have the
following asymptotic behavior

ψ±(z, n) =
z∓n

A±(n)

( n−1∏
∗

j=0

aq(j)
)±1(

1 +
(
B±(n)±

n∑
∗

j=1

bq(j − 0
1 )
)1

z
+ O(

1
z2

)
)
,

(3.3)
where

A+(n) =
∞∏

j=n

a(j)
aq(j)

, B+(n) =
∞∑

m=n+1

(bq(m)− b(m)),

A−(n) =
n−1∏

j=−∞

a(j)
aq(j)

, B−(n) =
n−1∑

m=−∞
(bq(m)− b(m)).

(3.4)

Note that since aq(n) are bounded away from zero, A±(n) are well defined. Here

the star indicates that
n∑

∗

j=1

= −
0∑

j=n+1

for n < 0 and similarly for the product.

Proof. The proof can be done as in the periodic case (see, e.g., [2], [6], [9] or [12],
Section 7.5). There a stronger decay assumption (i.e., first moments summable) is
made, which is however only needed at the band edges {Ej}2g+1

j=0 . �

For later use we note the following immediate consequence

Corollary 3.2. Under the assumptions of the previous theorem we have

lim
n→±∞

w(z)∓n

(
ψ′
±(z, n)∓ n

w′(z)
w(z)

ψ±(z, n)− ψ′
q,±(z, n)± n

w′(z)
w(z)

ψq,±(z, n)
)

= 0,

where the prime denotes differentiation with respect to z.

Proof. Just differentiate (3.2) with respect to z, which is permissible by uniform
convergence on compact subsets of C\{Ej}2g+1

j=0 . �

We remark that if we require our perturbation to satisfy the usual short range
assumption as in [2] (i.e., the first moments are summable), then we even have
w(z)∓n(ψ′

±(z, n)− ψ′
q,±(z, n))→ 0.

From Theorem 3.1 we obtain a complete characterization of the spectrum of H .
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Theorem 3.3. Assume (3.1). Then we have σess(H) = σ(Hq), the point spectrum
of H is confined to R\σ(Hq). Furthermore, the essential spectrum of H is purely
absolutely continuous except for possible eigenvalues at the band edges.

Proof. This is an immediate consequence of the fact that H − Hq is trace class
and boundedness of the Jost solutions inside the essential spectrum. �
Our next result concerns the asymptotics of the Jost solutions at the other side.

Lemma 3.4. Assume (3.1). Then the Jost solutions ψ±(z, .), z ∈ C\σ(H), satisfy

lim
n→∓∞

|w(z)∓n(ψ±(z, n)− α(z)ψq,±(z, n))| = 0, (3.5)

where

α(z) =
W (ψ−(z), ψ+(z))

Wq(ψq,−(z), ψq,+(z))
=

∏g
j=1(z − μj)

R
1/2
2g+2(z)

W (ψ−(z), ψ+(z)). (3.6)

Proof. Since H −Hq is trace class, we have for the difference of the Green’s func-
tions

lim
n→±∞

G(z, n, n)−Gq(z, n, n) = lim
n→±∞

〈δn, ((H − z)−1 − (Hq − z)−1)δn〉 = 0

and using

Gq(z, n, n) =
ψq,−(z, n)ψq,+(z, n)
Wq(ψq,−(z), ψq,+(z))

, G(z, n, n) =
ψ−(z, n)ψ+(z, n)
W (ψ−(z), ψ+(z))

we obtain
lim

n→−∞
ψq,−(z, n)(ψ+(z, n)− α(z)ψq,+(z, n)) = 0,

which is the claimed result. �
Note that α(z) is just the inverse of the transmission coefficient (see, e.g., [2] or
[12], Section 7.5). It is holomorphic in C\σ(Hq) with simple zeros at the discrete
eigenvalues of H and has the following asymptotic behavior

α(z) =
1
A

(
1 +

B

z
+ O(z−2)

)
, A = A−(0)A+(0), B = B−(1) + B+(0), (3.7)

with A±(n), B±(n) from (3.4).

4. Connections with Krein’s spectral shift theory
and trace formulas

To establish the connection with Krein’s spectral shift theory we next show:

Lemma 4.1. We have
d

dz
α(z) = −α(z)

∑
n∈Z

(
G(z, n, n)−Gq(z, n, n)

)
, z ∈ C\σ(H), (4.1)

where G(z, m, n) and Gq(z, m, n) are the Green’s functions of H and Hq, respec-
tively.
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Proof. Green’s formula ([12], eq. (2.29)) implies

Wn(ψ+(z), ψ′
−(z))−Wm−1(ψ+(z), ψ′

−(z)) =
n∑

j=m

ψ+(z, j)ψ−(z, j), (4.2)

hence the derivative of the Wronskian can be written as
d

dz
W (ψ−(z), ψ+(z)) = Wn(ψ′

−(z), ψ+(z)) + Wn(ψ−(z), ψ′
+(z))

= Wm(ψ′
−(z), ψ+(z)) + Wn(ψ−(z), ψ′

+(z))−
n∑

j=m+1

ψ+(z, j)ψ−(z, j).

Using Corollary 3.2 and Lemma 3.4 we have

Wm(ψ′
−(z), ψ+(z)) = Wm(ψ′

− + m
w′

w
ψ−, ψ+)

−w′

w

(
m W (ψ−, ψ+)− a(m)ψ−(m + 1)ψ+(m)

)
→ αWq,m(ψ′

q,− + m
w′

w
ψq,−, ψq,+)

−α
w′

w

(
m Wq(ψq,−, ψq,+)− aq(m)ψq,−(m + 1)ψq,+(m)

)
= α(z)Wm(ψ′

q,−(z), ψq,+(z))

as m→ −∞. Similarly we obtain

Wn(ψ−(z), ψ′
+(z))→ α(z)Wn(ψq,−(z), ψ′

q,+(z))

as n→∞ and again using (4.2) we have

Wm(ψ′
q,−(z), ψq,+(z)) = Wn(ψ′

q,−(z), ψq,+(z)) +
n∑

j=m+1

ψq,+(z, j)ψq,−(z, j).

Collecting terms we arrive at

W ′(ψ−(z), ψ+(z)) =−
∑
j∈Z

(
ψ+(z, j)ψ−(z, j)− α(z)ψq,+(z, j)ψq,−(z, j)

)
+ α(z)W ′

q(ψq,−(z)ψq,+(z)).

Now we compute
d

dz
α(z) =

d

dz

( W

Wq

)
=

( 1
Wq

)′
W +

1
Wq

W ′

= −
W ′

q

W 2
q

W +
1

Wq

(
−

∑
j∈Z

(
ψ+ψ− − αψq,+ψq,−

)
+ αW ′

q

)
= − 1

Wq

∑
j∈Z

(
ψ+ψ− − αψq,+ψq,−

)
,

which finishes the proof. �
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As an immediate consequence, we can identify α(z) as Krein’s perturbation
determinant ([8]) of the pair H , Hq.

Theorem 4.2. The function Aα(z) is Krein’s perturbation determinant:

α(z) =
1
A

det
(
1l + (H(t)−Hq(t))(Hq(t)− z)−1

)
,

A =
∏
j∈Z

a(j)
aq(j)

.
(4.3)

By [8], Theorem 1, α(z) has the following representation

α(z) =
1
A

exp
(∫

R

ξα(λ)dλ

λ− z

)
, (4.4)

where

ξα(λ) =
1
π

lim
ε↓0

arg α(λ + iε) (4.5)

is the spectral shift function.
Hence

τj = tr(Hj − (Hq)j) = j

∫
R

λj−1ξα(λ)dλ, (4.6)

where τj/j are the expansion coefficients of ln α(z) around z =∞:

lnα(z) = − lnA−
∞∑

j=1

τj

j zj
.

They are related to the expansion αj coefficients of

α(z) =
1
A

∞∑
j=0

αj

zj
, α0 = 1,

via

τ1 = −α1, τj = −jαj −
j−1∑
k=1

αj−kτk. (4.7)

5. Conserved quantities of the Toda hierarchy

Finally we turn to solutions of the Toda hierarchy TLr (see, e.g., [1], [4], [12], or
[13]). Let (aq(t), bq(t)) be a quasi-periodic finite-gap solution of some equation in
the Toda hierarchy, TLr(aq(t), bq(t)) = 0, and let (a(t), b(t)) be another solution,
TLr(a(t), b(t)) = 0, such that (3.1) holds for one (hence any) t.

Since the transmission coefficient T (z, t) = T (z, 0) ≡ T (z) is conserved
(see [3] – formally this follows from unitary invariance of the determinant), so
is α(z) = T (z)−1.
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Theorem 5.1. The quantities

A =
∞∏

j=−∞

a(j, t)
aq(j, t)

(5.1)

and τj = tr(Hj(t)−Hq(t)j), that is,

τ1 =
∑
n∈Z

b(n, t)− bq(n, t)

τ2 =
∑
n∈Z

2(a(n, t)2 − aq(n, t)2) + (b(n, t)2 − bq(n, t)2)

...

are conserved quantities for the Toda hierarchy.
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Dirichlet-to-Neumann Techniques
for the Plasma-waves in a Slot-diod

Anna B. Mikhailova, Boris Pavlov and Victor I. Ryzhii

Abstract. Plasma waves in a slot-diod with governing electrodes are described
by the linearized hydrodynamic equations. Separation of variables in the cor-
responding scattering problem is generally impossible. Under natural physical
assumption we reduce the problem to the second order differential equation on
the slot with an operator weight, defined by the Dirichlet-to-Neumann map of
the three-dimensional Laplacian on the complement of the electrodes and the
slot. The reduction is based on a formula for the Poisson map for the exterior
Laplace Dirichlet problem on the complement of a few standard bodies in
terms of the Poisson maps on the complement of each standard body.

Mathematics Subject Classification (2000). 82D10, 47A40.

Keywords. Dirichlet-to-Neumann map, Scattered waves.

1. Introduction: basic equations

Mathematical design of optical sensors based on slot-diodes gives rise to an in-
teresting class of mathematical problems for non-linear and linearized hydrody-
namical equations describing plasma waves in a slot between basic electrodes. In
this paper we consider some of these problems. Beginning from analysis of the
simplest slot-diod with flat geometry, we develop a mathematical construction
based on Dirichlet-to-Neumann map which allows to derive convenient equations
for description of the plasma current and plasma waves in presence of govern-
ing electrodes. We compare results of direct calculation of the amplitudes of the
cross-section eigenfunction based on Dirichlet-to-Neumann map machinery with
calculations based on the simplest physical model with the slot substituted by the
layer between two parallel flat electrodes. The comparison shows that the substi-
tution is viable in case when governing electrodes are absent, see Appendix B, but
fails when the governing electrodes are present. We suggest also a solvable model
for scattering of plasma waves in a slot in presence of the governing electrodes, see
the plan of our paper at the end of the section.
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The hydrodynamical analogy was suggested for plasma waves in [1, 2] and was
intensely used for description of the plasma-current in a two-dimensional slot of a
simple configuration, with no governing electrodes, see for instance recent papers
[3, 4]. In [4] the hydrodynamic electron transport model is used for description
of plasma oscillations in gated 2D channel in high electron mobility transistor
(HMET). Analysis of the spectrum of plasma oscillations based on hydro-dynamic
analogy is applicable also to other HMET-based teraherz devices, see [5, 6].

For the simplest device constructed of two flat basic electrodes Γ
±

in the
horizontal plane S = {z = 0}, separated by the slot Γ : {−l < y < l} the problem
is reduced, see for instance [3, 4, 5, 6], to the self-consistent calculation of the
electric potential ϕ(x, z, t) = ϕ0(x, y, z) +

∫
ϕ

ω
(x, y, z)e

iωt

dω from the system of
three basic equations (1.1, 1.2, 1.3) below. The three-dimensional Poisson equation
with the dielectric constant κ:

�3ϕ =
4πe

κ
δ(z) Ξ XΓ (1.1)

connects the potential with the non-zero concentration δ(z)Ξ(x, y, 0, t) localized
on a two-dimensional slot Γ situated on the horizontal plane S : {z = 0} between
the electrodes Γ± ∈ S, Ξ(x, y, 0, t) = Ξ0(x, y) +

∫
Ξω (x, y)e

−iωt

dω. The function
XΓ is the indicator of the slot: XΓ(x, y) = 1, if (x, y) ∈ Γ, otherwise XΓ(x, y) = 0.
The variables Ξ, ϕ fulfil the continuity equation:

∂Ξ
∂t

+ div2Ξu = 0, (x, y) ∈ Γ, (1.2)

and the Euler equation on the slot, taking into account the exponential decay
parameter ν, see [3]:

∂ u

∂t
+ 〈u,∇2〉u =

e

m
∇2ϕ− νu, (x, y) ∈ Γ. (1.3)

These equations describe plasma waves on the slot. They connect the electron’s
concentration with the electron’s velocity in tangent direction, u(x, y) ∈ TΓ (x, y),
on the slot. Eventually we aim on the problem with several governing electrodes
γ

s
, s = 1, 2, . . . . The system of basic electrodes Γ

±
and governing electrodes consti-

tute the device
{
Γ− ∪ Γ ∪ Γ+ ∪ γ1 ∪ γ2 · · ·

}
:= Ω

d
. The complement R

3\Ω
d

: = Ω
of the device plays the role of a basic domain where the electric potential is defined.
We assume that the geometry and the physical parameters of the device are chosen
in such a way that the plasma current is observed only on the two-dimensional
slot Γ ⊂ S between the basic electrodes Γ± . In simplest case considered previously
in [3, 4], when the governing electrodes are absent, the slot is a straight channel
−l < y < l, −∞ < x <∞ and the plasma waves are running in the lateral direc-
tion x with amplitudes defined by the cross-section eigenfunctions f

l
(x) of some

spectral problem on the slot. Though the technique of Dirichlet-to-Neumann map
also permits to derive convenient equations for the plasma current in general case
when the surface Γ

+∪Γ∪Γ
−

= S is not flat, we analyze here only devices with flat
surface S. We assume that (x, y) are the coordinates on the slot Γ ⊂ S and z is the
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normal coordinate. Each small open neighborhood of the slot Ωε ⊃ Γ : −ε < z < ε

is cut by the surface S into two parts: the “upper” part Ω
+

ε
= {Ω

ε
∩ (z > 0)} and

the “lower” part Ω
−
ε

= {Ω
ε
∩ (z < 0)}. For the functions defined on Ω

+

ε
we can

consider the upper and lower limits as lim
z→0±

f(x, y, z) = f±(x, y, 0).
Assuming that the speed u of the plasma flow only slightly deviates from the

stationary speed u0(x, y), which is assumed bounded,

u(x, y, t) = u0(x, y) +
∫

u
ω
(x, y)e

−iωt

dω,∫
|u

ω
(x, y)|dω << |u0(x, y)|, u

ω
(x, y) → 0 when |x| → ∞, and imposing similar

conditions on the deviations of the potential and the concentration from the equi-
librium on the slot, one can derive from the above basic equations (1.1, 1.2, 1.3)
stationary equations for equilibrium values of the parameters Σ0 , ϕ0 , u0 :

∇2Ξ0u0 = 0, 〈u0 ,∇2〉u0 =
e

m
∇2ϕ0 − νu0 , �3ϕ0 =

4πe

κ
Ξ0δ(z)XΓ . (1.4)

Values of the equilibrium concentration Ξ0(x, y), velocity u0(x, y) and the equi-
librium potential ϕ0(x, y.z) on the slot z = 0 are uniformly bounded. We do
not discuss here solutions of the equations (1.4), but following [3, 4, 5, 6] we as-
sume that this non-linear system of partial differential equations, with appropriate
boundary conditions on the electrodes Γ± , γ

s

ϕ0(x, y, 0)
∣∣∣∣
(x,y)∈Γ±

= V± , ϕ0(x, y, 0)
∣∣∣∣
(x,y)∈γs

= V
s
, s = 1, 2, . . .

is already solved. We consider the linear system for the amplitudes Ξ
ω
, u

ω
, ϕ

ω
of

the first order correcting terms with zero boundary conditions on the electrodes.
Neglecting terms of higher order we may connect directly the amplitude Ξ

ω
(x, y)

of the electron’s concentration, with the amplitude u
ω
, ϕ

ω
of the velocity and the

amplitude of the potential:

−iωΞω(x) +∇2 [Ξ0(x, y)uω + u0(x, y)Ξaω ] = 0,

�3ϕω =
4πe

κ
Ξω δ(z) XΓ

(ν − iω)uω =
e

m
∇2ϕω − 〈uω ,∇2〉u0 − 〈u0 ,∇2〉uω . (1.5)

In this paper we assume that the first order correcting term of velocity is orthogonal
to the plane of the device u

ω
= u

ω
e

z
. Then we have: 〈u

ω
,∇2〉u0 = 0. Another

simplification appears when assuming that the first of equations (1.4) defines the
connection between the stationary speed and the stationary concentration as u0 =
Ξ

−1

0
�a where �a is a solenoidal vector field, which we assume constant hereafter.

First of the equations (1.5) can be interpreted based on the physical mean-
ing of the concentration: one should take into account that the concentration of
electrons on the slot is originated by the supply of electrons from Γ− and is spread
on the slot due to the drift defined by the stationary speed u0 . Hence the corre-
sponding first order differential equation should be supplied with boundary data
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for Σω on the boundary of the electrode Γ− , where the stationary speed u0 looks
into the outgoing direction, toward Γ+ . In that case the concentration is obtained
inside the slot via integration on characteristics of the first equation. Note that this
algorithm of calculation of the concentration is in agreement with the algorithm of
the construction of solution of partial differential equations of second order with
a small coefficient in front of the higher derivatives. This algorithm was suggested
in the mathematical paper [7]. In our case it also can be verified, when consid-
ering full Navier-Stokes equation with the small viscosity ε → 0, instead of the
Euler equation. It makes sense to set the boundary conditions for the amplitude
as Ξ

ω

∣∣
Γ−

= 0. Then the system (1.5) has a unique solution for given ν, ω, if the

corresponding homogeneous system with zero boundary conditions has only triv-
ial solution u

ω
= Ξ

ω
= ϕ

ω
= 0. Thus the question on solvability of the system

is reduced to the corresponding spectral problem for the system (1.5) with zero
boundary conditions on the electrodes. Non-trivial solutions of the system (1.5)
are eigenfunctions of the spectral problem.

In this paper we explore a simplified version of the above equations (1.5).
For the convenience of the reader we provide below the derivation of this basic
equation.

Assuming that only component of u
ω

orthogonal to the slot is non-zero,
we may solve the last equation (1.5). It is convenient to represent this equation
via differentiation along trajectories x(t) of the stationary velocity, dx/dt = u0(x),
introducing the time t(x) needed to reach the point x on the trajectory, starting at
t = 0 from the initial point on Γ− . The integrating factor of the equation is exp(ν−
iω) t(x), and the solution is presented as an integral along the trajectory x(t)

uω(x) =
∫ x

Γ−

e
−(ν−iω)(t(x)−t(s)) e

m
∇2 ϕω (s)dt(s).

If ω is large comparing with time needed for trajectory to pass the slot, [t(Γ+)−
t(Γ−)]ω >> 1, and ϕ

ω
is smooth, we replace the integral in the above representa-

tion of u
ω
(x) by the asymptotic

uω(x) ≈ e

m(ν − iω)
ϕω (x). (1.6)

Substituting the obtained formula for u
ω

we obtain from the first equation (1.5)
an equation for Ξ

ω
:

∇2

Ξ0e

m(ν − iω)
∇2ϕω

+∇2u0Ξω
− iωΞ

ω
= 0. (1.7)

This equation can be also interpreted in terms of differentiation of the ratio Ξ
ω
/Ξ0

along the trajectory of the stationary speed. Then, introducing the time t(x) along
the trajectory, as before, we obtain:

Ξ
ω
(x) = −Ξ0(x)

∫ x

Γ−

e
i(t(x)−s)

Ξ
−1

0
(x(s))∇2

Ξ0e

m(ν − iω)
∇2ϕω

(x(s))ds. (1.8)
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Again, we replace the obtained expression for Ξω (x, y) by the asymptotic for large
ω, assuming additionally that Ξ0 is slowly changing along the trajectories of the
stationary speed:

Ξω (x) = ∇2

Ξ0e

iωm(ν − iω)
∇2ϕω (x). (1.9)

Now substituting the result into the second equation we obtain:

Δ3ϕω =
4πe

2

κiωm(ν − iω)
∇2Ξ0∇2ϕω δ(z)XΓ (1.10)

Three-dimensional Laplacian stays in the left side of the middle equation of (1.5).
This equation can be transformed with use of Green formula, or just formally via
integrating on the short “vertical” interval −δ < z < δ and then taking the limit
δ → 0. Then we obtain in the left side the jump of the normal derivative of the
potential ϕω on the slot, and in the right side

4πe
2

κiωm(ν − iω)
∇2Ξ0∇2ϕω

:=
4πe

κ
Lϕ

ω
,[

−Λ+ − Λ−
]
ϕω =

4πe

κ
Lϕω .

(1.11)

Note that in the left side of the equation stays the construction defined by the
values Λ± of the Dirichlet-to-Neumann map (DN-map) of the Laplacian, see [16,
17] on the upper and lower sides of the slot. Basic properties of the Dirichlet-to-
Neumann map (DN-map) are reviewed in Appendix A. If the DN map is known,
the non- trivial solutions of the above homogeneous equation (1.11) define spectral

values of the parameter
4π e

2

iω m κ (ν − iω)
:=

2
q
. Hereafter we represent the equation

(1.11) as an equation on the slot Γ:[
Λ+ + Λ−

]
ϕω = −2

q
div2Σ0(x, y)∇2ϕω . (1.12)

Subject to the above assumptions, the derived equation (1.12) is equivalent to the
original problem on the plasma waves for slowly changing electron’s velocity not
only in case of the flat slot Γ and electrodes Γ± , but also in general case when
the slot and electrodes have arbitrary geometry. Nevertheless hereafter we explore
the most important case of the flat geometry when S is a horizontal plane z = 0,
but eventually consider the case when the governing electrons are present. The
physical conditions of absence of the plasma current between the governing and
basic electrodes will be discussed in Section 3.

Remark. Note that in [22] the problem concerning plasma current on the flat
two-dimensional slot is considered based on the equation for the potential:

�3ϕω
=

(
4πe

2
Ξ0

mκω(ω − iν)

)(
∂ϕ

2

ω

∂x2 +
∂ϕ

2

ω

∂y2

)
δ(z) =

2
q

Ξ0 �2 ϕ
ω

δ(z), (1.13)
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with Ξ0 = const, which is only slightly different from (1.5). But the approach to
solving it differs essentially from our suggestion above: instead of using the DN-
map in the left side of the equation, the authors of [22] use an integral operator in
the right side:

ϕ
ω
(x, y) =

2
q

∫
Γ

G(x, y, 0; ξ, η, 0)

(
∂ϕ

2

ω

∂ξ2 +
∂ϕ

2

ω

∂η2

)
dξ dη, (x, y) ∈ Γ,

assuming that G(x, y, 0; ξ, η, 0) is the Green function of the Laplacian restricted
onto the horizontal plane z = 0. In fact this suggestion gives a correct answer in
case of flat geometry with no governing electrodes, because the restriction of the
doubled free Green function onto the slot coincides with the restriction onto the
slot of the Green function of the Neumann problem in Ω, which is just a kernel of
the integral operator to the Dirichlet-to-Neumann map, see for instance [16, 17]
and Appendix A. In [22], due to the symmetry, we have Λ+ + Λ− = 2Λ+ on the
slot. Then

2
[
Λ+ + Λ−

]−1

∗ = Λ
−1

+
∗ =

∫
Γ±

G
N

(x, y|ξ, η) ∗ dξ dη = 2
∫

Γ

G(x, y|ξ, η) ∗ dξ dη

where G is the free Green-function and the integral on Γ± is calculated on the
bilateral slot. Though in that case the substitution of the Neumann Green function
by the free Green function is possible, but if the governing electrodes are present
and/or Γ, Γ± are non-flat, either DN-map or the corresponding inverse operator
must be used.

For the slot-diod, with additional electrodes included, the Green-function
G

D

(x, y, z; ξ, η, ζ) of the homogeneous Dirichlet problem is the main tool for solu-
tion of the problem on plasma current, because all important maps used in course
of solution of the equations can be obtained from it. In particular, the kernel of
the Poisson map P is obtained via differentiation of the Green function of the
Dirichlet problem in outward direction on the boundary of Ω. In our case on the
upper side Γ+ of the slot we have:

P(x, y, z; ξ, η, 0) = − ∂G
D

∂n
ξ,η,0

(x, y, z; ξ, η, 0) =
∂G

D

∂ζ
(x, y, z; ξ, η, 0)

∣∣∣∣
ζ=0

,

where (x, y, z) ∈ Ω
+
, with z > 0 and (ξ, η, 0) ∈ Γ+ . DN-map can be presented as

a formal integral operator on Γ
±

with the generalized kernel:

Λ(x, y, 0; ξ, η, 0) = − ∂
2
G

D

∂n
x,y,0 ∂n

ξ,η,0

(x, y, 0; ξ, η, 0) = −∂
2
G

D

∂z ∂ζ
(x, y, 0; ξ, η, 0)

where the outward normals on Γ± with respect to the upper or lower neighborhoods
Ω

±
ε

of the slot Γ are used respectively for Λ± . On the other hand, construction of
the Green function in a domain with few standard exclusions like Γ± , γ1 , γ2 , . . .
may be obtained via simple iteration process, see [10]. In particular the Dirichlet
Green function may be constructed for the device based on a flat horizontal slot
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between basic horizontal electrodes and few governing electrodes in form of straight
cylindrical rods suspended parallel to the horizontal plane, see Section 3 below.

Here is the plan of our paper. In second section we review the spectral prop-
erties of the simplest problem with an infinite straight slot and no governing elec-
trodes. In the third section we consider the modified problem with few governing
electrodes. Due to a simple re-normalization of the boundary data, the DN-map
of the problem with the governing electrodes is obtained from the DN-map of the
flat problem via an explicit transformation derived from the Poisson maps on the
complements of the additional electrodes. In the forth section, assuming that the
equilibrium concentration has “bumps” at some cross-sections of the slot ( caused
by the governing electrodes γs), we reveal the role of the resonance phenomena in
scattering of lateral waves. This observation permits, in principle, to manipulate
the transmission coefficients of the waves in the slot. In Appendix A basic features
of the Dirichlet-to-Neumann map are reviewed. In Appendix B numerical data on
few cross-section eigenfunctions in the slot are supplied.

2. Flat slot-diod: basic spectral problem via DN-map

In this section we study the plasma waves in the simplest flat slot-diod. The derived
formulae serve as a base for the studies of the waves in the plasma-current on the
slot in the device with governing electrodes to be carried out in Section 3.

Consider the device constructed of flat basic electrodes Γ± and a slot Γ :
−l < y < l, −∞ < x < ∞, all situated on the horizontal plane z = 0. The
corresponding spectral problem is reduced to the differential equation (1.13) with
zero boundary conditions on the electrodes and Meixner boundary condition on
the edges of the slot. We look for the bounded solutions, which correspond to the
continuous spectrum of the problem. To re-write (1.13) in form (1.12), we need
the DN-map Λ+ of the upper half-space R

+

3
: z > 0. It is a generalized integral

operator, see Appendix A, with the distribution kernel:

Λ+ (x, y; ξ, η) = − ∂

∂z
P+ =

1
4π2

∫ ∞

∞

∫ ∞

∞
e

ip(x−ξ)
e

iq(y−η) √
p2 + q2dp dq. (2.1)

The Laplacian on the slot with zero boundary conditions and the Meixner con-
dition,

∫
|∇u|2dx < ∞, at the edges of the electrodes Γ± , has continuous spec-

trum with step-wise growing multiplicity 2m on the spectral bands separated by
spectral thresholds

[
π

2
m

2

4l2

]
, m = 1, 2, 3, . . . and eigenfunctions ψ

m,p
(y, x) =

1√
2 l

e
i p x

sin π m (y+l)
2l := 1√

2 l
e

i p x

ϕm , m = 1, 2, . . . , which correspond to the val-

ues of the spectral parameter λ = π
2
m

2

4l2
+ p

2
,

−�Γ =

∞∑
m=1

∫ ∞

−∞
dp

[
π

2
m

2

4l2
+ p

2

]
ψ

m p
(y, x)〉 〈ψ

m p
(y, x),
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where e〉 〈e is the orthogonal projection onto the one-dimensional subspace spanned
by the vector e. We rewrite the equation (1.13) in form (1.12) as an infinite linear
system Kϕ = 2Ξ0q

−1
ϕ with the constant concentration Ξ0 and the generalized

matrix kernel:∫ ∞

−∞
dp

∫ l

−l

dy

∫ ∞

−∞
dq

∫ l

−l

dη
sin mπ(y+l)

2l√
π2m2

4l2
+ p2

e
i (px+qy)

√
p2 + q2

8π2 l
e
−i(pξ+qη) sin nπ(η+l)

2l√
π2n2

4l2
+ p2

:= K
m,n

(x, ξ),

or, with use of the Fourier transform Fu(x)→ ũ(p),

K
m,n

(x, ξ) (2.2)

= F∗
∫ ∞

−∞
dq

∫ l

−l

dy

∫ l

−l

dη
sin mπ(y+l)

2l√
π2m2

4l2
+ p2

e
i qy

√
p2 + q2

4πl
e
−iqη sin nπ(η+l)

2l√
π2n2

4l2
+ p2

F

:=
{
F

∗
K̃(p)F

}
m,n

,

where K̃(p) is the multiplication operator by the infinite matrix K̃
m,n

(p). We will
find the eigenvalues and eigenvectors of the matrix K(p). Then the spectral modes
ϕ of the equation (1.13) are found by inverse Fourier transform ϕω = Fϕ from the
eigenfunctions of the equation

K̃(p)ϕ
ω

=
2
q

Ξ0ϕω
. (2.3)

We will show that the matrix-function K is compact. Then denoting by κ1(p),
κ2(p), κ3(p), . . . the eigenvalues of K̃(p) and by ϕ1 , ϕ2 , ϕ3 , . . . the corresponding
normalized eigenvectors, we form the eigenmode corresponding to κ

m
(s) as δ(p−

s) ϕ
m

= (2l)
−1/2F+

e
isx

ϕ
m

. The spectrum of the multiplication operator K̃(0) has
a band-structure with thresholds at max

p
κ

m
(p) = κ

m
. It is more convenient to

substitute now the exponential Fourier transform by the trigonometrical Fourier
transform:

δ(y − η) =
1
2π

∫ ∞

∞
e

q(y−η)
dq =

1
2π

∫ ∞

∞
[cos qy cosqη + sin qy sin qη] dq.

Then the calculation of the matrix K̃(0) is reduced to calculation of the elementary
integrals obtained via the change of variable: y + l → y:

J
s

r
(q) =

∫ 2l

0

sin q(y − l) sin
πry

2l
dy

= cos q l

∫ 2l

0

sin q y sin
πry

2l
dy − sin q l

∫ 2l

0

cos q y sin
πry

2l
dy
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and

J
c

r
(q) =

∫ 2l

0

cos q(y − l) sin
πry

2
dy

= cos p l

∫ 2l

0

cos q y sin
πry

2l
dy + sin q l

∫ 2l

0

sin q y sin
πry

2l
dy.

We have, with y/l := ŷ:∫ 2l

0

cos qy sin
πry

2l
dy =

l

2

∫ 2

0

[sin(ql + r π/2)ŷ − sin(ql − r π/2)ŷ] dŷ

=
l

2ql + r π
[− cos(2q + r π) + 1] +

l

2ql − r π
[cos(2q − r π) − 1]

= (−1)
r

cos 2ql

(
l

2ql − r π
− 1

2ql + r π

)
+

(
l

2ql + r π
− l

2ql− r π

)
=

[
(−1)

r

cos 2ql− 1
] 2πrl

4q2 l2 − π2 r2 . (2.4)

Similarly we obtain∫ 2l

0

sin qy sin
πry

2l
dx =

l

2

∫ 2

0

[cos(ql − r π/2)ŷ − cos(ql + r π/2)ŷ] dŷ

=
[
sin 2ql (−1)

r
] 2πrl

4q2 l2 − π2 r2 . (2.5)

Substituting (2.4,2.5) into J
c

r
(p), J

s

r
(p) we see, that all terms J

s

r
with odd r and

all terms J
c

r
with even r are equal to zero, and all remaining terms are equal to

J
s

2m
=

2πm

q2 l2 − π2m2 sin q l, J
c

2m+1
= − π(2m + 1)

q2 l2 − π2(m + 1/2)2 cos q l. (2.6)

Then we have:

K̃rt(p) (2.7)

=
1

2π l

∫ ∞

−∞
J

s

r
(q)

√
p2 + q2√

π2r2

4l2
+ p2

√
π2 t2

4l2
+ p2

J
s

t
(q)dq

+
1

2π l

∫ ∞

−∞

√
p2 + q2√

π2r2

4l2
+ p2

√
π2 t2

4l2
+ p2

J
c

r
(q) p J

c

t
(q)dq

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2π m n√

π
2

r
2

4l
2 +p2

√
π
2

t
2

4l
2 +p2

∞∫
−∞

√
p2+q2 sin

2
q l

l (q2 l2−π2m2 )(q2 l2−π2n2 )
dq, if r = 2m,

t = 2n

4π(m+1/2)(n+1/2)√
π
2

r
2

4l
2 +p2

√
π
2

t
2

4l
2 +p2

∞∫
−∞

√
p2+q2 cos

2
q l

l (q2 l2−π2(m+1/2)2 )(p2−π2(n+1/2)2 )
dq, if r = 2m + 1,

t = 2n + 1,
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and 0 for complementary sets of indices. Essential features of the spectral structure
of K̃(p) for p �= 0 are the same as for the matrix K̃(0):

K̃
r,t

(0) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

4
π l

∫ ∞

0
s sin

2
s

(s2−π2m2 )(s2−π2n2)
d s,

if r = 2m, t = 2n

4
π l

∫ ∞

0
s cos

2
s

(s2−π2(m+2−1)2 )(s2−π2(n+2−1 )2)
d s,

if r = 2m + 1, t = 2n + 1,

(2.8)

with integrals convergent due to compensation of the zeros of the denominators
by the zeros of the numerators. One can see from (2.8) that the matrix K̃ is a sum
of two matrixes acting in invariant subspaces spanned by vectors with even and
odd r respectively. Thus the problem of spectral analysis splits into two parts in
corresponding subspaces on the slot −l < η < l:∨

m

sin
mπη

l
= Eodd ,

∨
m

cos
(2m + 1) ηπ

2 l
= Eeven .

The subspace Eodd , for odd r = 2m + 1, is spanned by even (symmetric) functions
on the slot, and the subspace Eeven , for even r = 2m, is spanned by odd (anti-
symmetric) functions on the slot. The spectral analysis of K̃ can be accomplished
in these invariant subspaces separately.

Based on matrix representation (2.8) we can prove that the operator K be-
longs to Hilbert-Schmidt class, hence is has discrete spectrum, and its square has
a finite trace, hence the infinite determinant can be approximated by determi-
nants of finite cut-off matrices. We derive these facts from asymptotic behavior of
elements of K

rt
for large (r, t).

Theorem 2.1. Elements of the matrix K̃(0) have the following asymptotic for large
r, t:

π

4 l
K̃

rt
(0) = Const

ln r t
−1

(r − t)(r + t)
, r > t > 0. > 0. (2.9)

The Proof will be given for the part of the operator K̃(0) in the subspace of anti-
symmetric modes, r = 2m, t = 2n. The asymptotic of elements of the part of K
in the symmetric subspace r = 2m + 1, t = 2n + 1 is derived similarly.

We present the integrand in the first integral (2.8) the following way:

s
sin

2
s

(s2 − π2m2)(s2 − π2n2)
=

1
π2(m2 − n2)

[
s

s2(s2 − π2 m2)
− s

s2(s2 − π2 n2)

]
.

Then the corresponding integral is represented as

2
π3(m2 − n2)

[∫ ∞

0

s sin
2

s ds

s2(s2 − π2 m2)
−

∫ ∞

0

s sin
2

s ds

s2(s2 − π2 n2)

]

:=
2

π3(m2 − n2)
[Jm − Jn ] . (2.10)
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Each of integrals in the right side can be calculated, due to Jordan lemma, as an
integral on the imaginary axis p, e.g.:

J
m

=
1
2

∫ i ∞

0

1− e
2is

s (s2 − π2 m2)
ds = −1

2

∫ ∞

0

1− e
−2t

t(t2 − π2 m2)
dt

The last integral is a sum of two integrals
∫ A

0
+

∫ ∞

A
:= J A

m
+J∞

m
. The first of them

is estimated for large m by Constm
−2

, and the second is calculated explicitly after
neglecting the exponential e

−t

:

J∞
m
≈ 1

4
ln

A
2
+ π

2
m

2

A2 ≈ 1
2

lnm. (2.11)

Taking into account only the dominating term for large m we obtain, due to (2.10)
the following asymptotic for the integral (2.8) for m, n→∞

π l

4
K̃2m,2n

(0) =
∫ ∞

0

s
sin

2
s

(s2 − π2m2)(s2 − π2n2)
ds ≈ lnm/n

π3(m2 − n2)
, m > n > 0.

(2.12)

End of the proof. �
Corollary. The operator K̃(0) belongs to the Hilbert-Schmidt class because the
series

∑
rt
|K̃rt(0)|2 = Trace K̃+ K̃ is convergent. Convergence of this series, due

to smoothness of the asymptotic (2.12), is equivalent to the convergence of the
corresponding integral on the first quadrant outside the unit disc:

1
π6

∫
m

2+n
2≥1

| lnm/n|2

(m2 − n2)2 dm dn =
1
π6

∫
ρ≥1

dρ

ρ3

∫ π/2

θ=0

| ln tan θ|2

| cos 2θ|2 dθ.

It is convergent because the integrand is a bounded continuous function of θ.
Similar statement is true for K̃(p), −∞ < p < ∞, as well. This statement allows
us to calculate the eigenvalues of the operator K̃(p) approximating K̃(p) by finite
cut-off matrices, see Appendix B.

Summarizing above results we conclude that in case of simplest geometry of
the device, with only two basic electrodes, the spectrum of the problem (1.13) has
band-structure with thresholds defined by maxima κ

m
of the eigenvalues κ

m
(p) of

the operator K̃(p). One can guess that these maximal values are achieved at p = 0,
then the upper thresholds of the lowest spectral bands can be calculated from the
data given in Appendix B.

3. The slot-device with governing electrodes

Additional governing electrodes make the geometry of the slot-device non-trivial.
Spectral properties of the corresponding matrices can’t be revealed via separation
of variables. The governing electrodes define new important properties of the de-
vice, in particular they permit the resonance manipulation of the plasma-waves in
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the slot. The corresponding device with periodic array of governing electrodes can
possess even more interesting spectral properties defined by the resonance band-
gaps, see for instance [23, 24, 25, 26, 27, 28], where, in particular, the resonance
effects caused by the “decoration” at the nodes are discussed.

In this section we consider the device with few governing electrodes γ1 , γ2 , . . . ,
two basic electrodes Γ− , Γ+ and one flat plasma-channel Γ squeezed between
Γ− , Γ+ . We will use DN-maps for the domains Ω± = R±\ {γs

. . . }.
Begin with Dirichlet problem with boundary data on the plane

S =
{
Γ ∪ Γ+ ∪ Γ−

}
= {z = 0} ,

and on the governing electrodes γ
s
, s = 1, 2, 3, . . . . In [10] we suggested an iterative

construction for calculation of the Poisson map in Ω based on the Poisson-maps
in Ω1 = R3\γ1 , Ω2 = R3\γ2 . . . In special case when γ

s
, s = 1, 2, . . . are circular

cylinders (rods), the corresponding Poisson maps are known, see [11]. The Poisson-
kernel for the half-space z > 0 is:

P0(x, y, z; ξ, η, 0) =
1

4π2

∫ ∫
dp dqe

−
√

p
2+q

2
z

e
ip(x−ξ)+iq(y−η)

, (3.1)

and the Poisson-kernel of the complement R3\γs of the circular cylinder γs radius
ρ

s
is

Ps(ϕ, ρ, y; θ, η) =
∫ ∞

−∞
dq

∞∑
k=−∞

e
ik(ϕ−θ)

e
iq(y−η) H1

k
(qρ)

H1

k
(qρs)

, (3.2)

where H1

k
is the conventional Hankel function of the first kind.

Note that the potentials on the governing electrodes can be chosen such that
the plasma-current is developed only in the slot between governing electrodes.
Really, assume that the slot is a straight strip Γ ⊂ S of the constant width 2l
on the plane S between the basic electrodes Γ± , with the voltages V± on them.
Then the plasma-current will develop on Γ if the electric field on the slot is strong
enough:

E− <
d−

2l

[
V+ − V−

]
. (3.3)

Here E− is the ionization thresholds ( the electron’s “exit work”) on Γ− , 2l is
the distance between Γ+ , Γ− and d− the thickness of the surface layer of the
dimensional quantization near the edge of Γ− . Physically the plasma-current can
develop also between the governing electrodes and the basic electrode Γ+ . We
assume now that it is not the case, choosing the potentials V

s
between V± and the

ionization thresholds E
s
, E− (the electron’s exit work) on the governing electrodes

and the negative electrode is large enough, compared with the voltage between the
basic and governing electrodes,

E
s

>
d

s

l
s,+

[
V+ − V

s

]
, E− >

d−

l−,s

[
V

s
− V−

]
. (3.4)

Here l
s,+ , l−,s

are distances from γ
s

to Γ+ and from Γ− to γ
s
, and d

s
is the

thickness of the surface layer on γs .
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We postpone to the forthcoming publication the discussion of the above phys-
ical limitations (3.3,3.4) for typical materials, but will concentrate now on deriva-
tion of equations for calculation of the amplitudes Ξ

ω
, u

ω
, ϕ

ω
of oscillations of the

plasma-current near the equilibrium values Ξ0 , ϕ0 , u0 .
The Dirichlet-to-Neumann map in the complement of the device is obtained

from the Poisson map, see Appendix A. Hence the central problem of mathe-
matical design of the slot-device, with additional electrodes γ

s
for manipulat-

ing running waves on the slot, is the construction of Poisson map ( or, equiv-
alently, the Dirichlet Green function) for Laplacian on the basic domain Ω =
R3\

{
Γ+ ∪ Γ− ∪ γ1 ∪ γ2 ∪ · · ·

}
. We will use the notations P0 , P

s
, s = 1, 2, . . . for

Poisson maps of the half-space R+(z > 0) and the Poisson maps on the comple-
ments Ω

s
= R3\ γ

s
of the governing electrodes in R3 .

Denote by P
st

the restriction onto ∂γ
s

of the Poisson map P
t
. This map

transfers the space C
∂γs

of continuous functions on ∂γ
t

into the space C
∂γs

of
continuous functions on ∂γ

s
:

C
∂γs

Pst←− C
∂γt

.

The following statement (3.1) shows that the Poisson map Pst of the domain
Ω(st) = Ω

s
∩ Ω

t
can be constructed of the “partial” Poisson maps P

s
, P

t
of the

domains Ωs = R3\γs , Ωt = R3\γt , if the domains γs , γt are “separated” in certain
sense. More precise,

We say that the domains are separated if there exist a domain γ̂s ⊃ γs ,
γ̂

s
∩ γ

t
= ∅ such that the solution of the exterior Dirichlet problem

Δûs = 0, ûs

∣∣∣∣
∂ γ̂s

= 1, ûs(x)→ 0 if x →∞

allows the estimation sup û
s
(x)

∣∣∣∣
∂ γt

< 1, and there exist a domain γ̂
t
⊃ γ

t
, with a

similar property with respect γ
s
.

In particular, the domains are separated if each of them is contained in a
ball, a cylinder of a half-space B

s
= γ̂

s
with the described property, since the

corresponding harmonic function ûs can be constructed in that case explicitly. In
all typical constructions of devices the condition of separation is fulfilled.

Theorem 3.1. If the domains γ
s
, γ

t
are separated then the operators I−P

st
P

ts
, I−

Pts Pst are invertible in C
∂γs

, C
∂γt

respectively and the Poisson map P(st) in the
domain Ω(st) = Ω

s
∩ Ω

t
is presented as

{P
s
, P

t
}
(

I
I−PstPts

− I
I−PstPts

P
st

− I
I−PtsPst

Pts

I
I−PtsPst

)
:=

{
P

s

(st)
, P

t

(st)

}
,
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so that the solution of the Dirichlet problem with the boundary data us , ut on
∂ γ

s
, ∂ γ

t
is presented as

u(x) =
∫

∂γs

P
s

(st)
(x, ξ

s
)u

s
(ξ

s
)dξ

s
+

∫
∂γt

P
t

(st)
(x, ξ

t
)u

t
(ξ

t
)dξ

t
.

Proof. Note that the maximum principle can be applied to the bounded har-
monic functions on the domains obtained from R+ via removing γs . Assuming
that (s, t) = (1, 2) and the Poisson maps P1 , P2 in Ω1 , Ω2 are known, construct
the solution of the Laplace equation in R3\ (γ1 ∪ γ2) with data u

s
on ∂γ

s
in form

u = P1 û1 + P2 û2 , (3.5)

with still non defined “re-normalized” boundary data û1 , û2 . Then we obtain the
following linear system for û1 , û2 :

û1 + P12 û2 = u1

P21 û1 + û2 = u2 . (3.6)

The operators P
st

for s �= t are contracting in C
∂γs
× C

∂γt
, due to maximum

principle, hence the system (3.6) has unique solution

û1 =
I

I − P12P21

[u1 − P12 u2 ]

û2 =
I

I − P21P12

[u2 − P21 u1 ] (3.7)

defined by the renorm-matrix corresponding to γ12 = γ1 ∪ γ2 :(
I

I−P12P21
− I

I−P12P21
P12

− I
I−P21P12

P21
I

I−P21P12

)
:= R

γ12
. (3.8)

This matrix transforms the boundary data u1 , u2 into re-normalized data û1 , û2

which can be used for construction of the solution of the original boundary problem
by the formula (3.5) based on partial Poisson maps P1 , P2 . Then the Poisson map
P(12) in the complement R3\ (γ1 ∪ γ1) of the electrodes is obtained as the matrix
product row by column:

{P1 , P2} Rγ1 γ2
:=

{
P

1

(12)
, P

2

(12)

}
:= P(12)

so that we obtain the solution of the Dirichlet problem in Ω12 = R3\ (γ1 ∪ γ2) in
form:

u = P(12) {u1 , u2 } , (3.9)
as announced. End of the proof. �
Remark. The corresponding DN-map is obtained via differentiation of the con-
structed Poisson map with respect to the outward normal on each component
∂Ω1 , ∂Ω2 of ∂Ω12 . This can be presented symbolically as:

Λ(12) = {Λ1 , Λ2} Rγ1 γ2
, (3.10)

where Λs acts on ∂γs and Λt acts on ∂γt .
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Now the introduction of the electrodes γ3 , γ4 , . . . , γ0 into the scheme can be
done by induction, if the separation conditions are fulfilled on each step: first we
construct the corresponding renorm-matrix of restrictions P(12)3 and P3(12) of the
Poisson maps P3 onto ∂γ12 and P12 onto ∂γ3 , respectively:

R
γ3 γ(12)

=

( I
I−P3(12)P(21)3

− I
I−P3(12)P(21)3

P3(12)

− I
I−P(12)3P3(12)

P(12)3
I

I−P(12)3P3(12)

)
,

then the corresponding Poisson map is obtained as the matrix product

P(123) =
{
P3 , P(12)

}
R

γ3 γ(12)
.

The corresponding Dirichlet-to-Neumann map is obtained as:

Λ(312) = {Λ3 , Λ12}Rγ3 γ
(12)

. (3.11)

Convenient approximate formulae are obtained via replacement inverse operators
by a finite sum of the corresponding Neumann series, for instance: [I − P12 P21 ]

−1

=
I + P12 P21 + P12 P21P12 P21 . . . .

In particular case when the electrodes γ
s
, γ

t
are cylinders parallel to Γ and to

each other, each of exterior Dirichlet problem with electrodes admits separation
of the variable along the electrode. Then the Poisson map and the DN-map of
the 3-d problem can be represented by Fourier transform based on the Poisson
map and DN-map of the 2-d problem on the orthogonal section. Then we are able
to summarize the algorithm of derivation of the equation (1.12) in case of two
governing electrodes, based on formulae obtained for the DN-map Λ(0,1,2) . Assume
that γ1 ∪ γ2 ∈ Ω

+
, and R3\Ω

+
:= Ω

−
, γs ∈ Ω

+
, γs ∩ Ω

−
= ∅, s = 1, 2. Due to the

translation symmetry of Ω
+

= Ω0\ [γ1 ∪ γ2 ], the kernel Λ(0,1,2)(x, y, z) is connected
to the kernel of the DN-map Λ

+

(0,1,2)
of the Helmholtz equation −�2 u = ρ

2
u on

the orthogonal cross-section (x, z) of R2 ∩ Ω
+

by the formula

Λ
+

(0,1,2)
(x, y, z; ξ, ζ, η) =

∫ ∞

−∞

Λ
+

(0,1,2)
(x, z; ξ, ζ; ρ)e

iρ(y−η)
dρ. (3.12)

Here (x, y, z), (ξ, ζ, η) ∈ ∂Ω
+
, (0, y, z), (0, η, ζ) ∈ R2 ∩ ∂Ω. Similarly the DN-map

Λ
−
(0,1,2)

is defined by formula in Ω− similar to (2.1). Then the equation for the
restriction amplitude ϕ

ω
of the electrostatic potential onto the slot is presented in

form: [
Λ+ + Λ−

]
ϕ

ω

∣∣∣∣
Γ

=
2
q
div2Ξ0(x, y)∇2ϕω

∣∣∣∣
Γ

. (3.13)

Here we assume that the equilibrium concentration and equilibrium values of other
parameters are obtained via solution of the system (1.5).
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4. Plasma waves in the rigged channel

Consider the perturbed Laplacian on the slot

LΓ = −∇2Ξ0(x, y)∇2 ,

with zero boundary conditions on the border y = ±l. The electron’s concentration
Ξ0(x, y) on the slot is a function of two variables x, y which has, in case of two
governing electrodes, the asymptotic Ξ0 at infinity, x → ±∞. If the additional
electrodes are absent, then the electron concentration Ξ0 is constant. If the ad-
ditional electrons are present, with negative potentials V

s
on them, we obtain a

rigged plasma channel on the slot. On the compact part of the slot Ξ0(x, y) is de-
fined by the configuration of the governing electrodes, and can be found in course
of solution of the auxiliary stationary problem (1.4). We are not going to solve this
problem now, but we may guess that, under the above conditions on stationary
potentials V

s
< 0, the equilibrium concentration is suppressed on the slot near to

the governing electrodes due to Coulomb interaction with the negative potentials
Vs on the electrodes.

4.1. Scattering of plasma waves in the rigged channel

In practice the stationary electron concentration Ξ0 depends essentially only on
the variable x along the channel. Then the spectral problem on the slot admits
separation of variables

LΓΨ = − ∂

∂x
Ξ0(x)

∂Ψ
∂x
− Ξ0(x)

∂
2

∂y2 Ψ = λΨ. (4.1)

For positive rapidly stabilizing concentration Ξ0(x) → Ξ0 when x → ±∞, the
spectrum of the problem (4.1) is pure continuous. It has band-structure with step-
wise growing multiplicity:

σ(LΓ) = ∪∞
r=1

σ
r
,

of branches σr =
[
Ξ0

π
2

r
2

4 l2
, ∞

)
. The corresponding scattered waves Ψ(x, y) =

Ψr(x, y, λ) = 1√
l

sin π r (y+l)
2l ψ

+

r
(x) fulfil (4.1), and the amplitude ψ

+

r
(x) of the

scattered wave in the open channel, λ > Ξ0
π

2
r
2

4 l2
is a bounded solution of the

spectral problem on the channel

− d

dx
Ξ(x)

dψr (x)
dx

+ Ξ(x)
π

2
r
2

4 l2
ψ

r
(x) = λψ

r
(x)

with appropriate asymptotic at infinity. For the plasma waves incoming from +∞
of x-axis, in open channels λ Ξ

−1

0
− π

2
r
2

4l2
> 0

←−
ψ

r
≈ e

iQ
r

0
x

+
−→
Re

−iQ
r

0
x

when x→ +∞,

and
←−
ψ r ≈

←−
T e

iQ
r

0
x

when x→ −∞,
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were Q
r

0
(λ) =

√
λ Ξ−1

0
− π2 r2

4l2
. For plasma-waves initiated from −∞ the asymp-

totic are
−→
ψ

r
≈ e

−iQ
r

0
x

+
←−
Re

iQ
r

0
x

when x → −∞,

−→
ψ

r
≈ −→T e

−iQ
r

0
x

when x → +∞.

The system of all scattered waves
←−
ψ

r
,
−→
ψ

r
, Ξ0π

2
r
2

(2 l)
−2

< λ < ∞ is complete
and orthogonal in each channel (for each r). The whole system of eigenfunctions

←−
Ψ r(x, y, λ) =

1√
l

sin
π r (y + l)

2l

←−
Ψ r , r = 1, 2, . . .

−→
Ψ

r
(x, y, λ) =

1√
l

sin
π r (y + l)

2l

−→
Ψ

r
, r = 1, 2, . . . (4.2)

in all open channels, r = 1, 2, . . . is complete and orthogonal in the space L2(Γ)
of all square-integrable functions on the slot. Then the Green function of LΓ is
presented in spectral form as

[LΓ − μI]
−1

(x, ξ)

=
∑

r

∫ ∞

0

1
λ− μ

[−→
Ψ

r
(x, λ)〉〈−→Ψ

r
(ξ, λ) +

←−
Ψ

r
(x, λ)〉〈←−Ψ

r
(ξ, λ)

] dQ
r

0
(λ)

2π
.

We will use this formula for the regular point μ = 0. It is convenient, following
the previous section, to re-write the spectral problem (3.13 ) in form of equation
similar to (2.3):

L
−1/2

Γ

[
Λ− + Λ+

]
L

−1/2

Γ
u =

2
q
u. (4.3)

If the governing electrodes are absent, then the operator Λ− + Λ+ , being reduced
onto the slot, commutes with LΓ , and the operator in the left side of the equation
(4.3) in Fourier representation is just a multiplication by the 2×2 matrix K inves-
tigated in Section 2. If the governing electrodes are present, we generally obtain
a sophisticated analytical problem. We postpone discussion of the corresponding
general problem to a forthcoming publication, but consider a model of the above
scattering process parametrized by Weyl functions of the restriction of the differ-
ential operator LΓ onto the part of the slot near to the governing electrode.

4.2. Solvable model of the simplest rigged channel

Consider the special case when two cylindrical governing electrodes γ± are placed
in upper and lower half-spaces Ω± respectively on equal distances from the slot
and parallel to each other and to the horizontal plane S : z = 0. We assume that
the electrodes are skew-orthogonal to the slot Γ situated between the electrodes
Γ± ⊂ S on the horizontal plane S. We do not calculate the electron’s concentration
Ξ0(x) via solution of the equations (1.4), but just assume that it depends only on
the variable x along the slot:

Ξ0(x) =
{

σ(x), if −L < x < L,
Ξ0 , if |x| > L.

(4.4)
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We assume that Ξ0 coincides with equilibrium electron concentration on the slot
without governing electrodes, and is suppressed near the governing electrodes:
0 < σ(x) = σ(−x) < Ξ0 . The scattered waves of the spectral problem

− d

dx
Ξ0(x)

du

dx
+ Ξ0(x)

d
2
u

dy2 = λu (4.5)

are found via separation of variables

− d

dx
Ξ0(x)

dϕ
r

dx
+ Ξ0(x)

π
2
r
2

4 L2 ϕ
r

= λϕ
r

(4.6)

and matching of exponentials with solutions of the homogeneous equation (4.6).
Due to the symmetry of the equilibrium concentration on (−L, L) it is convenient
to parametrize the partial scattering matrices S

r

in the channels by the Weyl
functions of the operator (4.6) on (0, L). Denote by ϕ

r

(x, λ), θ
r

(x, λ) the solutions
of (4.6) with the initial conditions at the origin x = 0

ϕ
r

(0, λ) = 0,
dϕ

r

dx
(0, λ) = 1; θ

r

(0, λ) = 1,
dθ

r

dx
(0, λ) = 0.

Then the reflection coefficients of the spectral problems with Dirichlet and Neu-
mann boundary conditions at the origin are found based on the Ansatz:

ψ
r

D
(x, λ) =

{
α ϕ

r

(x, λ) if 0 < x < L,

e
iQ

r

0
(x−L)

+ S
D

r
(λ)e

−iQ
r

0
(x−L)

if L < x <∞,

ψ
r

N
(x, λ) =

{
β θ

r

(x, λ), if 0 < x < L,

e
iQ

r

0
(x−L)

+ S
N

r
(λ) e

−iQ
r

0
(x−L)

if L < x <∞.
(4.7)

Denoting by

M
D

r
(λ) =

dϕ
r

dx
(L, λ)

[
ϕ

r

(L, λ)
]−1

, M
N

r
(λ) =

d θ
r

dx
(L, λ)

[
θ

r

(L, λ)
]−1

the Weyl functions, see [12], at the point x = L, of the equation (4.6) with the
Dirichlet and Neumann boundary conditions at the origin, we obtain:

S
D

r
(λ) =

iQ
r

0
−MD

r
(λ)

iQr

0
+MD

r

(λ), S
N

r
(λ) =

iQ
r

0
−MN

r
(λ)

iQr

0
+MN

r
(λ)

. (4.8)

We will assume that the scattered waves ψ
r

D
(x, λ), ψ

r

N
(x, λ) are continued on the

whole x-axis as odd and even functions respectively. Then we may construct of
them the scattered waves of the Schrödinger operator on the whole x-axis

←−
Ψ r ,

−→
Ψ r

initiated from the right and from the left infinity respectively. Introducing the
partial scattered waves and reflection/transmissoin coefficients by the Ansatz

←
Ψr

(x, λ) =

⎧⎨⎩ e
iQ

r

0
x

+
→
Rr (λ) e

iQ
r

0
x

, if L < x <∞,
←
T r

(λ) e
iQ

r

0
x

, if −∞ < x < L.



Dirichlet-to-Neumann Techniques for the Plasma-waves 95

we obtain
←−
Ψ

r
(x, λ) = 1

2 [ψ
r

D
(x) + ψ

r

N
(x)] and hence

→
Rr

(λ) =
1
2

[
S

D

r
+ S

N

r

]
e
2iQ

r

0
L

,
←
T r

(λ) =
1
2

[
S

N

r
− S

D

r

]
e
2iQ

r

0
L

.

Similarly
←−
Ψ r (x, λ) = 1

2 [ψ
r

N
(x) − ψ

r

D
(x)] and

←−
Ψ

r
(x, λ) =

⎧⎨⎩ e
−iQ

r

0
x

+
←
Rr (λ) e

iQ
r

0
x

, if −∞ < x < −L,
→
T r

(λ) e
iQ

r

0
x

, if L < x <∞,

where
←
Rr

(λ) =
1
2

[
S

N

r
+ S

D

r

]
e
2iQ

r

0
L

,
→
T r

(λ) =
1
2

[
S

N

r
− S

D

r

]
e
2iQ

r

0
L

.

If the spectrum of LΓ is pure absolutely continuous, then the standard expansion
by the corresponding scattered waves is given by the formula

u
r

=
1
2π

∫ ∞

0

[←−
Ψ

r
(λ) 〉 〈←−Ψ

r
(λ), u〉+−→Ψ

r
(λ) 〉 〈−→Ψ

r
(λ), u〉

]
dQ

r

0
= F+

r
F

r
u

r
.

To derive a formula for the corresponding operator K, similar to (2.2), we represent
the generalized kernel of the formal integral operator in the left part of the equation
(1.12) using the translation invariance of the system of electrodes:[

Λ− + Λ+

]
(x, y, 0; ξ, η, 0) :=

1√
2π

∫ +∞

−∞
e

iq(y−η) [
Λ−(q, x, ξ) + Λ+(q, x, ξ)

]
dq.

The kernels Λ±(q, x, ξ) are Fourier transforms of the kernels of the DN-maps Λ± .
Multiplying the left side of (1.12) by L

−1/2

Γ
from both sides, and using the notations

introduced in Section 3

1√
2l

∫ l

−l

e
iqy

sin
π r (y + l)

2l
dy = J

c

r
(q) + iJ

s

r
(q) := J

r
(q),

we obtain the operator L
−1/2

Γ

[
Λ−−Λ+

]
L

−1/2

Γ
:=K in form of an integral operator K

with the generalized matrix kernel with respect to the basis
{

1√
2l

sin πr(y+l)
2l

}∞

r=1

:

1
8π3

∫ ∞

−∞
dq

∫ ∞

0

∫ ∞

0

dQ
r

0
(λ) dQ

t

0
(μ)√

λ μ
J

r
(q)
←−
Ψ

r
(λ, x)〉〈−→Ψ

r
(λ, x)⎛⎜⎝ 〈←−Ψ

r
(λ)

[
Λ−(q) + Λ+(q)

]←−
Ψ

t
(μ)〉, 〈←−Ψ

r
(λ)

[
Λ−(q) + Λ+(q)

]−→
Ψ

t
(μ)〉

〈−→Ψ
r
(λ)

[
Λ−(q) + Λ+(q)

]←−
Ψ

t
(μ)〉, 〈−→Ψ

r
(λ)

[
Λ−(q) + Λ+(q)

]−→
Ψ

t
(μ)〉

⎞⎟⎠
×

(
〈←−Ψ

t
(λ, ξ)

〈−→Ψ
t
(λ, ξ)

)
J

t
:= K

L

r,t
(x, ξ)

:= F
+

r
K

L

rs
(p)Fs . (4.9)
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The matrix KL

(p) is similar to (2.2), but the role of Fourier transform is played
now by the spectral transformations Fs defined by the scattered waves of the
“partial” operators L

s
on the slot. One may guess that the matrix K

L

(p) for
each p belongs to Hilbert-Schmidt class, similarly to the above operator K(p). If
this conjecture is right, the the eigenvalues of K(p) can be calculated via finite-
dimensional approximation.

One can see from (4.9) that the operator KL

contains Weyl functions MD,N

r,t

which define the scattering matrix of the spectral problem (4.1) and hence the
resonance and transport properties of the plasma channel. These transport prop-
erties may be manipulated via varying the potential(s) on the governing electrodes
which affect the “bumps” of the stationary electron concentration and hence the
resonance transmission of the plasma waves in the channel.

5. Appendix A: Dirichlet-to-Neumann map – basic facts

We describe here general features of the DN-map, see also [14, 16, 17], for Laplace
operator defined in the space L2(Ω) of square-integrable functions by the differen-
tial expression

L
D
v = −� v

on the class of twice differentiable functions − � v ∈ L2(Ω) vanishing on the
piecewise smooth boundary Γ = ∂Ω of the domain Ω ⊂ R3 . In this section x =
(x1 , x2 , x3) and y = (y1 , y2 , y3) are three-dimensional variables. If the boundary
of the domain has inner corners, then we assume that functions from the domain
are submitted to the additional Meixner condition in form

∫
Ω |  v|2dx < ∞.

This condition guarantees uniqueness of solution of the non-homogeneous equation
L

D

v − λv = f ∈ L2(Ω) for complex values of the spectral parameter λ. Together
with the operator L := L

D

we may consider the operator L
N

defined by the same
differential expression L with homogeneous Neumann conditions on the boundary

∂v

∂n

∣∣∣∣
∂Ω

= 0,

Both L := L
D

and L
N

are self-adjoint operators in L2(Ω). Corresponding resolvent
kernels G

N,D

(x, y, λ) and the Poisson kernel

Pλ(x, y) = −∂G
D

(x, y, λ)
∂ny

, y ∈ Γ,

for regular values of the spectral parameter λ are locally smooth if x �= y and square
integrable in Ω with boundary values G

N,D

(x, y, λ), P(x, y, λ) from appropriate
Sobolev classes. Behavior of G

N

(x, y, λ), when both x, y are smooth points of the
boundary Γ = ∂Ω, is described by the following asymptotic which may be derived
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from the integral equations of potential theory:

G
N

(x, xΓ, λ) =
1
2π

1
|x− xΓ|

+ Qλ + o(1). (5.1)

Here the term Qλ contains a local geometrical information on Ω near xΓ and
the spectral information, [19]. If the domain is compact, then the spectra σN,D

of operators L
N,D

are discrete and real. Solutions of classical boundary problems
for operators L

N,D

may be represented for regular λ (from the complement of
the spectrum) by the “re-normalized” simple layer potentials – for the Neumann
problem

Lu = λu,
∂u

∂n

∣∣∣∣
∂Ω

= ρ,

u(x) =
∫

∂Ω

G
N

(x, y, λ)ρ(y)dΓ,

(5.2)

and by the re-normalized double-layer potentials – for Dirichlet problem:

Lu = λu, u

∣∣∣∣
∂Ω

= û, u(x) =
∫

∂Ω

PD(x, y, λ)û(y)dΓ. (5.3)

Generally the DN-map is represented for regular points λ of the operator LD as
the derivative of the solution of the Dirichlet problem in the direction of the outer
normal on the boundary of the domain Ω:

(Λ (λ) û ) (xΓ) =
∂

∂n

∣∣∣∣
x=xΓ

∫
∂Ω

PD(x, y, λ)û(y)dΓ. (5.4)

The inverse map may be presented at the regular points of the operators Lin,out
N :(

Qin,out(λ)ρin,out
)
(xΓ) = ±

∫
Γ

G
N

in,out(x, y, λ)ρin,out(y)dΓ. (5.5)

The following statement, see [17], shows, that DN-map contains essential
spectral information:

Theorem 5.1. Consider the Laplace operator L = −� in L2(Ω) with homogeneous
Dirichlet boundary condition at the C2-smooth boundary Γ of Ω. Then the DN-map
Λ of L has the following representation on the complement of the spectrum ΞL in
complex plane λ, M > 0:

Λin(λ) = Λin(−M)− (λ + M)P+
−MP−M − (λ + M)2P+

−M
RλP−M

, (5.6)

where Rλ is the resolvent of L, and P
λ

is the Poisson kernel of it. The operator
P+

−M
P−M

(xΓ , yΓ) is bounded in Sobolev class W
3/2

2
(Γ) of boundary values of twice

differentiable functions {u : Lu ∈ L2(Ω)} and the operator(
P+

−M
RλP−M

)
(xΓ, yΓ) =

∑
λs∈ΞL

∂ϕs

∂n (xΓ)∂ϕs

∂n (yΓ)
(λs + M)2(λs − λ)

is compact.
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Similar statement is true for DN-map in of the Schrödinger operator with
rapidly decreasing potential in exterior domain

Λout(λ) = Λout(−M) + (λ + M)P+

−M
P−M

+ (λ + M)2P+

−M
RλP−M

, (5.7)

with only difference that first terms of the decomposition contain the DN-map
and Poisson kernel for the exterior domain and the last term may contain both
the sum over discrete spectrum and the the integral over the absolutely continuous
spectrum σa

L = [0,∞) of L, with the integrand combined of the normal derivatives
of the corresponding scattered waves ψ(x, |k|, ν), k = |k|ν, |ν| = 1:

P+

−M
RλP−M

(xΓ , yΓ) =
1

(2π)3

∫
Ξ1

∫ ∞

0

∂ψ
∂n (xΓ, |k|, ν)∂ψ̄s

∂n (yΓ |k|, ν)
(|k|2 + M)2(|k|2 − λ)

|k|2dν dk.

Example. The Poisson map of Laplacian in the upper subspace R
+

3
: z > 0 is

defined as
P±ϕ(x) =

1
2π

∫
e

i〈p,x〉
e
−|p|z

ϕ̃(p) d2p,

where ϕ̃ = Fϕ. The DN-map in the upper half-plane is given by the formula:

Λ+ϕ(x) = −∂ϕ

∂z
=

1
2π

∫
e

i〈p,x〉
|p| ϕ̃ (p) d2p.

Here we use the notations (x1 , x2 , z) for the Cartesian coordinates x = (x1 , x2),
〈p, x〉 = p1x1 + p2x2 . It is a pseudo-differential operators degree one with the
symbol |p|. The corresponding jump of the normal derivatives is also calculated as
a positive pseudo-differential operator degree one:

−Λ+ϕ(x)− Λ−ϕ(x) =

(
∂ϕ

∂z

∣∣∣∣
0+

− ∂ϕ

∂z

∣∣∣∣
0−

) ∣∣∣∣
Γ

= − 1
2π

∫
e

i〈p,x〉
2|p| ϕ̃(p) d2p.

(5.8)
In Section 2 we use the jump of the normal derivative framed by the projection
PΓ onto L2(Γ) on the slot −l < y < l, −∞ < x <∞:

PΓϕ(x, y) =

∞∑
r=1

1
2l

sin
πr(y + l)

2l

∫ l

−l

sin
πr(η + l)

2l
ϕ(x, η) dη

=

∞∑
r=1

1
2l 2π

sin
πr(y + l)

2l

∫ l

−l

dη

∫ ∞

−∞
dp sin

πr(η + l)
2l

e
−ipηF+

1
ϕ̃(p, η).

This implies the spectral matrix representation for the framed DN-map and the
framed jump of the normal derivative on the slot:(

PΓ

[
−Λ+ + Λ−

]
PΓ

)
rs

(p) =
1
2π

∫ ∞

−∞
dq J

r
(q)

√
p2 + q2 J

s
(q), (5.9)

where

J
r
(p) =

1√
2l

∫ l

−l

dη sin
πrξ2

2l
e
−iqη

.
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6. Appendix B: cross-section eigenfunctions
in the straight horizontal slot

In the paper [3] the cross-section eigenfunctions on the slot are found from the or-
dinary differential equation obtained via replacement the non-trivial left side Λ in
the equation (1.12) by the constant. Then the eigenfunctions are found in explicit
form of trigonometric functions. In this paper we developed DN- machinery to
construct realistic equation for the non-equilibrium part of the quantum current
and were able to prove, see Section 2, that the spectral problem for cross-section
component on the slot is reduced to spectral analysis of a Hilbert-Schmidt oper-
ator. Nevertheless, it appeared that the eigenfunctions of that operator look very
much the same as the eigenfunctions of the corresponding differential equation in
[3], where they coincide with classical trigonometric functions. A minor difference
may be noticed in the behavior of the first eigenfunctions near the electrodes, see
first three eigenfunctions of the odd series below. At the moment we can’t suggest
any qualitative explanation of this phenomenon.

Here are first 5 eigenvalues of the “odd” series of the operator K: 0.3914815726,
0.1532098038, 0.09504925144, 0.06886402733, 0.05397919120, and first 5 eigen-
functions of the odd series:

fiod1(x) := −.9910874586 sin(.5 (x + 1)π) + .1212875218 sin(1.5 (x + 1)π)
+ .04436147780 sin(2.5 (x + 1)π) + .02399915669 sin(3.5 (x + 1)π)
+ .01530090916 sin(4.5 (x + 1)π) + .01070626954 sin(5.5 (x + 1)π)
+ .007958603246 sin(6.5 (x + 1)π) + .006172535946 sin(7.5 (x + 1)π)
+ .004945885162 sin(8.5 (x + 1)π) + .004054924722 sin(9.5 (x + 1)π)

fiod2(x) := .1117423454 sin(.5 (x + 1)π) + .9818943229 sin(1.5 (x + 1)π)
− .1343729349 sin(2.5 (x + 1)π)− .05608113124 sin(3.5 (x + 1)π)
− .03307212574 sin(4.5 (x + 1)π)− .02241035233 sin(5.5 (x + 1)π)
− .01641399421 sin(6.5 (x + 1)π)− .01263518518 sin(7.5 (x + 1)π)
− .01012904963 sin(8.5 (x + 1)π)− .008267623797 sin(9.5 (x + 1)π)

fiod3(x) := .05292785974 sin(.5 (x + 1)π) + .1162634038 sin(1.5 (x + 1)π)
+ .9789142759 sin(2.5 (x + 1)π)− .1380115902 sin(3.5 (x + 1)π)
− .06011078796 sin(4.5 (x + 1)π)− .03670653101 sin(5.5 (x + 1)π)
− .02559615342 sin(6.5 (x + 1)π)− .01916493668 sin(7.5 (x + 1)π)
− .01510111946 sin(8.5 (x + 1)π)− .01224449592 sin(9.5 (x + 1)π)

fiod4(x) := .03274896712 sin(.5 (x + 1)π) + .06043162781 sin(1.5 (x + 1)π)
+ .1157994972 sin(2.5 (x + 1)π) + .9773738676 sin(3.5 (x + 1)π)
− .1405447629 sin(4.5 (x + 1)π)− .06244408352 sin(5.5 (x + 1)π)
− .03885164416 sin(6.5 (x + 1)π)− .02744174349 sin(7.5 (x + 1)π)
− .02092526245 sin(8.5 (x + 1)π)− .01593307543 sin(9.5 (x + 1)π)
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fiod5(x) := .02298961699 sin(.5 (x + 1)π) + .03999406558 sin(1.5 (x + 1)π)
+ .06174483906 sin(2.5 (x + 1)π) + .1160041782 sin(3.5 (x + 1)π)
+ .9762227109 sin(4.5 (x + 1)π)− .1431966138 sin(5.5 (x + 1)π)
− .06436782790 sin(6.5 (x + 1)π)− .04031008795 sin(7.5 (x + 1)π)
− .02893430576 sin(8.5 (x + 1)π)− .02193605556 sin(9.5 (x + 1)π)

>plot(fiod1(x),x=-1..1,y=-1.5..1.5) >plot(fiod2(x),x=-1..1,y=-1.5..1.5)
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>plot(fiod3(x),x=-1..1,y=-1.5..1.5) >plot(fiod4(x),x=-1..1,y=-1.5..1.5)
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>plot(fiod5(x),x=-1..1,y=-1.5..1.5)
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Inverse Spectral Problem for Quantum Graphs
with Rationally Dependent Edges

Marlena Nowaczyk

Abstract. In this paper we study the problem of unique reconstruction of the
quantum graphs. The idea is based on the trace formula which establishes
the relation between the spectrum of Laplace operator and the set of periodic
orbits, the number of edges and the total length of the graph. We analyse
conditions under which is it possible to reconstruct simple graphs containing
edges with rationally dependent lengths.

1. Introduction

Differential operators on metric graphs (quantum graphs) is a rather new and
rapidly developing area of modern mathematical physics. Such operators can be
used to model the motion of quantum particles confined to certain low dimensional
structures. This has many possible applications to quantum computing and design
of nanoelectronic devices [1], which explains recent interest in the area.

The main mathematical tool used in this article is the trace formula, which
establishes the connection between the spectrum of the Laplace operator on a
metric graph and the length spectrum (the set of all periodic orbits on the graph),
the number of edges and the total length of the graph.

J.P. Roth [12] proved trace formula for quantum graphs using the heat kernel
approach. An independent way to derive trace formula using scattering approach
was suggested by B. Gutkin, T. Kottos and U. Smilansky [6, 8] and mathematically
rigorous proof of this result was provided by P. Kurasov and M. Nowaczyk [10].
The trace formula is applied in order to reconstruct the graph from the spectrum
of the corresponding Laplace operator. It has been proven that this procedure can
be carried out in the case when the lengths of the edges are rationally independent
and the graph has no vertices of valence 2. In current paper we go further and
consider graphs with trivially and weakly rationally dependent edges. We have
decided to restrict our considerations to the case of the so-called Laplace operator
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on metric graphs – the second derivative operator with natural (free, standard,
Kirchhoff) boundary conditions at vertices.

Explicit examples constructed in [6, 11, 2] show that the inverse spectral and
scattering problems for quantum graphs do not have, in general, unique solutions.

For a historical background on quantum graphs, their applications and theory
development see Introduction and References in our previous paper [10].

2. Basic definitions

All notations and definitions in this paper will follow those used in [10]. We are
not going to repeat the rigorous derivation of the trace formula presented there,
but in this section we will introduce the definitions which we are going to use.

Consider arbitrary finite metric graph Γ consisting of N edges. The edges
will be identified with the intervals of the real line Δj = [x2j−1, x2j ] ⊂ R, j =
1, 2, . . . , N and the set of all edges will be denoted by E = {Δj}Nj=1. Their lengths
will be denoted by dj = |x2j − x2j−1| and corresponding set of all lengths by
D = {dj}. Let us denote by M the number of vertices in the graph Γ. Vertices
can be obtained by dividing the set {xk}2N

k=1 of endpoints into equivalence classes
Vm, m = 1, 2, . . . , M . The coordinate parameterization of the edges does not play
any important role, therefore we are going to identify metric graphs having the
same topological structure and the same lengths of the edges. This equivalence is
more precisely described in [11, 2].

Consider the Hilbert space of square integrable functions on Γ

H ≡ L2(Γ) = ⊕
N∑

j=1

L2(Δj) = ⊕
N∑

n=1

L2[x2j−1, x2j ]. (1)

The Laplace operator H on Γ is the sum of second derivative operators acting in
each space L2(Δj),

H = ⊕
N∑

j=1

(
− d2

dx2

)
. (2)

This differential expression does not uniquely determine the self-adjoint oper-
ator. Two differential operators in L2(Γ) are naturally associated with the differen-
tial expression (2), namely the minimal operator with the domain Dom (Hmin) =
⊕

∑N
j=1 C∞

0 (Δj) and the maximal operator Hmax with the domain Dom (Hmax) =
⊕

∑N
j=1 W 2

2 (Δj), where W 2
2 denotes the Sobolev space.

The Hilbert space H introduced above does not reflect the connectivity of the
graph. It is the boundary conditions that connect values of the function on different
edges. Therefore these conditions have to be chosen in a special way so that they
reflect the connectivity of the graph. See [11] for the discussion how the most
general boundary conditions can be chosen. In the current paper we restrict our
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consideration to the case of natural (free, standard, Kirchhoff) boundary conditions
given by {

f(xj) = f(xk), xj , xk ∈ Vm,∑
xj∈Vm

∂nf(xj) = 0,
m = 1, 2, . . . , M, (3)

where ∂nf(xj) denotes the normal derivative of the function f at the endpoint
xj . The functions satisfying these conditions are continuous at the vertices. In the
case of the vertex with valence 2 conditions (3) imply that the function and its
first derivative are continuous at the vertex, i.e., the vertex can be removed by
substituting the two edges joined at the vertex by one edge with the length equal
to the sum of the lengths of the two edges. This procedure is called cleaning [11]
and a graph Γ with no vertices of valence 2 is called clean.

The Laplace operator H(Γ) on the metric graph Γ is the operator Hmax given
by (2) restricted to the set of functions satisfying boundary conditions (3). This
operator is self-adjoint [11] and uniquely determined by the graph Γ. The spectrum
of the operator H(Γ) is discrete and consists of positive eigenvalues accumulating
at +∞. Therefore the inverse spectral problem for H(Γ) is to reconstruct the graph
Γ from the set of eigenvalues.

3. Trace formula

Let us establish the secular equation determining all positive eigenvalues of the
operator H . Suppose that ψ is an eigenfunction for the operator corresponding to
the positive spectral parameter E = k2 > 0. Then this function is a solution to
the one-dimensional Schrödinger equation on the edges −d2ψ

dx2 = k2ψ. The general
solution to the differential equation on the edge Δj = [x2j−1, x2j ] with the length
dj = |x2j − x2j−1| can be written in the basis of incoming waves as follows

ψ(x) = a2j−1e
ik|x−x2j−1| + a2je

ik|x−x2j |, (4)

where am is the amplitude of the wave coming in from the endpoint xm.
Now let us introduce two matrices E and Σ corresponding to evaluation of

amplitudes through edges and vertices respectively. First matrix

E =

⎛⎜⎝ e1 0 . . .
0 e2 . . .
...

...
. . .

⎞⎟⎠ , where ej =
(

0 eikdj

eikdj 0

)
. (5)

The second matrix is formed by blocks of vertex scattering matrices

Σ =

⎛⎜⎝ σ1 0 . . .
0 σ2 . . .
...

...
. . .

⎞⎟⎠ , (6)
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where for natural boundary conditions the vertex scattering matrices do not de-
pend on the energy and elements are given by

σm
jk =

{ 2
vm

, j �= k,
2−vm

vm
, j = k,

for vm �= 1 and σ = 1 for vm = 1. (7)

After evaluation of the amplitudes through edges and then through vertices
we arrive to the same incoming amplitudes. Therefore the amplitudes a determine
an eigenfunction of H(Γ) for E > 0 if and only if a = ΣEa, i.e., when the matrix

U(k) = ΣE(k) (8)

has eigenvalue 1 and a is the corresponding eigenvector.
Let us denote the eigenvalues of the Laplace operator H in nondecreasing

order as follows
E0 = k2

0 = 0 < E1 = k2
1 ≤ E2 = k2

2 ≤ · · ·
and we will introduce the distribution u connected with the spectral measure

u ≡ δ(k) +
∞∑

n=1

(δ(k − kn) + δ(k + kn)) .

Now we are going to present the relation between spectrum of Laplace op-
erator H and lengths of periodic orbits, number of edges and total length of the
graph. Before we do this, however, we need to give a few definitions related to
periodic orbits of a graph.

By a periodic orbit we understand any oriented closed path on Γ. We do not
allow to turn back at any internal point of the edge, but walking the same edge
multiple times is allowed. Note that so defined orbit does not have any starting
point. With any such (continuous) periodic orbit p one can associate the discrete
periodic orbit consisting of all edges forming that orbit. Also let:

• P be the set of all periodic orbits for the graph Γ,
• l(p) be the geometric length of a periodic orbit p,
• prim(p) denote a primitive periodic orbit, such that p is a multiple of prim(p),
• L = d1 + d2 + · · ·+ dN be the total length of the graph Γ,
• T (p) be the set of all scattering coefficients along the orbit p.

Let us introduce coefficients which are independent of the energy:

Ap = l(prim(p))
( ∏

σm
ij ∈T (p)

σm
ij

)
, A∗

p = l(prim(p))
( ∏

σm
ij ∈T (p)

σm
ij

)
. (9)

The following theorem has been proven in [10], following the ideas of B.
Gutkin and U. Smilansky [6].

Proposition 1 (Theorem 1 from [10]). Let H(Γ) be the Laplace operator on a
finite connected metric graph Γ, then the following two trace formulae establish
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the relation between the spectrum {k2
j} of H(Γ) and the set of periodic orbits P ,

the number of edges N and the total length L of the graph:

u(k) ≡ δ(k) +
∞∑

n=1

(δ(k − kn) + δ(k + kn)) (10)

= −(N −M + 1)δ(k) +
L
π

+
1
2π

∑
p∈P

(
Ap eikl(p) +A∗

p e−ikl(p)
)
,

and

û(l) ≡ 1 +
∞∑

n=1

(
e−iknl + eiknl

)
(11)

= −(N −M + 1) + 2Lδ(l) +
∑
p∈P

(
Apδ(l − l(p)) +A∗

pδ(l + l(p))
)

where Ap, A∗
p are independent of the energy complex numbers given by (9).

The formula (11) converges in the sense of distributions (see [10] pp. 4908–
4909 for explicit calculations).

4. The inverse spectral problem

In this section we are going to apply formula (11) to prove that the inverse spectral
problem has unique solution for certain simple (i.e., without loops or multiple
edges), clean, finite connected metric graphs with rationally dependent lengths of
edges.

The set L of lengths of all periodic orbits is usually called the length spec-
trum. In some cases, formula (11) allows us to recover the length spectrum (of
periodic orbits) from the energy spectrum (of the Laplace operator H). On the
other hand, there are known graphs for which some lengths of periodic orbits can-
not be recovered. Formula (11) implies directly that the spectrum of a graph allows
one to recover the lengths l of all periodic orbits from the reduced length spectrum
L′ ⊂ L defined as

L′ = {l :
( ∑

p∈P
l(p)=l

Ap

)
�= 0}. (12)

Although for any periodic orbit p the coefficient Ap defined in (9) is non-zero
it can happen that the sum of all coefficients in front of δ(l− l(p)) is zero. This is
the reason why we use reduced length spectrum instead of more common length
spectrum.

4.1. Graphs with trivially rationally dependent edges

In this subsection we will discuss graphs where the set of all lengths of edges is
rationally independent, while some edges can have equal lengths (we will call such
case a graph with trivially rationally dependent edges). One can prove that such
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graphs can be uniquely reconstructed from length spectrum and total length of the
graph — and, therefore, can be uniquely reconstructed from spectrum of Laplace
operator on this graph.

We shall now remind Lemma 2 from paper [10] and we will re-state this
lemma for graphs with trivially rationally dependent edges.

Lemma 2. Let Γ be a graph with trivially rationally dependent lengths of edges.
Assume that the edges of the same length are not neighbors to each other. Then
the reduced length spectrum L′ contains at least the following lengths:
• 4dj, for all j = 1, . . . , N ;
• 2dj if there exist exactly one edge of length dj ;
• 2(dj + dk) iff the edges having lengths dj and dk are neighbors;
• 2(di + dj + dk) if Δi, Δj and Δk form a path but do not form a cycle.

Proof. Consider any orbit p of the length 4dj . Then the coefficient Ap product
consists of exactly two squared reflection coefficients and therefore is strictly pos-
itive. The coefficient in front of δ(l − 4dj) in the sum (11):

∑
p:l(p)=4dj

Ap is also
strictly positive. Thus 4dj belongs to the reduced length spectrum L′.

The other three parts of this proof follow from the Lemma 2 and its proof in [10].
�

Lemma 3. Assume that the metric graph Γ is finite, clean, connected and simple.
Let Γ have edges of trivially rationally dependent lengths. Let us denote number of
edges of length d1 by β1, number of edges of length d2 by β2, . . . , number of edges
of length dn by βn (where βi ≥ 1 for i = 1, . . . , n).

Then the total length L of the graph and the reduced length spectrum L′

determine the lengths of all edges (dj), as well as the number of edges having these
particular lengths (βj).

Proof. Consider the finite subset L′′ of L′ ⊂ L, consisting of all lengths less than
or equal to 4L

L′′ = {l ∈ L′ : l ≤ 4L}.
This finite set contains at least the numbers 4dj and those numbers form a

basis for a set of all lengths of periodic orbits, i.e., every length l ∈ L′′ (as well as
in L) can be written as a combination of 4dj

l =
1
4

n∑
j=1

nj4dj , nj ∈ N,

where nj are the smallest possible non-negative integers. Since all dj are rationally
independent then this combination is unique. Such a basis is not unique but any
two bases {4dj} and {4d′j} are equal with respect to a permutations of its elements.

The total length of the graph L can also be written as

L =
1
4

n∑
j=1

βj4dj , βj ∈ N. (13)
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Because the graph Γ is simple (i.e., without loops or multiple edges), the coefficients
βj indicate the total number of edges of length dj . �

Lemma 4. Assume that the metric graph Γ is finite, clean, connected and simple.
Let Γ have edges with trivially rationally dependent lengths. Also assume that any
two edges Δ, Δ′ with lengths di, dj (where i can be equal j) for which βi ≥ 2 and
βj ≥ 2 (i.e., they are both repeating edges) are separated by at least two non-
repeating edges (i.e., edges for which βk = 1).

Then the graph Γ can be reconstructed from the set D = {dj} of the lengths
of all edges and the reduced length spectrum L′.

Proof. At the beginning we are going to reconstruct the graph Γ without repeating
edges. In order to do this, we shall use the idea of reconstructing the simple
subgraph in the proof of Lemma 4 in the paper [10].

Let us denote by Γ∗ the subgraph of Γ which can be obtained by deleting
all edges with βj ≥ 2. Γ∗ does not have to be a connected graph, so let us denote
its components by Γ(1), Γ(2), . . . , Γ(s). The reconstruction will be done iteratively
and we will construct an increasing finite sequence of subgraphs such that Γ1 ⊂
Γ2 ⊂ · · · ⊂ ΓN∗ = Γ∗. The corresponding subsets of edges will be denoted by Ek

for k = 1, . . . , N∗.
The reconstruction of any component Γ(j) is done in the following way. For

k = 1 take the graph Γ(j)
1 , consisting of an arbitrary non-repeating edge, say Δ1.

In order to get Γ(j)
2 , pick any neighbor of Δ1, say Δ2, and attach it to any of

the endpoints of Δ1 (the set of neighbors of Δ1 can be easily obtained from the
reduced length spectrum L′).

Suppose that connected subgraph Γ(j)
k consisting of k edges (k ≥ 2) is already

reconstructed. Pick any edge, say Δk+1, which is a neighbor of at least one of the
edges in Γ(j)

k . Let us denote by Enbh
k the subset of Ek consisting of all edges which

are neighbors of Δk+1. We have to identify (one or two) vertices in Γ(j)
k to which

the new Δk+1 is attached – every such vertex is uniquely determined by listing of
the edges joined at this vertex (since the subgraph Γ(j)

k is simple, connected and
contains at least two edges). Therefore we have to separate Enbh

k into two classes
of edges, each attached to one endpoint of Δk+1. Observe that one of the two sets
can be empty, which corresponds to the case the edge Δk+1 is attached to Γ(j)

k at
one vertex only.

Take any two edges from Enbh
k , say Δ′ and Δ′′. The edges Δ′ and Δ′′ belong

to the same class if and only if:

• Δ′ and Δ′′ are neighbors themselves and
• d′+d′′+dk+1 /∈ L′, i.e., the edges Δ′, Δ′′ and Δk+1 do not form a cycle (note

that if Δ′, Δ′′ and Δk+1 form a cycle, then there are two periodic orbits of
length d′ + d′′ + dk+1 and the corresponding A-coefficients are equal – which
implies that d′ + d′′ + dk+1 ∈ L′).
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In this way we either separate the set Enbh
k into two classes of edges or

Enbh
k consists of edges joined at one vertex. In the first case, the new edge Δk+1

connects the two vertices uniquely determined by those two subclasses. In the
second case, the edge Δk+1 is attached at one end point to Γ(j)

k at the vertex
uniquely determined by Enbh

k . It does not matter which of the two end points
of Δk+1 is attached to the chosen vertex of Γ(j)

k , since the two possible resulting
graphs are equivalent.

Denote the graph created this way by Γ(j)
k+1.

When there are no more edges left which are neighbors of Γ(j)
k , then pick any

new non-repeating edge from E and start the reconstruction procedure for new
component of graph Γ∗, say Γ(j′). After a finite number of steps one arrives at the
graph Γ∗.

It remains now to add the repeating edges. Since each repeating edge of
length dn is separated from any other repeating edge of length dm by at least two
non-repeating edges, then there is no interference between adding edges dn and
dm to Γ∗. Following previous lemma, from reduced length spectrum L′ and total
length of the graph L we know that we have exactly βn edges of length dn.

As the first step we want to split all neighbors of all dn edges into 2βn classes
(some of which can be empty). The set of all neighbors of dn from graph Γ∗ will
be denoted by En. We say that Δj and Δk from En are in the same class if:
• Δj and Δk are neighbors to each other,
• they do not build a cycle of length dn + dj + dk,
• if there is an edge Δm which is a neighbor to Δj and to Δk but is not a

neighbor to any edge of length dn, then there is a cycle of length dm +dj +dk.

In that way we obtain non-empty sets E1
n, E2

n, . . . , Eαn
n which correspond to

vertices v1, v2, . . . , vαn where αn ≤ 2βn.
As the second step we have to identify, for each edge of length dn, two vertices

(or only one) to which this particular edge is attached. We are going to check all
pairs of vertices vi and vj from the list above. An edge of length dn is attached to
those two vertices if
• vi and vj are connected by a path of two edges d′ and d′′ where d′ ∈ Ei

n and
d′′ ∈ Ej

n and there exist a periodic orbit of length d′ + d′′ + dn in L′, or
• vi and vj are not connected by any path of two edges and for each pair d′ ∈ Ei

n

and d′′ ∈ Ej
n there exist a periodic orbits of length 2(d′ + d′′ + dn) in L′.

For each of those vertices v1, v2, . . . , vαn for which neither of the above con-
ditions are satisfied, we attach a loose edge of length dn.

We repeat this procedure for all edges of repeating lengths. Since the graph
is finite, after finite number of steps we reconstruct the whole graph Γ. �
Theorem 5. The spectrum of a Laplace operator on a metric graph determines the
graph uniquely, provided that:
• the graph is clean, finite, simple and connected,
• the edges are trivially rationally dependent,
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• any two repeating edges are separated by at least two non-repeating edges
(having rationally independent lengths).

Proof. The spectrum of the operator determines the left-hand side of the trace
formula (10). Formula (11) shows that the spectrum of the graph determines the
total length of the graph and the reduced length spectrum. Lemma 3 implies
that the lengths of all edges and their multiplicities can be extracted from this
quantities under the conditions of the theorem. It follows from Lemma 4 that the
whole graph can be reconstructed. �

4.2. Graphs with weakly rationally dependent edges

In the last part of this paper we shall consider some special kind of graph with
rationally dependent edges and we will prove that for those graphs the unique
reconstruction from the spectrum of Laplace operator is still possible. We shall
use, as before, the trace formula and some properties of mutually prime numbers.

Definition 6. Assume that the metric graph Γ is finite, clean, connected and simple.
We say that the edge lengths are weakly rationally dependent if the lengths of edges
belong to the set{

d1,
p12

q12
d1,

p13

q13
d1, . . . ,

p1r1

q1r1

d1, d2,
p22

q22
d2, . . . ,

p2r2

q2r2

d2, . . . , dn,
pn2

qn2
dn, . . . ,

pnrn

qnrn

dn

}
,

where pij/qij > 1 are proper fractions, qj2, qj3, . . . , qjrj are mutually prime for all
j = 1, . . . , n and d1, d2, . . . , dn are rationally independent.

Observe that if n = 1 then all edges in the graph are rationally dependent.
On the other hand, if all pij = 0 for j ≥ 2 and all i then all edges in the graph are
rationally independent. Note that the denominators qij are mutually prime but it
doesn’t immediately indicate that they are prime numbers.

Lemma 7. Assume that the metric graph Γ has weakly rationally dependent edges.
Then the total length L of the graph and the reduced length spectrum L′ determine
the lengths of all edges.

Proof. As in Lemma 3 we will use an approach of finding a basis for all periodic
orbits. We claim that the set {2sj}, where sj is length of any edge in the graph,
is a basis for all periodic orbits. Consider as before the finite subset L′′ of L′ ⊂ L
consisting of all lengths less than or equal to 2L

L′′ = {l ∈ L′ : l ≤ 2L}.
It is obvious that any periodic orbit can be written as a half-integer combi-

nation of 2sj elements

l =
1
2

N∑
j=1

αj2sj, αj ∈ N.

We shall prove that for graph with weakly rationally dependent edges this
combination is unique.
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Among all periodic orbits there exist periodic orbits of length 2sj . Assume
that for some arbitrary j such orbit is a linear combination of other edges and since
d1, d2, . . . , dn are rationally independent it is enough to consider only rationally
dependent edges. For sake of notation clearness we will omit the first index in
numbers pij and qij as well as index at di. Thus we have the following equation

2
pj

qj
d = α1

p1

q1
d + α2

p2

q2
d + · · ·+ αj−1

pj−1

qj−1
d + αj+1

pj+1

qj+1
d + · · ·+ αn

pn

qn
d (14)

2
pj

qj
=

α1p1q2 . . . qj−1qj+1 . . . qn + · · ·+ αnq1q2 . . . qj−1qj+1 . . . qn−1pn

q1q2 . . . qj−1qj+1 . . . qn

2pjq1 . . . qj−1qj+1 . . . qn = α1p1q2 . . . qn + · · ·+ αj−1q1q2 . . . pj−1qj . . . qn

+ αj+1q1q2 . . . qjpj+1 . . . qn + · · ·+ αnq1q2 . . . qn−1pn.

Let us compare both sides of the previous equation, one by one, modulo each
of q1, q2, . . . , qj−1, qj+1, . . . , qn, thus giving the following system of equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 = α1p1q2 . . . qn (mod q1)
...

0 = αj−1q1q2 . . . pj−1qj . . . qn (mod qj−1)
0 = αj+1q1q2 . . . qjpj+1 . . . qn (mod qj+1)

...
0 = αnq1q2 . . . qn−1pn (mod qn)

Since all qi are mutually prime and pi/qi are proper fractions, the only solu-
tion to this system of equations is αi = 0 (mod qi) for all i = 1, 2, . . . , j − 1, j +
1, . . . , n. It means that all elements on the right-hand side of (14) are nonnegative
integers, while the left-hand side of the same equation is an integer if and only if
j = 1 or j = 2 (then p1 = q1 = 1 or, respectively, q2 = 2 and p2 = 3).

In the first case, the left-hand side equals 2, while at the same time the right-
hand side is either 0 or is strictly greater than 2. In the second case, the left-hand
side is equal to 3, while the right-hand side is equal to α1 + r, where r is either
0 or is strictly greater than 3. Thus, to fulfill equation (14), r has to be 0 and α1

has to be 3. This is, however, impossible – since there is exactly one periodic orbit
of length 3 (consisting of double edge of length p2

q2
= 3

2 ).
Thus we have proven that the set {2sj} where sj are lengths of all edges in

the graph Γ form the basis for all lengths of periodic orbits.
Hence we have determined all lengths of edges if these edges are weakly

rationally dependent. �

Lemma 8. Assume that the metric graph Γ has weakly rationally dependent edges.
Then the graph Γ can be reconstructed from the sets D = {dj} and the reduced
length spectrum L′.

Proof. As we have just shown in Lemma 7, from reduced length spectrum L′ one
can obtain lengths of all edges in graph Γ with weakly rationally dependent edges.
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Following Lemma 2 we can deduce that the reduced length spectrum L′ contains
at least the shortest orbit formed by any two neighboring edges Δj and Δk, i.e.,
2(dj + dk). Thus we can identify all neighbors of each edge. The algorithm of
reconstruction the graph Γ will be the same as in proof of Lemma 4 in part where
we reconstruct components of Γ∗. �

Theorem 9. The spectrum of a Laplace operator on a metric graph determines the
graph uniquely, provided that:
• the graph is clean, finite, simple and connected,
• the edges are weakly rationally dependent.

Proof. The spectrum of the operator determines the left-hand side of the trace for-
mula (10). Formula (11) shows that the spectrum of the graph determines the total
length of the graph and the reduced length spectrum. Lemma 7 implies that the
lengths of all edges can be extracted from this quantities under the conditions of the
theorem. It follows from Lemma 8 that the whole graph can be reconstructed. �
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Introduction

Functional model approach plays a prominent role in the study of non-selfadjoint
and non-unitary operators on a Hilbert space. The rich and comprehensive theory
has been developed since pioneering works of M. Brodskĭı, M. Livŝiç, B. Szökefalvi-
Nagy, C. Foiaş, L. de Branges, and J. Rovnyak, see [33], [34] and references
therein. The functional model techniques are based on the fundamental theorem of
B. Szökefalvi-Nagy and C. Foiaş stating that each linear contraction T , ‖T ‖ ≤ 1
on a separable Hilbert space H can be extended to a unitary operator U on a
wider Hilbert space H ⊃ H such that T n = PHUn|H , n ≥ 0, where PH is the
orthogonal projection from the space H onto its subspace H . Operator U is called
dilation of the contraction T . A unitary operator U with such properties is not
unique, but if the contraction T does not have reducing unitary parts (such op-
erators are called completely non-unitary, or simple) and if U is minimal in the
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sense that the linear set {UkH : k ∈ Z} is dense in the dilation space H , then
the unitary dilation U is unique up to a unitary equivalence. B. Szökefalvi-Nagy
and C. Foiaş proved as well that the spectrum of the minimal unitary dilation
of a simple contraction is absolutely continuous and coincides with the unit cir-
cle T := {z ∈ C : |z| = 1}. In the spectral representation of the unitary opera-
tor U , when U becomes a multiplication f �→ k ∗ f , k ∈ T on some L2 space of
vector-functions f , the contraction T = PHU |H takes the form of its functional
model T ∼= PH k ∗ |H .

Originating in the specific problems of physics of the time, the initial re-
search on functional model quickly shifted into the realm of “pure mathematics”
and most of the model results are now commonly regarded as “abstract”. One of
the few exceptions is the scattering theory developed by P. Lax and R. Phillips [26].
The theory was originally devised for the analysis of the scattering of electromag-
netic and acoustic waves off compact obstacles. The research, however, not only
resulted in important discoveries in the scattering theory, but deeply influenced
the subsequent developments of the operator model techniques as well.

The connection between the Lax-Phillips approach and the Sz.-Nagy-Foiaş di-
lation theory is established by means of the Cayley transform that maps a bounded
operator T such that R(T − I) is dense in H into a possibly unbounded opera-
tor A := −i(T + I)(T − I)−1, D(A) := R(T − I). If T is unitary, then A is selfad-
joint, and when T is contractive, the imaginary part of the operator A (properly
understood, if needed, in the sense of sesquilinear forms) is positive. The latter
operators A are called dissipative. By definition, the selfadjoint dilation A = A ∗

of a dissipative operator A = −i(T + I)(T − I)−1 is the Cayley transform of the
unitary dilation of T . Correspondingly, the dilation A is called minimal if the set
{(A − zI)−1H : Im z �= 0} is dense in H .

The main object of the Lax-Phillips scattering theory is a strongly continuous
contractive group of operators on a Hilbert space. The generator of this group is
a dissipative operator that describes the geometry of the scatterer. Its selfadjoint
dilation is present in the problem statement from the very beginning, and as all
other mathematical objects of the theory, allows a clear physical interpretation.

Another line of examples of the fruitful interplay between the functional
model theory and mathematical physics originates in the works [35], [37], [38],
[39] of B. Pavlov on dissipative Schrödinger operators with a complex potential
on L2(R3) and with a dissipative boundary condition on L2(0,∞). In comparison
with the Lax-Phillips theory these studies are distinguished by the absence of the
“natural” selfadjoint dilation known upfront. In both cases the selfadjoint dilations
have to be “guessed” and explicitly assembled from the objects given in the initial
problem statement. This approach eventually evolved into a recipe that not only
allows to recover the selfadjoint dilation (see [24]), but also to build its spectral
representation, obtaining the eigenfunction expansion of the original dissipative
operator. The dilation and the model space used by B. Pavlov are well suited for
the study of differential operators, and as in the case of the Lax-Phillips theory,
the objects emerging from the model considerations have clear physical meaning.
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(See [40].) The technique of expansion by the dilation’s eigenfunctions of absolutely
continuous spectrum in order to pass to the spectral representation is well known in
the physical literature, where this otherwise formal procedure is properly rectified
by the distribution theory. In application to the setting of a generic dissipative
operator, this approach requires a certain adaptation of the rigged Hilbert spaces
technique. (See [40] for an example.)

The next step in the development was made by S. Naboko, who offered a
“direct” method of passing on to the functional model representation for the dis-
sipative operators with the relatively bounded imaginary part [28], [29], [30]. The
approach is based on the preceding works of B. Pavlov, but without resorting
to the dilation’s eigenfunctions of continuous spectrum, the spectral mapping is
expressed in terms of boundary values of certain operator- and vector-valued func-
tions analytic in the upper and lower half-planes. In a sense, this is exactly what
one should expect trying to justify the distributions by methods of the analytic
functions theory [15]. As an immediate benefit, this direct approach opened up
the opportunity to include non-selfadjoint relatively bounded perturbations of a
selfadjoint operator with the relative bound lesser than 1 in the model-based con-
siderations. It turned out that for an operator of this class there exists a model
space where the action of the operator can be expressed in a simple and precise
form. The ability to abandon the dissipativity restriction imposed on the oper-
ator class suitable for the model-based study allowed S. Naboko to conduct the
profound spectral analysis of additive perturbations of the selfadjoint operators,
to develop the scattering theory for such perturbations, and to introduce valuable
definitions of spectral subspaces of a non-selfadjoint non-dissipative operator. The
idea of utilization of the functional model of a “close” operator for the study of the
operator under consideration was adopted by N. Makarov and V. Vasyunin in [27],
who offered the analogue of S. Naboko’s construction for an arbitrary bounded op-
erator considered as a perturbation of a unitary. It comes quite naturally that the
relationship between these two settings is established by the Cayley transform.

Although the question of model representation of a bounded operator became
settled on the abstract level with the work [27], the challenges with various applica-
tions to the physical problems remain to be addressed. (See [43] for valuable details
on dissipative case.) Speaking of two basic examples of non-selfadjoint Schrödinger
operators tracked back to the original works of B. Pavlov, it has to be noted that
the example of the Schrödinger operator with a complex-valued potential can be
studied from the more general point of view of relative bounded perturbations de-
veloped in [28].1 At the same time the second example, non-selfadjoint extensions
of a symmetric differential operator, mostly remains outside of the general theory
since these operators could not be divided into a selfadjoint one, plus a relatively
bounded additive perturbation. Consequently, in order to utilize the functional
model approach for the study of extensions of symmetric operators arising in the

1The functional model of additive perturbations has been applied to the spectral analysis of the
transport operator in [31], [25].
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physical applications, one is left solely with the recipe of B. Pavlov. In other words,
one has to “guess” the selfadjoint dilation and to prove the eigenfunction expansion
theorem.

The present paper concerns the functional model construction for a wide class
of extensions of symmetric operators known in the literature as almost solvable
extensions. Our approach is identical to that of S. Naboko and as such does not in-
volve the eigenfunctions expansion at all. All considerations are carried out in the
general setting of the model for non-dissipative non-selfadjoint operators. Although
results obtained here are applicable to many interesting physical and mathematical
problems, the limitations of almost solvable extensions theory hamper the study
of the most interesting case of a multi-dimensional boundary value problem for
the partial differential operators. (See Remark 1.5 for more details.) Dissipative
extensions of symmetric operators with finite deficiency indices are much easier
to analyze. A few successful attempts that utilize the B. Pavlov schema to exam-
ine operators of this class encountered in applications were published recently. In
particular, Pavlov’s approach to the model construction of dissipative extensions
of symmetric operators was followed by B. Allahverdiev in his works [4], [5], [6],
[7], and some others, and by the group of authors [20], [10], [11], [12], where the
theory of the dissipative Schrödinger operator on a finite interval was applied to
the problems arising in the semiconductor physics. In comparison with these re-
sults, Section 2 below offers an abstract perspective on the selfadjoint dilation and
its resolvent for a dissipative almost solvable extension, and more importantly,
verifies correctness of many underlying arguments needed for the further develop-
ment in the general situation. These abstract results are immediately applicable
to any dissipative almost solvable extension, thereby relieve of the burden to prove
them in each particular case. Since the eigenfunction expansion is not used in the
model construction, all the objects are well defined and there is no need for special
considerations with regard to formal procedures dealing with “generalized” vec-
tors. Finally, the paper proposes a model of an almost solvable extension with no
assumption of its dissipativity.

The paper is organized as follows. In Section 1 we briefly review some defini-
tions and results pertinent to our study. The section culminates with the calcula-
tion of the characteristic function of a non-selfadjoint almost solvable extension of
a symmetric operator expressed in terms of the extension’s “parameter” and the
Weyl function. (See the definitions below.) The relationship of these three objects
is believed to be first obtained in the paper [35] for a symmetric operator with the
deficiency indices (1, 1), but seems to remain unnoticed. We take an opportunity
and formulate this result in the more general setting of almost solvable extensions.
In Section 2 we show how to build the functional model of a non-selfadjoint al-
most solvable extension of a symmetric operator following the approach of [28].
All the results are accompanied with the full proofs, starting from the exact form
of dilation of a dissipative almost solvable extension and ending in the main model
theorem for a general non-selfadjoint non-dissipative extension. In Section 3 the
theory is illustrated by two examples of symmetric operators with finite deficiency
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indices. We refrain from giving the model construction of non-selfadjoint exten-
sions of these operators, because all such results are easily derived from the theory
developed in Section 2.

The author would like to thank Prof. Serguei Naboko for his attention to
the work and encouragement. As well, the author is grateful to the referee for
numerous useful suggestions with regard to the paper’s readability.

We use symbol B(H1, H2) where H1, H2 are separable Hilbert spaces, for
the Banach algebra of bounded operators, defined everywhere in H1 with values
in H2. The notation A : H1 → H2 is equivalent to A ∈ B(H1, H2). Also, B(H) :=
B(H, H). The real axis, complex plane are denoted as R, C, respectively. Further,
C± := {z ∈ C : ± Im z > 0}, R± := {x ∈ R : ± x > 0}, where Im stands for the
imaginary part of a complex number. The domain, range and kernel of a linear
operator A are denoted as D(A), R(A), and ker(A); the symbol ρ(A) is used for
the resolvent set of A.

1. Preliminaries

Let us recall a few basic facts about unbounded linear operators.
For a closed linear operator L with dense domain D(L) on a separable Hilbert

space H a sesquilinear form ΨL(·, ·) defined on the domain D(L)×D(L):

ΨL(f, g) =
1
i
[(Lf, g)H − (f, Lg)H ], f, g ∈ D(L) (1.1)

plays a role of the imaginary part of L in the sense that 2Im (Lf, f) = ΨL(f, f),
f ∈ D(L).

Definition 1.1. The operator L is called dissipative if

Im (Lf, f) ≥ 0, f ∈ D(L). (1.2)

Definition 1.2. The operator L is called maximal dissipative if (1.2) holds and the
resolvent (L− zI)−1 ∈ B(H) exists for any z ∈ C−.

In what follows A denotes a closed and densely defined symmetric operator on
the separable Hilbert space H with equal deficiency indices 0 < n+(A) = n−(A) ≤
∞. We will assume that A is simple, i.e., it has no reducing subspaces where it
induces a self-adjoint operator. The adjoint operator A∗ is closed and A ⊆ A∗ in
a sense that D(A) ⊆ D(A∗) and Ax = A∗x for x ∈ D(A).

1.1. Boundary triples and almost solvable extensions

An extension A of the operator A is called proper, if A ⊆ A ⊆ A∗. The following
definition, see [19], [16], [21], may be considered as an abstract version of the
second Green formula.

Definition 1.3. A triple {H, Γ0, Γ1} consisting of an auxiliary Hilbert space H and
linear mappings Γ0, Γ1 defined on the set D(A∗), is called a boundary triple for
the operator A∗ if the following conditions are satisfied:
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1. Green’s formula is valid

(A∗f, g)H − (f, A∗g)H = (Γ1f, Γ0g)H − (Γ0f, Γ1g)H, f, g ∈ D(A∗). (1.3)

2. For any Y0, Y1 ∈ H there exist f ∈ D(A∗), such that Γ0f = Y0, Γ1f = Y1. In
other words, the mapping f �→ Γ0f⊕Γ1f , f ∈ D(A∗) into H⊕H is surjective.

The boundary triple can be constructed for any closed densely defined symmetric
operator with equal deficiency indices. Moreover, the space H can be chosen so
that dimH = n+(A) = n−(A). (See references above for further details.)

Definition 1.4. A proper extension A of the symmetric operator A is called almost
solvable (a.s.) if there exist a boundary triple {H, Γ0, Γ1} for A∗ and an opera-
tor B ∈ B(H) such that

f ∈ D(A) ⇐⇒ Γ1f = BΓ0f. (1.4)

Note that this definition implies the inclusion D(A) ⊂ D(A∗) and in fact the
operator A is a restriction of A∗ to the linear set {f ∈ D(A∗) : Γ1f = BΓ0f}.

It can be shown (see [18]) that if a proper extension A has regular points in
both the upper and lower half-planes, then this extension is almost solvable. In
other words, there exist a boundary triple {H, Γ0, Γ1} and an operator B ∈ B(H)
such that A = AB . We will refer to the operator B as a “parameter” of the
extension AB .

The next theorem summarizes some facts concerning a.s. extensions needed
for the purpose of the paper.

Theorem 1.1. Let A be a closed symmetric operator with dense domain on a separa-
ble Hilbert space H with equal (finite or infinite) deficiency indices and {H, Γ0, Γ1}
be the boundary triple for its adjoint A∗. Let B ∈ B(H) and AB be the corre-
sponding a.s. extension of A. Then

1. A ⊂ AB ⊂ A∗.
2. (AB)∗ ⊂ A∗, (AB)∗ = AB∗ .
3. AB is maximal, i.e., ρ(AB) �= ∅.
4. B is dissipative ⇐⇒ AB is maximal dissipative.
5. B = B∗ ⇐⇒ AB = (AB)∗.

Proof. The proof can be found in [19], [18]. Note that the last two assertions can
easily be verified using equality

ΨAB (f, g) =
1
i
[(ABf, g)− (f, ABg)] =

1
i
((B −B∗)Γ0f, Γ0g),

f, g ∈ D(AB)
(1.5)

which directly follows from (1.3), (1.4). �

Remark 1.5. In many cases of operators associated with partial differential equa-
tions, the boundary triple constructed according to the results cited in Defini-
tion 1.3 could not be easily linked to the Green formula as traditionally understood
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in a sense of differential expressions. For example, let Ω be a smooth bounded do-
main in R3, and A be a minimal symmetric operator in L2(Ω) associated with the
Laplace differential expression −Δ in Ω. Then A∗ is defined on the set of functions
u ∈ L2(Ω) such that Δu ∈ L2(Ω). The well-known Green formula (see [1], for
example) suggest the “natural” definition of mappings Γ0, Γ1 as Γ0 : u �→ u|∂Ω,
Γ1 : u �→ ∂u

∂n |∂Ω, u ∈ D(A∗) with the boundary space H = L2(∂Ω). However, be-
cause there exist functions in D(A∗) that do not possess boundary values on ∂Ω,
operators Γ0 and Γ1 are not defined on the whole of D(A∗), and the theory of
almost solvable extensions is inapplicable to this choice of the triple {H, Γ0, Γ1}.

1.2. Weyl function

For a given boundary triple {H, Γ0, Γ1} for the operator A∗ introduce an opera-
tor A∞ as a restriction of A∗ on the set of elements y ∈ D(A∗) satisfying the
condition Γ0y = 0:

A∞ := A∗|D(A∞), D(A∞) := {y ∈ D(A∗) : Γ0y = 0} . (1.6)

Formally, the operator A∞ is an almost solvable selfadjoint extension of A corre-
sponding to the choice B =∞. (See (1.4).) This justifies the notation. It turns out
([19], [18]), that the operator A∞ is selfadjoint indeed. Further, for any z ∈ C−∪C+
the domain D(A∗) can be represented in the form of the direct sum:

D(A∗) = D(A∞)+̇ ker(A∗ − zI) (1.7)

according to the decomposition f = y + h with f ∈ D(A∗), y ∈ D(A∞), and
h ∈ ker(A∗ − zI), where

y := (A∞ − zI)−1(A∗ − zI)f, h := f − y.

Taking into account equality D(A∞) = ker(Γ0) and the surjective property of Γ0, it
follows from the formula (1.7) that for each e ∈ H and z ∈ C− ∪C+ the equation
Γ0h = e has a unique solution that belongs to ker(A∗ − zI). In other words, a
restriction of operator Γ0 on the set ker(A∗ − zI) is invertible. Denote γ(z) the
corresponding inverse operator:

γ(z) =
[
Γ0|ker(A∗−zI)

]−1
, z ∈ C− ∪ C+. (1.8)

By a simple computation we deduce from (1.3) with f ∈ D(A∞), g ∈ ker(A∗− zI)
that

γ∗(z̄) = Γ1(A∞ − zI)−1, z ∈ C− ∪C+. (1.9)
The Weyl function M(·) corresponding to the boundary triple {H, Γ0, Γ1}

is defined as an operator-function with values in B(H), such that for each z ∈
C− ∪ C+, and fz ∈ ker(A∗ − zI)

M(z)Γ0fz = Γ1fz. (1.10)

Another representation of M(·) easily follows from (1.8) and (1.10)

M(z) = Γ1γ(z), z ∈ C+ ∪ C−. (1.11)

The next theorem sums up a few properties of the Weyl function.
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Theorem 1.2. Let M(·) be the Weyl function (1.10), z ∈ C− ∪ C+ and an opera-
tor B ∈ B(H) be a parameter of a.s. extension AB of A. The following assertions
hold:

1. M(z) is analytic,
2. Im M(z) · Im z > 0,
3. [M(z)]∗ = M(z̄),
4. M(z)−M(ζ) = (z − ζ)γ∗(ζ̄)γ(z), z, ζ ∈ C+ ∪ C−,
5. z ∈ ρ(AB) ⇐⇒ (B −M(z)) is boundedly invertible in H,
6. (AB − zI)−1 − (A∞ − z)−1 = γ(z)(B −M(z))−1γ∗(z̄), z ∈ ρ(AB).

Proof. The proof of the theorem can be found in [18]. �

It follows from Theorem 1.2 that the Weyl function M(·) is a Herglotz func-
tion. It is analytic in the upper half-plane, with positive imaginary part.

1.3. Characteristic function of an almost solvable extension

As before, let A be a simple densely defined symmetric operator with equal
deficiency indices and {H, Γ0, Γ1} be the boundary triple for A∗. Let M(·) be
the Weyl function corresponding to that triple. According to Theorem 1.1, for
any B ∈ B(H) the extension AB is selfadjoint if B = B∗. We shall assume
that B �= B∗ and calculate the characteristic function of the non-selfadjoint op-
erator AB. (See the definition below.) For simplicity sake we assume that the
operator AB is simple. In other words, AB has no non-trivial selfadjoint parts. It
turns out that there exists an elegant formula which ties together the characteris-
tic function of AB, Weyl function M(·) and the extension “parameter” B. In the
particular case of the one-dimensional Schrödinger operator on R+, this formula
was obtained in [35].

Let us recall the definition of the characteristic function of a linear non-
selfadjoint operator. In our narrative we follow the abstract approach developed
by Štraus [44].

For a closed linear operator L with dense domain D(L) introduce a linear
set G(L):

G(L) =
{
g ∈ D(L) : ΨL(f, g) = 0, ∀f ∈ D(L)

}
,

and a linear space L(L) defined as closure of the quotient D(L)/G(L) endowed
with an inner product [ξ, η]L = ΨL(f, g), ξ, η ∈ L(L), f ∈ ξ, g ∈ η, where ΨL(f, g)
is defined in (1.1). The inner product [·, ·]L is symmetric and non-degenerate, but
not necessarily positive. The non-degeneracy means the implication

[ξ, η]L = 0, ∀η ∈ L ⇒ ξ = 0.

Definition 1.6. A boundary space for the operator L is any linear space L which
is isomorphic to L(L). A boundary operator for the operator L is the linear oper-
ator Γ with the domain D(L) and the range in the boundary space L such that

[Γf, Γg]L = ΨL(f, g), f, g ∈ D(L). (1.12)
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We shall assume that the operator L is non-selfadjoint and its resolvent set
is non-empty: ρ(L) �= ∅. Let L endowed with an inner product [·, ·] be a boundary
space for L with boundary operator Γ, and let L′ with an inner product [·, ·]′ be a
boundary space for −L∗ with boundary operator Γ′ mapping D(L∗) onto L′.

Definition 1.7. A characteristic function of the operator L is an operator-valued
function ΘL defined on the set ρ(L∗) whose values ΘL(z) map L into L′ according
to the equality

ΘL(z)Γf = Γ′(L∗ − zI)−1(L− zI)f, f ∈ D(L). (1.13)

Since the right-hand side of (1.13) is analytic with regard to z ∈ ρ(L∗), the
function ΘL is analytic on ρ(L∗).

Let us carry out the calculation of the characteristic function of an a.s. ex-
tension AB of the symmetric operator A parameterized by the bounded opera-
tor B ∈ B(H).

Let B = BR + iBI where BR = 1
2 (B + B∗) and BI = 1

2i (B −B∗) be the real
and the imaginary parts of operator B, and

E = closR(BI), α = |2BI |1/2, J = sign(BI |E). (1.14)

Obviously, operators α and J commute as functions of the selfadjoint operator BI .
Note as well the involutional properties of the mapping J acting on the space E,
namely, the equalities J = J∗ = J−1. If the operator B is dissipative (i.e., BI ≥ 0),
then J = IE and α = (2BI)1/2.

Using notation (1.14) the equality (1.5) can be rewritten in the form

ΨAB (f, g) = 2(BIΓ0f, Γ0g)E = (JαΓ0f, αΓ0g)E , f, g ∈ D(AB)

where equality 2BI |E = αJα|E holds due to the spectral theorem. According to
the definition (1.12) we can choose the boundary space of the operator AB to be
the space E with the metric [·, ·] = (J ·, ·)H = (J ·, ·)E and define the boundary
operator Γ as the map

Γ : f �→ JαΓ0f, f ∈ D(Γ), D(Γ) = D(AB). (1.15)

Since −A∗
B = −AB∗ , see Theorem 1.1, we can repeat the arguments above

and choose the boundary space of −A∗
B to be the same Hilbert space E with the

same metric [·, ·]′ = [·, ·] = (J ·, ·)E , and the boundary operator Γ′ to be equal
to the operator Γ = JαΓ0. Note that the metric [·, ·] = [·, ·]′ is positive if the
operator B is dissipative.

Now we are ready to calculate the characteristic function of the operator AB

that corresponds to the chosen boundary spaces and operators. Let z ∈ ρ(A∗
B) be a

complex number and f ∈ D(AB). Then from the equality gz = (A∗
B − zI)−1(AB −

zI)f we obtain
ABf −A∗

Bgz = z(f − gz)
which due to inclusions AB ⊂ A∗, A∗

B ⊂ A∗ shows that the vector f − gz belongs
to the linear set ker(A∗− zI). By the Weyl function definition (1.10) the following
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equality holds for each z ∈ ρ(A∗
B), f ∈ D(AB)

M(z)Γ0(f − gz) = Γ1(f − gz).

Since f ∈ D(AB) and gz ∈ D(A∗
B), the right-hand side here can be rewritten in

the form BΓ0f −B∗Γ0gz, and after elementary regrouping we obtain

(M(z)−B)Γ0f = (M(z)−B∗)Γ0gz.

By virtue of Theorem 1.2 the operator (M(z) − B∗) is boundedly invertible for
z ∈ ρ(A∗

B). Therefore,

Γ0gz = (B∗ −M(z))−1(B −M(z))Γ0f

and due to (1.15),

Γ′gz = JαΓ0gz = Jα(B∗ −M(z))−1(B −M(z))Γ0f

= Jα(B∗ −M(z))−1 ×
[
B∗ −M(z) + (B −B∗)

]
Γ0f

= Jα
[
I + 2i(B∗ −M(z))−1BI

]
Γ0f

= Jα
[
I + i(B∗ −M(z))−1αJα

]
Γ0f

=
[
IE + iJα(B∗ −M(z))−1α

]
JαΓ0f

=
[
IE + iJα(B∗ −M(z))−1α

]
Γf

so that finally for any f ∈ D(AB) and z ∈ ρ(A∗
B) the following equality holds

Γ′(A∗
B − zI)−1(AB − zI)f =

[
IE + iJα(B∗ −M(z))−1α

]
Γf.

Now the comparison with the definition (1.13) yields that the characteristic func-
tion ΘAB (·) : E → E corresponding to the boundary operators and spaces chosen
above is given by the formula

ΘAB (z) = IE + iJα(B∗ −M(z))−1α|E , z ∈ ρ(A∗
B). (1.16)

Similar calculations can be found in [22].
A few remarks are in order. Following the schema followed above, it is easy to

compute the characteristic function ΘB(·) of the operator B. Indeed, for x, y ∈ H

ΨB(x, y) =
1
i

[
(Bx, y)H − (x, By)H

]
=

1
i

(
(B −B∗)x, y

)
H

= 2(BIx, y)H = (Jαx, αy)E ,

Ψ−B∗(x, y) = ΨB(x, y)

so that we can choose the space E = closR(BI) as a boundary space of the
operators B and −B∗, see (1.14), and assume the boundary operators for B and
−B∗ to be the mapping of the vector x ∈ H into Jαx ∈ E. Computations, similar
to those conducted above, lead to the following expression for the characteristic
function ΘB(·) of the operator B:

ΘB(z) = IE + iJα(B∗ − zI)−1α|E .
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Remark 1.8. Comparison with (1.16) shows that the characteristic function ΘAB

of the extension AB can be formally obtained by the substitution of zI in the
expression for the characteristic function ΘB of the “parameter” operator B with
the Weyl function M(z) of the operator A. Or more formally,

ΘAB (z) = ΘB(M(z)), z ∈ ρ(B∗) ∩ ρ(A∗
B).

This interesting formula can be traced back to the paper of B. Pavlov [35].

Remark 1.9. Values of the characteristic operator function ΘAB (·) in the upper
half-plane C+ are J-contractive operators in E, i.e., for ϕ ∈ E(

JΘAB (z)ϕ, ΘAB (z)ϕ
)
E
≤ (Jϕ, ϕ)E , z ∈ ρ(A∗

B) ∩ C+. (1.17)

This result follows from the general contractive property of characteristic functions
of linear operators obtained in [44]. It is remarkable that the proof cited below does
not require the knowledge of the characteristic function itself. Its contractiveness
follows directly from its definition.

Theorem 1.3. [44] Let L, L′, Γ, Γ′ be the boundary spaces and boundary opera-
tors for the operators L and −L∗ respectively as described in Definition 1.6, [·, ·],
[·, ·]′ be the metrics in L, L′, and ΘL(·) be the characteristic function of L, see
Definition 1.7. Then the following equality holds

[ϕ, ϕ1]− [ΘL(z)ϕ, ΘL(ζ)ϕ1]′ = (1/i)(z − ζ̄)(Ωzϕ, Ωζϕ1)H (1.18)

where z, ζ ∈ ρ(L∗), ϕ, ϕ1 ∈ L, and the operator Ωz, z ∈ ρ(L∗) is uniquely defined
as the map Ωz : Γf �→ f − (L∗ − zI)−1(L− zI)f , f ∈ D(L).

Proof. By the polarization identity it is sufficient to show that (1.18) is valid for
z = ζ, ϕ = ϕ1. Standard density arguments allow us to prove the statement
of the theorem only for the dense set of vectors {ϕ} in L, for which there exist
f ∈ D(L), such that ϕ = Γf . Let ϕ be such a vector and f ∈ D(L) satisfies the
condition Γf = ϕ. Let gz be the vector (L∗−zI)−1(L−zI)f . Note that gz ∈ D(L∗),
(Lf, gz) = (f, L∗gz), and Lf − L∗gz = z(f − gz). Then

(z − z̄)(Ωzϕ, Ωzϕ)H = (z − z̄)(ΩzΓf, ΩzΓf)

= (z − z̄)(f − gz, f − gz)

=
(
z(f − gz), f − gz

)
−

(
f − gz, z(f − gz)

)
=

(
Lf − L∗gz, f − gz

)
−

(
f − gz, Lf − L∗gz)

)
= (Lf, f) + (L∗gz, gz)− (f, Lf)− (gz, L

∗gz)

=
(
(Lf, f)− (f, Lf)

)
−

(
(−L∗gz, gz)− (gz,−L∗gz)

)
so that

(1/i)(z − z̄)(Ωzϕ, Ωzϕ)H = ΨL(f, f)−Ψ−L∗(gz, gz)

= [Γf, Γf ]− [Γ′gz, Γ′gz]′ = [Γf, Γf ]− [ΘL(z)Γf, ΘL(z)Γf ]′

= [ϕ, ϕ]− [ΘL(z)ϕ, ΘL(z)ϕ]′.

The proof is complete. �
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From (1.18) and the representation of the boundary spaces of operators AB, −A∗
B

described above we conclude

(Jϕ, ϕ)E − (JΘAB (z)ϕ, ΘAB (z)ϕ)E = (2 Im z)‖Ωzϕ‖2

which proves (1.17).

Remark 1.10. If the extension parameter B is a dissipative operator from B(H),
then the corresponding extension AB is a closed dissipative operator and its resol-
vent set ρ(AB) includes the lower half-plane C−. The conjugate operator (AB)∗ is
an extension of A corresponding to the operator B∗, see Theorem 1.1, so that the
upper half-plane C+ consists of the regular points of A∗

B. Since B is dissipative,
the involution operator J defined in (1.14) is in fact the identity operator on E.
Moreover, the metric of the boundary spaces L, L′ is positively defined, hence the
space L is a Hilbert space. It follows from (1.17) that in this case values of the
characteristic function ΘAB (z), z ∈ C+ are contractive operators from B(E):

‖ΘAB (z)ϕ‖E ≤ ‖ϕ‖E , z ∈ C+, B ∈ B(H) is dissipative. (1.19)

Remark 1.11. Let z ∈ C+. According to Theorem 1.2, the imaginary part of
the operator M(z) is positive. In other words, values of the function M(z) are
dissipative operators in B(E). Assume B = iIH. This operator is dissipative, so
is the corresponding extension AiI . Since B∗ = −iIH, E = H, J = IH, α =
(2|BI |)1/2 =

√
2IH, the characteristic function (1.16) can be written as

ΘAiI (z) = IH + 2i
(
− iIH −M(z)

)−1 =
(
M(z)− iI

)(
M(z) + iI

)−1
.

We see that for z ∈ C+ the contractive function ΘiI(z) and the Herglotz func-
tion M(z) are related to each other via Cayley transform. In fact, the operator
function ΘAiI is a characteristic function of the symmetric operator A as defined
in [45].

2. Functional model

In this section a variant of model for a non-selfadjoint non-dissipative a.s. extension
of the symmetric operator A is constructed.

Let B ∈ B(H) and AB be the corresponding a.s. extension of A. The question
of simultaneous simplicity of operators B and AB was formulated in [43], and the
author is unaware of any results which would shed light on the intricate relationship
between selfadjoint parts of B and A+. In the following it is always assumed that
both B and AB are simple operators. Further, by virtue of Theorem 1.1, AB

is maximal and the resolvent set of AB is non-empty: ρ(AB) �= ∅. The conjugate
operator (AB)∗ is simple and maximal as well. It coincides with the extension of A
parametrized by B∗ : (AB)∗ = AB∗ . The characteristic function ΘAB(·) is analytic
on ρ(A∗

B) with values in B(E) and J-contractive on ρ(A∗
B)∩C+, see (1.16), (1.17)

and (1.14) for the notation.
Assume that the operator B = BR + iBI , where BR := (1/2)(B +B∗), BI :=

(1/2i)(B − B∗), is not dissipative so that J �= IE . Along with the operator B =
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BR + iJ α2

2 consider a dissipative operator B+ := BR + i|BI | = BR + iα2

2 and let
AB+ be the corresponding a.s. extension of A. Then the operators B+ and AB+ are
both dissipative, B+ is bounded, and as shown in [28], B+ is simple. As mentioned
above, these observations alone do not guarantee simplicity of AB+ . Nevertheless,
AB+ is simple. This fact follows from Theorem 2.1 below and explicit relationship
between Cayley transformations of AB and AB+ found in [27] in a more general
setting. Namely, it follows from [27] that selfadjoint parts of AB and AB+ coincide.
The same result can be obtained by methods developed in the system theory [8].

Finally, due to dissipativity the lower half-plane C− consists of the regular
points of AB+ and similarly, C+ ⊂ ρ(A∗

B+
).

According to Remarks 1.9 and 1.10, values of characteristic functions of two
extensions AB , AB+ are J-contractive and contractive operators respectively in
ρ(A∗

B) ∩ C+. It turns out that these values are related via the so-called Potapov-
Ginzburg transformation [9]. This observation was first made in [28] for additive
perturbations of a selfadjoint operator and in [27] for the general case. (Cf. [8]
for an alternative, but equivalent approach.) We formulate this relationship in the
special situation of almost solvable extensions of a symmetric operator and sketch
a simple proof based on findings of [28].

Theorem 2.1. The characteristic functions Θ := ΘAB , S := ΘAB+
of two simple

maximal a.s. extensions AB , AB+ of the symmetric operator A corresponding to
the extension parameters B, B+ ∈ B(H), where B = BR + iBI , B+ = BR + i|BI |
are related to each other via following the Potapov-Ginzburg transformation.

Θ(z) = (X− + X+S(z)) · (X+ + X−S(z))−1,

Θ(z) = −(X+ − S(z)X−)−1 · (X− − S(z)X+),

S(z) = (X− + X+Θ(z)) · (X+ + X−Θ(z))−1,

S(z) = −(X+ −Θ(z)X−)−1 · (X−Θ(z)X+)−1

Θ(ζ) = (X+ + X−[S(ζ̄)]∗) · (X− + X+[S(ζ̄)]∗)−1,

Θ(ζ) = −(X− − [S(ζ̄)]∗X+)−1 · (X+ − [S(ζ̄)]∗X−),

[S(ζ̄)]∗ = (X+ + X−Θ(ζ)) · (X− + X+Θ(ζ))−1,

[S(ζ̄)]∗ = −(X− −Θ(ζ)X+)−1 · (X+ −Θ(ζ)X−).

(2.1)

Here z ∈ ρ(A∗
B) ∩ C+, ζ ∈ ρ(A∗

B) ∩ C− and X± := (IE ± J)/2 are two comple-
mentary orthogonal projections in the space E.

Proof. The existence of the Potapov-Ginzburg transformation S of a J-contractive
operator Θ and formulae (2.1) can be found in the literature ([9], [8]). On the
other hand, it has been shown in the paper [28] that the characteristic functions
of two bounded operators B = BR + iBI and B+ = BR + i|BI | are related via
Potapov-Ginzburg transformation. Taking into account Remark 1.8 we arrive at
the theorem’s assertion. �
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In what follows we will use the simplified notation Θ, S introduced in The-
orem 2.1 for the characteristic functions ΘAB and ΘAB+

, respectively. Note that
due to Remark 1.10, the analytic operator functions S(z) and S∗(ζ) := [S(ζ̄)]∗

are contractive if z ∈ C+, ζ ∈ C−. Moreover, there exist non-tangential strong
boundary values almost everywhere on the real axis: S(k) := s− limε↓0 S(k + iε),
S∗(k) := s− limε↓0 S∗(k − iε), a.e. k ∈ R. These boundary values are contractive
and mutually conjugate operators for almost all k ∈ R ([32]).

2.1. B. Pavlov’s form of Sz.-Nagy-Foiaş model

The functional model of a dissipative operator can be derived from the B. Sz.-
Nagy-C.Foiaş model for the contraction, whose Cayley transform it represents
[32]. An independent approach was given in the framework of acoustic scattering
by P. Lax and R. Phillips [26]. In our narrative we will use an equivalent model
construction given by B. Pavlov in [37], [38] and elaborated further in the paper [28]
of S. Naboko.

Let A be the minimal selfadjoint dilation of the simple dissipative opera-
tor AB+ . In other words, the operator A = A ∗ is defined on a wider space H ⊃ H
such that (cf. [32])

PH(A − zI)−1|H = (AB+ − zI)−1, z ∈ C−

PH(A − zI)−1|H = (A∗
B+
− zI)−1, z ∈ C+

(2.2)

and H := span{(A − zI)−1H : z ∈ C±}. Here PH : H → H is the orthogonal
projection from the dilation space H onto H . The dilation A can be chosen in
many ways. Following [37], [38], we will use the dilation space in the form of the
orthogonal sum H := D− ⊕ H ⊕ D+, where D± := L2(R±, E). The space H is
naturally embedded into H : H → 0 ⊕H ⊕ 0, whereas spaces D± are embedded
into L2(E) = D− ⊕D+. The dilation representation offered in the next theorem
is a straightforward generalization of B. Pavlov’s construction [39]. Its form was
announced in [41] without a proof. (See [43], [24] for a more general approach.)

Define a linear operator A by formula

A

⎛⎝v−
u
v+

⎞⎠ =

⎛⎝ iv′−
A∗u
iv′+

⎞⎠ ,

⎛⎝v−
u
v+

⎞⎠ ∈ D(A ), (2.3)

where the domain D(A ) consists of vectors (v−, u, v+) ∈H , such that

v± ∈ W 1
2 (R±, E) and u ∈ D(A∗)

satisfy two “boundary conditions”:

Γ1u−B+Γ0u = αv−(0)

Γ1u−B∗
+Γ0u = αv+(0)

}
. (2.4)

Here boundary values v±(0) ∈ E are well defined according to imbedding theorems
for spaces W 1

2 (R±, E).
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Remark 2.1. There is a certain “geometrical” aspect of conditions (2.4). Indeed,
the left-hand side of relations (2.4) are vectors from H, whereas vectors on the
right-hand side belong to the potentially “smaller” space E ⊂ H. Since the vec-
tor v±(0) ∈ E can be chosen arbitrarily, it means that for (v−, u, v+) ∈ D(A ).

R (Γ1u−B+Γ0u) = R
(
Γ1u−B∗

+Γ0u
)

= E.

Remark 2.2. By termwise substraction we obtain from (2.4):

(B+ −B∗
+)Γ0u = iα2Γ0u = α(v+(0)− v−(0)).

Standard arguments based on the functional calculus for the bounded selfadjoint
operator α combined with the facts that R(α) is dense in E and v±(0) ∈ E yields:

iαΓ0u = v+(0)− v−(0), (v−, u, v+) ∈ D(A ). (2.5)

Remark 2.3. Let G be a set of vectors u ∈ D(A∗) such that (v−, u, v+) ∈ D(A )
with some v± ∈ D±. It is clear that G includes D(AB+) ∪ D(A∗

B+
). Indeed, if for

example v−(0) = 0 in (2.4), then we conclude that u ∈ D(AB+), whereas v+(0)
can be chosen appropriately in order to satisfy the second condition (2.4). The
same argument applied to the case v+(0) = 0 shows that D(A∗

B+
) ⊂ G .

Now we can formulate the main theorem concerning the selfadjoint dilation
of AB+ . For notational convenience let us introduce the following four operators

Y± : y± �→ iy′
±, D(Y±) := W 1

2 (R±, E)

Y0
± : y± �→ iy′

±, D(Y0
±) :=

◦
W 1

2 (R±, E),

where W 1
2 ,

◦
W 1

2 are usual Sobolev spaces [1]. Direct computation shows that

(Y±)∗ = (Y0
±) and ρ(Y+) = ρ(Y0

−) = C+, ρ(Y−) = ρ(Y0
+) = C−.

Theorem 2.2. The operator A is a minimal selfadjoint dilation of the dissipative
operator AB+ . The resolvent of A is given by the following formulae:

(A − zI)−1

⎛⎝h−
h0

h+

⎞⎠
=

⎛⎝ ψ−(ξ)
(AB+ − z)−1h0 − γ(z)(B+ −M(z))−1αψ−(0)

(Y0
+ − z)−1h+ + e−izξ

{
iαΓ0(AB+ − z)−1h0 + S∗(z̄)ψ−(0)

}
⎞⎠ , z ∈ C−

(A − zI)−1

⎛⎝h−
h0

h+

⎞⎠
=

⎛⎝(Y0
− − z)−1h− + e−izξ

{
− iαΓ0(A∗

B+
− z)−1h0 + S(z)ψ+(0)

}
(A∗

B+
− z)−1h0 − γ(z)(B∗

+ −M(z))−1αψ+(0)
ψ+(ξ)

⎞⎠ , z ∈ C+

where (h−, h0, h+) ∈H , ψ± := (Y± − z)−1h±, z ∈ C±.
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Proof. Let U := (v−, u, v+) ∈ D(A ). Then

(A U ,U)− (U , A U)

= (iv′−, v−) + (A∗u, u) + (iv′+, v+)− (v−, iv′−)− (u, A∗u)− (v+, iv′+)

= i

∫ 0

−∞
(v′−v̄− + v−v̄′−)dk + i

∫ +∞

0

(v′+v̄+ + v+v̄′+)dk + (A∗u, u)− (u, A∗u)

= i‖v−(0)‖2 − i‖v+(0)‖2 + (Γ1u, Γ0u)− (Γ0u, Γ1u).

By substitution Γ1u from (2.4) and (2.5) we obtain for two last summands

(Γ1u, Γ0u)− (Γ0u, Γ1u)

= (αv−(0) + B+Γ0u, Γ0u)− (Γ0u, αv+(0) + B∗
+Γ0u)

= (v−(0), αΓ0u)− (αΓ0u, v+(0))

= (v−(0), (−i)[v+(0)− v−(0)])− ((−i)[v+(0)− v−(0)], v+(0))

= i(v−(0), v+(0))− i‖v−(0)‖2 + i‖v+(0)‖2 − i(v−(0), v+(0))

= i‖v+(0)‖2 − i‖v−(0)‖2.

Finally,

(A U ,U)− (U , A U) = 0, U ∈ D(A ),

therefore A is symmetric.
Further, it is easy to see on ground that ‖ψ±(0)‖E ≤ C‖ψ±‖W 1

2 (R±,E) that
operators defined by the right-hand sides of formulae for resolvent of A in the
theorem’s statement are bounded for corresponding z ∈ C±. If we show that they
yield vectors that belong to the domain of operator A and they indeed describe
inverse operators for A − zI, it would mean that the symmetric operator A is
closed and its deficiency indices equal zero. Hence A is selfadjoint.

Let z ∈ C− be a complex number and V := (ṽ−, ũ, ṽ+) be a vector from the
right-hand side of the corresponding resolvent equality under consideration. The
first and third component of V obviously belong to the Sobolev spaces W 1

2 (R±, E).
We need to verify first that V satisfies the boundary conditions (2.4).

(Γ1 −B+Γ0)ũ

= (Γ1 −B+Γ0)
[
(AB+ − z)−1h0 − γ(z)(B+ −M(z))−1αψ−(0)

]
= −(Γ1 −B+Γ0)γ(z)(B+ −M(z))−1αψ−(0)

= −(M(z)−B+)(B+ −M(z))−1αψ−(0)

= αψ−(0) = αṽ−(0)

where we used the equalities Γ1γ(z) = M(z) and Γ0γ(z) = IH, see (1.8), (1.11).
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Further,
(Γ1 −B∗

+Γ0)ũ

= (Γ1 −B∗
+Γ0)

[
(AB+ − z)−1h0 − γ(z)(B+ −M(z))−1αψ−(0)

]
= (Γ1 −B+Γ0)ũ + iα2Γ0

[
(AB+ − z)−1h0 − γ(z)(B+ −M(z))−1αψ−(0)

]
= αψ−(0) + iα2Γ0(AB+ − z)−1h0 − iα2(B+ −M(z))−1αψ−(0)

= iα2Γ0(AB+ − z)−1h0 + α
[
I − iα(B+ −M(z))−1α

]
ψ−(0)

= α
[
iαΓ0(AB+ − z)−1h0 + S∗(z̄)ψ−(0)

]
= αṽ+(0).

Thus, both conditions (2.4) are satisfied. Now consider (A − zI)V for z ∈ C−.
Since ṽ− = (Y− − z)−1h− and ṽ+ = (Y0

+ − z)−1h+ + e−izξṽ+(0) it is easy to see
that (Y± − z)ṽ± = h±. Inclusions AB+ ⊂ A∗ and R(γ(z)) ⊂ ker(A∗ − zI) help to
compute the middle component (A∗ − z)ũ:

(A∗ − z)
[
(AB+ − z)−1h0 − γ(z)(B+ −M(z))−1αψ−(0)

]
= h0.

Thus, (A − zI)(A − zI)−1 = I.
In order to check correctness of the equality (A − zI)−1(A − zI) = I, let

U := (v−, u, v+) ∈ D(A ) and z ∈ C− be a complex number. Then

(A − zI)−1(A − zI)U = (A − zI)−1

⎛⎝(Y− − zI)v−
(A∗ − zI)u

(Y+ − zI)v+

⎞⎠
=

⎛⎝ v−(ξ)
(AB+ − z)−1(A∗ − z)u− γ(z)(B+ −M(z))−1αv−(0)

v0
+(ξ) + e−izξ

{
iαΓ0(AB+ − z)−1(A∗ − z)u + S∗(z̄)v−(0)

}
⎞⎠

where v0
+(ξ) := (Y0

+ − zI)−1(Y+ − zI)v+.
We need to show first that the middle component here coincides with u.

Note that the vector Ψ(z) := (AB+ −zI)−1(A∗−zI)u−u belongs to ker(A∗−zI),
therefore the expression [γ(z)]−1Ψ(z) represents an element Γ0Ψ(z) from H. Now
we can rewrite the middle component as follows:

u + γ(z)
[
Γ0Ψ(z)− (B+ −M(z))−1αv−(0)

]
= u + γ(z)(B+ −M(z))−1

[
(B+ −M(z))Γ0Ψ(z)− αv−(0)

]
.

By the definition (1.10) of the Weyl function M(·) and the first of conditions (2.4),
the expression in square brackets can be rewritten as

(B+Γ0 − Γ1)Ψ(z)− (Γ1 −B+Γ0)u = B+Γ0(Ψ(z) + u)− Γ1(Ψ(z) + u).

The only thing left is the observation that Ψ(z)+u belongs to the domain D(AB+),
hence this expression equals zero.

Because v+(ξ) = v0
+(ξ) + e−izξv+(0), in order to check correctness of the

expression for the third component in the computations above we only need to
show that

iαΓ0(AB+ − z)−1(A∗ − z)u + S∗(z̄)v−(0) = v+(0).
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Recalling that S∗(z̄) = I− iα(B+−M(z))−1α, v−(0) = v+(0)− iαΓ0u (see (1.16),
(2.5)) and utilizing notation Ψ(z) once again, we obtain

iαΓ0(AB+ − z)−1(A∗ − z)u + S∗(z̄)v−(0)

= iαΓ0(Ψ(z) + u) + v+(0)− iαΓ0u− iα(B+ −M(z))−1αv−(0)

= v+(0) + iαΓ0Ψ(z)− iα(B+ −M(z))−1αv−(0)

= v+(0) + iα(B+ −M(z))−1
[
(B+ −M(z))Γ0Ψ(z)− αv−(0)

]
.

It was shown at the previous step that the expression in square brackets is equal
to zero.

The resolvent formula in the case z ∈ C+ is verified analogously.
Finally, dilation equalities (2.2) are obvious for the operators (A − zI)−1.

Minimality of dilation A follows from the relation

span{(A − zI)−1H : z ∈ C±}

= span

⎧⎨⎩
⎛⎝ e−iz+ξαΓ0(A∗

B+
− z+)−1H

(AB+ − z−)−1H + (A∗
B+
− z+)−1H

e−iz−ξαΓ0(AB+ − z−)−1H

⎞⎠ : z± ∈ C±

⎫⎬⎭ ,

properties of exponents in L2(R±), and density of sets{
αΓ0(A∗

B+
− z)−1H : z ∈ C+

}
,

{
αΓ0(AB+ − z)−1H : z ∈ C−

}
in E. This density is a simple consequence of the fact that E is a boundary space
and αΓ0 is a boundary operator for AB+ , A∗

B+
as defined in Section 1.3.

The proof is complete. �

The spectral mapping that maps dilation A into the multiplication operator
f �→ k · f on some L2-space gives the model representation of the dissipative
operator AB+ :

PH(k − z)−1|H ∼= (AB+ − zI)−1, z ∈ C−, k ∈ R

PH(k − z)−1|H ∼= (A∗
B+
− zI)−1, z ∈ C+, k ∈ R

}
. (2.6)

Following [37], [38], [28] we arrive at the model Hilbert space H = L2

(
I S∗

S I

)
by the factorization against elements with zero norm and subsequent completion
of the linear set {

(
g̃
g

)
: g̃, g ∈ L2(R, E)} of two-components E-valued vector

functions with respect to the norm∥∥∥∥(g̃

g

)∥∥∥∥2

H

:=
∫

R

〈(
I S∗

S I

)(
g̃

g

)
,

(
g̃

g

)〉
E⊕E

dk. (2.7)

Note that in general the completion operation makes it impossible to treat indi-
vidual components g̃, g of a vector

(
g̃
g

)
∈ H as regular L2-functions. However, two
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equivalent forms of the H-norm∥∥∥∥(g̃

g

)∥∥∥∥2

H

= ‖Sg̃ + g‖2L2(E) + ‖Δ∗g‖2L2(E) = ‖g̃ + S∗g‖2L2(E) + ‖Δg̃‖2L2(E) ,

where Δ :=
√

I − S∗S and Δ∗ :=
√

I − SS∗ show that for each
(
g̃
g

)
∈ H expres-

sions Sg̃ + g, g̃ + S∗g, Δg̃, and Δ∗g are in fact usual square summable vector-
functions from L2(E).

Subspaces in H

D+ :=
(

H+
2 (E)
0

)
, D− :=

(
0

H−
2 (E)

)
, H := H� [D+ ⊕D−]

where H±
2 (E) are Hardy classes of E-valued vector functions analytic in C±, are

mutually orthogonal.2 The subspace H can be described explicitly:

H =
{(

g̃

g

)
∈ H : g̃ + S∗g ∈ H−

2 (E), Sg̃ + g ∈ H+
2 (E)

}
.

The orthogonal projection PH from H onto H is defined by the following formula

PH

(
g̃

g

)
=

(
g̃ − P+(g̃ + S∗g)
g − P−(Sg̃ + g)

)
, g̃, g ∈ L2(E)

where P± are the orthogonal projections from L2(E) onto Hardy classes H±
2 (E).

The following lemma is a version of the corresponding result from [28].

Lemma 2.4. Let u ∈ H. Linear mappings

u �→ αΓ0(A∗
B+
− z)−1u, u �→ αΓ0(AB+ − ζ)−1u

are bounded operators from H into classes H+
2 (E), H−

2 (E), respectively, with the
norms less than

√
2π, i.e., for u ∈ H the following estimates hold

‖αΓ0(A∗
B+
− z)−1u‖H+

2 (E) ≤
√

2π‖u‖,

‖αΓ0(AB+ − ζ)−1u‖H−
2 (E) ≤

√
2π‖u‖.

Proof. For a given vector u ∈ H and ζ ∈ C−, ζ = k − iε, k ∈ R, ε > 0 denote
gζ := (AB+ − ζ)−1u. Then since B+ = BR + iα2

2 and gζ ∈ D(AB+), so that

2Analytic functions from vector-valued Hardy classes H±
2 (E) are equated with their boundary

values existing almost everywhere on the real axis. These boundary values form two complemen-
tary orthogonal subspaces in L2(R, E) = H+

2 (E) ⊕ H−
2 (E). (See [42] for details.)
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B+Γ0gζ = Γ1gζ , we obtain

i‖αΓ0(AB+ − ζ)−1u‖2 = i‖αΓ0gζ‖2 = i(α2Γ0gζ , Γ0gζ)

=
(

i
α2

2
Γ0gζ , Γ0gζ

)
−

(
Γ0gζ , i

α2

2
Γ0gζ

)
=

((
BR + i

α2

2

)
Γ0gζ , Γ0gζ

)
−

(
Γ0gζ ,

(
BR + i

α2

2

)
Γ0gζ

)
= (B+Γ0gζ , Γ0gζ)− (Γ0gζ , B+Γ0gζ) = (Γ1gζ, Γ0gζ)− (Γ0gζ, Γ1gζ)

= (A∗gζ , gζ)− (gζ , A
∗gζ) =

(
AB+gζ, gζ

)
−

(
gζ , AB+gζ

)
=

(
AB+(AB+ − ζ)−1u, (AB+ − ζ)−1u

)
−

(
(AB+ − ζ)−1u, AB+(AB+ − ζ)−1u

)
=

(
u, (AB+ − ζ)−1u

)
−

(
(AB+ − ζ)−1u, u

)
+ (ζ − ζ̄)‖gζ‖2.

Here we used the inclusion AB+ ⊂ A∗ and the Green formula (1.3). The remaining
part of the proof reproduces corresponding reasoning of paper [28]. Let Et, t ∈ R
be the spectral measure of the selfadjoint dilation A . Then

1
2
‖αΓ0(AB+−ζ)−1u‖2=

1
2i

[(
u,(A −ζ)−1u

)
−
(
(A −ζ)−1u,u

)
+(ζ− ζ̄)‖gζ‖2

]
=

1
2i

(
[(A − ζ̄)−1−(A −ζ)−1]u,u

)
−ε‖gζ‖2

=ε
∥∥(A −ζ)−1u

∥∥2−ε‖(AB+−ζ)−1u‖2

=ε
∥∥(A −k+ iε)−1u

∥∥2−ε‖(AB+−k+ iε)−1u‖2

=ε

∫
R

1
(t−k)2 +ε2

d(Etu,u)−ε‖(AB+−k+ iε)−1u‖2.

By the Fubini theorem,

1
2

∫
R

‖αΓ0(AB+ − k + iε)−1u‖2dk

=
∫

R

{
ε

∫
R

1
(t− k)2 + ε2

d(Etu, u)
}

dk − ε

∫
R

‖(AB+ − k + iε)−1u‖2dk

=
∫

R

{
ε

∫
R

1
(t− k)2 + ε2

dk

}
d(Etu, u)− ε

∫
R

‖(AB+ − k + iε)−1u‖2dk

= π

∫
R

d(Etu, u)− ε

∫
R

‖(AB+ − k + iε)−1u‖2dk

= π‖u‖2 − ε

∫
R

‖(AB+ − k + iε)−1u‖2dk.

Hence,

‖αΓ0(AB+ − ζ)−1u‖2
H−

2 (E)
= sup

ε>0

∫
R

‖αΓ0(AB+ − k + iε)−1u‖2dk ≤ 2π‖u‖2.

Another statement of the lemma is proven analogously. �



Functional Model of a Class of Non-selfadjoint Extensions 137

It follows from the properties of Hardy classes H±
2 that for each u ∈ H there

exist L2-boundary values of the analytic vector-functions αΓ0(A∗
B+
− zI)−1u and

αΓ0(AB+ − ζI)−1u almost everywhere on the real axis. For these limits we will use
the notation:

αΓ0(A∗
B+
− k − i0)−1u := lim

ε↓0
αΓ0(A∗

B+
− (k + iε))−1u,

αΓ0(AB+ − k + i0)−1u := lim
ε↓0

αΓ0(AB+ − (k − iε))−1u,

u ∈ H and almost all k ∈ R.

(2.8)

Note that the point set on the real axis where these limits exist depends on the
vector u ∈ H . Moreover, the left-hand side in (2.8) does not define any operator
functions on the real axis R. These expressions can only be understood as formal
symbols for the limits that appear on the right-hand side.

In accordance with [28], introduce two linear mappings F± : H → L2(R, E)

F+ : (v−, u, v+) �−→ − 1√
2π

αΓ0(AB+ − k + i0)−1u + S∗(k)v̂−(k) + v̂+(k)

F− : (v−, u, v+) �−→ − 1√
2π

αΓ0(A∗
B+
− k − i0)−1u + v̂−(k) + S(k)v̂+(k)

where (v−, u, v+) ∈ H , and v̂± are the Fourier transforms of functions v± ∈ D±.
By virtue of the Paley-Wiener theorem, v̂± ∈ H±

2 (E), see [42]. The distinguished
role of mappings F± is revealed in the next theorem.

Theorem 2.3. There exists a unique mapping Φ from the dilation space H onto
the model space H with the properties:

1. Φ is an isometry.
2. g̃ + S∗g = F+h, Sg̃ + g = F−h, where

(
g̃
g

)
= Φh, h ∈H .

3. For z /∈ R
Φ ◦ (A − zI)−1 = (k − z)−1 ◦ Φ,

where A is the minimal selfadjoint dilation of the operator AB+

4. ΦH = H, ΦD± = D±.

Property (3) means that Φ maps A into the multiplication operator on the
space H; therefore, the dissipative operator AB+ is mapped into its model repre-
sentation as required in (2.6).

The proof of the theorem is carried out at the end of this section.
Computation of functions F±h, h ∈ H can be further simplified. More pre-

cisely, there exists a formula which allows one to avoid the calculation of the resol-
vent of the dissipative operator AB+ . To that end we recall the definition (1.6) of
the operator A∞ given earlier. There exists a certain “resolvent identity” for A∞
and AB+ , which we will obtain next.

Let ζ ∈ C−. Then the equation (AB+ − ζ)φ = h has a unique solution for
each h ∈ H . We can represent this solution in the form of sum φ = f + g, where
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g := (A∞−ζ)−1h and f ∈ ker(A∗−ζ). Obviously, f = [(AB+−ζ)−1−(A∞−ζ)−1]h.
Since φ ∈ D(AB+) and Γ0g = 0, we have

0 = (Γ1 −B+Γ0)φ = Γ1(f + g)−B+Γ0f = M(ζ)Γ0f + Γ1g −B+Γ0f.

Hence, Γ1g = (B+ −M(ζ))Γ0f and since 0 ∈ ρ(B+ −M(ζ)), we obtain

Γ0f = (B+ −M(ζ))−1Γ1g.

The left-hand side can be rewritten in the form

Γ0f = Γ0(f + g) = Γ0φ = Γ0(AB+ − ζ)−1h.

Now, by the definition of g,

Γ0(AB+ − ζI)−1h = (B+ −M(ζ))−1Γ1(A∞ − ζI)−1h.

Since vector h ∈ H is arbitrary, it follows that

Γ0(AB+ − ζI)−1 = (B+ −M(ζ))−1Γ1(A∞ − ζI)−1, ζ ∈ C−. (2.9)

Similar computations yield the formula for the conjugate operator A∗
B+

:

Γ0(A∗
B+
− zI)−1 = (B∗

+ −M(z))−1Γ1(A∞ − zI)−1, z ∈ C+. (2.10)

Substituting (2.9) and (2.10) into the definitions of functions F±h, h ∈ H we
arrive at the result (h ∈ H , k ∈ R):

F+h = − 1√
2π

lim
ε↓0

α(B+ −M(k − iε))−1Γ1(A∞ − (k − iε))−1h

F−h = − 1√
2π

lim
ε↓0

α(B∗
+ −M(k + iε))−1Γ1(A∞ − (k + iε))−1h.

(2.11)

For each h ∈ H these limits exist for almost any k ∈ R and represent two square
integrable vector-functions.

The advantage of formulae (2.11) becomes apparent when, for example, the
space H is finite-dimensional. In this case all computations are reduced to the
calculation of the resolvent of the selfadjoint operator A∞ and the matrix inversion
problem for the matrix-valued function (B+ −M(z)), z ∈ C−

3.
Taking into account that Γ1(A∞ − zI)−1 = γ∗(z̄), we obtain from (2.9) and

(2.10) following relations. They will be used in the proof of Theorem 2.3.

Γ0(AB+ − ζI)−1 = (B+ −M(ζ))−1γ∗(ζ̄), ζ ∈ C−

Γ0(A∗
B+
− zI)−1 = (B∗

+ −M(z))−1γ∗(z̄), z ∈ C+

}
. (2.12)

At last, for the sake of completeness, we formulate the theorem that describes
the resolvent of operator AB+ in the upper half-plane. Its proof is based solely on
the Hilbert resolvent identities and can be found in [2]. It is curious to notice that
in contrast with similar results of the next section, the vectors on the right-hand
side of these formulae already belong to space H , making application of projection
PH redundant. In the notation below we customarily identify initial and model

3Recall that (B∗
+ − M(z̄))−1 =

[
(B+ − M(z))−1

]∗
, z ∈ C−.
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spaces and operators whose unitary equivalence is established by the isometry Φ
in hope that it will not lead to confusion.

Theorem 2.4. For
(
g̃
g

)
∈ H

(AB+ − zI)−1

(
g̃

g

)
= (k − z)−1

(
g̃ − [S(z)]−1(Sg̃ + g)(z)

g

)
, z ∈ C+

(A∗
B+
− ζI)−1

(
g̃

g

)
= (k − ζ)−1

(
g̃

g − [S∗(ζ̄)]−1(g̃ + S∗g)(ζ)

)
, ζ ∈ C−.

Here (Sg̃ + g)(z) and (g̃ + S∗g)(ζ) are values of the analytical continuation of the
functions Sg̃ + g ∈ H+

2 (E) and g̃ + S∗g ∈ H−
2 (E) into complex points z ∈ C+,

ζ ∈ C−, respectively.

The remaining part of this section outlines principal steps of the proof of
Theorem 2.3 in the form of a few propositions.

Introduce a linear set in H by the formula

W :=

⎧⎨⎩
n∑

j=1

aj(A − ζjI)−1v− +
m∑

s=1

bs(A − zsI)−1v+, v± ∈ D±

⎫⎬⎭ , (2.13)

where ζj ∈ C−, zs ∈ C+, aj , bs ∈ C, j = 1, 2, . . . , n <∞, s = 1, 2, . . . , m <∞.

Proposition 2.5. Set W is dense in the dilation space H .

This proposition is equivalent to the completeness of incoming and outgoing
waves of the Lax-Phillips theory [26], or completeness of incoming and outgoing
eigenfunctions of continuous spectra of the dilation [38].

Proof. Since s− limt→∞ ± it(A ± itI)−1 = IH , the inclusion D+ ⊕ D− ⊂ W
is obvious. Hence, W ⊥ ⊂ H . Further, (A − zI)−1W ⊂ W and A is selfadjoint.
It follows that W and W ⊥ are invariant subspaces of A . Noticing that AB+ is
simple and A |W ⊥ = AB+ |W ⊥ since A is the dilation of AB+ , we conclude that
W ⊥ = {0}. �

Introduce a linear set W as projection of W onto H . According to Theo-
rem 2.2,

W =

⎧⎨⎩
n∑

j=1

ajγ(ζj)(B+ −M(ζj))−1αψj +
m∑

s=1

bsγ(zs)(B∗
+ −M(zs))−1αφs

⎫⎬⎭ ,

where ζj ∈ C−, zs ∈ C+, ψj , φs ∈ E, aj , bs ∈ C, j = 1, 2, . . . , n < ∞, s =
1, 2, . . . , m <∞.

Corollary 2.6. The set W is dense in H.
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Following the example of [28], we define the spectral mapping Φ : H → H ini-
tially on the dense set (D−,W , D+) in H . Let V := (v−, v0, v+) ∈ (D−,W , D+),
where

v0 :=
∑

j

ajγ(ζj)(B+ −M(ζj))−1αψj +
∑

s

bsγ(zs)(B∗
+ −M(zs))−1αφs (2.14)

in the notation introduced earlier. Let us define the mapping Φ as follows

Φ :

⎛⎝v−
v0

v+

⎞⎠ �→ (
v̂+ + i√

2π

[∑
j

aj

k−ζj
S∗(ζ̄j)ψj +

∑
s

bs

k−zs
φs

]
v̂− − i√

2π

[∑
j

aj

k−ζj
ψj +

∑
s

bs

k−zs
S(zs)φs

] ) . (2.15)

Here v̂± are Fourier transforms of functions v± ∈ L2(R±, E). Our task is to prove
that the so-defined map Φ possesses all the properties stated in Theorem 2.3.

First of all, observe that the mapping satisfying conditions (1) and (2) is
unique. It follows directly from the definition of the norm in H. (See (2.7).) Sec-
ondly, equalities ΦD± = D± for mapping (2.15) hold true by virtue of the Paley-
Wiener theorem. Moreover, since the Fourier transform v± �→ v̂± is isometric,
restrictions Φ|D± are isometries onto D±.

Proposition 2.7. In notation of Corollary 2.6

Φ(0,W , 0) ⊂ H.

Proof. We need to show that vectors on the right-hand side of (2.15) where v± = 0
are orthogonal to D±. Due to linearity and linear independence, it is sufficient to
show that for each j = 1, 2, . . . , n and s = 1, 2, . . . , m the vectors

1
k − ζj

(
S∗(ζ̄j)ψj

−ψj

)
,

1
k − zs

(
φs

−S(zs)φj

)
are orthogonal to (H+

2 (E), H−
2 (E)) in H. Let h± ∈ H±

2 (E) be two vector functions,
so that (h+, h−) ∈ (H+

2 (E), H−
2 (E)). Then omitting index j, we have for ζ ∈ C−(

1
k − ζ

(
S∗(ζ̄)ψ
−ψ

)
,

(
h+

h−

))
H

=
(
(k − ζ)−1S∗(ζ̄)ψ, (h+ + S∗h−)

)
L2(E)

−
(
(k − ζ)−1ψ, (Sh+ + h−)

)
L2(E)

=
(
(k − ζ)−1S∗(ζ̄)ψ, h+

)
L2(E)

−
(
(k − ζ)−1ψ, Sh+

)
L2(E)

= −
(

S∗(k)− S∗(ζ̄)
k − ζ

ψ, h+

)
L2(E)

= 0.

Similarly, for z ∈ C+(
1

k − z

(
φ

−S(z)φ

)
,

(
h+

h−

))
H

=
(

S(k)− S(z)
k − z

φ, h−

)
L2(E)

= 0.

Here we used the inclusions (k − ζ)−1 ∈ H+
2 , (k − z)−1 ∈ H−

2 and analytical
continuation of bounded operator functions S and S∗ to the upper and lower
half-planes correspondingly. The proof is complete. �
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Later it will be shown that Φ maps the space H on the whole H isometrically,
therefore Φ(0,W , 0) is dense in H.

Proposition 2.8. Almost everywhere on the real axis(
I S∗

S I

)
ΦV =

(
F+V

F−V

)
where V = (v−, v0, v+) ∈ (D−,W , D+).

Proof. The statement is obviously true if V belongs to the set D− ⊕ 0⊕D+. We
only need to consider the case V = (0, v0, 0) with v0 ∈ W, see (2.14). Arguments
of linearity and independence of terms in (2.14) show that it is sufficient to verify
the statement only when each sum consists of just one element. Using definitions
of F± we reduce the claim to the following equalities where indices are omitted
for convenience:

iαΓ0(AB+ − k + i0)−1
[
aγ(ζ)(B+ −M(ζ))−1αψ + bγ(z)(B∗

+ −M(z))−1αφ
]

=
a

k − ζ
[S∗(ζ̄)− S∗(k)]ψ +

b

k − z
[I − S∗(k)S(z)]φ

iαΓ0(A∗
B+
− k − i0)−1

[
aγ(ζ)(B+ −M(ζ))−1αψ + bγ(z)(B∗

+ −M(z))−1αφ
]

= − a

k − ζ
[I − S(k)S∗(ζ̄)]ψ +

b

k − z
[S(k)− S(z)]φ.

Regrouping terms we come to four relations to be proven for almost all k ∈ R:

−S∗(k)− S∗(ζ̄)
k − ζ

ψ = iαΓ0(AB+ − k + i0)−1γ(ζ)(B+ −M(ζ))−1αψ

I − S∗(k)S(z)
k − z

φ = iαΓ0(AB+ − k + i0)−1γ(z)(B∗
+ −M(z))−1αφ

−I − S(k)S∗(ζ̄)
k − ζ

ψ = iαΓ0(A∗
B+
− k − i0)−1γ(ζ)(B+ −M(ζ))−1αψ

S(k)− S(z)
k − z

φ = iαΓ0(A∗
B+
− k − i0)−1γ(z)(B∗

+ −M(z))−1αφ.

(2.16)

Let λ = k − iε, k ∈ R, ε > 0. Then, since S∗(λ̄) = I − iα(B+ −M(λ))−1α and
M(λ)−M(ζ) = (λ − ζ)γ∗(λ̄)γ(ζ) (see (1.16) and Theorem 1.2):

S∗(λ̄)− S∗(ζ̄) = −iα(B+ −M(λ))−1α + iα(B+ −M(ζ))−1α

= iα(B+ −M(λ))−1
[
− (B+ −M(ζ)) + (B+ −M(λ))

]
(B+ −M(ζ))−1α

= −iα(B+ −M(λ))−1
[
M(λ)−M(ζ)

]
(B+ −M(ζ))−1α

= −i(λ− ζ)α(B+ −M(λ))−1γ∗(λ̄)γ(ζ)(B+ −M(ζ))−1α.

Now the first relation of (2.12) yields:

−S∗(λ̄)− S∗(ζ̄)
λ− ζ

ψ = iαΓ0(AB+ − λI)−1γ(ζ)(B+ −M(ζ))−1αψ.
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In accordance with the limiting procedure (2.8), we obtain the first formula in
(2.16) as ε ↓ 0.

Similarly,

I − S∗(λ̄)S(z) = iα(B+ −M(λ))−1α− iα(B∗
+ −M(z))−1α

+ i2α(B+ −M(λ))−1α2(B∗
+ −M(z))−1α

= iα(B+ −M(λ))−1
[
(B∗

+ −M(z))− (B+ −M(λ)) + iα2
]
(B∗

+ −M(z))−1α

= iα(B+ −M(λ))−1
[
M(λ)−M(z)](B∗

+ −M(z))−1α.

The last expression was calculated at the previous step. The same line of reasoning
applied to this case proves correctness of the second formula in (2.16) for almost
all k ∈ R.

Two last relations in (2.16) are verified analogously. Finally, the statement
of the proposition is valid on the whole space H due to the uniqueness of the
mapping satisfying conditions (1), (2) of Theorem 2.3. The proof is complete. �

Proposition 2.9. Operator Φ defined in (2.15) is an isometry from the dilation
space H to the model space H.

Due to this proposition the mapping (2.15) is uniquely extended to the isome-
try from the whole space H into H. In what follows we will use the same symbol Φ
for this extension.

Proof. It is sufficient to prove that restriction of Φ to the space H is an isometry.
To that end compute the norm of the vector Φ(0, v0, 0) in H. Denote V = (0, v0, 0),
where v0 is defined in (2.14). Then, slightly abusing the notation, we have

‖ΦV ‖2H =
((

I S∗

S I

)
ΦV , ΦV

)
L2⊕L2

=
((

F+V

F−V

)
, ΦV

)
L2⊕L2

=

((
F+v0

F−v0

)
,

( i√
2π

[∑
j

aj

k−ζj
S∗(ζ̄j)ψj +

∑
s

bs

k−zs
φs

]
− i√

2π

[∑
j

aj

k−ζj
ψj +

∑
s

bs

k−zs
S(zs)φs

]))
L2⊕L2

.

Since F+v0 ∈ H−
2 (E), F−v0 ∈ H+

2 (E), (k − ζj)−1 ∈ H+
2 , and (k − zs)−1 ∈ H−

2 ,
we obtain by the residue method that

‖ΦV ‖2H

=
i√
2π

[∑
s

b̄s

(
F+v0, (k − zs)−1φs

)
L2(E)

−
∑

j

āj

(
F−v0, (k − ζj)−1ψj

)
L2(E)

]
=

i√
2π

[
2πi

∑
s

b̄s((F+v0)(z̄s), φs)E + 2πi
∑

j

āj((F−v0)(ζ̄j), ψj)E

]
=

∑
s

b̄s(αΓ0(AB+ − z̄s)−1v0, φs) +
∑

j

āj(αΓ0(A∗
B+
− ζ̄j)−1v0, ψj).
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It follows from (2.12) that

‖ΦV ‖2H =
∑

s

b̄s(α(B+ −M(z̄s))−1γ∗(zs)v0, φs)

+
∑

j

āj(α(B∗
+ −M(ζ̄j))−1γ∗(ζj)v0, ψj)

=
(
v0,

∑
j

ajγ(ζj)(B+ −M(ζj))−1αψj +
∑

s

bsγ(zs)(B∗
+ −M(zs))−1αφs

)
= ‖v0‖2.

Thus, Φ is an isometry from H to H. �
Proposition 2.10.

Φ ◦ (A − zI)−1 = (k − z)−1 ◦ Φ, z /∈ R.

Proof. The statement is a consequence of Proposition 2.9, property (2) of Theo-
rem 2.3, which is proven in Proposition 2.8, and equalities

F± ◦ (A − zI)−1 = (k − z)−1 ◦F±, z /∈ R

to be established. For (h−, h0, h+) ∈ H and z ∈ C+ denote as (h′
−, h′

0, h
′
+) the

vector (A − zI)−1(h−, h0, h+). Since

h± =
(
i

d

dξ
− z

)
h′
±,

by exercising integration by parts, we obtain for the Fourier transforms ĥ′
±, ĥ±:

(k − z)ĥ′
± = ĥ± ±

i√
2π

h′
±(0).

Then, according to the definition of F− and Theorem 2.2,

F−(h′
−, h′

0, h
′
+)

= − 1√
2π

αΓ0(A∗
B+
− k − i0)−1h′

0 + ĥ′
−(k) + S(k)ĥ′

+(k)

= − 1√
2π

αΓ0(A∗
B+
− k − i0)−1[(A∗

B+
− z)−1h0 − γ(z)(B∗

+ −M(z))−1αh′
+(0)]

+
1

k − z

[
(ĥ− + Sĥ+) +

i√
2π

(Sh′
+(0)− h′

−(0))
]

=
1

k − z
F−(h−, h0, h+)

+
1

k − z

1√
2π

αΓ0(A∗
B+
− z)−1h0

+
1√
2π

αΓ0(A∗
B+
− k − i0)−1γ(z)(B∗

+ −M(z))−1αh′
+(0)

+
1

k − z

i√
2π

[
h′

+(0)− h′
−(0) + iα(B∗

+ −M(k + i0))−1αh′
+(0)

]
.
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We need to show that the sum of last three terms is equal to zero. To that end
we consider the sum of the first and the third summands at the non-real point
λ = k + iε, k ∈ R, ε > 0, λ �= z. Substitute h′

+(0) − h′
−(0) = iαΓ0h

′
0 and h′

0 =
(A∗

B+
−zI)−1h0−γ(z)(B∗

+−M(z))−1αh′
+(0) and conduct necessary computations.

1
λ− z

1√
2π

[
αΓ0(A∗

B+
− z)−1h0 − αΓ0h

′
0 − α(B∗

+ −M(λ))−1αh′
+(0)

]
=

1
λ− z

1√
2π

[
αΓ0γ(z)(B∗

+ −M(z))−1αh′
+(0)− α(B∗

+ −M(λ))−1αh′
+(0)

]
= − 1

λ− z

1√
2π

α(B∗
+ −M(λ))−1 [M(λ)−M(z)] (B∗

+ −M(z))−1αh′
+(0)

= − 1√
2π

α(B∗
+ −M(λ))−1γ∗(λ̄)γ(z)(B∗

+ −M(z))−1αh′
+(0)

= − 1√
2π

αΓ0(A∗
B+
− λI)−1γ(z)(B∗

+ −M(z))−1αh′
+(0),

where at the last step we employed relation (2.12). According to Lemma 2.4, this
vector function is analytic in the upper half-plane λ ∈ C+. More precisely, it be-
longs to the Hardy class H+

2 (E). The only thing left is to observe that its boundary
values as ε ↓ 0 annihilate the second term in the expression for F−(h′

−, h′
0, h

′
+)

above.
Now we turn to the lengthier computation of F+(A − zI)−1(h−, h0, h+).

F+(A − zI)−1(h−, h0, h+) = F+(h′
−, h′

0, h
′
+)

= − 1√
2π

αΓ0(AB+ − k + i0)−1h′
0 + S∗(k)ĥ′

−(k) + ĥ′
+(k)

= − 1√
2π

αΓ0(AB+ − k + i0)−1[(A∗
B+
− z)−1h0 − γ(z)(B∗

+ −M(z))−1αh′
+(0)]

+
1

k − z

[
(S∗ĥ− + ĥ+) +

i√
2π

(h′
+(0)− S∗h′

−(0))
]
.

Let λ = k − iε, k ∈ R, ε > 0 be a number in the lower half-plane. Let us compute
vectors h′

+(0)−S∗(λ̄)h′
−(0) and αΓ0(AB+−λ)−1(A∗

B+
−z)−1h0. Using Theorem 2.2,

we have
h′

+(0)− S∗(λ̄)h′
−(0)

= h′
+(0)− S∗(λ̄)

[
− iαΓ0(A∗

B+
− z)−1h0 + S(z)h′

+(0)
]

=
(
I − S∗(λ̄)S(z)

)
h′

+(0) + iS∗(λ̄)αΓ0(A∗
B+
− z)−1h0

= i(λ− z)αΓ0(AB+ − λ)−1γ(z)(B∗
+ −M(z))−1αh′

+(0)

+ iS∗(λ̄)αΓ0(A∗
B+
− z)−1h0

where at the last step we make use of computations for I − S∗(λ̄)S(z) conducted
in the proof of Proposition 2.8. Note that almost everywhere on the real axis there
exist boundary values of both sides of this formula as ε ↓ 0.



Functional Model of a Class of Non-selfadjoint Extensions 145

With the help of Theorem 1.2 and relations (2.12) we obtain

αΓ0(AB+ − λ)−1(A∗
B+
− z)−1h0

= α(B+ −M(λ))−1Γ1(A∞ − λ)−1

×
[
(A∞ − z)−1 + γ(z)(B∗

+ −M(z))−1γ∗(z̄)
]
h0

= (λ − z)−1α(B+ −M(λ))−1Γ1

[
(A∞ − λ)−1 − (A∞ − z)−1

]
h0

+ α(B+ −M(λ))−1γ∗(λ̄)γ(z)(B∗
+ −M(z))−1γ∗(z̄)h0

= (λ − z)−1αΓ0(AB+ − λ)−1h0

+ (λ− z)−1α(B+ −M(λ))−1

×
[
− (B∗

+ −M(z)) + (M(λ) −M(z))
]
(B∗

+ −M(z))−1γ∗(z̄)h0

= (λ − z)−1αΓ0(AB+ − λ)−1h0

− (λ− z)−1α(B+ −M(λ))−1
[
B+ −M(λ)− iα2

]
(B∗

+ −M(z))−1γ∗(z̄)h0

= (λ − z)−1αΓ0(AB+ − λ)−1h0

− (λ− z)−1
[
I − iα(B+ −M(λ))−1α

]
α(B∗

+ −M(z))−1γ∗(z̄)h0

= (λ − z)−1αΓ0(AB+ − λ)−1h0 − (λ− z)−1S∗(λ̄)αΓ0(A∗
B+
− z)−1h0.

Again, both sides of this relation have boundary values almost everywhere on
the real axis, since they both belong to the Hardy class H−

2 (E). Passing ε ↓ 0,
substitute obtained results to the calculations of F+(h′

−, h′
0, h

′
+) started above.

F+(A − zI)−1(h−, h0, h+)

= − 1√
2π

αΓ0(AB+ − k + i0)−1(A∗
B+
− z)−1h0

+
1√
2π

αΓ0(AB+ − k + i0)−1γ(z)(B∗
+ −M(z))−1αh′

+(0)

+
1

k − z
(S∗ĥ− + ĥ+) +

1
k − z

i√
2π

×
[
i(k − z)αΓ0(AB+ − k + i0)−1γ(z)(B∗

+ −M(z))−1αh′
+(0)

+ iS∗(k)αΓ0(A∗
B+
− z)−1h0

]
=

1
k − z

[
− 1√

2π
αΓ0(AB+ − k + i0)−1h0 + S∗ĥ− + ĥ+

]
+

1
k − z

1√
2π

[
S∗(k)αΓ0(A∗

B+
− z)−1h0 − S∗(k)αΓ0(A∗

B+
− z)−1h0

]
= (k − z)−1F+(h−, h0, h+).

The desired equality is established. Finally, the case z ∈ C− can be considered
analogously. The proof is complete. �

Proposition 2.11. The isometrical operator Φ maps H onto H.
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Proof. As specified above, we use the same symbol Φ for the closure of the map-
ping defined in (2.15). We only need to show that R(Φ) coincides with the whole
space H. It is already known that Φ maps D− ⊕ 0 ⊕ D+ onto D+ ⊕ D− iso-
metrically and the linear set ∨λ/∈R(A − λI)−1(D− ⊕ 0 ⊕ D+) is dense in H .
Owing to Proposition 2.10, this set is mapped by the isometry Φ into the set
∨λ/∈R(k − λ)−1(D+ ⊕D−), which is dense in (L2(E), L2(E)). By the definition of
norm in H, this set is dense in H. The range of an isometry is a closed subspace,
and that observation completes the proof. �

2.2. Model of non-selfadjoint non-dissipative operator

In the paper [28] S. Naboko proposed a solution to the problem of the functional
model construction for a non-selfadjoint non-dissipative operator. His method was
revisited later in the work [27] where it was taken as a foundation for the functional
model of an arbitrary bounded operator. The key idea of this approach is to use
the Sz.-Nagy-Foiaş model of a dissipative operator that is “close” in a certain sense
to the initial operator and to describe the properties of the latter in this model
space. It turned out that such dissipative operator can be pointed to in a very
natural, but not obvious, way. Namely, one arrives at that operator by replacing
the imaginary part of the initial non-dissipative operator with its absolute value.
In other words, the “close” dissipative operator for A + iV , where A = A∗ and
V = V ∗ is A-bounded operator with the relative bound lesser than 1, is the
operator A + i|V |. Similar results are obtained in [27] for a bounded operator
considered as an additive perturbation of a unitary one.

The theory developed in [28] becomes inapplicable in the general situation
of an unbounded non-dissipative operator, since it could not be represented as a
sum of its real and imaginary parts with the imaginary part relatively bounded.
The Makarov-Vasyunin schema [27] still holds its value in this case and could be
employed for the model construction, provided that one works with the Cayley
transform of the initial unbounded operator. However, in applications to problems
arising in physics, the computational complexity and inherited inconvenience of
Cayley transforms makes this method less attractive than the direct approach
of [28].

Almost solvable extensions of a symmetric operator are an example when the
functional model can be constructed by the method of paper [28] without resorting
to the Cayley transform. In this section we will use notation introduced earlier and
explain how to obtain the formulae for the resolvent (AB−zI)−1 acting on the Sz.-
Nagy-Foiaş model space of the “close” dissipative operator AB+ . Essentially, all the
computations are based on some relationships between the resolvents (AB−zI)−1

and (AB+−zI)−1, quite similar to the identities between the resolvents of operators
A∞ and AB+ obtained in the previous section.

Let ζ ∈ ρ(AB)∩C−, φ ∈ D(AB) and (AB − ζI)φ = h. We will represent φ as
a sum of two vectors φ = f + g, where f ∈ ker(A∗ − ζI) and g = (AB+ − ζI)−1h.
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Noting that Γ1φ = BΓ0φ and Γ1g = B+Γ0g we obtain:

0 = Γ1φ−BΓ0φ = (Γ1 −BΓ0)(f + g)

= Γ1f −BΓ0f + Γ1g −BΓ0g = M(ζ)Γ0f −BΓ0f + B+Γ0g −BΓ0g

= (M(ζ)−B) Γ0f + (B+ −B)Γ0g.

Therefore, Γ0f = (B −M(ζ))−1 (B+−B)Γ0g, so that for Γ0φ = Γ0f +Γ0g we have

Γ0φ =
[
I + (B −M(ζ))−1 (B+ −B)

]
Γ0g.

Now we apply the operator α to both sides of this equation and recall that

φ = (AB − ζI)−1h, g = (AB+ − ζI)−1h, B+ −B = iαX−α

where X− = (IE − J)/2. Thus for each h ∈ H :

αΓ0(AB − ζI)−1h =
[
I + iα (B −M(ζ))−1 αX−]

αΓ0(AB+ − ζI)−1h.

Similar computations with the operators B and B+ interchanged yield equality

αΓ0(AB+ − ζI)−1h =
[
I − iα (B+ −M(ζ))−1 αX−]

αΓ0(AB − ζI)−1h.

Introduce an analytic operator-function Θ−(ζ), ζ ∈ C−

Θ−(ζ) := I − iα (B+ −M(ζ))−1
αX−

= X+ + S∗(ζ̄)X−, ζ ∈ C−

}
(2.17)

where X+ = (IE +J)/2 and S(·) is the characteristic function of the operator AB+

as defined in the Theorem 2.1. The second equality (2.17) can be easily verified
with the help of representation (1.16) for the characteristic function of an a.s.
extension and the identity X+ + X− = IE . Indeed, from (1.16) we obtain

X+ + S∗(ζ̄)X− = X+ + [IE − iα(B+ −M(ζ))−1α]X−

= X+ + X− − iα(B+ −M(ζ))−1αX− = Θ−(ζ).

The preceding formulae now can be rewritten in the form of operator equalities:

αΓ0(AB+ − ζI)−1 = Θ−(ζ)αΓ0(AB − ζI)−1, ζ ∈ C−

αΓ0(AB − ζI)−1 = Θ−1
− (ζ)αΓ0(AB+ − ζI)−1, ζ ∈ C− ∩ ρ(AB)

}
. (2.18)

The inverse function Θ−1
− (·) = [Θ−(·)]−1 has the form similar to (2.17):

Θ−1
− (ζ) = I + iα (B −M(ζ))−1

αX−

= X+ + Θ∗(ζ̄)X−, ζ ∈ C− ∩ ρ(AB)
(2.19)

where Θ is the characteristic function of AB .
Now we turn to the similar, but lengthier, computations for the resolvents

of the operators AB and AB+ in the upper half-plane. For z ∈ C+ ∩ ρ(A∗
B) and

h ∈ H we represent the vector φ ∈ D(A∗
B+

) such that (A∗
B+
− zI)φ = h in the

form φ = f + g, where f ∈ ker(A∗ − zI) and g = (A∗
B − zI)−1h. Then

0 = (Γ1 −B∗
+Γ0)φ =

(
M(z)−B∗

+

)
Γ0f + (B∗ −B∗

+)Γ0g.
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Therefore,

Γ0f =
(
B∗

+ −M(z)
)−1 (B∗ −B∗

+)Γ0g = i
(
B∗

+ −M(z)
)−1

αX−αΓ0g

and
Γ0φ = Γ0f + Γ0g =

[
I + i

(
B∗

+ −M(z)
)−1

αX−α
]
Γ0g.

After substitution of φ = (A∗
B+
− zI)−1h and g = (A∗

B − zI)−1h we obtain

αΓ0(A∗
B+
− zI)−1h =

[
I + iα

(
B∗

+ −M(z)
)−1

αX−]
αΓ0(A∗

B − zI)−1h.

Since this identity is valid for each h ∈ H , in particular, for h ∈ R(AB − zI) it
follows that on the domain D(AB)

αΓ0(A∗
B+
− zI)−1(AB − zI)

=
[
I + iα

(
B∗

+ −M(z)
)−1

αX−]
× J · JαΓ0(A∗

B − zI)−1(AB − zI).

Noting that JαΓ0(A∗
B − zI)−1(AB − zI)f = Θ(z)JαΓ0f for any f ∈ D(AB) by

the definition of the characteristic function (see calculations preceding (1.16)), we
arrive at the formulae

αΓ0(A∗
B+
− zI)−1(AB − zI) =

[
I + iα

(
B∗

+ −M(z)
)−1

αX−]
× JΘ(z)JαΓ0

and, if z ∈ C+ ∩ ρ(AB)

αΓ0(A∗
B+
− zI)−1 =

[
I + iα

(
B∗

+ −M(z)
)−1

αX−]
JΘ(z)JαΓ0(AB − zI)−1.

Denote Θ+ the operator function from the right-hand side and compute it.

Θ+(z) =
[
I + iα

(
B∗

+ −M(z)
)−1

αX−]
JΘ(z)J

=
[
I + iα

(
B∗

+ −M(z)
)−1

αX−]
J
[
I + iJα (B∗ −M(z))−1

α
]
J

= I + iα
(
B∗

+ −M(z)
)−1

αX− + iα (B∗ −M(z))−1
αJ

+ (i)2α
(
B∗

+ −M(z)
)−1

αX−α (B∗ −M(z))−1
αJ

= I + iα
(
B∗

+ −M(z)
)−1

×
[
−X− (B∗ −M(z)) +

(
B∗

+ −M(z)
)

+ iαX−α
]
(B∗ −M(z))−1

αJ

= I + 2iα
(
B∗

+ −M(z)
)−1

×
[
−X− (B∗ −M(z)) + B∗ −M(z)

]
(B∗ −M(z))−1

αJ

= I + iα
(
B∗

+ −M(z)
)−1

X+αJ = X− +
[
I + iα

(
B∗

+ −M(z)
)−1

α
]
X+

= X− + S(z)X+.

Therefore,

αΓ0(A∗
B+
− zI)−1(AB − zI) = Θ+(z)αΓ0, z ∈ C+

where Θ+(z) = I + iα
(
B∗

+ −M(z)
)−1

αX+ = X− + S(z)X+

}
. (2.20)
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Values of the operator-function Θ+(z) are invertible operators if z ∈ C+ ∩ ρ(AB);
simple computations show that

Θ−1
+ (z) = I − iα (B −M(z))−1 αX+ = X− + Θ∗(z̄)X+. (2.21)

Finally we obtain the counterpart for (2.18):

αΓ0(A∗
B+
− zI)−1 = Θ+(z)αΓ0(AB − zI)−1, z ∈ C+

αΓ0(AB − zI)−1 = Θ−1
+ (z)αΓ0(A∗

B+
− zI)−1, z ∈ C+ ∩ ρ(AB)

}
. (2.22)

Now we can compute how the spectral mappings F± translate the resolvent
of the operator AB into the “model” terms. For λ0 ∈ C− ∩ ρ(AB), ζ ∈ C− and
h ∈ H with the assistance of (2.18) we have

αΓ0(AB+ − ζI)−1(AB − λ0I)−1h

= Θ−(ζ)αΓ0(AB − ζI)−1(AB − λ0I)−1h

= (ζ − λ0)−1Θ−(ζ)αΓ0[(AB − ζI)−1 − (AB − λ0I)−1]h
= (ζ − λ0)−1

[
αΓ0(AB+ − ζI)−1 −Θ−(ζ)αΓ0(AB − λ0I)−1

]
h

= (ζ − λ0)−1
[
αΓ0(AB+ − ζI)−1 −Θ−(ζ)Θ−1

− (λ0)αΓ0(AB+ − λ0I)−1
]
h.

Assume ζ = k− iε, k ∈ R, ε > 0. We obtain the expression for F+(AB − λ0I)−1h
when ε → 0. (See definitions of F± after Lemma 2.4.) Taking into account as-
sertion (2) of Theorem 2.3 and noting that boundary values Θ−(k − i0) of the
bounded analytic operator-function Θ− exist in the strong operator topology al-
most everywhere on the real axis (see (2.17)), we deduce from the formula above
that for (g̃, g) = Φh, k ∈ R:[

F+(AB − λ0I)−1h
]
(k)

= (k − λ0)−1
[
(g̃ + S∗g)(k − i0)−Θ−(k − i0)Θ−1

− (λ0)(g̃ + S∗g)(λ0)
]
.

The model representations of functions F−(AB − λ0I)−1h and F±(AB −
μ0I)−1h, where μ0 ∈ C+ ∩ ρ(AB) are computed quite similarly and below we sum
up all these formulae:

F+(AB − λ0I)−1h =
1

k − λ0

[
(g̃ + S∗g)(k)−Θ−(k)Θ−1

− (λ0)(g̃ + S∗g)(λ0)
]

F−(AB − λ0I)−1h =
1

k − λ0

[
(Sg̃ + g )(k)−Θ+(k)Θ−1

− (λ0)(g̃ + S∗g)(λ0)
]

F+(AB − μ0I)−1h =
1

k − μ0

[
(g̃ + S∗g)(k)−Θ−(k)Θ−1

+ (μ0)(Sg̃ + g )(μ0)
]

F−(AB − μ0I)−1h =
1

k − μ0

[
(Sg̃ + g )(k)−Θ+(k)Θ−1

+ (μ0)(Sg̃ + g )(μ0)
]

where h ∈ H , (g̃, g) = Φh, λ0 ∈ C− ∩ ρ(AB), μ0 ∈ C+ ∩ ρ(AB), and for almost
all k ∈ R there exist strong limits Θ±(k) := s− limε↓0 Θ±(k ± iε).
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The main theorem describes the action of operator AB in the model space

H = L2

(
I S∗

S I

)
of dissipative operator AB+ . As before, for the notational conve-

nience we use the same symbols for objects whose unitary equivalence is established
by the isometry Φ.

Theorem 2.5. For λ0 ∈ C− ∩ ρ(AB), μ0 ∈ C+ ∩ ρ(AB), (g̃, g) ∈ H

(AB − λ0I)−1

(
g̃

g

)
= PH(k − λ0)−1

(
g̃

g −X−Θ−1
− (λ0)(g̃ + S∗g)(λ0)

)
(AB − μ0I)−1

(
g̃

g

)
= PH(k − μ0)−1

(
g̃ −X+Θ−1

+ (μ0)(Sg̃ + g )(μ0)
g

)
.

Here PH is the orthogonal projection from H onto H.

Proof. The proof is identical to the proof of the corresponding result of [28]. For
the most part it is based on the identities for F±(AB − λ0I)−1, F±(AB −μ0I)−1

obtained earlier.
Let us verify the theorem’s assertion for λ0 ∈ C− ∩ ρ(AB). The case of the

resolvent in the upper half-plane is considered analogously. According to Theo-
rem 2.3 we only need to show that functions (Sg̃′ + g′) and (g̃′ + S∗g′) where
(g̃′, g′) is the vector on the right-hand side of the corresponding formula satisfy
the following conditions

F+(AB − λ0I)−1h = (g̃′ + S∗g′)

F−(AB − λ0I)−1h = (Sg̃′ + g′)

with Φh = (g̃, g). Since(
g̃′

g′

)
= PH(k − λ0)−1

(
g̃

g −X−Θ−1
− (λ0)(g̃ + S∗g)(λ0)

)

=
( g̃

k−λ0
− P+

1
k−λ0

[
g̃ + S∗g − S∗X−Θ−1

− (λ0)(g̃ + S∗g)(λ0)
]

g−X−Θ−1
− (λ0)(g̃+S∗g)(λ0)

k−λ0
− P−

1
k−λ0

[
Sg̃ + g −X−Θ−1

− (λ0)(g̃ + S∗g)(λ0)
])

=
1

k − λ0

(
g̃ − (g̃ + S∗g)(λ0) + S∗(λ0)X−Θ−1

− (λ0)(g̃ + S∗g)(λ0)
g −X−Θ−1

− (λ0)(g̃ + S∗g)(λ0)

)
,

we have with the help of (2.17) and (2.20)

g̃′ + S∗g′

=
1

k − λ0

[
(g̃ + S∗g)− (g̃ + S∗g)(λ0) + (S∗(λ̄0)− S∗)X−Θ−1

− (λ0)(g̃ + S∗g)(λ0)
]

=
1

k − λ0

[
(g̃ + S∗g)−

(
Θ−(λ0)− (S∗(λ̄0)− S∗)X−)

Θ−1
− (λ0)(g̃ + S∗g)(λ0)

]
=

1
k − λ0

[
(g̃ + S∗g)−Θ−(k)Θ−1

− (λ0)(g̃ + S∗g)(λ0)
]

= F+(AB − λ0I)−1u
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and
S̃g′ + g′

=
1

k − λ0

[
(Sg̃ + g)− S(g̃ + S∗g)(λ0)− (I − SS∗(λ̄0))X−Θ−1

− (λ0)(g̃ + S∗g)(λ0)
]

=
1

k − λ0

[
(Sg̃ + g)−

(
SΘ−(λ0) + X− − SS∗(λ̄0)X−)

Θ−1
− (λ0)(g̃ + S∗g)(λ0)

]
=

1
k − λ0

[
(Sg̃ + g)−

(
SX+ + X−)

Θ−1
− (λ0)(g̃ + S∗g)(λ0)

]
=

1
k − λ0

[
(Sg̃ + g)−Θ+(k)Θ−1

− (λ0)(g̃ + S∗g)(λ0)
]

= F+(AB − λ0I)−1u.

The proof is complete. �
Remark 2.12. Operators X−Θ−1

− (λ0), X+Θ−1
+ (μ−) in Theorem 2.5 can be re-

placed with X−Θ∗(λ̄0)X− and X+Θ∗(μ̄0)X+, respectively. For the proof see
(2.19), (2.21) and identities X−X+ = X+X− = 0.

Remark 2.13. All assertions of Theorem 2.5 remain valid if the operator J is
formally substituted by −J or ±IE . Compare with [28] for details. The following
theorem is a consequence of this observation obtained from Theorem 2.5 by the
substitution J → −J . Note that its claim can be verified independently by passing
on to adjoint operators in the formulae of Theorem 2.5.

Theorem 2.6. For λ0 ∈ C− ∩ ρ(A∗
B), μ0 ∈ C+ ∩ ρ(A∗

B), (g̃, g) ∈ H

(A∗
B − λ0I)−1

(
g̃

g

)
= PH(k − λ0)−1

(
g̃

g −X+Θ(λ0)X+(g̃ + S∗g)(λ0)

)
(A∗

B − μ0I)−1

(
g̃

g

)
= PH(k − μ0)−1

(
g̃ −X−Θ(μ0)X−(Sg̃ + g )(μ0)

g

)
.

Assuming J = IE in the statement of Theorem 2.5, we arrive at the Sz.-
Nagy-Foiaş model of dissipative operator AB+ , see (2.6) and Theorem 2.4.

Remark 2.14. It is unknown whether the operator A∞ can be efficiently repre-

sented in the model space H = L2

( I S∗

S I

)
. The computations, analogous to the

carried out above, fail to yield “resolvent identities” that could be used for the
desired model representation of the operator A∞.

At this point we close our discussion of the functional model of the opera-
tor AB and turn to the illustrations of the developed theory.

3. Examples

In this section we offer two examples of calculation of the Weyl function.
The first example is a symmetric operator that models the finite set of δ-

interactions of quantum mechanics ([14]). A recently published preprint [13] offers
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a description of the boundary triple of this operator in the case of a single δ-
interaction. It does not touch upon more general situation; however, a generaliza-
tion to the case considered below is quite evident. The paper [13] is not concerned
with any questions related to the functional model of non-selfadjoint extensions.

The second example is the symmetric operator generated by the differential
expression l[y] = −y′′ + q(z)y in L2(0,∞) with a real-valued potential q(x) such
that the Weyl limit circle case at infinity is observed. Explicit construction of the
selfadjoint dilation of a dissipative extension of this operator and subsequent spec-
tral analysis in terms of its characteristic function are carried out in the paper [3]
in complete accordance with B. Pavlov’s schema.

In this section we content ourselves with the description of convenient bound-
ary triples and the computation of the corresponding Weyl functions. The con-
struction of the functional models is not given here, since the model perspective
on any a.s. non-selfadjoint extension of these operators can be easily derived from
the exposition of Section 2.

3.1. Point interactions in R3

Let {xs}ns=1 (n < ∞) be the finite set of distinct points in R3.We define a sym-
metric operator A as a closure of the restriction of the Laplace operator −Δ on
H = L2(R3) to the set of smooth functions vanishing in the neighborhood of ∪sxs.
It is known ([14], [36]), that

D(A) =
{
u ∈ W 2

2 (R3) : u(xs) = 0, s = 1, 2, . . . , n
}
.

The deficiency indices n±(A) are equal to (n, n). The domain of conjugate opera-
tor A∗ is described in the following theorem borrowed from [36].

Theorem 3.1. The domain D(A∗) of conjugate operator A∗ consists of the func-
tions u ∈ L2(R3) ∩W 2

2 (R3 \ ∪sxs) with the following asymptotic expansion in the
neighborhood of {xs}ns=1

u(x) ∼ us
−/|x− xs|+ us

0 + O(|x − xs|1/2), x→ xs, s = 1, 2, . . . , n.

For given vectors u, v ∈ D(A∗) the analogue of the second Green formula holds:

(A∗u, v)H − (u, A∗v)H =
n∑

s=1

(
us

0v̄
s
− − us

−v̄s
0

)
.

It is easy to show that the boundary triple {H, Γ0, Γ1} for the operator A∗

can be chosen in the form (u ∈ D(A∗)):

H = Cn, Γ0u = (u1
−, u2

−, . . . , un
−)T , Γ1u = (u1

0, u
2
0, . . . , u

n
0 )T .

In order to compute the Weyl function corresponding to this boundary triple let
us fix a complex number z ∈ C− ∪ C+ and let yz be a vector from ker(A∗ − zI),
so that yz ∈ D(A∗) and −Δyz = zyz. Note that vector yz is uniquely represented
in the form of a linear combination

yz(x) =
n∑

s=1

Cs
exp(ik|x− xs|)
|x− xs|

,
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where k =
√

z, Im z > 0, and {Cs}ns=1 are some constants. Noting that in the
neighborhoods of the points {xs}ns=1 asymptotically

exp(ik|x− xs|)
|x− xs|

∼ 1
|x− xs|

+ ik + O(|x − xs|), as x→ xs

and obviously

lim
x→xj

exp(ik|x− xs|)
|x− xs|

=
exp(ik|xj − xs|)
|xj − xs|

, j �= s,

we easily compute both vectors Γ0yz, Γ1yz.

Γ0yz = (C1, C2, . . . , Cn)T

Γ1yz =

(
ik · C1 +

n∑
s=2

Cs
exp(ik|x1 − xs|)
|x1 − xs|

, . . .

. . . ik · Cj +
n∑

s�=j

Cs
exp(ik|xj − xs|)
|xj − xs|

, . . .

. . . ik · Cn +
n−1∑
s=1

Cs
exp(ik|xn−1 − xs|)
|xn−1 − xs|

)T

.

Comparison of these formulae with the definition Γ1yz = M(z)Γ0yz of the Weyl
function yields its explicit form. It is a (n×n)-matrix function M(z) = ‖Msj(z)‖n1
with elements

Msj(z) =
{

ik, s = j
〈s, j〉, s �= j

where k =
√

z, k ∈ C+ and

〈s, j〉 :=
exp(ik|xs − xj |)
|xs − xj |

, s �= j, s, j = 1, 2, . . . , n.

Note that the selfadjoint operator A∞ defined as a restriction of A∗ to the
set {y ∈ D(A∗) : Γ0y = 0} is the Laplace operator −Δ in L2(R3) with the do-
main D(A∞) = W 2

2 (R3). At the same time it is the Friedrichs extension of the
symmetric operator A. The special role of extension A∞ with regard to the func-
tional model construction was pointed out in Section 2.

3.2. Schrödinger operator in the Weyl limit circle case

The second example is the symmetric operator A defined as a closure in the Hilbert
space H = L2(R+) of the minimal operator generated by the differential expression

l[y] = −y′′ + q(x)y (3.1)

on the domain C∞
0 (R+). We assume the potential q(x) to be a real-valued continu-

ous function such that for the expression (3.1) the Weyl limit circle case at infinity
is observed. The deficiency indices of A are equal to (2, 2) and both solutions of
equation l[y] = λy are functions from L2(R+) for any λ ∈ C, see [46], [17]. The
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conjugate operator A∗ is generated by the same differential expression (3.1) on
the class of absolutely continuous functions y from L2(R+) whose derivatives are
locally absolutely continuous and l[y] is square integrable.

Let v1(x), v2(x), x ∈ R be two linearly independent solutions of the equa-
tion l[y] = 0 satisfying the conditions at x = 0:

v1(0) = 1, v′1(0) = 0, v2(0) = 0, v′2(0) = 1.

For our purposes we will use the boundary triple {H, Γ0, Γ1} for the operator A∗

described in [3]. The spaceH is two-dimensional:H = C2, and the mappings Γ0, Γ1 :
D(A∗)→ C2 are defined as

Γ0y =
(

y′(0)
W [y, v2]

∣∣
∞

)
, Γ1y =

(
−y(0)

W [y, v1]
∣∣
∞

)
, y ∈ D(A∗) (3.2)

where W [f, g] := fg′ − f ′g is the Wronsky determinant of two functions f , g
from D(A∗).

In order to compute the corresponding Weyl function M(·) let us fix a com-
plex number λ ∈ C+ and let ψλ, φλ(x) be the solutions of the equation l[y] = λy
satisfying

ψλ(0) = 1, ψ′
λ(0) = 0,

φλ(0) = 0, φ′
λ(0) = 1.

(3.3)

Both functions φλ, ψλ are square integrable on the real half-axis R+, their Wronsky
determinant is independent on x ∈ R+ and is equal to one: W [ψλ, φλ] = 1. The
functions ψλ, φλ are linearly independent vectors in L2(R+) and any solution yλ

of the equation (A∗ − λI)yλ = 0 is their linear combination yλ = C1ψλ + C2φλ

with some constants C1, C2 ∈ C. According to (3.2),

Γ0yλ =
(

y′
λ(0)

W [yλ, v2]
∣∣
∞

)
=

(
C2

C1 · W [ψλ, v2]
∣∣
∞ + C2 · W [φλ, v2]

∣∣
∞

)
Γ1yλ =

(
−yλ(0)

W [yλ, v1]
∣∣
∞

)
=

(
−C1

C1 · W [ψλ, v1]
∣∣
∞ + C2 · W [φλ, v1]

∣∣
∞

)
.

Let M(λ) = ‖mij(λ)‖ =
(

m11(λ) m12(λ)
m21(λ) m22(λ)

)
be the Weyl function being sought.

Since Γ1yλ = M(λ)Γ0yλ by the definition, the equalities

−C1 = m11(λ) · C2 + m12(λ) ·
{
C1 · W [ψλ, v2]

∣∣
∞ + C2 · W [φλ, v2]

∣∣
∞

}
C1 · W [ψλ, v1]

∣∣
∞ + C2 · W [φλ, v1]

∣∣
∞

= m21(λ) · C2 + m22(λ) ·
{
C1 · W [ψλ, v2]

∣∣
∞ + C2 · W [φλ, v2]

∣∣
∞

}
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should be valid for any C1, C2 ∈ C. The solution of this linear system is easy to
compute:

m11(λ) =
(
W [φλ, v2]/W [ψλ, v2]

)∣∣
∞

m12(λ) = (−1)/W [ψλ, v2]
∣∣
∞

m21(λ) =W [ψλ, v1]
∣∣
∞ −

(
W [φλ, v1]

/
W [φλ, v2]

)∣∣
∞ · W [ψλ, v2]

∣∣
∞

m22(λ) =
(
W [φλ, v1]/W [φλ, v2]

)∣∣
∞.

The expression for m21(λ) above can be further simplified

m21(λ) =W [φλ, v2]−1 ·
(
W [φλ, v1] · W [ψλ, v2]−W [ψλ, v1] · W [φλ, v2]

)∣∣
∞

=
(
W [φλ, v2]|∞

)−1 · lim
b→∞

(
(φλv′1 − φ′

λv1)(ψλv′2 − ψ′
λv2)

− (ψλv′1 − ψ′
λv1)(φλv′2 − φ′

λv2)
)∣∣

b

=
(
W [φλ, v2]|∞

)−1 · lim
b→∞

(
φλψ′

λ(v1v
′
2 − v′1v2)− φ′

λψλ(v1v
′
2 − v′1v2)

)∣∣
b

=
(
W [φλ, v2]|∞

)−1 · lim
b→∞

W [φλ, ψλ]|b · W [v1, v2]|b

= −
(
W [φλ, v2]|∞

)−1
.

Finally, for the Weyl function we obtain the formula

M(λ) =
{
W [ψλ, v2]

∣∣
∞
}−1

(
W [φλ, v2]

∣∣
∞ −1

−1 W [ψλ, v1]
∣∣
∞

)
, λ ∈ C+. (3.4)

There exists another representation of the Weyl function (3.4) derived from
the work of M.G. Krein [23]. Introduce the following functions

D0(x, λ) = −λ

∫ x

0

φλ(s)v2(s)ds D1(x, λ) = 1 + λ

∫ x

0

φλ(s)v1(s)ds

E0(x, λ) = 1− λ

∫ x

0

ψλ(s)v2(s)ds E1(x, λ) = λ

∫ x

0

ψλ(s)v1(s)ds .

⎫⎪⎪⎬⎪⎪⎭ (3.5)

Noticing that the Cauchy function of the differential operator− d2

dx2 +q(x) coincides
with v1(x)v2(s)− v1(s)v2(x), after a short computation we conclude that

W [ψλ, v2] = E0(x, λ) W [φλ, v2] = D0(x, λ)

W [ψλ, v1] = −E1(x, λ) W [φλ, v1] = −D1(x, λ).

Consequently, the Weyl function (3.4) can be rewritten in the form

M(λ) =
(
E0(λ)

)−1
(

D0(λ) −1
−1 −E1(λ)

)
, λ ∈ C+

where

D0(λ) := lim
x→+∞

D0(x, λ), Ej(λ) := lim
x→+∞

Ej(x, λ), j = 0, 1.
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These limits exist due to the square integrability of the functions ψλ, φλ, v1,
v2, when λ ∈ C+, see (3.5). Moreover, these limits are entire functions of the
variable λ ∈ C.

The selfadjoint operator A∞ is generated by the expression (3.1) and the
boundary condition Γ0y =

( y′(0)
W[y,v2]|∞

)
= 0. It is well known that the spectrum

of the operator A∞ consists of pure eigenvalues with the multiplicity equal to
one. By the definition (3.3) the solution ψλ satisfies Γ0ψλ = 0 if the Wronsky
determinant W [ψλ, v2] = E0(x, λ) tends to zero as x → ∞. It means that the
zeroes of the entire function E0(λ) in the “denominator” of the Weyl function are
the eigenvalues of the operator A∞ with the corresponding eigenvectors ψλ.
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[44] A.V. Štraus, Characteristic functions of linear operators. (Russian) Izv. Akad. Nauk.
SSSR, Ser. Mat., 24, 1 (1960), 43–74; English transl. in AMS Transl. (2) 40 (1964),
1–37.
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Lyapunov Exponents at Anomalies
of SL(2, R)-actions

Hermann Schulz-Baldes

Abstract. Anomalies are known to appear in the perturbation theory for
the one-dimensional Anderson model. A systematic approach to anomalies
at critical points of products of random matrices is developed, classifying and
analysing their possible types. The associated invariant measure is calculated
formally. For an anomaly of so-called second degree, it is given by the ground-
state of a certain Fokker-Planck equation on the unit circle. The Lyapunov
exponent is calculated to lowest order in perturbation theory with rigorous
control of the error terms.

1. Introduction

Anomalies in the perturbative calculation of the Lyapunov exponent and the den-
sity of states were first found and analysed by Kappus and Wegner [6] when they
studied the center of the band in a one-dimensional Anderson model. Further
anomalies, albeit in higher order perturbation theory, were then treated by Der-
rida and Gardner [4] as well as Bovier and Klein [2]. More recently, anomalies also
appeared in the study of random polymer models [5]. Quite some effort has been
made to understand anomalies in the particular case of the Anderson model also
from a more mathematical point of view [3, 9]. However, Campanino and Klein
[3] need to suppose decay estimates on the characteristic function of the random
potential, and Shubin, Vakilian and Wolff [9] appeal to rather complicated tech-
niques from harmonic analysis (allowing only to give the correct scaling of the
Lyapunov exponent, but not a precise perturbative formula for it).

It is the purpose of this work to present a more conceptual approach to
anomalies of products of random matrices. In fact, various types may appear and
only those of second degree (in the sense of the definition below) seem to have been
studied previously. Indeed, this is the most difficult and interesting case to analyse,
and the main insight of the present work is to exhibit an associated Fokker-Planck
operator, the spectral gap of which is ultimately responsible for the positivity
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of the Lyapunov exponent. In the special case of the Anderson model, a related
operator already appeared in [2]. Here it is, however, possible to circumvent the
spectral analysis of the Fokker-Planck operator and prove the asymptotics of the
Lyapunov exponent more directly (cf. Section 5.4). The other cases of various first
degree anomalies are more elementary to analyse. Examples for different types of
anomalies are given in Section 6.

2. Definition of anomalies

Let us consider families (Tλ,σ)λ∈R,σ∈Σ of matrices in SL(2, R) depending on a
random variable σ in some probability space (Σ,p) as well as a real coupling
parameter λ. In order to avoid technicalities, we suppose that p has compact
support. The dependence on λ is supposed to be smooth. The expectation value
w.r.t. p will be denoted by E.

Definition 2.1. The value λ = 0 is anomaly of first order of the family (Tλ,σ)λ∈R,σ∈Σ

if for all σ ∈ Σ:
T0,σ = ± 1 , (2.1)

with a sign that may depend on σ ∈ Σ. In order to further classify the anomalies
and for later use, let us introduce Pσ, Qσ ∈ sl(2, R) by

MTλ,σM−1 = ± exp
(
λPσ + λ2 Qσ + O(λ3)

)
, (2.2)

where M ∈ SL(2, R) is a λ- and σ-independent basis change to be chosen later.
An anomaly is said to be of first degree if E(Pσ) is non-vanishing, and then it is
called elliptic if det(E(Pσ)) > 0, hyperbolic if det(E(Pσ)) < 0 and parabolic if
det(E(Pσ)) = 0. Note that all these notions are independent of the choice of M .

If E(Pσ) = 0, but the variance of Pσ is non-vanishing, then an anomaly is
said to be of second degree.

Furthermore, for k ∈ N, set σ̂ = (σ(k), . . . , σ(1)) ∈ Σ̂ = Σ×k, as well as
p̂ = p×k and Tλ,σ̂ = Tλ,σ(k) · · ·Tλ,σ(1). Then λ = 0 is anomaly of kth order of the
family (Tλ,σ)λ∈R,σ∈Σ if the family (Tλ,σ̂)λ∈R,σ̂∈Σ̂ has an anomaly of first order at
λ = 0 in the above sense. The definitions of degree and nature transpose to kth
order anomalies.

As is suggested in the definition and will be further explained below, we
may (and will) restrict ourselves to the analysis of anomalies of first order. In the
examples, however, anomalies of higher order do appear and can then be studied
by the present techniques (cf. Section 6). Furthermore, by a change of variables in
λ, anomalies of degree higher than 2 can be analysed like an anomaly of second
degree.

Anomalies are particular cases of so-called critical points studied in [5, 8],
namely λ = 0 is by definition a critical point of the family (Tλ,σ)λ∈R,σ∈Σ if for all
σ, σ′ ∈ Σ:

[ T0,σ, T0,σ′ ] = 0 , and |Tr(T0,σ)| < 2 or T0,σ = ± 1 . (2.3)
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Critical points appear in many applications like the Anderson model and the ran-
dom polymer model. In these situations anomalies appear for special values of the
parameters, such as the energy or the coupling constant, cf. Section 6.

3. Phase shift dynamics

The bijective action ST of a matrix T ∈ SL(2, R) on S1 = [0, 2π) is given by

eST (θ) =
Teθ

‖Teθ‖
, eθ =

(
cos(θ)
sin(θ)

)
, θ ∈ [0, 2π) . (3.1)

This defines a group action, namely STT ′ = STST ′ . In particular the map ST is
invertible and S−1

T = ST−1 . Note that this is actually an action on RP(1), and S1

appears as a double cover here. In order to shorten notations, we write

Sλ,σ = SMTλ,σM−1 .

Next we need to iterate this dynamics. Associated to a given semi-infinite code
ω = (σn)n≥1 with σn ∈ Σ is a sequence of matrices (Tλ,σn)n≥1. Codes are random
and chosen independently according to the product law p⊗N. Averaging w.r.t. p⊗N

is also denoted by E. Then one defines iteratively for N ∈ N

SN
λ,ω(θ) = Sλ,σN

(
SN−1

λ,ω (θ)
)

, S0
λ,ω(θ) = θ . (3.2)

This is a discrete time random dynamical system on S1. Let us note that at an
anomaly of first order, one has Sλ,σ(θ) = θ + O(λ) or Sλ,σ(θ) = θ + π + O(λ)
depending on the sign in (2.1). As all the functions appearing below will be π-
periodic we can neglect the summand π, meaning that we may suppose that there
is a sign + in (2.1) for all σ (this reflects that the action is actually on projective
space).

In order to do perturbation theory in λ, we need some notations. Introducing

the unit vector v = 1√
2

(
1
−ı

)
, we define the first order polynomials in e2ıθ

pσ(θ) = 'm

(
〈v|Pσ |eθ〉
〈v|eθ〉

)
, qσ(θ) = 'm

(
〈v|Qσ|eθ〉
〈v|eθ〉

)
,

as well as
ασ = 〈v|Pσ |v〉 , βσ = 〈v|Pσ|v〉 .

Hence pσ(θ) = 'm(ασ − βσ e2ıθ). Now starting from the identity

e2ıSλ,σ(θ) =
〈v|MTσM−1|eθ〉
〈v|MTσM−1|eθ〉

,

the definition (2.2) and the identity 〈v|eθ〉 = 1√
2

eıθ, one can verify that

Sλ,σ(θ) = θ + 'm

(
λ
〈v|Pσ|eθ〉
〈v|eθ〉

+
λ2

2
〈v|2 Qσ + P 2

σ |eθ〉
〈v|eθ〉

− λ2

2
〈v|Pσ |eθ〉2
〈v|eθ〉2

)
,
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with error term of order O(λ3). As one readily verifies that

P 2
σ = − det(Pσ) 1 , 'm

(
〈v|Pσ |eθ〉2
〈v|eθ〉2

)
= − pσ(θ) ∂θ pσ(θ) ,

it follows that

Sλ,σ(θ) = θ + λ pσ(θ) + λ2 qσ(θ) +
1
2

λ2 pσ(θ) ∂θ pσ(θ) + O(λ3) . (3.3)

Finally let us note that

S−1
λ,σ(θ) = θ − λ pσ(θ) − λ2 qσ(θ) +

1
2

λ2 pσ(θ) ∂θpσ(θ) + O(λ3) , (3.4)

as one verifies immediately because Sλ,σ(S−1
λ,σ(θ)) = θ + O(λ3), or can deduce

directly just as above from the identity

exp
(
λPσ + λ2 Qσ +O(λ3)

)−1
exp

(
−λPσ − λ2 Qσ +O(λ3)

)
.

4. Formal perturbative formula for the invariant measure

For each λ, the family (MTλ,σM−1)σ∈Σ and the probability p define an invariant
probability measure νλ on S1 by the equation∫

dνλ(θ) f(θ) = E
∫

dνλ(θ) f(Sλ,σ(θ)) , f ∈ C(S1) . (4.1)

Furstenberg proved that this invariant measure is unique whenever the Lyapunov
exponent of the associated product of random matrices (discussed below) is posi-
tive (e.g., [1]) and in this situation νλ is also known to be Hölder continuous, so, in
particular, it does not contain a point component. For the study of the invariant
measure at an anomaly of order k, it is convenient to iterate (4.1):∫

dνλ(θ) f(θ) = E
∫

dνλ(θ) f(Sk
λ,ω(θ)) , f ∈ C(S1) .

Replacing (Σ,p) by (Σ̂, p̂) therefore shows that the families (Tλ,σ)λ∈R,σ∈Σ and
(Tλ,σ̂)λ∈R,σ̂∈Σ̂ have the same invariant measure. Hence it is sufficient to study
anomalies of first order.

The aim of this section is to present a formal perturbative expansion of the
invariant measure under the hypothesis that it is absolutely continuous, that is
dνλ(θ) = ρλ(θ) dθ

2π with ρλ = ρ0 + λρ1 +O(λ2). Then (4.1) leads to

E
(
∂θS−1

λ,ω(θ)ρλ(S−1
λ,ω(θ))

)
= ρλ(θ) , (4.2)

which with equation (3.4) gives, with error terms of order O(λ3),

ρλ − λ∂θ

(
E(pσ)ρλ

)
+ λ2 1

2
∂θ

(
E(p2

σ) ∂θρλ + E(pσ∂θpσ) ρλ − 2E(qσ) ρλ

)
= ρλ .

We first consider an anomaly of first degree. As E(Pσ) �= 0, it follows that
E(pσ) is not vanishing identically. Therefore the above perturbative equation is
non-trivial to first order in λ, hence E(pσ)ρ0 should be constant. If now the first



Lyapunov Exponents at Anomalies 163

degree anomaly is elliptic, then detE(Pσ) > 0 which can easily be seen to be equiv-
alent to |E(ασ)| > |E(βσ)|, which in turn is equivalent to the fact that E(pσ(θ))
does not vanish for any θ ∈ S1. For an elliptic anomaly of first degree, the lowest
order of the invariant measure is therefore

ρ0 =
c

E(pσ)
,

with an adequate normalization constant c ∈ R. If on the other hand, the anomaly
is hyperbolic (resp. parabolic), then E(pσ) has four (resp. two) zeros on S1. In this
situation, the only possible (formal) solution is that ρ0 is given by Dirac peaks on
these zeros (which is, of course, only formal because the invariant measure is known
to be Hölder continuous). In Section 5.2, we shall see that for the calculation of
certain expectation values w.r.t. the invariant measure, it looks as if it were given
by a sum of two Dirac peaks, concentrated on the stable fixed points of the averaged
phase shift dynamics. These fixed points are two of the zeros of E(pσ).

Next we consider an anomaly of second degree. As then E(pσ) = 0, it follows
that the equation for the lowest order of the invariant measure is

1
2

∂θ

(
E(p2

σ) ∂θρ0 + E(pσ∂θpσ) ρ0 − 2E(qσ) ρ0

)
= 0 .

Now E(p2
σ) > 0 unless p-almost all pσ vanish simultaneously for some θ, a (rare)

situation which is excluded throughout the present work. Then this is an analytic
Fokker-Planck equation on the unit circle and it can be written as L ρ0 = 0 where
L is by definition the Fokker-Planck operator. Its spectrum contains the simple
eigenvalue 0 with eigenvector given by the (lowest order of the) invariant measure
ρ0 calculated next. Indeed,

1
2

E(p2
σ) ∂θρ0 +

1
2

E(pσ∂θpσ) ρ0 − E(qσ) ρ0 = C ,

where the real constant C has to be chosen such that the equation admits a
positive, 2π-periodic and normalized solution ρ0. It is a routine calculation to
determine the solution using the method of variation of the constants. Setting

κ(θ) =
∫ θ

0

dθ′
2E(qσ(θ′))
E(p2

σ(θ′))
, K(θ) =

∫ θ

0

dθ′ 2E(p2
σ(θ′))−

1
2 e−κ(θ′) ,

and

C =
e−κ(2π) − 1

K(2π)
,

it is given by

ρ0(θ) =
c eκ(θ)

E(p2
σ(θ))

1
2

(C K(θ) + 1) , (4.3)

where c is a normalization constant. It is important to note at this point that ρ0(θ)
is an analytic function of θ. Furthermore, let us remark that the normalization
constant eliminates the arbitrariness of the splitting of λ and Pσ in (2.2).
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The rest of the spectrum of L is discrete (L has a compact resolvent), at
most twice degenerate and has a strictly negative real part, all facts that can be
proven as indicated in [7]. As already stated in the introduction, we do not need
to use this spectral information directly.

5. The Lyapunov exponent

The asymptotic behavior of the products of the random sequence of matrices
(Tλ,σn)n≥1 is characterized by the Lyapunov exponent [1, A.III.3.4]

γ(λ) = lim
N→∞

1
N

E log

(∥∥∥∥∥
N∏

n=1

Tλ,σn eθ

∥∥∥∥∥
)

, (5.1)

where θ is an arbitrary initial condition. One may also average over θ w.r.t. an
arbitrary continuous measure before taking the limit [5, Lemma 3]. A result of
Furstenberg states a criterion for having a positive Lyapunov exponent [1]. A
quantitative control of the Lyapunov exponent in the vicinity of a critical point
is given in [8, Proposition 1], however, only in the case where the critical point is
not an anomaly of first or second order. The latter two cases are dealt with in the
present work.

Let us first suppose that the anomaly is of first order. Because the boundary
terms vanish in the limit, it is possible to use the matrices MTλ,σnM−1 instead of
Tλ,σn in (5.1). Furthermore, the random dynamical system (3.2) allows to expand
(5.1) into a telescopic sum:

γ(λ) = lim
N→∞

1
N

N−1∑
n=0

E log
(∥∥∥MTλ,σn+1M

−1 eSn
λ,ω(θ)

∥∥∥) . (5.2)

Up to terms of order O(λ3), we can expand each contribution of this Birkhoff sum:

log
(∥∥MTλ,σM−1 eθ

∥∥)
= λ 〈eθ|Pσ|eθ〉 +

1
2

λ2
(
〈eθ|(|Pσ|2 + Qσ + P 2

σ )|eθ〉 − 2 〈eθ|Pσ|eθ〉2
)

=
1
2
(e

[
2 λβσ e2ıθ + λ2

(
|βσ|2 + 〈v|(|Pσ|2 + 2 Qσ)|v〉e2ıθ − β2

σ e4ıθ
)]

,

where we used the identity

〈eθ|T |eθ〉 =
1
2

Tr(T ) + (e
(
〈v|T |v〉 e2ıθ

)
,

holding for any real matrix T , as well as Tr(Pσ) = Tr(Qσ) = 0 and Tr(|Pσ|2+P 2
σ ) =

4 |βσ|2. Let us set

Ij(N) =
1
N

N−1∑
n=0

E
(
e2ıjSn

λ,ω(θ)
)

, j = 1, 2 , (5.3)



Lyapunov Exponents at Anomalies 165

and introduce Ij by Ij(N) = Ij +O(λ) for N sufficiently large. We therefore obtain
for an anomaly of first order with errors of order O(λ3),

γ(λ) =
1
2

E (e
(
2 λβσ I1 + λ2

(
|βσ|2 + 〈v|(|Pσ |2 + 2 Qσ)|v〉 I1 − β2

σ I2

))
.

(5.4)
For an anomaly of second order, one regroups the contributions pairwise

as in Definition 2.1, namely works with the family (Tλ,σ̂)λ∈R,σ̂∈Σ2 where Tλ,σ̂ =
Tλ,σ(2)Tλ,σ(1) for σ̂ = (σ(2), σ(1)), furnished with the probability measure p̂ =
p×2. This family has an anomaly of first order, and its Lyapunov exponent is
exactly twice that of the initial family (Tλ,σ)λ∈R,σ∈Σ. It is hence sufficient to study
anomalies of first order.

5.1. Elliptic first degree anomaly

Let us consider the matrix E(∂λTλ,σ|λ=0) ∈ sl(2, R). For an elliptic anomaly, the
determinant of this matrix is positive. Its eigenvalues are therefore a complex
conjugate pair ± ı η

2 , so that there exists a basis change M ∈SL(2, R) such that

E
(
M∂λTλ,σ|λ=0M

−1
)

= E(Pσ) =
1
2

(
0 −η
η 0

)
. (5.5)

It follows that E(ασ) = ı η
2 and E(βσ) = 0, implying γ(λ)O(λ2). Furthermore,

from (3.3),

e2ıjSλ,σ(θ) =
(
1 + 2ıj λ 'm(ασ − βσ e2ıθ)

)
e2ıjθ + O(λ2) .

Hence

Ij(N) =
1
N

N−1∑
n=0

(1 + ıjλη)E
(
e2ıjSn−1

λ,ω (θ)
)

+ O(λ2)

= (1 + ıjλη) Ij(N) + O
(
N−1, λ2

)
,

so that Ij(N) = O(λ, (Nλ)−1) and Ij = 0. Replacing into (5.4), this leads to:

Proposition 5.1. If λ = 0 is an elliptic anomaly of first order and first degree, then

γ(λ) =
1
2

λ2 E(|βσ|2) + O(λ3) .

In order to calculate βσ in an application, one first has to determine the
basis change (5.5), then Pσ before deducing βσ and E(|βσ|2), see Section 6 for
two examples. Let us note that after the basis change, (5.5) implies E(pσ(θ)) = η.
Hence the invariant measure is to lowest order given by the Lebesgue measure
after the basis change.

The term ‘elliptic’ indicates that the mean dynamics at the anomaly is to
lowest order a rotation. For a hyperbolic anomaly it is an expansion in a given
direction and a contraction into another one. These directions (i.e., angles) can be
chosen to our convenience through the basis change M , as will be done next.
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5.2. Hyperbolic first degree anomaly

For a hyperbolic anomaly of first degree, the eigenvalues of E(∂λTλ,σ|λ=0) are ±μ
2

and there exists M ∈SL(2, R) such that

E
(
M∂λTλ,σ|λ=0M

−1
)

= E(Pσ) =
1
2

(
μ 0
0 −μ

)
. (5.6)

It follows that E(ασ) = 0 and E(βσ) = μ
2 , so that (5.4) leads to

γ(λ) =
1
2

λμ (e(I1) + O(λ2) .

We now need to evaluate I1. Introducing the reference dynamics S̃λ(θ) = θ −
1
2λμ sin(2θ) as well as the centered perturbation rσ(θ) = 'm(ασ − (βσ − μ

2 ) e2ıθ),
it follows from (3.3) that the phase shift dynamics is

Sλ,σ(θ) = S̃λ(θ) + λ rσ(θ) + O(λ2) . (5.7)

The non-random dynamics S̃λ has four fixed points, θ = 0, π
2 , π, 3π

2 . If λμ > 0,
θ = 0 and π are stable, while θ = π

2 and 3π
2 are unstable. For λμ < 0, the roles are

exchanged, and this case will not be considered here. Unless the initial condition
is the unstable fixed point, one has S̃n

λ (θ)→ 0 or π as n→∞. Furthermore, if θ is
not within a O(λ

1
2 )-neighborhood of an unstable fixed point, it takes n = O(λ− 3

2 )
iterations of S̃λ in order to attain a O(λ

1
2 )-neighborhood of 0. We also need to

expand iterations of Ŝλ:

S̃k
λ

(
θ + λ rσ(θ′) + O(λ2)

)
= S̃k

λ(θ) + λ∂θS̃k
λ(θ) rσ(θ′) + O(λ2) ,

where the corrective termO(λ2) on the r.h.s. is bounded uniformly in k as one read-
ily realizes when thinking of the dynamics induced by S̃λ. Furthermore, ∂θS̃k

λ(θ) =
O(1) uniformly in k. Iteration thus shows:

Sn
λ,ω(θ) = S̃n

λ (θ) + λ
n∑

k=1

∂θS̃n−k
λ

(
S̃λ(Sk−1

λ,ω (θ))
)

rσk
(Sk−1

λ,ω (θ)) + O(nλ2) .

Let us denote the coefficient in the sum over k by sk. Then sk is a random variable
that depends only on σl for l ≤ k. Moreover, sk is centered when a conditional
expectation over σk is taken. Taking successively conditional expectations thus
shows

E
(
e2ıSn

λ,ω(θ)
)

= e2ıS̃n
λ (θ)

(
E
(
e2ıλ

∑n−1
k=1 sk +O(nλ2)

)
+ O(λ2)

)
= e2ıS̃n

λ (θ) + O(nλ2) . (5.8)

Choosing n = λ− 3
2 gives according to the above

E
(
e2ıSn

λ,ω(θ)
)

= 1 + O(λ
1
2 ) , (5.9)

unless θ is within a O(λ
1
2 )-neighborhood of π

2 or 3π
2 . In the latter cases, an ele-

mentary argument based on the central limit theorem shows that it takes of order
E(rσ(π

2 )2)λ− 3
2 iterations to diffuse out of these regions left out before. Supposing
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that one does not have rσ(π
2 ) = 0 for p-almost all σ, one can conclude that (5.9)

holds for all initial conditions θ. Consequently I1 = 1 +O(λ
1
2 ) so that:

Proposition 5.2. If λ = 0 is an hyperbolic anomaly of first order and first degree,
and rσ(π

2 ) does not vanish for p-almost all σ, one has

γ(λ) =
1
2
|λμ| + O(λ

3
2 ) .

The argument above shows that the random phase dynamics is such that the
angles Sn

λ,ω(θ) are for most n and ω in a neighborhood of size λ
1
2 of the stable

fixed points θ = 0, π. This does not mean that for some n and ω, the angles are
elsewhere; in particular, the rotation number of the dynamics does not vanish.
However, this leads to corrections which do not enter into the lowest order term
for the Lyapunov exponent.

5.3. Parabolic first degree anomaly

This may seem like a pathological and exceptional case. It turns out to be the
mathematically most interesting anomaly of first degree, though, and its analysis
is similar to that of the Lyapunov exponent at the band edge (this will be discussed
elsewhere). First of all, at a parabolic anomaly of first degree, there exists M ∈
SL(2, R) allowing to attain the Jordan normal form:

E
(
M∂λTλ,σ|λ=0M

−1
)

= E(Pσ) =
(

0 1
0 0

)
. (5.10)

Thus E(ασ) = E(βσ) = −ı 1
2 so that γ(λ)1

2 λ'm(I1) + O(λ2). Introducing the
reference dynamics Ŝλ(θ) = θ+ λ

2 (cos(2θ)−1) as well as the centered perturbation
rσ(θ) = 'm(ασ + ı

2 − (βσ + ı
2 ) e2ıθ), the dynamics can then be decomposed as in

(5.7). Moreover, the argument leading to (5.8) directly transposes to the present
case. However, this does not allow to calculate the leading order contribution, but
shows that γ(λ) = O(λ

3
2 ).

5.4. Second degree anomaly

At a second degree anomaly one has E(βσ) = 0, so in order to calculate the lowest
order of the Lyapunov exponent one needs to, according to (5.4), evaluate I1 and
I2. For this purpose let us introduce an analytic change of variables Z : S1 → S1

using the density ρ0 given in (4.3):

θ̂ = Z(θ) =
∫ θ

0

dθ′ ρ0(θ′) .

According to Section 4, one expects that the distribution of θ̂ is the Lebesgue
measure. We will only need to prove that this holds perturbatively in a weak sense
when integrating analytic functions.



168 H. Schulz-Baldes

We need to study the transformed dynamics Ŝλ,σ = Z ◦ Sλ,σ ◦Z−1 and write
it again in the form:

Ŝλ,σ(θ̂) = θ̂ + λ p̂σ(θ̂) + λ2 q̂σ(θ̂) +
1
2

λ2 p̂σ(θ̂) ∂θ̂ p̂σ(θ̂) + O(λ3) . (5.11)

As, Z ◦ Sλ,σ(θ) is up to order O(λ3) equal to

Z(θ) +
(
λ pσ(θ) +

1
2

λ2 pσ(θ) ∂θpσ(θ) + λ2 qσ(θ)
)

∂θZ(θ) +
1
2

λ2 p2
σ ∂2

θZ(θ) ,

one deduces from

∂θZ = ρ0 , ∂2
θZ =

2
E(p2

σ)

(
C − 1

2
E(pσ∂θpσ) ρ0 + E(qσ) ρ0

)
,

that, with θ = Z−1(θ̂),

p̂σ(θ̂) = pσ(θ) ρ0(θ) , q̂σ(θ̂) = qσ(θ) ρ0(θ) .

A short calculation shows that the expectation values satisfy

E(p̂σ(θ̂)) = 0 , E(q̂σ(θ̂)) =
1
2

E
(
p̂σ(θ̂) ∂θ̂ p̂σ(θ̂)

)
− C , (5.12)

where C is as in (4.3).

Given any analytic function f̂ on S1, let us introduce its Fourier coefficients

f̂(θ̂) =
∑
m∈Z

f̂m eımθ̂ , f̂m =
∫ 2π

0

dθ̂

2π
f̂(θ̂) e−ımθ̂ .

There exist a, ξ > 0 such that f̂m ≤ a e−ξ|m|. We are interested in

Îf̂ (N) =
1
N

E
N−1∑
n=0

f̂(θ̂n) ,

where, for sake of notational simplicity, we introduced θ̂n = Ŝn
λ,ω(θ̂) for iterations

defined just as in (3.2).

Lemma 5.3. Suppose E(p2
σ) > 0 and that f̂ is analytic. Then

Îf̂ (N) = f̂0 + O(λ, (λ2N)−1) ,

with an error that depends on f̂ .

Proof. Set r̂ = 1
2E(p̂2

σ). This is an analytic function which is strictly positive on
S1. Furthermore let F̂ be an auxiliary analytic function with Fourier coefficients
F̂m. Then, using (5.11) and the identities (5.12), we deduce that ÎF̂ (N) is equal to

1
N

E
N−1∑
n=0

∑
m∈Z

F̂m eımθ̂n

(
1− ımCλ2 + mλ2(ı∂θ̂ −m)r̂(θ̂n) +O(m3λ3, N−1)

)
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As the term of order O(1) gives back ÎF̂ (N), we conclude after summing up the
error terms:

λ2

N
E

N−1∑
n=0

∑
m∈Z

F̂m eımθ̂n

(
−ımCλ2 + mλ2(ı∂θ̂ −m)r̂(θ̂n)

)
= O(λ3, N−1).

If a prime denotes a derivative, we therefore deduce for any analytic function F̂

Î−CF̂ ′+(r̂F̂ ′)′(N) = O(λ, (λ2N)−1) . (5.13)

Now, extracting the constant term, it is clearly sufficient to show Îf̂ (N) =
O(λ, (λ2N)−1) for an analytic function f̂ with f̂0 = 0. But for such an f̂ one can
solve the equation

f̂ = −CF̂ ′ + (r̂F̂ ′)′ (5.14)

for an analytic and periodic function F̂ and then conclude due to (5.13). Indeed,
by the method of variation of constants one can always solve (5.14) for an analytic
F̂ ′. This then has an antiderivative F̂ as long as F̂ ′ does not have a constant
term, i.e., the zeroth order Fourier coefficient of the solution of (5.14) vanishes.
Integrating (5.14) w.r.t. θ̂, one sees that this is precisely the case when f̂0 = 0 as
long as C �= 0. If on the other hand C = 0, then (5.14) can be integrated once,
and the antiderivative

∫
f̂ of f̂ chosen such that r̂−1

∫
f̂ does not have a constant

term. Then a second antiderivative can be taken, giving the desired function F̂ in
this case. �

In order to use this result for the evaluation of Ij(N) defined in (5.3), let us
note that

Ij(N) =
1
N

E
N−1∑
n=0

e2ıjZ−1(θ̂n) .

Hence up to corrections the result is given by the zeroth order Fourier coefficient
of the analytic function f̂(θ̂) = e2ıjZ−1(θ̂), so that after a change of variables one
gets:

Ij(N) =
∫ 2π

0

dθ

2π
ρ0(θ) e2ıjθ + O(λ, (λ2N)−1) .

Proposition 5.4. If λ = 0 is an anomaly of first order and second degree and
E(p2

σ) > 0, then one has, with ρ0 given by (4.3) and up to errors of order O(λ3):

γ(λ) =
λ2

2
(e

∫ 2π

0

dθ

2π
ρ0(θ)

[
E(|βσ|2) + E(〈v|(|Pσ|2 + 2 Qσ)|v〉) e2ıθ −E(β2

σ) e4ıθ
]
.

In the above, anomalies of first degree were classified into elliptic, hyperbolic
and parabolic. Second degree anomalies should be called ‘diffusive’ (strictly if
E(p2

σ) > 0). The random dynamics of the phases is diffusive on S1, with a varying
diffusion coefficient and furthermore submitted to a mean drift, also varying with
the position. It does not seem possible to transform this complex situation into a
simple normal form by an adequate basis change M .
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Let us note that the Lyapunov exponent at an anomaly does depend on the
higher order term Qσ in the expansion (2.2), while away from an anomaly it does
not depend on Qσ [8]. Of course, the coefficient of λ2 in Proposition 5.4 cannot
be negative. Up to now, no general argument could be found showing this directly
(a problem that was solved in [8, Proposition 1] away from anomalies). For this
purpose, it might be of help to choose an adequate basis change M .

6. Examples

6.1. Center of band of the Anderson model

The transfer matrices of the Anderson model are given by

Tλ,σ =
(

λ vσ − E −1
1 0

)
, (6.1)

where vσ is a real random variable and E ∈ R is the energy. The band center is
given at E = 0. In order to study the behavior of the Lyapunov exponent at its
vicinity, we set E = ελ2 for some fixed ε ∈ R. Then the associated family of i.i.d.
random matrices has an anomaly of second order because

Tλ,σ̂ = Tλ,σ2Tλ,σ1

= − exp
(

λ

(
0 vσ2

− vσ1 0

)
+ λ2

(
− 1

2 vσ1vσ2 − ε
ε 1

2 vσ1vσ2

))
,

where σ̂ = (σ2, σ1) and errors of order O(λ3) were neglected. It follows that ασ̂ =
1
2ı (vσ2 + vσ1) and βσ̂ = 1

2ı (vσ2 − vσ1). If now vσ is not centered, then one has an
elliptic anomaly of first degree and Proposition 5.1, combined with the factor 1/2
due to the order of the anomaly, implies directly (no basis change needed here)
that

γ(λ) =
1
8

λ2 (E(v2
σ)−E(vσ)2) + O(λ3) .

If, on the other hand, vσ is centered, one has a second degree anomaly
and can apply Proposition 5.4. One readily verifies that E(|βσ̂|2) = 1

2E(v2
σ) and

E(β2
σ̂) = − 1

2E(v2
σ), and furthermore that the second term in Proposition 5.4 always

vanishes, so that

γ(λ) =
1
8

λ2 E(v2
σ)

∫ 2π

0

dθ

2π
ρ0(θ) (1 + cos(4θ)) + O(λ3) ,

which is strictly positive unless vσ vanishes identically (it was already supposed
to be centered). If one wants to go further, E(|pσ̂(θ)|2) = 1

2E(v2
σ)(1 + cos2(2θ)).

In the case ε = 0, one then has E(Qσ̂) = 0 so that ρ0(θ) = c(1 + cos2(2θ))−
1
2 with

a normalization constant c that can be calculated by a contour integration. This
proves the formula given in [4].
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6.2. A particular random dimer model

In the random dimer model, the transfer matrix is given by the square of (6.1), with
a potential that can only take two values λvσ = σv where v ∈ R and σ ∈ {−1, 1}
(e.g., [5]). Hence for a given energy E ∈ R it is

T E
σ =

(
σ v − E −1

1 0

)2

.

Now the energy is chosen to be E = v + λ. Then Tλ,σ = T v+λ
σ has a critical point

if |v| < 2. For the particular value v = 1√
2

fixing hence a special type of dimer
model, one has:

Tλ,σ =
( 1√

2
(σ − 1) − λ −1

1 0

)2

=

(
− σ −

√
2 (σ − 1)λ 1√

2
(1− σ) + λ

1√
2

(σ − 1) − λ − 1

)
+ O(λ2) .

This family has now an anomaly of second order and first degree because

(Tλ,σ)2 = σ exp
(

λ

( √
2 (σ − 1) − 3 + σ

3 − σ −
√

2 (σ − 1)

)
+ O(λ2)

)
.

One readily verifies that the determinant of E(M−1PσM) is equal to 7− 2E(σ)−
E(σ)2 and hence positive so that the anomaly is elliptic. Therefore the general
result of Section 5.1 can be applied. Let us set e = E(σ). The adequate basis
change (without normalization of the determinant) is

M =
( √

7− 2e− e2 0√
2(1− e) 3− e

)
.

A calculation then gives

Pσ =
1

3− e

(
2
√

2(σ − e) (σ − 3)
√

7− 2e− e2

4(1−e)(σ−e)−(e−3)(7−σ−e−e2)√
7−2e−e2 −2

√
2(σ − e)

)
,

allowing to extract βσ and then E(|βσ|2), leading to (this contains a factor 1/2
because the anomaly is of second order)

γ(λ) = λ2 2(1− e2)
(3 − e)2

(
1 +

2(e− 1)2

7− 2e− e2

)
+ O(λ3) .

Note that if e = 1 or e = −1 so that there is no randomness, the coefficient
vanishes. This special case was left out in [5] (the condition E(e4ıη) �= 1 in the
theorems of [5] is violated). Within the wide class of polymer models discussed in
[5], models with all types of anomalies can be constructed, and then be analysed
by the techniques of the present work.
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system of difference equations are obtained. These results are the uniform
and smooth generalizations of the Benzaid-Lutz theorem (a Levinson type
theorem for discrete linear systems) and are used to develop a technique for
proving absence of accumulation points in the pure point spectrum of Jacobi
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for a class of unbounded Jacobi operators.
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1. Introduction

The asymptotic behavior of solutions of discrete linear systems can be obtained
by means of discrete Levinson type theorems [4, 6]. Here we are mainly concerned
with asymptotically diagonal linear systems to which the Benzaid-Lutz theorem
can be applied.

Consider the system

�xn+1 = (Λn + Rn)�xn , n ≥ n0 , (1)

where �xn is a d-dimensional vector, Λn + Rn is an invertible d × d matrix, and
Λn = diag{ν(k)

n }dk=1. The Benzaid-Lutz theorem [2, 4, 6] asserts that, when the
sequence {Λn}n≥n0 satisfies the Levinson condition for k = 1, . . . , d (see below
Def. 2.1) and

∞∑
n=n0

‖Rn‖
|ν(k)

n |
<∞ , k = 1, . . . , d ,

Partially supported by project PAPIIT IN 101902, DGAPA-UNAM.
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then, there is a basis {�x(k)
n }n≥n0 (k = 1, . . . , d) in the space of solutions of (1) such

that ∥∥∥∥∥ �x
(k)
n∏n−1

i=n0
ν

(k)
i

− �ek

∥∥∥∥∥→ 0 , as n→∞ , for k = 1, . . . , d ,

where {�ek}dk=1 is the canonical basis in Cd. This result has its counterpart for linear
systems of ordinary differential equations [3]. Loosely speaking, if the conditions
of the Benzaid-Lutz theorem hold, the solutions {�x(k)

n }n≥n0 of (1) asymptotically
behave as the solutions of the unperturbed system

�xn+1 = Λn�xn , n ≥ n0 .

Let us now consider the second order difference equation for the sequence
{xn}∞n=1,

bn−1xn−1 + qnxn + bnxn+1 = λxn , λ ∈ R , n ≥ 2 , (2)
where {qn}∞n=1 and {bn}∞n=1 are real sequences and bn �= 0 for any n ∈ N. This
equation can be written as follows

�xn+1 = Bn(λ)�xn , λ ∈ R , n ≥ 2 . (3)

where, �xn :=
(

xn−1

xn

)
and Bn(λ) :=

(
0 1

− bn−1
bn

λ−qn
bn

)
. In general, difference equa-

tions of order d can be reduced to similar systems with d× d matrices.
It is well known that the spectral analysis of Jacobi operators having the

matrix representation⎛⎜⎜⎜⎜⎜⎜⎜⎝

q1 b1 0 0 · · ·
b1 q2 b2 0 · · ·
0 b2 q3 b3

0 0 b3 q4
. . .

...
...

. . . . . .

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

0 �= bn ∈ R , ∀n ∈ N ,

qn ∈ R , ∀n ∈ N ,

with respect to the canonical basis in l2(N), can be carried out on the basis of
the asymptotic behavior of the solutions of (2), for example using Subordinacy
Theory [5, 8]. In its turn, in certain cases (see Sec. 5), the asymptotics of solutions
of (3) (and therefore of (2)) can be obtained by the Benzaid-Lutz theorem applied
point-wise with respect to λ ∈ R.

In this paper we obtain sufficient conditions for a parametric Benzaid-Lutz
system of the form

�xn+1(λ) = (Λn(λ) + Rn(λ))�xn(λ) , n ≥ n0 ,

to have solutions with certain smooth behavior with respect to λ (see Sec. 4). This
result, together with a uniform (also with respect to λ) estimate of the asymptotic
remainder of solutions of (2) obtained in [12], is used to develop a technique for
excluding accumulation points in the pure point spectrum of difference operators.
The technique is illustrated in a simple example.
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2. Preliminaries

Throughout this work, unless otherwise stated, I denotes some real interval. Be-
sides, we shall refer in multiple occasions to the sequence of matrices Λ defined as
follows

Λ := {Λn(λ)}∞n=n0
, where Λn := diag{ν(k)

n (λ)}dk=1 , λ ∈ I . (4)

Definition 2.1. The sequence Λ, given by (4), is said to satisfy the Levinson con-
dition for k (denoted Λ ∈ L(k)) if there exist an N ≥ n0 such that ν

(k)
n (λ) �= 0,

for any n ≥ N and λ ∈ I, and if for some constant number M > 1, with k being
fixed, each j (1 ≤ j ≤ d) falls into one and only one of the two classes I1 or I2,
where
(a) j ∈ I1 if ∀λ ∈ I∣∣∣∏n

i=N ν
(k)
i (λ)

∣∣∣∣∣∣∏n
i=N ν

(j)
i (λ)

∣∣∣ →∞ as n→∞ , and

∣∣∣∏n′

i=n ν
(k)
i (λ)

∣∣∣∣∣∣∏n′
i=n ν

(j)
i (λ)

∣∣∣ >
1
M

, ∀n′ , n such that n′ ≥ n ≥ N .

(b) j ∈ I2 if ∀λ ∈ I∣∣∣∏n′

i=n ν
(k)
i (λ)

∣∣∣∣∣∣∏n′
i=n ν

(j)
i (λ)

∣∣∣ < M , ∀n′ , n such that n′ ≥ n ≥ N .

Definition 2.2. Fix the natural numbers k (k ≤ d) and n1, and assume that
ν

(k)
n (λ) �= 0, ∀n ≥ n1 and ∀λ ∈ I. Let Xk(n1) denote the normed space con-

taining all sequences �ϕ = {�ϕn(λ)}∞n=n1+1 of functions defined on I and with range
in Cd, such that

sup
n>n1

sup
λ∈I

{
‖�ϕn(λ)‖Cd

1

|
∏n−1

i=n1
ν

(k)
i (λ)|

}
<∞

and where the norm is defined by

‖�ϕ‖Xk(n1) = sup
n>n1

sup
λ∈I

{
‖�ϕn(λ)‖Cd

1

|
∏n−1

i=n1
ν

(k)
i (λ)|

}
. (5)

Clearly, Xk(n1) is complete. It will be also considered the subspace X0
k(n1)

which contains all functions of Xk(n1) such that

sup
λ∈I

{
‖�ϕn(λ)‖Cd

1

|
∏n−1

i=n1
ν

(k)
i (λ)|

}
→ 0 as n→∞ . (6)
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In Cd consider the canonical orthonormal basis {�ek}dk=1. The d × d diago-
nal matrix diag{δkl}dl=1, where δkl (k, l = 1, . . . , d) is the Kronecker symbol, is a
projector to the one dimensional space generated by �ek.

Definition 2.3. Assuming Λ ∈ L(k) (for some k = 1, . . . , d), let Pi(Λ, k) = Pi be
defined by

Pi =
∑
j∈Ii

diag{δjl}dl=1 i = 1, 2 , (7)

where I1 and I2 are the classes of Definition 2.1.

3. Uniform asymptotics of solutions

The following result has been proven in [12].

Lemma 3.1. Let the sequence Λ be defined as in (4). For any n ∈ N, λ ∈ I, let
Rn(λ) be a d × d complex matrix. Fix the natural number k ≤ d and assume that
the following conditions hold:

(i) Λ ∈ L(k).

(ii) supλ∈I

∞∑
n=N

‖Rn(λ)‖
|ν(k)

n (λ)|
<∞ (N is given by the previous condition, see Def. 2.1).

(iii) for any ε > 0 there exists an Nε (which depends only on ε) such that ∀λ ∈ I
we have

∞∑
n=Nε

‖Rn(λ)‖
|ν(k)

n (λ)|
< ε .

Then, for some N0 ≥ N and any bounded continuous function, denoted by ϕN0(λ)
(λ ∈ I), the operator Tk defined on any �ϕ = {�ϕn(λ)}∞n=N0+1 in Xk(N0) by

(Tk�ϕ)n(λ) = P1

n−1∏
i=N0

Λi(λ)
n−1∑

m=N0

(
m∏

i=N0

Λi(λ)

)−1

Rm(λ)�ϕm(λ)

− P2

n−1∏
i=N0

Λi(λ)
∞∑

m=n

(
m∏

i=N0

Λi(λ)

)−1

Rm(λ)�ϕm(λ) , n > N0 ,

(8)

has the following properties

1. ‖Tk‖ < 1
2. TkXk(N0) ⊂ X0

k(N0)

Assuming that Λ, defined by (4), and {Rn(λ)}∞n=n0
satisfy the conditions of

Lemma 3.1, let the sequence �ϕ = {�ϕ(k)
n (λ)}∞n=N0

in Xk(N0) be a solution of

�ϕ = �ψ(k) + Tk �ϕ , (9)
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where �ψ(k) = {�ψ
(k)
n (λ)}∞n=N0+1 is defined by

�ψ(k)
n =

n−1∏
i=N0

Λi(λ)�ek =
n−1∏
i=N0

ν
(k)
i (λ)�ek , n > N0 .

It is straightforwardly verifiable that one obtains an identity if substitutes (9) into

�ϕn+1(λ) = (Λn(λ) + Rn(λ))�ϕn(λ) , n > N0 , (10)

and take into account (8). Thus, �ϕ ∈ Xk(N0), defined as a solution of (9), is a
solution of (10) for each k ≤ d. Notice that Tk’s property 2, stated in Lemma 3.1,
implies

�ϕ− �ψ(k) ∈ X0
k(N0) . (11)

The following assertion is the uniform version of the Benzaid-Lutz theorem [2, 4].

Theorem 3.2. Let the sequences Λ, given by (4), and {Rn(λ)}∞n=n0
satisfy the

conditions of Lemma 3.1 for all k = 1, . . . , d. Then one can find an N0 ∈ N such
that there exists a basis {�ϕ(k)(λ)}dk=1, �ϕ(k) = {�ϕ(k)

n (λ)}∞n=N0+1, in the space of
solutions of (10) satisfying

sup
λ∈I

∥∥∥∥∥ �ϕ
(k)
n (λ)∏n−1

i=N0
ν

(k)
i (λ)

− �ek

∥∥∥∥∥→ 0, as n→∞ , for k = 1, . . . , d . (12)

Proof. We have d solutions of (10) given by (9) for k = 1, . . . , d. Equation (12)
follows directly from (11). That {�ϕ(k)(λ)}dk=1 is a basis is a consequence of (12).
Indeed, let Φ(n, λ) be the d× d matrix whose columns are given by the d vectors
�ϕ

(k)
n (λ) (k = 1, . . . , d); then (12) implies that, for sufficiently big n,

∀λ ∈ I , detΦ(n, λ) �= 0 . �

It is worth remarking that the uniform Levinson theorem (in the continuous
case, i.e., for a system of ordinary differential equations) has already been proven in
[10], where this result is used in the spectral analysis of a self-adjoint fourth-order
differential operator.

4. Smoothness of solutions

Here we show that if the matrices Rn(λ) and Λn(λ) enjoy certain smooth properties
with respect to λ, then the solutions of (10) obtained through Theorem 3.2 are
also smooth.

Lemma 4.1. Let the sequences {Rn(λ)}∞n=n0
and Λ, defined in (4), satisfy the

conditions of Lemma 3.1, and suppose that the entries of Rn(λ) and Λn(λ), seen
as functions of λ, are continuous on I for every n ≥ N0, where N0 is given by
Lemma 3.1. Then the solution �ϕ = {�ϕn(λ)}∞n=N0+1 of (9) is such that �ϕn(λ), as a
function of λ, is continuous on I for each n > N0.
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Proof. From the definition of Tk it follows that if the sequence �ϕ = {�ϕn(λ)}∞n=N0+1

is such that �ϕn(λ) is a continuous function on I, ∀n > N0, then (Tk �ϕ)n(λ) is
continuous on I, ∀n > N0. Indeed, from (8) one has that (Tk�ϕ)n(λ) is a uniform
convergent series of continuous functions. The assertion of the lemma then follows
from the fact that the unique solution of (9) can be found by the method of
successive approximations. �

Lemma 4.2. Suppose that the sequences {Rn(λ)}∞n=n0
and {Λn(λ)}∞n=n0

satisfy the
conditions of Theorem 3.2 and I is a closed interval. Let Rn(λ) and Λn(λ) be
matrices whose entries are continuous functions of λ on I for every n ≥ n0 and
such that

det(Λn(λ) + Rn(λ)) �= 0 , λ ∈ I , n0 ≤ n ≤ N0 . (13)

Then, the solutions {�ϕ(k)(λ)}dk=1, �ϕ(k) = {�ϕ(k)
n (λ)}∞n=N0+1, of (10) given by The-

orem 3.2 can be extended to solutions �ϕ(k) = {�ϕ(k)
n (λ)}∞n=n0

of the system

�ϕn+1(λ) = (Λn(λ) + Rn(λ))�ϕn(λ) n ≥ n0 ,

having the property that, given n ≥ n0 fixed, for any ε > 0 there exists δ such that

∀λ1, λ2 ∈ I , |λ1 − λ2| < δ ⇒
∥∥∥�ϕ(k)

n (λ1)− �ϕ(k)
n (λ2)

∥∥∥ < ε , k = 1, . . . , d . (14)

Proof. The proof is again straightforward. By Theorem 3.2 there exists an N0 ∈ N
such that the basis {�ϕ(k)(λ)}dk=1 in the space of solutions of (10) satisfies (12).
�ϕ

(k)
n (λ) is continuous on I for all n > N0 as a consequence of Lemma 4.1. Since I

is closed, each �ϕ
(k)
n (λ) is actually uniform continuous. Therefore, we have (14) for

n > N0. Now, for n0 ≤ p ≤ N0, one has

�ϕ(k)
p (λ) = Q(λ, p, N0)�ϕ

(k)
N0+1(λ) ,

where

Q(λ, p, N0) := (Λp(λ) + Rp(λ))−1 . . . (ΛN0(λ) + RN0(λ))−1.

Condition (13) implies that Q(λ, p, N0) is always well defined, and the smooth
properties of Rn(λ) and Λn(λ) imply that the entries of Q(λ, p, N0) are uniform
continuous on I for all p. Thus, from∥∥∥�ϕ(k)

p (λ1)− �ϕ(k)
p (λ2)

∥∥∥ ≤ ∥∥∥(Q(λ1, p, N0)−Q(λ2, p, N0))�ϕ
(k)
N0

(λ2)
∥∥∥

+
∥∥∥Q(λ1, p, N0)(�ϕ

(k)
N0

(λ1)− �ϕ
(k)
N0

(λ2))
∥∥∥ .

it follows that ∥∥∥�ϕ(k)
p (λ1)− �ϕ(k)

p (λ2)
∥∥∥→ 0 as λ1 → λ2 �
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5. An application to a class of Jacobi matrices

In the Hilbert space l2(N), let J be the operator whose matrix representation with
respect to the canonical basis in l2(N) is a semi-infinite Jacobi matrix of the form⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 b1 0 0 · · ·
b1 0 b2 0 · · ·
0 b2 0 b3

0 0 b3 0
. . .

...
...

. . . . . .

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (15)

The elements of the sequence {bn}∞n=1 are defined as follows

bn := nα
(
1 +

cn

n

)
, ∀n ∈ N , (16)

where α > 1 and cn = cn+2L (L ∈ N). We assume that 1+ cn

n �= 0 for all n. Clearly,
the Jacobi operator J is symmetric and unbounded. J is closed by definition since
the unbounded symmetric operator J is said to have the matrix representation (15)
with respect to the canonical basis in l2(N) if it is the minimal closed operator
satisfying

(Jek, ek+1) = (Jek+1, ek) = bk , ∀k ∈ N ,

where {ek}∞k=1 is the canonical basis in l2(N) (see [1]). The class of Jacobi matrices
given by (15) and (16) is said to have rapidly growing weights. This class is based
on an example suggested by A.G. Kostyuchenko and K.A. Mirzoev in [9].

On the basis of subordinacy theory [5, 8], the spectral properties of J have
been studied in [6, 11, 12]. The theory of subordinacy reduces the spectral analysis
of operators to the asymptotic analysis of the corresponding generalized eigenvec-
tors. This approach has proved to be very useful in the spectral analysis of Jacobi
operators. In [6] it is proven that if∣∣∣∣∣

2L∑
k=1

(−1)kck

∣∣∣∣∣ ≥ L(α− 1) , (17)

then J = J∗ and it has pure point spectrum. However, within the framework of
subordinacy theory, one cannot determine if the pure point spectrum has accumu-
lation points in some finite interval.

Equation (2) for J takes the form

bn−1un−1 + bnun+1 = λun , n > 1 , λ ∈ R , (18)

with {bn}∞n=1 given by (16). As was mentioned before, the asymptotic behavior of
the solutions of (18) gives information on the spectral properties of J . If a solution
u(λ) = {un(λ)}∞n=1 of (18) satisfies the “boundary condition”

b1u2 = λu1 (19)

and turns out to be in l2(N), then u(λ) is an eigenvector of J∗ corresponding to
the eigenvalue λ.
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Using the results of Sections 3 and 4, we shall develop a technique to prove
that J with weights given by (16) and (17) has discrete spectrum.

It is worth remarking that there are simpler methods for proving that the
spectrum of J is purely discrete. Indeed, one can use for instance the asymptotic
behavior of the solutions of (18) to show that the resolvent of J is compact. This
has been done for a class of Jacobi operators in [7] and the technique developed
there can in fact be used to obtain estimates for the eigenvalues.

The method we develop below may, nevertheless, be advantageous in some
cases since it uses and preserves more information inherent in system (18). For
simplicity, operator J has been chosen to illustrate the technique, but one can
easily adapt the reasoning for other Jacobi operators. Our technique seems to be
especially useful for operators having simultaneously intervals of pure point and
absolutely continuous spectrum [6, Th. 2.2].

We begin by deriving from (18) a system suitable for applying our previous
results, but first we introduce the following notation. Given a sequence of matrices
{Ms(λ)}∞s=1 (λ ∈ I) and a sequence {fs}∞s=1 of real numbers, we shall say that

Ms(λ) = ÔI(fs) as s→∞ .

if there exists a constant C > 0 and S ∈ N such that

sup
λ∈I
‖Ms(λ)‖ < C |fs| , ∀s > S .

Now suppose that I is a finite interval and rewrite (18), with λ ∈ I, in the form
of (3). We have

Bn(λ) =
(

0 1

− bn−1
bn

λ
bn

)
, n ≥ 2 , λ ∈ I .

Define the sequence of matrices {Am(λ)}∞m=1 as follows

Am(λ) :=
Lm∏

s=1+L(m−1)

B2s+1(λ)B2s(λ) , m ∈ N . (20)

Whenever we have products of non-diagonal matrices, as in (20), we take them in
“chronological” order, that is,

Am(λ) := B2Lm+1(λ)B2Lm . . . B2L(m−1)+3(λ)B2L(m−1)+2 .

A straightforward computation shows that

B2s+1(λ)B2s(λ) = −I +
( c2s−c2s−1+α

2s 0
0 c2s+1−c2s+α

2s

)
+ ÔI(s−1−ε), ε > 0 .

Indeed, one can easily verify that

B2s+1(λ)B2s(λ) + I −
( c2s−c2s−1+α

2s 0
0 c2s+1−c2s+α

2s

)
=

(
r1(s) r2(s)
r3(s)λ r4(s) + r5(s)λ2

)
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where rl(s) = O(s−1−ε) for l = 1, . . . , 5. Clearly, up to the same asymptotic
estimate, we may also write (ε > 0)

B2s+1(λ)B2s(λ) =

(
−e

c2s−1−c2s−α

2s 0

0 −e
c2s−c2s+1−α

2s

)[
I + ÔI(s−1−ε)

]
.

Therefore,

Am(λ) =
Lm∏

s=1+L(m−1)

(
−e

c2s−1−c2s−α

2s 0
0 −e

c2s−c2s+1−α

2s

)
Lm∏

s=1+L(m−1)

[
I + ÔI(s−1−ε)

]

= (−1)L

⎛⎜⎜⎜⎝
exp

Lm∑
s=1+L(m−1)

c2s−1−c2s−α
2s 0

0 exp
Lm∑

s=1+L(m−1)

c2s−c2s+1−α
2s

⎞⎟⎟⎟⎠[
I + ÔI(m−1−ε)

]

Let us define, for m ∈ N, λ ∈ I, the matrices

Λm := diag{ν(1)
m , ν(2)

m } ,

where

ν(1)
m := (−1)L exp

Lm∑
s=1+L(m−1)

c2s−1 − c2s − α

2s

ν(2)
m := (−1)L exp

Lm∑
s=1+L(m−1)

c2s − c2s+1 − α

2s
,

(21)

and
Rm(λ) := Am(λ)− Λm

Observe that Λm does not depend on λ, and Rm(λ) = ÔI(m−1−ε) as m→∞.

Lemma 5.1. Let I be a finite closed interval. There is a basis �x(k)(λ)={�x(k)
n (λ)}∞n=1

(k = 1, 2) in the space of solutions of the system

�xn+1(λ) = An(λ)�xn(λ) , n ∈ N , λ ∈ I , (22)

with An(λ) given by (20), such that

sup
λ∈I

∥∥∥∥∥ �x
(k)
n (λ)∏n−1

i=1 ν
(k)
i

− �ek

∥∥∥∥∥→ 0 , as n→∞ , for k = 1, 2 ,

where ν
(k)
i is defined in (21). Moreover, for any fixed n ∈ N

sup
|λ′−λ|<δ

λ′,λ∈I

∥∥∥�x(k)
n (λ′)− �x(k)

n (λ)
∥∥∥→ 0 , as δ → 0 , k = 1, 2.
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Proof. Write An(λ) = Λn + Rn(λ) as was done before. We first show that the
sequences {Λn}∞n=1 and {Rn(λ)}∞n=1 satisfy the conditions of Theorem 3.2. Let us
prove that {Λn}∞n=1 ∈ L(k) for k = 1, 2. Define

γ :=
1

2L

L∑
s=1

c2s−1 − 2c2s + c2s+1 .

It is not difficult to verify that for every n ≥ 2 there is a constant K such that

n∏
i=1

|ν(1)
i |
|ν(2)

i |
= exp

n∑
i=1

Li∑
s=1+L(i−1)

c2s−1 − 2c2s + c2s+1

2s

< K exp

{
γ

n∑
s=1

1
s

}
.

Analogously for some constant K̃

n∏
i=1

|ν(1)
i |
|ν(2)

i |
= exp

n∑
i=1

Li∑
s=1+L(i−1)

c2s−1 − 2c2s + c2s+1

2s

> K̃ exp

{
γ

n∑
s=1

1
s

}
.

Clearly, one obtains similar estimates interchanging k = 1, 2. Thus i holds. Condi-
tions ii and iii follow from the fact that ν

(k)
n → 1 as n→∞ and Rn = ÔI(n−1−ε).

Now observe that (13) holds for the system (22), and for n ∈ N the entries
of Rn(λ) and Λn are continuous functions of λ ∈ I. Therefore, the conditions of
Lemma 4.2 are satisfied. �

Lemma 5.2. Let I be any closed finite interval of R. Then, there exists a solution
u(λ) = {un(λ)}∞n=1 of (18), with {bn}∞n=1 given by (16) and satisfying (17), such
that

∞∑
n=1

sup
λ∈I
|un(λ)|2 <∞ .

Moreover, for any fixed n ∈ N,

sup
|λ′−λ|<δ

λ′, λ∈I

|un(λ′)− un(λ)| → 0 , as δ → 0 .

Proof. By (20) and (22), it is clear that

�x
(k)
n+1(λ) =

⎛⎝u
(k)
2Ln+1(λ)

u
(k)
2Ln+2(λ)

⎞⎠ . (23)
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Thus, Lemma 5.1 yields that for n ∈ N and some constants C, C′ > 0

sup
λ∈I

∣∣∣u(1)
2Ln+2(λ)

∣∣∣ ≤ sup
λ∈I

∥∥∥�x
(1)
n+1(λ)

∥∥∥
≤ C

∣∣∣∣∣
n∏

i=1

ν
(1)
i

∣∣∣∣∣
= C exp

n∑
i=1

Li∑
s=1+L(i−1)

c2s−1 − c2s − α

2s

≤ C′ exp

{
L∑

s=1

c2s−1 − c2s − α

2L

n∑
s=1

1
s

}
,

where we have use the periodicity of the sequence {ck}∞k=1. Thus for some constant
C′′ we have

sup
λ∈I

∣∣∣u(1)
2Ln+2(λ)

∣∣∣ ≤ C′′nβ , β :=
1

2L

2L∑
s=1

(−1)s+1cs −
α

2
.

Analogously, there is a C̃ > 0 such that

sup
λ∈I

∣∣∣u(2)
2Ln+2(λ)

∣∣∣ ≤ C̃nβ̃ , β̃ :=
1

2L

2L∑
s=1

(−1)scs −
α

2
.

Since α > 1, (17) implies that either for k = 1 or k = 2

∞∑
n=1

sup
λ∈I

∣∣∣u(k)
2Ln+2(λ)

∣∣∣2 <∞ (24)

The first assertion of the lemma follows from (24) and the fact that there is a
constant C such that

sup
λ∈I

∥∥ s∏
j=2

B2Ln+j(λ)
∥∥ < C s = 2, 3, . . . , 2L , n ∈ N .

Now, Lemma 5.1 and (23) yield, for n ∈ N and k = 1, 2,

sup
|λ′−λ|<δ

λ′, λ∈I

∣∣∣u(k)
2Ln+2(λ

′)− u
(k)
2Ln+2(λ)

∣∣∣→ 0 , as δ → 0 . (25)

Since for any s = 2, 3, . . . , 2L⎛⎝ u
(k)
2Ln+s(λ)

u
(k)
2Ln+s+1(λ)

⎞⎠ =
s∏

j=2

B2Ln+j(λ)

⎛⎝u
(k)
2Ln+1(λ)

u
(k)
2Ln+2(λ)

⎞⎠ ,



184 L.O. Silva

the following inequality holds for n ∈ N and s = 2, 3, . . . , 2L

∣∣∣u(k)
2Ln+s+1(λ

′)− u
(k)
2Ln+s+1(λ)

∣∣∣ ≤
∥∥∥∥∥∥
⎛⎝ s∏

j=2

B2Ln+j(λ′)−
s∏

j=2

B2Ln+j(λ)

⎞⎠ �x
(k)
n+1(λ)

∥∥∥∥∥∥
+

∥∥∥∥∥∥
s∏

j=2

B2Ln+j(λ′)
(
�x

(k)
n+1(λ

′)− �x
(k)
n+1(λ)

)∥∥∥∥∥∥ .

Taking into account the smooth properties of the finite product
∏s

j=2 B2Ln+j(λ)
and Lemma 5.1, one obtains from the last inequality and (25) the second assertion
of the lemma for any n ≥ 2L + 2. To complete the proof use the invertibility and
smoothness of the matrices Bn(λ) for n < 2L + 2. �

Remark 1. Let u(λ) (λ ∈ I) be the solution mentioned in the previous lemma. If
J = J∗ and λ0 ∈ I is such that (19) is satisfied, then λ0 is in the point spectrum
of J and u(λ0) is the corresponding eigenvector.

Theorem 5.3. Let J be the Jacobi operator defined by (15), (16) and (17). Then
the spectrum of J is discrete.

Proof. It is already known that the spectrum of J , denoted σ(J), is pure point [6].
Suppose that σ(J) has a point of accumulation μ in some finite closed interval I.
Let λ and λ′ (λ �= λ′) be arbitrarily chosen from σ(J)∩ I∩ V δ

2
(μ), where V δ

2
(μ) is

a δ
2 -neighborhood of μ. Consider

∣∣(u(λ), u(λ′))l2(N)

∣∣ =

∣∣∣∣∣
∞∑

n=1

un(λ)un(λ′)

∣∣∣∣∣
≥

∣∣∣∣∣
N1∑

n=1

un(λ)un(λ′)

∣∣∣∣∣−
∣∣∣∣∣ ∑
n>N1

un(λ)un(λ′)

∣∣∣∣∣ .

(26)

As a consequence of Lemmas 5.1 and 5.2, one can choose N1, δ and n0 ≤ N1 so
that ∣∣∣∣∣ ∑

n>N1

un(λ)un(λ′)

∣∣∣∣∣ <
1
4
|un0(μ)|2 <

1
2
|un0(λ)|2 . (27)

Now, consider the first term in the right-hand side of (26)∣∣∣∣∣
N1∑

n=1

un(λ)un(λ′)

∣∣∣∣∣ ≥
N1∑

n=1

|un(λ)|2 −
∣∣∣∣∣

N1∑
n=1

un(λ)(un(λ′)− un(λ))

∣∣∣∣∣
≥ |u1(λ)|2 −

∣∣∣∣∣
N1∑

n=1

un(λ)(un(λ′)− un(λ))

∣∣∣∣∣ .
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Since |λ′ − λ| < δ, we have∣∣∣∣∣
N1∑

n=1

un(λ)(un(λ′)− un(λ))

∣∣∣∣∣ ≤ max
1≤n≤N1

ωn(δ)
N1∑

n=1

|un(λ)| ,

where
ωn(δ) = sup

|λ′−λ|<δ

λ′, λ∈I

|un(λ′)− un(λ)|

is the modulus of continuity of un(λ) on I. By the second assertion of Lemma 5.2,
taking δ sufficiently small, one obtains∣∣∣∣∣

N1∑
n=1

un(λ)(un(λ′)− un(λ))

∣∣∣∣∣ <
1
2
|un0(λ)|2 . (28)

From (26), (27), and (28)

(u(λ), u(λ′))l2(N) > |un0(λ)|2 − 1
2
|un0(λ)|2 − 1

2
|un0(λ)|2 = 0 .

But this cannot be true since J = J∗ and it must be that u(λ) ⊥ u(λ′).
�
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An Example of Spectral Phase Transition
Phenomenon in a Class of Jacobi Matrices
with Periodically Modulated Weights

Sergey Simonov

Abstract. We consider self-adjoint unbounded Jacobi matrices with diagonal
qn = n and weights λn = cnn, where cn is a 2-periodical sequence of real num-
bers. The parameter space is decomposed into several separate regions, where
the spectrum is either purely absolutely continuous or discrete. This consti-
tutes an example of the spectral phase transition of the first order. We study
the lines where the spectral phase transition occurs, obtaining the following
main result: either the interval (−∞; 1

2
) or the interval ( 1

2
; +∞) is covered

by the absolutely continuous spectrum, the remainder of the spectrum being
pure point. The proof is based on finding asymptotics of generalized eigenvec-
tors via the Birkhoff-Adams Theorem. We also consider the degenerate case,
which constitutes yet another example of the spectral phase transition.

Mathematics Subject Classification (2000). 47A10, 47B36.

Keywords. Jacobi matrices, Spectral phase transition, Absolutely continu-
ous spectrum, Pure point spectrum, Discrete spectrum, Subordinacy theory,
Asymptotics of generalized eigenvectors.

1. Introduction

In the present paper we study a class of Jacobi matrices with unbounded entries:
a linearly growing diagonal and periodically modulated linearly growing weights.

We first define the operator J on the linear set of vectors lfin(N) having finite
number of non-zero elements:

(Ju)n = λn−1un−1 + qnun + λnun+1, n ≥ 2 (1.1)

with the initial condition (Ju)1 = q1u1 + λ1u2, where qn = n, λn = cnn, and cn

is a real 2-periodic sequence, generated by the parameters c1 and c2.
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Let {en}n∈N be the canonical basis in l2(N). With respect to this basis the
operator J admits the following matrix representation:

J =

⎛⎜⎜⎜⎝
q1 λ1 0 · · ·
λ1 q2 λ2 · · ·
0 λ2 q3 · · ·
...

...
...

. . .

⎞⎟⎟⎟⎠
Due to the Carleman condition [2]

∑∞
n=1

1
λn

= ∞, the operator J is essentially
self-adjoint. We will therefore assume throughout the paper, that J is a closed
self-adjoint operator in l2(N), defined on its natural domain D(J) = {u ∈ l2(N) :
Ju ∈ l2(N)}.

We base our spectrum investigation on the subordinacy theory due to Gilbert
and Pearson [6], generalized to the case of Jacobi matrices by Khan and Pearson
[12]. Using this theory, we study an example of spectral phase transition of the
first order. This example was first obtained by Naboko and Janas in [9] and [10]. In
cited articles, the authors managed to demonstrate that the space of parameters
(c1; c2) ∈ R2 can be naturally decomposed into a set of regions of two types. In
the regions of the first type, the spectrum of the operator J is purely absolutely
continuous and covers the real line R, whereas in the regions of the second type
the spectrum is discrete.

Due to [9] and [10], spectral properties of Jacobi matrices of our class are
determined by the location of the point zero relative to the absolutely continuous
spectrum of a certain periodic matrix Jper, constructed based on the modulation
parameters c1 and c2. In our case this leads to:

Jper =

⎛⎜⎜⎜⎜⎜⎝
1 c1 0 0 · · ·
c1 1 c2 0 · · ·
0 c2 1 c1 · · ·
0 0 c1 1 · · ·
...

...
...

...
. . .

⎞⎟⎟⎟⎟⎟⎠
Considering the characteristic polynomial

dJper(λ) = Tr

((
0 1
− c1

c2

λ−1
c2

)(
0 1
− c2

c1

λ−1
c1

))
=

(λ− 1)2 − c2
1 − c2

2

c1c2
,

the location of the absolutely continuous spectrum σac(Jper) of Jper can then be
determined from the following condition [2]:

λ ∈ σac(Jper)⇔
∣∣dJper(λ)

∣∣ ≤ 2. (1.2)

This leads to the following result [10], concerning the spectral structure of the
operator J .

If
∣∣dJper(0)

∣∣ < 2, then the spectrum of the operator J is purely absolutely
continuous, covering the whole real line.
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If, on the other hand,
∣∣dJper(0)

∣∣ > 2, then the spectrum of the operator J is
discrete.

Thus, the condition
∣∣∣1−c2

1−c2
2

c1c2

∣∣∣ = 2, equivalent to { |c1| + |c2| = 1 or ||c1| −
|c2|| = 1 }, determines the boundaries of the above-mentioned regions on the plane
(c1; c2) where one of the cases holds and the spectrum of the operator J is either
purely absolutely continuous or discrete (see Figure 1 on page 195).

Note also, that Jacobi matrices with modulation parameters equal to ±c1

and ±c2 are unitarily equivalent. Thus the situation can be reduced to studying
the case c1, c2 > 0.

In the present paper we attempt to study the spectral structure on the lines,
where the spectral phase transition occurs, i.e., on the lines separating the afore-
mentioned regions.

The paper is organized as follows.
Section 2 deals with the calculation of the asymptotics of generalized eigen-

vectors of the operator J . This calculation is mainly based on the Birkhoff-Adams
Theorem [4]. The asymptotics are then used to characterize the spectral struc-
ture of the operator via the Khan-Pearson Theorem [12]. It turns out, that on
the lines where the spectral phase transition occurs the spectrum is neither purely
absolutely continuous nor pure point, but a combination of both.

In Section 3, we attempt to ascertain whether the pure point part of the
spectrum is actually discrete. In doing so, we establish a criterion that guarantees
that the operator J is semibounded from below, for all (c1; c2) ∈ R2. This semi-
boundedness is then used in conjunction with classical methods of operator theory
to prove, that in at least one situation the discreteness of the pure point spectrum
is guaranteed.

Section 4 is dedicated to the study of the degenerate case, i.e., the case
when one of the modulation parameters turns to zero. In this situation, one can
explicitly calculate all eigenvalues of the operator. On this route we obtain yet
another “hidden” example of the spectral phase transition of the first order as the
point (c1; c2) moves along one of the critical lines in the space of parameters.

2. Generalized eigenvectors and the spectrum of the operator J

In this section, we calculate asymptotics of generalized eigenvectors of the opera-
tor J . Consider the recurrence relation [12]

λn−1un−1 + (qn − λ)un + λnun+1 = 0, n ≥ 2. (2.1)

We reduce it to a form such that the Birkhoff-Adams Theorem is applicable. To
this end, we need to have a recurrence relation of the form:

xn+2 + F1(n)xn+1 + F2(n)xn = 0, n ≥ 1, (2.2)
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where F1(n) and F2(n) admit the following asymptotical expansions as n→∞:

F1(n) ∼
∞∑

k=0

ak

nk
, F2(n) ∼

∞∑
k=0

bk

nk
(2.3)

with b0 �= 0. Consider the characteristic equation α2 + a0α + b0 = 0 and denote
its roots α1 and α2. Then [4]:

Theorem (Birkhoff-Adams). There exist two linearly independent solutions x
(1)
n

and x
(2)
n of the recurrence relation (2.2) with the following asymptotics as n→∞:

1. x(i)
n = αn

i nβi

(
1 + O

(
1
n

))
, i = 1, 2,

if the roots α1 and α2 are different, where βi = a1αi+b1
a0αi+2b0

, i = 1, 2.

2. x(i)
n = αneδi

√
nnβ

(
1 + O

(
1√
n

))
, i = 1, 2,

if the roots α1 and α2 coincide, α := α1 = α2, and an additional condition
a1α + b1 �= 0 holds, where β = 1

4 + b1
2b0

, δ1 = 2
√

a0a1−2b1
2b0

= −δ2.

This theorem is obviously not directly applicable in our case, due to wrong
asymptotics of coefficients at infinity. In order to deal with this problem, we study
a pair of recurrence relations, equivalent to (2.1), separating odd and even compo-
nents of a vector u. This allows us to apply the Birkhoff-Adams Theorem to each
of the recurrence relations of the pair, which yields the corresponding asymptotics.
Combining the two asymptotics together, we then obtain the desired result for the
solution of (2.1).

Denoting vk := u2k−1 and wk := u2k, we rewrite the recurrence relation (2.1)
for the consecutive values of n: n = 2k and n = 2k + 1.

λ2k−1vk + (q2k − λ)wk + λ2kvk+1 = 0,

λ2kwk + (q2k+1 − λ)vk+1 + λ2k+1wk+1 = 0.

Then we exclude w in order to obtain the recurrence relation for v:

wk = −λ2k−1vk + λ2kvk+1

q2k − λ
,

vk+2 + P1(k)vk+1 + P2(k)vk = 0, k ≥ 1, (2.4)

where

P1(k)
q2k+2 − λ

q2k − λ

λ2
2k

λ2k+1λ2k+2
− (q2k+1 − λ)(q2k+2 − λ)

λ2k+1λ2k+2
+

λ2k+1

λ2k+2
,

P2(k) =
q2k+2 − λ

q2k − λ

λ2k−1λ2k

λ2k+1λ2k+2
.
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In our case (λn = cnn and qn = n) this yields the following asymptotic expansions
(cf. (2.3)) for P1(k) and P2(k) as k tends to infinity:

P1(k) =
∞∑

j=0

aj

kj
, P2(k) =

∞∑
j=0

bj

kj

with

a0 =
c2
1 + c2

2 − 1
c1c2

, a1 −
c2
1 + c2

2 − 2λ

2c1c2
= −a0

2
+

λ− 1
2

c1c2
, (2.5)

b0 = 1, b1 = −1.

The remaining coefficients {aj}+∞
j=2 , {bj}+∞

j=2 can also be calculated explicitly.
On the same route one can obtain the recurrence relation for even components

wk of the vector u:

wk+2 + R1(k)wk+1 + R2(k)wk = 0, k ≥ 1. (2.6)

Note, that if k is substituted in (2.4) by k+ 1
2 and v by w, the equation (2.4) turns

into (2.6). Therefore,

R1(k) = P1

(
k +

1
2

)
, R2(k) = P2

(
k +

1
2

)
,

and thus as k →∞,

R1(k) = a0 +
a1

k
+ O

(
1
k2

)
,

R2(k) = b0 +
b1

k
+ O

(
1
k2

)
,

with a0, a1, b0, b1 defined by (2.5).
Applying now the Birkhoff-Adams Theorem we find the asymptotics of solu-

tions of recurrence relations (2.4) and (2.6). This leads to the following result.

Lemma 2.1. Recurrence relations (2.4) and (2.6) have solutions v+
n , v−n and w+

n ,
w−

n , respectively, with the following asymptotics as k →∞:

1. v±k , w±
k = αk

±kβ±

(
1 + O

(
1
k

))
, (2.7)

if
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ �= 2, where α+ and α− are the roots of the equation α2+a0α+b0 =

0 and β± = a1α±+b1
a0α±+2b0

with a0, a1, b0, b1 defined by (2.5).

Moreover, if
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ > 2 then α± are real and |α−| < 1 < |α+|, whereas if∣∣∣ c2
1+c2

2−1
c1c2

∣∣∣ < 2 then α+ = α−, β+ = β− and the vectors v+, v−, w+, w− are

not in l2(N).

2. v±k , w±
k = αkk− 1

4 eδ±
√

k

(
1 + O

(
1√
k

))
, (2.8)
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if
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ = 2 and λ �= 1
2 , where α = α+ = α−.

Moreover, if c2
1+c2

2−1
c1c2

= 2, then δ+ = 2
√

2λ−1
2c1c2

= −δ−,

whereas if c2
1+c2

2−1
c1c2

= −2, then δ+ = 2
√

1−2λ
2c1c2

= −δ−.

Proof. Consider recurrence relation (2.4) and let the constants a0, a1, b0, b1

be defined by (2.5). Consider the characteristic equation α2 + a0α + b0 = 0. It
has different roots, α− < α+, when the discriminant D differs from zero: D =(

c2
1+c2

2−1
c1c2

)2

− 4 �= 0. Note that α+α− = 1.
Consider the case D < 0. A direct application of the Birkhoff-Adams Theorem

yields:

v±k = αk
±kβ±

(
1 + O

(
1
k

))
, k →∞,

where β± = a1α±+b1
a0α±+2b0

. Then α+ = α−, |α+| = |α−| = 1 and β+ = β−. Note also,
that v± are not in l2:

Re β+ = Re β− = −1
2

+
2λ− 1
2c1c2

Re
(

1
a0 + 2α−

)
= −1

2
.

In the case D > 0, α+ and α− are real and |α−| < 1 < |α+|, hence v−

lies in l2.
Ultimately, in the case D = 0, the roots of the characteristic equation coincide

and are equal to α = −a0
2 , with |α| = 1, and the additional condition a0a1 �= 2b1

is equivalent to

−a2
0

2
+

a0(λ− 1
2 )

c1c2
�= −2⇔ λ �= 1

2
.

The Birkhoff-Adams Theorem yields:

v±k = αkkβeδ±
√

k

(
1 + O

(
1√
k

))
, k →∞,

where β = − 1
4 , δ+ = 2

√
a0(λ− 1

2 )

2c1c2
= −δ−. If the value δ+ is pure imaginary, then

clearly the vectors v± do not belong to l2(N).
In order to prove the assertion of the lemma in relation to w±, note that in

our calculations we use only the first two orders of the asymptotical expansions
for P1(k) and P2(k). These coincide with the ones for R1(k) and R2(k). Thus,
the solutions of recurrence relations (2.4) and (2.6) coincide in their main orders,
which completes the proof. �

Now we are able to solve the recurrence relation (2.1) combining the solutions
of recurrence relations (2.4) and (2.6).

Lemma 2.2. Recurrence relation (2.1) has two linearly independent solutions u+
n

and u−
n with the following asymptotics as k →∞:
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1.
{

u±
2k−1 = αk

±kβ±
(
1 + O

(
1
k

))
,

u±
2k = −(c1 + α±c2)αk

±kβ±
(
1 + O

(
1
k

))
,

if
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ �= 2, where the values α+, α−, β+, β− are taken from the
statement of Lemma 2.1.

2.

⎧⎨⎩ u±
2k−1 = αkeδ±

√
kk− 1

4

(
1 + O

(
1√
k

))
,

u±
2k = −(c1 + αc2)αkeδ±

√
kk− 1

4

(
1 + O

(
1√
k

))
,

if
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ = 2 and λ �= 1
2 , where the values α, δ+, δ− are taken from the

statement of Lemma 2.1.

Proof. It is clear, that any solution of recurrence relation (2.1) u gives two vectors,
v and w, constructed of its odd and even components, which solve recurrence
relations (2.4) and (2.6), respectively. Consequently, any solution of the recurrence
relation (2.1) belongs to the linear space with the basis {V +, V −, W+, W−},
where

V ±
2k−1 = v±k , V ±

2k = 0 and W±
2k−1 = 0, W±

2k = w±
k .

This 4-dimensional linear space contains 2-dimensional subspace of solutions of
recurrence relation (2.1). In order to obtain a solution u of (2.1), one has to obtain
two conditions on the coefficients a+, a−, b+, b− such that u = a+V + + a−V − +
b+W+ + b−W−,

u2k−1 = a+v+
k + a−v−k , u2k = b+w+

k + b−w−
k . (2.9)

Using Lemma 2.1, we substitute the asymptotics of this u into (2.1) where n is
taken equal to 2k,

λ2k−1u2k−1 + (q2k − λ)u2k + λ2ku2k+1 = 0.

As in Lemma 2.1, we have two distinct cases.
Consider the case

∣∣∣ c2
1+c2

2−1
c1c2

∣∣∣ �= 2. Then(
c1

[
a+

(
α+

α−

)k

k(β+−β−) + a−

]
+

[
b+

(
α+

α−

)k

k(β+−β−) + b−

]

+ c2

[
a+

(
α+

α−

)k

α+k(β+−β−) + a−α−

])
(1 + o(1)) = 0 as k →∞.

Therefore, for any number k greater than some big enough positive K one has:

[c1a+ + b+ + c2a+α+]
(

α+

α−

)k

k(β+−β−) + [c1a− + b− + c2a−α−] = 0,

hence b± = −(c1 + α±c2)a±. Thus (2.9) admits the following form:

u2k−1 = a+v+
k + a−v−k ,

u2k = −(c1 + α+c2)a+w+
k − (c1 + α−c2)a−w−

k .
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It is clear now, that the vectors u+ and u− defined as follows:

u+
2k−1 = v+

k , u+
2k = −(c1 + α+c2)w+

k ,

u−
2k−1 = v−k , u−

2k = −(c1 + α−c2)w−
k ,

are two linearly independent solutions of the recurrence relation (2.1).

The second case here,
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ = 2, can be treated in an absolutely analo-
gous fashion. �

Due to Gilbert-Pearson-Khan subordinacy theory [6], [12], we are now ready
to prove our main result concerning the spectral structure of the operator J .

Theorem 2.3. Depending on the modulation parameters c1 and c2, there are four
distinct cases, describing the spectral structure of the operator J :

(a) If
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ < 2, the spectrum is purely absolutely continuous with local mul-
tiplicity one almost everywhere on R,

(b) If ||c1| − |c2|| = 1 and c1c2 �= 0, the spectrum is purely absolutely continuous
with local multiplicity one almost everywhere on (−∞; 1

2 ) and pure point on
(1
2 ; +∞),

(c) If |c1| + |c2| = 1 and c1c2 �= 0, the spectrum is purely absolutely continuous
with local multiplicity one almost everywhere on (1

2 ; +∞) and pure point on
(−∞; 1

2 ),

(d) If
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ > 2, the spectrum is pure point.

The four cases described above are illustrated by Figure 1.

Proof. Without loss of generality, assume that c1, c2 > 0. Changing the sign of c1

or c2 leads to an unitarily equivalent operator.
Consider subordinacy properties of generalized eigenvectors [12].
If |c2

1+c2
2−1|

c1c2
> 2, we have |α−| < 1 < |α+|. By Lemma 2.2, u− is a subordinate

solution and lies in l2(N). Thus, every real λ can either be an eigenvalue or belong
to the resolvent set of the operator J .

If |c2
1+c2

2−1|
c1c2

< 2, we have Re α+ = Re α−, Re β+ = Re β−, |u+
n | ∼ |u−

n | as
n→ ∞, and there is no subordinate solution for all real λ. The spectrum of J in
this situation is purely absolutely continuous.

If c2
1+c2

2−1
c1c2

= 2, which is equivalent to |c1−c2| = 1, then either λ > 1
2 or λ < 1

2 .
If λ > 1

2 , then |α| = 1, δ+ = −δ− > 0 and u− is subordinate and lies in l2(N),
hence λ can either be an eigenvalue or belong to the resolvent set. If λ < 1

2 , then
|α| = 1, both δ+ and δ− are pure imaginary, |u+

n | ∼ |u−
n | as n→∞, no subordinate

solution exists and ultimately λ belongs to purely absolutely continuous spectrum.
If c2

1+c2
2−1

c1c2
= −2, which is equivalent to c1 + c2 = 1, the subcases λ > 1

2 and
λ < 1

2 change places, which completes the proof. �
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Figure 1

These results elaborate the domain structure, described in Section 1: we have
obtained the information on the spectral structure of the operator J when the
modulation parameters are on the boundaries of regions.

3. Criterion of semiboundedness and discreteness of the spectrum

We start with the following theorem which constitutes a criterion of semibound-
edness of the operator J .

Theorem 3.1. Let c1c2 �= 0.
1. If |c1|+ |c2| > 1, then the operator J is not semibounded.
2. If |c1|+ |c2| ≤ 1, then the operator J is semibounded from below.

Proof. Due to Theorem 2.3, there are four distinct cases of the spectral structure
of the operator J , depending on the values of parameters c1 and c2 (see Figure 1).

The case (a), i.e.,
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ < 2, is trivial, since σac(J) = R.

We are going to prove the assertion in the case (d), i.e.,
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ > 2, using
the result of Janas and Naboko [8]. According to them, semiboundedness of the
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operator J depends on the location of the point zero relative to the spectrum of
the periodic operator Jper ([8], see also Section 1).

It is easy to see, that the absolutely continuous spectrum of the operator Jper

in our case consists of two intervals,

σac(Jper) = [λ−+; λ−−]
⋃

[λ+−; λ++],

where λ±+ = 1± (|c1|+ |c2|), λ±− = 1± ||c1| − |c2|| and
λ−+ < λ−− < 1 < λ+− < λ++.

As it was established in [8], if the point zero lies in the gap between the intervals
of the absolutely continuous spectrum of the operator Jper, then the operator J
is not semibounded. If, on the other hand, the point zero lies to the left of the
spectrum of the operator Jper, then the operator J is semibounded from below. A
direct application of this result completes the proof in the case (d).

We now pass over to the cases (b) and (c), i.e.,
∣∣∣ c2

1+c2
2−1

c1c2

∣∣∣ = 2, c1c2 �= 0. This
situation is considerably more complicated, since the point zero lies right on the
edge of the absolutely continuous spectrum of the operator Jper. We consider the
cases (b) and (c) separately.

(b): We have to prove, that the operator J is not semibounded. By Theorem
2.3, σac(J) = (−∞; 1

2 ], thus the operator J is not semibounded from below. Now
consider the quadratic form of the operator, taken on the canonical basis element
en. We have

(Jen, en) = qn → +∞, n→∞,

thus the operator J is not semibounded.

(c): We will show that the operator J is semibounded from below. To this end,
we estimate its quadratic form: for any u ∈ D(J) (D(J) being the domain of the
operator J) one has

(Ju, u) =
∞∑

n=1

n|un|2 +
∞∑

k=1

c1(2k − 1)(u2k−1u2k

+ u2k−1u2k) +
∞∑

k=1

c2(2k)(u2ku2k+1 + u2ku2k+1).

Using the Cauchy inequality [1] and taking into account, that |c1| + |c2| = 1, we
ultimately arrive at the estimate

(Ju, u) ≥
∞∑

n=1

n|un|2 −
∞∑

k=1

(|c1|(2k − 1)|u2k−1|2 + |c1|(2k − 1)|u2k|2)

−
∞∑

k=1

(|c2|(2k)|u2k|2 + |c2|(2k)|u2k+1|2) =
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=
∞∑

k=1

(|c1||u2k|2 + |c2||u2k−1|2) ≥ min{|c1|, |c2|}‖u‖2 > 0, (3.1)

which completes the proof. �

The remainder of the present section is devoted to the proof of discreteness
of the operator’s pure point spectrum in the case (c) of Theorem 2.3, i.e., when
|c1|+ |c2| = 1, c1c2 �= 0.

By Theorem 2.3, in this situation the absolutely continuous spectrum covers
the interval [12 ; +∞) and the remaining part of the spectrum, if it is present, is of
pure point type. The estimate (3.1) obtained in the proof of the previous theorem
implies that there is no spectrum in the interval (−∞; min{|c1|, |c2|}). We will
prove that nonetheless if |c1| �= |c2|, the pure point spectral component of the
operator J is non-empty.

It is clear, that if |c1| = |c2| = 1
2 , the spectrum of the operator J in the

interval (−∞; 1
2 ) is empty and the spectrum in the interval (1

2 ; +∞) is purely ab-
solutely continuous. This situation together with its generalization towards Jacobi
matrices with zero row sums was considered by Dombrowski and Pedersen in [3]
and absolute continuity of the spectrum was established.

Theorem 3.2. In the case (c), i.e., when |c1| + |c2| = 1, c1c2 �= 0, under an
additional assumption |c1| �= |c2| the spectrum of the operator J in the interval
(−∞; 1

2 ) is non-empty.

Proof. Without loss of generality, assume that 0 < c1, c2 < 1. Changing the sign
of c1, c2 or both leads to an unitarily equivalent operator.

Consider the quadratic form of the operator J − 1
2I for u ∈ D(J).((

J − 1
2
I

)
u, u

)
=

∞∑
n=1

[
qn|un|2 + λn(unun+1 + unun+1)−

1
2
|un|2

]

=
∞∑

n=1

[
n|un|2 + cnn(|un+1 + un|2 − |un+1|2 − |un|2)−

1
2
|un|2

]
.

Shifting the index n by 1 in the term cnn|un+1|2 and then using the 2-periodicity
of the sequence {cn}, we have((

J − 1
2
I

)
u, u

)
=

∞∑
n=1

[cnn|un+1 + un|2] +
∞∑

n=1

[
n|un|2 − cnn|un|2 − cn+1(n− 1)|un|2 −

1
2
|un|2

]

=
∞∑

n=1

[cnn|un+1 + un|2] +
∞∑

n=1

(
cn+1 − cn

2

)
|un|2 =
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=
∞∑

k=1

[c1(2k − 1)|u2k−1 + u2k|2 + c2(2k)|u2k + u2k+1|2]

−
(

c1 − c2

2

) ∞∑
k=1

[|u2k−1|2 − |u2k|2].

We need to find a vector u ∈ D(J) which makes this expression negative. The
following lemma gives a positive answer to this problem via an explicit construction
and thus completes the proof.

Lemma 3.3. For 0 < c1, c2 < 1, c1 + c2 = 1 there exists a vector u ∈ lfin(N) such
that

∞∑
k=1

[c1(2k − 1)|u2k−1 + u2k|2 + c2(2k)|u2k + u2k+1|2]

<

(
c1 − c2

2

) ∞∑
k=1

[|u2k−1|2 − |u2k|2]
(3.2)

Proof. We consider the cases c1 > c2 and c1 < c2 separately. Below we will see,
that the latter can be reduced to the former.

1. c1− c2 > 0. In this case, we will choose a vector v from lfin(N) with nonnegative
components such that if the vector u is defined by u2k−1 = vk, u2k = −vk+1, the
condition (3.2) holds true. In terms of such v, the named condition admits the
following form:

c1

∞∑
k=1

[(2k − 1)(vk − vk+1)2] <

(
c1 − c2

2

)
v2
1 . (3.3)

2. c1 − c2 < 0. In this case, we will choose a vector w ∈ lfin(N) with non-
negative components and the value t such that if the vector u is defined by
u2k = −wk, u2k−1 = wk, u1 = tw1, the condition (3.2) holds true. In terms
of w and t, condition (3.2) admits the form

c2

∞∑
k=1

[(2k)(wk − wk+1)2] <

(
− t2

2
+ 2c1t +

1− 4c1

2

)
w2

1 . (3.4)

Take t such that the expression in the brackets on the right-hand side of the latter
inequality is positive. This choice is possible, if we take take the maximum of
the parabola y(t) = − t2

2 + 2c1t + 1−4c1
2 , located at the point t0 = 2c1. Then the

inequality (3.4) admits the form

c2

∞∑
k=1

[(2k)(wk − wk+1)2] <
(c1 − c2)2

2
w2

1 . (3.5)

We will now explicitly construct a vector v(N) ∈ lfin(N) such that it satisfies
both (3.3) and (3.5) for sufficiently large numbers of N . Consider the sequence
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v
(N)
n =

∑N
k=n

1
k for n ≤ N and put v

(N)
n = 0 for n > N . It is clear, that as

N → +∞,

(v(N)
1 )2 =

(
N∑

k=1

1
k

)2

∼ (lnN)2,

and
∞∑

k=1

[(2k − 1)(v(N)
k − v

(N)
k+1)

2] ∼
∞∑

k=1

[(2k)(v(N)
k − v

(N)
k+1)

2] ∼ 2 lnN = o
(
(v(N)

1 )2
)

,

which completes the proof of Lemma 3.3. � �
We are now able to prove the discreteness of the pure point spectral compo-

nent of the operator J in the case (c) of Theorem 2.3, which is non-empty due to
Theorem 3.2.

Theorem 3.4. In the case (c), i.e., when |c1| + |c2| = 1 and c1c2 �= 0, under an
additional assumption |c1| �= |c2| the spectrum of the operator J in the interval
(−∞; min{|c1|, |c2|}) is empty, the spectrum in the interval [min{|c1|, |c2|}; 1

2 ) is
discrete, and the following estimate holds for the number of eigenvalues λn in the
interval (−∞; 1

2 − ε), ε > 0:

#{λn : λn <
1
2
− ε} ≤ 1

ε
.

Proof. According to the Glazman Lemma [1], dimension of the spectral subspace,
corresponding to the interval (−∞; 1

2 − ε), is less or equal to the co-dimension of
any subspace Hε ⊂ l2(N) such that

(Ju, u) ≥
(

1
2
− ε

)
‖u‖2 (3.6)

for any u ∈ D(J)
⋂

Hε. Consider subspaces l2N of vectors with zero first N compo-
nents, i.e., l2N := {u ∈ l2(N) : u1 = u2 = · · · = uN = 0}. For any ε, 0 < ε < 1

2 we
will find a number N(ε) such that for any vector from Hε = l2N(ε) the inequality
(3.6) is satisfied. We consider ε such that 0 < ε < 1

2 only, since the spectrum is
empty in the interval (−∞; 0] (see the estimate (3.1)). The co-dimension of the
subspace l2N(ε) is N(ε), so this value estimates from above the number of eigenval-
ues in the interval (−∞; 1

2 − ε).
Consider the quadratic form of the operator J for u ∈ D(J):

(Ju, u) =
∞∑

n=1

n[|un|2 + cn2 Re (unun+1)]

≥
∞∑

n=1

n

[
|un|2 − |cn|

(
In|un|2 +

1
In
|un+1|2

)]

= |u1|2(1− |c1|I1) +
∞∑

n=2

n|un|2
[
1− |cn|In − |cn−1|

1
In−1

n− 1
n

]
,
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where we have used the Cauchy inequality [1] 2 Re (unun+1) ≤ In|un|2 + 1
In
|un+1|2

with the sequence In > 0, n ∈ N which we will fix as In := 1 − φ
n in order that

the expression

1− |cn|In − |cn−1|
1

In−1

(
1− 1

n

)
(3.7)

takes its simplest form. This choice cancels out the first order with respect to n.
The value of φ in the interval 0 < φ < 1 will be fixed later on. We have:

1
In−1

= 1 +
φ

n
+ φn, (3.8)

where φn = O
(

1
n2

)
, n→∞. Moreover, as can be easily seen,

φn =
φ(φ + 1)

n(n− 1− φ)
.

After substituting the value of φn into (3.8) and then into (3.7) we obtain:

1− |cn|In − |cn−1|
1

In−1

(
1− 1

n

)
=

1
n

(φ|cn|+ (1 − φ)|cn−1|) + θn (3.9)

with θn := |cn−1|
(

φ
n2 − φn

(
1− 1

n

))
= O

(
1

n2

)
as n→∞.

Choose φ in order to make the right-hand side of expression (3.9) symmetric
with respect to the modulation parameters c1 and c2: φ = 1

2 . Then

1− |cn|In − |cn−1|
1

In−1

(
1− 1

n

)
=

1
2n

+ θn.

Consequently,

(Ju, u) ≥ |u1|2
(

1− |c1|
2

)
+

∞∑
n=2

(
1
2

+ θnn

)
|un|2.

Since nθn → 0 as n → ∞, we can choose N(ε) such that for any n > N(ε) the
condition nθn > −ε holds. Thus condition (3.6) will be satisfied for all vectors
from D(J)

⋂
l2N(ε), since their first components are zeros.

The discreteness of the pure point spectrum is proved. We pass on to the
proof of the estimate for N(ε). We start with θn:

|θn| ≤
∣∣∣∣ φ

n2
− φ(φ + 1)

n(n− 1− φ)
n− 1

n

∣∣∣∣ =
1

2n2

∣∣∣∣1− 3
2

n− 1
n− 3

2

∣∣∣∣ .
We have

n > 2⇒
{

2 >
n− 1
n− 3

2

> 1
}
⇒

{
n|θn| <

1
4n

}
.

Taking N(ε) = 1
ε , 0 < ε < 1

2 , we see that for any n > N(ε) > 2 the condition nθn >

−ε holds. Thus, the condition (3.6) is satisfied for all vectors from D(J)
⋂

l2N(ε),
which completes the proof. �
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4. The degenerate case

Now we consider the case, when one of the modulation parameters turns to zero
(we call this case degenerate). Formally speaking, we cannot call such matrix a
Jacobi one, but this limit case is of certain interest for us, supplementing the whole
picture.

Theorem 4.1. If c1c2 = 0, c �= 0 (denoting c := max{|c1|, |c2|}), then the spectrum
of the operator J is the closure of the set of eigenvalues λn:

σ(J) = {λn, n ∈ N}.
The set of eigenvalues is

{λn, n ∈ N}
{
{λ+

n , λ−
n , n ∈ N}, if c1 �= 0, c2 = 0

{1, λ̃+
n , λ̃−

n , n ∈ N}, if c1 = 0, c2 �= 0,

where eigenvalues λ±
n , λ̃±

n have the following asymptotics:

λ+
n , λ̃+

n = 2(1 + c)n + O(1), n→∞,

λ−
n = 2(1− c)n +

(
c− 1

2

)
− 1

16cn
+ O

(
1
n2

)
, n→∞

λ̃−
n = 2(1− c)n +

(
2c− 3

2

)
− 1

16cn
+ O

(
1
n3

)
, n→∞.

Proof. When one of the parameters c1 or c2 is zero, the infinite matrix consists
of 2x2 (or 1x1) blocks. Thus, the operator J is an orthogonal sum of finite 2x2
(or 1x1) matrices Jn, J =

⊕∞
n=1 Jn. Then, the spectrum of the operator J is the

closure of the sum of spectrums of these matrices, σ(J) =
⋃∞

n=1 σ(Jn). Let us
calculate σ(Jn).

If c1 �= 0, c2 = 0, then

Jn

(
2n− 1 c1(2n− 1)

c1(2n− 1) 2n

)
and σ(Jn) = {λ+

n , λ−
n }, where λ±

n = 4n−1±
√

4c2(2n−1)2+1

2 and it is easy to see that

λ±
n = 2(1± c)n−

(
1
2
± c

)
± 1

16cn
+ O

(
1
n2

)
, n→∞.

If c1 = 0, c2 �= 0, then J1 = 1, σ(J1) = {1},

Jn

(
2n− 2 c2(2n− 2)

c2(2n− 2) 2n− 1

)
, n ≥ 2

and σ(Jn) = {λ̃+
n , λ̃−

n }, n ≥ 1, where λ̃±
n = 4n−3±

√
4c2(2n−2)2+1

2 and it is easy to
see that

λ̃±
n = 2(1± c)n−

(
3
2
± 2c

)
± 1

16cn
+ O

(
1
n2

)
, n→∞,

which completes the proof. �
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Remark 4.2. From the last theorem it follows that as n→∞, λ+
n , λ̃+

n → +∞. As
for λ−

n and λ̃−
n , their asymptotic behavior depends on the parameter c:

If c > 1, then λ−
n , λ̃−

n → −∞.

If c = 1, then λ−
n , λ̃−

n → 1
2 .

Finally, if 0 < c < 1, then λ−
n , λ̃−

n → +∞.
Hence, if 0 < c ≤ 1, the operator J is semibounded from below, and if c > 1,

the operator J is not semibounded. This clearly corresponds to results, obtained
in Section 3.

When we move along the side of the boundary square (see Figure 1, case
(c)) towards one of the points {Dj}4j=1 = {(1; 0); (0; 1); (−1; 0); (0;−1)}, the
absolutely continuous spectrum covers the interval [12 ; +∞). At the same time, at
each limit point Dj , j = 1, 2, 3, 4, the spectrum of J becomes pure point, which
demonstrates yet another phenomenon of the spectral phase transition. Moreover,
note that the spectrum at each limit point consists of two series of eigenvalues, one
going to +∞, another accumulating to the point λ = 1

2 , both points prior to the
spectral phase transition having been the boundaries of the absolutely continuous
spectrum.

Remark 4.3. The proof of discreteness of the spectrum in the case (c) of Theorem
2.3 essentially involves the semiboundedness property of the operator J . In the
case (b) one does not have the advantage of semiboundedness and due to that
reason the proof of discreteness supposedly becomes much more complicated.

Remark 4.4. The choice qn = n was determined by the possibility to apply the
Birkhoff-Adams technique. It should be mentioned that much more general situa-
tion qn = nα, 0 < α < 1 may be considered on the basis of the generalized discrete
Levinson Theorem. Proper approach has been developed in [11], see also [5]. One
can apply similar method in our situation. Another approach which is also valid
is so-called Jordan box case and is presented in [7].
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Abstract. We study operator-valued functions of weighted Schur classes over
multiply-connected domains. There is a correspondence between functions
of weighted Schur classes and so-called “conservative curved” systems intro-
duced in the paper. In the unit disk case the fundamental relationship between
invariant subspaces of the main operator of a conservative system and factor-
izations of the corresponding Schur class function (characteristic function) is
well known. We extend this connection to weighted Schur classes. With this
aim we develop new notions and constructions and make suitable changes in
standard theory.
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0. Introduction

It is well known [1, 2] that there is a one-to-one correspondence between (simple)
unitary colligations

A =
(

T N
M L

)
∈ L(H ⊕N, H ⊕M), A∗A = I, AA∗ = I

and operator-valued functions Θ(z) of the Schur class

S := {Θ ∈ H∞(D,L(N, M)) : ||Θ||∞ ≤ 1} .

Here H, N, M are separable Hilbert spaces and L(N, M) is the space of all
bounded linear operators acting from N to M . The mapping A �→ Θ defined by
the formula Θ(z) = L∗ + zN∗(I − zT ∗)−1M∗ , |z| < 1 is one of the directions of
the above mentioned correspondence. The operator-valued function Θ(z) is called
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the characteristic function of the unitary colligation A. Its property ||Θ||∞ ≤ 1 is
a consequence of the unitary property of the colligation A.

The reverse direction of the correspondence is realized via functional model [1,
2], whose essential ingredients are Hardy’s spaces H2 and H2

− (see [3]). These two
aspects of the theory (unitary colligations and Schur class functions) are equipol-
lent: both have simple, clear and independent descriptions and we can easily change
a point of view from unitary colligations to Schur class functions and back. This
context gives a nice opportunity to connect operator theory and function theory
in a very deep and fruitful manner [4].

One of the cornerstones of this theory is the link (see [1, 2]) between fac-
torizations of characteristic function Θ(z) and invariant subspaces of operator T ,
which goes back to [5] and [6]. The most simple way to explain this connection is to
look at it from the point of view of systems theory and to employ the well-known
correspondence between unitary colligations A and conservative linear discrete
time-invariant systems Σ = (T, M, N, L; H, N, M) (see, e.g., [7]){

x(n + 1) = Tx(n) + Nu(n) , x(n) ∈ H, u(n) ∈ N ,
y(n) = Mx(n) + Lu(n) , y(n) ∈M, n ≥ 0 .

The conservative property (the property of energy balance) of Σ corresponds to
the unitary property of colligation A. If we send a sequence {u(n)} into the
system Σ with initial state x(0) = 0 , we get the output sequence {y(n)} .
For their “Laplace” transformations, we have ŷ(z) = Υ̂(z)û(z) , where û(z) =∑∞

n=0 znu(n) , ŷ(z) =
∑∞

n=0 zny(n) , and Υ̂(z) = L+zM(I−zT )−1N . Note that
the transfer function Υ̂(z) of system Σ is equal to Θ∼(z) := Θ(z̄)∗ , where Θ(z)
is the characteristic function of the unitary colligation A .

Sending the output of a system Σ2 = (T2, M2, N2, L2; H2, N, L) into the input
of a system Σ1 = (T1, M1, N1, L1; H1, L, M), we obtain the cascade system Σ21 :=
Σ2 · Σ1 = (T21, M21, N21, L21; H21, N, M). It is clear that the transfer function
Υ̂21(z) = Θ∼

21(z) of the system Σ21 is the product of the transfer functions of
systems Σ1 and Σ2. It is easily shown that

Σ21 =
((

T1 N1M2

0 T2

)
, (M1, L1M2) ,

(
N1L2

N2

)
, L2L1

)
,

where H21 = H1 ⊕ H2. The subspace H1 is invariant under the operator T21

and therefore, if we fix Θ21(z), one may hope to study invariant subspaces of the
operator T21 using this approach. Unfortunately, there are some pitfalls for this:
the operator T21 can vary when we run over all factorizations of Θ21(z). More
precisely, its variable part is the unitary component T21u from the decomposition
T21 = T21s⊕T21u into completely non-unitary and unitary parts [1]. In the context
of conservative systems the corresponding decomposition is Σ = Σs ⊕ Σu, where
Hs = Hc∨Ho, Hu = H�Hs , Hc = ∨n≥0T

nN(N), Ho = ∨n≥0(T ∗)nM∗(M) . Here
Σs and Σu are the simple and “purely unitary” parts of the system Σ, respectively.
A system Σ is called simple if H = Hs . A system (T, 0, 0, 0; H, {0}, {0}) is called
“purely unitary” if T is unitary.
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B. Sz.-Nagy and C. Foiaş established the following criterion (see [1, 2]): the
product of consecrative systems Σ21 = Σ2 · Σ1 is simple if and only if the corre-
sponding factorization Θ21(z) = Θ2(z)Θ1(z) is regular. Recall that the product
Θ21(z) = Θ2(z)Θ1(z) of Schur class functions is regular [2] if

Ran (I −Θ∗
2(z)Θ2(z))1/2 ∩ Ran (I −Θ1(z)Θ∗

1(z))1/2 = {0} , a.e. z ∈ T .

This condition is equivalent to the standard definition of regularity from [1].
Moreover, B. Sz.-Nagy and C. Foiaş described (Theorems VII.1.1 and VII.4.3

in [1]) the order preserving one-to-one correspondence between regular factoriza-
tions of a characteristic function and invariant subspaces of the corresponding
model operator. The order relation for invariant subspaces is the ordinary in-
clusion. The order relation for factorizations is Θ2Θ1 ≺ Θ′

2Θ
′
1 , where we write

Θ2Θ1 ≺ Θ′
2Θ

′
1 if there exists a Schur class function θ such that Θ2 = Θ′

2θ and
Θ′

1 = θΘ1 . Extension of this correspondence between factorizations and invariant
subspaces to the case of weighted Schur classes is the main aim of the present
paper.

We shall consider operator-valued functions (or rather, triplets of operator-
valued functions) of weighted Schur classes

SΞ := { (Θ+, Ξ+, Ξ−) : Θ+ ∈ H∞(G+,L(N+, N−)) ,

∀ ζ ∈ C ∀ n ∈ N+ ||Θ+(ζ)n||−,ζ ≤ ||n||+,ζ} ,
(Cfn)

where N± are separable Hilbert spaces; G+ is a finite-connected domain of the
complex plane C bounded by a rectifiable Carleson curve C, G− = C\clos G+ and
∞ ∈ G−; Ξ± are operator-valued weights such that Ξ±, Ξ−1

± ∈ L∞(C,L(N±)),
Ξ±(ζ) ≥ 0, ζ ∈ C , and ||n||±,ζ := (Ξ±(ζ)n, n)1/2, n ∈ N±. We shall also use the
parallel notation Θ ∈ Cfn whenever Θ ∈ SΞ .

First, we recall the construction of free functional model of Sz.-Nagy-Foiaş
type (see [8, 9, 16]). Let Π = (π+, π−) be a pair of operators π± ∈ L(L2(C, N±),H)
such that

(i)1 (π∗
±π±)z = z(π∗

±π±); (i)2 π∗
±π± >> 0;

(ii)1 (π†
−π+)z = z(π†

−π+); (ii)2 P−(π†
−π+)P+ = 0;

(iii) Ranπ+ ∨ Ran π− = H ,

(Mod)

where N±,H are separable Hilbert spaces; A >> 0 means that ∃ c > 0 such that
∀u (Au, u) ≥ c(u, u) ; the (nonorthogonal) projections P± are uniquely determined
by conditions RanP± = E2(G±, N±) and KerP± = E2(G∓, N±) (since the curve
C is a Carleson curve, the projections P± are bounded); the spaces E2(G±, N±)
are Smirnov’s spaces [3] of vector-valued functions with values in N± ; the op-
erators π†

± are adjoint to π± if we regard π± : L2(C, Ξ±) → H as operators
acting from weighted L2 spaces with operator-valued weights Ξ± = π∗

±π± . In this
interpretation π± are isometries. For such pairs Π = (π+, π−) , we shall say that
Π is a free functional model and write Π ∈ Mod .

Note that, in our approach, we strive to hold analyticity in both the do-
mains G+ and G− with the aim to reserve possibility to exploit techniques typical
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for boundary values problems (singular integral operators, the Riemann-Hilbert
problem, the stationary scattering theory, including smooth methods of T.Kato).
Thus we will use both Smirnov’s spaces E2(G±), which are analogues of the Hardy
spaces H2 and H2

−. The requirement of analyticity in both the domains G± con-
flicts with orthogonality: in general, the decomposition L2(C) = E2(G+)+̇E2(G−)
is not orthogonal. Note that, starting from [10], the use of the combination “ana-
lyticity in G+ and orthogonality” (without analyticity in G−) is a mainstream of
development in the multiply-connected case. In this paper we sacrifice the orthog-
onality and hold analyticity in both the domains G± . Therefore at this point we
fork with the traditional way of generalization of Sz.-Nagy-Foiaş theory [11, 12, 13].
Nevertheless, our requirements are substantial as well and descend from applica-
tions (see [8, 14, 15]: in [8] we studied the duality of spectral components for trace
class perturbations of normal operators with spectrum on a curve; the functional
model from [14] goes back to the paper [15], which is devoted to spectral analysis
of linear neutral functional differential equations).

The operator π†
−π+ can be regarded as an analytic operator-valued function.

Namely, Θ+(z) := (π†
−π+)(z), z ∈ G+. In this connection, we shall say that the

triplet of operator-valued functions

Θ = (π†
−π+, π∗

+π+, π∗
−π−) ∈ SΞ . (MtoC)

is the characteristic function of model Π = (π+, π−). Besides, (MtoC) defines the
transformation Θ = Fcm(Π). Conversely, for a given Θ ∈ SΞ , it is possible to
construct (up to unitary equivalence) a functional model Π ∈Mod such that Θ =
(π†

−π+, π∗
+π+, π∗

−π−) , i.e., there exists the inverse transformation Fmc := F−1
cm

(see Proposition 1.1).
At this moment we should look for a suitable generalization of conservative

systems (=unitary colligations). We define curved conservative systems in terms
of the functional model. Let Π ∈ Mod. We put

Σ̂ = Fsm(Π) := (T̂ , M̂ , N̂ , Θ̂u, Ξ̂;KΘ, N+, N−)

with
T̂ ∈ L(KΘ) , T̂ f := Uf − π+M̂f , f ∈ KΘ ;

M̂ ∈ L(KΘ, N+) , M̂f :=
1

2πi

∫
C

(π†
+f)(z) dz ;

N̂ ∈ L(N−,KΘ) , N̂n := PΘπ−n , n ∈ N− ;

Ξ̂ := (π∗
+π+, π∗

−π−) ;

(MtoS)

where KΘ := RanPΘ , PΘ := (I − π+P+π†
+)(I − π−P−π†

−) ; the normal oper-
ator U , which spectrum is absolutely continuous and lies on C, is uniquely de-
termined by conditions Uπ± = π±z ; the “unitary part” Θ̂u corresponds to the
unitary constant Θ0

u from pure-unitary decomposition [1, 2] of Schur class func-
tion Θ0(w) = Θ0

p(w) ⊕ Θ0
u, w ∈ D. The contractive-valued function Θ0(w) is

the lifting (see, e.g., [10]) of the (possible multiple-valued) character-automorphic
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operator-valued function (χ−Θ+χ−1
+ )(z) to the universal cover space D of the do-

main G+ , where χ± are outer (possible multiple-valued) character-automorphic
operator-valued functions such that χ∗

±χ± = Ξ± = π∗
±π± . In the sequel, we shall

refer Σ̂ as the model system and the operator T̂ as the model (or main) operator.
Note also that (MtoS) defines the transformation Σ̂ = Fsm(Π) .

A coupling of operators and Hilbert spaces Σ = (T, M, N, Θu, Ξ; H, N, M) is
called a conservative curved system if there exists a functional model Π with N+ =
N and N− = M, a Hilbert space Ku, a normal operator T̂u ∈ L(Ku) , σ(T̂u) ⊂ C
and an invertible operator X ∈ L(H,KΘ ⊕Ku) such that

Σ = (T, M, N, Θu, Ξ; H, N, M) X∼ (Σ̂⊕ Σ̂u) , (Sys)

where Σ̂ = Fsm(Π) and Σ̂u = (T̂u, 0, 0, 0;Ku, {0}, {0}) . We write Σ1
X∼Σ2 if

XT1 = T2X , M1 = M2X , N1X = N2 , Θ1u = Θ2u , Ξ1 = Ξ2 .

The spaces KΘ and Ku play roles of the simple and “normal” subspaces of the
system Σ̂⊕ Σ̂u, respectively. A curved conservative system Σ is called simple if

ρ(T ) ∩G+ �= ∅ and
⋂

z∈ρ(T )

KerM(T − z)−1 = {0} .

For unitary colligations under the condition ρ(T ) ∩ D �= ∅ , this definition is
equivalent to the standard one from [2]. Note that there appear some troubles
if we extend the standard definition (simple subspace = controllable subspace ∨
observable subspace) straightforwardly.

In the case when G+ = D and Ξ± ≡ I, a conservative curved system
Σ = (T, M, N, Θu, Ξ; H, N, M) is exactly conservative, the block-matrix A =(

T N
M Θ+(0)∗

)
is a unitary colligation and the operator-valued function Θ+ =

π†
−π+ can be expressed as Θ+(z) = L∗ + zN∗(I − zT ∗)−1M∗ , |z| < 1 . For gen-

eral simple-connected domains we lose the unitary property but we can regard
a system Σ = (T, M, N) as the result of certain transformation (deformation)
of some unitary colligation A (see [8, 9]). Another reason to call our systems as
“curved conservative” is the fact that the characteristic function of such a system
is a weighted Schur function.

Thus we have defined the notion of conservative curved systems. Note that
linear similarity (instead of unitary equivalence for unitary colligations) is a nat-
ural kind of equivalence for conservative curved systems and duality is a substi-
tute for orthogonality. The following diagram shows relationships between models,
characteristic functions, and conservative curved systems

Cfn
Fmc �� Mod
Fcm

��
Fsm �� Sys . (dgr)
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As we can now see, characteristic functions and conservative curved systems are
not on equal terms: first of them play leading role because the definition of conser-
vative curved system depends on the functional model, which, in turn, is uniquely
determined by its characteristic function. But, surprisingly, the notion of conserva-
tive curved system is comparatively autonomous. Though we define such systems
in terms of the functional model, many properties and operations with conser-
vative curved systems can be formulated intrinsically and do not refer explicitly
to the functional model. One of the aims of this paper is to “measure” a degree
of this autonomy with the point of view of the correspondence “factorizations of
characteristic function ↔ invariant subspaces”.

If we are going to follow the way described above for conservative systems,
we need to introduce transfer functions. For a curved conservative system Σ, we
define the transfer function

Υ = (Υ(z), Θu, Ξ) , where Υ(z) := M(T − z)−1N . (Tfn) + (StoT)

At the same time we have defined the transformation Υ = Fts(Σ). Then, using the
functional model, the transformation Ftc := Fts ◦ Fsm ◦Fmc can be computed as

Υ(z) = (Ftc(Θ))(z) =
{

Θ−
+(z)−Θ+(z)−1 , z ∈ G+ ∩ ρ(T ) ;
−Θ−

−(z) , z ∈ G− ,
(CtoT)

where the operator-valued functions Θ−
±(z) are defined by the formulas

Θ−
±(z)n := (P±Θ−n)(z), z ∈ G±, n ∈ N− ;

Θ−(ζ) := (π†
+π−)(ζ) = Ξ+(ζ)−1Θ+(ζ)∗Ξ−(ζ), ζ ∈ C .

In the case when G+ = D and Ξ± ≡ I we get Θ−(ζ) = Θ+(1/ζ̄)∗ , |ζ| = 1 and
therefore, Θ−

+(z) = Θ+(0)∗ , |z| < 1 ; Θ−
−(z) = Θ+(1/z̄)∗ −Θ+(0)∗, |z| > 1 .

In connection with (CtoT), note that the spectrum of a model operator coincides
with the spectrum of its characteristic function, i.e., z ∈ G+∩ρ(T ) ⇔ ∃ Θ+(z)−1 .

Thus we arrive at the complete diagram

Mod
Fcm ��

Fsm

��

Cfn
Fmc

��

Ftc

��
Sys

Fts

�� Tfn

(Dgr)

Unfortunately, we have obtained almost nothing for our purpose: to study the
correspondence “factorizations ↔ invariant subspaces”. The main difficulty is to
invert the arrows Ftc and Fts. In the case of the unit circle the transfer function
can be calculated as Υ(z) = Θ+(0)∗ − Θ+(1/z̄)∗, |z| > 1 and, conversely, one
can easily recover the characteristic function Θ+(z) from the transfer function
Υ(z) (see [17] for this case and for the case of simple connected domains). But, in
general, especially for multiply-connected domains, this is a considerable problem:
to construct Θ ∈ Cfn such that Υ = Ftc(Θ) . Note that the condition Υ(z) =
M(T − z)−1N ∈ N(G+ ∪ G−) (that is, Υ(z) is an operator-valued function
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of Nevanlinna class: Υ(z) = 1/δ(z)Ω(z) , where δ ∈ H∞(G+ ∪ G−) and Ω ∈
H∞(G+ ∪ G−,L(N−, N+))) is sufficient for uniqueness of Θ . Moreover, under
this assumption, we can recover the corresponding characteristic function and it is
possible to find an intrinsic description of conservative curved systems. Note that
we reap the benefit of the functional model when we are able to determine that
some set of operators (T, M, N) is a conservative curved system [8, 14, 9]. The
author plans to address all these problems elsewhere.

Thus we distinguish notions of characteristic and transfer functions and there
are no simple enough (and suitable in the study of factorizations) relationships
between them. These circumstances dictate that we have to use only the partial
diagram (dgr) and to ignore other objects and transformations related to transfer
functions from the complete diagram (Dgr). Note also that we study the correspon-
dence “factorizations of characteristic function ↔ invariant subspaces of operator
T ” in contrast to the correspondence studied in [7]: “factorizations of transfer
function ↔ invariant subspaces”. At this point we fork with [7].

The paper is organized as follows. In Section 1 we deal with the fragment

Cfn
Fmc �� Mod
Fcm

�� : in the context of functional models we develop the constructions

corresponding to factorizations of characteristic functions. If we restrict ourselves
to regular factorizations, we can keep on to exploit the functional model Mod. But
to handle arbitrary factorizations and to obtain a pertinent definition of the prod-
uct of conservative curved systems we need some generalization of Mod. Moreover,
the order relation Θ2Θ1 ≺ Θ′

2Θ
′
1 implies the factorizations like Θ′

2θΘ1 and there-
fore we need a functional model suited to handle factorizations with three or more
multipliers. With this aim we introduce the notion of n-model Modn and extend
the transformations Fmc and Fcm to this context. In the rest of the section we
study geometric properties of n-models in depth and do this mainly because they
form a solid foundation for our definition of the product of curved conservative
systems in the next section.

At this moment it is unclear how to define the product of conservative curved
systems. As a first approximation we can consider the following construction. Let

Σ1 ∼ Σ̂1 = Fsm(Fmc(Θ1)) and Σ2 ∼ Σ̂2 = Fsm(Fmc(Θ2)) .

Then a candidate for their product is Σ̂21 = Fsm(Fmc(Θ2Θ1)) , where Fmc(Θ2Θ1)
is 3-model corresponding to the factorization Θ21 = Θ2 ·Θ1 . Our aim is to define
the product Σ2 ·Σ1 by explicit formulas without referring to the functional model.
In Section 2 we suggest such a definition and study basic properties of it. The main
one among those properties is the property that the product of conservative curved
systems Σ2 ·Σ1 is a conservative curved system too (Theorem A). The geometrical
properties of n-model established in Section 1 play a crucial role in our reasoning.

In Section 3 we establish a correspondence between two notions of regularity:
the first of them is the regularity of the product of conservative curved systems; the
second one is the notion of regular factorization of operator-valued functions [1, 2],
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which we extend to the weighted Schur classes. We obtain the desired correspon-
dence indirectly: first, we introduce yet another notion – the notion of regularity
for models and then establish separately the correspondences Cfn ↔ Mod and
Sys↔ Mod .

In Section 4 we study the transformation Fic defined therein, which takes
a factorization Θ = Θ2Θ1 of characteristic function to the invariant subspace of
the model operator of the system Σ̂21 = Fsm(Fmc(Θ2Θ1)) . We show that this
mapping is surjective. Combining this property of Fic with the criterion of regu-
larity from Section 3, we establish the main result of the paper: there is an order
preserving one-to-one correspondence between regular factorizations of a character-
istic function and invariant subspaces of the resolvent of the corresponding model
operator. In conclusion we translate results obtained for model operators into the
language of conservative curved systems.

For the convenience of readers, some proofs of attendant assertions have been
placed in the Appendix.

Note that the multiply connected specific appears essentially only in the
proofs of Proposition 4.1 and 4.2. So, at first a reader can study the paper as-
suming that the domain G+ is simply connected. On the other hand, the multiply
connected specific influenced on our choice of other proofs throughout the paper.
Note that, for simple connected domains, some of them can be reduced to the case
of the unit disk (see, e.g., [9, 17]).

The author is grateful to the referee for numerous helpful suggestions im-
proving paper’s readability.

1. Geometric properties of n-model

We start with the definition of an n-characteristic function, which formalizes prod-
ucts of weighted Schur class functions like the following θn−1 · · · · · θ2θ1 : in fact,
we merely rearrange them Θij := θi−1 · · · · · θj .

Definition. Let Ξk, k = 1, n be operator-valued weights such that Ξk, Ξ−1
k ∈

L∞(C,L(Nk)), Ξk(ζ) ≥ 0, ζ ∈ C . A set of analytic in G+ operator-valued
functions Θ = {Θij : i ≥ j} is called an n-characteristic function if Θij ∈ SΞij

and ∀ i ≥ j ≥ k Θik = ΘijΘjk , where Ξij = (Ξi, Ξj).

We assume also that Θkk := I and denote by Cfnn the class of all n-characteristic
functions. In the sequel, we shall usually identify a 3-characteristic function Θ =
{Θ31, Θ32, Θ21} with the factorization of Schur class function θ = θ2 · θ1 , where
θ = (Θ31, Ξ1, Ξ3) , θ1 = (Θ21, Ξ1, Ξ2) , θ2 = (Θ32, Ξ2, Ξ3) . Besides, it is clear
how to define the product of n-characteristic functions Θ = Θ′′ · Θ′ : assum-
ing that Ξ′

n′ = Ξ′′
1 , we need only to renumber multipliers, for instance, Θij =

Θ′′
i−n′+1,1Θ

′
n′j , i ≥ n′ ≥ j .

In the context of functional models the corresponding notion is the notion of
n-functional model.
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Definition. An n-tuple Π = (π1, . . . , πn) of operators πk ∈ L(L2(C, Nk),H) is
called an n-model if

(i) ∀ k (π∗
kπk)z = z(π∗

kπk); π∗
kπk >> 0;

(ii) ∀ j ≥ k (π†
jπk)z = z(π†

jπk); P−(π†
jπk)P+ = 0;

(iii) ∀ i ≥ j ≥ k π†
i πk = π†

i πjπ
†
jπk;

(iv) Hπn∨···∨π1 = H .

(Modn)

Here Hπn∨···∨π1 := ∨n
k=1 Ran πk . The definition (Modn) is an extension of the

definition (Mod): namely, Mod = Mod2. It is readily seen that Θ = {π†
i πj}i≥j

is an n-characteristic function with weights Ξk = π∗
kπk and therefore we have

defined the transformation Fcm : Modn → Cfnn . The existence of the “inverse”
transformation Fmc follows from

Proposition 1.1. Suppose Θ ∈ Cfnn. Then ∃Π ∈ Modn such that Θ = Fcm(Π) .
If also Θ = Fcm(Π′) , then there exists a unitary operator X : Hπn∨···∨π1 →
H′

πn∨···∨π1
such that π′

k = Xπk .

Proof. We put H = ⊕n
k=1HΔ

k , where HΔ
k = closΔkk+1kL2(C, Nk), k = 1, n− 1,

HΔ
n = L2(C, Nn) , Δkk+1k := (I − Θ†

k+1kΘk+1k)1/2, and Θ†
k+1k is adjoint to the

operator Θk+1k : L2(C, Ξk)→ L2(C, Ξk+1). Let νk, k = 1, n be the operators of
embedding of HΔ

k into H and

πn := νn , πk := πk+1Θk+1k + νkΔkk+1k , k = 1, n− 1 .

It can easily be calculated that

πk = νnΘnk + νn−1Δn−1nn−1Θn−1k + · · ·+ νjΔjj+1jΘjk + · · ·+ νkΔkk+1k .

From this identity we get π†
i πj = Θij , i ≥ j .

The existence and unitary property of X follows from the identity

||π1u1 + · · ·+ πnun ||2 =
n∑

i,j=1

(π†
jπiui, uj)L2(C,Ξj)

=
n∑

i,j=1

(π′†
jπ

′
iui, uj)L2(C,Ξj) = ||π′

1u1 + · · ·+ π′
nun ||2 . �

The construction of Proposition 1.1 is simplified if all functions Θij are two-
sided Ξ-inner. In this case, H = L2(C) and πk = Θnk .

We can consider an equivalence relation ∼ in Modn . We write Π ∼ Π′ if
there exists a unitary operator X : Hπn∨···∨π1 → H′

πn∨···∨π1
such that π′

k = Xπk .
It is clear that the transformation Fcm induces a transformation F∼

cm : Mod∼
n →

Cfnn such that F∼
cm(Π∼) = Fcm(Π) , Π ∈ Π∼ . By Proposition 1.1, there exists

the inverse transformation F∼
mc : Cfnn → Mod∼

n . But, in the sequel, we shall
usually ignore this equivalence relation and use merely the transformations Fcm

and Fmc .
The product of any n-models Π′, Π′′ with the only restriction π′∗

n π′
n = π′′∗

1 π′′
1

is defined (up to unitary equivalence) as Π = Π′′ ·Π′ := Fmc(Fcm(Π′′) ·Fcm(Π′)) .
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Using the construction of Proposition 1.1, we can uniquely determine the
normal operator U = XzX−1 ∈ L(Hπn∨···∨π1) with absolutely continuous spec-
trum σ(U) ⊂ C such that Uπk = πkz , where X : Hπ̂n∨···∨π̂1 → Hπn∨···∨π1 is a
unitary operator such that πk = Xπ̂k ; the operators π̂k are constructed for the
n-characteristic function Θ = Fcm(Π) by the same way as in Proposition 1.1.

Taking into account the existence of the operator U , note that Fsc(Θ) =
Fsc(Θn1) ⊕ Σ̂u , where Fsc := Fsm ◦ Fmc and the system Σ̂u = (T̂u, 0, 0, 0) is
“purely normal” with T̂u = U | (Hπn∨···∨π1 �Hπn∨π1) .

Let Π ∈Modn. Now we define our building bricks: orthoprojections Pπi∨···∨πj

onto Hπi∨···∨πj and projections qi± := πiP±π†
i .

Lemma 1.2. For i ≥ j ≥ k ≥ l ≥ m

1) qi−qj+ = 0;
2) qi+ + qi− = πiπ

†
i = Pπi ;

3) Pπi∨···∨πj (I − πkπ†
k)Pπl∨···∨πm = 0 ;

4) Pπl∨···∨πm(I − πkπ†
k)Pπi∨···∨πj = 0 .

Proof. Statement 1) is a direct consequences of (ii) from (Modn). Statement 2) is
obvious. Statement 3) is equivalent to the relation

∀f, g ∈ H ((I − πkπ†
k)Pπl∨···∨πmf, Pπi∨···∨πj g) = 0 .

The latter can be rewritten in the form

((I − πkπ†
k)πl′u, πi′v) = 0 , j ≤ i′ ≤ i , m ≤ l′ ≤ l

and is true because of (iii) from (Modn). Statement 4) can be obtained from
Statement 3) by conjugation. �

We also define the projections

P(ij) := Pπi∨···∨πj (I − qj+)(I − qi−), i ≥ j .

It is easily shown that P(ii) = 0 and

P(ij) = (I − qj+)Pπi∨···∨πj (I − qi−) = (I − qj+)(I − qi−)Pπi∨···∨πj .

Indeed, Pπi∨···∨πj−Pπi is orthoprojection onto Hπi∨···∨πj�Hπi , Pπiqi± = qi±Pπi

and (Pπi∨···∨πj − Pπi)qi± = qi±(Pπi∨···∨πj − Pπi) = 0 . The same is hold for πj .
Then,

P 2
(ij) = Pπi∨···∨πj (I − qj+)(I − qi−)(I − qj+)(I − qi−)Pπi∨···∨πj

= Pπi∨···∨πj [(I − qj+)(I − qj+)(I − qi−)− (I − qj+)qi−(I − qi−)]Pπi∨···∨πj

= Pπi∨···∨πj [(I − qj+)(I − qi−)]Pπi∨···∨πj = P(ij) .

Note also that P(ij) = ΘnjP−Θ−1
ij P+Θ−1

ni whenever all functions Θij are two-sided
Ξ-inner (recall that then we can choose πk = Θnk ).
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Lemma 1.3. For i ≥ j ≥ k ≥ l , one has

1) P(ij)qk+ = 0; 2) qi−P(jk) = 0; 3) P(ij)P(kl) = 0;

4) P(ik)P(jk) = P(jk); 5) P(ij)P(ik) = P(ij); 6) P(jk)P(ij) = 0 .

We also define the subspaces

K(ij) := RanP(ij) , Hij := Hπi∨···∨πj

Hij+ := Hij ∩Ker qi− , Dj+ := Ran qj+ .

It is easy to prove that Hij+ ∩KerP(ij) = Dj+ . Indeed, let f ∈ Hij+ ∩KerP(ij) .
Then

f = (I − P(ij))f = f − (I − qj+)(I − qi−)Pπi∨···∨πj f

= f − (I − qj+)(I − qi−)f = f − (I − qj+)f = qj+f ∈ Dj+ .

Conversely, let f ∈ Dj+ . Then f = qj+f ∈ Hij and therefore qi−f = qi−qj+f−0 ,
that is, f ∈ Hij+ . Hence we have

P(ij)f = (I − qj+)(I − qi−)Pπi∨···∨πj f = (I − qj+)(I − qi−)f = (I − qj+)f = 0

and f ∈ Hij+ ∩KerP(ij) .

Translating the assertions of the above lemmas into the language of geometry,
we obtain

K(ij) ⊂ Hij+ , K(jk) ⊂ K(ik) , Hjk+ ⊂ Hil+ , i ≥ j ≥ k ≥ l .

Indeed, let f ∈ K(ij) . Then f = P(ij)f ∈ Hij and gi−f = gi−(I−qj+)(I−qi−)f =
gi−(I−qi−)f = 0 ⇒ f ∈ Ker qi−. The inclusion K(jk) ⊂ K(ik) is a straightforward
consequence of Lemma 1.3(4). Let f ∈ Hjk+ . Then

gi−f = gi−(I − gj−)Pπj∨···∨πk
f = gi−[(I − πjπ

†
j ) + gj+]Pπj∨···∨πk

f = 0 .

and therefore f ∈ Hil+ .

Let 1 = m1 ≤ · · · ≤ mi ≤ · · · ≤ mN = n . We define the operators

P[mimj ] := P(mj+1mj)(I − P(mj+2mj+1)) . . . (I − P(mimi−1))

+ P(mj+2mj+1)(I − P(mj+3mj+2)) . . . (I − P(mimi−1))

+ · · ·+ P(mi−1mi−2)(I − P(mimi−1)) + P(mimi−1) , i ≥ j .

Note that our notation is ambiguous: the projection P[mimj ] depends on the whole
chain mj ≤ · · · ≤ mi but not only on two numbers mj and mi. The following
properties of operators P[mimj ] are straightforward consequences of Lemma 1.3.

Proposition 1.4. For i ≥ j ≥ k ≥ l ,
1) P[mimj ]qmk+ = 0;
2) qmi−P[mjmk] = 0;
3) P[mimj ]P[mkml] = 0 .
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Further, since I −P[mimj ] = (I −P(mj+1mj))(I −P(mj+2mj+1)) . . . (I −P(mimi−1)) ,
we get the following recursion relation

P[mimk] = P[mjmk](I − P[mimj ]) + P[mimj ] , i ≥ j ≥ k .

Since P[mj+1mj ] = P(mj+1mj), we obtain by induction that the operator P[mimj ]

is a projection and

K[mimj ] = K(mimi−1)+̇ · · · +̇K(mj+1mj) ,

where K[mimj ] := Ran P[mimj ] . We use the notation H = H ′+̇H ′′ if there exists
a projection P ′ such that H ′ = Ran P ′, H ′′ = KerP ′ . Besides, we have

K[mimj ] ⊂ Hmimj+ , Dmj+ ⊂ KerP[mimj ] .

The first inclusion follows straightforwardly from Proposition 1.4(2). The second
one is a consequence of Proposition 1.4(1).
The following proposition affirms a more delicate property of projections P[mimj ] .

Proposition 1.5. One has Hmimj+ ∩KerP[mimj ] = Dmj+ , i ≥ j .

Remark. Since P[31] = P(32) +P(21)(I−P(32)) = P(32) +P(21) , by Proposition 1.5
and the corollary of Lemma (iii), we obtain the following identities

(P(32) + P(21))P(31) (P(32) + P(21)) = P(32) + P(21)

and
P(31) (P(32) + P(21))P(31) = P(31) .

This means that

(P(31)|K[31])−1 = (P(21) + P(32))|K(31) , ((P(21) + P(32))|K(31))−1 = P(31)|K[31] .

Example. Let w = ϕ(z) = z + εz2 , |ε| < 1/2 , G+ = ϕ(D) , C = ϕ(T) . We put

θ(w) =
2w

1 +
√

1 + 4εw
, w ∈ G+ , Θij(w) = θ(w)i−j , 1 ≤ j ≤ i ≤ n ,

and Ξi(w) = 1 , w ∈ C . It can easily be checked that |θ(w)| = 1 , w ∈ C . Then
P(ij) = P

(n)
(ij) = θn−jP−θj−iP+θi−n . For the functions

f ij
k (w) = θ(w)n−j w−k , k = 1, i− j ,

we have f ij
k ∈ K

(n)
(ij) = Ran P

(n)
(ij) . By [9], K(n)

(ij)(ε) = P
(n)
(ij)(ε)K

(n)
(ij)(0) and K(n)

(ij)(0) =

P
(n)
(ij)(0)K(n)

(ij)(ε) . Since dimK(n)
(ij)(0) = i − j , the functions f ij

k (w) form a basis

of the subspace K(n)
(ij) . Note also that P

(n)
ij = θn−iP

(i−j+1)
i−j+1,1 θi−n and therefore

K(n)
(ij) = θn−iK(i−j+1)

(i−j+1,1) .

Consider particular cases. In the case of n = 3 we have

f31
1 = θ2/w , f31

2 = θ2/w2 and f21
1 = θ2/w , f32

1 = θ/w .

Hence, K(21) ⊂ K(31) , K(32) � K(31) and K(32)+̇K(21) �= K(31) .
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In the case of n = 5 it can be calculated that

P(21)f
53
1 = −ε2f21

1 and P(21)f
53
2 = 2ε3f21

1 .

Therefore, P(21)P(53) �= 0 .

Our calculations was based on the formula

P(kl)f
ij
p = θn−lwl−j−pul−j−p,j−l(w) − 2l−kθn−lP−

wl−j−puk−j−p,j−k(w)
(1 +

√
1 + 4εw)l−k

,

where 1 ≤ i, j, k, l ≤ n , p = 1, i− j , i ≥ j , k ≥ l , and

uq,r(w) := 2−rw−qP−wq(1 +
√

1 + 4εw)r .

It can easily be checked that uq,r(w) ≡ 0 , q ≥ 0 . For q < 0 , we make use of
the Residue Theorem. Calculating P+wq(1 +

√
1 + 4εw)r and interpreting the

projection P+ as the boundary values of the Cauchy integral operator, we get

u−1,r(w) = 1;

u−2,r(w) = 1 + rεw ;

u−3,r(w) = 1
2 (2 + 2rεw + r(r − 3)ε2w2) ;

u−4,r(w) = 1
6 (2 + 6rεw + 3r(r − 3)ε2w2 + 3r(r − 4)(r − 5)ε3w3) .

2. Product of conservative curved systems

Definition. Let Σk = (Tk, Mk, Nk, Θku, Ξk; Hk, Nk+, Nk−) , k = 1, 2 be conserva-
tive curved systems, G1+ = G2+ , N1− = N2+ , and Ξ1− = Ξ2+. We define the
product of them as

Σ21 = Σ2 · Σ1 := (T21, M21, N21, Θ21u, Ξ21; H21, N1+, N2−)

with

Θ21u = Θ2uΘ1u , Ξ21 = (Ξ1+, Ξ2−), H21 = H1 ⊕H2 ,

T21 =
(

T1 N1M2

0 T2

)
, M21 = (M1, M

21
2 ) , N21 =

(
M21∗

∗1
N2

)
,

M21
2 f2 = − 1

2πi

∫
C

Θ−
1 (ζ) [M2(T2 − ·)−1f2]−(ζ) dζ, f2 ∈ H2 ,

M21
∗1f1 = − 1

2πi

∫
C

Θ−
∗ 2(ζ) [N∗

1 (T ∗
1 − ·)−1f1]−(ζ) dζ, f1 ∈ H1 ,

(Prod)

where [M2(T2 − ·)−1f2]− and [N∗
1 (T ∗

1 − ·)−1f1]− are the boundary limits of
M2(T2 − z)−1f2 and N∗

1 (T ∗
1 − z)−1f1 from the domains G− and Ḡ− := {z̄ : z ∈

G−} , respectively ; Θ−
∗ 2 = Θ−∼

2 (see (CtoT) for the definition of Θ− ).
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Note that we can consider the product Σ2 ·Σ1 without the assumption that Σ1, Σ2

are conservative curved systems. We need only to assume additionally that ∀ f2 ∈
H2 : M2(T2 − z)−1f2 ∈ E2(G−) and ∀ f1 ∈ H1 : N∗

1 (T ∗
1 − z)−1f1 ∈ E2(Ḡ−) .

For conservative curved systems these assumptions are always satisfied (it follows
from the definition of conservative curved system).

We start to justify the definition with the observation that in case of unitary
colligations we get the standard algebraic definition [2]: M21

2 = Θ+
1 (0)∗M2 and

N21
1 := M21∗

∗1 = N1Θ+
2 (0)∗ (see the Introduction). Indeed, since in this case Θ−

+ ≡
Θ+(0)∗ = L and M2(T2 − z)−1f2 ∈ E2(G−) , we obtain

M21
2 f2 = − 1

2πi

∫
C

Θ−
1 (ζ) [M2(T2 − ·)−1f2]−(ζ) dζ

= − 1
2πi

∫
C

Θ−
1+(ζ) [M2(T2 − ·)−1f2]−(ζ) dζ = L1M2 .

By a similar computation, we get N21
1 = N1L2 . Besides, we have

Proposition 2.1.

1) Σ1 ∼ Σ′
1, Σ2 ∼ Σ′

2 ⇒ Σ2 ·Σ1 ∼ Σ′
2 ·Σ′

1;
2) (Σ2 ·Σ1)∗ = Σ∗

1 · Σ∗
2 .

Here Σ∗ := (T ∗, N∗, M∗, Θ∼
u , Ξ∗) , Ξ∗± = Ξ∼−1

∓ .
Further, we shall say that a triplet of operators (T, M, N) is a realization of

a transfer function Υ = Ftc(Θ) if Υ(z) = M(T − z)−1N .

Proposition 2.2. Suppose that triplets (T1, M1, N1) and (T2, M2, N2) are realiza-
tions of transfer functions Υ1 = Ftc(Θ1) and Υ2 = Ftc(Θ2) , respectively. Sup-
pose also that ∀ f1 ∈ H1 : N∗

1 (T ∗
1 − z)−1f1 ∈ E2(Ḡ−) and ∀ f2 ∈ H2 : M2(T2 −

z)−1f2 ∈ E2(G−) . Then the triplet (T21, M21, N21) defined by (Prod) is a real-
ization of the transfer function Υ21 = Ftc(Θ2Θ1) .

Thus we have obtained important properties of product of systems. But the
main question whether the product Σ2 ·Σ1 of conservative curved systems Σ1 , Σ2

is a conservative curved system too leaves unexplained. The following proposition
answers this question. It also answers a question about author’s motivation of
the definition (Prod): in fact, the connection between the product of systems and
the product of models established in the proposition sheds genuine light on our
definition (Prod).

Proposition 2.3. Suppose Π1, Π2 ∈ Mod , Π = Π2 · Π1 , Σ1 = Fsm(Π1) , Σ2 =
Fsm(Π2) , Σ21 = Σ2 ·Σ1 , and Σ̂ = Fsm(Π) . Then Σ21 ∼ Σ̂ .

We hope that it will cause no confusion if we use the same symbol Fms for the
transformations Fms : Mod → Sys and Fms : Modn → Sys : the latter one is
defined by (MtoS) as well (with π+ = π1 and π− = πn ).
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Proof. Let

Σ1 = (T1, M1, N1) , Σ2 = (T2, M2, N2) , Σ21 = (T21, M21, N21)

Let also Π = (π1, π2, π3) , Σ̂ = (T̂ , M̂ , N̂) = Fsm(Π) , and

Σ̂1 = (T̂1, M̂1, N̂1) = Fsm(π1, π2) , Σ̂2 = (T̂2, M̂2, N̂2) = Fsm(π2, π3) .

It is obvious that the systems Σ̂k and Σk , k = 1, 2 are unitarily equivalent.

Since there are no simple and convenient expressions for operators T̂ ∗, M̂∗,
N̂∗ in terms of the model Π , we need to employ the dual model Π∗ = (π∗+, π∗−) ,
where π∗∓ ∈ L(L2(C̄, N∓),H) are defined by the conditions

(f, π∗∓v)H = 〈π†
±f, v〉C , f ∈ H , v ∈ L2(C̄, N∓) , where

〈u, v〉C := 1
2πi

∫
C (u(z), v(z̄))N dz , u ∈ L2(C, N), v ∈ L2(C̄, N) .

Then we can define the dual objects T̂∗, M̂∗, N̂∗ corresponding to the subspace
K∗Θ = Ran P∗Θ ⊂ H . Note that P∗Θ = P ∗

Θ and (T̂∗, M̂∗, N̂∗) ∼ (T̂ ∗, N̂∗, M̂∗) .
Since P ∗

Θ �= PΘ , we have KΘ �= K∗Θ . Besides, as is known from Section 1,
KΘ = K(31) �= K(32)+̇K(21) and therefore the main challenge of the proposition
is to handle all these subspaces coordinately. In [8, 9], the author noticed that it
was convenient to use the pair of operators W, W∗ ∈ L(H, H) for a model and
the dual one simultaneously. We extend this construction to 3-models. By [8, 9],
there exist operators Wk, W∗k ∈ L(Hk, H) , k = 1, 2 such that W ∗

∗kWk = I ,
WkW ∗

∗k = Pk , and

T̂kWk = WkTk , M̂kWk = Mk , N̂k = WkNk ,

T̂∗kW∗k = W∗kT ∗
k , M̂∗kW∗k = N∗

k , N̂∗k = W∗kM∗
k ,

where P1 =P(21), P2 =P(32) are projections related to the 3-model Π=(π1,π2,π3).
Define W21 := (W1, W2) and W∗21 := (W∗1, W∗2). By Lemma 1.3, P(32)P(21) =
P(21)P(32) = 0. This implies

W ∗
∗21W21 = diag (I, I) and W21W

∗
∗21 = P(21) + P(32) .

We put

T̂ ′
21 = W21T21W

∗
∗21 , M̂ ′

21 = M21W
∗
∗21 , N̂ ′

21 = W21N21 ,

T̂ ′
∗21 = W∗21T

∗
21W

∗
21 , M̂ ′

∗21 = N∗
21W

∗
21 , N̂ ′

∗21 = W∗21M
∗
21 ,

and (see the remark after Proposition 1.5)

T̂21 = (P(21) + P(32)) T̂P(31) , M̂21 = M̂P(31) , N̂21 = (P(21) + P(32)) N̂ ,

T̂∗21 = (P ∗
(21) + P ∗

(32)) T̂∗P
∗
(31) , M̂∗21 = M̂∗P

∗
(31) , N̂21 = (P ∗

(21) + P ∗
(32)) N̂∗ .

Our aim is to show that (T̂ ′
21, M̂

′
21, N̂

′
21) = (T̂21, M̂21, N̂21) . If this identity holds,

we get
T̂W = WT21 , M̂W = M21 , N̂ = WN21 ,
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where W = P(31)W21 , W∗ = P ∗
(31)W∗21 . Thus, Σ21

W∼ Σ̂ and the proposition is
proved. Note also that W ∗

∗ W = I and WW ∗
∗ = P(31) .

We check the desired identities by computations within the functional model.
The identities

T̂ ′
21 =

(
T̂1 N̂1M̂2

0 T̂2

)
, M̂

′
21 = (M̂1,

−1
2πi

∫
C

Θ−
1 (z)[M̂2(T̂2 − ζ)−1 f ]−(z) dz )

can be obtained by a straightforward calculation. Indeed, we have

T̂ ′
21 = W21T21W

∗
∗21 =

(
W1 , W2

)( T1 N1M2

0 T2

)(
W ∗

∗1
W ∗

∗2

)
=

(
W1T1W

∗
∗1 W1N1M2W

∗
∗2

0 W2T2W
∗
∗2

)
=

(
T̂1 N̂1M̂2

0 T̂2

)
and

M̂ ′
21f = M21W

∗
∗21f =

(
M1 , M21

2

)( W ∗
∗1

W ∗
∗2

)
f = M1W

∗
∗1f21 + M21

2 W ∗
∗2f32

= M̂1f21 −
1

2πi

∫
C

Θ−
1 (z) [M2(T2 − ·)−1 W ∗

∗2f32]−(z) dz

= M̂1f21 −
1

2πi

∫
C

Θ−
1 (z) [M̂2(T̂2 − ·)−1 f32]−(z) dz ,

where f = f21 + f32 ∈ K(21)+̇K(32) .

On the other hand, using Lemma 1.3, Proposition 1.4, and the inclusions
UD1+ ⊂ D1+ , UH31+ ⊂ H31+ , we get

T̂21f = (P(21) + P(32)) T̂ P(31)f = (P(21) + P(32))P(31)UP(31)f

= (P(21) + P(32))P(31)Uf = (P(21) + P(32))Uf

= P(21)Uf21 + P(32)Uf21 + P(21)Uf32 + P(32)Uf32

= T̂1f21 + 0 + P(21)Uf32 + T̂2f32

= T̂1f21 + P(21)(I − P(32))Uf32 + T̂2f32

= T̂1f21 + P(21)(Uf32 − Uf32 + π2M̂2f32) + T̂2f32

= T̂1f21 + N̂1M̂2f32 + T̂2f32 ,

where f = f21 + f32 ∈ K(21)+̇K(32) . Thus we have T̂ ′
21 = T̂21 . Further, if we recall

Lemma 1.2, we obtain

M̂21f = M̂P(31)f = M̂f21 + M̂(I − π1P+π†
1)f32

=
1

2πi

∫
C

(π†
1f21)(z) dz +

1
2πi

∫
C

[π†
1(I − π1P+π†

1)f32](z) dz
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= M̂1f21 +
1

2πi

∫
C

(P−π†
1f32)(z) dz = M̂1f21 +

1
2πi

∫
C

(π†
1f32)(z) dz

= M̂1f21 +
1

2πi

∫
C

(π†
1π2π

†
2f32)(z) dz +

1
2πi

∫
C

(π†
1(I − π2π

†
2)f32)(z) dz

= M̂1f21 +
1

2πi

∫
C

Θ−
1 (z)(π†

2f32)(z) dz + 0

= M̂1f21 −
1

2πi

∫
C

Θ−
1 (z) [M̂2(T̂2 − ζ)−1 f32]−(z) dz .

Therefore, M̂ ′
21 = M̂21 . Similarly, M̂ ′

∗21 = M̂∗21 . We can obtain the residuary
identity N̂ ′

21 = N̂21 if we make use of the duality relations

(M̂ ′
21f

′, n) = (f ′, N̂ ′
∗21n) , (N̂ ′

21m, g′) = (m, M̂ ′
∗21g

′)

and
(M̂21f, n) = (f, N̂∗21n) , (N̂21m, g) = (m, M̂∗21g) ,

where f ′ ∈ K[31] = K(32)+̇K(21) , g′ ∈ K∗[31] = K∗(32)+̇K∗(21) , f ∈ K(31) , g ∈
K∗(31) , n ∈ N1 , and m ∈ N3 . Therefore we have

(N̂ ′
21m, g) = (m, M̂ ′

∗21g) = (m, M̂∗21g) = (N̂21m, g) . �
Remark. Note that we do not claim that Fsm(Π2)Fsm(Π1) = Fsm(Π2Π1). The
statement and the proof of Proposition 2.3 is a good illustration to our previous
remark in the Introduction that the linear similarity (but not unitary equivalence)
is the natural kind of equivalence for conservative curved systems.

The following theorem is a direct consequence of Proposition 2.3.

Theorem A. Let Σ̂1 = Fsc(Θ1) , Σ̂2 = Fsc(Θ2) and Σ̂21 = Fsc(Θ21) , where
Θ1, Θ2; Θ21 = Θ2Θ1 ∈ Cfn . Suppose that Σ1 ∼ (Σ̂1⊕Σ1u) and Σ2 ∼ (Σ̂2⊕Σ2u) ,
where the systems Σ1u and Σ2u are “purely normal” systems. Then there exists
a “purely normal” system Σu = (Tu, 0, 0, 0) such that Σ2 · Σ1 ∼ (Σ̂21 ⊕ Σu) .

Proof. By Proposition 2.3, Σ̂2 · Σ̂1 ∼ Fsc(Θ2 ·Θ1) = Σ̂21 ⊕ Σ̂u . Then we have

Σ2 · Σ1 ∼ (Σ̂2 ⊕ Σ2u) · (Σ̂1 ⊕ Σ1u) ∼ (Σ̂2 · Σ̂1)⊕ Σ1u ⊕ Σ2u

By Proposition 2.1, Σ̂2 · Σ̂1 ∼ (Σ̂21⊕ Σ̂u) . Therefore, Σ2 ·Σ1 ∼ (Σ̂21⊕Σu) , where
Σu = Σ̂u ⊕ Σ1u ⊕ Σ2u . �
Thus we see that the definition of product of conservative curved systems (Prod)
is tightly linked to functional model though we do not refer to it explicitly. On the
other hand, its formal independence from functional model characterizes the com-
parative autonomy of conservative curved system well enough. Moreover, we have
explicit formulas for Σ2 ·Σ1 and the product depends only on the factors Σ2, Σ1

and their characteristic functions. Theoretically, the dependence on characteristic
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functions is undesirable, but, in author’s opinion, we cannot count on having more
than we have.

Now we turn to the associativity of multiplication of systems.

Proposition 2.4. One has Σ3 ·(Σ2 ·Σ1) ∼ (Σ3 ·Σ2) ·Σ1 , where Σk ∈ Sys , k = 1, 3 .

Proof. Let Σk = Fsc(Θk) , Πk = Fmc(Θk) , Π = Π3 · Π2 · Π1 and Σ = Fsm(Π) .
For the functional model Π , we consider the following subspaces K1 = K(21) ,
K2 = K(32) , K3 = K(43) , K21 = K(31) , K32 = K(42) , K321 = K(41) , and dual
to them. We will denote by W1 : H1 → K1 , W2 : H2 → K2 , W3 : H3 → K3

the operators that realize similarities of the systems Σk , k = 1, 2, 3 with the
corresponding systems Σ̂k in the model Π (see the proof of Proposition 2.3).
Denote by W∗k , k = 1, 2, 3 the dual operators. As in the proof of Proposition 2.3,
we get that the operator W21 = P(31)(W1, W2) realizes similarity Σ2 · Σ1 ∼ Σ̂21 .
Similarly, the operator W32 = P(42)(W2, W3) realizes similarity Σ3 · Σ2 ∼ Σ̂32 .
By the same argument, we get that the operator W3(21) = P(41)(W21, W3) realizes
similarity Σ3 ·(Σ2 ·Σ1) ∼ Σ̂321 and the operator W(32)1 = P(41)(W1, W32) realizes
similarity (Σ3 · Σ2) ·Σ1 ∼ Σ̂321 . Thus, the operators

W3(21) = P(41)(P(31)(W1, W2), W3) , W(32)1 = P(41)(W1, P(42)(W2, W3))

realize the similarities Σ3 ·(Σ2 ·Σ1) ∼ Σ̂321 and (Σ3 ·Σ2) ·Σ1 ∼ Σ̂321 , respectively.
Therefore, Σ3 · (Σ2 ·Σ1) ∼ (Σ3 · Σ2) ·Σ1 . �

Recall that the operator P[41] = P(21)(I−P(32))(I−P(43))+P(23)(I−P(32))+
P(43) = P(21)(I − P(43)) + P(32) + P(43) is a projection in H onto the subspace
K(21)+̇K(32)+̇K(43) and its components P(21)(I − P(43)) , P(32) , P(43) are com-
muting projections onto the subspaces K(21) , K(32) , K(43) , respectively. Then we
have

W3(21) = P(41)(P(31)(W1, W2), W3)

= P(41)(P(31)(P(21)(I − P(43)) + P(32)) + P(43))(W1, W2, W3)

and

W(32)1 = P(41)(W1, P(42)(W2, W3))

= P(41)(P(21)(I − P(43)) + P(42)(P(32)) + P(43)))(W1, W2, W3) .

Thus, W3(21) = Y (W1, W2, W3) and W(32)1 = Z (W1, W2, W3) , where

Y, Z : K(21)+̇K(32)+̇K(43) → K(41) ,

(W1, W2, W3) : H1 ⊕H2 ⊕H3 → K(21)+̇K(32)+̇K(43) ,

and
Y = P(41)(P(31)(P(21)(I − P(43)) + P(32)) + P(43)) ,

Z = P(41)(P(21)(I − P(43)) + P(42)(P(32) + P(43))) .
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As is shown in the Appendix, Z−1 = [P(21) + (P(32) + P(43))P(42)]|K(41) and
Z−1Y = (I + P(21)P(43))|K(21)+̇K(32)+̇K(43) . Further, it can easily be checked
that

(W1, W2, W3)−1 =

⎛⎝ W ∗
∗1P(21)(I − P(43))

W ∗
∗2P(32)

W ∗
∗3P(43)

⎞⎠ .

Thus we obtain
W−1

(32)1W3(21) = (W1, W2, W3)−1Z−1Y (W1, W2, W3)

=

⎛⎝ I 0 W ∗
∗1P(21)P(43)W3

0 I 0
0 0 I

⎞⎠
and therefore W−1

(32)1W3(21) �= I because, in general, we have no the property
P(21)P(43) = 0 . Thus the identity Σ3 · (Σ2 · Σ1) = (Σ3 ·Σ2) · Σ1 does not hold.

Example. We continue the example from Section 1. Consider the systems

Σ1 = Σ2 = Fsc(θ) = ((0), (1), (1)), Σ3 = Fsc(θ2) =
((

0 1
0 0

)
, (1, 0),

(
2ε
1

))
.

Then we can easily calculate that

Σ3 · (Σ2 ·Σ1) =

⎛⎜⎜⎝
⎛⎜⎜⎝

0 1 ε 0
0 0 1 0
0 0 0 1
0 0 0 0

⎞⎟⎟⎠ , (1, ε,−ε2, 2ε3) ,

⎛⎜⎜⎝
ε3

−ε2

2ε
1

⎞⎟⎟⎠
⎞⎟⎟⎠

and

(Σ3 ·Σ2) · Σ1 =

⎛⎜⎜⎝
⎛⎜⎜⎝

0 1 ε −ε2

0 0 1 0
0 0 0 1
0 0 0 0

⎞⎟⎟⎠ , (1, ε, 0, 0) ,

⎛⎜⎜⎝
ε3

−ε2

2ε
1

⎞⎟⎟⎠
⎞⎟⎟⎠ .

Thus, Σ3 · (Σ2 ·Σ1) �= (Σ3 · Σ2) ·Σ1 . The matrix

X =

⎛⎜⎜⎝
1 0 −ε2 2ε3

0 1 0 0
0 0 1 0
0 0 0 1

⎞⎟⎟⎠
realizes the similarity Σ3 · (Σ2 · Σ1) ∼ (Σ3 ·Σ2) · Σ1 .
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3. Regular factorizations

We start with extension of the notion of regularity to the class of n-characteristic
functions.

Definition. We shall say that an n-characteristic function Θ is regular (and write
Θ ∈ Cfnreg

n ) if ∀ i ≥ j ≥ k

Ran (I −Θ†
ij(z)Θij(z))1/2 ∩ Ran (I −Θjk(z)Θ†

jk(z))1/2 = {0} , a.e. z ∈ C .

Note that it suffices to check these conditions for k = 1, i = n, j = 1, n (it follows
from [1], Lemma VII.4.1).

Taking into account the fact that we identify n-characteristic function with
factorization of Schur class function, we obtain the definition of regularity for
factorization of Schur class function. In particular, we have the corresponding
definition in the case when n = 3 . If additionally we assume that Ξk ≡ 1, k = 1, 3 ,
we arrive at the standard definition [1, 2] (see the Introduction).

In the context of functional models the corresponding notion is the following.

Definition. Let Modreg
n := {Π ∈ Modn : Ran π1 ∨Ranπn = H} . We shall say that

an n-model Π ∈ Modn is regular if Π ∈Modreg
n .

We are going to show that these two notions of regularity (for n-characteristic
functions and for n-models) agree. With that end in mind we employ the construc-
tion of Proposition 1.1. It is easy to show that for any two contractive operators
A21 : N1 → N2 and A32 : N2 → N3 there exist three isometries V1 : N1 → H ,
V2 : N2 → H , and V3 : N3 → H such that

A21 = V ∗
2 V1 , A32 = V ∗

3 V2 , A32A21 = V ∗
3 V1 .

Note that we do not need to assume as in Proposition 1.1 that the operators
A21 and A32 are operator-valued functions of weighted Schur class: it suffices to
assume that they are merely contractive operators. Evolving this approach, we
obtain the following Lemmas 3.1 and 3.2. Let V1, V2, V3 be isometries; A21 =
V ∗

2 V1 , A32 = V ∗
3 V2 , A31 = V ∗

3 V1 ; E1 = Ran V1 , E2 = Ran V2 , and E3 = Ran V3 .

Lemma 3.1. The following conditions are equivalent:
1) A31 = A32A21 ;
2) V ∗

3 V1 − V ∗
3 V2V

∗
2 V1 = 0 ;

3) ((E1 ∨ E2)� E2)⊥ ((E3 ∨ E2)� E2) .

Lemma 3.2. Assume that V ∗
3 V1 − V ∗

3 V2V
∗
2 V1 = 0 . Then the following conditions

are equivalent:
1) Ran (I −A∗

32A32)1/2 ∩Ran (I −A21A
∗
21)

1/2 = {0} ;
2) closRan (I − V3V

∗
3 )V1 = closRan (I − V2V

∗
2 )V1 ⊕ closRan (I − V3V

∗
3 )V2 ;

3) E2 ⊂ E1 ∨ E3 .
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These two lemmas allow us to translate factorization problems into geometrical
language and now we can say about purely geometrical nature of the notion of
regularity. Note that this fact is the underlying basis of the generalization of Sz.-
Nagy-Foiaş’s regularity criterion in [18], where the authors dropped the condition
of analyticity.

The following assertion is a straightforward consequence of the lemmas.

Proposition 3.3. One has Π = Fmc(Θ) ∈ Modreg
n ⇐⇒ Θ ∈ Cfnreg

n .

We have defined the notions of regularity for Cfnn and Modn. Now we pass
over to curved conservative systems looking for a counterpart of the regularity
in this context. In the Introduction we have defined the notion of simple curved
conservative systems. For this notion, we have the following list of properties.

Proposition 3.4.

1) Let Σ̂ = Fsm(Π) , Π ∈ Mod and ρ(T̂ ) ∩ G+ �= ∅ . Then the system Σ̂ is
simple;

2) If Σ ∼ Σ′ , then Σ is simple ⇔ Σ′ is simple;
3) If a system Σ is simple, then the system Σ∗ is simple too;

4) If Σ X∼ Σ′ , Σ X′
∼ Σ′ and the system Σ is simple, then X = X ′ ;

5) If the system Σ = Σ2 · Σ1 is simple and ρ(T ) ∩ ρ(T1) ∩ G+ �= ∅ , then the
systems Σ1 and Σ2 are simple.

Definition. The product of systems Σ21 = Σ2 · Σ1 is called regular if the system
Σ21 is simple.

Now we are ready to establish a correspondence between notions of regularity for
systems and models.

Proposition 3.5. Let Σ̂1 = Fsm(Π1) , Σ̂2 = Fsm(Π2) . Suppose Σ1 ∼ Σ̂1 , Σ2 ∼
Σ̂2 , Σ21 = Σ2 · Σ1 , and ρ(T21) ∩ G+ �= ∅ . Then the product Σ2 · Σ1 is regular
⇔ the product Π2 · Π1 is regular.

Proof. Without loss of generality (see Propositions 2.3 and 3.4) it can be assumed
that

Σ21 = Σ̂ = Fsm(Π2 ·Π1) and T21 = T̂ .

As above (see the proof of Proposition 3.4), we get

Ku =
⋂

z∈ρ(T )

Ker M̂(T̂ − z)−1 = {f ∈ K(31) : π†
+f = 0 , π†

−f = 0 }

and therefore Ku ⊂ (Ran π+∨Ran π−)⊥ . On the hand, if f ∈ (Ran π+∨Ran π−)⊥ ,
then P(31)f = f and f ∈ K(31) . Thus, Ku = (Ran π+ ∨ Ran π−)⊥ . It remains to
note that the product Σ2 ·Σ1 is regular iff Ku = {0} and the product Π2 ·Π1 is
regular iff Ranπ+ ∨ Ran π− = H (recall that π+ = π3 and π− = π1 ). �
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Combining Propositions 3.3 and 3.5, we arrive at

Proposition 3.6 (Criterion of regularity). Let Σ̂1 = Fsc(Θ1) , Σ̂2 = Fsc(Θ2) .
Suppose Σ1 ∼ Σ̂1 , Σ2 ∼ Σ̂2 , Σ21 = Σ2 · Σ1 , and ρ(T21) ∩ G+ �= ∅ . Then the
product Σ2 · Σ1 is regular ⇔ the factorization Θ2 ·Θ1 is regular.

Thus we obtain the correspondence between regular factorizations of characteristic
functions and regular products of systems.

Remark. It can easily be shown that the inner-outer factorization [1] of Schur
class functions is regular (see [1]). Hence, using the criterion of regularity, one
can prove that the product of colligations with C11 and C00 contractions is reg-
ular. It is possible to extend this result to the case of weighted Schur functions
employing the generalization of regularity criterion (Proposition 3.6). Note that,
for J-contractive analytic operator functions, J-inner-outer factorization is regular
too [19]. However, since in this situation we have no such a geometrical functional
model (and such a geometrical description of regularity) as is the Sz.-Nagy-Foiaş
model for contractions, we have to establish directly the regularity of the product
of “absolutely continuous” and “singular” colligations (analogous of C11 and C00

contractions). The uniqueness of J-inner-outer factorizations is the most important
consequence of this regularity (see [19]).

4. Factorizations and invariant subspaces

The most remarkable feature of the product of systems is its connection with in-
variant subspaces. We see that the subspace H1 in the definition (Prod) is invariant
under the operator T21 (and under its resolvent (T21−z)−1 , z ∈ G−). In the con-
text of functional model this implies that the subspace K(21) is invariant under the
operator T̂ (see Proposition 2.3). Following B.Sz.-Nagy and C.Foiaş, we shall work
within the functional model and use the model as a tool for studying the correspon-
dence “factorizations ↔ invariant subspaces”. Let Θ ∈ Mod3 , Π = Fmc(Θ) =
(π1, π2, π3) ∈ Mod3 . We define the transformation L = Fic(Θ) as a mapping that
takes each 3-characteristic function Θ (which we identify with factorization of
Schur class function) to the invariant subspace L := K(21) = Ran P(21) . To study
the transformation Fic (and its ingenuous extension to n-characteristic functions),
we need to make some preliminary work.

Let Π ∈ Modn . Consider the chain of subspaces H11+ ⊂ · · · ⊂ Hn1+ (see
the definition of Hij+ after Lemma 1.3). These subspaces are invariant under the
resolvent (U −z)−1 , z ∈ G−. The inverse is also true accurate up to the “normal”
part of the chain.

Proposition 4.1. Suppose U ∈ L(H) is a normal operator, σ(U) ⊂ C, and H1+ ⊂
· · · ⊂ Hn+ is a chain of invariant under (U − z)−1 , z ∈ G− subspaces. Then
there exists an n-model Π ∈ Modn such that Hk1+ ⊂ Hk+ , k = 1, n and the
subspaces Huk := Hk+�Hk1+ reduce the operator U . If an n-model Π′ ∈ Modn
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satisfies the same conditions, then H′
k+ = Hk+ and ∃ψk such that ψk, ψ−1

k ∈
H∞(G+,L(Nk)) and π′

k = πkψk . Besides, we have Hu1 ⊂ · · · ⊂ Hun .

Proof. Consider the Wold type decompositions Hk+ = Hpur
k+ ⊕Hnor

k+ with respect
to the normal operator U , σ(U) ⊂ C (see [10]). The operators U|Hpur

k+ are the
pure subnormal parts of U|Hk+ and U|Hnor

k+ are normal operators. These decom-
positions are unique. We set

Ek+ = Hpur
k+ , Ek = ∨z /∈C(U − z)−1Ek+, Ek− = Ek � Ek+ .

Obviously, Ek− ⊂ H⊥
k+ and the operator U∗|Ek− is the pure subnormal part of

U∗|H⊥
k+ . For i ≥ j ≥ k , we have Ei−⊥Ej+ , Ek+ ⊂ Hj+ , and Ei− ⊂ H⊥

j+ . Hence,

Ek ⊂ ∨z /∈C(U − z)−1Hj+ and Ei ⊂ ∨z /∈C(U∗ − z̄)−1H⊥
j+ .

This implies that

Ej ⊕ ((Ek ∨ Ej)� Ej) = Ek ∨ Ej ⊂ Ej ∨Hj+ = Ej ⊕Hnor
j+ .

Therefore we get

(Ek ∨ Ej)� Ej ⊂ Hnor
j and Ej+ ⊕ ((Ek ∨ Ej)� Ej) ⊂ Hj .

In the same way, Ej− ⊕ ((Ei ∨ Ej)� Ej) ⊂ H⊥
j . And finally,

((Ei ∨ Ej)� Ej)⊥ ((Ek ∨ Ej)� Ej .

We need to make use of the following lemma.

Lemma. Suppose U ∈ L(H) is a normal operator, σ(U) ⊂ C, E+ ⊂ H and U|E+
is a pure subnormal operator. Then there exists an operator π ∈ L(L2(C, N),H)
such that Ranπ = ∨λ/∈C(U − λ)−1E+ , Kerπ = {0} , πE2(G+, N) = E+ and
Uπ = πz .

Proof. Without loss of generality we can assume that H = ∨λ/∈C(U − λ)−1E+ .
By [10], there exists a unitary operator Y0 ∈ L(E2

α(G+, N), E+) such that UY0 =
Y0z , where E2

α(G+, N) is the Smirnov space of character-automorphic functions
(see the proof of Proposition 1.5). By Mlak’s lifting theorem [20], the operator Y0

can be extended to the space L2(C, N) lifting the intertwining condition. This
extension will be denoted by π0 ∈ L(L2(C, N),H) . So, we have Uπ0 = π0z . Sim-
ilarly, there exists an extension X0 ∈ L(H, L2(C, N)) of the operator Y −1

0 such
that X0U = zX0 . Thus, X0π0|E2

α(G+, N) = I|E2
α(G+, N) . Since L2(C, N)) =

∨λ/∈C(z − λ)−1E2
α(G+, N) , we get X0π0 = I. Likewise, since π0X0|E+ = I|E+

and H = ∨λ/∈C(U − λ)−1E+ , we get π0X0 = I and therefore π−1
0 = X0 ∈

L(H, L2(C, N)) .
According to [10], the “bundle” shift z|E2

α(G+, N) is similar to the trivial
shift z|E2(G+, N) . The similarity is realized by operator-valued function χ ∈
L∞(C,L(N)) such that χ−1 ∈ L∞(C,L(N)) and χE2(G+, N) = E2

α(G+, N) .
Then we put π := π0χ . �

Since U|Ej+ are the pure subnormal parts of U|Hj , there exist operators
πj ∈ L(L2(C, Nj),H) such that Ran πj = Ej , πjE

2(G+) = Ej+ , and Uπj = πjz .
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In terms of operators πj we rewrite the relations obtained earlier. The relation
Ei−⊥Ej+ implies P−(π†

i πj)P+ = 0 and the orthogonality ((Ei ∨ Ej)� Ej)⊥((Ek ∨
Ej)�Ej) means that Ran(I−πjπ

†
j)πi ⊥ Ran(I−πjπ

†
j )πk . Hence, π†

i (I−πjπ
†
j )πk =

0 and π†
i πk = π†

i πjπ
†
jπk . Thus the n-tuple Π = (π1, . . . , πn) is an n-model.

We put Hj1+ = Hπj∨···∨π1 ∩KerπjP−π†
j . Then,

Hj1+ = Ran Pπj∨···∨π1 ∩ Ran (I − πjP−π†
j ) = RanPπj∨···∨π1(I − πjP−π†

j )

= Ran Pπj∨···∨π1((I − πjπ
†
j) + πjP+π†

j ) = Ej+ ⊕ Ran(I − πjπ
†
j )Pπj∨···∨π1

= Ej+ ⊕ ∨j−1
k=1 closRan(I − πjπ

†
j )πk = Ej+ ⊕ (∨j−1

k=1((Ek ∨ Ej)� Ej)) .

Hence we get Hj1+ ⊂ Hj+ = Ej+ ⊕Hnor
j+ and

Huj = Hj+ �Hj1+ = Hnor
j+ � (∨j−1

k=1((Ek ∨ Ej)� Ej)) .

It is obvious that the subspaces Huj reduce the operator U .
Assume that H′

j1+ = Hπ′
j∨···∨π′

1
∩ Kerπ′

jP−π′
j
† , H′

j1+ ⊂ Hj+ and the sub-
spaces Hj+ � H′

j1+ reduce the operator U , where Π′ = (π′
1, . . . , π

′
n) ∈ Modn .

Then we have the generalized Wold decompositions [10] Hj+ = E ′j+⊕ (∨j−1
k=1((E ′k ∨

E ′j) � E ′j)) ⊕ (Hj+ � H′
j1+) . Since these decompositions are unique, we obtain

E ′j+ = Ej+ , E ′j = Ej and, by induction, H′
j1+ = Hj1+ . Then, π′

j = πjψj , where
ψj = π†

jπ
′
j , ψ−1

j = π′
j
†
πj ∈ H∞(G+,L(Nj)) .

Since Huj ⊥ (Ej+⊕((Ek∨Ej)�Ej)) and Huj ⊂ Hj+ , we get Huj ⊥ (Ek∨Ej) .
For i > j , we have Ei− ⊂ H⊥

j+ ⊂ H⊥
uj . Hence, Huj ⊥Ei and Huj ⊥Hπn∨···∨π1 .

Since Hj1+ ⊂ Hπn∨···∨π1 , Huj ⊂ H⊥
πn∨···∨π1

and Hj+ = Huj ⊕ Hj1+ , we have
Huj = H⊥

πn∨···∨π1
∩Hj+ and therefore Hu1 ⊂ · · · ⊂ Hun . �

Let θ ∈ Cfn . We fix θ and define Modθ
n := {Π ∈ Modn : π†

nπ1 = θ} . Then
we can consider the chain of subspaces Fθ

im(Π) := (K(11) ⊂ K(21) ⊂ · · · ⊂ K(n1)) ,
where K(k1) = RanP(k1) . The subspaces K(k1) are invariant under the operator
T̂ and this observation motivates the following definition.

Let θ = π†
−π+ , where the operators π± ∈ L(L2(Ξ±),H) are isometries. Let

U ∈ L(H) be a normal operator such that Uπ± = π±z and σ(U) ⊂ C . Let also
K = Ran P , P = (I − π+P+π†

+)(I − π−P−π†
−) , and T = PU|K .

Definition. A chain of subspaces L = (L1 ⊂ L2 ⊂ · · · ⊂ Ln) is called n-invariant
if Ln ⊂ K , (T −z)−1Lk ⊂ Lk , z ∈ G− , k = 1, n , and the subspaces L1 , K�Ln

reduce the operator U . We will denote the class of all n-invariant chains by Invθ
n .

In fact, we have already defined the transformation Fθ
im : Modθ

n → Invθ
n , which

takes each Π ∈ Modθ
n to the n-invariant chain of subspaces (K(11) ⊂ K(21) ⊂

· · · ⊂ K(n1)) ∈ Invθ
n . This transformation is surjective accurate up to the “normal”

part of the chain.
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Proposition 4.2. Suppose a chain L is n-invariant. Then there exists an n-model
Π ∈ Modθ

n such that K(k1) ⊂ Lk , k = 1, n and the subspaces Luk := Lk �K(k1)

reduce the operator U . If an n-model Π′ ∈ Modn satisfies the same conditions,
then K′

(k1) = K(k1) and ∃ψk such that ψk, ψ−1
k ∈ H∞(G+,L(Nk)) and π′

k =
πkψk . Besides, we have Lu1 ⊂ · · · ⊂ Lun .

Proof. We put Hk+ = Lk+̇D+ , where D+ = Ran q+ , q+ = π+P+π†
+ . Then, for

z ∈ G−, we get (U − z)−1D+ ⊂ D+ ⊂ Hk and

(U − z)−1Lk ⊂ P (U − z)−1Lk+̇q+(U − z)−1Lk ⊂ (T − z)−1Lk+̇D+ ⊂ Hk .

Therefore the chain H1+ ⊂ · · · ⊂ Hn+ is invariant under (U − z)−1 , z ∈ G−. By
Proposition 4.1, there exists an n-model Π ∈Modn such that Hk1+ ⊂ Hk+ , k =
1, n and the subspaces Huk = Hk+ � Hk1+ reduce the operator U . Since L1

reduces U , we have that H1+ = D++̇L1 is the generalized Wold decomposition
of H1+ . Taking into account the uniqueness of Wold decomposition, we obtain
π+ = π1ψ1 . Comparing the Wold decompositions of the equal subspaces K+̇D+

and (K � Ln)+̇Hn+ , we obtain π− = πnψn . Thus we can assume without loss
of generality (see the proof of Proposition 4.1) that π1 = π+ and πn = π− , i.e.,
Π ∈ Modθ

n .
Since Lk ⊂ K , we have Lk = (I − π+P+π†

+)Hk+ . Taking into account
that K(k1) = (I − π+P+π†

+)Hk1+ and Hk1+ ⊂ Hk+ , we get K(k1) ⊂ Lk . Since
Huk = H⊥

πn∨···∨π1
∩ Hk+ , we have Huk = PHuk ⊂ PHk+ = Lk and therefore

Huk ⊕ K(k1) ⊂ Lk . In fact, these two spaces are equal. Consider the operator
q′+ = π′

+P ′
+π′∗

+ , which is the orthogonal counterpart to q+ = π+P+π†
+ (see the

proof of Proposition 1.5). Put L′
k := (I − q′+)Lk and K′

(k1) := (I − q′+)K(k1) .
By the corollary of Lemma (iii), Lk = (I − q+)L′

k and K(k1) = (I − q+)K′
(k1) .

Further, we have

L′
k �K′

(k1) = (L′
k ⊕D+)� (K′

(k1) ⊕D+) = Hk+ �Hk1+ = Huk .

Then

Lk = (I − q+)L′
k = (I − q+)(K′

(k1) ⊕Huk) = K(k1)+̇Huk = K(k1) ⊕Huk

and therefore Lk = K(k1) ⊕ Huk . Hence, Luk = Lk � K(k1) = Huk . Then, by
Proposition 4.1, we have Lu1 ⊂ · · · ⊂ Lun .

Let Π′ ∈ Modθ
n be an n-model such that K′

(k1) ⊂ Lk , k = 1, n and the
subspaces L′

uk = Lk � K′
(k1) reduce the operator U . Then H′

k1+ = K′
(k1)+̇D+ ⊂

Lk+̇D+ = Hk+ and the subspaces Hk+ � H′
k1+ = L′

uk reduce the operator U .
By Proposition 4.1, we get H′

k1+ = Hk1+ . Hence, K′
(k1) = (I − π+P+π†

+)H′
k1+ =

(I − π+P+π†
+)Hk1+ = K(k1) . �

Remark. In the case of n = 2 this proposition is an analogue of the well-known
decomposition of a contraction T into the orthogonal sum T = Tcnu ⊕ Tu of
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the completely non-unitary part Tcnu and the unitary part Tu (see [1]). In this
connection, we will use the notation

Invθ cnu
n := {(L1 ⊂ L2 ⊂ · · · ⊂ Ln) ∈ Invθ

n : Lun = {0}}

In this notation Proposition 4.2 means merely that RanFθ
im = Invθ cnu

n . Note also
that the condition Lun = {0} is equivalent to the condition

∨n
k=1[∨z /∈C(U − z)−1([∨z /∈C(U − z)−1(Lk+̇D+)]� (Lk+̇D+))] = H .

Let us now return to the transformation Fic . Fix θ ∈ Cfn and define
Modθ

n := {Θ ∈ Mod: Θn1 = θ} . Then we can consider the restriction Fic|Modθ
3 ,

which takes each 3-characteristic function Θ ∈ Modθ
3 to the invariant subspace

L := K(21) ⊂ H . The main difficulty to handle effectively factorizations of the
function θ is the fact that the space H is variable and we cannot compare in-
variant subspaces when we run over all factorizations of θ . To avoid this effect we
shall restrict ourselves to models Π = (π+, π2, π−) for which H = Hπ+∨π− =
Ran π+ ∨ Ranπ− , where π± ∈ L(L2(Ξ±),H) are fixed isometries such that
θ = π†

−π+ . Then we obviously have Ran π2 ⊂ Ran π+ ∨ Ranπ− and therefore
Π = (π+, π2, π−) ∈Modreg

3 . In this connection, we also define the subclasses

Cfnθ reg
n := Cfnθ

n ∩Cfnreg
n , Modθ reg

n := Modθ
n ∩Modreg

n

and
Invθ reg

n := {L ∈ Invθ
n : Ranπ+ ∨ Ranπ− = H} .

By Proposition 3.3, it can easily be shown that

Fθ
im(Π) ∈ Invθ reg

n ⇐⇒ Π ∈ Modθ reg
n .

Besides, it is clear that Invθ reg
n ⊂ Invθ cnu

n . Finally, we define the transformation

Fθ
ic : Cfnθ reg

n → Invθ reg
n

by the following procedure.

Definition. Let θ ∈ Cfn . Fix isometries π± ∈ L(L2(Ξ±),H) such that θ = π†
−π+ .

Let Θ ∈ Cfnθ reg
n and Π = (π1, π2, . . . , πn) = Fmc(Θ) . By Proposition 3.3, Π ∈

Modreg
n , i.e., H = Hπ1∨πn = Ran π1∨Ran πn and θ = π†

nπ1 . By Proposition 1.1,
there exists a unique unitary operator X : Hπ1∨πn → Hπ+∨π− such that π+ =
Xπ1 and π− = Xπn . We put

Fθ
ic(Θ) := Fθ

im(XΠ) ,

where XΠ = (Xπ1, Xπ2, . . . , Xπn) .

This definition of the fundamental transformation Fθ
ic is rather indirect. As justi-

fication of it we note that even in the unit disk case the known approaches [1, 2, 16]
are not simpler than our procedure. The following proposition is a straightforward
consequence of Proposition 4.2.
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Proposition 4.3. One has
1) RanFθ

ic = Invθ reg
n ;

2) If Fθ
ic(Θ

′) = Fθ
ic(Θ) , Θ, Θ′ ∈ Cfnθ reg

n , then Θ′ ∼ Θ , where ∼ is
equivalence relation: Θ′ ∼ Θ if ∃ψk , k = 2, n− 1 such that
ψk, ψ−1

k ∈ H∞(G+,L(Nk)) , Θ′
ij = ψ−1

i Θijψj , and Ξ′
k = ψ∗

kΞkψk ;
ψ1 = I, ψn = I .

Thus, one can consider the quotient space Cfnθ reg∼
n := Cfnθ reg

n /∼ and the cor-
responding one-to-one transformation Fθ∼

ic : Cfnθ reg∼
n → Invθ reg

n . Note that
the functions ψk can be regarded as Ξ-unitary constants, i.e., ψ†

k = ψ−1
k ∈

H∞(G+,L(Nk)) , where ψ†
k are adjoint to ψk : L2(Ξ′

k)→ L2(Ξk) .
Let us consider particular cases. In the case of n = 3 we obtain that the

transformation Fθ∼
ic : Cfnθ reg∼

3 → Invθ reg
3 is a one-to-one correspondence between

regular factorizations of a characteristic function and invariant subspaces of the
corresponding model operator.

Consider the case n = 4 . Let L = (L1, L2, L3, L4) ∈ Invθ reg
4 . By Propo-

sition 4.3, there exists Θ ∈ Cfnθ reg
4 such that L = Fθ

ic(Θ) . If we rename L′ =
L2, L′′ = L3 (recall that L1 = {0}, L4 = Kθ ) and θ = Θ41, θ′1 = Θ21, θ′2 =
Θ42, θ′′1 = Θ31, θ′′2 = Θ43 , Ξ+ = Ξ1 , Ξ′ = Ξ2 , Ξ′′ = Ξ3 , Ξ− = Ξ4 , then we have

θ = θ′2θ
′
1 = θ′′2 θ′′1 and ∃ ϑ ∈ SΞ such that θ′′1 = ϑθ′1 , θ′2 = θ′′2ϑ . (≺)

Certainly, ϑ = Θ32 and Ξ = (Ξ′, Ξ′′) . We shall say that a factorization θ = θ′2θ
′
1

precedes a factorization θ = θ′′2θ′′1 and write θ′2θ
′
1 ≺ θ′′2 θ′′1 if the condition (≺) is

satisfied. Thus, L′ ⊂ L′′ =⇒ θ′2θ
′
1 ≺ θ′′2θ′′1 .

Conversely, suppose that factorizations θ′2θ
′
1 = θ′′2 θ′′1 are regular and θ′2θ

′
1 ≺

θ′′2 θ′′1 . After backward renaming we have Θ ∈ Cfnθ reg
4 . Let L = (L1, L2, L3, L4) =

Fθ
ic(Θ) , L′ = Fθ

ic(θ
′
2θ

′
1) , and L′′ = Fθ

ic(θ
′′
2 θ′′1 ) . Since the factorizations are regular,

we have L′ = L2, L′′ = L3 . Therefore, θ′2θ
′
1 ≺ θ′′2 θ′′1 =⇒ L′ ⊂ L′′ . Thus we finally

obtain
F reg

ic (Θ42Θ21) ⊂ F reg
ic (Θ43Θ31) ⇐⇒ Θ42Θ21 ≺ Θ43Θ31 .

It is easy to check that θ′2θ
′
1 ≺ θ′′2 θ′′1 , θ′2θ

′
1 ∼ ϑ′

2ϑ
′
1 , θ′′2 θ′′1 ∼ ϑ′′

2ϑ′′
1 =⇒ ϑ′

2ϑ
′
1 ≺

ϑ′′
2ϑ′′

1 , i.e., the order relation ≺ is well defined on the quotient space Cfnθ reg∼
3 .

Taking all this into account, we arrive at the main result of the Section.

Theorem B. There is an order preserving one-to-one correspondence F reg
ic between

regular factorizations of a characteristic function (up to the equivalence relation)
and invariant subspaces of the resolvent (T̂ − z)−1 , z ∈ G− of the corresponding
model operator.

This theorem is an extension of the fundamental result from [1] (Theorems VII.1.1
and VII.4.3; see also [21] for some refinement).

Corollary. Suppose that factorizations θ′2θ
′
1, θ′′2 θ′′1 are regular, θ′2θ

′
1 ≺ θ′′2 θ′′1 and

θ′′2 θ′′1 ≺ θ′2θ
′
1 . Then θ′2θ

′
1 ∼ θ′′2 θ′′1 .
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Proof. Let L′ = F reg
ic (θ′2θ

′
1) and L′′ = F reg

ic (θ′′2 θ′′1 ) . By Theorem B, we get L′ ⊂
L′′ ⊂ L′ and therefore L′ = L′′ . Then, by Proposition 4.3, we have θ′2θ

′
1 ∼

θ′′2 θ′′1 . �

Note that the corollary can be proved independently from Theorem B: the corre-
sponding argumentation make use of Lemmas 3.1 and 3.2 and therefore we can
drop the assumptions that θ′2, θ′2, θ′′1 , θ′′2 are operator-valued functions (see Propo-
sition 5.1 in the Appendix).

In conclusion we again consider curved conservative systems. The following
assertion is just a translation of Proposition 4.2 into the language of systems.

Proposition 4.4. Suppose Σ = (T, M, N) ∈ Sys and a subspace L is invariant
under the resolvent (T − z)−1 , z ∈ G− . Then there exist systems Σ1, Σ2 ∈ Sys
and an operator X : H1 ⊕H2 → H such that Σ X∼ Σ2 · Σ1 and L = XH1 .

Proof. Let Σ Y∼ Σ̂ = Fsc(θ) and Π = (π1, π3) = Fmc(θ) . Then L̂ = Y L is an
invariant subspace for the model operator. By Theorem B, there exists a regular
factorization θ = θ2 · θ1 such that L̂ = F reg

ic (θ2 · θ1) = Ran P(21) . Besides, θ1 =
π†

2π1 and θ2 = π†
3π2 . We put Π1 = (π1, π2) , Π2 = (π2, π3) , Σ̂1 = Fsc(Π1) ,

and Σ̂2 = Fsc(Π2) . Let Σ1
Y1∼ Σ̂1 and Σ2

Y2∼ Σ̂2 . By Proposition 2.3, we get
Σ1 · Σ2 ∼ Σ̂ with the operator P(31)(Y1, Y2) realizing the similarity. It can easily
be checked that L̂ = P(31)(Y1, Y2)H1 . Then, for X = Y −1P(31)(Y1, Y2) , we get

Σ X∼ Σ2 · Σ1 and L = XH1 . �

Besides, we have the following assertion.

Proposition 4.5. Suppose the product of systems Σ2 ·Σ1 = Σ′
2 ·Σ′

1 is simple, H1 =
H ′

1 , and Θ2Θ1 = Θ′
2Θ

′
1 . Then there exists ψ such that ψ, ψ−1 ∈ H∞(G+,L(N))

and Σ′
1 ∼ Σ′′

1 = (T1, M1, N
′′
1 ) , where

N ′′
1
∗
f1 = − 1

2πi

∫
C

ψ(z)∗ [N∗
1 (T ∗

1 − ·)−1f1]−(z) dz , f1 ∈ H1 .

Proof. Let Σ = Σ2 · Σ1
Y∼ Σ̂ = Fsc(θ) and Π = (π1, π3) = Fmc(θ) . Using the

same notation as in the proof of Proposition 4.4, we obtain that the operators
P(31)(Y1, Y2) and P(31)(Y ′

1 , Y ′
2) realize the similarities Σ2 ·Σ1 ∼ Σ̂ and Σ′

2 ·Σ′
1 ∼

Σ̂ , respectively. Since the system Σ̂ ∼ Σ is simple, by Proposition 3.4(4), we get
P(31)(Y1, Y2) = P(31)(Y ′

1 , Y ′
2) and therefore P(31)(Y1, Y2)H1 = P(31)(Y ′

1 , Y ′
2)H ′

1 .
Then, by Proposition 4.3, there exists an operator-valued function ψ such that
ψ, ψ−1 ∈ H∞(G+,L(N2)) , θ′1 = ψ−1θ1 , and θ′2 = θ2ψ . According to [9], Σ′′

1 ∼
Σ̂′′ = Fsc(ψ−1θ1) . Since Σ′

1 ∼ Σ̂′ = Fsc(θ′1) , we get Σ′
1 ∼ Σ′′

1 . �

Further, we shall say that a system Σ ∈ Sys possesses the property of
uniqueness of characteristic function if there exists a unique characteristic func-
tion Θ ∈ Cfn such that Σ = Fcs(Θ) . Recall (see the Introduction) the sufficient
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condition for this property: the transfer function Υ(z) of the system Σ is an
operator-valued function of Nevanlinna class. For products of systems we have the
following (non-trivial) fact: suppose that a system Σ = Σ2Σ1 is simple, possesses
the property of uniqueness, and ρ(T1) ∩ G+ �= ∅ ; then the system Σ1 possesses
the same property too.

Proposition 4.6. Suppose the product of systems Σ2 · Σ1 = Σ′
2 · Σ1 is simple

and possesses the property of uniqueness. Suppose also ρ(T1) ∩ G+ �= ∅ . Then
Σ2 = Σ′

2 .

Proof. Let Σ = Σ2 · Σ1 = Σ′
2 · Σ1 and θ = θ2θ1 = θ′2θ

′
1 be the corresponding

factorizations. Then θ1 = θ′1 (see the comments before the proposition). Since
∀ λ ∈ ρ(T1) ∩ G+ �= ∅ ∃ θ1(λ)−1 , we get θ2 = θ′2 . Then Σ2 ∼ Fsc(θ2) ,
Σ′

2 ∼ Fsc(θ2) and therefore Σ2
X2∼ Σ′

2 . Taking this into account, we have Σ I∼ Σ
and Σ I⊕X2∼ Σ . By Proposition 3.4(4), we get X2 = I . �

5. Appendix

Proof of Lemma 1.3. Using Lemma 1.2, we have

1) P(ij)qk+ = Pπi∨···∨πj (I − qj+)(I − qi−)qk+ = Pπi∨···∨πj(I − qj+)qk+

= Pπi∨···∨πj [(I − πjπ
†
j ) + qj−]qk+ = Pπi∨···∨πj (I − πjπ

†
j )πkP+π†

k = 0 ;

2) qi−P(jk) = qi−(I − qk+)(I − qj−)Pπj∨···∨πk
= qi−(I − qj−)Pπj∨···∨πk

= qi−[(I − πjπ
†
j ) + qj+]Pπj∨···∨πk

= πiP−π†
i (I − πjπ

†
j)Pπj∨···∨πk

= 0 ;

3) P(ij)P(kl) = P(ij)(I − ql+)(I − qk−)Pπk∨···∨πl
= P(ij)(I − qk−)Pπk∨···∨πl

= P(ij)[(I − πkπ†
k) + qk+]Pπk∨···∨πl

= (I − qj+)(I − qi−)Pπi∨···∨πj (I − πkπ†
k)Pπk∨···∨πl

= 0 ;

4)P(ik)P(jk) = Pπi∨···∨πk
(I − qk+)(I − qi−)P(jk)

= Pπi∨···∨πk
(I − qk+)P(jk) = P(jk) ;

5) P(ij)P(ik) = P(ij)(I − qk+)(I − qi−)Pπi∨···∨πk

= P(ij)(I − qi−)Pπi∨···∨πk
= P(ij) ;

6) P(jk)P(ij) = Pπj∨···∨πk
(I − qk+)(I − qj−)(I − qj+)(I − qi−)Pπi∨···∨πj

= Pπj∨···∨πk
(I − qk+)(I − πjπ

†
j )(I − qi−)Pπi∨···∨πj

= (I − qk+)Pπj∨···∨πk
(I − πjπ

†
j )Pπi∨···∨πj(I − qi−) = 0 . �

Proof of Proposition 1.5. Beforehand note that though we systematically strive to
deal only with nonorthogonal projections qi+ , sometimes we have to employ their
orthogonal counterparts q′i+ . By [10], there exist isometries π′

i ∈ L(L2(C, Ni),H)
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such that Ranπ′
i = Ranπi and Ran qi+ = π′

iE
2
α(G+, Ni) , where E2

α(G+, Ni)
are Smirnov’s spaces of character-automorphic functions (see [10, 11, 13] for the
definition). Let q′i+ = π′

iP
′
+π′∗

i . Then Ran q′i+ = Ran qi+ , P−π†
i π

′
iP

′
+ = 0 , and

P ′
−π′∗

i πiP+ = 0 , where P ′
+ is the orthoprojection onto E2

α(G+, Ni) and P ′
− =

I − P ′
+ . Define also the projections q′i− = π′

iP
′
−π′∗

i . Then we have

qi−q′j+ = 0 and q′i−qj+ = 0 , i ≥ j .

Indeed,

qi−q′j+ = πiP−π†
i π

′
jP

′
+π′∗

j = πiP−π†
i πjπ

†
jπ

′
jP

′
+π′∗

j

= πiP−π†
i πjP+π†

jπ
′
jP

′
+π′∗

j + πiP−π†
i πjP−π†

jπ
′
jP

′
+π′∗

j = 0 + 0 = 0 .

By the same reason, q′i−qj+ = 0 . Using these identities and repeating mutatis
mutandis proof of Lemma 1.3, we obtain

P ′
(ij)qk+ = P(ij)q

′
k+ = 0 ; q′i−P(jk) = qi−P ′

(jk) = 0 ;

P ′
(ij)P(kl) = P(ij)P

′
(kl) = P ′

(ij)P
′
(kl) = 0, i ≥ j ≥ k ≥ l .

Then, evidently,

P[mimj ]P
′
[mkml]

= P ′
[mimj ]

P[mkml] = P ′
[mimj]

P ′
[mkml]

= 0 .

Since Ran q′i+ = Ran qi+ , we have D′
i+ = Di+ . Evidently, H′

ij = Hij . Further,
let f ∈ Hij+ = Hij ∩Ker qi− . Then qi−f = 0 , that is πiπi

†f = qi+f , and

q′i−f = π′
iπ

′
i
∗
f − q′i+f = πiπi

†f − q′i+f = qi+f − q′i+f ∈ D′
i+ = Di+ ,

that is, q′i−f = q′i+g . Then, q′i−f = q′2i−f = q′i−q′i+g = 0 and therefore Hij+ ⊂
H′

ij+ . For the same reason, H′
ij+ ⊂ Hij+ . Thus we have

D′
i+ = Di+ , H′

ij = Hij , H′
ij+ = Hij+

and therefore

K′
[mimj ]

⊂ Hmimj+ , Dmj+ ⊂ KerP ′
[mimj ]

.

We need to prove the following elementary lemmas, which are of interest in their
own right.

Lemma (i). Suppose M, N+, N− are subspaces of a Hilbert space and N+⊥N− .
Then (N ∨M)�N− = ((N ∨M)�N)⊕N+ , where N = N+ ⊕N− .

Proof. Let f ∈ (N∨M)�N− . Then f ∈ (N∨M), f⊥N− . We have f = fN +f⊥
N ,

where fN ∈ N, f⊥
N ∈ N⊥ . Then fN = f − f⊥

N ⊥N− and fN ∈ N+ . Hence,
f = f⊥

N + fN ∈ ((N ∨M)�N)⊕N+ .
Conversely, let f ∈ N+ . Then f ∈ N, f⊥N− and therefore f ∈ (N ∨M)�

N− . Hence, ((N ∨M)�N)⊕N+ ⊂ (N ∨M)�N− . �
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Lemma (ii). Suppose P ∈ L(H) is a projection; D+, H+ are subspaces of H
such that D+ ⊂ H+ , K = RanP ⊂ H+ and D+ ⊂ KerP . Then the following
conditions are equivalent:

1) H+ ∩KerP = D+ ;
2) H+ = K+̇D+ ;
3) Ker(P |H+) = D+ .

Proof. 1) =⇒ 2) Let f ∈ H+ . Then f = f1 + f2 , where f1 = Pf ∈ K and
f2 = (I − P )f ∈ KerP . Since K ⊂ H+ , we get f2 = f − Pf ∈ H+ and therefore
f2 ∈ H+ ∩KerP = D+ .

2) =⇒ 3) It is clear that D+ ⊂ Ker(P |H+) . Let f ∈ Ker(P |H+) ⊂ H+ . Then
f = f1 + f2 , where f1 ∈ K and f2 ∈ D+ . Then 0 = Pf = P (f1 + f2) = f1 and
therefore f = f2 ∈ D+ .

3) =⇒ 1) It is clear that D+ ⊂ H+ ∩ KerP . Let f ∈ H+ ∩ KerP . Then
f ∈ Ker(P |H+) = D+ . �

Lemma (iii). Suppose P1 and P2 are projections such that KerP1 = KerP2 .
Then P1P2 = P1 and P2P1 = P2 .

Proof. Since Ran(I−P2) = KerP2, we get P1(I−P2) = 0. Hence, P1P2 = P1. �

Corollary. Suppose P1, P2 ∈ L(H) are projections; D+, H+ are subspaces of H
such that D+ ⊂ H+ , Ran P1 ⊂ H+ , Ran P2 ⊂ H+ , D+ ⊂ KerP1 , D+ ⊂ KerP2

and Ker(P1|H+) = Ker(P2|H+) = D+ . Then P1P2P1 = P1 and P2P1P2 = P2 .

Proof. It is clear that P1|H+, P2|H+ are projections. By Lemma (iii), we have
(P1|H+)(P2|H+) = P1|H+ . Then P1P2P1f = P1P2(P1f) = P1(P1f) = P1f . �

Proof (of Proposition 1.5). First, we prove our assertion in the orthogonal context.
Consider orthogonal projections

P ′
(ij) = Pπi∨···∨πj (I − q′j+)(I − q′i−) ,

Since operators q′j+, q′i− are selfadjoint, we have (q′j+q′i−)∗ = q′∗i−q′∗j+ = q′i−q′j+ = 0
and hence

P ′
(ij) = Pπi∨···∨πj(I − q′j+ − q′i−) = Pπi∨···∨πj − q′j+ − q′i− .

Define subspaces Nk± := Ran q′k± , Nk := Nk+ ⊕ Nk− = Ranπ′
k k = 1, n . Then

we have Pπi∨···∨πj = q′i− + P ′
(ij) + q′j+ and

Hij = Ni− ⊕K′
(ij) ⊕Nj+ , Hij+ = K′

(ij) ⊕Nj+ , Dj+ = Nj+ .

In particular, we get Nk ∨Nk+1 = Nk+1−⊕K′
(k+1,k) ⊕Nk+ and therefore Nk+⊕

K′
(k+1,k) = (Nk ∨ Nk+1) � Nk+1− . Applying the former identity and Lemma (i)
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i− j times, we have

Nj+ ⊕K′
(j+1,j) ⊕K′

(j+2,j+1) ⊕ · · · ⊕ K′
(i,i−1) ⊕Ni−

= [(Nj ∨Nj+1)�Nj+1−]⊕K′
(j+2,j+1) ⊕ · · · ⊕ K′

(i,i−1) ⊕Ni−

= [(Nj ∨Nj+1)�Nj+1]⊕Nj+1+ ⊕K′
(j+2,j+1) ⊕ · · · ⊕ K′

(i,i−1) ⊕Ni−

= [(Nj ∨Nj+1)�Nj+1]⊕ [Nj+1+ ⊕K′
(j+2,j+1)]⊕ · · · ⊕ K′

(i,i−1) ⊕Ni−

= · · · = [(Nj ∨Nj+1)�Nj+1]⊕ [(Nj+1 ∨Nj+2)�Nj+2]⊕ · · ·
⊕ [(Ni−1 ∨Ni)�Ni]⊕Ni+ ⊕Ni− = [(Nj ∨Nj+1)�Nj+1]

⊕ [(Nj+1 ∨Nj+2)�Nj+2]⊕ · · · ⊕ [(Ni−1 ∨Ni)�Ni]⊕Ni

= [(Nj ∨Nj+1)�Nj+1]⊕ [(Nj+1 ∨Nj+2)�Nj+2]⊕ · · · ⊕ [(Ni−1 ∨Ni)]
= · · · = Nj ∨Nj+1 ∨ · · · ∨Ni−1 ∨Ni = Hij .

On the other hand, we have already shown Hij = Ni− ⊕K′
(ij) ⊕Nj+ . Therefore,

K′
(ij) = K′

(ii−1) ⊕ · · · ⊕ K′
(j+1j) .

Then we have K′
[mimj ]

= K′
(mimj)

and K′
[mimk] = K′

[mimj ]
⊕ K′

[mjmk] . It is easy
to check that Hmimj+ ∩KerP ′

[mimj ]
= Dmj+ .

The nonorthogonal case can be obtained by induction. In fact, we have al-
ready shown that

Hmj+1mj+ ∩KerP[mj+1mj ] = Hmj+1mj+ ∩KerP(mj+1mj) = Dmj+ , j = 1, n .

Let i ≥ j ≥ k . Assume that Hmimj+ ∩ KerP[mimj ] = Dmj+ and Hmjmk+ ∩
KerP[mjmk] = Dmk+ . Let f ∈ Hmimk+∩KerP[mimk] . Using the recursion relation

P[mimk] = P[mjmk](I − P[mimj ]) + P[mimj ]

and properties of projections P[· ,·] , we have

P[mimj ]f = P[mimj ](P[mjmk](I − P[mimj ]) + P[mimj ])f = P[mimj ]P[mimk]f = 0 .

Then, since P[mimk]f = 0 and P[mimj ]f = 0 , we also have P[mjmk]f = 0 . On
the other hand, the vector f can be decomposed f = f ′

ij + f ′
jk + g , where f ′

ij ∈
K′

[mimj ]
, f ′

ij ∈ K′
[mimj ]

and g ∈ Dmj+ . Since P[mimj ]P
′
[mjmk] = 0 , we have

0 = P[mimj ]f = P[mimj ](f
′
ij + f ′

jk + g) = P[mimj ]f
′
ij .

By Lemma (ii), Ker(P[mimj ]|Hmimj+) = Dmj+ . Then, by the corollary of Lemma
(iii), we obtain 0 = P ′

[mimj ]
P[mimj]f

′
ij = P ′

[mimj]
P[mimj ]P

′
[mimj ]

f ′
ij = f ′

ij . Further,
0 = P[mjmk]f = P[mjmk](f ′

jk + g) = P[mjmk]f
′
jk . As above, we get 0 = f ′

jk . Thus,
we have f = g ∈ Dmj+ and therefore Hmimk+∩Ker P[mimk] ⊂ Dmj+ . The inverse
inclusion is obvious. �
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Proof of Proposition 2.1.

1) Let Σ1
X1∼ Σ′

1, Σ2
X2∼ Σ′

2 . Then

M21
2 f2 = − 1

2πi

∫
C

Θ−
1 (ζ) [M2(T2 − ·)−1f2]−(ζ) dζ

= − 1
2πi

∫
C

Θ−
1 (ζ) [M ′

2(T
′
2 − ·)−1X2f2]−(ζ) dζ = M21

2
′
X2f2 .

Hence, M21
2 = M21

2
′
X2 . Similarly, X1N

21
1 = N21

1
′ . Define X21 :=

(
X1 0
0 X2

)
.

Then, we get

T ′
21X21 =

(
T ′

1 N ′
1M

′
2

0 T ′
2

)(
X1 0
0 X2

)
=

(
T ′

1X1 N ′
1M

′
2X2

0 T ′
2X2

)
=

(
X1T1 X1N1M2

0 X2T2

)
=

(
X1 0
0 X2

)(
T1 N1M2

0 T2

)
= X21T21 ;

M ′
21X21 =

(
M ′

1 , M21
2

′ )( X1 0
0 X2

)
=

(
M ′

1X1 , M21
2

′
X2

)
=

(
M1 , M21

2

)
= M21 ;

N ′
21 =

(
N21

1
′

N ′
2

)
=

(
X1N

21
1

′

X2N
′
2

)
=

(
X1 0
0 X2

)(
N21

1

N2

)
= X21N21

and thus Σ2 ·Σ1
X21∼ Σ′

2 · Σ′
1 .

2) Let Σ21∗ = (Σ2 · Σ1)∗ . By straightforward calculation, we get

T∗21 =
(

T ∗
1 0

M∗
2 N∗

1 T ∗
2

)
; M∗21 =

(
N21∗

1 , N∗
2

)
; N∗21 =

(
M∗

1

M21∗
2

)
.

On the other hand, let Σ′
21∗ = Σ∗

1 · Σ∗
2 . Then we get

T ′
∗21 =

(
T∗1 0

N∗2M∗1 T∗2

)
=

(
T ∗

1 0
M∗

2 N∗
1 T ∗

2

)
= T∗21.

Since

M21
∗1

′
f1 = − 1

2πi

∫
C

Θ−
∗ 2(ζ) [M∗1(T∗1 − ·)−1f1]−(ζ) dζ

= − 1
2πi

∫
C

Θ−
∗ 2(ζ) [N∗

1 (T ∗
1 − ·)−1f1]−(ζ) dζ = N21∗

1 f1, f1 ∈ H1 ,

we have
M ′

∗21 =
(

M21
∗1

′
, M∗2

)
=

(
N21∗

1
′
, N∗

2

)
= M∗21 .
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Since

N21
∗2

′∗
f2 = − 1

2πi

∫
C

Θ−
∗∗1(ζ) [N∗

∗2(T
∗
∗2 − ·)−1f2]−(ζ) dζ

= − 1
2πi

∫
C

Θ−
1 (ζ) [M2(T2 − ·)−1f2]−(ζ) dζ = M21

2 f2, f2 ∈ H2 ,

we have

N ′
∗21 =

(
N∗1
N21

∗2
′

)
=

(
M∗

1

M21∗
1

)
= N∗21 .

Thus we get Σ∗
1 · Σ∗

2 = Σ′
21∗ = Σ21∗ = (Σ2 ·Σ1)∗ . �

Proof of Proposition 2.2. For the sake of simplicity, consider the case Θ−
k− ∈

H∞(G−,L(Nk−, Nk+))) , k = 1, 2 (in the general case we need to use expressions
like (M21(T21 − λ)−1N21n, m) ). It can easily be shown that

(T21 − λ)−1 =
(

(T1 − λ)−1 −(T1 − λ)−1N1M2(T2 − λ)−1

0 (T2 − λ)−1

)
.

Then, by straightforward computation, we obtain

M21(T21 − λ)−1N21 = M1(T1 − λ)−1N21
1 −Υ1(λ)Υ2(λ) + M21

2 (T2 − λ)−1N2 .

Here, we have

M21
2 (T2 − λ)−1N2

= − 1
2πi

∫
C

Θ−
1 (ζ) [M2(T2 − ·)−1(T2 − λ)−1N2]−(ζ) dζ

= − 1
2πi

∫
C

Θ−
1 (ζ)

ζ − λ
[M2(T2 − ·)−1N2 −M2(T2 − λ)−1N2]−(ζ) dζ

= − 1
2πi

∫
C

Θ−
1 (ζ)(Υ2(ζ)− −Υ2(λ))

ζ − λ
dζ

= − 1
2πi

∫
C

Θ−
1+(ζ)(Υ2(ζ)− −Υ2(λ))

ζ − λ
dζ

=
1

2πi

∫
C

Θ−
1+(ζ)Θ−

2−(ζ)
ζ − λ

dζ +
1

2πi

∫
C

Θ−
1+(ζ)Υ2(λ)

ζ − λ
dζ

=
1

2πi

∫
C

Θ−
1+(ζ)Θ−

2−(ζ)
ζ − λ

dζ +
{

Θ−
1+(λ)(Θ−

2+(λ)−Θ+
2 (λ)−1), λ ∈ G+

0, λ ∈ G−
.
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Similarly, we have

N21∗
1 (T ∗

1 − λ)−1M∗
1

=
1

2πi

∫
C

Θ−
∗2+(ζ)Θ−

∗1−(ζ)
ζ − λ

dζ +
{

Θ−
∗2+(λ)(Θ−

∗1+(λ)−Θ+
∗1(λ)−1), λ ∈ G+

0, λ ∈ G−

= − 1
2πi

∫
C

Θ−
∗2+(ζ)Θ−

∗1−(ζ)
ζ − λ

dζ +
{

Θ−
∗2+(λ)(Θ−

∗1+(λ)−Θ+
∗1(λ)−1), λ ∈ G+

0, λ ∈ G−

Hence,

M1(T1 − λ)−1N21
1

=
1

2πi

∫
C

Θ−
∗1−(ζ)∗Θ−

∗2+(ζ)∗

ζ − λ
dζ

+
{

(Θ−
∗1+(λ)∗ − (Θ+

∗1(λ)∗)−1)Θ−
∗2+(λ)∗, λ ∈ G+

0, λ ∈ G−

=
1

2πi

∫
C

Θ−
1−(ζ)Θ−

2+(ζ)
ζ − λ

dζ +
{

(Θ−
1+(λ)−Θ+

1 (λ)−1)Θ−
2+(λ), λ ∈ G+

0, λ ∈ G−
.

Consider the case when λ ∈ G− . Then

M21(T21 − λ)−1N21

=
1

2πi

∫
C

Θ−
1−(ζ)Θ−

2+(ζ)
ζ − λ

dζ − Θ−
1−(λ)Θ−

2−(λ) +
1

2πi

∫
C

Θ−
1+(ζ)Θ−

2−(ζ)
ζ − λ

dζ + 0

=
1

2πi

∫
C

Θ−
1−(ζ)Θ−

2+(ζ)
ζ − λ

dζ +
1

2πi

∫
C

Θ−
1−(ζ)Θ−

2−(ζ)
ζ − λ

dζ

+
1

2πi

∫
C

Θ−
1+(ζ)Θ−

2−(ζ)
ζ − λ

dζ +
1

2πi

∫
C

Θ−
1+(ζ)Θ−

2+(ζ)
ζ − λ

dζ

=
1

2πi

∫
C

(Θ−
1+(ζ) + Θ−

1−(ζ))(Θ−
2+(ζ) + Θ−

2−(ζ))
ζ − λ

dζ

=
1

2πi

∫
C

Θ−
1 (ζ)Θ−

2 (ζ)
ζ − λ

dζ =
1

2πi

∫
C

Θ−
21(ζ)

ζ − λ
dζ = −Θ−

21(λ) .

Consider the case when λ ∈ G+ . Then

M21(T21 − λ)−1N21

=
1

2πi

∫
C

Θ−
1−(ζ)Θ−

2+(ζ)
ζ − λ

dζ + (Θ−
1+(λ)−Θ+

1 (λ)−1)Θ−
2+(λ)

− (Θ−
1+(λ)−Θ+

1 (λ)−1)(Θ−
2+(λ) −Θ+

2 (λ)−1)
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+
1

2πi

∫
C

Θ−
1+(ζ)Θ−

2−(ζ)
ζ − λ

dζ + Θ−
1+(λ)(Θ−

2+(λ)−Θ+
2 (λ)−1)

=
1

2πi

∫
C

Θ−
1−(ζ)Θ−

2+(ζ) + Θ−
1+(ζ)Θ−

2−(ζ)
ζ − λ

dζ

+ Θ−
1+(λ)Θ−

2+(λ) −Θ+
1 (λ)−1Θ+

2 (λ)−1

=
1

2πi

∫
C

(Θ−
1 (ζ)−Θ−

1+(ζ))Θ−
2+(ζ) + (Θ−

1 (ζ) −Θ−
1−(ζ))Θ−

2−(ζ)
ζ − λ

dζ

+ Θ−
1+(λ)Θ−

2+(λ) −Θ+
1 (λ)−1Θ+

2 (λ)−1

=
1

2πi

∫
C

Θ−
1 (ζ)Θ−

2 (ζ)
ζ − λ

dζ

−Θ−
1+(λ)Θ−

2+(λ) + Θ−
1+(λ)Θ−

2+(λ) −Θ+
1 (λ)−1Θ+

2 (λ)−1

=
1

2πi

∫
C

Θ−
21(ζ)

ζ − λ
dζ −Θ+

21(λ)−1 = Θ−
21(λ) −Θ+

21(λ)−1 .

Thus, for λ ∈ (G+ ∪G−) ∩ ρ(T21) , we obtain

M21(T21 − λ)−1N21 = Υ21(λ) =
{

Θ−
21+(λ)−Θ+

21(λ)−1, λ ∈ G+ ∩ ρ(T21)
−Θ−

21−(λ), λ ∈ G−
.

That is Υ21 = Ftc(Θ2Θ1) . �
Computation of the operators Z−1 and Z−1Y . Using Lemma 1.3 and the corollary
of Lemma (iii), we have

(P(21) + (P(32) + P(43))P(42))Z

= (P(21) + (P(32) + P(43))P(42))P(41)(P(21)(I − P(43)) + P(42)(P(32) + P(43)))

= (P(21)P(41) + (P(32) + P(43))P(42))(P(21)(I − P(43)) + P(42)(P(32) + P(43)))

= P(21)P(41)P(21)(I − P(43)) + P(21)P(41)P(42)(P(32) + P(43))

+ (P(32) + P(43))P(42)P(21)(I − P(43)) + (P(32) + P(43))P(42)(P(32) + P(43))

= P(21)(I − P(43)) + P(21)P(41)P(42)(P(32) + P(43)) + (P(32) + P(43))

= I + P(21)P(41)P(42)(P(32) + P(43)) .

Note that we will arrange our computations by underlining subexpressions that
are in the focus of current step. Further, since

P(21)P(41)P(42)

= (P(21) + P(42))P(41)P(42) − P(42)P(41)P(42)

= (P(21) + P(42))P(41)P(42) − P(42)

= (P(21) + P(42))P(41)(P(21) + P(42))− (P(21) + P(42))P(41)P(21) − P(42)



Factorizations and Invariant Subspaces 241

= (P(21) + P(42))− (P(21) + P(42))P(41)P(21) − P(42)

= P(21) + P(42) − P(21) − P(42) = 0 ,

we obtain (P(21) + (P(32) + P(43))P(42))Z = I|K(21)+̇K(32)+̇K(43) . On the other
hand, we have

Z(P(21) + (P(32) + P(43))P(42))

= P(41)(P(21)(I − P(43)) + P(42)(P(32) + P(43)))(P(21) + (P(32) + P(43))P(42))

= P(41)(P(21) + P(42)(P(32) + P(43))P(42)) = P(41)(P(21) + P(42))|K(41)

= P(41)(P(21) + P(42))P(41)|K(41) = P(41)|K(41) = I|K(41) .

We need to compute the operator Z−1Y . We have

Z−1Y = (P(21) + (P(32) + P(43))P(42))P(41)(P(31)(P(21)(I − P(43)) + P(32)) + P(43))

= (P(21) + (P(32) + P(43))P(42))(P(31)(P(21)(I − P(43)) + P(32)) + P(41)P(43))

= P(21)P(31)(P(21)(I − P(43)) + P(32)) + P(21)P(41)P(43)

+ (P(32) + P(43))P(42)P(31)(P(21)(I − P(43))

+ P(32)) + (P(32) + P(43))P(42)P(41)P(43)

= P(21)(I − P(43)) + P(21)P(31)P(32) + P(21)P(41)P(43)

+ P(32)P(42)P(31)(P(21)(I − P(43)) + P(32))

+ P(43)P(31)(P(21)(I − P(43)) + P(32)) + (P(32) + P(43))P(42)P(43)

= P(21)(I − P(43)) + P(21)P(31)P(32) + P(21)P(41)P(43)

+ P(32)P(42)P(21)(I − P(43)) + P(32)P(42)P(31)P(32)

+ P(32)P(42)P(43) + P(43) .

Since

P(21)P(31)P(32) = (P(21) + P(32))P(31)(P(21) + P(32))− P(21)P(31)P(21)

− P(32)P(31)P(21) − P(32)P(31)P(32)

= P(21) + P(32) − P(21) − P(32)P(21) − P(32) = 0

and

P(32)P(42)P(43) = (P(32) + P(43))P(42)(P(32) + P(43))− P(32)P(42)P(32)

− P(43)P(42)P(32) − P(43)P(42)P(43)

= P(32) + P(43) − P(32) − P(43)P(32) − P(43) = 0 ,

we obtain

Z−1Y = P(21)(I − P(43)) + P(21)P(41)P(43) + P(32)P(42)P(31)P(32) + P(43) .
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Taking into account that RanP(43) ⊂ H41+ and using Lemma (iii), we have

P(21)P(41)P(43) = (P(21) + P(42))P(41)P(43) − P(42)P(41)P(43)

= (P(21) + P(42))P(43) − P(42)P(43) = P(21)P(43) .

Likewise, taking into account that RanP(32) ⊂ H41+ and using Lemma (iii), we
have

P(32)P(42)P(31)P(32) = P(32)(P(21) + P(42))(P(31) + P(43))P(32)

= P(32)(P(21) + P(42))P(32)

= P(32)P(21)P(32) + P(32)P(42)P(32) = P(32)P(32) = P(32) .

Therefore,

Z−1Y = P(21)(I − P(43)) + P(21)P(43) + P(32) + P(43)

= (P(21)(I − P(43)) + P(32) + P(43)) + P(21)P(43)

= (I + P(21)P(43))|K(21)+̇K(32)+̇K(43) .

Note also that Y −1Z = (I − P(21)P(43))|K(21)+̇K(32)+̇K(43) . Indeed, this follows
from the identity P(21)P(43)P(21)P(43) = 0 .

Proof of Lemma 3.1. 1) ⇐⇒ 2) is obvious. To prove 2) ⇐⇒ 3) , we need the
following

Lemma (iv). One has closRan(I − V2V
∗
2 )V1 = (Ran V1 ∨ RanV2)� RanV2 .

Proof. Let f ∈ Ran(I − V2V
∗
2 )V1 . Then f = (I − V2V

∗
2 )V1u ∈ RanV1 ∨ RanV2 .

On the other hand, V ∗
2 f = V ∗

2 (I−V2V
∗
2 )V1u = (I−V ∗

2 V2)V ∗
2 V1u = 0 ·V ∗

2 V1u = 0 ,
that is, f⊥RanV2 and therefore Ran(I−V2V

∗
2 )V1 ⊂ (Ran V1∨Ran V2)�RanV2 .

Conversely, let f ∈ (Ran V1 ∨RanV2)�RanV2 . Then we have V ∗
2 f = 0 and

f = limn→∞(V1u1n + V2u2n) . Hence,

f = (I − V2V
∗
2 )f = lim

n→∞
((I − V2V

∗
2 )V1u1n + (I − V2V

∗
2 )V2u2n)

= (I − V2V
∗
2 )f = lim

n→∞
(I − V2V

∗
2 )V1u1n ∈ closRan(I − V2V

∗
2 )V1 . �

To complete the proof of Lemma 3.1 we need only to make use of the following
observation

Ran(I − V2V
∗
2 )V1 ⊥ Ran(I − V2V

∗
2 )V3 ⇐⇒ V ∗

3 (I − V2V
∗
2 )V1 = 0 . �

Proof of Lemma 3.2. We need to make some preparations.

Lemma (v). Assume that V ∗
3 V1 − V ∗

3 V2V
∗
2 V1 = 0 . Then

(E1 ∨ E3)� E3 ⊂ ((E1 ∨ E2)� E2) ⊕ ((E3 ∨ E2)� E3) .

Proof. Using Lemma (iv) and the obvious identity

(I − V3V
∗
3 )V1 = (I − V2V

∗
2 )V1 + (I − V3V

∗
3 )V2V

∗
2 V1 ,

we get
(E1 ∨ E3)� E3 ⊂ ((E1 ∨ E2)� E2) ∨ ((E3 ∨ E2)� E3) .
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By Lemma 3.1, ((E1 ∨ E2)� E2)⊥ ((E3 ∨ E2)� E2) . Then

((E1 ∨ E2)� E2)⊥ ((E3 ∨ E2)� E2)⊕ E2 = E3 ∨ E2
and therefore ((E1 ∨ E2)� E2)⊥ ((E3 ∨ E2)� E3) . �

Remark. If we define the isometries τjij : clos Ran (I − V ∗
j ViV

∗
i Vj)1/2 → H by

the formula τjij(I − V ∗
j ViV

∗
i Vj)1/2 = (I − ViV

∗
i )Vj , we can rewrite the identity

(I − V3V
∗
3 )V1 = (I − V2V

∗
2 )V1 + (I − V3V

∗
3 )V2V

∗
2 V1

in the form

τ131(I − A∗
31A31)1/2 = τ121(I −A∗

21A21)1/2 + τ232(I −A∗
32A32)1/2A21 .

Note that closRan τjij = closRan(I − ViV
∗
i )Vj . Then, by Lemma 3.1, the condi-

tion V ∗
3 (I − V2V

∗
2 )V1 = 0 means τ∗

232τ121 = 0 and τ∗
121τ232 = 0 . Therefore we

have

Z (I −A∗
31A31)1/2 =

(
(I −A∗

21A21)1/2

(I −A∗
32A32)1/2A21

)
(Z)

and the operator Z = (τ∗
121 + τ∗

232)τ131 is an isometry. We need the following
lemma established in [2].

Lemma (vi). The following conditions are equivalent:
1) Ran (I −A∗

32A32)1/2 ∩Ran (I −A21A
∗
21)

1/2 = {0} ;
2) A∗

21(I−A∗
32A32)1/2m+(I−A∗

21A21)1/2n = 0, m ∈ closRan (I−V ∗
2 V3V

∗
3 V2)1/2

and n ∈ closRan (I − V ∗
1 V2V

∗
2 V1)1/2 =⇒ m = 0, n = 0 ;

3) The operator Z defined by the condition (Z) is a unitary operator.

Proof (of Lemma 3.2). 1) ⇐⇒ 2) By Lemma (vi), condition 1) is equivalent to
the condition that the operator Z is unitary. Since under our assumptions Z is
always isometrical, we can check only that Z∗ = τ∗

131(τ121 +τ232) is an isometrical
operator. The latter is equivalent to the condition Ran τ121⊕Ran τ232 ⊂ Ran τ131 .
The inverse inclusion is Lemma (v).
2) =⇒ 3) Since we have (E1 ∨ E3)� E3 = ((E1 ∨ E2)� E2) ⊕ ((E3 ∨ E2)� E3) , we
obtain
E1 ∨ E3 = E3 ⊕ ((E1 ∨ E3)� E3) = E3 ⊕ ((E3 ∨ E2)� E3) ⊕ ((E1 ∨ E2)� E2)

= (E3 ∨ E2) ⊕ ((E1 ∨ E2)� E2).
Hence, E2 ⊂ E1 ∨ E3 .
3) =⇒ 2) We have E2 ⊂ E1 ∨ E3 . Then

E3 ⊕ ((E2 ∨ E3)� E3) = E2 ∨ E3 ⊂ E1 ∨ E3 = E3 ⊕ ((E1 ∨ E3)� E3)
and therefore (E2 ∨ E3)� E3 ⊂ (E1 ∨ E3)� E3 .

On the other hand, we have ((E1∨E2)�E2)⊥E2) and ((E1∨E2)�E2)⊥ ((E3∨
E2)� E2) . Hence, ((E1 ∨ E2)� E2)⊥E3 ∨ E2 . Then, we get

E3 ⊕ ((E1 ∨ E2)� E2) ⊂ E1 ∨ E2 ∨ E3 ⊂ E1 ∨ E3 = E3 ⊕ ((E1 ∨ E3)� E3)
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and therefore (E1 ∨ E2)� E2 ⊂ (E1 ∨ E3)� E3 . Thus, we obtain

((E1 ∨ E2)� E2)⊕ ((E2 ∨ E3)� E3) ⊂ (E1 ∨ E3)� E3 .

The inverse inclusion is Lemma (v). �

Proof of Proposition 3.4. 1) By [17], we have

−M̂(T̂ − z)−1f =
{

Θ+(z)−1(π†
−f)(z) , z ∈ ρ(T̂ ) ∩G+

(π†
+f)(z) , z ∈ G−

and therefore⋂
z∈ρ(T )

Ker M̂(T̂ − z)−1 = {f ∈ K : π†
+f = 0 , π†

−f = 0 }

= {f ∈ K : f ⊥ Ran π+ , f ⊥ Ran π− } = {0} .

2) Let Σ X∼ Σ′ . Then M(T − z)−1 = M ′(T ′ − z)−1X and the property follows
straightforwardly from this identity.

3) is a direct consequence of properties 1) and 2).

4) It is sufficient to check that Σ X∼ Σ ⇒ X = I . We have

M(T − z)−1Xf = MX(T − z)−1f = M(T − z)−1f

=⇒ Xf − f ∈
⋂

z∈ρ(T )

KerM(T − z)−1 = {0} =⇒ Xf = f .

5) It can easily be checked that ρ(T ) ∩ ρ(T1) ⊂ ρ(T2) . Then we have

(T21 − z)−1 =
(

(T1 − z)−1 −(T1 − z)−1N1M2(T2 − z)−1

0 (T2 − z)−1

)
.

and therefore ∀ f1 ∈ H1 M21(T21 − z)−1f1 = M1(T1 − z)−1f1 . Hence,⋂
z∈ρ(T )

KerM1(T1 − z)−1 ⊂
⋂

z∈ρ(T )

KerM21(T21 − z)−1 = {0} ,

that is, the system Σ1 is simple.
Further, by property 3), the system Σ∗ is simple. Then, using the same

arguments as above, it follows that the system Σ∗
2 is simple. Hence the system

Σ2 is simple too. �

Proposition 5.1. Let A21, A42, A31, A43 be contractions. Suppose that factoriza-
tions A42 · A21, A43 · A31 are regular, A42 · A21 ≺ A43 · A31 and A43 · A31 ≺
A42 · A21 . Then there exists a unitary operator U such that A31 = UA21 and
A43 = A42U

−1 .

Proof. We shall make use of the following two lemmas.

Lemma (vii). Suppose that ||A|| ≤ 1 and A|H1 = I|H1 . Then A∗|H1 = I|H1 .
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Proof. We have A =
(

I a12

0 a22

)
. Then

0 ≤ ((I −A∗A)
(

f1

0

)
,

(
f1

0

)
) = −(a∗

12f1, a
∗
12f1) ≤ 0 .

Therefore, a12 = 0 and A =
(

I 0
0 a22

)
. �

Lemma (viii). Let A21, A32 be contractions. Suppose that factorization A32 ·A21

is regular. Then (Ran A∗
32 ∨Ran A21)⊥ = {0} .

Proof. Let f ⊥ (RanA∗
32∨Ran A21) . Then f ∈ KerA32 and f ∈ KerA∗

21 . Hence,
(I − A21A

∗
21)f = f and therefore (I − A21A

∗
21)

1/2f = f . Similarly, we have
(I−A∗

32A32)1/2f = f . Then f ∈ Ran(I−A∗
32A32)1/2∩Ran(I−A21A

∗
21)

1/2 = {0}.
�

From the definition of the order relation ≺ we get that there exists con-
tractions A32, A23 such that A42 = A43A32 , A31 = A32A21 , A43 = A42A23 ,
and A32 = A23A31 . Let A = A23A32 . Then we have A21 = AA21 and A42 =
A42A and therefore A|Ran A21 = I|RanA21 and A∗|RanA42 = I|RanA42 .
By Lemma (vii), A|Ran A42 = I|RanA42 . Finally, by Lemma (viii), we get
A = A|(Ran A21 ∨ Ran A42) = I|(Ran A21 ∨ Ran A42) = I , that is, A23A32 = I .
Likewise, we get A32A23 = I . Since A23 and A32 are contraction, they are uni-
tary operators. It remains to put U = A32 . �
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