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An Algebraic Method for Separating
Close-Root Clusters and the Minimum Root
Separation

Tateaki Sasaki and Fujio Kako

Abstract. Given a univariate polynomial over C, we discuss two issues, an
algebraic method for separating a factor of mutually close roots from the
polynomial, and a reasonable formula for the minimum root separation, by
assuming that the close roots form well-separated clusters. The technique we
use is very simple and effective; we move the origin near to the center of a
close-root cluster, and then we are able to treat the other roots collectively,
reducing the problem to a very simple one. Following this idea, we present a
very simple and stable algebraic method for separating the close-root cluster,
derive two lower-bound formulas for the distance between two close roots,
and obtain a fairly simple lower bound of the minimum root separation of
polynomials over C.

Keywords. Close root, close-root cluster, minimum root separation, separation
of close roots.

1. Introduction

In this paper, assuming that a given univariate polynomial contains well-separated
clusters of close roots and that the coefficients of the given polynomial can be
computed to any required accuracy, (1) we present a new algebraic method for
separating the close-root clusters, and (2) we investigate the minimum root sepa-
ration. Although these two issues are different, we discuss them in a single article
because we employ the same approach.

Our technique of attacking the above issues is very simple and effective; it was
devised in [TS00] first and used in [IS04] etc. If we move the origin near to the center
of a close-root cluster, the coefficients of the shifted polynomial show a peculiar

Work supported in part by the Japanese Ministry of Education, Science and Culture under
Grants 15300002.



150 T. Sasaki and F. Kako

behavior. Using this behavior, we can treat the roots other than those in the cluster
collectively, and the problem is reduced to a much simpler one. Furthermore, with
this technique, we can usually obtain fairly accurate inequalities, where by accurate
inequality we mean that the quantities in the left hand side (1.h.s.) and the right
hand side (r.h.s.) are not much different.

Computation of the roots of a univariate polynomial is a very old issue, but
it is still posing problems to researchers. In 1990’s, several semi-algebraic meth-
ods were proposed for factoring a univariate polynomial into two factors numeri-
cally hence approximately. Sakurai, Sugiura and Torii [SST92] proposed a method
which is based on an Hermite interpolation. Pan [Pan95, Pan96, Pan01] proposed
a method using Graeffe’s technique and revealed a very good computational com-
plexity of the method. Repeating this factorization recursively, we obtain linear
factors hence the roots. The algorithms seem to be quite effective for many poly-
nomials, but actually they become unstable if the given polynomial contains close
roots.

In this paper, we consider ill-conditioned polynomials which contain well-
separated clusters of close roots. In order to separate factors of close roots, Sasaki
and Noda [SN89] proposed an algorithm of approximate square-free decomposi-
tion, and Hribernig and Stetter [HS97] presented a similar method. These authors
used the polynomial remainder sequence (PRS) in their algorithms. In this paper,
assuming that the PRS has been computed by a suitable method, we present a
very simple and very stable algorithm for separating a factor containing only a
cluster of mutually close roots. The algorithm presented is crucially based on the
above-mentioned peculiar behavior of the shifted polynomial.

In computer algebra, there are several quantities for which the theoretical
lower or upper bounds differ from the actual values by many orders of magnitudes.
The minimum root separation is one of such quantities. Let A(x) be a given square-
free polynomial over C or Z, of degree n > 3, having the roots a;, ..., a,, where
a; # a; (Vi # 7). The minimum root separation, or sep(A) in short, is defined to
be sep(A4) = min{|a; — o] |1 <@ < j < n}.

So far, many formulas for the lower bound of sep(A) were presented; see
[Mig92]. For polynomials over Z, Collins and Horowitz [CH74] derived the bound
sep(A) > L e m/2n=3"/2|| 4|3, where ||A|, is the p-norm. A much better lower
bound is given by Mignotte [Mig92]: sep(4) > n~("+2/2D1/2 || A|; ™™V where
D denotes the discriminant of A(x). Unfortunately, these theoretical bounds are
extraordinary smaller than experimental values. In fact, after many experiments,
Collins [Col01] conjectured that sep(A) > n~"/4[|A||z"/?. In deriving the theoret-
ical formulas, close roots are not considered so far. The minimum root separation
is determined by the closest roots, hence, we are absolutely necessary to take the
close roots into account.

In this paper, we will present a new approach to the minimum root separation.
The approach is again based on the peculiar behavior of the shifted polynomial.
It should be noted that the given polynomial must be treated as accurately as
required (by high precision arithmetic in several steps of algorithm). In fact, if the
coefficients are perturbed by relative magnitude €, 0 < ¢ < 1, then m multiple
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or very close roots may be moved as large as O(sl/ ™), hence the minimum root
separation will also be changed largely. On the other hand, many authors took
an approach to compute multiple roots pretty accurately without using high pre-
cision arithmetic, see [Zen03] for example. In this approach, it is assumed (often
implicitly) that the given polynomial has multiple roots and no close roots; in
other words, a cluster of close roots of a polynomial with truncated coefficients
are regarded as multiple roots. Without such an assumption, we cannot compute
“multiple” roots by the fixed-precision arithmetic; in fact, the concept of multiple
roots can never hold for polynomials with inexact coefficients (we should replace
it by “approximately multiple” roots).

In Sect. 2, we review two theorems for distinguishing close roots distributed
near the origin from the other roots. We append two new theorems for the cluster of
two close roots. The reader will see our technique from the proofs of these theorems.
In Sect. 3, we define a normalized PRS and explain characteristic behaviors of the
sequence when the given polynomial has close roots. Then, we review a method
for finding the locations of the clusters. Finally, we present a very simple and very
stable method for separating a factor containing only the close roots in a cluster.
In Sect. 4, we derive two lower bounds for the distance between two close roots and
obtain a fairly simple lower bound for the minimum root separation. In Sect. 5,
we point out open problems being concerned with this work.

2. Gap Theorems on the Roots
In this section, we review two theorems on a cluster of close roots of A(x):
AX) = anz" +an_12" P+ dag = an(z —a1) - (z — ). (2.1)

Furthermore, we append two new theorems for special cases. First, we show a
well-known lemma,; see [Mig92] for the proof.

Lemma 1. Let a,, and ag be not zero and the roots be ordered as |a1| < -+ < |ap].
Then, |a1| and |a,| are bounded as follows:

|an| + max{[an 1], ..., a1}

|an|

|ao

< Jaa| < ap| <
laol + max{la], ... Jan]} = 211 =l

(2.2)
By using this lemma, the following theorems were proved; see [T'S00] or [ST02]
for the proof of Theorem 1 and [IS04] for the proof of Theorem 2.
Theorem 1 (Sasaki and Terui). Let A(z) € C[z] be
A(x) = @™ + -+ ™+ 1 2™ 4 6™+, (2.3)
where the coefficients satisfy

{ max{|&n|,...,|&m+1|}:1,

_ def _ _ _
e = max{|en1['/1 [Em—o|'/?, ..., &0V} < 1.
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Ife < 1/9 then A(x) has m small roots inside a disc Din of radius Ry, and other
n—m roots outside a disc Doy of radius Royus, located at the origin, where

_ (14 3€) — (+)/(1 + 38)2 — 16¢
Rin(out) = 4 .

(2.5)
Corollary 1. Each root in the close-root cluster located at the origin, of A(x) is
separated from other n—m roots at least by Rout—Rin = é\/(1+3é)2 — 16e.

Theorem 2 (Inaba and Sasaki). Let m = 1 in (2.3) and put é = |&|. If é <
1/(34+2v/2) then A(x) has one small root inside a disc Dy, of radius Ry, and other
n—1 roots outside a disc Doy of radius Ry, located at the origin, where

Rinony = 1767 (+>4¢(1 +é)2 8¢

(2.6)
Corollary 2. For m = 1, the smallest root around the origin of A(x) is separated
from other n—1 roots at least by Roui—Rin = é\/(lJré)2 — 8¢.

Rm and Rout (and Rin and Rout, too) are two roots of a quadratic polyno-

mial. Ry, and Ry were obtained first by Wang and Han in [WH90], in a study
of Newton’s method for computing a root of univariate polynomial. R;, was ob-
tained also by Yakoubsohn [Yak00] by a different approach, but he did not obtain
Rou. How accurately the formula (2.5) bounds the actual roots was investigated
numerically by Sasaki and Terui [ST02], which revealed that the formula bounds
the actual roots fairly well.

2.1. Special two Cases of m = 2
In this paper, we are interested in the case that only two close roots form a cluster.
In this subsection, we specialize the above theorems for the case of m = 2.

We first consider the case that the origin is very close to one of the two close
roots. If we perform a scale transformation so that the cluster size becomes O(1),
the polynomial A(z) will be transformed to the following regularized form:

Ay(z) = @pd™22™ + - - - + azda® + aga® + = + &,
0<dkl, 0<|e<«1, (2.7)

max{|an|,...,|as|} = |az| = 1.

We can transform A(z) in (2.3), with m = 2, to the polynomial Ay(z) in (2.7), as
follows. If |&1|? > |&o| then put As(x) = A(é1z)/é2. Otherwise, compute A’(x) =
A(z+a) def al x4 -+ ahr? +ajz+ap, with o/ = (—&, ++/}—4& )/2, and put
Ay (z) = A'(az/ab) - ab/(a})?. Note that |o/| < 1 because max{|é|, |éo|'/?} < 1.

Ay () has one small root near the origin, let it be 4. Let % be a root of A5 (x),
other than 4, then we have |§| 2 0.5. For A,(x), we can strengthen Theorem 2 as
follows.
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Theorem 3. Put é = |&| for simplicity. If é < 1/[(2+d) +2v/1+d] then As(x) has

one small root ipside a disc Din of radius Rin and other n—1 roots outside a disc
Douy of radius Royut, located at the origin, where

& (1 +dé) — (H)V/(1+dé)2 — 41 +d)é

in(out) — 2(1 + d) .

Corollary 3. The smallest root 4 around the origin of As(z) is separated from
other n—1 roots at least by /(1 + dé)2 —4(1 +d)é /(1 + d).

(2.8)

Proof. Equality As(¥) = 0 gives us 4+ (@n,d" 24"t +---+azdy? +azy+1) = —&.
Since |§] < 1, we obtain

5] = e/ 1+ axd +asdi? - + and" 25"
e/ {1—13—dFP? —---—d" 25"}
e/ {1 -3/ —dA)}

= (1+d)3)?* - (1 +dé)|y| +é>0.

The last inequality holds only if (1+dé)? —4(1+d)é > 0, 0r & < 1/[(2+d)+2v/1+d].
With this condition, the above last inequality gives us the bound Ry, for 19

Next, consider d?4s(z/d) % Ay(z) = anz™ + - - - + Go2® + do + d2eo. As()
has a root d¥, and we put v = d¥ for simplicity. Dividing A2(7) = 0 by 7, we obtain
equality @,y !+ --+ayy+a; =0, where a; = d(1+déy /7). We see |a1| ~d < 1
because || 2 0.5. We regard this equality as an equation in ~, of degree n—1 with
the constant term a;, and apply formula (2.2) to it. (We can state this situation
as follows. Consider a set of polynomials {@,2z" 1+ -+dsz+a; ’ |a1] < a}, where
a is so chosen that the set contains a polynomial having the root 7. Since a; is
a number, we can apply formula (2.2) to every polynomial in the set.) Then, we
obtain

A A

1 1
N2 i1yia) 2 1y @)
= (1+d)|y]* —d(1 +dé)|y| +d*¢ >0
or (L+d)§*—(1+de)|yl+eé=>0.
We have obtained the same polynomial for both || and |¥|. Since ¥ is not the
smallest root, we obtain the bound Rt for |¥]. The 4 is separated from other
n—1 roots by at least Routf}?ﬁn, which proves the corollary. O

Next, we consider the case that the origin is near to the center of close-root
cluster. That is, instead of Az(z) in (2.7), we consider Az(x) regularized as follows:

Ay(z) = @pa™ + -+ aza® + 2% + &1z + &, le1] < |éol, 29)
_ _ _ f _ _ .
max{|a,|, .., |as|} =1, & % max{|e], 60|/} < 1.

We can transform A(z) in (2.3), with m = 2, to the polynomial Ay(z) in (2.9), as

follows. Compute A'(z) = A(z—é1/2) ef alx™ + -+ ahz? + alx + afy, and put

Az(z) = A'(x/n)n?/ah, where ) = max{|as/ab|'/!, |a}/ab|'/2, ... |a], /a5|"/ (")}
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Ay(z) has two small roots around the origin, let one of them be 4, and any
other root % of As(x) is such that ¥ 2 0.5.

Theorem 4. Let a polynomial Ps(r) be defined as
Py(r) =21 — (1 + |&1|)r* + (|&1] — |éo|)r + |€o]- (2.10)

If &1 and &g in (2.9) are such that Py(r) has two real positive roots Ry and Rous,
with Ry < Rout, then Ag( ) has two small roots inside a disc Din of radius Rin and
n—2 roots outside a disc Dowy of radius Rout, located at the origin. The conditions
for Py(r) having two real positive roots are

{ Condition 1 : |ée1] < |&ol,

o (2.11)
Condition 2 : R <0,

where R = |e1|* — |e1|3(6 — 2|éo]) + |e1])?(1 — 4|éo| + |€0|?) — |e1|(26]e0| — 14|éo]) +
(4]eo| — T1[&o|* + 8lex )

Corollary 4. The two small roots around the origin, of As(x) are separated from
other n — 2 roots at least by

Rout — Rin. (2.12)
Proof. A(x) has a root 5. Denoting ¥ by 7 and dividing A5(7) by v%, we obtain
0= a,y" " 2+---+azy+az, where ay = 1+&1/¥+ &y /5. We see |az| ~ 1 because
|¥] 2 0.5. We regard the above r.h.s. expression as a polynomial in v of degree
n—2 with the constant term a@o, and apply formula (2.2) to it. Then, we obtain
the following inequality for :

5 > 1 < 1

7= _ . Z _ e _ e

L+1/]ag] = 14+1/(1—[el/I7] = leol/1H?)
= 23 = @+ a1 + (el — [eo)I3] + &) = 0
Next, consider A,(ex)/e? def Ay(z) = @pe" 22" 4 - + agex® + 22 +

(€1/e)x + (€g/e?), where e = €. As(x) has a root 4/e. Putting v = 4/e, we
have v2 - {@n(ey)" 2 + -+ + ag( v) + 1} = —(é1/e)y — (éo/€?). Since we have
elvl =19l <« 1, we obtaln the following inequality for 4:

(lesl/e)lyvl + (el /e*) = [7* - (1 = Jey| = -+ = [ey["7?)
> PP {1 —elrl/(L—elyD)}
= 2’7’ — (L +]al)e*y* + (|e] — |éol)el] + |eo] > 0
or 219 = (L +[el)l4* + (lex] = |eo])|F] + léo| > o.
We have obtained the same polynomial Py (r) for both 4 and 4. Since P(0) =

|€o] > 0, P2(r) has at least one negative root. Since |§| and || must be two roots
of P5(r), we have conditions in (2.11). O

Condition 2 in (2.11) is complicated to obtain the general solution, so we
estimate the values of € and Rj, for the following three cases.
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Case 1: |é;]=0and |6y =e®> = &=~0.23812, Ry, ~ 0.3596.
Case 2: 5lé1| = |é| = &2 = £~0.23002, R, ~ 0.3566.
Case 3: 2|é1| = |g| = &2 = e~0.21938, R, ~ 0.3527.

The value of Ry, in Theorem 4 is much larger that those in Theorems 1 and
2. However, Theorem 4 is less useful practically than Theorems 1 and 2, because
the first condition in (2.11) is quite restrictive.

3. Separating Clusters of Close Roots

In this section, by quo(A4, B), rem(A, B) and lc(A), we denote the quotient and
remainder of A divided by B and the leading coefficient of A, respectively. By || P||
we denote the infinity norm of polynomial P.

First of all, we note that the theorems in Sect. 2 can be generalized directly to
polynomials with inexact coefficients, so long as the error bound of each coefficient
is known. Here, we state the generalization for Theorem 1 only.

Proposition 1. Let the coefficients @y, . . ., Gmi1,Em—_1, - - -, € of A(x) in Theorem 1
contain small errors which are bounded respectively by €,y ..., Emt1sEm—1s---,€0-
Theorem 1 is valid if we regularize A(z) as max{|@n|+€n, - - -, |@Gmi1|+ema1} =1
and define & as &€ = max{(|&m_1|Hem_1)"", (|Em_2ltem—2)"2, ..., (|€o+e0)*/™}.

We assume that A(z) is monic and regularized as
an, = max{|an_1|,-...,laol} = 1. (3.1)

With this regularization, Lemma 1 tells us that any root a of A(z) is bounded
as |a] < 2. Therefore, if two different roots o; and «; of A(z) are such that
la; — o] < 1/n then we can say that «; and «; are mutually close roots of
closeness |a; — aj|. We consider the case that close roots of A(x) form clusters
of different sizes O(d1),...,0(0;), with 1/n > §; > --- > 6; (7 may be 1), and
that each cluster of size O(¢;) is separated from other roots by distance > d;. Let
the number of close roots of closeness < O(d;) be m; (i =1,...,7), and the close
roots of closeness O(d;) be distributed among ¢; clusters (i = 1,...,7). A bigger
cluster may contain several smaller clusters. We define the center of the cluster to
be the average value of the close roots in the cluster.

3.1. Normalized PRS (Polynomial Remainder Sequence)

Putting P, = A(z), P> = }ldA/dx, S1 =Ty =1and Sy = T1 = 0, we gen-
erate a PRS (P, P2, P3, Py, ...) and cofactor sequences (Si,S2,Ss,S4,...) and
(Th,T5,T5,Ty, . . .), by the following formulas:

q; = quo(Pj_1, P),

Pj+1 = (ijl quj)/wj7 ( —923 ) (3 2)
Sjt1 = (ijlf%sj)/wj? Y ’
Tjtr = (Tj—1 — ¢;T5)/w;



156 T. Sasaki and F. Kako

where w; is a number to be chosen to satisfy
max{lc(5j+1), IC(T]’+1)} =1 (] = 2, 3, . ) (33)
We call the PRS generated by the formulas in (3.2) normalized PRS.

Remark 1. We call a quantity Q shift-invariant if Q = Q’, where Q’ is the same
quantity as @ but computed after shifting the origin arbitrarily. The 1.h.s. quantity
in (3.3) is shift-invariant, hence lc(Pj41) (j = 2, 3, .. .) are shift-invariant. In [SS97]
and [Sas03], the normalization formula max{||S;y1|, |Tj+1l|} = 1 is used. If A(z)
is regularized, the PRS’s normalized by both formulas are almost the same.

Let indices k1, k2, .. ., k; be such that
deg(Px,) =m; —4; (1=1,2,...,7). (3.4)

deg(Py,) is equal to the number of roots of dA/dz, of closeness < O(9;), distributed
among ¢; clusters, and Py, is an approximate common divisor of A(z) and dA/dz.
The normalized PRS behaves as follows, see [SS89] and [Sas03].

(1) We have || Pj|| = O(8?) for j < k; (i.e., | P;j|| does not decrease much until
the remainder becomes an approximate GCD of A and dA/dz).

(2) Foreach i =1,...,7, we have || P, 11|/ Pr|| = O(6?) (i-e., P, is an approx-
imate common divisor of A and dA/dz, of tolerance O(5?)).

(3) If A(z) contains only one cluster of size O(d;), we call the PRS single-cluster
type. For j > ki, the PRS of single-cluster type behaves as || Py, 1| = O(5;7)
for j =1,2,... (until we encounter smaller clusters).

(4) If A(z) contains two or more clusters of size O(d1), we call the PRS multiple-
cluster type. For j > ki, the PRS of multiple-cluster type behaves as
1Phvss i1l /| Peasa | = O69) for 1< j < €1, 1Pyysea 1]l /I Physa | = O2),
and so on. That is, ¢ successive remainder computations strip ¢ close roots
from the /¢ clusters, one root from each cluster, without changing the norm of
remainders much until the ¢ close roots are stripped. The PRS may become
of single-cluster type after being stripped off all the close roots of closeness

0(5y).

It should be emphasized that single- and multiple-cluster types are clearly distin-
guished from each other by the behavior of normalized PRS.

Remark 2. From the viewpoint of elimination, the elements of PRS are unique
up to constant factors. From the viewpoint of computation, however, the accuracy
of the result depends very much on the algorithm used; in fact, the conventional
Euclidean algorithm causes large cancellations errors if small leading coefficients
appear during the computation. This instability can be removed largely (but not al-
ways) by performing the elimination carefully. For example, Ohsako et al. [0ST97]
utilized the Givens transformation which works nicely for removing the cancella-
tion errors. One may compute an approximate GCD of Pj(x) and P»(z) by a stable
method such as proposed by Corless et al. [CWZ02].
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3.2. Finding the Location of a Cluster

Finding the location of clusters of close roots has already been discussed in [SN89]
and [HS97]. Here, we briefly survey the method.

We first consider the single-cluster case. Assume that the normalized PRS for
A(z) is of single-cluster type (hence, ¢; = 1), and put 6; = §, k1 = k and m; = m.
Let the mutually close roots in the cluster be aq, ..., a,, and a. the cluster center:
ae = (a1+- - -+am)/m. We express P,(z) and define o as

{ Pk(l‘) = pmfll'mil +pm—25€m72 + - +p07

def _
1 del 1
(0% c =

(3.5)
m—1 pm72/pm71-

We will show in Sect. 3.2 that |a) — a.| = O(§?), hence al, is very close to the
cluster center a.. Furthermore, we can know the cluster size § approximately by
the ratio || Pyi1]|/|| Pkl = O(6?).

The fact || Pry1||/||Pk|| = O(6%) shows that the above mentioned method will
work quite well for clusters of small sizes such as § < 1072 or 10™*. So, in the
example below, we check the method by a cluster of very large size ~ 1071,

Ezample 1. (Single-cluster type). Let A(z) be as follows:
A= (z*—1)(z —0.30) (z — 0.31) (z — 0.35) (z* — 0.60x + 0.0925).

A(z) has five close roots of closeness ~ 0.05 at z ~ 0.3 (a. = 0.312), and the
normalized PRS shows that ||Ps||/||Ps|| ~ 0.0021 ~ (0.05)%. Determining o by

P, as described above, we obtain a/ = 0.31139---. Shifting the origin to o, we
def

obtain A’'(x) = A(xz+cal) and P; def Py(z+al) as follows:
Al(z) = 2" +0.61977---2% — 0.90334 - - -2° + 0.00300 - - - 2% — 0.00010 - - - 2*
+ 0.70895 - - - x 10™*22 4 0.11466 x 10~ %z — 0.14589 - - - x 1078,

P; = —0.15544---2* —1.0000--- x 10" *2% 4 - - +4.0545 - - - x 105,

Observe that the z*-term of A’(z) is abnormally small (~ (0.05)?) and that z°-
terms (i < 3) of A’(z) decrease steadily as 7 decreases.

We next consider the case of multiple clusters. Assume that A(z) contains
¢ clusters of close roots of closeness O(d), with £ > 1, then A(z) must be of the
following form:

A(z) = fl(x) (x — )M - (z — a))*C(z) + O(5?), py > o> e (3.6)

Here, o} is an approximate center of the ith cluster (i=1,...,£), A(z) represents
the factor of all the non-close roots, and C(x) represents the factor of close roots
of smaller closenesses.

Given A(z), we generate the following normalized PRS fori=1=2= ... =
11 successively:

i i i i— i) def i %
(P =PED, Pf) = | iy dPEda, o P PO, P,

1PV =0 (j<k),  IPE) <02,

ast

(3.7)
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where P(®) = A(z). Note that P(), P(®) ... are determined by large decreases of
[P IR, . ... Then, for index i < g, we have P oc (z—af)17 - (z—

ast ast
)= C(z) + O(6%). For index pp < i < p1, we have PO oc (z—af) =" (2 —
al )P =iC(x)+0(6%), where 1 < r < £. Therefore, we can obtain square-free factors
of the product (z—a})#t---(z—a})* by computing the quotients of P01 by
P (1 < i < py) successively. For example, if g1 = -+ = pp > ppgp1 = -+ = g
we will obtain the following polynomials:

P o O(z) - [(x—ah) - (z—ap) = [(z—a i) - (& — a)],
P ~ O(z) - [(x—a})--- (z—ap)],
pu) ~ C(x).

Thus, we have quo(P*1—1, P(#)) ~ (z—a/)) - - - (z—.) and quo(P#e—1) Ple)) ~
(z—a)) - - - (z—}). Finally, computing the roots of approximately square-free factors
(r—ai)- - (z—a;) and (z—a; ) - - - (r—ay), we can find the approximate locations
of the clusters.

Remark 3. Separating the approximate factor (z — of)** - - (x — o)) in (3.6) to
factors of the same “multiplicity” is the most unstable step of our method; this
point was discussed to some extent in [SN89]. If close-root clusters are closer, the
separation becomes more unstable. This fact forces us to assume that the close-
root clusters are well separated each other. This instability will be reduced much
if we adopt such “least square algorithms” as were used in [Zen03].

3.3. A Basic Problem on PRS

Let B(z) be a polynomial regularized as A(z) in (3.1). If A(z) and B(z) have
mutually close roots of closeness O(J), the normalized PRS of P; = A(x) and

P, = B(z) gives us || Pg,+1|| = O(0) in general. In the case of B(z) = degl(A) dA/dz,

however, we have || Py, 1] = O(6?). This means that the normalized PRS gives us
fairly accurate information on the close-root clusters. However, we have currently
no answer to the following basic problem.

Problem By using the PRS, determine fairly accurate upper bounds of the size
and the location of the close-root cluster of A(x).

Determining fairly accurate a priori upper bounds of § and a. is not easy. We
can, however, determine an a posteriori upper bound of ¢ so long as § is small. We
shift the origin to o/, an approximate center of the close-root cluster, determined
in Sect. 3.2. We express A(z+ca.) as follows:

Alz+al) & @) = anx™ +---+a, ™+ +ajg. (3.8)
Then, we have (see [Sas03] for the proof; see also Example 1)

lam—1/am| = 0(%), lan,_;/am| = O0() (j=2,3,...). (3.9)
Note that the coefficients of z™~2-, ™ 3- ... 2%-terms of A’(z) decrease steadily,

hence we will be able to apply Theorem 1 to A'(x).
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Proposition 2. Let 1/d = max{|al,,/al,|, |al, »/al,|'/?, |a;1/a;n_|1/(”*m)}, and
put € =e/d. If € < 1/9 then the cluster size ¢ is bounded as § < Ri,d, where R;,
is defined in (2.5).

As for !, the problem is much more difficult. So, we give only an order
estimation, which is simple. Since the leading coefficients of elements of the nor-
malized PRS are shift-invariant, we can consider the PRS by shifting the origin to
a favorite point. Thus, moving the origin to the cluster center a., we express A(x)
and P as

{ A(z) = aj(z — ad)" + -+ ap(z — a)™ + -+ af,

3.10
Po = ol (@ —ad™ 4 gl s —a)m 2t 4etpy 10

Proposition 3. We have |, — a.| = O(8?).

Proof. We note that o — ac = ' pll,_o/pi_1. Since a. is the center of roots

Qi ..., Qm, we have a’, = O(6°) and @)/, _; = O(6?). As shown in [Sas03] by using
the subresultant, this fact gives us p//, _; = O(6°) and p!/,_, = O(§?), proving the
proposition. [

3.4. Separating the Factor of a Close-Root Cluster

In this subsection, we consider to separate a factor of A(x) to arbitrary accuracy,
where the factor contains only m mutually close roots of closeness < O(¢), with
d = 01. (Applying the separation algorithm recursively, we can separate any close-
root cluster of size O(J;)).

We already know a,, an approximate cluster center. First, we move the origin
to o, and compute A’(z) = A(z+al) given in (3.8). Next, we compute the following
number

e = max{|al,_,/al,|, la_o/al |2, .. labfal, Y (311

Using e, we transform A’(z) to the following regularized form:

def _ _ _ _ _
d = max{|a,|Y ™™ |ame] YT, max{|Gm—1|,...,|a0|} = 1.

(3.12)

{ A(z) def Al(ex)/al,e™ = Gpx™+ -+ 1™+ Gp12™ L+ + G,

By assumptions, e must be a small number of magnitude O(), and so is d.

We want to factor A(z) as A(z)=H (z) C(z), where C(x) =2™+cp_12™ 1+
-+ tco. H(x) can be expressed as H(r)=1+d hyx+d?hoz?+ - +d" ™hy _pa™™ ™,
where d is given in (3.12) and max{|h1],|hal,..., |[An_m|} = 1.

Since we assumed d to be small enough, the lower degree terms "+, 1™~
+- - -Hig of A(x) is approximately equal to C(x). Therefore, we can determine H (z)
and C(z) iteratively as follows. As initial approximations, put H(z) ~ H©®) =1
and CO(z) =~ C©) = 2™ +a,, 2™ '+ - -+ao. Expressing A(z) as A(z) = [1+Ay]-
[CO) 4 Ag], where Ay = O(d), Ac = O(d), deg(An) < n—m and deg(Ac) < m,
we have A(z)—C©) = AzC© + Ag + O(d?). Thus, Ay and Ac up to O(d)
are equal to the quotient and the remainder, respectively, of A(z)—C(®) divided
by C©: Ay = quo(A—C©, CO) + O(d?), Ac = rem(A—C©, CO) + O(d?).

1
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Assume that we have determined H(z) and C(z) to order d* as H(z) = H® +
O(d**') and C(z) = C*) 4+ O(d**'). We shall determine H*+1) and C*+1) so
as to satisfy A(zx) = HFHDCOEHD £ O(dF+2). Putting H*FD = HE) + Ay
and CF*tD = C®) + A, with deg(Ay) < n—m and deg(Ac) < m, we have
A—H®CH® = Ay 0O 4 Ac 4 O(d**?) (note that deg(A — HFCO®)) < n—1).
Hence, we can determine H**1) and C*+1) by the following formulas:

{ HO+D) = H®) 4 quo(d — HWO®), 0)),

CO+D) — ) 4 rem(A — HO O, CO), (3.13)
Remark 4. Tt should be emphasized that, since |C(|| = 1 = 1c(C(?)), the algo-
rithm is quite stable; if d is smaller then the algorithm is more stable and it con-
verges faster. Note that, in the step of computing H**1) and C (k“) we have only
to compute A — H(k)C(k) to order d**1: we may handle only z™**-, gm+k-1_
2%-terms of A — H®(C®), Hence, the above algorithm is pretty efﬁ(:lent The
above algorithm is of linear convergence. If we determine Ay and Ag to satisfy
A—H®CK = Ay C® + Ac H®) + O(d***1), then we get an algorithm of
quadratic convergence.

Remark 5. If a coefficient of a polynomial containing m multiple roots is perturbed
by a small relative magnitude €, then the m multiple roots are split into m close
roots which are distributed within a circle of radius < O(g!'/™). Therefore, in
order to compute the roots of C(x) to accuracy 27P, with p a positive integer,
we must compute C(z) to accuracy 2~ at least (if a close-root cluster of C(x)
contains smaller close-root clusters, we must compute C(x) much more accurately).
This means that we must compute A'(z) = A(x+al) to accuracy 27™P at least,
which is quite time-consuming. However, since the x*-term of A(z), k > m, is
of magnitude O(d"~™~*), we have only to compute its coefficient to accuracy
O(2=™P=9 /d"~™=F) with g the number of guard bits.

Ezample 2. We consider the polynomial in Example 1.

We already know that o = 0.31139- - -. Shifting the origin to o/, we obtain
the polynomial A’(z) given in Example 1. From the coefficients af, a}, ..., af, we
obtain e = 0.042814 - - -, which gives us A(z) as follows:

A(z) = 1-C© 4 (-0.0020291 - - - 22 — 0.029374x) - 2°
CO = 2°-0.093589 - --2* + -+ 22 + - —0.011226 - - .

Performing the above factor-separation algorithm, we find that the norm of differ-

ence A®) € A F®CE) decreases as follows:
[AO|| ~2.94x1072 = [|[AD]~8.00x 10~* = ||A®)| ~4.04x 1075
= |A®)| ~4.00x 1071 = [|A®] ~1.60 x 104
We note that, since the cluster size is pretty large (6§ ~ 107!) hence the separation

of the cluster is not easy for many separation algorithms, our algorithm works
quite well and stably.
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Hribernig and Stetter [HS97] constructed an algorithm for separating a close-
root cluster, and the algorithm has some similarity to ours. Their algorithm is,
however, complicated compared with our algorithm, because they did not utilize
the fact that the coefficients |al,,_ 4|, |al,_sl,- - ., |ag] of A'(z+al) decrease steadily
as expressed in (3.9).

4. On the Minimum Root Separation in a Cluster

Let C(x) be a factor of A(z), corresponding to the smallest close root cluster of
size O(0,), with deg(C) = m > 3. The factor C(z) is obtained by a repetition of
cluster separations and scale transformations, and we can obtain sep(A4) if sep(C)
is determined. After regularizing C'(x) as in Sect. 3.4, C(z) will contain no close-
root, cluster which can be separated by Theorem 1. In order to derive formulas
on sep(C'), however, we consider the case that C'(z) has only two close roots. We
also assume that we have computed o, an approximate cluster center, by the
normalized PRS of C(x) and dC/dx, and the origin has been shifted to al. We
denote the roots of C'(x) by 71, . . ., Vm, among which v; and 7, are the close roots
around the origin.

4.1. A Lower Bound for |y; — 72|

Under some conditions, we can bound |y; —72| by applying Theorem 1 to C(x)
(we may use Theorem 4 but the statement becomes complicated). We regularize
C(z) and define e as follows:

C(z) = cpa™+ -+ 3z’ + 22 + c12 + co,
(4.1)

d
max{|cm|, .. .,|c3|} =1, e &f max{|c1], |co|1/2}

Theorem 5. Let Ry, be the same as that in Theorem 1, with & replaced by e. If

e <1/9 and |3 — 4co|/4|co| > Rin/(1 — Rin) then the following inequality holds:
VI3 —4co| — 4lco| Rin/(1—=Rin) x (1 —2Ri) (1 — Rin)
1+ (le1l/2) (1 = Rin)?/(1 — 2Rin)? '
Proof. Put C(z) = L(x) 22 + c1x + co, with L(z) = ¢pa™ 2 + -+ c3z + 1, and
let v € {71,72}. We regard v as a root of L(y) 2% + c1z + co, then we obtain
(11— ) — . L(m) = L(v2) _ Vet —deoL(m) \/01 4coL(72)
2 L(m)L(r) 2L(m) 2L(72)

Since L(y) =1+ c3y+ -+ cmy™ 2 and |y| < Rin < 1/3, we can bound |L(7)|
as

v =2| > (4.2)

Rin/(1-Ri) < |L(Y)| < 1+ Ri/(1-Run). (4.3)

We bound |L(y1)—L(v2)| as |L(y1)—L(v2)| = [m1—=v2|-|es+ca(mi+y2) +es(vi+yiye+
)+l <Im- 72| (1+2|7|+4|7|2+ ) = Im=l/(1=211]) < n—7l/(1-2Rin).
Puttmg R(y v/ ¢ — 4coL(v) /2L(), we search for a lower bound of

|R(v1) + R(y2)]. Although the roots 71 and <y, are mutually related in that they
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are two different roots of C'(z), we neglect this fact and change L(v1) and L(v2)
arbitrarily under the restriction (4.3). Then, the numerator of | R(7)| is bounded as

JIg-acoL(] > /16 ~4co| — 4lco| Rin/ (1~ Run).
Noting that L(y) is a complex number, we bound |1/L(y1) + 1/L(72)| as

1 1 [L(71)+L(72)] 5 5
+ ’ = > 2(1-2R;iy) (1—Rin)-
) * 2| = e > 202 0 R)
Summarizing the above bounds, we obtain the theorem. (]

4.2. Basic Lemmas

The formula in Theorem 5 is rather complicated, so we search for another formula.
In this and the next subsections, we regularize C(x) as A(x) in (3.1) and define d
as follows:

C(z) = 2™+ cpor1z™ + -+ 22”4 12 + <o,
maX{|Cm—1|,...,|02|}:1>> |Cl|,|00|, (44)
1/d = max{|cs/ca|, [ea/ca|/?, ..., |1/ ea|V/ (M=}

Put o = (y1+72)/2 and 4 = (71 —2)/2, and define H(z) and 7 as follows:
C(x) = H(z)- (z—0—79) (z—0+7),

H(z) = 2™ 2 4+ hy 3™ 2 + -+ hix + hy, (4.5)
1/n = max{|hi/ho|, |ha/ho|*?, ..., [1/ho|/ (™=}

Expressing co, ¢1, ¢z, ... by ho, h1, hs, ..., we obtain ¢ = (62 —4?)ho, ¢1 =
(02—42)hy —20hg, cj = (02—4?)hj —20h;_1+hj_s (j > 2). By these, we obtain
c_ 20A +h1, C2 _ 1A - 20A h1+h2'
co  o2=%"  ho co  02—32  02-4%hy  ho

Solving o and 4 from these equations, we obtain

C . C? —4C
20=m+r=—_, 27:71*72:\/ D (4.6)
02 C’2
where
Cc1 hl Co C1 hl h% h2
C=""'- Co=° — -2 4.7
! Co ho’ 2 Co Co h() + hg h() ( )

The roots of Cox? + C1x + 1 are 1 and 7». In fact, equalities in (4.6) give us

1 1 —20 —M =72
2 _ 22 ) Gi= 5 = ‘
o7 =7 Y172 o7 =7 Y172

The above relation on ¢; and h; (j > 2) also gives us
¢j _ (hj—2/ho) = 20(hj—1/ho) + (¢°—=5%)(h;/ho)

e 1—20(h1/ho) + (02 —5%)(h2/ho) (G=3). (49

Cy = (4.8)



An Algebraic Method for Separating Close-Root Clusters 163

Lemma 2. The following inequalities hold for |C1|, |Ca| and |C? — 4C5|/|Ca)?:

1 1
el 1 gy < lal L
lcol m lcol ~ m
1 2 1 2
ezl _ Lleal L, < |Gl < ezl 1 lenl (4.10)

lcol M lcol m lcol * m Jeol  n*’
|} —4eaco| — 2|ercol /n — T]eol® /0

(lea| + [eal/n + 2eol /n?)?

< |CF—4Cs|/|Cyf?.

Proof. Definition of n gives |h;/ho| < 1/n/ for j =1,2,.... From these inequalities
and the equality 0127404 = (01/00)2 - 4(02/00) + 2(01/00)(h1/h0) - 3(h1/h0)2 +
4(ha/hg), we obtain the above inequalities easily. O

Assuming that |o| and |§| are small enough, let us bound 7/d.

Lemma 3. So long as |o|/n < 1 and |0®—4%|/n* < 1, the following inequalities
hold:

1=2lo|/n—|o*=4*|/n* _ n _ 1+2lol/n+|0*=4*|/n*

. < < R (4.11)
L+2lol/n+]02=3%/n* = d — 1=2|o|/n—|o*=5|/n?

Proof. We can bound the r.h.s. expression in (4.9), let it be R;, by inequalities
\hji [ho| < 1/07" (' = j,7—1, j—2). Then, the above bound is obtained by bounding
lcj/col = |R;|*7 by inequality [(147)/(1—7)]/) < (147r)/(1—r) which is valid
for any integer j > 0 and any real number 7 such that 0 < r < 1.

We note that there exists a positive integer 5/ such that 1/n = |hj» /ho|'/7".
For j = j"+2, we obtain |(h;»/ho) — 20(hjri1/ho) + (62 =4%)(hjri2/ho)| =
(1/n7") - (1 = 2|o|/n — |0® —4?|/n?). Bounding |c;/cs| in (4.9) by this inequality,
and using [(1—7)/(1+7)]/9) > (1—7r)/(1+7) which is valid for  such that
0 < r < 1, we obtain the lower bound. ([

We investigate the above inequalities by transforming C(z) as
O(a) = C(n2) /ho® & C'(w).
Then, H(x) is transformed as follows:

H(z) — H(npz)/ho < H'(z),
H'(x)=hl, 2™ 2+ ...+ hjz+1,

masc{[hl, o, ..., [}[} = 1.
Applying formula (2.2) to H'(z), we see that
o/l 2 1/2 or |yl=n/2 (> 93). (4.12)
Therefore, n is a number showing how the roots ~s, . .., v, are distributed. In fact,

expressing the quantities in (4.10) by ¢j =co/n?, ¢} =c1/n, ch=ca, C} =Cin and
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Clh=C4n?, we can remove 7 from inequalities in (4.10). Let the roots of C’(x) be
Yoo osVm (Vi =vi/n; i=1,...,m). With v],~}, we can rewrite (4.11) as follows:

L=|m+nl=Imel o7 o 1+ e+l
L+ |m+nl+inwel = d 7 1= |n+nl -l

So long as ] and 4 are small enough, the above inequalities are fairly accurate.

(4.13)

4.3. A Formula for the Minimum Root Separation
A fairly accurate upper bound of «, is currently not obtained, although we have
an order estimation by Proposition 3. Therefore, we set the following condition on
C2,C1, Cp:

|Cl/02|2 < |Co/02| < |Cl|2 < |CQCO|. (414)
Since the origin has been moved to o, this condition will be well satisfied. If the

condition is not satisfied, we shift the origin slightly to satisfy the condition. With
the above condition, we define e as follows:

e & max{|er/eal, eo/er]/*} = leo/er]! . (4.15)
Note that, if we transform C(z) to a regularized form by C(z) — C(x) =
C(dx)/cad® = Ema™ +---+a?+cx+¢ and define & as & = min{|c], |co|*/?},
then we have e = e/d.

Theorem 6. Let R, be the same as that in Theorem 1, with & replaced by e/d. Let
Rin be such that the polynomial y* — (1—2Rin)y? + Rin(2+Rin)y + R?n has three
real roots, and the largest root (a little smaller than 1) be Nmin/d (Mmin s a lower
bound of n). If e/d < 0.03 as well as |c1|* < |caco| then the following inequality
holds:

|cf — 4eaco| — 2|ercol /Mmin — Tlcol® /Misn

(4.16)
(lez| + lev]/Mmin + 2lcol /M5in)?

I —2l? >

Proof. We note that if e/d < 0.03 then Rin < 0.0621--- and the above cubic
polynomial has three real roots. The regularization of C(x) in (4.4) tells us that
71, [72| < Rind, hence |o|/n < Rin(d/n) and |0®—47|/n* < R (d/n)?. Then, by
putting y = n/d, (4.11) becomes

y2 — QRiny — R?n < < y2 + 2Riny + R?n

Y +2Ray+ R, T YT 2 2Ry - B2
The Lh.s. of this inequality gives us a lower bound of 77, and we obtain 7y, as in

the theorem. Replacing 1 by 7min in the bottom inequality in (4.10), we obtain
(4.16). O

Corollary 5. Ife/d > 0.03 then we have the following inequality:

3 —2¢ —7¢2
Iy — 2| > 0.03d- \/1+5i2§2£ ., where & =0.0442---. (4.17)
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Proof. As a critical case that the close-root cluster of 73 and 2 are separated
from the other roots and inequality (4.11) holds narrowly, we consider the case of
€ = e/d = 0.03 (this number is pretty small compared with 1/9). In this case, we
have |e1/ca| < 0.03d, |co/c2| = (0.03d)2, Ry = 0.0621- -, and nyin/d = 0.678 - - -.
(€ = &d/Nmin = 0.0442 - --). We bound |c? —4caco| as |3 —4eaco| > |4caco| —|e1)?,
then the r.h.s. of (4.16) is monotone increasing for € € [0, 1]. Hence, substituting
the actual values to |c1/cz| etc. in the r.h.s. of (4.16), we obtain (4.17). O

5. Discussions

Our study in this paper is restricted in that the close roots are assumed to form
well-separated clusters and that only polynomials over C are treated. Developing
an algebraic algorithm for separating close roots distributed arbitrarily is a chal-
lenging theme. A more challenging theme is to find a reasonable lower bound for
the minimum root separation for polynomials over Z.

The separation algorithm presented in Sect. 3 will be very useful practically.
The underlying idea is so simple and effective that it will be applied to various
problems. In fact, collaborating with Terui, one of the present authors (T.S.) de-
veloped recently a numerical algorithm for computing the close roots in a cluster
simultaneously and efficiently.

The formula in the corollary of Theorem 6 is practically not bad as the lower
bound for the minimum root separation. However, our formulas are not expressed
by the coefficients of the original polynomial A(z) but undergone a repetition of
separation of close-root clusters, and they are not elaborated yet. Furthermore,
our theory is not complete in that we set the condition (4.14). We should develop
a theory without such a condition.
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