Chapter XI

Manifolds and differential forms

In Chapter VIII, we learned about Pfaff forms and saw that differential forms
of first degree are closely connected with the theory of line integrals. In this
chapter, we will treat the higher-dimensional analogue of line integrals, in which
differential forms of higher degree are integrated over certain submanifolds of R".
So this chapter will deal with the theory of differential forms.

In Section 1, we generalize what we know about manifolds. In particular,
we explore the concept of a submanifold of a given manifold, and we introduce
manifolds with boundary.

In Section 2, we compile the needed results from multilinear algebra. They
form the algebraic foundation for the theory of differential forms: In Section 3, we
treat differential forms on open subsets of R". In Section 4, we make this theory
global and then discuss the orientability of manifolds.

Because we always consider submanifolds of Euclidean spaces, we can natu-
rally endow them with a Riemannian metric. In Section 5, we look more closely at
this additional structure and explain several basic facts of Riemannian geometry.
To accommodate the needs of physics, we also treat semi-Riemannian metrics; in
the examples, we will always confine ourselves to Minkowski space.

Section 6, which concludes this chapter, makes the connection between the
theory of differential forms and classical vector analysis. In particular, we study
the operators gradient, divergence, and curl, and we derive their basic properties.
We give their local coordinate representations and calculate these explicitly in
several important examples.

In Section 2, which otherwise concerns linear algebra, we also introduce the
Hodge star operator, which we will need in later sections to define the codifferential.
Then we will be able unify the various operators of vector analysis into the language
of the Hodge calculus. This material can be skipped on first reading: For this
reason, we wait for the end of each section to discuss any material that uses
Hodge theory.
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In the entire book, we restrict to submanifolds of R". However, apart from
the definition of the tangent space, we structure all proofs so that they remain
true or can be easily modified for abstract manifolds. Thus Chapters XI and XII
give a first introduction to differential topology and differential geometry; though
they sometimes lack the full elegance of the general theory, the many examples we
consider do form a solid foundation for further study of the subject.



1 Submanifolds

In this section,
e M is an m-dimensional manifold and N is an n-dimensional manifold.

More precisely, this means M is an m-dimensional C* submanifold of R™ for
some m > m; a like statement holds for N.

For simplicity and to emphasize the essential, we restrict to the study of
smooth maps. In particular, we always understand a diffeomorphism to be a C'*°
diffeomorphism, and we set

Diff (M, N) := Diff™ (M, N) .

However, whenever anything is proved in the following, it will also hold for C* man-
ifolds and C* maps, where, if necessary, & € N* must be restricted appropriately.
We will usually put these adjustments in remarks' and leave their verification to
you.

Definitions and elementary properties

Let 0 < £ < m. A subset L of M is called an (¢-dimensional) submanifold of M
if for every p € L there is a chart (¢,U) of M around p such that?

p(UNL)=pU)N (R x {0}) .

Every such chart is a submanifold chart of M for L. The number m — ¢ is called
the codimension of L in M.

Clearly this definition directly generalizes of the idea of a submanifold of R™.

In the context of submanifolds, immersions play an important role. They
will be introduced in analogy to the definition given Section VII.9.

Let k € N“ U {occ}. Then f € C¥(M,N) is a C* immersion if T,,f : T,M —
Ty N is injective for every p € M. We call a C* immersion f a C* embedding

Tn small print sections entitled “regularity”.
2To avoid bothersome special cases, we interpret the empty set as a submanifold of dimension ¢
for every £ € {0,...,m} (see Section VIL9).
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of M in N if f is a homeomorphism from M to f(M) (where f(M) is natu-
rally provide with the relative topology of N). Instead of C*° immersion [or C'*
embedding], we say for short immersion [or embedding].

1.1 Remarks (a) If L is an /-dimensional submanifold of M and M is submanifold
of N, then L is an /-dimensional submanifold of V.

Proof Let p € L, and let (¢,U) be a submanifold chart of M for L around p. Also let
(¥, V) be a submanifold chart of N for M around p. We can also assume U = V N M.
Letting X := ¢(U) C R™ and Y := proy(V) C R™, where pr: R™ x R*™™ — R™
denotes the canonical projection, we have

xi=progop e Diff(X,Y) .
Now we define ® € Diff(Y x R"™™, X x R"™™) by
O(y,z) = (x"'(y),z) for (y,z) €Y xR"™™,
and set ¥ := ® o). Then ¥(V) is open in R", and ¥ € Diff (V, ¥(V)) with
T(VNL) = (eUNL)x{0})n (R x {0}) =¥(V)N (R x {0}) C R",
as one can easily check. Therefore (¥, V) is a submanifold chart of N for L around p. m

(b) Because the R™ = R™ x {0} C R" is a submanifold of R” for n > m, it
follows from (a) that M is an m-dimensional submanifold of R" for every n > m.
This shows that the “surrounding space” R™ of M does not play an important
role so long as we are only interested in the “inside properties” of M, that is, in
properties that are described only with the help of charts and tangent spaces of
M and which do not depend on how M is “situated” in the surrounding space.?
However, how M is situated in R™ does matter, for example, when defining the
normal bundle T+M.

(c) Let L be a submanifold of M. For the submanifold chart (¢,U) of M for L,
we set

(o, UL) :==(|UNL,UNL).
Then (pr, UL2 is a chart for L, where ¢(U}) is interpreted as an open subset of
R, that is, R® x {0} € R™ is identified with R’

If A:={(px,Ux); A€ A} isaset of submanifold charts of M for L such
that L is covered by the coordinate patches (charted territories) {Uy ; A € A},
then { (pa,L,Ux,L) ; A€ A} is an atlas for L, the atlas induced by A.

Proof We leave the simple verifications to you. m

(d) Suppose L and K are respectively ¢- and k-dimensional submanifolds of M
and N. Then L x K is an (¢+k)-dimensional submanifold of the manifold M x N,
which is (m+n)-dimensional.

3In Section 4, it will be clear that tangent spaces also have an “inside” characterization.
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Proof This follows simply from the definitions. We again leave the proof to you.* m

(e) Let L be a submanifold of M. Then
i:L—-M, p—p

is an embedding, the natural embedding of L in M; we write it asi: L — M. We
identify T, L for p € L with its image in T, M under the injection T}, that is, we
regard T}, L as a vector subspace of T,M: T,L C T,M.

Proof Let (¢,U) be a submanifold chart of M for L. Then 7 has the local representation
gpoiogozl on(UL) = oU), =z~ (x,0).

Now the claim is clear. m

(f) If f: M — N is an immersion, then m < n.

(g) Let L be a submanifold of M of dimension ¢, and suppose f belongs to
Diff (M, N). Then f(L) is an ¢-dimensional submanifold of N.

Proof We leave the simple check to you. m
(h) Every open subset of M is an m-dimensional submanifold of M.

(i) If (¢,U) is a chart of M, then ¢: U — R™ is an embedding, and ¢ is a
diffeomorphism from U to ¢(U).

(j) Suppose L and K are respectively submanifolds of M and N, and iy, : L — M

and ig : K < N are their respective natural embeddings. Let k¥ € NU {oo} and

f € C¥(M, N) with f(L) C K. Then the restriction of f to L satisfies
fIL:=foireCHL,K),

and the diagrams

i Tyir
L ——— M T,L T,M
fIL f T,(fIL) Tpf
iK Ty (pyix
K ——— N Ty K TrpyN

commute. Identifying 7}, L with its image in T, M under T}y, that is, regarding
TpL in the canonical way as a vector subspace of T,M, we have in particular
Tp(f L) = (Tpf) | T,L.

Proof This follows from obvious changes to the proof of Example VII.10.10(b), which
is generalized by this statement. m

4See Exercise VIL.9.4.
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(k) (regularity) Analogous definitions and statements hold when M is a C* manifold
for k € N*. In this case L is also a C* manifold, and the natural inclusion i: L — M
belongs to the class C*. m

The next theorem, a generalization of Proposition VII.9.10, shows that we
can generate submanifolds using embeddings.

1.2 Theorem

(i) Suppose f: M — N is an immersion. Then f is locally an embedding,
that is, for every p in M, there is a neighborhood U such that f|U is an
embedding.

(ii) If f: M — N is an embedding, then f(M) is an m-dimensional submanifold
of N, and f is a diffeomorphism from M to f(M).

Proof (i) Let p € M, and suppose (¢,Up) and (¢, V') are respectively charts of
M around p and of N around f(p) such that f(Uy) C V. Then

fow =00 fop " o(Us) — (V)

is an immersion by Remark 1.1(i). By the immersion theorem (Theorem VII.9.7),
there is an open neighborhood X of ¢(p) in ¢(Uy) such that f, ,(X) is an
m-dimensional submanifold of R". Then ¢ € Diff(V,4(V)) and Remark 1.1(g)
imply that f(U), with U := ¢~!(X), is an m-dimensional submanifold of N.

By appropriately shrinking X, Remark VII.9.9(d) shows that f, , is a diffeo-
morphism from X = ¢(U) to f, (X) = o f(U). Therefore f is a diffeomorphism
from U to f(U), where f(U) is provided with the topology induced by N. There-
fore f|U is an embedding.

(ii) Suppose f is an embedding. For g € f(M), suppose (1, V) is a chart of N
around ¢q and (o, U) is a chart of M around p := f~*(q) with f(U) C V. Because
f is topological from M to f(M), we know f(U) is open in f(M). Therefore we
can assume that f(U) = f(M)NV. Now it follows from the proof of (i) that
f(M) NV is an m-dimensional submanifold of N. Because this is true for every
q € f(M), we conclude f(M) is an m-dimensional submanifold of N.

By (i), f is a local diffeomorphism from M to f(M). Because f is topological,
it follows that f € Diff(M, f(M)). m

From Remark VII1.9.9(c), we know that the image of an injective immersion
is generally not a submanifold. The following theorem gives a simple sufficient
condition which tells whether an injective immersion is an embedding.

1.3 Theorem Suppose M is compact and f: M — N is an injective immer-
sion. Then f is an embedding, f(M) is an m-dimensional submanifold of N, and
f € Diff (M, f(M)).
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Proof Because M compact and f(M) is a metric space, the bijective continuous
map f: M — f(M) is topological (see Exercise I11.3.3). Now the claim follows
from Theorem 1.2. m

1.4 Remark (regularity) Let k € N*. Then corresponding versions of Theorems 1.2
and 1.3 remain true when M and N are C* manifolds and f belongs to the class C*. m

1.5 Examples (a) Suppose 1 < ¢ < m,
and let (z,y) denote a general point of
R x R™™¢ = R™L. Then

1—y[2S° x {y}

is an /-dimensional submanifold of the
m-sphere S™ for every y € B¢, It is
diffeomorphic to S*. The tangent space at the point p € L, satisfies

T,L, = T,S™ N (p, R x {0}) c T,R™*" . (1.1)

Proof For y € B™ ¢, the map

Fy: RS R™ D g (V1=lyl?z,y) (1.2)

is a smooth immersion. Because S* and S™ are respectively submanifolds of R*T! and
R™*! and because F,(S*) C S™, Remark 1.1(j) with i, : S* < R*T! gives

fyi=F,| 8" =F,0i, € C®(S,5™) . (1.3)
Clearly fy is injective, and the chain rule of Remark VII.10.9(b) implies
Tyfy = TpFy o Tpi¢ forpe S .

Therefore T}, f, is injective (see Exercise 1.3.3), that is, f, is an immersion. Because S*
is compact, Theorem 1.3 shows that L, = f,(S*) is an f-dimensional submanifold of $™
and is diffeomorphic to S¢. Then (1.1) is a simple consequence of (1.2) and (1.3). m

(b) (torus-like hypersurfaces of rotation) Let
v: 8t = (0,00) xR, t— (p(t),o(t))

be an injective immersion and therefore by Theorem 1.3 an embedding. Also let
i S™ < R™ and define

Jr8M xSt RMTEXR L (g,) = (p(1)i(q), (1)) -
Then f is an embedding, and
TmH = f(S™ x S')

is a hypersurface in R™ "2, which is diffeomorphic to S x S*.
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In the case m = 0, the set T'' con- Y
sists of two copies of the closed, smooth
curve v(S'), which has no points of self- <\/>
intersection® and reflects symmetrically </\> ‘
about the y-axis.
For m = 1, T? is the surface of rotation in R® generated by rotating the
meridional curve
.= { (p(t),O,a(t)) ;te Sl}

around the z-axis (see Example VIL.9.11(e)).
T? “is a 2-torus”, that is, it is diffeomorphic

»

(7L,
LD

to T? := S x S'. In particular, Ti}r, the (& 3\
2-torus from Example VIL.9.11(f), is diffeo- -
morphic to T2. “\

In the general case, we call 7 t! a torus- S
like hypersurface of rotation.
Proof By Example VIL9.5(b), S™ and S* are m- and 1-dimensional manifolds, respec-
tively. Therefore S™ x S is an (m+1)-dimensional manifold.

Suppose (¢ x ¥, U x V) is a product chart® of S™ x S'. Because + is an immersion,
its local representation with respect to 7 (and the trivial chart idgz of R?), that is,
g = (r,8) with r := poep™" and s := o 0™, satisfies

(7(y),5(y) # (0,0) for y € p(V) . (1.4)

Further, the local representation of f with respect to ¢ x 1 has the form

foxw(@,y) = (r(y)g(x),s(y)) for (z,y) € p(U) x (V) ,

where g := io@ ™! is the parametrization of S™ belonging to ¢. From this is follows that

ofocaan] =| T O ¢ g

Because r(y) > 0 and because dg(x) is injective, the first m columns of this matrix are
linearly independent. If 5(y) # 0, then the matrix has rank m + 1. If $(y) = 0, then we
have 7(y) # 0 by (1.4). From |g(z)|> = (g(x)|g(z)) = 1 for x € o(U), it follows that
(9(x)]9j9(z)) =0 for 1 < j <m and z € (U). This shows that the matrix has rank
m + 1 in this case as well. Therefore f is an immersion.

We now consider the equation f(q,t) = (y,s) for some (y,s) € T™%'. From the
relations p(t)i(q) = y and |i(q)| = 1, it follows that p(t) = |y|. Because « is injective,
there is exactly one ¢ € S* such that (p(t),o(t)) = (|yl,s). Likewise, there is exactly one
q € S™ with i(q) = y/|y|. Therefore the equation (p(t)i(q),o(t)) = (y,s), with (y,s) as
above, has a unique solution (since y = |y| (y/|y|)). Hence f is an injective immersion

5Here and in the following, “curve” means a one-dimensional manifold (see Remark 1.19(a)).
6That is, (¢,U) and (3, V) are respectively charts of S™ and S', and ¢ x 3(q,t) =

(v(q), ¥(1)).
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of 8™ x St in R™*2. Now all the claims follow from Theorem 1.3 because S™ x St is
compact. m

(c) Suppose L and M are submanifolds of N with L C M. Then L is a submanifold
of M.

Proof Because idy € Diff(IV, N), we know ¢ := idy | L is an immersion of L in N with
1(L) C M. Therefore it follows from Remark 1.1(j) that ¢ is a bijective immersion of
L in M. Because L and M carry the topology induced by N and because M induces
the same topology on L, we know i, as a restriction of a diffeomorphism, is topological.
Therefore i is an embedding, and the claim follows from Theorem 1.2. m

(d) Suppose the assumptions of (b) are satisfied with
m = 1. Then for every (qo,to) € S* x S!, the images
of

f(-,to): St - R3

and \
f(qu'):Sl_)Rg \

are one-dimensional submanifolds of T2 and are dif-
feomorphic to S* (and therefore “circles”).

Proof Because f(-,to) and f(qo,-) as restrictions of embeddings are themselves em-
beddings, f(S*, to) and f(qo,S*) are submanifolds of R® diffeomorphic to S*, and they
lie in 7. The claim now follows from (c). m

Submersions

Suppose f € C'(M,N). Then we say p € M is a regular point of f if T}, f is
surjective. Otherwise p is a singular point. A point ¢ € N is said to be a regular
value of f if every p € f~1(q) is a regular point. If every point of M is regular, we
say f is a regular map or a submersion.

These definitions generalize concepts introduced in Section VII.8.
1.6 Remarks (a) If p is a regular point of f, then m > n. Every ¢ € N\ f(M) is
a regular value of f.

(b) The point p € M is a regular point of f = (f*,..., f") € CY(M,R") if and
only if the cotangent vectors”

df?(p) == dpf? = pryoT,f’ € Ty,M for1<j<n
are linearly independent.

(¢) A singular point of f € C'(M,R) is also called a critical point. Therefore
p € M is a critical point of f if and only if df (p) = 0.5 m

7See Section VIIL.3.
8See Remark VII.3.14(a).
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The following theorem generalizes the regular value theorem to the case of
maps between manifolds.

1.7 Theorem (regular value) Suppose ¢ € N is a regular value of the map
f € C®(M,N). Then L := f~1(q) is a submanifold of M of codimension n. For
p € L, the kernel of T),f is T),L.

Proof Let po € f~1(q). Let (p,U) be a chart of M around pg, and let (¢, V) be
a chart of N around ¢ with f(U) C V. Then it follows from the chain rule that for
every p € U N f~1(q), the point ¢(p) is a regular point of the local representation

fow =vofop e C®(pU),R").

In other words, y := ¥(q) is a regular value of f, ;. Therefore Theorem VII.9.3
guarantees that (f, )~ (y) is an (m—n)-dimensional submanifold of R™. Hence
there are open sets X and Y of R™ and a ® € Diff (X,Y") such that

(XN (fo) () =Y N(R™" x {0}) .

By replacing ¢(U) and X with their intersection, we can assume that p(U) = X.
But then ¢, := ® o ¢ is a chart of M around p with

o1(f M NU)=@op(f oy (y)NU)
= <I>((f¢,¢)71(y) N X) =YnNn (Rmfn X {0})

and is therefore a submanifold chart of M for f~1(q). The second claim now
follows from an obvious modification of the proof of Theorem VII.10.7. m

1.8 Remarks (a) Theorem 1.7 has a converse that says that every submanifold
of M can be represented locally as the fiber of a regular map. More precisely, it
says that if L is an ¢-dimensional submanifold of M, then for every p € L there
are a neighborhood U in M and an f € C(U,R™~ %) such that f~1(0) =UNL,
and 0 is a regular value of f.

Proof Suppose (p,U) is a submanifold chart of M around p for L. Then the function

defined by f(q) := (¢ (q),...,¢™(q)) for ¢ € U belongs to C°°(U,R™*¢) and satisfies
f71(0) =U N L. Because ¢ is a diffeomorphism, 0 is a regular value f. m

(b) (regularity) If g is a regular value of f € C*(M, N) for some k € N*, then f~'(g) is
a C* submanifold of M. In this case it suffices to assume that M is itself a C* manifold. m

1.9 Examples (a) Suppose X is open in R x R™ and ¢ € R" is a regular value of
f € C®(X,R") with M := f~1(q) # 0. Then M is an m-dimensional submanifold
of X. For

mi=pr|M: M —R"

with
pr: R xR" - R™ | (z,y) —x,
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we have 7 € C*°(M,R™). Finally let p € M, and suppose D1 f(p) € L(R™,R") is
surjective.® Then p is regular point of 7 if and only if Do f(p) is bijective.

Proof The regular value theorem guarantees that M is an m-dimensional submanifold
of X with T,M = ker(T}f) for p € M. Because 7 is the restriction of a linear and
therefore smooth map, it follows from Remark 1.1(j) that 7 € C*°(M,R™) and Tpm =
Typr | TpyM.
It follows from T}, pr = (p,d pr(p)) and dpr(p)(h, k) = h for (h,k) € R™ x R" that
T, is surjective if and only if for every y € R™ there is an (h, k) € R™ x R™ such that
9f(p)(h,k) = D1f(p)h + D2f(p)k = 0

and h = y. This is because D1 f(p) is surjective if and only if for every z € R™ there is a
k € R™ such that D2 f(p)k = z or, equivalently, if and only if D2 f(p) itself is surjective.
Because D f(p) € L(R™), this finishes the proof. m

(b) (“cusp catastrophe”) For
fiR2xR—R, ((u,v),x) — u+ vz + 2

we have

[Dif(w,2)] = [1,2] € R | where w:= (u,v) .

Therefore 0 is a regular value of f, and M := f~1(0) is a surface in R3. Because
Dy f(w,z) = v+ 322, we know by (a) that

K::{((u,v),x) eM ; v+3x2:O}

is the set of singular points of the projection
7: M — R2. Tt satisfies

K =~(R)  with L5) K
v:R—=RY, e (263, =3t%1) . '

In particular, K is a 1-dimensional submanifold
of M, a smoothly embedded curve. Its projec- P
tion B := 7(K) is the image of

c:R—-R?, t— (263, -3t7),

a Neil parabola.'® Tt is the union of the 0-dimensional manifold P := {(0,0)} € R?,
the “cusp”, and the two one-dimensional manifolds By := o((—00,0)) and By :=
o((0,00)).

Proof The point (u,v,z) € R® belongs to K if and only if it satisfies the equations

u+ver+z°=0 and v+32°=0. (1.6)

9We apply the notations of Section VILS.
108ee Remark VII.9.9(a).
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By eliminating v from the first equation, we see that (1.6) is equivalent to
22° =u and 3z®=—v.
This proves (1.5). For the derivative of the map
g:R* >R, (u,u,2)— (u—2z° v+327),

we find )
1 0 —6z
[0g(u,v,x)] = { 0 1 6z } e R¥*3 .

This matrix has rank 2, which shows that 0 is a regular value of g. Therefore by the
regular value theorem, K = g~ '(0) is a l-dimensional submanifold of R®. Because
K C M it follows from Remark 1.5(c) that K is a submanifold of M. The rest is
obvious. m

1.10 Remark (catastrophe theory) We consider now a point particle of mass 1 moving
along the real axis with potential energy U and total energy

-2
T

E(z,z) = > +U(x) forzeR.
According to Example VII1.6.14(a), Newton’s equation of motion is
#=-U'(z) .

From Examples VIL.8.17(b) and (c), we know that the critical points of the energy E
are exactly the points (0, zo) with U’(xo) = 0. Because the Hessian matrix of E has the

form
1 0
0 U” (l‘o)

at (0,o), it is positive definite if and only if U”(zo) > 0. Hence it follows from The-
orem VIL.5.14 that (0,xo) is an isolated minimum of the total energy if and only if zo
is an isolated minimum of the potential energy.'* It is graphically clear that an iso-
lated minimum of the total energy is “stable” in the sense that (i(t),z(t)) stays in “the
neighborhood” of (0,zo) for all t+ € R™ if this is true as its motion begins, that is, at
t=0.

Intuitively, one can understand how z will
move along the axis R by imagining a small ball
rolling without friction along the graph of U while
experiencing the force of gravity. If it lies on the
“bottom of a potential well”, that is, at a local

minimum, then it will not move because #(t) = \
U'(zo) = 0. If the ball is released near a local
minimum then ball will roll downhill past the min- "

imum and up the other “slope of the valley” until

1'We consider only the “generic” case in which U” (z0) # 0 is satisfied if U’(zo) = 0.
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it “runs out” of kinetic energy at its original height. Then it will reverse course and roll
until it again comes to instantaneous rest where it was initially released. Thus the ball
will execute a periodic oscillation about .2

Now we assume that U depends continuously on additional “control parameters”
u,v,.... By varying these parameters, we can vary the graph of U continuously. In this
way, it can happen that a local minimum merges first into a saddle point and then ceases
to be a critical point. A ball that had previously been confined to the neighborhood
of the local minimum would then leave this neighborhood and oscillate about another
resting point.

Now consider an observer who can see the ball move but is unaware of the mechanism
underlying the process. She would see that the ball, which had before rested peacefully
at a certain place, would suddenly, “for no apparent reason”, begin to roll and oscillate
periodically about another (fictitious) center. It would seem to be a sudden and drastic
change of the situation, a “catastrophe”.

In order to understand such catastrophes (and avoid them if necessary), one must
understand the mechanism by which they occur. In the situation described above, this
boils down to understanding how the critical points of the potential (and in particular
the relative minima) depend on the control parameters.

To illustrate, we consider the potential
Uuwy: R=R, z—ur+ vm2/2 + :1:4/4

for (u,v) € R*. The critical points of Uy, are just the zeros of the function f from
Example 1.9(b). Therefore the manifold M, the catastrophe manifold, describes all
critical points of the two parameter set { Uuw 5 (u,v) € R2 } of potentials. Of particular
interest is that subset of M, the catastrophe set K, consisting of all singular points of
the projection 7 from M to the parameter space. In our example, K is a curve smoothly
embedded in M, the fold curve, because the catastrophe manifold is “folded” along K.
The image of K under 7, that is, the projection of the fold curve onto the parameter
plane, is the bifurcation set B. Every point of R*\ B is a regular point of w. The
fiber 77! (u,v) consists of exactly one point for (u,v) € AU P, exactly two points for
(u,v) € By U Bg, and exactly three points for (u,v) € I, where A and I are depicted in
the illustration to Example 1.9(b). The following pictures show the qualitative form of
the potential U, ) when (u,v) belongs to these sets.

12This plausible scenario can be proved using the theory of ordinary differential equations; see
for example [Ama95].
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S

left of B; on B, on Bs right of By

S\

in P v positive

Now consider a continuous curve C' in the parameter space that begins in A and
ends in I (or the reverse), while staying in B1 U Ba. While moving continuously along
this curve, the number of points in the inverse image of 7 will change suddenly from 1
to 3 (or from 3 to 1). As illustrated at right, one such curve C is obtained by projecting
a curve I' on the catastrophe manifold M that “jumps” when crossing the fold curve. In
short, the value of x experiences a “catastrophe”.

These facts have led to many inter-
pretations of “catastrophe theory” which

—mnot least because of its name— have Salh
been leveraged to great popularity and, \‘&

especially in the popularized science lit-
erature, have kindled exaggerated hopes

that the subject will somehow explain or f'\’\

help prevent real-world catastrophes. We Sl
refer to [Arn84] for a critical, nontechnical
introduction to catastrophe theory, and —_—

we recommend [PS78] for a detailed pre-
sentation and several applications of the
mathematical theory of singularities, of
which catastrophe theory is a part. m

Submanifolds with boundary

We know that the open unit ball B™ and its boundary, the (m—1)-sphere S™~1,
are respectively m- and (m—1)-dimensional submanifolds of R™. However, the
closed ball B™ = B"™ U S™~! is not a manifold, because a point p € OB™ = §™~1
has no neighborhood U in B™ that is mapped topologically onto an open set V of
R™; such a neighborhood U, as the homeomorphic image of an open set V', would
likewise need to be open in R™, which is not true. In the neighborhood of p, that
is, “by viewing it with a very strong microscope”, B™ does not look like R™, but
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rather like a half-space. To capture such situations also, we must generalize the
idea of a manifold by allowing subsets of half-spaces to be parameter sets.

In the following, m € N*, and A
H™ :=R™ ! x (0, 00) H™
int(U)
is the open upper half-space of R™. We @ @
identify its boundary 9H™ = R™ ' x {0} .
with R™! if there is no fear of misun- ~_ > OH
derstanding. If U is an open subset of ou

H” .= H" = R™ ' xR*, we call int(U) := UNH™ the interior and oU := UNJH™
the boundary of U. Note that the boundary AU is not the topological boundary!?
of U either in H™ or in R™ (unless U = H™ in the latter case).

Suppose X is open in H™ and E is a Banach space. Then f: X — F is said
to be differentiable at the boundary point xy € 90X if there is a neighborhood U
of g in R™ and a differentiable function fy : U — E that agrees with f in UNX.
Then it follows from Proposition VII.2.5 that

9j fu(wo) = tli%l+(fU($0 + te;) — fu(wo))/t
= tli%l+ (f(l‘o + tej) — f(xo))/t

for 1 < j < m, where (e1,...,e,) is the standard basis of R™. This and Proposi-
tion VII.2.8 show that 0fy(zo) is already determined by f. Therefore the deriva-
tive
0 (x0) = Dfu(x9) € LR™, E)

of f is well defined at x¢, that is, independent of the choice of the local continuation
fu of f.

A map f: X — F is said to be continuously differentiable if f is differentiable
at every point of X and if the map

of : X - L(R™E), x+— 0f(x)

is continuous.4

The higher derivatives of f are defined analogously, and these are also in-
dependent of the particular local continuation. For k € N* U {oo}, the C* maps
of X to E form a vector space, which, as in the case of open subsets of R™, we
denote by C*(X, E).

Suppose Y is open in H™. Then f: X — Y is also called a C* diffeomor-
phism, and we write f € Diﬁk(X, Y), if f is bijective and if f and f~! belong to
the class C*. In particular, Diff(X,Y) := Diff**(X,Y) is the set of all smooth,
that is, C*°, diffeomorphisms from X to Y.

13From this point on, we use the symbol OM exclusively for boundaries, and, for clarity, we
write Rd(M) for the topological boundary of a subset M of a topological space, that is, we put
Rd(M) := M\ M.

MNaturally, we say f is differentiable at zo € int(X) if f| int(X) is differentiable at .
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1.11 Remarks Suppose X and Y are open in H™ and f: X — Y is a C*
diffeomorphism for some k € N* U {oo}.

(a) If 9X is not empty, then 9Y # ), and f|9X is a C* diffeomorphism from 0X
to Y. Also, f| int(X) belongs to Diff* (int(X),int(Y)).

Proof Supposep € 9X and q := f(p) belongs to int(Y"). Then it follows from the inverse
function theorem, Theorem VII.7.3, (applied to a local extension of f) that df!(q) is
an automorphism of R™. It therefore follows, again from Theorem VIL.7.3, that f~*
maps a suitable neighborhood V of ¢ in int(Y') to an open neighborhood U of p in R™.
But because f~(V) € X ¢ H™ and p = f~'(q) € 0X, this is not possible. Therefore
f(0X) C Y. Analogously we find f~1(9Y) C 8X. This shows f(0X) = 9Y.

Because X and Y in H™ are open, both 8X and 8Y are open in 0H™ = R™"!, and
f]0X is a bijection from X to Y. Because f|0X and f~'|dY obviously belongs to
the class C*, we know f|8X is a C* diffeomorphism from dX to Y. The last statement
is now clear. m

(b) For p € X, we have df(p)(0H™) C OH™ and df(p)(+H™) C £H™.

Proof From f(0X) =Y, it follows that f™ |9X = 0 for the m-th coordinate function
f™ of f. From this we get ;™ (p) =0 for 1 < j < m — 1. Therefore the Jacobi matrix
of f has at p the form

GMfl(p)
re) = OU19HENE) amfwi_l(p) . (1.7)

Because f(X) CY c H™, the inequality f™(g) > 0 holds for ¢ € X. Hence we find
m — -1 m _fm — -1 m > .
O f"(p) = lim ¢ (F7 (p + tem) = f7(p) = lim ¢ f7 (0 +tem) > 0

Since 9f(p) € Laut(R™) (see Remark VIL.7.4(d)) and since Om f™(p) > 0, we have
Om f™(p) > 0. From (1.7), we read off

(0f(p)2)™ = Omf"(p)t for x:= (y,t) ER™ ' xR.

Therefore the sign of the m-th coordinate of df(p)z agrees with sign(¢), and we are
done. m

We can now define the concept of submanifold with boundary. A subset B of
the n-dimensional manifold NV is said to be a b-dimensional submanifold of N with
boundary if for every p € B there is a chart (¢, V') of N around p, a submanifold
chart of N around p for B, such that

Y(VNB)=¢((V)n (H x {0}) CR". (1.8)
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Here we say p is a boundary point of B if (p) lies in OH’ := dH’ x {0}.

v

The set of all boundary points forms the boundary!® 9B of B. The set int(B) :=
B\ OB is called the interior of the submanifold B with boundary. Finally B is a
hypersurface in N with boundary if b =n — 1.

1.12 Remarks

(a) Every submanifold M of N, in the sense given in the beginning of this section,
is a submanifold with boundary, but with an empty boundary. We call such objects
(sub)manifolds without boundary.

(b) The boundary OB and the interior int(B) are well defined, that is, independent
of charts.

Proof Suppose (x, W) is another submanifold chart of N around p for B. Also let f be
the restriction of the transition function x o1 ~* to (VN W) N (H® x {0}), understood
as an open subset of H’. Then it follows from Remark 1.11(a) that x(p) belongs to OH"
if and only if ¢(p) does. m

(c) Suppose p € int(B). Then (1.8) implies
¥(V Nint(B)) = ¢(V) N (H* x {0}) .
Because H” is diffeomorphic to R”, this shows that int(B) is a b-dimensional sub-
manifold of N without boundary.
(d) In the case p € 9B, it follows from (1.8) that
$(VNoB) =u(V)n (R x {0}) .
Therefore OB is a (b—1)-dimensional submanifold of N without boundary.

(e) Every b-dimensional submanifold of N with boundary is a b-dimensional sub-
manifold of R™ with boundary.

Proof This follows in analogy to the proof of Remark 1.1(a). m

(f) (regularity) Tt is clear how C* submanifolds with boundary are defined for k € N*,
and that the analogues of (a)—(c) remain true. m

15Note that the boundary B and the interior int(B) are generally different from the topolog-
ical boundary Rd(B) and the topological interior B of B. In the context of statements about
manifolds, we will understand “boundary” and “interior” in the sense of the definitions above.
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Local charts

Suppose B is a b-dimensional submanifold of N with boundary. We call the map
¢ a (b-dimensional local) chart of (or for) B around p if
e U :=dom(y) is open in B, where B carries the topology induced by N (and
therefore by R™).
e ¢ is a homeomorphism from U to an open subset X of HP.
® igo gpfl
injection.
Note that except for the fact that ¢(U) is open in H? and R"™ is replaced by N,

this definition agrees literally with the definition of a C*° chart of a submanifold
of R™ (see Section VIL.9).

: X — N is an immersion, where ig: B — N, p — p denotes the

1.13 Remarks (a) If (¢,V) is a submanifold chart of N for B, the intersected
chart (¢,U) := (¢ |V N B,V N B) is a b-dimensional chart for B.

(b) If (¢1,U1) and (p2,Us) are charts of B around p € B, then ¢;(U; N Uz) is
open in H® for j = 1,2, and transition function @5 o gpfl satisfies

20" € Diff (p1 (U N Us), 2(Ur N 1))

(c) Suppose (¢,U) is a chart for B around p € B. Then
(pop,Usp) := (¢|UNOB,UNIB)
is a chart for 9B, a (b—1)-dimensional submanifold of N without boundary.

(d) All concepts and definitions, for example, differentiability of maps and lo-
cal representations, that can be described using charts of manifolds, carry over
straightforwardly to submanifolds with boundary. In particular, ig: B — N,
that is, the natural embedding p — p of B in N, is a smooth map.

(e) If C is a submanifold of M with boundary and f € Diff(B, C), then f(9B) =
0C, and f| 0B is a diffeomorphism from 9B to 9C.

Proof This follows from Remark 1.11(a). m

(f) Suppose B is a b-dimensional submanifold of N with boundary, and f €
C>*(B, M) is an embedding, that is, f is a bijective immersion and a homeo-
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morphism from B to f(B). Then f(B) is a b-dimensional submanifold M with
boundary satisfying 0f(B) = f(0B), and f is a diffeomorphism from B to f(B).

Proof The proof of Theorem 1.2(ii) also applies here. m

(g) (regularity) All previous statements transfer literally to C* submanifolds with
boundary. m

Naturally, we again say a family {(gaa, Uy) ; a € A} of charts of B with
B =, U, is an atlas of B.

Tangents and normals

Suppose B is a submanifold of N with boundary, and let p € 0B. Also suppose
(p,U) is a chart of B around p. Then we define the tangent space 7,8 of B at
the point p by

TpB =Ty (i oo ) TpR)

where b := dim(B). Therefore T,B is a (

(“full”) b-dimensional vector subspace of

the tangent space T, N of N at p (and not,

say, a half-space). An obvious modification

of the proof of Remark VII.10.3(a) shows

that T, B is well defined, that is, independent of which chart is used. In this case,
we define the tangent bundle T'B of B by T'B := UpEB T,B.

1.14 Remarks (a) For p € 0B, T,0B is a (b—1)-dimensional vector subspace of
T,B.

Proof This is a simple consequence of Remarks 1.12(d) and 1.13(c). m

(b) Suppose p € 9B and (p,U) is chart of B around p. Letting
TpiB = Lop(p) (iB © 90_1)(90(27); iF]Ib) ;

we have T,B = T, BUT, B and T, BN T, B = T,(0B). The vector v is an
inward pointing [or an outward pointing| tangent vector if and only if v belongs
to the set 17,7 B\T,(dB) [or T, B\T,(0B)]. This is the case if and only if the b-th
component of (T,p)v is positive [or negative].

Proof From Remarks 1.11(b) and 1.13(b), it follows easily that T;*B is defined in a
coordinate-independent way. m

(¢) Let C be a submanifold of M with or without boundary. For f € C'(C, N),
the tangential 7,,f of f at p € C is defined as in the case of manifolds without
boundary. Then the analogues of Remarks VII.10.9 remain true. m
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Suppose p € dB. Then T,(9B) is a
(b—1)-dimensional vector subspace of the b-
dimensional vector space T,B. As a vector
subspace of T, N (and therefore of T,R™),
T,B is an inner product space with the in-
ner product (- |- ), induced by the Euclidean
scalar product on R™. Hence there is exactly
one unit vector v(p) in T, B that is orthog-
onal to T),(0B), and we call it the outward
(unit) normal vector of 9B at p. Clearly
—v(p) € T,} B is the unique inward pointing
vector of T}, B that is orthogonal to T,,(0B),
and we call it the inward (unit) normal vec-
tor OB at p.

The regular value theorem

We have already seen that submanifolds without boundary can be represented in
many cases (actually always, locally) as fibers of regular maps. We will now extend
this important and simple criterion to the case of submanifolds with boundary.

1.15 Theorem (regular value) Suppose c is a regular value of f € C*°(N,R).
Then

B:=f"'((—o00,d) ={peN; flp)<c}
is an n-dimensional submanifold of N with boundary with OB = f~!(c) and
int(B) = f~'((—o0,c)). For p € OB, we have T,(0B) = ker(d,f), and the
outward unit normal v(p) on 0B is given by V,f(p)/|Vpflp-

Proof Because f~!((—o0,c)) is open in N and is therefore an n-dimensional
submanifold of N, it suffices to consider p € f~!(c).

Therefore let p € f~1(c), and let (1, V) be a chart of N around p such that
¥(p) = 0. Then g := ¢ — f o~ ! belongs to C>(4)(V),R) and satisfies g(0) = 0
and g(z) > 0 if and only if z lies in ¥(V N B). Also 0 is a regular point of g. By
renaming the coordinates (that is, by composing ¢ with a permutation), we can
assume that 9,¢(0) # 0 and therefore d,¢(0) > 0.

Consider the map ¢ € C*°(¢)(V),R") defined by ¢(z) := (a!,..., 2", g(z)).
It satisfies ¢(0) = 0 and
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Therefore dp(0) is an automorphism of R", and Theorem VIL.7.3 (the inverse
function theorem) guarantees the existence of open neighborhoods U and W of 0
in ¢ (V) such that ¢|U is a diffeomorphism from U to W.

Letting Vo := ¢~ 1(U) and x := ¢ o 9| Vo, we see that (x, Vp) is a chart of
N around p with x(p) = 0 and x(B N Vy) = x(Vo) N H". This shows that B is a
submanifold of N with boundary with 9B = f~!(c) and int(B) = f~1((—o0, c)).
Thus we get from Theorem 1.7 that

T,(0B) = ker(T, f) = ker(d,f) forpe dB . (1.9)

Because (dpf,v), = (V,f|v), for v € T,N, it follows from (1.9) that V,f is
orthogonal to T,,(0B).

Finally, let X: (—e,e) — N be a C'! path in N with A\(0) = p and A(0) = V,,f
(see Theorem VII.10.6). Then

(foX)(0) = (dpf. Vpf) = [Vpflp > 0.
Therefore we derive from the Taylor formula of Corollary IV.3.3 that
FO®) = c+t|Vpfl2+o(t) (t—0).

Therefore f(A(t)) > ¢, that is, f(A(t)) ¢ B for sufficiently small positive ¢. This
implies that V, f is an outward pointing tangent vector of B at p. Now the last
claim is also clear. m

1.16 Remarks (a) Because we can locally represent submanifolds as fibers of
regular maps (see Remark 1.8(a)), we can also locally represent submanifolds with
boundary as inverse images of half open intervals. More precisely, suppose B
is an n-dimensional submanifold of N with boundary. Then there is for every
point p € B a neighborhood U in N and a function f € C*°(U,R) such that
BNU = f~1((—o0,1)) if p € int(B) but f(p) =0 and BNU = f~1((—o00,0]) if
p € 0B, and for which 0 is a regular value.

Proof Suppose (¢, U) is a submanifold chart of N around p for B with ¢(p) = 0. We can
assume that ¢(U) is contained in BY,. If p is an interior point of B, we set f(q) := ¢"(q)
for ¢ € U. Then f belongs to C*°(U,R), and f~'((—o0,1)) = U. If p belongs to 9B,
we set f(q) := —¢™(q) for ¢ € U. Then f(p) =0, and f~*((—o0,0]) = U N B. Because
o € Diff (U, p(U)), we know f is a submersion. Therefore 0 is a regular value of f. m

(b) (regularity) Suppose ¢ is a regular value of f € C*(N,R) for some k € N*. Then
f1((—o0,(]) is an n-dimensional submanifold in N with boundary. In this case, one
need only assume that N is a C* manifold. m

1.17 Examples (a) For every r > 0, B! := rB" = {2z € R" ; |z| < r} is
an n-dimensional submanifold of R” with boundary. Its boundary coincides with
the topological boundary and therefore with the (n—1)-sphere of radius r, that is,
OB" = rS™"~!. The outward normal v(p) at p € OB” is given by (p,p/|p|)-
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In the case n = 1, the ball B! is the closed interval [~r,7] in R, and the
0-sphere with radius 7 is given by S? = {—r} U {r}. The outward normal has
v(—r) = (—r,—1) and v(r) = (r,1).

v(—r) B; v(r)

—-r 0 r

v

Proof This follows from Theorem 1.15 with N := R™ and f(z) := |z|* forz € R". m
(b) Suppose A € Rg;ﬁl)x("ﬂ) and ¢ € R*. Also suppose

Voi={zeR""; (Az|z) < c}

is not empty. If A is positive definite and ¢ > 0, then V, is an (n+1)-dimensional
solid whose boundary is the n-dimensional ellipsoid

KC::{:CER”“; (Az|z)=c} .

If A is negative definite and ¢ < 0, then V. is the complement of the interior of V_,,
and the boundary of V__ is the n-dimensional ellipsoid K _.. If A is indefinite but
invertible, then V, is the “interior” or “exterior” of an appropriate n-dimensional
hyperboloid K. that bounds V.. In every case, Az/|Az| is the outward normal of
V. at K.. (Compare this with Remark VII.10.18, and interpret the pictures there
accordingly.)

(c) Suppose A € RHDX(HD) i symmetric and ¢ € R* with K, # 0. Also
suppose v € R"*1\ {0} and «, 8 € R with o < 3. Then

B:={zeK.; a<(v|z) <3}
is the part of K. that lies between the two parallel hyperplanes
Hy={zeR"; (v|z)=7} forye{ap}.

If H, and Hg are not tangent hyperplanes of K., then B is an n-dimensional
submanifold of K, with boundary with

OB={zeK.; (v|z)e{a,B}}.

Proof Because the map g := (v|-)|K.: K. — R is smooth by Remark 1.1(j), we know
g "((a, B)) is open in K.. Therefore g~*((c, 3)) is an n-dimensional submanifold of K.



XI.1 Submanifolds 255

Hence it suffices to show that every p € g~ ({c, 8}) is a boundary point of B. So let V
be an open neighborhood in K. of p € g7*(8) such that ¢~ (a)NV = (). The assumption
at Hg is not a tangent hyperplane implies that 3 is a regular value of f := g|V (prove
this!). The claim now follows from Theorem 1.15 applied to the manifold V' and the
function f. A similar argument shows that every p € g~ '(«a) is a boundary point of B. m

(d) (cylinder-like rotational hypersurfaces) Suppose
7:[0,1] = (0,00) xR, t— (p(t),0(t))
is a smooth embedding. Also let i: S” < R™*! and
[0 =R XR, (.8) — (p0)i(a). 0() -
Then f is a smooth embedding, and
Zmth = f(S™ x [0,1))

is a hypersurface in R™"? with boundary which is diffeomorphic to the “spherical
cylinder” S™ x [0, 1].

In the case m = 0, Z! consists of two copies of smooth, non-self-intersecting,
compact curves'6 ([0, 1]) that are symmetric about the y-axis.

A

-

v

For m =1, Z? is the surface of rotation in R® obtained by rotating the meridian
curve

I = {(p(t), 0,0()) 5 t € [0,1]}
around the z-axis.

In the general case, we call Z™t! a cylinder-like surface of rotation with
boundary. Its boundary satisfies

9Z™ = f(S™ x {0}) U f(S™ x {1}) ,

while its interior has
int(Z™H) = f(S™ % (0,1)) .

16That is, one-dimensional manifolds with boundary.
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In particular, int(Z™*+1) is a cylinder-type hypersurface of rotation without bound-
ary. In the case m = 1, it is generated by rotating the meridian curve

int(T) == { (p(¢),0,0(t)) ; 0<t <1}

around the z-axis.

Proof It is casy to see!” that S™ x [0,1] is a submanifold of R™"? with boundary
and that its boundary is (S™ x {0}) U (S™ x {1}). An obvious modification of the
proof of Example 1.5(b) shows that f is an embedding. Now the claims follow from
Remark 1.13(f). m

One-dimensional manifolds

Obviously every perfect interval J in R is a one-dimensional submanifold of R"
with or without boundary, depending on whether J is open or not. Also, we already
know that the 1-sphere S! is a one-dimensional submanifold of R™, provided n > 2.
It is easy to see'® that a nonempty perfect interval is diffeomorphic to (0, 1) if it
is open, to [0,1) if it is closed on one side, and to [0, 1] if it is compact. The
following important classification theorem shows that these intervals and S* are,
up to diffeomorphism, the only one-dimensional connected manifolds.

1.18 Theorem Suppose C' is a connected one-dimensional submanifold N with [or
without] boundary. Then C is diffeomorphic to [0,1] or [0,1) [or to (0,1)] or S*.

Proof For a proof, we refer to Section 3.4 of [BG88], which treats manifolds
without boundary. An obvious modifications of the arguments there also covers
the case of manifolds with boundary (see the appendix in [Mil65]). m

1.19 Remarks (a) We understand a (smooth) curve C embedded in N to be
the image of a perfect interval of S! under a (smooth) embedding. In the last
case, we also call C' the 1-sphere embedded in IN. Then Theorem 1.18 says that
every connected one-dimensional submanifold of N with or without boundary is
an embedded curve, and conversely.

(b) (regularity) Theorem 1.18 remains true for C* manifolds. m

Partitions of unity

We conclude this section by proving a technical result which will be particularly
helpful in the transition from local to global (and conversely).

17See Exercise 4.
18See Exercise 7.
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Suppose X is an n-dimensional submanifold of R” with or without boundary
for some i € N*. Also let {U, ; « € A} be an open cover of X. Then we say
that the family {7, ; a € A} is a smooth partition of unity of unity subordinate
to this cover if it satisfies the properties

(i) Ta € C*°(X,[0,1]) with supp(ma) CC U, for o € A;

(i) the family {7, ; o € A} is locally finite, that is, for every p € X there is an
open neighborhood V' such that supp(m,) NV = @ for all but finitely many
a € A;

(iii) > peaTa(p) =1 for every p € X.

1.20 Proposition FEvery open cover X has a smooth partition of unity subordinate
to it.

Proof (i) Let (p,U) be a chart around p € X. Then ((U) is open in H". Hence
there is a compact neighborhood K’ of ¢(p) in H" such that K’ C ¢(U). Because
¢ is topological, K := ¢~ Y(K') is a compact neighborhood of p in X with K C U,
and (¢ |K K ) is a chart around p. In particular, X is locally compact.

Proposition X.7.14 implies the existence of a x' € C* (@(U), [0, 1]) with
X' | K’ =1 and supp(x’) CC o(U). We set x(q) := ¢*x'(q) if ¢ € U and x(q) :==0
if ¢ belongs to X\U. Then x lies in C* (X, [0, 1]) and has compact support, which
is contained in U.

(ii) By Corollary I1X.1.9(ii) and Remark X.1.16(e), there exists a countable
cover {V; ; j € N} of X consisting of relatively compact open sets. We set
Ko := Vg. Then there are iy, ..., i, € Nsuch that Ky is covered by {V;,,..., Vi, }.
In addition, we set ji := max{ig,...,%m} + 1 and Ky := JIL, V,. The set K1 is
compact, and Ky CC K7. We then inductively obtain a sequence (K;) of compact
sets with K; CC Kjy1, and UjZ K = UjZ, Vi = X.

(i) We first assume that K; # K, for j € N, and we set W; := K;\K;_,
for j € N with K_q := (. Then W, is compact, and W; N Wy, = 0 for |j — k| > 2.
We also have J72, W; = X.

Let U := {Uy ; a € A} be an open
cover of X. From (i) and the compactness
of Wj, it follows that for every j € N, there
is a finite cover { 17” eU; 0<i<m((j) }
of W;. We set

Uj’i = [7]‘,1‘ n (ijl U Wj @] VDVjJrl)
and choose functions x;; € C* (U, ;, [0,1]) so that

Supp(xj,i) CcC Ujﬂ' C Wj_l U Wj U Wj+1 for0<i< m(]) s
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with W_; := 0 and

for j € N. Then {Xj,i ; 0<i<m(j), je N} is a locally finite family. Therefore

is defined, belongs to C*° (X, [0, 1]), and satisfies x(p) > 0 for p € X. Now we set

T 1= Za Xji/x foraeA,

where ) means the sum over all index pairs (j,4) for which Uj; is contained in
U,. Then {7, ; o € A} is a smooth partition of unity subordinate to the cover
{Usp; a €A}l

(iv) If there is a j € N such that K; = K;14, then X = K. Therefore X is
compact. In this case, the claim follows by a simple modification of (iii) (as only
a single compact set, namely X, must be considered). m

Remark (a), below, shows that Proposition 1.20 is a wide-reaching general-
ization of Theorem X.7.16.

1.21 Remarks (a) Suppose K is a compact subset of the manifold X, and
suppose {U; ; 1 < j < m} is an open cover of K. Then there are functions
m; € C*(X,[0,1]) such that supp(m;) CC U, for 1 < j < m, and Z _ mi(p) =1
for pe K.

Proof Let Up:= X\K. Then {U; ; 0 < j <m} is an open cover of X. Now the claim
follows easily from Proposition 1.20. m

(b) The proof of Proposition 1.20 shows that every submanifold of R™ with or
without boundary is locally compact, has a countable basis, and is o-compact.

(c) (regularity) Suppose k € N*. Replacing 7o € C*°(X, [0,1]) by 7o € C*(X,[0,1]) in
part (i) of the definition above, we obtain a C* partition of unity subordinate to the cover
{Ua ; @ € A}. Then Proposition 1.20 remains true if one replaces “smooth partition”
by “C* partition”. In this case, it suffices to assume that X belongs to the class C*. m

Convention In the rest of this book, we understand every manifold to be a
smooth submanifold with boundary in a suitable “surrounding space” R™.

Exercises

1 Suppose f: M — N is a submersion. Show that f “locally looks like a projection”,
that is, for every p € M, there are charts (p,U) of M around p and (¢, V) of N around
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f(p) with f(U) C V that satisfy

o i R"XR™™ SR, (2,) -z .

2 Suppose f: M — N is an immersion. Prove that f locally looks like the canonical
injection R™ — R™ x R"™™, z — (z,0).

3 Show that every diffeomorphism from M to N locally looks like the identity in R™.

4 Suppose B is a submanifold of N with boundary. Show that M x B is a submanifold
of M x N with boundary with 9(M x B) = M x 0B.

5 Show that both the cylinder [0, 1] x M with “cross section’ M and the “filled” torus
S1 x B? are manifolds with boundary. Determine the dimension and boundary of each.

6 Show that the closed r-ball ¥B™ in R™ is diffeomorphic to the closed unit ball B".
7 Show that a perfect interval in R is diffeomorphic to (0, 1), [0, 1), or [0, 1].

8 Suppose B is a nonempty k-dimensional submanifold of M (with or without bound-
ary). Show that the Hausdorff dimension of B equals k.
(Hints: Exercises 4-6 of 1X.3 and Remark 1.21(b).)

9 Suppose B is a submanifold of M with boundary and f € C°°(B,N). Show that
graph(f) is a submanifold of M x N with boundary and determine its boundary.

10 Suppose X is an n-dimensional submanifold of R™ with or without boundary, and
let U:={Us,; a € A} and V := {V3 ; 3 € B} denote open covers of X. We call V
a refinement of U if there is a j: B — A such that Vg C Ujgy for 8 € B. Show that
every smooth partition of unity subordinate to V induces a smooth partition of unity
subordinate to U.
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To construct and understand the calculus of differential forms of higher degree,
we need several results from linear (more precisely, multilinear) algebra, which we
provide in this section.

2.1 Remarks Suppose V is a finite-dimensional vector space.

(a) V can be provided with an inner product (-|-)v, so that (V,(-]-)v) is a
Hilbert space. All norms on V are equivalent.

Proof By Remark 1.12.5, there is a vector space isomorphism T : K™ — V such that
m := dim(V’). Then
(w|w)y == (T v | T 'w) forv,w eV

defines a scalar product on V', where (-|-) denotes the Euclidean inner product in K™.
Thus (V, (-|-)v) is a finite-dimensional inner product space and therefore a Hilbert space,
as we know from Remark VII.1.7(b). The second claim follows from Corollary VIL.1.5. m

(b) As usual (in functional analysis), we denote by V* the space of all (continuous)
conjugate linear maps from V to C, while V' is the space dual to V, the space
of all (continuous) linear forms on V. Then it follows from (a) and the Riesz
representation theorem (Theorem VII.2.14) that the map

VoV ve (v] )y (2.1)
is an isometric isomorphism, whereas
V-V, vi— (-|v)y (2.2)

is conjugate linear. If K = R, then V* = V', and the maps (2.1) and (2.2) are
identical because every real scalar product is symmetric. In the following, we will
exclusively treat the real case, and so, for this and some historical reasons, we will
write V* instead of V’. m

In this section, let

e VV and W be finite-dimensional real vector spaces.

Exterior products

For r € N, we denote by L"(V,R) the vector space of all r-linear maps V" — R.
By Remark 2.1(b) and Theorem VII.4.2(iii), this notation is consistent with that
introduced in Section VII.4. In particular, we have

LOV,R)=R and LYV,R)=V*.
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An r-linear map «: V" — W is said to be alternating if » > 2 and
a(Vo(1)s - -+ Vo(ry) = sign(o) a(v,...,v,) forwvi,...,v. €V
and for every permutation o € S, (see Exercise 1.9.6). We set
ANVei=£%V,R)=R and A'V*:=LYV,R)=V*
and
NV*:={aeL(V,R); ais alternating } for r > 2.
Here A\"V* is called the r-fold exterior product of V* for r € N, and o € \"V*
is an alternating r-form on V' (or, for short, simply an r-form).
2.2 Remarks (a) A"V* is a vector subspace of L"(V,R), the vector space of
alternating r-forms on V.

(b) Let r > 2 and o € L7(V,R). These four statements are equivalent:
i) ae NV~
(i) afvi,...,v,) =0if v; = vy for any a pair (4, k) with j # k.

(i) a(...,vj, .. V% ...) = —al..., Vg, ..., 0;,...) for j # k, that is, if two entries
in a(vy,...,v,) are exchanged, its sign reverses.
(iv) If vy,...,v, € V are linearly independent, then a(vy,...,v,) = 0.

Proof The implication “(i)=-(iii)=>(ii)” is obvious.

“(ii)=-(iv)” Suppose v1,...,vr € V are linearly independent. This means there are
ke{l,....r} and A1,..., Ar € R such that Ay =0 and v = 377_, Ajv;. Now it follows
from the linearity of « in its k-th variable and from (ii) that

a(vi,...,vp) = Z)\ja(vl,...,vj,...,vr) =0.
j=1 (k)

“(iv)=>(iii)” From (iv) and the multilinearity, we get

O=oa(...,v; + vk, ..., 05 +vk,...)
=al...,vj,...,05,...)tal...,v5,...,0%,...)
Foaloo Vs V) (e, Vkye o ey Vky e v )
=alc.., 05,y Uy ) (e Uy ooy 05,.00)

and which proves the claim.

“(iii)=>(i)” This follows from the fact that every permutation can be written as a
product of transpositions (see Exercise 1.9.6). m

() N"V* ={0} for r > dim(V).
Proof This follows from (iv) of (b). m
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For r € N* and ¢',...,¢" € V*, the exterior product’

GLA- AT
is defined by
(hv) oo (ehor)
O A AN (1, 0n) = det[(@7, up)] = det (2.3)
(o) o {@h o)
for v1,...,v, € V. It is known from linear algebra that the determinant of an

(r X r)-matrix is an alternating r-form in its column vectors. From this and the
linearity of ¢!, ..., ¢", it follows immediately that o' A --- A " belongs to A"V *:
The exterior product @' A--- A" is an alternating r-form on V.

2.3 Proposition

(i) Let m :=dim(V) > 0. If (ey,...,e,) is a basis® of V and (¢!,...,e™) is the
associated dual basis of V*, then

(e A ANel 1< <fa<---<j<m}
is a basis of \"V* for 1 <r < m.
(i) dim(A\"V*) = (") for r € N.
Proof For short, we set
I, =" ={() =01, - dr) EN ; 1<j1 <jo<---<jr<m}.
Also, for an ordered multiindex (j) € J,., let
cW) .= gl A A

(i) Let « be an alternating r-form. Because every vector v € V' has the basis
representation v = Y -, (e, v)ey, it follows from Remark 2.2(b) that

m m
a(vr,..., o) = Z SRR Z(ekl,vl)- e v alery s er)

ki1=1 kr=1

— Z a(j) Z Sign(0)<€a(j1),’01> e . <€U(jr)’vr> ,

()€l o€Sy

where
agy = alej,...,ej5) . (2.4)

1The exterior product is also called the wedge product.
2If {e1,...,em} is an ordered basis, that is, the order of its elements is fixed, we write
(elv"'7em)-
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By Remark VII.1.19(a) and because the determinant of a square matrix does not
change when it is transposed, we can rewrite the inner sum of the last expression
as

det([(e7*,v,)] =W (vy,...,0,) .

1§M7V§7")
Therefore

a(vy,...,v) = Z a(j)s(j)(vl,...,vr) for v1,...,v, €V |
(e,

and hence

a= Z a(j)a(j). (2.5)

(el

This shows that the set {) ; (4) € J, } spans the vector space \"V*.

a= Y bye?

()€l

Now suppose

with b(;) € R is another representation of a. Then we have in particular that

aleryy .. ek.) = Z b(j)s(j)(ekl, ..,ex,.) for (k) e, .
(7)€ed,

Because

Lt () = (k)

D (erys-oeven,) = det([éi‘:hgu,uér) - { 0 otherwise

it follows that bj) = a;) for (j) € J,.. Therefore the representation (2.5) is unique.

(ii) This statement is now clear because an m element set contains exactly
(™) subsets with r elements (see Exercise 1.6.3). m

In the following, let
' A AQI A AT

for 1 < j <r denote the (r—1)-form one gets by omitting the linear form o’ from
al A---Aa”. We use like notation, for example

o' A AN A AR A AQT

when more linear forms are omitted.
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2.4 Examples (a) The one-dimensional vector spaces A\°V* = R and A™V* have
bases 1 and ! A --- A g™, respectively.

(b) {e%,...,e™} is a basis of /\1V* =V,
(c) {51/\"'/\5/3/\"'/\5m ; 1§j§m} isabasisof/\m_lv*.
(d) For the basis representation
m .
oﬂ:Zaiskev* for1<j<r,
k=1

and '
' AN = Z age? e ATV,
(4)€T,
we have a;€ = (at,ex) for 1 <i<rand1<k<m. Also

agy = det([af, i<in<r) for (7) = (1, .-, 5r) €T, .
Proof This follows from (2.3) and (2.4). m
(e) For r > 1, we have

NV* =span{p' A---AQ"; @ eV 1<j<r}.
(f) Forr > 2, o' A---Ap" =0if and only if ¢!,..., ¢" are linearly independent.
Proof This follows from (2.3). m

As the next proposition shows, we can define a bilinear map from A"V* x
A°V* to A\"T°V* using the basis representation.

2.5 Proposition Let r,s € N*.
(i) There is exactly one map
AN NVEXNTVE = NV (0,8) = ahB, (2.6)
the exterior product, with the properties that
(a) A is bilinear;
(ﬂ) for(plﬂ"'7<pr7,¢)15"'7ws 6 V*7
@A AN A AYT) =@t A AT AP A AT (227)

(ii) Given the basis representations

o= Z a(j)s(j) and (= Z b(k)E(k), (2.8)

(9)€d, (k)els
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we have
alNfp= Z a(j)b(k)e(j) ek (29)

(4)€l,
(k)eds

(iii) The exterior product is associative and graded anticommutative, that is,

ahNfB=(-1)"BAa forae \'V* and B \°V*.

Proof If A is some linear map from A"V* x A°V* to \""°V* satisfying (2.7),
it follows immediately from (2.8) that (2.9) is true. Hence we can use (2.9) and
a given basis to uniquely define (that is, by the bilinear continuation of the basis
elements to the entire space) the bilinear map (2.6) with the properties («) and (5).
By (2.3), (2.7), and Example 2.4(e), A is independent of chosen basis. (iii) is now
an immediate consequence of the properties of the determinant. m

2.6 Remarks Suppose Fj for k € N are vector spaces on the same field K.
(a) The direct sum

o0
E:= @Ek =: @Ek
k=0

k>0
is defined as follows:

E is the set of all sequences (zy) in UZ,';O Ej, with x, € Ej, for k € N that
satisfy xx = 0 for almost all £ € N. On FE, addition + and multiplication by
scalars are defined by

(xk) + Ayk) = (xg + Ayg) for (zx),(yx) € E and A € K.

Then E is a K-vector space.® In addition, E; will be identified with a vector
subspace by means of the linear map

Ek—>E, ka(O,...,O,xk,O,...),
where xj occupies the k-th entry in the sequence at right. Obviously
E=span{E;; ke N} and E,NE; ={0} fork#j,

which justifies the name “direct sum” (see Example 1.12.3(1)).

(b) Letting E := P, £k, we define a multiplication

ExE—-FE, (vwr—vow

3E is the vector space of all maps f: N — |J72 By, with compact support, with f(k) € Ej,
and k € N, endowed with the pointwise product of Example 1.12.3(e).
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so that (E,+,®) is an algebra (see Section 1.12). We call E the graded algebra
(over K), and we say the multiplication is graded if

EkQEgCEk+g for k,/ € N .

If the relations
v O v = (—1)“@4 @ug fork,feN

are also satisfied, then both the multiplication and the algebra are said to be
graded anticommutative. m

We set

/\V* — @/\rv*

r>0

and extend the definition of the exterior product by defining
aNBi=BAa:=af forac \NV*=R, BeA\V*. (2.10)
We also let J, := {0}.

2.7 Theorem

(i) There is exactly one bilinear, associative, and graded anticommutative map
AV x AV — AV*
that extends the exterior product (2.6) and/or (2.10) to all of AV* x AV*.
It also will be denoted by A and called the exterior product on AV*.
(ii) dim(AV*) = 2dm(V),
Proof (i) This follows immediately from Proposition 2.5 and definition (2.10) by

the natural bilinear extension.

(ii) Because \"V* = {0} for r > dim(V) and because AV* is a direct sum
of vector subspaces /\"V*, it follows from Proposition 2.3(ii) and the binomial
theorem that

dim(AV*) = i(:’f) —om

r=0

with m := dim(V). m

This theorem shows that AV*, when provided with the natural vector space
structure and the exterior product, is an associative, graded anticommutative, real
algebra of dimension 29™(V) | Tt is called the Grassmann algebra (or the exterior
algebra) of V*.



XI.2 Multilinear algebra 267

2.8 Remark Because V is finite-dimensional, V' can be identified with V** by
means of the canonical isomorphism

RV o V= (V)

defined by
<I€(U),U*>V* = vy forveV, v eV,

Therefore the Grassmann algebra

AV =NV

r>0
is also well defined on V.
Proof Clearly x: V — V** is linear. Suppose {e1,...,en} is a basis of V, and
suppose {e1,...,&m} is the associated dual basis of V*. For v € ker(k), we have

(ej,v) = (k(v),€5),. =0 forj=1,...,m.
Then v = 37" (7, v)e; implies v = 0, so # is injective. Now dim(V**) = m (see
Theorem VII.2.14) implies & is an isomorphism. m
Pull backs
For A€ L(V,W) and a € \"W*, we define A*«a by
A*a(vy,...,vr) = a(Avy,..., Av,) forwvy,...,v, €V

if r > 1 and by
A*a:=a forae N\'W*=R

if r = 0. Then we call A*« the pull back of @ by A on V.

2.9 Remarks (a) For o € A\"W*, the pull back A*a belongs to A"V*, and the
map A* is linear:

A* € LAWS, AV®)  with ANW*) C A'V* and r € N .

We call A* the pull back transformation (or usually the pull back) by A.

In the case r = 1, A* is the map dual to A (denoted in Section VIII.3 by
AT). Note also that A maps the vector space V to W, while A* maps AW* to
AV* and therefore “in the reverse direction”:

v 2w
AV A AW
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(b) If X is another finite-dimensional real vector space and B € L(WW, X), then
(BA)*=A"B* and (idy)* =idpy- .
In other words, the map A — A* is contravariant.

(c) We have
A*(aNp)=A"anNA"B fora,f € \W™.

Therefore A* is an algebra homomorphism from AW™ to AV*.

Proof These statements follow obviously from the definitions of the pull back and the
exterior product. m

Let m := dim(V) and W := V, and let « € A™V*. According to Proposi-
tion 2.3(ii), A™V* is one-dimensional, and hence A*a must be proportional to «;
we determine the multiple next.

2.10 Proposition For m := dim(V') and A € L(V),
A*a =det(A)a forae N"V*.

Proof Let {e1,...,e,} be a basis of V, and let [a}] € R™*™ be the matrix of A
in this basis (see Section VII.1). Then

m
Aek:Zaiej for1<k<m.
j=1
From this and the properties of & € A" V*, it follows that
A*aler, ..., em) = a(Aeq, ..., Aey)

m m
— I L g, . .
= E E aj almalej,, ... ej.)

ji=1 Jm=1
= Z sign(o) a‘f(l) ceaZMaer, .. em)
0ESH

= det(A) a(el7 RN em) 9

where in the last step we have used the signature formula of Remark VII.1.19 and
the fact that det(A") = det(A). Now the claim follows from the multilinearity of
o.m

The volume element

Suppose Or now is an orientation of V', that is, V := (V, Or) is an oriented vector
space. For short, we a call positively oriented ordered basis of V' (which is therefore
an element of Or) a positive basis (see Remark VII1.2.4). Also let m := dim(V).
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We call every a € A"V*\{0} a volume form on V. Two volume forms «
and ( are equivalent if there is a A > 0 such that a = AG. We check easily that
this definition induces an equivalence relation ~ on the set of all volume forms
on V. Because dim(/\""V*) = 1, there are exactly two equivalence classes.

2.11 Remarks (a) Suppose (e1,...,e,) is a positive basis of V and (g!,...,e™)
is the associated dual basis. If (€1,...,6y) is a basis of V and o € A" V*\{0}
with a ~ el A-+-Ae™, then (€1,...,¢y) is positive if and only if a(e1, ..., €y,) > 0.

This means that the two equivalence classes of A" V*\{0} can be identified with
the two orientations of V. In other words, the volume form « determines the
orientation Or of V' through the requirement

aler,...,em) >0<= (e1,...,6m) € Or.

Proof Suppose B € L(V) is the change of basis from (e1,...,em) to (€1,...,€m), that
is, €; = Be;j for 1 < j < m. Then it follows from Proposition 2.10 that

a(el,...,em) =det(B)aler,...,em) = det(B)A
where a = Ae' A---Ae™and A > 0. m

(b) We say an automorphism A of V' is orientation preserving [or reversing] if
det(A) > 0 [or det(A) < 0]. We set

Laut™ (V) := GLT(V) :={ A € Laut(V) ; det(4) >0} .

(i) The following statements are equivalent for A € Laut(V):
(a) A€ Laut™ (V).
(8) For every basis (by,...,bn), the bases (b1,...,by) and (Aby,..., Aby,)
have the same orientation.

(v) For every a € A"V*\{0}, the volume forms a and A*« determine the
same orientation of V.
(ii) Lautt (V) is a subgroup of Laut(V) =: GL(V).
Proof (i) This follows from A"« = det(A)a and the definition of orientation.
(ii) The map
Laut(V) — (R*,-), A det(A)

is a homomorphism. According to Exercise 1.7.5, Laut*(V), as the inverse image of the
subgroup ((0,00),-) of (R*,-), is a subgroup of Laut(V). m

Suppose now (V,(-]-),Or) is an oriented inner product space. Also let

(e1,...,em) be a positive orthonormal basis (ONB), and let (g!,...,™) be the
associated dual basis of V*. Then

is called the volume element of V.
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2.12 Remarks (a) For every positive ONB (e3,...,¢é,,) of V, we have
w(a,...,Em) =1.

Proof Let B by the basis change specified by €; = Be; for 1 < j < m. Then B belongs
to Laut™ (V) N O(m), and thus det(B) = 1 (see Exercise VI1.9.2). Therefore it follows
from Proposition 2.10 that

W(&,...,em) = B*w(e1,...,em) =det(B)e' A---Ae™(er,...,em) =1,
which proves the claim. m

(b) The volume element of V is the unique volume form that assigns the value 1
to any, and thus every, positive ONB.

Proof This follows from (a). m
(c) For vy,...,v, € R™, let
Pvy,...,v;m) = {Z;n:ltjvj ;0<t/ <1},
that is, P(v1,...,vy,) is the parallelepiped spanned by vy, ..., v,. Then

|wrm (V1 .o V)| = VOl (P(v1, ...y Um)) i= A (P(v1, ..., 0m)) -

In other words, the volume element assigns every m-tuple of vectors the oriented
volume? of the parallelogram they span.

Proof We define B € L(R™) by v; = Be; for 1 < j < m. Then
P(v1,...,uvm) = B([0,1]™) .
Then it follows from Proposition 2.10 and (a) that
wWrm (V1 ..., Um) = B wrm(e1,...,en) = det(B) .

From Theorem IX.5.25, we know that A, (B([0,1]™)) = |det(B)|, as desired. m

In the following proposition, we represent the volume element w in terms of
an arbitrary positive basis of V.

2.13 Proposition Suppose (by,...,by) is a positive basis of V and (3%,...,3™)
is its dual basis. Then

w=VEF A"

where G := det[(b; | by)] is the Gram determinant. In particular,

w(bl,...,bm)Z\/a.

4 An oriented volume is positive if and only if (v1,...,vm) is positive; it is negative if and only
if (v1,...,vm) belongs to —Or.
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Proof Let (e1,...,en) beapositive ONB of V, and define B € L(V') by b; = Be,
for 1 < j < m. According to (i) of Remark 2.11(b), we have det(B) > 0. From
Remark 2.12(a) and (2.3), we get

et yem) =1 =LA+ AG™ (b, bm)
:B*(Bl/\"'/\ﬂm)(ela"wem) :

Therefore
w=det(B)B*A--- A B,

because an m-form is determined by its value on a basis of V, and because of
Proposition 2.10. Also

(bj |bx) = (Bej | Bey) = (B*Bej|er) for1<jk<m (2.11)

(see Exercise VII.1.5). Because (e1,...,ey,) is an ONB, any v € V' has the repre-
sentation v =" | (v|eg)ex. From this it follows that

m
Te; = Z(Tej lex)er for1<j<mandT € L(V).
k=1

Hence (2.11) shows that [(bj | bk)} € R™*™ is the matrix of B*B in the basis
(e1,...,em). Therefore

G = det[(b; | bi)] = det(B*B) = (det(B))2

because det(B*) = det(B). The claim follows. m

The Riesz isomorphism

Suppose (V,(-|-)) is an inner product space and m := dim(V). We denote the
Riesz isomorphism (2.2) by

O:=0y: V-V, v—(]v),
that is,
(Ov,w) = (w|v) forv,weV . (2.12)

Then
(a|B) :=(0O©'a|O7!3) fora,BeV* (2.13)

defines an inner product on V*, the scalar product dual to (-|-). In the following,
we always provide V* with this inner product, so that V* := (V*,(-|-),) is an
inner product space.
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2.14 Remarks Suppose {ei,...,en,} is a basis in V and {e!,..., ™} is its dual
basis in V'*.

(a) We set
gir = (ej|er) for 1 <j,k <m , where [¢""] := [g;u] ' € R™*™ .
Then

m m
Oc¢; = Zgjkek and © 17 = Zgﬂ“ek for1<j<m.
k=1 k=1

Proof From the basis expansion Oe; = >.7" | a;xe” for 1 < j < m and from (2.12), we
get

(ej |v) = (Oej,v) Za]ks v) forveVandl<j<m.

Replacing v by each of ey, ..., em, we find a;x = (e; | ex), which proves the first statement.
The representation of © !¢’ is obvious. m

(b) Forv=3"" &e; e Vandw =3 " nle; € V, we have

(v]w) = Z ginén’

J,k=1

Fora=3" a;e/ € V*and = 37" bje’ € V*, we have the relation

(| B)« Zyjkabk-

J,k=1

Proof The first statement is obvious. From (a) and (2.13), we derive
e =(©@7 |07 ) = > g7g% (eslex) = E:g 9% g = 9"
J,k=1 k=1
for 1 <4,£ < m. Now the second claim follows from the bilinearity of (|- )«. m

(¢) If {e1,...,em} is an ONB, then Oe; =&’ for 1 < j < m, and {e!,...,e™} is
likewise an ONB.

(d) You may have noticed that we have used upper indices to label the coeffi-
cients of a vector in a basis representation, whereas we used lower indices for the
expansion coefficients of a 1-form. That is,

v:igjeje‘/anda:iajgje‘/*.

j=1 j=1
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From (a) and the symmetry of [g;], it follows that

m m
Ov = ijsj €V*and O 'a = anej eV
j=1 j=1

with

m m
b = Zgjkgk and 17/ := Zgjkak for1<j<m.
k=1 k=1

The application of © [or ©~1] formally effects a lowering [or raising] of indices.
On these grounds, we may borrow the musical notations

@ =0 and ¢':=07"",

or simply v’ ;= Qv forve Vand of ;=0 laforac V*. n

The Hodge star operator®

Suppose (V,(-|-),Or) is an oriented inner product space, m := dim(V'), and
w is the volume element of V. Also let {e1,...,e,} be an ONB of V, and let
{et,...,e™} be its dual basis.

We now define a scalar product (-|-), on A\"V* as follows:

For r =0, let
(a|B)o:=ap fora,Be NV =R. (2.14)

For 1 <r <m, let
o= Z a(j)s(j) and [ = Z b(j)e(j) ,
()€l ()€l

which, according to Proposition 2.3, are valid basis representations of o, 3 € A" V*.
Then we set

(Oz|ﬁ),« = Z a(j)b(j) . (2.15)

(€T,

It is clear that (-|-), is a scalar product on A"V* for 0 < r < m. By Remarks
2.14(b) and (c), we have (-|-)1 = (+]+ ).
2.15 Remarks (a) The basis {¢) ; (j) € J, } is an ONB of (A"V*,(-|-),) for
1<r<m.

(b) For ot,...,a", B, ...,3" € V*, we have

(@" A Aa” | BE A ABT) = det[(0 | 8F).] .

5This section and the next may be skipped on first reading.
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Proof Suppose

m m
aj:Za{si and ﬁk:besi for 1 <jk<r.

=1 i=1
Also let

A" A Aal = Z a(]-)s(j) and Bl/\.../\ﬁT: Z b(k)g(k)
(el (k)el,.

be basis representations. Then according to Example 2.4(d), we have
agy = det([a;khgi’kgr) and b(k) = det([bzehgi’ggr)

for (]) = (jh- .. ,jr) S Jr and (k‘) = (kl,. . .,kr) S J'r'
By the bilinearity and symmetry of (-|-). and the fact that the determinant is an
alternating r-form in its row vectors, we find (see the proof of Proposition 2.3(i))

det[(aj |ﬁk)*] = Z Z sign(o) a;a(l) Cees ~a§am det([(sj" |ﬁ£)*]1§k’€9)

()€l oESr

= Z det([a;'k]lﬁi,kﬁr) det([(sjk |ﬁ£)*]1§k,l§'r)

(9)e

= ay det([(7 | 8°).] 1<k i<r)
()€l

= > Y ambwdet([(€ [€)] ., e,) -

()€l (k)€

By (a), we have

L if () =(k),

det[(Eji |Eke)*] = det([(sjiykz]lﬁilﬁ’") = { 0 otherwise

Thus we get
det[(a”|8)] = Y agbg) -

(4)€EIr
By (2.15), this finishes the proof. m

(c) The scalar product (-|-), on A"V* does not depend on the special choice of
ONB or its orientation, but rather only on the inner product (-|-) on V.

Proof This follows from (b), Example 2.4(e), and the scalar product’s bilinearity. m

Because

dim(A\"V*) = (m) = (mm ) = dim(A" V), (2.16)

r -Tr

A" V*and A" "V* are isomorphic vector spaces for 0 < r < m. We now introduce
a special (natural) isomorphism from A"V* to A" "V*, the Hodge star operator.
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We first note that for every o € \"V*, Proposition 2.5 implies
(B—aAnp)e LN VIV (2.17)
Because A\"'V* is one-dimensional, there exists exactly one f,(3) € R such that
aAB = fa(Bwy forBe \N""V*.

By (2.17), fo belongs to L(A™ "V* R). Then according to the Riesz represen-
tation theorem, there is exactly one xa € A" "V* with fo(8) = (xa|B)m—r
for B € A" "V*. In other words, every a € A"V* has a unique element
xa € N7 "V* such that

alAfB=xalf)mrwy for e N"TVE. (2.18)

Therefore *a = ©7!f,, where © denotes the Riesz isomorphism © of the space
A"7"V*. Hence
(a—xa) € LNVSAN"TVH . (2.19)

This map is called the Hodge star operator (or simply the Hodge star).

2.16 Remarks (a) The Hodge star is an isomorphism.
Proof From #a = 0 and (2.18), it follows that a A 8 = 0 for every 8 € A™ "V*. For
the special choice 8 := "' A--- Ae™, it follows from
a= Y age? with (jo) = (1,...,7)
(9)€edr
that 0 = a A B = a(j,)wv, and therefore a(;,) = 0. Analogously we find that a(;) = 0 for
(j) € J,.. Therefore (2.19) is injective. Now the claim is implied by (2.16). m

(b) The Hodge star depends on the scalar product and the orientation of V. m

2.17 Examples (a) For 1 < j < m, we have xe/ = (—1)7=Lel A+ Al A--- Ae™.

Proof From the alternating property, the associativity of the exterior product, and
Example 2.4(f) it follows that

FAE A AN AE™) = (=1 TR A A E™ = (—1) R

for 1 < k < m. Now the claim is implied by (2.18) and the fact that, according to
Remark 2.15(a),

{e' A Neb A ANE™; 1<k<m}
is an ONB of A" 'V*. m

(b) For 1 < j < m, we have
*(ElA---AEAj/\---/\eT)z(—l)m_jsj.

Proof Because N o
("N AT A AE™ AR = (1)
the statement follows as in the previous proof. m
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(¢) *1 =w and *w = 1.
) W

(d) We now consider the general case covering both (a) and (b). Suppose therefore

<r <m-—1and (j) € J.. Then there is exactly one (j¢) € J,,_, such that
)V (j ) = 1y v s drs G5y oy J5—,) 1s a permutation of {1,...,m}. Putting
(j) :=sign((j) V (§¢)), we then have

1

(y

s
%) = 5(j)el) . (2.20)

It follows for av =37 )y a(je) € N"V* that

k= Z s(j)a(j)a(ju) .

(el

Proof For (k) € J,,_, with (k) # (), we have £ A e®) =0, because at least one &’
occurs twice in this product. For (k) = (j¢), we derive from (2.3) that

DAl = 5(j)w . (2.21)
Now (2.20) follows from (2.18) and Remark 2.15(a). m

(e) For a € \"V* with 0 < 7 < m, we have *xa := *(xa) = (—1)" (™ "a,
Proof For (j), (k) € J,, it follows from (2.18), (d), and Proposition 2.5(iii) that

(**E(j) |8(k))rw _ (*E(j)) Ae® — s(j)s(ju) Ae® — (—1)T(m_r)s(j)5(k) Al
Then because ¢ AU = 0 for (k) # (j) and using (2.21), we find
(5D | B) = (=1)"™ (D | B), for Be ATV

Hence s = (=1)"(m="c() for (5) € J,, which, because of Proposition 2.3(i), proves
the claim. m

(f) For a, 3 € N\"V*, we have the relationship
aA*xf=0Axa=(a|B)w . (2.22)

Proof Suppose o := §:= ¢, Then by (d) and (2.21), we have
aAxB=aA*xa=0Nxa= s(j)zs(j) AeV) =w = (5<j) |s(j>)rw = (| B)rw
Letting a := %) and § := ¢® with (j) # (k), we obtain from (d) that
anxB=sk)eD Ae*) =0=2s(;)e® Al =B Axa .

In addition, from Remark 2.15(a) we have (a|3), = 0. Therefore (2.22) also holds in
this case. Now this claim also follows from Proposition 2.3(i). m



XI.2 Multilinear algebra 277

Indefinite inner products

For several applications, particularly in physics, one must drop the assumption
that the scalar product is positive definite. So we will now shortly go over the
modifications needed to handle this case.

A bilinear form b: V x V — R is said to be nondegenerate if for every
y € V\{0} there is an x € V such that b(z,y) # 0. It is symmetric if

b(z,y) =b(y,z) forxz,yeV.

Suppose b: V x V — R is a nondegenerate symmetric bilinear form on V :=
(V,(+]-)). In the following remarks, we list some basic properties of b.

2.18 Remarks (a) There is a b-orthonormal basis (b-ONB) of V, that is, there
is a basis {b1,...,bn} of V such that b(b;,by) = £d;, for 1 < j,k < m. If ris
the number of plus sign and s is the number of minuses, then » + s = m. The
number ¢ := r — s is called the signature of b. The signature, as well as r and s,
is independent of the choice of b-ONB. In particular,’

(—1)® = sign(b) := sign(det[b(b;,bx)]) .

Proof Theorem VII.4.2(iii) clearly implies that b is continuous. Then b(z,-): V — R
is a continuous linear form on V. Therefore, the Riesz representation theorem (Theo-
rem VII.2.14) guarantees the existence of a unique Bz € V such that

b(x,y) = (%x|y) foryeV.

From the linearity of b( -, y), it follows that x — Bz is linear. Then by Theorem VII.1.6,
B belongs to L(V), and

b(z,y) = (Bz|y) forz,yeV.

The map B is called the representation operator of b with respect to (-|-). Because b is
nondegenerate, B is an automorphism of V' (and conversely), and because b is symmetric,
so is B.

Remark 2.1(a) allows us to identify V with R™. Therefore the principal axis trans-
formation theorem” guarantees the existence of an ONB {v1,...,vm} of V and eigenval-
ues A1 > - -+ > Ay, of B such that

Bu; =Aju; forl <j<m. (2.23)

Because b is nondegenerate, we have A\; # 0 for 1 < j < m. We set b; := ’Uj/\/'Aj|.
Then {b1,...,bm} is a basis of V, and it follows from (2.23) that

b(bj, bi) = (Bb; | br) = (Bv; | v) /N Akl = Xi(v; [vk) /1N Ae] = sign(X;)
for 1 < j,k <m.

6sign(b) should not be confused with the signature t. Obviously 2sign(b) = m — t.
"See Example VII.10.17(b).
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To show that ¢t = r — s is independent of the choice of b-ONB, it suffices, because
r + s = m, to prove this is true of r. Suppose therefore {ci,...,cm} is a b-ONB of V
such that b(cj,cj) =1 for 1 < j < pand b(cj,c;) = —1for p+1 < 37 < m. We want to
show that the vectors b1,...,br,cpt1,...,Cm are linearly independent, since this would
imply r + (m — p) < m and therefore r < p; also, by exchanging the two b-ONB, we
would analogously obtain p < r, which then determines r.

Suppose therefore

ﬁlbl + -+ Brbr = Yp+1Cp+1 + -+ YmCm

with real numbers f1,..., Br, Yp+1,...,Ym. Every linear dependence relation of the set
{b1,...,br,Cpt1,-..,Cm} can be so written. Then for v := B1b1 + - - - + Brbr, we have
T m
b(’l),'l}) = Zﬁf = - Z 7]2 )
j=1 j=p+1
which implies 1 = -+- = Br =Yp41 = - -+ = ¥m = 0. The last claim is now clear. m

(b) (Riesz representation theorem) To every v* € V*, there is exactly one v € V
with b(v,w) = (v*,w) for w € W. The map

Op: VoV, veb(u,-)
is a vector space isomorphism, the Riesz isomorphism with respect to b. The

statements of Remark 2.14(a) also hold in this case.

Proof With the representation operator B of b and the Riesz isomorphism © of V,
Theorem VII.2.14 implies

b(v,w) = (Bv|w) = (@Bv,w) forv,weV .
The claim then follows after putting O, := ©%5. =

(c) For every basis {v1,...,vm} of V, the Gram determinant with respect to b,
that is,

Gy = det([b(vﬁvkﬂ) 5
is nonzero.

Proof The determinant Gy is zero if and only if the system of linear equations

> b(vj,v)" =0 for1<j<m, (2.24)
k=1

has a nontrivial solution. If v := >"7" | €"vy, then (2.24) is equivalent to b(v;,v) = 0 for
1 < j < m. Because {v1,...,0m} is a basis of V and b is nondegenerate, it follows that
v =0, and we are done. m

(d) Suppose (b1,...,by) is a positive basis of V and (8%, ..., 3™) is its dual basis.
Also assume B is unitary. Then

eLA-Ae™=/|Go| BLA - AB™ .
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Proof The first part of the proof of Proposition 2.13 shows that
e A ANe™ =det(B)S A A BT,

where B € L(V) is the change of basis from (e1,...,em) to (b1,...,bn). With the
representation 8 of b, we find

b(bj, br) = (Bb; | br) = (BBej | Ber,) = (B*BBej|er) for 1 <j,k<m.
As in the proof of Proposition 2.13, this implies
Gy = det[b(b;, by)| = det(B*BB) = det(B)(det(B))” .
Because | det(B)| = 1, it follows that (det(B))? = |G|, which implies the claim. m

Suppose now Or is an orientation of V' and b is a nondegenerate symmetric

bilinear form on V. Also let (e1,...,€,) be a positive b-ONB of V' whose dual

basis is (e!,...,e™).

On V*, we define by
b.(v*, w*) = b(O, 'v*, 0, 'w*) for v, w* € V* .

the nondegenerate symmetric bilinear form b,. For a',...,a",3',...,8" € V*,
we set

br(a' Ao Al BEA A BT) = det[bu(af, BF)]
and therefore by = b,; we also define
b AV X ANV =R forr>1

by bilinear extension using the basis representation of Proposition 2.3(i). As in
(2.16)—(2.19), it follows (with bg := (-|-)o) that there is a linear map

ANV = A\N"T"V* a—xa
for 0 < r < m, called the Hodge star operator, that is characterized by

AAB=bp (xa,B)e A ANe™ for e NTTTVE. (2.25)

2.19 Remarks (a) The Hodge star is an isomorphism that depends only on the
bilinear form b and the orientation, not on the b-ONB.

(b) For 1 <r<m, {el); (j)€J,}isab,-ONB, and for w:=e> A--- A™, we
have b,, (w,w) = sign(b).

Proof The first statement follows easily from the definition of b,. Because
bm (w,w) = det(diag[b.(e',€"),. .., bu(e™,e™)])
= det(diag[b(el, €1),...,b(em, em)]) ,

the second statement is also true. m
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(c) We have %1 = sign(b)w and *w = 1. Also
+el0) = 5(j)bm_rn(e9%), 0N for (j) €7,

for1<r<m-—1.

Proof First w =1Aw = by (*1,w)w implies by, (x1,w) = 1. Next dim(A™V™*) =1 gives
*1 = aw with a € R. From this we obtain with (b) that

1=0bm(*1,w) = abm(w,w) = asign(b) ,

and therefore a = sign(b). This proves the first claim. Analogously, we find *w = 1.
Suppose 1 <r <m —1 and (j) € J,. Then

W= s(j)&:(j) Al — s(j)bmfr(*s(j),suc))w ,

and therefore b, (xe@,e99) = 5(j). Note {e® ;
A"V Also %€ € A"V and by, (xR
xe) = qeU") with a € R, and therefore

abm,r(s(ju),s(ju)) _ bmfr(*sm’g(j“)) =s(j) .

(k) € J,,_,} is a by—-ONB of
= 0 for (k) # (5°). It follows that

This implies a = s(j)bm_r(e7,eU")). Now the last claim is clear. m
(d) For a € A"V* with 0 < r < m, we have *xa = sign(b) (—1)"(™"a.
Proof As in the proof of (c), we obtain from
by (52U, D)y = £U) A @) = (L1)7m 6D p U () (—1)7 Mg
that *eY") = s(5)(=1)"" b, (9, £9))el) . Therefore we find by (c) that
£ (4D) = 1 () brr (9, £0))0))
()2 (=)D (69, D), (U9, 20

from which the claim follows. m
(e) For o, 8 € \"V*, we have
aA*xf =0 Axa =sign(b) b, (a, fw .

Proof This is true by an obvious modification of the proof of Example 2.17(f). m

An important use of these ideas is the Minkowski space Ri3 = (R, (-] )13),
that is, the “spacetime” of special relativity with the Minkowski metric

(z | ?/)1,3 = ToYo — T1Y1 — X2Y2 — X3Y3 -

(In relativity theory, the “O-th coordinate” is the time.) We will elaborate on this
later.

An indefinite nondegenerate symmetric bilinear form b is also called an in-
definite inner product; accordingly, (V;b) is an indefinite inner product space.
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Tensors

For the sake of completeness, we now briefly introduce the concept of general
tensors, which we will encounter in several later sections. Suppose 7, s € N. An
(r + s)-linear map

Y Vix o x VXV x---xV =R

T S

is called a tensor on V of type (r, s) or an (r, s)-tensor. In particular, v is con-
travariant of order r and covariant of order s (or r-contravariant and s-covariant).
We denote by T7 (V) the normed® vector space of all (r, s)-tensors on V.

For v1 € T} (V) and 72 € T;2(V), the tensor product v; ® 2 is defined by

1 1
M@y, ..., B B0, U, W, Wy )
1 1
=m(a, ., v, v ) ye(B, ., 07w, W)
with o, ..., B, ... 82 € V* and v1,...,vs, W1, ..., Ws, € V.

In the following and as usual, we identify V** with V using the canonical
isomorphism k of Remark 2.8.

2.20 Remarks (a) 73(V) =V, TY(V) =V* and TY(V) = L2(V,R).
(b) For v € T} (V), there exists exactly one C' € L(V) with
y(w*v) = (v*,Cv) forveV, v eV*. (2.26)

The map
TII(V)—>£(V) , 7—C
is an isometric isomorphism.

Proof For v € V, the map (-, v) belongs to V** = V. Because v is bilinear, we have
C:=(v(-,v)) € L(V)

with (v*, Cv) = v(v*,v) for (v,v*) € V x V*. Conversely, every C € L(V) defines by
virtue of (2.26) a v € T (V). The last claim is now clear. m

(¢) The tensor product is bilinear and associative.

(d) Letting m := dim(V), we have dim (77 (V)) = m"™. If (e1, ..., en) is a basis
of V and (e!,...,e™) is its dual basis, then

{e @ ®ej;, @@ @b ji ke {l,...,m}}

is a basis of T (V).

8See Theorem VII.4.2.
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Proof We leave the simple proof to you. m
() A"V*is a vector subspace of T2 (V).
(f) The dual pairing (-,-): V*xV — Risa (1,1)-tensor on V. m

Exercises
1 For T € L7(V,R), the alternator, Alt(T), is defined by
1 .
AW(T)(v1,...,vp) = = Z sign(o)T (Vo(1)s - - - Vo (r))
r €S,

for v1,...,v, € V. Show that
(a) Alt € L(L"(V,R), A"V™);
(b) Alt? = Alt.

2 For S € L5(V,R) and T € L!(V,R), define S® T € L5T*(V,R) by
ST (Ui, Vs, Vst1ye-eyVstt) = S(V1, .0y 0s)T (Vs1y .-y Ustt) 5

where v1,...,vs4¢ € V. Show that for « € A"V* and 5 € A°V™,

|
ahf= (TT‘?)' Alt(a® f) .
rls!
In Exercises 3-8, let (V, (-, |-),Or) be an oriented inner product space, let w be its

volume element, and let © be the Riesz isomorphism.

3 Let dim(V) = 3. Then the vector or cross product x on V is defined by®
X: VXV =V, (v,w)—ovxw:=0 "wuw,-).

Show the following:
a) (vxwl|u) =w(,w,u) for u,v,w € V.

b) The vector product is bilinear and alternating.

d) If v and w are linear independent, then (v, w,v X w) is a positive basis of V.

[§

(
(
(c¢) The vector v X w is different from zero if and only if v and w are linearly independent.
(
(e) The vector v x w is orthogonal to v and w.

(

)
f) For v, w € V\{0}, we have

o x w| = /Jol? [w]? — (v w)? = o] [u]sing .

where ¢ € [0, 7] is the (unoriented) angle between the vectors v and w.

9See Remarks VIII.2.14.
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(g) Let (e1,e2,€3) be a positive ONB of V. Then for v =3, €lej and w = PP ne;, we
have
vxw= (" = &nMer + (%" =0 )ex + (€17 — ' es
(h) (Grassmann identity) v1 X (v2 X v3) = (v1 |vs)va — (v1 | v2)vs.
(i) The vector product is not associative.
(G) (v1 X v2) X (v3 X va) = w(v1,v2,v4)v3 — wW(V1, V2, V3)V4.
(k) (Jacobi identity) v X (v2 X v3) + v2 X (v3 X v1) +v3 X (v1 X v2) = 0.
(Hints: (f) Recall Proposition 2.13 and (a).  (h) The vector product is determined by
its values in the basis (e1, e2, e3).)
4 For 0 < r < m, verify the following formulas:
(a) (x| B)m—r = (=1)"™ (| %8), for a € A"V* and S € N™ V™.
(b) (xa) AB = (*8) Aa for a,3€ N"V*.
(¢) *(Ov A %Ow) = (v|w) for v,w € V.
5 Let (b1,...,bn) be a positive basis of V with (8',...,3™) its dual basis. Prove these:
(a) B AxB* = g"VGB A A B for 1 < ik < m.
(b) 87 = 7 (-1)* g VG B A - '/\B\’“/\"'/\Bm for 1 < j <m. If V is three-

dimensional, show that

3

(B NBY) = —= sign(i.k.0) 3 9uf' = & sign(ji k. )Obe

i=1

ﬂ

for (], k,E) € Ss.
6 In the case dim(V) = 3, show v x w = O~ ' (x(Ov A Ow)) for v,w € V.
7 Let (b1, be,b3) be a positive basis of V with dual basis (8*, 8%, 3%). Show that

3
b X by = VG sign (4, k, £) Zg“bi =VG sign(7, k,f)(ﬂ*l[#

i=1
for (j,k,£) € Ss.

8 Let (W,(-|-)w,Or(W)) be an oriented inner product, and let A € L(V,W) be an
orientation-preserving isometry (that is, A*ww = wy). Then show that the diagram

/\TV* /\mf'rv*
A* A*
/\TW* /\mf'rW*

commutes for 0 < r < m.

9 Formulate and prove the claims of Exercises 4 and 5 for indefinite inner product
spaces.
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10 For k € N, let Ki[X] be the vector space of all polynomials of degree < k over
K. Show that K[X] = @+, Kk[X] is a graded commutative algebra with respect to the
usual multiplication of polynomials, that is, with respect to the convolution of Section I.8.

11 Let (€% ', %, €%) be the basis dual to the standard basis of R*. For ¢, E;, H; € R,
set

a:= (Eie' + B2 + E3e®) Aee® + (Hie® Ae® + Hoe® Ae' 4+ Hze' Ne?)
8= —(Hie' 4+ Hae® + H3e®) A ce® + (Ere® Ae® + Eae® Ne' + Eze' Ae?)

and calculate *a and *3 with respect to (-|-)1,3.



3 The local theory of differential forms

In Section VIII.3, we learned much about differential forms of degree 1, the Pfaff
forms, and we developed a calculus that forms the foundation for the theory of line
integral. Now we extend these ideas to more dimensions. In a first step, to which
this section is given, we introduce differential forms of arbitrary degree on open
subsets of Euclidean space, and we provide the calculus of differential forms in
this “local” situation. In the sections thereafter, we consider the general situation,
namely, differential forms on manifolds.

A differential form of degree r on an open subset X of R™ is nothing other
than a set consisting of an alternating r-form on the tangent space T, X for each
x € X. For this reason, the first part of this section is really only a reformulation
of the results of linear algebra provided in Section 2. Rather than formulating new
theorems, we will explain the definitions with remarks and examples. Analysis will
come into play when we introduce an operation on differential forms, the exterior
derivative. The exterior derivative makes use of concepts from analysis and goes
beyond linear algebra.

In this entire section
e X isopen in R™ and K = R.

Definitions and basis representations

For z € X, the cotangent space TxX = {z} x (R™)* is the space dual to the
tangent space T, X = {z} x R™. Therefore the exterior product

NTiX ={z} x N"(R™)* forreN (3.1)
and the Grassmann algebra

AT X = {z} x A(R™)

are well defined on T; X. We can generalize the tangent and cotangent bundle by
defining the bundle of alternating r-forms on X by

NTX = |JNT;X =X x N'(R™)*
zeX
and by defining the Grassmann bundle of X by
AT*X = | J AT; X = X x A(R™)* .
reX

A map
a: X > A\N'T'X  with a@) e N"T;X andz € X,
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that is, a section! of the Grassmann bundle, is called a differential form of de-
gree r (for short, an r-form) on X. By (3.1), every r-form on X has a unique
representation

a(z) = (z,a(x)) forxe X

whose r-covector part (for short, covector part) is
a: X — N (R™)*.

Let k € NU {oo}. The r-form a belongs to the class C* (or is k-times
continuously differentiable,? or smooth in case k = o) if this is true for its covector
part, that is, if

acCF (X, /\T(Rm)*) . (3.2)
This definition is meaningful because, according to Remark 2.2(a), A" (R™)* is a
(closed) vector subspace of L"(R™, R).

For simplicity and in order to concentrate on the essential aspects of the
theory, we consider almost exclusively smooth r-forms and smooth vector fields.
We treat the C* case only briefly in remarks, whose verification we leave to you.

We denote the set of all smooth r-forms on X by Q7(X). For short we set

E(X):=C=(X) and V(X):=V>(X).

If vq,..., v, are vector fields on X with corresponding vector parts vy, ..., v,
that is, if vj(z) = (z,v;(x)) for x € X and 1 < j <r, then we set

a(vi,...,v)(z) = a(z)(vi(z),...,v,(z)) forzeX. (3.3)
Then it follows from (VIIL.3.1) that
a(z)(vi(z),...,v.(v)) = a(z)(v1(x),...,v.(x)) forze X,
that is,
a(vy,...,v.) =alvr,...,v0) . (3.4)

This shows that, without causing misunderstanding, we can identify an r-form «
with its covector part a and a vector field v with its vector part v. For this reason,
we will from now on write differential forms and vector fields in a normal font (not
boldface). In each instance, you will be able to decide without trouble whether a
symbol describes a form or its covector part (or whether it means a vector field or
its vector part).

IWe apply the language of the theory of “vector bundles”. We will not elaborate on these
here (but see for example [Con93], [Dar94], or [HR72]), although it would lead to a unification
of various ideas.

2Naturally, we say an r-form of class C is continuous.
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Addition
QX)) xQ(X)—- Q" (X)), (a,8)—a+p
and the exterior product
A QX)X QX)) - QX)) , (a,8)—aAf
are performed pointwise:
(a+P)(z) :=a(z)+ 6(x) and (aApf)(x):=alx)Ap(x) forzeX .
These maps are obviously well defined.
3.1 Remarks (a) Q°(X) = &(X).
(b) Q1(X) = Qo) (X), that is, the smooth 1-forms of X are C*> Pfaff forms on X.
(c) Q"(X) = {0} for r > m.

(d) Q"(X) for 0 < r < m is an infinite-dimensional real vector space and a free
£(X)-module of dimension (") (with respect to pointwise multiplication). A
module basis for Q" (X) is given by

{dx(j) =dadt AN Ndadm o (5) €D, } . (3.5)

Proof Because of (a) and the canonical identification of R with the subring® R1 of
E(X), we have the relation a A 8 = af for a € R and 8 € Q(X). The first statement
then follows immediately from Remark 2.2(a) and Example 1.12.3(e).

According to Remark VIIL.3.3, (dz*(z),...,dz™(z)) is the basis dual to the canon-

ical basis ((€1)z,...,(em)z) of Tz X. Then the remaining claim follows from Proposi-
tion 2.3. m
(e) An r-form a on X belongs to the class C¥ if and only if every r-tuple vy, . . ., v,
in V¥(X) satisfies
afv, ..., v) € CF(X) . (3.6)
This is the case if and only if the coefficients a(;) of the canonical basis represen-
tation*
a= Z a(j)dxm (3.7)
()ET,
satisfy the relation
ajy € C*(X) for (j) €7, . (3.8)

31(z) =1 for z € X.
41t follows from Proposition 2.3, as in the proof of (d), that (3.5) is a basis of the RX-module
of all r-forms on X.
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Proof When o belongs to the class C*, it follows easily from (3.2) and Corollary VII.4.7
that (3.6) is true. Then because (2.4) implies

ag) = a(ejlv sy ejr) ) (39)
(3.8) follows from (3.6). If (3.8) is satisfied, we conclude from (3.7) and the constancy of
the basis forms dz'?) that o belongs to the class C*. m

(f) The exterior product® is bilinear, associative, and graded anticommutative.

Therefore
QX)) =P aXx)
r>0

is an (infinite-dimensional) associative, graded anticommutative algebra (with re-
spect to the product A). Also Q(X) is a free £(X)-module of dimension 2™ (with
respect to pointwise multiplication); we call it the module of differential forms
on X.

Proof These are simple consequences of Theorem 2.7 and (d). m
(g) Every a € Q"(X) is an alternating r-form on V(X).
Proof This follows immediately from the definition (3.3). m

(h) (regularity) For k € N, let Qf;,(X) be the set of r-forms of class C* on X. Then
the previous statements hold analogously for €2f;,(X) when £(X) is replaced everywhere
by CH(X). m

In the following, we will generally not state that the coefficients a(;y of the
canonical basis representation (3.7) of o € Q"(X) belong to £(X). This will be
deemed self-evident.

3.2 Examples (a) As we already know, every Pfaff Form a € Q'(X) has the
canonical basis representation

m
o= E a; dz’ .
Jj=1

(b) For v € Q™ 1(X), the basis representation has the form
a:Z(—l)jflajdxl A Adad A Adz™
j=1
(¢) In the case m = 3, any o € Q2?(X) has the basis representation®

a=ayde® ANz + as da® Adzt + as dat A da? .

Proof Because da® A dax? = —dx® A da?, this follows from (b). m

5Sometimes we say wedge product instead of exterior product.
6Note the cyclic permutation of the indices.
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(d) Every a € Q™(X) has the form adz! A -+ A dz™ with a € £(X).
(e) For m = 3, the wedge product of
a = ay dz' + as dz? + az dz® and 8= by dz' + by da® + b da?
* a A B = (azbs — azbs) dz? A dz® + (agby — a1b3) dx® A dzt
+ (a1by — aghy) da' Adx? .

Proof This follows from Remark 3.1(f). m

Pull backs

Let Y be open in R" and ¢ € C*°(X,Y). In a generalization of the pull back of
Pfaff forms, we introduce the pull back of differential forms by . It is a map

" QYY) — Q(X) (3.10)
defined by

(¢*B)(x) == (Twp)*B(p(z)) for z € X and B € Q) . (3.11)
If B € Q(Y), then, because Tho € L(T:X,T,)Y) and by Remark 2.9(a),
both (T;0)*B(p(z)) and B(p(x)) € NIk, Y lie in A'T;X. From T,p =

(ga(a:),&p(x)) and
dp € C(X,L(R™,R™))

and also because (3.4) implies
e *B(v1,...,v.)=(Bo cp)((ago)vl, ce (830)1%) for vi,...,v. € V(X),

we see by Remark 3.1(e) that ¢*( belongs to Q"(X). Therefore (3.10) is well
defined through (3.11).

3.3 Remarks (a) The map (3.10) is R-linear and satisfies
(pop) =9 o™ and (idx)" =idgy) ,

that is, the pull back operates contravariantly. It is also compatible with the
exterior product, that is,

P (anp) = ane™s fora,pfeQY).
Therefore ¢* is an algebra homomorphism from Q(Y) to Q(X).
Proof This follows from Remarks 2.9 and the chain rule given in Remark VII.10.2(b). m
(b) (regularity) The pull back can also be naturally defined for ¢ € C**1(X,Y). If
1 < r < m, then an r-form of class C**! generally becomes an r-form only of class C*,

while an r-form of class C* remains in the same class. In the case r = 0, the pull back
preserves the regularity. m
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3.4 Examples Let (z',...,2™) and (y',...,y") be the Euclidean coordinates of
X and Y, respectively.

(a) " dy’ = dy’ zzakgajdxk and 1<j<n.

k=1
Proof See Example VIIL.3.14(a). m
(b) For
B=Y bydy? e (Y),
(1€,
we have

e B= Y (b)) dp" .

(7)€l
Proof This is a consequence of (a) and Remark 3.3(a). m

(c) In the case m = n, we have
O (dy A Ady™) = dp' A--- Ade™ = (det D) dat A Ada™ .

Proof The first equality follows from (b). Because det T, = det dp(z) for z € X, the
claim follows from Proposition 2.10 and the constancy of the basis form dz' A --- A dz™
on X. m

(d) Let m = 2 and n = 3, and let (u,v) and (x,y,z) be respective Euclidean
coordinates of X and Y. Then”

e (ady Ndz +bdz Adx + cdx A dy)
A(¢?, ¢%)

_ A(¢® ¢") e, ¢?)
B [a °v O (u,v)

+bop 2Tt co

d(a,v) P 0w, 0) [ dundo.

Proof Because dy’ = ), du + ¢ dv for 1 < j < 3 and because

(02, %) ©0n v 2 3 3 2
a(u’ ’U) € Soi 90?; PuPov = PuPo

etc., the claim follows from (b) and Example 3.2(e). m
(e) (plane polar coordinates) Let

f2: R2 =SR2, (r,9) — (z,y) := (rcosp,rsin )
be the polar coordinate map. Then

fo(de ANdy) =rdr ANdp .

Proof This follows from (c) and Example X.8.7. m

7See Remark VIIL.7.9.
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(f) (spherical coordinates) For the spherical coordinate map
f3:R* = R3 (r,0,0) — (z,y,2) = (rcospsind, rsingsind, rcosd) ,

we have
fi(de Ndy Adz) = —r*sinddr Ade A d .

Proof Lemma X.8.8 and (c). m
(g) (m-dimensional polar coordinates) Let
fm R = R™ | (r,0,01,...,0m_2) — (z',...,2™)
be the m-dimensional polar coordinate map (X.8.17). Then
frdet A Ade™ = (=)™ w, (9) dr Ade A ddy A A dO 2
where wy, (¥) := sin sin? ¥y - - sin™ 2 9, _o.
Proof This follows from Lemma X.8.8. m
(h) (cylindrical coordinates) Let
fRE SR, (rp2)— (x,y,2) := (rcosp,rsing, z)
be the cylindrical coordinate map. Then

ffdxANdyndz)=rdrAdpANdz .

Proof Example VIL.9.11(c) and (c). m
(i) If ¢ is a constant map, then p*a =0 for o € Q"(Y') with r > 1.

Proof Because dp’ =0 for 1 < j < n, the claim is a consequence of (b). m
(j) Let m < n, and let i: R™ — R" o
be the natural embedding that identi- R

fies R™ with R™ x {0} € R". Also let
Y be open in R" with X

Y N (R™ x {0}) Di(X) . > R™
Note that X is an m-dimensional sub- }/_J
manifold of Y.
For a € Q"(Y'), define «| X, the restriction of « to X, by

(| X)(z) = a(x,0)| (T X)" forze X .

In other words, when a has the basis representation

a= Z agy) dz) |

(el
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it follows that

(a| X)(z) = Z a(j)(x,O)dx(j) forx e X .

(el
jr<m

Then i*a = a| X.
Proof Because of the linearity of i* and that of the restriction map
QY)-Q"(X), a—alX,
it suffices to consider the case a = ada'?) for (j) € J?. Then it follows from (b) that
‘o= (ia) di'? .

By (i*a)(x) = a(x,0) and i* = pr i =0 for m +1 <k < n (where pr;, : R" — R is the
canonical projection), we have di”) = 0 for j, > m. For j, < m, we find di’) = dz¥.
Now the claim is obvious. m

(k) Let (g,p) € R™ x R™ = R?™ be any point of R*™. We define the (standard)
symplectic form on R*™ by

o= de] Adg’ .
j=1

We denote by Sp(2m) the set of all S € L(R*™) with S*o = 0. Then Sp(2m)
is a subgroup of Laut(R®™), the symplectic group. Any S € Sp(2m) satisfies
det(S) = 1.

Proof We define o € Q*™(R*™) by a:= g A--- Ao (with m factors). Then there is an
a € R* such that o = aw, where w denotes the volume element of R*™. Suppose now
S € Sp(2m). Then it follows from S*o = o and Remark 3.3(a) that

S*a=S0oN---ANS'o=0cAN--No=a.
Because S*a = S*(aw) = aS*w and from (c), we find
a=S"a=adet(S)w = det(S)a ,

and therefore det(S) = 1. We leave the proof that Sp(2m) is a subgroup of Laut(R*™)
to you as an exercise. m

The exterior derivative

In Section VIIL.3, we saw that the differential df of a function f € £(X) = Q°(X)
is a smooth Pfaff form and therefore an element of Q! (X). Obviously d: Q°(X) —
Q!(X) is linear. In addition, we know from Proposition VIIL.3.12 that d commutes
with pull backs. The following theorem shows that d can be extended to an R-
linear map from the module (X)) of differential forms to itself; this map likewise
commutes with pull backs.
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3.5 Theorem There is exactly one map
d: QX)) — QX),

the exterior derivative,® with the properties (i)-(iv):
(i) d is R-linear and maps Q" (X) to Q"1 (X).
(ii) d satisfies the product rule

dlanp)=danp+(-1)"andf foraeQ(X)and e QX).

(iii) d®> :==dod=0.
(iv) The exterior derivative df for f € £(X) equals the differential of f.
IfY is open in R™ and ¢ € C*(X,Y), then

dop* =" od, (3.12)
that is, the exterior derivative commutes with the pull back.

Proof (a) (uniqueness) For

a= Y agda eQ(X), (3.13)
(e,

it follows easily from (i)—(iv) that

da= > dagy Ndz") € QX)) . (3.14)
()€,

This implies that at most one map can satisfy the properties (i)—(iv).

(b) (existence) For a € Q"(X) expanded as in (3.13), we defined da by (3.14).
Then d obviously satisfies the demands (i) and (iv).

To show (ii), realize that (i) means we need only consider the case o = a da7)
and 8 = bdz® with (j) € J, and (k) € J,. Then it follows from (3.14), the prop-
erties of the exterior product, and the ordinary product rule of Corollary VII.3.8
that

d(a A B) = d(abdz9) A dz®) = d(ab) A dzD A dz®)
=da Adz'9 Abde™® + (=1)"adz'D A db A de®)
= d(adzD) Abdz® 4+ (=1)"adzD A d(bdz™)
=daANf+(-1)"andb,

as desired.

8Sometimes the exterior derivative is called the Cartan derivative.
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For the proof of (iii), we can use the linearity of d to again restrict to the
case o = adr) with (j) € J,. Then it follows from (3.14) and (ii) that

d(de) = d(da A dzD) = d?a A dz9) — da A d(dzD) .

By successive application of the product rule (ii) to d(dz?)), we see that the claim
will follow if we can show d%a = 0 for a € Q°(X) = £(X).

Suppose therefore a € £(X). Then we may use (i), (ii), and (iv) to derive
the relation

d(da) = (i 8kadxk) - i d(By,a) A da*

k=1 k=1

0;0kade’ Ndz* = > (9;0ka — Oxdja) da’ Ndak =0,

m
Gk=1 1<j<k<m

where the last equality follows from Schwarz’s theorem (Corollary VIL.5.5). There-
fore (iii) is satisfied.

(c) Suppose ¢ € C®(X,Y) and (j) € J*. Let 8 = bdy") € Q"(Y). Then
according to Example 3.4(b), we have

¢ B=¢"bdp") € Q"(X) . (3.15)
From (3.14) and the property of the pull back explained in Remark 3.3(a), we get
@ df =@ (db AdyD) = " db A" dyD) = " db A dpl) .

Proposition VIII.3.12 implies ¢* db = d(¢*b). Therefore we find using (i), (iii),
and (3.15) that

¢"dB = d(g"b) AdpW) = d(p*b) AdpY) + (=1)" b A d(de'D)
=d(e*bAdp) = d(¢*B) -

Now (3.12) follows from the linearity of ¢* and d and from Remark 3.1(e). m

3.6 Remarks (a) For o=}, 5 a( dz\) € Q7(X), we have

da = Z da(j) Adx9)
()€,

Proof This is the statement (3.13), (3.14). m
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(b) For ¢ € C>*(X,Y) and r € N, the diagram

Qr (Y) d Qr+1 (Y)

SD* QO*
d

Q" (X) Q" (X)

commutes.

Proof Thisis (3.12). m

(c) (regularity) If v is an r-form of class C**1 then da is obviously an (r + 1)-form of
class C*. However, for a = adz with (§) € J™, we have

da = da A dz) = Zaiadxi A dz?) ,

where we only sum over the indices i € {1,...,m} with i # j for 1 < k < r, because
dz' A dz'9 = 0 is true of the remaining indices. Hence there is an r-form a of class C*
for which da also belongs to the class C*. m

3.7 Examples (a) For a = Z;nzl ajdz’ € QY(X), we have

do = Z (9;a1, — Ogay) dz? A da® .

1<j<k<m

(b) For a = Z;n:l(—l)j_laj dz' A Adzd A Adz™ € Om=1(X), we get

do = (iﬁjaj) dz* Ao Adax™

j=1
(c) da=0forac Q™(X). m

The Poincaré lemma

A differential form o € Q(X) is said to be closed if do = 0. We say it is exact if
there an antiderivative 8 € Q(X) such that? dj3 = a.

3.8 Remarks and examples (a) Example 3.7(a) says a = Y.~ | a; dz? is closed
if and only if 0jar, = Oka; for 1 < j,k < m. Therefore this extended notion of
closedness reduces to the definition of Section VIII.3 in the case of Pfaff forms.

9Saying that a form is exact implies that it has degree at least 1.
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(b) Every exact form is closed.
Proof This follows from d* = 0. m

(c) Every m-form on X is closed.

Proof Example 3.7(c). m

(d) (regularity) The definition of closed is clearly meaningful for forms of class C'; the
notion of exact makes sense for continuous differential forms. m

In Theorem VIII.3.8, we have seen that every closed Pfaff form is exact if X
is star shaped. In the following, we will show that this “lemma” of Poincaré is
also true in the general case.

Let I :=[0,1], and let ¢ be a generic point in I. For £ € {0, 1}, the injection
i: X —=>IxX, x (Lx)

is smooth. Obviously i¢ and ¢; identify the X with the “bottom” {0} x X and the
“top” {1} x X, respectively, of the cylinder I x X over X. Therefore!?
i;: (I x X)— Q' (X)

is defined. For a € Q(I x X) the form i§a [or ija] is a restriction of a to X.
It is obtained by replacing (¢,x) by (0,z) [or (1,z)] in the coefficients of the
canonical basis representation of «, and by removing all terms in which d¢ occurs
(see Example 3.4(j)).

We define a linear map

K: QI x X)— Q"(X)

by .
Kaw= Y / ag(t, ) dt dz (3.16)
(el 70
for
a = Z ayy dt/\dl‘(j)—l- Z b(k) dz®) | (3.17)
(9)€T, (k)ET, 1

3.9 Lemma K is well defined and satisfies
Kod+doK =i —1if . (3.18)
Proof The theorem about the differentiability of parameter-dependent integrals

(Theorem X.3.18) implies easily that Ko, defined for the a of (3.17) by (3.16),
belongs to Q7(X). Clearly the map K is also linear.

10Because the partial derivative 0; is defined on I, it is clear how differential forms are defined
on I x X. Note that I x X is a manifold with boundary, and see Section 4.
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To show (3.18), it suffices to consider the cases o = a dtAdz?) and o = bdx®
with (j) € J,. and (k) € J,. ;.

(i) Let a = adt A dx'). Then o = ia = 0. We also get

K da = K(da Adt A de')) = (Za cada’ pdtndo)

:—Z/ Ogealt,-) dtdz’ A da)

where we have used dt A dt A dz?) = 0. On the other hand, Theorem X.3.18 gives

1
d(Ka):d(/ a(t, ) dt dal Z/ dyealt, ) dt dz’ A dz') .
0

This proves the claim in this case.

(ii) Let o = bdz™® with (k) € J,,,. Then Ka = 0, and therefore dKa = 0.
Also, we find

m
da = o;bdt A de'™) +> " 0,ebda’ A da™
=1
and

Kda = / Ob(r,-)dr da™ = (b(1,-) — b(0,-)) da®) =it — ifer
so the claim holds in this case also. m

Let M and N be manifolds. Two maps fo, f1 € C°°(M, N) are said to be
homotopic in IV if there is a map!! h € C°°(I x M, N), a homotopy, such that
h(g,-) = fj for j = 0,1. A map f € C*(M,N) is null-homotopic in N if it
is homotopic in N to a constant map. Finally, we say M is contractible if the
identity map from M to M is null-homotopic.

3.10 Remarks (a) The statement “f; is homotopic in N to fo” defines an equiv-
alence relation in C°°(M, N) (or, more generally, in C*(M, N)).

(b) The concept of a (continuous) homotopy obviously generalizes the idea of a
loop homotopy (see Section VIIL.4).

(c) Every star shaped open set is contractible.
Proof Let X be star shaped with respect to zop € X. Then

h:IxX—X, (t,z)— zo+t(x—xo0)

is obvious a homotopy with h(0,-) = zo and A(1l,-) = idx. m

HNote that I x M is a manifold with boundary.
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(d) (regularity) For k € N*, the definitions above are meaningful for C* manifolds M
and N if all the functions that appear belong to the class C*. They are then also mean-
ingful if M and N are topological spaces and all functions considered are continuous. m

We can now easily prove the generalized Poincaré lemma.

3.11 Theorem (Poincaré lemma) If X is contractible, then every closed differential
form on X is exact.

Proof Suppose a € Q"t1(X) is closed. Because X is contractible, there exists
an h € C°(I x X, X) such that h(1l,-) = idx and h(0,-) = p for some p € X.
Because « is closed, h*a € Q"F1(I x X) is also closed because d o h* = h* o d.
Therefore it follows from Lemma 3.9 that

d(Kh*a) =i7h*a —igh*a = (hoi1)'a =« .

This is because hoi; = idx and because ifjh*a = (hoig)*a is a null form according
to Example 3.4(i). m

We should point out that the proof of the Poincaré lemma gives an explicit
procedure for constructing an antiderivative of a given closed differential form.
The situation is particularly simple when X is star shaped, where we can assume
without loss of generality (by applying a suitable translation) that X is star shaped
with respect to 0.

3.12 Corollary Suppose X is star shaped with respect to 0. Suppose with r € N*
that

o= Z ag) dz) e Q" (X)
()€l

is closed. Also let
Z Z )t / " lag (tr) dt 7 da?* A Adziv A~ A dadr . (3.19)
()€, k=1

Then (3 belongs to Q"~1(X), and df = a.

Proof In this case, h(t,z) := tz for (t,x) € I x X defines a “contraction of X
to 07. From dh/ = 27 dt 4+ t dz? and Example 3.4(b), it follows that

ha(t,z) = Z agy(tx)t” dz?)

(4)€l,

+ZZ St ade dt A da?t A -/\CE};‘/\---/\dl‘jr,
(9)€d, k=1
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because those terms in which dt occurs at least twice vanish. From (3.16) and
(3.17), it follows that 8 = Kh*«, and the claim now follows from the proof of the
Poincaré lemma. m

3.13 Remarks (a) In the case r = 1, that is, when « is a Pfaff form, the formula
for (3 is the case as the one in (VIIL.3.4).

(b) Let m = 3 and
a = ayde® ANda® + ag da® Adz' + agdat Ada? € QQ(X) .

Then the problem of finding a 6 = Z?:1 bj dz? with d = « is equivalent to the
problem of finding three functions by, ba, b3 € £(X) that satisfy the system

O1by — Dby = as
821)3 — 831)2 =a , (320)
83b1 — 81b3 = a2

of partial differential equations in X. Then, for given a; € £(X),
Ora1 + Oras + 03a3 =0 (3.21)
is required for (3.20) to have a solution. If X is contractible (for example X = R?),

then (3.21) is also sufficient.

Proof By Example 3.7(a), (3.20) is equivalent to d = «. Example 3.7(b) shows that
(3.21) is equivalent to da = 0. Now the claim follows from d*> = 0 and the Poincaré
lemma. m

From Corollary 3.12, it follows in particular that in the case of star shaped
domains, (3.20) can be solved by quadrature using the formula (3.19). In the
general case, the equation d3 = « can clearly also be reformulated as an equivalent
system of partial differential equations.

Of course, (3.20) does not have a unique solution, because a closed form can
be added to 3, that is, one can add any solution (b1, b2, b3) of the homogeneous
system obtained by zeroing the right side of (3.20).

Tensors

Let r,s € N. For x € X, we set

T7(T,X) = {a} x TT(R™) (3.22)
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and call v € T7(T,X) an r-contravariant and s-covariant tensor, or tensor of
type (v, s) on T, X. The bundle of (r, s)-tensors on X is defined by

T7(X) = | TI(TX) = X x T (R™) .
reX

A map
vi X STH(X)  with ~(z) € TN(TLX) ,
that is, a section of the tensor bundle 77 (X), is called an (r, s)-tensor (field) or
tensor of type (r,s) on X. By (3.22), every (r, s)-tensor v on X has the unique
representation
Y(@) = (z,7(z)) forze X,
with the principal part!'?
v: X =TI (R™) .
Let K € NU {oc}. An (r,s)-tensor v belongs to the class C* (or is k-times
continuously differentiable or smooth if £ = co) if this is true of its principal part,
that is, if'3
v e CH(X, LT (R™,R)) .

We denote the set of all smooth (r, s)-tensors on X by

TI(X).
If a, ..., «a, are Pfaff forms and v, . .., v, are vector fields on X with correspond-
ing principal parts a1, ...,a, and vy, ..., v, then we will set

(@, oy v1, 0 (@) = (@) (a1 (), . (@), v (), (@)

for z € X. (This is clearly consistent with (3.4).) For these reasons, we can use
the same notational conventions as before with vector fields and differential forms,
that is, we identify tensors with their principal parts, and from now on use the
ordinary font instead of boldface.

Addition
I) (X)) I (X) = T/(X) . (7,0) =7+,
multiplication by functions
EX) X T](X) = TJ(X), . (fiv) = [y
and the tensor product

THX) x TR(X) = T2 (X)), (1,0) >y @4 (3.23)

s1+S2

121 the case s = 0, we called this the vector part, and for » = 0, we called it the covector
part. A tensor combines vectors and covectors, so such terminology is no longer possible.
13 As usual, we identify Tz R™ and TFR™ with R™.
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will also be defined pointwise:
(v +0)(@) :=7(@) +6(x) ,  (f)():=fl)y(z), (y®0)(x):=(z)®d(z).

The following remarks are simple consequences of Remarks 2.20 and the chain
rule. We leave the detailed proofs to you as exercises.

3.14 Remarks (a) 7, (X) = V(X) and 7,°(X) = Q'(X). Also
T)(X) = C™(X,L*R™)) ,
where we have used the canonical identification of a tensor with its principal part.

(b) The tensor product is £(X)-bilinear and associative.

(¢) 77(X) is an infinite-dimensional R-vector space and an m”**-dimensional
&(X)-module. With the canonical basis (9/9z',...,0/0x™) of R™,

0 0 .
{8xj1 ®.”®8ij QdeF' @ @ dx®e ; ji,kié{l,...,m}} (3.24)

is a module basis of 7 (X).
(d) An (r, s)-tensor v on X belongs to 7,7 (X) if and only if every r-tuple a1, . .., a,
in Q}(X) and every s-tuple v1,...,vs in V(X) satisfy
v(aq, ... qp,v1,...,0s) € E(X) .
This is the case if and only if the coefficients of v in basis (3.24) belong to £(X).

(e) (regularity) The definitions and claims above have obvious analogues which remain
true for tensors of class C*. m

Exercises
1 Let a,8 € Q(R") be given by
o:=ds' +2*de® and B :=sin(z®)de' A da® 4 cos(z®) da® A da?

and define h € C*(R*,R*) by h(z) := (2, 2%, 23z* 2*).
Calculate:

(i) v:=anp;

(ii) h*y;

(iii) h*y(0)(e1,ea,e3 + e4), where (e1, e2, e3,e4) is the standard basis in R*;
(iv) da, dB, dvy, d(h").

2 Let f3: R* = R3, (r,0,9) — (x,y, 2) be the spherical coordinate map.
Calculate

(a) f35 dx, f5 dy, f3 dz;
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(b) f3(dy A dz);

(c) f3 dx A f5(dy A dz).

3 A simple thermodynamic system (for example, an ideal gas) is characterized by its
volume V and its temperature T' (here V,T € R). The state of such a system is then
described by the pressure p := p(V,T) and the internal energy F := E(V,T). By the
second law of thermodynamics, the system has another state function S := S(V,T), the
entropy, whose differential is given by

_ dE+pdV

ds : T

for T >0 .

Show the following facts:
(a) E and p satisfy the relation
OF op
Ry S S
ov — " oar P
(b) The internal energy of an ideal gas, which satisfies the equation of state pV = RT
with R € R the (universal gas) constant, is independent of the volume, that is, E = E(T).

(c) For van der Waals gas, which has the equation of state
a X
(erW)(Vfb):cT for a,b,c € R* | (3.25)

the internal energy does depend on volume.

(Hints: (a) d*> = 0. (c) (3.25) = T Op/OT = p+a/V?)

Remark In the physics literature, da is often written da when the 1-form « is not exact.
4 Anr-form a € Q7(X) is said to be decomposable if there are as, ..., a, € Q'(X) such

that
a=ar Na2 AN Nayp .

Let a, 8 € Q"(X) be decomposable. Calculate (o + 8) A (o + 3).

5 Suppose a =}, ajk dz? Ada® € Q?(X). Show that a is decomposable if and only
if -

Qijare + ajraie + agiaje =0 for 1 <4,5,k, 0 <n,
where aji := —ax; for j > k.

6 Let =), ai;dz’ Ada’ € Q*(X). Show

8a1~ 8a-k 8a;ﬂ- i 1 k
do = ( J L ,)d A de A da®
o ZKKk Ok + D + 2 z ANdx’ Ndzx

7 Calculate the exterior derivatives of
(a) da A B —aAdB and
(b)) daABAy+aANdBAy+ aABAdy, where in (b) o and § are of even degree.

8 Find da if a := ;.n:l(—l)j*lxj/|x|mdxl/\---/\d/E/\---/\dxm e Q™ H(R™\ {0}).
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9 Let a:=2r2dy Adz+dz Adx — (22 + €”)dx A dy € Q*(R?). Show that « is exact
and determine an antiderivative.

10 Suppose w € Q*(X) is nondegenerate. Show that
O.: V(X) = Q'(X), v~ w(v,:)
is an £(X)-module isomorphism.
11 Prove these three statements:
(a) The symplectic form o € Q?(R?*™) is nondegenerate and closed.
(b) The m-fold product c™ := g A --- A o € Q*™(R*™) satisfies ¢™ # 0.
(¢) According to Exercise 10 and (b) the symplectic gradient sgrad f := ©,' df € V(R*™)
is defined for every f € £(R*™). Calculate sgrad f in the coordinates (¢,p) € R™ x R™.

12 If ¢ is the symplectic form on R®*™, then
{3 ER™) < ER™) = ER™) . (f,9) = o(sgrad f,sgrad g)

is called the Poisson bracket.
For f,g,h € £R*™) and c € R prove

(i) in local coordinates (g1, ...,¢m,p1,--.,Pm), the Poisson bracket reads

(il) {f,cg+hn} =c{f g9} +{f, h};

(iii) {f,9} = —{9./}

(iv) {f, {g,h}} + {g, {h, f}} + {h, {f, g}} = 0 (Jacobi identity);

() {f.gh} = g{f, n} + h{f, g}

(vi)

13 Show that the Poisson bracket is related to the symplectic form ¢ on R*™ by the
relation

sgrad{f, g} = (sgrad f | sgrad g)gem.

df Ndg Ano™* :i{f,g}om.
m



4 Vector fields and differential forms

This section is devoted to the global theory of differential forms, that is, to dif-
ferential forms on manifolds. The first part, which is essentially a simple transfer
of the local theory, requires us to focus on the problem of regularity. With help
from a theorem about partitions of unity, we can then extend the important con-
cept of the exterior derivative to the case of manifolds and show that the rules we
developed for the local theory still apply.

The global theory brings up an important new idea, the orientability of a
manifold. We present various ways to characterize this central concept and con-
sider numerous examples. To prepare for the theory of integration on manifolds, we
give explicit representations of the volume elements of many important manifolds.

In this entire section,
e M is an m-dimensional, and N is an n-dimensional manifold;

e r & N.

Vector fields
By a vector field v on M, we mean a map
v:M—TM with v(p) € T,M forpe M ,

that is, a section of the tangent bundle. If v is a vector field on M, then we
can “transplant” it using a diffeomorphism from M to N. So we define for ¢ €
Diff* (M, N) the push forward ¢,v of v by ¢ by letting

Therefore p,v is a vector field on N. For functions on M, the push forward by a
bijection ¢y : M — N is the assignment

v RM S RY | g ai=aoyp!.

4.1 Remarks (a) For functions, the push forward v, is obviously the same as
the pull back ¢~1: 1, = (¢»~1)*. Note however that, in contrast to the pull back,
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the push forward is only defined for bijections. In particular, it must be true that
dim(M) = dim(N).!

(b) Let ¢ € Diff' (M, N). Then
pi(a+b) =pat b, pu(vtw)=pv+pw,
and
Pu(av) = pra p,v
for a,b € RM and vector fields v and w on M.

(c) Let ¢ € Diff (M, N) and ¢ € Diff (N, L), where L is another manifold. Then

(bogh =teop. and (idn). =idran (1)
for F(M) := E(M) or F(M) := V(M). The rule (4.1) means that the push forward
operates covariantly.

Proof The statement is obvious for push forwards of functions. For vector fields, (4.1)
follows from the chain rule of Remark VII.10.9(b) and from Remark 1.14(c). m

Let k € NU {oo}. The vector field v on M belongs to the class C* (that is,
it is k-times continuously differentiable, or smooth in case k = 00) if every point p
of M has a chart (¢, U) around p such that? ¢,v € V¥(o(U)). We denote the set
of all vector fields on M of class C* by V¥(M). For simplicity of notation, we set

V(M) :=V*(M) and E(M):=C>®(M).

4.2 Remarks (a) The definition of C* vector fields is coordinate-independent. If
v is a C* vector field and (v, V) is an arbitrary chart of M, then 1,v belongs to
the class C*.

Proof Suppose therefore (1, V') is a chart of M. Then we need to show that ¢.v belongs
to the class C*. Every q € V has a chart (¢, U) of M around it such that p.v € V¥ (o(U)).
Then v = (¥ 0 o~ )p.v follows from (4.1). Because

Yoy ' €Diff(p(UNV),p(UNV))

and @.v € V*(p(U)), we find 1.v € V*((U NV)). Because this holds for every ¢ € V
and because differentiability is a local property, we get 1.v € V* (¥(V)). m

(b) The pointwise-defined operations

V(M) x V(M) = V(M) ,  (0,0) = v +w

1See Exercise VII.10.9.
2See Section VIIL.3. What was said there holds without change for open subsets of H™ as
well.
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and
EM)x V(M) —-V(M), (av)+—av

make V(M) into an E(M)-module. In particular, E(M) and V(M) are (infinite-
dimensional) R-vector spaces.

If ¢ € Diff (M, N), then ¢, is a module isomorphism from £(M) to £(N) and
from V(M) to V(N).

Proof It follows from (4.1) that
idy = (¢ o) = (¢ ups and idy = (o) = pulep)s .

Therefore . is bijective, and p;* = (¢~ ').. The remaining claims are simple conse-
quences of Remark 4.1(b) and the properties of vector fields on open subsets of H™ (see
Section VIIL.3). m

(c) Let Xy and X; be open in R™, and suppose ¢ € Diff (X, X1). Also denote
by ©;: V(X;) — QY(X;) for j = 0,1 the canonical module isomorphism that was
defined in Remark VIII.3.3(g). Then

(¢™1) 0O =010p,

that is, the diagram

Px
V(Xo) V(X1)
(SH 6,
(1)
Q' (Xo) Q'(x1)

commutes.

(d) (regularity) Let k € N. For ¢ € Diff**!(M, N) and 0 < £ < k, the push forward ¢.
maps C*(M) to C*(N) and V(M) to V¥(N), but this statement (without the inequality)
does not hold for ¢ =k + 1.

If M is a C**! manifold, then the C*(M)-modules C*(M) and V*(M) are defined
for 0 < £ < k; however® the modules C*** (M) and V***(M) are not.

Proof This is because the tangential “loses” one derivative. m

Local basis representation
Let (¢,U) be a chart of M around p. Then we denote by

0

8J’|p:%

eT,M for1<j<m
p

Sexcept for trivial cases



XI.4 Vector fields and differential forms 307

the basis vectors of T, M corresponding to the local coordinates ¢ = (z1,..., 2™).
In other words, 0;|, is the tangent vector on the coordinate path ¢ — o1 (go(p) +
tej) at the point? p, that is,

aj|p = (Tp )71(§0(p)76j) for1<j<m, (4~2)
where (e1,...,en) is the canonical basis of R™.
4
14
» —

4.3 Remarks (a) Let iy : M — R and let g, := ipy o i p(U) — R™ be
the parametrization belonging to ¢. Then

(Tpinm)Ojlp = (p7 09, (ga(p))) € TpRm for1<j<m.

This means that, if we identify 9;], € T,M with its image in 7,R™ under the
canonical injection B
Tpine: TyM — T,R™ |

then we find 9;], = (p, 99, (¢(p)))-
Proof From Example VII.10.9(b) and Remark 1.14(c), we get

Top)9e = To(p) (ing © 90_1) =Tpim 0 Tw(p)(‘P_l) =Typim o (T) )_1

Then it follows from (4.2) that

(Tpine)05lp = (Tpw)9¢) (2(p), €5) = (p, 094 ((p))ej) = (P, 0jge(@(p))) . ™

(b) The maps

0 )
5‘]»:@:U—>TU, p—0jlp forl<j<m

are smooth vector fields on U.

Proof This is clear because

(9+0;) (2(p)) = (Tpe)(Tpp) ' (¢(p), €5) = (p(p),e;5) for 1<j<m

forpeU.m

4I_fp is in the interior of M. If p is a boundary point, we must make ¢ a submanifold chart
of R™ around p for M.
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(¢) For p € U, we have a basis (0ilp,...,0ml|p) of T,M and a module basis
(01,...,0m) of V(U). A vector field v on U belongs to V(U) if and only if the
coeflicients v; of the basis representation

m

v = Zv]aj

j=1

all belong to £(U).

Proof The first statement follows from Remark VII.10.5 and the definition of the tan-
gent space at a boundary point. The second claim is a consequence of

m

v = (D070)) = Y9t
j=1

j=1
of (b), and of Remark VIIL.3.3(c). m

(d) (regularity) Let k € N, and let M be a C**! manifold. In this case, (91, ...,0y) is
a C*(U)-module basis of V¥(U). A vector field v on U belongs to V¥(U) if and only if
its coefficients with respect to this basis representation lie in C*(U). m

Differential forms

To generalize the cotangent space Ty X and the cotangent bundle 7" X of an open
subset X of R™, we now define the cotangent space of M at the point p by

TyM = (T,M)* = L(T,M,R) .
We define the cotangent bundle of M by

T*M:= | T;M .
pEM

We denote by
(s )p: TyM xTyM — R forpe M
the dual pairing® and call
() T"M xTM — EM) ,  (o,v) = [p— (a(p),v(p), ]

the dual pairing as well.

Because T, M is an m-dimensional vector space, so is Ty M. Hence for r € N
and p € M, the r-fold exterior product /\TTp*M of TyM and the Grassmann

5See Section VIIL3.
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algebra

N;M =P N'T; M

r>0

of TyM are defined. To extend the concepts introduced in the previous section,
we define the bundle of alternating r-forms on M by

NTM:= ] NT;M .
peEM

We define the Grassmann bundle of M by

NT*M = | NT; M .

peEM
A differential form on M is then a map
a: M — A\NT*M  with «a(p) € AT, M forpe M,

that is, a section of the Grassmann bundle. It has degree r (or is called an r-form)
if a(M) C N"T*M. Sometimes we call a 1-form a Pfaff form.

If @ and § are differential forms on M, then the sum « + § and the exterior
product® o A 3 are defined pointwise:

(a+B)(p) == a(p) + B(p) and a A B(p) := a(p) A B(p) forpe M .

If o is an r-form on M, then its effect on vector fields is also defined pointwise:

a(v,...,v.)(p) = alp)(vi(p), ..., ve(p)) forp€ M and vy,...,v, € V(M) .

Finally let ¢ € C'(M, N), and let 3 be a differential form on N. Then the
pull back of 3 by ¢ is again defined pointwise:

¢*B(p) := (Tpp)* B(p(p)) forpe M.
Obviously ¢*f is a differential form on M, the pull back of 3 by ¢. If ¢ is a C*
diffeomorphism from M to N, then
puai= (1) a

is the push forward of the differential form o« on M.

Let k € NU {oo}. The differential form « on M belongs to the class C* (or
is k-times continuously differentiable,” or smooth in the case k = o) if there is a

6 A is also called the wedge product.
7Of course, we say a differential form of class C? is continuous.
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chart (p,U) around every point of M such that .« is a differential form of class
C* on ¢(U). We denote the set of all r-forms of class C* on M by

Qy (M)

and
Q"(M) = Q{y (M)

is the set of all smooth r-forms on M. Finally

is the set of all smooth differential forms on M.

Following our treatment of vector fields, we will generally restrict our atten-
tion to the study of smooth differential forms. We leave it to you to prove that
all the statements we prove about smooth forms also hold analogously for forms
of class C* provided k has been restricted as the case may require.

4.4 Remarks (a) The above notion of differentiability of differential forms is
coordinate-independent.

If a is an 7-form of class C*¥ on M and (¢, V) is a chart on M, then 9.« is
an r-form of class C* on (V).

Proof Every p € M has a chart (¢,U) around it with p.a € Qf,(¢(U)). From
Remark 3.3(a) and the pointwise definition of the push forward, it follows that

Yoo = (o™ upuar .
After this, the claim follows in analogy to the proof of Remark 4.2(a). m

(b) QM) and Q" (M) are £(M)-modules and therefore in particular R-vector
spaces. Also

QM) =P o) .

r>0

The exterior product is R-bilinear, associative, and graded anticommutative, that
is, it satisfies these rules:

(i) The map

(M) x Q*(M) —» QT (M), (a,8)—anp
is well defined and R-bilinear.

(ii) aA(BAY)=(aAB) Ay for a, B,y € QM).

(i) aANB=(-1)"BAaforacQ(M)and § e Q*(M).

Proof This follows from the definition of smoothness, from the pointwise definition of A,
and from Theorem 2.7. m

(c) Every o € Q"(M) is an alternating r-form on V(M).



XI.4 Vector fields and differential forms 311

(d) QM) =E(M), and Q"(M) = {0} for r > m.

(e) For h € C*°(M, N), the pull back h*: Q(N) — Q(M) is an algebra homomor-
phism, that is,

R (a+6)=h*a+h*3, h*(aApB)=h"aANR*(
for o, B € Q(N). If a € Q"(N), then h*a belongs to Q" (M). Also
(koh)* = h*ok* and (idy)* = idg(ay) -
If h is a diffeomorphism, then h* is bijective, and (h*)~! = (h=1)* = h..
Proof We leave the simple checks to you. m

(f) Suppose M is a submanifold of N and i: M < N is the natural embedding.®
Then for o € Q" (N),
a|M :=i"a e Q" (M)

is the restriction’ of o to M. Let p € M. Because the tangent space T,M can be
regarded as a vector subspace of T,N, we have (a|M)(p) = a(p) | (T,M)". n

Local representations

Suppose f € C*(M) := C*(M,R). As in Section VIL.10, we define the differen-
tial df of f by
df (p) :==proT,f forpe M,
where
pri=pry: TimR={f(p)} xR—=R
is the canonical projection.

Let (¢,U) be a chart around p € M. Then it follows from the definitions of
df (p) and 9,|, as well as the chain rule of Remarks VII.10.9(b) and 1.14(c) that

<df(P)aaj|p> <df( ), (T, 0P 1)(‘p(p)’€j)>p
=proT,f o Type (¢(p), €;)

= proT, (p)( o N (ep),€)
=0d(fo ( ))ey
=0;(fop ) (e(p))

=05y *f)(w(p))
for 1 < j < m. With the abbreviation

0i10) = 2L )= 0,(f o0 () = 00N () (43)

8In this situation, we always assume that N is without boundary.
9See Example 3.4(j).
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for 1 <j <m and p € U, we thus have
(df (), 0slp), = 0jf(p) forl1<j<m, pelU. (4.4)

Therefore
(df,0;) =0;f for1<j<m. (4.5)

Note that the usual partial derivative 9, f on M (in the sense of Remark VIL.2.7(a))
is not defined when M is not “flat”, that is, not an open subset of R™. Because
derivatives of functions on manifolds can only be defined in terms of local represen-
tations, 0; f in (4.5) is meaningless unless it is interpreted as the partial derivative
of the function “pushed down” by ¢ to the parameter domain ¢(U), that is, the
partial derivative of the ¢, f appearing in (4.3). This rules out any misinterpreta-
tion in practice. The notation 9f/dz7 has the advantage that it gives the “name

of the coordinates” (z!,...,2™) = ¢ in which f is locally written.

In Section VII.2, for the case of open subsets of R™, we defined the partial
derivative 0;f(p) as the image of the j-th coordinate unit vector e; under the
(total) derivative Of(p) (that is, the linearization of f at p). Since df(p) is just
the tangent part of the tangential T, f and therefore the “linearization of f at the
point p”, and since 9;|, is the j-th coordinate basis vector of T, M, (4.4) shows
that 0; f(p) is the tangent part of the image of these coordinate vectors under the
tangential of f. Therefore (4.3) is indeed the correct generalization of the concept
of partial derivative to functions defined on manifolds.

Finally, it is clear that (4.3) agrees with the classical partial derivative when
M is open in R™ and ¢ denotes the trivial chart idpy.
4.5 Remarks Let (¢,U) be a chart of M.
(a) For f € E(M) = Q°(M), the differential df belongs to Q(M). The map
d: QM) — Q" (M), f—df
is R-linear.
(b) Let (z!,...,2™) = ¢ be the local coordinates on U induced by ¢, so that
@’ =prjop € &(U) for1<j<m,

where pr;: R™ — R are the canonical projections. Then Q'(U) is a free £(U)-

module of dimension m, and (dx!,...,dz™) is a module basis with
o, LN 5 for 1<k < 4.6
o, 2 =6 for1<jk<m (4.6)

and is the dual basis to the basis (9/9z',...,0/0x2™) of V(U). The basis repre-
sentations

’U—ZUJ—EV U) and a:Zajdxjeﬂl(U) (4.7

j=1
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require the relations
, , 0
v = (de/,v) € E(U) and a; = <a, @> e &) (4.8)

for 1 < j < m. In particular, for f € £(U), we have
m
of 1
= —d e QYU) .
> i etw

Proof (4.3) and (4.5) imply
(da’, ) = Oha’ = @ Ok (pea’) = 9" Ok [(prj 0p) 0 97| = " Oppr; = b

and hence (4.6). For v with the representation given in (4.7), we obtain

<dm ivk < ’81”“ > Zv =’ (p) (4.9)

=1
for p € U and 1 < j < m, because dz’(p) is a linear form on T, M = T,U. Therefore the
first part of (4.7) and Remark 4.3(c) imply the first claim of (4.8).

For the push forward dz? by ¢, we find by applying Remarks VIL.10.9(b) and 1.14(c)
as well as (4.2) and (4.6) that

{(p+d2?) (p(p)), (e(P)sex)) ... = {dz? (), (Tome ™ ") (0(p), ex))

»(p)

P

= (dz’ (p), (Top) " (¢(p), ex)),, (4.10)

= <dwj(p),% p>p =] .

This shows that (p.dz',...,@.dz™) is, at every point ¢(p) € @(U), the basis dual to
the canonical basis of Ty, (,)(U). In particular, the covector part of . dz? is constant
on @(U).

Remark 4.4(e) guarantees that . is a vector space isomorphism from Q*(U) to
Q' (p(U)). From this, (4.10), and Proposition 2.3, we conclude that every a € Q' (U) has
a representation of the form given in (4.7) by real-valued functions a; on U. Because of

m

P = Z(ga*aj)ga*dxj (4.11)

j=1

and due to the constancy of the covector part of 1-forms p.dz? on p(U), we learn from
Remark 3.1(e) that « belongs to Q'(U) if and only if a; € E(U) for 1 < j < m. Finally
a; = (a, 9;) follows by a calculation analogous to (4.9). m

(c) Forr € N, Q"(U) is a free £(U)-module of dimension ("), and

{d2D =da A Ad2? 5 () = (rye- ey dr) €0, ) (4.12)
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is a basis. An r-form « on U has a uniquely determined basis representation in
local coordinates

o= Z ag) dz'?) (4.13)
(5)€d,
whose coefficients are
0 0 .

If k € NU {oo}, then o belongs to the class C* on U if and only if a(;, € C*(U)
for (j) € I,..

Proof From (4.10) and the properties of the pull back (p~')* = . given in Re-
mark 4.4(e), it follows that

e de? =<9 for (j) e, , (4.15)

where (e',...,e™) denotes the basis dual to the canonical basis of T, ¢(U) for p € U.

Because . is a vector space isomorphism from Q"(U) to Q" (p(U)), we derive from
Proposition 2.3 and (4.2) that every r-form « on U has a unique representation of the
form (4.13), whose coefficients are given by (4.14). Because

P = Z (p=a(j)) = dz'?)
(4) €T,

and by (4.15), the definition of the differentiability of an r-form of class C* implies that
a belongs to the class C* if and only if the a(j) lie in C*(U). m

(d) Note that we have only shown that V(U) and Q(U) are free modules, while
we have made no such statements about V(M) and Q(M). Indeed, corresponding
statements are not generally true in the global case, that is, for manifolds that
cannot be described by a single chart. For example, it is known'® that the n-
sphere does not support n (nontrivial) linearly independent vector fields (that is,
V(S™) is not a free module of dimension n) unless n = 0,1, 3, or 7.

(e) (regularity) If k& € N, then the statements of (c) remain true if M is a C**!
manifold. m

The local coordinates z!,...,z™ on U belonging to a chart ¢ are smooth
functions on U; namely, they are the maps pr;op € E(U) for 1 < j < m. On
the other hand, we also use (x!,...,2™) as the notation for a general point of
©(U), that is, the coordinates of R™ are also called x!,...,2™. This use of the
same notation for two different things is deliberate. It simplifies calculations with
(local) coordinates considerably, if it is clear from context which interpretation is
correct. For example, the expression

a= Z ag) dz) (4.16)
()€,

10By work of Bott, Kervaire, and Milnor.
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has two meanings if no other specification is made (which is usual in practice).
First, we can regard (4.16) as the basis representation of an r-form on the open
subset X = (U) of H™, as we have done in the previous sections. Or, we can
interpret (4.16) as the basis representation of an r-form on U with respect to the
local coordinates in the corresponding chart. This is the standpoint we have taken
here. In the first case, the a(;y are functions on X, and the dz9) are the constant
basis forms of R™. In the second, the a(;y are functions on U C M, and the dx)
are the position-dependent r-forms that “live” on U. Because of (4.15), we must,
in order to pass from second interpretation to the first, “pass down” the coefficient
functions a(jy = a(j)(p) to the parameter domain using @. That is, a(;) must be
interpreted as ¢.a(j) = a;) o ¢~ ', and we must think agj) = a(;)(z) for x € X.

4.6 Examples (a) Denote the upper and lower hemispheres of the m-sphere S™
in R™*! by S and S_, respectively. That is, let

ST i={zeR™"; |z[=1, 2™ >0} .

Also let

oyr: ST —B™, z—a = (' ..., 2™)

be the projection of B™ = B™ x {0} onto the hyperplane orthogonal to the z™¥!-

axis. Then (¢4, SY") and (¢_,S™) are charts of S™. For

m+1
o= Z (=1 Yl det Ao Adad Ao Ade™ T e QMR
j=1

the restriction to S™ reads, in the local coordinates induced by ¢+, as
=Hm

V1= |2']?

Proof Let g+(z') := (2/,£\/1—[2/|?) for 2’ € B™. Then g+ is smooth and is the

parametrization belonging to ¢+ of the hemisphere ST as a graph over B™. Also g+ =
io@it with i: §™ < R™ . Therefore (o1, ST) are charts of S™. For these we find

al| ST ==+ dz* Ao ANda™

(p2)e(a] ST) = (pi') 0i"a = gia
m+1 ] ] —
=Y (-1 gl dgl A Adgh A A dgTT

m
. . — d
=> (-1 2l dat A Adad A A da™ /\E ﬁx |x/|2
N — |T
=1

—1)™/1 = [z/2dz" A--- A dz™
= 1(17;) [, 2(71)7”“*1*”*1(93]')2 +1-— |x’|2] de* A+ Adz™ .
— et

The claim follows because the expression in the square brackets reduces to 1. m
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(b) Let wg1 := (zdy — ydx)| S, and make
g1: (0,2m) — S"\ {(1,0)} , t > (cost,sint)

a parametrization of S1\ {(1,0)}. Then with respect to the local coordinates
induced by the chart (p,U) with ¢ := g;"' and U := S\ {(1,0)}, we have

w51|U:dt.

Proof This follows from p.wg1 = (9193 — gig1) dt. m

(c) Let U := S?\ H3 be the 2-sphere S? minus the half circle where it intersects
the half plane Hz := R" x {0} x R.'" Also let

(0,2m) x (0,m) = U, (p,9) — (cospsind,sinpsind, cos )
be the parametrization of U by spherical coordinates. Finally, let
o :=xdy Ndz+ydz Ade + zdz A dy € Q2(R?) .
Then the form wgz := a'| S? € Q2(S?) has the representation
wg2 |U = —sinddo A dd

with respect to the local coordinates (¢, 9).

2

Proof After a simple calculation,'? we obtain this from Example 3.4(d). m

Coordinate transformations

To carry out concrete calculations efficiently, it is important to choose the coordi-
nates best suited to the problem. So, for example, we use polar coordinates when
we want to describe rotationally symmetric problems, as we have already done in
our treatment of integration theory in Section X.8.

Because a given problem is usually already described in a coordinate system,
we must be able to change to another coordinate system without undue trouble.
This background frames the following transformation theorem for vector fields and
Pfaff forms.

Let (p,U) and (¢, V) be charts of M with UNV # 0. Let ¢ = (2!,...,2™)
and ¥ = (y',...,y™). On UNV, we can regard the y’ as functions of lo-
cal coordinates = (z!,...,2™); we could also regard the x’ as functions of
y = (y',...,y™). Here is it usual and expedient not to introduce new symbols
but rather to write simply y = y(z) and = = z(y). Clearly the map y(-) is a

11Gee Example VIL9.11(b).
12Note that (for example) O(z,y)/d(p, V) is the determinant of the matrix obtained from
(VIL.9.3) by removing the last row.
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diffeomorphism from U NV to itself, a coordinate transformation, which we also
denote by x +— y. The inverse map is z(-), that is, the coordinate transformation
y — x. However, we can also regard x [or y] as a generic point in X := (U NV)
[or Y := (U N V)] in H™. Then the coordinate transformation z + y is nothing
but the transition function ¢ o ¢! € Diff(X,Y). It will always be clear from
context which of these two interpretations is to be chosen.

In the following formulas, we leave it to you to determine from context
whether 27 means an independent variable or the function z7(-). The double
meaning, which is scarcely a problem in practice, is used on purpose since it helps
to cast formulas into a form that is more intuitively understandable and easier to
remember.

4.7 Proposition For the coordinate transformation x — y, we have

i G ayj k
8yJ Z Ay W and dy = 9uk

k=1
for 1 <j<m.

Proof From Remark 4.5(c), it follows that
Zv —andv <dmk,i> for 1< j,k<m.
oyJ - -
With z = f(y) and (4.5), we find

0 oz
k _ .
<dx ’—8yj> = —8yj for 1 <j,k<m, (4.17)

which proves the first claim.

Analogously, we have

dy’ = iak de* and ap = <dyja %> = %

for 1 < j, k < m, which proves the second. m

4.8 Corollary (a) The Jacobi matrix of the coordinate transformation x +— y

satisfies o0 i1
5e7) = (5,7
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Proof (a) Because
y(-) =vop !l €Diff(X,Y) and y(-)7' =a(-)=po¢~" € Diff(Y,X) ,

the claim is immediate.

(b) This is a consequence of Example 3.4(c), the considerations after Re-
mark 4.5(e), and the fact that

oy',...y™)
o(zxt,...,am)

is the Jacobian of the coordinate transformation « — y (see Remark VII.7.9(a)). m

4.9 Examples (a) (plane polar coordinates) Using the polar coordinate trans-
formation
Vo =R, (r,9) = (z,y) := (rcosp,rsin )

with V5 := (0, 00) x (0,27), we have

2—%Q—f—@i—cos — +sinyp—

or  Or 0x  Or oy w@x (pay
and

g Oz 0 oy 0

.0 d
%—%%—F%a—y——rsm@% —i—rcosgpa—y.

(b) (spherical coordinates) Let V3 := (0,00) x (0,27) x (0, 7). Using the spherical
coordinate transformation

Vs =R, (r,0,9) — (z,y,2) = (rcospsind, rsin psind, r cos ) ,

we find 5 5 5
i Coscpsmﬁ% + smgpsmﬁa—y + cos 19&
9 _ —7rsin sinz92 + rcos@sin—
do v or v oy
0 0 . 0 .
i rcosgpcosﬁa—i—rsmcpcosﬁa—y—rsmﬁ& .

(c¢) (cylindrical coordinates) Let X := (0,00) x (0,27) x R. For the cylindrical
coordinate transformation

we find

2—cos 2—l—sin 2 i——rsin E—i-rcos 3 ~— -2 =
ar ‘Yo Yoy ap Y or Yoy ac” 9z



XI.4 Vector fields and differential forms 319

The exterior derivative

The next theorem shows that the exterior derivative can be generalized so that it
is defined globally on manifolds.

4.10 Theorem There is exactly one map
d: QM) - QM) ,
the exterior (or Cartan) derivative, with these four properties:

(i) d is R-linear and maps Q" (M) to Q"+1(M).
(ii) d satisfies the product rule

dlaNp)=danf+(-1)"andl foraecQ"(M)and e Q(M).

(iii) d*> =dod = 0.
(iv) The differential df of f € E(M) = Q°(M) is the same as the differential of f.
Also

doh™=h"od (4.18)
for h € C*°(M, N).
Proof (a) (existence) Let (¢,U) be a chart of M. According to Theorem 3.5,

there is exactly one map d: Q(p(U)) — Q(p(U)) with the properties (i)—(iv). We
define dyy : Q(U) — Q(U) by requiring the commutativity of the diagram

du
QU) Q)
©Ox 90* (419)
d
Q(p(0)) Q(p((0))

Equivalently, we set dy := ¢* odop,. We learn from Remark 4.4(e) that ¢, is an
algebra isomorphism with (¢.)~! = (p~1).. With this and (4.19), we verify easily
that dy has the properties (i)—(iv) and is uniquely defined.

Let (¢, V) be another chart of M such that U NV # (). Then it follows from
¢ = (potp~1) o, the properties of pull backs, and (3.12) that

dy =¢*odop, =9 o(poyp ") odo(poyp™), o,

4.20
:"/)*Odow*:dv ( )

(of course, on U N'V). Therefore dy is independent of the special coordinates
chosen.
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Let {(goK,UK) i K E K} be an atlas for M, and let i, : Uy, — M Dbe the
natural embedding. Then we define d: Q(M) — Q(M) by

da(p) == du, [(ix)*e](p) for a € Q(M) ,

where k € K is chosen so that p lies in U,. By (4.20) this definition is meaningful,
and it is clear that d has the properties (i)—(iv).

(b) (uniqueness) Let o € Q"(M) and p € M. Also let (p,U) be a chart
around p. According to Remark 4.5(c), a|U can be written in local coordinates

as
al|U = Z agj dz9)
(1€,
with ag;y € E(U). Now it follows from (4.19) and Remarks 3.6(a) and 4.4(e) that

dy(a|U) = " dp.(a|U) =¢* > d(p.ag) A e.de?

e , (4.21)
= Z dUa(j) A dzt) = Z da(j) A dz) ,
(9)€ET, (9)€ET,

because dya(j is the differential of a(;) € £(U).

Let V' be an open neighborhood of p with V- CcC U. Then ¢(V) CC ¢(U).
Hence Remark 1.21(a) implies the existence of X € D(¢(U)) such that X | (V) =

1. For

_J¢Xx onlU,

o 0 on M\U ,
we have x € E(M) and x |V = 1. This implies that both

by = xag for (j) €J, and & :=xa/ for1<j<m

belong to £(M). Therefore the differentials d¢/ € Q'(M) are defined, which

implies that
Br= ) by de?
()€l
is also defined and belongs to Q(M).

Now suppose d is a map from Q(M) to itself satisfying (i)—(iv). Then we find
easily that

g =Y dbg AdED
(e,

For a € £(U), the product rule gives

d(xa) = adx + xda
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(see Corollary VII.3.8 and the definition of the tangential). Because x |V =1, we
may use the natural embedding i: V < M to conclude

(i d(xa)(a),v(q)), = (d(xa)(q),v(a)), = (da(q),v(q)), forqeV,
for v € V(M). That is, d(xa) |V = da|V. This and (4.21) imply 8|V = «|V and
dB|V =dy(a|V) . (4.22)
Because dy is unique and every p € M has an open coordinate neighborhood V'

for which (4.22) holds, we see that d = d.

(¢) To prove (4.18), we can use our previous work to restrict to the local
situation, that is, we can assume that M = U. Then the claim follows from
(4.19), (3.12), and Theorem 3.5. m

4.11 Remarks (a) Let
a|U = Z ag) dz'?)
()€l

be the representation of o € Q"(M) in the local coordinates of the chart (¢, U).
Then
d(a|U) Z dagjy A dz?)

(el
Proof This follows from (4.21). m
(b) (regularity) For k € N, the map
d: Qg (M) — QG5 (M)  forr € N

is defined and R-linear. This remains true when M is a C**2 manifold. m

Closed and exact forms

As in the local theory, we say a € Q(M) is closed if da = 0. We say it is exact if
there is a 8 € Q(M), an antiderivative, such that d8 = a.

4.12 Remarks and examples (a) Because d? = 0, every exact form is closed.

(b) Every m-form on M is closed.
Proof This is because Q™ (M) = {0}. m

(c) (Poincaré lemma) Letr € N* andlet a € Q"(M) be closed. Then « is locally
exact, that is, every p € M has an open neighborhood U and a 3 € Q"1 (U) such
that df = a|U.

Proof Let (¢,U) be a chart around p, in which ¢(U) is star shaped. Because da = 0
and dp.a = . da, the form g.a € Q" (p(U)). Since p(U) is contractible, it follows
from the Poincaré lemma (Theorem 3.11) that there exists a Bo € Q" (¢(U)) such that
dfBo = p.a. For B := p*By € Q"1 (U), we then have df = ¢* dfBo = p*pra=a|U.m
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Contractions

Let a € Q"tY(M) and v € V(M). Then the contraction v — « of a by v is
defined by

v 2 afv, ..., v) = a(v,v1,...,0,) forv; e V(M)and1<j<r.

We sometimes write v — - as i, and call i, the interior product of v by «
We verify easily that v — « belongs to 2" (M). For completeness and to avoid a
bothersome special case, we simply set

v =0 foracQ(M).

4.13 Remarks and examples (a) If o: M — N is a diffeomorphism, then

*

v (pTa) = " (pv = a)

for « € Q(N) and v € V(M). In particular, for every r the diagram

*

¥
QT+1(M) Qr+1(N)
v 1 OV —
Q" (M) Q"(N)

commutes.

Proof If o is a null form, then the claim is trivially true. Therefore we can assume
a € Q"M(N). Then we find for p € M and v, ...,v, € T,M that

v (e ) (p)(v1, ... vr) = ) (v

( TpSD v p), (Trp)vi, ..y (TPS")UT)
(psv (@), (Tpp)vr, ., (Tpp)or)
U — a)(so(p )(( PP vlv"'?(TP(P)UT)

which proves the claim. m

(b) Suppose X is open in H™ and w := dx! A --- A dx™. For v = Z;n:l v19;, we

have
m

v_lw:Z(—l)j_lvjdxl/\---/\d/ag/\---/\dxm.
j=1

Proof We set v1 := v. Then for vs,...,vm € V(X), we have

(v1 D w)(v2, .y Um) = w1, .., 0m) = det[(dxj,vk>] .
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By expanding this determinant in the first column, we find it has the value

Z 1) (da?  vy1) det(A;)

Jj=1

where A; is the matrix obtained by striking the first column and the j-th row from
[(dz?,vg)]. From this it follows that

det(Aj):dml/\-~-/\c?95/\~~-/\dmm(v2,...,vm).

The claim now follows because

m
k
dmm Evdmjak—v.l
k=1

(c) Let
p: RMTIN(0} — 5™, @ a/lz|

be the radial retraction’® on the m-sphere in R™*1.
Also let

m+1
a:=> (=1 I da' Ao Adxd A A dz™ T
1

+

<.
Il

and

wgm = a|S™ .
Then letting r(z) := || for z € R™"!| we have

ol —
p*wsm = WTO[: Z(—l)] 1|33|T+1 dq;l A ANdxd /\/\dl‘m+1 ,

and p*wgm is closed.

Proof Because p € C*°(R™'\{0},R™"") with im(p) = S™, we know p is a smooth
map from R™'\{0} to S™. Therefore p*wgm € Q™ (R™T'\{0}) is defined. It is closed
by Remark 4.12(b) and because d(p*wgsm) = p* dwsm = 0.

To show that p*wsm = r~ ™V a, we must verify that for every p € R™*\{0}, both
sides agree on every m-tuple from a system of basis vectors of T Rm'H Suppose therefore
p € R™T\{0}. A basis of T,R™"" is given by the vectors {(p)p, (v1)p, - - -, (Um)p}, where

131f X is topological space and A is a subset of X, then a continuous map p: X — A is called
a retraction of X on A if p(a) = a for a € A. If there is a retraction of X on A, then A is a
retract of X.
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{(v1)p,..., (vm)p} is a basis of T, (r(p)S™). If the m-tuple (w1)p, ..., (wm), contains
the vector (p)p, then by letting w := dz' A--- A dz™" !, we can use (b) to find

a(p)((wl)p, cee (wm)p) = ((p)p — W) ((wl)pv cee (wm)p)
= w((p)Pv (wl)P’ ceey (wm)P) =0,

—(m+1)(

because two entries are equal. Therefore r p)a(p) also vanishes on this m-tuple.

We also find

prwsm (p)((wl)pv SRR (wm)p) = Wwgsm (P(p)) ((Tpp)(un)p, s (Tpp)(wm)p)
with
(Top)(wj)p = (p(p), Ip(p)w;)

where, according to Proposition VII.2.5, we have
dp(p)w; = dip(p + tw;)|,_, for 1<j<m.

Because p(p+tp) = p(p) for t € (—1,1), it follows in particular that (Tp)(p)p, = 0. There-
fore p*wsm (p) ((w1)p, . .., (wm)p) also vanishes if the m-tuple (w1)p, ..., (wm), contains
the vector (p)p.

It remains to show

s @) (1) (n)s) = g ) (@)oo (o)) - (429

For (v), € Tp(r(p)S™), Theorem VIL.10.6 gives an € > 0 and a vy € C*((—¢,¢),r(p)S™)
such that v(0) = p and 4(0) = v. Now we use p o y(t) = y(t)/r(p) to get

Ip(p)v = (pov) (0) =v/r(p) .

From this we derive

p wsm (p)((V1)p, - -, (vm)p) = r(p) " (p(p)) ((V1)p; - - (vm)p)

which implies (4.23), thus finishing the proof. m

(d) (regularity) Let k € N, and suppose M is a C**! manifold. For o € QZ]:Sl(M) and
v € V¥(M), the contraction v — a belongs to Qy(M). m

Orientability

As we learned in Section 2, T,M can be oriented by choosing a volume form
a(p) € N"T; M. Thereby one gets an m-form a on M with a(p) # 0 for p € M.
Conversely, every map p +— a(p) € A™T; M such that a(p) # 0 for p € M induces
an orientation on every T, M. However, such o will generally not be continuous.
Intuitively, this means that the orientation of the tangent spaces is not “coherent”,
that is, the tangent spaces can “flip over” in moving from one point to the next.
To avoid this, we also require that « be smooth (more precisely, as regular as
permitted by the regularity of the manifold).
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A manifold M is said to be orientable if there is an a € Q™ (M) such that
a(p) # 0 for every p € M; such an m-form « is called a volume form on M.

4.14 Remarks (a) If M is orientable, then Q™ (M) is a one-dimensional E(M)-
module.

Proof Let a be a volume form on M, and let 8 € Q™ (M). Because dim A" Ty M =1
for p € M, there is an f: M — R such that 8 = fa. We must show that f is smooth.
In local coordinates, we have

a|U=adz" A---ANdz™ and B|U=bdz' A---Adz™

with a,b € £(U) and a(p) # 0 for p € U. From this we deduce that 8| U = fa|U, where
f :="b/a belongs to E(U). m

(b) (regularity) Suppose k € N and M is a C*™! manifold. Then M is orientable if and

only if there is an « € Q) (M) such that a(p) # 0 for p € M. This is the case if and
only if the C*(M)-module Q) (M) is one-dimensional. m

The next proposition shows that one can also characterize the orientability
of a manifold by its charts.

If X and Y are open in H™, then we say ¢ € Diff(X,Y) is orientation-
preserving [or orientation-reversing] if det dp(x) > 0 [or det dp(z) < 0] for every
z € X, that is, if dp(z) € L(R™) is an orientation-preserving [or orientation-
reversing] automorphism for every z € X. An atlas of M is said to be oriented if
all of its transition functions are orientation-preserving.

4.15 Proposition A manifold of dimension > 2 is orientable if and only if it has
an oriented atlas.

Proof (a) Suppose M is orientable and « € Q™ (M) is a volume form. In addi-
tion, let { (¢x,Ux) ; & € K} be an atlas of M. Then (¢, ). = a, dz* A- - -Adz™ on

X, = ¢.(U,) C H™, with a,(z) # 0 for € X,.. Because we can change coordi-

nates (if necessary) as x — (—a!,22,... 2™), we can assume that a, (z, ) is strictly

positive for some x, € X,. Because we can assume that U, and therefore also X
are connected, it follows from the intermediate value theorem (Theorem II1.4.7)
that a,(x) > 0 for all x € X, and every k € K.

Suppose now (¢, Uy) and (px, Uy) are local charts with U, N Uy # (. Also
let . = (z1,...,2™) and o) = (y',...,y™). Then we find

(ero @) (andy’ A= Ady™ | oA(Us NUY))
= (pn)epr(axdy' A Ady™ | ox(Ux N TUY)) (4.24)
= (o) | (U NUN) = awda A+ Ada™ .
By Example 3.4(c), we have
(oroo ) dy' A Ady™ = det d(pr 0o oY) dat A--- Adx™ .
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By comparing with (4.24), we see

(ox 0@ ) ax(z)det O(pr 0 M) (2) = ax(z) >0 for z € v (UsNUy) .

Because a) is positive, it follows that M has an oriented atlas.

b) Let { (¢x,Ux) ; & € K} be an oriented atlas. Proposition 1.20 guarantees
the existence of a smooth partition of unity {7, ; x € K} that is subordinate to
the cover {U, ; k € K} of M. For k € K, define «,, € Q™(U,) by

Tt dzt A A dx™ in Uy, ,
o =
" 0 otherwise .

We can verify easily that the definition

= Za,i e Q™M)

rEK

is meaningful. We must show that a(p) # 0 for p € M.

Let p € M, and choose « € K so that 7. (p) > 0. For A € K with X # k and
U, NUy # 0, it follows, as in (a), that

ar=m@ dy' A Ady™ = magi(ea o) dyt A A dy™
= ma(pf det (D(pr 00 1))) i dat A--- Adz™

From this we obtain

a(p) = ( )+ Y malp) det(d(px 0 o)) (soﬁ(p)))sai da' A --- Ada™(p)
A€eK
AF£K

where only finitely many summands differ from zero. Because mx(p) > 0 a d
because the transition functions are orientation-preserving, we see that a(p) #
Therefore « is a volume form, and M is orientable. m

Suppose M is orientable. Then we say two volume forms «, 3 € Q™ (M) are
equivalent if there is an f € £(M) such that f(p) > 0for p € M, and a = f3. This
is obviously an equivalence relation on the set of all volume forms on M. Every
equivalence class with respect to this relation is called an orientation on M. Given
Or := Or(M) an orientation of M, then we call (M, Or) an oriented manifold. If
the orientation of M is clear from context, we may write M for (M, Or).

If @ € Or, then —« is a volume form that does not belong to Or. We denote
the associated equivalence class by —Or and call it the orientation opposite to Or.
It is clear that —Or is independent of its particular representative.
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4.16 Remarks (a) An orientable manifold is connected if and only if it has exactly
two orientations.

Proof Suppose M is connected, and « and 3 are two volume forms. By Remark 4.14(a),
there is an f € £(M) such that o = f3. Because « vanishes nowhere, we have f(p) # 0
for p € M. Because M is connected, the intermediate value theorem (see Theorem II1.4.7)
implies that either f(p) > 0 or f(p) < 0 for every p € M. Hence a is equivalent either
to B or to —8. Therefore M has precisely two orientations.

Now suppose M is connected. Proposition II1.4.2 guarantees the existence of a
nonempty, open, and closed proper subset X of M. For a a volume form on M, we set

i a(p) ifpe X,
Blp) = { —a(p) ifpe M\X .

Then S is obviously a volume form with 8 ¢ Or U (—Or), where Or is the equivalence
class of . Therefore M has more than two orientations. m

(b) Let M = (M,Or) be an oriented manifold. A chart (¢,U) of M is said
to be positive(ly oriented) if ¢.(«|U) for o € Or is equivalent to the m-form
dz* A -+ A dx™|p(U). Otherwise it is negative(ly oriented). M has an atlas
consisting only of positive charts, an oriented atlas.

Proof For 8 € Or, we have a = fB with f € £(M) and f(p) > 0 for p € M. With
i: U — M, it follows from this that

pra|U = pui’a=@.i"(fB) = (¢«i" f)(pxi"B) = gp«(B|U) ,

where g := fop™' € E(p(U)) and g(z) > 0 for x € ¢(U). This shows that the definition
does not depend on the chosen representative. That there is indeed an atlas with positive
charts was shown in part (a) of the proof of Proposition 4.15. m

(c¢) Let M be oriented. Then (¢, U) is a positive chart if and only if (01 |p, - - ., Omlp)
is a positive basis of T, M for p € U.

Proof For a € Q™ (M), Remark 4.5(c) says that the basis representation in local coor-
dinates is
a|U=adz" A--- Adz™

with a(p) = a(p)(Oilp, ..., Omlp) for p € U. The claim is now clear. m

4.17 Examples (a) Every open subset U of an orientable manifold M is itself
orientable.'4

Proof For a € Or(M), the restriction o |U is a volume form on U. m

(b) If M and N are orientable and one of these manifolds is without boundary,
then the product manifold'® M x N is orientable.

14\We stipulate that the empty set is orientable.
15See Exercise VII.9.4 and Exercise 3. Why do we assume that one of these two manifolds is
without boundary?
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Proof If { (o, Ux) 5 K € K} and { (W¥x,Va); A€ L} are oriented atlases of M and N,
respectively, then it is easy to see that {gon X Uy ; (k,A) € KX L} with

@x X YA(P, q) := (ox(p), ¥r(q)) €R™ xR for (p,q) € Us x Vi,

is an oriented atlas of M x N. Because we can assume without loss of generality that M
and N are at least one-dimensional, the claim follows from Proposition 4.15. m

(¢) Any manifold that can be described by a single chart (that is, one that has an
atlas with only one chart) is orientable.

Proof This is trivial (see the first part of the proof of Proposition 4.15). m

(d) (graphs) Suppose X is open in R™ and f € C°°(X,R"). Then graph(f) is
an m-dimensional orientable submanifold of R™*".

Proof For Proposition VII.9.2, we know that graph(f) is an m-dimensional submanifold
of R™T™. The proof of that result shows that

¢ graph(f) = X, (z,f(2)) =
is a chart that describes graph(f). Therefore the claim follows from (c). m

(e) (fibers of regular maps) Suppose X is open in R™ and £ € {0,...,m—1}. Also
let ¢ be regular value of f € C°°(X,R™~“). Then the (-dimensional submanifold
f~1(q) of X is orientable.

Proof Letw:=dz'A---Adz™ | X and

I

i ::Zajf’“ai EV(X) forl<k<m-—¢.
j=1

With the notations of Remark VII.10.11(a), we have V f¥(p) = V, f* for p € X. We can
assume that L := f~'(q) is not empty. Then

0= VI (V= (2 (T ) ) ’LGQE(L).

Proposition VIL.10.13 guarantees that Vf'(p),..., Vf™ *(p) are linearly independent.
Therefore
ap) =w(V" " p),-- . VI (p),...) #0 forpel,

that is, « is a volume form on L. m

(f) If M and N are diffeomorphic, then M is orientable if and only if N is ori-
entable.

Proof Let f € Diff(M, N), and let (@, U) be a chart of M. Then ¢ := po f~! is a chart
of N with V := f(U) = dom(+). Because M and N are diffeomorphic, m = n. Suppose
now 3 € Q™(N) is a volume form on N. The local coordinates (y',...,y™) = ¢ give 3
the representation 8|V = bdy' A--- Ady™ with b(q) # 0 for ¢ € V. From this it follows
that
FBIV)= (D) (dy" A Ady™) =bo fdz' A Ada™

because f*y’ = prjopo f=prjop = 27 with (z',...,2™) = . Because bo f(p) # 0 for
p € U, we see that f*( is a volume form on M. Now the claim is immediate. ®m
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(g) Every one-dimensional manifold is orientable.

Proof We can assume that the manifold M is connected since it suffices to show that
every connected component in orientable. Then by Theorem 1.18, M is diffeomorphic to
an interval J or to S'. Because J and S' are orientable (where the orientability of S*
follows from (e), for example), the claim is implied by (f). m

(h) (hypersurfaces) A hypersurface M in R™"! is orientable if and only if there is
a smooth unit normal field on M, that is, a v € C°°(M,R™"") such that [v(p)| = 1
and v(p) = (p,y(p)) € TpLM for p e M.

Proof If v is a unit normal field on M, then (v — dz' A--- Adxz™ ") | M is a volume
form on M. Therefore M is orientable.

Let M be orientable. If (p,U) is a positive chart with ¢ = (z*,...,2™), then,
because dim(TpJ‘M) = 1, there is for every p € U exactly one v(p) = (p,l/(p)) € TPJ‘M
with |v(p)| = 1 such that

0. o2,

is a positive basis of TpRmH. By shrinking U, we can assume that there are open sets
U and V of R™™, with U = UN M, and a ® € Diff(U, V) such that U = f~*(0) for
f =@t € £(U). Tt follows because Vf(p) #0 for p € U that f is regular. Hence it
follows from Proposition VII.10.13, that

v(p) =eVfp)/IVf(p)| forpeU

with ¢ € {£1}. This shows that v is smooth.

Now let (¢, V) be a second positive chart with UNV # @ and ¢ = (y*,...,y™), and
suppose u(q) = (¢, p(q)) € Ty M satisfies p € C=(V,R™) and |u(q)| = 1 for g € V.
Also suppose (p(q), ,9%1|q7 ce % ) is a positive basis of T,R™"" for ¢ € V. Because

o

the two bases
(%’p,...,m p) and (8%1 p,...,% p)

have the same orientation for p € U NV, it follows that u(p) = v(p) for p € UNV. Now
the existence of a unit normal field follows from the existence of an oriented atlas of M. m

q

(i) (M&bius strip) Suppose R > 0, and define
f:[-mm) x(~1,1) - R

by
0 0

2

2

2

f(6,t) := ((R—l—tcosg) cos 6, (R+tcos —) sin@,tsin—) )

Then the image M of f is a nonorientable
surface, the Mdbius strip. Visually, the
map [ works as follows: Because

f(iﬂ-) t) = (_R7 Oa it) )
it twists the end {7} x (=1, 1) of the rect-
angle [—m, 7] X (=1, 1) by 180 degrees rel-
ative to the start {—n} x (—=1,1). These
two ends are then glued together.
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Representing f in the form
f(6,t) = R(cosf,sin6,0) + tg(f)

with g(6) := (cos(#/2) cosf,sin(6/2) sin6,sin(f/2)), we obtain an interpretation
of the parametrization of f: A point with angular velocity 1 traces a circle in the
(z,y)-plane with center 0 and radius R; this describes the first summand. The
midpoint of a rod of length 2 is affixed to this point (along its length) and is allowed
to simultaneously rotate about its own midpoint with an angular velocity of 1/2,
so that its direction is reversed after one rotation; this is the second summand.

Proof The proof that M is a smooth surface is left to you.

For —m < 0 < 7, we have
v1(0) := 01 f(0,0) = R(—sinb,cosh,0) ,
v2(0) := D2 £(6,0) = (cos(0/2) cos 6, cos(0/2) sin 0, sin(6/2)) .

It follows that for every 6 € [—m,m) the vectors v1(6), v2(0) attached to p(0) := f(6,0)
form a basis of T),9)M. Therefore the vector

n(0) := (—v1(0) x v2(#)) /R = (— cos Osin(0/2), —sin fsin(0/2), cos(6/2))

attached to p(f) is a unit normal vector for —7 < 6 < 7. In particular, n(0) = es.
We assume that v: M — R? is a unit normal field with v(p(0)) = es. Then because

TgyM is continuous and one-dimensional, it follows that the vectors v(p(6)) and n(6)

coincide in —7 < 6 < m. From this and the relation p(—7) = p(w), we find as 6 — 7 that

—e1 =n(—7) =v(p(-m)) = v(p(n)) =n(r) =e1,

which is not possible. Thus there is no smooth (or even continuous) unit normal field
on M; this, by (h), shows that M is not orientable. m

(§) (regularity) With obvious modifications, the statements above remain true for C*
manifolds. m

Tensor fields

Let r, s € N. Then, according to Section 2, the vector space T (T, M), which con-
sists of r-contravariant and s-covariant tensors, is well defined on T, M. Therefore
the bundle of (7, s)-tensors on M,

Ti(M) = | TI(T,M)
peM

is also well defined. An (r, s)-tensor (more precisely, an r-contravariant and
s-covariant tensor) on M is a section of this bundle, that is, it is a map

v: M —TIH(M) with v(p) € T, (T, M) for p € M .
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If v and ¢ are (r, s)-tensors on M and f € RM | then the sum, v + 8, the product
with functions, fv, and the tensor product, v ® J, are again defined pointwise as

(v +9)(p) ==~(p) +d(p), (f1P®) = flp)y(), @) =) @dip)

for p € M. Likewise, the effect of v € T7(M) on an r-tuple a1, ..., q, of Pfaff
forms and an s-tuple v1,...,vs of vector fields is defined pointwise by

v(at, ..., op,v1,...,05)(p) == v(p) (1 (p), - .., ar(p), vi(p), ..., vs(p)) for pe M .

Finally let € Diff' (M, N). Then we define the push forward by ¢ of v € T/ (M)
through

(80*7)(041; ey Oy U1,y . e 7US) = (’YO @71)(30*041) .. 730*057“7()0*1]1) .. 730*1]8) )

where aq, . .., a, are Pfaff forms and vy, ..., vs are vector fields on NV, and we have
set

©*v = (1) (4.25)

with v a vector field on N. Naturally, ¢*y := (¢~ 1), is then the pull back of
v € T{(N).

Let k € NU {oo}. Then an (r,s)-tensor v belongs to the class C* (or, is
k-times continuously differentiable or smooth in the case k = oo) if every point
of M has a chart (¢, U) such that ¢, is a (7, s)-tensor on p(U) of class C*. We
denote the set of all smooth (r, s)-tensors on M by

T7 (M) .

S

The proofs of the following remarks are straightforwardly transferred from
the corresponding proofs for differential forms in Sections 2 and 3.'¢ Therefore we
leave these proofs to you.

4.18 Remarks (a) The definition of differentiability is coordinate independent.
(b) 77 (M) is an £(M)-module. The tensor product map
®: THM) x T2 (M) = TR (M), (1,0) =7 @6
is £(M)-bilinear and associative.
(¢) An (r,s)-tensor v on M is smooth if and only if
Y(aq, ... qp,v1,...,0s) € E(M)

for all vy,...,vs € V(M) and aq, ..., o, € Q1 (M).

16 This repetition can be avoided if one first develops the (elementary) theory of vector bundles.
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(d) Let (¢,U) be a chart of M. Then

0 0 .
{8xj1 ®.”®8ij QdeF' @ @ dx®e ; ji,kié{l,...,m}} (4.26)

is a module basis of 7,7 (M). Then v € 7 (U) if and only if the coefficients of ~y in
the basis representation (4.26) are smooth.

(e) Let ¢ € Diff (M, N). Then ¢, maps the module 7 (M) to 7] (N) and operates
covariantly as

(’L/) (e] gp)* = 1b* O Px and (ldM)* = ldT_f(M) .
Analogously, ¢* (7 (N)) = 7(M), and ¢* operates contravariantly. Finally ¢,

and therefore also ¢* is compatible with the tensor product map, that is,

Px(Y®0) = uy @ 6 .

(f) For f € C>°(M, N) and v € 7°(N), the pull back f*v of vy by f is determined
by
(v, .. vs) = ('yOf)((Tf)vl,...,(Tf)vs) for vi,...,vs € V(M)
with ((T'f)v)(p) := (Tpf)v(p) for p € M. Then the map
fRT)N) = T)(M) oy oy

is well defined and R-linear, operates contravariantly, and is compatible with the
tensor product map. For f € Diff (M, N), it is the same as the previously defined
pull back.

(g) 71 (M) = V(M), T2(M) = QY(M), and dual pairing (-,-) is a (1,1)-tensor
on M.

(h) (regularity) Let k € N. Then the statements above hold analogously if M is a
C**lmanifold and C™ is replaced by C*. m

Exercises

1 Let N be a submanifold of a manifold without boundary. Show that (with the canon-
ical identification) V*¥(N) C V*¥(M) for k € NU {oco}.

2 Suppose o € Q" (M) and 8 € Q(M), and let v € V(M). Show that
v (@nB) = a)Af+(—1)an(—p).
3 Verify the statements made in the proof of Example 4.17(b).

4 For a € Q' (M) and v € V(M), calculate d{a, v) in local coordinates.



5 Riemannian metrics

We already know from Section VII.10 that the Euclidean inner product (-|-) on
R™ can be used to define another inner product by restricting it to the tangent
space T, M of a submanifold M. This gives a way to measure lengths and angles
on T, M. So, for example, we can determine if two curves I'y and I'; on M intersect
orthogonally at a point p by verifying that the tangent spaces T,,I'; and T,I'; are
themselves orthogonal in T), M.

That the Euclidean structure of R™ induces one on M, or precisely on the
tangent bundle of M, is the foundation for the theory of integration on manifolds,
which we will treat in the next chapter. In this section, we explore a few con-
sequences of the existence of a Euclidean structure on M, and we study several
examples. We also introduce the Hodge star operator and the codifferential, which
are of significance for a deeper incursion into the theory of differential forms—in
particular, these concepts are important in (theoretical) physics.

To ease the introduction to the material, we consider first the case of the
Euclidean structure on M induced by (-|-). It will be apparent, however, that all
abstract theorems remain true in an essentially more general framework, namely,
that of Riemannian geometry. Because these facts are of great theoretical and
practical importance, we will introduce the concept of a (pseudo) Riemannian
metric, which forms the general framework for our subsequent considerations.

For the entire section, suppose the following:

e M is an m-dimensional submanifold of R™; N is an n-dimensional submani-

fold of R™.

e The indices i, j, k, [ always range from 1 to m unless otherwise stated, and
>_; means that j is summed from 1 to m.
The volume element

Suppose M is oriented. Then Or induces an orientation on every tangent space
T,M. Also T,M is an inner product space with inner product (-|-), induced
by the Euclidean scalar product of the surrounding space R™. Thus, by Re-
mark 2.12(b), there is a unique volume element w,, on T, M. Therefore

wym(p) =w, forpe M

defines an m-form on M, the volume element on M.

5.1 Proposition Suppose M is oriented. Then wy; belongs to Or(M). If (¢,U)
is a positive chart with ¢ = (z',...,2™), then

wM|U:\/5dx1/\---/\dxm, (5.1)
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where G := det[g;,] € £(U) is the Gram determinant and
gix(p) = (91, | 8k|p)p for1<jk<mandpeU.

Letting g, :=iop~! € C®(p(U),R™), withi: M — R™, be the parametrization
belonging to ¢, we have

.9k (x) = (9;9,(2) | Okgp(x)) for 1 <jk<mandzc o). (5.2)

Proof Because (01]p,--..,0m|p) is a positive basis of T, M, it follows from Propo-
sition 2.13 that

wp = /G(p)dz* A---Ndz™(p) forpeU .
Therefore (5.1) holds. Because

<p*(wM|U)=<p*\/§dx1/\--~/\dxm|<p(U)

with p.vV/G = /G op~1, it follows from Remark 4.3(a) that (5.2) is satisfied.
Because the scalar product and the determinant function are smooth (see Propo-
sition VII.4.6 and Exercise VII.4.2) and because G(p) > 0 for p € U, the chain rule
gives 0,V G € E(¢(U)). Therefore wyy | U is smooth, which proves wy, € Or. m

5.2 Remark (regularity) By modifying the statement of this proposition in the obvious
way, we find it remains true when M is a C' manifold. m

5.3 Examples (a) (open sets in H™) Let X be a nonempty open subset of H™.
Then X is endowed with a natural orientation with respect to which every tangent
space T, X = T,R™ with p € X is naturally oriented, that is, this orientation makes
the canonical basis ((€1)p, ..., (em)p) positive. Then the volume element of X is
given by

wX:dxl/\uJ\dxm‘X.
The trivial chart (idx, X) is positive.

(b) (fibers of regular maps) Suppose X is open in R™ and ¢ is a regular value
of f € &(X) with M := f~1(q) # 0. We provide the hypersurface M with the
orientation Or(M,Vf) induced by Vf, as follows: For every p € M, the basis
(v1,...,0m—1) of T,M is positive if and

only if the basis 3 \ﬁ}
(Vf(p)vvla s 7vmfl)

of T,X = T,R™ is positive with Vf =
>4 Ocf 00z, With

v=V1/Vf|

the unit normal field of M, the volume element of (M ,O0r(M,V f)) is given by
wym = (v Dwx) | M.
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If m = 3, a basis (vl(p),vg(p)) of T, M is positive if and only if the three
vectors (vl,vg,z/(p)) form a “right handed basis” of TPR?’. Here (w1, ws,ws) is
a right handed basis if one can stretch out the thumb, first, and second fingers
of one’s right hand (with the middle finger bent palmward) so that these three
fingers point in the direction (and the same order) of these three vectors. This is
called the right hand rule.

Proof Because g is a regular point, V f(q) # 0 for ¢ € M. By the regular value theorem,
M is a smooth hypersurface in X. The proof of Example 4.17(e) shows that was is a
smooth volume form. Now all is clear. m

(c) (spheres) The m-sphere S™ in R™! form € N
is canonically oriented by the outward unit normal
field

v(z) = (v,z) € T,R™ .

If m =0, S° consists of the two points {1} C R,
and the outward unit normal field at 1 [or —1] is
given by (1,1) € 1R [or (—1,—-1) € T_1R].1

When m = 1, the canonical orientation of S* is the same as the one given
in Remark VIIIL.5.8. Therefore “one traverses S! is the positive direction” exactly
when the traversal is counterclockwise. In this case, v coincides with the negative
unit normal vector —n in the sense of the Frenet two-frame.

The volume element of the canonically oriented m-sphere is the m-form?
wem = (V — me+1) | S
m+

1
= Z(—l)jflxj de' Ao ANdad Ao Ada™ T ST
j=1

The chart (¢4, ST describes the upper [or lower] hemisphere ST that is projected
along the z™*1-axis onto B™ x {0}; this chart is positively oriented when m is
even [or odd] and is negatively oriented for odd [or even] m.

The spherical coordinate chart of S! is positive, whereas that of S? is nega-
tive.

Proof The formula for wsm is a special case of (b). The statements about the various
charts of S™ follow from Examples 4.6(a)—(b). m

(d) (graphs) Let X be open in H™ and f € C*(X,R™). Then the natural
orientation of the graph M := graph(f) is the one for which the natural chart
(p, M) with

o: M —R", (z,f(z)—a

1See Example 1.17(a).
2This justifies the notations used in Examples 4.6 and 4.13(c).
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is positive. In the case n = 1, the volume element wj; has the local representation

war | M = \/14+|Vf2det A--- A dz™
with Vf =370, 9;f 0;.

Proof Because go(z) = (z, f(z)) for 2 € X = (M), it follows from Remark 4.3(a)
that

0ilp = (p, (e, 0;f(x)) € T,R™ for p= (z,f(z)) eMand1<j<m,

where T, M is identified canonically with the vector subspace (Tpinr)(TpM) of T,R™ .
Putting d; := 0; f, we then get g;x = d;jx + d;dk.

Let D := [« gjx]. Then it follows that

1+d% dids didm
dad1 1+ d% s daodm
G = det Dy, = det ) ) )
dndy  dmdz -+ 1+d3,
0 - di
Dmfl Dy :
— det 2 m—1 : .
o |+ d;, det Ly
dmdl dmdmfl 1 d1 dm71 1

To compute the last determinant, we subtract d; times the last column from the j-th
column for 1 < j < m — 1, and so find that its value is 1. This then gives the recursion
formula

det Dy, = det Dpp_y +d2, .

Because det D; = 1+ d?, the recursion yields
G=detDy, =14di +---+d2y =14 |Vf]?
and hence the claim. m

(e) (curves) Suppose J is a perfect interval in R, and v: J — R™ is a smooth
embedding. Then M := ~(J) is an embedded curve in R™. Also let M be oriented

by v, that is, let ('y(t), f'y(t)) be a positive basis of T', ;) M for t € .J. Finally, suppose
©: M — R, with v =iy 0@~ the chart of M belonging to . Then wys = || dt.

Proof This is an immediate consequence of Proposition 5.1. m

(f) (parametrized surfaces) Let X be open in H2, and h: X — R" let be a
smooth embedding. Then M := h(X) is a two-dimensional submanifold in R", a
surface in R", which is described by a single chart. Therefore M is orientable. By
the orientation induced by the parametrization h, we mean that orientation for
which (8111(3:), 82h(x)) is a positive basis of T}, M for every xz € X.
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Let ¢ : M — R? with ¢ = (u,v) charge belonging to h, that is, h = ip; 0~ L.

With the classical notations
E:.= |81h|2 s F:= (81h|82h) s G = |82h|2 5

we have

wy =VEG—F2duAdv .
Proof This follows from .G = EG —F%. m

(g) (boundaries) Suppose M is an oriented manifold with boundary and v(p)
is the outward (unit) normal vector OM at p € OM. Then we say a basis
(V1,...,Um—1) of T,OM is positive if (I/(p),’l)l, e ,vm,l) is a positive basis of
T,M. This is turn determines an orientation on 9M, the orientation induced by
the outward normal. The volume element wgps of OM satisfies

wom = (Vv 2 wp) |OM =5y v —wnm)

where iy : OM <— M is the natural embedding.

Obviously (c) is a special case of this situation. Note also that the orientation
induced by the outward normal must not agree with that induced by V[ if OM
can be represented as in (b) as the fiber of a regular map.

Proof From Theorem 1.15 and Remark 1.16(a), we know that v can be locally described
in the form v(p) = Vf(p)/|Vf(p)|, where f is a smooth function satisfying V f(p) # 0.
This shows the unit normal vector field is smooth. From this it follows easily that
(v — war) |OM belongs to Q™ 1 (OM). If (vi,...,vm—1) is an ONB of T,0M, then
(u(p),vl, e ,vm_l) is an ONB of T, M. When (V(p),vl, e ,vm_l) is a positive ONB of
.M,

L=wum(v(p),vi,...,vm-1) = (v = wnm)(P)(v1,...,Vm-1) . W

(h) Let m > 2. Then the orientation of JH™ = R™ ' induced by the outward
normal v = —e,, coincides with the natural orientation of R™1 if and only if m
is even.

Proof This we may read off from

det[v,er,...,em_1] = (=1)" "detler,...,em—1,—€m] = (=1)" . =

Riemannian manifolds

The proof of Proposition 5.1 depends on the fact that every tangent space T, M
is endowed naturally with an inner product that varies differentiably with p € M.
Such situations appear quite frequently, although the scalar product on T'M is
often generated in another way. Therefore it is useful to explore these issues
somewhat more precisely.
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A Riemannian metric on M is a tensor g € 7,)(M) such that g(p) is an inner
product on T,M for every p € M. Then (M, g) is a Riemannian manifold.

Let (M, g) be a Riemannian manifold. We will often write ((xl, coo ™), U)
for the chart (¢,U) of M with ¢ = (2!,...,2™). Then we set

g 0
9 = 9(55 5.7 ) €EWU) (53)
and put
[¢7%] := [gjx] € C(U, Rim™") and G :=detlg] € E(U) . (5.4)

We also call g the (first) fundamental tensor. Here [g;x] is the representation
matrix (or simply, the matrix) of g in the local coordinates (x!,...,z™); it is
also called the (first) fundamental matrix.> As before, G is called the Gram
determinant.

5.4 Remarks (a) If g is a Riemannian metric on M, the map
VM) x V(M) —EM), (v,w)w— g(v,w) (5.5)
is well defined, bilinear, symmetric, and positive in the sense that
g(v,v) >0 and g(v,v)=0<=v=0. (5.6)

Proof That the map (5.5) is well defined follows immediately from Remark 4.18(c).
The remaining claims are direct consequences of the properties of scalar products. m

(b) Let ((z',...,2™),U) be a chart of a Riemannian manifold (M, g). Then
g|U= Zj’k gjk dr? @ da .

In this context, we usually write dz?dx” for da/ ® da*.

Proof According to (4.8), any v € V(U) has a basis representation

; 3}
U:Z(dx]’wﬁ .

J

The claim follows from this, the bilinearity of the map (5.5), and the definitions of
de? @ dz* and g;;,. m

(c) Let ((z',...,2™),U) be a positive chart of an oriented Riemannian mani-
fold (M, g). Then the volume element wy; of M satisfies

wr | U =VGdazt A--- Ndz™ .

Proof This follows from Proposition 2.13. m

3See Remark VIL.10.3(b).
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(d) Let g be a Riemannian metric on M, and let (z',...,2™) and (y!,...,y™) be
local coordinates on an open set U of M. Then

glU=3_  gmdd! @da* =3 Grsdy' @ dy’

with

_ 0zd Oz
g”:zj,k8—g/“8—ysgjk forl1<r,s<m.

Proof Because

. J
dx]:Z g—;dyr for1<r<m,

this is a consequence of (b). m

(e) If we only require of g € 7 (M) that the bilinear form g(p) on T, M is symmet-
ric and nondegenerate for every p € M, then we call g an indefinite Riemannian
metric, and (M, g) is a pseudo-Riemannian manifold. In this case, we again use
the notations (5.3) and (5.4). Then (a), (b) and (d), with the exception of (5.6),

remain true. Every Riemannian manifold is also pseudo-Riemannian.

(f) Let (M,g) be a (pseudo-)Riemannian manifold, and suppose W is open in M.
If vy,...,v, € V(W) satisty

g(vj,vp) = £ for 1 <j,k <m,

we say (v1,...,Vn) is an orthonormal frame on W. Of course, Riemannian mani-
folds have g(vj,v;) = 1for 1 < j < m. An orthonormal frame (v1,...,v,) on W is
therefore an m-tuple of (smooth) vector fields W that form an ONB (with respect
to the (indefinite) inner product g(p) of T, M) at every point p € W. Such an or-
thonormal frame does not exist in general, because, according to Remark 4.5(d),
one cannot generally find m vector fields that are everywhere linearly independent.

If (p,U) is a chart of M, then there is an orthonormal frame on U.

Proof The basis vector fields 01, ..., 9n € V(U) are linearly independent at every point.
Because g is nondegenerate, the Gram—Schmidt orthonormalization procedure (see for
example [Art93, §§ 7.1 and 7.2]) then generates an orthonormal frame. The details are
left to you. m

(g) Let (M, g) be an oriented pseudo-Riemannian manifold. If (¢, U) is a positive
chart of M with ¢ = (x!,... 2™), we set

wa |U == +/|Gldaz' A - Adx™ .

This then defines a volume form wys € Q™ (M) on M, which we call the volume
element of M. Every positive orthonormal frame (v1,...,v,,) on U satisfies

wM(vl,...,vm) =1.
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Proof We show first that wa € Q™(M) is well defined. So let (e1,...,em) be any
orthonormal frame on U, with (e',...,e™) its dual frame; that is, ¢/ € Q'(U) and
(e’,ex) = 67 for 1 < j,k < m. Then it follows from Remark 2.18(d) that

e A Ae™=4/|Gldz A Ada™ .

Because this is true for every positive coordinate system (ml, ...,x™)on U, it follows that
wrm |U € Q™(U) is well defined and independent of the special choice of local coordinates.
Suppose now { (fa,Ua); v € A } is a positive atlas of M and (va,1,...,Va,m) is & positive
orthonormal frame on U, with dual frame (g%, ...,eT). Then we define wps on M by
wy |Ua = el A--- Ae™. From the previous considerations, it follows that was is well
defined and belongs to Q™ (M). The last claim is now obvious. m

(h) (regularity) Let k € N, and let M be a C**! manifold. Then the definitions and
statements above remain true if V(M) and £(M) are replaced everywhere by V(M) and
C* (M), respectively. m

Suppose (N, g) is a Riemannian manifold and f: M — N is an immersion.
Then f*g (the pull back of § by f) is a Riemannian metric on M. If M is a
submanifold of N and i: M <— N is the natural embedding, then ¢*G is the
Riemannian metric induced by N (more precisely, by (N, g)).

Let (M, g) and (N, g) be Riemannian manifolds. An immersion f: M — N is
said to be an isometry if g = f*g. If f is an isometric diffeomorphism, that is, both
an isometry and a diffeomorphism, then M and N are isometrically isomorphic.

5.5 Examples (a) Suppose (M, g) is a Riemannian manifold and (¢, U) is a chart
with ¢ = (z!,...,2™). Then (U, g) and (cp(U), go*g) are isometrically isomorphic,
and
— R
Pxg = Zj,k gjk dx? dz” .

Proof This follows immediately from the definition of the fundamental matrix. m

(b) R™ is a Riemannian manifold with the Euclidean metric gz := (-|-), the
standard metric. Therefore R™ induces a Riemannian metric g on M, which we
also call the standard metric. It is obviously independent of R™ in the sense that
R™ induces the same metric on M when M lies in R". In particular, g(p) = (+]-),
for p € M (with the notation we have been using) for the scalar product induced
by (-|-) in T,M.

If (p,U) is a chart of M with ¢ = (z!,...,2™) and h := i o ¢! with
i: M — R™ is the associated parametrization, then

g = Z‘k(é‘jhwkh)dxjdxk .
s

In other words, the first fundamental matrix [g;x] is given in local coordinates
(x',... 2™) by
[(0;h] Okh)] € C((U),R™*™) .
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This is consistent with Remark 5.4(b) and also shows that Proposition 5.1 is a
special case of Remark 5.4(c).

Proof From g = i"gm, it follows that p.g = (™1 " gm = h*gm. Let (y*,...,y™) be
Euclidean coordinates of R™. Then

gm:i(dyff and hgm = Zh (dy’ ® dy’) :Zm: dh’ @ dh’

j=1 j=1

which follow easily from the definition of the pull back of (0,2)-tensors dy’ ® dy’ and

from Example 3.4(a). Now the claim follows easily from the bilinearity of («, 8) — a® 3
for o, B € Q' (¢(U)) and from dh’/ =3, Oph’ dz*. m

(c) (graphs) Suppose X is open in H™ and f € C*°(X,R™). Let M be the graph
of f, and let

be the natural chart (¢, M). Then the standard metric g of M satisfies
Z (dz?) +Z (0;f | O f) da? dac®
In particular, in the case of a surface (m = 2),
9= 1+ 01f1*)(dx)? +2(01f | 02 f) dxdy + (1 + |92 £1*) (dy)*

Proof Because g i = 01 + (9;f | O f) for 1 < j, k < m, this follows from (b). m

(d) (parametrized surfaces) Suppose X is open in H and h: X — R" is an
embedding. Then the standard metric of the surface M := h(X) is given by

= E(du)? 4 2F dudv + G(dv)? ,
where we have used the notations of Example 5.3(f).

(e) (plane polar coordinates) Let V4 := (0, 00)x (0, 27). Then the polar coordinate
map

fQ:‘/é_)R27 (TaSO)’_’(xay) = (TCOSQOaTSinSO)
is an embedding with M := fa(Va) = ]RQ\(RJr x {0}), and

g2 | M = (dz)* + (dy)* = (dr)? + 1*(dp)*

Proof This follows easily from (d). m

(f) (circular coordinates) With respect to the parametrization
h:(0,27) — R?* |t (cost,sint)

of ST\ {(1,0)}, the standard metric on the circle satisfies gg1 = (dt)?.
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Proof Because |0h| = 1, this follows from (b). m
(g) (m-dimensional polar coordinates) With m > 3, let?
fon: Vi = R™ (10,01, .., Omo) — (22,2, ... ™)

be the (restriction to Vi, of the) polar coordinate map (X.8.17). Then f,, is a
parametrization of R™\ H,,,_1, and

m m—2
Z dxj d?“ + 72 amo(dcp + Z Am, ke dﬁk) }
j=1 k=1
with
m—2
Q1= H sin?¥; for0<k<m-—3 and mym—2 = 1.
i=k+1

In particular, spherical coordinates satisfy (m = 3)
(dz)? + (dy)® + (d2)? = (dr)? + r?[sin® 9(dyp)? + (d9)?] .

Proof With y = (r,2z) € R x R™™ ! we read off from (X.8.14) that
1 fm(Y) = hm—1(2) and 0jfm(y) =1dj—1hm-1(2) for2<j<m. (5.7)

Therefore (X.8.13) implies

|1 fm? =1 . (5.8)
Differentiation of |hm—1|> = 1 gives (hm-1|Okhm-1) = 0 for 1 < k < m — 1. Then it
follows from (5.7) that

(01 fm (y) ’ O fm(y)) =7(hm-1(2) ’ Ok—1hm-1(2)) =0 for2<k<m. (5.9)
From (5.7) we also get
(9 fm () | O fm(y)) = 72 (Dj—1hm—1(2) | Oe-rhm—1(2)) for2<jk<m. (5.10)
The recursion formula (X.8.12) with z = (2/, zm—1) € R™ 72 x R leads to
Ojhm—1(2) = (95hm—2(z")sinzm-1,0) for 1 <j<m-—2, (5.11)

and
Om—-1hm-1(2) = (hmfg(z/) COS Zm—1, — sin szl) .

From this and (X.8.13), it follows that
|8m_1hm_1(z)|2 = |hm_2(z/)|2 08> Zm—_1 +sin® zm_1 =1,
and, in analogy to the above, we have

(05hm-1(2) | Om—1hm-1(2)) = sin zm_1 €08 Zm—1 (hm—2(2") | Ojhm—-2(2")) =0

4We use the notations of (X.8.11)—(X.8.24).
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for 1 < j <m — 2. With (5.7), this proves
|Om fm(2)> =72 and (9 fm |Omfm) =0 for2<j<m—1. (5.12)
Finally (5.11) implies
(thmfl(z) | Bkhmfl(z)) = sin? szl(ajhmfg(z') | 8khm,2(z/)) forl<j<m-—2.
Thus (5.7) and (5.10) give the recursion formula
(05 fm (¥) | Ok fon () = sin® 21 (95 fn—1(¥) | O fin-1 (1) (5.13)

for 2 < j,k <m —1, with y = (v, ym) € R™™! x R. Because (5.8) and (5.12) are true
for all m > 3, induction on (5.13) gives

|0; fn|” = 72 am,j—2 for2<j<m-—1, (5.14)

and
(8 fm | Oufrn) =0 for2<jk<m—1landj#k. (5.15)

Now the claim follows from (5.8), (5.9), (5.12), (5.14), (5.15), and (b). m
(h) (m-dimensional spherical coordinates) For m > 2, let
b s Wiy — Rm+1 ) (@,191, s 719?71*1) = (yl,y27 s 7ym+1) )

where W,,, := (0,27) x (0,7)™"1 and

1 . . .
= cos psindy sinvy - - -siny,—1

2 = sinpsind; sinvy - - -siny,—1
y = cost sinvy -+ -sinVm_1 ,
ym = oS ¥m_osint, 1 ,
ymﬂ = coS Upp—1

are (m-dimensional) spherical coordinates.> Then h,, is a parametrization of the
open subset U, := S™\ H,, of the m-sphere. The standard metric ggm of S™

satisfies
m—1

gsm = am1,0(dp)? + Z Am1 k(A )?
=1

In the case of the 2-sphere (with ¥ := 1), this becomes

gg> = sin® 9(dp)? + (dv)? .

Proof Because hm = fm+1(1,-), the claim is a simple consequence of (g). m

5See Example VII.9.11(b).
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(1) (Minkowski metric) We denote the Euclidean coordinates of R* by (¢, z,y, 2)

or (20,21, 22 2%) and set R (R4, (+])1,3) with the Minkowski metric
3
()13 = (dt)* — (do)* — (dy)* — (dz)* = 2= (dad)?
J=1

Then R‘i 3 is a pseudo-Riemannian manifold, the spacetime or Minkowski space of
(special) relativity theory.

For v = (v°,...,v%) C R} 5, we call

3

[oli 5 = (v]v)13 = (%)% — ijl(vj)Q

the Minkowski norm of the vector v. Vectors with posi-
tive Minkowski norm are said to be timelike; those with
negative norm are spacelike. Those whose Minkowski
norm is zero are lightlike; in R‘i?ﬂ the lightlike vectors
form a (double) cone, the light cone £ 3.

(j) (pseudospherical coordinates) Let Vi g:=R x V3 and
f1,3: V1,3 _’R4 y (p7Xa§0719) = (xovxlvaaxB)

with
2% = pcoshy ,

z! = psinh x cos psind |
22 = psinh y sin psin® |
23 = psinh y cos ¥ ;

this is the pseudospherical coordinate map. Then f; 3 is a smooth diffeomorphism
from V3 3\ {0} to the interior

L13:= {ze R* ; |x|f3 >0}
of the light cone, and
(+1)1,3 = (dp)* = p*[(dx) + sinh® x sin® I(dip)* + sinh® x(d?)?] .

Proof This follows easily from the properties of sinh and cosh (see Exercises I11.6.5 and
IV.2.5), and from Remark 5.4(d). m

(k) (hyperbolic spaces) To generalize the Minkowski space, we set

C-1-)1m devj

for n € N*. Then Rf;l = (R™' (-] )1,m) is an m-dimensional pseudo-
Riemannian manifold.
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Let
M™:={(2"z) eRxR™; (2°)> —|z|*=1, 2° >0},

that is, M™ is the upper connected component of the m-dimensional two-shelled
hyperboloid

K, ::{xGRm‘H; (Az|z) =1}, where A:=diag(l,—-1,...,-1)

(see Example 1.17(b)). Also let i: M™ < R™"! be the canonical embedding, and
let

Then
H™ = (M™, gyzm)

is an m-dimensional Riemannian manifold, the m-dimensional hyperbolic space.
If N :=(N,g) is isometrically isomorphic to H™, we say N is a model of H™. In
particular, if we provide R™ with the metric

(dr)?
1+ 72

2
+7r gsm—1 ,

written in the “polar coordinates” (r,o) € Rt x §™~1 then R™ is a model of H™.

Proof For u:R™ — R™ z+s /14 [z[2, we have M™ = graph(u). Therefore
o: M™ —R"™, (h(z),z)—z

is a diffeomorphism from the hypersurface M™ in R™*! to R™. Hence we have only to
show that the bilinear form ggm (0) induced on M by —(-|-)1,m is positive definite and
that ¢.gmm has the form indicated, because one could read off from this that ggm= (p) is
positive definite for every p € M\ {¢~"(0)}.

With h(z) := (u(z),z) for € R™, we have h =io0 ¢ " and
9jh = (Qju,ej) for1<j<m,

where e; is the j-th standard basis vector of R™. Because dju(x) = 27 /u(x), it follows
that
(pxgrm)jn(@) = (k| Oxh)1m(x) = (6ju — 2’z") [u?(z) for z € R™ ;

in particular (¢.grm)(0) =3, (dz?)?.
As in (g), let

fm: (0,00) X W1 = R™ 0 (r,9) — rhim—1(0)

be the m-dimensional polar coordinate map. Then ¢ := f,' o ¢ is a local chart of M,
and a:=ioY™ ' = ho f, = fih is the associated parametrization. This has

a(r,?) = (\/ 1+ 72, rhm_1(19)) ,
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and therefore

Bra(r,9) = (

.
it

for (r,9) € (0,00) X Wp,—1. Because |hm—1| =1, we derive

,hm,l(ﬁ)) . 0gsa(r,0) = (0,705hum—1(r,9))

Yugum = —a” (-] )1,m
2
2 ) i gk _ T ) 2
=" Okt | Ohum) da’ da® + (1 ) @n*
The claim now follows from this because of (h) and because the part still missing from
M™\{¢'(0)} can be analogously parametrized by rotating M™ around the z°-axis. m

() (the Poincaré model) In analogy to
the stereographic projection of the sphere onto
the plane, consider the stereographic projec-
tion of the pseudosphere

S2, = {(t,a,y) €R?; 2 —2? — 2 =1} .

We set N := (1,0,0), the north pole of Si3,
and define the south pole as S := (—1,0,0).
Then the value s(p) of the point p € M? of
the stereographic projection s: M2 — R? is
defined as the point where the line from S to p intersects the plane R? x {0} in R3.
If the (Euclidean) coordinates of p € M? are (t,z,vy), and those of s(p) are (u,v),
we learn from the figure above that
z t+1
vl and e 1
Because t? — 22 — y? = 1, it follows that > — (u? + v?)(t + 1)? = 1. From this we
calculate

. 1+ u? + 02 2u 2v
= rT = —— =
1—u2—02"’ T—w—2 YT 122

This shows that

1+ u? +0? 2u 2v )

: B? — M? (
™ i 5 (U,U)’—) 1_u2_,0271_u2_v2’1_u2_v2

is a parametrization of M2 over B?. It satisfies

(du)? + (dv)?

7T*gH2 = 4—(1 _u2 — 1}2)2 .

Therefore ) )
(52,4 14+ 0
L= 22— y2)2

is a model of the hyperbolic plane, the Poincaré model.
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Proof The proof that m*gy2 has the form given is left to you as an exercise. m

(m) (the Lobachevsky model) Following what we did in (h) and (j), we can
parametrize M? by the pseudospherical coordinates

h1,2 : R+ X [0727T) - RB ’ (Xv%o) = (taxay)

with
t=coshy, a=sinhycosy, y=sinhysiny.

These satisfy hi ,gms = (dx)* + sinh? x (dp)?. Therefore
(R x [0,27), (dx)? + sinh? x (de)?)

is a model of the hyperbolic plane H?2, the Lobachevsky model.

Proof The verification of the given formulas is again left to you as an exercise. m

(n) (general pseudo-Riemannian metrics) Let X be open in H™, and suppose
gik = grj € E(X) for 1 < j, k < m and det[gji(z)] # 0 for # € X. Then

g:= Zj,k 9k da? da®

defines a pseudo-Riemannian metric on X. If the matrix [gjk(x)} is positive defi-
nite for every z € X, then g is a Riemannian metric on X.

Now suppose { (Pa,Uqn) ; v € A} is an atlas for M,

Yo, jk = Ga,kj € g(ﬁoa(Ua)) for 1 <j,k<m,

and det[ga ji(z)] # 0 for # € ¢a(Us) and a € A. Then there is exactly one
pseudo-Riemannian metric g on M such that

91U =ga =) Gakdo’dz*

if the transition function h := cpgl 0, satisfies

Oh? ORhF
98,rs = Z

3k 0x" Ox*® Yo,k

for o, 8 € A with U, NUg # 0.

Proof This is a consequence of Remark 5.4(d). m

A Riemannian manifold has a Euclidean structure on every tangent space,
which allows lengths and angles to be measured. This allows many concepts from
Euclidean geometry to be extended. For example, we presented in Section VIII.1
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a formula for the length of a curve. It can now be naturally generalized: a curve
~v: I — M on a Riemannian manifold M has length

/1 Jolin),5®) dt

where 4(t) € T, )M is the “velocity vector”
A(t) = (Tyy)(t,1) fortel

at the point (). We will not expand here on this subject, as the questions
raised are best treated in the framework of Riemannian geometry (see however
Exercise 5).

The Hodge star®

Suppose (M, g) is an Riemannian manifold and wy; is the volume element of M.

For 0 < r < m, we define bilinear maps

(-] )gr: Q" (M) x Q" (M) — E(M) (5.16)

)

by
(| B)gr(p) = (a(p) ‘ ﬁ(p))g(p)’r forpe M and o, 8 € Q"(M) (5.17)

where (-|-)g(),» denotes the scalar product on A\"T7* M introduced in (2.14) and
(2.15). The Hodge star operator (or simply Hodge star)

x: Q"(M) - Q" "(M), ar *xa (5.18)
is also defined pointwise:

(xa)(p) := *a(p) forp € M and o € Q(M) .

5.6 Remarks (a) The map (5.16) is well defined, bilinear, symmetric, and positive.

Proof We need only show that («| )4, belongs to £(M) for a, 8 € Q" (M), because the
other statements follow from the properties of (- |-)g4(p),r- Suppose therefore (¢,U) is a
positive chart of M. According to Remark 5.4(f), we can choose an oriented orthonormal
frame (v1,...,vm) on U. Let (n',...,7™) be its dual frame. Then Remark 3.1(e) implies

alU= > agn™ A Aq” (5.19)
(€D,
with
agy = vy, ..., v5,) €EWU)  for (j) €T, . (5.20)

Now the claim follows from (2.14), (2.15), and Remark 2.15(c). m

6The rest of this chapter can be skipped on first reading.
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(b) The star operator is a well-defined £(M)-module isomorphism with

xkQqy = (—1)T(m7T)Oé for a € QT(M) . (521)

Proof Because (5.21) follows from Example 2.17(e) and the pointwise definition (5.18),
and because (5.21) also shows that the star operator is bijective, it only remains to show
that *« is smooth. So let (p,U) be a positive chart of M. As in the proof of (a),
let (v1,...,vm) be an orthonormal frame on U, and let (n*,...,n™) be its dual frame.
Then *a |U € E(U) follows from (5.19), (5.20), and the explicit representation of *a in
Example 2.17(d). m

(c) For a, 8 € Q" (M), we have

aANxf=0Axa=(a|B)grwm - (5.22)

Proof This follows immediately from Example 2.17(f) and the pointwise definition of
all operations involved. m

(d) *1 =wp and *wpr = 1.

(e) (regularity) It is clear that the statements above are still true when M is a C***
manifold and Q(M) is replaced by Q) (M). m

Using the pointwise definition of the star operator, we can transfer the other
formulas of Example 2.17 to the present case. The following examples gather
several rules so obtained.

Let ((xl, coo ™), U) be a chart of M. When (91, ...,0y) is an orthonormal
frame on U, we say (x!,...,2™) are orthonormal coordinates on U. If the 0; are
not necessarily normalized, that is, we only know ¢(9;,dx) = 0 for j # k, then the
coordinates are orthogonal.

5.7 Examples In these examples, (z!,...,2™) are orthonormal coordinates on
UcM,and a € QU).

(a) Euclidean coordinates are orthonormal coordinates. Polar, spherical, and pseu-
dospherical coordinates are orthogonal.

Proof This follows from Examples 5.5. m
(b) > ajde? =370 (=1)7 e dat Ao A dai A+ Ada™.

(c) *Zj(—l)j_laj det Ao Adzd A ANdz™ = (—=1)m-1t PFLY da?.

(d) For m = 3, we have

*d(zj a; dxj) = (O2a3 — O3a2) dr' + (03a1 — O1a3) dz? + (O1a2 — Daaq) dz?
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Proof This follows from Example 3.7(a) (and the remarks following (4.16)), because
(2.20) implies the relations

w(de® Ada®) = dz' ,  *(de® Ada') =da? |, x(dz' Ada®) =di® . m

Of course, we can also explicitly calculate * Z( fer, 4G) dz9) even if we are
not using orthonormal coordinates. For simplicity, we only consider the case of
1-forms.

5.8 Proposition Let ((xl, coo ™), U) be a positive chart of M. Then

*dy? = Zk(—l)k_lgjk\/adxl A A c?a-:\k A Adx™ .

Proof Because xdz? € Q™~1(U), Example 3.2(b) guarantees that there are aj;
in £(U) such that

*dr! = Zz(—l)hlaﬂ det Ao ANdt A N de™
This gives
da® A xdx? = —1) g dat Adet A AdTE A A da™
2 (1) g (5.23)
zajk.dxl/\---/\dxm .
From Remark 2.14(b) we get (dz’ |da*), 1 = ¢g’¥. Thus Remark 5.6(c) gives
da® A sda? = gFwy = gV Gdat A - Ada™ (5.24)
where the last equality follows from Remark 5.4(c). Now the claim follows from
(5.23) and (5.24). m
The codifferential

Let (M, g) be an oriented Riemannian manifold. To avoid an exceptional case, we
set Q~1(M) := {0} so that, because Q™+ (M) = {0}, we can also define the star
operation x: Q™ (M) — Q=1 (M). With help of the (so extended) star operator
and the exterior derivative, we define for 0 < r < m the codifferential

§:Q"(M) — Q"1 M)

by”
oo := (_1)m(’"+1)*d*a for a € Q"(M) .

7The normalization factor (—1)"™("+1+1 is often used instead of (—1)™("+1)  particularly in
differential geometry. The reason for our choice will be made clear in Remark 6.23(c).
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In other words, we require that the diagram

Q" (M) Q™ (M)
(,1)m(r+1)5 d
Q (M) Q™ (M)

commutes.

The following remarks list several properties of the codifferential.

5.9 Remarks (a) 62 =0.

Proof Because xxa = (—1)"m a, we have 6da = txdsxdxa = £xd*xa = 0 because
d>=0.m

(b) xdd = do* and *dd = ddx.
Proof If o € Q"(M), then da belongs to Q"' (M). Therefore
woda = (=)™ D ssdsda = (—1)™ sxdxda .
Because dxda € Q™" (M), we thus find xdda = (—1)_T2d*da. Analogously,
doxa = (—1)™ "D dadiera = (— 1) Guda
Because m(m + 1) is even, this proves the first claim. The second follows analogously. m

(c) d*d =0dxd=0.
Proof We leave the simple proof to you. m
(d) *da = (=1)"Ttdxa and §(xa) = (—1)"*da for a € Q" (M).
Proof The first statement follows from
xda = (1) Wikdra = (=)™ (1) VO N v = (1) dkar
The second follows from an analogous calculation. m

(e) (regularity) From the definition of § and Remarks 4.11(b) and 5.6(e), it follows
immediately that d is an R-linear map from Qfy, to 7, for 1 <r <m and k € N*.

(k— 1)
This remains true for C**! manifolds. m

5.10 Examples Let ((xl, coo ™), U) be a positive chart on M.
(a) Fora =3, qa; dz? € QY(U), we have

gjkak\/_)eé'( ).

oo =

\/_ij83

Proof It follows from Proposition 5.8 that

Q= Zj a4y ()T VGdx A AdaF A Adz™
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From this we derive (because r = 1) that
6a_*d*a_*2 Z Z (a]g]k\/_)dx Adzt A - ~/\Em\k/\--~/\dxm
0 jk m
:*ija v (g ak\/_)dm Ao ANdx™ .

The claim now follows from

w1

dz' Ao ANdz™ = ﬁwM (5.25)
and from Remark 5.6(d). m
(b) For orthonormal coordinates (x!,...,2™), it follows from (a) that

5(2 ajdxj) Z dja; .

(c) da =0 for a € E(M).
(d) S(adxt A+ Adz™)

_Z]k 8xi(\/a_) Jk\/_dx/\ /\c?a:\k/\---/\dxm.

Proof Using (5.25) and Remark 5.6(d), we get
s(adz' A Adz™) :a/\/a )
Therefore ) 5 " .
sde(ade’ Ao Ndz™) =5 %(ﬁ) da? .

Now the claim follows from Proposition 5.8. m

(e) With orthonormal coordinates, we have

™
0 Z a(j) dz) = Z Z(— k 183ka dz* A - Adxie A - A dadT .
' (§)ed, k=1

Proof Because of the linearity, it suffices to consider a = adz'? with (j) € J,. From
(2.20) and Theorem 4.10(ii), we obtain

dxa = s(j) da A daV") = 5(%) Z ajkad.%‘jk Ade)

Therefore Example 2.17(d) implies

xdxa = s(j) Z 5 (Jks (jc))('?jkad:cj1 Ao Adaie A - A dadT
k=1
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with s(jk, (jc)) = sign(jk, Gy g1y - TRy ,jr). Because (5¢) consists of m — r ele-
ments, it follows that

S(.jka (Jc)) = (71)(7”*7‘)(7“*” Sign(jk7j17 s 7.7’.7\67 cee ajrv (JC))
— (71)(m7r)('r71)+k718(j) )
Due to the (mod 2) congruences
m=r)r—1)4+k—-14m@r+)=k—r(r+1)—-1=k-1,

the claim then follows from the definition of §. m

5.11 Remarks (a) By making appropriate modifications, the above properties
of the star operator and the codifferential can be extended to the case of pseudo-
Riemannian manifolds.

More precisely, suppose (M, g) is an oriented pseudo-Riemannian manifold.
We can provide T, M with the inner product induced by that of R™. By Re-
mark 2.18(a), it follows that the representation matrix g of g(p) at every p € M
is diagonal in an appropriately chosen basis, and its diagonal entries are +£1. Now
(—1)® = signg(p) is uniquely determined by g(p), where s denotes the number of
negative elements. We now assume that sign(g) = sign g(p) is constant on M, that
is, it is independent of p. From (the proof of) Remark 5.4(f), it follows that this
assumption is satisfied if M can be described by a single chart.

Under this assumption the star operator, as defined through (2.25), can also
be defined pointwise. Then (5.21) and (5.22) must be replaced by

swxa = sign(g)(—=1)"™ Mo for a € Q"(M)

and
aA*f =B Axa =sign(g)(a|f)grwm fora,Be Q" (M),

as we learn from Remarks 2.19(d) and (e), respectively. Here wy is the volume
element of M defined in Remark 5.4(g). Remark 2.19(c) also implies

x1 = sign(g)wps for xwpr =1 .
The codifferential is defined in this case by
S :=sign(g)(—1)™ " udsa  for a € Q"(M) . (5.26)

We verify easily that with these modifications, the statements of Remark 5.6 hold
as written.

Proof The claims follows from Remarks 2.19. m

(b) Let ((331, coo ™), U) be a positive chart of M. Then

- 1 0 ,
e — Jk
(5E jajdx = —|G| E ik B (g ax |G’|) e &) .

Proof This follows, in analogy to the proof of Example 5.10(a), from Remark 5.4(g). m
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5.12 Examples We consider now the Minkowski space R} 3 with the metric (- |- )13
and therefore with g := (dt)? — (dx)? — (dy)? — (dz)>.

(a) If (4,4, k) is a cyclic permutation of (1,2, 3), then with (2!, 2%, 23) := (x,y, 2),
we have

w(de® A dt) = da? Ade® and  x(dz' Ada?) = —da® A dt .

Proof Let (eo,e1,e2,e3) be the canonical basis of R‘ig. Then
g(eo,e0) =1 and g(ej,ej) =—1 for1<;j<3.
This implies ' _
(dt]dt)gs =1 and (dz’|dz’)g1=—1.
Therefore
(dt Ada? |dt Ada')go=—1 and (dz’ Ada”|da? Ade")go=1 for1<j<k<3.
Now the claim follows from Remark 2.19(c). m
(b) Let E;, H; € S(Ri3) and
= (Erda' + Exda® + Esdx®) A dt
+ Hida® A dz® + Haoda® A dat + Hsdz!' A da?

Then )
xa = —(Hydz' + Hodx? + Hsdx®) A dt

+ Eida® A da® + Exdz® A da' + Esdat A da?

Proof This is an immediate consequence of (a) and the £(R{ 3)-linearity of the star
operator. m

(c) The « from (b) satisfies
IR IR ) o OH, OH;\ . .
T M g > (Gor ~3at) &

J=1 k= (4,4,k)

where the last term is summed over all cyclic permutations of (1,2, 3).
Proof From (b), we know that

ZH de' Ndt+ Y Epda’ Ada”
= (4,4,k)
This implies
; 5. 3L OH,
*a:—ZZ D2 da? Adz' A dt

i=1 j=1

;é

+(2€)( ati J k gE dz* A da? /\dm).
i,
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From Remark 2.19(c), we derive
w(dt Adz' Ada?) = —da®  and  *(da’ A da? A da®) = dt
With this we get

OEy

OH; OH;
weo = — Z (81'] 8xz>d —dt
(:3,k)
Now the claim follows because m = 4 and sign(g) = —1. m

Exercises
1 Let (Mj,g;,) for 7 = 1,2 be pseudo-Riemannian manifolds with M7 = @), and denote
by m; : M1 x Ma — Mj the canonical projection onto M;. Prove these statements:

(1) (M1 x M2, 7mig1 + 75g2) is a Riemannian manifold, the product of M1 and M.
(ii) Two points (p1, p2) yield submanifolds M; x {p2} and {p1} x M2 of M1 X Mo>.
(ii) Tips, Pz)(Ml X Mz) = TPLPz)(Ml X {pz}) & T(Plvpz)({pl} x MQ)'

(iv) WMy x My = 7T1W]V[1 A 7T2CUM2-
2 Let M be an oriented hypersurface in R™*!. We call v: M — TR™"! a positive
unit normal field when v is a unit normal of M such that, for every p € M and every
positive basis (v1,...,vm) of T, M, the (m+1)-tuple (V(p), v, .. ,vm) is a positive basis
of T,R™T,

(a) Show that v is well defined and unique.

(b) Determine the unit normal on these surfaces in R3:

(i) graph f, with X open in R? and f € £(X), (i) Rx S, (i) S*, (iv) To, .
(Hint: (iv) Exercise VII.10.10 and Example VIL.9.11(f).)

3 Let M be an oriented hypersurface in R™*!, provided with the standard metric.
Denote by v the positive unit normal of M. Show these facts:
(i) v defines a smooth map from M to S™, the Gauss map (which is also denoted by v).
(ii) For p € M and v € T,M, we have ((Tpv)v|v(p))ymyy = 0. Therefore (Tpv)v
belongs to T, M.
(iii) The map

RM+

L:M— U L(T,M) € L(T,M), p— Tpv
peEM

is well defined. This is called the Weingarten map of M.
(iv) For p € M and v,w € T,M, we have

9(p)(L(p)v,w) = g(p) (v, L(p)w) ,

that is, L(p) is symmetric on the inner product space (7,M,g(p)). The tensor
h € T (M) defined by

h(p)(v,w) := g(p)(L(p)v,w) for pe M and v,w € T,M

is called the second fundamental tensor of M.
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(v) In local coordinates (U, ), with the natural embedding i : M — R™%! and with
f=1i0¢ ! we have

hjk = (O;v | O f) = —(v|0;0kf) ,
where hjj, := h(9/027,0/0z").
4 Calculate the second fundamental forms of R?, $%, R x S', and Tg,r as submanifolds
of R3.

5 Suppose [ is a compact interval in R and M is a Riemannian manifold. Also let
v € CHI,M). Let i: M — R™ be the natural embedding, and put 5 := i o~. Then the
length L(7) of 7 is defined as in Section VIIL.1. Show that if 4(¢) := (Tyy)(t,1) for t € I,

then
L) :/1 g(5(t),%(t)) dt .

When L(3) = L(I), we say + is parametrized by arc length.

6 Suppose M is an oriented surface in R® and v € C?(I, M) is parametrized by arc
length. Also denote by v the positive unit normal bundle of M. Then we call

kg (’Y) = det[’% ¥ V]

the curvature of v in M or the geodesic curvature of ~.

(a) Verify in the Euclidean case M = R? that the geodesic curvature is the same as the
(usual) curvature from Section VIII.2.

(b) Suppose M = S? and (x,y,z) are the Euclidean coordinates in R®. Also let ~.
for 2 € (—1,1) be a parametrization by arc length of L, := /1 — [2]2.8" x {2} (sce
Example 1.5(a)). Show then that

Kg(7z) = 7@ .

Therefore the geodesic curvature is constant on the circle L, and vanishes at the equator.

7 Prove the equality p*wgm =~ (™+D

m = 2 and 3.

a from Example 4.13(c) by direct calculation for

8 Prove the statements made in the proof of Example 5.5(b).

9 Show that
{zeC;Imz>0}—-D, z— (1+iz)/(1—iz)

gives a diffeomorphism from the “upper half of complex half plane” to the unit disc.
Then use this map to show that

(n? (do)® + (dy)2>
) y2
is a model of the hyperbolic plane, the Klein model.

10 Show that the Lobachevsky plane from Example 5.5(m) is a model of H2.
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11 For a € Q" (M) and 8 € Q" (M), show

dlaAN*B) =daA*B+aA*if .

12 Show that the codifferential does not depend on the orientation of the underlying
Riemannian manifold.

13 Suppose M is oriented, (N, g) is another oriented m-dimensional Riemannian man-
ifold, and f: M — N is an isometric diffeomorphism. Show that f*wnx = fwn. Also
show that f*wny = wa if and only if f is orientation-preserving.

14 Suppose M and N are as in Exercise 13 and f: M — N is an orientation-preserving
isometric diffeomorphism. Show that the diagram

*

Q" (M) Qm=T(M)
f f
@) ——— Q)

is commutative for 0 < r < m.

15 Suppose M and N are as in Exercise 13, and f: M — N is an isometric diffeomor-
phism.® Show that the diagram

)
Q" (M) QY (M)
I [
)
Q"(N) QYN

commutes for 0 < r < m.

8Note Exercise 12.



6 Vector analysis

Vector fields and Pfaff forms can be interchanged using the Riesz isomorphism.
While vector fields have an immediate geometrical interpretation, the calculus
of differential forms is of great value in calculations. The exterior product and
derivative obey relatively simple rules, which themselves stand for a more compli-
cated set of prescriptions for how to change from one system of local coordinates
to another. In this section, we will use the Riesz isomorphism to translate some
of the concepts and theorems of differential forms into the language of classical
vector analysis. In so doing, we will learn about the divergence and curl of vector
fields, which are of fundamental significance in physics and the theory of partial
differential equations.

For the entire section suppose the following:
e M is an m-dimensional manifold; N is an n-dimensional manifold.

e The indices i, j, k, £ always range from 1 to m unless stated otherwise, and
>_; means that j is summed from 1 to m.

The Riesz isomorphism

Let g be a pseudo-Riemannian metric on M. Then we define the Riesz isomor-
phism, ©4, by
Qy: V(M) — Q' (M), v+ Oy (6.1)

and
(O4v)(p) = Oypyv(p) forpe M,

where ©,) : T,M — Ty M is the Riesz isomorphism of (2.12) (or Remark 2.18(b))
and is defined by

(Ogpyu, w) = g(p)(u,w) for u,w e T,M .
When no confusion is expected, we may write © instead of O,.

6.1 Remarks (a) The map (6.1) is well defined.
Proof We must show that ©v belongs to Q' (M) for v € V(M). In local coordinates,

we have o
_ Jj_Y
lU=3 v 55
with v/ € £(U). From this and from Remarks 2.14(a) and 2.18(b), it follows that
0

0vp) = 0y Y, D) 5] = YV DO |
=D W)Y, aiw®)da"(p) = a;(p) d’(p) ,
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where ‘
ag = Z]' gk]"UJ c S(U) .
Now the claim follows from Remarks 4.5(c) and 5.4(e). m

(b) In local coordinates,

@(Zj fuj%) = Zj a; dz? with a; := Zk girv® . (6.2)

Instead of Ov, we often write v” or ¢g°v, because, as seen in (6.2), © effects a
“lowering of indices” (see Remark 2.14(d)).

Proof This was shown in the proof of (a). m
(¢) The map ©: V(M) — QY(M) is an £(M)-module isomorphism.

Proof Let a € Q'(M). Then a(p) € Ty M for p € M. From Section 2, we know that
Og(p) is a vector space isomorphism. Therefore @g_<lp)a(p) € T, M is well defined. We set

(B40)(p) := @g(p)a(p) for pe M and o € Q' (M) .

In local coordinates, we know from Remarks 2.14(a) and 2.18(b) that
Oga(p) = Oy D as(P)da’ () = 3 a5 (p)Oy ) da’ ()
; 0 ; 7]
— ) JkoV_ 2| — J ()2
=X, 4 Y, I Ogr| =X v 0)gs|

P

vl = Z gFay, € EW) .
Thus it follows from Remark 4.3(c) that G)ga belongs to V(M). From the definitions of
0, and Oy, it follows immediately that ©,0, = idg1(p) and 0,0, = idy(ary. Therefore
O, is bijective, and ©, " = O,.
Finally we see that for a € £(M) and v € V(M), we have

04(av)(p) = Ogm)a(p)v(p) = a(p)Oy(pv(p) = (aOyv)(p) forpe M .

Therefore © is an £(M)-Module isomorphism. m

I

where

(d) In local coordinates,

@*1(2 a; dx]) Z ngx with o/ = Zkgjkak. (6.3)

-1 «

Instead of © o, we often write af or gfa, because © raises indices”.

Proof This was shown in the proof of (c). m

(e) (orthogonal coordinates) If (z!,...,2™) are orthogonal coordinates, that is,
if
0o 0 ‘
9505 5ax) =0 Fori k.
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then (6.2) and (6.3) simplify respectively to
o !
Ou = o) dxd d 67 1qg= JI g, ——
v Zj g;;v’ dz?  an a ng how
for v=73".079/927 and a =Y a; da’.

(f) Let (N,g) be a pseudo-Riemannian manifold, and let ¢ € Diff (M, N) with
p«g = Ag for some A # 0. Then the diagram

)

V(M) V)
Onm | ¥ | \On
o
QY (M) QY(N)

1%

commutes. Therefore © 0" = Ap*O .

Proof Using the definition and properties of the push forward and the pull back of
vector fields and forms (see in particular (4.25)), we find for v, w € V(N) that

AG(v,w) = @ug(v,w) = g(™v, o w) = (Om v, e w)m = (P+Omp v, W) N
= §(ON P Oume v, w) .
Because g is nondegenerate and R-linear, it follows that
M =0Ox'0.0np v for ve V(M) ,
which proves the claim. m

(g) (regularity) Suppose k € N and M is a C**! manifold. Then the definitions and
statements above remain true when smooth vector fields, differential forms, and functions
are replaced by C* vector fields, C* differential forms, and C* functions. m

6.2 Examples (a) (Euclidean coordinates) Let M be open in R™. We denote
Euclidean coordinates by (z',...,2™), that is, (-|-) = 3 (dz7)?. Then

@(Zj fuj%) = Zj a; dz?  for a; = v

The last assignment means that in the Euclidean case we do not need to introduce
new notation; instead we normally write v’ dz’ for the image of v’ 9/0x’

under ©. That is, © allows us to regard the components vJ of the vector field
>_; v’ 0/027 as those of the Pfaff form }_; v7 dz’.

Proof Because g;i = 0;, this follows from Remark 6.1(b). m
(b) (spherical coordinates) Let V3 := (0,00) x (0,27) x (0,), and let

fiVs=R . (r,0,9) 0 (z,y,2)
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be the spherical coordinate transformation of Example VII.9.11(a). Then with
respect to the standard metric, we have

@(vl 82 +v? 82 +v? %) =o' dr + r?sin?(9)0? dp + r*0* di) .
r ¥

Proof This follows immediately from Remark 6.1(b). m
(¢) (Minkowski metric) On Ri?), we have
() (ZB Ol i) =10da® — 23 v’ da?
INE—p=0 " Oz j=1

for g = (-] )1 m

The gradient

If f € E(M), then df belongs to Q' (M). Therefore
grad, f = @;1 df e V(M)

is a well-defined vector field on M, the gradient of f on the (pseudo-)Riemannian
manifold (M, g) (or with respect to g). We may also write it as grad,, f or grad f if
no misunderstanding is expected. Therefore grad f is defined by the commutativity
of the diagram

E(M) = Q°(M)
wa / . N (6.4)
V(M) Q' (M) .

6.3 Remarks (a) The map grad: E(M) — V(M), f+ grad f is R-linear.
(b) For f € £(M), the vector field grad f is characterized by the relation

g(grad f,w) = (df,w) forwe V(M) .
(c) In local coordinates, we have
5. Of\ 0
— § : § ’ Jk —_
grad f = j( kI 83:’“) Oxd (6:5)

Proof Because we know from (4.5) and (4.8) that df =} df/dx? da? | the claim follows
from Remark 6.1(d). m
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(d) (orthogonal coordinates) In orthogonal coordinates, (6.5) simplifies to

8f 0
grad f = Z &W 907

Because in this case g has the form

g=>_ 9 ('), (6.6)
that is, because the fundamental matrix is diagonal, we have g%/ = 1/g;;. Thus
the coefficients g7 can be read directly from the representation (6.6).

(e) Suppose (N, g) is a pseudo-Riemannian manifold and ¢ € Diff(M, N) with
w+g = Ag for some A\ # 0. Then the diagram

Agrad,,
£(M) M)
SD* (p*
grad 5
E(N) V(N)

commutes. Therefore grad,; o p* = A~ 1¢* o grady.

Proof Because the relation A\@,}'¢* = ¢ O follows from Remark 6.1(f), we find for
f € E(N) that

Agrady (¢"f) = A8y d(¢" ) = X0y ¢ df = ¢ Oy df = ¢"grady f ,
where we have used (4.19). m
(f) (regularity) Let k € N. For f € C***(M), we have grad f € V*(M). Here it suffices

to assume that M is a C**! manifold. m

6.4 Examples (a) (Euclidean coordinates) Let M be open in R™. Denoting

Euclidean coordinates by (z',...,2™), we have gj; = ;5 and therefore
of o
d )
grad f = Zy Oz Oxi

This representation obviously coincides with that of Proposition VII.2.16. For
an arbitrary locally Riemannian metric, we have already confirmed (6.4) in Re-
mark VII.2.17(c).

(b) (spherical coordinates) Let V3 — R®, (r,¢,9) — (x,y,2) be the spherical

coordinate map. In these coordinates, the gradient with respect to the standard

metric reads

o1 1 o0 10/ 0
r2

af = - .
grad f = 25in2 9 Oy Op 99 00

9
r or

Proof Because spherical coordinates are orthogonal, this follows from Example 5.5(g). m
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(c) (spherical coordinates) Suppose hy: Wo — R3 (p,9) — (z,y,2) is the
parametrization of the open subset Us := S?\ Hy of the 2-sphere. Then for
f € CL(Us,R), we have

1 8f 0 of 0

grads: [ = 2095 55 8 T 89 90 -

Proof This can be read from the representation of gg2 in Example 5.5(h). m

(d) (Minkowski metric) Suppose X is open in Rf?, and f € C'(X,R). Then,
with respect to the Minkowski metric, we have

of 0 o0f o of 9 Of 0
ot ot Ox d0xr Oy Oy 0Oz 0z’

as we see immediately from the definition of (-|-)1,3.

The divergence

Now suppose M is oriented and that wy; denotes the volume element of (M, g).
Then the maps

cwyr EM) — Q™M) , a — awpy (6.7)

and
Swp VM) = QY M), v v wy (6.8)

are defined pointwise.

6.5 Lemma The maps (6.7) and (6.8) are well-defined £(M )-module isomor-
phisms. If ((xl, coo ™), U) is a chart of M, then

awn |U = £a/|Gldz' A - A da™ (6.9)

and

.0
(Z'vj —) wypy
i Ox - (6.10)
= Zj(—l)j_lvj\/|G| de' Ao Adxd A Ade™
where the positive sign is used in (6.9) when the chart is positively oriented, and
the negative is used otherwise.

Proof (i) From the pointwise definition of « wj; and from Remarks 5.4(c) and (g),
the truth of (6.9) follows immediately. From this and Remark 4.5(c), we conclude
that awps belongs to Q™ (M) for a € E(M). Therefore the map (6.7) is well defined.
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It is clearly £(M)-linear. By Remark 4.14(a), every a € Q™ (M) has exactly one
a € E(M) such that o = awps. Thus (6.7) is also bijective.

(ii) The validity of (6.10) follows from Remark 4.13(b) if the chart is positive.
Otherwise we replace! ! by —z'. Then v! is substituted by —v'. This shows that
(6.10) is independent of the chart’s orientation.

Because /|G| € E(U), (6.10) and Remark 4.5(c) show that v — wps belongs
to Qm=Y(M) for v € V(M ) Thus the map (6.8) is well defined and clearly &(M)-

linear.

Let a € Q™ Y(M). Then it follows from Example 3.2(b) and Remark 4.5(c)
that there is a unique a; € £(U) such that

a|U=Zj(—1)j—1ajdx1A---A@A---Admm.

Then v/ := a;//|G| belongs to £(U). Therefore

_Z U]%EV )

and (6.10) shows (v — wp)|U = a|U. This implies that the map — wys is
surjective. Because its injectivity is clear, we see that it is an isomorphism from
V(M) to Q™~Y(M). m

6.6 Remarks (a) Let (N, g) be an oriented pseudo-Riemannian manifold, and
suppose ¢ € C®°(M, N) with ¢*wny = pwys for some p # 0. Then the diagram

p(s war)
£(M) Q™ (M)
" "
ey — o anw)

commutes, that is,
w(p*a) swpy = p*(a-wy) foraec&(N).

Proof This follows immediately from the behavior of (exterior) products under pull
backs. m

LConsider how this proof should be modified for the case of a one-dimensional manifold with
boundary.
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(b) Let (N, g) be an oriented pseudo-Riemannian manifold, and suppose ¢ belongs
to Diff (M, N) and satisfies p*wy = pwps for some p # 0. Then

p(— war)
V(M) — QmH(M)
©" ©"
V) ——N L gmein

1%

is a commutative diagram, that is, p((¢*v) = war) = ¢* (v = wy) for v € V(N).
Proof We derive from Remark 4.13(a) that

u((e™) dwnm) = @"v 2 (pwnm) = "0 2 P wN = P (e DwN) =" (v D wN)
forve V(N). m

(c) (regularity) Let k € N. Clearly then
cwar s CF(M) — QU (M)

and
—wn VHM) — QM)

and these maps are C*(M)-module isomorphisms. Thus it suffices to assume that M is
a C**! manifold. m

With help of the isomorphisms (6.7) and (6.8), we define a map
divg: V(M) - E(M), v divgu (6.11)

by demanding that the diagram

divg
V(M) E(M)
—wnm | = = | ewm (6~12)
d
Q™ (M) Q™ (M)

commutes. In other words, for v € V(M), the divergence div, v of a vector field v
on an oriented pseudo-Riemannian manifold (M, g) (or, with respect to g) is de-
fined by the relation

(divg v)wamr = d(v — war) - (6.13)

Instead of divy, we may also write divy, or, if no confusion is anticipated, simply
div.
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6.7 Remarks (a) The map (6.11) is R-linear.
(b) Let ((z',...,2™),U) be a chart of M. For v := > v §/027 € V(U), we have

dive = \/EZJ 5‘x] \/_1]]) . (6.14)

In orthogonal coordinates, we also have v/|G| = \/[g11 - g22 - =+ * Gmml|.

Proof Let ¢ := 1 if the chart is positive; use € := —1 if it is negative. From (6.9), (6.10),
and (6.13), we obtain (on U) that

diviv)wn =d(v 2 wn) = 5d<2 (=1 |Gldzt A A dwi A A dmm>
J

9 /]G] _ -
:EZM(*I)J 1%@@\@1/\“%@”\“%@

:€<Zj m>dxlA~~~/\dmm

Nl
<\/|%|Zj (axj )>“’M

forveV(M). m

(c) Suppose (N, g) is an oriented pseudo-Riemannian manifold and a map ¢ €
Diff (M, N) satisfies p*wn = pwyps for some p # 0. Then

divar
V(M) E(M)
SD* (p*
divy
V(N) E(N)

is a commutative diagram, that is, divas o p* = ¢* o divy.
Proof From Remark 6.6(b) and from (6.13) we obtain, by using d o ¢* = ¢* o d, that
pdivar (" v)wn = pd(e"v S wn) = dp" (v 2 wy) = ¢ d(v = wn)
= ¢" [(divy v)wn] = ¢" (divy V) wn = pe™ (diva v)wa
for v € V(IV). Now the claim follows from Lemma 6.5. m
(d) (regularity) Let k € N. Then divv belongs to C*(M) for v € V*™'(M), and the
map
div: VFT (M) — (M), v divo
is R-linear. So it suffices to assume that M is a C**2 manifold.
Proof This is a consequence of Remarks 4.11(b) and 6.6(c). m

As we shall see in the next chapter, the divergence of a vector field has
interesting geometric and physical interpretations.
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6.8 Examples (a) (Euclidean coordinates) Suppose U is open in R™. Denoting
Euclidean coordinates by (x!,...,2™), we have

ov’
dive = Zj e
for v =3, v? §/0x7. This formula also holds when ((z!,...,2™),U) are any
other orthonormal coordinates on (M, g).
(b) (plane polar coordinates) Let V5 := (0,00) x (0,27), and let
fo: Va = R?,  (r,9) — (z,) := (rcos g, rsinp)

be the plane polar coordinate map. Then with respect to the standard metric, we
have

Sy o o T Tar T

1 1 2 1 1 2
div (vl % 4 92 5%) _ = (rv') | Ov v Ov ov

Proof This follows from /G = r, as can be read off the representation of g» given in
Example 5.5(e). m

(c) (spherical coordinates) Let V3 := (0,00) x (0,27) x (0,7), and let
f3:‘/é—)R3, (T7<)0)19)'_)(x7y)z)

be the spherical coordinate map of Example 5.5(g). With respect to the standard
metric g3 := (dz)? + (dy)? + (dz)?, we have

. 0 0 0 1 9(r2vt)  ov? 1 9(v3sind)
19 20 30y _ 1 Y
div(o! 5o+ ap 7Y 55) =1 "o 9p smo 09
2 ot ov? ov?

£.1 ., Yv YU 3, 727
v + o +830+C0t(19)v + 59 -

Proof Example 5.5(g) gives /]G] = r?sin®, as the claim requires. m

(d) (Minkowski metric) Let M := R%,P) and g := (dt)? — (dz)? — (dy)? — (dz)%.
Then
5 0

0 0
(09 19 i
dlv(v 8t+v 8x+v 8y+v 0z

3 ﬁ) ot o o?
for v7 € E(Rig) with0<j<3. m

The Laplace—Beltrami operator

By combining the two first order differential operators grad and div, we obtain
the most important second order differential operator, the Laplace-Beltrami op-
erator A,.
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Let (M, g) be an oriented pseudo-Riemannian manifold. Then we define A,
by
Ay = divg grad,

or, equivalently, by requiring that the diagram
Ay

E(M) E(M)
gradg\‘ /(;ivg
V(M)

commutes. Instead of Ay, we may also write Ays or simply A if ¢ is clear from
context.

6.9 Remarks (a) The map Apr: E(M) — E(M) is R-linear.
(b) If ((z',...,2™),U) is a chart of M, then

\/I?Z & Oz (\/_ " o 1«) for f € £(U) . (6.15)

In orthogonal coordinates, (6.15) simplifies to

Apf=

Anif = ViGie L) orpesw),  w16)

1 0
V|Gl Zj %(
where /|G| = \/]g11 - g22 -~ * Gmml|.

Proof This follows from Remarks 6.3(c) and (d) and Remark 6.7(b). m

(c) Suppose (N,g) is an oriented pseudo-Riemannian manifold. Also let ¢ €
Diff (M, N), and suppose there are A\ # 0 and pu # 0 such that p.g = Ag and
p*wn = pwpr. Then the diagram

AA N

E(M) (M)
L,D* o~ I~ 90*
AN
E(N) E(N)

commutes: AA s o0 @* = ¢p* o Ap.
Proof This is a consequence of Remarks 6.3(e) and 6.7(c). m
(d) (regularity) Let k € N. Then obviously

Anr: CF2(M) — CH(M)

and this map is R-linear. Here it suffices to assume that M is a C**2 manifold. m
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6.10 Examples (a) (Euclidean coordinates) Suppose M is open in R™, with
Euclidean coordinates ((z',...,2™),M). Then Ay is the same as the (usual)

m-dimensional Laplace operator

A, = Zj 07 .
See Exercise VIL.5.3.
(b) (circular coordinates) With respect to the parametrization
h:(0,2n) = R*, ¢ — (cos,sin)
of S'\{(1,0)} (and the standard metric), we have Ag1 = d2.
Proof Remark 6.9(b) and Example 5.5(f). m
(c) (plane polar coordinates) In plane polar coordinates
(0,00) x (0,27) = R?* |, (r,¢) — (rcosp,rsing) ,

the Laplace—Beltrami operator (with respect to the standard metric RQ) is

Bo =000 )+ 550, =0 4 L0+ 50 = 5 [0+ As] -

r2

Proof This follows from Remark 6.9(b), Example 5.5(e), and (b). m

(d) (m-dimensional spherical coordinates) For m > 2, the Laplace-Beltrami
operator of S™ (with respect to the standard metric) in the spherical coordinates

of Example 5.5(h) assumes the form

pon 1 >
T in? 91 o -sin® 9,1 02
m—1
1 0 & 0
T —— (sin® ¥ ——
; sin® 9y, sin® Opqp - -+ -sin? 0,1 819k( b 5‘19k)
In particular,
Agr = — 32 4+ L 0,(sin0y-) = —=— 02 + 32+ cot 90
57 sin?9 ¢ sing Y VT inZg e Y v

Proof From Examples 5.5(g) and (h), it follows

»

m—2 m—1

m—1
G = H Amt1,k = H H sin®9; .
k=0 k=0 i=k+1 M e Z

Exchanging the order of the two products gives

m—1
G =[] sin” 9 = [wma(0)]*,  (6.17)
i=1

where we use the abbreviated notation intro- 1 m—1
duced in Proposition X.8.9.



370 XI Manifolds and differential forms

From the orthogonality of the spherical coordinates, it also follows from the given
examples that

. 1 1 )
g’ = = for1<j<m.
Am+1,5—1 Hizj sin® 19;
From this we read off

m—1 m—1 1

VG g = ( sin® ¥, —) sin? t 9,

g H H sin? 94 it

i=1 k=j
itj—1

for 2 < j < m. Thus we find
e ()
\/_ aﬁj 1 091

1 d (. i d
= S 19_ —_—
sin] J 1 Hm .1 511’1 19 819] 1 <bln i-t 8193'_1)

for 2 < 57 < m. Now the claim is clear. m

(e) (m-dimensional polar coordinates) In m-dimensional polar coordinates with
m > 2, the m-dimensional Laplace operator reads

1
Am: 8T(Tmilar)+—Asm 1 —824-7(9 + Asm 1

Tm—l
1
2

[(r0,)? + (m = 2)rd, + Agna] .

Proof From Examples 5.5(g) and (h), we read off gm = (dr)® + 72ggm—1. This then
implies G = 2™ VG gm_1. It also implies g'* = 1 and

P T
g7 = 595,007 for2<j<m.

Now the claim follows from (6.16) because of the orthogonality of the coordinates. m

(f) (Minkowski metric) In orthonormal coordinates, the Laplace—Beltrami oper-
ator of the Minkowski space ng has the form 02 — Az, where Az is the three-
dimensional (Euclidian) Laplace operator. That is, the Laplace-Beltrami operator
in the Minkowski space is just the wave operator.?

Proof This is an immediate consequence of (6.16). m

In the next proposition, we list some basic properties of differential opera-
tors used in vector analysis. Here and in the following, we denote the pseudo-
Riemannian metric of M by (|- ).

2See Exercise VII.5.10.
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6.11 Proposition Suppose (M, (-] )M) is an oriented pseudo-Riemannian mani-
fold, f,g € E(M), and v,w € V(M). Then

(i) grad(fg) = feradg + ggrad f;

(ii) div(fv) = fdive + (grad f |v)m

(ili) A(fg) = fAg+2(grad f | gradg)m + gAf;
(iv) fAg—gAf = div(fgradg) — div(ggrad f).

Proof (i) Because © is a module isomorphism, it follows from (6.4) that (i) is
equivalent to

d(fg) = fdg+gdf . (6.18)
Because (6.18) is a local statement, it suffices to prove this formula in local coor-
dinates. In this case, it is an immediate consequence of the product rule.

(i) From (fv) wwy = f(v wwar) = f A (v = wypr) and the product rule of
Theorem 4.10, it follows that

d((fv) mwn) =d(fA (0 swa)) =df A(v = wp) + fdlv —war) . (6.19)

Because this is also a local statement, we can use local representations. Then,
with v = 37,07 0/027 and a positive chart, we obtain from (6.9) and (6.10) that

df A (v = wpr)
= (Z] 883{] ) /\Zk(—l)’“*lv’“\/@dxl Ao Adzh A A da™ (6.20)

, of
= — )4/ L., m o_ E 2
( jaa:jv) |G|dz* A -+ ANdx i 97 VM -
We then read from Remark 6.3(b) and (4.4) that

(awad flo)as = (df,0) = 3 (a5 )0 =30 2Lwi - o)

Therefore it follows from (6.19)—(6.21) and the definition (6.13) that
div(fv)wn = d((fv) = war) = (grad f|v)ywa + fdivown |

which implies the claim.
(iii) This we get immediately from A = divgrad and (i), (ii).
(iv) From (ii), it follows that

div(feradg) = fAg+ (grad f| grad g) s - (6.22)

Exchanging f and ¢ and subtracting the result from (6.22) then yields (iv). m
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The curl

Suppose now (M, g) is a 3-dimensional oriented pseudo-Riemannian manifold.
Then we define the curl® curlv of the vector field v € V(M) by requiring that
the diagram

V(M) — Q' (M)
curl l d (6.23)
— WM
VM)~ a2
commutes, that is, by requiring
(curlv) —wpr = d(Ov) for v e V(M) . (6.24)

The definition is clearly only possible in the case m = 3.

6.12 Remarks (a) The map curl: V(M) — V(M), v~ curlv is R-linear.
(b) Let ((z',22,2%),U) be a chart of M. Then

3
1 0 0
curlvy = —— sign(j, k, £) i) —
Vel ; %: gn(j b, 0) 5 (griv") 5

forv = Z?:1 v/ 0/0x7. If the coordinates are orthogonal, this expression simplifies
to

0

0
curly = 0.k ) 5 (g00") 57

\/ﬁzmz

! [(82(93311) 93(g220%)) =

0 0
Ve a1 + (O(on) = Bilosn) 57

+ (01(g220°) = Ba(g11v")) 883}

with /|G| = v/|g11922933]- If the coordinates are orthonormal, this becomes

0

0
(83’() — 81’() ) ) + (811]2 - 82’()1) @ .

ox

curlv = (821)3 — 050%) 881

Proof Remark 6.1(b) and the properties of the exterior derivative give

d(Ov) = de <Zi9kwi) da’ = Zk Z#k % (Zl g’”vi> da’ Ada” .

3Sometimes written rot, short for “rotation”.
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From (6.10), we read off
curlv — wy = /|G| ((curlv)1 de’ Adaz®+(curlv)? da® Ada' + (curl v)? dml/\de) . (6.25)
Therefore the claim follows from (6.24). m

(c) (regularity) Let k € N. Then curlv € V*(M) for v € V¥+1(M). So it suffices here
to assume that M is a C**2 manifold. m

In the case m = 3, there are important relations between the operators grad,
div, and curl. These are summarized diagrammatically in the following theorem.

6.13 Theorem Let (M,g) be a three-dimensional oriented (pseudo-)Riemannian
manifold.

(i) The diagram

grad curl div
E(M) V(M) ——— V(M) £(M)
H > | Op > | JwMm >~ ewr (626)
d d d
Q°(M) Q' (M) Q% (M) Q*(M)
commutes.

(ii) curlograd = 0.
(iii) divocurl = 0.

Proof (i) follows immediately from the commutativity of the diagrams (6.4),
(6.12), and (6.23).

(ii) and (iii) are now direct consequence of d> = 0. m

6.14 Corollary Let X be open and contractible in R®. Also let v be a smooth
vector field on X.
(i) If curlv = 0, then there is an f € £(X) such that v = grad f, a potential
for v.
(ii) If dive = 0, then there is a w € V(X) with v = curlw, a vector potential
for v.

Proof (i) From (6.26) we learn that curlv = 0 is equivalent to d(Oxv) = 0.
Therefore the 1-form ©pv is closed, and the Poincaré lemma (Theorem 3.11)
guarantees the existence of an f € Q°(X) = £(X) such that © xv = df. From this
it follows that v = ©3' df = grad f.

(ii) Analogously to (i), it follows from dive = 0 that the 2-form v — wx
is closed and therefore exact, again by the Poincaré lemma. Thus there is an
a € QY(X) with da = v 0 wx. Then w := O3'a € V(X), by the commutativity
of the middle “loop” of (6.26), satisfies curlw = v. m
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6.15 Remarks Suppose X is open in R3.

(a) In Euclidean coordinates, the equality curlv = 0 is equivalent to the integra-
bility conditions
8jvk =0pv! for1 <5, k<3,

which can be seen from Remark 6.12(b). Therefore Corollary 6.14(i) is a special
case of Remark VIIL.4.10(a).

(b) (classical notation) In Euclidean coordinates, we know from Example 6.4(a)
that grad f agrees with the V f from Proposition VII.2.16. The physics and engi-
neering literatures, and many mathematical texts, use the formal nabla vector

o 0 0
V= (55 55)

With the notation z - y for the Euclidean scalar product in R® and z x y for the
vector product, the nabla vector notation leads to the (formal) relations

divv=V-v, culv=Vxv, Av=(V-V)v=: V.

These follow easily from the corresponding local representations of these operators
and from Remark VIII.2.14(d). In particular, the components of the vector curlv
can be found by expanding the (formal) determinant

€1 2 e
0/0x 0/0y 0/0z
vt v? v?

in its first row. Here €, €, & are the standard basis vectors of R, and d/0x,
0/0y, 0/0z are not interpreted as tangent vectors, but as differential operators.

Because the symbol V has another meaning in the context of Riemannian
geometry, we will rarely use the nabla vector in the rest of this book.

(¢) (the physical meaning of the curl?) We

consider a rigid body rotating at constant @
(angular) velocity about a fixed axis. We /
then choose an orthonormal basis (€1, €2, €3)

and the coordinate origin so that €3 points

along the rotation axis. Also let w be the

angular velocity, that is, w is the speed of 7 U
any point P fixed in the rotating body at
unit distance from the axis of rotation. If 0

7 is the radius vector of the point P, that

1A deeper interpretation of the curl of a vector field is given in Section XII.3.
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is, the position vector of the point P in the coordinate system (O; €7, €, 3) (see
the statements after Remarks 1.12.6) and if 0 is the angle between €3 and 7 (in
the plane spanned by €3 and 7), then the distance a from P to the rotation axis
satisfies a = || sin§. Therefore the modulus of the velocity vector ¥ of the point P
is given by
|0] = wa = w || sinf .

Denote by W := we3 the “angular velocity vector” and orient it so that the body
rotates clockwise about it. Then it follows from the properties of the vector product

that
V=wWXT, (6.27)

since the point P moves with constant speed w in a circle centered at and in a
plane orthogonal to the &3-axis.?

Let (z,y, z) be the coordinates of P with respect to (O;é1, €2, €3). Then

F—xi—i— 2_,_2_ and w—wi
“Tor Yoy T Yo
Therefore
ﬁ:QEXF:—wya——i—wxa—

For the curl of the vector field ¥, we find curl ¥ = 2w d/9z = 2. In words, for a
rigid body rotating about a fixed axis, the curl of the velocity vector is a vector
field whose elements are parallel to the rotation axis and have absolute value twice
the angular velocity.

(d) (regularity) The statements of Theorem 6.13 and Corollary 6.14 can be proved with
weaker differentiability assumptions that are easily derived from earlier remarks about
regularity. m

The Lie derivative

Now suppose M is again an arbitrary manifold. For f € £(M) and v € V(M), we
set
Ly f = (df,v) € E(M)

and call L, f the Lie derivative of f with respect to v.

6.16 Proposition

(i) The map L, : E(M) — E(M), the Lie derivative with respect to v, has the
properties that

(o) L, is R-linear;
(8) Lo(fg) = Luo(f)g + fLuvg for f,g € E(M).

5We leave the formal proof of (6.27) to you.
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(ii) In local coordinates,
af )
— j - E y
vafg jv D and v = jv 907

Proof (i) follows immediately from the properties of d (see (6.18)).

(ii) is a consequence of (4.4). m

6.17 Remarks (a) Proposition 6.16(ii) makes it clear that the Lie derivative
generalizes the directional derivative of Section VII.2.

(b) Let A be an R-algebra. A map D: A — A is said to be a derivation (of A) if
D is R-linear and satisfies the product rule

D(ab) = (Da)b + a(Db) for a,be A .
Therefore the Lie derivative with respect to v € V(M) is a derivation of the
algebra E(M).
(c) If A is an algebra with unity e and D is a derivation of A, then De = 0.
Proof The product rule gives
De = D(ee) = (De)e + e(De) = De + De = 2De

and hence the claim. m

The next theorem shows that every derivation of £(M) is given by a Lie
derivative.

6.18 Theorem Let D be a derivation of E(M). Then there is exactly onev € V(M)
such that D = L,,.

Proof (i) We show first that D is a “local operator”. Let U be an open and K
a compact neighborhood of p € M with K CC U. Remark 1.21(a) guarantees the
existence of a x € £(M) with x | K =1 and supp(x) CC U.

Let f € E(M) with f|U =0. Then f = fx+ f(1 —x) = f(1 — x), and thus

Df(p) =Df(p)(1—x(p)) + f(p)D(A - x)(p) = 0.

Because this is true for every p € U, it follows that D(f)|U = 0. If x; € E(M)
is another function with supp(x1) CC U and which is identically equal to 1 in a
neighborhood of p, then fx—fx1 € E(M) for f € E(U) vanishes in a neighborhood
of p. Then it follows from the above that D(fx) = D(fx1) for f € £(U). Hence
the “restriction of D to U” is well defined by

Dyf:=D(fx) for fe&U)

and is independent of the special choice of y.
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(ii) Suppose now (p,U) is a chart with ¢ = (z!,...,2™). We can assume
that X := ¢(U) is convex. For every fixed p € U, it follows from the mean value
theorem in integral form (Theorem VII.3.10) with a := ¢(p) that

(e f)(@) = (¢ +Z (27 — a?) f] xz) forze X,

where we have set

J?J(J?) :Z/Olajf(a—i-t(x—a))dt forxe X .

Therefore of
fi=e"fje&), fj(P):@(P) ,

and

+Z I(p)) fi(q) forqeU.

From this, the properties of D, and Remark 6.17(c), it follows that

p)=>_, D¢ p) % (p) forpeU, (6.28)

where we have written D instead of Dy .

(iii) Let (1, V) be a second chart around p with v = (y!,...,y™). Now define
the transition function k := 1) o ¢~1. Then, in analogy to (ii) and because we can
assume U =V, we have

K (x) = K (a) + Zz(xé - aé)k'g(x) forz e X, (6.29)

with k’g € &(X) and kg(a) = 0ok’ (a). Because p*k = 1, applying ¢* to (6.29)
gives

W ( Z ‘(p))h)(q) forqeU, (6.30)
with R} := ¢*k) € E(U) and

This and (6.30) imply

. J
Dy (p) = Zk Dy (p) St (p) forpeUand1<jk<m. (6.31)

Now we set

) -0
Vg 1= Zj Dy’ P and vy = Zj Dy’ EY (6.32)
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Then it follows from (6.31) and Proposition 4.7 that

oyl 0 0
_ A k 9 _
Uw*ZjZkD‘p Oxk 3yj*ZkDSO ok Ve

This shows that (6.32) defines a vector field vy € V(U) on U that is independent
of the coordinates chosen. From (6.28), (6.31), and Proposition 6.16(ii), we read
off Dyf = Ly, f for f € £(U).

(iv) Suppose now { (¢a,Us) ; @ € A} is an atlas for M. Then it follows
from (iii) that for every a € A there is an v, € V(U,) such that Dy, f = L, f
for f € £(Uy). Moreover, the observations in (iii) show that there is exactly one
v € V(M) such that v|U, = v, for @ € A. Now (i) and Proposition 6.16(ii) give
D=L,

(v) Suppose v,w € V(M) with D = L, and D = L,,. Then L,f = L,,f for
every f € E(M). In an arbitrary local chart ((xl, coo ™), U), we then have

Zj(vj —w’) % =0 for fe&U).

Choosing f := z*, we find 0f /027 = (5;? and therefore v¥ — wF = 0. That this is
true for 1 < k < m implies v |U = w|U and hence v = w. Thus we are done. m

6.19 Lemma For L,L,, — L, L, is a derivation of E(M) for v,w € V(M).

Proof Clearly L,L, — L,L, is an R-linear map of £(M) to itself. For f,g €
E(M), we know because £(M) is commutative that

Lva(fg) =L, (Lw(f)g + fng)
= gLvaf + vang + ngwa + vang .

The claim is now obvious. m

Let v,w € V(M). Then it follows from Theorem 6.18 and Lemma 6.19 that
there is exactly one smooth vector field [v, w] on M such that

L[v,w] = LyLy — LyLy - (633)
We call [v, w] the Lie bracket or the commutator of v and w.

6.20 Proposition
(i) The map V(M) x V(M) — V(M), (v,w)— [v,w] has the properties that
(o) (bilinearity) [-,-] is R-bilinear.
(8) (skew-symmetry) [v,w] = —[w,v] for v,w € V(M).
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(7) (Jacobi identity) w,v,w € V(M) satisfy the relation
[u, [v,w]] + [v, [w, u]] + [w, [u,0]] = 0.

(ii) In local coordinates,

ow? ol 0
_ kZZ k2 2
o w] = Z]’,k(v ozt 8xk) Oz’ (6:34)
forv=7>3_, v §/0z7 and w = > w’l §/0z7.
Proof The simple proofs are left to you. m

6.21 Remarks (a) Suppose M is open in R™ and (z%,...,2™) are Euclidean
coordinates on M. Using the nabla vector V, (6.34) can be written symbolically
in the intuitive form

[v,w] = (v-V)w— (w-V)v.

(b) Suppose V is a vector space and |-, -]: VXV — V is a map with the properties
(a)~(7) of Proposition 6.20(i). Then (V,[-,-]) is called a Lie algebra. Because
of (8), the “multiplication” [-,-] is generally not commutative. It follows from

(8) and () that
[a, [b,c]] — [[a,b],c] = [[c, a],b} for a,b,ce V .

So the multiplication is generally not associative either. Thus a Lie algebra is gen-
erally a noncommutative, nonassociative algebra.® Therefore (V(M ), [,]) is a
Lie algebra.

(¢) (regularity) Let k € N and v, w € V¥(M). Let M be a manifold of class C**'. Then
L, is not a derivation on E¥+1(M), because L, f for f € £E*(M) generally only belongs
to £F(M). Therefore the Lie bracket cannot be defined through (6.33) either. We are
left to choose local coordinates and to define [v,w] for v,w € V¥(M) through (6.34).”
Then [v,w] € VF"1(M). m

The Hodge-Laplace operator
In the rest of this section, we use the codifferential and the star operator to derive
some more important relations from vector analysis.

Let (M, (-|-)as) be an oriented pseudo-Riemannian manifold. First we write
the divergence in terms of the codifferential.

6n the trivial commutative case in which [a,b] = 0 for a,b € V, it is of course commutative
and associative.
"You may want to consider why [v,w] so defined is well defined on all of M.
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6.22 Proposition The diagram

V(M) Q'(M)
div\ /6
E(M) = Q°(M)

is commutative, that is, div = § o0 ©.

Proof If suffices to prove this equation locally. So let ((xl, coo ™), U) be local
coordinates. Then for v = >~ v7 0/027 € V(U), Remarks 6.1(b) and 5.11(b) imply

_ kY g — 9 :
LIEED (Zkg]kv )dxj v > o (ViGhv) .
Therefore the claim follows from (6.14). m

Using the exterior derivative and the codifferential, we define for 0 < r <m
an R-linear map on Q" (M) by

Appi=do +6d: Q" (M) — Q" (M) . (6.35)

This is the Hodge-Laplace operator. For a € £(M), it follows from (6.4) and
Proposition 6.22 that

(dé + dd)a = dda = 6©(0~ *da) = divgrada .

Therefore the Hodge Laplace operator on Q°(M) = (M) is the same as the
Laplace—Beltrami operator, which justifies the notation. When M is clear from
context, we write A for Apy. m

6.23 Remarks (a) *A = Ax.
Proof Remarks 5.9(b) and 5.11(a) give

*A = xdd + *dd = 0d* + do* = Ax

and therefore the claim. m

(b) dA = Ad = ddd and 6A = A§ = 6do.
Proof From d* = 0 we get

dA = ddé + déd = déd = déd + édd = Ad .

The second claim follows analogously. m
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(c) Suppose M is open in R™ and (x!,...,2™) are Euclidean coordinates. Then

A(Zmeﬂr ) de)) - Z(j)eﬂr Aagy) da?)

forl1<r<m.

Proof Because of the linearity, it suffices to show the statement for o := adz") with
(j) € J,.. Using Example 5.10(e), we find

déa = d<Z(—1)k_18jkadxj1 Ao Adain A A da;jr)
k=1

=SR] 0y, ada’ AT A Adae A A da
k=1 =1

T ™ m
:Zafkadm(j)+2(fl)k_l Z 00, adz’ Ndx?t Ao Ndais Ao N daTT
k=1 k=1 =1
Lg{j1,--»dr}
Analogously, we get
m . m .
dda =146 Z dpadz’ A dz? = Z 02adz™
=1 £=1
Lg{j1,--»dr} Lg{j1,--5dr}
- Y S 0o 0ada’ Ade? A Adaik A AdT
=1 k=1
2g{j1,5dr}

This implies®
Apa = (dd + dd)a = <Zk aia) dz'9 = (Aa) dz'?
and therefore the claim. m

(d) (regularity) Clearly Ap is an R-linear map from Qfy) (M) to Qf,_,) (M) when
0<r<mandk €N with ¥ > 2. In this case, it suffices to assume that M is a C**+2
manifold. m

Finally, we define the Laplace operator for vector fields, namely, 3, by
A=Ay =073} 0 Ay 0Oy V(M) — V(M)

and therefore by the commutativity of the diagram

A
V(M) V(M)
S} e
A
Q' (M) QY(M) .

8We chose the sign in the definition of § to be (—1)™("*1) 5o that this formula would take this
form. For the sign convention typically used in geometry, the formula is (d6+dd)a = —(Aa) dz(@).
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6.24 Remarks (a) Proposition 6.22 and (6.4) give A = graddiv + ©~16dO.

(b) Suppose M is open in R™, and (x!,...,2™) are Euclidean coordinates on M.

Then 9 9
2" 97) = 22,5 5
If we identify as usual the vector field v = 3~ v/ §/0z7 with (v',... ,v™), then
Av means that the Laplace operator can be applied componentwise
Av=(Av',...,Av™) .
In this case, we usually write A, not A.
Proof This follows from Example 6.2(a) and Remark 6.23(c). m

(¢) (regularity) Let k € N. Then A maps the R-vector space V**2(M) linearly into
VE(M). So here it suffices to assume that M is a C*T2 manifold. m

The vector product and the curl

In this last section, we derive the most important properties of the curl operator.

9

Let (M, (-|-)ar) be a three-dimensional oriented Riemannian® manifold with

volume element wjy.

On V(M), we define the vector product or cross product,
X: VM) x V(M) —-V(M), (@vw)r—uvxw, (6.36)

by
v X w:= 0y wy(v,w,-) . (6.37)

Clearly this map is well defined.

6.25 Remarks (a) Suppose (M, (-|-)ar) = (R® (-|-)). Then in the case of a

constant vector field, (6.37) agrees with the definition of Section VIII.2.

(b) The vector product is bilinear, alternating (skew symmetric), and satisfies
(u]v xw)y =wp(u,v,w) for u,v,w e V(M) . (6.38)

For p € M, the vector product (v X w)(p) is orthogonal to v(p) and w(p) with
respect to the inner product (-|-)a(p) of Tp,M. Letting |v|ar == /(v|v)n, we
have

o x wlar = /1ol [wldy — (0] w)3, = lolar fwlas sing

where ¢(p) € [0, 7] is the angle between the vectors v(p) and w(p) for p € M and
v,w € V(M).

9For simplicity, we will restrict here to Riemannian metrics, as they are the most important
in applications.
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The vector product satisfies the Grassmann identity
vy X (v2 X v3) = (v1 |v3) M2 — (V1 |v2) M3
the Jacobi identity
vy X (V2 X v3) +va X (v3 X v1) +v3 X (v1 X v3) =0
and the relation
(v1 X v2) X (v3 X v4) = wpr(v1, V2, va)v3 — wpr(v1, V2, V3)Vg
for v1,ve,v3,v4 € V(M). In particular, (V(M), ><) is a Lie algebra.

Proof All of these reduce easily to pointwise statements already proved in Exercise 2.3. m

(c) Suppose ((xl, 22, 2%), U) are positive orthonormal coordinates'® on M. Then
the cross product of vector fields v = 3, v/ §/027 and w = > w? §/0z7 takes

the form
vxw= (vViw® —v3w?) 0 + (3w —vlw?) 9 + (v'w? —vPwt) —
ox! Ox?
Proof Exercise 2.3. m

(d) (regularity) For k € N, the statements above remain true for C* vector fields, and
it suffices to assume that M is a C*™! manifold. m

The next theorem shows how the vector product is related to the exterior
product of 1-forms.

6.26 Proposition For v,w € V(M), we have v x w = O~ x(Qv A Ow), that is, the
diagram

O x0O
V(M) x V(M QY (M) x QY (M)
\A
(M) (M) Q* (M)

commutes.

Proof It suffices to prove the equality locally, Where we can choose positive or-

thonormal coordinates ((z!,22,2°%),U). If (v',v% v%) and (w',w? w?®) are the

components of vector fields v, w € V(M), then it follows from Remark 6.1(e) that
@v/\@w:z‘vjdxj/\z w” da®

= (V*w?® — v3w?) da® A dz® + (vViw! — vlw?) dad A dat
+ (vtw? = v*w') dat A da?

10That is, (9/0x!,0/0x2,0/023) is a positive orthonormal frame.
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From the proof of Example 5.7(d), we know that

#(de? Nda®) = dat ,  #(da® Adat) =da?,  #(dat Ada?) =da® . (6.39)
Now the claim follows from Remarks 6.1(e) and 6.25(c). m

We next derive a representation of the curl operator.

6.27 Proposition The diagram

commutes, that is, curl = O~ 1xdO.
Proof It again suffices to prove the equality locally in positive orthonormal
coordinates ((a:l,a:Q,x3),U). Then for v = Z?‘:l v §/0x7, we find using Re-
mark 6.1(e) that
d(Ov) = d(z v dxj) = Z ai dz® A da?
J &k Oxk

:(8_”3_236)61 Adz +(8” 8U)d A dat

0x? ox3  Oxl
ov?  Ovl
(891: p 2) dz' A da?

Then the claim follows from (6.39) and Remarks 6.1(e) and 6.12(b). m

We are now ready to deduce several important differential identities involving
three-dimensional vector fields.

6.28 Proposition For f € £(M) and v,w € V(M),
(i) div(v x w) = (curlv |w)p — (v | curlw) s
(ii) curl(fv) = fcurlv + grad f x v;
(iii) curl(v x w) = (divw)v — (divo)w — [v, w];
v)

(i

Proof (i) Putting m = 3 in Remark 5.9(d), we obtain

curl(curlv) = graddive — Awv.

*0a = (—1)m(’"+1)**d*a =dxa fora € QQ(M) .
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Now we use Propositions 6.22 and 6.26 to deduce
div(v x w) = 6 (07 %(Ov A Ow)) = §x(Ov A Ow)
= *xd(Ov A Ow) = *(dOv A Ow — Ov A dOw) .

From Proposition 6.27, it follows that © curl = *d®. Now Remark 2.19(d) implies
that dO = %O curl, because m = 3 and r = 2. Hence we get

div(v x w) = #((*O curlv) A Ow — Ov A %O curlw)
= %(Ow A %0 curlv — Ouv A %0 curlw) ,

where we have used O curlv € Q?(M). Now (2.22), with r = 1, and (2.13) give
div(v x w) = *[(w| curlv)pr — (v| curlw)]way
The claim now follows from *wp; = 1.
(ii) Proposition 6.27 gives
curl(fv) = 07 'dO(fv) = 07 xd(fO0)
= O x(df A OV + fdOW)
=0 'x(Ograd f A Ov) + fO 1 xdOV
=grad f X v+ fcurlv .

Here we have also made use of Proposition 6.26 and properties of d.

(iii) It suffices to prove the statement locally. We can use positive orthonor-
mal coordinates. Then the claim follows from the local representations of Remarks
6.12(b) and 6.25(c) and from Proposition 6.20 after a simple calculation, which we
leave to you.

(iv) It follows from Proposition 6.27 and the definition of ¢ that
curl curlv = ©7'%dOO~'xdOv = O 'xdxdOv
= (-1)*CHe"15dov = —015dOw .

Now the claim follows from Remark 6.24(a). m

To demonstrate the power of the new calculus, we proved part (i) using the
properties of the codifferential and the star operator. Of course, we could also
have worked in the orthonormal coordinates of a positive chart. In other words,
we can assume that M is open in R® and (-|-)s is the standard metric (-|-).
Using the (formal) nabla operator in (6.38), we obtain

V(v xw) =det[V,v,w]
= 01 (v*w? — v3w?) + Op (V! — v'w?) + O3 (v w? — viw!)
by expanding the (formal) determinant in its first row. By using the product rule,

we see easily that the last row agrees with the expression w - curlv — v - curlw, as
claimed in (i).
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However, the formal calculus with the nabla operator must be used with
caution. For example, if we formally calculate curl(v x w) = V x (v X w) using
the Grassmann identity, we find the false statement

Vx@wxw)=(V-wv—(V-vw.

Where was the mistake?

Exercises
1 Find the representation of the Laplace—Beltrami operator with respect to
(i) the cylindrical coordinates (0,27) x R — R3, (¢, 2) — (cos ¢, sin ¢, 2);

(ii) the parametrization
0,27)> - R*, (a,f)— ((2 4 cosa) cos B, (2 4 cos a) sin B, sin «)

of the 2-torus T3 ; of Example VIT.9.11(f);
(iif) the parametrization X — R®, x — (=, f(z)) of the graph of f € £(X), when X is
open in R?.
2 Let (Mj,g;) for j = 1,2 be Riemannian manifolds with M7 = @, and let 7; denote
the canonical projection My x My — M;. Show that

* *
Anryxmy = 71 ANy T3 AM, .

3 Suppose M and N are Riemannian manifolds and f: M — N is an isometric diffeo-
morphism. Then for 0 < r < m, show that the diagram

Am
Q" (M) Q" (M)
fr [
An
Q"(N) Q"(N)

commutes.
4 Let (M, g) be a pseudo-Riemannian manifold. Show the commutativity of the diagram

*

QM) Q™ (M)

NS

(M)

and derive the relations
(i) div = xd*0;
(i) curl = ©7'%dO (m = 3);
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(iil) An = xdxd,
where Ay is the Laplace—Beltrami operator of M.
5 Let Q be open in R®. For E,B,j € C®[R x Q,R?), p € C°(R x Q,R), and ¢ > 0,
set
F:=0.EA(cdt)+*(0cBA(cdt)), J:=0.j—pdtecQRis),

where E, B, and j are seen as time-dependent vector fields, p is seen as a time-dependent
function on Q, and O, : V(R?) — Q'(R®) denotes the (Euclidean) Riesz isomorphism.
Also let dt be the first standard basis vector in Q'(R] 3). Now show these facts:

(a) The statements
(i) dF = 0;
(ii) OB/8t + ccurl E =0 and divB =0

are equivalent. (These are the homogeneous Maxwell’s equations.) That is, the 2-form F'
is closed if and only if the vector fields E' and B satisfy these two of Maxwell’s equations.

(b) The statements
(i) dF = 4nJ,;
(ii) OF/0t — ccurl B = 4xj and div E = 47p
are equivalent. (These are the Maxwell’s equations with sources.)
(c) The statments
() AR‘I{SF =0;
(i) O0B/O0t+ccurl E =0, OE/0t —ccurl B=0, divE =0, divB=0

are equivalent. Therefore the 2-form F' is harmonic if and only if the vector fields F
and B satisfy the homogeneous Maxwell’s equations.

(d) If dF = 0, then j and p satisfy the continuity equation
Ap/ot+divj =0,
which can also be written gradR% . J=0.

(e) These two statements are equivalent:
(i) F is exact;

(ii) There are an A € C*°(R x 2, R), a vector potential, and ® € C*°(R x Q,R), a scalar
potential, with
curlA=B and —0A/Ot—grad®=F .

6 Suppose X is open in R?* and contractible. Also suppose f,g € £(X). Show:
(i) There is a v € V(X)) such that grad f x grad g = curlv.
(ii) If f(z) # 0 for z € X, then there is an h € £(X) with (grad f)/f = grad h.
7 Verify that
AM(fgrad f) = graddiv(fgrad f) = A f grad f + grad |gradf|?u + ferad A f

for f € £(M), where |v|3; := (v|v)ar for v € V(M).
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8 Show that a € Q' (M) and v, w € V(M) satisfy

da(v,w) = Lo{o, w) — Lu{o,v) — (o, [v,w]) .

9 Let M and N be m-dimensional manifolds, and let ¢ € Diff (M, N). Show that

o[V, w] = [psv, psw]  for v,w € V(M) .

10 Let T2 := S* x §% C R?, and let o, 3 € Q' (T?) with
a:=—zidat + 2t de?, Bi=—atda® + 2P dat .
Show that Aa = AB = 0.

11 Show that for H € £(R®™) the vector field sgrad H € V(R®™) is divergence free.





