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Abstract We mathematically analyzed wave propagations in functionally graded
material (FGM) bars collided by a homogeneous bar on the basis of Laplace
transformation and calculated by using numerical Laplace transformation and its
inversion. Young’s modulus in the FGM bar was assumed to be proportional to
the square of its density, which was similar to foam materials. Finally in the FG
bar with increasing modulus from the impact end to the fixed end, much larger
compressive stress and even large tensile stress occurred near the fixed end. In
the FG bar with decreasing modulus from the impact end, the stress history varied
moder-ately however large tensile stress occurred.

1 Introduction

Functionally graded materials (FGMs) [1, 2] are suggested to be applied materials
for impact energy absorption [1–6]. Longitudinal impact response of the FGMs must
be clarified to investigate the impact energy absorption characteristics of FGMs.

Longitudinal responses of FGMs have been analyzed by several researchers
until now. Chiu and Erdogan [7] analyzed FGM’s longitudinal impact problems.
The stress history of FGM has been analyzed by Bruck [8], and more recently
Abu-Alshaikh and Kokluce [9] showed that elastic wave propagation in FGM
could be analyzed by using an approximate model expressed as a laminate of
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thin homogeneous plates. Cui [6] evaluated energy absorption characteristics of
FGMs by using a laminated model, as well. Kiernan et al. [10] simulated split
Hopkinson bar tests for FGMs by finite element analysis. Han et al. [11] and Santare
et al. [12] considered finite elements in a finite element analysis of elastic wave
propagation in FGM. Samadhiya et al. [13] used a laminate model to perform a
spectral analysis of FGM vibration. Berezovski et al. [14] analyzed dynamic stress
in FGMs that had non-uniform dispersion of particles. Liu et al. [15] investigated
how to identify the distribution of material properties in FGMs on the basis of elastic
wave propagation. The authors recently analyzed the longitudinal impact problem
of FGMs mathematically and clarified that the distribution slope of the material
properties was significant for understanding stress histories generated in FGMs
[16,17]. The longitudinal impact problems of FGMs have previously been analyzed
and considered, as outlined above. In order to clarify FGM impact energy absorption
from the viewpoint of impact response, we need to analyze the problem of an FGM
colliding with an impactor and consider the relation between the distribution of
material properties and the impact response of the FGM. This FGM collision
problem has not yet been analyzed.

In the present study, wave propagation in an FGM bar collided with an impactor
is analyzed to determine the suitability of FGM as a material for energy absorption.
The impact load and stress problems in the FGM bar are solved mathematically by
using Laplace transformation. Numerical Laplace transformation and its inversion
are formulated and applied to compute the solutions. A material model of the FG
bar is assumed to have foam material characteristics.

2 Analysis

2.1 Analytical Collision Model

We analyze wave propagation in an FGM bar subjected to collision with a
homogeneous impact bar, as shown in Fig. 1. An FGM bar with a length of L is
collided at a velocity of V0 with an impact bar with a length of LI . To simplify the
problem, the cross sectional areas of both bars are the same and the materials of
both bars are linearly elastic in the analysis. The density and elastic modulus in the
FGM bar are distributed along the axial coordinate, x. The Young’s modulus, E.x/

is assumed to be proportional to the square of the density, �.x/ [18, 19] as

�.x/ D �0'.x/ ; E.x/ D E0.'.x//2; (1)

where '.x/ is the shape function of the distribution. The shape function is assumed
to be

'.x/ D ˚1

�
x

L
C ˚0

�2

; (2)
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Fig. 1 Collision problem of
FGM bar

where ˚1 and ˚0 are coefficients determined from the distribution in the FGM bar.
The density and Young’s modulus in the impact bar are �I and EI .

The stress-strain relation of the FGM is expressed by Hooke’s law.

�.x; t/ D E.x/".x; t/; (3)

where � , " and t are stress, strain and time, respectively. The strain in the FGM bar
is axial displacement, u differentiated by axial coordinate, x. The displacement of
the FGM bar at the impacted tip, U.t/ must coincide with that of the impact bar at
the tip, UI .t/ during contact between the bars if local deformation near the contact
area of both bars is neglected.

U.t/ D V0t � UI .t/: (4)

The displacement of both bars at the tip can be expressed as the convolution with
the step responses at the impacted tips, as

U.t/ D
tZ

0

F
�
t � t 0�
A

d

dt0

 
u
�
0; t 0�
�0

!
dt0;

UI .t/ D
tZ

0

F
�
t � t 0�
A

d

dt0

 
uI

�
0; t 0�
�0

!
dt0; (5)

where F.t/ and A are impact force due to the collision and cross-sectional areas
of both bars. u.x; t/ and uI .x0; t/ are the displacements of the FGM bar and the
impact bar subjected to step force per unit cross-sectional area, �0, which are solved
in Sect. 2.3.

2.2 Step Response of FGM Bar

The response of the FGM bar is subjected to step force per unit cross-sectional area,
�0H.t/ at the tip x D 0. The other end x D L of the bar is fixed.
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� D ��0H .t/ at x D 0 and u D 0 at x D L; (6)

where H.t/ is Heaviside step function. The initial condition is

u D @u=@t D 0 at t D 0: (7)

The equilibrium of stress for the FGM bar is given as

@� .x; t /

@x
D � .x/

@2u .x; t /

@t2
: (8)

By using Laplace transformation, Eq. (8), the solution can be reduced.

E0
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where

�1;2 D �3

2
˙
q

9˚2
1 C 4˚1s2

2˚1

; � D x

L
:

The Laplace transformation is defined as

Nu .s/ D
1Z

0

u .�/ exp .�s�/ d�; � D C0

L
t; C 2

0 D E0

�0

:

2.3 Analytical Procedure

By substituting Eq. (9) into Laplace transformed Eqs. (4) and (5), the impact force
in Laplace transformed domain can be derived. The impact force is inversed
numerically from the Laplace transformed domain to the time domain by using
the numerical inversion of the Laplace transformation described in Sect. 2.4. The
calculated impact force will increase compressively just after the collision and
change to tension owing to the return of the reflected wave to the collision point after
complicated fluctuation. However, the impact force must be definitely compressive
because the tips of the impactor solely contact at the tip of the FGM bar and are
not joined. The bars separate mutually just when the impact force transforms from
the compression to the tension. Therefore, the calculated impact force after the
force changes to the tension should become zero to express the termination of the
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Fig. 2 Computational flow

collision. The impact force F.t/ calculated with Eq. (4) and the numerical inversion
of the Laplace transformation are redefined as the modified impact force FC .t/ as
follows:

FC .t/ D
(

F .t/ t 6 tc
0 t > tc

; (10)

where tc is the first time that impact force F.t/ turns to tension.
After the impact force FC .t/ is Laplace transformed again, the transformed load

is substituted into Eqs. (3) and (9) to clarify the stress histories in the FGM bar. The
computational flow of the analysis is summarized in Fig. 2.

2.4 Numerical Laplace Transformation

The numerical Laplace transformation is formulated on the basis of Krings-Waller’s
numerical inversion [20, 21] to calculate the analyzed solutions. The pair of
numerical Laplace transformation on the basis of Krings-Waller’s method can be
formulated as follows [22]:
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Nu �� C in � �!
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�
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In Eq. (11), � is greater than the real part of all singularities of Laplace transformed
u.t/. The parameter s is discretized into N parts along the integration path with
consideration for the sampling theorem in Fourier transformation.

s D � C i � n�!; n D 0; 1; 2; � � � ; N � 1; (12)

where

�! D 2	
.

T; i D p�1; �� D T

N
: (13)

T is time range in the calculation.
In actual numerical calculation, N and � parameters are determined in consider-

ation of the accuracy of results with analyzed time duration T . The actual values of
the parameters are determined as N D 214 and � D 8=T for accuracy. Numerical
results calculated by Eq. (11) fluctuate dramatically with time and this accuracy
decreases in the later analyzed time duration. Therefore in order to ensure necessary
accuracy, the results in the latter quarter of the analyzed time are eliminated [21].

3 Numerical Results

We analyzed numerically wave propagations in two FGM bars. One FGM bar (FGM
bar A) had Young’s modulus distributed increasing from the impact end to the one
fixed end (Young’s modulus, E.L/=E.0/ D 10) and the other bar (FGM bar B)
had the modulus distributed decreasingly (Young’s modulus, E.L/=E.0/ D 0:1).
Therefore, the boundary condition of the FGM bar B inverts the impact end and
fixed end of the FGM bar A. The lengths of the FGM bars were the same as the one
of the impact bar.

Figure 3 shows stress history at each position of the FGM bar A having the
Young’s modulus distributed increasingly from the impact end. The history at the
impact end (x=L D 0) denotes impact load history due to the collision. The histories
vary more steeply at more close position of the FGM bar. The history at the fixed end
fluctuated intensively. Generally when the impact bar collided to a homogeneous bar
with the same boundary condition, stress is compressive at any position of the bar
[23]. However in this case large tensile stress generates by stress wave reflected at
the fixed end. Figure 4 shows stress history at each position of the FGM bar B having
the Young’s modulus distributed decreasingly from the impact end. The histories
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Fig. 3 Stress histories in FGM bar A. Horizontal axis denotes amplitude of stress at each point.
L=LI D 1:0

Fig. 4 Stress histories in FGM bar B. Horizontal axis denotes amplitude of stress at each point.
L=LI D 1:0

varied smoothly with small steps and could be approximated by a sine curve. The
histories had much different trends from the ones of the bar A.

Finally the stress histories in the FGM bar collided by the impact bar are much
different from the histories for collisions to a homogeneous bars [23] and are found
to be strongly dependent on the distribution of mechanical properties: density and
Young’s modulus. When we apply the FGM to mechanical components for impact
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energy absorption, slope of the mechanical properties in the component must be
considered.

4 Conclusion

Wave propagations in the FGM bars collided by a homogeneous bar were analyzed
on the basis of Laplace transformation and were calculated by using numerical
transformation and its inversion. Finally in the FGM bar with increasing modulus
from the impact end to the fixed end, much larger compressive stress and even large
tensile stress occurred near the fixed end. In the FGM bar with decreasing modulus
from the impact end, the compressive stress was approximately the same as the one
in the homogeneous bar, and the history of the stress varied moderately however
large tensile stress occurred.
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