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PREFACE

The manipulation of colloidal particles and fluids in microsystems
by using electrical forces has many existing and potential applications.
The electrical manipulation at the micrometre scale presents the ad-
vantages of wvoltage-based control and dominance over other forces.
The latter is a clear example of the scaling laws of physical systems:
in the range above a few millimetres the electrical forces are rather
ineffective, but in the micrometre (and submicrometre) scale the elec-
trical forces dominate.

The present book contains the Lecture Notes of a CISM Advanced
School on “Electrokinetics and FElectrohydrodynamics in Microsys-
tems”, held in Udine, Italy, on 22nd-26th June 2009. The aim of
the book is to provide a state-of-the-art knowledge on both theoretical
and applied aspects of the electrical manipulation of colloidal particles
and fluids in microsystems. The book covers the following topics: Di-
electrophoresis (DEP), Electrowetting, Electrohydrodynamics (EHD)
in microsystems, and Electrokinetics of fluids and particles.

The first three chapters of this book are dedicated to Dielectrophore-
sis. Chapter I, by Tao Sun and Hywel Morgan, presents an overview
of the basis of Dielectrophoresis and its applications for the manipula-
tion and characterization of particles. Chapters II and I11, by Nicolas
G. Green, examine in depth the theory of Dielectrophoresis. Chap-
ter 11 provides the basics of Quasi-electrostatics from the perspective
of Dielectrophoresis and Chapter Il discusses the forces produced by
the interaction of electric fields with the induced dipole moments on
particles.

Chapter IV, by Pablo Garcia-Sdnchez and Frieder Mugele, is ded-
icated to Electrowetting, where fluid handling is achieved by subdivid-
ing the liquid into discrete droplets that are manipulated by electrical
forces. The chapter introduces briefly basic concepts of wetting and
discusses in detail the fundamental physics behind the electrowetting
phenomenon. The second part of the chapter reviews applications
of Electrowetting in Lab-on-Chip, Optics, displays and microfluidic
devices.

Chapter V, by Antonio Ramos, provides an overview of Electro-
hydrodynamic pumping in microsystems. The chapter presents first
the basic equations of Electrohydrodynamics in the micrometre scale.



Subsequently, five different EHD micropumps are studied and com-
pared: from those that employ forces in the liquid bulk to those that
employ forces in the electrical double layer.

Chapter VI, by Chuan-Hua Chen, is devoted to FElectrohydrody-
namic Stability in the context of the ohmic model. Many FEHD sys-
tems, such as leaky dielectric liquids or electrolytic solutions, fall into
the ohmic regime. The chapter presents first a derivation of the EHD
equations in the ohmic regime. Afterwards, basic concepts of EHD
stability are illustrated using two model problems: the electrokinetic
mixing flow and the EHD cone-jet flow.

The last chapter of the book covers an important part of electro-
microfluidics: fluid flows generated by electrical forces in the double
layer. Chapter VII, by Martin Z. Bazant, presents an introduction to
Induced Charge Electrokinetic (ICEK) Phenomena, where the applied
electric field acts on its own induced-charge in an electrolytic solution
near a polarizable surface. The chapter discusses the basic physics
behind ICEK of colloidal particles (induced charge electrophoresis)
and fluids (induced charge electroosmosis).

I would like to take this opportunity to thank all the contributors
to this book for their valuable time and the excellence of their work.
My sincere thanks are also extended to Prof. Giulio Maier, rector
of CISM, to Prof. Paolo Serafini for his help in the editorial work,
and to all the CISM staff in Udine. Finally, I would like to acknowl-
edge the help of my colleagues at the University of Seville, Antonio
Castellanos, Alberto T. Pérez and Antonio Gonzdilez, in the process
of preparing both the CISM course and this book.

Antonio Ramos



CONTENTS

AC Electrokinetic Micro- and Nano-particle Manipulation

and Characterization
by Tao Sun and Hywel Morgan .......................... 1

Electrostatics and Quasielectrostatics
by Nicolas G. Green ........... ... coiiiiiiiiiiiiiann.. 29

Dielectrophoresis and AC Electrokinetics
by Nicolas G. Green ......... ... ciiiiiiiiiiiiiinan.. 61

Fundamentals of Electrowetting and Applications in Mi-
crosystems
by Pablo Garcia-Sdnchez and Frieder Mugele............. 85

Electrohydrodynamic Pumping in Microsystems
by Antonio Ramos....... ..., 127

Electrohydrodynamic Stability
by Chuan-Hua Chen............ ... i, 177

Induced-Charge Electrokinetic Phenomena
by Martin Z. Bazant....... ... ... .. ... . ... 221



AC Electrokinetic Micro- and Nano-particle
Manipulation and Characterization

Tao Sun and Hywel Morgan

School of Electronics and Computer Science
University of Southampton, SO17 1BJ, UK

Abstract Automated or remote manipulation and characterization
of particles is a key element in microfluidic devices. Microelectrodes
integrated into microfluidic devices can generate large electric fields
and field gradients using low voltages. The field gradients can be
used to actively drive the motion of particles by dielectrophoresis. In
this chapter, the basis of AC electrokinetics is reviewed and example
applications for manipulation and characterization of particles are
provided.

1 Introduction

Microfluidics involves the manipulation of fluids and particles within a mi-
croscale chip. Physical parameters that characterize microfluidics include
Reynolds number, diffusion, fluidic resistance, surface area to volume ratio
and surface tension (Beebe et al., 2002; Stone et al., 2004). Within microflu-
idic systems, the manipulation of particles is of fundamental importance in
bioanalytical science and biotechnology. Manipulation involves a range of
processes including patterning, focusing, sorting, trapping, handling and
separation. These operations call on a wide range of techniques such as
hydrodynamic focusing (Lee et al., 2001; Rodriguez-Trujillo et al., 2007),
electrophoresis (Lacher et al., 2001; Kremser et al., 2004), optical tweezer
(Ashkin et al., 1986; Ashkin, 1997), acoustic standing waves (Wiklund et al.,
2006; Laurell et al., 2007), magnetism (Pamme, 2006) and AC electrokinet-
ics (Pohl, 1978; Pethig, 1979; Morgan and Green, 2003). Characterization of
particles within microfluidic systems provides a quantitative and analytical
approach to interrogate the physico-chemical properties of particles, such
as size, permittivity and conductivity. In terms of cell handling a number
of different methods can be combined to produce a complex technologi-
cal platform. In this chapter, we describe AC electrokinetic principles and
techniques whereby electric fields are used to manipulate and characterize
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particles. We show how a combination of electric fields and hydrodynam-
ics can be used to manipulate particles. The main focus of the chapter
is devoted to explaining the principles and applications of dielectrophoresis
(DEP). Examples of applications of various AC electrokinetic techniques are
given, including a short overview of single cell impedance analysis methods.

2 AC electrokinetics

AC electrokinetics describes the general behavior of polarisable particles in
an AC electric field.

2.1 Polarized Particle

If a homogeneous solid dielectric sphere (for example a solid particle
with a radius of R) sits in a homogeneous dielectric medium, charges will
accumulate at the interface between the particle and the medium. When an
electric field is applied, positive and negative charges are pulled in opposite
directions, which gives rise to an effective or induced dipole moment across
the particle. The mechanism of the formation of this induced dipole, p, is
the first approximation for a polarized particle in an electric field, called
the dipole approximation. The net force, F', and torque, I" on this polarized
particle can be calculated from the induced dipole moment, and these are
given by:

F=p-VE (1)

I'=pxE (2)

The operator - is the dot product; the operator x the cross product, and
V the gradient of (the field). If the electric field is uniform, the net force
on the dipole (particle) is zero. For a dipole at some random orientation to
the field, the torque will tend to align the dipole (particle) with the electric
field.

To quantitatively calculate the effective dipole moment, analysis is per-
formed using spherical coordinates {r > 0,0 < 0 < 7, 0 < 9 < 27} with
the particle located in a homogeneous and parallel electric field along the
negative z-axis, as shown in figure 1.

The potential distributions inside the particle ¢, and in the medium ¢,,
are given by (Lorrain et al. 1988):

3€m
— (=2 ) Byeoso 3
¢p <gp+2€m> 0 COS ( )

R3 (&, —¢
m —l-= (22— E % 4
¢ { 73 <€p+2€M)] 0o @)
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Figure 1. Diagram showing a spherical particle locating in an homogeneous
and parallel electric field along with the z-axis.

where € = ¢ — jo/w is the complex permittivity, j2 = —1 and w is the
angular frequency. The subscripts p and m refer to particle and medium
respectively. Ejy is the amplitude of the applied electric field.

The potential of the effective dipole moment P.;¢ can be considered as
an increment in the potential distribution of the applied field, with P,y
given by:

& — €
P.;s = 4né, | 22— | R°E 5
ff = =me (ep+2€m) )

According to equation 5, the effective dipole moment is frequency-dependent
where the dependence is characterized by the Clausius-Mossotti factor fop:

r3 gp gm
—_r M 6
f CcM gp 2 gm ( )

The Clausius-Mossotti factor provides a quantitative evaluation of the po-
larisability of the particle and the suspending medium. If the particle is
not solid, e.g. has a shell like a cell, as shown in figure 2a then the particle
complex permittivity €, is a function of the dielectric properties of the shell
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(membrane) and the inside (cytoplasm). This is given by:

3 gz - g7nem
gp = €mem ? i_ zemem Wlth’y = ZR+ (7)
73 & mem i
€ + 2€mem,

where €,,em, is the complex permittivity of the membrane, é; the internal
properties, and the cell has inner radius R; and membrane thickness d.

For a cell in suspension, the dielectric properties of the suspending sys-
tem has two intrinsic relaxation frequencies. The first relaxation occurs at
low frequencies and is due to (Maxwell-Wagner) polarization of the cell
membrane-suspending medium interface. The second relaxation, occurs
at higher frequencies, and is due to polarization between the suspending
medium and the cell cytoplasm, where the cell membrane capacitance is in
effect short-circuited.

Figure 2b shows these two relaxations as the real and imaginary parts of
the Clausius-Mossotti factor of a cell suspended in a medium with different
conductivities (see legends for details). It clearly shows that the imaginary
part has two peaks, each corresponding to the two relaxations.

2.2 Dielectrophoresis

The phenomenon of DEP originates from the interaction of the induced
dipole moment with the applied electric field. In a field gradient there is a
net force on the polarized particle that causes it to move towards either the
high or low electric field regions depending on the particle (and suspend-
ing medium) properties. According to equation 1, two conditions must be
satisfied for DEP to occur. First there must be a difference between the
polarisability of the particle and medium so that an induced dipole moment
is established across the particle. Secondly, the electric field must be non-
uniform. Figure 3 shows the field configuration when a particle sits in a
non-uniform electric field depending on the particle polarisability. When
the particle polarisability is greater than the suspending medium, the par-
ticle behaves as a conductor and the electric field vectors bend towards the
particle, meeting the surface at right angles. The field inside the particle is
nearly zero, as shown in figure 3a. The converse is shown in figure 3b, where
the particle polarisability is less than the medium. The field vectors now
bend around the particle as if it were an insulator. When the polarisability
of the particle and electrolyte are the same it is as if the particle does not
exist and the field lines are parallel and continuous everywhere. The im-
balance of forces on the induced dipole gives rise to particle movement, i.e.
DEP. When the polarisability of the particle is greater than its surrounding
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Figure 2. (a) Diagram showing a single shell spherical particle, representing
a cell in suspension. (b) Plot showing a spectrum of the real and imaginary
parts of the Clausius-Mossotti factor for a particle in an electrolyte, calcu-
lated for different suspending medium conductivities. The following param-
eters were used: €, = 8.854 x 1072 Fm™ ', R, =3x10%m, d=5x 1077
m, €, = 80€0, €mem = D€os Tmem = 1078Sm ™!, ¢; = 60e,,0; = 0.4Sm™".

medium, the direction of the dipole is with the field and the particle expe-
riences a positive DEP force (pDEP); the particle moves towards the high
field region. The opposite situation gives rise to negative DEP (nDEP); and
the particle moves away from regions of high electric fields.

The time-averaged dielectrophoretic force on the dipole is given by:

(Fpep) = %Re [(f) : V)E*} - %URe [d(E : V)E*} ®)

where p is the induced dipole moment phasor, v the volume of the particle,
& the effective polarisability and * indicates complex conjugate.

If the non-uniform electric field has no spatially dependent phase, the
dielectrophoretic force simplifies to:

(Fpip) = juRe(a] VI )

For a spherical particle, equation 9 becomes:

(Foop) = menB*Re [ fou | VB (10)
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® O

positive negative
dielectrophoresis dielectrophoresis

Figure 3. Diagram showing the principle of dielectrophoresis (DEP), which
only occurs in a non-homogeneous electric field. (a) particle more polariz-
able than the medium; positive dielectrophoresis (pDEP) (b) particle less
polarizable than the medium; negative dielectrophoresis (nDEP).

According to equation 10, if the electric field is uniform, the gradient of
the magnitude of the field is zero (V|E|?> = 0), which means that there is
no DEP force. The frequency dependence and the direction of the DEP
force are governed by the real part of the Clausius-Mossotti factor. If the

particle is more polarisable than the medium, (Re [ fe M} > 0), the particle
is attracted to high intensity electric field regions (pDEP). Conversely, if the
particle is less polarisable than the medium, (Re [fCM] < 0), the particle
is repelled from high intensity field regions (nDEP).

2.3 Travelling wave dielectrophoresis

Note that the simplification of equation 8 to equation 9 is based on the
assumption that the non-uniform electric field has no spatially dependent
phase. In contrast, in electric fields with spatially varying phases, equation
8 can be expanded as:

(Fopp) = ivRe ] VIE? - %Ulm (V x (Re[) x () (11)

Equation 11 shows that the dielectrophoretic force consists of two compo-
nents; the first term on the right is the DEP force; the second term is called
the travelling wave DEP (twDEP) force. In this case a field with spatially
varying phase can be generated with a travelling electric field as shown in
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figure 4 for an interdigitated electrode array energized with a four phase AC
signal. This twDEP force propels a particle along the electrode array. If
there is no spatially varying phase, the imaginary part of the electric field is
Z€ro (Im[E] = 0), which means that there is no twDEP. In order for twDEP
to be effective, the frequency of the excitation voltage and the conductivity
of the medium should be chosen to satisfy two conditions: (a) the particle
must experience nDEP so that it can be levitated above the electrode ar-
ray and (b) the imaginary part of the Clausius-Mossotti factor has to be

non-zero.

Direction of
travel of field
-—
EE %
N\
N 7 1)
~ {__r S L
+¥, sin(wf) +V, cos(wr) —V, sin(ewi) —V, cos(wt)

Figure 4. Diagram showing the principle of travelling wave DEP (twDEP).
The consecutive phase-shifted signals generate a travelling electric field.

2.4 Electrorotation

When a dipole sits in a field, the interaction between the electric field
and this dipole moment leads to a torque on the particle. There is a finite
time (or phase delay) between the application of the electric field and the
establishment of the dipole moment. If the field vector now changes direc-
tion, the vector of the dipole moment will try to follow the changing of field
vector. If the field vector rotates then the particle will also rotate. The
time-averaged rotating torque is given by:

(Tror) = %Re [p X E} — —uIm[a] (Re[E] x Im[E]) (12)

For a spherical particle, this becomes:

(Tror) = —4menm R*Im[fo ] |Ef? (13)
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Equation 13 shows that the frequency-dependent property of the ROT
torque depends on the imaginary part of the Clausius-Mossotti factor. The
particle will rotate with or against the electric field, depending on whether
the imaginary part of the Clausius-Mossotti factor is negative or positive.
If the charge relaxation time constant of the particle is smaller than that
of the medium (7, = €,/0, < Ty = €m,/0.,), the particle rotates with the
changing direction of the field. If 7,,, < 7,, the particle rotates against the
field. In a viscous medium, the particle rotates at a constant angular veloc-
ity. The ROT torque can be measured indirectly by analysis of this angular
velocity, which is given by (Arnold and Zimmerman 1988)

_emlmlfoun]|EP?

Rror(w) = 2

3 (14)
where Rror(w) is the rotation rate and & is a scaling factor that is intro-
duced to consider that neither the viscosity 7 nor the electric field strength
are precisely known. A typical four-electrode configuration used for ROT
experiments is shown in figure 5. Here the rotating electric field is generated
by four sine waves in phase quadrature.

Microscope
objective

“Polynonual” shaped
electrode with 500pm gap.

Figure 5. Diagram showing a typical set up of electrorotation (left) and
an image of a chip for electrorotation (right).

The frequency spectra of both the DEP force and ROT torque (given by
figure 2) can provide information on the dielectric properties of particles in
suspension. The relationship between DEP and ROT can be examined using
Argand diagrams (Wang et al., 1992, 1993), where the real and imaginary
parts of the Clausius-Mossotti factor are mapped onto the complex plane
as a function of frequency.
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3 Micro-particle Manipulation

Micro-particles in suspension can be manipulated using DEP. The force
depends on the magnitude of the field and the gradient, together with the
particle volume. The direction of the force depends on the Clausius Mossotti
factor, which is a measure of the polarisability of the particle in the sus-
pending medium and importantly varies with the frequency of the applied
potential (as shown in figure 2). Particle manipulation and separation have
been achieved using a wide range of different electrode configurations. In
this section, we review three classical electrode configurations that have
been used for DEP manipulation: castellated electrodes, polynomial elec-
trodes and interdigitated electrodes, the later used for field flow fraction
(FFF) separation. We then describe recent applications of insulator-based
DEP for particle sorting and the use of nDEP for single particle trapping.

3.1 Classical Electrode Configurations

A castellated electrode is shown in figure 6a. The electrodes are designed
such that regions of the both positive and negative DEP can be found
simultaneously. The array was first used by Pethig’s group (Price et al.,
1988; Burt et al., 1989) to dielectrophoretically collect particles. Typical
electrode dimensions are 10 to 100 pm width and gap. The field is maximum
at the electrode tips and minimum in the gaps between electrodes as shown
in the figure 6b. This electrode array has been widely used both to separate
and to characterize the DEP behavior of particles. Particle experiencing
pDEP collect on the tips, and those experiencing nDEP in the gaps.

Electric field strength (Vim)

High field points )
Positive DEP Low field points
Negative DEP

Figure 6. Schematic diagram of a castellated electrode, where typical elec-
trode gap and spacing is 10 gm to 100 um (left) and (b) an electric field
plot showing the high field regions at the electrode tips.
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The polynomial electrode design is shown figure 7 and has four electrodes
arranged around a centre point, with the edges defined by a hyperbolic
function in the centre, with parallel edges out to an arbitrary distance. The
principle underlying this electrode design has been described by Huang et al.
(1992). In the centre there is a region of almost uniform field gradient;
particles can be trapped here by nDEP. At the electrode edges the field
gradient is maximum. The polynomial electrode has been used for trapping
and characterising a range of biological particles and also nano-particles
(Green et al., 2000).

Figure 7. Schematic image of an electrode array defined by a polynomial,
used for trapping cells in the centre by negative DEP.

The interdigitated electrode array (figure 8) is often used in DEP sep-
aration systems, since it generates a DEP force that decays exponentially
from the surface. Depending on the applied frequency, the force either pulls
particles towards the electrode edges or pushes particles away under nDEP.

When configured appropriately, this electrode array can also be used for
twDEP. Here four AC signals phase shifted by 90° are sequentially applied
to the electrodes.

A knowledge of the electric field and field gradient is required to analyse
and predict the behavior of particles in these electrode systems. The sim-
plest electrode array is the interdigitated device (figure 8), and the electric
field for this system can be determined in a number of ways, including us-
ing numerical methods or analytical approaches such as Schwarz-Christoffel
Mapping (Sun et al., 2007). In this paper, full analytical solutions were
given for the electric field, the dielectrophoretic and travelling-wave dielec-
trophoretic forces for the interdigitated electrode arrays.
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Glass substrate
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@ @ @ @ @ potential signals for DEP

Figure 8. Schematic diagram of an interdigitated electrode array used for
DEP (as in the diagram) or also for travelling wave DEP, where the elec-
trodes are addressed by four phase shifted sine waves.

The interdigitated electrode array has been used to develop a DEP based
separation system. Using a technique called Field Flow Fraction (FFF)
(Rousselet et al., 1998; Gascoyne and Vykoukal, 2004) a deterministic force
is combined with a fluid flow to provide a method for particle fractionation.
Figure 9 shows a DEP-FFF system. Particles are introduced into the system
and when the electric field is switched on, they experience a nDEP which
pushes them up and away from the electrodes. This forces is balanced by a
downward acting gravitational (buoyancy) force.

Depending on a combination of volume, mass density and polarisabil-
ity, different particles move to different equilibrium positions in the system.
When a laminar flow is applied, the fluid carries particles out of the device
at a rate that depends on their original equilibrium position. Since differ-
ent types of the particles are transported at different rates, a heterogeneous
sample can be separated and fractionated along the channel. Recent ex-
amples of this technique include device for separating complex mixtures of
different blood cells.
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Figure 9. Diagram showing the principle of hyper-layer DEP FFF sys-
tem. Particles are separated in the vertical direction by a balance of nDEP
and gravitational forces. A parabolic fluid flow is applied and particles are
fractionated.

3.2 Insulator-based DEP

Dielectrophoresis does not always have to be performed with conduct-
ing metal electrodes. The electric field can be modulated using insulating
structures placed within a conducting electrolyte fluid. 3D insulating-post
arrays (Lapizco-Encinas et al., 2004a,b) have been used to trap and separate
live and dead bacteria. In this case large DC voltages are applied across the
length of a microchannel. The insulating posts in the channel create ob-
structions in the pathways of the electric field producing non-uniformities
in the electric field distribution in the channel, causing particle DEP. A
continuous-flow dielectrophoretic spectrometer system has also been devel-
oped based on an insulating DEP technique using 3D geometries (Hawkins
et al., 2007). Different field gradients were generated within a structure by
fabricating devices with constrictions in a channel as shown in figure 10.
These constriction in depth create regions of different field gradient. The
device is able to continuously separate particles, as shown in figure 10.

3.3 Single cell trapping

Single cell trapping is important in many applications of biotechnology,
such as the study of cell-cell interaction, drug screening and diagnostics.
Cells can be trapped at regions of high electric fields (electrode edges or
tips) by pDEP, but this requires that the cells are re-suspended in a low
conductivity buffer (see figure 3). When cells are suspended in a high con-
ductivity physiological buffer, they only experience nDEP. Electric field
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Figure 10. (a) Schematic showing the insulating-post geometry, which
incorporates a curved constriction in the channel depth (b) Image showing
separation of 2 pm (pseudo-colored green) and 3 um particles (pseudo-
colored red). The 2 um particles pass the ridge without deflection, while
the 3 pm particles are deflected due to higher DEP mobility. Reprinted
with permission from (Hawkins et al. 2007), © 2007 American Chemical
Society.

cages that generate nDEP forces to trap single cells were first introduced
by Fuhr et al. (1992). Since then single cell trapping systems have been
widely studied. Miiller et al. (1996) used planar quadrupole electrode con-
figuration to trap and concentrate micrometer and sub-micrometer parti-
cles. A 3-D microelectrode system (Miiller et al., 1999) consisting of two
layers of electrode structures was designed to focus, trap and separate cells
and latex beads using nDEP. Schnelle et al. (1999, 2000) fabricated an AC
cage with octode electrode to trap cells against a fluid stream. Voldman
et al. (2001, 2002) and Voldman (2003) developed multiple single cell DEP
traps, and a review of cell manipulation technologies based on DEP forces
has been published by Voldman (2006). Various electrode geometries such
as the quadrupole and octopole electrode, nDEP microwells, point-and-lid
geometry and ring-dot geometry were described and evaluated.

A novel design of particle trap that uses nDEP (Thomas et al., 2009)
is shown in figure 11. The array of single cell trap consists of a metal ring
electrode and a surrounding ground plane - figure 11a. This ring electrodes
creates a closed electric field cage in the centre (figure 11) and can be used
to trap single cells, using “one wire per trap”. Figure 1lc shows 15 pm
diameter beads trapped against. The behavior of the trap as a function of
the fluid flow has been characterized (Thomas et al., 2009).
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Trapped

/ Bead

Figure 11. (a) Diagram showing the structure of a ring electrode. (b) Nu-
merical simulation showing DEP force vectors and electric field distribution
in the ring trap. (c) Four 40 pum diameter ring traps from an array of 48
traps. Single beads are captured by nDEP. Reprinted with permission from
(Thomas et al., 2009), © 2009 Royal Society of Chemistry.

4 Micro-particle Characterization

4.1 Particle characterization

Apart from manipulating particles, DEP has also been used to charac-
terize the dielectric properties of particles. Since the dielectrophoretic force
is proportional to the effective polarisability (Clausius-Mossotti factor) of
the particle, measurement of the force on a particle can be directly used to
determine the permittivity and conductivity of the particle. In practice, it
is difficult to measure the dielectrophoretic force on a particle from many
reasons, including the effect of electrically induced fluid flow, interaction
of a particle with a surface, or Brownian motion for small particles. An
alternative is to measure the frequency at which the DEP is zero, or the
cross-over frequency (Green and Morgan, 1999; Hughes and Morgan, 1999;
Ermolina and Morgan, 2005; Jones, 1995). At this frequency, the real part
of the particle polarisability is the same as the suspending medium and the
dielectrophoretic force is zero. This point can be measured as a function of
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medium conductivity and provides sufficient information to determine the
dielectric properties of the suspended particles. This type of measurements
involves observing the motion of single particles experiencing DEP using
a fluorescence microscope. Depending on the applied frequency, particles
move either towards an electrode under positive DEP or away from an
electrode under negative DEP. At a particular frequency (or frequencies)
the DEP force is zero and the particle will remain stationary, i.e. when
Re[ fo ] = 0. If the properties of the suspending fluid are known, then the
effective complex permittivity of the particle can be calculated. According
to equation 10, the crossover frequency is defined to be the frequency point
that the real part of the Clausius-Mossotti factor equals zero;

1 Om — Op
cross — T —Al 15
Jeroos = 5w\ ey = MW 19)
with
1

Tuw = P p—— (16)
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€p + 26,
= = 17
Mw op+ 20, (17)

where f..0ss 18 the cross-over frequency, fyw is the Maxwell-Wagner re-
laxation frequency and 7psw is the Maxwell-Wagner time constant of the
relaxation.

In a typical experiment, the zero force or cross-over frequency is mea-
sured for different suspending medium conductivities spanning two to three
decades. For a solid homogeneous spherical particle, a frequency vs. con-
ductivity map can be plotted as shown in figure 12. For frequencies and
conductivities corresponding to the shaded area only positive DEP is ob-
served. For all other regions, for example at high conductivities when the
particle’s effective polarisability is always less than the suspending medium,
only negative DEP is observed.

Recently, an evolution of zero force characterization has been devel-
oped, called iso-dielectric separation (IDS) technology (Vahey and Vold-
man, 2009), as shown in figure 13. In this methodology, particles are di-
electrophoretically concentrated to a region along an electrical conductivity
gradient where the effective polarisability of particles goes to zero. By
measuring this isodielectric position and operating with an appropriate fre-
quency and amplitude of the applied voltage, a mixture of particles and
cells can be separated and simultaneously characterized.
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Figure 12. A plot showing the zero force point (cross-over frequency) varies
with suspending medium conductivity for a 557 nm diameter particle with
relative permittivity 2.55 and conductivity 10 mSm™1.

4.2 DEP for microfluidic systems

Many biomedical and diagnostic applications require fast and accurate
analysis of single particles. For example, blood contains many types of
cell that can be discriminated on the basis of their optical and/or electrical
properties. Morgan et al. (2006) designed and built a device to measure both
the optical and electrical-impedance properties of cells at high speed using
a microfabricated cytometer. For efficient and high-speed characterization
of single particles, the particles need to be focused into the centre of a fluid
stream. This can be accomplished using DEP, as shown in figures 14 (a) and
(b), where four thin (100 nm) electrodes are fabricated on the base and lid
of a microchannel (Holmes et al., 2006). Using a high frequency (20MHz)
voltage, the electric field generated by the electrodes produces nDEP force
onto the particles pushing particles away from the electrode edges. As
the gap between the electrodes decreases, the particles are gradually forced
into a narrow focused beam, in which single particles are well aligned, as
demonstrated in figure 14 (c).

In this way the properties of the single particles can be measured using
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Figure 13. Particles with different electrical properties (i.e. conductivity)
go along with different trajectories in an electrical conductivity gradient
environment under DEP. Reprinted with permission from (Vahey and Vold-
man, 2009), © 2009 American Chemical Society.

fluorescence spectroscopy or electrical impedance spectroscopy, as shown in
figure 15a. Particles pass through a laser and scatter light: the amount
of scatter depends on particle size and shape. Particles can also be labeled
with fluorescent antibodies that emit light when excited by the laser. Simul-
taneously, the electrical impedance of single particles can be measured. This
is done by fabricating chips with microelectrodes precisely positioned in the
microchannel. The electrodes are a similar size to a particle (typically 10
pm to 20 pm wide, with similar gaps) and are energized with an AC signal
of a few hundred millivolts. Particles flow through the impedance detection
region, confined by the microelectrodes, one at a time, so that sensitive cir-
cuitry can determine the electrical properties of single cells (Morgan et al.,
2007). This type of impedance spectroscopy can discriminate between cells
without resorting to labeling. Figure 15b shows the simultaneously mea-
sured fluorescent signal and impedance signal of a 5.49 pm bead, while a
higher impedance amplitude signal of a 7.18 pm bead is also captured.
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( b ) vertical and horizontal focussing
and confinement of particles

(a)

Figure 14. (a) Schematic showing the four focusing electrodes in top-down
and cross-sectional view. (b)Diagram showing the principle of 3D dielec-
trophoretic focusing. (c) Photograph showing the focusing of 6 ym diameter
latex beads. Reprinted with permission from (Holmes et al., 2006), © 2006
Elsevier.

A challenge in single particle impedance analysis was to develop a way
of measuring a broad band of frequencies at once, in the time it takes a
particle to pass through the detection zone. This has been resolved by
exciting the cells using a pseudo-random binary signal, maximum length
sequences. Impedance data of single particle distributed at 512 frequencies
can be measured within 1 ms (Sun et al., 2007a,b).

5 Nanoscale DEP

The forces acting on particles in suspension can be categorized as stochas-
tic, i.e. Brownian motion, and deterministic, such as viscous drag, gravita-
tional or dielectrophoretic. When an electric field is applied to a fluid there
are other electric-field induced forces (electrohydrodynamic) in the systems.
The Brownian motion of a particle arises from the thermal energy of the
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Figure 15. (a) Diagram showing the simultaneously optical and electrical
characterization for single particle analysis in a microchip. (b) Plot showing
the fluorescent and impedance signal of a single 5.49 pym bead. The 7.18
pm has no fluorescent signal but displays higher impedance amplitude.

system, which causes the particles to move in a random way. There is very
little that can be done to control Brownian motion, other than cooling or
increasing the viscosity of the liquid. In contrast to stochastic force, the
deterministic forces are not random and can be controlled.

5.1 Navier-Stoke’s equation and the Stoke’s drag force

The Navier-Stokes equation is the equation of motion for the fluid and is
derived from conservation of momentum arguments. For an incompressible
Newtonian fluid, the Navier-Stokes equation is:

Pm - ot +pm( Vu= _VP+77v2u+f (18)
where p,,, is the mass density, u is the velocity of the fluid, ¢ is time, p is the
pressure, 7 is the viscosity and f is the total applied force (force per unit
volume) acting on the fluid.
The ratio of the inertial term, p,,(u - V)u, to the viscous term, nV?u
is the Reynolds number (Re), a parameter that is used to characterize mi-
crofluidic systems:
pmuolo
Ui
with [y a length scale and ug a typical velocity. For low values of Reynolds
number (Re< 1) the viscous term dominates, whilst for high values (Re>> 1)

Re = (19)
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the inertial term dominates. In microfluidic systems, microfabricated chan-
nels and chambers are used to guide the fluid through the device. Typical
dimensions for these channels vary between 10 um and 1 mm. The flow in
such channels is generally laminar i.e. the fluid flow follows streamlines and
is free of turbulence.

For a particle moving in the fluid, the fluid exerts a drag force on the
particle that affects the velocity of the particle. The force is known as the
Stokes force

F,=—-fu (20)
where the constant f is the friction factor, a factor that depends on particle
parameters such as size, shape and surface characteristics. For a spherical
particle of radius R, the Stokes force is given by:

F, = —6mRu (21)

5.2 Gravitational force

For a particle with a mass density of p,, suspended in a medium with
density of p,,, the effective mass of the particle is equal to the volume
of the particle times the difference in mass densities between the particle
and the suspending medium. In a gravitational field, the magnitude of the
gravitational force, F, is given by:

4

Fy = omR(pp = pm)8 (22)

where g is the gravitational acceleration.

The gravitational force is counteracted by the Stoke’s drag force, there-
fore substitute equation 21 into 22 to give the sedimentation velocity of the
particle:

w = 2% = pm)g
g 9 n

The magnitude of this velocity is variable, for example a 500 nm latex
sphere has a mass density of 1050 kg/m? giving a sedimentation velocity
of only 7 nm/s, indicating the particle moves a distance of the order of
its diameter in a minute. However, for a cell, which is much greater, the
sedimentation velocity can approach 1 to 10 pm/s in water. Although the
gravitational forces acting on sub-micron particles are small, they are not
insignificant and cannot always be ignored.

(23)

5.3 Electric field induced forces (electrohydrodynamics)

There are two major forces that can be induced through the interaction
of the applied electric field with the fluid. The first is the electrothermal



AC Electrokinetic Micro- and Nano-particle. . . 21

force, which is due to the interaction between the electric field and the
gradients of the dielectric properties (permittivity and conductivity) of the
fluid. These gradients in dielectric properties are generally caused by heat-
ing of the fluid, either directly from the electric field (Joule heating) or from
some other external sources. This interaction gives rise to an electrothermal
body force (Ramos et al., 1998). A second force is due to the interaction
between the applied electric field and the induced free charges in the elec-
trical double layer between the electrode and the electrolyte, which causes
the fluid to move, a flow called AC electroosmosis (Ramos et al., 1998). At
low frequencies, the potential applied to a metal electrode causes charge ac-
cumulation in the electrode-electrolyte double layer. In AC electrokinetics,
the difference between electrothermal flow and AC electroosmosis is gener-
ally observed in the frequency domain. At low frequencies (< 100 kHz), AC
electroosmosis dominates the fluid flow. As the frequency increases, this
flow diminishes so that above 100 kHz, the behavior of the fluid is domi-
nated by electrothermal force. However, the latter force is only substantial
if there is significant temperature gradients in the fluid, for example due to
Joule heating in a fluid of high electrical conductivity. Detailed descriptions
on electrothermal and electroosmotic effects can be found elsewhere (Ramos
et al., 1998; Castellanos et al., 2003; Morgan and Green, 2003).

5.4 Scaling laws

In order to move particles in a deterministic manner a knowledge of the
forces acting on the particles is required. Importantly, the displacement due
to the deterministic force should dominate over the random or stochastic
force. The two main forces that act on particles in addition to DEP are
gravitational and Brownian motion. The relative scale of these forces is often
difficult to determine, but can be evaluated analytically for some simple
geometries. In particular one of the easiest geometries is a semi-infinite
parallel plate structure, consisting of two coplanar rectangular electrodes
with an infinitely small gap, as shown in figure 16a (Castellanos et al., 2003).
In this geometry, the field as a function of radial distance (r) is E = V/r,
where V' is the amplitude of the applied voltage and r is the distance to
the centre of the gap. The influence of Brownian motion, gravity and DEP
on a single particle can be calculated for this electrode structure, and the
results are summarized in figure 16b (Castellanos et al., 2003). This plot
shows the displacement of a particle during a time interval of one second
as a function of particle radius, R. For an electrode gap of 25 pum, and
with an applied potential of 5 volts, it can be seen that the displacement
due to Brownian motion is greater than that due to DEP for a particle
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less than 0.4 yum diameter. Also, gravity is less important than DEP for
any particle sizes, since both scale as R?. The deterministic manipulation
of particles smaller than 0.4 um can be achieved if the magnitude of the
applied voltage is increased, or the characteristic length of the system r is
reduced. One simple scaling law comes from the relationship between field
gradient and electrode gap. For example, reducing the electrode gap by one
order of magnitude increases the DEP force by three orders of magnitude.
Although figure 16b shows that it is relatively easy to move small particles
simply by increasing the electric field, this assertion assumes that there
are no other forces. This is generally not the case, since depending on the
frequency and the conductivity of the suspending medium there is often an
electrohydrodynamic force on the fluid.

@]« (b)
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Figure 16. (a) Simple electrode geometry consisting of two parallel plate
electrodes with a small gap used to calculate the typical particle displace-
ments. (b) Particle displacement in one second versus particle radius for a
particle of mass density 1050 kgm . The characteristic length used in this
figure is r = 25 pm. Reprinted with permission from (Castellanos et al.,
2003), © Institute of Physics.

5.5 Nano-particle separation

Polymer particles do not behave as perfect insulators. They have a
net surface charge density and are characterized by a surface conductance.
Charges move along the surface, giving rise to a surface conductance, Ky,
which is related to an equivalent bulk conductivity of the particle through:

o, = 2K,/R (24)
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According to this equation, surface conductance plays a significant role in
determining the conductivity in small sized (< 1um) particles since it is in-
versely proportional to particle radius. At low frequencies, small polystyrene
particles are generally more polarisable than the suspending medium and
experience pDEP. At high frequencies, the properties of the system are
dominated by permittivity, the particles have a much lower permittivity
that water, they are less polarisable and therefore experience nDEP. Sep-
aration of sub-micrometre particles can be achieved in a number of ways,
and was demonstrated using electrodes such as castellated or polynomial
(Green et al., 2000). Apart from size-based separation, a mixture of the
same size particles can be separated because of differences in surface charge
densities, as given by equation 24.

O— G %;%

Figure 17. Schematic of surface-modified latex particles (above) and pho-
tograph (below) showing separation of unmodified and protein conjugated
216 nm diameter latex particles due to positive DEP forces of different mag-
nitude. The protein-conjugated beads form pearl chains between the tips
of the castellated electrode array. The unmodified particles (brighter in
the picture) experience a significantly stronger positive DEP force and are
attracted to the electrode tips. Reprinted with permission from (Morgan
et al., 1999), © 1999 Elsevier.

One method of differentiating the same sized particles is to modify their
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surface conductance by functionalizing the surface of the particles. Binding
of molecules such as proteins to small (100n m) beads changes the surface
conductance such that there is a measurable change in DEP behavior. Fig-
ure 17a shows a schematic diagram of binding antibodies to the surface
to nano-sized latex beads, figure 17b shows the separation of a mixture
of 200 nm beads. The red beads are conjugated with antibody, and form
pearl chains between the electrodes, while green beads are un-conjugated,
experience a stronger DEP force and collect on the tips of the electrodes.

More recently, DEP has been used to manipulate and trap a range of
micro and nano-particles, including DNA molecules of various length, for
further details see for example (Tuukkanen et al., 2007; Wilti et al., 2007),
and combinations of DEP and electrohydrodyanmic forces have also been
used to trap and concentrate nano-particles, e.g. (Bown and Meinhart,
2006).

6 Conclusions

In AC electric fields, the electrokinetic forces act on the induced dipole in
a particle causing particle movement or rotation. When the electric field
acts on the fluid, electrohydrodynamic forces occur, and these are either AC
electroosmosis or electrothermal forces that arise from gradients in conduc-
tivity and/or permittivity. The DEP force depends on the gradient of the
energy density, which changes on the length scale of the electrodes and is a
short range effect. The DEP force can be modulated by changing the fre-
quency and electrical properties of the suspending medium. The electroki-
netic forces scale in a complex manner with system dimensions, frequency,
field, etc. In separation systems, the buoyancy force can be significant (as
in FFF) but often the magnitude of this force is much lower than the other
forces for micron sized particles. AC electrokinetic manipulation of parti-
cles and fluids is a powerful enabling technology which will continue to find
many applications in microfluidic systems.
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Abstract This chapter discusses the basics of electrostatic and
quasielectrostatic systems from the perspective of charges and forces
on charges. The fundamental equations and physical concepts are
discussed along with relevant constructs such as the electric field
and dipole moments. Polarisation and dielectrics are discussed in
detail, outlining the mechanisms and special cases relevant to elec-
trokinetic phenomena.

1 Introduction

An introduction to dielectrophoresis and electromechanics in general re-
quires a discussion of the background theory, in this case the static approx-
imation to Maxwell’s equations. There are a large number of textbooks in
this area which can be consulted for further information: a few suggested
examples are given in the bibliography at the end of the chapter (Strat-
ton, 1941; Maxwell, 1954; Bleaney and Bleaney, 1962; Kraus, 1984; Lorrain
et al., 2000). This chapter will discuss electrostatics and the small cur-
rent approximation termed quasi-electrostatics. It will cover the basics of
electric fields, dielectrics and polarisation and, more importantly for elec-
tromechanics, the additional polarisation arising at the interface between a
particle and a suspending fluid. An applied electric field both generates this
polarisation charge and then acts on it to produce a force, which produces a
number of effects including dielectrophoresis. The chapter begins with the
basic equations required in order to describe polarisation and dielectrics,
then adds successive layers of complexity to the behaviour of real systems
and non-homogeneous materials.

1.1 Charge and forces on charges

In this discussion, it is assumed that charges are either stationary (elec-
trostatics) or have small velocities and accelerations. The movement of
the charge does not change the electric field and magnetic fields are small,
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Figure 1. The electric field lines (solid), direction of the electric field (ar-
rows) and equipotential lines (dashed) for a negative point charge.

giving the quasi-electrostatic approximation. The force exerted by a sta-
tionary point charge (1 on a second stationary point charge Q5 is described
by Coulomb’s law

(1)

where r is the separation of the charges and the unit vector r15 points from
@1 to Q2. The constant ¢, is referred to as the permittivity of free space
and has the value 8.854x 10712 Farads/metre (F/m). The force is attractive
if the two charges are opposite in sign and repulsive if they have the same
sign. The unit of charge is the Coulomb(C).

1.2 Electric field and electrical potential

The electric field strength E from a charge @), is the force per unit charge
that produces the Coulomb force on an arbitrary unit positive test charge,
so that:

E = 77‘21'12 (2)

The direction and magnitude of the field for a negative point charge is shown
by the dotted lines and vectors in figure 1.

The electric potential is defined to be the scalar ¢ such that the electric
field is given by E = —V¢. The unit of electric potential is Volts (V) defined
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by the relationship Volts = Joules/Coulomb (V=J/C) and the unit of E is
therefore V/m. The lines of constant potential for a point charge are also
shown in figure (1).

1.3 Basic equations: Gauss, Poisson, Laplace

The basic electrostatic equations which underpin electrical and electroki-
netic systems are based on distributions of charge in a material, of which
there are two basic types: free and bound. Those charges sufficiently free to
move through the material from atom to atom give rise to currents. Those
that are bound to atoms and molecules are responsible for the polarisa-
tion of the material. The fundamental electrostatic equations relate these
different types of charge to the electric field and electrical potential.

Gauss’s Law relates E to the volume electric charge density p and in
differential form this is:

V-E="2 (3)
Substituting for the potential gives Poisson’s equation

vip=-L (4)

€o

In most cases, the charge density is zero, giving Laplace’s equation
V=0 (5)

We will now examine the physical origin and behaviour of the two types of
charge, starting with bound charges.

2 Bound charges, polarisation and dielectrics

A dielectric material is a material that contains charges which polarise un-
der the influence of an applied electric field. These charges are bound within
the material and can only move short distances when the field is applied, the
negative and positive charges moving in opposite directions to form induced
dipoles. Some materials also consist of molecules with permanent dipoles
which polarise by orienting with the field, an example of which is pure water.
A fundamental discussion of dipoles and polarisation is necessary to derive
the equations for dielectrics but this is also the physical mechanism respon-
sible for electrokinetic and electromechanical forces (Jones, 1995; Morgan
and Green, 2003).



32 Nicolas G. Green

2.1 Dipoles

The electrical dipole is formed from a simple distribution of charges: two
charges of the same magnitude @ and opposite sign, separated by a distance
d. The dipole moment is the vector p where

p=0Qd (6)

and the vector d is the displacement vector from the negative to the positive
charge. The dipole moment has units of Coulomb-metre or Debye (where 1
Debye = 3.33 x 1073° C m). In spherical polar co-ordinates, the potential

of a dipole is
p-i  |p|cos®

0= dre,r?  Awe,r? (M)
and the electric field is
= 47r‘§o‘7"3 (2 cos OF + sin 09) (8)

Both expressions are only valid for large distances (r > d) and the dipole
field falls off as the inverse third power of r. Close to the dipole, the field
expression contains terms with a higher order power of r. A plot of the field
and potential from a simple dipole are shown in figure (2).

2.2 Dielectrics

A dielectric material is a material that contains charges which polarise
under the influence of an applied electric field. These charges are bound
within the material and can only move short distances when the field is
applied, the negative and positive charges moving in opposite directions
to form induced dipoles. This type of material is referred to as non-polar
(Grant et al., 1978; Pethig, 1979).

The molecules of some materials can also possess permanent dipole mo-
ments. Water for example has a dipole moment of 1.8 Debye, arising from
the structure shown in figure (3). The two hydrogen atoms in the molecule
are on the same side of the oxygen atom as shown, making a bond angle of
106°. In this molecule, the oxygen is slightly electronegative and the two
protons slightly electro-positive so that the molecule has a dipole moment
pointing from the oxygen atom to the point midway between the two hy-
drogen atoms. Permanent dipoles polarise by orienting with the field and
materials containing this type of molecule are termed polar materials.

The average dipole moment of the molecules of a material is proportional
to the magnitude of the field, i.e.

Pav = oF’ (9)
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Figure 2. The electric field lines (solid), direction of the electric field (ar-
rows) and equipotential lines (dashed) for a simple dipole consisting of two
opposite charges. The large grey arrow indicates the direction of the dipole
moment.

Centre of ) H

negative charge

Dipole )
moment H

Figure 3. The electric field lines (solid), direction of the electric field (ar-
rows) and equipotential lines (dashed) for a simple dipole consisting of two
opposite charges. The large grey arrow indicates the direction of the dipole
moment.
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Figure 4. Schematic diagram of the displacement of the electron cloud
around a positive nucleus under and applied field. The separation of the
centres of negative charge and the positive nucleus produces a dipole.

where E’ is the local electric field in the vicinity of the dipole. The propor-
tionality « is called the polarisability (average dipole moment per unit field
strength) and is a measure of the response of the dielectric to the electric
field. It has units of (CV~'m?) or (Fm?).

In a dielectric consisting of n molecules per cubic metre, the polarisation
P (the dipole moment per unit volume) is

_ _ /
= NPay =
P=np naE (10)

The polarisation and the displacement of the charge gives rise to a net charge
at points in the dielectric or at the surface. These charges are referred to
as bound or polarisation charges. The bound volume charge density p; is
given by

pp=—V-P (11)

2.3 Polarisation mechanisms

There are several molecular polarisation mechanisms that can occur
when an electric field is applied to a dielectric:

e FElectronic polarisation a.: In an electric field, the centre of charge of
the electron cloud in an atom moves slightly with respect to the centre
of charge of the nucleic charges. For an applied field of 10¢ — 107 V/m
(compared to the internal field of the atom which is of the order of
101 V/m), the displacement is of the order of 108 times the diameter
of an atom.
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o Atomic ag: In a crystalline solid such as potassium chloride, the ions
of different sign move in different directions when subjected to an
electric field. The small displacement of the charges in the lattice
causes atomic polarisability.

e Orientational cg: As described earlier in this chapter, many molecules
possess permanent dipole moments. Orientational polarisation is the
polarisation arising from the alignment of these permanent dipoles in
polar dielectrics.

e Interfacial polarisation «;: In addition to local molecular processes,
cumulative long-range charge transport causes polarisation of dielectrics.
At interfaces between different materials or locations where the dielec-
tric is inhomogeneous (internal interfaces) or at the surface, causing
macroscopic distortion of the field. Similarly, relatively long-range
transport of ions occurs along and around the surface of polyelec-
trolytes. This manifests itself as an increase in the charge storage
capacity of the dielectric or an increase in the permittivity of the
dielectric. This is the basis of interfacial polarisation. It has an im-
portant role to play in AC electrokinetics, since it is the origin of the
induced dipole on particles. This will be discussed in greater detail.

Assuming that the polarisability mechanisms act independently, then

the total polarisability of a dielectric is the sum of the polarisabilities.

aT = e + g + oy + oy (12)

Each polarisability has its own characteristic frequency response, which will
be discussed later.

2.4 The electric flux density

Considering the free p; and bound p;, charge densities separately, Gauss’s
law can be written as
v.E=PITP (13)

€o

Using equation (11) for the bound charge density, this can be re-written as
V- (e,E+P) =ps (14)

The vector D = ¢,E + P is called the electric flux density (in C/m?) and
its divergence is equal to the free volume charge density

V-D =py (15)
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2.5 The electric susceptibility and the relative permittivity

Most dielectrics are linear, with P proportional to E such that
P =coxacE (16)

where Y. is the electric susceptibility of the dielectric. Therefore,
D = &,(1 + Xae)E = 06, E (17)

where €, = 1 4+ Xqe is a dimensionless number referred to as the relative
permittivity of the dielectric. The permittivity of the dielectric € = ¢,¢,. is
the constant of proportionality between D and E.

3 Charge, currents and Ohm’s law

So far, the dielectrics have been assumed to be ideal with only bound charge
responding to the applied field. In general, a real dielectric will contain
some free charge which will also respond. The free charge is not bound to a
particular location in the material and moves through it in response to an
applied electric field. The electric current density, J (charge per unit time:
A/m?) contribution from a charge carrier is given by

J=pv. (18)

where p is the density and v. the mean drift velocity of the charge carrier.
The mean drift velocity is normally proportional to the electric field:

ve. = pE (19)

which defines u, the mobility of the charge in the electric field (in units of
m?/Vs). Substituting this into equation (18) gives

J =nq.pE (20)

where n is the number density of the carrier (m™2) and g. is the charge of
the carrier.
The electrical conductivity, o (S/m), of the material is defined by Ohm’s
Law:
J=0E (21)

If there is only one charge carrier in the material, for example residual
charge in a dielectric where the electrons separate from the material leav-
ing bound positive charges with zero mobility, equation 20 gives the total
current density for the material and the conductivity is given by o = nq.pu.
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3.1 Water electrolytes and conductivity

The relationship between the current density and the electrical conduc-
tivity of an aqueous solution of ions is more complicated since the current
can be carried by many different types of ion, each with a different mobility.
The current density for each ion of type j, with valence z; is

J; = { ?Z;_Cj“?g (22)
]

This expression includes the normal expression in electrochemistry with F

the Faraday (9.6487x10*C/mol), ¢; the molar concentration (mol/l), s;

the mobility of the ion, and the equivalent expression to equation (20),

with n; the number density of the ion). Comparison of the two expressions

for in equation (22) demonstrates that the Faraday is Nag, where N, is

Avogadro’s number (6.02252 x 10?3 mol~1).

The ionic conductivity A; (Sm?/mol) is defined as

Aj =z F i (23)

and the conductivity of the solution is given by the sum of the contributions
of each ion
g = Z /\jCj (24)
J

For a symmetrical electrolyte (such as KCIl) with ionic conductivities A4
and A_, the conductivity is given by

o= +A)c=Ac (25)

where A is the molar conductivity (Sm?/mol). At low concentrations (¢ —
0), the ions can move freely without interaction and the molar conductivity
is a constant value, referred to as the limiting conductivity A.—q

Ae—o = F(p4 +p-) (26)

The molar conductivity is constant for molarities up to approximately 10~3
Molar (M). For higher concentrations, the ions interact with each other and
the molar conductivity is influenced by higher order effects. This means
that at low concentrations, the conductivity is directly proportional to the
concentration

Using potassium chloride (KCl) as an example, the mobilities of the
potassium KT and the chloride Cl~ ions are almost the same, with pix+ =
7.62 x 1078 m?/Vs, and pe- = 7.91 x 107 m?/Vs (CRC handbook).
Therefore, for KCl, Acmg = F(py 4 p—) = 9.6485 x 10*(7.62 x 1078 +7.91 x
107%) = 0.01498 (Sm?/mol) and 1 mM KCI has a conductivity of 14.98
x1078S/m at 298K.
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3.2 Mobility and hydration radius

The mobility of the ion is related to its diffusion constant D; (m?/s), by
the Einstein equation:

q F

1 _D.— 2
]kBT J (7)

Hj RT

where R = Nakp is the (molar) gas constant (8.3143 JK~'mol™!) and kg

is the Boltzmann constant. The diffusion constant of each ion is given by

_ kBT _ qRT
N 6mna; B 6mFna;

(28)

J

where a; is the radius of the ion. However, when an ion is placed in water,
ion-water interactions produce a change in the properties of the medium
close to the ions. This interaction is responsible for the ion remaining in
solution, and when the suspending medium is water, the process is known
as solvation or hydration. The water molecules have a large dipole moment
and are highly polarisable: this high polarisability that water is such a
good solvent for ions. When an ion is placed in water, the charge produces
a local field which polarises the water molecules around it. This region of
polarised water is referred to as the ionic atmosphere: a region that screens
the ion from the other ions in the medium, ensuring electroneutrality on
the global scale. Locally, the electrical potential resulting from the ion falls
off exponentially with distance, and the length scale is given by the Debye
length (the distance at which the potential falls to 1/e of its maximum
value), written as Ap or k= ! where, for a monovalent ion

q3n, lo

= =4/ —=— 2
" ckgT De (29)

In this expression € = ¢,¢,, and n, is the number density of ions in the
bulk.

The creation of the polarised ionic atmosphere produces a region around
the ion that has very different properties from the bulk fluid. The polar
molecules in this region are prevented from responding to an applied field
and, as the ion moves, its atmosphere moves with it, so that the moving
object is bigger than the naked ion. The radius of the solvated or hydrated
ion is called the hydration radius and is the one that should be used for
determining diffusion constants and mobilities.
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3.3 The charge relaxation time

An important characteristic of an electrolyte is the time required for an
ion to move a distance of the order of the Debye length by diffusion. This
is called the charge relaxation time and is given by

1
~ Dk2

Substituting for the Debye length and the conductivity in this expression,
the charge relaxation time is also

(30)

Tq

Ta= (31)

The angular frequency associated with this time wy = 1/7,, is referred to
as the charge relaxation frequency.

3.4 The charge conservation equation

The charge conservation equation relates the rate of change with respect
to time of the volume charge density p to the current density J
dp
V.-J= 5 (32)
In the steady state, the right hand side of this equation is zero and
therefore V - J = 0. This equation is used in conjunction with Gauss’s Law
to include the effect of conductivity on charging processes in real dielectrics.

4 Quasi-electrostatics: AC fields and complex
permittivity

This section examines the polarisation of a dielectric with a permittivity e
and conductivity o in response to an applied AC electric field of frequency
f and angular frequency w = 27 f. It introduces the concept of complex
permittivity, which describes the frequency dependent response of the di-
electric to the field. Also introduced is the idea of using equivalent circuits,
consisting of electrical components, to represent a physical system.

As discussed, Gauss’s Law is used to calculate electric fields and forces.
A harmonic AC field, will be defined using phasor notation as:

E =Re {Eem} (33)
This is related to an equivalent complex potential defined by

¢ = Re {&seiwt] (34)
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by the expression E = —VQNS. Gauss’s Law can then be expanded for real
dielectrics using the charge conservation equation for the free charge. In
a harmonic field of angular frequency w, the operator 9/0t = iw and the
charge conservation equation is

_9py
ot

assuming that the free charge is solely the responsible for the conductivity.
This can be substituted into Gauss’s Law as follows

VI = — V- 0E = —iwp; (35)

V-D=p;=V-(E)=-V-(ZE)=V-(c+-_E) =0

iw
to give
V-(€E)=0 (36)
where € is the complex permittivity given by:
o
S = go&p — I— 37
€= cor — i (37)

Another way of considering this problem is to calculate the total cur-
rent in the dielectric. There are two current densities, the conduction Jg
(equation 21) and the displacement J4 = 0D /0t = iweE. The total current
density is given by the sum of the two

J=(0+iwe)E =7E (38)

where & is the complex conductivity.

A simple circuit model can be used to illustrate the relationship between
permittivity, conductivity and polarisation. Considering a simple parallel
plate capacitor, shown in figure (5), with area A and separation d, which
contains a homogeneous dielectric. The plates of the capacitor have a po-
tential ¢ of angular frequency w applied between them. With a loss-free
dielectric of permittivity ¢ filling the gap, the impedance is

1
Z= wC (39)
where 2 = —1 and C = (A/d) is the capacitance (F). If the dielectric is
lossy (figure 6) and has both a permittivity and conductivity, the current in
the circuit is the same as if the circuit were replaced with a loss-free capacitor
(capacitance C), in parallel with a resistor of resistance R = (1/0)(d/A).
The total impedance of the circuit is then

1 R R

Z: = =
1/R+iwC 1+iwRC 1+ iwT,

(40)
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s
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Figure 5. Schematic diagram of a simple parallel plate capacitor containing
an ideal dielectric.

Figure 6. Schematic diagram of a simple parallel plate capacitor containing
an dielectric which has a permittivity and a conductivity. Also shown is the
equivalent circuit for this capacitor consisting of a resistor and capacitor in
parallel.
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where 7. is the charge relaxation time. This demonstrates the significance
of the charge relaxation frequency: below it, free charge and conduction
are largely responsible for polarisation; and above it, the permittivity dom-
inates. Putting the expressions for R and C' into this equation, it can be
re-written

11 11 (41)
Arwd WHrE wE-2)4 Wl

1 1

where

CL=¢ (42)

4.1 Enmergy in a dielectric

In a lossy dielectric the total current is given by the sum of J; = oE
and J; = iweE. A useful expression is the loss tangent given by the ratio
of the two:

tand = — (43)

we

where ¢ is the angle between the conduction and displacement currents,
referred to as the loss angle, which for a perfectly insulating (ideal) dielec-
tric, is zero. If the complex permittivity is written as € = &’ — ie”, the loss
angle can also be written as tand = &”/¢’. In general, the imaginary part
¢” pertains to the dissipation of energy as heat and the real part £ to the
storage of energy. The energy stored in a non-ideal dielectric is given by

_1 / 2 _1 N Tk
U—g/UE\E\dU—Q/URe[D E}dv (44)

4.2 Summary

Looking again at the polarisation P, for a real dielectric, both conduction
and displacement currents flow, and both free and bound charges separate
and result in polarisation. This results in a phase lag between the driving
field and the induced polarisation, with the polarisability now a complex
quantity:

P=c, <5—1>E:ndE (45)
€o

The complex permittivity is often written as € = &/ — i’ to include further
complex terms arising from relaxation mechanisms.
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5 Dielectric relaxations

The polarisation of a dielectric involves the movement of charge to create
dipoles. The rate of this movement is finite and as a result each polarisation
mechanism has a different characteristic time associated with it: the period
required to achieve maximum polarisation. At the frequency for which the
period of the field and the characteristic time are the same, maximum energy
is dissipated by the system. Below this frequency maximum polarisation
and energy storage occurs. Above this frequency the polarisation no longer
reaches its maximum and at very high frequencies, the mechanism does not
respond to the field and no polarisation occurs. For example water, which
has a relative permittivity of ~80 below 10® Hz, has a relaxation frequency
of 2 x 100 Hz. At frequencies greater than 10'" Hz, the permanent dipoles
are not able to orient with the field and the permittivity of water drops to
~2. The fall in polarisability results in a decrease in energy storage (and
permittivity) and is referred to as a dielectric relaxation.

5.1 Orientational relaxation

Of the basic polarisation mechanisms outlined previously, orientational
polarisation has the longest relaxation time. Atomic and electronic polar-
isation will align with the field up to frequencies of the order of 10'* Hz
and we can consider them to be constant. The polarisation due to these
mechanisms is of the form of equation (16)

Pae — EOXaeE (46)

The orientational polarisation has a characteristic relaxation time 7,
associated with the time taken for the permanent dipoles to re-orient with
the field and is given by

EoXor
P, = — 2"
T+ iwTy,

where ., is the low frequency limit for the orientational susceptibility. The
total frequency dependent polarisation is then

Ptot ) (Xae + 1_:20(;7_07”) E (47)

At the low frequency limit X = Xae+Xor = €5 —1, where €, is the relative
permittivity measured in a static electric field. At the high frequency limit
X = Xae = €00 — 1, where e, is the relative permittivity at sufficiently
high frequency that no orientational polarisation occurs. As a result, y,, =
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€s — £oo and equation (47) can be written as
Ptot - Eo(gd - 1)E (48)
where €4 is a complex term given by

s — €0

€d = €0+ —F— 49
¢ 1 4wy (49)
The total complex permittivity of the dielectric is therefore
- €s — €co N
E=c¢ol€ —_— ) —i— 50
0(°°+1+iwnr> Zw (50)

Writing this in the form & = &’ —ic”, & and €” are given by the Debye

relations
€ — €
6/ =¢&ys (600 + 1;_“}2;?02) (51)
. (Es — Eoo)WTor o
=g, | =07 . 52
c 6( 1+ w272, >+w (52)

As discussed previously, a non-zero ¢” implies a phase lag between D and
E. This has important ramifications for energy dissipation in the system.
When the loss part of the complex permittivity is zero, D and E are in phase
and any energy required to produce polarisation of the material in one half-
cycle of the field is given back to the driving source in the second half-cycle.
In other words, the amount of energy lost through the loss mechanism per
cycle is negligible.

When €” is non-zero, energy is dissipated in the system by two mech-
anisms. Firstly, if the dielectric is non-ideal and has a finite conductivity,
then energy is lost through Joule heating, the second term on the r.h.s. of
equation (52). Secondly, energy is lost due to the electrical conductivity
that arises from the relaxation mechanism: the first term on the r.h.s. of
equation (52). The electric field orients the dipoles against the randomising
effects of Brownian motion. At high frequencies no energy is lost since there
is insufficient time for the dipoles to orient with the field and no energy is
stored. At low frequencies the dipoles are oriented and work is done in
moving the dipoles in a viscous medium. The power lost per cycle of AC
field is low but this increases with frequency, since the number of cycles
per second increases. It reaches a maximum at the characteristic angular
frequency wor = 1/7,,, when the time required for maximum orientation of
the dipoles is exactly equal to one half-cycle of the field. Maximum energy
dissipation from this mechanism occurs at this frequency.
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Figure 7. Plot of the variation of the real ¢’ and imaginary " parts of the
complex permittivity as a function of dimensionless frequency. The solid
line indicates the behaviour of an ideal relaxation with single frequency 7
and the dotted line, the behaviour of a spread of relaxation times.

The variation of ¢’ and &” with w gives a dispersion in the relative per-
mittivity as shown by the solid line in figure (7). It can be seen that the
width of the loss peak extends over approximately four decades in frequency
and that for a single Debye-type relaxation the width of the peak at half
height is 1.14 decades in frequency.

Such dielectric loss peaks can be analysed to obtain a great deal of infor-
mation about the molecular material under investigation. For example the
width of the loss peak is often wider than the 1.14 decades characteristic of
the ideal Debye behaviour, where there is only a single relaxation time. Cole
and Cole modified equation (50) to account for a distribution in relaxation
times more representative of experimental samples as follows

. €s—€ e
=y (ot —2 2 ) T (53)

1+ i(wTor) w
where 3 equals 0 for a single relaxation time and tends to 1 for an infinite
number of relaxation times. A distribution in relaxation times means that
the dispersion occurs at a frequency equal to the average of the relaxation

times, but is broader than for a single relaxation time. This is shown by
the dotted line in figure (7).
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Figure 8. Plot of the variation of the imaginary &” versus tje real ¢’ parts
of the complex permittivity on a Cole-Cole plot. Again, the solid line indi-
cates the behaviour of an ideal relaxation with single frequency 7 and the
dotted line, the behaviour of a spread of relaxation times. Also shown is
the relationship between the spread parameter § and the angle # measured
on the plot, which is used in characterisation of the relaxation.

A useful method of analysing this type of data is by using a Cole-Cole
plot (Cole and Cole, 1941), where the imaginary part ” is plotted against
the real part . For a single relaxation, the plot is a semicircle with its
centre on the horizontal axis, as shown by the solid line in figure (8). If the
plot forms an arc of a circle with the centre below the axis, then there is
a distribution of relaxation times as shown by the dotted line in the figure
for § = 0.1. The relationship between the angle 6 and the parameter [ is
shown in the figure. The interrelationship between the real and imaginary
components of the complex permittivity can be quantitatively described by
the Kramers-Kronig relationships

e (W) — €00 = - mdw (54)
0
2w oos’(w) — €00
0

where @ is a dummy frequency variable over which £ has to be integrated
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to find & or vice versa. The Kramers-Kronig relations show that if either
the real or the imaginary component of the complex permittivity is known,
then the other can be derived from the above equations. Practically, the
Kramers-Kronig relationships can be used to equate the real and imaginary
components of the polarisability of a system.

6 Interfacial Polarisation

Real systems often consist of a number of different dielectrics each with dif-
ferent electrical properties: in dielectrophoresis for example, the system is a
suspension of dielectric particles in a dielectric fluid. When an electric field
is applied to the system, surface charge accumulates at discontinuities (or
interfaces) between the dielectrics due to the differences in electrical prop-
erties. Since the polarisabilities of each dielectric are frequency dependent,
the magnitude of the surface charge is also frequency dependent and the
total complex permittivity of the system exhibits dispersions solely due to
the polarisation of the interfaces. This is referred to as Mazwell-Wagner
interfacial polarisation.

If the system consists of a single dielectric parti