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Abstract This chapter deals with the estimation of modal param-
eters from measured vibration data using subspace techniques. An
in-depth review of subspace identification for operational modal
analysis is provided. In addition, two recent developments are em-
phasised: the estimation of the probability density function of the
modal parameters, and the use of an exogenous force in addition to
the unmeasured operational excitation.
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Operational Modal
Analysis with eXogenous inputs

2 State-space models of vibrating structures
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1In a beam model, for example, this implies that rotational inertia is included.
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Power Spectral Density
Discrete Fourier Transform
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3 Subspace identification: principles and strategies

System Identification
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Eigensystem Realisation
Algorithm

1

O



Subspace Identification for Operational Modal Analysis 69

C R

1

=

1

O C

O 1 2 C 1 2

R R

R

O
C

O
O O

O O O O

O



70 E. Reynders and G. De Roeck

O

R 1

R 2 R 3

2

2 R R 2

2

2

2

2

1 2

2

1 2

2

3

3 2

3 2

3 2 1

2 3



Subspace Identification for Operational Modal Analysis 71

3 2

1 2 3

1

=

2 3

1 2

1 1 1

1 1 1

2 2 2

1 2

1 1 1

1 1 1

2 2 2

1 1 1 1 1



72 E. Reynders and G. De Roeck

1 2
O 2 1 1 1

F
1 2 1 2

1 2 1 2 1 1

1 1

O F

O

O F

Y f
k1 k2

In 0 0
CsKs

k1
Sr I 0

...
...

...

CsA 2 1 1
s Ks

k2 1S
r CsA 2 1 2

s Ks
k2 2S

r In

2− 1+1

Ef
k1 k2

(47)

1 2

1 1 1

1 1 1

2 2 2

U0 1

Y0 1

U0 2 1

U0 1 Y0 1 U0 2 1 Y0 1



Subspace Identification for Operational Modal Analysis 73

U0 2 1 Y0 1 O F

almost-sure limit

U 2 1

U |2 −1
U0 2 1 Y0 1 O

Numerical algorithms for
Subspace State Space System IDentification

F
O

O

U |2 −1
U0 2 1 Y0 1 O

Past-Outputs Multi-variable Output-Error State



74 E. Reynders and G. De Roeck

sPace Canonical Vari-
ate Analysis

O
1

Y0 1 O

O

O

4 Subspace identification: algorithms

REFerence-based COVariance-driven Stochastic Subspace Identification

Probability Density Function

REFerence-based DATA-driven Stochastic Subspace Identification
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REFerence-based DATA-driven Combined deterministic-stochastic
Subspace Identification
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still holds when this block is scaled with + ( ) instead of .
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3Since the stochastic outputs are assumed to have a zero mean value, their correlation

matrices equal their covariance matrices, hence the name SSI-cov.
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4An estimate is strongly consistent when its almost-sure limit equals the exact value.
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Unweighted Principal Component

1 2

Larimore type

REFerence-based DATA-driven Combined Subspace
Identification

a s limW1Yı 2ı 1 U |2 −1
U0 2 1 Y

0 1
W2 = W1 OıX̂ı ıW2 (49)



Subspace Identification for Operational Modal Analysis 83

R R

R( ) ( )

O 1 1
2

O O

O
O



84 E. Reynders and G. De Roeck

U |2 −1
U0 1

U |2 −1
U0 2 1 Y0 1

R

R ( + ) R

O 1 1
2

U +1|2 U0

U0 2 1 Y0 1 O F

U0 2 1

U0 2 1 Y0

+1

O F

O Z O Z



Subspace Identification for Operational Modal Analysis 85

O F O F
O F

O U0 2 1 Y0 O U0 2 1 Y0 1

R

th M R t O
L R t O L R

t O
Kı,k = Nk D B

N 1 =
L11 M1 L12 Mı 1 L1ı

In L21 L22 L2ı

In 0
0 Oi

Nk=1 =
Mk 1 L1k Mı 1 L1ı 0n l(k 1)

L2k L2ı 0l l(k 1)

In 0
0 Oi

+1

=1

N P

P O Z O Z

th



86 E. Reynders and G. De Roeck

O
U |2 −1 U |2 −1

U 2 1

5 Estimation of the modal parameters
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Probability Density Function
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6 Applications

single
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long-term continuous monitoring test

Progressive Damage Test
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No. Date Scenario Description /
(1998) Simulation of real damage cause

1 04.08 1 reference measurement Healthy structure

2 09.08 2 reference measurement After installation of lowering system
3 10.08 Lowering of pier, 20 Settlement of subsoil, erosion
4 12.08 Lowering of pier, 40
5 17.08 Lowering of pier, 80
6 18.08 Lowering of pier, 95
7 19.08 Tilt of foundation Settlement of subsoil, erosion

8 20.08 3 reference measurement After lifting of bridge to initial
position

9 25.08 Spalling of concrete, 12 2 Vehicle impact, carbonisation and
10 26.08 Spalling of concrete, 24 2 subsequent corrosion of reinforcement
11 27.08 Landslide at abutment Heavy rainfall, erosion
12 31.08 Failure of concrete hinge Chloride attack, corrosion
13 02.09 Failure of anchor heads I Corrosion, overstress
14 03.09 Failure of anchor heads II
15 07.09 Rupture of tendons I Erroneous or forgotten injection of
16 08.09 Rupture of tendons II tendon tubes, chloride influence
17 09.09 Rupture of tendons III
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mode CSI-data CSI-data/ref MAC
(Hz) (Hz) (%) (%) (Hz) (Hz) (%) (%)

1 3.871 0.001 0.89 0.05 3.871 0.002 0.88 0.04 1.00
2 4.823 0.008 1.63 0.06 4.818 0.011 1.66 0.04 1.00
3 6.697 0.127 4.23 1.45 6.722 0.028 3.82 0.62 0.98
4 8.355 0.059 8.91 1.77 8.346 0.104 9.37 1.33 0.96
5 9.769 0.005 1.54 0.03 9.772 0.005 1.57 0.02 1.00
6 10.51 0.011 1.45 0.06 10.50 0.007 1.43 0.04 1.00
7 12.42 0.020 3.11 0.03 12.42 0.025 3.15 0.12 1.00
8 13.21 0.033 4.76 0.29 13.21 0.018 4.72 0.17 1.00
9 17.45 0.212 4.34 0.38 17.52 0.169 3.64 1.39 0.92
10 19.27 0.019 2.43 0.10 19.28 0.022 2.46 0.06 1.00
11 19.68 0.080 5.58 0.31 19.65 0.113 5.51 0.29 0.98
12 26.64 0.054 3.20 0.11 26.62 0.055 3.12 0.11 0.95
13 / / / / 33.18 0.202 4.33 1.78 /
14 37.25 0.198 3.69 0.48 37.20 0.106 3.94 0.61 0.95
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