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Plasticity of moderately loaded cracks and the
consequence of the discrete nature of plasticity to

fatigue and fracture

R. Pippan and H. Weinhandl and H.G.M. Kreuzer
Erich Schmid Institute of Materials Science,

Austrian Academy of Sciences, Leoben, Austria

1 Introduction

Ideal brittle fracture dominates the failure of ceramics and semi-conductors at low
and medium temperatures. The only irreversible process, in this case, is the break-
ing of atomic bonds.

During the fracture of metals, even in the most brittle ones, a certain amount
of plasticity is involved. This plasticity is responsible for the broad variations in
the fracture resistance of these types of materials. The discrete nature of plasticity,
i.e. the dislocations, their movement and arrangement, plays a key role for many
phenomena in this field. For example: the cleavage fracture of single crystals and
polycrystals, the failure of interfaces and grain boundaries, the plasticity induced
fracture of brittle particles, the formation of nano- and micro-cracks, the initiation
of pores, the fatigue crack propagation, etc. These phenomena can be usually
separated into two sub-problems – the evolution of the local stress field on the
nanometer scale, where the fracture processes take place and the intrinsic fracture
process itself, which causes the separation of the material. The local stresses on the
nanometer scale are determined by the external loading and the internal sources,
for example, the stresses induced by the thermal mismatch or the stresses induced
by dislocations.

Hence, the main components for solving these problems are the stress fields of
a crack and the stress field of dislocations in the presence of a crack. Real cracks
can have a complex three-dimensional (3D) shape and a complex 3D dislocation
arrangement. For this case the tools are available, however the calculation is very
cumbersome and usually difficult to interpret. However, for the explanation of
many phenomena the much simpler 2D solution is sufficient or can be used to
estimate what may happen in the more complex 3D case.

In the following, a short introduction to and a discussion of the stress fields of
a crack and the dislocations in the vicinity of the crack is presented. The second
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part of this chapter is devoted to the deformation processes at the crack tip un-
der cyclic loading, under moderate loading and their consequences to the fatigue
crack propagation behaviour of metals. In fracture mechanics textbooks or text
books dealing with fatigue and fracture, the phenomena are described by classi-
cal elasto-plastic continuum mechanics. Such description of the deformation in
front of a crack is suitable, if the plastic deformed region is large compared to
the characteristic dimensions of the dislocation substructure and when the consid-
ered volume elements are also larger than this characteristic dimensions. However,
when the size of the plastic zone and the fracture controlling volume elements are
smaller than this size the discrete nature of the dislocation has to be taken into
account. In semi-brittle metals and alloys the size of the plastic zone, when the
crack starts to propagate, is often smaller than these characteristic dimensions and
the fracture process is often controlled by the stress fields at even smaller scales.
Therefore the knowledge of the stress field of a crack as well as the stress field
of the dislocation in the vicinity of the crack and the evolution of the dislocation
structure are essential for the understanding of these processes.

For very low crack growth rates, the situation is very similar in all materials
under fatigue, the size of the cyclically plastic deformed zone and the size of the
dislocation substructure becomes smaller than the characteristic dimension of the
microstructure . Furthermore the zone where the separation of the material occurs
is even smaller, it is in the order of atomic spacing. Hence the stress field induced
by the applied load and the dislocations in the imidiate vicinity of the crack tip are
essential.

2 Stress field of a crack in a linear elastic material

There are many different possibilities to derive the stress field of a crack in a linear
elastic body, for details see, for example (1–3). In this subsection, only the solution
will be shortly discussed. The different types of loading a crack can be described
by three basic modes. Those are tension perpendicular to the crack plane, shear
in the crack plane perpendicular to the crack front and shear in the crack plane
parallel to the crack front, they are schematically illustrated in Fig.1 and called
mode I, mode II and mode III loading, respectively. Any arbitrary loading of a
crack can then be ascribed by a combination of these basic loading modes. First,
let us consider the complete stress fields for the three types of loading for a crack
in an infinite plate, where the crack is located at the axis in the - plane
with the crack front parallel to the axis. In the coordinate system given in Fig.2,
with the subscript referring to the left hand crack tip, to the right hand crack
tip and to the center of the crack, the stress field of a mode I crack in a linear
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Figure 1: Schematic illustration of the three modes of loading a crack. In mode I, the
opening mode, the loading is normal to the crack plane. In mode II, in-plane shear, the
shear loading is in the plane of the crack normal to the crack front. In mode III, antiplane

shear, the shear loading is in the plane of the crack along the crack front.

Figure 2: Coordinates for the description of the general stress field of a crack with length
.

elastic isotropic solid is

(1)
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All other stresses are equal to zero, except

(2)

The applied stress is the tensile stress at large distances, where

(3)

as .
For the mode II loading

(4)

and all other stress components are equal to zero except the stress in the direc-
tion

(5)

At large distances from the crack and and .
For mode III loading the stress field is

(6)

In eq. (2), (5) and (7)

(7)
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(8)

and

(9)

These complete analytic expressions of the general stress fields are usually not
given in textbooks related to fracture mechanics. They are presented in this com-
prehensive form in “Dislocation based fracture mechanics” (3). For the under-
standing of the effect which the size of the crack has on the crack affected region,
these general expressions are very helpful.

The contour plots of the normalized maximum shear stress

(10)

for the mode I, mode II and mode III crack are shown in Figs.3, 4, and 5, respec-
tively. The plots are presented using two different scales, the first one gives an
overview and the second one presents the stress field in the near crack tip region.
In Fig.6 the contour plot of the normalized “pressure” term of the stress field

(11)

is plotted for the mode I and mode II loading in order to give an impression of the
difference in values of tension to shear stress components of the stress field. For
the mode III loading this term is zero. As mentioned the applied stress is equal
to the , and at large distances from the crack for the mode I, mode
II and mode III loading, respectively. From the contour plots it is evident that
stresses at distances in front of the crack larger than the length are not significantly
affected by the presence of the crack. The maximum increase of the stress at a
distance equal to the crack length is about 10% of the applied stress. Only at
distances smaller than about 1/3 of the crack length the increase in the maximum
stresses is larger than . Near the crack tip the stress field can be expressed in a
much simpler form, which one can expect from the contour plots in Figs.3-5. For
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Figure 3: Contours at large and small normalized distances , of a mode
I crack.

Figure 4: Contours at large and small normalized distances , of a mode
II crack.
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Figure 5: Contours at large and small normalized distances , of a mode
III crack.

Figure 6: contours for the near crack tip region of a mode I and mode
II crack in (a) and (b), respectively.
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the mode I loading

(12)

for mode II loading

(13)

and for the mode III loading

(14)

where and in Fig.2. The terms and are given
by , where the applied stress is the far field , and for the
mode I, mode II and mode III loading, respectively. The stress field near the tip is
therefore characterized by a single loading parameter, , which is called the stress
intensity factor, a radius and an angular dependent term. A numerical
comparison of the near tip expression with the general stress fields eq.(2, 5) and
eq.(7) as well as a closer look to the contour plots show that the eqs.(13, 14) and
(15) are a very good approximation for the crack tip stress fields at .
These equations for the near tip stress field are not only valid for a crack in an
infinite sheet, they describe the near crack tip stress field in any elastic material,
only becomes geometry dependent. Usually can be calculated by

(15)

where is a dimensionless geometry parameter, which is expressed as a
function of ratio, crack length devided by a characteristic size parameter of the
considered geometry.
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Figure 7: Schematic illustration of dislocation arrangement to realize a mode I (a), mode
II (b) and mode III deformation of the crack tip (c)

From the scaling point of view for the consideration of cracks in a material it
is important to repeat that the size of the -dominated region in front of a crack
scales with crack lenght, i.e., if the crack length is the -dominated region
is 100 nm or 200 nm, depending on the accuracy, if the crack length is 1 m, the

-dominated region is about 100 mm.

3 Dislocation crack tip interaction

Due to the very high stresses in the vicinity of a crack tip one expects a plastic
relaxation even at relatively small loads. Such plastic deformations have to be re-
alized by the generation and the movement of dislocations. The generation of dis-
locations is governed by the local stresses and the available sources. When the den-
sity of activiable sources are scare, the crack tip can also act as dislocation source.
The movement of the dislocations is controlled by the Peach-Koehler force, which
is determined by the character of the dislocation and the local stresses. Hence, the
local elastic stresses play a central role in the plastic deformation. They are given
by the superposition of the stresses induced by the applied loading and the stresses
induced by the other dislocations. The stress fields caused by the applied loading
in the presence of a crack are introduced in the previous section. Since the crack
flanks are traction free, the stress field of dislocations in the vicinity of a crack
differs from the stress field of a dislocation in an infinite body. Similar as in the
case of the stress fields of a crack, we limit our consideration to the 2D-problem
solely. In such 2D considerations the plastic deformation of the crack tip under
mode I and mode II loading are realized by edge dislocations, whereas the mode
III crack tip deformation are realized by screw dislocations as illustrated in Fig.7.
In the following, this derivation for the stress field of an edge dislocation near a
crack tip will be shortly introduced. For more details and more general solutions
(not only the near crack tip expression) the reader is referred to the excellent book
(3) and overview articles (2) and (6).
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3.1 Linear elastic analysis of the stresses and deformations induced by an
edge dislocation near a crack tip

Let us assume an isotropic, linear elastic, and unbounded body. The defor-
mations and stresses are desribed by two complex potentials and
according to Kolosov as follows:

(16)

Here , is an arbitrary point in the complex plane. A prime
denotes a differentiation with respect to and a bar lables the complex conjugate
function. The elastic constants are the shear modulus, , and for plane
strain conditions, where denotes the Poisson ratio.

The complex potentials of an edge dislocation with the Burgers vector b
in its complex form at the point are

given by Eq. 17.

(17)

The constant characterizes the strength of the dislocation. If now a
crack is introduced along the negative -axis image stresses develop. This image
stress field can be calculated according to Muskhelishvili (8) with Eq. 18.

(18)

where are the tractions at the negative -axis before the crack was introduced.
The function which appears in Eq. 18 is a multi-valued function. In the analysis
one chooses the branch cut, that is purely imaginary at the negative -axis.

The total stress field in the body is now simply the sum of the original stress
field defined by Eq. 17 and the image fields. The result, which is obtained by
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applying Cauchy’s integral theorem, is:

(19)

The same equations were derived by Lin and Thomson (9). A simple integration
with respect to gives the final solution. Choosing the integration constant, so that
the crack tip is in the origin of the coordinate system, one obtains:

(20)

As the branch cut of the logarithm the negative -axis has to be used. Eq. 21
in conjunction with Eq. 17 describe the stresses and deformations induced by dis-
locations near cracks. Fig.8 shows the contour plot of the stress for an edge
dislocation in front of a crack. In the vicinity of the dislocation, the stress field
shows the typical shape and concentration of the stress field of a dislocation. How-
ever, also in the vicinity of the crack tip, a stress concentration is visible, which is
typical for a combined mode I and II loading. This dislocation induced stress con-
centration is called dislocation shielding or anti-shielding depending on the sign
of the stresses. In order to visualize the effect of a crack on a stress field of a dis-
location a screw dislocation is located at the axis at a distance ahead of the
crack tip. The stress caused by the dislocation in the plane which is co-planar
to the crack is given as

(21)
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crack crack

Figure 8: Contour plot of the stresses for an edge dislocation in front of a crack, (a)
shows the asymmetric stress field, caused by a single dislocation, and (b) then symmetric

stress field of a symmetric arrangement of two dislocations

For eq.21 can be written as

(22)

Since the first term in eq.22 is equal to the radius dependent term of the near tip
stress field (Eq.15), the stress field near the crack tip caused by the dislocation can
be characterized by a stress intensity factor, which is termed the shielding stress
intensity factor, . A screw dislocation parallel to the crack front induces always
a local mode III stress intensity factor, which is given by

(23)

for the considered case where the dislocation is located at and

(24)

The stress of an edge dislocation on axis at with a Burgers vector parallel
to the axis differs only by a factor from Eq.(21). The shielding in this
case is a pure mode II shielding and is given by

(25)
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Figure 9: Comparison of the shear stress on the axis for a screw dislocation, which is

located at with the shear stress caused by external mode III loading with a
stress intensity equal to the shielding stress intensity caused by the dislocation.

It is evident from this figure 10 and Eq.(21) that in the vicinity of the dislocation
and in the vicinity of the crack tip the stress field is characterized by an expres-
sion typical for dislocation and typical for crack tips, respectively. The size of
the region in front of the crack, where the shielding or antishielding stress inten-
sity factor characterizes the stress field induced by the dislocation, is about 1/10
of distance between the crack tip and the dislocation. Since in our linear elastic
consideration the stresses can be superimposed, the stress field very near the crack
tip can be always described by a local stress intensity factor

(26)

where is the applied stress intensity factor and is the stress intensity factor
induced by dislocations, called shielding, when its value is negative and antishield-
ing, when its value is positive. When plastic deformation takes place at a crack tip,
one has to distinguish between different regions. Very near to the crack tip there
is a zone, which can be characterized by a local stress intenisty factor or a com-
bination of local stress intensity factors from the different types of loading. Then
there are the zones, where the dislocations are, which are called plasic zones. In
this region the applied stress and dislocation stress fields control the local stress
field. If this plastic zone is small compared to the dominated zone, one call
this type of loading small scale yielding, i.e. the dislocations are in a domi-
nated stress field. The description is then easier because the near tip expressions
of the crack tip stress fields are sufficient to describe the plastic deformation, the
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Figure 10: Schematic illustration of the zones, which are controlled by the local stress in-
tenisty factor and the applied stress intensity factor in the presence by a of a arrangement

of dislocation in the vicinity of the crack tip.

generation and movement of dislocation. If the plastic zone is larger than the
dominated zone, the far field stress has to be also taken into account. This type of
loading is called large scale yielding. Independent of large or small scale yielding,
the local stress intensity is the applied stress intensity plus the sum of shielding or
antishielding contributions from the dislocations. Eqs.(24) and (25) give only the
shielding stress intensity for a dislocation located at the axis. For a somewhat
more general case, where dislocations are located at a slip plane through the crack
tip, for edge dislocations (6).

(27)

(28)

and for screw dislocations :

(29)

is the distance from the crack tip to the dislocation and is the angle between
the crack plane ( axis) and the slip plane. For more general cases, where the slip
plane does not intersect the crack tip or where is in the order or longer than the
crack length, i.e. the case of large scale yielding or often also called short crack
case - the reader is referred to (2) or (3).
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Figure 11: Fatigue crack propagation rate as a function of the stress intensity
factor range at a stress ratio and in an austenitic steel A220 (12).

3.2 Moderate cyclic loading of a crack

Paris (10) recognized that fatigue crack propagation is controlled by the applied
stress intensity range max min, where max and min are the maximum
and the minimum of the stress intensity factor in a loading cycle. This opened the
way for the analyses of fatigue in terms of fracture mechanics. Elber (11) realized
that only a certain portion of the applied loading applitude is actually transferred
to the crack tip, i.e. the crack flanks come into contact during the unloading se-
quence, even under cyclic tension loading, which leads to a reduction of the active
stress intensity range at the crack tip. This contact of the crack flanks – which are
usually termed crack closure – is mainly responsible for the mean stress or stress
ratio ( min max) effect on fatigue crack propagation in ductile metals at
low and medium crack growth rates. Fig. 11 shows the fatigue crack propagation
rate as a function of the stress intensity range at a stress ratio, and

for an austenitic steel, A220 (delivered from Böhler Edelstahl, it is a modified
316L steel). The presented vs curves are typical for a ductile material.
At medium values the crack propagation rate is proportional to , this
part of the crack propagation curve is called Paris regime. At smaller values
the crack propagation rate decreases progressively untill about 1Å/cycle. Then the
propagation rate drops very fast to zero or far below 1Å/cycle. The value, where

drops to zero, is called the threshold of stress intensity range, or short the
threshold. The difference in the crack propagation rate in the present example is
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mainly caused by crack closure. At low -ratio and low the crack is closed
over a relatively large part of the load amplitude. With increasing the per-
centage of the load amplitude, where the crack is closed, decreases. Hence, the
effect of stress ratio is not as pronounced as near the threshold. At higher -ratios
the crack tip is open over nearly the full amplitude of and the crack growth
rate becomes independent of . The change of the fatigue crack propagation rate
versus the stress intensity range is called fatigue crack propagation curve and char-
acterizes the resistance against fatigue crack propagation. In the discussion of the
fatigue crack propagation resistance one has to distinguish between the effect in-
duced by crack closure and processes, which takes place at the crack tip and causes
crack propagation during the load amplitude, where the crack is open. There are
different mechanisms causing crack closure, they can be classified into groups.
The most important are the plasticity induced crack closure, roughness induced
crack closure and the oxide induced crack closure. The crack closure reduces the
cyclic deformation at the crack tip and can therefore affect the crack propagation
rate significantly as mentioned above. Ritchie (13) introduced the term extrinsic
resistance for the contribution of crack closure to the fatigue crack propagation
resistance. The process at the crack tip controlling the real extension of the crack
during fatigue loading is denoted as an intrinsic mechanism, and it is responsible
for the intrinsic resistance. Hence, the real resistance can be expressed as a sum of
the extrinsic (contribution of crack closure) and intrinsic resistance against fatigue
crack propagation.

The fatigue crack propagation of materials has been experimentally investi-
gated very intensively within the last 4 decades. The differences between the
different materials have been discussed mainly in respect to the different extrin-
sic mechanisms. The “intrinsic data” are usually obtained from the total fatigue
crack propagation resistance of a material reduced by the extrinsic contribution
obtained via crack closure measurements. Uncertainties and imprecisions during
crack closure measurements therefore reflected themselves in the intrinsic fatigue
crack growth curve. This is one of the main reasons, why the intrinsic fatigue
resistance is not as well analysed as the extrinsic one.

The simulation of the fatigue crack propagation processes require also a sep-
aration of the simulation of the extrinsic processes as well as of the intrinsic
phenomena. Despite the increase of computer power and the large number of
new approaches with methods ranging from Finite Element simulations (14–16),
mesoscale methods (17–19) and discrete dislocation modelling (20–36) down to
molecular dynamic simulations (38), we are far away from a complete simulation
of all phenomena influencing the fatigue crack propagation resistance of materials.

In the next a summary of improvements in the understanding of near threshold
fatigue crack propagation behaviour by the means of discrete dislocation simula-
tions will be presented. Before this we discuss why the diffeent simulation tech-
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nuques are needed to understand the different aspects of fatigue crack propagation.

3.3 The involved length scales

To understand why we need different simulation techniques to model fatigue
crack propagation and why discrete dislocation models are appropriate for the de-
scription of the near threshold regime, we first consider the crack growth curve in
Fig. 11 at of the austenitic steel. At this large -ratio the effect of crack
closure can be neglected, hence, this curve can be considered as the intrinsic (or ef-
fective) fatigue crack growth curve. The effective threshold is about 2.5 MPa ,
The growth rate shows a sharp increase after the threshold and reaches a moderate
slope with an exponent of about 2 in the log-log plot in the upper part of the crack
propagation curve. At large stress intensity ranges the quasi-static fracture limit
is approached, however this part of the curve is not plotted in the Figure 11. A
simple estimation of the size of the cyclic plastic zone based on elasto-plastic
continuum mechanics ( , where is the yield stress) shows
that is about 3 orders of magnitude larger than the crack propagation rate. A
comparison of the characteristic lengths, the grain size of material which is be-
tween few m to few 100 m, the lattice spacing, the crack propagation rate and
the cyclic plastic zone size indicates clearly:

At moderate stress intensity ranges the cyclic plastic zone size is smaller
than or in the same order as the grain size. becomes larger than mi-
crostructural features only for very large stress intensity ranges.
The crack growth increment per loading cycle shrinks to lattice dimensions
in the near threshold regime.

All length scales from atomistic to macroscopic are met along a crack growth
curve, which indicates, that different simulation methods are needed to describe
the fatigue crack propagation processes. The physical length scale of the near
threshold regime is the Burgers vector of the dislocations, therefore discrete dis-
location models must be used to describe the near threshold plasticity. The finite
element methods with classical elastoplastic continuum mechanics can be used to
describe the macroscopic plastic deformation in the upper Paris regime, mesoscale
methods are appropriate for the lower Paris regime and the molecular dynamic
simulations are useful to answer the question, where the plasticity comes from,
i.e., where and when dislocations are generated. Furthermore molecular dynamic
simulations are usually required to describe the atomistic separation processes. In
the following it will be shown that in the case of fatigue the irreversible generation
of new surfaces by dislocation generation or annihilation at the crack tip are suffi-
cient to cause a crack propagation. This process should give a lower limit for the
intrinsic fatigue resistance. Additional atomistic fracture processes may increase
the crack propagation rate, for such processes a molecular dynamic simulation
would be necessary.
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The dislocation model used by our group to describe the plastic deformation
at cracks under near threshold conditions will be briefly introduced in the next
section.

4 Modelling of plasticity, crack propagation and fracture
surface contact

In order to illustrate the different phenomena occurring during fatigue loading a
mode I crack under cyclic loading will be considered. Discrete dislocation mod-
elling is in principle a linear elastic description of stress and strain fields, where
the nonlinearity is taking into account by the motion of discrete dislocations on
pre-defined slip planes. Our computer algorithm for the simulation of plastic de-
formation induced by cyclic loading consists of

1. an incremental increase in applied load (or decrease during unloading),
2. inspection of dislocation generation,
3. inspection of fracture surface contact and determination of contact stresses,

and
4. seeking the equilibrium positions of the dislocations (in the present simula-

tion the static equilibrium configuration are determined).
A two-dimensional mode I crack is used that means the dislocations are parallel to
the crack front.

The crack propagation mechanism is schematically depicted in figure 12. The
crack tip is assumed to be the dislocation source. Dislocations are generated, when
the stress intensity is larger than a critical value e. A symmetric emission of
dislocations is assumed. The first two generated dislocations (one in the upper
half-space and one in the lower half-space) form a V-shaped notch. The next two
dislocations are generated at the tip of the notch; hence, the spacing between the
slip planes of the first- and the second-generated dislocation is equal to the lattice
spacing. This opening of the V-shaped notch continues until the maximum load
is reached. During unloading, the last-generated dislocations return to the tip of
the V-shaped notch. It is assumed that the resharpened crack does not reweld.
About the same number of dislocations, which returned to the crack tip are gen-
erated at the new crack tip and again form a V-shaped notch. During unloading,
most of these dislocations return and the crack grows by this blunting and resharp-
ening process over a distance that is proportional to the cyclic crack-tip-opening
displacement ( ). Contact of the fracture surface at positive stress ratios

is only possible on the newly created fracture surfaces. In the first few cycles
this zone is very small; hence, this contact does not affect the cyclic plastic defor-
mation. With an increasing number of cycles this contact zone increases and the
contact stresses have to be taken into account. A procedure, which enables us to
calculate the contact stresses and their influence on the dislocation motion has been
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Figure 12: Schematic representation of the crack propagation mechanism by blunting and
resharpening of the crack tip

described in detail by Riemelmoser and Pippan (20). The computer algorithm is
based on a collocation method. It starts with calculation of the crack contour and
inspection of overlapping regions, which is divided into small subdomains. The
contact stress in a subdomain displaces the midpoint of the element , the so-
called collocation point, and also the collocation points of all the other elements
by an amount . This was derived by Tada et al. (40). The collocation point

is displaced not only by the stress in the element but also by the stresses in
the other elements. Now a stress distribution is sought such that the displacement
of each collocation point is zero, in other words the displacements at the colloca-
tion points produced by the contact stresses must be equal to the displacement in
the overlapping state. The solution of the linear algebraic equation system pro-
vides a first approximation. Physically, contact stresses must be compressive. The



168 R. Pippan, H. Weinhandl and H.G.M. Kreuzer

Figure 13: Arrangement of dislocations at max e (a). Since the repul-
sion force between dislocations are too small, the dislocations during the unloading to

min e do not return to the crack tip. The indicated plastic opening of the crack
tip (b) does not change during further cycling.

described method, however, provides tension stresses in a few elements. These
elements are cancelled in the second iteration. The iteration is continued until
the stress in each element is compressive. The next step is the evaluation of the
force on a dislocation caused by the contact stresses. This is given by the Eshelby
integral (41), which has been transferred in the complex potential notation by Bu-
diansky and Rice (42). The total force on the dislocation due to the contact stresses
then is simply the linear sum over all elements.

4.1 The cyclic plastic deformation as a function of load amplitude and num-
ber of cycles

In the present simulations the stress ratio min max . The material
parameters used are the shear modulus , Poisson’s ratio ,
a lattice friction stress of , a critical stress intensity to generate a disloca-
tion at the crack tip e and an angle between the crack propagation
direction and the slip plane of . At the beginning of our simulation we start
with a crack in a perfect single crystal without dislocations. If max is smaller
than e, no dislocations will be generated at the crack tip. During cyclic loading
at such small load amplitude a pure elastic loading and unloading and therefore
no crack extension will take place. Since no dislocations are generated, the local
stress field at the crack tip is determined by the applied stress intensity factor ap

solely or in other words the local stress intensity is ap. If ap is larger than
e during the first loading, a dislocation will be generated at e. It will move away
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from the crack tip till it reaches its equilibrium position, for details see (21; 29).
These dislocations – due to our symmetric arrangement we have two dislocations
in front of the crack – reduce the stress field at the crack tip. They shield the crack
tip. In order to generate further dislocations, one has to increase the applied stress
intensity furthermore. When the local stress intensity overcomes again the criti-
cal value to generate a dislocation, the next dislocations are emitted. They push
the existing dislocations away untill they reach their equilibrium positions. This
process continues untill max. If the applied is only somewhat larger than
the critical stress intensity to generate a dislocation at or near the crack tip, the
repulsive forces between the dislocations are not sufficiently large to push a few of
the dislocations back to the crack tip during unloading.
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Figure 14: Arrangement of dislocations at max e (a) and min e (b) in
the fourth load cycle. The shape of the crack tip in the 1st, 2nd, 3rd and 4th cycle at max

and min are represent in (c)-(j).
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For such loading case the dislocation arrangement is shown in Fig. 13. At
the applied max e the dislocations forming the plastic zone of about few
microns, and the crack tip opening displacement is about 4.5 nm. In the imme-
diate vicinity of the crack tip there are no dislocations. This region is called the
dislocation free zone, which is a consequence of the assumed dislocation source –
the crack tip. During further loading between e and e the dislocations re-
main more or less at their equilibrium position, which they take up at the maximum
load in the first cycle. In the further loading cycles with the same load amplitude
a linear elastic loading occurs, in the vicinity of the crack tip the stress field can
be described by a local , which varies in this case, linear with the applied ap,

e ap max . For a propagation of a crack one needs a cyclic plastic
deformation at the crack tip, i.e. one needs a cyclic generation of surface. Hence a
somewhat larger load amplitude is required. The arrangement of the dislocations
and the shape of the crack tip are shown in Fig. 14 at max and min. The applied

max e. In the first cycle during loading a large number of dislocations is
generated and one forms a plastic zone of about 10 m and a relatively large crack
tip opening displacement of about 20 nm. During unloading, the former generated
dislocations return to the crack tip and reshapen the blunted crack tip as schemat-
ically depicted in Fig. 12. In the next loading cycle about the same number of
dislocations – which returned before – are generated during loading and return
again during unloading. This blunting and resharpening causes the crack propaga-
tion. The process is depicted in Fig. 14 for the fourth cycle. The new generated
fracture surface came into contact at min. This contact does not effect the cyclic
plastic deformation of the crack tip at such small crack extension. However, after
greater crack extension the crack flank contact at a stress intensity factor signifi-
cantly larger than min, this reduces the cyclic plastic deformation. At small
values this contact can induce a disappearance of the cyclic plastic deformation
and which causes therefore, a stopping of the crack propagation. In Fig. 15 the
dislocation arrangement and the shape of the crack flanks are shown for the same
load amplitude as in Fig. 14. The crack is grown over about 20 m, and the cyclic
plastic deformation is reduced. Only one dislocation is generated during loading
and it returns to the crack tip during unloading. This reduction of the cyclic plastic
deformation is caused mainly by crack closure as mentioned above. At the
crack is closed over a distance of about few m behind the crack tip. After further
small crack extension at this load amplitude the crack stops propagating.

At larger load amplitudes the decrease of the crack propagation rate occurs
similarly, however a stopping of the crack does not take place. The cyclic plastic
deformation and as a consequence, the fatigue crack growth rate approaches a
nearly constant value. The dislocation arrangement and the crack flank contour
for such a “steady state” growing fatigue crack is shown in Fig. 16. In Fig. 17
the calculated values as a function of the crack extension are plotted for
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Figure 15: Arrangement of dislocations at max e (a) and min e (b)
in the 10000th cycle. The correspinding shape of the crack flanks at max and min are

dipicted in (c) and (d).

different values; the stress ratio is always 0.1. In this diagram the mentioned
decay and the final vanish of cyclic at small is evident. At lower
values, the disappearance of takes place at crack extensions in the order
of micrometers.

The last time crack propagation stops at a crack extension of few 10 m, which
is in the order of magnitude of the plastic zone size, as can be seen in Fig. 15.
At values larger than a certain critical value the cyclic reaches a
nearly constant value at a crack extension somewhat larger than the size of the
plastic zone. In Fig.17 CTOD in the first cycle at maximum load, the initial cyclic

, ; and the steady state cyclic , are plotted as
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Figure 16: Arrangement of dislocations at max e (a) and min e (b)
in the 16000th cycle. The correspinding shape of the crack flanks at max and min are

shown in (c) and (d).

a function of . Since the fatigue crack propagation rate should be proportional
to , the vs and the vs can be interpreted
as fatigue crack growth curves. As already mentioned, Ritchie (44) introduced the
term intrinsic and extrinsic crack propagation resistance. The intrinsic mechanism
responsible for the propagation of the crack in ductile metals is the cyclic plastic
deformation at the crack tip, similar as presented in Fig. 12. The extrinsic mecha-
nisms reduce or increase the local crack driving force, in our idealized case it is the
reduction of cyclic plastic deformation caused by the contact of the crack flanks.
By using the terminology of Ritchie and taking the described crack propagation
mechanism, vs and vs can be interpreted as the
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Figure 17: Determined cyclic plastic crack tip opening dispolacement for dif-
ferent values as a function of crack extension, , from the performed discrete dis-

location simulation (43).

intrinsic crack growth curve and the long crack growth curve, which is given by
the sum of the extrinsic and intrinsic resistances, respectively.

Different mechanisms can be responsible for crack closure. The three most
important are: plasticity induced crack closure, roughness induced crack closure
and oxide debris induced crack closure. In our considered idealized case only
the plasticity induced crack closure is considered, because a plane crack exten-
sion without oxidation is considered in the simulations. From the continuum me-
chanics point of view under constant – amplitude loading and steady state condi-
tion, the ratio of closure stress intensity factor to maximum stress intensity factor,

cl max, is independent of and it is a function only of the stress ratio .
The value cl max is a measure of the relative contribution of the effect of crack
closure. This is clearly evident from the plane-stress analysis made by Budiansky
and Hutchinson (48) and Führing and Seeger (49). In the Paris regime – the higher

regime in Fig. 18 – it seems that the contribution of crack closure reaches
a constant value, as expected from continuum plasticity. However, in the near-
threshold regime the discrete nature of plasticity causes an increase in the effect
of crack closure. It is surprising that in the near threshold, when the plasticity is
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Figure 18: Crack tip opening displacement at max in the first cycle, , the cyclic
crack tip opening displacement in the first cycle, and the steady state cyclic
crack tip opening displacement in the first cycle as a function of the applied stress intensity

range .

constrained, the plasticity-induced crack closure increases. A closer look from the
dislocation point of view can explain this phenomenon. Crack closure is caused
under plane-strain conditions – which is considered here – by wake dislocations.
The number of dislocations in the wake of a growing fatigue crack is given by the
number of dislocations generated during loading minus the number of dislocations
returned to the crack tip or annihilated. Near the threshold of stress intensity range,
the number of dislocations returning to the crack tip goes to zero; therefore nearly
all generated dislocations during propagation can contribute to closure. This effect
is visible, when we compare and in Fig. 18, which character-
izes the number of dislocations generated and the number of dislocations returned
to the crack tip, respectively. In other words, due to the decrease of the reduc-
tion in the monotonic deformation, which generates shielding dislocations, is not
as pronounced as the reduction of the number of the returning dislocations.

More important than this effect of the discrete nature of plasticity on the in-
creased crack closure effect near the threshold is its impact on the intrinsic fa-
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tigue crack growth behaviour or the vs curve. as well
as in terms of continuums plasticity should be proportional to and

, respectively, as long as small scale yielding is fulfilled. Fig. 18 indicates
that for larger and values or for and larger than 100
the discrete dislocation simulation agrees well with the continuum plasticity (1).
From the physical point of view both plasticity models are equivalent in the limit of
large plastic deformation. For smaller -values or when or
shrinks to some 10 Burgers vectors, the plasticity is constrained by its discrete na-
ture. Such phenomena are naturally lost by the smoothing procedure of continuum
plasticity. This constrain leads to a sharp decrease in plastic deformation at small

and small , near the threshold of stress intensity range. Near the threshold
the difference between the discrete plastic deformation and continuum plasticity is
roughly one or two order of magnitudes (23; 24; 27; 28).

So far our discussion has focused on the effect of the discrete nature of plas-
ticity on the cyclic plastic deformation and the development of crack closure. An-
other interesting point is the developed dislocation structure. At small loading
amplitudes the wake disloctions arrange in slip bands as can be seen in Fig. 15-17.
The formation of these slip bands can be explained as follows:

In the first loading sequence many dislocations are generated on the
two inclined slip bands. During unloading few dislocations return
to the crack tip, where they annihilate. About the same number of
dislocations, which returned during the first cycle are generated and
returned at the crack tip during the second and many further loading
cycles. By this blunting and “resharpening” process the crack prop-
agates over a short distance and leaves the two slip bands formed in
the first cycle behind the crack tip. As the crack tip moves away from
the first two slip bands, their repulsive force on the newly generated
dislocations decreases. After a certain crack extension, the interaction
force between the pre-existing slip bands and the new generated dis-
locations is small enough to let pass the two pre-existing slip bands.
A second pair of slip bands is formed. Similar processes in the later
cycles lead to the dislocation arrangement depicted in Figs. 15 to
17. The distance between the slip bands is about few 1000 Burgers
vectors, but the crack growth rate is only few Burgers vectors per cy-
cle. Smaller distances between the slip bands do not occur because
the elastic interaction stresses of the dislocations in the last band and
the new generated dislocations are too large. The distance between
the slip bands does not depend significantly on the crack growth in-
crement per load cycle. Each slip band leaves a step on the fracture
surface parallel to the crack front with a characteristic distance in the
order of some tenths of a micron. In (51) it was noted that this distance



Plasticity of Moderately Loaded Cracks 177

distance

interior

obstacle

fr
ic

tio
n

Figure 19: Schematic representation of a 2D mode II crack to simulate the effect of grain
boundaries on cyclic plastic deformation near the threshold of crack propagation.

agrees with the striation spacings observed in metals.
A symmetric dislocation arrangement as shown in Fig. 14-17 is likely to occur
at intermediate stress ranges. At small stress intensity ranges asymmetric crack
tip plasticity should occur more often like in the models proposed by Neumann
(45) and Pelloux (46). It is, however, obvious that the dislocation arrangement of
the asymmetric crack is also governed by the dislocation-dislocation interaction
forces, which should lead also to the typical distance between two large slip bands
of the order of some tenths of a micron. Following this argument, the striations
observed at small stress intensity ranges are traces of slip bands on the fracture
surfaces.

4.2 The effect of boundaries

The analyses of monotonic or cyclic deformation of a mode II and mode III
crack by means of discrete dislocations with a slip plane in the plane with
the crack along the negative -axis and the slip plane along the positive -axis
are much simpler to simulate than the previous considered mode I cracks. The
general features in the cyclic plastic deformation, however, remain the same, ex-
cept crack closure does not occur at such idealized mode II and mode III cracks
because no dislocations remain in the wake of the crack tip. For the consideration
of the effect of microstructure on the cyclic plastic deformation we will analyse the
periodical arrangement of grain boundaries ahead of a mode II crack, as schemat-
ically depicted in Fig.19. A fine grained material with a grain size (20)
and a coarse grained material with have been studied. In the case of
the fine grained material the grain size is comparable to the size of the dislocation
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Figure 20: Cyclic crack tip opening displacement of a mode II crack as a function of
for different distances to the first grain boundary. In (a) and (b) vs for a
fine and coarse grained material is shown, respectivel in both figures the distance between
the crack tip and the nearest grain boundary is equal. Material data: friction ,

barrier friction, e , , .

free zone, whereas in the coarse grained case is significantly larger than the dis-
location free zone. It is instructive to consider first values larger than e. In
this regime the cyclic plastic deformation is insensitive to the actual location of the
crack tip with respect to the grain boundaries. The curves for the three simulations
in both materials collapse. The cyclic plastic deformation in this regime is in good
agreement with calculated values by the BCS model (Bilby, Cottrell and Swinden
model (52)) with the assumption of a homogeneous macroscopic yield stress. This
BCS model describes plasticity by distribution of infinitesimal small Burgers vec-
tors. Plasticity is smeared out along the shear plane. Such type of description
corresponds to the continuum mechanics model. Hence, the cyclic plastic defor-
mation for the different positions of the crack in the grain is in this loading regime
well predicted by continuum mechanics. The microstructure is reflected only in
the different macroscopic yield stress. Following the Hall-Petch model the macro-
scopic yield stress is 250 and 190 MPa for the fine and coarse grained materials,
respectively.

At intermediate stress intensity ranges the cyclic plastic deformation is signif-
icantly affected by the microstructure, i.e., the distance between the crack tip and
the grain boundary as well as the size of the grains. At the threshold the various
curves approach each other again. This example indicates that one can distinguish
between three regimes: the macro mechanics, the micromechanics and the dislo-
cation mechanics. In the macro mechanics regime the cyclic plastic deformation
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Figure 21: The crack tip opening displacement as a function of . Comparison of two

different critical shear stresses. .

at the crack tip is almost independent from the distance between the crack tip and
the next grain boundary. This is different in the micromechanic regime at inter-
mediate stress intensity ranges, when the cyclic plastic zone is in the order of the
distance between the crack tip and the grain boundary. In this regime the grain
boundary acts as barrier for the cyclic plastic deformation, and reduces .
Such effects has been observed also by analyses based on distributed dislocations
(53). In this micromechanical regime continuum mechanics analyses are still use-
ful, however, the local variation of the yield stress has to be taken into account
explicitly.

Finally, close to the threshold of stress intensity range a different behavior is
observed. For certain cases even increases for smaller distances between
the crack tip and the next grain boundary. This behavior as well as the occurance
of a threshold is a consequence of the discrete nature of plasticity and can not
be explained by continuum plasticity. In summary this example has shown that at
large stress intensity ranges the grain size determines the cyclic plastic deformation
at the crack tip. At smaller stress intensity ranges, is controlled by the
distance between the crack tip and the next grain boundary and near the threshold
the activation of the dislocation source is the dominant effect. This is a very general
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behavior, which one can obtain for many different loading cases of a fatigue crack,
see for details (54), however, one can observe such phenomena in many other
localized deformation processes, for example in the case of nanoindentation (55).

4.3 The threshold of cyclic plastic deformation and the effective threshold of
stress intensity range

Fig.21 shows the calculated cyclic crack tip opening for an ideal mode II crack
in a single crystal with a slip plane in the plane for different friction stresses.
This Figure shows again the strong effect of the discrete nature in the near thresh-
old regime and the continuous approach to the continuum mechanic BCS predic-

tion at larger where
friction

. At large values
follows the BCS model, is therfore inversly proportional to the friction
stress, however the onset of cyclic plasticity is independent of the assumed friction
stress. This behavior has been also observed in the studies of the effect of grain
size, the effect of obstancle distance and obstacle strength (29; 50) and analysis of
a lamellar structure. All these analyses indicate that the threshold stress intensity
range to generate a cyclic plastic deformation is mainly controlled by the source
stress or more accurately the stress intensity to generate a dislocation at the crack
tip or in the immediate vicinity of the crack tip. Assuming the fatigue crack propa-
gation mechanism by blunting and re-sharpening as depicted in Fig.12 this thresh-
old value to generate a cyclic plastic deformation should be the effective threshold
of stress intensity range, eff, th. The simulations have shown that eff, th is
about e. The Rice-Thompson model (1; 2) for dislocation generation at the
crack tip leads to an estimate of e and hence, to an effective threshold equal to

eff, th , where is the angle between the slip planes for the dis-
location emission and the crack plane, and is about 1 or somewhat smaller
for reasonable values. The absolute values are compared in Table 1. The exper-
imental results are from Ref.(53) and the estimated values are from Refs.(55; 56).
It has to be noted that same experimentally determined eff, th in the literature
are significantly larger. In the author’s opinion this deviation is mainly caused by
uncertainties in the mesurements of crack closure or for the cases, where the effec-
tive value of th is determined from experiments at large values, this cracks
may not be completely crack closure free. The measured threshold values are sys-
tematically somewhat larger than the values predicted by the discrete dislocation
model. Reasons for this deviation might be :

even these presented experimental values may be not closure free,

the crack deflection and crack branching can reduce the local stress intensity
range in real cracks,

the oxide layer may change the resistance against dislocation generation,

the assumed dislocation generation criterion is somewhat too simple.
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Table 1: Comparison of measured and predicted threshold stress intensity ranges

Alloy measured effective Hertzberg’s Threshold from
system treshold estimation dislocation model

eff, th eff, th

in in
Fe 2.5 – 2.9 3.3 1.6
Al 0.8 – 1.0 1.2 0.6
Cu 1.5 – 2.5 1.9 0.9

Taking into account the mentioned uncertainties, the agreement between the pre-
diction and the measured effective is relatively good. The relative insensitivity
of eff, th in respect of the microstructure has been reported by different groups.
Herztberg (55; 56) proposed an empirical relation, based on the experimental find-
ings, with eff, th . This value is also listed in Table 1. This relation
reflects the outcome from the discrete dislocation analyses well.

4.4 Other discrete dislocation simulations of fatigue crack propagation

Also other groups have performed similar discrete dislocation simulations of
cyclically loaded cracks under small scale yielding conditions. The results are
in good agreement with the above mentioned behaviour, see, for example (30).
Beside those, two somewhat different types of simulations should be mentioned
here shortly (32–36). Despande, Needleman and van der Giessen (35) and (36)
analysed a cyclically loaded mode I crack under small scale yielding condition by
using discrete dislocation dynamics. At each stage of loading, the stress field of the
dislocations and the solution of boundary condition obtained in these simulations
by finite element solution are superimposed. The dislocation motion, dislocation
nucleation (the sources are statistically distributed), dislocation interaction with
obstacles and annihilation are taken into account in a similar way as in the previous
described simulations. The essential difference in their simulation is the assumed
crack propagation mechanism based on a cohesive zone model. It is surprising that
the behavior regarding the onset of fatigue crack propagation is relatively similar,
despite the different growth process. However, the growth rate is very sensitive to
cohesive energy, source and obstacle density. In the author’s opinion such prop-
agation mechanisms should govern the fatigue crack growth in intermetallics and
other semibrittle materials whereas in ductile crystalline materials only the defor-
mation controlled growth mechanism by blunting and re-sharpening is dominant.
More details regarding this type of simulations are presented in one of the follow-
ing chapters (see the contribution of Van der Giessen).

Finally, a series of discrete dislocation simulations is mentioned, which were
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performed by the group of Melin (32–34; 57). In the previously discussed sim-
ulation long cracks are considered, i.e., the crack length was large in relation to
the size of the plastic zone and the microstructural features. The group of Melin
analysed the crack propagation of short cracks, where the size of the plastic zone
and the microstructural features are in the order of the size of the crack length.
The geometry of the boundary and the crack is described using dislocation dipole
elements, whereas the plasticity is described by the movement of discrete disloca-
tions. Crack angle, crack shape, distance to the grain boundary can be taken into in
such simulation. This type of simulations show clearly that relatively small plastic
deformation of a crack can be simulated in a relatively complex microstructure,
which helps to prove the physical ideas behind the phenomena in the early stage
of fatigue crack propagation.

In summary, the described important consequences of the discrete dislocation
mechanics for fatigue crack propagation can be obtained despite the simplification
due to the assumption. This should be the case also for the other phenomena,
especially for fracture, however one has to analyse when the 3D-effect might be
important.
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