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Abstract. A key problem for order book exchanges is how to attract liq-
uidity providers and retain their support in all market conditions. This
is commonly approached through individual business agreements with
market makers whereby a bespoke contract is negotiated for specific
obligations and rewards. Such approaches require a central intermedi-
ary that profits from liquidity provision to administer, and typically fail
to align the incentives of exchanges and liquidity providers as markets
grow. This is costly, slow, and scalability is limited by the exchange’s
resources, contacts, and expertise.

This paper develops mechanisms for creating open, automated and
scalable liquidity markets. We describe formal methods to quantify liq-
uidity and discuss various approaches to determine its price. In so doing,
we introduce a novel way to structure liquidity commitments, along
with a mechanism based on a financial bond with penalties for under-
provision to maximise market makers’ adherence to their obligations.
We also investigate mechanisms to allocate rewards derived from trad-
ing fees between market makers, so as to incentivise desirable-but-risky
behaviours such as market creation and early commitment of liquidity.
We complement this work with several agent based simulations exploring
the proposed mechanisms.

1 Introduction

Since the advent of electronic computers in the last century, more and more
aspects of running a financial exchange have been automated. Indeed, for most
of us the idea of keeping a limit order book1 by hand seems absurd. Additionally,
more and more of the actual trading, including market making2, is carried out
algorithmically, confirming what Black wrote some fifty years ago [1].

However, there are aspects of financial exchanges that have so far eluded full
automation. In particular the contractual relationship between exchanges and
1 A record of outstanding buy and sell orders set to trade at a specified (or better)

price. Once the prices (and volumes) of buy and sell orders match a trade is generated
and the associated orders get removed from the book).

2 The act of supplying both buy and sell prices to the market with the intention of
making a profit on the price difference.
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market makers still relies on bespoke legal agreements [10]. This reduces the pool
of liquidity available to compete for the provision of market making as a service
and increases the cost of running the exchange. Both of these in turn decrease
the efficiency of the market (the exchange needs to collect higher fees to cover
these costs).

If the whole mechanism of the exchange is automated (it is all software)
then a significant portion of its revenue (generated by charging fees for trading)
should be split between two types of participants: those running the software
(operators) and those providing liquidity (market makers). Determining the rel-
ative apportioning of incentives between market makers should take into account
the value that their specific provision of liquidity has provided, both in terms of
its timing, competitiveness, and longevity.

1.1 Motivation

A key problem for exchanges is attracting and rewarding liquidity providers.
The entrenched model is to establish business partnerships with market makers,
and negotiate obligations (provision of order book volume at some bid/ask) and
rewards; typically in the form of fee rebates [12]. It has been shown that such
direct liquidity incentives can be highly effective in boosting liquidity, especially
for new and small cap markets [11,14,15], as well as following exogenous price
shocks [13].

These relationships are governed by business contracts making them a non-
scalable and expensive solution limited by the business development capacity
of the exchange. Construction of such contracts is non-trivial as they need to
comply with market regulations and be build so as to not distort incentives for
other market participants which would be counterproductive as far as improving
liquidity is concerned [16].

Furthermore, these agreements are typically non-transferable, have limited
responsiveness to market conditions and do not align the incentives of own-
ers/operators of a market and liquidity providers [10]. This is particularly notice-
able in the case where market makers (akin to early venture in a startup) invest
resources into bootstrapping a new market’s liquidity, yet typically gain no
explicit benefit from the market’s commercial success.

This paper develops mechanisms for creating automated and scalable liquidity
markets. We describe various price determination methods for liquidity provision
and how to divide rewards between market makers so as to incentivise desirable
behaviours such as early commitment of liquidity to a market. We further outline
various ways to measure liquidity provision on an order book, and in so doing
introduce a novel way to structure liquidity obligations, along with an automated
financial method for penalising market makers who fail to meet the obligations.

We have built our framework assuming that attracting liquidity is occurring
in a competitive environment where each market (for a single financial prod-
uct) is competing with other markets to attract liquidity supply. To put it in
a different way, each liquidity provider has the choice of markets to which they
supply liquidity and are therefore going to rationally select markets that reward
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them more highly. We also assume that each market may have multiple market
makers and that the rewards are derived from the all fee income paid by traders
of that market.

To optimally incentivise liquidity providers it is essential to understand
the value, to a given market, of liquidity provision on an order book. The
authors know of no established way to do this and this paper explores mul-
tiple approaches. Black [1] defines a liquid market as one that is both contin-
uous and efficient. Intuitively, these characteristics increase when order book
volume is supplied closer to the “true market price”. This paper develops var-
ious approaches to evaluating relative liquidity profiles on an order book. We
extend this to consider various levers that may be tailored according to a mar-
ket’s liquidity requirements, e.g. firmness, valuing long term provision, etc.

It is crucial to note that there are at least two classes of markets that one
should consider: spot markets and derivatives3 markets (by the latter we mean
any markets that allow trading on margin, e.g. short positions). For a spot
market, liquidity is important in attracting business, efficient price discovery
and aiding information flows. However, a market that allows margin trading
needs to also protect itself against potentially insolvent participants. See e.g. [7,
Section 6]. One of the key parts of the protection is the ability to close out an
insolvent participant while protecting the position of their counterparty. In order
to be able to do this there must be sufficient volume on the order book to execute
such a trade (albeit possibly at a loss). Thus for a derivatives market, sufficient
liquidity provision is key for safe operation.

1.2 Literature Review

Existing academic research on liquidity focuses on modelling the impact of infor-
mation flow and interactions between market participants on order book com-
position.

Grossman and Stiglitz [3] model a market consisting of a risk-free asset with
a known, constant return and a risky asset with a return modelled as a sum of
two random variables, one of which can be observed at a fixed cost. There are
two types of agents in the market: informed traders who choose to incur the
cost to reduce variance of the risky asset as observed by them, and uninformed
traders who make decisions solely based on observed prices. Furthermore, the
agents observe returns realised by the other market players and decide if they
want to switch from being informed to uninformed or vice versa. In [3], the
authors have shown that, for a special case of agents with constant absolute
risk-aversion utility functions and normally distributed random variables, the
equilibrium price distribution exists and can be calculated, and that a number
of conjectures that they have formulated can be shown formally. These relate
to the impact of the information content of the system on the market price and
traded volumes.

3 Financial instruments deriving their value from the future value of other financial
assets.
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Kyle [4] prescribes a similar type of market with one notable addition -
market maker is modelled as a separate type of agent. The market is modelled
as a sequence of two step auctions. In the first step, informed trader submits the
market order with the quantity based on private observation of the liquidation
value of the asset and own trading history. Uninformed traders submit market
orders that are uncorrelated with that of the informed agent or own trading
history. In the second step, market maker sets prices conditional on quantities
traded by other market participants such that the market clears. Market maker
is unable to distinguish between the two other types of traders. Market making
is assumed to be perfectly competitive - market maker chooses a pricing rule
such that the expected profit is zero. The authors in [4] show that a pricing rule
linear in the observed traded quantities is optimal and leads to the existence of
the equilibrium price. One of the measures of liquidity that the authors consider
is the market depth - the order flow required to move a price by one unit of
measure. They show that it’s proportional to the ratio of quantity traded by
uninformed traders to the value of the information held by the informed traders.

Glosten and Milgrom [5] model interaction between price asymmetry, the size
of the bid-ask spread and the volumes traded. The model assumes that market
maker sets a single bid and a single ask price per unit of stock. Once the prices
are set one of the traders arrives at the market at a random time and decides
whether to buy or sell one unit, or do nothing. The market maker is then free to
revise the prices and the process continues. Like in the models described above,
there are both informed and uninformed traders in the market. All agents are
assumed to be risk-neutral. Additionally, market maker is perfectly competitive
and incurs no transaction costs - expected profit from each trade is zero. The
authors in [5] show that even with the above assumptions the bid-ask spread
still arises under their model as a purely informational phenomenon. The bid
prices will decrease and ask prices will increase as the proportion of informed
traders increases. Moreover, the authors were able to derive a bound on the size
of the spread and show that there can be occasions when all trading ceases as
no uniformed traders are willing to trade in the presence of too much insider
information. Lastly, it’s been shown that on average the spread in the model
decreases as the traded volume increases.

While the above academic publications were important stepping stones in
the analysis of market liquidity, they do not offer any explicit solution to the
problem that we’re trying to solve.

The recent rise of DeFi, decentralised financial system based on blockchain
technology placing a lot of emphasis on interoperability between its various com-
ponents and encapsulating market mechanics in clear-cut rules and governance
actions, seems to offer a fertile ground for rethinking and formalising liquidity
incentives found in traditional markets.

Gudgeon et al. [17] analyse protocols for loanable funds, namely Compound,
Aave and dYdX. These protocols provide overcollateralised loans between vari-
ous cryptoassets. The protocols use interest rate models to programmatically set
lending and borrowing rates so as to balance the demand between the two. Part
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of the spread between borrowing and lending rates is set aside for periods of
market stress, whereas the rest is kept in profit. Authors have shown that peri-
ods of illiquidity are common and often happen simultaneously in the protocols
considered. The liquidity reserves can often be unbalanced since it’s not uncom-
mon for just a few accounts to control majority of protocol’s funds. Authors
also point to some evidence of market inefficiency suggesting that agents are
not necessarily responding optimally to the interest rate incentives. While these
protocols remain popular and fulfill an important function within the broader
DeFi ecosystem, the liquidity incentives that they rely on are not fit for adop-
tion in more general, order book based markets. It has also been shown that
combination of large amount of debt maintained within a lending protocol with
periods of low liquidity can relatively quickly lead to the insolvency of the proto-
col further implying that market mechanisms employed by those protocols likely
do not offer a robust alternative to the existing financial system [18].

An interesting approach towards rationalising and automating liquidity pro-
vision has been put forward by Hummingbot [8].

The authors propose a liquidity marketplace built around the Spread Density
Function. The liquidity buyer specifies a monotonically decreasing function ρ(s)
of spread supported on [0, smax], where smax is the maximum spread at which
rewards for market makers will still be provided. Additionally, the total monthly
budget B and number of seconds T defining the frequency with which order
book snapshots will be taken get specified.

The total payout available per snapshot is then:

b :=
B · T · 12

365.25 · 24 · 3600
.

The sum of weighted orders per snapshot is given by W :=
∑

|s|<smax
νsρ(s),

where νs is the aggregate volume of all orders at the spread level s. The payout
for market maker m at that spread level is then

Rs,m := b
νs,mρ(s)

W
.

The total compensation for market maker m per snapshot is thus given by

bm :=
∑

|s|<smax

Rs,m.

The approach outlined above provides clear rules for interaction between mar-
ket makers and exchanges and as such is a noteworthy innovation. While the
frequent order book sampling and market making reward attribution addresses
the problem of market makers withdrawing liquidity at times of high volatil-
ity to some extent, it does not fully preclude it. As already mentioned, while
it may be an acceptable, albeit undesirable state of affairs for spot exchanges,
it is potentially fatal for derivatives exchanges which rely on liquidity for their
risk management measures. Thus, we proceed with our analysis of the liquidity
provision problem and ways addressing it.
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2 Dynamic Liquidity Rewards

The goal is to set up a market mechanism that optimises the amount of liquidity
provision such that liquidity incentives increase when liquidity is under-supplied,
and decrease when there is sufficient liquidity in the market. Markets are assumed
to potentially have multiple market makers, each of whom can decide which
market to supply liquidity to. The mechanism is based on rewards and penalties
outlined below.

Market makers are rewarded from the revenue derived by an exchange
through the fees charged on trades. Typically both sides of a trade are charged
a fee and then rebates are given to market makers if they are involved in the
trade. This fee amount is usually expressed in either basis points (bps) or as
a percentage of the trade’s notional value4 at the point of trade. One way or
another, the fee has cash value and the amount can be split between various
participants to motivate desired behaviour.

A spot exchange will highly value market makers who are involved in trades.
Hence the mechanism should reward limit orders that are hit resulting in a trade.
This rewards market makers for the competitiveness of their pricing.

An exchange allowing margin trading (derivatives exchange) will rely on liq-
uidity depth5 for closing out delinquent traders. Thus it will choose to reward
providing guaranteed liquidity at all times, based on an appropriate measure,
see Sect. 4.

While legal contracts can be used to enforce the obligations, we propose an
economic approach where market makers commit a financial bond (or stake) for
providing liquidity, which is slashed if they fail to meet their liquidity obligations.
The size of the stake will imply a level of liquidity provision commitment.

These commitments may be to provide prices and/or to respond to prices
on the order book. For example, a market maker may be required to maintain
an amount of volume, proportional to their stake bid and offered within 15% of
the best bid/offer/mid price for 85% of the time. In some illiquid markets, the
market makers may be required to simply respond to a price placed on the order
book with an appropriately competitive counter price.

Here we propose to first fix a measure of liquidity λ - see Sect. 4 for details.
A market maker committing to provide the liquidity level λcommitted will then
have to deposit a bond (stake) with the exchange typically calculated as

S = λcommtited · scaling constant ,

where the scaling constant will depend on the liquidity measure and the market
in question.

The exchange will then fix a time period τ which could be anything from
several seconds to hours or days. If at any time during that period volume of
limit orders provided by the market maker results in liquidity λprovided which
is lower than λcommitted a penalty will be applied to market makers’ stake. A
4 Total value of the position.
5 Order book volume at different price levels around the mid-price.
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number of reasonable penalisation strategies can be devised based on the specific
market. Typically the penalty should be a fraction of the stake

Penalty = Penalty fraction · S

with 0 < Penalty fraction < 1.
Compliance could be further assured by requiring liquidity providers to sub-

mit a set of pegged orders6 with relative weightings per each order book side.
These orders would then get automatically deployed in case the orders manually
maintained by a given liquidity provider do not fulfil the liquidity commitment
λcommitted. The volumes of those orders would be set so that the commitment
is met. Weightings set by the liquidity provider would be taken into account
to give them a degree of control over the resulting order structure. It will also
be impacted by the choice of liquidity measure discounting (requiring higher
volume) orders that provide less liquidity in that measure (e.g. orders placed
far away from the mid price). If the margin account maintained by a liquidity
provider is insufficient to support those orders the bond account balance can be
used to cover the shortfall (with the appropriate penalty applied).

The overall income from trading on a given market at an instant of time is
the volume at the time multiplied by the trading fee. Market makers will choose
to participate (commit a bond and provide liquidity) if the share of the return
they are getting is sufficient reward for the capital they are contributing and risk
they are taking. In what we are proposing, the market makers are rewarded by
obtaining a fraction of the entire fee income. Thus to increase their income they
would like to increase the fee or increase the traded volume. However an increase
in fee is likely to lead to a decrease in volume and vice versa. We see that the key
is then to allow the market makers to jointly set the fee at an appropriate level.
It is also clear that different market makers are likely going to have different
opinions on what the appropriate level is.

2.1 Voting Based Mechanism

Each market maker can submit their desired fee: fi for i = 1, . . . , n with n the
number of market makers. Each market maker also has a stake committed Si

(with the resulting liquidity commitment λcommitted
i = Si/scaling constant).

The trading fee is then a simple weighted average

f =
1
S

N∑

i=1

fi · Si ,

where S is the total committed stake i.e. S =
∑n

i=1 Si.

6 Pegged order has its priced derived from a reference price and an offset, e.g. and
order to buy at two ticks from the mid price. The price gets updated each time the
reference price moves.
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2.2 Radical Market Method

Upon inception of a market there is only one market maker, providing stake Sold

and setting the market fee fold. During each time period τ the fee either stays
as before, or if another market maker chooses to enter the market by providing
an additional stake ΔS, then we have Snew = Sold + ΔS and the fee is adjusted
as

fnew =
Snew − ΔS

Snew
· fold.

A possible stake and fee evolution is given in Table 1. A more complete agent
based simulation is provided in Sect. 3.1.

Table 1. Possible fee evolution responding to stake in the radical market method.

Period index Added stake Total stake Fee

1 100 100 1%

2 0 100 1%

3 100 200 0.5%

4 300 500 0.2%

5 −200 300 0.33%

6 −200 100 1.0%

7 −50 50 2%

2.3 Offer Stack Meeting Liquidity Demand

Let us start by trying to estimate liquidity demand in a given market. The
simplest way to do this is to consider recent trading activity. One could, for
instance, use a moving weighted average of volume of recent trades.

However, lack of trading should not necessarily be equated with low liq-
uidity demand. Markets that have very wide pricing (and no trading) may be
demonstrating a need for more competitive liquidity provision, since that which
is provided is not priced where the demand is.

In the case of derivatives markets, the open interest captures the potential
size of defaulting positions that the exchange is bearing at a point in time. The
exchange may require immediate access to liquidity in order to close out traders
when they approach a risk of bankruptcy. Hence, in this situation, open interest
can be taken as an estimate of liquidity demand. Again there is a problem: a
derivative market with no open interest doesn’t necessarily imply that there is no
demand for liquidity. However, if the aim of the exchange in attracting liquidity
is primarily to mitigate risk then this may be a very reasonable measure.

Once the liquidity demand has been established, we then have the following
relationship

Liquidity demand −→ Required committed liquidity −→ Required market making stake.
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Translating required committed liquidity into required stake is just a multipli-
cation using scaling factor. We propose that translating “liquidity demand” (in
whichever measure) into “required committed liquidity” is best achieved via an
affine transformation:

λrequired := Required committed liquidity = Scaling factor ·Liquidity demand+Additive factor.

The n different market makers now submit bids with stake and proposed fee:
(Si, fi). Assume we have sorted so that they are increasing in fi (so f1 is the
lowest offered trading fee, fn the highest). Since stake can be directly translated
into committed liquidity we may view this also as (λcommitted

i , fi). Let us define

λcumulative
k :=

k∑

i=1

λcommitted
i , k = 1, . . . , n .

The market trading fee is then set by first calculating k∗ := min{k = 1, . . . , n :
λrequired ≤ λcumulative

k } and then taking the fee to be f = fk∗ . In other words:
we take the liquidity offers of the market makers willing to provide the most
competitive trading fees, then we start adding up their committed liquidity and
the trading fee is that proposed by the market maker whose committed liquidity
meets or just exceeds the required liquidity.

The liquidity demand can also be used to only allow liquidity providers to
reduce their stake if doing so would not cause λcumulative

n < λrequired. If on the
other hand the liquidity demand were to rise so as to exceed the liquidity supplied
by all active liquidity providers the market could be put into temporary auction
mode. During the auction mode new orders will still be accepted, but no trades
would get generated. Once enough additional stake gets committed to the market
the auction would uncross generating trades from orders with overlapping bid
and ask prices at a price that would maximise the traded volume.

2.4 Distributing Fees

We have mentioned earlier that the trading fees should be distributed between
those providing the market infrastructure (operators) and those who provide
liquidity (market makers). Since creating a new liquid market where there was
none before is typically expensive, the market makers who provide liquidity since
inception should receive higher rewards than those who join a liquid and success-
ful venture. On the other hand, having more market making capital committed
is generally a good thing (it may drive down fees, and it will increase market
resilience). So late entrants need to be incentivised to join.

Time-Based Weighting. Hence we propose that the share of fees going to
various market makers so that each market maker i = 1, . . . , n gets proportion
pi given by

pi :=
φ(t − Ti) · Si∑n

j=1 φ(t − Tj) · Sj
,
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where t is the current time,7 Si is the stake committed by a market maker i at
time Ti (in the past) and where s �→ φ(s) is a bounded, increasing function of
time e.g. logistic

φ(s) =
1

1 + e−k·(s−s0)
.

Here k fixes the steepness of the curve and s0 the time it takes to go from 0
the midpoint value of 1

2 . The reason to take a bounded function is to make sure
that late entrants will, eventually, be assigned enough weight. If we allowed an
unbounded function then the late entrants will never catch-up with the early
ones - and so they will not have any incentive to join.

Figure 1 shows the resulting fee split between four market makers staking the
same overall amount in annual, semi-annual, quarterly and monthly arrears over
the course of one year. The example uses a logistic function with parameters
k = 8, s0 = 0.5.

Fig. 1. Fee split for a 1y market with k = 8, s0 = 0.5 and four market makers following
different staking schedules.

Equity-Like Market Share. Alternatively, fees could be split based on some
measure of market’s value over time. This might have the added benefit of
rewarding liquidity providers not only for joining early, but also for joining at
times of lower market value.

Assume all market maker fees are collected in a separate account and peri-
odically distributed among all liquidity providers. Define the “equity” liquidity
provider i holds in the period m as:

Equityi(m) = Si · market value proxy(tm)
market value proxy(t0)

,

where tm is the time corresponding to the end of period m, t0 is the time when
liquidity provider i posted their stake and:

market value proxy(tm) = max(
n∑

j=1

Sj , factor · traded value in period m).

7 We write a difference in our notation but could in principle count time using various
conventions e.g. ignoring periods when a market is shut.
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The share of the market maker fees accrued in period m is distributed between
the eligible liquidity providers as:

Equity sharei(m) =
Equityi(m)

∑n
j=1 Equityj(m)

.

3 Agent Based Models

We now consider two different agent-based models. One model, in Sect. 3.1, mod-
els a mechanism where the trading fee increases if both agents want to decrease
their commitment and conversely the trading fee decreases if both agents are
willing to increase their bonded commitment. The other model, in Sect. 3.2,
models liquidity demand.

It is worth noting that for either of the models we cannot compute Nash equi-
librium explicitly and so we resort to numerical approximation. In this paper we
employ the “Method of Successive Approximations” to solve the control problem
each agent is solving, see [2]. This is based on the Pontryiagin’s optimality prin-
ciple. A different numerical method can be based on the Bellman/HJB equation,
see [6] and [9].

3.1 Two Competing Market Makers in a Single Market - Not
Modelling Liquidity Demand

We have two agents and each has different beliefs about the market, which
is captured by the volume response function V i, i = 1, 2. We have (f, S) �→
V i(f, S) where f ∈ (0, 1) denotes the trading fee and S ∈ (0,∞) is the total
market making stake committed to the market. We assume that S �→ V i(f, S)
is increasing for every f (the more stake on a market the more volume it can
support) while f �→ V i(f, S) is monotone decreasing (higher fee leads to less
trading volume).

The market makers share the income from trading proportionally to their
stake size. For a period of time dt this is given by fV (f, S) dt. Using Si to
denote the stake of market maker (MM) i she obtains Si

S1+S2 fV (f, S) dt in that
time period. On the other hand, they have to maintain liquidity above a certain
level and if they fail they are penalised by the amount σi

λSi. The other cost
would be the cost of capital, which can easily be included, but we omit it for
brevity. Finally the market maker is penalised (with δ > 0 small) by δ|αi|2 with
αi denoting how quickly they change their stake. At first sight this might look
strange but it promotes predictability for other participants, since it prevents
the MM from pulling out liquidity immediately.

The MM i adjusts their stake at rate αi
t and the trading fee is determined

by the enthusiasm of MMs to increase their stake - the more they increase the
stake the more the fee decreases:

dS1
t = γSα1

t dt , dS2
t = γSα2

t dt and dft = −γf (α1
t + α2

t ) dt. (1)
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The optimisation problem agent i is solving is to maximise

J i(f, S1, S2, αi, αj,∗) =
∫ T

0

[
Si

S1
t + S2

t

ft V i(ft, S
1
t + S2

t ) − σi
λ Si

t

]

dt.

over all (admissible) strategies αi = (αi
t) with the strategy of the other

agent assumed to be fixed (and optimal for the other agent). Please refer to
Appendix B.18 for the outline of the solution to the problem.

Simulation Results: To run a simulation we need to choose the volume response
function, the details can be found in the IPython notebook9. Figure 2 displays
this function for agents 1 and 2. Agent 2 assumes the same response but higher
maximum trading volume.

Fig. 2. The function (f, S) �→ f V 1(f, S) (left) and (f, S) �→ f V 2(f, S) (right).

To test, we create a setting where Agent 1 is staking a market but she thinks
that there won’t be too much trading (for whatever reason) while Agent 2 starts
with almost no stake but has much higher belief in the volume. What we see is
that Agent 1 reduces her stake (which on its own would lead to an increase in
fees) but Agent 2 increases her stake aggressively, so overall the fees fall. The
results are in Fig. 3.

Fig. 3. Fees and stake evolution (left) and agents’ actions evolution (right).

8 Available at: https://papers.ssrn.com/sol3/papers.cfm?abstract id=3651085.
9 Available at: https://github.com/vegaprotocol/research/.

https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3651085
https://github.com/vegaprotocol/research/tree/master/notebooks/papers/liquidity
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3651085
https://github.com/vegaprotocol/research/
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3.2 Multiple Competing Market Makers - Basic Liquidity Demand
Model

We will have i = 1, . . . , N market makers. Each market maker uses two controls:
θi

t =
[
αi,f

t , αi,S
t

]
which fix the speed of change in their desired fee and stake

respectively:
df i

t = αi,f
t dt and dSi

t = αi,S
t dt.

We fix constants κD > 0 (volume response to liquidity demand), κf > 0 (volume
response to fee level) and LD∗

F > 0 (market liquidity demand). The trading
volume in the market evolves as

dVt = κD

(

LD∗
F − Vt

S̄t

)

Vtdt − κfL(f̄t)Vtdt, V0 = v0,

where S̄t =
∑N

i=1 Si
t and where L(f) = 1

1+exp(−(f−FPmid))
is a logistic function

determining the fee level from f̄t. Let us now look at how f̄t is calculated. First
we sort f i

t from smallest to largest (we use π to denote the sorting permutation)
: f

π(1)
t ≤ f

π(2)
t ≤ · · · ≤ f

π(N)
t . We calculate the cumulative stake corresponding

to market makers providing fees, sorted from smallest to largest:

Ci
t :=

i∑

j=1

S
π(j)
t .

We check the index of the last market maker providing commitment needed to
meet current liquidity demand:

i∗ := max
{

i = 1, . . . , N : κCCi ≤ Vt

S̄t

}

.

Finally we set

f̄t :=
i∗+1∑

j=1

f
π(i)
t

S
π(i)
t

Ci∗+1
.

This matches the mechanism described in Sect. 2.3. Please refer to Appendix B.210

for details and to Fig. 4 for results.

10 Available at: https://papers.ssrn.com/sol3/papers.cfm?abstract id=3651085.

https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3651085
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3651085
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Fig. 4. Fees and stake evolution (left) and agents’ actions evolution (right).

4 Measuring Liquidity Provision

In this section we consider a possible way of measuring liquidity. An alternative
method is proposed in Appendix A(See footnote 10)

Limit Order Book Description

At any time, the state of orders on the order book can be described in terms
of the volume V (t, p) of orders waiting at price level p on a grid with mesh size
given by the “tick” size θ. When time is fixed or plays no role then we will write
simply V (p). Following the usual convention we will use negative volumes (i.e.
V < 0) for buy orders and positive volumes for sell orders. The best bid price
(best buy offer) is sb(V ) := max{p > 0, V (p) < 0}. The best ask price (best
sell offer) is sa(V ) := min{p > 0, V (p) > 0}. We will assume that 0 < sb(V ) <
sa(V ) < ∞. This give the mid price S = 1

2

(
sa(V ) + sb(V )

)
and the bid-ask

spread sa(V ) − sb(V ).
We can also take an alternative but related view which describes the order

book as volume U at a distance x from the mid-price so that

U(x) = V (S + x).

If the tick-size θ is small then we can also adopt a continuous approximation to
the order book which is now described in terms of density v = v(p) given by

v(p) ≈ V (p)
θ

and u(x) = v(S + x).

Note that we assume that p ∈ (−∞,∞) as on some order books p would not be
a price but instead for example a bond yield which can be negative.

Probabilistically Weighted Volume

A simplest possible measure of liquidity would be to calculate
∫ ∞

−∞ |u(x)| dx i.e.
to sum up the entire volume on the book. The problem with this naive approach

https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3651085
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is that it counts equally all the volume regardless of how far away from the mid
price it is.

Let us assume that we have a stochastic model for the mid price at a future
time τ > 0, denoted Sτ , which provides us with the probability density for Sτ .
Let us denote the density by fS = fS(x). Then we could measure the order book
liquidity (or equivalently the liquidity amount provided by a single participant)
as

λ(u) :=
∫ ∞

−∞
|u(x)|fS(x) dx.

This could however report high liquidity even if there were e.g. only sell orders
on the book. A more sensible measure of order book liquidity is thus

λ(u) := min
(∫ 0

−∞
|u(x)|fS(x) dx,

∫ ∞

0

|u(x)|fS(x) dx

)

. (2)

On a market where at a certain (large and unlikely) price movement triggers an
auction11 one may only wish to account for volume that is not as far away as
to trigger an auction. Specifically if xmin < 0 and xmax > 0 are the levels that
trigger the auction then

λ(u) := min
(∫ 0

xmin

|u(x)|fS(x) dx,

∫ xmax

0

|u(x)|fS(x) dx

)

. (3)

Notice that as long as at two points x and x′ we have fS(x) = fS(x′) then
equal volume at x and x′ provides equal amount of liquidity according to this
measure, regardless of the distance of x and x′ from the mid. This is coun-
terintuitive to most peoples’ understanding of liquidity and hence most likely
undesirable. To rectify this let us write FS for the cumulative density function12

and let

pS(x) :=

⎧
⎪⎪⎨

⎪⎪⎩

∫ ∞

x

fS(y) dy = 1 − FS(x) , if x > 0,

∫ x

−∞
fS(y) dy = FS(x) , if x ≤ 0.

A moment reflection reveals that pS(x) is the probability that volume at point
x traded at the next time step τ (according to the model given by fS). Thus
another reasonable way to measure liquidity is

λ(u) := min
(∫ 0

xmin

|u(x)|pS(x) dx,

∫ xmax

0

|u(x)|pS(x) dx

)

. (4)

11 When market is in auction trades are no longer generated as soon as there’s a match
in price between a buy and sell order, instead orders keep getting added to the order
book, possibly resulting in a crossed state - an overlap between bids and offers -
until the auction concludes and associated trades are generated so as to maximise
the traded volume (subject to additional rules should a few price levels result in the
same maximum volume).

12 i.e. FS(x) =
∫ x

−∞ fS(y) dy.
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Liquidity Across Time

Since market-makers are to be rewarded for providing liquidity we must have
a way of considering how the liquidity available exists over time. There are
two basic ways to see this. First is to consider the average liquidity provided
by a participant over a time interval [0, T ]: 1

T

∫ T

0
λ(ut) dt. This allows market

makers to completely withdraw liquidity for brief periods and compensate by
providing more during calm periods. This will generally be undesirable from the
point of view of the exchange. The other is the minimum liquidity provided:
mint∈[0,T ] λ(ut).

5 Conclusion

We have reviewed existing approaches to measuring liquidity, its impact on mar-
ket efficiency and established ways of incentivising it which spanned both tradi-
tional finance and the emerging DeFi system.

The main contribution of this paper is to propose market-based, scalable
mechanism for building liquidity provision incentives into the exchange mechan-
ics that can be fully automated. This is particularly useful for derivatives
exchanges due to its ability to guarantee a predefined level of liquidity irrespec-
tive of market conditions and behaviour of other market participants. Finally,
we used agent-based models to simulate some of the mechanisms we proposed.
They demonstrate that the intuition used to design the mechanisms is correct
and the design leads to the desired outcomes.
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