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Abstract. Most electoral reforms are dictated by recognized problems
discovered in the existing procedures or - perhaps more often - by an
attempt to consolidate power distributions. Very rarely, if ever, is the
motivation derived from the social choice theory even though it deals
with issues pertaining to what is possible and what is impossible to
achieve by using given procedures in general. We discuss some reforms
focusing particularly on a relatively recent one proposed by Eric Maskin
and Amartya Sen. It differs from many of its predecessors in invoking
social choice considerations in proposing a new system of electing rep-
resentatives. At the same time it exemplifies the tradeoffs involved in
abandoning existing systems and adopting new ones.
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1 Introduction

As basically all institutions, the voting procedures can be seen as problem-solving
devices: their adoption starts with a recognized problem — be it one of including
popular participation in a domain where decisions formerly were made by a single
individual or one related to the working of an existing procedure — proceeding
then to a mechanism that purportedly provides a solution to this problem. This
piecemeal way of improving existing institutions may, however, lead to a paradox
that carries the name of Marquis de Condorcet, the French social philosopher
and science administrator of the 18th century. We shall give it a slightly unusual
interpretation in the following Table 1. Consider three voting procedures—=z, y
and z — three performance criteria — I, IT and IIT — and the following hypothetical
configuration of procedures and criteria.

In Table1 the procedures are ranked on each of the three performance cri-
teria. Thus, e.g. on criterion II y performs best, z second best and x worst.
Assuming that the criteria are of equal importance, it is reasonable to come up
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Table 1. Condorcet’s paradox

Criterion I | Criterion II | Criterion III

X y Z
vy 7 X
7 X

with the overall conclusion that x is better than y since it is ranked higher than
y on two criteria (I and III). Similarly, y can be deemed better than z since it is
ranked higher than z on two criteria (I and II). One could then be led to conclude
by transitivity that x is better than z as well. Yet, this is clearly not the case: z is
ranked higher than x on two criteria (IT and IIT). This is the crux of Condorcet’s
paradox: aggregating several rankings (i.e. complete and transitive preference
relations) applying the majority principle in each pair of alternatives may lead
to an endless cycle of alternatives where each replacement of an alternative can
be justified by a majority rule, but at the same time no best alternative is to be
found.

This is a version of the well-known money-pump. To wit, suppose the original
procedure is x which is the best of the three in terms of criterion I. Assume now
that an analyst or a proponent of y comes up with criterion II which is deemed
more plausible than I. In terms of criterion II the ranking of the procedures is
the one presented in the middle of Table 1. Now an advocate of z may take the
floor and suggest criterion III where z is ranked first, x second and y third. This
might be the historical sequence of events whereby criteria are considered one
by one. Depending on the content of the criteria each step of the process from x
to z via y may well be justified, but the overall result - i.e. when all criteria are
taken into account and given a roughly equal weight — is a never-ending cycle of
‘improvements’.

In the next sections we shall focus on a couple of examples of electoral reform.
First, we discuss the proposal of Jean-Charles de Borda presented for the French
Royal Academy in the 1770’s. We then focus on a procedure designed to rectify
an alleged weakness in Borda’s proposal. Borda’s proposal was primarily directed
avoiding the main flaw of the first-past-the-post (plurality) voting. Other ways
of avoiding this are discussed next. Finally, we deal with the recent proposal
presented by Amartya Sen and Eric Maskin to replace the prevailing first-past-
the-post system of the U.S. Congressional elections with a hybrid of two mutually
incompatible procedures.

2 The First Attack on the Plurality System

The one-person-one-vote or plurality voting system is undoubtedly the most
common voting procedure today. It is not only used extensively in political elec-
tions (e.g. in the U.K. parliamentary and in the U.S. elections of the members
of the House of Representatives), but also in informal settings. In fact, it is the
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procedure people typically have in mind when saying ‘let’s take a vote’ in infor-
mal settings. Its main virtue is simplicity, both for voters and for the persons
determining the winner(s). Its outcomes also lend themselves for a straightfor-
ward interpretation: the winner is the alternative that has been voted upon by
more voters than any of its contestants. But it is associated with an impor-
tant shortcoming made visible by Borda in his example reproduced in Table 2
[4,11,16].

Table 2. Borda’s paradox

1 voter | 7 voters | 7 voters | 6 voters
A A B C
B C C B
C B A A

Assuming, as Borda does, that each voter votes according to his/her prefer-
ences, alternative A wins with 8 votes against 7 (for B) and 6 (for C). And yet,
A is the last-ranked alternative of a clear majority of voters, an absolute (Con-
dorcet) loser one could say in modern terminology. As such it would be defeated
in pairwise majority comparisons by all other alternatives. It seems that Borda’s
main motivation was to prevent such an outcome from happening by devising
a system that would exclude the eventual Condorcet losers from being elected.
Thus, he introduced a procedure: the method of marks or the Borda count in
modern terminology. Given a profile of individual preference rankings over, say
k, alternatives, the Borda count determines the Borda scores of alternatives as
follows: each voter ranking an alternative first increases this alternative’s score
by k — 1 points, each voter ranking an alternative second increases the score by
k — 2 points, etc. and each voter ranking an alternatives last increases its score
by zero points. The sum of points given by all voters determines its Borda score.
The collective ranking of alternatives is the same as the order of their Borda
scores. Hence, it is natural to call the first ranked alternative the Borda win-
ner. Borda showed that his method can also be implemented through exhaustive
pairwise comparisons so that the score of each alternative is the sum of the votes
it gets in every pairwise comparison with other alternatives.

That the Borda count really guarantees the exclusion of the eventual Con-
dorcet loser was formally shown by P. C. F. Daunou in the beginning of the
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Table 3. The strong Condorcet winner and the Borda winner can be distinct

4 voters | 3 voters
A B
B C
C A

19th century [11, 263-267]." Table 2 gives rise to another observation that came
to play a central role in the emerging debate between Borda and Condorcet,
viz. the possibility that the procedure investigated always elects a Condorcet
winner, that is, an alternative that — on the basis of the information presented
in the preference profile — defeats by a majority of votes all others in pairwise
comparisons. This is often deemed an important desideratum in the theory of
voting (see e.g. [5]; for more sceptical views, see [17,20]). In Table2 there is a
Condorcet winner? and it is simultaneously the Borda winner. This, however,
is not always the case. Indeed, one could even envision a profile with a strong
Condorcet winner which, nonetheless, is not the Borda winner. Table 3 provides
an illustration.

Here A is the strong Condorcet winner, but B gets the largest Borda score.

3 The Search for Condorcet Consistency

For those convinced of the desirability of Condorcet consistency — i.e. the prop-
erty guaranteeing the choice of Condorcet winner when one exists — the possibil-
ity of not electing a Condorcet winner is not acceptable. One of the early writers
feeling uncomfortable at the possibility of not electing a Condorcet winner was

! It is relatively straightforward to see how this conclusion is derived. To wit, suppose

that there is a Condorcet loser, say x, in a profile consisting of n voters and k
alternatives. This means that in each pairwise comparison, the maximum number of
votes for x is strictly less than n/2. Hence z’s Borda score is less than (k—1) X (n/2).
If all alternatives had the same or smaller Borda score than z (which would make
z the Borda winner), the total number of Borda scores would be no larger than:
k x (k—1) x n/2. Now this upper bound is strictly less than the sum total of Borda
scores in any profile, viz. n x (k* —k)/2 = k x (k—1) x n/2. (The number of pairwise
comparisons involving different alternatives is k* — k with the sum of entry (i, )
and entry (j,4) being equal to the number of voters, n, for all alternatives ¢ and j.)
Therefore, in any profile there must be at least one alternative with a strictly larger
Borda score than that of the Condorcet loser. Hence, the latter cannot be elected
by the Borda count.
A strong Condorcet winner is an alternative ranked first by more than half of the
electorate. Obviously, all procedures that elect a Condorcet winner also elect a strong
Condorcet winner. The converse is not true, that is, there are procedures (e.g. plural-
ity voting) that elect the strong Condorcet winner, but not necessarily a Condorcet
winner.

»
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E. J. Nanson. He set out to design a system that would be as ‘Bordaesque’ as
possible while at the same time satisfying Condorcet consistency [13]. The result-
ing procedure — known as Nanson’s rule — is based on a sequence of eliminations
based on the Borda scores of alternatives so that in each counting round those
alternatives with the average or smaller Borda score are discarded whereupon
the Borda scores are computed in the remaining set of alternatives. Eventually
the winner is found after one or more rounds of eliminations.

The main purpose of Nanson’s rule is to preserve the eventual Condorcet
winner, while determining the winner by using in full the positional information
given by the voters just like in the Borda count. The survival of the Condorcet
winner in the elimination process is guaranteed by a relationship that exists
between the Condorcet and Borda winner in any profile: the Condorcet winner
always has a Borda score that is strictly larger than the average.® Hence, the
Condorcet winner, whenever it exists, coincides with the Nanson winner.

A few decades after the invention of Nanson’s rule, another Borda elimination
procedure was proposed by Baldwin [1]. Somewhat paradoxically Baldwin — fully
cognizant of Nanson’s rule — presented his method as a simplification of Nanson’s
even though it in general requires more computing rounds than Nanson’s rule.
The basic difference between these two is that Baldwin’s method eliminates at
each counting round the alternative with the smallest Borda score. It is easy to
see that, as Nanson’s, also Baldwin’s method is Condorcet-consistent.*

4 Meanwhile Other Attacks Were Launched

The possibility that an alternative elected is considered very bad (even the worst)
by more than a half of the electorate has motivated other voting procedure pro-
posals. By far the most successful of them in terms of the frequency of adoption
is the plurality with runoff procedure. It is clearly aimed at securing that the
winner is supported by at least half of the electorate. If this is not the case in
the original profile, the runoff is organized between those two (sometimes three
or more) alternatives gaining the most votes in the original profile. With only
two alternatives competing on the second round and barring ties, one of these
is bound to receive the support of more than half of the electorate.

This method guarantees that an alternative ranked last by a majority of
voters cannot be elected. For if the winner is found in the original profile, the
winner cannot be such an alternative that is ranked last by a majority of voters
(since such an alternative cannot simultaneously be first-ranked by a majority).
If, on the other hand, the winner is found on the second round, it cannot be
the alternative that is originally last-ranked by a majority (since that majority
ranks whichever of its competitors first in the second round).

3 Nanson’s argument to that effect is pretty similar to the one in footnote 1. It amounts
to showing that the lower bound of the Borda score of a Condorcet winner is strictly
larger than the average of the Borda scores.

4 The differences and similarities of Nanson’s and Baldwin’s rules are discussed in
[7,14,15].



68 H. Nurmi

Table 4. Non-monotonicity of plurality with runoff and alternative vote

8 voters | 9 voters | 7 voters
A B C
C C B
B A A

A couple of decades earlier than Nanson presented his rule, Carl Andrae of
Denmark and Thomas Hare of England introduced the alternative vote method.
In contradistinction to Nanson’s rule, this method is based on plurality elimi-
nations of alternatives one by one until one of them occupies a majority of first
ranks. In three-alternative profiles the plurality runoff and alternative vote are
equivalent, but with the presence of more than three alternatives they can end
up with different choices. A common feature in both these procedures is that
they never choose a candidate ranked last by a majority of voters. The reason for
this in the case of plurality runoff was just stated. In the case of the alternative
vote, the reason is the observation that in order to become the alternative vote
winner, the alternative has to defeat by a majority at least one other, viz. the
one it is confronted with in the last sub-profile that determines the winner.

5 Advantages Gained and Lost

So both procedures dealt with in the preceding section avoid Borda’s paradox
and can thus be considered improvements over the plurality voting. The same
is, of course, true of the Borda count which arguably was specifically designed
to address Borda’s paradox. All three methods (Borda count, plurality runoff
and alternative vote), however, correct one major flaw, viz. avoid the choice of
an eventual Condorcet loser, but two of them (plurality with runoff and the
alternative vote) are accompanied with another flaw that the original culprit,
plurality voting, is not plagued with: non-monotonicity. In other words, while
in plurality voting the additional support for a winner, ceteris paribus, never
makes it a non-winner, such an addition may displace winners of the plurality
with runoff and alternative vote. Table4 provides an illustration.

The plurality with runoff procedure first eliminates C whereupon B wins
the second counting round. The same choice is made by the alternative vote.
Suppose now that the winner B had somewhat more support so that two of the
voters with ACB ranking lift B (the winner) at the top of their ranking which
then becomes BAC. Then the runoff contestants are B and C with C the winner.
The same outcome ensues from the alternative vote procedure. Thus additional
support may, indeed, be detrimental for the winning alternative when plurality
with runoff or alternative vote are being applied.

In contrast to Nanson’s rule, however, the plurality runoff and alternative
vote procedures do not necessarily elect the Condorcet winner when one exists.
The failure is easy enough to demonstrate. See Tableb where the Condorcet
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Table 5. Plurality with runoff and alternative vote may not elect the Condorcet winner

4 voters | 3 voters | 2 voters
A B C
C C A
B A B

Table 6. Nanson’s rule is non-monotonic

5 voters | 4 voters | 3 voters | 2 voters | 2 voters | 1 voter
C B A B A A
A D B A C C
D C D C B D
B A C D D B

winner C is ranked first by the smallest number of voters and is thus eliminated
in the first counting round by both procedures. Hence it is not elected. In fact,
with more than three alternatives profiles can be envisaged where the Condorcet
winner is ranked first by no voters at all.®

As said, Nanson’s rule is, by design, Condorcet consistent. So, it is an
improvement over plurality with runoff and alternative vote systems in that
regard. However, it shares an important drawback with them: it is non-
monotonic. See the 17-voter 4-alternative profile of Table 6 where A wins once
first D and then both B and C are eliminated. Let now A’s support be increased,
ceteris paribus, so that the 2 voters with BACD ranking lift the winner A on
top of their ranking so that their ranking is ABCD. As a result both B and D
are eliminated in the first computing round, whereupon C wins.

A property intuitively related to monotonicity is participation. It requires
that for any group of identically-minded voters and any profile of preferences,
abstaining does not lead to an outcome that is preferable to the one ensuing
when the group is voting according to its preferences, ceteris paribus. In a sem-
inal paper Moulin established that Condorcet consistency is incompatible with
participation if there are more than three alternatives and the number of voters
is large enough [12].° In other words, all procedures that necessarily elect a Con-
dorcet winner when one exists may encounter profiles of four or more alternatives
where a group of voters with identical opinions about alternatives is better off
abstaining than voting according to its preferences. Violations of participation
are often called no-show paradoxes [6,9].

5 For example, let a three-person four-alternative profile be the following: 1 voter:
ABCD, 1 voter: CBDA, 1 voter: DBAC. Here B is the Condorcet winner.

5 Moulin’s lower bound for the number of voters was 25. This bound has more recently
been lowered to 12 by Brandt et al. [3]. A stronger variant of Moulin’s result has
subsequently been proven by Pérez [19].
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Table 7. Plurality with runoff and alternative vote fail on participation

7 voters | 8 voters | 5 voters
A B C
B C A
C A B

Table 8. Nanson’s rule may lead to a strong no-show paradox

5 voters | 4 voters | 3 voters | 3 voters | 1 voter | 5 voters
C B A A B C
D D C C D A
B A D B A D
A C B D C B

As Nanson’s rule is Condorcet consistent, it is, by Moulin’s result, vulnerable
to the no-show paradox, but this result as such gives no clues as to whether
plurality with runoff or alternative vote are consistent with participation. The
following example, however, illustrates the possibility of a no-show paradox in
both of the last mentioned procedures in a profile with only three alternatives
(Table 7).

Both plurality with runoff and alternative vote result in A after C has been
eliminated. This is the worst outcome for the eight voters in the middle. Suppose
that four of them had abstained. Then B would have been eliminated, whereupon
C would have won. C being preferable to A, we have an instance of the no-show
paradox demonstrating that the procedures are vulnerable to it.

A far more dramatic instance of the no-show paradox — called the strong
no-show paradox [19] — may occur when Nanson’s rule is used. Table 8 gives an
illustration. In this 21-voter profile A is the Condorcet winner and is, by Nanson’s
argument, elected. Suppose now that the five voters with CADB ranking would
have abstained. In the ensuing 16-voter profile, there is no Condorcet winner.
Instead C emerges as the Nanson winner. Thus, by abstaining the five voters
not only improve the outcome (from their point of view), but bring about the
victory of their first-ranked alternative.”

In terms of the social choice desiderata considered here, the price to be paid
for the avoidance of Borda’s paradox by plurality with runoff, alternative vote
and Nanson’s rules seems high: they all suffer from vulnerability to the mono-
tonicity failures both in fixed and variable electorates, while the plurality voting
is immune to these anomalies. The same observation can be made about Con-
dorcet consistency, albeit with the significant reservation that Nanson’s rule is

" Table8 also illustrates the vulnerability to the strong no-show paradox of several
other Condorcet consistent procedures: Baldwin, Black, Copeland and Kemeny. For
further discussion, see [8].
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Condorcet consistent. These conclusions have some bearing on the evaluation of
the relatively recent reform proposal concerning the election system of the U.S.
House of Representatives.

6 The Reform Proposal of Maskin and Sen

The relatively recent reform proposal by Maskin and Sen is a hybrid voting
system intended for the replacement of the current plurality voting system com-
monly used in the election of the members of the House of Representatives of
the U.S. Congress [10].% Tt is pretty similar to the system proposed by Black
nearly seventy years earlier [2]. Black’s suggestion is simply a combination of
Condorcet’s and Borda’s winning intuitions: given a profile, elect the Condorcet
winner if one exists, otherwise elect the Borda winner. In similar vein, Maskin
and Sen suggest that the Condorcet winner be elected if one exists, but otherwise
the plurality with runoff winner is elected. It is difficult to see how this proposal
would improve upon Black’s hybrid method. After all, when a Condorcet win-
ner exists in a profile, both Maskin and Sen’s procedure (MS, for brevity) and
Black’s method elect it. The differences can occur only in those profiles where
there is no Condorcet winner. In those, MS resorts to plurality with runoff, while
Black’s method applies the Borda count. The latter is monotonic both in fixed
and variable electorates, while the former is non-monotonic in both kinds of
electorates. As observed above, both MS and Black’s method avoid electing the
Condorcet loser.

The primary objective of Black’s method and MS is the election of the Con-
dorcet winner. In this sense both procedures are fundamentally majoritarian, i.e.
the winner should primarily be determined by pairwise majority comparisons.
In the absence of a Condorcet winner, one then resorts to different positional
procedures. It is not clear why such a leap from one intuition of winning (binary)
to another (positional) is called for. Such a combination of intuitions may lead to
quite astonishing occurrences. To wit, the alternative that comes close to being
the Condorcet winner may not do well in terms of the plurality with runoff.
In fact, even the Condorcet winner may not have sizable support in terms of
first ranks of voters. Indeed, as was seen above (footnote 5), it may well be that
no voter ranks the Condorcet winner first. Hence if an alternative comes close
to being the Condorcet winner (without quite being one), its showing in the
plurality with runoff may be the worst.

Overall MS exemplifies the typical tradeoffs involved in rectifying flaws in
prevailing voting systems: by correcting one weakness one often ends up with
another which may or may not characterize the original system. MS aims at
making sure that the Condorcet winners are elected and that the Condorcet
losers are not. The original plurality system does not guarantee either of these
objectives. Instead, it does well in terms of monotonicity-related desiderata. So
by suggesting the replacement of the plurality voting with MS one is in a way
revealing a preference for Condorcet criteria over monotonicity-related ones.

8 For a related discussion on the MS procedure, see [18].
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Suppose, however, that we could find a procedure that satisfies the Condorcet
criteria and does reasonably well in terms of monotonicity. By Moulin’s theorem
we know the variable electorate variants of monotonicity cannot be satisfied.
Yet, there are Condorcet consistent procedures that are monotonic in fixed elec-
torates, e.g. Copeland’s method and Kemeny’s median, to name two. Intuitively
it would make sense to resort to these to guarantee that a uniform standard —
the success in pairwise majority comparisons — be applied in determining the
winner. This, of course, doesn’t do away with the fact that all Condorcet exten-
sions suffer from some form of non-monotonicity in variable electorates [6], but
maintains the same winner intuition both in profiles where a Condorcet winner
exists and in those where it doesn’t.

7 Concluding Remarks

Electoral reforms are often made in order to avoid real or imagined problems
in the working of existing procedures. To motivate systemic modifications it is
common to concentrate on just one problem at a time rather than to engage in
overall evaluation of available procedures in terms of all plausible criteria of per-
formance. The latter, holistic, approach typically reveals theoretical incompati-
bilities between desiderata. Not all nice properties are achievable under any given
procedure in all conceivable profiles. Above we have focused on a few modifica-
tions in procedures suggested as responses to observed problems. The tradeoffs
involved in these are mainly related to the Condorcet criteria and monotonic-
ity. The problem with these and other similar criteria is their general nature:
they deal with all conceivable circumstances. Yet, in practice some circumstances
may be excluded or extremely unusual. A plausible way of approaching the elec-
toral reforms would be to take into account any information one might have
on such circumstances. For example, are the profiles typically encountered such
that a Condorcet winner exists? Are we typically dealing with a small number of
alternatives? The vulnerability of various procedures to various anomalies may
depend on answers to these kinds of questions [8]. In any event, a holistic mul-
tiple criteria evaluations are likely to yield more lasting procedural choices than
strategies focusing on one criterion at a time.
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