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Abstract. This paper applies power index analysis to the well-known Krack-
hardt’s kite social network by imposing a weighted voting game on the given
network structure. It compares the results of this analysis, derived by applying
the Public Good Index and the Public Value, with the outcome of employing the
centrality concepts - degree centrality, closeness centrality, and betweenness
centrality - that we find in Krackhardt (1990), and eigenvector centrality. The
conclusion is that traditional centrality measures are rather a first approximation
for evaluating the power in a network as they considerably abstract from
decision making and thereby of possible coalitions and actions. Power index
analysis takes care of decision making, however, in the rather abstract (a priori)
form of the potential of forming coalitions.
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1 Introduction and Preliminaries
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Krackhardt (1990) introduced an example that challenges graph-theoretic centrality
concepts of measuring the power of vertices in a kite-like network. In Krackhardt’s kite
network in Fig. 1, D has the highest vertex degree (degree centrality), H and I are
essential for the connectivity of the network (betweenness centrality), and F and G have
the average shortest path distance to the other vertices (closeness centrality).' The “kite
structure” of Fig. 1 represents the smallest network Krackhardt has “found in which the
centrality based on each of the three measures reveals different actors as the most
central in the network.” Later, several other authors introduced further examples for
smallest networks with non-coinciding centralities, see Brandes and Hildenbrand

(2014).
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Krackhardt refers to Freeman (1979) for definition and discussion of these concepts. E.g., degree
centrality is defined as the number of links connected to the person. Closeness centrality is defined as
the inverse of the average path distance between the actor and all others in the network. The
definition of betweenness centrality needs a formal apparatus which will not be given here (see, e.g.,
Krackhardt 1990). See Sect. 4 of our paper.
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Krackhardt’s Kite
Network

Fig. 1. Krackhardt’s Kite Network

In this paper, we have chosen a more direct approach to measure the power of a
vertex (or node) representing a decision maker (agent, player) in a network. It refers to
the capacity of forming networks which is, of course, depending on the links between
the vertices, i.e., the network structure. Given a specific network structure, we will
consider coalitions that are minimal in as much as they contain only vertices, i.e.,
coalition members, which are critical to achieve the coalition’s objective, e.g., building
up a specific stock of resources necessary for financing a highway. An essential
assumption of all standard power indices is that a critical decision maker — a “swing
player” — has power. This holds for the indices of Shapley-Shubik, Penrose-Banzhaf-
Coleman, Johnston and Deegan-Packel. We will apply the Public Good Index (PGI) as
we focus networks that produce public goods.

The PGI represents the number of minimum winning coalitions (MWCs) which
have a particular vertex i is an element — which is c; — in the form of a ratio such that the
shares of all vertices add up to one.” Thus, the PGI of i, given a particular network
structure # and outcome rule d, is

h;(u, d) :%with ZLI ci=c (1)

Here, c; is a function of u and d. In the case of a collective decision problem d is the
decision rule, e.g., a majority quorum.

Note that, because of public good assumption, there is “no splitting up of a cake”
and no bargaining over shares as in Myerson (1977) and the contributions that build on
it. Of course, there are networks that produce (private) goods that invite sharing, but in
this study we focus on collective decision making over public goods. It is assumed that
each winning coalition represents a particular public good. This is part of the story
which motivated the application of the PGI.

2 For a recent discussion of the PGI, see Holler (2019).
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The PGI has been introduced in Holler (1982) and axiomatized in Holler and
Packel (1983). However, as Holler and Li (1995) demonstrated, by looking at the
shares only, relevant information can be lost. Therefore, we will also discuss the non-
standardized numbers, i.e., the Public Value (PV): the PV of i is identical with the
number of MWCs which have i as a member. Thus, the PV of i, given a particular net
structure u and outcome rule d, is

pi(u,d) =c; suchthat Z:;l ci=c (2)

Again, c; is a function of the network structure u and the decision rule d. Holler and
Li (1995) give an axiomatization of PV. In general, we will refer to c;, the number of
minimum winning coalitions when, in fact, we discuss its power interpretation PV.
The PV measures the absolute power of a vertex while PGI measures the relative power.

In Sect. 2 we will discuss a voting game in which the players are linked in
accordance to Krackhardt’s kite network and two variations of it, applying PGI and PV.
The effects on the distribution of changing the decision rule from simple majority to the
2/3 rule will be analyzed. In Sect. 3, we modify the kite structure and analyze the
corresponding effects on the power measures, again applying simple majority and the
2/3 rule. Section 4 compares assumptions and results of the chosen power analysis to
the centrality concepts chosen by Krackhardt (1990). Section 5 concludes the paper
referring to some cognitive problems related to making decisions in network: e.g., do
decision makers see and understand the links and how “deep” is this understanding,
how many steps within a network do perception and comprehension cover?

2 Analyzing the Krackhardt’s Kite Network

Let us consider Krackhardt’s kite network in terms of a voting game v =(6; 1, 1, 1, 1,
1, 1, 1, 1, 1, 1) that has the absolute majority d = 6 as quorum,3 and analyze it with a
focus on the Public Good Index (PGI).* Vertices (nodes) are players in this game.
A winning coalition is a set of at least six players. Given the network structure, players
have to be connected (i.e., linked) to form a coalition. Thus a minimal winning
coalition in the network game is a set of six players who are connected. There are 63
minimal winning coalitions which are satisfying the connectivity requirement implied
by the network (see the Appendix for the listing).

We are in particular interested in environments more local and less global than
those typically used in Graph Theory. By pure coincidence of the numbers, we are in
this situation actually dealing with the small world properties of real networks (six
degrees of separation).

3 Think about a committee that decides about hiring a professor to the department. Nodes A to G
represent the tight sub-network of incumbent professors, H, I and J are the representatives of the
President of the University — also representing the bureaucratic personnel -, the assistants, and the
students, respectively.

* Fragnelli (2013) analyzes a weighted voting game with network structure applying the Banzhaf
(power) index.
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To investigate the impact of the vertices I and J on the PGI-power of H, we
consider the number of minimum winning coalitions — and calculate the corresponding
PGIs — (a) in the complete graph I" with vertices A to J, (b) those that are present in the
sub-graph I'; with vertices A to I (without vertex J), and (c) those that are present in the
sub-graph I';, with vertices A to H (without vertices I and J). These sub-graphs have the
same edges as the complete graph otherwise. In I'; there are 48 minimal winning
coalitions present, and 25 in I',. Table 1 gives the number c; of minimum winning
coalitions to which a vertex i belongs in these three graphs as well as the corresponding
values of the Public Good Index (rounded to five decimals). Note that we did not
reduce the quorum in the case of I'; and I'; in order to “isolate” effects of changes in
the network structure.’

Table 1. Voting game v = (6; 1,1, 1,1, 1, 1, 1, 1, 1, 1) with network structures I', I'y, and I',.

i A B C D E F G H | J
ci(I) 19 19 18 18 18 20 20 18

PGI{(I";) | 012667 | 0,12667 | 0,12000 | 0,12000 | 0,12000 | 0,13333 | 0,13333 | 0,12000

() 32 32 28 34 28 35 35 41 23

PGI|(I';) | 011111 | 011111 | 0,09722 | 0,11806 | 0,09722 | 0,12153 | 0,12153 | 0,14236 | 0,07986

c(I) 36 36 24 43 24 45 45 56 38 15
PGI{(I") | 009945 | 0,09945 | 0,06630 | 0,11878 | 0,06630 | 0,12431 | 0,12431 | 0,15470 | 0,10497 | 0,04144

In absolute terms, measured by the number of minimum winning coalitions c;, F
and G benefit if I joins H and even more so if J gets connected to I, i.e., their PV
increases. In fact, the PV of all players increase if I gets connected to H. This is not
surprising because the total number of elements in minimum winning coalitions, c,
increases from 150 to 288. However, if J gets connected to I and the c-value increases
further from 288 to 362, the PVs of C and E decreases. These two vertices become
“peripherical” by the entry of J.

It seems obvious that H gains power if first I and then J gets connected. H’s PV
increases from (a relatively small) 18 to 41 and 56. The power gains and the prominent
power position of H are also confirmed by the relative power captured by the PGI. H is
the most powerful player in Krachhardt’s kite network if I is connected with it, and
even more so if J joins in. Correspondingly, all other vertices (with the exception of 1
and J) lose relative power in this process of extending the network to I and J as
measured by the PGI. However, the relative power of F, G, and D recovers, at least to
some extent, when J joins in addition to I — as this increases the chance to be in a
minimum winning coalition for the three players; it seems that they benefit being close
to H and thereby have a larger potential to connect with I and J than the nodes A, B, C,
and E. The favorable PVs of F, G, and D are obvious from reading line c¢(I') in
Table 1.

5 In general, parliaments do not change their majority rules if links between parties have increased or
decreased, and, in the extreme, a party became unconnected to any other like going from I" and I';.
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Krackhardt’s kite network exhibits strong symmetries. In I', there are three groups
of vertices were the elements of these groups have the same power: {A, B}, {C, D, H},
and {F, G}, i.e. A and B have, for instance, the same power concerning symmetric
centrality measures. Being connected to H the group {F, G} has an advantage over {A,
B}, because when introducing I and J, the vertices F and G can only participate in
forming winning coalitions by the support of H, whereas the other vertices contribute
equally. This broker position increases the power of H, or put differently: H has the
power to exclude I and J from the political process. This reflects H’s graph theoretic
betweenness centrality.

In terms of political games F and G can only control their power by both excluding
their participation in coalitions that contain I or {I, J}. Thus, H’s connection to them
and the increase in power for H they provide are not relevant, and the voting game
reduces to a voting game on the sub-graph I'5.

Next, we study the voting game v =(7; 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), again given
Krackhardt’s kite structure. The quorum of d = 7 reflects a 2/3 majority: this is a
decision rule which is often relevant in changing a constitution or the voting rule itself.
The number of minimal winning coalitions decreases to 39 (as listed in the Appendix)
as there is of course a smaller potential for minimal winning coalitions as in the case of
d=6.

Table 2. Voting game v =(7; 1,1, 1,1, 1, 1, 1, 1, 1, 1) with network structures I', 'y, and I'5.

i A B C D E F G H | J
c(l) 7 7 7 7 7 7 7 7

PGI|(I";) | 012500 | 0,12500 | 0,12500 | 0,12500 | 0,12500 | 0,12500 | 0,12500 | 0,12500

a(ly) 16 16 14 15 14 17 17 19 12

PGI(T"y) | 011429 | 011429 | 0,10000 | 0,10714 | 0,10000 | 0,12143 | 0,12143 | 0,13571 | 0,08571

c(I') 25 25 24 27 24 32 32 39 32 20
PGI{(T") | 008929 | 008929 | 0,08955 | 0,10075 | 0,08955 | 0,11940 | 0,11940 | 0,14552 | 0,11940 | 0,07463

At the first glance, the fact that all vertices in the I'; network have the same PV
¢i(I';) = 7 is perhaps surprising. However, given I',, the forming of minimal winning
coalitions boils down to exclude one vertex out of eight. The eight vertices are well
connected such that the exclusion of one node does not destroy the connectedness of
any other.

When node I joins network I', to form I'y, the power of H increases and H
becomes the most powerful node. This is not surprising as H is the gatekeeper for
forming minimal winning coalitions that include I. What is however surprising is the
differentiation among nodes A to G, although it can be concluded that F and G benefit
from the closeness to the powerful H node while C, E, and D suffer from the fact that
only 1 of them is needed to join if the other six nodes already form a proto-coalition.
However, neither A nor B is needed to satisfy d = 7, if all the others agree to form a
minimum winning coalition. Here it helps to look into the list of minimum winning
coalitions and use the PV and PGI measures to get the results in Table 2.
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This also holds for the unconstrained network I'. Again, H is the most powerful
node. Its neighbors F, G, and I are second. This supports the hypothesis that closeness
to a “strong player” is beneficial to a “weaker player” — “strong” and “weak” defined by
the PGL

A comparison of Tables 1 and 2 reveals a rather substantial impact of the decision
rule d on the distribution of power — most prominently perhaps in the equality of power
for all nodes in I'; in the case of d = 7, already mentioned. For the identical network
structure, Table 1 shows some variation of power in the case of d = 6. Note also that
the power of D is more “modest” in Table 2, still larger than the values of the
neighboring C and E. The power of C and E is lowest in both settings, differentiated by
d =6 and d = 7, for networks I'; and I'. In the following, we will modify the network
by erasing the direct links of D and C, and D and E and check the impact on the power
distribution: whether the results discussed in this section still hold.

3 The D-Modified Kite Network

Algaba et al. (2018) define a pseudo-game u with player set N U I'where N is the set of
vertices and I is the set of links. Links are players in this game.® Indeed, in the
preceding we have seen that changes in the set of links have substantial consequences
for the power distribution, if we measure power by PV and PGI. Of course, cutting the
links of I, and I-J with node H is substantial for these vertices because they have no
alternative: they are no longer connected and therefore are no longer candidates for a
MWC within a network. Let us check the effect of a possibly less substantial modi-
fication in the network structure (again modifying the original pseudo-game by revising
the set of links). We discuss a D-modified kite network, where the two links C-D and
D-E of Krackhardt’s kite network are erased (see Fig. 2.) Correspondingly we label the
modified network structures by I'°, I'y, and I'-. Again, to investigate the impact of the
vertices I and J on the PGI-power of H, we consider the amount of minimally winning
coalitions in the complete graph I'° with vertices A to J, those that are present in the
sub-graph I'j- with vertices A to I (without vertex J), and those that are present in the
sub-graph I'p. with vertices A to H (without vertices I and J). These sub-graphs have
the same edges as the complete graph otherwise.

In the D-modified kite network, F and G have the highest vertex degrees. Thus, F
and G are, from a graph theoretic point of view, important due to degree centrality and
closeness centrality. Though, as in the original kite network H turns out to be the PGI
winner, given the voting game v=(6; 1, 1, 1, 1, 1, 1, 1, 1, 1, 1) on the network
structures I'°, I'jo, and 'y (see Table 3). There are 55 minimal winning coalitions for
this voting game if I'° applies. Compared to Krackhardt’s kite network the smaller
degree of D has no impact on the number of minimum winning coalitions in I', as this
sub-graph is already highly connected and six of the eight vertices therein are required
for forming a minimally winning coalition which reduces the possible degrees of
freedom for the formation and hence compensates for the fewer connections of D.

S For example, Aumann and Myerson (1988) identify links with players in the by now classical paper
by Myerson (1977). However, links do not have preferences and do not gain payoffs.
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Modified Kite Network

Fig. 2. D-modified Kite Network

Table 3. Voting game v =(6; 1,1, 1,1, 1, 1, 1, 1, 1, 1) with D-modified network structures I,
I'y, and I's.

i A B C D E F G H [ J
o(T) 19 19 18 18 18 20 20 18

PGIi(an) 0,12667 0,12667 0,12000 0,12000 0,12000 0,13333 0,13333 0,12000

(T) 30 30 24 28 24 32 32 35 17

PGIi(rlo) 0,11905 0,11905 0,09524 0,11111 0,09524 0,12698 0,12698 0,13889 0,06746

() 34 34 27 35 27 41 41 48 30 13
PGli(r") 0,10303 0,10303 0,08181 0,10606 0,08181 0,12424 0,12424 0,14545 0,09091 0,03939

If we compare Tables 1 and 3 with respect to node I in the complete networks I
and I°, then a loss of power seems obvious. For instance, in I', node I was “stronger”
than nodes A or B, while after the D-modification I is weaker. Thus, changing the links
of D has a rather substantial echo in the power of the “far-away” player I. On the other
hand, node D, despite losing two links, does not suffer substantial power losses; it holds
its number 4 position in the power ranking — if I and J enter. Again, there is quite an
echo.

Should we expect similar effects for the voting game v=(7; 1, 1,1, 1,1, 1, 1, 1, 1,
1) with a quorum of 2/3? For the D-modified kite network we get 37 minimal winning
coalitions for this game while for the Krackhardt’s kite network we counted 39 min-
imum winning coalitions (see the Appendix for the listing).

Note, compared to Krackhardt’s kite network the smaller degree of D has no impact
on the number of minimum winning coalitions in I'5- and I'¢e, i.e., a comparison of
Tables 2 and 4 shows only rather small variations in the power values. A possible
explanation for this result could be that for larger quorums the number of links of a
player to not matter very much, because, in many configurations, it has to be included
anyway to satisfy the quorum — and its neighbors will be included in the particular
coalition irrespective of whether there is a direct link or a chain of connecting links.
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Table 4. Voting game v =(7; 1,1, 1,1, 1,1, 1, 1, 1, 1) with D-modified network structures I,
rl, and rz.

i A B © D E F G H | J
ci(Ily) 7 7 7 7 7 7 7 7

PGI{(I",-) | 012500 | 0,12500 | 0,12500 | 0,12500 | 0,12500 | 0,12500 | 0,12500 | 0,12500

c(ly) 16 16 14 15 14 17 17 19 12

PGI(T;-) | 011429 | 011429 | 0,10000 | 0,10714 | 0,10000 | 0,12143 | 0,12143 | 0,13571 | 0,08571

G(l™) 25 25 24 27 24 31 31 37 30 18
PGI(I"™®) | 009191 | 009191 | 008824 | 0,09924 | 0,08824 | 0,11397 | 0,11397 | 0,13603 | 0,11029 | 0,06618

4 Centrality Measures

A plethora of centrality measures has been proposed, cf. Brandes and Hildenbrand
(2014), Todeschini and Consonni (2009), and implemented in comprehensive software
environments like R (see https://www.r-project.org/, especially the CINNA package).
Due to their distinct nature four of these measures can be considered most promising in
view of attributing power to members of a network: degree centrality, closeness cen-
trality, betweenness centrality, and eigenvector centrality.’

Let us briefly recall the definitions of these centrality measures. The central
assumption of degree centrality is that a vertex is important/powerful the more
neighbors it has. In an undirected network, the degree of a vertex is the number of
edges this vertex has. For instance, in Krackhardt’s kite network vertex D has degree 6
and in particular thus the highest number of connections in the network and is the
degree center therein, see Table 5.

Closeness centrality states that a vertex is important/ powerful if it has better access
to information at other vertices or more direct influence on other vertices, cf. Freeman
(1979). This means that the shortest network paths to other vertices are considered. Let
us consider an undirected connected network with n vertices. Let d;; be the length of
the shortest path between vertex i and vertex j, then the mean distance /; for vertex i
reads [; = %Z]'.':l d;;. By virtue of the definition, the mean distance is low for important

vertices and high for unimportant ones. Therefore, its inverse is taken as closeness
centrality C; for vertex i reads

n

Ci=—=r—
2;:1 d;;

7 For his analysis of the kite network Krackhardt applied degree centrality, closeness centrality,
betweenness centrality only. His argument not to consider measures based on eigenvector centrality
is that they “aimed more at the concept of asymmetric status hierarchy, or “being at the top”, than
they are at the idea of “being at the center”, which is the idea behind the graph-theoretic measures
used here” Krackhardt (1990: 351).
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Table 5. Comparison of the values of four centrality measures in Krackhardt’s kite network and

its variations as discussed in Sect. 2 (computation with the software environment R).

[ A ] B | ¢ b | E [ F G H [ J

degree centrality

T, 4 4 3 6 3 5 5 2

I 4 4 3 6 3 5 5 3 1

I 4 4 3 6 3 5 5 3 2 1
closeness centrality

rZ 0.10000000 0.10000000 0.09090909 0.12500000 0.09090909 0.11111111 0.11111111 0.0833333:

rl 0.07692308 0.07692308 0.07142857 0.09090909 0.07142857 0.09090909 0.09090909 0.07692308 0.05000000

F 0.05882353 0.05882353 0.05555556 0.06666667 0.05555556 0.07142857 0.07142857 0.06666667 0.04761905 0.03448276
betweennes centrality

FZ 0.8333333 0.8333333 0.0000000 3.6666667 0.0000000 3.3333333 3.3333333 0.0000000

rl 0.8333333 0.8333333 0.0000000 3.6666667 0.0000000 5.8333333 5.8333333 7.0000000 0.0000000

F 0.8333333 0.8333333 0.0000000 3.6666667 0.0000000 8.3333333 8.3333333 14.0000000 8.0000000 0.0000000
eigenvector centrality

rZ 0.7326933 0.7326933 0.5943841 1.0000000 0.5943841 0.8216742 0.8216742 0.3823961

rl 0.73223962 0.73223962 0.59423476 1.00000000 0.59423476 0.82647438 0.82647438 0.40576524 0.09423476

r 0.73221232 0.73221232 0.59422577 1.00000000 0.59422577 0.82676381 0.82676381 0.40717690 0.09994054 0.02320742

Table 6. Comparison of the values of four centrality measures in the D-modified kite network
and its variations as discussed in Sect. 3 (computation with the software environment R).

[ A ] B | ¢ | o | e | F G H [ J
degree centrality
I 4 4 2 4 2 5 5 2
Ty 4 4 2 4 2 5 5 3 1
I 4 4 2 4 2 5 5 3 2 1
closeness centrality
FZ" 0.10000000 0.10000000 0.07692308 0.10000000 0.07692308 0.11111111 0.11111111 0.
Fl" 0.07692308 0.07692308 0.06250000 0.07692308 0.06250000 0.09090909 0.09090909 0.07692308 0.05000000
F° 0.05882353 0.05882353 0.05000000 0.05882353 0.05000000 0.07142857 0.07142857 0.06666667 0.04761905 0.03448276
betweennes centrality
qu 2.3333333 2.3333333 0.0000000 0.6666667 0.0000000 4.8333333 4.8333333 0.0000000
Fl° 2.3333333 2.3333333 0.0000000 0.6666667 0.0000000 7.3333333 7.3333333 7.0000000 0.0000000
r° 2.3333333 2.3333333 0.0000000 0.6666667 0.0000000 9.8333333 9.8333333 14.0000000 8.0000000 0.0000000
eigenvector centrality
F2° 0.8644546 0.8644546 0.4853771 0.9707542 0.4853771 1.0000000 1.0000000 0.5206639
rlo 0.8557725 0.8557725 0.4812972 0.9625944 0.4812972 1.00000000 1.00000000 0.5561084 0.1442275
r° 0.85510976 0.85510976 0.48098559 0.96197117 0.48098559 1.00000000 1.00000000 0.55882611 0.15533232 0.04027395

Betweenness centrality considers the power of a vertex by means of its control over
information passing between other vertices, cf. Brandes (2001), Freeman 1979. In an
undirected connected network, this means that the betweenness centrality measure b;
focuses on the extent to which a vertex i lies on paths between other vertices s and t
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i
n
Z 5t
bi = . )
S Mg

where ny, is the total number of (directed) paths from s to t, and n., denotes the number
of (directed) paths from s to t that pass through vertex i.

Eigenvector centrality assumes a vertex to be important/powerful if it is connected
to other important/powerful vertices, cf. Bonacich (1987). Mathematically, this means
to solve an eigenvalue problem

/x = Ax,

where A is the adjacency matrix of the network. Assumed that A is a real-valued matrix
with non-negative entries and the property that a power A¥, K > 1, has positive entries
only, then the Perron-Frobenius Theorem, guarantees that a positive eigenvalue A with
algebraic multiplicity one exists such that its absolute value is larger than the absolute
value of any other eigenvalue of A. Especially, there is an eigenvector x corresponding
to A having positive entries only. The entries of this eigenvector give a natural ordering
for the importance/ power of a vertex.

It was Krackhardt’s intention to demonstrate that the three centrality concepts —
degree centrality, closeness centrality, and betweenness centrality — pick three different
vertices as “winners” for his kite network; in fact, he proposed the particular kite
structure in order to show this result (Krackhardt 1990: 351). Here the eigenvector
centrality supports degree centrality, however, it seems obvious that this is not always
the case. By and large, the power index analysis supports betweenness centrality: both
concepts favor vertex H which is not surprising as, in many configurations of the
network, it can function as a sort of gatekeeper exerting corresponding power.

5 Centrality Versus Public Good Index

The application of these four centrality measures on Krackhardt’s kite network, the D-
modified network and their variations are given in Tables 5 and 6. Compared to the
values of the PGI from Sects. 2 and 3, we see that, not surprisingly, traditional graph-
theoretic centrality measures fail in recovering voting power in networks (which is here
expressed in terms of the PGI). What can be recognized is that the centrality winner is
in general rather stable with respect to adding I or I-J. Moreover, the graph-theoretic
centrality concept closest to the idea of the PGI is betweenness centrality. Although, the
voting game quorum means that not all paths are considered, but only those with the
fixated length defined by the quorum, and that the respective vertex is allowed to be the
initial or terminal vertex of the path as well.

By considering power in networks from the perspective of voting games, we
introduced a third point of view and paradigm of centrality. The first class of centrality
concepts developed were those related to graph theory, cf. Krackhardt (1990), and that
aimed to choose one or a rather small group of central vertices such that the funda-
mental properties would considerably change without this vertex, cf. Barabasi (2016);
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Newmann (2010). In particular, in view of early military applications of graph theory, a
vertex that is connected to a lot of others presents itself as a profitable target for
bombers. Further, a second class of centrality concepts aims to describe status hier-
archies in social networks, cf. Hubbell (1965); Bonacich (1987), and Salancik and
Pfeffer (1986). Examples include the discussed eigenvalue centrality or a centrality
concept that interprets power in the sense of executing power with respect to unim-
portant vertices as discussed by Bozzo and Franceschet (2016). Depending on the
actual situation these centrality concepts coincide with the former graph theoretic ones
or are more tailored in the sense of including specifics of social networks. Our third
class of centrality concepts relates power to coalition formation in voting games. As
already stated, computationally the PGI on networks is connatural to a quorum ramified
betweenness centrality, where all paths of a fixed quorum-length are taken into account
that include a specific vertex, and where this vertex is allowed to be the initial or
terminal vertex of the paths.

Above we made attempts to compare the results of applying the PGI, on the one
hand, and centrality concepts, on the other. Of course, it would be interesting to have a
more fundamental comparison of the power index approach and the centrality concepts.
However, we have to accept that the two approaches are very different — e.g., the
centrality concepts try to express power without reference to a decision problem while,
in a network environment, power index analysis refers to pseudo-games, as defined
above, with player sets NUI" where N is the set of vertices and I' is the set of links.
Those who control the links have power. In the above analysis we assumed that links
between vertices i and j are controlled by i and j. However, quite often the link between
iis controlled by k, a third agent many — then k has a potential to exert power. That is
why we pay our tolls to telephone companies. Degree centrality, closeness centrality,
and betweenness centrality are not designed to take care of this issue — a shortcoming
for these concepts if applied to express power in networks. In fact, these concepts look
like a first approximation when it comes to power. How can we measure the power of a
vertex in a network if the specification and dedication of the network are unknown (or
not defined) — e.g., if we do not know whether it is an information network, a distri-
bution network or an ideological network underlying a voting institution. In “bar-
gaining situations it is advantageous to be connected to those who have few options;
power comes from those being connected to those who are powerless” (Bonacich 1987:
1171) while an information network is, in general, advantageous if we are connected to
many “who know.” Above we have chosen a voting model to specify the network;
links defined possible paths of coalitional decision making® — power relations. Alter-
natively, we could have engrafted a bargaining model of the Myerson type (see
Myerson 1977; Aumann and Myerson 1988) onto Krackhardt’s kite structure.

8 Krackhardt (1990) did not consider decision making. He focused on the cognitive problem of what
network members know about the network and about other members of a network. Degree centrality,
closeness centrality, and betweenness centrality might be reasonable instrument to evaluate one’s
network position and the positions of the others — in fact, to recognize a network. “The central point”
in his paper, however, is: “Cognitive accuracy of the informal network is, in and of itself, a base of
power” (Krackhardt 1990: 343). The power index analysis dealt primarily with the formal structure,
however, the links between the various nodes could be highly informal.
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Krackhardt (1990) contains a real-world example of a firm of 36 employees, including
the three top managers who own the company. Qualifications of competence and
charisma, revealed by means of questionnaires, are added to the structure of interaction
at work to get from centrality to (reputational) power. This is an alternative to assigning
a game — which makes perfect sense if the agents are not expected to behave strate-
gically and, e.g., coalition formation does not matter.

Appendix

1. Set of minimal winning coalitions of the voting gamev = (6; 1, 1, 1, 1,1, 1,1, 1, 1,
1) given Krackhardt’s kite network:

{1, H, F, C, A} {J,I,H,G,D,C} {,H,F,D,G,B} {H,G,F,C, D, A} {H,F,C, A, B, D}
{J,1,H, F, C, D} {J,1,H, G, F, A} {I,H,F,D,G,E} {H,G,F,C,D,B} {H,F,C, A, B, E}
{J,1,H, F,C G} {I,H,F,C A, B} {LH,G,EB,A} {H, G, F,C,E, A} {H,F,C, D,B,E}
{J,1,H, F,D, A} {I,H,F,C A D} {I,H, G, E,B,D} {H,G,F,C,E, B} {H, F, A, D, B, E}
{J,1,H, F, D, B} {ILH,F,C A, G} {I,H,G,E,B,F} {H,G,F,C A, B} {E,B,G,A,C,F}
{J,I,H,F, D, G} {ILH,F,CD,E} {,H,G,ED,C} {H, G, F, E, A, B} {E,B,G,A; D, F}
{J,1,H, F, D, E} {I,H,F,C,D,B} {l,H,G,B,A, D} {H, G, F, E, B, D} {E,B,G,F,D,C}
{,,H, F, G, B} {I,H,F,AD,G} {,LH,G,B,D,C} {H, G, F, E, D, A} {E£,B,G,A,D,C}
{,,H, F,G,E} {I,H,F,AD,E} {I,H,G,B,A,C} {H,G,F, D, A, B} {E,B,A CD,F}
{J,1,H, G, E, B} {I,H,F, A B,D} {LH,G,D,AC} {H, G, E, A, B, D} {E,G,A,CD,F}
{J,1,H, G, E, D} {I,H,F, A B,G} {I,H,G,D,A E} {H,G,E, A B,C} {C,A,F,D,B,G}
{J,I,H,G,D,B} {I,H, F, A, B,E} {L,H,G,D,F,C} {H,G,E,D,A,C}

{J,1,H,G,D, A} {l,H, F, D, B, E} {H,G,F,C,D,E} {H, G, B,D,A,C}

2. Set of minimal winning coalitions of the voting game v = (7; 1,1, 1, 1, 1, 1, 1, 1, 1,
1), representing a 2/3 quorum, given Krackhardt’s kite network:

{A,B,C,D,E,F, G}
{A,B,C,D,E,F, H}
{A,B,C,D,E,G,H}
{A,B,C,D,F,G,H}
{A,B,C,EF,G,H}
{A,C,D,E,F,G,H}
{B,C,D, E F,G,H}
{I,H,F,C A B, E}

{I,H,F,C A, B,D}
{I,H,G,EB,A,C}
{I,H,G,EB,A,D}
{I,H,F,G,AB,C}
{I,H, F, G, A, B,D}
{I,H,F G, A B,E}
{I,H,F,G,D,C, A}
{I,H,F,G,D,C,B}

{IL,H,F,G,D,C,E}
{I,H,F,G,D,E,A}
{I,H,F,G,D,E,B}
{,LH,F,CA, B}
{J,I,H,F;,C A, D}
{J,I,H,FCD,B}
{,LH,FCD,E}
{3, H,F,D,B, E}

{,I,H,G,E B, A}
{,1,H,G,E B, D}
{J,I,H,G,ED,A}

{J,,H,F, G, A, E}
{J,1,H,F,G,B,C}
{J,,H, F,G,A D}
{J,LH,F,G,D,C}
{J,I,H,F,G,D,E}
{J,,H,F, G, D,B}
{,LH,F G, CE}
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3. Set of minimal winning coalitions of the voting game v = (6; 1, 1, 1, 1, 1, 1, 1, 1, 1,
1), given the D-modified Krackhardt’s kite network:

{,1,H, F,C, A} {J,1,H, G, D, A} {I,H,F,D,G,E} {H,G,F,CE, A} {H,F,C, A, B, D}
{J,1,H,FC D} {J,1,H, G, F, A} {I,H,G,EB,A} {H, G, F,C,E, B} {H, F,C, A, B, E}
{J,,H,F,C G} {I,H,F,C A, B} {I,H,G,EB,D} {H,G,F,C A, B} {H,F, C,D, B, E}
{J,1,H,F, D, A} {I,H, F,C, A, D} {I,H,G,E,B,F} {H, G, F,E, A, B} {H,F,AD,B,E}
{J,, H, F,D,B} {LH,F,C A, G} {I,H,G,B,A, D} {H, G, F, E, B, D} {E,B,G,A,C, F}
{J,1,H, F, D, G} {I,H,F, A D,G} {,H,G,B,AC} {H,G,F,E DA} {EB,G,A;D,F}
{J,1,H, F, G, B} {I,H, F, A B,D} {L,H,G,D,A,C} {H,G,F,D,A B} {EB,G,F,D,C}
{J,1,H, F, G, E} {I,H, F, A B, G} {L,H,G,D,F C} {H,G,E A B,D} {EB,G,AD,C}
{J,,H, G, E, B} {I,H,F, A B,E} {H,G,F,CD,E} {H, G, E, A, B,C} {E,B,A,CD,F}
{J,1,H, G, E, D} {I,H,F,D,B,E} {H, G,F,C, D, A} {H,G,E,D,A,C} {E,G,ACD,F}
{J,1,H, G, D, B} {I,H,F,D,G,B} {H,G,F,C,D,B} {H,G,B,D,A,C} {CAFD,B,G}

. Set of minimal winning coalitions of the voting game v = (7; 1, 1, 1, 1,1, 1, 1, 1, 1,
1), representing a 2/3 quorum, given the D-modifiedKrackhardt’s kite network:

{A,B,C,D,E F, G} {Il,H,F,C A B,D} {I,H,F, G, D,CE} {J,I,H,G,E, B, A} {,LH,F, G, A E}
{A,B,C,D,E,F, H} {I,H,GEB,A,C} {l,H,F, G, D,E A} {J,,H,G,EB,D} {,I,H,F,G,B,C}
{A,B,C, D, E, G, H} {I,H, G,EB,A D} {I,H,F,G,D,E, B} {J,I,H,G,E D,A} {J,,H,F G, A D}
{A,B,C,D,F, G, H} {I,H,F, G, AB,C} {J,I,H,F,CA, B} {J,,H,G,D,A,C} {,,H,F,G,D,C}
{A,B,C,E,F,G,H} {Il,H,F,G,A,B,D} {J,,H,F;, C, A D} {,,H,F,G,C A} {J,,H,F,G,D,E}
{A,C,D,E,F,G,H} {I,H,F,G,A,B,E} {J,,H,F,CD,B} {J,,H,F,G,A B} {J,I,H,F,G,D,B}
{B,C,D, E,F,G,H} {I,HF,G,D,C, A} {J,; H,F, D, B, E} {J,I,H,F,G,B,E} {,,H,F,G,C,E}

{I,H,F,CA,B,E}

{l,H,F,G,D,C,B}
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