Chapter 3 ®)
G-Brownian Motion and 1to’s Calculus Geda

The aim of this chapter is to introduce the concept of G-Brownian motion, study
its properties and construct Itd’s integral with respect to G-Brownian motion. We
emphasize here that this G-Brownian motion By, t > 0 is consistent with the classical
one. In fact once its mean uncertainty and variance uncertainty vanish, namely

E[Bi] = —E[-Bi] and E[B?] = —K[-B?],

then B becomes a classical Brownian motion. This G-Brownian motion also has inde-
pendent and stable increments. G-Brownian motion has a very rich and interesting
new structure which non-trivially generalizes the classical one. Thus we can develop
the related stochastic calculus, especially 1td’s integrals and the related quadratic
variation process. A very interesting feature of the G-Brownian motion is that its
quadratic process also has independent increments which are identically distributed.
The corresponding G-1t6’s formula is also presented.

We emphasize that the above construction of G-Brownian motion and the estab-
lishment of the corresponding stochastic analysis of generalized Itd’s type, from
this chapter to Chap. 5, have been rigorously realized without firstly constructing a
probability space or its generalization, whereas its special situation of linear expec-
tation corresponds in fact to the classical Brownian motion under a Wiener probabil-
ity measure space. This is an important advantage of the expectation-based frame-
work. The corresponding path-wise analysis of G-Brownian motion functional will
be established in Chap. 6, after the introduction of the corresponding G-capacity.
We can see that all results obtained in this chapter to Chap.5 still hold true in G-
capacity surely analysis.

3.1 Brownian Motion on a Sublinear Expectation Space

Definition 3.1.1 Let (2, H, I@) be a sublinear expectation space. (X;);>o is called a
d-dimensional stochastic process if for each t > 0, X, is a d-dimensional random
vector in H.
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We now give the definition of Brownian motion on sublinear expectation space
(Q,H,E).

Definition 3.1.2 A d-dimensional stochastic process (B;);>¢ on a sublinear expec-
tation space (€2, H, [E) is called a G-Brownian motion if the following properties
are satisfied:

(1) Bo(w)= 0;
(ii) Foreach ¢, s > 0, B,y — B, and Bj are identically distributed and B, ; — B,
is independent from (B;,, B;,, - -+ , B;,), foreachn e Nand 0 <, <-.- <, <t.

(iii) lim, o B[|B,*)t~" = 0.
Moreover, if E[B;] = E[—B;] =0, then (B;);>o is called a symmetric G-
Brownian motion.

In the sublinear expectation space, symmetric G-Brownian motion is an important
case of Brownian motion. From now on up to Sect. 3.6, we will study its proper-
ties, which are needed in stochastic analysis of G-Brownian motion. The following
theorem gives a characterization of the symmetric Brownian motion.

Theorem 3.1.3 Let (B;);>o be a given R*~valued symmetric G-Brownian motion on
a sublinear expectation (2, H, E). Then, for each fixed ¢ € Cp 1ip (R, the function

u(t, x) = Elp(x + B)1, (1,x) € [0, 00) x R?
is the viscosity solution of the following parabolic PDE:
du—G(D*u) =0, ul—o=o. (3.1.1)
where

G(A) = %E[(AB,, B)], A €S(d). (3.1.2)

In particular, By is G-normally distributed and B, < J1B;.

Proof We only need to prove that u is the viscosity solution. We first show that
E[(AB,, B,)] = 2G(A)t, A € S(d).

For each given A € S(d), we set b(t) IE[(AB,, B,)J Then »(0) = 0 and |b(1)| <
|A|(E[|B,1?])?® — 0 as t — 0. Note that E[B,] = E[—B,] = 0, we have for each
t,s >0,

b(t +5) = B[(AB,,, B.,)] = E[(A(Biss — By + By). Bss — By + By)]
= EHA(BZ-Q-A - Bs)v (BI-H - Bs)) + (ABS5 Bs) + 2(A(BI+S - Bs)v Bs)]
= b(t) + b(s),
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thus b(¢) = b(1)t =2G(A)t.
Then we show that u is Lipschitz in x and %-Hélder continuous in ¢. In fact, for
each fixed ¢, u(z, -) eC;,,L,-,,(Rd) since

lu(t, x) — u(t, y)| = Bl + B)] — Elp(y + B))]|

< E[lg(x + B)) — ¢(y + B
<Clx —yl,

where C is the Lipschitz constant of ¢.
For each § € [0, t], since B; — Bj; is independent from Bg, we also have
u(t, x) = Elp(x + B + (B, — By)]
= BIE[p(y + (B, — B5)]y=s+8,.

hence A
u(t,x) =E[u(t — 5, x + By)]. 3.1.3)

Thus

lu(t, x) —u(t — 8, x)| = |E[u(t — 8, x + Bs) — u(t — 8, x)]|
< Bf|u(t — 8, x + Bs) — u(t — 8, x)|]
< R[C|B;s|] < CV2G(I)Vs.
To show that u is a viscosity solution of (3.1.1), we fix (¢, x) € (0, 00) x R? and let
v e C;2([0, 00) x RY) be such that v > u and v(z, x) = u(z, x). From (3.1.3) we

have . .
v(t,x) =Elu(t — 38, x + Bs)] < E[v(t — §, x + Bs)].

Therefore by Taylor’s expansion,

0 <R[v(r — 8, x + Bs) — v(t, x)]
= E[v(t — 8, x + Bs) — v(t, x + Bs) + (v(t, x + Bs) — v(t, x))]
= B[—8,v(t, x)8 + (Dv(t, x), Bs) + 1 (D*v(t, x) B, Bs) + I5]
—3,v(t, )8 + LE[(D?v(z, x) Bs, Bs)] + El ;]
—3,v(t, x)8 + G(D*v(t, x))8 + E[I;],

IA

where

1
Is = / —[0,v(t — B8, x + Bs) — 0,v(¢t, x)]18dP
0
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1 1
[ [ 0 x + apBy — Dvie. 50 Bs. Biyadpda
0 0

In view of condition (iii) in Definition 3.1.2, we can check that lims o 6 ’1IAE[ |I5]] =0,
from which we get 9,v(t, x) — G(D?v(t, x)) < 0, hence u is a viscosity subsolution
of (3.1.1). We can analogously prove that u is a viscosity supersolution. Thus u is a
viscosity solution. O

For simplicity, symmetric Brownian motion is also called G-Brownian motion,
associated with the generator G given by (3.1.2).

Remark 3.1.4 We can prove that, for each fy > 0, (B4, — By,)r>0 is @ G-Brownian
motion. For each A > 0, ()f% B;:)1>0 1s also a symmetric G-Brownian motion. This
is the scaling property of G-Brownian motion, which is the same as that for the
classical Brownian motion.

In the rest of this book we will use the notation
B! = (a, B;) foreacha = (a;,--- cag)"T e RY.

By the above definition we have the following proposition which is important in
stochastic calculus.

Proposition 3.1.5 Let (B,);>0 be a d-dimensional G-Brownian motion on a sub-
linear expectation space (2, H, E). Then (B?),;>¢ is a 1- dimensional G,-Brownian
motionfor each a eRY, where G4(ar) = 2(O’aa70l+ — ozaarot ), UaaT =2G(aa”) =

El(a, B1)*, 02, = —2G(—aa’) = —E[—(a, B))’].

In particular, for each t,s > 0, B}, . — B} < N ({0} x [sazaar, scrazar]).

—aal —

Proposition 3.1.6 For each convex function ¢ € Cy1;p(R), we have

2 ——)dx.

Elp(B,, / @(x) exp(—
B 1/27‘[5‘0‘ aa’

For each concave function ¢ € C; 1;,(R) and O'EaaT > 0, we have

1 o0
fh — BO1= —/ @(x) exp(—
2750 )00

In particular, the following relations are true:

Efp (B} Ydx.

E[(B* — B =02, (1 —s), E[(B*— B»* =30}, —5),
E[—(B* — BY)] = 02, (t —s). R[—(B* — B)*] = —30* . (t — )%
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3.2 Existence of G-Brownian Motion

In the rest of this book, we use the notation Q = Cg(R‘*) for the space of all RI—
valued continuous paths (@ );cr+, With wy = 0, equipped with the distance

IR —Zz [(max | —o"D A1l o0 e

i=1

For each fixed T € [0, 00), we set Q7 := {w..7 : @ € Q}. We will consider the
canonical process B;(w) = w;, t € [0, 00), for w € Q.
For each fixed T € [0, 0c0), we set also

Lip(Qr) :={0(ByaT> -+ > Byuar) :n €Ny, -+ 1y €]0,00), ¢ € Cl.Lip(Rdxn) }.

Itis clear that Lip(2,)CLip(R2r), fort < T. We set

Lip(Q) == Lip(Qn).

n=1

Remark 3.2.1 1t is clear that ClAL,-,,(RdX”), Lip(Q27) and Lip(2) are vector lat-
tices. Moreover, note that ¢, ¢ € Cl_L[p(RdX”) implies ¢ - Y € C,_LiP(RdX”), then
X,Y eLip(Q2r) implies X - Y €Lip(Q27). In particular, for each ¢ € [0, 00), B, €
Lip(R2).

Let G(-) : S(d) — R be a given monotone and sublinear function. By Theo-
rem 1.2.1 in Chap. 1, there exists a bounded, convex and closed subset ¥ C S, (d)
such that

G(A) = L sup (A.B). A eS@).
2 Bex

By Sect. 2.3 in Chap. 2, we know that the G-normal distribution N ({0} x X) exists.

Let us construct a sublinear expectation on (€2, Lip(£2)) such that the canonical
process (B;);>o is a G-Brownian motion. For this, we first construct a sequence O of
d-dimensional random vectors (£;){2, on a sublinear expectation space (Q H, IE)
such that &; is G-normally distributed and &;; is independent from (&, - - - , &;) for
eachi =1,2,---. A

We now construct a sublinear expectation [E defined on Lip(£2) via the following
procedure: for each X € Lip(€2) with

X = (/)(Btl - Bt()v Bzz - Btl, e, Bt,, - Bt”_l)
for some ¢ € Cp1;, R and 0 =1y <t; < - <1, < 00, we set

E[w(le - Bt(y Bt2 - Btp Tt Btn - Bty,,l)] = IE[¢(V - f0§1, o/ In —Ip—1 n)].
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The related conditional expectation of X = ¢(B;,, B;, — By, -+, B;, — B, ,) under
€2,, is defined by

E(X|,1 =Elp(B,, B, — By, -, B, — B, )1 :=¥(By, -, B, — By, ),
where
Yxr, X)) = Blon, -+ x5, Vi1 — GEji - s n — 160

I@l[~] consistently defines a sublinear expectation on Lip(€2) and (B;),>¢ is a G-
Brownian motion. Since Lip(27)SLip(2), E[-] is also a sublinear expectation on

Lip(S27).

Definition 3.2.2 The sublinear expectation IAE[~]: Lip(2) — R defined through the
above procedure is called a G-expectation. The corresponding canonical process
(B:):>0 on the sublinear expectation space (2, Lip(£2), E) is called a G-Brownian
motion.

In the rest of the book, when we talk about G-Brownian motion, we mean that
the canonical process (B;);>¢ is under G-expectation.

Proposition 3.2.3 We listthe properties of]@[- |2, that holdforeach X,Y €Lip(R2):

(i) IfX > Y, then B[X|Q,] > E[Y|].
(ii) IAE [712,] = =1, foreacht € [0, 00) and n €Lip(L2;).
(iii) E[X|Q]— [Y]82] <ER[X - Y|€,].
(iv) E[nX|§2 1= 7]+E[X|Q]+7] E[ X|S2], for eachn € Lip($2).
(v) E[E[X|Q]|Q] E[X|Q,AS] in particular, E[E[X|Q]]— E[X].

For each X € Lip(2"), E[X|92] = E[X], where Lip(2') is the linear space of
random variables with the form

@(Btz - Btlv Bz3 - Btzv T, Bz,,ﬂ - Br,,),

n = 17 21 9 wecl.Lip(Rdxn)9 tlv"' 7tnvtn+1 S [tvoo)
Remark 3.2.4 Properties (ii) and (iii) imply
ELX + |21 =E[X|Q]+ 1y forn € Lip(Q).

We now consider the completion of sublinear expectation space (€2, Lip(2), IAE).
For p > 1, we denote by

LZ(Q) := { the completion of the space Lip(2) under the norm || X||, := @E[x PPy,

Similarly, we can define L7 (Q7), L2 (S2%) and LZ(Q'). It is clear that for each
0<t<T < oo, Lg(Q)ch(QT)cL (Q).
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According to Sect. 1.4 in Chap. 1, IAE[‘] can be continuously extended to a sublinear
expectation on (€2, L }3 (£2)) and still denoted by IAE[-]. We now consider the extension
of conditional expectations. For each fixed r < T, the conditional G-expectation
I@I[~|Q,] : Lip(Q27) — Lip(£2,) is a continuous mapping under |-||. Indeed, we have

RIX|1Q] - E[Y|9Q] < B[X — Y|Q] < B[|X — Y||2],

then A A .
IE[X|2] — E[Y|2]] < E[|X — Y[|€2].

We thus obtain

[Brxie - Bryiea| < ix -y

It follows that [E[-|€2,] can also be extended as a continuous mapping
B[] : L§(Qr) = Li(Q0).

If the above T is not fixed, then we can obtain E[-|,] : LE(Q) > LE(Q).

Remark 3.2.5 Proposition3.2.3 also holds for X, Y € L'G(Q). But in (iv), n €
LE(2,) should be bounded, since X,Y € L5(Q) does not imply that X - Y €
L§ ().

In particular, we have the following independence property:
EIx|2]=E[X], VX eLL).
We give the following definition similar to the classical one:

Definition 3.2.6 An n-dimensional random vector Y € (L IG(Q))" is said to be inde-
pendent from €2, for some given ¢ if for each ¢ € Cp, 1, (R") we have

Elp()|2,] = Elp()].

Remark 3.2.7 Just as in the classical situation, the increments of G—-Brownian
motion (B;+s — B;)s>0 are independent from €2,, for each t > 0.

Example 3.2.8 For each fixed a €R? and for each 0 < s < ¢, we have
R[B* — B*|2,] =0, KE[—(B*— B[R] =0,
E[(B* — BYQ,] = 02, (t —5), E[—(B* — BY|Q,] = 02/ (t — 9),
E[(B* — BY*Q,] =302, (1 — ), E[—(B* — B)*|Q,] = —30*, (1 — )7,

where 02, = 2G(aa”) and 62 , = —2G(—aa’).
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The following property is very useful.

Proposition 3.2.9 Let X,Y € LL(Q) be such thar B[Y|,] = —E[-Y|Q,], for

somet € [0, T). Then we have

E[X + Y2, = B[X|2,] + E[Y|Q].
In particular, if E[Y|Q,] = E[—Y|Q,] = 0, then E[X + Y|Q,] = E[X|].
Proof This follows from the following two inequalities:

EIX 4 Y|, < BIX|Q] + E[Y|],
EIX + Y191 > B[X|Q] — B[-Y|Q] = B[X|2,] + E[Y|2].
O

Example 3.2.10 For each a eRI0<t<T,Xe L'C;(Q,) and ¢ € C;1;,(R), we

have
E[Xo(B2 — BY)|Q,] = X "Elp(B: — BY|] + X E[—p(B — BM|S]
= X" E[p(B2 — BY] + X E[—¢p(B2 — BY)].

In particular,
R[X (B2 — B)|Q,] = XTR[(B2 — BY)] + X R[—(B2 — B*)] = 0.

This, together with Proposition 3.2.9, yields
ElY + X (B2 — BH)|Q] =E[Y|Q] Y eLl).

We also have
E[X (B: — BH)?|Q] = XTE[(B: — B")?] + X K[ (B2 — B*)?]
— X 02 (T —1).

o ry+L2
=[XTo,,r

Forn e N,
E[X (B2 — BH)?"!|Q,] = XTR[(B2 — BY)*"~'] + X R[— (B2 — BY)>""!]

= |X|E[(B2_)> 1.

Example 3.2.11 Since
E[2B*(B* — BY)|,] = E[-2B*(B* — B")|2,] =0,
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we have

E[(B")? — (BM?|,] = E[(B* — B* + B*)? — (B")?|]
= R[(B* — B*)? +2(B* — B*) B*|;]

2
=o,,r(t —5).

3.3 Ito’s Integral with Respect to G-Brownian Motion

For T € R, a partition 7t of [0, T] is a finite ordered subset w7 = {fo, t1, - - - , Iy}
suchthat 0 =1 <t <--- <ty =T. Set

u@rr) = max{ltiyy — 4 0 i=0,1,--- , N -1}
We use n}v = {tON , th S, tf\}’ } to denote a sequence of partitions of [0, 7] such that

limy_, o0 () = 0.
Let p > 1 be fixed. We consider the following type of simple processes: for a

given partition ry = {to, - - - , ty} of [0, T'] we set
N—1
(@) = Y E(@)Lp ) (0),
k=0

where &, € LZ(Q,A,), k=0,1,2,---, N — 1 are given. The collection of these pro-
cesses is denoted by Mg’O(O, T).

Definition 3.3.1 For an n € Mg’O(O, T) with n;(w) = Z,iv;()l Ex(@) 1y, 1) (@), the
related Bochner integral is

T N-1
/ n(@)dt =Y & (@)t — ).
0 k=0

For each n € Mg’O(O, T), we set

N 1. T 1. N—1
Erln] := T]E |:/0 ﬂzdfi| = ?E |:k2:(;$k(w)(tk+l - tk)j| .

Itis easy to check that ﬁr M, g’O(O, T) — R forms a sublinear expectation. We then
can introduce a natural norm || - || M2 under which, Mg’O(O, T) can be extended to
M (0, T) which is a Banach space.
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Definition 3.3.2 For each p > 1, we denote by M{ (0, T') the completion of Mg’o

(0, T) under the norm
. T 1/p
llarz0.7) = {]E [f |77t|pdt]} .
0

Itisclearthat M/ (0, T) D MZ(0, T)for1 < p < g. Wealsodenoteby M. (0, T;
RY) the space of all d-dimensional stochastic processes n, = (!, -+ ,n¢), t >0
such that n € ME(0,T),i =1,2,--- ,d.

We now give the definition of 1td’s integral. For simplicity, we first introduce Itd’s
integral with respect to 1-dimensional G-Brownian motion.

Let (B;);>0 be a 1-dimensional G—Brownian motion with G(«) = %(Ezoﬁ —
o’a”), where0 <o <7 < 00.

Definition 3.3.3 Foreachn € M é’O(O, T) of the form

N—1
77:(60) = Zéjl[tj,fjﬂ)(t),
j=0
we define
T N-1
I(n) = / ndB; = Zéj(B’jH - B,).
0 °
j=0

Lemma 3.3.4 The mapping I : Mé’O(O, T)— LZG(QT) is a continuous linear
mapping and thus can be continuously extended to I : Mé ©0,7) — LZG Q7). In

particular, we have
R T
E [/ n,dB,] =0, (3.3.1)
0
R T 2 R T
E </ n,dB,) <o’RE [/ ntzdti| ) (3.3.2)
0 0

Proof From Example 3.2.10, for each j,
E£;(B,,, — B, 1 = E[—&;(B,,., — B,)|,]1 =0.

We have

R T R tN-1
E |:[ UtdBti| =E |:/ ndB; + SN—I(BtN - BtNl)i|
0 0

A IN-1 A
= ]E [/ n[dBt + E[sN—l(BZN - BZN1)|QIN1]}
0
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N IN-1
=E |:/ n,dB,i| .
0

Then we can repeat this procedure to obtain (3.3.1).
We now give the proof of (3.3.2). First, from Example 3.2.10, we have

~ T 2 R IN-1 2
E|:(/ 77tdBt> :| =E|:(/ ntdBt‘i“i:Nfl(BtN _BtN_1)> :|
0 0

R IN—1 2
=E </ ntdBt) + 51%171(311\, - Bt,\,_l)2

0

+2 < / mdBt> Ex_1 (B, — B:N_,)}
0
R IN—] 2
- [(/ nrdBr) + &y (Byy — B,NI)Z}
0
= E |:ZS (Bz,H Br, j|

Then, foreachi =0, 1,--- , N — 1, the following relations hold:

RIE2(B,,, — B,)? — T2 (tis1 — 1)]
=R[R[2(B,,,, — B,)? — 2E2 (11 — 1)1924,]]
=R[G2E2(tiy1 — 1;) — T2 (tiy1 — 1)] = 0.

Finally, we obtain

T 2 N—1
IAE |:</ ﬂ,dBt> :| = ]E |:Z éf,‘z(Bt,-H - Bli)2i|
0 i=0

el N-1 N—1
<E |:Z £}(B,,, — B,)" — Z G (i — ti):| +E |: GE (i1 — ti):|
i—0 0

i=0 E

N-1 N—
<) EE B, — B, — &ty — )]+ E [Z TE (fi1 — n-)}
i=0 i=0

N-1 T
=k |:Z‘72§i2(ti+1 - ti)] =5k [/ ﬂtzdt] .
- 0

i

59
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Definition 3.3.5 For a fixed 5 € Mé (0, T), we define the stochastic integral

T
/ ndB, = 1(n).
0

It is clear that (3.3.1) and (3.3.2) still hold for n € Mé ©, 7).
We list below the main properties of It6’s integral with respect to G-Brownian
motion. We denote, forsome 0 <s <t < T,

t T
f n.dB, = / l[s,t](u)nudBu-
K 0

Proposition 3.3.6 Letn, 0 € Mé 0,T)andlet0 <s <r <t <T. Then we have
(l) fst nudBu - /;r nudBu + j;t nudBu-

(ii) ['(an. +0.,)dB, = a [ n.dB, + [ 0,dB,, ifa is bounded and in LL,().
(iii) & [X + [ n.dB, sz] = BIX|,] forall X e LL(S2).

We now consider the multi-dimensional case. Let G(-) : S(d) — R be a given
monotone and sublinear function and let (B;);>o be a d-dimensional G-Brownian
motion. For each fixed a € R?, we still use B? := (a, B;). Then (B}');> is a

1-dimensional G,-Brownian motion with G,(x) = %(G:aTOﬁ_ — GEaaTOl_), where

o2: =2G(aa’) and 0%, = —2G(—aa”). Similarly to the 1-dimensional case,
we can define It0’s integral by

T
1= [ ndBr. forn € M30.7)
0

We still have, for each n € M2 (0, T),

A T
D U n,dB;‘] —0,
0
R T 2 R T
E |:</ n,dBf’) ] < GazarE [/ r;lzdti| .
0 0

Furthermore, Proposition 3.3.6 still holds for the integral with respect to B?.

3.4 Quadratic Variation Process of G-Brownian Motion

We first consider the quadratic variation process of 1-dimensional G-Brownian
motion (B,),>o with B < N0} x [¢?2, 72]). Let JT,N, N =1,2,---,be asequence
of partitions of [0, #]. We start with the obvious relations
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N-1
2 __ 2 2
B = Z(Brj’.*;] o Bt,’.")
j=0

N—-1 N—1
_ _ _ 2
=2 2By By, — By)+ ) (By, — By
=0 =0

As u(mrN) — 0, the first term of the right side converges to 2f0’ Byd B, in LZG (2).
The second term must be convergent. We denote its limit by (B),, i.e.,

N—1 t
(B) := lim Z(Bt/_NH - B,I_N)2 =B} - 2f B,dB;. (3.4.1)
u(m )—0 =0 0

By the above construction, ({B);),>0 is an increasing process with (B)o = 0. We call
it the quadratic variation process of the G-Brownian motion B. It characterizes the
part of statistic uncertainty of G-Brownian motion. It is important to keep in mind
that (B), is not a deterministic process unless ¢ = o, i.e., when (B, ),> is a classical
Brownian motion. In fact, the following lemma is true.

Lemma 3.4.1 Foreach0 <s <t < 0o, we have

E[(B); — (B)|2] =3%(t — ), (3.4.2)
E[—((B), — (B)s)|Q] = —a%(t — 5). (3.4.3)

Proof By the definition of (B) and Proposition 3.3.6 (iii),

t
BI(B), — (B),|2y] = B [B? _ B2 / BudBums]
5
= K[B? — B2|Q,] =°(1 — ).

The last step follows from Example3.2.11. We then have (3.4.2). The equality
(3.4.3) can be proved analogously in view of the the relation IE[—(BZ2 — BSZ)|QS] =
—a2(t —s). [l

Here is a very interesting property of the quadratic variation process (B), just like
for the G-Brownian motion B itself: the increment (B);y; — (B), is independent
from € and identically distributed with (B),. We formulate this as a lemma.

Lemma 3.4.2 For each fixed s, t > 0, (B)s1+; — (B); is identically distributed with
(B); and is independent from 2, for any s > 0.
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Proof The claims follow directly from

s+t s
(B)osr — (B)y = B, —2 / B,dB, — (Bf —2 / B,dB,>
0 0

s+t
= (B — B =2 / (B, — B,)d(B, — By)
- (Bs>t7

where (B?) is the quadratic variation process of the G-Brownian motion B} = B4, —
B;,t >0. U

We now define the integral of a process n € Mé’O(O, T) with respect to (B). We
start with the mapping:

T N-1
Qo.r(n) = /0 nd(B); := Y &((B)y,, — (B))) : M (0. T) — L§(Qr).
=0

Lemma 3.4.3 Foreachn € Mé’O(O, T),

T
E[lQor(mI] < T°E U Imldt] : (3.4.4)
0

Thus Qo1 : Mé‘O(O, T) HLE(QT) is a continuous linear mapping. Consequently,
Qo.r can be uniquely extended to Mé (0, T). We still denote this mapping by

T
/0 nd(B); == Qo.r(n) forn e Mg, T).

As before, the following relation holds:

R T

E |: / n:d{B),
0

Proof First, foreach j =1,---, N — 1, we have

T
} <ok [ / |n,|dt:| forn € ML, T). (3.4.5)
0

E[I&;1((B),,, — (B))) — T21&;1(tj1 — 1))]
=E[E[I&;1((B)y,,, — (B, 1 — TE (1751 — 1))]
=E[1&,152(t;41 — 1;) — G21&;1(tj41 — 1;)] = 0.
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Then (3.4.4) can be checked as follows:

=»
o
<
~
(s3]
B

N—1
—B))| | <E| D] 1&1(B).,., — (B))
j=0

N-1

N-—1
<B | 316 11(B),,, — (B)) — 5 (141 — r,-)]} +I {52 > 11— t,-)}
_j:O

Jj=0

N-1 T
=B |5° ) 1&10j41 — lj):| =3’k [f Inzldt] .
. J=0 0

Proposition 3.4.4 Let0 <s <t, & € LL(Q;,), X €LL(Q). Then
E[X + &(B} — B])] = B[X + &(B, — B,)’]
= R[X +£((B), — (B))].
Proof By (3.4.1) and Proposition3.3.6 (iii), we have
BIX + (B — BY)] = [X +E((B), — (B), +2 / t BudB»}
_BIX £ — (B
We also have
E[X +&(B} — B})] = E[X + £((B, — B,)” + 2(B, — B,)B,)]
=R[X +£(B, — By)?].
O

We have the following isometry.

Proposition 3.4.5 Letn € M%(0, T). Then

. T 2 T
E [(/ mdB,) } = E[/ n?d<B>z] (3.4.6)
0 0

Proof For any process n € Mé’O(O, T) of the form

N-1

(@) = Ej(@) g0, ()

Jj=0
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we have fOT ndB; = Zfl:_ol £;(By,,, — By,). From Proposition 3.3.6, we get
E[X + 2£;(B,,, — B,)& (B,,, — B,)] = E[X], forall X € L;(Q).i # j.

Thus

. T 2 N-l N
E [( / n,dBf) } =BI) & (B, —B)1=E|) & (B, —B,)
0 j=0 j=0

From this and Proposition 3.4.4, it follows that

R T B A T ) :|
E[(/O nder>} Zs( v — (B)) —EUO 7B, |.

This shows that (3.4.6) holds for n € MéO(O T). We can continuously extend the
above equality to the case n € M? (0, T) and get (3.4.6). O

We now consider the multi-dimensional case. Let (B,),>o be a d-dimensional G-
Brownian motion. For each fixed a €R?, (B!);>0 is a 1-dimensional G,-Brownian
motion. Similar to the 1-dimensional case, we can define

t
(B%, := lim Z(B“ —B:‘N)zz(Bf)z—Z/ B*dB?,
J 0

/L(ﬂzN)—>0

where (B?) is called the quadratic variation process of B?. The above results, see
Lemma 3.4.3 and Proposition 3.4.5, also hold for (B?). In particular,

T T
E |: / n,d(Ba),H < oazaT]E |:/ |r7t|dti| , forall ne Mé;(O, T)
0 0

T 2 T
I [(/ n,dBf) ] =k U nfd(Bﬁ),} forally € M2(0, T).
0 0

Leta=(a, --,ay)" anda = (a;,---,ay)" be two given vectors in R?. We
then have their quadratic variation processes of (B?) and (B®). We can define their
mutual variation process by

and

_ 1 _ )
(B*, B%), := Z[(Ba + B*), — (B* — B*)/]

1 _ _
= —[(B*?), — (B**),].

~
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Since (B* ) = (B%%) = (—B* %), we see that (B?, B?), = (B3, B?),. In particu-

lar, we have (B?, B?) = (B?). Let nlN, N =1,2,---, be asequence of partitions of
[0, £]. We observe that

N—-1 N-1
a a 1 a ay2 —a —ay2
D (Bl = BB — By =7 ) (B = By — (BT — B,
k=0 k=0
As () — 0 we obtain

N—-1
lim kX;(B;:% - By)(By — Bj) = (B", BY),.

N—o00
We also have

a a 1 a+a a—-a
(B*, B%), = Z[(B )e — (B )]
_1
T4

t t
. / BB — f BB,
0 0

t t
- _ i i o
[(B;‘“‘) —2/0 B*2d B2t — (B*?) +2/O B**dB? *‘]

Now for each n € Mcl; (0, T), we can consistently define
T . 1 T _ 1 T -
| ma =g a5 [,
0 4 Jo 4 Jo
Lemma 3.4.6 LernV € MZ°(0,T), N =1,2,--- , be of the form
N-1
(@) =Y &Y @)y (0
k=0

with ,u(r[}v) — Oandn™N — nin Mé (0, T),as N — oo. Then we have the following
convergence in LZG(QT):

N—-1 T
> &8y - By(BL —BY) > | nd(B*, B%),.
= k i 73 Ty A 0
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Proof Since
(B*, Bﬂ)zk"ﬂrl - (B*, Ba)z[’ = (Btak/\i] - BZN)(BZIL - BZN)

i _ VT _
—/ (B* — B%)d B —/ (B — B%)dB?,
t‘g\/ k t,fV k

we only need to show the convergence

i 2
Z(S’W ( f (B_?—B:;N)dBf‘) — 0.

Foreachk =1, --- — 1, denoting ¢ = U;aTO'aaT /2, we have,

N
k

_ ) )
E|@EY)? (/ (B?—B,})dBf‘) — @, — 1)

N 2
PO N lern -
=E|E| ¢’ </ (Bj'—BZN)dBj‘> 1 | — & @Y — 1)
1

k

<Ble@EM)2 (e, — 1) — e, — 1)1 - 0, asN — oo.

Thus

N—1 N 2
By @ ( / B - Bf‘~>dB§‘)
| k=0 i ‘

IA
=»

Z@k ? ( / (Bf—BZN)dBf> — e, — 1)
| k=0 !

k

N—
+E (E )(tk+1—tk)}
k=0

N— T
[ cEN Y, - t,f’)2] <cp()E U |an|2dt] — 0, as N — oo.
k= 0

O
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3.5 Distribution of the Quadratic Variation Process (B)

In this section, we first consider the 1-dimensional G-Brownian motion (B;);>o with
By £ N({0} x [¢2,57)).

The quadratic variation process (B) of the G-Brownian motion B is a very inter-
esting process. We have seen that the G-Brownian motion B is a typical process with
variance uncertainty but without mean-uncertainty. In fact, all distributional uncer-
tainty of the G-Brownian motion B is concentrated in (B). Moreover, (B) itself is a
typical process with mean-uncertainty. This fact will be applied later to measure the
mean-uncertainty of risk positions.

Lemma 3.5.1 We have the following upper bound:
E[(B)?] < 10542 (3.5.1)

Proof Indeed,

E[(B)?]

' 2
1) |:<B,2 - 2[ BudBu> ]
0
A A t 2
< 2E[B}] + 8K [(/ BudBu) }
0

t
< 6512 + 852K [ / Buzdu]
0
t
< 651> + 857 / E[B,*]du
0
= 105>
0

Proposition 3.5.2 Let (b;);>0 be a d-dimensional Brownian motion on a sublinear
expectation space (2, H, E) satisfying:

(i) bo=0;
(ii) Foreacht,s >0, b;ys — b, is identically distributed with bs; and independent
from (by,, by, -+ b)) forallO <t,---,t, <t
(iii) lim, o t~'E[|5 )] = 0.

Then b, is maximally distributed in the sense that:
Elp(b)] = maxp(vr),

where T is the bounded closed and convex subset in RY satisfying
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max (p.v) = B[ (p. b)), p e R".
In particular, if b is 1-dimensional (d = 1), then I’ = [E’ wl, with @ = I@[bl] and
u=—E[-b].

Remark 3.5.3 Observe that for a symmetric G-Brownian motion B defined in Def-
inition 3.1.2, the assumption corresponding to (iii) is: lim, o E[| B,[*]t~! = 0.

Proof We only give a proof for the case d = 1 (see the proof of Theorem 3.8.2 for a
more general situation). We first show that

Elpb] = g(p)t, p €R.

We set ¢(t) := ]E[b,]. Then ¢(0) = 0 and lim, o ¢(¢) = 0. For each ¢, s > 0,

ot +5) = Blb, 1] = El(bryy — by) + byl
=) + o(s).

Hence ¢(¢) is linear and uniformly continuous in #, which means that I@[b,] = [ut.
Similarly we obtain that —I@[—b,] = ut.

We now prove that b, is N ([ut, 7t] x {0})-distributed. By Exercise 2.5.3 in
Chap. 2, we just need to show that for each fixed ¢ € Cj,. Lip(R), the function

u(t, x) = Elp(x + b1, (t,x) €[0,00) x R
is a viscosity solution of the following parabolic PDE:
ou—gu)=0, ulj—o=¢ (3.5.2)
with g(a) = jxa™ — pa~.

We first notice that u is Lipschitz in x and %—Hélder continuous in ¢. Indeed, for
each fixed 7, u(t, -) €Cyp 1i,(R) since

IElp(x + b)] — Elp(y + b)1| < Ello(x + b)) — o(y + by)]
<Clx =yl

For each § € [0, ], since b, — bs is independent from b;, we have

u(t, x) = Blp(x + bs + (b, — bs)]
= RIE[@(y + (b — bs)]yxspy],

hence N
u(t,x) =FE[u( — 68, x + bs)]. (3.5.3)
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Thus
lu(t, x) — u(t — 8, )| = |Eu(t — 8, x + bs) — u(t — 8, 1)]|
< Bllut — 8, x +bs) —u(t — 8, x)|]

< B[C|bs|] < C1V5.

To prove that u is a viscosity solution of the PDE (3.5.2), we fix a point (¢, x) €
(0,00) x Randletv € Cg’z([O, o0) X R) be such that v > u and v(¢, x) = u(t, x).
From (3.5.3), we find that

v(t,x) = Elu(t — 8, x + bs)) < Blv(r — 8, x + by)1.
Therefore, by Taylor’s expansion,

0 <K[v(r — 8, x + bs) — v(t, x)]
= ]E[v(t —8,x+bs) —v(t,x +bs) + (v(t,x + bs) — v(t, x))]
= R[—0,v(r, x)8 + D, (1, x)bs + Is]
< —d,v(t, x)8 + B[, v(r, x)bs] + B[]
= —3,v(t, x)8 + g(3.v(t, x))8 + K[I5],

where
1
=6 f (=80t — BS, x + by) + Bv(t, x)1dB
0

1
+ b,s/ [0,v(z, x 4+ Bbs) — 0, v(t, x)]dB.
0

From the assumption that lim, o t‘lll:l[b,z] = 0, we can check that
lim 8~ 'E[|I5]] = 0,
810

which implies that 9,v (¢, x) — g(d,v(t, x)) < 0.Hence u is a viscosity subsolution of
(3.5.2). We can analogously prove that u is also a viscosity supersolution. It follows
that b, is N ([ut, jxt] x {0})-distributed. (Il

It is clear that (B) satisfies all the conditions in Proposition3.5.2, which leads
immediately to another statement.

Theorem 3.5.4 The process (B), is N([a*t, 5%t] x {0))-distributed, i.e.,

]E[(p((B)t)] = sup ¢(vt), foreach ¢ € C;p;,(R). (3.54)

o2<v<o?
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Corollary 3.5.5 Foreach0 <t <T < oo, we have
o* (T —1) <(B)r — (B), <GX(T — 1) in L;(Q).

Proof 1t is a direct consequence of the relations

E[((B)r — (B), —5X(T —1))"1= sup (v—a)T (T —1)=0

—2
o2<v<5’

and

N

E[((B); —(B), —a*(T —1)) 1= sup (v—ag)) (T —1)=0.

o2<y<5?

O
Corollary 3.5.6 We have, for each t,s > 0,n € N,
E[((B),1, — (B)))"|2,] = E[(B)]] = 5"1" (35.5)
and . .
E[—((B),1s — (B),)"19] = B[ (B)]] = —a™"1". (3.5.6)
We now consider the multi-dimensional case. For notational simplicity, we write
by B' := B® for the i-th coordinate of the G-Brownian motion B, under a given
orthonormal basis (ey, - - - , €4) in the space R<4. We denote

(B)/ := (B', B');, (B);:=((B)})!

ij=1°
Then (B),, t > 0, is an S(d)-valued process. Since

I@[(AB,, B)] =2G(A) -t for A € S(d),
we have

[ a
E[(B), . Al=E| > a; (B)/

ij=1

[ a ) t '
> a;(B/B] —/ BidBJ —/ B/dB)
0

ij=1 0

I
=

d
Z aijBliBtj =2G(A)-t forall A e S(d),

ij=1

Il
=

where A = (aij)f-l_j=1-
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Now we set, for each ¢ € C;1;,(S(d)),
v(t, x) := Elp(x + (B))], (t,x) € [0, 00) x S(d).

Let I C S, (d) be the bounded, convex and closed subset such that

G(A) = L sup(A.B)., AeS).
2 Ber

Proposition 3.5.7 The function v solves the following first order PDE:

9y —2G(Dv) =0, v|—o = ¢,

d

where Dy = (8Xijv)i,j:1‘ We also have

v(t, x) =supe(x +ty).
yel

Sketch of the Proof. We start with the relation

V(t +8,x) = Elo(x + (B)s + (B) 145 — (B)y)]
=E[v(r, x + (B)y)].

The rest of the proof is similar to that in the 1-dimensional case. ]

Corollary 3.5.8 The following inclusion is true.
(B), etl' ={txy:yel}

This is equivalent to d,r ((B),) = 0, where dy (x) = inf{/(x —y,x —y):y € U}.
Proof Since .
E[d,r((B);)] = supd,r(ty) =0,

yel

it follows that d,r ((B),) = 0. O

3.6 Ito’s Formula

In Theorem 3.6.5 of this section, we provide It6’s formula for a “G-Itd process” X.
Let us begin with considering a sufficiently regular function ®.

Lemma 3.6.1 Let ® € C*(R") with 8, ®, 32,..® € CorLip@®R") forp,v=1,---,

XMV

n. Lets € [0, T] be fixed and let X = (X', -+, X")T be an n—dimensional process
on s, T] of the form
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X) =X +a’(t— )+ 0" (B) — (B)Y) + B (B] — B).

Here, forv=1,--- ,ni,j=1,---,d, ", n°/ and B* are bounded elements in
LZG(QS) and X, = (Xsl, <+, X" is a given random vector in LZG(QS). Then we
have, in LZ(2),

@(Xt)—QD(XS):/ BXVCD(XM),B"del{—I—/ 30 ® (X, du (3.6.1)

s s

t
+/ [0 @ (X, )" + 182, ®(X,) B4 B1d (B)Y .

Here we adopt the Einstein convention, i.e., the above repeated indices u, v, i and j
mean the summation.

Proof For any positive integer N, we set § = (¢t — s)/N and take the partition

nﬁt]:{tév,tfv,... »tzzvv}:{sas‘i"s"" , S+ N§ =t}

We have

N-1

D(X,) — D(X,) = Y [D(Xx ) — P(Xp)] (3.6.2)
k=0
N-1
=D 0 ®X) Xy —Xp)
k=0
1 2 I 1% v v N

+ 5[3x“xvq’(th”)(Xz;V+] — th\}'V)(thﬁrl — Xz,j") + o 1

where

o =120 @ Xy + 6 Xy — X)) — 0 <1>(X,kN)](Xf:N+ Xy = X

xHxv
with 6, € [0, 1]. The next is to derive that

Ellof 1] = El[07,0 © X,y + 0(X,x | — X)) = 05,0 D(X,0)]

x (X = X)X — X001
liv1 Iy lit [
< cR[IXy, — Xx[°] < C[8° + 6],

2

xHxV

where c is the Lipschitz constant of {9
of k. Thus

®}}, ,—; and C is a constant independent
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N-1 2 N—1
Zp,ﬁv §NZIAE[|,0,£V|2]—>O, as N — oo.
k=0 k=0

The remaining terms in the summation in the right hand side of (3.6.2) are £ + ¢V
with

N-1
- Z{axmx,g)[a“(tk’il — i)+ (BYL — (B))

I
k=0

+ B (B — Bl e e, MBY B (Bl — Bl )(B)y — B)\))

2 x“x”

and

Z B @ (1 — 1) + 0" (B), = (Y]

x [a (rk+1 =)+ 0" (B — (BY)]
+ 20t (1 — i) + 0" (B) — (BYIIB By~ By)).

We observe that, for each u € [t,?’ , t,?fH),

N-—1

Eldn ®(X,) — Y 00 @(X)yy v 5 @)[]
k=0

= R[]0 @ (X)) — 0 D (X )]

< PB[IX, — X "] < C[8 + 87,
where c is the Lipschitz constant of {3,»®},_, and C is a constant independent of k.

Hence Zk —o O P (X, v )1[& i, ])(-) converges to d,» P (X.) in Mé(O, T). Similarly,
as N - oo,

=

-1

O @ (X )1 )()—>a O(X) in ME(0,T).

xHxy

k

Il
=

From Lemma3.4.6 and by the definitions of integration with respect to dt, d B,
and d (B),, the limit of £ in LZG(Q,) is just the right hand side of (3.6.1). The next
remark also leads to ¥ — 0in L% (€2,). This completes the proof. ]

Remark 3.6.2 To show that £ — Oin L2G (£2;), we use the following estimates: for
each y¥ = Y ' & Ly () € ME°0, T) with 7 = (¢, - -, ¢} such that
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N—-1
. Ny _ o N2/.N N
Jim p(r) =0 and E LX(; EN P, — 1 )} <cC

forall N =1,2,---, we have

2

— 0, as N — oo.

N-1

NN Ny2
ka (e — )
k=0

Moreover, for any fixed a,a eR?,

N—1 2 N—1
|| Sar)y, - o] | =8| Ziarre, -
k=0 k
N—
<C [ &N Pogr (o — 1 3} — 0,
k=0
Ne 2
B||ye s, — (B @ =1
k=0
[N—1
<CE &Y 1P — 1) (B oy v —(Ba>,y)2}
k=0
FN—1
<CE &Y P o (1 — 11 )}
L k=0
as well as
_ 2
B| [ sl -y, —

<CE Z@k P — r,£V>|B,jN+]—B,jN|2}

§CE |5k o, aaT(tk-H t/fv)zi| -0
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and
N-1 2
. y o
E Z 5 (<Ba)’kN+1 B <Ba)ZI:V)(BZ{\3-| B B’akN)
k=0
[[N—1 )
<CE Z & P(B?), — (BB, — Bl 4
[ N—
<CE |s,<N 1 Oar O (ty1 — 1) ]
L k=0

We are going now to derive a general form of Itd’s formula. We start with

t t .. .. t . .
X2’=X5+/ a.?ds+/ n!”d<B>§’+f BdB], v=1,- . n i j=1-.d.
0 0 0

Proposition 3.6.3 Let ® € C2(R") with 3 ®, 3%, ® € Cprip(R") for p,v =
1,--- ,n. Leta*, ﬁ"j and n“ij, v=1,---,ni,j=1,---,d bebounded processes
in Mé (0, T). Then for each t > 0 we have, in Lé(Q,), that

d(X,) — D(X,) = / 3D (X,)BYdB] + / 3 (X, ) du (3.6.3)

s s

/ [0, @ (X, )l + 102, D (X,)BL B 1d (BY

Proof We first consider the case of «, n and g being step processes of the form

N—-1

(@) =Y &)y, (D).

k=0

From Lemma 3.6.1, it is clear that (3.6.3) holds true. Now let
t .
X;”N:Xg—i-/ a;’Nds—i-/ n'Nd (B 4 / BrNaBi,
0 0

where oV, n"¥ and BV are uniformly bounded step processes that converge to o, 1
and B in Mé (0, T) as N — oo, respectively. From Lemma3.6.1,
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t t
(XN —o(xV) = / 3o (XN BYNaBI + / 3 ® (XN N du (3.6.4)

s s

t
N ij,N 172 N i,N i,N ij
+ [ @+ 5 (B B (B
Since
BLIX)Y — X1

T
gEL/K@W—@f+WW—ﬁPHMW—Mﬂw]
0

where C is a constant independent of N. It follows that, in the space M é 0, 7),

e @XM - 80 d(X )",

03 @XNHBHN BN — 32, L D(X)BM B,
e (XM - 9P (X ),
e ®(XMBYN = 9. D(X)BY.

Therefore, passing to the limit as N — oo in both sides of (3.6.4), we get (3.6.3). [J

In order to derive It6’s formula for a general function ®, we first establish a
useful inequality. For the G-expectation [E, we have the following representation
(see Chap. 6): A

E[X] = sup Ep[X] for X € LL(R), (3.6.5)

PepP

where P is a weakly compact family of probability measures on (€2, B(£2)).

Proposition 3.6.4 Let B € M..(0,T) with p > 2 and leta € R? be fixed. Then we

have [ B.dB* € L%(Qr) and
P R T r/2
] < C,,IE|:/ B2d(B*), } (3.6.6)
0

R T
E[ [ s
0

Proof 1t suffices to consider the case where 8 is a step process of the form

N-1

Bi@) = &)y ) (1),

k=0

For each & € Lip(£2;) with ¢ € [0, T], we have

E [g /IT ﬂsng} =0.
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From this we can easily get Ep[& ftT BsdB2] = 0 for each P € $, which implies
that ( fol BsdB?),c0,71 1s a P-martingale. Similarly we can prove that

! 2 1
M, = (/ ,BsdB§‘> —/ ,Bszd(Ba)S, te[0,T],
0 0

is a P-martingale for each P € P. By the Burkholder-Davis-Gundy inequalities, we

have
T P T p/2
Ep[/ ﬁ,dBf‘]sc,,EPU/ prd(B* }<CE[ 2d(B*), }
0 0
where C), is a universal constant independent of P. Thus we get (3.6.6). (I

We now give the general G-Itd’s formula.

Theorem 3.6.5 Let ® bea C 2-function on R" such that Bfuxv P satisﬁes polynomial

growth condition for p,v =1,--- ,n. Leta’, B% and n*7 ,v=1,--- ,n,i,j=
, d be bounded processes in M 0, T). Then foreacht > QOwe have mL ¢ (2)

O(X,) — ¢(X,) = / 30 ®(X,)BYdB] + / 3o @ (X, e, du (3.6.7)
+ / [90 @ (X7 + 307, ©(X.)BL B ] d (B)] .

Proof By the assumptions on ®, we can choose a sequence of functions &y €
C2(R") such that

| (x) = PO + [0 Dy () = Dr D) + 37,00 P () = a0 D) < *(1 + x5,

where C and k are positive constants independent of N. Obviously, @y satisfies the
conditions in Proposition 3.6.3, therefore,

t t
Dy(X,) — Dy(X,) = / 3o Dy (X, )P dB] + / doOy(X,)aldu  (3.6.8)

t
+ [ [BwonCton + §o2 . on IR BT d (B
For each fixed T > 0, by Proposition 3.6.4, there exists a constant C, such that
E[1X,*] < C, fort €0, T].

Thus we can show that @y (X,) — ®(X,) as N — ooin L% () and, in M (0, T),
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do @y (XN = 90 @ (X0,
e N (XYY — 07, D(X)BM B,
0 Oy (X))o’ — 90D (X)a’,
o @y (X )BT — 80P (X)B.
We then can pass to limit as N — oo in both sides of (3.6.8) to get (3.6.7). (I

Corollary 3.6.6 Let ® be a polynomial and a, a’€R? be fixed for v=1,--- , n.
Then we have

t t
d(X,) — P(X,) = f 30 ®(X,)dBY +1 / 92w ®(X,)d (B, BY) |
where X, = (Bal, e Bf‘”)T. In particular, we have, fork = 2,3, ---,
! k(k—1) (!
(B =k / (B*1dB* + % [ (B)2d(B?),.
0 0

If the sublinear expectation IE becomes a linear expectation, then the above G-1t6’s
formula is the classical one.

3.7 Brownian Motion Without Symmetric Condition

In this section, we consider the Brownian motion B without the symmetric condi-
tion ]E[Bt] = —IAE[—B,] on a sublinear expectation space (2, H, I@). The following
theorem gives a characterization of the Brownian motion without the symmetric
condition.

Theorem 3.7.1 Let (B,;);>0 be a given Re—valued Brownian motion on a sublin-
ear expectation space (2, H, E). Then, for each fixed ¢ € Cp p;p (RY), the function
defined by, .
u(t, x) = Elp(x + B)l, (t,x) € [0,00) x R?
is the unique viscosity solution of the following parabolic PDE:
du —G(Du, D*u) =0, uli—o = ¢, (3.7.1)

where

G(p, A) = 15%81@[@, Bs) + 3(ABs, Bs)18™" for (p, A) e R x S(d). (3.7.2)
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Proof We first prove that lims o I@T[(p, Bs) + 2 (AB;, Bs)]6~! exists. For each fixed

1
(p,A) € R? x S(d), we set ?
f@&):=Elp. B)) + 3(ABy, B)].
Since
|f &+ 1) = F@O < EL(pl + 21AIBDIBrs — Bil + |Al1Bin — Bi’1 > 0, ash — 0,
we get that f(¢) is a continuous function. Observe that
El(g. B)] = Ellg. B\, forq € R”.
Thus foreach ¢, s > 0,
£t +5) = f(©) = f()] < CE[IBi|ls,

where C = |A|]1:][|Bl |1. By (iii), there exists a constant §y > 0 such that IF'Z[|B, Pl1<t
for t < &y. Thus for each fixed t > 0 and N € N such that Nt < §,, we have

|F(ND = NF()] < Zcuwy%.

From this and the continuity of f, it is easy to show that lim, ¢ f (t)t~! exists. Thus
we can get G(p, A) for each (p, A) € R? x S(d). It is also easy to check that G is
a continuous sublinear function monotone in A € S(d).

Then we prove that u is Lipschitz in x and %-Hélder continuous in ¢. In fact, for
each fixed ¢, u(z, -) eC;,,L,-,,(Rd) since

[Elp(x + B)] — Elo(y + B)1l < Ello(x 4+ B,) — ¢(y + B)I]
<Clx —yl.

For each § € [0, t], since B; — Bs is independent from Bj,

u(t, x) = Elp(x + Bs + (B; — By)]
= RB[E[p(y + (B; — Bs))]y=rs5,-

Hence .
u(t,x) =E[u(t — 5, x + Bs)]. (3.7.3)
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Thus

|Elu(t — 8, x + Bs) — u(t — 8, x)]|
< Bllut — 8, x + Bs) —u(t — 8, %)]]
< EIC|Bs|] < CYG(O0. T) + 1V5.
To prove that u is a viscosity solution of (3.7.1), we fix a pair (¢, x) € (0, 00) x R?

andletv € C;*([0, 00) x R?) besuchthaty > wandv(z, x) = u(z, x). From (3.7.3),
we have

lu(t, x) —u(t —6,x)|

v(t, x) = Blu(r — 8, x + Bs)] < E[v(t — 8, x + By)].
Therefore, by Taylor’s expansion,

0 <R[v(r — 8, x + Bs) — v(z, x)]

Ev(t — 8, x + Bs) —v(t,x 4+ Bs) + (v(t, x 4+ Bs) — v(t, x))]
= B[~8,v(t, x)8 + (Dv(t, x), Bs) + 1 (D*v(t, x) Bs, Bs) + I5]

< —3v(t, )8 + E[(Dv(r, x), Bs) + 1(D*v(t, x) Bs, Bs)] + E[I;],

where
1
Iy = / —[8,v(t — B8, x + Bs) — d,v(t, x)18dp
0
1 1
+f f (D*v(t, x + aBBs) — D*v(t, x))Bs, Bs)adBda.
0 0

By condition (iii) in Definition 3.1.2, we can check that lims ¢ ]E[| I5]16~! = 0, which
implies that 3,v(z, x) — G(Dv(t, x), D*v(t, x)) < 0. Hence u is a viscosity subso-
lution of (3.7.1). We can analogously show that u is also a viscosity supersolution.
Thus u is a viscosity solution. (I

In many situations we are interested in a 2d-dimensional Brownian motion
(B:, by)i>0 such that E[B;] = —E[—B;] = 0 and E[|b;|*]/t — 0, as ¢ | 0. In this
case B isin facta symmetric Brownian motion. Moreover, the process (b;),>¢ satisfies
the properties in the Proposition3.5.2. We define u(¢, x, y) = I@][go(x + B,y + b,)].

By Theorem 3.7.1 it follows that u is the solution of the PDE
du = G(Dyu, Du), uli—o = ¢ € Cprip®*?),

where G is a sublinear function of (p, A) € R? x S(d), defined by

G(p, A) :=E[(p, b)) + (AB), B)].
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3.8 G-Brownian Motion Under (Not Necessarily Sublinear)
Nonlinear Expectation

Let E be a nonlinear expectation and I% be a sublinear expectation defined on (€2, H)
such that E is dominated by E, namely

E[X]-E[Y]<B[X-Y], X,Y e H.

We can also define a Brownian motion on the nonlinsar expectation space (2, H, IE).
We emphasize that here the nonlinear expectation E is not necessarily sublinear.

Deﬁmtlon 3.8.1 A d-dimensional process (B;);>o on nonlinear expectation space
(2,H, E) is called a Brownian motion if the following properties are satisfied:

(i) Bo(w) = 0;

(i) Foreacht, s > 0, theincrement B;; — B; isidentically distributed with B and
is independent from (B,,, B,,, --- , B;,),foreachn e Nand0 <t <--- <t, <t;

(iii) lim, o ' B[| B,|*] = 0.

The following theorem gives a characterization of the nonlinear Brownian motion,
and provides us with a new generator G associated with this more general nonlinear
Brownian motion.

Theorem 3.8.2 Let (B,, b)i>0 be a given de valued Brownian motion, both on
(Q,H, E) and (2, H, IE) such that E[Bt] = [ B;]1 =0 and hmHo ]E[|b,| 1/t =
0. Assume that E is dominated byIE Then, for each fixedp € Cy Lip (R?), the function

i(t,x,y) = Elp(x + B,y +b)], (t,x,y) €0, 00) x R¥

is a viscosity solution of the following parabolic PDE:

dii — G(Dyii, D?ii) =0, iil,—o = ¢. (3.8.1)
where
G(p, A) =El(p,b1) + L(AB1, B1)1, (p, A) € R? x S(d). (3.8.2)
Remark 3.8.3 Let
G(p, A) :=El(p, br) + §(AB1, B)l, (p, A) € R! x S(d). (38.3)

Then the function G is dominated by the sublinear function G in the following sense:

G(p,A)—G(p,A)<G(p—p,A—A), (p,A), (p,A) e R xS(d).
(3.8.4)
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Conversely, once we have two functions G and G defined on (R?, S(d)) such that G is
a sublinear function and monotone in A € S(d), and that G is dominated by G, we can
construct a Brownian motion (B;, Q,) r>0 on a sublinear expectation space (€2, H, ]E)
such that a nonlinear expectation [E is well-defined on (€2, ) and is dominated by
E. Moreover, under E, (B;, b;);>¢ is also a R??_valued Brownian motion in the sense
of Definition 3.8.1 and relations (3.8.2) and (3.8.3) are satisfied.

Proof of Theorem 3.8.2 We set
@ = fas) :=El(p. b)) + 2(AB;, B)1, t > 0.
Since

|f(t +h) — FO <EUplbisn — bil + (pl + 2|AllB.))| By — Bl
+|A||Biyn — Bi[*1 = 0, ash — 0,

we getthat f(r)isa cgntinuous function;VSince I@[B,] = I@[—B,] = 0, it follows from
Proposition 3.8 that E[X + (p, B,)] = E[X] foreach X € H and p € R?. Thus

f@+h) =E[p, bign — b)) + (p, bs)
+1(ABisy — By, Biyy — B) + 2(AB,, B))]

= El(p. b) + 3(ABy. Bi)] + El(p. b,) + $(AB,. B)]
= f@®) + f(h).
It then follows that f(z) = f(1)t = G(A, p)t. We now prove that the function
u is Lipschitz in x and uniformly continuous in ¢. Indeed, for each fixed ¢,
ﬁ(l‘, 2 ECb,L,‘p(Rd) since
Elo(x + Br.y +b)] — Elp(x' + B,y + b))
<Ellox + By +b) — (' + B,y +b)[1 < Clx — x'| + |y = y'|).

For each é € [0, ¢], since (B, — Bs, by — bs) is independent from (Bs, bs),

i(t, x,y) = E[p(x + By + (B, — Bs), y + bs + (b, — bs)]
= EIE[@E + (B; — Bs), 7 + (b — bs)) e By 5=y5s]-

Hence N
u(t,x,y) =E[u(t —68,x + Bs, y + bs)]. (3.8.5)
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Thus

li(t, x, y) — ii(t — 8, x, y)| = |E[@(t — 8, x + Bs, y + bs) — it — 8, x, y)]|
< B[li(t — 8, x + By, y + bs) — ii(t — 8,x, y)]]
< CE[|Bs| + |bs]].
It follows from condition (iii) in Definition3.8.1 that u(z, x, y) is continuous in ¢
uniformly in (¢, x, y) € [0, 00) x R,
To prove that i is a viscosity solution of (3.8.1), we fix (¢, x, y) € (0, 0o) x R*?

and letv € C;*([0, 00) x R*) be such that v > u and v(t, x, y) = ii(t, x, y). From
(3.8.5), we have

v(t,x,y) = Ela(t — 8, x + Bs, y +b5)] < EIv(t = 8, x + Bs, y + by)].
Therefore, by Taylor’s expansion,

0 <Ev(t — 8, x + Bs, y + bs) — v(t, x, y)]
=Ev(t — 8, x + By, y +bs) —v(t,x + Bs, y + bs) +v(t,x + Bs, y +bs) — v(t, x, y)]
= E[—8,v(t, x, )8 + (Dyv(t, x, y), bs) + (8xv(t, x, ), Bs) + 3 (D2,v(t, x, y) Bs, Bs) + I5]
< —0,v(t.x, )8 + E[(Dyv(t, x, y), bs) + $(DEv(t, x, y) B, Bs)] + Els1.

Here
1
Iy = / —[0,v(t — 8y, x + Bs,y + bs) — 0,v(t, x, ¥)]18dy
0
1
+ / (0yv(t,x +yBs,y +ybs) — 0,v(t, x,y), bs)dy
0
1
+ / (0v(t, x,y +ybs) — 0,v(t, x, y), Bs)dy
0

1 1
+ / / (D2 v(t,x +ayBs,y + ybs) — D2 v(t,x,y))Bs, Bs)ydyda.
0 0

We use assgmption (iii) to check that lims o ]]:Z[|I(g|]5‘l = 0. This implies that
3,v(t, x) — G(Dv(t, x), D*v(t, x)) < 0,henceu is a viscosity subsolution of (3.8.1).
We can analogously prove that i is a viscosity supersolution. Thus # is a viscosity
solution. (]
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3.9 Construction of Brownian Motions on a Nonlinear
Expectation Space

Let G : RY x S(d) — R be a given continuous sublinear function monotone in A €
S(d). By Theorem 1.2.1 in Chap. 1, there exists a bounded, convex and closed subset
¥ C R? x S, (d) such that

G(p,A) = sup [St[AB]+ (p.q)] for (p, A) € R x S(d).
(g.B)ex

By the results in Chap. 2, we know that there exists a pair of d-dimensional random
vectors (X, Y) which is G-distributed.

Let 5(-) ‘R xS@d)— Rbea given function dominated by G in the sense of
(3.8.4). The construction of a R*?-dimensional Brownian motion (B,, b;);>0 under
a nonlinear expectation E, dominated by a sublinear expectation [ is based on a
similar approach introduced in Sect. 3.2. In fact, we will see that by our construction
(By, by)s>0 1s also a Brownian motion under the sublinear expectation E.

We denote by = C24(R") the space of all R*-valued continuous paths
(wy):er+. For each fixed T € [0, 00), we set Qr := {w..1 : ® € Q2}. We will con-
sider the canonical process (B;, b;)(w) = wy, t € [0, 00), for w € Q. We also follow
Sect. 3.2 to introduce the spaces of random variables Lip(€27) and Lip(§2) so that
to define the expectations [E and E on (€2, Lip(2)).

For this purpose we first construct a sequence of 2d-dimensional random vec-
tors (X;, n;)72, on a sublinear expectation space (Q, 7_‘{, E) such that (X;, n;) is
G-distributed and (X;4+1, n ;4+1) is independent from ((Xy, n1),--- , (X;, n;)) for
eachi =1, 2, - - -. By the definition of G-distribution, the function

u(t,x,y) :=Elpx +1X1,y+tn)], >0, x,yeR?

is the viscosity solution of the following parabolic PDE, which is the same as
Eq.(2.2.6) in Chap. 2:

du — G(Dyu, D2 .u) =0, ul—o = ¢ € Cp1i;p(R*).

We also consider another PDE (see Theorem C.3.5 of Appendix C for the existence
and uniqueness):

it — G(Dyii, D2it) =0, iil—o = ¢ € Cp.Lip(R*?),

and denote 13, [¢](x, y) = u(t, x, y). Thenit follows from Theorem C.3.5 in Appendix
C, that, for each ¢, ¥ € C; 1ip (R?2),

Plol(x, y) — BiW1(x, y) < El(¢ — ¥)(x + VX1, y + 1)1
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We now introduce a sublinear expectation I& and a nonlinear expectation E both
defined on Lip(€2) via the following procedure: for each X € Lip(£2) with

X=¢(B, —By,byy — by, -+, B, — By, ., by, — b, )
forg € Crpipy(R*>"yand 0 =1y <t; < --- < t, < 00, we define
El@(B, — By, by, — by, -+, By, — By, b, — b, )]
= Elp(/ti = 10X1, (ty = 1)1, -+ s /T = Tam1 X (tn = =) 1)]-
Then we define
Elo(By, — By by, = bigs -+ B, = By by, = by, )1 = o0,
where ¢, is obtained iteratively as follows:

L, Y1 Xt Yae1) = Py [9(X0, Y1s -+ 3 Xuts Yu1, 9100, 0),

Gu1(x1, 1) = Py [@a2(x1, y1, )10, 0),
On = Ptl [§0n71(')](0, O)

The related conditional expectation of X =¢(B;, — By,, by, — by, -+, B;, — By, ,,
b;, — by,_,) under 2, is defined by

E[X|2,1 = Elp(B, — By, by — by, -+ B, — By, by, — by, ) 19,1 (3.9.1)

=vY(B, — By, by, — by, -, B, — Bi,_,, by, —by,_),
where
Yy, x) =ElpGr, - xj, e — 5 X e, (0 — 10041, s v/t — tm1 X, (01— t0)7)].
Similarly,

E[X|Qt_,-] = @u—j(By, — By, by — by, -+, B, — By_,, bt, - bt,,l)-

Itis easy to check that I@[-] (resp., ]E) consistently defines a sublinear (resp. nonlinear)
expectation on (€2, Lip(£2)). Moreover (B, b;),>0 is a Brownian motion under both
[t and E.
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Proposition 3.9.1 Let us list the properties of IEHQ,] that hold for each X,Y €
Lip(Q2):

(i) If X > Y, then E[X|2,] = E[Y|Q).
(ii) E[X +nl€2] _E (XS] +n, foreacht > 0and n €Lip($2,).
(iii) BLX12] - ElY|2,] < E[X — Y]], . _
(iv) E[E[X|]]2] = E[X|S~2,M], mpa]:tlcular, E[E[X|2]] = E[X].
(v) Foreach X € Lip(Q"), E[X|Q,;] = E[X], where Lip(2") is the linear space
of random variables of the form

w(Blz - Btla btz - bl]a T Bt”+] - Bt,,v bt,,+] - bt,,)a
n=12-, ¢€CLp,R™), t, - ty, tay1 € [t,00).

Since I can be considered as a special nonlinear expectation of E which is dom-
inated by itself, it follows that [E[-|€2;] also satisfies the above properties (1)—(v).

Propositiop 3.9.2 The conditional sublinear expectation 1) [-192/] satisfies (i)—(v).
Moreover K[-|$2,] itself is sublinear, i.e.,

(Vl)E[XlSZ 11— [Y|S2 ] < ]E[X Y|l

(vii) E[nX|Q 1= n*E[XlQ 1+ n"E[—X|Q] for each n € Lip(£2,).

We now consider the completion of sublinear expectation space (€2, Lip(2), k).
Denote by L? (), p > 1, the completion of Lip(£2) under the norm [ X||, :=
(E[|X|P])"/?. Similarly, we can define L7.(Q27), L%.(Q2%) and L7.(Q2"). It is clear
that foreach0 <t < T < o0, LZ(Q ) C L c(Qr) € L? (SZ)

According to Sect. 1.4 in Chap. 1, the expectation R[] can be continuously
extended to (2, L} ¢ (€2)). Moreover, since the nonlinear expectation [E is dominated
by IE it can also be continuously extended to (€2, L! c(). (2, L! (), IE) is a sub-
linear expectation space while (€2, L) ¢ (€), E) is a nonhnear expectation space. We
refer to Definition 1.4.4 in Chap. 1.

The next is to look for the extension of conditional expectation. For each fixed
t < T, the conditional expectation E[-|€2,] : Lip(Q27) — Lip(£2;) is a continuous
mapping under ||-||. Indeed, we have

EIx|Q] - E[Y|Q1 < B[X — ¥|Q,] < B[|X — Y||2],

then - ~ .
IE[X|2] — E[Y|Q]] < E[|X — Y[|2/].

We thus obtain _ ~
|E[x|21-EY|Ql| <X -Y].

It follows that IEHQ,] can also be extended as a continuous mapping

EL12]: LL(Qr) — LL()).
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If the parameter 7T is not fixed, then we can obtain ]E[-|Q,] : LIG(Q) — L};(Q,).

Remark 3.9.3 Propositions 3.9.1 and 3.9.2 also hold for X, Y € Lé;(Q). However,
in (iv), n € L{;(2;) should be bounded, since X, Y € L);(2) does not imply that
XY elLl(Q).

In particular, we have the following independence:
E[x|Q]=E[X], VX eL,(Q".
We give the following definition similar to the classical one:

Definition 3.9.4 An n-dimensional random vector Y € (L 'G(Q))” is said to be inde-
pendent from €2, for some given ¢ if for each ¢ € Cp, 1;,(R") we have

Elp(1)|2:] = Elp(1)].

3.10 Exercises

Exercise 3.10.1 Let (B;),> be a 1-dimensional G-Brownian motion, such that its
value att = 1 is B < N0} x [¢?, @2]). Prove that for each m € N,

2(m — DN&™t7 /27, if mis odd,
(m — DHNa"r 7, if m is even.

E[B, "] = {

Exercise 3.10.2 Show that if X € Lip(Qr) and E[X] = —E[—X], then E[X] =
Ep[X], where P is a Wiener measure on £2.

Exercise 3.10.3 For each s, > 0, we set B := By, — B;. Let n = (77,‘}-)1?",.].:] €
L};(QX; S(d)). Prove that

~

E[(nB;, B))1S2] =2G(n)t.

Exercise 3.10.4 Suppose that X € L7 (Qr) for p > 1. Prove that there exists a
sequence of bounded random variables X, € Lip(Q2r),n =1, - - -, such that

lim E[|X — X,|’] = 0.

n—o00

Exercise 3.10.5 Prove that for each X € Lip(Q27), sup ]]:JI[X] € LlG(QT).
0<t<T

Exercise 3.10.6 Prove that ¢(B;) € L lG () for each ¢ € C(R?) with a polynomial
growth.
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Exercise 3.10.7 Prove that, for a fixed n € Mé 0, 7),

T T T
gZEU n?dr]sE[(/ mde)z]SEzE[/ n?dr]
0 0 0

where 5% = ]E[Blz] and g% = —]E[—Blz].

Exercise 3.10.8 Let (B;);>0 be a 1l-dimensional G-Brownian motion and ¢ a
bounded and Lipschitz function on R. Show that

N—-1

. o 2 —

nggoE[ ;wB,kN)[(B,kNH —By) = (B — <B>,k~)]H =0,
Wheret,fv =kT/N,k=0,...,N — 1.

Exercise 3.10.9 Prove that, for a fixed n € M (0, T),

R T R T R T
22E|:/ |m|dr]sla[/ |n,|d<B>,]562E[/ |n,|dt],
0 0 0

where 32 = H:Z[Blz] and g% = —H:Z[—Blz].
Exercise 3.10.10 Complete the proof of Proposition3.5.7.

Exercise 3.10.11 Let B be a 1-dimensional G-Brownian motion and E a nonlinear
expectation dominated by a G-expectation. Show that for any n € M2(0, T):

G E [jOT nsdBS] —0:

(i) [ [(fOT nsdBS)z} =F [/‘OT |77S|2d(B)S].

Notes and Comments

Bachelier [7] proposed to use the Brownian motion as a model of the fluctuations
of stock markets. Independently, Einstein [56] used the Brownian motion to give
experimental confirmation of the atomic theory, and Wiener [173] gave a mathemat-
ically rigorous construction of the Brownian motion. Here we follow Kolmogorov’s
idea [103] to construct G-Brownian motions by introducing finite dimensional cylin-
der function space and the corresponding family of infinite dimensional sublinear
distributions, instead of (linear) probability distributions used in [103].

The notions of G-Brownian motions and the related stochastic calculus of 1t6’s
type were firstly introduced by Peng [138] for the 1-dimensional case and then in
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(2008) [141] for the multi-dimensional situation. It is very interesting that Denis
and Martini [48] studied super-pricing of contingent claims under model uncer-
tainty of volatility. They have introduced a norm in the space of continuous paths
Q = C([0, T]) which corresponds to the L2G-n0rm and developed a stochastic inte-
gral. In that paper there are no notions such as nonlinear expectation and the related
nonlinear distribution, G-expectation, conditional G-expectation, the related G-
normal distribution and independence. On the other hand, by using powerful tools
from capacity theory these authors obtained pathwise results for random variables
and stochastic processes through the language of “quasi-surely” (see e.g. Dellacherie
[42], Dellacherie and Meyer [43], Feyel and de La Pradelle [65]) in place of “almost
surely” in classical probability theory.

One of the main motivations to introduce the notion of G-Brownian motions
was the necessity to deal with pricing and risk measures under volatility uncertainty
in financial markets (see Avellaneda, Lévy and Paras [6] and Lyons [114]). It was
well-known that under volatility uncertainty the corresponding uncertain probability
measures are singular with respect to each other. This causes a serious problem in
the related path analysis to treat, e.g., when dealing with path-dependent derivatives,
under a classical probability space. The notion of G-Brownian motions provides a
powerful tool to study such a type of problems. Indeed, Biagini, Mancin and Meyer
Brandis studied mean-variance hedging under the G-expectation framework in [18].
Fouque, Pun and Wong investigated the asset allocation problem among a risk-free
asset and two risky assets with an ambiguous correlation through the theory of G-
Brownian motions in [67]. We also remark that Beissner and Riedel [15] studied
equilibria under Knightian price uncertainty through sublinear expectation theory,
see also [14, 16].

The new Itd’s calculus with respect to G-Brownian motion was inspired by Itd’s
groundbreaking work of [92] on stochastic integration, stochastic differential equa-
tions followed by a huge progress in stochastic calculus. We refer to interesting books
cited in Chap. 4. It6’s formula given by Theorem 3.6.5 is from [138, 141]. Gao [72]
proved a more general Itd’s formula for G-Brownian motion. On this occasion an
interesting problem appeared: can we establish an It6’s formula under conditions
which correspond to the classical one? This problem will be solved in Chap. 8 with
quasi surely analysis approach.

Using nonlinear Markovian semigroups known as Nisio’s semigroups (see Nisio
[119]), Peng [136] studied the processes with Markovian properties under a non-
linear expectation. Denk, Kupper and Nendel studied the relation between Lévy
processes under nonlinear expectations, nonlinear semigroups and fully nonlinear
PDEs, see [50].
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