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Preface

In this book, we take the notion of nonlinear expectation as a fundamental notion of
an axiomatical system. This enables us to get directly many new and fundamental
results: such as nonlinear law of large numbers, central limit theorem, the theory of
Brownian motion under nonlinear expectation and the corresponding new
stochastic analysis of 1t0’s type. Many of them are highly non-trivial, natural but
usually hard to be expected from its special case of the classical linear expectation
theory, i.e., probability theory. In this new framework, the nonlinear version of the
notion of independence and identical distribution plays a crucially important role.

This book is based on the author’s Lecture Notes [140] and its extension [144],
used in my teaching of postgraduate courses in Shandong University, and several
series of lectures, among them, 2nd Workshop on Stochastic Equations and Related
Topics, Jena, July 23-29, 2006; Graduate Courses given at Yantai Summer School
in Finance, Yantai University, July 06-21, 2007; Graduate Courses at Wuhan
Summer School, July 24-26, 2007; Mini-Course given at Institute of Applied
Mathematics, AMSS, April 16-18, 2007; Mini-course at Fudan University, May
2007 and August 2009; Graduate Courses at CSFI, Osaka University, May 15-June
13, 2007; Minerva Research Foundation Lectures of Columbia University in Fall of
2008; Mini-Workshop of G-Brownian motion and G-expectations in Weihai, July
2009, a series talks in Department of Applied Mathematics, Hong Kong
Polytechnic University, November—December, 2009 and an intensive course in
WCU Center for Financial Engineering, Ajou University and graduate courses
during 2011-2013 in Princeton University. The hospitalities and encouragements
of the above institutions and the enthusiasm of the audiences are the main engine to
use these lecture notes and make this book.

I thank, especially, Li Juan and Hu Mingshang for many comments and sug-
gestions given during those courses. During the preparation of this book, a special
reading group was organized with members Hu Mingshang, Li Xinpeng, Xu
Xiaoming, Lin Yiqing, Su Chen, Wang Falei and Yin Yue. They proposed very
helpful suggestions for the revision of the book. Hu Mingshang, Li Xinpeng, Song
Yongsheng and Wang Falei have made great efforts and contributed many exercises
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for the final editing. Their efforts are decisively important for the realization of this
book.

The author is grateful to Jordan Stoyanov for reviewing and scrutinizing the
whole text. This helped to essentially minimize the inaccuracies and make the text
consistent and smooth.

Jinan, China Shige Peng



Introduction

How to measure uncertain quantities is an important problem. A widely accepted
mathematical tool is probability theory. But in our real world, it is rare to find an
ideal situation in which the probability can be exactly determined. Often the
uncertainty of the probability itself becomes a hard problem. In the theory of
economics, this type of higher level uncertainty is known as Knightian uncertainty.
We refer to Frank Knight [102] and the survey of Lars Hansen (2014).

This book is focused on the recent developments on problems of probability
model uncertainty by using the notion of nonlinear expectations and, in particular,
sublinear expectations. Roughly speaking, a nonlinear expectation E is a monotone
and constant preserving functional defined on a linear space of random variables.
We are particularly interested in sublinear expectations, i.e., E[X +Y] <E[X]+
E[Y] for all random variables X, Y and E[AX] = AE[X] for any constant A > 0.

A sublinear expectation E can be represented as the upper expectation of a
subset of linear expectations {Ep: 6 € ®}, i.e., E[X] = supycg Ep[X]. In most
cases, this subset is often treated as an uncertain model of probabilities
{Py : 6 € ®}, and the notion of sublinear expectation provides a robust way to
measure a risk loss X. In fact, the sublinear expectation theory provides many rich,
flexible and elegant tools.

A remarkable point of view is that we emphasize the term “expectation” rather
than the well-accepted classical notion “probability” and its non-additive counter-
part “capacity”. A technical reason is that in general, the information contained in a
nonlinear expectation E will be lost if one considers only its corresponding
“non-additive probability” or “capacity” P(A) = E[14]. Philosophically, the notion
of expectation has its direct meaning of “mean”, “average”, which is not necessary
to be derived from the corresponding “relative frequency” which is the origin of the
probability measure. For example, when a person gets a sample {xi, - - -, xy } from a
random variable X, he/she can directly use X = %in to calculate its mean. In

general he/she uses ¢(X) = 3 > @(x;) for the mean of ¢(X) for a given function ¢.
We will discuss in detail this issue after the overview of our new law of large
numbers (LLN) and central limit theorem (CLT).

vii



viii Introduction

A theoretical foundation of the above expectation framework is our new LLN
and CLT under sublinear expectations. Classical LLN and CLT have been widely
used in probability theory, statistics, data analysis, as well as many practical situ-
ations such as financial pricing and risk management. They provide a strong and
convincing way to explain why in practice normal distributions are so widely
utilized. But often a serious problem is that, in general, the “i.i.d.” condition is
difficult to be satisfied. In practice, for the most real-time processes and data for
which the classical trials and samplings become impossible, the uncertainty of
probabilities and distributions can not be neglected. In fact the abuse of normal
distributions in finance and many other industrial or commercial domains has been
criticized.

Our new CLT does not need this strong “i.i.d.” assumption. Instead of fixing a
probability measure P, we introduce an uncertain subset of probability measures
{Py : 0 € ®} and consider the corresponding sublinear expectation E[X]| = sup.eo
Ey[X]. Our main assumptions are the following:

(i) The distribution of each X; is within a subset of distributions Fy, 0 € ®, and
we don’t know which 6 is the “right one”.

(i) Any realization of X; = xy,---,X, = x, does not change this distributional
uncertainty of X, .

Under E, we call X, X>,--- to be identically distributed if condition (i) is sat-
isfied, and we call X, ;. to be independent from Xi,---,X, if condition (ii) is
fulfilled. Mainly under the above much weak “i.i.d.” assumptions, we have proved
that for each continuous function ¢ with linear growth we have the following LLN:
as n — 0o, E[o(S,/n)] — sup, <, <z ¢(v). Namely, the uncertain subset of distri-

butions of S, /n is approximately the subset of all probability distribution measures
of random variables taken values in [, 7. In particular, if u =i = 0, then S,/n
converges to 0. In this case, if we assume furthermore that * = E[X?] and
> = —E[-X}], then we have the following extension of the CLT:

Tim Efp(S,/v/)] = Elp(x)]

Here, the random variable X is G-normally distributed and denoted by
N({0} x [6%,5?%]). The value E[p(X)] can be calculated by defining u(t,x) :=
E[p(x+ v/1X)] which solves the partial differential equation (PDE) d,u = G(u,,)
with G(a) :=1(c%a™ — g*a™). Our results reveal a deep and essential relation
between the theory of probability and statistics under uncertainty and second order
fully nonlinear parabolic equations (HIB equations). We have two interesting sit-
uations: when ¢ is a convex function, then the value of E[¢(X)] coincides with

\/2'7? J7 e(x)exp (— %) dx, but if ¢ is a concave function, the above 5 needs to
be replaced by ¢. If ¢ =G = o, then N({0} x ¢%,5%]) = N(0,?), which is a
classical normal distribution.
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This result provides a new way to explain a well-known puzzle: many practi-
tioners, e.g., traders and risk officials in financial markets can widely use normal
distributions without serious data analysis or even with data inconsistence. In many
typical situations E[p(X)] can be calculated by using normal distributions with
careful choice of parameters, but it is also a high risky quantification if the rea-
soning behind has not been understood.

We call N({0} x [¢2,5?]) the G-normal distribution. This new type of sublinear
distributions was first introduced in [138] (see also [139-142]) for a new type of
“G-Brownian motion” and the related calculus of 1td’s type. The main motivations
were uncertainties in statistics, measures of risk and super-hedging in finance (see
El Karoui, Peng and Quenez [58], Artzner, Delbaen, Eber and Heath [3], Eber and
Heath, Chen and Epstein [28], Follmer and Schied [69]). Fully nonlinear
super-hedging is also a possible domain of applications (see Avellaneda, Lévy and
Paras [6], Lyons [114].

Technically, we introduce a new method to prove our CLT on a sublinear
expectation space. This proof is short since we have borrowed a deep interior
estimate of fully nonlinear partial differential equation (PDE) from Krylov [105]. In
fact, the theory of fully nonlinear parabolic PDE plays an essential role in deriving
our new results of LLN and CLT. In the classical situation, the corresponding PDE
becomes a heat equation which is often hidden behind its heat kernel, i.e., the
normal distribution. In this book, we use the powerful notion of viscosity solutions
for our nonlinear PDE initially introduced by Crandall and Lions [38]. This notion
is especially useful when the equation is degenerate. For reader’s convenience, we
provide an introductory chapter in Appendix C. If readers are only interested in the
classical non-degenerate cases, the corresponding solutions will become smooth
(see the last section of Appendix C).

We define a sublinear expectation on the space of continuous paths from R* to
R which is an analogue of Wiener’s law, by which a G-Brownian motion is
formulated. Briefly speaking, a G-Brownian motion (B;), ., is a continuous process
with independent and stationary increments under a given sublinear expectation E.

G-Brownian motion has a very rich and interesting new structure which
non-trivially generalizes the classical one. We can develop the related stochastic
calculus, especially Itd’s integrals and the related quadratic variation process (B).
A very interesting new phenomenon of the G-Brownian motion is that its quadratic
variation process (B) is also a continuous process with independent and stationary
increments, and thus can be still regarded as a Brownian motion. The corresponding
G-Itd’s formula is obtained. We have also established the existence and uniqueness
of solutions to stochastic differential equation based on this new stochastic calculus
by the same Picard iterations as in the classical situation.

New norms were introduced in the notion of G-expectation by which the cor-
responding stochastic calculus becomes significantly more flexible and powerful.
Many interesting, attractive and challenging problems are also provided within this
new framework.
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In this book, we adopt a novel method to present our G-Brownian motion theory.
In the first two chapters, as well as the first two sections of Chap. 3, our sublinear
expectations are only assumed to be finitely sub-additive, instead of “o-
sub-additive”. This is just because all the related results obtained in this part do not
need the “o-sub-additive” assumption, and readers even need not to have the
background of classical probability theory. In fact, in the whole part of the first five
chapters, we only use a very basic knowledge of functional analysis such as Hahn—
Banach Theorem (see Appendix A). A special situation is when all the sublinear
expectations treated in this book become linear. In this case, the book still can be
considered as a source based on a new, simple and rigorous approach to introduce
the classical It6’s stochastic calculus, since we do not need the knowledge of
probability theory. This is an important advantage to use expectation as the basic
notion.

The “authentic probabilistic parts”, i.e., the pathwise analysis of G-Brownian
motion and the corresponding random variables, viewed as functions of
G-Brownian path, is presented in Chap. 6. Here just as in the classical “P-sure
analysis”, we introduce “C-sure analysis” for G-capacity C.

In Chap. 7, we present a highly nontrivial generalization of the classical
martingale representation theorem. In a nonlinear G-Brownian motion framework, a
G-martingale can be decomposed into two essentially different martingales, the first
one is an Itd’s integral with respect to the G-Brownian motion B, and the second
one is a non-increasing G-martingale. The later term vanishes once G is a linear
function and thus B becomes to a classical Brownian motion.

In Chap. 8, we use the quasi-surely analysis theory to develop It6’s integrals
without the quasi-continuity condition. This allows us to define Itd’s integral on
stopping time interval. In particular, this new formulation can be applied to obtain
1t6’s formula for a general C'>-function, thus extend previously available results.

For reader’s convenience, we provide some preliminary results in functional
analysis, probability theory and nonlinear partial differential equations of parabolic
types in Appendix A, B and C, respectively.
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Part I
Basic Theory of Nonlinear Expectations



Chapter 1 ®)
Sublinear Expectations and Risk Gzt
Measures

A sublinear expectation is also called the upper expectation or the upper prevision, and
this notion is used in situations when the probability models have uncertainty. In this
chapter, we present the basic notion of sublinear expectations and the corresponding
sublinear expectation spaces. We give the representation theorem of a sublinear
expectation and the notions of distributions and independence within the framework
of sublinear expectations. We also introduce a natural Banach norm of a sublinear
expectation in order to get the completion of a sublinear expectation space which is
a Banach space. As a fundamentally important example, we introduce the notion of
coherent risk measures in finance. A large part of the notions and the results in this
chapter will be used throughout the book.

1.1 Sublinear Expectations and Sublinear Expectation
Spaces

Let €2 be a given set and let 7 be a linear space of real valued functions defined on
2. In this book, we suppose that H satisfies the following two conditions:

(1) ¢ € H for each constant c;
Q) | X|eHifX e H.

In this book, the space H will be used as the space of random variables.

Definition 1.1.1 A Sublinear expectation E is a functional E : H +— R satisfying
(i) Monotonicity:
E[X] <E[Y] ifX <Y.

(ii) Constant preserving:
E[c] =c¢ forc e R.

© Springer-Verlag GmbH Germany, part of Springer Nature 2019 3
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4 1 Sublinear Expectations and Risk Measures
(iii) Sub-additivity: Foreach X,Y € H,

E[X + Y] <E[X]+ E[Y].
(iv) Positive homogeneity:

E[AX] = AE[X] fori > 0.

The triplet (2, H, E) is called a sublinear expectation space. If (i) and (ii) are
satisfied, E is called a nonlinear expectation and the triplet (2, H, E) is called a
nonlinear expectation space.

Definition 1.1.2 Let E; and E, be two nonlinear expectations defined on (2, H).
We say that [E; is dominated by [E,, or E, dominates E, if

E([X] = Ei[Y] < Eo[X — Y] for X,Y € H. (1.1.1)

Remark 1.1.3 From (iii), a sublinear expectation is dominated by itself. In many
situations, (iii) is also called the property of self-domination. If the inequality in
(iii) becomes equality, then E is a linear expectation, i.e., E is a linear functional
satisfying Properties (i) and (ii).

Remark 1.1.4 Properties (iii)+(iv) are called sublinearity. This sublinearity implies
(v) Convexity:

EleX + (1 —a)Y] < «¢E[X] + (1 — «)E[Y] fora € [0, 1].

If a nonlinear expectation E satisfies the convexity property, we call it a convex
expectation.

Properties (ii)+(iii) imply
(vi) Cash translatability:

E[X + c] =E[X] + ¢ forc € R.
In fact, we have
E[X]+ c = E[X] — E[—c] < E[X + c] < E[X]+ E[c] = E[X] +c.
For Property (iv), an equivalent form is
E[AX] = ATE[X] + A" E[-X] for A € R.
In this book, we will systematically study the sublinear expectation spaces. In

the following chapters, unless otherwise stated, we consider the following sublin-
ear expectation space (2, H, E):if Xy, ---, X,, € H,then (X, --- , X,,) € H for
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each ¢ € C;1;,(R"), where C; 1;,(R") denotes the linear space of functions ¢ satis-
fying the following local Lipschitz condition:

lp(x) =M = CA + [x|" + [yI")x — y| forx,y eR",
where the constant C > 0 and the integer m € N depend on ¢.

Often an n-dimensional random variable X=(X, - - -, X,,) is called an n-dimensional
random vector, denoted by X € H".

Here we mainly use C; 1;,(R") in our framework, and this is only for convenience
of techniques. In fact, our essential requirement is that { contains all constants and,
moreover, X € H implies |X| € H. In practice, C; 1;,(R") can be replaced by any
one of the following spaces of functions defined on R":

LO(R™): the space of Borel measurable functions;

L (R™): the space of bounded Borel-measurable functions;

C,(R™): the space of bounded and continuous functions;

C Z,‘ (R™): the space of bounded and k-times continuously differentiable functions
with bounded derivatives of all orders less than or equal to k;

C lk Lip R™): the space of k-times continuously differentiable functions, whose par-
tial derivatives of all orders less than or equal to k are in C; 1, (R");

Crip(R"): the space of Lipschitz continuous functions;

Cp.1ip (R"): the space of bounded and Lipschitz continuous functions;

Cunir (R™): the space of bounded and uniformly continuous functions.

U SC(R"): the space of upper semi continuous functions on R”

LSC(R™): the space of lower semi continuous functions on R”".

Next we give two examples of sublinear expectations.

Example 1.1.5 1In a game a gambler randomly pick a ball from an urn containing
W white, B black and Y yellow balls. The owner of the urn, who is the banker of
the game, does not tell the gambler the exact numbers of W, B and Y. He/She only
ensures that W + B+ Y = 100 and W = B € [20, 25]. Let £ be a random variable
defined by
1 if the picked ball is white;
&= 0 if the picked ball is yellow;
—1 if the picked ball is black.

Problem: how to conservatively measure the loss X = ¢ (&) for a given local Lipschitz
function ¢ on R.
We know that the distribution of & is

_,,1 0 ,1, with uncertainty:p € [u, ] = [0.4, 0.5].
3 1-pr3 =
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Thus the robust expectation of £ is
E[p(§)] := sup Ep[¢(§)]
PepP

= sup [S(p(D) +o(=1)+ (1 = p)eO)].
pelp.it]

Notice, in this example, that £ has distribution uncertainty.

Example 1.1.6 A more general situation is that the banker of a game can choose a
distribution from a set of distributions { F (6, A)}sc8m®) sco Of a random variable &.
In this situation the robust expectation of the risk position ¢ (&) for a given function
¢ € Crrip(R) is
Elp(8)] := Sup/ P(x)F (0, dx).
R

6e®

1.2 Representation of a Sublinear Expectation

A sublinear expectation can be expressed as a supremum of linear expectations.

Theorem 1.2.1 Let E be a functional defined on a linear space H satisfying sub-
additivity and positive homogeneity. Then there exists a family of linear functionals
Eo : H — R, indexed by 6 € ©, such that

E[X] = max Ey[X] for X € H. (1.2.1)

Moreover, for each X € H, there exists Ox € © such that E[X] = E,[X].
Furthermore, if E is a sublinear expectation, then the corresponding Ey is a linear
expectation.

Proof Let Q = {Ey : 6 € ©} be the family of all linear functionals dominated by E,
1e., Eg[X] < E[X],forall X e H, Ey € Q.

Let us first prove that this Q is not an empty set. For a given X € H, we set
L = {aX : a € R} whichisasubspace of H. We define alinear functional  : L — R
by I[laX] := aE[X], Va € R. Then I[-] forms a linear functional on L and I < [E on
L. Since E[-] is sub-additive and positively homogeneous, by Hahn—Banach theorem
(see Appendix A), there exists a linear functional E defined on H such that E =
on L and E < EE on H. Thus this E is a linear functional dominated by E such that
E[X] = E[X], namely (1.2.1) holds.

Furthermore, if E is a sublinear expectation, then for each Ey and each nonnegative
element X € H, we have Ey[X] = —Ey[—X] > —E[—X] > 0. Moreover, since for
each ¢ € R,

—Eglc] = Egl—c] < E[—c] = —c¢, and Eolc] < El[c] =c,

E, also preserves constants. Hence it is a linear expectation. ([
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Observe that the above linear expectation Ej is possibly finitely additive. We now
give an important sufficient condition for the o -additivity of such Ey:

Theorem 1.2.2 (Robust Daniell-Stone Theorem) Assume that (2, H, E) is a sub-
linear expectation space satisfying

E[X;]— 0, as i — oo, (1.2.2)

for each sequence {X;}:2, of random variables in H such that X;(w) | 0 for each
w € 2. Then there exists a family of probability measures {Py}oce defined on the
measurable space (2, o (H)) such that

E[X] = max/ X (w)d Py, foreach X € H. (1.2.3)
0€® Jq

Here o (H) is the smallest o -algebra generated by H.

Proof Theorem 1.2.1 implies that there exists a family of linear expectations { Ey }pco
defined on the measurable space (2, o (H)) such that E[X] = maxgce Eg[X] for
each element X € H. Note that Condition (1.2.2) implies that Ey[X;] | O for each
0 € ©. It then follows from the well-known Daniell-Stone theorem (see Theorem
3.3 in Appendix B) that there exists a unique probability Py defined on ($2, o (H))
such that Ey[X] = fQ X (w)d Py which implies (1.2.3). O

Remark 1.2.3 We call the subset { Py}pce the uncertain probability measures asso-
ciated to the sublinear expectation E. { P, : 6 € ®}. For a given n-dimensional ran-
dom vector X € H,weset{Fx(0, A) = Py(X € A), A € B(R")}yeo and call it the
uncertain probability distributions of X.

1.3 Distributions, Independence and Product Spaces

We now give the notion of distributions of random variables under sublinear expec-
tations.

Let X = (X, ---, X,,) be a given n-dimensional random vector on a nonlinear
expectation space (€2, H, E). We define a functional on C; 1;,(R") by

Fxlel :==Elp(X)]: ¢ € Crip(R") — R.

The triplet (R, C;.1;,(R"), Fx) forms a nonlinear expectation space. Fy is called
the distribution of X under [E. This notion is very useful for a sublinear expectation
[E. In this case Fy is also a sublinear expectation. Furthermore we can prove that (see
Theorem 1.2.2), there exists a family of probability measures { Fx (6, -)}pco defined
on (R", B(R"™)) such that
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Fxle] = sup/ @(x)Fx(0, dx), for each ¢ € C;1;,(R").
0e® JRR”

Thus Fx[-] characterizes the uncertainty of the distributions of X.

Definition 1.3.1 Let X; and X, be two n—dimensional random vectors defined on
nonlinear expectation spaces (21, Hj, E;) and (23, H,, [E,), respectively. They are

called identically distributed, denoted by X Lx 2, if
Eile(X1)] = Ex[o(Xy)]forallg € Cp1ip(R").

We say that the distribution of X is stronger than that of X, if E;[¢(X)] >
Es[@(X2)], for each ¢ € Cp iy (R").

Note that X € H" implies that ¢(X) € H for each ¢ € C; 1;,(R"). Then in our
framework, the identically distributed can also be characterized by the following.

Proposition 1.3.2 Suppose that X, 4 X,. Then
Eile(X))] = Exlp(X2)]forallg € Cprip(R").

d . . e .
Moreover X| = X, if and only if their distributions coincide.

Proof For each ¢ € C;1;,(R") and integer N > 1, we define
en(x) == @((x AN) V (=N)), Vx e R".

Itis easy to check that gy € Cp, 1ip (R"). Moreover, there exist some constants C and
m such that

2
lon (%) — @) < C(1+ |x") (x| = N)F < C(1 + IXI'")%,

from which we deduce that
lim E;[lon (X)) —o(X)|1=0, i=1,2.
N—o0

Consequently,

Eilp(Xp] = lim Eifley(Xp] = lim Ea[loy (X2)] = E2[p(X2)],

which is the desired result. O

Remark 1.3.3 In many cases of sublinear expectations, X < X, implies that the
uncertainty subsets of distributions of X; and X, are the same, e.g., in view of
Remark 1.2.3,
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{Fx,(01,-) : 01 € ©1} = {Fx,(02,-) : 0, € Oz}
Similarly, if the distribution of X is stronger than that of X,, then
{Fx,(01,) : 61 € ©1} D {Fx,(62,-) : 6, € O3}
The distribution of X € H has the following typical parameters:

o= E[X],E = —E[-X].
The interval [, 1] characterizes the mean-uncertainty of X.
A natural question is: can we find a family of distribution measures to represent
the above sublinear distribution of X ? The answer is affirmative.

Lemma 1.3.4 Let (2, H,E) be a sublinear expectation space. Let X € H pe
given. Then for each sequence {¢,}52, C Cy.rip (RY) satisfying ¢, | 0, as n — oo,
we have E[p,(X)] | O.

Proof For each fixed N > 0,

©n(x) < kv + 1) =ny < ko oy + %)m for each x € R,

where k, y = maxy <y ¢, (x). We then have

1
Elgn(X)] < kn,n + NE[%(X)|X|]~

It follows from ¢, | 0 that k,y | 0. Thus we have lim,_ - E[p,(X)] <
%IE[(pl(X)|X|]. Since N can be arbitrarily large, we get E[p,(X)] | 0 as n — oo.
O

Lemma 1.3.5 Let (2, H, E) be a sublinear expectation space and let Fy[¢] :=
El@(X)] be the sublinear distribution of X € HY. Then there exists a family of
probability measures {Fp}gcq defined on (R?, B(RY)) such that

Fxle]l = Sup/ 9(x)Fy(dx), ¢ € Crrip@®RY). (1.3.1)
R4

0e®

Proof From Lemma 1.3.4, the sublinear expectation Fy [¢] := E[X] defined on the
space (R?, C; 1;,(R")) satisfies the following downwardly continuous property:
for each sequence {g,}32, C Cl_Lip(Rd) satisfying ¢, | 0 as n — 0o, we have
Fx[¢,] { 0. The proof then follows directly from the robust Daniell-Stone The-

orem1.2.2. O

Remark 1.3.6 Lemma1.3.5 tells us that in fact the sublinear distribution Fy of X
characterizes the uncertainty of the distribution of X which is a subset of distributions

{F9}96®'
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The following property is very useful in the sublinear expectation theory.

Proposition 1.3.7 Let (2, H, E) be a sublinear expectation space and X, Y be two
random variables such that E[Y] = —E[—-Y], i.e., Y has no mean-uncertainty. Then
we have

E[X + Y] = E[X] + «E[Y]for o € R.
In particular, if E[Y] = E[-Y] =0, then E[X + «Y] = E[X].
Proof We have
ElaY] = o E[Y]+ o E[-Y] =« E[Y] — a E[Y] = «E[Y] fora € R.
Thus

E[X 4+ aY] < E[X] 4+ ElaY] = E[X] 4+ «E[Y] = E[X] — E[-aY] < E[X 4+ «Y].

A more general form of the above proposition is:

Proposition 1.3.8 We make the same assumptions as in the previous proposition.
Let E be a nonlinear expectation on (2, H) dominated by the sublinear expectation
E in the sense of Definition 1.1.2. IfE[Y] = —E[—Y], then we have

ElaY] = aE[Y] = oE[Y], « € R, (13.2)
as well as _ _ _
EX +aY]|=E[X]+aE[Y],X € H, a € R. (1.3.3)
In particular ~ ~
E[X 4+ c] =E[X] + ¢, forc e R. (1.3.4)

Proof We have
~E[Y] = E[0] — E[Y] < E[-Y] = —E[Y] < —E[Y]
and

E[Y] = —E[-Y] < —E[-Y]
= E[0] — E[-Y] < E[Y].

From these relations we conclude that IEI[Y] =E[Y] = —]E[—Y] and thus (1.3.2).
Still by the domination,



1.3 Distributions, Independence and Product Spaces 11

E[X +aY] — E[X] < E[aY],
E[X] - E[X + «Y] < E[-aY] = —E[aY].

Therefore (1.3.3) holds. ([l

Definition 1.3.9 A sequence of n-dimensional random vectors {n;};, defined on
a nonlinear expectation space (€2, H, E) is said to converge in distribution (or
converge in law) under E if for each ¢ € Cp 1;,(R"), the sequence {E[p(n:)1}72,
converges.

The following result is easy to check.

Proposition 1.3.10 Let {n;}72, converge inlaw in the above sense. Then the mapping

F[-]1: Cp.Lip(R") > R defined by
Flp] := lim Elg(n)1for ¢ € Cp.Lip(®")

is a sublinear expectation defined on (R", Cp 1;,(R")).

The following notion of independence plays a key role in the nonlinear expectation
theory.

Definition 1.3.11 In a nonlinear expectation space (€2, H, [E), arandom vector ¥ €
H" is said to be independent of another random vector X € H" under E if for
each test function ¢ € Cp i, (R™*") we have

Elp(X, Y)] = E[E[¢(x, Y)]=x].

Remark 1.3.12 Note that the space Cj, 1;, (R™*") can be replaced by C; 1;, (R"*")
due to the assumptions on H. This is left as an exercise.

Remark 1.3.13 The situation “Y is independent of X” often appears when Y occurs
after X, thus a robust expectation should take the information of X into account.

Remark 1.3.14 1In a sublinear expectation space (2, H, E), Y is independent of X
means that the uncertainty of distributions {Fy (0, -) : 8 € ®} of Y does not change
after each realization of X = x. In other words, the “conditional sublinear expecta-
tion” of Y with respect to X is E[¢(x, Y)].—x. In the case of linear expectation, this
notion of independence is just the classical one.

It is important to observe that, under a nonlinear expectation, Y is independent of
X does not in general imply that X is independent of Y. An illustration follows.

Example 1.3.15 We consider a case where E is a sublinear expectationand X, Y € H
are identically distributed with E[X]=E[-X] =0 and o2 =E[X?] > o’ =
—E[—X?]. We also assume that E[|X|] >0, thus E[XT]=1E[|X|+ X]=
%]E[|X |1 > 0. In the case of Y independent of X, we have
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E[(XY?| =E[X15? — X ¢?] = (3> — o HE[XT] > 0.

This contradicts the relation
E[XY?] =0,

which is true if X is independent of Y.

The independence property of two random vectors X, Y involves only the “joint
distribution” of (X, Y). The following result tells us how to construct random vectors
with given “marginal distributions” and with a specific direction of independence.

Definition 1.3.16 Let (2;, H;,E;), i = 1,2 be two sublinear (resp. nonlinear)
expectation spaces. We denote

Hi @ Hy = {Z(w1, w) = (X (1), Y(@2)) : (w1, w2) € Q1 X 2,
XeH" Ye 7‘{3, Q€ C/.L,-I,(Rer”), mn=172,---,}

and, for each random variable of the above form Z(w;, ;) = ¢(X (w1), Y (w2)),
(E; ® E2)[Z] := Ei[@(X)], where ¢(x) := Ez[p(x, Y)], x € R".

It is easy to check that the triplet (2; x 2, H; ® H,, E; ® E,) forms a sublinear
(resp. nonlinear) expectation space. We call it the product space of sublinear (resp.
nonlinear) expectation spaces (2, H;, E;) and (2, H,, [E,). In this way, we can
define the product space

i=1 i=1 i=1

of given sublinear (resp. nonlinear) expectation spaces (£2;, H;, E;),i = 1,2,--- , n.
In particular, when (2;, H;, E;) = (1, Hi, E;) we have the product space of the
form (7, HZ", E®").

Let X, X be two n-dimensional random vectors on a sublinear (resp. nonlinear)

expectation space (2, H, E). X is called an independent copy of X if X £ X and
X is independent of X.
The following property is easy to check.

Proposition 1.3.17 Let X; be an n;-dimensional random vector on sublinear (resp.
nonlinear) expectation space (2;, H;, E;) fori = 1, --- , n, respectively. We denote

Yi(wy, -+ o) = Xi(wi), i =1,--- ,n.

ThenY;, i =1,--- , nare random vectors on ([|'_, 2, Qi_; Hi, Q_, E;). More-

over we have Y; < X; and Y;4, is independent of (Yi,---,Y;), for each i =
1,2,---,n— 1.
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Furthermore, if (2, H;, E;) = (1, Hi, Ey) and X; < X for all i, then we also
have Y; 4 Y1. Inthis case Y; is said to be anindependent copy of Y, fori =2,--- ,n

Remark 1.3.18 1In the above construction the integer n can also be infinity. In this
case each random variable X € )2, H; belongs to (]_[f.‘:l Qi ®f:] H;, ®f:1 E)
for some positive integer k < oo and, for this X, we have

[e's) k
Q) E:i[X] := R Ei[X].
i=1

i=1
In a sublinear expectation space we have:

Example 1.3.19 We consider a situation where two random variables X and Y in H
are identically distributed and their common distribution is

Fxlp]l =Fylp] = SUP/ eV F(, dy)for ¢ € Cp1ip(R),
0e® JRR

where for each 6 € ©, {F (6, A)}acam®) is a probability measure on (R, B(R)). In
this case, “Y is independent of X means that the joint distribution of X and Y is

Fxylv]l = sup/ |:sup f v(x, y)F(Oz,dy)i| F(6,,dx)for ¢ € C;. L,p(R ).

9] €O 92 €@

1.4 Completion of Sublinear Expectation Spaces

Let (2, H, E) be a sublinear expectation space. Then we have the following useful
inequalities.
We recall the well-known classical inequalities.

Lemma 1.4.1 Forr >0and1 < p,q < oo with % + é = 1, we have

la +b|" < max{1,2"""}(|a|" + |b|") for a, b € R; (1.4.1)
P bl4
lab| < ﬂ + u, (Young’s inequality). (1.4.2)
p q

Proposition 1.4.2 For each X,Y € H, we have

E[IX + Y|"] < max{1,2" "} X" T+ E[Y|"]), forr > 0; (1.4.3)

E[IXY[] < EIX|PDYP - @[Y)9)4, for1 < p,q < oo, l+l I;

(144)
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E[X +YIPDYP < ®UX1PDYP + @Y IPDVP, forp > 1. (14.5)
In particular, for 1 < p < p’, we have the Lyapnov inequality:
ENXIPD'? < BOX 7DV

Proof The inequality (1.4.3) follows from (1.4.1).
For the case E[|X|”] - E[|Y]?] > 0, we set

_ X _ Y
5= Eixpy e S @y
By (1.4.2) we have
)4 q P q
Bliennl < BLEL 4 M g 4 g
P q P q
1 1
= — —_ = 1
P q

Thus (1.4.4) follows.

For the case E[| X|7] - E[|Y|?] = 0, we consider E[| X |?] 4+ ¢ and E[|Y|?] + ¢ for
¢ > 0. Applying the above method and letting ¢ — 0, we get (1.4.4).

We now prove (1.4.5). We only consider the case E[| X + Y|”] > 0.

E[IX + Y/ 1=E[X+ Y| - |X+Y|"""]
<ENX|- X+ Y[”"N+E[Y] X +Y|""]
< ENX|PDVP - (B[ X + | PPl
+ @ENYIPDY? - BIX + v |P-Dapta

Since (p — 1)q = p, we obtain (1.4.5).
By (1.4.4), it is easy to deduce that E[NXPDYP < (E[X|PDYP  for
l1<p<p. O

For each fixed p > 1, we observe that H) = {X € H, E[|X|”] = 0} is a linear
subspace of H. Taking H{ as our null space, we introduce the quotient space H /H{ .
Observe that, forevery {X} € H/ 7—(5’ with a representation X € H, we can define an
expectation E[{X}] := E[X] which is still a sublinear expectation. We set || X||, :=

E[X]7]) ll By Proposition 1.4.2, ||-|,, defines a Banach norm on 'H/?—(é’. We extend
H /H{ to its completion 7A-(,, under this norm, then ('721 » I ,,) is a Banach space. In

particular, when p = 1, we denote it by (7A{ D).
For each X € H, the mappings

Xtw)  H— Hand X (@) : H—> H
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satisfy
XT—Y* | <|X=Y]and X~ =Y |=|=X)" = (-")F| < |X - Y|

Thus they are both contraction mappings under ||-||, and can be continuously

extended to the Banach space ('7:( s 1)
We can define the partial order “>" in this Banach space.

Definition 1.4.3 An element X in (7A{ , II-]) is said to be nonnegative, or X > 0,
0<X,if X=X".Wealsowrite X >Y,orY < X,if X —-Y > 0.

It is easy to check that X > ¥ and ¥ > X imply X = ¥ on (%, -1 ,)-
For each X, Y € H, note that

IE[X]-E[Y]l <E[X =Yl <X =Y,

We discuss below further properties of sublinear expectations.

Definition 1.4.4 The sublinear expectation [E[-] can be continuously extended to
(Hp, IIIl,), on which it is still a sublinear expectation. We still denote it by

Q. H,. E).
Let (2, H, E;) be a nonlinear expectation spacle. We say that [E; is dominated
by E, or E dominates E |, if

E([X]—E|[Y] <E[X —Y]for X,Y € H.

From this we can easily deduce that |E,[X] — E;[Y]| < E[|X — Y]], thus the non-
linear expectation E;[-] can be continuously extended to (#,, [|-]I,), on which it is

still a nonlinear expectation. We still denote it by (€2, 7:( > E1).

Remark 1.4.5 Ttisimportant to note that Xy, --- , X, € ‘}A{ does not imply in general
that ¢(Xy, ---, X,,) € H for each ¢ € C; 1;,(R"). Thus, when we talk about the

notions of distributions, independence and product spaces on (€2, H , E), the space
Cyp.1ip(R") cannot be replaced by C; 1, (R").

Remark 1.4.6 1If the linear space H just satisfies that | X| € H if XeH and p(X)eH
for each X € H", ¢ € Cp.1;p(R"), we could also get the Banach space (H, |-|,).

1.5 Examples of i.i.d Sequences Under Uncertainty
of Probabilities

We give three typical examples of i.i.d sequence under sublinear expectations.

Example 1.5.1 (Nonlinear version of Bernoulli random sequence) In an urn there
are totally b; black balls and w; white balls such that b; + w; = 100. But what
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I know about the number b, is only b; € [u, &] with a pair of fixed and known
number 0 < 1 < & < 100. Now we are allowed to completely randomly mix and
then choose a ball from the urn, then get 1 dollar if the chosen ball is black, and —1
dollar if it is white. Our gain & for this game is a random number

&1(®) = 1{plack ball} — 1 white ball }-

Now we repeat this game, but after each time i the random number &; is output and
a new game begins, the number of the balls b, can be changed by our counterpart
within the fixed range [w, ] without informing us. What we can do is, again, to
sufficiently mixed the 100 balls in the urn, then completely randomly choose a ball
and thus get the random variable £; ;. In this way a random sequence {;}?, is then
produced from this game.

Now at the starting time i = 0, if we sell a contract ¢ (&;) based on the ith output

&;, then, in considering the worst case scenario, the robust expectation is

EloE)] = ElpE)] = max [pe(l) + (1 — plo(=D], i=1,2,---,
pelp.nl

Itis clear thath[cp(é,-)] = ]E[(p(éj)] foreachi, j = 1,2, ---. Namely the sequence is
identically distributed. We can also check that &;; is independent from (&, - - - , &).
In general, if a path-dependent loss function is X (w) = ¢ (&, ..., &), then the robust
expected loss is:

EIX] =Elp, ..., & &) = BIEG, - xS g = 1< j<i) -

This sequence is a typical Bernoulli random sequence under uncertainty of proba-
bilities, which is a more realistic simulation of of real world uncertainty.

Example 1.5.2 Letus consider another Bernoulli random sequence in which, at each
time 7, there are b; black balls, w; white balls and y; yellow balls in the urn, satisfying
bi =w;, b +w; +y; = 100 and b; € [u, i]. Here the bounds 0 < u < @ < 50 are
known and fixed. The game is repeated similarly as for the last one with the following
random output &; at time i:

& () = 1 plack ball} — 1 white ball }-

Namely, £ = 0 if a yellow ball is chosen at the time i. We then have a different i.i.d
sequence {&;}2;:
E[§] = —E[-&] =0.

We call this type of Bernoulli sequence under uncertainty a symmetric sequence.

Example 1.5.3 A very general situation is to replace the above urn to a generator
of random vectors. At each time i this generator, follows a probability distribution
Fy(x), outputs a random vector & completely randomly. But the rule is that there
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is a given subset {Fy}yce of probability distributions and, we do not know which
one is chosen. Moreover, at the next time i + 1, this generator can follow another
completely different distribution Fy from the subset { Fy }gce. Similarly as in the first
example, {§;}72, constitutes an i.i.d. sequence of random vectors with distribution
uncertainty. We have

Blp(@)) = max [ o,
€ R4

1.6 Relation with Coherent Measures of Risk

Let the pair (2, H) be such that € is a set of scenarios and H is the collection of all
possible risk positions in a financial market.

If X € H, then foreach constantc, X Vv ¢, X A careallin H. One typical example
in finance is that X is the tomorrow’s price of a stock. In this case, any European call
or put options with strike price K of the forms (S — K)™, (K — §)™, are in H.

A risk supervisor is responsible for taking a rule to tell traders, securities compa-
nies, banks or other institutions under his supervision, which kind of risk positions
is unacceptable and thus a minimum amount of risk capitals should be deposited
in order to make the positions acceptable. The collection of acceptable positions is
defined by

A ={X € H : X is acceptable}.

This set has meaningful properties in economy.

Definition 1.6.1 A set A is called a coherent acceptable set if it satisfies:
(i) Monotonicity:
XeA Y>X imply Y € A.

(i) 0 € Abut —1 ¢ A.
(iii) Positive homogeneity:

X € A implies LX € A for 1L > 0.
(iv) Convexity:
X, Y e AimplyaX + (1 —a)Y € A fora € [0, 1].

Remark 1.6.2 Properties (iii) and (iv) imply
(v) Sublinearity:

X, Y e A= uX +vY € A forconstants u,v > 0.
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Remark 1.6.3 1If the set A only satisfies (i), (ii) and (iv), then A is called a convex
acceptable set.

In this section we mainly study the coherent case. Once the rule of the accept-
able set is fixed, the minimum requirement of risk deposit is then automatically
determined.

Definition 1.6.4 Given a coherent acceptable set A, the functional p(-) defined by
pX)=paX)=inflmeR: m+XeA}, XeH

is called the coherent risk measure related to A.

It is easy to see that
p(X + p(X)) =0.

Proposition 1.6.5 A coherent risk measure p(-) satisfies the following four proper-
ties:

(i) Monotonicity: If X > Y, then p(X) < p(Y).

(ii) Constant preserving: p(1) = —p(—1) = —1.

(iii) Sub-additivity: For each X, Y € H, p(X +Y) < p(X) + p(Y).
(iv) Positive homogeneity: p(AX) = Ap(X)for A > 0.

Proof (i) and (ii) are obvious.

We now prove (iii). Indeed,

pX+Y)=inflmeR: m+(X+Y)eA
=inflm+n:-mneR, im+X)+n+Y)e A}
<inflmeR: m+XeA+infneR: n+Y e A}
=p(X) + p(Y).

The case A = 0 for (iv) is trivial; when A > 0,

p(AX)=inflm e R: m+1X € A}
=Ainf{ln e R: n+ X € A} = rp(X),

where n = m/A\. (]

Obviously, if E is a sublinear expectation, we define p(X) := E[—X], then p
is a coherent risk measure. Conversely, if p is a coherent risk measure, we define
E[X] := p(—X), then E is a sublinear expectation.
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1.7 Exercises

Exercise 1.7.1 Prove that a functional [ is sublinear if and only if it satisfies con-
vexity and positive homogeneity.

Exercise 1.7.2 Suppose that all elements in # are bounded. Prove that the strongest
sublinear expectation on H is

E®[X] := X* = sup X (w).

we2
Namely, all other sublinear expectations are dominated by [E°°[-].

Exercise 1.7.3 Suppose that the sublinear expectation E is given by

E[X] = max Eg[X], VX € ‘H,
fe®

where Ejy is a family of linear expectations. Prove that E[X] = E[—X] = 0 if and
only if E4[X] = 0 foreach 6 € ®.

Exercise 1.7.4 Suppose that L>°(€2, ) is the collection of all bounded random
variables on ameasurable space (€2, ). Given a finitely additive probability measure
Q on (2, F), define

N
EplX]:= inQ(Ai), for all X € L(Q, F).

i=1

Here Lg°(2, ) is the collection of all random variables X of the form

N
X(@) =) xls(@), x; €R, A eF,i=1,---,N.

i=1
Show that:

(i) Eg:LyF(R2,F) — Ris alinear expectation.
(ii) Eg is continuous under the norm ||-||, and it can be extended from L§°(2, )
to a linear continuous functional on L>° (2, ).

Furthermore, suppose that £ : L>(2, ¥) +— R is a linear expectation. Prove that
there exists a finitely additive probability measure Q on (€2, ) such that £ = Ey.

Exercise 1.7.5 Suppose X, Y € H? and Y is an independent copy of X. Prove that,
foreacha € Rand b € R?, a + (b, Y) is an independent copy of a + (b, X).

Exercise 1.7.6 Prove that the space C;,Li,,(R’"*”) can be replaced by the space
Cp.ip(R™") in Definition 1.3.11.
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Exercise 1.7.7 Let (2, H, E) be a sublinear expectation space and X; be in H,
i=1,2,3,4.

(i) Suppose that X is independent of X; and X3 is independent of (X, X5). Prove
that (X», X3) is independent of X;.

(i) Suppose that X < X, and X3 < X 4. Prove that if X3 is independent of X; and
X4 is independent of X», then X| + X3 < Xo + X4

Exercise 1.7.8 Suppose that E is a linear expectation on (2, H) and X, Y € H.
Show that X is independent of Y if and only if Y is independent of X.

Exercise 1.7.9 Let X and Y be two non-constant random variables in a sublinear
expectation space (2, H, E) and satisty E[X] # —E[—X]. Suppose that X is inde-
pendent of Y and Y is independent of X. Show that:

(i) El(p(Y) —E[p(Y)])*] = 0 foreach ¢ € Cp 1ip(R).
(ii) there exists a closed subset B of R such that

E[(¢(Y)] =supg(y), forallp € CpLip(R).
yeB
Exercise 1.7.10 Prove that the inequalities (1.4.3), (1.4.4), (1.4.5) still hold for
(Q,H,E).

Exercise 1.7.11 Supposethat X € f{p satisfies limy_, oo E[(] X|? — A)T] = 0. Prove
that ¢(X) € H,, for each ¢ € C(R) satistying |@(x)| < C(1 + |x|?).

Exercise 1.7.12 Suppose that X € H is bounded. Prove that XY 7A{, for each
Y € H satisfying that lim; o E[(|Y| —1)*] = 0.

Exercise 1.7.13 Suppose that {X,}°2, converges to X and {Y,}°°, converges to ¥
under |-||, for p > 1.

(i) Prove thatif Y, < X, for each n, then Y 4 X.
(ii) Prove that if Y, is independent of X,, for each n, then Y is independent from X.

Exercise 1.7.14 Let p(-) be a coherent risk measure. We define
Ap={X e H:p(X) <0}

Prove that A, is a coherent acceptable set.
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Notes and Comments

The sublinear expectation is also called the upper expectation (see Huber [88] in
robust statistics), or the upper prevision in the theory of imprecise probabilities
(see Walley [172] and a rich literature provided in the Notes of this book). To our
knowledge, the Representation Theorem 1.2.1 was firstly obtained in [88] for the
case where 2 is a finite set, and this theorem was rediscovered independently by
Heath Artzner, Delbaen, Eber and Heath [3] and then by Delbaen [45] for a general
Q. A typical dynamic nonlinear expectation is the so-called g—expectation (small
g), which was introduced in the the years of 90s, see e.g., [130] in the framework of
backward stochastic differential equations. For the further development of this theory
and it’s applications, readers are referred to Briand et al. [20], Chen [26], Chen and
Epstein [28], Chen et al. [29], Chen and Peng [30, 31], Coquet et al. [35, 36], Jiang
[96], Jiang and Chen [97, 98], Peng [132, 135], Peng and Xu [148] and Rosazza-
Gianin [152]. It seems that the notions of distributions and independence under
nonlinear expectations are new. We believe that these notions are perfectly adapted
for the further development of dynamic nonlinear expectations. For other types of
the related notions of distributions and independence under nonlinear expectations or
non-additive probabilities, we refer to the Notes of the book [172] and the references
listed in Marinacci [115], Maccheroni and Marinacci [116]. Coherent risk measures
can also be regarded as sublinear expectations defined on the space of risk positions
in financial market. This notion was firstly introduced in [3]. Readers can also be
referred to the well-known book of Follmer and Schied [69] for the systematical
presentation of coherent risk measures and convex risk measures. For the dynamic
risk measure in continuous time, see [135] or [152], Barrieu and El Karoui [10] using
g-expectations. The notion of super-hedging and super pricing (see El Karoui and
Quenez [57] and El Karoui, Peng and Quenez [58]) are also closely related to this
formulation.



Chapter 2 ®)
Law of Large Numbers and Central oo
Limit Theorem Under Probability

Uncertainty

In this chapter, we first introduce two types of fundamentally important distributions,
namely, maximal distribution and a new type of nonlinear normal distribution—G-
normal distribution in the theory of sublinear expectations. The former corresponds to
constants and the latter corresponds to normal distribution in the classical probability
theory. We then present the law of large numbers (LLN) and central limit theorem
(CLT) under sublinear expectations. It is worth pointing out that the limit in LLN is
a maximal distribution and the limit in CLT is a G-normal distribution.

2.1 Some Basic Results of Parabolic Partial Differential
Equations

We recall some basic results from parabolic partial differential equations (PDEs),
defined on the time-space [0, T] x R?, of the following type:

du(t,x) — G(Du(t,x), D*u(t,x)) =0, te€(0,7T), (2.1.1)
u(0,x) = p(x) forx e RY, (2.1.2)

where D := (8xi)§l=1, D? = (Bixj)f{jzl and G : R x S(d) — R, ¢ € C(RY) are
given functions.

Let Q be a subset of [0, 0o) x RY. We denote by C(Q) all continuous functions
u defined on Q, in the relative topology on Q, with a finite norm

lullccoy = sup |u(t, x)|.

(1.x)eQ

Givena, 8 € (0, 1), let C*#(Q) be the set of functions in C (Q) such that following
norm is finite:
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lu(t, x) —u(t, y)|
lullceso) = llullcoy + sup " ik
(1,00, 0)€0, (1., y) 1S — 1%+ [x — ¥l

‘We also introduce the norms

d
lullericgy =llullco) + 10ulici) + Y 195 ullcio,
i=1
d
lllcr2ioy =lullerigy + Y I19sx,llcco)
ij=1

and

d

lullcrersnigy =llullcercg) + Iullcescgy + Y _ 195 ullcsg).
i=1
d

||u||cl+a,2+ﬁ(Q) =||M||Cl+ml+ﬂ(Q) =+ Z ||8xix,'u||C“-ﬂ(Q)'
i,j=1

The corresponding subspaces of C(Q) in which the correspondent derivatives exist
and the above norms are finite are denoted respectively by

Cl’l(Q), CI,Z(Q)7 Cl+a,l+ﬁ(Q) and CH_a’Z-HS(Q).

We always suppose that the given function G : R? x S(d) — R is continuous
and satisfies the following degenerate ellipticity condition:

G(p,A) < G(p,A") whenever A < A'. (2.1.3)
In many situations, we assume that G is a sublinear function, i.e., it satisfies
G(p,A)—G(p',A)<G(p—p,A—A), forallp, p'eR? A, A eSWd).
(2.1.4)
and

Glap, aA) = aG(p, A), foralla >0, peR? AeSWd). (2.1.5)

Sometimes we need the following strong ellipticity condition: there exists a constant
A > 0 such that

G(p,A)—G(p,A) > ar[A — A], forallpeR?, A, A eSWd) (2.1.6)
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Definition 2.1.1 A viscosity subsolution of (2.1.1) defined on (0, T') x R4, isafunc-
tionu € USC((0, T) x R%) such that for all (¢, x) € (0, T) x R?, ¢ € C%((0, T) x
R with u(t, x) = ¢ (¢, x) and u < ¢ on (0, T) x R\ (¢, x), we have

ot x) — G(D¢(t, x), D*¢(t,x)) <0.

Likewise, a viscosity supersolution of (2.1.1) defined on (0, T) x R is a function
v e LSC((0, T) x R?) such that for all (r, x) € (0, T) x R?, ¢ € C*((0, T) x R?)
with u(t, x) = ¢(z, x) and u > ¢ on (0, T) x R4\(¢, x), we have

% (1, x) — G(Dg(1, x), D*¢ (1, x)) = 0.

A viscosity solution of (2.1.1) defined on (0, T) x R? is a function which is
simultaneously a viscosity subsolution and a viscosity supersolution of (2.1.1) on
0,T) x R,

Theorem 2.1.2 Suppose (2.1.3), (2.1.4) and (2.1.5) hold. Then for any ¢ € C; Lip
(RY), there exists a unigue u € C ([0, 00) x R?), bounded by

lut, x) —u@, )| < CA+ |x* + X5 (x = %) 2.1.7)

and
lu(t, x) —u +s,x) < C+ |x[O(s| + Is]'/?), (2.1.8)

and satisfying initial condition (2.1.2) such that, u is a viscosity solution of the
PDE (2.1.1) on (0, T) x R4 for each T > 0. Moreover, setting u?(t, x) = u(t, x)
to indicate its dependence of the initial condition u(0, -) = ¢(-), we have, for each
(t, x) € [0, 00) x R¢,

u?(t,x) <u’(t,x), ife <y; (2.1.9)
u‘(t,x) =c, foreach constant c; (2.1.10)
u®®(t,x) = au®(t, x), forall constant a > 0; (2.1.11)
u(t,x) —u¥(t,x) <u?V(t,x), foreacho, ¥ € Cp(RY). (2.1.12)

If moreover, the strong ellipticity condition (2.1.6) holds and the initial condition ¢
is uniformly bounded, then for each 0 < k < T, there is a number o € (0, 1) such
that u € C'T/22+ ([, T] x RY), namely,

”M“ueCH“/ZH“(Ik,TIXRd) < Q. (2113)
Proof The proofs of (2.1.7)—(2.1.12) are provided in Appendix C, Theorems C.2.5,

C.2.6, C.2.8 and C.3.4. The property of smoothness (2.1.13) is due to Krylov (see
Appendix C, Theorem C.4.5 for details). |
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Remark 2.1.3 Ttis easy to check that, ifu € C'2(0, T),thenuisa viscosity solution
of (2.1.1)—(2.1.2) if and only if u satisfies

du(t, x) — G(Du(t, x), D*u(t,x)) =0, foreach e (0,T), x € RY.

In this book we will mainly use the notion of viscosity solution to describe the
solution of this PDE. For reader’s convenience, we give a systematic introduction
of the notion of viscosity solution and its related properties used in this book (see
Appendix C, Sect. C1-C3). It is worth to mention here that for G satisfying strongly
elliptic condition (2.1.6), the viscosity solution of the PDE (2.1.1) with initial con-
dition (2.1.2) becomes a classical C'2-solution. Readers without knowledge of vis-
cosity solutions can simply understand solutions of this PDE in the classical sense.

2.2 Maximal Distribution and G-Normal Distribution

Let us define a special type of very simple distributions which are frequently used in
practice, known as “worst case risk measure”.

Definition 2.2.1 (maximal distribution) A d-dimensional random vector 1 =
(n1, -+, ng) on a sublinear expectation space (2, H, E) is called maximally dis-
tributed if there exists a bounded, closed and convex subset I' C R? such that

Elp(n] = maxp(y), ¢ € CrLip(RY).

Remark 2.2.2 Here I' gives the degree of uncertainty of 7. It is easy to check that
this maximally distributed random vector 7 satisfies the relation

an+bij £ (@ +b)y fora,b >0,

where 7 is an independent copy of 1. We will see later that in fact this relation
characterizes a maximal distribution. Maximal distribution is also called “worst case
risk measure” in finance.

Remark 2.2.3 Whend = 1wehavel” = [ﬁ, ], where & = E[n] and& = —E[—n].
The distribution of 7 is

Fylel =Elp(m] = sup ¢(y) forg € CLip(R).

BEy=p

Recall a well-known classical characterization: X < N (0, ¥) if and only if

aX +bX L \/a? + B2X fora,b >0, 22.1)
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where X is an independent copy of X. The covariance matrix ¥ is defined by ¥ =
E[XXT]. We will see that, within the framework of sublinear distributions, this
normal distribution is just a special type of normal distributions. Let us consider
the so-called G-normal distribution in probability model under uncertainty situation.
The existence, uniqueness and characterization will be given later.

Definition 2.2.4 (G-normal distribution) We say that a d-dimensional random vec-
tor X = (X4, -+, Xy) on a sublinear expectation space (2, H, E) is called (cen-
tered) G-normally distributed if

aX +bX L a2+ b2X fora.b >0,

where X is an independent copy of X.

Remark _2.2.5 Noting that, for G-normally distributed X, E[X + X]=2E[X] and
E[X + X] = E[v2X] = ~/2E[X], we then have E[X] = 0. Similarly, we can prove
that E[—X] = 0. Therefore such X has no mean-uncertainty.

The following property is easy to be proved by the definition.

Proposition 2.2.6 Let X be G-normally distributed. Then foreach A € R"*4 AX is
also G-normally distributed. In particular, foreacha € RY, (a, X) is a 1-dimensional
G-normally distributed random variable. The converse is not true in general (see
Exercise2.5.1).

We denote by S(d) the collection of all d x d symmetric matrices. Let X be G-
normally distributed and 1 be maximally distributed d-dimensional random vectors
on (2, H, E). The following function is basically important to characterize their
distributions:

G(p, A) =E[1(AX, X)+ (p.n)]. (p.A) e R xS(@). (2.2.2)

It is easy to check that G is a sublinear function, monotone in A € S(d) in the
following sense: for each p, p € R? and A, A € S(d)

Gp+p, A+ A) <G(p,A)+ G(p, A),
G(.p.A) = 1G(p, A), Vi =0, (2.2.3)
G(p,A) <G(p,A), if A <A.

Clearly, G is also a continuous function. By Theorem 1.2.1 in Chap. 1, there exists a
bounded and closed subset I' € RY x R?*? guch that

G(p,A) = sup [a[AQQT1+ (p.q)] for(p,A) e R xS(d). (2.2.4)
(g,Q)el’

In Sects. 1.1-2.1 some main properties of such special type of parabolic PDE are
provided in Theorem2.1.2.
We have the following result, which will be proved in the next section.
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Proposition 2.2.7 Let G : R? x S(d) — R be a given sublinear and continuous
Sfunction, monotone in A € S(d) in the sense of (2.2.3). Then there exists a G-
normally distributed d-dimensional random vector X and a maximally distributed
d-dimensional random vector n on some sublinear expectation space (2, H,E)
satisfying (2.2.2) and

@X +bX,a*n + b)) £ (Va2 + 02X, (@* +bHy), fora,b>0, (22.5)

where (X, 7)) is an independent copy of (X, ).

Definition 2.2.8 The pair (X, n) satisfying (2.2.5) is called G-distributed associ-
ated to the function G given in (2.2.2).

Remark 2.2.9 1In fact, if the pair (X, n) satisfies (2.2.5), then

aX +bX L /a2 + b2X, an+ bij £ (a + b)n fora, b > 0.

Thus X is G-normally distributed and 7 is maximally distributed.
The above pair (X, n) is characterized by the following parabolic partial differ-
ential equation (PDE for short) defined on [0, co) X RY x R :
du — G(Dyu, D?u) =0, (2.2.6)

with Cauchy condition u|,—g = ¢, where G : R x S(d) — R is defined by (2.2.2)
and D?u = (8£xj“)fl,j=1’ D,u = (3,,u)?_,. The PDE (2.2.6) is called a G-equation.

Proposition 2.2.10 Assume that the pair (X, n) satisfies (2.2.5). For any given func-
tionp € C1ip (R? x RY), we define

ut,x,y) = Elpx +1X,y+ )], (t, x,y) €[0,00) x R x R,
Then we have
u(t+s,x,9) =Eut,x +/sX,y+sn)], s=>0. (2.2.7)

We also have the estimates: for each T > 0, there exist constants C, k > 0 such that,
forallt,s € [0, Tland x,%,v,5 € RY,

u(t,x,y) —u(t, %, M| < CA+ x* + 1% + Iy + 151 (x =%+ |y — 3
(2.2.8)
and
lu(t, x,y) —u(t +s5,x,9)| < C(L+ |x[* + [y[)s +Is]'/?). (2.2.9)

Moreover, u is the unique viscosity solution, continuous in the sense of (2.2.8) and
(2.2.9), of the PDE (2.2.6).
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Proof Since ¢ € Cy 1;,(R"), we can find some constants C, C; and k so that

u(t,x,y) —ut, %, 5 =Elpx + ViX,y + )] — Elp(x + V1X, 7 + )]
<Elp(x +V1X,y + 1) — (& +V1X, 5 + 1]
<E[C1(1 + X" + [l + [xI* + [y + 1ZF + [51)]
x (|x — %+ |y = 3D
< CA+Ixl* + Iy + 1%+ 131 x — %[+ 1y — 3.

This is (2.2.8).
Let (X, 1) be an independent copy of (X, ). By (2.2.5),

u(t+s,x,y) =Elpx + vVt +5sX, y+  +5)n)]
=Elp(x + VsX + Vi X,y 4+ sn+1i)]
= E[Elp(x + /5% + Vi X,y + sV + 1] @ m=cen]
= Elu(t,x + /sX,y + s,

we thus obtain (2.2.7). From this and (2.2.8) it follows that

M(l + S, X, )’) - M(t»-xs )’) = E[u(l,x + \/EX, y +577) - u(ts X, y)]
<E[CI(1+ [x[* + [y + 1X* + ) Ws1X] + slnD],
thus we conclude (2.2.9).
Now, for a fixed (t,x,y) € (0,00) x R x R, let ¥ € C}7,, (10, 00) x R x

R?) be such that ¢ > u and ¥ (¢, x, y) = u(t, x, y). By ( 2.2.7) and Taylor’s expan-
sion, it follows that, for § € (0, 1),

0<E[Y({—38,x+~8X,y+68n) — v, x,y)]
< CA+x|" + Y™ + 8% — (1, x, y)8
+EUD. (t, x, y), X) V8 + (Dyyr(t, x, ). )8 + § (DIw(t, x, ) X, X) 6]
= —0,9(t, x, )8 + E[(Dyy (1, x, ). n) + 3 (DI (1, x, ) X, X)18
+ CA+ x| + [y + 8%
= =0 (1, X, )8 + 8G(Dyyr, DIY) (1, x,y) + C(L+ |x|" + |y|") (8% + 8%,

where the constants C and m depend on v. Consequently, it is easy to check that
[0 — G(Dyy, Dy)](t, x, y) < 0.

Thus u is a viscosity subsolution of (2.2.6). Similarly we can prove that i is a viscosity
supersolution of (2.2.6). (I
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Remark 2.2.11 Note that in Proposition 2.2.10, we assume for convenience that, all
moments of (X, ) exist. In fact, this condition can be weakened, see Exercise2.5.4.

Corollary 2.2.12 If both (X, n) and (X, 7)) satisfy (2.2.5) with the same G, i.e.,
G(p,A)=E [% (AX, X) + (p, n)] =E [% (AX, X)+ (p, ﬁ)] for (p, A) € R? x S(d),

4

then (X, n) 4 (X, 7). In particular, X = —X.

Proof For each ¢ € C;_Li,,(Rd x R?), we set

u(t,x,y) = Elp(x +V1X, y +m],
a(t,x, y) = Elp(x + ViX,y + )], (t.x,y) € [0,00) x R x R”.
By Proposition2.2.10, both u and & are viscosity solutions of the G-equation (2.2.6)

with the same Cauchy condition u|,—g = u|;—¢9 = ¢. It follows from the uniqueness
of the viscosity solution that ¥ = u. In particular,

Elp(X. )] = Elp(X, D].
Thus (X, n) < (X, 7). 0
Corollary 2.2.13 Let (X, n) satisfy (2.2.5). For each ¢ € C; i, (R?) we define
v(t, x) = E[p(x + VX + )], (¢, x) € [0, 00) x R%. (2.2.10)
Then v is the unique viscosity solution of the following parabolic PDE:
3v —G(Dyv, D) =0, Vv|mo=¢. (2.2.11)

Moreover, we havev(t, x +y) = u(t, x, y), where u is the solution of the PDE (2.2.6)
with initial condition u(t, x, y)|;—0 = ¢(x + y).

Example 2.2.14 Let X be G-normally distributed. The distribution of X is charac-
terized by the function

u(t,x) = Elp(x + VX)), ¢ € Crpip(RY).

In particular, E[¢(X)] = u(1, 0), where u is the solution of the following parabolic
PDE defined on [0, co) x R? :

du— G(D*u) =0, ul—o =9, (2.2.12)

where G = Gx(A) : S(d) — R is defined by



2.2 Maximal Distribution and G-Normal Distribution 31
G(A) :=1E[(AX, X)], A€ S(d).

The parabolic PDE (2.2.12) is called a G-heat equation.

It is easy to check that G is a sublinear function defined on S(d). By Theorem
1.2.1 in Chap. 1, there exists a bounded, convex and closed subset ® C S(d) such
that

1E[(AX, X)] = G(A) = 1 suptr[AQ], A €S(d). (2.2.13)
Qe®

Since G(A) is monotone: G(A1) > G(A,), for A| > A,, it follows that
©® CSi(d)={0eS@) :0=>0}={BB": BeR™}.

Here R9*¢ is the set of all d x d matrices. If © is a singleton: ® = {Q}, then
X is classical zero-mean normally distributed with covariance Q. In general, ®

characterizes the covariance uncertainty of X. We denote X 4N ({0} x ®) (Recall
Eq.(2.2.4), we can set (¢, Q) € {0} x ©).

When d =1, we have X < N ({0} x [gz,Ez]) (We also denote by X <
N(O, [a2, 72]), where o2 = E[X?] ando? = —E[—X?]. The corresponding G-heat
Eq.(2.2.12) becomes

du — 3@ @20 —a*@07u)7) =0, ulio = ¢. (2.2.14)

In the case o> > 0, this equation is also called the Barenblatt equation.

In the following two typical situations, the calculation of E[¢(X)] is quite easy.

Proposition 2.2.15 Let X N ({0} x [62, G2]). Then, for each convex (resp. con-
cave) function ¢ in Cy 1;,(R), we have

00 2
Elp(X)] = ﬁ/ () exp (—%) dy, (2.2.15)

[e’e) 2
(resp. \/21”?/ @(y) exp <—#) dy).

Proof We only consider the non-trivial case of o> > 0. It is easy to check that
[} y2
- — 1 —
u(t,x) = m/;oogo(x+y)exp< 252t>dy
is the unique smooth solution of the following classical linear heat equation

—2
BTt x) = %aﬁxﬁ(r, X, (t.x) € (0, 00) x R,
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with lim,_ou(t, x) = ¢(x). It is also easy to check that, if ¢ is a convex func-
tion, then u(z, x) is also a convex function in x, thus d,,u(t, x) > 0. Consequently,
u is also the unique smooth solution of the G-heat Eq.(2.2.14). We then have
u(t, x) = E[p(x + +/tX)] and thus (2.2.15) holds. The proof for the concave case is
similar. (I

Example 2.2.16 Let n be maximally distributed. The distribution of 7 is character-
ized by the solutions of the following parabolic PDEs defined on [0, 00) x R :

0u — gy(Du) =0, uli= = ¢, (2.2.16)
where g,(p) : R? > R is defined by

g, (p) =El(p,n)], peR.

It is easy to check that g, is a sublinear function defined on R". By Theorem 1.2.1
in Chap. 1, there exists a bounded, convex and closed subset ® C R4 such that

g (p) =sup(p.q), peR’ (2.2.17)
qe®

By this characterization, we can prove that the distribution of 7 is given by

Fyle] = Elp(p)] = supp(v) = SUP/ 9(x)8,(dx), ¢ € Crrip(RY), (2.2.18)
ve® ve® JRY

where §,, is the Dirac measure centered at v. This means that the maximal distribution
with the uncertainty subset of probabilities as Dirac measures concentrated atall v €

®. We denote 7 £ N(@ x {0}) (Recall Eq.(2.2.4), we can set (¢, Q) € ® x {0}).
In particular, ford = 1,

g (p) :=E[pnl = ap* —pup~, peR,

where 1 = E[n] and p = —IAE[—n]. The distribution of 7 is given by (2.2.18). Some-
times we also denote n < N([&, ] x {0}).

2.3 Existence of G-Distributed Random Variables

In this section, we give the proof of the existence of G-distributed random variables,
namely, the proof of Proposition2.2.7.

Let G :R? x S(d) — Rbea given sublinear function, monotone in A € S(d) in
the sense of (2.2.3). We now construct a pair of d-dimensional random vectors (X, 1)
on some sublinear expectation space (2, H, E) satisfying (2.2.2) and (2.2.5).
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For each ¢ € C; p; ,,(R 1), let u = u* be the unique Viscosity solution of the G-
equation (2.2.6) with u¥|,_y = ¢. We take = R, 7-{ CrLip(R*) and @ =
(x,y) € R, The corresponding sublinear expectation IE[] is defined by E[E]
u?(1,0,0), foreach & € H of the form & (@) = (¢(x, Y ,yerd € Crrip(R 2y The
monotonicity and sub-additivity of u? with respect to ¢ are provided in (2.1.9)-
(2.1.12) of Theorem 1.1.2 in Chap. 1. The property of constant preserving of E[-] are
easy to check. Thus the functional E[]: H — R forms a sublinear expectation.

‘We now consider a pair of d-dimensional random vectors (X , M @) = (x,y). We
have .

Elp(X, ] =u?(1,0,0) forg € Cp1ip(R*).

In particular, just setting @ (x, y) = % (Ax, x) + (p, y), we can check that

u?(t,x,y) = G(p, A)t + % (Ax, x) +(p,y).
We thus have
E[L{AX, X)+ (p, ] = u*(1,0,0) = G(p, A), (p,A) € R x S(d).
We construct a product space
QHE =QxQLHIH EQE),
and introduce two pairs of random vectors
(X, (@1, @) = @1, (X, D@1,@) =@, (B1,3) € 2 x Q.

By Proposition 1.3.17 in Chap, 1, (X, 77) is an independent copy of (X, n).

We now prove that the distribution of (X, 1) satisfies condition (2.2.5). For each
¢ € Cy1ip(R*) and for each fixed A > 0, (¥, y) € R*, since the function v defined

by v(t, x, y) := u?(At, X + ~/Ax, § + Ay) solves exactly the same Eq. (2.2.6), with
Cauchy condition

V(tv'v ')|t=0 :(P()E‘i‘\/xx ,)_7+)\, X '),

we have
Elp(x + vVAX, 7+ An)] =v(1,0,0) = u’(X, X, ¥).

By the definition of E, for each# > O and s > 0,

Elo(V1X + /35X, tn + si)] = E[E[p(V1x + /35X, ty + 5D ] yy=x.]
=E[u?(s, V1X, tn)] = u* )z, 0,0)
=u’(+s,0,0)
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=Elp(Vt +sX, (t +s)n)].

This means that (/X + ﬁf(, tn 4+ sn) < (Wt + sX, (t + s)n). Thus the distribu-
tion of (X, n) satisfies condition (2.2.5).

Remark 2.3.1 From now on, when we mention the sublinear expectation space
(2, H, E), we suppose that there exists a pair of random vectors (X, n) on (2, H, E)
such that (X, n) is G-distributed.

2.4 Law of Large Numbers and Central Limit Theorem

In this section we present two most important results in the limit theory of nonlinear
expectations: the law of large numbers and central limit theorem.

For the universality of theory, in the sequel we always assume that the space of
random variables H is a linear space such that |X| € H if X € H and p(X) € H
foreach X € H", ¢ € Cpip(R"). In fact, the condition that all moments of random
variables exist is not necessary for our results.

Theorem 2.4.1 (Law of large numbers) Let {Y;}2, be a sequence of R?-valued

random variables on (2, H, E). We assume that Y; < Y; and Y;y is independent
from {Yy,---,Y;} foreachi = 1,2, ---. We assume further the following uniform
integrability condition:
lim E[(Y;] —A)T]=0. 2.4.1)
A—>400

Then the sequence {%(Yl + -+ Y102, converges in law to a maximal distribution,
ie.,
lim E[gﬁ(%()’] ot Yn)] — max ¢(6), (2.4.2)

n—00 0e®

Jor all functions ¢ € C (RY) satisfying linear growth condition, i.e., |p(x)| < C(1 +
|x]), where © is the (unique) bounded, closed and convex subset of R? satisfying

max (p,0) = E[(p, 1)]. peR".

0O
Remark 2.4.2 Note that in general ¢(Y;) is in the completion space H , see Exer-
cise 1.7.11 in Chap. 1.

The convergence result (2.4.2) means that the sequence {% Y, Y;} converges in
law to a d-dimensional maximal distributed random vector 7 and the corresponding
sublinear function g : R? — R is defined by

g(p) :=E[(p, V)], p e R™.
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Remark 2.4.3 When d = 1, the sequence {% > '_, Y;} converges in law to N ([, 1]
x {0}), where i = E[Y;] and u = —E[—Y]. In the general case, the averaged_sum
% Y i, Y; converges in law to N (® x {0}), where ® C R is the bounded, convex
and closed subset defined in Example 2.2.16. If we take in particular ¢ (y) = dg(y) =
inf{|x — y| : x € ®}, then by (2.4.2) we have the following generalized law of large
numbers:

lim E[d@(%(Yl Fet Y,l)] — supda(6) = 0. (2.43)

e 0e®

If ¥; has no mean-uncertainty, or in other words, Oisa singleton: 0= {6y}, then
(2.4.3) becomes

tim B[IL(4) + -+ ¥,) — 6ol | =0.
n—oQ

The above LLN can be directly obtained from a more general limit theorem,
namely, Theorem 2.4.7, which also contain the following central limit theorem (CLT)
as a special case.

Theorem 2.4.4 (Central limit theorem with zero-mean) Let {X; }72 | be a sequence of
R4 -valued random variables on a sublinear expectation space (2, H, E). We assume

that X; 1 < X; and Xy, is independent from {X, --- , X;} foreachi =1,2,---.
We further assume that E[X ] = E[—X] = 0 and

Alim E[(1X,> =0T =0. 24.4)
——+00
Then the sequence {JL;(Xl + -+ X))2, converges in law to X :

Jim IE[qz(JLﬁ(Xl TR +Xn))] = Elp(X)],

n—oo

for all functions ¢ € C(R?) with linear growth condition, where X is a G-normally
distributed random vector and the corresponding sublinear function G : S(d) — R
is defined by

G(A) :=E[}(AX1, X1)], AeS@.

Remark 2.4.5 A sufficient condition for (2.4.1) (resp. (2.4.4)) is
E[1X;|*"] < o0 (resp. E[|Y;|'"%] < o0) (2.4.5)
for some § > 0.

Remark 2.4.6 Whend = 1, the sequence {\/L;,(Xl + -+ X,,)}°2, converges in law

n=l1
to N ({0} x [o2, Ez]), where 32 = ]E[Xlz] ando? = —E[—Xf]. In particular, ife? =
gz, we have the classical central limit theorem.
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In this section we will prove our main theorem that nontrivially generalizes the
above LLN and CLT.

Theorem 2.4.7 (Central limit theorem with law of large numbers) Let {(X;, ¥;)}72,
be a sequence of R? x R?-valued random vectors on a sublinear expectation space

(2,H, E). We assume that (X; 11, Yi11) < (X;,Y:) and (Xiy1, Yiy1) is independent
from (X1, Y1), -+, (X;, Y;) foreachi = 1,2, ---. We further assume that E[X] =
E[—X;] =0 and

lim E[(|X;)?=2)F]1=0, lim E[(Y|—A)T]=0. (2.4.6)
A—>—+00 A—>+00

Then the sequence {)_;_ 1(% + %)},‘f’;l converges in law to X + 1, i.e.,

lim E [w(z (% + L))} = Elp(X + )], (2.47)

i=1

for all functions ¢ € C(R?) with a linear growth condition, where the pair of
random vectors (X, n) is G-distributed. The corresponding sublinear function
G : R? x S(d) — R is defined by

G(p, A) = E[(p, Yl)—i—%(AXl,Xl)], AeSW), peRl.

Thus the limit E[p(X + n)] equals to u(1, 0), where u is the solution of the PDE
(2.2.11) in Corollary2.2.13.

The following result can be immediately obtained from the above central limit
theorem.

Theorem 2.4.8 We make the same assumptions as in Theorem2.4.7. Then for each
function ¢ € C(R? x R?) satisfying linear growth condition, we have

lim E |}0(; &, ; i)] = Elp(X, n)].

Proof 1t is easy to prove Theorem 2.4.7 by Theorem 2.4.8. To prove Theorem 2.4.8
from Theorem2.4.7, it suffices to define a pair of 2d-dimensional random vectors

Xi =(X;,0), ¥;i=(0.Y) fori=1,2,---.
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. ))} = Elp(X + )]

We have
i 225 0) | = me oS (5 4
n—oo n—o00
i=1 i=1 i=1
= Elp(X, n)]
O

with X = (X, 0) and 77 = (0, ).
The following result is a direct consequence of Theorem 2.4.8.

Corollary 2.4.9 Given a fixed ¢ € C(R? x R?) satisfying a linear growth condi-
tion, we make the same assumptions as in Theorem2.4.7. If there exists a sequence

ofRd x Re-valued random vectors {()_(i, Y,-)}io:l on a sublinear expectation space

(S_Z,ij, I_E) such that
i=1 ! i=1 ! i=1 ! i=1 !
foreachn > 1, then
lim E [(ﬂ( L i)] = Elp(X, ).
n—00 n n
i=1 i=1
The following lemma tells us that the claim of Theorem2.4.7 holds in a non-

degenerate situation with test function ¢ € Cp, 15, (RY).
Lemma 2.4.10 We keep the same assumptions as in Theorem2.4.7. We further

assume that there exists a constant B > 0 such that, for each A, A € S(d) with
(2.4.8)

A > A, we have
E[(AX1, X1)] — E[(AXy, X1)] > BulA — A],

where tr[A] is the trace operator for A € S(d). Then our main result (2.4.7) holds
2.4.9)

for test function ¢ € Cp 1) (RY).
Proof For a small but fixed & > 0, let V be the unique viscosity solution of

&V +GDV,D*V)=0, (t,x) € [0, 1 +h) xR, V]oi1h = ¢.
(2.4.10)

Since (X, n) satisfies (2.2.5), we have
V(h,0) =Elp(X +n)], V(I+h,x)=0¢).

Since (2.4.9) is a uniformly parabolic PDE and G is a convex function, by the interior
regularity of V (see (2.1.13) in Chap. 1, or Theorem C.4.5 in Appendix C), we have
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1Vl criararao, 1xrey < 00 for some o € (0, 1). (2.4.11)

WesetS:%andSS:Oand

i

sr :=Z(j—g+%), i=1,2,--,n.

k=1
Then
—_ n71 —_ —
V(L §) = V(0,00 =Y V(i + D8, 8§, ) — V(8. §)
i=0

n—1 ~ ~ ~ ~ n—1 ) )
= Z {[V((i+ D8, 8 ) — V3Es, St DI+ V@GS, St — V3Es, SH]Y = Z {Ié + Ja’] .

i=0 i=0

Here we regroup the main terms of Taylor’s expansion of V (i§ 4§, S’i"ﬂ) - V(@s,
Sr.))and V(is, S',,) — V(is, S*) into

. _ _ 1 _
Jh=0,V (s, §Hs + (DV(ia, 87, Xip1v/6 + Yi+18> +3 <D2V(i6, SMXi41, X,-+1>8.
Their residue terms are put into /.
Il = SK((;)'i(w) + <K5U, 5Yi+1> + <K,;2’i\/§Xi+1, ‘/SXH-I)
with
K (w) = / [0,V (i8 +as, SI,) — 3,V (i8, SHlda,
0
1
Ky () = / [DV(i8, 8" + X;11V/8 + aY;18) — DV (i8, S")da,
0
1 1
K (o) =/ / [D*V (i8, S; + afX;11V/8) — D*V (i8, S")]dadp.
0 0

It then follows from the estimate (2.4.11) that, foralli =0,1,--- ,n — 1 withn =
1’ 2’ e

K{ (w) <C, j=0,1,2,

E[|Ky ] < CE[(1 + | Xip1|** + |Yi1 |16 = coC8/2,

E[|K{'[1 < CE[(1+ [X;1]® + [Yipa )18 = ,C8%, j=1,2,
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where C = ||V||c1+er2a(o,11xre, co = E[(1 + | X [%/2 4+ |Y1]*/*)] and ¢; = E[(1 + |
X11% + |1Y1]%)]. It follows from Condition (2.4.6) that, for each ¢ > 0, we can find
a large enough number ¢ such that CE[(|X;|*> — c)+] + CE[(IY1] — )] < €/2,
and for this fixed ¢, we can find a sufficiently small 8, > 0, such that coC8%/? +
2cc1C8* < ¢/2, for all 5 < d¢. It follows that ]E[|I(§'|]/8 — 0, as § — 0, uniformly.
Therefore Y/~ E[|1}|] — O as n — oo.

Observe that

n—1 n—1 n—1

E[Z Jg] - ZE[|1;|] <E[V(1,5)] - v(0,0) < E[Z Jg‘] + SE[U;H.

i=0 i=0 i=0
(2.4.12)
Now let us prove that
n—1
E[ 3 Jg'] =0
i=0

Indeed, since
E[(DV(ia, 5m), X,»H«/S)] - ]E[ — <DV(i5, 51, X,»H«/S)] —o,
we derive directly from the definition of the function G that
E[J] =E[3,V(i8, S') + G(DV (i8, S), D*V (i8, S")]8.

Combining the above two equalities with 8,V + G(DV, D*V) = 0 and use the inde-

pendence of (X, 41, Y1) from {(X1, Y1), --- , (X;, ¥;)}, we obtain
n—1 n-2
E[Z 5’] :E[ZJ;] — .. =0
i=0 i=0
Thus (2.4.12) can be rewritten as
~ n—1
[E[V (1, §)] = V(0,0)| < > E[|I]]].
i=0
As n — oo, we have B
lim E[V (1, §;))] = V(0,0). (2.4.13)

On the other hand, for each 7, ¢’ € [0, 1 + k] and x € R?, we have

[V, x) =V, x)| <CH/lt —t|+ |t =1).
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Thus |V (0,0) — V(k,0)| < C (+v/h + h) and, by (2.4.13),

B[V (L. S]] — Elp(S)1 = B[V (L, S)]1 = EIV (1 + h, SH1| < C(Vh + h).
It follows from (2.4.10) and (2.4.13) that

lim sup [E[¢(S")] — E[p(X 4+ ]| < 2C(h + h).

n—oo

Since h can be arbitrarily small, we have
lim E[p(5;)] = Elp(X +n)].

O

Remark 2.4.11 From the proof we can check that the main assumption of identical
distribution of {X;, ¥;}72, can be weakened to

E[ (p. ¥i) + 3 (AXp, X)) | = G(p, A), i=1,2,-+, pe R, A €S(@).

We are now in the position to give the proof of Theorem?2.4.7.
Proof of Theorem2.4.7 In the case when the uniform ellipticity condition (2.4.8)
does not hold, we first introduce a perturbation to prove the above convergence for ¢ €
Co.Lip (R). According to Definition 1.3.16 and Proposition 1.3.17 in Chap. 1, we can
construct a sublinear expectation space (2, H,E)and a sequence of random vectors
{(X;, ¥;, )}, such that, foreach n = 1,2, -+, {(X;, ¥}, < {(X;, Y}, and
()_(nH, 17,,+1, Kn+1) 1s independent from {()_([, Y., k;)}i_, and, moreover,

Ely (X, ¥;, )] = )~ / E[Y (X, Yi, x)le ¥ 2dx for ¢ € Cppip(RP?).
Rd

We then use the_pert_urbation X ¢ = X; + ¢k; for a fixed & > 0. It is easy to see that
the sequence {(X7?, ¥;)}{2, satisfies all conditions in the above CLT, in particular,

Ge(p, A) i= E[% (AXE, X5) + (p, ?1)] = G(p, A) + SulA].

This function G, is striongly elliptic. We then can apply Lemma?2.4.10 to

i= i=

and obtain B _ B B
Tim Elp(5)1 = Elp(X + i + e8)1,
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where (X, ©), (n,0)) is G-distributed under I_E[~] and
G(p. A) = E[% (A, k)", Xy kD") + (p. (Y1, O)T)], A es@d), peR™.

By Proposition2.2.6, it is easy to prove that (X + ¢k, 1) is G.-distributed and (X, n)
is G-distributed. But we have

IE[o(S:)1 — Elp(S)1] = |Ele(SE — )1 — Elp(SH)]|
< eCE[|J,]1 < C'e

and similarly,
[Elp(X + )] — Elp(X + 7+ £0)]| = [Elp(X + )] — Elp(X + i) + &)]| < Ce.
Since ¢ can be arbitrarily small, it follows that

lim Elg(5,)] = Elg(X +n)] forall ¢ € Cp.1;p(R').

On the other hand, it is easy to check that sup, E[|S,[*] + E[|X 4+ n|*] < co. We
then can apply the following lemma to prove that the above convergence holds for
pe C(R?) with linear growth condition. The proof is complete. O

Lemma 2.4.12 Ler (22, 7~{ ,E) and (EZ, ‘?(, IE) be two sublinear expectation spaces
andletY, € H and~Y eH,n=1,2,---, be given. We assume that, for a gizen p >
1, sup, E[|Y,.|?]1 + E[|Y|?] < oc. If the convergence lim,,_, o, E[¢(Y,)] = E[p(Y)]
holds for each ¢ € Cyp 1ip (RY), then it also holds for all functions ¢ € C(R?) with
the growth condition |p(x)| < C(1 + |x|P~1).

Proof We first prove that the stated convergence holds for ¢ € Cj,(R?) with a com-
pact support. In this case, for each ¢ > 0, we can find ¢ € Cp, 1) (R?) such that
&

SUp,cre [9(x) — @(x)| < 5. We have

IE[p(Y,)] — Elp()]] < [Elp(Y,)] — E[@(Y)] + [Ele¥)] — Elg)]]
+ [E[g(Y)] — E[@(N)]] < & + |E[@(Y,)] — El@(V)]].

Thus lim sup,,_, o, |E[e(Y,)] — IE[¢(Y)]| < ¢. The convergence must hold since &
can be arbitrarily small.

Now let ¢ be an arbitrary C (R¢)-function with growth condition |¢(x)| < C(1 +
|x|P~1). For each N > 0 we can find ¢, ¢» € C(R%) such that © = @1 + @2, where
@1 has a compact support and ¢, (x) = 0 for |[x| < N, and |¢,(x)| < |¢(x)| for all x.
It is clear that

x e R4,

2001 + [x|?
o0y < 2C0 D ;M ) for
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Thus

IE[o(Y,)] — Elp(M)]] = |El@1(Y,) + ¢2(Y)] — Elg1 () + @2(N)]|
< |Efe1(Y)] — Elor (V)] + Ellea (V)11 + Ellga (V)]

~ 2C ~
= [Elgi1(Y)] — Ele: (N1 + ~ T E[1Y, 71+ E[Y]"])

~ C
= [Elgi1(Y)] — Elei(N]] + N’

where C = 2C(2 + sup, E[|Y,[7] + IE[|Y|P]). We thus have lim sup,_, . |E[¢(Y,)]
— ]E[(p(Y)]| < £ Since N can be arbitrarily large, E[¢(Y,)] must converge to
Efp(Y)]. U

2.5 Exercises

Exercise 2.5.1 We consider X = (X, X,), where X < N{0} x [¢2,52]) with
o > o, X, is an independent copy of X . Show that:

(i) Foreacha € R?, (a, X) is a 1-dimensional G-normally distributed random vari-
able.
(i) X is not G-normally distributed.

Exercise 2.5.2 Let X be G-normally distributed. Foreach¢ € C; 1, (RY), we define
a function
u(t, x) := Elp(x + v1X)], (1,x) € [0, 00) x R?.

Show that u is the unique viscosity solution of the PDE (2.2.12) with u | —0 = ¢

Exercise 2.5.3 Let n be maximally distributed. For each ¢ € C; 1) (RY), we define
a function

u(t,y) :=Elp(y + )], (t,y) € [0, 00) x RY.

Show that u is the unique viscosity solution of the PDE (2.2.16) with Cauchy
condition u|;—o = ¢.

Exercise 2.5.4 Given a sublinear expectation space (2, H, [E), where H is a linear
space such that | X| € Hif X € Handp(X) € HforeachX € H", ¢ € Cp 1;p(R").
Suppose the random vector £ € H¢ and satisfies the condition:

() |€* € H and lim; o E[(J§]* — 1) T] = 0.
(ii) Elp(a& + b&)] = Elp(va® + b%&)] for each a, b > 0 and ¢(x) € Cp.1ip(R?),
where £ is an independent copy of &.

Show that for each ¥ (x) € Cl,Li,,(]Rd):
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(1) ¥(¢) e H , where H is the completion space of H under the norm E[| - |].
(2) E[v(a& + bE)] = E[y(va? + b2E)] foreach a, b > 0.

(Hint: use viscosity solution approach.)

Exercise 2.5.5 Prove that E[X?] > 0 and E[X* — 3X2] > O for X < N({0} x (o2,

2] with o2 < 5.

Exercise 2.5.6 Prove that

Elp(X)] = sup Es;[p(X)], fore € C;1;p(R).

g<0<0
where E, denotes the linear expectation corresponding to the classical normal dis-

tribution N (0, o2). An interesting problem is to prove that, if ¢ is neither convex nor
concave, the above inequality becomes strict.

Exercise 2.5.7 Let {X;}7°, be a sequence of i.i.d. random variables with E[X,] =
E[—X] = 0 and E[| X]7] < oo for some g > 2. Prove that foreach2 < p <g¢,

E[|X) + -+ X,|’] < Cpn?"2,

where C,, is a constant depending on p.

Exercise 2.5.8 Let X; € H,i =1,2,---, be such that X;, is independent from
{Xy,---,X;},foreachi = 1,2, --- . We further assume that

E[X;] = -E[-X;] =0,

lim E[X?] = &% < oo, lim —E[-X?] = o?,
11— 00 11— 00

E[|X;|***] < M for some § > 0 and a constant M.

Prove that the sequence {S',,};’f: | defined by

1 n
Si=—=> X
BN
i=1
converges in law to X, i.e.,

lim Elp(S,)] = Elp(X)] for ¢ € Cpip(R),

where X £ N({0} x [02, 72]).
In particular, if o= gz, it becomes a classical central limit theorem.
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Exercise 2.5.9 Let the d-dimensional random vector X be defined on a sublinear
expectation space (2, H, E). Suppose that

where X is an independent copy of X. Prove that X is G-normally distributed.

Notes and Comments

The material of this chapter is mainly from [139, 140, 142] (see also in the Notes
[144] in which a stronger condition of the form

E[1X|7] < o0, E[|Y{|?] <00, foralarge p>2andg > 1

was in the place of the actual more general Condition (2.4.6). Condition (2.4.6) was
proposed in Zhang [180]. The actual proof is a minor technique modification of the
original one. We also mention that Chen considered strong laws of large numbers
for sublinear expectations in [27] .

The notion of G-normal distribution was firstly introduced for in [138] for 1-
dimen-sional case, and then in [141] for multi-dimensional case. In the classical
situation, it is known that a distribution satisfying relation (2.2.1) is stable (see Lévy
[107, 108]). In this sense, G-normal distribution, together with maximal-distribution,
are most typical stable distributions in the framework of sublinear expectations.

Marinacci [115] proposed different notions of distributions and independence via
capacity and the corresponding Choquet expectation to obtain a law of large numbers
and a central limit theorem for non-additive probabilities (see also Maccheroni and
Marinacci [116]). In fact, our results show that the limit in CLT, under uncertainty, is
a G-normal distribution in which the distribution uncertainty cannot be just a family
of classical normal distributions with different parameters (see Exercise 2.5.5).

The notion of viscosity solutions plays a basic role in the definitions and prop-
erties of G-normal distribution and maximal distribution. This notion was initially
introduced by Crandall and Lions [38]. This is a fundamentally important notion
in the theory of nonlinear parabolic and elliptic PDEs. Readers are referred to
Crandall et al. [39] for rich references of the beautiful and powerful theory of viscos-
ity solutions. Regarding books on the theory of viscosity solutions and the related
HJB equations, see Barles [9], Fleming and Soner [66] as well as Yong and Zhou
[177].

We note that, in the case when the uniform ellipticity condition holds, the viscosity
solution (2.2.10) becomes a classical C!*%-2+%_golution (see the very profound result
of Krylov [105] and in Cabre and Caffarelli [24] and Wang [171] ). In 1-dimensional
situation, when o> > 0, the G-equation becomes the following Barenblatt equation:
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ou + y|ou| = Au, |y| < 1.

This equation was first introduced by Barenblatt [8] (see also Avellaneda et al. [6]).

The rate of convergence of LLN and CLT under sublinear expectation plays a
crucially important role in the statistical analysis for random data under uncertainty.
We refer to Fang et al. [63], and Song [166, 167], in which a nonlinear generalization
of Stein method, obtained by Hu et al. [83], is applied as a sharp tool to attack this
problem. A very recent important contribution to the convergence rate of G-CLT is
Krylov [106].

We also refer to Jin and Peng [99] for a design of unbiased optimal estimators, as
well as [149] for the construction of G-VaR.
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Stochastic Analysis Under G-Expectations



Chapter 3 ®)
G-Brownian Motion and 1to’s Calculus Geda

The aim of this chapter is to introduce the concept of G-Brownian motion, study
its properties and construct Itd’s integral with respect to G-Brownian motion. We
emphasize here that this G-Brownian motion By, t > 0 is consistent with the classical
one. In fact once its mean uncertainty and variance uncertainty vanish, namely

E[Bi] = —E[-Bi] and E[B?] = —K[-B?],

then B becomes a classical Brownian motion. This G-Brownian motion also has inde-
pendent and stable increments. G-Brownian motion has a very rich and interesting
new structure which non-trivially generalizes the classical one. Thus we can develop
the related stochastic calculus, especially 1td’s integrals and the related quadratic
variation process. A very interesting feature of the G-Brownian motion is that its
quadratic process also has independent increments which are identically distributed.
The corresponding G-1t6’s formula is also presented.

We emphasize that the above construction of G-Brownian motion and the estab-
lishment of the corresponding stochastic analysis of generalized Itd’s type, from
this chapter to Chap. 5, have been rigorously realized without firstly constructing a
probability space or its generalization, whereas its special situation of linear expec-
tation corresponds in fact to the classical Brownian motion under a Wiener probabil-
ity measure space. This is an important advantage of the expectation-based frame-
work. The corresponding path-wise analysis of G-Brownian motion functional will
be established in Chap. 6, after the introduction of the corresponding G-capacity.
We can see that all results obtained in this chapter to Chap.5 still hold true in G-
capacity surely analysis.

3.1 Brownian Motion on a Sublinear Expectation Space

Definition 3.1.1 Let (2, H, I@) be a sublinear expectation space. (X;);>o is called a
d-dimensional stochastic process if for each t > 0, X, is a d-dimensional random
vector in H.
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We now give the definition of Brownian motion on sublinear expectation space
(Q,H,E).

Definition 3.1.2 A d-dimensional stochastic process (B;);>¢ on a sublinear expec-
tation space (€2, H, [E) is called a G-Brownian motion if the following properties
are satisfied:

(1) Bo(w)= 0;
(ii) Foreach ¢, s > 0, B,y — B, and Bj are identically distributed and B, ; — B,
is independent from (B;,, B;,, - -+ , B;,), foreachn e Nand 0 <, <-.- <, <t.

(iii) lim, o B[|B,*)t~" = 0.
Moreover, if E[B;] = E[—B;] =0, then (B;);>o is called a symmetric G-
Brownian motion.

In the sublinear expectation space, symmetric G-Brownian motion is an important
case of Brownian motion. From now on up to Sect. 3.6, we will study its proper-
ties, which are needed in stochastic analysis of G-Brownian motion. The following
theorem gives a characterization of the symmetric Brownian motion.

Theorem 3.1.3 Let (B;);>o be a given R*~valued symmetric G-Brownian motion on
a sublinear expectation (2, H, E). Then, for each fixed ¢ € Cp 1ip (R, the function

u(t, x) = Elp(x + B)1, (1,x) € [0, 00) x R?
is the viscosity solution of the following parabolic PDE:
du—G(D*u) =0, ul—o=o. (3.1.1)
where

G(A) = %E[(AB,, B)], A €S(d). (3.1.2)

In particular, By is G-normally distributed and B, < J1B;.

Proof We only need to prove that u is the viscosity solution. We first show that
E[(AB,, B,)] = 2G(A)t, A € S(d).

For each given A € S(d), we set b(t) IE[(AB,, B,)J Then »(0) = 0 and |b(1)| <
|A|(E[|B,1?])?® — 0 as t — 0. Note that E[B,] = E[—B,] = 0, we have for each
t,s >0,

b(t +5) = B[(AB,,, B.,)] = E[(A(Biss — By + By). Bss — By + By)]
= EHA(BZ-Q-A - Bs)v (BI-H - Bs)) + (ABS5 Bs) + 2(A(BI+S - Bs)v Bs)]
= b(t) + b(s),
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thus b(¢) = b(1)t =2G(A)t.
Then we show that u is Lipschitz in x and %-Hélder continuous in ¢. In fact, for
each fixed ¢, u(z, -) eC;,,L,-,,(Rd) since

lu(t, x) — u(t, y)| = Bl + B)] — Elp(y + B))]|

< E[lg(x + B)) — ¢(y + B
<Clx —yl,

where C is the Lipschitz constant of ¢.
For each § € [0, t], since B; — Bj; is independent from Bg, we also have
u(t, x) = Elp(x + B + (B, — By)]
= BIE[p(y + (B, — B5)]y=s+8,.

hence A
u(t,x) =E[u(t — 5, x + By)]. 3.1.3)

Thus

lu(t, x) —u(t — 8, x)| = |E[u(t — 8, x + Bs) — u(t — 8, x)]|
< Bf|u(t — 8, x + Bs) — u(t — 8, x)|]
< R[C|B;s|] < CV2G(I)Vs.
To show that u is a viscosity solution of (3.1.1), we fix (¢, x) € (0, 00) x R? and let
v e C;2([0, 00) x RY) be such that v > u and v(z, x) = u(z, x). From (3.1.3) we

have . .
v(t,x) =Elu(t — 38, x + Bs)] < E[v(t — §, x + Bs)].

Therefore by Taylor’s expansion,

0 <R[v(r — 8, x + Bs) — v(t, x)]
= E[v(t — 8, x + Bs) — v(t, x + Bs) + (v(t, x + Bs) — v(t, x))]
= B[—8,v(t, x)8 + (Dv(t, x), Bs) + 1 (D*v(t, x) B, Bs) + I5]
—3,v(t, )8 + LE[(D?v(z, x) Bs, Bs)] + El ;]
—3,v(t, x)8 + G(D*v(t, x))8 + E[I;],

IA

where

1
Is = / —[0,v(t — B8, x + Bs) — 0,v(¢t, x)]18dP
0



52 3 G-Brownian Motion and It6’s Calculus
1 1
[ [ 0 x + apBy — Dvie. 50 Bs. Biyadpda
0 0

In view of condition (iii) in Definition 3.1.2, we can check that lims o 6 ’1IAE[ |I5]] =0,
from which we get 9,v(t, x) — G(D?v(t, x)) < 0, hence u is a viscosity subsolution
of (3.1.1). We can analogously prove that u is a viscosity supersolution. Thus u is a
viscosity solution. O

For simplicity, symmetric Brownian motion is also called G-Brownian motion,
associated with the generator G given by (3.1.2).

Remark 3.1.4 We can prove that, for each fy > 0, (B4, — By,)r>0 is @ G-Brownian
motion. For each A > 0, ()f% B;:)1>0 1s also a symmetric G-Brownian motion. This
is the scaling property of G-Brownian motion, which is the same as that for the
classical Brownian motion.

In the rest of this book we will use the notation
B! = (a, B;) foreacha = (a;,--- cag)"T e RY.

By the above definition we have the following proposition which is important in
stochastic calculus.

Proposition 3.1.5 Let (B,);>0 be a d-dimensional G-Brownian motion on a sub-
linear expectation space (2, H, E). Then (B?),;>¢ is a 1- dimensional G,-Brownian
motionfor each a eRY, where G4(ar) = 2(O’aa70l+ — ozaarot ), UaaT =2G(aa”) =

El(a, B1)*, 02, = —2G(—aa’) = —E[—(a, B))’].

In particular, for each t,s > 0, B}, . — B} < N ({0} x [sazaar, scrazar]).

—aal —

Proposition 3.1.6 For each convex function ¢ € Cy1;p(R), we have

2 ——)dx.

Elp(B,, / @(x) exp(—
B 1/27‘[5‘0‘ aa’

For each concave function ¢ € C; 1;,(R) and O'EaaT > 0, we have

1 o0
fh — BO1= —/ @(x) exp(—
2750 )00

In particular, the following relations are true:

Efp (B} Ydx.

E[(B* — B =02, (1 —s), E[(B*— B»* =30}, —5),
E[—(B* — BY)] = 02, (t —s). R[—(B* — B)*] = —30* . (t — )%
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3.2 Existence of G-Brownian Motion

In the rest of this book, we use the notation Q = Cg(R‘*) for the space of all RI—
valued continuous paths (@ );cr+, With wy = 0, equipped with the distance

IR —Zz [(max | —o"D A1l o0 e

i=1

For each fixed T € [0, 00), we set Q7 := {w..7 : @ € Q}. We will consider the
canonical process B;(w) = w;, t € [0, 00), for w € Q.
For each fixed T € [0, 0c0), we set also

Lip(Qr) :={0(ByaT> -+ > Byuar) :n €Ny, -+ 1y €]0,00), ¢ € Cl.Lip(Rdxn) }.

Itis clear that Lip(2,)CLip(R2r), fort < T. We set

Lip(Q) == Lip(Qn).

n=1

Remark 3.2.1 1t is clear that ClAL,-,,(RdX”), Lip(Q27) and Lip(2) are vector lat-
tices. Moreover, note that ¢, ¢ € Cl_L[p(RdX”) implies ¢ - Y € C,_LiP(RdX”), then
X,Y eLip(Q2r) implies X - Y €Lip(Q27). In particular, for each ¢ € [0, 00), B, €
Lip(R2).

Let G(-) : S(d) — R be a given monotone and sublinear function. By Theo-
rem 1.2.1 in Chap. 1, there exists a bounded, convex and closed subset ¥ C S, (d)
such that

G(A) = L sup (A.B). A eS@).
2 Bex

By Sect. 2.3 in Chap. 2, we know that the G-normal distribution N ({0} x X) exists.

Let us construct a sublinear expectation on (€2, Lip(£2)) such that the canonical
process (B;);>o is a G-Brownian motion. For this, we first construct a sequence O of
d-dimensional random vectors (£;){2, on a sublinear expectation space (Q H, IE)
such that &; is G-normally distributed and &;; is independent from (&, - - - , &;) for
eachi =1,2,---. A

We now construct a sublinear expectation [E defined on Lip(£2) via the following
procedure: for each X € Lip(€2) with

X = (/)(Btl - Bt()v Bzz - Btl, e, Bt,, - Bt”_l)
for some ¢ € Cp1;, R and 0 =1y <t; < - <1, < 00, we set

E[w(le - Bt(y Bt2 - Btp Tt Btn - Bty,,l)] = IE[¢(V - f0§1, o/ In —Ip—1 n)].
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The related conditional expectation of X = ¢(B;,, B;, — By, -+, B;, — B, ,) under
€2,, is defined by

E(X|,1 =Elp(B,, B, — By, -, B, — B, )1 :=¥(By, -, B, — By, ),
where
Yxr, X)) = Blon, -+ x5, Vi1 — GEji - s n — 160

I@l[~] consistently defines a sublinear expectation on Lip(€2) and (B;),>¢ is a G-
Brownian motion. Since Lip(27)SLip(2), E[-] is also a sublinear expectation on

Lip(S27).

Definition 3.2.2 The sublinear expectation IAE[~]: Lip(2) — R defined through the
above procedure is called a G-expectation. The corresponding canonical process
(B:):>0 on the sublinear expectation space (2, Lip(£2), E) is called a G-Brownian
motion.

In the rest of the book, when we talk about G-Brownian motion, we mean that
the canonical process (B;);>¢ is under G-expectation.

Proposition 3.2.3 We listthe properties of]@[- |2, that holdforeach X,Y €Lip(R2):

(i) IfX > Y, then B[X|Q,] > E[Y|].
(ii) IAE [712,] = =1, foreacht € [0, 00) and n €Lip(L2;).
(iii) E[X|Q]— [Y]82] <ER[X - Y|€,].
(iv) E[nX|§2 1= 7]+E[X|Q]+7] E[ X|S2], for eachn € Lip($2).
(v) E[E[X|Q]|Q] E[X|Q,AS] in particular, E[E[X|Q]]— E[X].

For each X € Lip(2"), E[X|92] = E[X], where Lip(2') is the linear space of
random variables with the form

@(Btz - Btlv Bz3 - Btzv T, Bz,,ﬂ - Br,,),

n = 17 21 9 wecl.Lip(Rdxn)9 tlv"' 7tnvtn+1 S [tvoo)
Remark 3.2.4 Properties (ii) and (iii) imply
ELX + |21 =E[X|Q]+ 1y forn € Lip(Q).

We now consider the completion of sublinear expectation space (€2, Lip(2), IAE).
For p > 1, we denote by

LZ(Q) := { the completion of the space Lip(2) under the norm || X||, := @E[x PPy,

Similarly, we can define L7 (Q7), L2 (S2%) and LZ(Q'). It is clear that for each
0<t<T < oo, Lg(Q)ch(QT)cL (Q).
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According to Sect. 1.4 in Chap. 1, IAE[‘] can be continuously extended to a sublinear
expectation on (€2, L }3 (£2)) and still denoted by IAE[-]. We now consider the extension
of conditional expectations. For each fixed r < T, the conditional G-expectation
I@I[~|Q,] : Lip(Q27) — Lip(£2,) is a continuous mapping under |-||. Indeed, we have

RIX|1Q] - E[Y|9Q] < B[X — Y|Q] < B[|X — Y||2],

then A A .
IE[X|2] — E[Y|2]] < E[|X — Y[|€2].

We thus obtain

[Brxie - Bryiea| < ix -y

It follows that [E[-|€2,] can also be extended as a continuous mapping
B[] : L§(Qr) = Li(Q0).

If the above T is not fixed, then we can obtain E[-|,] : LE(Q) > LE(Q).

Remark 3.2.5 Proposition3.2.3 also holds for X, Y € L'G(Q). But in (iv), n €
LE(2,) should be bounded, since X,Y € L5(Q) does not imply that X - Y €
L§ ().

In particular, we have the following independence property:
EIx|2]=E[X], VX eLL).
We give the following definition similar to the classical one:

Definition 3.2.6 An n-dimensional random vector Y € (L IG(Q))" is said to be inde-
pendent from €2, for some given ¢ if for each ¢ € Cp, 1, (R") we have

Elp()|2,] = Elp()].

Remark 3.2.7 Just as in the classical situation, the increments of G—-Brownian
motion (B;+s — B;)s>0 are independent from €2,, for each t > 0.

Example 3.2.8 For each fixed a €R? and for each 0 < s < ¢, we have
R[B* — B*|2,] =0, KE[—(B*— B[R] =0,
E[(B* — BYQ,] = 02, (t —5), E[—(B* — BY|Q,] = 02/ (t — 9),
E[(B* — BY*Q,] =302, (1 — ), E[—(B* — B)*|Q,] = —30*, (1 — )7,

where 02, = 2G(aa”) and 62 , = —2G(—aa’).
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The following property is very useful.

Proposition 3.2.9 Let X,Y € LL(Q) be such thar B[Y|,] = —E[-Y|Q,], for

somet € [0, T). Then we have

E[X + Y2, = B[X|2,] + E[Y|Q].
In particular, if E[Y|Q,] = E[—Y|Q,] = 0, then E[X + Y|Q,] = E[X|].
Proof This follows from the following two inequalities:

EIX 4 Y|, < BIX|Q] + E[Y|],
EIX + Y191 > B[X|Q] — B[-Y|Q] = B[X|2,] + E[Y|2].
O

Example 3.2.10 For each a eRI0<t<T,Xe L'C;(Q,) and ¢ € C;1;,(R), we

have
E[Xo(B2 — BY)|Q,] = X "Elp(B: — BY|] + X E[—p(B — BM|S]
= X" E[p(B2 — BY] + X E[—¢p(B2 — BY)].

In particular,
R[X (B2 — B)|Q,] = XTR[(B2 — BY)] + X R[—(B2 — B*)] = 0.

This, together with Proposition 3.2.9, yields
ElY + X (B2 — BH)|Q] =E[Y|Q] Y eLl).

We also have
E[X (B: — BH)?|Q] = XTE[(B: — B")?] + X K[ (B2 — B*)?]
— X 02 (T —1).

o ry+L2
=[XTo,,r

Forn e N,
E[X (B2 — BH)?"!|Q,] = XTR[(B2 — BY)*"~'] + X R[— (B2 — BY)>""!]

= |X|E[(B2_)> 1.

Example 3.2.11 Since
E[2B*(B* — BY)|,] = E[-2B*(B* — B")|2,] =0,



3.2 Existence of G-Brownian Motion 57
we have

E[(B")? — (BM?|,] = E[(B* — B* + B*)? — (B")?|]
= R[(B* — B*)? +2(B* — B*) B*|;]

2
=o,,r(t —5).

3.3 Ito’s Integral with Respect to G-Brownian Motion

For T € R, a partition 7t of [0, T] is a finite ordered subset w7 = {fo, t1, - - - , Iy}
suchthat 0 =1 <t <--- <ty =T. Set

u@rr) = max{ltiyy — 4 0 i=0,1,--- , N -1}
We use n}v = {tON , th S, tf\}’ } to denote a sequence of partitions of [0, 7] such that

limy_, o0 () = 0.
Let p > 1 be fixed. We consider the following type of simple processes: for a

given partition ry = {to, - - - , ty} of [0, T'] we set
N—1
(@) = Y E(@)Lp ) (0),
k=0

where &, € LZ(Q,A,), k=0,1,2,---, N — 1 are given. The collection of these pro-
cesses is denoted by Mg’O(O, T).

Definition 3.3.1 For an n € Mg’O(O, T) with n;(w) = Z,iv;()l Ex(@) 1y, 1) (@), the
related Bochner integral is

T N-1
/ n(@)dt =Y & (@)t — ).
0 k=0

For each n € Mg’O(O, T), we set

N 1. T 1. N—1
Erln] := T]E |:/0 ﬂzdfi| = ?E |:k2:(;$k(w)(tk+l - tk)j| .

Itis easy to check that ﬁr M, g’O(O, T) — R forms a sublinear expectation. We then
can introduce a natural norm || - || M2 under which, Mg’O(O, T) can be extended to
M (0, T) which is a Banach space.
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Definition 3.3.2 For each p > 1, we denote by M{ (0, T') the completion of Mg’o

(0, T) under the norm
. T 1/p
llarz0.7) = {]E [f |77t|pdt]} .
0

Itisclearthat M/ (0, T) D MZ(0, T)for1 < p < g. Wealsodenoteby M. (0, T;
RY) the space of all d-dimensional stochastic processes n, = (!, -+ ,n¢), t >0
such that n € ME(0,T),i =1,2,--- ,d.

We now give the definition of 1td’s integral. For simplicity, we first introduce Itd’s
integral with respect to 1-dimensional G-Brownian motion.

Let (B;);>0 be a 1-dimensional G—Brownian motion with G(«) = %(Ezoﬁ —
o’a”), where0 <o <7 < 00.

Definition 3.3.3 Foreachn € M é’O(O, T) of the form

N—1
77:(60) = Zéjl[tj,fjﬂ)(t),
j=0
we define
T N-1
I(n) = / ndB; = Zéj(B’jH - B,).
0 °
j=0

Lemma 3.3.4 The mapping I : Mé’O(O, T)— LZG(QT) is a continuous linear
mapping and thus can be continuously extended to I : Mé ©0,7) — LZG Q7). In

particular, we have
R T
E [/ n,dB,] =0, (3.3.1)
0
R T 2 R T
E </ n,dB,) <o’RE [/ ntzdti| ) (3.3.2)
0 0

Proof From Example 3.2.10, for each j,
E£;(B,,, — B, 1 = E[—&;(B,,., — B,)|,]1 =0.

We have

R T R tN-1
E |:[ UtdBti| =E |:/ ndB; + SN—I(BtN - BtNl)i|
0 0

A IN-1 A
= ]E [/ n[dBt + E[sN—l(BZN - BZN1)|QIN1]}
0
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N IN-1
=E |:/ n,dB,i| .
0

Then we can repeat this procedure to obtain (3.3.1).
We now give the proof of (3.3.2). First, from Example 3.2.10, we have

~ T 2 R IN-1 2
E|:(/ 77tdBt> :| =E|:(/ ntdBt‘i“i:Nfl(BtN _BtN_1)> :|
0 0

R IN—1 2
=E </ ntdBt) + 51%171(311\, - Bt,\,_l)2

0

+2 < / mdBt> Ex_1 (B, — B:N_,)}
0
R IN—] 2
- [(/ nrdBr) + &y (Byy — B,NI)Z}
0
= E |:ZS (Bz,H Br, j|

Then, foreachi =0, 1,--- , N — 1, the following relations hold:

RIE2(B,,, — B,)? — T2 (tis1 — 1)]
=R[R[2(B,,,, — B,)? — 2E2 (11 — 1)1924,]]
=R[G2E2(tiy1 — 1;) — T2 (tiy1 — 1)] = 0.

Finally, we obtain

T 2 N—1
IAE |:</ ﬂ,dBt> :| = ]E |:Z éf,‘z(Bt,-H - Bli)2i|
0 i=0

el N-1 N—1
<E |:Z £}(B,,, — B,)" — Z G (i — ti):| +E |: GE (i1 — ti):|
i—0 0

i=0 E

N-1 N—
<) EE B, — B, — &ty — )]+ E [Z TE (fi1 — n-)}
i=0 i=0

N-1 T
=k |:Z‘72§i2(ti+1 - ti)] =5k [/ ﬂtzdt] .
- 0

i

59
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Definition 3.3.5 For a fixed 5 € Mé (0, T), we define the stochastic integral

T
/ ndB, = 1(n).
0

It is clear that (3.3.1) and (3.3.2) still hold for n € Mé ©, 7).
We list below the main properties of It6’s integral with respect to G-Brownian
motion. We denote, forsome 0 <s <t < T,

t T
f n.dB, = / l[s,t](u)nudBu-
K 0

Proposition 3.3.6 Letn, 0 € Mé 0,T)andlet0 <s <r <t <T. Then we have
(l) fst nudBu - /;r nudBu + j;t nudBu-

(ii) ['(an. +0.,)dB, = a [ n.dB, + [ 0,dB,, ifa is bounded and in LL,().
(iii) & [X + [ n.dB, sz] = BIX|,] forall X e LL(S2).

We now consider the multi-dimensional case. Let G(-) : S(d) — R be a given
monotone and sublinear function and let (B;);>o be a d-dimensional G-Brownian
motion. For each fixed a € R?, we still use B? := (a, B;). Then (B}');> is a

1-dimensional G,-Brownian motion with G,(x) = %(G:aTOﬁ_ — GEaaTOl_), where

o2: =2G(aa’) and 0%, = —2G(—aa”). Similarly to the 1-dimensional case,
we can define It0’s integral by

T
1= [ ndBr. forn € M30.7)
0

We still have, for each n € M2 (0, T),

A T
D U n,dB;‘] —0,
0
R T 2 R T
E |:</ n,dBf’) ] < GazarE [/ r;lzdti| .
0 0

Furthermore, Proposition 3.3.6 still holds for the integral with respect to B?.

3.4 Quadratic Variation Process of G-Brownian Motion

We first consider the quadratic variation process of 1-dimensional G-Brownian
motion (B,),>o with B < N0} x [¢?2, 72]). Let JT,N, N =1,2,---,be asequence
of partitions of [0, #]. We start with the obvious relations
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N-1
2 __ 2 2
B = Z(Brj’.*;] o Bt,’.")
j=0

N—-1 N—1
_ _ _ 2
=2 2By By, — By)+ ) (By, — By
=0 =0

As u(mrN) — 0, the first term of the right side converges to 2f0’ Byd B, in LZG (2).
The second term must be convergent. We denote its limit by (B),, i.e.,

N—1 t
(B) := lim Z(Bt/_NH - B,I_N)2 =B} - 2f B,dB;. (3.4.1)
u(m )—0 =0 0

By the above construction, ({B);),>0 is an increasing process with (B)o = 0. We call
it the quadratic variation process of the G-Brownian motion B. It characterizes the
part of statistic uncertainty of G-Brownian motion. It is important to keep in mind
that (B), is not a deterministic process unless ¢ = o, i.e., when (B, ),> is a classical
Brownian motion. In fact, the following lemma is true.

Lemma 3.4.1 Foreach0 <s <t < 0o, we have

E[(B); — (B)|2] =3%(t — ), (3.4.2)
E[—((B), — (B)s)|Q] = —a%(t — 5). (3.4.3)

Proof By the definition of (B) and Proposition 3.3.6 (iii),

t
BI(B), — (B),|2y] = B [B? _ B2 / BudBums]
5
= K[B? — B2|Q,] =°(1 — ).

The last step follows from Example3.2.11. We then have (3.4.2). The equality
(3.4.3) can be proved analogously in view of the the relation IE[—(BZ2 — BSZ)|QS] =
—a2(t —s). [l

Here is a very interesting property of the quadratic variation process (B), just like
for the G-Brownian motion B itself: the increment (B);y; — (B), is independent
from € and identically distributed with (B),. We formulate this as a lemma.

Lemma 3.4.2 For each fixed s, t > 0, (B)s1+; — (B); is identically distributed with
(B); and is independent from 2, for any s > 0.
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Proof The claims follow directly from

s+t s
(B)osr — (B)y = B, —2 / B,dB, — (Bf —2 / B,dB,>
0 0

s+t
= (B — B =2 / (B, — B,)d(B, — By)
- (Bs>t7

where (B?) is the quadratic variation process of the G-Brownian motion B} = B4, —
B;,t >0. U

We now define the integral of a process n € Mé’O(O, T) with respect to (B). We
start with the mapping:

T N-1
Qo.r(n) = /0 nd(B); := Y &((B)y,, — (B))) : M (0. T) — L§(Qr).
=0

Lemma 3.4.3 Foreachn € Mé’O(O, T),

T
E[lQor(mI] < T°E U Imldt] : (3.4.4)
0

Thus Qo1 : Mé‘O(O, T) HLE(QT) is a continuous linear mapping. Consequently,
Qo.r can be uniquely extended to Mé (0, T). We still denote this mapping by

T
/0 nd(B); == Qo.r(n) forn e Mg, T).

As before, the following relation holds:

R T

E |: / n:d{B),
0

Proof First, foreach j =1,---, N — 1, we have

T
} <ok [ / |n,|dt:| forn € ML, T). (3.4.5)
0

E[I&;1((B),,, — (B))) — T21&;1(tj1 — 1))]
=E[E[I&;1((B)y,,, — (B, 1 — TE (1751 — 1))]
=E[1&,152(t;41 — 1;) — G21&;1(tj41 — 1;)] = 0.
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Then (3.4.4) can be checked as follows:

=»
o
<
~
(s3]
B

N—1
—B))| | <E| D] 1&1(B).,., — (B))
j=0

N-1

N-—1
<B | 316 11(B),,, — (B)) — 5 (141 — r,-)]} +I {52 > 11— t,-)}
_j:O

Jj=0

N-1 T
=B |5° ) 1&10j41 — lj):| =3’k [f Inzldt] .
. J=0 0

Proposition 3.4.4 Let0 <s <t, & € LL(Q;,), X €LL(Q). Then
E[X + &(B} — B])] = B[X + &(B, — B,)’]
= R[X +£((B), — (B))].
Proof By (3.4.1) and Proposition3.3.6 (iii), we have
BIX + (B — BY)] = [X +E((B), — (B), +2 / t BudB»}
_BIX £ — (B
We also have
E[X +&(B} — B})] = E[X + £((B, — B,)” + 2(B, — B,)B,)]
=R[X +£(B, — By)?].
O

We have the following isometry.

Proposition 3.4.5 Letn € M%(0, T). Then

. T 2 T
E [(/ mdB,) } = E[/ n?d<B>z] (3.4.6)
0 0

Proof For any process n € Mé’O(O, T) of the form

N-1

(@) = Ej(@) g0, ()

Jj=0
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we have fOT ndB; = Zfl:_ol £;(By,,, — By,). From Proposition 3.3.6, we get
E[X + 2£;(B,,, — B,)& (B,,, — B,)] = E[X], forall X € L;(Q).i # j.

Thus

. T 2 N-l N
E [( / n,dBf) } =BI) & (B, —B)1=E|) & (B, —B,)
0 j=0 j=0

From this and Proposition 3.4.4, it follows that

R T B A T ) :|
E[(/O nder>} Zs( v — (B)) —EUO 7B, |.

This shows that (3.4.6) holds for n € MéO(O T). We can continuously extend the
above equality to the case n € M? (0, T) and get (3.4.6). O

We now consider the multi-dimensional case. Let (B,),>o be a d-dimensional G-
Brownian motion. For each fixed a €R?, (B!);>0 is a 1-dimensional G,-Brownian
motion. Similar to the 1-dimensional case, we can define

t
(B%, := lim Z(B“ —B:‘N)zz(Bf)z—Z/ B*dB?,
J 0

/L(ﬂzN)—>0

where (B?) is called the quadratic variation process of B?. The above results, see
Lemma 3.4.3 and Proposition 3.4.5, also hold for (B?). In particular,

T T
E |: / n,d(Ba),H < oazaT]E |:/ |r7t|dti| , forall ne Mé;(O, T)
0 0

T 2 T
I [(/ n,dBf) ] =k U nfd(Bﬁ),} forally € M2(0, T).
0 0

Leta=(a, --,ay)" anda = (a;,---,ay)" be two given vectors in R?. We
then have their quadratic variation processes of (B?) and (B®). We can define their
mutual variation process by

and

_ 1 _ )
(B*, B%), := Z[(Ba + B*), — (B* — B*)/]

1 _ _
= —[(B*?), — (B**),].

~
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Since (B* ) = (B%%) = (—B* %), we see that (B?, B?), = (B3, B?),. In particu-

lar, we have (B?, B?) = (B?). Let nlN, N =1,2,---, be asequence of partitions of
[0, £]. We observe that

N—-1 N-1
a a 1 a ay2 —a —ay2
D (Bl = BB — By =7 ) (B = By — (BT — B,
k=0 k=0
As () — 0 we obtain

N—-1
lim kX;(B;:% - By)(By — Bj) = (B", BY),.

N—o00
We also have

a a 1 a+a a—-a
(B*, B%), = Z[(B )e — (B )]
_1
T4

t t
. / BB — f BB,
0 0

t t
- _ i i o
[(B;‘“‘) —2/0 B*2d B2t — (B*?) +2/O B**dB? *‘]

Now for each n € Mcl; (0, T), we can consistently define
T . 1 T _ 1 T -
| ma =g a5 [,
0 4 Jo 4 Jo
Lemma 3.4.6 LernV € MZ°(0,T), N =1,2,--- , be of the form
N-1
(@) =Y &Y @)y (0
k=0

with ,u(r[}v) — Oandn™N — nin Mé (0, T),as N — oo. Then we have the following
convergence in LZG(QT):

N—-1 T
> &8y - By(BL —BY) > | nd(B*, B%),.
= k i 73 Ty A 0



66 3 G-Brownian Motion and It6’s Calculus

Proof Since
(B*, Bﬂ)zk"ﬂrl - (B*, Ba)z[’ = (Btak/\i] - BZN)(BZIL - BZN)

i _ VT _
—/ (B* — B%)d B —/ (B — B%)dB?,
t‘g\/ k t,fV k

we only need to show the convergence

i 2
Z(S’W ( f (B_?—B:;N)dBf‘) — 0.

Foreachk =1, --- — 1, denoting ¢ = U;aTO'aaT /2, we have,

N
k

_ ) )
E|@EY)? (/ (B?—B,})dBf‘) — @, — 1)

N 2
PO N lern -
=E|E| ¢’ </ (Bj'—BZN)dBj‘> 1 | — & @Y — 1)
1

k

<Ble@EM)2 (e, — 1) — e, — 1)1 - 0, asN — oo.

Thus

N—1 N 2
By @ ( / B - Bf‘~>dB§‘)
| k=0 i ‘

IA
=»

Z@k ? ( / (Bf—BZN)dBf> — e, — 1)
| k=0 !

k

N—
+E (E )(tk+1—tk)}
k=0

N— T
[ cEN Y, - t,f’)2] <cp()E U |an|2dt] — 0, as N — oo.
k= 0

O
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3.5 Distribution of the Quadratic Variation Process (B)

In this section, we first consider the 1-dimensional G-Brownian motion (B;);>o with
By £ N({0} x [¢2,57)).

The quadratic variation process (B) of the G-Brownian motion B is a very inter-
esting process. We have seen that the G-Brownian motion B is a typical process with
variance uncertainty but without mean-uncertainty. In fact, all distributional uncer-
tainty of the G-Brownian motion B is concentrated in (B). Moreover, (B) itself is a
typical process with mean-uncertainty. This fact will be applied later to measure the
mean-uncertainty of risk positions.

Lemma 3.5.1 We have the following upper bound:
E[(B)?] < 10542 (3.5.1)

Proof Indeed,

E[(B)?]

' 2
1) |:<B,2 - 2[ BudBu> ]
0
A A t 2
< 2E[B}] + 8K [(/ BudBu) }
0

t
< 6512 + 852K [ / Buzdu]
0
t
< 651> + 857 / E[B,*]du
0
= 105>
0

Proposition 3.5.2 Let (b;);>0 be a d-dimensional Brownian motion on a sublinear
expectation space (2, H, E) satisfying:

(i) bo=0;
(ii) Foreacht,s >0, b;ys — b, is identically distributed with bs; and independent
from (by,, by, -+ b)) forallO <t,---,t, <t
(iii) lim, o t~'E[|5 )] = 0.

Then b, is maximally distributed in the sense that:
Elp(b)] = maxp(vr),

where T is the bounded closed and convex subset in RY satisfying
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max (p.v) = B[ (p. b)), p e R".
In particular, if b is 1-dimensional (d = 1), then I’ = [E’ wl, with @ = I@[bl] and
u=—E[-b].

Remark 3.5.3 Observe that for a symmetric G-Brownian motion B defined in Def-
inition 3.1.2, the assumption corresponding to (iii) is: lim, o E[| B,[*]t~! = 0.

Proof We only give a proof for the case d = 1 (see the proof of Theorem 3.8.2 for a
more general situation). We first show that

Elpb] = g(p)t, p €R.

We set ¢(t) := ]E[b,]. Then ¢(0) = 0 and lim, o ¢(¢) = 0. For each ¢, s > 0,

ot +5) = Blb, 1] = El(bryy — by) + byl
=) + o(s).

Hence ¢(¢) is linear and uniformly continuous in #, which means that I@[b,] = [ut.
Similarly we obtain that —I@[—b,] = ut.

We now prove that b, is N ([ut, 7t] x {0})-distributed. By Exercise 2.5.3 in
Chap. 2, we just need to show that for each fixed ¢ € Cj,. Lip(R), the function

u(t, x) = Elp(x + b1, (t,x) €[0,00) x R
is a viscosity solution of the following parabolic PDE:
ou—gu)=0, ulj—o=¢ (3.5.2)
with g(a) = jxa™ — pa~.

We first notice that u is Lipschitz in x and %—Hélder continuous in ¢. Indeed, for
each fixed 7, u(t, -) €Cyp 1i,(R) since

IElp(x + b)] — Elp(y + b)1| < Ello(x + b)) — o(y + by)]
<Clx =yl

For each § € [0, ], since b, — bs is independent from b;, we have

u(t, x) = Blp(x + bs + (b, — bs)]
= RIE[@(y + (b — bs)]yxspy],

hence N
u(t,x) =FE[u( — 68, x + bs)]. (3.5.3)
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Thus
lu(t, x) — u(t — 8, )| = |Eu(t — 8, x + bs) — u(t — 8, 1)]|
< Bllut — 8, x +bs) —u(t — 8, x)|]

< B[C|bs|] < C1V5.

To prove that u is a viscosity solution of the PDE (3.5.2), we fix a point (¢, x) €
(0,00) x Randletv € Cg’z([O, o0) X R) be such that v > u and v(¢, x) = u(t, x).
From (3.5.3), we find that

v(t,x) = Elu(t — 8, x + bs)) < Blv(r — 8, x + by)1.
Therefore, by Taylor’s expansion,

0 <K[v(r — 8, x + bs) — v(t, x)]
= ]E[v(t —8,x+bs) —v(t,x +bs) + (v(t,x + bs) — v(t, x))]
= R[—0,v(r, x)8 + D, (1, x)bs + Is]
< —d,v(t, x)8 + B[, v(r, x)bs] + B[]
= —3,v(t, x)8 + g(3.v(t, x))8 + K[I5],

where
1
=6 f (=80t — BS, x + by) + Bv(t, x)1dB
0

1
+ b,s/ [0,v(z, x 4+ Bbs) — 0, v(t, x)]dB.
0

From the assumption that lim, o t‘lll:l[b,z] = 0, we can check that
lim 8~ 'E[|I5]] = 0,
810

which implies that 9,v (¢, x) — g(d,v(t, x)) < 0.Hence u is a viscosity subsolution of
(3.5.2). We can analogously prove that u is also a viscosity supersolution. It follows
that b, is N ([ut, jxt] x {0})-distributed. (Il

It is clear that (B) satisfies all the conditions in Proposition3.5.2, which leads
immediately to another statement.

Theorem 3.5.4 The process (B), is N([a*t, 5%t] x {0))-distributed, i.e.,

]E[(p((B)t)] = sup ¢(vt), foreach ¢ € C;p;,(R). (3.54)

o2<v<o?
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Corollary 3.5.5 Foreach0 <t <T < oo, we have
o* (T —1) <(B)r — (B), <GX(T — 1) in L;(Q).

Proof 1t is a direct consequence of the relations

E[((B)r — (B), —5X(T —1))"1= sup (v—a)T (T —1)=0

—2
o2<v<5’

and

N

E[((B); —(B), —a*(T —1)) 1= sup (v—ag)) (T —1)=0.

o2<y<5?

O
Corollary 3.5.6 We have, for each t,s > 0,n € N,
E[((B),1, — (B)))"|2,] = E[(B)]] = 5"1" (35.5)
and . .
E[—((B),1s — (B),)"19] = B[ (B)]] = —a™"1". (3.5.6)
We now consider the multi-dimensional case. For notational simplicity, we write
by B' := B® for the i-th coordinate of the G-Brownian motion B, under a given
orthonormal basis (ey, - - - , €4) in the space R<4. We denote

(B)/ := (B', B');, (B);:=((B)})!

ij=1°
Then (B),, t > 0, is an S(d)-valued process. Since

I@[(AB,, B)] =2G(A) -t for A € S(d),
we have

[ a
E[(B), . Al=E| > a; (B)/

ij=1

[ a ) t '
> a;(B/B] —/ BidBJ —/ B/dB)
0

ij=1 0

I
=

d
Z aijBliBtj =2G(A)-t forall A e S(d),

ij=1

Il
=

where A = (aij)f-l_j=1-
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Now we set, for each ¢ € C;1;,(S(d)),
v(t, x) := Elp(x + (B))], (t,x) € [0, 00) x S(d).

Let I C S, (d) be the bounded, convex and closed subset such that

G(A) = L sup(A.B)., AeS).
2 Ber

Proposition 3.5.7 The function v solves the following first order PDE:

9y —2G(Dv) =0, v|—o = ¢,

d

where Dy = (8Xijv)i,j:1‘ We also have

v(t, x) =supe(x +ty).
yel

Sketch of the Proof. We start with the relation

V(t +8,x) = Elo(x + (B)s + (B) 145 — (B)y)]
=E[v(r, x + (B)y)].

The rest of the proof is similar to that in the 1-dimensional case. ]

Corollary 3.5.8 The following inclusion is true.
(B), etl' ={txy:yel}

This is equivalent to d,r ((B),) = 0, where dy (x) = inf{/(x —y,x —y):y € U}.
Proof Since .
E[d,r((B);)] = supd,r(ty) =0,

yel

it follows that d,r ((B),) = 0. O

3.6 Ito’s Formula

In Theorem 3.6.5 of this section, we provide It6’s formula for a “G-Itd process” X.
Let us begin with considering a sufficiently regular function ®.

Lemma 3.6.1 Let ® € C*(R") with 8, ®, 32,..® € CorLip@®R") forp,v=1,---,

XMV

n. Lets € [0, T] be fixed and let X = (X', -+, X")T be an n—dimensional process
on s, T] of the form
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X) =X +a’(t— )+ 0" (B) — (B)Y) + B (B] — B).

Here, forv=1,--- ,ni,j=1,---,d, ", n°/ and B* are bounded elements in
LZG(QS) and X, = (Xsl, <+, X" is a given random vector in LZG(QS). Then we
have, in LZ(2),

@(Xt)—QD(XS):/ BXVCD(XM),B"del{—I—/ 30 ® (X, du (3.6.1)

s s

t
+/ [0 @ (X, )" + 182, ®(X,) B4 B1d (B)Y .

Here we adopt the Einstein convention, i.e., the above repeated indices u, v, i and j
mean the summation.

Proof For any positive integer N, we set § = (¢t — s)/N and take the partition

nﬁt]:{tév,tfv,... »tzzvv}:{sas‘i"s"" , S+ N§ =t}

We have

N-1

D(X,) — D(X,) = Y [D(Xx ) — P(Xp)] (3.6.2)
k=0
N-1
=D 0 ®X) Xy —Xp)
k=0
1 2 I 1% v v N

+ 5[3x“xvq’(th”)(Xz;V+] — th\}'V)(thﬁrl — Xz,j") + o 1

where

o =120 @ Xy + 6 Xy — X)) — 0 <1>(X,kN)](Xf:N+ Xy = X

xHxv
with 6, € [0, 1]. The next is to derive that

Ellof 1] = El[07,0 © X,y + 0(X,x | — X)) = 05,0 D(X,0)]

x (X = X)X — X001
liv1 Iy lit [
< cR[IXy, — Xx[°] < C[8° + 6],

2

xHxV

where c is the Lipschitz constant of {9
of k. Thus

®}}, ,—; and C is a constant independent
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N-1 2 N—1
Zp,ﬁv §NZIAE[|,0,£V|2]—>O, as N — oo.
k=0 k=0

The remaining terms in the summation in the right hand side of (3.6.2) are £ + ¢V
with

N-1
- Z{axmx,g)[a“(tk’il — i)+ (BYL — (B))

I
k=0

+ B (B — Bl e e, MBY B (Bl — Bl )(B)y — B)\))

2 x“x”

and

Z B @ (1 — 1) + 0" (B), = (Y]

x [a (rk+1 =)+ 0" (B — (BY)]
+ 20t (1 — i) + 0" (B) — (BYIIB By~ By)).

We observe that, for each u € [t,?’ , t,?fH),

N-—1

Eldn ®(X,) — Y 00 @(X)yy v 5 @)[]
k=0

= R[]0 @ (X)) — 0 D (X )]

< PB[IX, — X "] < C[8 + 87,
where c is the Lipschitz constant of {3,»®},_, and C is a constant independent of k.

Hence Zk —o O P (X, v )1[& i, ])(-) converges to d,» P (X.) in Mé(O, T). Similarly,
as N - oo,

=

-1

O @ (X )1 )()—>a O(X) in ME(0,T).

xHxy

k

Il
=

From Lemma3.4.6 and by the definitions of integration with respect to dt, d B,
and d (B),, the limit of £ in LZG(Q,) is just the right hand side of (3.6.1). The next
remark also leads to ¥ — 0in L% (€2,). This completes the proof. ]

Remark 3.6.2 To show that £ — Oin L2G (£2;), we use the following estimates: for
each y¥ = Y ' & Ly () € ME°0, T) with 7 = (¢, - -, ¢} such that
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N—-1
. Ny _ o N2/.N N
Jim p(r) =0 and E LX(; EN P, — 1 )} <cC

forall N =1,2,---, we have

2

— 0, as N — oo.

N-1

NN Ny2
ka (e — )
k=0

Moreover, for any fixed a,a eR?,

N—1 2 N—1
|| Sar)y, - o] | =8| Ziarre, -
k=0 k
N—
<C [ &N Pogr (o — 1 3} — 0,
k=0
Ne 2
B||ye s, — (B @ =1
k=0
[N—1
<CE &Y 1P — 1) (B oy v —(Ba>,y)2}
k=0
FN—1
<CE &Y P o (1 — 11 )}
L k=0
as well as
_ 2
B| [ sl -y, —

<CE Z@k P — r,£V>|B,jN+]—B,jN|2}

§CE |5k o, aaT(tk-H t/fv)zi| -0
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and
N-1 2
. y o
E Z 5 (<Ba)’kN+1 B <Ba)ZI:V)(BZ{\3-| B B’akN)
k=0
[[N—1 )
<CE Z & P(B?), — (BB, — Bl 4
[ N—
<CE |s,<N 1 Oar O (ty1 — 1) ]
L k=0

We are going now to derive a general form of Itd’s formula. We start with

t t .. .. t . .
X2’=X5+/ a.?ds+/ n!”d<B>§’+f BdB], v=1,- . n i j=1-.d.
0 0 0

Proposition 3.6.3 Let ® € C2(R") with 3 ®, 3%, ® € Cprip(R") for p,v =
1,--- ,n. Leta*, ﬁ"j and n“ij, v=1,---,ni,j=1,---,d bebounded processes
in Mé (0, T). Then for each t > 0 we have, in Lé(Q,), that

d(X,) — D(X,) = / 3D (X,)BYdB] + / 3 (X, ) du (3.6.3)

s s

/ [0, @ (X, )l + 102, D (X,)BL B 1d (BY

Proof We first consider the case of «, n and g being step processes of the form

N—-1

(@) =Y &)y, (D).

k=0

From Lemma 3.6.1, it is clear that (3.6.3) holds true. Now let
t .
X;”N:Xg—i-/ a;’Nds—i-/ n'Nd (B 4 / BrNaBi,
0 0

where oV, n"¥ and BV are uniformly bounded step processes that converge to o, 1
and B in Mé (0, T) as N — oo, respectively. From Lemma3.6.1,
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t t
(XN —o(xV) = / 3o (XN BYNaBI + / 3 ® (XN N du (3.6.4)

s s

t
N ij,N 172 N i,N i,N ij
+ [ @+ 5 (B B (B
Since
BLIX)Y — X1

T
gEL/K@W—@f+WW—ﬁPHMW—Mﬂw]
0

where C is a constant independent of N. It follows that, in the space M é 0, 7),

e @XM - 80 d(X )",

03 @XNHBHN BN — 32, L D(X)BM B,
e (XM - 9P (X ),
e ®(XMBYN = 9. D(X)BY.

Therefore, passing to the limit as N — oo in both sides of (3.6.4), we get (3.6.3). [J

In order to derive It6’s formula for a general function ®, we first establish a
useful inequality. For the G-expectation [E, we have the following representation
(see Chap. 6): A

E[X] = sup Ep[X] for X € LL(R), (3.6.5)

PepP

where P is a weakly compact family of probability measures on (€2, B(£2)).

Proposition 3.6.4 Let B € M..(0,T) with p > 2 and leta € R? be fixed. Then we

have [ B.dB* € L%(Qr) and
P R T r/2
] < C,,IE|:/ B2d(B*), } (3.6.6)
0

R T
E[ [ s
0

Proof 1t suffices to consider the case where 8 is a step process of the form

N-1

Bi@) = &)y ) (1),

k=0

For each & € Lip(£2;) with ¢ € [0, T], we have

E [g /IT ﬂsng} =0.
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From this we can easily get Ep[& ftT BsdB2] = 0 for each P € $, which implies
that ( fol BsdB?),c0,71 1s a P-martingale. Similarly we can prove that

! 2 1
M, = (/ ,BsdB§‘> —/ ,Bszd(Ba)S, te[0,T],
0 0

is a P-martingale for each P € P. By the Burkholder-Davis-Gundy inequalities, we

have
T P T p/2
Ep[/ ﬁ,dBf‘]sc,,EPU/ prd(B* }<CE[ 2d(B*), }
0 0
where C), is a universal constant independent of P. Thus we get (3.6.6). (I

We now give the general G-Itd’s formula.

Theorem 3.6.5 Let ® bea C 2-function on R" such that Bfuxv P satisﬁes polynomial

growth condition for p,v =1,--- ,n. Leta’, B% and n*7 ,v=1,--- ,n,i,j=
, d be bounded processes in M 0, T). Then foreacht > QOwe have mL ¢ (2)

O(X,) — ¢(X,) = / 30 ®(X,)BYdB] + / 3o @ (X, e, du (3.6.7)
+ / [90 @ (X7 + 307, ©(X.)BL B ] d (B)] .

Proof By the assumptions on ®, we can choose a sequence of functions &y €
C2(R") such that

| (x) = PO + [0 Dy () = Dr D) + 37,00 P () = a0 D) < *(1 + x5,

where C and k are positive constants independent of N. Obviously, @y satisfies the
conditions in Proposition 3.6.3, therefore,

t t
Dy(X,) — Dy(X,) = / 3o Dy (X, )P dB] + / doOy(X,)aldu  (3.6.8)

t
+ [ [BwonCton + §o2 . on IR BT d (B
For each fixed T > 0, by Proposition 3.6.4, there exists a constant C, such that
E[1X,*] < C, fort €0, T].

Thus we can show that @y (X,) — ®(X,) as N — ooin L% () and, in M (0, T),
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do @y (XN = 90 @ (X0,
e N (XYY — 07, D(X)BM B,
0 Oy (X))o’ — 90D (X)a’,
o @y (X )BT — 80P (X)B.
We then can pass to limit as N — oo in both sides of (3.6.8) to get (3.6.7). (I

Corollary 3.6.6 Let ® be a polynomial and a, a’€R? be fixed for v=1,--- , n.
Then we have

t t
d(X,) — P(X,) = f 30 ®(X,)dBY +1 / 92w ®(X,)d (B, BY) |
where X, = (Bal, e Bf‘”)T. In particular, we have, fork = 2,3, ---,
! k(k—1) (!
(B =k / (B*1dB* + % [ (B)2d(B?),.
0 0

If the sublinear expectation IE becomes a linear expectation, then the above G-1t6’s
formula is the classical one.

3.7 Brownian Motion Without Symmetric Condition

In this section, we consider the Brownian motion B without the symmetric condi-
tion ]E[Bt] = —IAE[—B,] on a sublinear expectation space (2, H, I@). The following
theorem gives a characterization of the Brownian motion without the symmetric
condition.

Theorem 3.7.1 Let (B,;);>0 be a given Re—valued Brownian motion on a sublin-
ear expectation space (2, H, E). Then, for each fixed ¢ € Cp p;p (RY), the function
defined by, .
u(t, x) = Elp(x + B)l, (t,x) € [0,00) x R?
is the unique viscosity solution of the following parabolic PDE:
du —G(Du, D*u) =0, uli—o = ¢, (3.7.1)

where

G(p, A) = 15%81@[@, Bs) + 3(ABs, Bs)18™" for (p, A) e R x S(d). (3.7.2)
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Proof We first prove that lims o I@T[(p, Bs) + 2 (AB;, Bs)]6~! exists. For each fixed

1
(p,A) € R? x S(d), we set ?
f@&):=Elp. B)) + 3(ABy, B)].
Since
|f &+ 1) = F@O < EL(pl + 21AIBDIBrs — Bil + |Al1Bin — Bi’1 > 0, ash — 0,
we get that f(¢) is a continuous function. Observe that
El(g. B)] = Ellg. B\, forq € R”.
Thus foreach ¢, s > 0,
£t +5) = f(©) = f()] < CE[IBi|ls,

where C = |A|]1:][|Bl |1. By (iii), there exists a constant §y > 0 such that IF'Z[|B, Pl1<t
for t < &y. Thus for each fixed t > 0 and N € N such that Nt < §,, we have

|F(ND = NF()] < Zcuwy%.

From this and the continuity of f, it is easy to show that lim, ¢ f (t)t~! exists. Thus
we can get G(p, A) for each (p, A) € R? x S(d). It is also easy to check that G is
a continuous sublinear function monotone in A € S(d).

Then we prove that u is Lipschitz in x and %-Hélder continuous in ¢. In fact, for
each fixed ¢, u(z, -) eC;,,L,-,,(Rd) since

[Elp(x + B)] — Elo(y + B)1l < Ello(x 4+ B,) — ¢(y + B)I]
<Clx —yl.

For each § € [0, t], since B; — Bs is independent from Bj,

u(t, x) = Elp(x + Bs + (B; — By)]
= RB[E[p(y + (B; — Bs))]y=rs5,-

Hence .
u(t,x) =E[u(t — 5, x + Bs)]. (3.7.3)
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Thus

|Elu(t — 8, x + Bs) — u(t — 8, x)]|
< Bllut — 8, x + Bs) —u(t — 8, %)]]
< EIC|Bs|] < CYG(O0. T) + 1V5.
To prove that u is a viscosity solution of (3.7.1), we fix a pair (¢, x) € (0, 00) x R?

andletv € C;*([0, 00) x R?) besuchthaty > wandv(z, x) = u(z, x). From (3.7.3),
we have

lu(t, x) —u(t —6,x)|

v(t, x) = Blu(r — 8, x + Bs)] < E[v(t — 8, x + By)].
Therefore, by Taylor’s expansion,

0 <R[v(r — 8, x + Bs) — v(z, x)]

Ev(t — 8, x + Bs) —v(t,x 4+ Bs) + (v(t, x 4+ Bs) — v(t, x))]
= B[~8,v(t, x)8 + (Dv(t, x), Bs) + 1 (D*v(t, x) Bs, Bs) + I5]

< —3v(t, )8 + E[(Dv(r, x), Bs) + 1(D*v(t, x) Bs, Bs)] + E[I;],

where
1
Iy = / —[8,v(t — B8, x + Bs) — d,v(t, x)18dp
0
1 1
+f f (D*v(t, x + aBBs) — D*v(t, x))Bs, Bs)adBda.
0 0

By condition (iii) in Definition 3.1.2, we can check that lims ¢ ]E[| I5]16~! = 0, which
implies that 3,v(z, x) — G(Dv(t, x), D*v(t, x)) < 0. Hence u is a viscosity subso-
lution of (3.7.1). We can analogously show that u is also a viscosity supersolution.
Thus u is a viscosity solution. (I

In many situations we are interested in a 2d-dimensional Brownian motion
(B:, by)i>0 such that E[B;] = —E[—B;] = 0 and E[|b;|*]/t — 0, as ¢ | 0. In this
case B isin facta symmetric Brownian motion. Moreover, the process (b;),>¢ satisfies
the properties in the Proposition3.5.2. We define u(¢, x, y) = I@][go(x + B,y + b,)].

By Theorem 3.7.1 it follows that u is the solution of the PDE
du = G(Dyu, Du), uli—o = ¢ € Cprip®*?),

where G is a sublinear function of (p, A) € R? x S(d), defined by

G(p, A) :=E[(p, b)) + (AB), B)].
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3.8 G-Brownian Motion Under (Not Necessarily Sublinear)
Nonlinear Expectation

Let E be a nonlinear expectation and I% be a sublinear expectation defined on (€2, H)
such that E is dominated by E, namely

E[X]-E[Y]<B[X-Y], X,Y e H.

We can also define a Brownian motion on the nonlinsar expectation space (2, H, IE).
We emphasize that here the nonlinear expectation E is not necessarily sublinear.

Deﬁmtlon 3.8.1 A d-dimensional process (B;);>o on nonlinear expectation space
(2,H, E) is called a Brownian motion if the following properties are satisfied:

(i) Bo(w) = 0;

(i) Foreacht, s > 0, theincrement B;; — B; isidentically distributed with B and
is independent from (B,,, B,,, --- , B;,),foreachn e Nand0 <t <--- <t, <t;

(iii) lim, o ' B[| B,|*] = 0.

The following theorem gives a characterization of the nonlinear Brownian motion,
and provides us with a new generator G associated with this more general nonlinear
Brownian motion.

Theorem 3.8.2 Let (B,, b)i>0 be a given de valued Brownian motion, both on
(Q,H, E) and (2, H, IE) such that E[Bt] = [ B;]1 =0 and hmHo ]E[|b,| 1/t =
0. Assume that E is dominated byIE Then, for each fixedp € Cy Lip (R?), the function

i(t,x,y) = Elp(x + B,y +b)], (t,x,y) €0, 00) x R¥

is a viscosity solution of the following parabolic PDE:

dii — G(Dyii, D?ii) =0, iil,—o = ¢. (3.8.1)
where
G(p, A) =El(p,b1) + L(AB1, B1)1, (p, A) € R? x S(d). (3.8.2)
Remark 3.8.3 Let
G(p, A) :=El(p, br) + §(AB1, B)l, (p, A) € R! x S(d). (38.3)

Then the function G is dominated by the sublinear function G in the following sense:

G(p,A)—G(p,A)<G(p—p,A—A), (p,A), (p,A) e R xS(d).
(3.8.4)
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Conversely, once we have two functions G and G defined on (R?, S(d)) such that G is
a sublinear function and monotone in A € S(d), and that G is dominated by G, we can
construct a Brownian motion (B;, Q,) r>0 on a sublinear expectation space (€2, H, ]E)
such that a nonlinear expectation [E is well-defined on (€2, ) and is dominated by
E. Moreover, under E, (B;, b;);>¢ is also a R??_valued Brownian motion in the sense
of Definition 3.8.1 and relations (3.8.2) and (3.8.3) are satisfied.

Proof of Theorem 3.8.2 We set
@ = fas) :=El(p. b)) + 2(AB;, B)1, t > 0.
Since

|f(t +h) — FO <EUplbisn — bil + (pl + 2|AllB.))| By — Bl
+|A||Biyn — Bi[*1 = 0, ash — 0,

we getthat f(r)isa cgntinuous function;VSince I@[B,] = I@[—B,] = 0, it follows from
Proposition 3.8 that E[X + (p, B,)] = E[X] foreach X € H and p € R?. Thus

f@+h) =E[p, bign — b)) + (p, bs)
+1(ABisy — By, Biyy — B) + 2(AB,, B))]

= El(p. b) + 3(ABy. Bi)] + El(p. b,) + $(AB,. B)]
= f@®) + f(h).
It then follows that f(z) = f(1)t = G(A, p)t. We now prove that the function
u is Lipschitz in x and uniformly continuous in ¢. Indeed, for each fixed ¢,
ﬁ(l‘, 2 ECb,L,‘p(Rd) since
Elo(x + Br.y +b)] — Elp(x' + B,y + b))
<Ellox + By +b) — (' + B,y +b)[1 < Clx — x'| + |y = y'|).

For each é € [0, ¢], since (B, — Bs, by — bs) is independent from (Bs, bs),

i(t, x,y) = E[p(x + By + (B, — Bs), y + bs + (b, — bs)]
= EIE[@E + (B; — Bs), 7 + (b — bs)) e By 5=y5s]-

Hence N
u(t,x,y) =E[u(t —68,x + Bs, y + bs)]. (3.8.5)
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Thus

li(t, x, y) — ii(t — 8, x, y)| = |E[@(t — 8, x + Bs, y + bs) — it — 8, x, y)]|
< B[li(t — 8, x + By, y + bs) — ii(t — 8,x, y)]]
< CE[|Bs| + |bs]].
It follows from condition (iii) in Definition3.8.1 that u(z, x, y) is continuous in ¢
uniformly in (¢, x, y) € [0, 00) x R,
To prove that i is a viscosity solution of (3.8.1), we fix (¢, x, y) € (0, 0o) x R*?

and letv € C;*([0, 00) x R*) be such that v > u and v(t, x, y) = ii(t, x, y). From
(3.8.5), we have

v(t,x,y) = Ela(t — 8, x + Bs, y +b5)] < EIv(t = 8, x + Bs, y + by)].
Therefore, by Taylor’s expansion,

0 <Ev(t — 8, x + Bs, y + bs) — v(t, x, y)]
=Ev(t — 8, x + By, y +bs) —v(t,x + Bs, y + bs) +v(t,x + Bs, y +bs) — v(t, x, y)]
= E[—8,v(t, x, )8 + (Dyv(t, x, y), bs) + (8xv(t, x, ), Bs) + 3 (D2,v(t, x, y) Bs, Bs) + I5]
< —0,v(t.x, )8 + E[(Dyv(t, x, y), bs) + $(DEv(t, x, y) B, Bs)] + Els1.

Here
1
Iy = / —[0,v(t — 8y, x + Bs,y + bs) — 0,v(t, x, ¥)]18dy
0
1
+ / (0yv(t,x +yBs,y +ybs) — 0,v(t, x,y), bs)dy
0
1
+ / (0v(t, x,y +ybs) — 0,v(t, x, y), Bs)dy
0

1 1
+ / / (D2 v(t,x +ayBs,y + ybs) — D2 v(t,x,y))Bs, Bs)ydyda.
0 0

We use assgmption (iii) to check that lims o ]]:Z[|I(g|]5‘l = 0. This implies that
3,v(t, x) — G(Dv(t, x), D*v(t, x)) < 0,henceu is a viscosity subsolution of (3.8.1).
We can analogously prove that i is a viscosity supersolution. Thus # is a viscosity
solution. (]
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3.9 Construction of Brownian Motions on a Nonlinear
Expectation Space

Let G : RY x S(d) — R be a given continuous sublinear function monotone in A €
S(d). By Theorem 1.2.1 in Chap. 1, there exists a bounded, convex and closed subset
¥ C R? x S, (d) such that

G(p,A) = sup [St[AB]+ (p.q)] for (p, A) € R x S(d).
(g.B)ex

By the results in Chap. 2, we know that there exists a pair of d-dimensional random
vectors (X, Y) which is G-distributed.

Let 5(-) ‘R xS@d)— Rbea given function dominated by G in the sense of
(3.8.4). The construction of a R*?-dimensional Brownian motion (B,, b;);>0 under
a nonlinear expectation E, dominated by a sublinear expectation [ is based on a
similar approach introduced in Sect. 3.2. In fact, we will see that by our construction
(By, by)s>0 1s also a Brownian motion under the sublinear expectation E.

We denote by = C24(R") the space of all R*-valued continuous paths
(wy):er+. For each fixed T € [0, 00), we set Qr := {w..1 : ® € Q2}. We will con-
sider the canonical process (B;, b;)(w) = wy, t € [0, 00), for w € Q. We also follow
Sect. 3.2 to introduce the spaces of random variables Lip(€27) and Lip(§2) so that
to define the expectations [E and E on (€2, Lip(2)).

For this purpose we first construct a sequence of 2d-dimensional random vec-
tors (X;, n;)72, on a sublinear expectation space (Q, 7_‘{, E) such that (X;, n;) is
G-distributed and (X;4+1, n ;4+1) is independent from ((Xy, n1),--- , (X;, n;)) for
eachi =1, 2, - - -. By the definition of G-distribution, the function

u(t,x,y) :=Elpx +1X1,y+tn)], >0, x,yeR?

is the viscosity solution of the following parabolic PDE, which is the same as
Eq.(2.2.6) in Chap. 2:

du — G(Dyu, D2 .u) =0, ul—o = ¢ € Cp1i;p(R*).

We also consider another PDE (see Theorem C.3.5 of Appendix C for the existence
and uniqueness):

it — G(Dyii, D2it) =0, iil—o = ¢ € Cp.Lip(R*?),

and denote 13, [¢](x, y) = u(t, x, y). Thenit follows from Theorem C.3.5 in Appendix
C, that, for each ¢, ¥ € C; 1ip (R?2),

Plol(x, y) — BiW1(x, y) < El(¢ — ¥)(x + VX1, y + 1)1
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We now introduce a sublinear expectation I& and a nonlinear expectation E both
defined on Lip(€2) via the following procedure: for each X € Lip(£2) with

X=¢(B, —By,byy — by, -+, B, — By, ., by, — b, )
forg € Crpipy(R*>"yand 0 =1y <t; < --- < t, < 00, we define
El@(B, — By, by, — by, -+, By, — By, b, — b, )]
= Elp(/ti = 10X1, (ty = 1)1, -+ s /T = Tam1 X (tn = =) 1)]-
Then we define
Elo(By, — By by, = bigs -+ B, = By by, = by, )1 = o0,
where ¢, is obtained iteratively as follows:

L, Y1 Xt Yae1) = Py [9(X0, Y1s -+ 3 Xuts Yu1, 9100, 0),

Gu1(x1, 1) = Py [@a2(x1, y1, )10, 0),
On = Ptl [§0n71(')](0, O)

The related conditional expectation of X =¢(B;, — By,, by, — by, -+, B;, — By, ,,
b;, — by,_,) under 2, is defined by

E[X|2,1 = Elp(B, — By, by — by, -+ B, — By, by, — by, ) 19,1 (3.9.1)

=vY(B, — By, by, — by, -, B, — Bi,_,, by, —by,_),
where
Yy, x) =ElpGr, - xj, e — 5 X e, (0 — 10041, s v/t — tm1 X, (01— t0)7)].
Similarly,

E[X|Qt_,-] = @u—j(By, — By, by — by, -+, B, — By_,, bt, - bt,,l)-

Itis easy to check that I@[-] (resp., ]E) consistently defines a sublinear (resp. nonlinear)
expectation on (€2, Lip(£2)). Moreover (B, b;),>0 is a Brownian motion under both
[t and E.



86 3 G-Brownian Motion and It6’s Calculus

Proposition 3.9.1 Let us list the properties of IEHQ,] that hold for each X,Y €
Lip(Q2):

(i) If X > Y, then E[X|2,] = E[Y|Q).
(ii) E[X +nl€2] _E (XS] +n, foreacht > 0and n €Lip($2,).
(iii) BLX12] - ElY|2,] < E[X — Y]], . _
(iv) E[E[X|]]2] = E[X|S~2,M], mpa]:tlcular, E[E[X|2]] = E[X].
(v) Foreach X € Lip(Q"), E[X|Q,;] = E[X], where Lip(2") is the linear space
of random variables of the form

w(Blz - Btla btz - bl]a T Bt”+] - Bt,,v bt,,+] - bt,,)a
n=12-, ¢€CLp,R™), t, - ty, tay1 € [t,00).

Since I can be considered as a special nonlinear expectation of E which is dom-
inated by itself, it follows that [E[-|€2;] also satisfies the above properties (1)—(v).

Propositiop 3.9.2 The conditional sublinear expectation 1) [-192/] satisfies (i)—(v).
Moreover K[-|$2,] itself is sublinear, i.e.,

(Vl)E[XlSZ 11— [Y|S2 ] < ]E[X Y|l

(vii) E[nX|Q 1= n*E[XlQ 1+ n"E[—X|Q] for each n € Lip(£2,).

We now consider the completion of sublinear expectation space (€2, Lip(2), k).
Denote by L? (), p > 1, the completion of Lip(£2) under the norm [ X||, :=
(E[|X|P])"/?. Similarly, we can define L7.(Q27), L%.(Q2%) and L7.(Q2"). It is clear
that foreach0 <t < T < o0, LZ(Q ) C L c(Qr) € L? (SZ)

According to Sect. 1.4 in Chap. 1, the expectation R[] can be continuously
extended to (2, L} ¢ (€2)). Moreover, since the nonlinear expectation [E is dominated
by IE it can also be continuously extended to (€2, L! c(). (2, L! (), IE) is a sub-
linear expectation space while (€2, L) ¢ (€), E) is a nonhnear expectation space. We
refer to Definition 1.4.4 in Chap. 1.

The next is to look for the extension of conditional expectation. For each fixed
t < T, the conditional expectation E[-|€2,] : Lip(Q27) — Lip(£2;) is a continuous
mapping under ||-||. Indeed, we have

EIx|Q] - E[Y|Q1 < B[X — ¥|Q,] < B[|X — Y||2],

then - ~ .
IE[X|2] — E[Y|Q]] < E[|X — Y[|2/].

We thus obtain _ ~
|E[x|21-EY|Ql| <X -Y].

It follows that IEHQ,] can also be extended as a continuous mapping

EL12]: LL(Qr) — LL()).
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If the parameter 7T is not fixed, then we can obtain ]E[-|Q,] : LIG(Q) — L};(Q,).

Remark 3.9.3 Propositions 3.9.1 and 3.9.2 also hold for X, Y € Lé;(Q). However,
in (iv), n € L{;(2;) should be bounded, since X, Y € L);(2) does not imply that
XY elLl(Q).

In particular, we have the following independence:
E[x|Q]=E[X], VX eL,(Q".
We give the following definition similar to the classical one:

Definition 3.9.4 An n-dimensional random vector Y € (L 'G(Q))” is said to be inde-
pendent from €2, for some given ¢ if for each ¢ € Cp, 1;,(R") we have

Elp(1)|2:] = Elp(1)].

3.10 Exercises

Exercise 3.10.1 Let (B;),> be a 1-dimensional G-Brownian motion, such that its
value att = 1 is B < N0} x [¢?, @2]). Prove that for each m € N,

2(m — DN&™t7 /27, if mis odd,
(m — DHNa"r 7, if m is even.

E[B, "] = {

Exercise 3.10.2 Show that if X € Lip(Qr) and E[X] = —E[—X], then E[X] =
Ep[X], where P is a Wiener measure on £2.

Exercise 3.10.3 For each s, > 0, we set B := By, — B;. Let n = (77,‘}-)1?",.].:] €
L};(QX; S(d)). Prove that

~

E[(nB;, B))1S2] =2G(n)t.

Exercise 3.10.4 Suppose that X € L7 (Qr) for p > 1. Prove that there exists a
sequence of bounded random variables X, € Lip(Q2r),n =1, - - -, such that

lim E[|X — X,|’] = 0.

n—o00

Exercise 3.10.5 Prove that for each X € Lip(Q27), sup ]]:JI[X] € LlG(QT).
0<t<T

Exercise 3.10.6 Prove that ¢(B;) € L lG () for each ¢ € C(R?) with a polynomial
growth.
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Exercise 3.10.7 Prove that, for a fixed n € Mé 0, 7),

T T T
gZEU n?dr]sE[(/ mde)z]SEzE[/ n?dr]
0 0 0

where 5% = ]E[Blz] and g% = —]E[—Blz].

Exercise 3.10.8 Let (B;);>0 be a 1l-dimensional G-Brownian motion and ¢ a
bounded and Lipschitz function on R. Show that

N—-1

. o 2 —

nggoE[ ;wB,kN)[(B,kNH —By) = (B — <B>,k~)]H =0,
Wheret,fv =kT/N,k=0,...,N — 1.

Exercise 3.10.9 Prove that, for a fixed n € M (0, T),

R T R T R T
22E|:/ |m|dr]sla[/ |n,|d<B>,]562E[/ |n,|dt],
0 0 0

where 32 = H:Z[Blz] and g% = —H:Z[—Blz].
Exercise 3.10.10 Complete the proof of Proposition3.5.7.

Exercise 3.10.11 Let B be a 1-dimensional G-Brownian motion and E a nonlinear
expectation dominated by a G-expectation. Show that for any n € M2(0, T):

G E [jOT nsdBS] —0:

(i) [ [(fOT nsdBS)z} =F [/‘OT |77S|2d(B)S].

Notes and Comments

Bachelier [7] proposed to use the Brownian motion as a model of the fluctuations
of stock markets. Independently, Einstein [56] used the Brownian motion to give
experimental confirmation of the atomic theory, and Wiener [173] gave a mathemat-
ically rigorous construction of the Brownian motion. Here we follow Kolmogorov’s
idea [103] to construct G-Brownian motions by introducing finite dimensional cylin-
der function space and the corresponding family of infinite dimensional sublinear
distributions, instead of (linear) probability distributions used in [103].

The notions of G-Brownian motions and the related stochastic calculus of 1t6’s
type were firstly introduced by Peng [138] for the 1-dimensional case and then in
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(2008) [141] for the multi-dimensional situation. It is very interesting that Denis
and Martini [48] studied super-pricing of contingent claims under model uncer-
tainty of volatility. They have introduced a norm in the space of continuous paths
Q = C([0, T]) which corresponds to the L2G-n0rm and developed a stochastic inte-
gral. In that paper there are no notions such as nonlinear expectation and the related
nonlinear distribution, G-expectation, conditional G-expectation, the related G-
normal distribution and independence. On the other hand, by using powerful tools
from capacity theory these authors obtained pathwise results for random variables
and stochastic processes through the language of “quasi-surely” (see e.g. Dellacherie
[42], Dellacherie and Meyer [43], Feyel and de La Pradelle [65]) in place of “almost
surely” in classical probability theory.

One of the main motivations to introduce the notion of G-Brownian motions
was the necessity to deal with pricing and risk measures under volatility uncertainty
in financial markets (see Avellaneda, Lévy and Paras [6] and Lyons [114]). It was
well-known that under volatility uncertainty the corresponding uncertain probability
measures are singular with respect to each other. This causes a serious problem in
the related path analysis to treat, e.g., when dealing with path-dependent derivatives,
under a classical probability space. The notion of G-Brownian motions provides a
powerful tool to study such a type of problems. Indeed, Biagini, Mancin and Meyer
Brandis studied mean-variance hedging under the G-expectation framework in [18].
Fouque, Pun and Wong investigated the asset allocation problem among a risk-free
asset and two risky assets with an ambiguous correlation through the theory of G-
Brownian motions in [67]. We also remark that Beissner and Riedel [15] studied
equilibria under Knightian price uncertainty through sublinear expectation theory,
see also [14, 16].

The new Itd’s calculus with respect to G-Brownian motion was inspired by Itd’s
groundbreaking work of [92] on stochastic integration, stochastic differential equa-
tions followed by a huge progress in stochastic calculus. We refer to interesting books
cited in Chap. 4. It6’s formula given by Theorem 3.6.5 is from [138, 141]. Gao [72]
proved a more general Itd’s formula for G-Brownian motion. On this occasion an
interesting problem appeared: can we establish an It6’s formula under conditions
which correspond to the classical one? This problem will be solved in Chap. 8 with
quasi surely analysis approach.

Using nonlinear Markovian semigroups known as Nisio’s semigroups (see Nisio
[119]), Peng [136] studied the processes with Markovian properties under a non-
linear expectation. Denk, Kupper and Nendel studied the relation between Lévy
processes under nonlinear expectations, nonlinear semigroups and fully nonlinear
PDEs, see [50].



Chapter 4 ®)
G-Martingales and Jensen’s Inequality e

In this chapter, we introduce the notion of G-martingales and the related Jensen’s
inequality for a new type of G-convex functions. One essential difference from the
classical situation is that here “M is a G-martingale” does not imply that “—M is a
G-martingale”.

4.1 The Notion of G-Martingales

We now give the notion of G-martingales.

Definition 4.1.1 A process (M;),>¢ is called a G-supermartingale (respectively,
G-submartingale) if for any ¢ € [0, 00), M; € L};(Q,) and for any s € [0, t], we
have

IAE[M,|SZS] < M, (respectively, > Mj).

(M,)>¢is called a G-martingale if it is both G -supermartingale and G-submartingale.
If a G-martingale M satisfies also

B[—M,|9,] = —M,,

then it is called a symmetric G-martingale.

Example 4.1.2 For any fixed X € LIG(Q), it is clear that (]E[X|Q,]),Zo is a G-
martingale.

Example 4.1.3 For any fixed a € R, it is easy to check that (BY)1>0 and (—B?);>0
are G—martingales. The process ({B?), — azart)tzo is a G-martingale since
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A

E[(B*), — 01191 = E[(B*); — 0t + ((B*), — (B*),)|]
= (B%); — 0gyrt + BI(B*), — (B*),]
= (B, —02:5.
However, the processes (—({B?), — :art))tzo and ((Bla)z),zo are G-submartingales,
as seen from the relations
EL(BM?|2] = EL(BY? + (B — BY)> + 2BX(B! — BY)|Q]
= (BM? + E[(B} — BY)*|]
= (BY? + o0, (t —s) > (B
Similar reasoning shows that ((B;‘)2 - Ufarl‘)rzo and ((Bf‘)2 — (B*))¢>0 are G-
martingales.
In general, we have the following important property.

Proposition 4.1.4 Let My € R, ¢ = (<pf)j.=1 € M0, T:RY) andn = (n'/){ j=1 €
Mé(O, T; S(d)) be given and let

t t t
M, =M0+f gab{de{+/ nd (B)Y —f 2G(n,)du fort € [0, T].
0 0 0

Then M is a G-martingale. As before, we follow the Einstein convention: the above
repeated indices i and j meaning the summation.

Proof Since IAE[fSt ¢idBl|Q,] = E[— f; @i dBj|,] = 0, we only need to prove that
_ t .. .. t
M, =/ nL]d(B);] —f 2G(n,)du fort € [0, T]
0 0

is a G-martingale. It suffices to consider the case of n € Mcl;’o(O, T;S(d)),i.e.,

N—1

ne= Mdigan®), O=to<ti <. <t,=T.
k=0

We have, for s € [ty_1, tn],

+ Bl (B), — (B)y) = 2G (s, ) (t — 9)| Q]

RIM,|9] = M,
M, +E[(A, (B), — (B))lazy, , —2G (1, )t — 5)
M,

We can repeat this procedure backwardly thus proving the result for s €
[0, 2y 1] O
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Corollary 4.1.5 Letn € Mcl; (0, T). Then for any fixed a € R?, we have

T T T
02t E U Imldt} <E [/ Imld<Ba>t} <oisE U |nz|dr] . (410
0 0 0

Proof Proposition 4.1.4 implies that, for any & € Mé 0,T),

“ T T
EU £d(BY), — / 2Ga<sz>dr]=o,
0 0

where G,(a) = 1(o,

2
—aal

" r T
B[ imtaws oz [ niai] =o
0 0
o T T
E[—/ In:\d(B*), +Ufaarf In,|dt] =0.
0 0

Thus the result follows from the sub-additivity of G-expectation. (]

rat —o? La7). Letting & = |n| and & = —|n|, we get

Remark 4.1.6 1f ¢ = 0inProposition4.1.4,then M, = [ 0/ d(B)i/ — [; 2G(1.)du
is a G-martingale. This is a surprising result because M; is a continuous and non-
increasing process.

Remark 4.1.7 1t is worth mentioning that for a G-martingale M, in general, —M
is not a G-martingale. Notice however, in Proposition4.1.4 with n = 0, the process
—M is still a G-martingale.

4.2 Heuristic Explanation of G-Martingale Representation

Proposition4.1.4 tells us that a G-martingale contains a special additional term which
is a decreasing martingale of the form

K, = f nd(B), — / Gn,)ds.
0 0

In this section, we provide a formal proof to show that a G-martingale can be decom-
posed into a sum of a symmetric martingale and a decreasing martingale.

Let us consider a generator G : S(d) — R satisfying the uniformly elliptic con-
dition, i.e., there exists § > 0 such that, for each A, = S(d) with A > A,

G(A) — G(A) > Btr[A — A].
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For & = (Ej)‘;zl € M%(0,T;R?) and n = (nij)f{jzl € M.(0, T; S(d)), we use the
following notations

T d T . . T d T .. ..
/ (¢/,dB;) = § / Etdetj; / (n:, d(B);) := § / ﬁi’d (B>;j .
0 oo 0 0

ij=1

Let us first consider a G-martingale (M;);cjo,71 With terminal condition My =
E=¢Br —B;)for0 <t <T < o0.

Lemma4.2.1 Let § = ¢(Br — B;), ¢ € Cp1ip (RY). Then we have the following
representation:

R T T T
5=E[51+f <fsz,dBf>+/ (n,,d<B>f>—f 2G(ny)dt.

n n

Proof We know that u(t, x) = IAE[(p(x + By — B;)] is the solution of the following
PDE:
du+G(D*u) =0, (t,x)e[0,T]xRY, u(T,x)=px).

For any ¢ > 0, by the interior regularity of u (see Appendix C), we have
lull crvarata o r—exrey < 0O for some a € (0, 1).

Applying G-Itd’s formula to u(t, B, — B;,) on [t;, T — €], since Du(¢, x) is uni-
formly bounded, letting ¢ — 0, we obtain

T

T
s=1f<:[s1+/ dult, B, —B,,>dr+/ (Du(t, B, - B,), dB,)

| |

T
+ %/ (Dzu(t, B; — B:)),d(B):)

n

T T
= ]E[é] +/ (Du(t, B, — Brl), dB;) + %/ (Dzu(t, B, — le), d(B);)
, 31 n
—/ G(D*u(t, B, — By,))dt.

O

This method can be applied to treat a more general martingale (M,)o<;<r With
terminal condition

Mr =§0(le, Bt2 - lea ttt BtN - BtN,l),

(4.2.1)
10 er_Lip(RdXN), O0<ti<thh<---<ty=T < o0.
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Indeed, it suffices to consider the case
R T T T
§=E[§]+ / (Bi,dB;) + / (n:,d(B):) — / 2G(ny)dt.
0 0 0

For & = ¢(B,,, Br — B;,), we set, for each (x, y) € R*,

u(t, x,y) = Elp(x, y + Br — B)L; ¢1(x) = Elp(x, Br — B,)].

For x € R?, we denoteé = ¢(x, Br — B;;). By Lemma4.2.1, we have

T T
E=pi(x)+ f (Dyu(t,x, B, — B,), dB;) + 3 / (Dju(t, x, B, — By,), d(B),)
3] 4]
T
— / G(Dju(t, x, B, — B,))dt.
1
Intuitively, we can replace x by B;,, apply Lemma 4.2.1 to ¢; (B;,) and conclude that
T
%_:(pl(Btl)_’_/ (Dyu(tv BtlaBt_Bh)vdB[)
1

T T
+%/ (Dju(t, B, B, —B,,),d(B),)—/ G(D}u(t, By, B, — By))dt.
131

1

We repeat this procedure and show that the G-martingale (M,)¢j0,7) With terminal
condition M7 given in (4.2.1) has the following representation:

M, = EB[M;]+ / (B, dB,) + K,
0

with K, = [; (n,, d(B),) — [, 2G(n,)ds for0 <t < T.

Remark 4.2.2 Here there is a very interesting and challenging question: can we prove
the above new G-martingale representation theorem for a general LY-martingale?
The answer of this question is provided in Theorem7.1.1 of Chap. 7.

4.3 G-Convexity and Jensen’s Inequality for
G-Expectations

Here the question of interest is whether the well-known Jensen’s inequality still
holds for G-expectations.
First, we give a new notion of convexity.
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Definition 4.3.1 A continuous function 4 : R — R is called G —convex if for any
bounded & € L%; (£2), the following Jensen’s inequality holds:

E[h(£)] = h(E[£]).
In this section, we mainly consider C2-functions.

Proposition 4.3.2 Let h € C*(R). Then the following statements are equivalent:
(i) The function h is G —convex.
(ii) For each bounded & € LE(Q), the following Jensen’s inequality holds:

Bl = h(EIE|Q)) fort = 0.
(iii) For each ¢ € le (RY), the following Jensen’s inequality holds:
Elh(p(B)] = h(Elp(B))) fort = 0.
(iv) The following condition holds for each (y, z, A) € R x R x S(d):
G (A +h"(y)zz") — W(y)G(A) > 0. 4.3.1)

To prove Proposition 4.3.2, we need the following lemmas.

Lemma 4.3.3 Let® : R? — S(d) be a continuous function with polynomial growth.
Then

t+48
18%11@ [ / (®(By), d<B>s)] 571 = 2B[G(®(B)))]. (4.3.2)

Proof If @ is a Lipschitz function, it is easy to show that

gl

where C is a constant independent of §. Thus

t+6
/ (®(B,) — D(B,), d(B)s)

} <82,

t+8
. - T —115 _
lim 8 EU <<I><Bs>,d<B>x)]—1£gs EL(®(B)), (B)i1s — (B),)]
= 2R[G (P (B))].

Otherwise, we can choose a sequence of Lipschitz functions @y : R4 — S(d) such
that

Dy (x) — ()] < %(1 ),

where C; and k are positive constants independent of N. It is see to show that
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. C
E <=4

N

A C
E[IG(®(B)) — G(@n(B)I = .

t+68
/ (®(B,) — Dy(B,), d(B),)

and

where C is a universal constant. Thus

146
'I@: [ f ((By), d<B>s)} s — ZIE[G(@(B»)]‘

=

R t+6 R 3C
B [/ (@n(B,), d<B>s>} 5 2 [G(%(B:))]‘ +o

Then we have

R t+§ R 3
lim sup | [/ (®(By), d(B>.v)] 871 = 2E[G(®(B)]| < —.
810 ! N
Since N can be arbitrarily large, this completes the proof. (]

Lemma 4.3.4 Let V be a C*-function on R? with D*W satisfying a polynomial
growth condition. Then we have

gig)l s N R[W(Bs)] — W(0)) = G(D*W(0)). (4.3.3)

Proof Applying G-It&’s formula to W (B;), we get

) 8
W (Bs) = ‘11(0)+/ (D‘P(Bs),stH—%/ (D*W(By), d(B),).
0 0

Therefore 5
E[W(B;)] — ¥(0) = IE [/ (D*W(By), d<B>s)] :
0
By Lemma4.3.3, we obtain the result. O

Lemma 4.3.5 Leth € C*(R) and satisfy (4.3.1). For any ¢ € Ch.Lip (RY), let u(t, x)
be the solution of the G-heat equation:

oiu — G(Dzu) =0 (t,x) €[0,00) x RY, u(0, x) = @(x). “4.3.4)

Then u(t, x) := h(u(t, x)) is a viscosity subsolution of the G-heat Eq.(4.3.4) with
initial condition u(0, x) = h(ep(x)).
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Proof For each ¢ > 0, we denote by u, the solution of the following PDE:
dhitte — Ge(D?ue) =0 (1,x) €[0,00) x RY, u. (0, x) = p(x),

where G.(A) := G(A) + etr[A]. Since G, satisfies the uniformly elliptic condition,
by Appendix C, we have u, € C"2((0, oo) x R?). By simple calculation, we have

dh(ue) = h'(ue)due = h' (u:)Ge(Du,)

and
dh(ue) — Ge(D*h(up)) = fo(t, x), h(u:(0, x)) = h(p(x)),

where
fo(t, x) = W' (u.)G(D*u.) — G(D*h(u;)) — eh” (ug)| Dug)*.

Since 4 satisfies (4.3.1), it follows that f. < —sh”(u,)|Du.|>. We can also deduce
that | Du.| is uniformly bounded by the Lipschitz constant of ¢. It is easy to show
that u, uniformly converges to u as ¢ — 0. Thus & (u.) uniformly converges to & (u)
and h” (u,) is uniformly bounded. Then we get

dh(ue) — Ge(D*h(u,)) < Ce, h(u.(0, x)) = h(p(x)),

where C is a constant independent of €. By Appendix C, we conclude that /(u) is a
viscosity subsolution. O

Proof of Proposition 4.3.2 Obviously (ii) = (i)==(iii) . We now show (iii)=(ii).
For ¢ € LE(Q) of the form

&= (P(Btlv Bzz - Btlv e, Br,, - Bt,,,l),

where ¢ € C2(RY*"),0 < t; < --- <1, < 00, by the definitions of £[-] and K[|, ],
we have . )
E[7(&)12/] > h(E[&|€2]), t > 0.

This Jensen’s inequality can be extended to hold under the norm || - || = IFE[| -1, to
each & € L{;(Q) satisfying h(§) € L ().

Let us show (iii)==(iv): for each ¢ € C}(RY), we have E[h(e(B,))] >
h(]E[(p(B,)]) for ¢t > 0. By Lemma4.3.4, we know that

laiigl(ﬁ[w(Ba)] — @08~ = G(D*¢(0))

and
lsifg(ﬁ[h(@(B‘S))] — h(p(0))8~" = G(D*h(9)(0)).
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Thus we obtain
G(D*h(9)(0)) > ' (9(0))G(D*p(0)).

For each (y, z, A) € R x R? x S(d), we can choose ¢ € C?(R?) such that

(¢(0), Dp(0), D*¢(0)) = (v, z, A).

Thus we obtain (iv).

Finally, (iv)==(iii): foreach ¢ € C 5 R, u(t, x) = I@I[(p(x + B,)] (respectively,
u(t,x) = IAE[h(ga(x + B;))]) solves the G-heat Eq.(4.3.4). By Lemma4.3.5, h(u)
is a viscosity subsolution of the G-heat Eq.(4.3.4). It follows from the maximum
principle that 2 (u(t, x)) < u(¢, x). In particular, (iii) holds. O

Remark 4.3.6 In fact, (i)<=(ii) <= (iii) still hold without assuming that & €
C*(R).

Proposition 4.3.7 Let h be a G-convex functionand X € L E(Q) be bounded. Then
the process Y; = h(E[X|2,]), t > 0, is a G-submartingale.

Proof Foreachs <t,

BLY, |91 = BlARIX]2,1)|92,] > h(B[X|Q2,]) = Y. 0

4.4 Exercises

Exercise 4.4.1 (a) Let (M;);>0 be a G-supermartingale. Show that the process
(=M,)s>0 is a G-submartingale.

(b) Find a G-submartingale (M;),>o such that (—M;),>p is not a G-
supermartingale.

Exercise 4.4.2 (a) Assume that (M,);>o and (N;),>0 be two G -supermartingales.
Prove that their sum (M; + N;);>¢ is a G -supermartingale.

(b) Assume that (M,);>0 and (—M,),;>o are two G-martingales. For each G-
submartingale (N,),>o, prove that (M, + N;),;>¢ is a G-submartingale.

Exercise 4.4.3 Suppose that G satisfies the uniformly elliptic condition and & €
C?*(R). Show that & is G-convex if and only if / is convex.

Notes and Comments

The material in this chapter is mainly from Peng [140].
Peng [130] introduced a filtration consistent (or time consistent, or dynamic)
nonlinear expectation, called g-expectation, via BSDE, developed further in (1999)
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[132] for some basic properties of the g-martingale such as nonlinear Doob-Meyer
decomposition theorem. See also Briand et al. [20] , Chen et al. [29], Chen and Peng
[30, 31], Coquet, Hu, Mémin and Peng [35, 36], Peng [132, 135], Peng and Xu [148],
Rosazza [152]. These works lead to a conjecture that all properties obtained for g-
martingales must have their counterparts for G-martingale. However this conjecture
is still far from being complete.

The problem of G-martingale representation has been proposed by Peng [140].
In Sect.4.2, we only state a result with very regular random variables. Some very
interesting developments to this important problem will be provided in Chap. 7.

Under the framework of g-expectation, Chen, Kulperger and Jiang [29], Hu [86],
Jiang and Chen [97] investigate the Jensen’s inequality for g-expectation. Jia and
Peng [95] introduced the notion of g-convex function and obtained many interesting
properties. Certainly, a G-convex function concerns fully nonlinear situations.



Chapter 5 ®)
Stochastic Differential Equations oo

In this chapter, we consider the stochastic differential equations and backward
stochastic differential equations driven by G-Brownian motion. The conditions and
proofs of existence and uniqueness of a stochastic differential equation is similar to
the classical situation. However the corresponding problems for backward stochas-
tic differential equations are not that easy, many are still open. We only give partial
results to this direction.

5.1 Stochastic Differential Equations

In this chapter, we denote by M5.(0, T; R"), p > 1, the completion ofMg’O(O, T:R"
under the norm (foT [|n,|P1dt)"/?. 1t is not hard to prove that MEO,T;R")

MGP (0, T'; R™"). We consider all the problems in the space Mg (0, T; R™). The fol-
lowing lemma is useful in our future discussion.

Lemma 5.1.1 Suppose that ¢ € Mé (0, T). Then for a € R, it holds that
t -
N = / @ dB* € M%(0,T).
0
Proof Choosing a sequence of processes ¢" € Mé’O(O, T) such that

T
lim E [/ lgs — <p;'|2ds} =0.
n—oo 0

Then for each integer n, it is easy to check that the process n; = fot @!'d B? belongs
to the space A;Ié 0, 7).
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On the other hand, it follows from the property of G-Itd integral that

T T t T
/E[|m—n:‘|2]dr=o§an JEU \ws—wngds]dtsvjaTTE[/ |¢x—¢§|2ds],
0 0 0 0

which implies the desired result. (]

Now we consider the following SDE driven by a d-dimensional G-Brownian
motion:

t t t
X, =x0+/ b(s, Xs)ds+/ hij (s, X5)d (B>§f+/ oj(s, X,)dB/!, t €10, T],
0 0 0

(5.1.1)
where the initial condition X, € R" is a given constant, b, h;;, o; are given functions
satisfying b(-, x), h;;j (-, x), 0;(-, x) € Mé(O, T; R") for each x € R" and the Lips-
chitz condition, i.e., |¢ (¢, x) — ¢ (¢, x")| < K|x — x'|,foreacht € [0, T],x,x" € R",
¢ = b, h;; and o}, respectively. Here the horizon [0, T'] can be arbitrarily large. The
solution is a process (X;)se[0,7] € Mé (0, T; R") satisfying the SDE (5.1.1).

We first introduce the following mapping on a fixed interval [0, T']:

At ME©O, T; R") = MZ(0, T; R")

by setting A,, t € [0, T], with

t t t
A(Y) =X0+/ b(s, Ys)ds+/ hij (s, Ys)d<B>§f‘+/ oj(s, Y,)dB].
0 0 0

From Lemma5.1.1 and Exercise 5.4.2 of this chapter, we see that the mapping A is
well-defined.
We immediately have the following lemma, whose proof is left to the reader.

Lemma 5.1.2 ForanyY,Y' € Mé (0, T; R™), we have the following estimate:
t
E[|A,(Y) = A,(Y)F] = C / E[Y, — Y]P’lds, t € [0, T], (5.1.2)
0

where the constant C depends only on the Lipschitz constant K.

We now prove that the SDE (5.1.1) has a unique solution. We multiply on both
sides of (5.1.2) by e2¢! and integrate them on [0, T], thus deriving

f E[|A(Y) — A (Y)|Ple 2 dt <c/ / (Y, — Y/|*)dsdt

0
—c/ / e 21 drR[|Y, — Y!1ds

- 5/ (e7265 — e 2°TYR[ )Y, — Y/|1ds.
0
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We then have
T R 1 T R
/ E[|A(Y) — A (Y[} le ¢ dr < 3 / E[|Y, — Y/|*le”*“"dt. (5.1.3)
0 0
Note that the following two norms are equivalent in the space Mé 0, T; R™):

T 1/2 T
( / E[|Yf|2]dr> ~ ( / E[|Yt|2]e—”’dr)
0 0

From (5.1.3) we obtain that A(Y) is a contraction mapping. Consequently, we have
the following theorem.

172

Theorem 5.1.3 There exists a unique solution (X;)o<;<r € 1\;1(2;(0, T;R") of the
stochastic differential equation (5.1.1).

We now consider a particular but important case of a linear SDE. For simplicity,

assume thatd = 1, n = 1. and let
X = XO +/ (ths +ﬁs)d<B)x +/ (05X +6s)de5 tel0,T].
0 0
(5.14)
Here X, € R is given, b, h , o, are given bounded processes in Mé (0, T;R) and
l;,, fz,, 0 are given processes in M, (2; (0, T'; R). It follows from Theorem 5.1.3 that the
linear SDE (5.1.4) has a unique solution.

t t t

(bs X5 + l;s)ds +/
0

Remark 5.1.4 The solution of the linear SDE (5.1.4) is
t _ t ~ t
X, =T;"(Xo +/ bsT'sds +/ (hs — 050,)'sd(B); +/ osI'sdBy), t € [0, T],
0 0 0

where T; = exp(— [ byds — [, (hy — 2o2)d(B); — [y 0,dBy).
In particular, if b, i, o, are constants and b , i, . are zero, then X is a geometric
G-Brownian motion.

Definition 5.1.5 We say that (X,),>¢ is a geometric G-Brownian motion if
X = exp(at + B(B); + v B,), (5.1.5)

where «, B, y are constants.
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5.2 Backward Stochastic Differential Equations (BSDE)

We consider the following type of BSDE:

T T
Y,=ﬂ3:[é;+ / f(s, Yds + / hij(s, Y)d (B)Y

Qf], te[0,T], (5.2.1)

where £ € Llc(SZT; R"™), f, h;; are given functions such that f(-,y), h;;(-,y) €
M é (0, T'; R") for each y € R" and these functions satisfy the Lipschitz condition,
i.e.,

(. y) —¢(t.y)| < K|y —y'|, foreach 1 €[0,T], y,y' €eR", ¢=f andh;;.

The solution is a process (Y;)o<i<r € Mé (0, T'; R™) satisfying the above BSDE.
We first introduce the following mapping on a fixed interval [0, T']:

A i M5O, T; R — M0, T; R")

by setting A,, t € [0, T'] as follows:

T T

A(Y)=E [S +/ f(s, Yods + / hij(s, Yo)d (B){ Qt] )
t t

which is well-defined by Lemma5.1.1 and Exercises 5.4.2, 5.4.5.

We immediately derive a useful property of A;.

Lemma 5.2.1 ForanyY,Y' € Mé (0, T; R™), we have the following estimate:
A T A
E[[A(Y) — A (Y]] < C/ E[|Ys — Y{[lds, t € [0, T], (5.2.2)
t
where the constant C depends only on the Lipschitz constant K.

Now we are going to prove that the BSDE (5.2.1) has a unique solution. We
multiplying on both sides of (5.2.2) by ¢/, and integrate them on [0, T']. We find

T T T
/ E[|A,(Y) — A, (Y)|1e*C dt < c/ / E[|Y, — Y1’ dsdt
0 0 t
T R K
= cf E[Y, — Y;|]/ *Cldtds
0 0

1 7.
= -/ E[|Y, — Y/[1(e*** — 1)ds
2 Jo

A

1 (7.
5/ E[|Y, — Y/|1e*“ ds. (5.2.3)
0
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We observe that the following two norms in the space M é (0, T; R") are equivalent:

T T
| Eumnar~ [ Buviecar
0 0
From (5.2.3), we can obtain that A(Y) is a contraction mapping. Consequently, we
have proved the following theorem.

Theorem 5.2.2 There exists a unique solution (Y;);e0,1] € Mé(O, T; R") of the
backward stochastic differential equation (5.2.1).

Let Y™,y = 1, 2, be the solutions of the following BSDE:

" _ r NG r Wy O i

YW =1 g<V>+/ (f(s, Y + o5 )ds—{—/ (hij(s. Y3 + " )d (BYY | |
t t

Then the following estimate holds.

Proposition 5.2.3 We have

T
o 1 2 AN T .2
IE[IY,( ) Yz( ) ] < CLT-DReD _ @) +/ |</’s(1) —</’s(2)| 4y am _ %u( )|ds],

t
(5.2.4)
where the constant C depends only on the Lipschitz constant K.

Proof As in the proof of Lemma5.2.1, we have
A T A A
Eny® -yPn<c ( / BOy" — v nds + Elig — £
t

T
+ f 0" = o1+ 1y~ w;””ws]) :
t

By applying the Gronwall inequality (see Exercise 5.4.4), we obtain the statement.

Remark 5.2.4 Inparticular, if ® = 0,p® = — f(s,0), ¥ = —h;;(s,0),£D =
£, M =0, y"" =0, we obtain the estimate of the solution of the BSDE. Let ¥
be the solution of the BSDE (5.2.1). Then

T
E[Y,|] < CeCT IR [|s|+ f | £(s,0)] +|h,-j<s,o>|ds] (5.2.5)

where the constant C depends only on the Lipschitz constant K .
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5.3 Nonlinear Feynman-Kac Formula

Consider the following SDE:

{ dX'5 = b(X"5)ds + hi;(X5)d (B)Y +o;(X5)dB], s € [t, T, 53.0)

X =¢,

where &€ € LzG(Q,; R") and b, h;;, o; : R" > R" are given Lipschitz functions, i.e.,
lp(x) —p(x)] < K|x —x'|,forall x,x" € R", ¢ = b, h;; and 5.
We then consider the associated BSDE:

T T
y;’sz[mx;m / FXPE v dr + / gu(Xif,Y:f>d(B",B">r\9s]’

(5.3.2)
where @ : R” — Risa given Lipschitz functionand f, g;; : R" x R > R are given
Lipschitz functions, i.e., |¢(x, y) — ¢ (x', )| < K(]x — x'| + |y — y’|), for each x,
xX'eR",y,y eR,¢ = fandg;.

We have the following estimates:

Proposition 5.3.1 Foreaché&, &' € L%; (2; R™), we have, for each s € [t, T],
ElIX¢ — X0 PIQu] < Clg — €' (53.3)

and R
EOX 212,01 < €1+ €1, (5.3.4)

where the constant C depends only on the Lipschitz constant K.

Proof 1t is easy to see that

B[ X5 — X2 Q0 < € — &P + / E[IX05 — X0¥1Q01dr).

t

By the Gronwall inequality, we obtain (5.3.3), namely
BlIX;* - XpEPI0] < Cre®T e — €'
Similarly, we derive (5.3.4). O
Corollary 5.3.2 Forany £ € L2G (2:; R™), we have
]E[|X;f(S —EP1Q] < CA+ &S fors €0, T —1], (5.3.5)

where the constant C depends only on the Lipschitz constant K.
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Proof 1t is easy to see that
R . t+6 R
E[Xp5s — &1 < cl/ (1 +E[|X§’5|2|Q,]) ds.
t

Then the result follows from Proposition5.3.1. (]
Proposition 5.3.3 For each &, &' € L%(Q,; R"), we have
¥ — ¥ = Clg - ¢ (5.3.6)

and

1Y) < (1 + &), (5.3.7)

where the constant C depends only on the Lipschitz constant K.

Proof For each s € [0, T], it is easy to check that
¢ T
/ = t, 1§ 4 4
Y5 — Y < K |:|XT — X5 +/ (X585 — XU 4 78—y |)dr|§25:| :
s

Since "
BOXE - xe9 IR < (BOX:S - X9 R,)

we have

T
BOIYHE — v 19, < Ca(lE — &' + / BOYSE — v1€ |19, 1dr).

By the Gronwall inequality, we obtain (5.3.6). Similarly we derive (5.3.7). U
We are more interested in the case when & = x € R". Define
u(t,x) =Y, (t,x) €[0,T] x R". (5.3.8)
By Proposition 5.3.3, we immediately have the following estimates:
lu(t, x) —u(t,x)] < Clx — x'|, (5.3.9)
lu(t, x)] < C(1 + |x]), (5.3.10)
where the constant C depends only on the Lipschitz constant K .

Remark 5.3.4 Tt is important to note that u (¢, x) is a deterministic function of (¢, x),
because X:* and Y} are independent from €2,.
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Theorem 5.3.5 Forany & € L%(; R"), we have
u(t, &) =Y~ (5.3.11)

Proof Without loss of generality, suppose that n = 1.
First, we assume that £ € Lip(S27) is bounded by some constant p. Thus for each
integer N > 0, we can choose a simple function

N
=) x1a (&)

i=—N

with x; = 2, A; = [, 5D2) for i = —N,...,N — 1 and xy = p, Ay = {p}.

From the definition of u, we conclude that

N

N
Y5 —u g™ =175 = 3w )Ly, @) = 1Y = Y ¥, @)

i=— i=—N

N
DAY =YL, ®).

i=—N

Then it follows from Proposition 5.3.3 that
Y o
YIS —u( ™ = C Y 1& —xilla, (€) < C
i=—N
Noting that

u(r, &) — ut.n™)| < Clg — ™| < cﬁ,

we get B[|Y* —u(r,£)|] < 2C £.Since N can be arbitrarily large, we obtain v =
u(t,§).

In the general case, by Exercise3.10.4 in Chap.3, we can find a sequence of
bounded random variables & € Lip(S2r) such that
lim E[§ - &*] =0.
k—o00
Consequently, applying Proposition 5.3.3 again yields that

lim B[|Y/* — ¥"%?] < C lim K[|& — &|*] =0,
k— o0 k— o0

which together with Y, f’s" = u(t, &) imply the desired result. ]
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Proposition 5.3.6 We have, for § € [0, T —t],

t+4 t+48 L.
u(t,x) =1 |:u(t +68, X5 + / FXE* Y dr + / g (X", Yd (B
t t

(5.3.12)
Proof Since X'* = X;M’X’# fors € [t 48, T], we get ¥,y = Y;:;’X’i”. By Theo-
rem5.3.5, we have Y/ = u(t + 8, X,'s), which implies the result. O

Forany A € S(n), p € R", r € R, we set
F(A, p,r,x) = G(B(A, p,r,x)) + (p, b)) + f(x, 1),
where B(A, p,r, x) is ad x d symmetric matrix with
Bij(A, p,r,x) := (A0;(x), 0;(x)) + (p, hij(x) + hji(x)) + gij(x, r) + gji(x, 7).

Theorem 5.3.7 The function u(t, x) is the unique viscosity solution of the following
PDE:

(5.3.13)

du + F(D*u, Du,u, x) =0,
u(T,x) = d(x).

Proof We first show that u is a continuous function. By (5.3.9) we know that u is a
Lipschitz function in x. It follows from (5.2.5) and (5.3.4) that
ROY! 1< C(1 + |x]), fors e[z, T].
Inview of (5.3.5)and (5.3.12), we get |u(t, x) — u(t + 8, x)| < C(1 + |x])(8'/% 4 8)
for 6 € [0, T —t]. Thus u is %-Hélder continuous in ¢, which implies that u is a
continuous function. We can also show (see Exercise 5.4.8), that for each p > 2,
BXES — x|P] < C(1+ |x|P)872, (5.3.14)
Now for fixed (¢, x) € (0, T) x R", let ¢ € C'};,(10, T] x R") be such that r > u

and ¥ (¢, x) = u(t, x). By (5.3.12), (5.3.14) and Taylor’s expansion, it follows that,
foréd € (0, T —1),

t+6
0= xi v [ oy
t
144 ) )
e[ o xaten )
t

1A
S EE[(B(DZ'(//(I,X), Dw(t’-x)7 W(t, x)v-x)’ <B)l+5 - <B>t)]
+ @ ¥ (1, x) + (DY (t, x), b(X)) + f(x, ¥ (t, X)) + C(1 + |x|™)5/>
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< @Y, x) + F(D*Y (1, %), DY (t, x), ¥ (2, %), )8 + C(1 + |x[")82,

where m is some constant depending on the function . Consequently, it is easy to
check that

3 (t, x) + F(D*Y(t,x), DY (t, x), ¥(t, x), x) > 0.

This implies that u is a viscosity subsolution of (5.3.13). Similarly we can show that
u is also a viscosity supersolution of (5.3.13). The uniqueness is from Theorem C.2.9
(in Appendix C). (]

Example 5.3.8 Let B = (B!, B?) be a 2-dimensional G-Brownian motion with
G(A) = Gi(an) + Ga(axn),
where |
Gi(a) = E(E?w —olan), i=1,2.
In this case, we consider the following 1-dimensional SDE:
dX* = puXi*ds +vX*d(B') +oXdB;, X/ =x,

where i, v and o are constants.
The corresponding function u is defined by

u(t, x) := Elp(X59).

Then .
u(t, x) =Eu@ +38, X;;5)]

and u is the viscosity solution of the following PDE:

du + uxdu +2G (vxdu) + 02 x* Gy (32 u) = 0, u(T, x) = p(x).

5.4 Exercises

Exercise 5.4.1 Prove that M2 (0, T; R") € M5(0, T; R™).

Exercise 5.4.2 Show that b(s, Y;) € Mg(O, T;R™") for each Y € Mg(O, T;R™"),
where b is given by Eq. (5.1.1).

Exercise 5.4.3 Complete the proof of Lemma5.1.2.

Exercise 5.4.4 (The Gronwall inequality) Let u(¢) be a Lebesgue integrable function
in [0, T'] such that
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t
u(t) < C—i—A/ u(s)ds for0<r<T,
0

where C > 0 and A > 0 are constants. Prove that u(t) < Ce® for0 <t < T.

Exercise 5.4.5 For any § € LE(QT; R™), show that the process (IAE[§|SZ,]),€[O,T]
belongs to Mé O, T; R™).

Exercise 5.4.6 Complete the proof of Lemma5.2.1.

Exercise 5.4.7 Suppose that &, f and h;; are all deterministic functions. Solve the
BSDE (5.2.1).

Exercise 5.4.8 Foreach & € L? (€2 R") with p > 2, show that SDE (5.3.1) has a
unique solution in M P, T: R") Further, show that the following estimates hold:

B.OX05 — XU5IP1 < Clg — €17,
B 0Xx55171 < e+ [£]7),

B[ sup |X'5 —gP] < C(1+|g|")8"?,
se(t,t+5]

where the constant C depends on L, G, p,n and T.

Exercise 5.4.9 Let EE be a nonlinear expectation dominated by G-expectation, where
G S(d) + Ris dominated by G and G(0) = 0. Then we replace the G-expectation
1) by E in BSDEs (5.2.1) and (5.3.2). Show that

(1) the BSDE (5.2.1) admits a unique solution Y € M O, 7).
(i1) u is the unique viscosity solution of the PDE (5.3. 13) corresponding to G.

Notes and Comments

The material in this chapter is mainly from Peng [140].

There are many excellent books on Itd’s stochastic calculus and stochastic dif-
ferential equations based by Itd’s original paper [92]. The ideas of that notes were
further developed to build the nonlinear martingale theory. For the corresponding
classical Brownian motion framework under a probability measure space, readers
are referred to Chung and Williams [34], Dellacherie and Meyer [43], He, Wang
and Yan [74], It and McKean [93], Ikeda and Watanabe [90], Kallenberg [100],
Karatzas and Shreve [101], @ksendal [122], Protter [150], Revuz and Yor [151] and
Yong and Zhou [177].

Linear backward stochastic differential equations (BSDEs) were first introduced
by Bismutin [17, 19]. Bensoussan developed this approach in [12, 13]. The existence
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and uniqueness theorem of a general nonlinear BSDE, was obtained in 1990 in
Pardoux and Peng [124]. Here we present a version of a proof based on El Karoui,
Peng and Quenez [58], which is an excellent survey paper on BSDE theory and its
applications, especially in finance. Comparison theorem of BSDEs was obtained in
Peng [128] for the case when g isa C !_function and then in [58] when g is Lipschitz.
Nonlinear Feynman-Kac formula for BSDE was introduced by Peng [127, 129]. Here
we obtain the corresponding Feynman-Kac formula for a fully nonlinear PDE, within
the framework of G-expectation. We also refer to Yong and Zhou [177], as well as
Peng [131] (in 1997, in Chinese) and [133] and more resent monographs of Crepey
[40], Pardoux and Rascanu [125] and Zhang [179] for systematic presentations of
BSDE theory and its applications.

In the framework of fully nonlinear expectation, typically G-expectation, a chal-
lenging problem is to prove the well-posedness of a BSDE which is general enough
to contain the above ‘classical’ BSDE as a special case. By applying and devel-
oping methods of quasi-surely analysis and aggregations, Soner et al. [156—158],
introduced a weak formulation and then proved the existence and uniqueness of
weak solution 2nd order BSDE (2BSDE). We also refer to Zhang [179] a systematic
presentation. Then, by using a totally different approach of G-martingale represen-
tation and a type of Galerkin approximation, Hu et al. [79] proved the existence and
uniqueness of solution of BSDE driven by G-Brownian motions (G-BSDE). As in
the classical situation, G-BSDE is a natural generalization of representation of G-
martingale. The assumption for the well-posedness of 2BSDEs is weaker than that
of G-BSDE, whereas the solution (Y, Z, K) obtained by GBSDE is quasi-surely
continuous which is in general smoother than that of 2BSDE. A very interesting
problem is how to combine the advantages of both methods.

Then Hu and Wang [84] considered ergodic G-BSDEs, see also [77]. In [75], Hu,
Lin and Soumana Hima studied G-BSDEs under quadratic assumptions on coeffi-
cients. In [111], Li, Peng and Soumana Hima investigated the existence and unique-
ness theorem for reflected G-BSDEs. Furthermore, Cao and Tang [25] dealed with
reflected Quadratic BSDEs driven by G-Brownian Motions.



Chapter 6 ®)
Capacity and Quasi-surely Analysis Gzt
for G-Brownian Paths

In the last three chapters, we have considered random variables which are elements
in a Banach space L7.(€2). A natural question is whether such elements & are still
real functions defined on €2, namely & = &(w), w € Q2. In this chapter we give an
affirmative answer: each random variable & € L’(’; (€2) is a Borel-measurable function
of 2, and that hidden behind the G-expectation I, there exists a family of probability
measures P defined on the measurable space (€2, 8(£2)) such that E is the following
type of upper expectation: A
E[§] = max Ep[§].
PepP

In this chapter, we first present a general framework for an upper expectation
defined on a metric space (€2, B(2)) and the corresponding Choquet capacity to
introduce the quasi-surely analysis. The results here are important because they
allow us to develop the pathwise analysis for G -Brownian motion. Then we study
stochastic process by quasi-surely analysis theory. We prove that, a random variable
& € L7.(2) is aquasi-continuous function, with respectto @ € €. This is the general-
ization of the classical result that a random veritable £ € L? (2, ¥, P) is a P-quasi-
continuous function in w. A very important result of this chapter is that, quasi-surely, a
G-Brownian motion (B;(w)),>, is continuous in .

6.1 Integration Theory Associated to Upper Probabilities

Let 2 be a complete separable metric space equipped with the distance d, B(£2) the
Borel o-algebra of €2 and M the collection of all probability measures on (2, B(2)).

o L%(): the space of all B(Q) -measurable real functions;
e B,(€2): all bounded functions in L°(2):
e (C;(L2): all continuous functions in B;,(£2).

Within this section, we consider a given subset ¥ C M.
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Definition 6.1.1 On (2, B(2)), a sequence {P;};cny of probability measures is
said to converge weakly to a probability measure P, if lim;_, fQ X(w)dP; =
Jo X(@)d P, for any X € Cy(2).

We recall the following classical result (see, for example, [151]):

Proposition 6.1.2 The following conditions are equivalent:

(i) {Pi}{2, converges weakly to P;

(ii) lim;,o Ep[X] = Ep[X], forany X € Lip(2);
(iii) limsup,_, ., Pi(F) < P(F), forany closed subset F C ;
(iv) liminf;,_,  P;(G) > P(G), for any open subset G C Q.

6.1.1 Capacity Associated with P

We denote

c(A) = cP(A) =sup P(A), A e B(Q).
PeP

Definition 6.1.3 The set function c is called an upper probability associated with P.
One can easily verify the following theorem.
Theorem 6.1.4 The upper probability c(-) is a Choquet capacity, i.e. (see [33, 42]):

1. 0<c(A) <1, YACQ.
2. If A C B, then c(A) < c(B).
o0
3. If (A0, is a sequence in B(), then (U2, A,) < Y c(A,).
n=1
4. If (A2, is an increasing sequence in B(Q): A, + A=U2,A,, then
C(U:O:lAn) = lim,, .o c(A,).
Remark 6.1.5 Note thatin classical situations, there is another way to define Choquet
capacity associated with P, see Exercise 6.5.1. However in general it is different from
the upper probability in Definition 6.1.3.

Further, we present a useful result.

Theorem 6.1.6 For each A € B(2), we have
c(A) = sup{c(K) : K iscompactand K C A}.
Proof 1t is simply because

c(A)=sup sup P(K)= sup sup P(K)= sup c(K).
PeP K compact K compact PeP K compact
KcA KcA KcA
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Here and in what follows, we use a standard capacity-related terminology:

Definition 6.1.7 A set A is polar if c(A) = 0 and a property holds “quasi-surely”
(g.s.) if it holds outside a polar set.

Remark 6.1.8 In other words, A € B(f2) is polar if and only if P(A) = 0 for any
P e®

We also have in a trivial way a statement like the Borel-Cantelli Lemma.

Lemma 6.1.9 Let (A,),en be a sequence of Borel sets such that

[e¢]

ZC(A,,) < oo.

n=1
Then limsup,_, ., A, is polar.

Proof Apply the classical Borel-Cantelli Lemma with respect to each probability
Pe?. g

The next result is the well-known Prokhorov’s theorem expressed in the language
of the capacity:

Theorem 6.1.10 The set of the probability measures P is relatively compact if and
only if for each ¢ > 0, there exists a compact set K such that c(K€) < e.

The following two lemmas can be found in [89].

Lemma 6.1.11 The set of the probability measures P is relatively compact if and
only if for each sequence of closed sets F,, | @, we have c(Fy,) | 0 asn — oo.

Proof We outline the proof for readers’ convenience.

“==" part: It follows from Theorem6.1.10 that for any fixed ¢ > 0, there exists
a compact set K such that ¢(K¢) < e. Note that F, N K | @, then there exists an
N > Osuchthat F,, N K = {J forn > N, which implies lim,, ¢(F},) < €. Since ¢ can
be arbitrarily small, we obtain c(F,) | O.

“«=" part: For any ¢ > 0, let (Af)fil be a sequence of open balls of radius
1/k covering Q. Observe that (U"_, A¥)¢ | , then there exists an n; such that

(U, AMY) < 27k, For the set K = N, U™, AX it is easy to check that K

1= i=

is compact and c(K¢) < ¢. Thus by Theorem 6.1.10, % is relatively compact. ([

Lemma 6.1.12 Let P be weakly compact. Then for any sequence of closed sets
F, | F, we have c(F,) | c(F).

Proof Here we also outline the proof. For any fixed ¢ > 0, by the definition of ¢(F,,),
thereexistsa P, € Psuchthat P,(F,) > c(F,) — ¢.Since P is weakly compact, there
exists a subsequence {P,, } and P € P such that P, converges weakly to P. Thus
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P(F,) = limsup Py, (F) > limsup P, (F,) > lim ¢(F,) — e.

k—o00 k— 00

Letting m — oo, we get P(F) > lim,_,» c(F,) — &, which yields c¢(F},) | c(F).
O

Following [89] (see also [45, 68]) the upper expectation of P is defined as follows:
for any X € L%(Q) such that Ep[X] exists for each P € P,

E[X] = EP[X] := sup Ep[X].
PeP

It is easy to verify the following properties:

Theorem 6.1.13 The upper expectation E[-] of the family P is a sublinear expecta-
tion on B, (2) as well as on C,(2), i.e.,

1. forall X,Y in By(Q), X > ¥ = E[X] > E[Y].
2. forall X,Y in By(Q), E[X + Y] < E[X] + E[Y].
3. forall » >0, X € By(Q), E[AX] = AE[X].

4. forallc e R X € By(Q), E[X +c] = E[X] +c.

Moreover, the following properties hold:
Theorem 6.1.14 We have
1. LetE[X,] and B[, X, be finite. Then E[Y .~ | X,1 < > oo E[X,].
2. Let X,, 1 X and E[X,,], E[X] be finite. Then E[X,] T E[X].

Definition 6.1.15 The functional E[-] is said to be regular if for any sequence
{X,}52, in Cp(R2) such that X,, | O on , we have E[X,,] | 0.

Similar to Lemma6.1.11 we have:

Theorem 6.1.16 The sublinear expectation E[-] is regular if and only if P is rela-
tively compact.

Proof “==" part: For any sequence of closed subsets F,, | ¥ such that F,,, n =
1,2, .-, are non-empty (otherwise the proof is trivial), there exists a sequence of
functions {g,}52, C C,(R2) satisfying

0<g, <1, gnzlonF,,andg,,:00n{a)€$2:d(a),Fn)Zrll}.

If we set f, = Al_,g;, itis clear that f, € C,(2) and 1¢, < f, | 0. Since E[-] is
regular, this implies E[ f,,] | 0 and thus c¢(F,) | 0. It follows from Lemma6.1.11
that P is relatively compact.

“«=" part: For any {X,,}°2, C C»(2) such that X,, | 0, we have

]E[Xn] = sup EP[Xn] = SUP/ P({Xn = t})dt =< / C({Xn > t})dt~
Pep PeP JO 0
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For each fixed t > 0, {X,, >t} is a closed subset and {X, >t} | @ as n 1 oc.
By Lemma6.1.11, c({X,, > ¢}) | O and thus fooo c({X, = t}dt | 0. Consequently
E[X,] | 0. O

6.1.2 Functional Spaces

We set, for p > 0, the following spaces:

o LP:={X e L%Q):E[X|"] = suppep Ep[|X|7] < 00};
o NP :={X € L%Q) : E[|X|"] = 0};
e N:={XecL%RQ):X=0,cqs.}.

It is seen that L7 and N7 are linear spaces and N” = N, for any p > 0.
We denote L? := LP /N. As usual, we do not care about the distinction between
classes and their representatives.

Lemma 6.1.17 Let X € L”. Then for each o > 0

E[X]"]
c{IX]>a}) < .
(074

Proof Just apply the classical Markov inequality with respect toeach P € . [

Similar to the classical results, we derive now the following proposition which is
similar to classical results.

Proposition 6.1.18 We have

1. Forany p > 1, L is a Banach space under the norm || X, := (E[1X|PDVP.
2. For any p < 1, L? is a complete metric space under the distance d(X,Y) :=
E[|X — Y|]'/P.

Proof For p > 1, || X||, = 0iff X =0, g.s.. We also have |AX||, = [A| - | X]|, for
A e R, and

IX Y1, = (B[X +¥17]) 7 = sup (Ep11X +171) "
€

sup((E [1X1PD"? + (Ep[1Y1P1)7)
Pe

IA

IA

sup (Ep[1X171)""" + sup (Ep[1Y[7])""”
PeP Pep

X1, + 1Y 1, -
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Thus ||-||, is anorm in I.”. Now let {X .}, | be a Cauchy sequence in .. We choose

n=1

wa = Xn ||, =27, i =1,2,--. Then

o r\ /P
=sup | Ep Z X0, — Xl
» Pep i—1

o0
sup Z (EP [|X"f+1 — X, |17])1/P
PeP i=1

[S]
Z ||X”i+1 - Xni ||p < 1.
i=1

a subsequence {Xm },021 satisfying ||X

o0
Z |Xl1,'+1 - Xrl,'|
i=1

IA

IA

It follows that Y oo | | X, — Xp,| < 00,q.s.. Wenow let X = X,,, + Y = (X
Xp,). This function is q.s. defined on 2. We also have

nit1

oo
10, =< 1], 4 D0 X = Xall, < 14 X[, < 00,
i=1

Hence X € LL”. On the other hand,

e’} 3 [ee]
[, X1, = sup (EPH >ox, - xn,m) <%,

<27*=D 0, ask — oo.
Since {X,,};2 itself is a Cauchy sequence in L7, we get || X,, — X||, — 0. So L” is
a Banach space. The proof for p < 1 is similar. ]
We set

L2 :={X € L°%(Q) : Jaconstant M, s.t. | X| < M, qs.};
L = £2/N.
Proposition 6.1.19 Under the norm

[ Xlloo :==1inf{M >=0:[X] <M, gs.},

IL*° is a Banach space.

Proof From {|X| > [[Xllso} = Up2, {IX] > 1 Xllo + 3 } weknow that | X| < || X[,
g.s., then it is easy to check that |||, is a norm. The proof of the completeness of

IL®° is similar to the classical result. O
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With respect to the distance defined on L7, p > 0, we denote by

e L} the completion of Bj(<2),
e L/ the completion of Cj ().

By Proposition6.1.18, we have the inclusions:
ILfCILfCILP, p > 0.
The following proposition is obvious and the proof is left to the reader.

Proposition 6.1.20 We have three statements:

1. Letp,qg > 1, % + é = 1.Then X € L” and Y € L9 implies

XY e L' and B[|XY|] < (E[1X|"1)"" (E[1Y]97)" ;

Moreover, X € LY and Y € LY imply that XY € L!;
2. LP c L7 LD L LY C L, 0 < py < p1 < 00;
30X, t 11Xl as p — 00, forany X € L.

Proposition 6.1.21 Letr p € (0, oo] and let (X,) be a sequence in ILP which con-
verges to X in ILP. Then there exists a subsequence (X,,) which converges to X
quasi-surely in the sense that it converges to X outside a polar set.

Proof Since convergence in IL°° implies convergence in I.” for all p, we only need
to consider the case p € (0, co). We first extract a subsequence (X,,) such that

E[|X — X, |P1 < 1/kP™?, keN,

and set Ay = {|X — X,,,| > 1/k} fork =1, 2, - - - . Then, by the Markov inequality
in Lemma6.1.17, we have
c(Ay) < k2.

As a consequence of the Borel-Cantelli Lemma6.1.9, we have c(lim;_, o A;) = 0.
It follows that outside of this polar set, X,,, (w) converges to X (w). The proposition
is proved. (I

We now give a description of }L}’,’ .
Proposition 6.1.22 For any p > 0, the following relations hold:
LY ={X e L”: lim E[(|X|" —n)"] =0} (6.1.1)
n—o00
Z{X e L?: lim E[|X|p1{|x‘>n}] = O} (612)
n—00
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Proof Since X € L} if and only if |X|” € L}, it suffices to show that (6.1.1) and
(6.1.2) are valid for p = 1. We denote J; = {X € L! : lim,_, oo E[(|X| — n)T] = 0}.
Forany X € J; let X, = (X An) VvV (—n) € B,(£2). We obtain that

E[|X — X, =E[(|X| —n)"] — 0,as n — oo.

Thus X € ]Lé.
On the other hand, for any X € L}, we can find a sequence {Y, 102, in Bp(2) such
that E[|X — Y,|] — 0. Let y, = n + sup,q |Y,(w)|. Now we have

E[(X] = y) "1 < E[(1X] = [Y,D" T+ E[(1Y,] = y) ]
< E[(X| — Y,D)*] = 0, asn— oo.

Consequently X € J;.
Relation (6.1.2) follows from the inequalities

(xI” = )" < [x|"xpae) < Qlx|P —)F, Ve>0, xeR.

The proof is complete. O

Proposition 6.1.23 Ler X € IL,L. Then for any € > 0, there exists a number § > 0,
such that for all A € B(Q2) with c(A) < 8, we have E[|X|14] < e.

Proof For any e > 0, by Proposition6.1.22, there exists an N > 0 such that
E[IX[1(x)>n)] < 5. Take § = 5%;. Then for a subset A € B(2) with c(A) <4, we
obtain

E[1X|14] < E[1X[1a1qx)>n ] + E[| X [1a1(x)<ny]
< E[X1yx>m]+ Nc(A) <.

O

It is important to note that not every element in L satisfies the condition (6.1.2).
We give the following two counterexamples, which show that ! and L} are different
spaces even in the case when % is weakly compact.

Example 6.1.24 Let Q =N, P ={P, :n € N} where P;({1}) =1 and P,({1}) =
1-— %, P,({n}) = %, forn =2,3,---. The set P is weakly compact. We consider
a function X on N defined by X(n) = n, n € N. We have E[|X|] = 2, however
E[|X|1xj>n] =1 - 0.In this case, X € L' and X ¢ L}.

Example 6.1.25 Let Q =N, P = {P, : n € N} where P;({1}) =1 and P,({1}) =
1— L, P,(fkn}) = 5,k =1,2,...,n,forn =2,3, - . The set P is weakly com-
pact. Consider a function X on N defined by X (n) = n, n € N. We easily find that
E[X]|] = % and nE[1{x>n] = % — 0, however E[| X |1}x|>n] = % + ﬁ - 0. In
this case, X is in L', continuous and nE[1{x|>,] — 0, however it is not in L} .
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6.1.3 Properties of Elements of .Y

Definition 6.1.26 A mapping X on 2 with values in a topological space is said to
be quasi-continuous (q.c.) if

Ve > 0, there exists an open set O with ¢(O) < ¢ such that X| - is continuous.

Definition 6.1.27 We say that X : Q + R has a quasi-continuous version if there
exists a quasi-continuous function Y : 2 +— R such that X =Y q.s..

Proposition 6.1.28 Let p > 0. Then each element of LY has a quasi-continuous
version.

Proof Let (X,) be a Cauchy sequence in Cj(£2) with respect to the distance on LL.”.
Let us choose a subsequence (X, )k>1 such that

Bl Xy, — Xn 1?1 <272, Vk =1,

N+1
and set for all &,

[e ]
A= J0Xu,, — Xy | > 27777},
i=k

Thanks to the subadditivity property and the Markov inequality, we derive that

c(A) < e Xn,, — Xy | > 27/7) <327 =27k,
i=k i=k

As a consequence, limy_, o, c(Ax) = 0, so the Borel set A = ﬂ,fil Ay is polar.

As each X, is continuous, for all kK > 1, Ay is an open set. Moreover, for all k,
(X»,) converges uniformly on Aj so that the limit is continuous on each Ag. This
yields the result. ([

The following theorem gives a concrete characterization of the space L7

Theorem 6.1.29 For each p > 0,

L? ={X € L? : X has a quasi-continuous version and ”lirglo E[(X|" —n)tT] = 0}.
Proof We denote

J, = {X € L? : X has a quasi-continuous version and nlLrIgo E[(X|? —n)*] = 0).

If X € L?, we know by Proposition6.1.28 that X has a quasi-continuous version.
Since X isalsoanelementof L}, we have by Proposition 6.1.22 that lim,,—, o E[(| X |P —
n)*]1=0. Thus X € J,.
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On the other hand, let X € J, be quasi-continuous. Define ¥, = (X A n) Vv (—n)
for any n € N. Since lim,,_, o, E[(|X|? — n)*] = 0, we find that E[| X — Y, |’] — O.

Moreover, for any n € N, since Y, is quasi-continuous, there exists a closed set F;,
such thatc(F)) < n% and Y, is continuous on F,,. It follows from Tietze’s extension
theorem that there exists Z, € Cp(£2) such that

|Z,] <nand Z, =Y, on F,.

We then have
(2n)?

npt1

E[lY, — Z,I”] < @n)Pc(F,) <
Hence E[|X — Z,|”] < (1 V2P~ ) (E[|X — Y,|?] + E[|Y, — Z,|’]) — 0, and
X eL?. O

We now provide an example to show that LY is different from L] even if the set
P is weakly compact.

Example 6.1.30 In the case Q2 = [0, 1], the family of probabilities P = {5, : x €
[0, 11} is weakly compact. It is seen that LY = Cj,(£2) which is different from L},.

We denote L° := {X € L* : X has a quasi-continuous version}.
Proposition 6.1.31 The space L° is a closed linear subspace of L™°.

Proof For each Cauchy sequence {X,,};-, in L>° under |||, we can find a subse-
quence {Xm }?:] such that H Xy, — Xy, ”OO < 27", We may further assume that any
X, is quasi-continuous. Then it is easy to show that for each ¢ > 0, there exists an
open set O such that c(0) < ¢ and |X,1i+l — X,,,.} <27 foralli > 1 on O°. This
implies that the limit belongs to L.2°. O

As an application of Theorem 6.1.29, we can easily get the following results.

Proposition 6.1.32 Assume that X : Q — R has a quasi-continuous version and

that there exists a function f :RY > RT satisfying lim, e L2 = 0o and

tP
E[f(|X])] < oo. Then X e L.
Proof For any ¢ > 0, there exists an N > 0 such that % > %, for all t > N. Thus
E[IX 1" 1yx>n] < sE[f (I XD1x>m] < eE[£(IXD].

Hence limy_, o E[| X |”1{x|~n}] = 0. From Theorem 6.1.29 we deduce that X € L2,
O

Lemma 6.1.33 Let {P,}°2, C P converges weakly to P € P as n — oo. Then for
each X € ]Li, we have Ep [X] — Ep[X].
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Proof We may assume that X is quasi-continuous, otherwise we can consider its
quasi-continuous version which does not change the value E for each Q € P. For
any ¢ > 0, thereexists Y € C,(2) suchE[|X — Y|] < . Obviously, foreach Q € P,

|EglX]— EplY]l S EplIX = Y] <E[IX —-Y|] <e.
It then follows that

limsup Ep [X] < lim Ep[Y]4+¢e=Ep[Y]+e < Ep[X]+ 2.
n—oQ

n—00

Similarly, we obtain that liminf,_, ., Ep,[X] > Ep[X] — 2¢. Since ¢ can be arbi-
trarily small, we arrive at the required convergence Ep [X] — Ep[X]. ([l

Remark 6.1.34 For the case X € C,(£2), the above Lemma 6.1.33 implies Lemma
3.8.7 in [21].

Now we give an extension of Theorem6.1.16.

Theorem 6.1.35 Let P be weakly compact and let {X,};2, C L! and X € L' be
such that X,, | X, g.s., asn — oo. Then E[X,,] | E[X].

Remark 6.1.36 It is important to note that X does not necessarily belong to L.

Proof In the case E[X] > —oo, if there exists § > 0 such that E[X,,] > E[X] + 4,
n=1,2,---,wecanfind a probability measure P, € Psuchthat Ep [X,] > E[X] +
s — }L, n=1,2,---. Since P is weakly compact, there is a subsequence {P,,,. }oo
that converges weakly to some P € #. This implies that

i=1

EplX,] = lim Ep, [X,,]> limsup Ep, [X,]
j—oo J j

j—oo

1
zlimsup{E[X]—i-(S——}=E[X]+8,i=1,2,-~-.

j=o0 n;
Thus Ep[X] > E[X] + §. This contradicts the definition of E[-]. The arguments in
the case E[X] = —o0 are analogous. O
We immediately have the following corollary.

Corollary 6.1.37 Let P be weakly compact and let {X,}°2 | be a sequence in LL!
which is decreasing and converging to X € L! q.s.. Then E[|X, — X|]1 | 0, as
n— oo.

6.1.4 Kolmogorov’s Criterion

Definition 6.1.38 Let 7 be asetof indices, (X;),c; and (¥;);c; two processes indexed
by I. We say that Y is a quasi-modification of X if forallt € I, X, =Y, g.s..
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Remark 6.1.39 In Definition 6.1.38, a quasi-modification is also called a modifica-
tion in some papers.

We now give the Kolmogorov criterion for processes indexed by R? with d € N.

Theorem 6.1.40 Let p > 0and (X,)e[0,11« be a process such that for all t € [0, 114,
X; belongs to ILP. Assume that there exist positive constants ¢ and € such that

E[|X, — X,|’] < c|t — s|9F¢.

Then X admits a modification X which satisfies the following relation:

~ ~ P
E |Xt B Xsl
sup —— < 00,
sFEt |t_s|a

for every o € [0, ¢/p). As a consequence, the trajectories of X are quasi-surely
Holder continuous of order o for every oo < &/ p in the sense that there exists a Borel
set N of capacity O such that for allw € N¢, themap t — X (w) is Holder continuous
of order o for every a < ¢/p. Moreover, if X; € L for each t, then we also have
X, e LL.

Proof Let D be the set of dyadic points in [0, 1]%:

. . o0
1 17 . . n
Dn={(2_117“'92_");117”'7ld€{071"."2}}7 DZUDH'

Let o € [0, ¢/p). We define

X, — X5 X, — X
M=Mw)= sup ———, M,= sup ——.
s,teD,s#t [t —s|* s,teD,,s#t |t — s]*

From the classical Kolmogorov’s criterion (see Revuz—Yor [151]), we know that for
any P € P, Ep[MP] s finite and uniformly bounded with respect to P and such that

E[M?] = sup Ep[M*] < oo.
Pep

As a consequence, the map ¢ — X, is uniformly continuous on D quasi-surely and
so we can define process X as follows:

vie[0,11% X, = lim X,.

s—t,seD

It is now clear that X satisfies the required properties. O
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Remark 6.1.41 A particularly interesting example of the above stochastic process
X is the 1-dimensional G-Brownian motion path B;(w) = wy, t € [0, 1], for the case
d = 1. It is easy to prove that M is a convex functional of the Brownian motion
paths w. On the other hand, for any functional of & (w) of G-Brownian motional path
which belongs to LZ(Q), one can check that E[§] = Ep_[£(w)], where Pg is the
probability induced by W and W is a classical standard 1-dimensional Brownian
motion. A very interesting problem is: can we just use the results of Chap. 3 to
prove that I@[M (w)] = Ep,[M(w)]? A positive answer of this question allows us
to obtain the corresponding Kolmogorov’s criterion for G-Brownian motion in a
much simple way.

6.2 G-Expectation as an Upper Expectation

6.2.1 Construction of G-Brownian Motion Through Its
Finite Dimensional Distributions

In the following sections of this book, unless otherwise mentioned, we always denote
by Q = Cg (R*), the space of all R?—valued continuous functions (w,);er+, with
wp = 0, equipped with the distance

(o]
p@! ) =) 27 [(max o] — i) Al
- |

i=

and let Q = (R9)[%° denote the space of all R? —valued functions (@, ),cg+ .

We also denote by B(S2), the o -algebra generated by all open sets and let B($2) be
the o -algebra generated by all finite dimensional cylinder sets. The corresponding
canonical process is B, (w) = w, (respectively, B; (&) = @), t € [0, o0) for w € Q
(respectively, w € S_Z).

In this section we construct a family of probabilities  on (2, B(2)) such that
the G-expectation can be represented as an upper expectation, namely,

R[] = max Ep[-].
PeP

The spaces of Lipschitz cylinder functions on 2 and Q are denoted respectively
by

Lip(R) := {¢(By, By, -+, By) :¥n > 1,11, -+ 1, € [0, 0), Yo € Cp.pip(RI*M)},

Lip(Q) == {¢(Bs, By, -+, B,) :Vn = 1,11, 1, €[0,00), Vg € Cp.Lip(RI*™)}.
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Let G(-) : S(d) — R be a given continuous monotone and sublinear function.
Following Sect. 6.2 in Chap. 3, we can construct the corresponding G-expectation
[E on (2, Lip(2)). Due to the natural correspondence of Lip(S_Z) and Lip(2), we
also construct a sublinear expectation E on (2, Lip(2)) such that (B;(®));=0 is a
(symmetric) G-Brownian motion.

The main objective in this section is to find a weakly compact family of
(o -additive) probability measures on (€2, 8(£2)) and use them to represent thepg
G-expectation [E. The following lemmas are variations of Lemma 1.3.4 and 1.3.5 in
Chap. 1.

Lemma 6.2.1 Let 0 <) <) < -+ <t <00 and {@,}72, C Cp.Lip(R™) sat-
isfy ¢u 4 0as n — oo. Then Elg, (B, By, -+, B;,)] | 0.

Wedenote 7 :={t =(t;,...,tn):YmeN,0<t, <th <--+ <t, <00}

Lemma 6.2.2 Let E be a finitely additive linear expectation dominated by E on
Lip(S2). Then there exists a unique probability measure Q on (2, B(R)) such that
E[X] = Egl[X] for each X € Lip(£2).

Proof For any fixed t = (#;,...,t,) € 7, by Lemma6.2.1, for each sequence
{@a)22, C CpLip(RI*™M) satisfying ¢, | 0, we have E[g,(B,,, By, -+, B,,)] | 0.
By Daniell-Stone’s theorem (see Appendix B), there exists a unique probability
measure Q, on (R, B(RY*™)) such that Ep,[¢] = El¢(B,,, B,,--- , B,,)] for
each ¢ € Cy ;) (R¥*™). Thus we get a family of finite dimensional distributions
{Q; :t € T}. Itis easy to check that {Q, : t € 7} is a consistent family. Then by
Kolmogorov’s consistent extension theorem, there exists a probability measure Q
on (2, B()) such that {Q; : t € T} is the finite dimensional distributions of Q.
We now prove the uniqueness. Assume that there exists another probability measure
Q satisfying the condition. By Daniell-Stone’s theorem, Q and Q have the same
finite-dimensional distributions, hence by the monotone class theorem, Q = Q The
proof is complete. (]

Lemma 6.2.3 There exists a family of probability measures P, on (2, B(Q)) such
that
E[X] = max Eo[X], for X € Lip(Q).
P,

Proof By the representation theorem of the sublinear expectation and Lemma 6.2.2,
it is easy to get the result. (]

For this P,, we define the associated capacity:

¢(A) = sup Q(A), A e B(Q),
QR

and the upper expectation for each B8($2)-measurable real function X which makes
the following definition meaningful:
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E[X] := sup E[X].
Q€2

Theorem 6.2.4 For (B,),>0 there exists a continuous modification (Bt),>0 of B in
the sense that ¢({ B, #+ B,}) =0, for each t > 0 and such that By = 0.

Proof By Lemma6.2.3, we know that E =1 on Lip(Q). On the other hand, we
have o B o B
E[B, — B,|*l = E[|B; — B,|"] = d|t — s|* fors, € [0, 00),

where d is a constant depending only on G. By Theorem 6.1.40, there exists a con-
tinuous modification B of B. Since ¢({ By # 0}) = 0, we can set By = 0. The proof
is complete. (]

F~or any Q € R,letQ o B~ denote the probakiility measureon (2, B(2)) induced
by B with respect to Q. We denote P; = {Q o B~ : Q € B}. By Lemma6.2.4, we
get o _ o _

E[|B, — B,|*] = E[|B, — B,|*l = d|t — s]*, ¥s,1 € [0, 00).

Applying the well-known criterion for tightness of Kolmogorov—Chentsov’s type
expressed in terms of moments (see Appendix B), we conclude that P is tight. We
denote by P = P the closure of | under the topology of weak convergence, then
P is weakly compact.

Now, we give the representation of the G-expectation.

Theorem 6.2.5 For each continuous monotone and sublinear function G : Sd) —
R, let E be the corresponding G -expectation on (2, Lip(2)). Then there exists a
weakly compact family of probability measures P on (2, B(K2)) such that

E[X] = max Ep[X] for X € Lip(<).
€
Proof By Lemma6.2.3 and Theorem 6.2.4, we have

IE[X] mapr[X] for X € Lip(R2).

For any X € Lip(2), by Lemma6.2.1, we get ]E[|X —(XAN)V(=N)|]]O0as
N — oo. Noting that P = P4, by the definition of weak convergence, we arrive at
the result. 0

6.2.2 G-Expectation: A More Explicit Construction

In this subsection we will construct a family # of probability measures on €2, for
which the upper expectation coincides with the G-expectation E[-] on Lip(£2).
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Let (2, F, P) be a probability space and (W,);>9 = (Wt")flzl’t20 a standard
d-dimensional Brownian motion under the classical (linear) probability P. The fil-
tration generated by W is denoted by

Fri=0{W,,0<u=<t}vN, F={Flso,
where N is the collection of all P—null subsets. We also denote, for a fixed s > 0,
Fri=0{Wopy — W, 0 <u <t} VN, F :={F}>o.

Let © be a given bounded, closed and convex subset in R4*¢. We denote by ﬂ?p

the collection of all ®-valued F-adapted process on an interval [¢, T] C [0, oo). For
any fixed 0 € ?lt(?T we denote

T
BLY ::/ O, dW,.
t

We will show that, foreachn = 1,2, ---,¢ € C;,.L,',,(Rd”’)ando <t -, t; <00,
the G-expectation defined in [138, 141] can be equivalently defined as follows:
El¢(B,, B, — B, -, B, — B, )= sup Eplp(B> B1 ... B ).
OEAS

Given ¢ € Cp1ip(R" x R, 0<t<T < oo and ¢ e L*(Q,F, P;R"), we
define
Arrlgl=ess sup Eplo(¢, By)IF]. (6.2.1)
0eA?,

Lemma 6.2.6 For any 0; and 6, in ﬂt@?T, there exists 0 € ﬂﬁ’T such that

Eplo(c, By = Erlo(c, By )IFAV Eple(c, BiIFL  (62.2)
Consequently, there exists a sequence {6;}7°, in the set .?I?T, such that
Eplp(. BYIF /' Arlg), Peas. 623)
We also have, for each s < t,

Epless sup Eplp(¢, By)F T =ess sup Eplp(C, By)|F).  (6.2.4)
0eA°, 0eA°,

Proof We set A = {a) L Eplo(z, BY")|F 1) > Eplo(t, B;GZ)m](a))} and take
6 = I[,.T](S)(IAQSI + IACQSZ). Since
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1 2
0, BYY) = 140(¢, By ) + 14002, BY),

we derive (6.2.2) and then (6.2.3). Relation (6.2.4) follows from (6.2.2) and Yan’s
commutation theorem (cf [176] (in Chinese) and Theorem a3 in the Appendix of
[134]). O

Lemma 6.2.7 The mapping A, (-] : L2(Q,F, P;RY) — L3*(Q,F,;, P;R) hasthe
following regularity properties which are valid for any ¢, ¢' € L*(F;):

(i) ArrlE] < €y

(it) 1AL 78] = A IS < kylE — ¢

Here C, = sup, ,, ¢(x,y) and ky, is the Lipschitz constant of ¢.

Proof We only need to prove (ii). We have

T T
A rlE] = Arrlg'] < esssup Ep [w(c, / OsdWy) — @&/, / GSdWS)Iﬁ}
Ay ! !
< k(plé‘ - §/|
and, by symmetry, A, 7['] — A 7[¢] < ky|¢ — ¢'|. Thus (ii) follows. O
Lemma 6.2.8 For any x € R", A, r[x] is a deterministic function. Moreover,

Ay rlx] = Ao r—[x]. (6.2.5)

Proof Since the collection of processes (6;)sefr, 77 With
N
0, = Z 14,0] - {A; }j.vzl is an F;—partition of Q, 0/ € AL, is (F')-adapted
j=1

is dense in ﬂf,)r’ we can take a sequence 6! = Z?’;l I Ai,.@é'i of this type of processes
such that Ep[p(x, BY?) |1 7 A, rlx]. However,

N[ .o N‘ .s
Eplp(x, BY")IF 1 =Y In, Eplo(x, Bi" )IF] =Y s, Eplp(x, Bf")]
j=1 j=1
t,0" t,0Ui
< max Eplo(x, By )] = Eplo(x, By )],

ij N;
where, for each i, j; is a maximizer of {Ep[<p (x, B’T‘e '7)]] 0 This implies that
j=

lim Eplp(x, B2 = A, 7[x], as.
11— 00
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Hence A, r[x] is deterministic. The above reasoning shows that

T—t
ess sup Enly(r. B{") (7 =ess swp Enlo(r. [ 6.4WDL
0eA®, oA, 0

where W! = W, — W, s > 0, and ﬂg’g_, is the collection of ®—valued and F'—
adapted processes on [0, T — ¢]. This implies (6.2.5). (]

We denote u; 7(x) := A, rlx],t < T.ByLemma6.2.7, u, r(-) is a bounded and
Lipschitz function.

Lemma 6.2.9 Forany¢ € L*(Q, F, P; R"), we have

ut,T({) = At,T[C]v a.s..

Proof By the above regularity properties of A, r[-], see Lemma 6.2.7, and u, 7 (-)
we only need to deal with ¢ which is a step function, i.e., { = Z?’:l 1 A X where
x; € R" and {Aj}j.\’:1 is an F;—partition of of . For any x;, let {#7/}° in A, be
(F!)—adapted processes such that

lim Eplp(x;, BY)F] = lim Eple(xj, BY' )= Aprlxjl = ur(xj), j=1,---,N.
i—00 1—>00

Setting ' = Z;\,:l 6% 14,, we have

N .
i 1000 1a; 67
A rlg] = Eple(c, Bi N F1=Ep | 9O Iaxj, By~ )| Fi

j=1
N B N
ij .
= I EplGxj. B )IF] = Y Iaunr(x)) = u 7 (). as i — oo.
j=1

J=1

On the other hand, for any given 6 € .?{f?r, we have

N
Erly(. By)F) = Ep | (Y 1%, Bi)| T

Jj=1

N
=Y IsEple(x;, Bi")IF]
j=1

N
<Y () =7 (0).
j=1
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We thus conclude that ess SUPge A0, Eple(¢, B%H) |F7] < u;.7(¢). The proof is com-
plete. (I

We present now a result which generalizes the well-known dynamical program-
ming principle:

Theorem 6.2.10 Foranyg € Cpp;,(R" x R*),0 <5 <t < Tand{ € L*(Q, T,
P; R") we have

ess sup Eplp(¢, B, By")|F] = ess sup Ep[y (¢, BT, (6.2.6)
96.7{5)7- 967{?:‘

where r € Cp ;p(R" x RY) is given as follows:

V(e y)i=ess sup Eplp(x,y, By)IFi] = sup Eplp(x, v, Bi)].
feAr feA,

Proof 1Tt is clear that

ess sup Eplp(¢, BXY, BYY)|F,1 =ess sup qess sup Ep[p(¢, BX, BYY)|F]
0eAL, 0eAd, GeA®,

Relation (6.2.4) and Lemma 6.2.9 imply that

ess sup Eplo(¢, BXY, BYY)| T3] = Epless sup Eplo(¢, BYY, BYY)|F117:]
0eA, 0eA®,

= Ep[y/(, BY))|F].
We thus establish (6.2.6). O

For any given ¢ € Cp 1;,(R?) and (¢, x) € [0, T] x R, we set

v(t,x) := sup Eplg(x + By”)l.
Qeﬂﬁf’T

Since foreach h € [0, T — ¢],

v(t,x) = sup Ep[p(x+ By")]

0eA?,
= sup Eplp(x + B/, + By
0eA?,

= sup Eplv(t+h,x+ Bt’fh)].

©
0 e‘ﬂz,ﬂrh
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This gives us the well-known dynamic programming principle:
Proposition 6.2.11 The function v(t, x) satisfies the following relation:

v(t,x) = sup Ep[v(t+h,x+ BJ)I. (6.2.7)

o
O€A 1

Lemma 6.2.12 The function v is bounded by sup |¢|. It is a Lipschitz function in x
and %-H(')'lder function in t.
Proof We only need to show the regularity in . Note that

sup Ep[v(t +h,x + BlJ) — v(t +h,x)] = v(t, x) — v(t + h, x).

e
ge‘ﬂz,ﬂrh

Since v is a Lipschitz function in x, the absolute value of the left hand side is bounded
by the quantity
C sup Ep[|B,th Il < Ch'2

c]
ae‘ﬁuﬂr

The %—Hﬁlder of v in ¢ is obtained. O

Theorem 6.2.13 The function v is a viscosity solution of the G-heat equation:

0
s +G(D*) =0, on(t, x)e[0,T) x RY,

ot
v(T, x) = ¢(x),

where the function G is given by
1
G(A) = —maxtr[AyyT], A e R, (6.2.8)
2 ye®

Proof Let ¢ € C7*((0, T) x R?) be such that y > v and, for a fixed (7,x) €
0, T) x R4, ¥ (t, x) = v(t, x). From the dynamic programming principle (6.2.7)
it follows that

0= sup Ep[v(t+h,x+ BL)) —v(t,x)]

(©]
96ﬂ1,r+h

< sup Ep[Y(t+h,x+ B/l — vt x)]

©
0 6.7{/ Jg+h

t+h aw 1 S o
_ wp E / (—+§tr[esesbw] (s.x + BI)ds |.

6 as
OEA 1

Since (% + %tr[GSQSTDZw])(s, y) is uniformly Lipschitz in (s, y), we have, for a
small 4 > 0, that
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Ep[ <88_‘” + %tr[esefzﬂw]) (s, x + / 6, dW,)]
N t

d 1
< E,{(% + Etr[OSQSTDZW]) (t,x)] + Ch'/%,
Therefore

t+h 8W __— 32
sup Ep 3_+§t (0,0, DY) (¢t,x)ds + Ch”'* > 0,
t

0eA? 4

and since

a1
WL apulyy™ D21 o xoh+ R > 0,
as 2 ye®

we conclude that [aa—‘f + G(D*Y)1(t, x) = 0. By definition, v is a viscosity subsolu-
tion. Similarly we can show that it is also a supersolution. (]

We observe that u(¢, x) := v(T —t, x), thus u is the viscosity solution of the
equatlon — G(D?u) = 0, with Cauchy condition u(0, x) = ¢(x).

From the uniqueness of the viscosity solution of the G-heat equation and
Theorem 6.2.10, we get immediately:

Proposition 6.2.14
Elp(By. By, Byl = sup Eplo(B)" B, By )]
0eAS
— 0 11 T” 1
= sup Epl¢(B). B/ ik
0eAL T

where Py is the law of the process B,O'g = fot 0, dWs, t > 0, for0 € ﬂg),oo

We are now going to show that the family {Py, 6 € ﬂg), o} 1s tight. This property
is important for our consideration in the next subsection.

Proposition 6.2.15 The family of probability measures {Py: 0 € 3’{8)’00} on Cg (RY)
is tight.

Proof Since B = / "9,dW, and 6, € ©, where © is a bounded subset in R?*?
one can check that, for all 6 € ﬂgT, and0<r<s<T,

Epl|B?['T < Cls =112,
with a constant C depending only on d and the bound sup{|x| : x € ®}. Thus

sup Ep,[|Bs — B,|'] < Cls —t]*.
OeAT
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We can now apply the well-known moment criterion for tightness of Kolmogorov—
Chentsov’s type to conclude that { Py: 6 € Ay } is tight. O

6.3 The Capacity of G-Brownian Motion

According to Theorem 6.2.5, we have obtained a weakly compact family of proba-
bility measures # on (€2, B(£2)) to represent the G-expectation E[-]. For this , we
define two quantities, the associated G-capacity:

¢(A) :=sup P(A), A e B(Q),
PeP

and the upper expectation for each X € L°(Q)

IE[X] = sup Ep[X].
PepP

By Theorem 6.2.5, we know that E=~Eon Lip(R2), thus the I@[| - |]-completion and
the E[| - |]-completion of L;,(§2) are the same.
For any T > 0, we also denote Q27 = Cy([0, T]; R%) equipped with the distance

max | — w?|.

Pl o) = ”wl 0<t<T

-’ Hcg([o,rl) =

We now prove that L'G(Q) = ]Li, where Li is defined in Sect. 6.1. First, we need
the following classical approximation lemma.

Lemma 6.3.1 Forany X € Cp,(R) andn = 1,2, ---, we denote

XD () = ai)gg{X(w/)+n||w—w/||C6, )} forw € Q.

([0,n]

Then the sequence {X ™} | satisfies:

(i) —M < X® < XD <... < X, M = sup,q | X (0)];

(i) X" (@) — XD ()] <n|o—o|. for w, 0 € Q;
0

(i) X" (w) 1 X(w) for w € Q.

(0,n])

Proof Claim (i) is obvious. For Claim (ii), we have the relation

X (@) — X (o)
< supgei{[X (@) +nllo — wllciqon] — [X (@) +n Hc?) —o

<no—o|
<n|w a)cg

Cé’([O,n])]}
(0,n]) *

By symmetry, X" () — X" (o) < n |o — o'|| - Thus Claim (ii) follows.
0

(0.nD"
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We now prove Claim (iii). For any fixed w € €, let o™ € Q be such that

X(@") +n|o— o™ < X" (w) + -

cd((o.n) =

2M+1

It is clear that n ||a) — o™ ”cg([o,n]) <2M + 1or ”a) — o™ ||Cg([0’n]) =< . Since

X € Cp(RQ), we get X (0™) — X (w) as n — 0o. We have also that

X(@) = X" (@) = X@") +n o= g, — =

thus

1
n o =0 o < 1X@) = X@™)] 4~

5 ([0,n]
We also have that

> X" (w) — X (w)

X (™) — X(w) +n Ha) — o™
cd([0.n1)

1

> X(a)("))—X(a))—FnHa)—w(”) . .
clqon) n

From the above two relations, we obtain

1
XP(@) = X@)] = 1X@") = X@)]+n 0= 0] 0, +

1
<2(1X (™) — X(w)| + =) = Oasn — oo.
n

Thus (iii) is obtained. [l

Proposition 6.3.2 For any X € C,(R2) and & > 0, there exists Y € Lip(2) such
that B
E[lY — X|]<e. (6.3.1)

Consequently, for any p > 0, we have
L7.(Q2) = L2(R). (6.3.2)

Proof Wedenote M = sup,,cq | X (w)|. By Theorem6.1.16 and Lemma6.3.1, we can
findu > 0,7 > 0and X € C,(Q27) such that E[| X — X|] < £/3,8Up,cq 1X (w)] <
M and

X (@) — X(@)] < p o — | .

aqo.ry Jor @ @ €Q.

Now for any positive integer n, we introduce a mapping 6, (@) : Q2 — Q:
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n—1

l[z",t’? )(t) n n n n
On(@)(6) =Y — (1 — Do) + (= o )]+ 1700 (Do),
k=0 k+1 tk
where 1! = 4Lk =0,1,---,n. We set X (w) := X (6,(w)), then

IX"(w) = X" ()| < sup. 100 (@) (1) — O () (D]

=u sup o) — /@),
kel0,- ,n]

Let us choose a compact subset K C € such that I_E[ch] <¢&/6M. Since
SUP,,ck SUP;cpo.71 1@ () — O () ()] — 0, as n — oo, we can choose a sufficiently
large ng such that

sup | X (w) — X" ()| = sup |X (@) — X (6, (®))]

wekK wekK

< usup sup |w(t) — Oy, (w)(@)]
weK te€[0,T]

< ¢g/3.

Setting ¥ := X _it follows that

E[lX — Y]] <E[IX — X[]+ E[|X — X"|]
E[IX — X|1+ E[1x|X — X"|] + 2ME[1xc]
E.

IA

<

We thus have (6.3.1) which implies (6.3.2). O

By Proposition 6.3.2, we also have a pathwise description of Lg, () forany p > 0:

LZ(Q) ={X¢€ LO(Q) : X has a quasi-continuous version and lim I_E[\leI“x|>,,}] = 0}.
n—oo

Furthermore, I_E[X 1= I@I[X ],forany X € LIG (2). Then we can extend the domain

of the G-expectation E from L'G(Q) to the space of random variables X € L%(S)
which makes the following definition meaningful:

A~ —

BIX] := E[X].

Remark 6.3.3 This implies that, all equalities and inequalities established in
Chaps. 3-5 which hold true in LY (2) are still true in the sense of ¢é-quasi-surely.

In the next result, we are going to give some typical Borel measurable functions
on 2 which are quasi-continuous.
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Theorem 6.3.4 Let X be a d-dimensional random vector in L é; (). If A is a Borel
set ofRd with c({X € 0A}) =0, then lixea € LE(Q).

Proof Foranye > 0,since X € LIG(Q),wecanﬁndanopensetO C Qwithc(0) <
€/2 such that X|o is continuous. Set D; = {x € R :d(x,dA) < 1/i} and A; =
{x e R :d(x,dA) < 1/i}, it is easy to check that {X € D;} N O°¢ is closed, {X €
A} C{X e D;}and {X € D;} N O° | {X € dA} N O°. Then we conclude that

¢({X € DiYN 0% | é({X € 9A) N O°) = 0.

Thus we can find an iy such that ¢({X € A;,} N O°) < ¢g/2. Setting 0, = {X €
A} U O, it is easy to verify that ¢(0;) <e, Of ={X € A; 1N O° is closed
and 1{xca; is continuous on Of. Thus 1jxc4) is quasi-continuous, which implies
l{XGA} S LIG(Q) (Il

Proposition 6.3.5 Suppose G is non-degenerate, i.e., there exist a constant > > 0
suchthat G(A) — G(B) > o*tr[A — Blforany A > B.Then itholds that1{p,c[a,p)) €
LL(Q,) foranyt > 0, where a, b € R?.

Proof By Exercise 6.5.8 of this chapter, we conclude that
¢({B; € d[a, b]}) =0,

which together with the Theorem 6.3.4 yields the desired result. ]
The following example tells us that L (2) is strictly contained in 7.

Example 6.3.6 Let us consider an 1-dimensional non-degenerate G-Brownian
motion (B;)>o, i.€.,

0< ]E[B]—U< = R[B 71,

and let ({B),);>0 be the quadratic process of B. We claim that, for any o2 e[o?, a2,
the random variable

£ = 11p),—o2=0) & L(Q).

To show this, let us choose a sequence {¢; } ;2 of real continuous functions defined on
R and taking values in [0, 1] such that: ¢ (v) = 0, forv € R\[ =27k 27K, o (v) = 1,
for v e [-27%1 2751 and ¢ > Or+1- 1t 18 clear that & = o (| (B)| — o?)) €

G(Q) and & | .§ Hence, by Theorem 6.1.35, ]E[g,] N [ [£]. We can also check that

El& — &l = max [sok(|v—o ) — @iy —o?D] = 1.

velo2,52

In view of Corollary6.1.37 we conclude that & ¢ L (), ie., & has no quasi-
continuous version.
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6.4 Quasi-continuous Processes

‘We have established in Sect. 6.3 that all random variables in LZ(Q) are quasi con-
tinuous, in w, with respect to the G-capacity ¢(-). In this section, we are going to
prove that, similarly, all stochastic processes in M~.(0, T) are quasi continuous in
(t, w). We set F; = B(;), F = (F1)ref0,77 and use the following distance between
two elements (¢, w) and (7', »'):

p((t, ), (', o)) =t —1'| + rr{lg;}lws — |, t,1'€[0,T], w, 0 € Qr.
s€|V,

Recall that a process (1)o7 15 said to be progressively measurable if its restriction
on [0, ] x Qs B([0, t]) ® F;-measurable for every . We define, for p > 1,

T
M?(,T) = {n : progressively measurable on [0, T'] x Q27 and E [/ |n,|pdt] < oo}
0

and the corresponding capacity

T
c(A) = %IAE |:/0 14(z, a))dt:| , forAeB(0,T]) x Fr.

Remark 6.4.1 Let A be a progressively measurable set in [0, 7] x Q7. It is clear
that 1, = 0, &-q.s. if and only if [} 14(t, )dt = 0 é-g.s..

In what follows, we do not distinguish two progressively measurable processes

nand n' if c({n #n'}) = 0. For any p > 1, M”(0, T) is a Banach space under the
N 1/p

norm ||n||mr = (E [fOT |n,|”dt]) . Since Mg(O, T) cM?(0,T) forany p > 1,

M g (0, T') is a closed subspace of M” (0, T'). We also need to introduce the following
space:
M (0, T) = {all F-adapted processes n in Cp ([0, T] x Q7)}.

Proposition 6.4.2 For any p > 1, the completion of the space M. (0, T') under the
norm ||nllur := BLJ ni?diD)/? is MG, T).

Proof We first show that the completion of M. (0, T') under the norm || - ||p1» belongs
to M£(0, T). Indeed, for any fixed n € M.(0, T), we set

k—1

k
(@) =Y naryw(@) s w0,
i=0
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By the characterization of the space LZ(Q) in Proposition 6.3.2, we get that nir €
LZ(Q%) and thus n® € M2(0, T). For each ¢ > 0, since P is weakly compact,
there exists a compact set K C Q7 such that I@[l k<] < e.Thus

T T T
E[/ |m—n£">|Pdr}sE[1K / |nt—n£"’|Pdt}+E[1Kc / Im—m(k)l”dt}
0 0 0

< sup Tln(@) —nP@)” + Q)P T,
(t,w)el[0,TIxK

where [ is the bound of 7, i.e., | = sup ,cj0.7)xq |M:(®)|. Note that [0, T'] x K is
compact and n € C, ([0, T] x Q7), then

T
lim supl& [ / In: — n,(k)|”dt:| < QD)’Te.
0

k—o0

Since & can be arbitrarily small, we get |[n® — n|ly» — 0 as k — oo. Thus 7 €
M Gp (0, T), which implies the desired result.

Now we show the converse part. For each given bounded process 7, =
va:, &1y, (@) with&; € Lip(L2,,_,), one can find a sequence of functions {d)f} -
C([0,0)),i < N,k > lsuchthatsupp(qbf) C (ti_1, t[)andfOT |¢f‘(t) — 1y, (@O
dt — Oask — co.Seti* = SN E @k (), itis easy to check that H*) € M,.(0, T)
and ||#® — f|lm» — 0 as k — oo. Thus M2 (0, T) belongs to the completion of
M. (0, T) under the norm || - ||p», Which completes the proof. O

Definition 6.4.3 A progressively measurable processn : [0, T] x Qr +— Riscalled
quasi-continuous (q.c.) if for any € > 0, there exists a progressively measurable and
open set O in [0, T] x Q7 such that c(O) < ¢ and 7 is continuous in O°.

Definition 6.4.4 We say that a progressively measurable process 7 : [0, T] X Q7 +—
R has a quasi-continuous version if there exists a quasi-continuous process 1’ such
that c({n #n'}) = 0.

Theorem 6.4.5 Forany p > 1,

T
Mg(O, T) = {77 e M?(0,T) : A}imooIE |:/ |’7z|p1{mlzN}d{| = 0and
- 0
n has a quasi-continuous version}.

Proof We denote

T
Jp= [Y)GMP(O, T) : lim E|:/ |1’]t|p1{|7h|>1\/}dl‘i| =0 and
N—oo 0

n has a quasi-continuous Version}.
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Observe that the completion of M.(0, T') under the norm || - || iS Mg (0,7).Bya
similar analysis as in Proposition 6.1.18, we can prove that M50, T) C J,.

It remains to show that n € J, implies € MGP (0, T). For each n > 0, we intro-
duce n™ = (n A n) v (—n), and easily see that

T T
E [f I, — n[(")|”dt:| <2E [/ (Im:|? — n”/2)+dt:| — 0, as n— oo.
0 0

Thus, we only need to prove that 77(”) € Mg (0, T) for each fixed n > 0. For each
¢ > 0, there exists a progressively measurable open set O, C [0, T] x Q7 with
¢(0;) < e such that n™ is continuous on O.

We could directly apply Tietze’s extention theorem (see Appendix A3) to extend
the continuous function n™ from O; to the whole domain of [0, T'] x Q7. How-
ever, in order to keep the progressive measurability property, we need to justify the
extension, step by step, as follows:

For any fixedk = 1,2, .-+, wesettf =iT /k fori =0, ...,k and

Fi* .= {0, 1* |1 x Q,k}u{ocﬂ{(t

’11

Xth} '=1,...,k.

ll’l

Since Of is progressively measurable and closed, we conclude that F'** is a closed
subset belonging to B([0, t*]) ® B(§21).

We apply Tietze’s extension theorem and extend n™ to 7™ on [0, £/] x Qi
such that 7" € Cy ([0, ] x Qu), "k = n™ on the set O¢ N{[0, t{] x Q) and
|7%| < n.Ttis clear that ﬁf”k is ﬁf-measurable for each ¢ € [0, t{‘] since Of is pro-
gressively measurable. We then extend this 7% from [0, 7] x Q to F>* by setting
ﬁf’k(w) =n )(a)) for (t, w) € O; N (t{‘, 1 x Q,zk. We apply again Tietze’s theorem
and extend 7"* from F2* to [0, t5] x 2,1 Moreover, r_;,"’k is an ¢ -measurable con-

tinuous function bounded in [—n, n] for each ¢t < tf . We repeat this procedure from
i=1toi=k and thus obtain a function 7% € Cb([O T] x ) such that 7% = »®
on Of and 7 i ks 7—7 -measurable for ¢ € [tk L t¥]. Then we make a time shift on

¥ to get the followmg progressively measurable process:
~n,k . —n,k
n =0 S0, 1€ [0, T

Here f(¢) is a continuous and non-decreasing function on [0, T'] with f;(¢) = O for
t <tfand fi(t) = 1 fort > 15,

Itis clear that i € C,([0, T] x ) and it converges to n™ for each (¢, w) € OF.
On the other hand, by Theorem 6.1.6 there exists a compact subset K, C €2 such that

[1 ke] < e. It follows, as k — oo, that 7" K(w) converges to nt(”) (w) uniformly on
(t, a)) e ([0, T] x K,) N O¢. Consequently
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1/p 1/p
[/ ™ — ”’"I”dt] SE[/ Ao.11xk0n0s + 10,71k u0) " = ”’"‘I”dt]

T 1/p
<E [/ Lqo.71xkonos I — ﬁf’kl”dt] +2n(T + 1)V/Pel/r
0

S 2T+ DVYPel/P ask — oo.

Since & can be arbitrarily small, it follows that ™ € MZ(0, T) and thus 7 €
ME(0, T). The proof is complete. O

The next result is a direct consequence of Theorem 6.4.5.

Corollary 6.4.6 Letn € Mé(O, T)and f € Cp([0, T] x R). Then (f(t, n:))i<T €
MS(O, T) forany p > 1.

Theorem 6.4.7 Letn® € M.(0, T), k > 1, be suchthatn® | nc-q.s., ask — oo.
Then E [fOT nt(k)dt] VE [fOT n,dt]. Moreover, if ne€ ML(O,T), then 1)

[Jy 10 = ni1de] 4 o.

Proof Wechoose itV € MY(0, T) such that [fo In® — nf’N|dt] — O0as N — oo.
Since [, nfNdr € LL(Qr) and

R f KNgr — / nfk)dtllffEU In® — nf‘NIdt]
0

We conclude that fOT r),(k)dt € LE(QT) for k > 1. It then follows from Remark 6.4.1
and Theorem 6.4.5 that fOT n®dr | fOT n:dt ¢ -q.s.. Therefore, by Proposition 6.1.31,
we obtain that B [ I n§k>dz] B [ I n,dt]. If 5 € ML(0,T), then [3® — n e

ML, T) and [® — 5| | 0é-qs.. ThusE[fO |n<k)—n,|dt] 1 0. O

Here is an example showing that M g (0, T) is strictly contained in M? (0, T').

Example 6.4.8 We make the same assumptions as in Example6.3.6. Then using
similar arguments one can show that, for each ol e [gz, 2], the process defined by
(L((8),—o2=0)ref0,71 is not in M;(0, T).

6.5 Exercises

Exercise 6.5.1 Let # be a family of weakly compact probabilities on (€2, B(£2)).
Suppose c is the upper probability and [ is the upper expectation associated with P.
For any lower semicontinuous function X > 0 on €2, we set
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E'[X]:=sup{E[Y]: ¥ € C;,(R)and 0 < Y < X}.
Then we define the outer capacity associated with P by
¢'(A) ;= inf{E'[X]: X is lower semicontinuous and 1, < X}, YA € B(Q).

Prove that
c'(A) = inf{c(0) : Ois anopensetand O D A}.

Exercise 6.5.2 LetQ = Rand P = {18, + 18,12 : x € [-2, —1]}, where 8, is unit
mass measure at x. Suppose c is the upper probability associated with P. Set A =
[—1,1). Show that

(i) P is weakly compact.
(i) c(A) # inf{c(O) : Oisanopensetand O D A}.

Exercise 6.5.3 Show that, for any p > 0,
Lg(QT) ={Xe LO(QT) : X has a quasi-continuous version and nli)ngoI_E[|X|”1[|X|>,,}] =0}

Exercise 6.5.4 Prove that E[¢/Z!] < oco.

Exercise 6.5.5 Let [E; be the Choquet expectation given by
0o 0
E:[X] :=/ (X > t)dt+/ (¢(X = 1) — 1)dt.
0 —00

Prove that E; = [ if and only if [& is linear.

Exercise 6.5.6 Let 1 be in Mé (0, T). Prove that fot nsd By has a quasi-modification
whose paths are continuous.

Exercise 6.5.7 Letnbein M, é (0, T). Prove that 7 is It6-integrable for every P € P.

Moreover,
T T
f 1sd B Z/ nsdpBg, P-as.,
0 0

where the right hand side is the classical It6 integral.

2 < 00 such that

Exercise 6.5.8 Suppose that there exist two constants 0 < 0> < &
1, 1,
Eg trfA — B] < G(A) — G(B) < EU tr[A — B], for A > B.

Letm > 0,0 = ¢2(26%)~" and @ € R. Then for any 7 > 0, we have

N B, —al*
E |:exp (—%)] <1 +me)~“
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Hint: Show that

i (t,X) = (1 +mt) “e < mlx —af’ )
Upy(t,x) = m Xp| ———
P 262(1 4+ mt)

is a viscosity supersolution of G-heat equation with initial condition u,, (0, x) =
2

exp (—%)

Exercise 6.5.9 Let (B;),;>0 be a non-degenerate G-Brownian motion. Prove that

@) ]E[_I{B,E[a,b]}] < 0 for any a < bandr > 0.
(i) For any ¢, ¢ € C;,Lip(]Rd) satisfying ¢ < ¢ and ¢(x) < ¢(x) for some x, one
holds ) )
Elp(B)] < E[¢(B)], Vi > 0.

Exercise 6.5.10 Prove that the non-degenerate G-Brownian motion path is nowhere
differentiable quasi-surely.

Notes and Comments

Choquet capacity was first introduced by Choquet [33], see also Dellacherie [42] and
the references therein for more properties. The capacitability of Choquet capacity
was first studied by Choquet [33] under 2-alternating case, see Dellacherie and Meyer
[43], Huber and Strassen [89] and the references therein for more general case. It
seems that the notion of upper expectations was first discussed by Huber [88] in robust
statistics. It was rediscovered in mathematical finance, especially in risk measure,
see Delbaen [44, 45], Follmer and Schied [68] etc.

The fundamental framework of quasi-surely stochastic analysis in this chapter is
due to Denis and Martini [48]. The results of Sects. 6.1-6.3 for G-Brownian motions
were mainly obtained by Denis, Hu and Peng [47]. The upper probability in Sect. 6.1
was firstly introduced in [47] in the framework of G-expectation. Note that the
results established in [47] cannot be obtained by using outer capacity introduced by
Denis and Martini [48]. In fact the outer capacity may be strictly bigger than the
inner capacity which coincides with the upper probability in Definition6.1.3, see
Exercise6.5.2. An interesting open problem is to prove, or disprove, whether the
outer capacity is equal to the upper probability associated with P.

Hu and Peng [80] have introduced an intrinsic and simple approach. This approach
can be regarded as a combination and extension of the construction approach of
Brownian motion of Kolmogorov (for more general stochastic processes) and a sort
of cylinder Lipschitz functions technique already introduced in Chap. 3. Section 6.1
is from [47] and Theorem 6.2.5 was firstly obtained in the same paper, whereas
contents of Sects. 6.2 and 6.3 are mainly from [80].

Section 6.4 is mainly based on Hu et al. [85]. Some related discussions can be
found in Song [159].
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Chapter 7 ®)
G-Martingale Representation Theorem e

7.1 G-Martingale Representation Theorem

In Sect. 4.2 of Chap. 4, we presented a new type of G-martingale representation
showing that a G-martingale can decomposed into a symmetric one and a decreasing
one. Based on this idea, we now provide a complete and rigorous proof of this
representation theorem for an L2 -martingale.

We consider a non-degenerate G-Brownian motion, i.e., we assume that there
exists some constant o> > 0 such that G(A) — G(B) > o*tr[A — B]forany A > B.
For a fixed T > 0, let S%(0, T) = {h(t, Byrrs - Byns) ity 1, €10, T], h €
Cp.ip R} For n € 5,0, T), set |Inlls2 = {Elsup,o 7 In:|*]}'/” and denote
by S (0, T) the completion of S (0, T) under the norm || - |5z . Then the following
result holds:

Theorem 7.1.1 (G-Martingale Representation Theorem) Let & be in LZ(QT) for

some p > 2. Then the martingale I@t [£] has a continuous quasi-modification Y €
Sé(O, T) given by

t
Y, = K[£] +/ Z.dB, + K, (7.1.1)
0

where Z € Mé(O, T) and K is a non-increasing continuous G-martingale with
Koy=0and K7 € LZG(QT). Moreover, the above decomposition is unique.

In order to give the proof of Theorem 7.1.1, we need the following results. First,
we state a prior estimate which will be used frequently in the sequel.

Lemma 7.1.2 (Prior estimates) Let (YO zO KOy j =12 satisfy equation
(7.1.1) corresponding to data €. Then there exists a constant C := C(T, o, G) > 0
such that
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@) 2 i) 2 )2 .
1K 12, + 12012, < CIY O, i=1.2 (7.12)
M _ 72 @D _y@))2 @O _y® (e)) (@)
120 - 20, < c (1D - vOR, + 1y O -y (|r | +[¥ Hsé»
(7.13)

Proof Without loss of generality, we assume thatd = 1. Set Y =YD _y® 7 .=
ZW — 7@ and K := KW — K@ Then it is easy to check that

T
Y, =& —/ 7.dB, — (Kr — K,), ¥t € [0, T].
t

Fix P € P. Then fot Z,dByisa P-martingale (see Exercise 6.5.7 in Chap. 6). Apply-
ing the classical Itd’s formula to Y, yields that

T T T
|Y,|2+/ |Z,|?d(B), = |g|2—2/ Y, Z.dB; —2f Y,dK;, P-as. (7.1.4)
t

t t

Since Y@ € S%(0, T), we have that

Ep[ sup |V:P1 <2(1Y V)% + 1YP %) < 00
s€[0,T] G G

which together with
T
Ep U |Z|?ds] <2312V 15 +1Z2113,2) < 00
0

indicates that fol Y,Z,dB, is a P-martingale. Note that (B), > o2¢. Taking
P-expectation to Eq. (7.1.4), we get that

T
o’Ep U |zs|2ds}5Ep[|s|2+ sup |- (1K |+ IKPDL (7.1.5)
0 s€[0,7T]

Since Y? € §2(0,T), Z» € M%(0, T) and K\ € L% (), itis easy to check that

T
/ |ZsPds and  sup |Y|- (K" + K arein LL(Qr).
0 s€[0,T]

By taking supp.p Ep[-] = E[-] on both sides of (7.1.5), it follows that
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T
o’k [/ |Zs|2ds} <k [|§|2+ sup |Ys|~<|1<;”|+|1<;2)|>}
0 s€(0,T]

e > 1 2
<IVI% + 1Yl (1K g, + 1K 122)- (7.1.6)

Let us consider two special cases: Case 1: £ =0, thus (Y(V, ZzD kD) = 0;
Case 2: £® =0, thus (Y@, Z®, K®) = 0. By separately applying the inequal-
ity (7.1.6) to these two cases, we obtain

T
QZE[/ |z§.”|2ds]s||Y<”||§é+||Y<”||s;.;||l<;”||LzG, for i =1,2.  (7.1.7)
0

On the other hand, notice that K = £§® — & [¢®] — [T ZOdB,. Then there exists
some constant C; depending on G such that

1K 17 < CLllY U5 +1Z915,)-

Combining this inequality with the right hand side of (7.1.7), we can find a constant
C, depending on o such that

2 i)2 i)2 1.2 i) 12
CNZVN5e < CAY VNS + 36212715,

From here and the inequality (7.1.6) we obtain the estimate (7.1.2), and then (7.1.3).
The proof is complete. ]

Next we will study the G-martingale representation theorem for cylinder func-
tions.

Lemma 7.1.3 Forany & € Lip(Q27) of the form

£ =By, By — By, - By —By_). ¢€Chrip@®*, 0<t < <y <T,
(7.1.8)
Eq.(7.1.1) holds true.

Proof For simplicity we just treat the case d = 1 and leave the case for multi-
dimensional G-Brownian motion as an exercise. The proof is divided into the fol-
lowing three steps.

Step 1. We start with a simple case & = ¢(Br — B,,) for a fixed #; € (0, T]
with ¢ € Cp 1;p(R). It is clear that the martingale ]E, [E]lis Y, = I@Z, [p(Br — B))] =
u(t, B — By), t € [t;, T], where u is the viscosity solution of the G-heat equation

ou(t, x) + G(afxu(t, x) =0, ulx,T)=¢kx). (7.1.9)

By the interior regularity of u (see Appendix C, Theorem C.4.4), for any k¥ > 0, there
exists a constant o € (0, 1) such that,
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[ue]]cr+erave o, 7 —c]xR) < OO.
Applying It6’s formula to u(¢t, B, — B;) on [t;, T — k], we get
M(t, BT - Bl]) ZM(T — K, BT*K - Btl)

T—«k
—/ d.u(s, By — B,)dBy — (Kr—« — K,),  (7.1.10)
t

where K, = %j: 02 u(s, By — B;,)d(B); — /71 G (32 u(s, By — B,,))ds is a non-
increasing continuous G-martingale for t € [#;, T — «]. In fact, we have

u(t, x) = Elp(x + Br — B)].

Since ¢ is a Lipschitz function, thus u is also a Lipschitz function with the same
Lipschitz constant as ¢. Moreover,

u(t, x) = Elp(x + Br — B)1 = Elp(x + (Br — Biys) + Biis — B))]
= Blu(r + 8, x + By)].

Hence [u(t, x) — u(t + 8, x)| < Ellu(t + 8, x + By) — u(t + 8, )] < CE[|Bs]] <
C|V/3|. The uniformly Lipschitz continuity of u in x gives us that |d,u(t, x)| < L.
Therefore

T
E[WT_K N / |z,|2dr]
T

—K

T

=k |:|M(T — Kk, Br—« — B)) —u(T, By — B)| +/ |0y u (B, — Brl,f)|2df:|
T

—K

T
<C (ﬁ+E[|BK|2 +/ |L|2dtj|> — 0,as k — 0,
T

—K

where Y; = u(t, B, — By) and Z, = d,u(t, B — B;,). Then by Eq.(7.1.10), we can
find a random variable K7 € Lé(QT) so that E[(K7_, — K7)?] — 0 as « | 0.

Therefore
Y, = u(t, By — By, 11(t) +u(ty, 0)1jo,4) (1)

is a continuous martingale with

t
Z, = dault, B — By)lyy.y(0), Y, = Yo+/ Z,dB, + K.
0
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Furthermore,

T
E[K2]<C <|Yo|2 +E[YrF1+E U |zs|2dsD < (.
0

where C; depends only on the bound and the Lipschitz constant of ¢. It follows that
Y, e SG(O T),foranyt € [0, T],and Z € M? ¢, T)and K7 € LG(QT)
Step 2. We now consider the case & = (pl(BT B;,, B,,) with ¢; € Cb_L,p(Rz).
For any fixed y € R, letu(, -, ¥) be the solution of the PDE (7.1.9) with terminal
condition ¢ (-, ¥). Then it is easy to check that

Y, =R, (€] = u(t, B, — B, B,), Vt € [1, T]
By Step 1, we have
M([, Bf - Bl‘p )’) ZM(T, BT - Btlv Y)

T
—/ d,u(s, By — By, y)dBs — (Ki — K}). (7.1.11)
t

For any given n € N, we take

ZROES TR ON E N

and h(;,?z =1- 22" ' h™ . Through Eq.(7.1.11), we get

T
r" =1 - / Z\"dB, — (K" — K",
t

where ¥ =Y ¥ u(t, B, — B, —n+i/m)hi"(B,). Z" =¥ du(t, B, —
B, —n —l—z/n)h(")(B,l) and K™ = Zf"o K_"J”/"h(")(Btl) By Proposition6.3.5
of Chap.6, i (B,,) € L%(S,), we obtain that, for any 7, (¥,", k") € L%(R/),
7Zm e MZ(t;, T) and, for any n,

2n?
E[(K"] =) h"(BOBJK /" =K", n<s<r<T.
i=0

On the other hand, for any ¢, s € [0, T], x, X, y,y € R,

lu(t, x.y) —u(t. %, 5)| < [Elg1(x + Br — B,. y)] — Elgi (& + Br — B,. )]
=Cx =x[+ 1y =yD.
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Through therelationu(z, x, y) = I@[u(r + 8, x + Bs, y)]wecanalsoget |u(t, x, y) —
u(s, x,y)| < C4/|t —s|. Thus we deduce that

2n%—1 .
~ l
¥, =Y < > (B |ult, —n + — B, = B,) —u(t, By, B = By
i=1

~(n C  2llull
+ T+ D s, o < — + =

|Bl‘1|a

from which we derive that
1Y, — ¥, 1% — 0, asn — oo.
G

Consequently, by the prior estimate Lemma7.1.2, there exists a process Z €
Mé (t1, T) so that
lim |Z®™ — Z|,2 = 0.
n— 00 G

Denote .
K, =Y Y, —/ Z.dB;, Yt €[t;, T].

131

Note that for any ¢ € [#1, T],

t
(KM, =" - ern) N / Z"dB,);2,

151

converges to K; in L%; (2;). Thus K; is a non-increasing continuous process such
that &,[K,] = K,.
For Y, = u(t;, 0, B,,), we can use the same method as in Step 1, now on [0, #].
Step 3. The more general case can be iterated similarly as in Steps 2. The proof
is complete. (]

Finally, we present a generalized Doob’s maximal inequalities of G-martingales,
which turns to be a very useful tool.

Lemma 7.1.4 For any & € Lip(Q27) satisfying the condition in Lemma7.1.3 and
forany 1 < p < p with p < 2, there exist a constant p, a process Z' € Hg 0,7),a
non-positive random variable K. € L7.(Qr) and a constant C,, > 1 depending on
p such that:

(i) £ =p+ [y Z,dB, + K},
(ii) BUKGIP17 < 2 (l1g"/e + Bljg P /r).
Proof Without loss of generality, assume d = 1.
We first consider a special case that |£] < 1. By Lemma7.1.3, we have the fol-
lowing representation:



7.1 G-Martingale Representation Theorem 153
. . t

Bigl =¥, =Bl + [ 2B+ Ko g (7.1.12)
0

where Y € Sé 0, 7)), Ze€ Hé (0,T) and K is a non-increasing continuous
G-martingale with Ko = 0 and K7 € L%(Q7). Thus, applying Itd’s formula yields
that

T T T
gzz(ﬂij[g])%rz/ Y,z,dB,+2/ Y,dK,+/ |Z,1%d(B), (7.1.13)
0 0 0

Note that |Y;| < 1 for any ¢ € [0, T']. Then taking G-expectation on both sides of
(7.1.13) leads to the inequality

T T
E[(/ stBs)Z} :1@[/ |Z,|2d<B>,} < K[&)] + 2R[—K7].
0

0

On the other hand, setting = T in (7.1.12) and taking G-expectation implies that
E[-K7] = Eg] + B[] < 2E[jg 1.

Therefore, we obtain that | [( fOT VARY| Bs)z] < 5E[|€]] and, once again from

(7.1.12),

T 2
El(K7)?] < 2K[£2] 4 2 [(E[s] + / z,dB,) } < 14E[|€]].
0

Consequently, for 1 < p < p and p < 2, we obtain that
El(—=Kn)" < El-K7] + El(K7)*),
from which it follows that
E[(—K7)"] < 16E[€]]. (7.1.14)
Now we consider a more general case when |£ | is bounded by a positive integer M. We

setE® = (€ An) V (—n)and n™ = £@*+D — g0 forany integern =0, 1, --- , M.
Then by Lemma7.1.3, for any n, we have the following representation:

t
E,[n™] =Y™ = E[n™] +/ ZMdB, + K™, q.s.. (7.1.15)
0

Also, from (7.1.14), we have

BI(—K\")P] < 16E[[n")).
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Note that [7™] < 1j¢>,. Thus by Minkowski’s inequality, we can derive that

M—1 M-1
El(— ) KNP <EL-KPPYP + ) BI(-K7)"1Y7

n=0 n=1

M—1

<27 (BLgN? + Y 18(El = m)['/7)

n=1
M—1
<2¥P(ELENYP + Y n PPE(IETV7).

n=1

Here we have used the Markov inequality (see Lemma6.1.17 of Chap. 6) in the last
step. Since Z,}:/[:_ll n~P'P < p/(p — p), we deduce that

M-1 1/p _

i ) 2Y7p e 1 DIPRy |

Bl k| = ==L (Bugn'” + kg1 ).
n=0 p—=pr

Note that £ = Y M 1™, Let K} := Y M kW, 7/ =M 172" and p:=

S M UR[7™]. Then we get the desired result. O

Based on the above estimates, we can introduce the following inequality of Doob’s
type for G-martingales.

Lemma 7.1.5 Suppose « > 1 and § > 0. Then for each 1 < p < p := (a +§)/«x
with p < 2 and for all £ € Lip(Q27) satisfying the condition in Lemma7.1.3, there
is a constant C, > 1 depending on p such that

fE[ sup I@:,nsm] < SePD (g e o0 4 Bl ). (1.116)
t€l0.T] p—r

Proof For any 1 < p < p with p <2, applying Lemma 7.1.4 to |£|* € Lip(Q27),
we can find a constant p, a process Z' € Hg (0, T), a non-positive random variable
K} € L%(Qr) such that [£]* = p + fOT Z;dB; + K. Then we have the relation

t
sup E[I§]°] < sup (,0+/ Z;dBS>.
0

tel0,T] t€[0,T]

Thus by the classical maximal inequality, we obtain that

1/p
t t
E{ sup IE,[|$|°‘]} §IE[ sup (,o-i—/ Z;st)} < [E( sup (p+/ Z;dBS)Pﬂ
t€l0,T] tel0,T] 0 t€l0,T] 0

T
'P-F/ Zl/st
0

<q = (D] +1K7 1z )
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where ¢ = p/(p — 1). We combine this with Lemma 7.1.4 to conclude that

f [ sup Ensm} < P (agjepessny 10 (ije e,
1€[0,T] p—-p

which is the desired result. O

Now we are ready to complete the proof of Theorem7.1.1.

Proof of Theorem 7.1.1 The uniqueness of the decomposition is obvious. For each

& e Lg (R27), there is a sequences of cylinder random variables {£,}7° | of the form

(7.1.8) such that lim,,?Oo I@l[|$n — &1 = 0. It follows from Lemma7.1.3 that, for
any n, the martingale E,[£,] has the decomposition

t
E (&1 =Y" =E[&] + / ZMdB, + K", (7.1.17)
0

where Y™ € S%2(0, T), Z™ € MZ(0, T) and K™ is a non-increasing continuous
G-martingale with K(()") =0and K;") € L%(Qr). Since

IE/[€,] — B [£,11° < E[1&, — £41P1, foreachm,n=1,2,---,

It then follows from Lemma7.1.5 that {¥}° | is a Cauchy sequence in S% (0, T).
Thus we can apply the prior estimates in Lemma 7.1.2 to show that the sequence
{Z (")}ff:l also converges in Mé (0, T') and consequently {K ,(")};’f:l converges in L%;
to K,. It is easy to check that the triplet (Y, Z, K) satisfies (7.1.1). The proof is
complete. [

Notes and Comments

Theorem 7.1.1 is a highly nontrivial generalization of the classical martingale repre-
sentation problem. It shows that under a nonlinear G-Brownian motion framework, a
G-martingale can be decomposed into two essentially different martingales, the first
one is an Itd’s integral with respect to the G-Brownian motion B, and the second one
is a non-increasing G-martingale. The later term vanishes once G is a linear func-
tion and thus B becomes to a classical Brownian motion. This means this new type
of no-decreasing martingale is completely neglected under the Wiener probability
measure and thus we need to use the stronger norm || - ||;», and the corresponding
G-capacity, to investigate this type of very interesting martingales.

Under the condition that £ is a cylindrical random variable, i.e., £ € Lip(Q27),
Peng [140, 144] proved Theorem 7.1.1 and thus raised a challenging open problem
for the proof of the general situation. An important step towards the solution to this
problem was given by Soner, Touzi and Zhang in 2009, although a stronger condition
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was assumed. More precisely, they defined the norm

1E2 ]2 = B[ sup B, (16171172,
t€l0,T]

and then denoted by L%(QT) the completion of Lip(£27) under this norm. Soner
et al. (2009) showed that the martingale representation theorem holds for random
variables in Lé(QT). A natural question is: how large this new subspace of L(%;(QT)?
Can we prove that L%(QT) contains Cp(27)? or L?g(QT) = Lé(QT)?

This challenging problem was finally independently solved by Song [159] for
£ € LL(Qr), p > 1and by Soner etal. [155] for & € LE™(Qr), p =2.

As a by product, Song [159] established a fundamental inequality of Doob’s type
for G-martingale theory (see Lemma 7.1.5), which gave a characterization of the
relations between Lg(QT) and Lé(QT). The actual proof of Theorem 7.1.1 in this
chapter is based on the Doob—Song’s inequality (7.1.16). In fact this result was applied
in the paper of Hu et al. [78] for the proof of existence and uniqueness theorem of
BSDEs driven by G-Brownian motion.



Chapter 8 ®)
Some Further Results of 1to’s Calculus Chack or

In this chapter, we use the quasi-surely analysis theory to develop Itd’s integrals
without the quasi-continuity condition. This allows us to define Itd’s integral on
stopping time interval. In particular, this new formulation can be applied to obtain
1td’s formula for a general C'2-function, thus extending previously available results.

8.1 A Generalized It6’s Integral

Recall that B,(£2) is the space of all bounded and Borel measurable real functions
defined on Q = Cg (RT). We denote by L% () the completion of B, (2) under the

natural norm || X ||, := E[|X|P1"/7. Similarly, we can define L?(Q7) for any fixed
T > 0. For any fixed a € R?, we still use the notation B? := (a, B;). Then we intro-
duce the following properties, which are important in our stochastic calculus.

Proposition 8.1.1 Forany0 <t < T, & € L2(,), we have
Elg(B — B =0.
Proof For a fixed P € P, B? is a martingale on (€2, ¥, P). Then we have
Epl§(BS — BH] =0,
which completes the proof. (]
Proposition 8.1.2 Forany 0 <t < T and & € B,(£2;), we have

E[£2(B2 — BY? — 02,62(T —1)] < 0. 8.1.1)

© Springer-Verlag GmbH Germany, part of Springer Nature 2019 157
S. Peng, Nonlinear Expectations and Stochastic Calculus under Uncertainty,

Probability Theory and Stochastic Modelling 95,

https://doi.org/10.1007/978-3-662-59903-7_8


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-662-59903-7_8&domain=pdf
https://doi.org/10.1007/978-3-662-59903-7_8

158 8 Some Further Results of 1td’s Calculus

Proof 1f& € Cp(S2,), then we get that K[£2(B3 — B?)? — £202 (T —1)] = 0. Thus
(8.1.1) holds for & € C;(€2;). This implies that, for a fixed P € P,

Ep[£*(B: — B*)? —£%62,(T —1)] < 0. (8.1.2)
T t aa

If we take & € B, (£2;), we can find a sequence {&,}52, in C,(£2;), such that &, — &
in LP(2, F;, P), for some p > 2. Thus we conclude that

EplE}(B: — B —&202,(T —1)] <0.

aal
Then letting n — oo, we obtain (8.1.2) for & € B,(L2,). O

In what follows, we use the notation LY (), instead of LZ (2), to generalize It6’s
integral on a larger space of stochastic processes M2(0, T) defined as follows. For
fixed p > 1and T € R, we first consider the following simple type of processes:

N-1

My 0. T) = {1 (@) = 3 §5@y, 15,0,
=0

VN =0, 0=1tg<---<ty=T, Ej(w)eBb(Q;j),jzo,»--,N—l].

Definition 8.1.3 For an element ) € M;,o(0, T) with 1, = Y"1 & (@) 1y, 41) (1),
the related Bochner integral is

T N—-1
| n@it = ¥ @t 1.
0 =0
For any n € M, (0, T) we set
N—1

- N T 1A
Er[n] == 1K [fo n,dt] = TE ij(w)(ljﬂ —t;)
=0

ThenE : My, (0, T) — R forms a sublinear expectation. We can introduce a natural
A T 1/p
norm [nllarvo.ry = {B [ fy tnalrar ][}

Definition 8.1.4 For any p > 1, we denote by MY (0,T) the completion of
M}, 0(0, T) under the norm

. T Ip
[nllae0,1) = {E [/ In,I”dt:“ .
0
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We have M7 (0, T) D MI(0, T), for p < q. The following process

N-1

(@) =Y &)y, & € LE(Q), j=1,---, N
j=0

is also in ML (0, T).
Definition 8.1.5 For any n € M} (0, T) of the form
N—1
(@) = Y &)y, (1),

Jj=0

we define It0’s integral

1(77)2'/0 mdBa' ZSJ( Ly

Lemma 8.1.6 The mapping I : My, o(0, T) — L%(Qr) is a linear continuous map-
ping and thus can be continuously extended to I : Mf O, 7) —~ Li(QT). Moreover,

we have
R T
E |:/ nsdBj‘i| =0, (8.1.3)
0

T T
E [(/ mdBj‘)z} <o,k [/ |n,|2dt] . (8.1.4)
0 0

Proof 1t suffices to prove (8.1.3) and (8.1.4) for any n € M, (0, T). From
Proposition 8.1.1, for any j,

E[¢; (B} Ba)]—]E[ &(BY, —B)]1=0.

it tit1

Thus we obtain (8.1.3):
R T R IN-1
]E|:/ nsdB3:|=E|:'/ T]SdB +€:N 1(B fN ])i|
0 0
A IN-1 A
=E|:f r;de;‘] = ... =E[§-‘0(Bﬁ —B;‘))] =0.
0

We now prove (8.1.4). By a similar analysis as in Lemma 3.3.4 of Chap. 3, we
derive that
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T 2 N-1
1) {(/ n,dBf) ] =K {253(3,"; - B} 2} :
0 i=0

Then from Proposition 8.1.2, we obtain that

ez, - B — 02,80 — 1] < 0.

Lj+1

Thus
T 2 N—1
E [( f mdB?) } =Ry & (BY — B )]
0 i=0

N-1 N-1
E [Z EN(BR — B2 )? — 02 (tip1 — r,-)]} +E [Z 02Xt — m}
=0

i i=0

IA

N—1 T
<E |:Z Uﬁaré:iz(ti+1 — l‘i)j| = faT]E |:/ |77t|2dt:| s
i=0 0

which is the desired result. O

The following proposition can be verified directly by the definition of Itd’s integral
with respect to G-Brownian motion.

Proposition 8.1.7 Letn, 6 € Mf(O, T). ThenforanyQ <s <r <t <T, we have:

(i) [ n.dB*= [ n.dB*+ [ n.dB2;
(ii) [ (an, +0,)dBd = a [ n,dB? + [ 6,d B2, where a € By(S).

Proposition 8.1.8 For any n € M2(0, T), we have

t 2 T
E |: sup / nsd B} ] <dol,E [/ r/fds] . (8.1.5)
0<t<T |J0 0

Proof Since for any o € B,(€2;), we have

) T
E |:o{/ mdB_fi| =0.
t

Then, for a fixed P € P, the process fo nsdB? is a martingale on (2, 7, P). It
follows from the classical Doob’s maximal inequality (see Appendix B) that
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t 2 T
Ep|:sup / nydB? }54&)[ / n.d B
0<t<T [JO 0

Thus (8.1.5) holds. ([l

Proposition 8.1.9 For any n € M>(0,T) and 0 <t < T, the integral fot nsd B2 is
continuous q.s., i.e., fot nsd B} has a modification whose paths are continuous in t.

Proof The claim is true for n € M} (0, T) since (B?'),>0 is a continuous process.

In the case of n € M2(0, T), there exists n™ € M, (0, T), such that IAE[fOT(m —
n§”))2ds] — 0, as n — o0. By Proposition8.1.8, we have

/ y — naa|

& sup <4a TIE / (ng—ngn))zds — 0, as n— oo.
0<t<T

Then choosing a subsequence if necessary, we can find a set Qc Qwithé(Q) =0
so that, for any w € < the sequence of processes fo n"d B?(w) uniformly converges

to fo nsd B (w) on [0, T']. Thus forany o € Q we get that fo nsd B?(w) is continuous
in t. For any (w, t) € [0, T] x €2, we take the process

t
nd B*(w), w € $;
Jt(a)) = /(;

0, otherwise,

as the desired 7-continuous modification. This completes the proof. (|

We now define the integral of a process n € Mi (0, T) with respect to (B*). We
also define a mapping:

T
Oorn = [ md (B, == Y68, — (8%),): M} 0. 1) — Lic@y),
=0

Proposition 8.1.10 The mapping Qo r : Mbl‘O(O, T) — LL(Qr) isacontinuous lin-
ear mapping and Qo1 can be uniquely extended to M} (0, T). Moreover, we have

E [ /0 " (BY),

T
] <o, E [/ |n,|dt} forany ne M'0,T). (8.1.6)
0




162 8 Some Further Results of 1t6’s Calculus
Proof From the relation
0% ur (t =) < (BY), = (B"), < 02t =)
it follows that
B 16/ 1By — (B*)i) — 027 18j1(j41 —1))] <0, forany j=1,--+ N =1,

Therefore, we deduce the following chain of inequalities:

b ]| <2 [ S, -,

N-—1 N-—1
<E {Z €GB 4, — (BY)1) — 02 (11 — r,-)]} +E {oﬁaT > IE 1 - r,-)}
=0 Jj=0

a a
ZS}B[+1 B

N—-1
Z ELE (B, — (BY)) — 0 r (tjg1 — DI+ [oﬁar D& 4 —z,»)}

j=0 Jj=0
- [T
|: Z E]l([]—i-l_t] :| :UfaTE|:/(.) |77t|dl:|~

This completes the proof. O

From the above Proposition 8.1.9, we obtain that ( B?), is continuous in ¢ q.s.. Then
foranyn € M!(0, T)and0 < t < T, the integral fot nsd(B*), also has a t-continuous
modification. In the sequel, we always consider the #-continuous modification of [td’s
integral. Moreover, It&’s integral with respect to (B', B/) = (B)" can be similarly
defined. This is left as an exercise for the readers.

Lemma 8.1.11 Letn € sz(O, T). Then n is It6-integrable for every P € P. More-

over,
T T
/ mdB?:/ nsdpB?, P-a.s.,
0 0

where the right hand side is the usual It0 integral.
We leave the proof of this lemma to readers as an exercise.

Lemma 8.1.12 (Generalized Burkholder-Davis-Gundy (BDG) inequality) For any
ne Mf(O, T) and p > 0, there exist constants c, and C, with0 < ¢, < C, < 00,

depending only on p, such that
t P . T p/2
/0 nsd B} } <ol CE {(/o |77Av|2ds> :| .

. T p/2 ~
o rcpE </ |m|2ds> <E|[ sup
—aa 0 1[0, 7]
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Proof Observe that, under any P € P, B? is a P-martingale with
0 grdt < d(B"); < oyrdr.

The proof is then a simple application of the classical BDG inequality. (]

8.2 1to’s Integral for Locally Integrable Processes

So far we have considered It6’s integral fOT n.d B* where nin M2(0, T). In this section
we continue our study of Itd’s integrals for a type of locally integrable processes.
We first give some properties of MY (0, T).

Lemma 8.2.1 Forany p > 1and X € MY (0, T), the following relation holds:

T
lim E |:/ |X,|p1{xr|>,1}dli| =0. (8.2.1)
n—00 0

Proof The proof is similar to that of Proposition 6.1.22 in Chap. 6. (I

Corollary 8.2.2 For any n € M2(0, T), let n™ = (—=n) V (n; A n), then, as n —
oo, we have fof n"dB?* — fol nsdB® in L2(0, T) foranyt < T.

Proposition 8.2.3 Let X € ML (0, T). Then for any & > 0, there exists a constant
8 > 0 such that for all n € ML (0, T) satisfying 1) [fOT |n,|dt] <éand|n(w)| <1,

we have & [fOT |X,|”|n,|dt] <e.

Proof For any ¢ > 0, according to Lemma8.2.1, there exists a number N > 0 such
that B[ )/ 1X171x1-n) | < £/2. Take 6 = &/2N7. Then we derive that

T T T
E[/o Ithplntldt}EE[/o |Xt|p|77t|1{X,|>N}dti|+E|:/o |Xt|p|77t|1{|X,<N}dt:|
[T [
) /O X IP1x, 1oyt | + NPE /0 mildt | <e.

which is the desired result. ([

IA

Lemma8.24 Ifp>1land X,n € ML (0, T) are such that n is bounded, then the
product Xn € ML (0, T).

Proof We can find X™, n™ € M, (0, T) for n = 1,2, ..., such that ™ is uni-
formly bounded and

IX = XPlaro.ry = 0, IIn— 0" llmrory > 0, as n— oo.
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Then we obtain that

T T
EU \x,mfx,(’”nf”v’dr]52"*' (EU \Xrlplnrfm")\pdt]JrE[/ X, — x<”)|1'm(”)|”er
0 0

By Proposition 8.2.3, the first term on the right-hand side tends to 0 as n — oo. Since
n™ is uniformly bounded, the second term also tends to 0. O

Now we are going to study It6’s integrals on an interval [0, t], where 7 is a
stopping time relative to the G-Brownian pathes.

Definition 8.2.5 A stopping time 7 relative to the filtration (#;) is a map on 2 with
values in [0, T'] such that {r <t} € 7, forevery ¢ € [0, T].

Lemma 8.2.6 Forany stopping time v and any X € M{ (0, T), we have 1jp 1(-) X €
MP, T).

Proof Related to the given stopping time t, we consider the following sequence:

(k + 1 T
Z ) [kT <r< LTy + T1ps7y.
k=0

It is clear that 27" > 1, — v > 0. It follows from Lemma 8.2.4 that any element of
the sequence {191 X}°%, is in MZ (0, T). Note that, for m > n, we have

T T
E[f |1[o,f,,](r)—1[o,rm](r>|dr}sﬂz[/ |1[o,m(z>—1[0,ﬂ<r)|dr]
0 0

=R[r, — 7] <27"T.

Then applying Proposition 8.2.3, we derive that 1jp ;1 X € MY (0, T) and the proof is
complete. (I

Lemma 8.2.7 For any stopping time © and any n € M2(0, T), we have

INT t
/ nsd B} (w) = / 1jo..1(s)nsd B2 (w), forallt €[0,T] g.s. (8.2.2)
0 0

Proof For any n € N, let

[£:2"] 2"

k k
T, = Z 2_nl[(k2_nl)r§'f<§7’:) +t1[f21‘] = ZlAﬁt”
k=1 k=1

Here tk = k27"¢, Ak [tk Letar< tk] fork < 2", and A2 [T = t]. We see
that {r,l}n:, is a decreasing sequence of stopping times which converges to t A 7.
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We first show that
t t
/nsdB;”‘:/ 17, (s)nsd B2, q.s. (8.2.3)
T, 0

By Proposition 8.1.7 we have

t t
/‘nsdBXazv/ nsdB? —ZlAk/ nsdB?

on
it lAk’
;2

_Z/ lAkT)XdB —/ Zl[zkz](s)lA"r)sdB

from which (8.2.3) follows. Hence we obtain that

Ty t
/ ndB® = / 10,0 ()0 d B2, q.s.
0 0

Observe now that 0<7t1,—71, <71, —tAT<27"t, for n <m. Then
Proposition 8.2.3 yields that 1j ,,1n converges in M2(0, T) to 1jp .7 as n — 00,
which implies that 10 41 € Mf (0, T). Consequently,

n—00

T, t
lim nsdBSa = / l[oyr](S)T}sdB_?, g.S.
0 0

Note that fot nsd B2 is continuous in ¢, hence (8.2.2) is proved. O

The space of processes MP (0, T) can be further enlarged as follows.

Definition 8.2.8 For fixed p > 1, a stochastic process 7 is said to be in M} (0, T),
if it is associated with a sequence of increasing stopping times {0, };,en, such that:

(1) For any m € N, the process (’7’1[()»%](’)):6[01] e ML, T);

(i) QM :={we Q: o) AT = T}and Q2 := lim,_, o ™, then ¢(Q¢) = 0.

Remark 8.2.9 Suppose there is another sequence of stopping times {7, };,_; that
satisfies the second condition in Definition 8.2.8. Then the sequence {t,, A 0, }men
also satisfies this condition. Moreover, by Lemma8.2.6, we know that for any m €
N, n1{0.1, rs,,] € ML (0, T). This property allows to associate the same sequence of
stopping times with several different processes in M} (0, T).

For given n € M?v(O, T) associated with {o,,},en, We consider, for any m € N,
the ¢-continuous modification of the process ( fot ns10,6,,1(8)d Bf)o . For any m,
<t<T

n € N with n > m, by Lemma8.2.7 we can find a polar set Am,,,, such that for all
w € (Ap.n)°, the following equalities hold:
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tAG t
/ 1 0.0, (8)d B (@) = / 1 L0y ()4 B2 (@)
0

t

15110,0,,1(5) 1[0,6,1(8)d B (w) (8.2.4)

IAG

nsl[o,an](s)dBf(a)), 0 <t<T.

S—. 55— 3

Define the polar set

o0

o0
A::LJ]

For any m € N and any (w, t) € Q x [0, T], we set

Am,n-
+1

n=m

t
1 $)dB*(w), we AN
X () = /O 151(0,0,,1(8)d B ()

0, otherwise.

From (8.2.4), for any m, n € N withn > m, X" (w) = X" () on [0, 0, (w) A T]
for any w € A°N$ and X® (@) = X™ (w) on [0, T] for all other w. Note that
for w € A° N Q, we can find m € N, such that 0,,(w) A T = T. Consequently, for
any w € Q, lim,,_, X,(’")(a)) exists for any 7. From Lemma 8.2.7, it is not difficult
to verify that choosing a different sequence of stopping times will only alter this
limitation on the polar set. The details are left to the reader. Thus, the following
definition is well posed.

Definition 8.2.10 Giving n € Mf,([O, T)), for any (w, t) € Q x [0, T], we define
t
/ nydB () == lim X" (). (8.2.5)
0 m—0o0

Forany w € Q and t € [0, 0,,], fot nsd B (w) = X,(m)(a)), 0 <t < T. Since each
of the processes {X ,(m)}OSng has ¢-continuous paths, we conclude that the paths of
( fof nsd Bj‘)o are also z-continuous. The following theorem is an direct conse-

<

<t<T
quence of the above discussion.

Theorem 8.2.11 Assumethatn € Mv%.( [0, T']). Then the stochastic process fo nsd B?
is a well-defined continuous process on [0, T'].

For any n € M1 (0, T), the integrals for nsd(B?), and fot nsd(B)Y are both well-
defined continuous stochastic processes on [0, T'] by a similar analysis.
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8.3 Itd’s Formula for General C? Functions

The objective of this section is to give a very general form of 1t6’s formula with
respect to G-Brownian motion, which is comparable with that from the classical
1t6’s calculus.

Consider the following G-It6 diffusion process:

t t t
X =X ~|—/ ozs”ds+/ n,"d (B){ +/ B, dB].
0 0 0

Lemma 8.3.1 Suppose that ® € C*(R") and that all first and second order deriva-
tives of ® are in Cp, 1;,(R"). Let a”, BYandn’i,v=1,--- ,ni, j=1,---,d, be
bounded processes in M2(0, T). Then for any t > 0, we have in L($,),

t t

D(X,) — D(Xy) = / o ®(X,)BdB! + / B (X, )aldu (8.3.1)
0 0

t
. 1 - .
+ [0t + 30k, L B (BY]
The proof is parellel to that of Proposition 6.3, in Chap. 3. The details are left as an
exercise for the readers.

Lemma 8.3.2 Suppose that ® € C*(R") and all first and second order derivatives
of ® arein Cp 1;p(R"). Let a”, BY be in Ml (0, T) and n" belong to Mf(O, T) for
v=1,---,ni,j=1,---,d Thenforanyt > 0, relation (8.3.1) holds in LL(Q,).

Proof For simplicity, we only deal with the case n =d = 1. Let «®, ® and n®
be bounded processes such that, as k — oo,

a® - a, n® — pnin M!©,T) and P — Bin M2(0, T)

and let

1 1 t
XV =xo+ [alas+ [ naie).+ [ poas.
0 0 0

Then applying Holder’s inequality and BDG inequality yields that

lim E[ sup [X* — X,|]]=0 and Jlim E[ sup |[@(X%) — d(X)[] =0.

k=00 g<t<T 0 0<t<T
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Note that
i T k k
E [ f 19, D(X{)pY — axcb(x,)ﬂfﬁdr]
0
R T
<2k [ / 19, D (X" — 3x<I>(X§k))ﬁz|2dt}
0
R T
+2k [ / 19, (X8, — ax¢<x,)/3,|2dr]
0

T T
<2C7R [ / 1Y — Wdr] + 2R [ / 181210, @(X ") — axd><xr>|2dr} :
0

0

where C is the upper bound of 9, ®. Since supy, . |3, P (X,(k)) — 3, P(X))? <4C?,
we conclude that

T
k [/ 10, (XY — 8X<I>(X,)|2dt:| — 0,as k — o0.
0

Thus we can apply Proposition 8.2.3 to prove that, in M2(0, T), as k — oo,

3, DXL 5 3. d(X)B, 3, PXa® - 5, P (X)e,
_PXOM® - g dX)p, 32X () - 32 d(X)B%.

However, from the above lemma we have

t t
o(xV) —o(x{) = / 9 e(XMpMaB, + / 9 @(XP)a® du
0

/ [0, ®(XP)n® 1 152 &(XD)(BX)1d (B),.

Therefore passing to the limit on both sides of this equality, we obtain the desired
result. O

Lemma 8.3.3 Let X be given as in Lemma 8.3.2 and let ® € C"*([0, T] x R")
be such that ®, 0,P, 0,D and 82 ® are bounded and uniformly continuous on
[0, T] x R"™. Then we have thefollowmg relation in L*(Q ):

o1, X)) — (0, Xg) = / 0 P (u, Xu)ﬂ,/dBL], f [0: D (u, Xy) + 0yv D (u, Xu)oz ldu
f [930 D (u, Xi)my'? + 30200 @, Xo) B B 1d (B)Y

Proof Choose a sequence of functions {®;}72, such that, ®; and all its first order
and second order derivatives are in Cp 1, ([0, T] x R"). Moreover, as n — 00, ®,,
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0,P,, 0,PD, and focbn converge respectively to @, 9, P, 9, P and fo ® uniformly on
[0, T] x R. Then we use the above Itd’s formula to @ (X?, X;),withY, = (X?, X,),
where X9 = t:

t . . t
Dy (2, Xi) — Pr(0, Xo) =/ O P (u, X)) By’ d Byl +/ [9; D (ut, Xop) + Byv Dy (u, Xyt 1du
0
/ (B0 D e, Xunll? + 302,00 0k e, X)BL BN (B)
It follows that, as k — oo, the following uniform convergences:

|0y, Pi(u, Xy) — 0, (e, X,)| — O, |83M‘J<I>k(u, Xy) — 0y qu)k(u X)) — 0,
|0, Py (ut, Xop) — 0, P (u, Xy)| — 0.

Sending k — oo, we arrive at the desired result. (]

Theorem 8.3.4 Suppose ® € C'*([0, T] x R"). Let o”, 0"/ be in M (0, T) and
B be in M2(0, T) associated with a common stopping time sequence {0, }°_,
Then for any t > 0, we have q.s.

1 . . t
(1, X;) — (0, Xo) =/ 3y ®(u, X)) By’ dBj) +/ [3: @ (u, Xyy) + xv D (u, Xu)eyy ldu
0
/ [0 e, X)my'! + F0% 0 @, XY B 1d (B)Y]

Proof For simplicity, we only deal with the case n =d = 1. We set, for k =
1,2,---,
=inf{t > 0| |X; — Xo| > k} A oy.

Let ®; be a C"*-function on [0, T'] x R" such that &, 9, Py, dy, Py and 07 +, Pr are
uniformly bounded continuous functions satisfying &, = & f0r|x| < 2k,t e [0, T].
It is clear that the process 1j 5,38 is in M2 (0, T), while 1y ;o and 1j 517 are in
M1 (0, T) and they are all associated to the same sequence of stopping times {7 }2° -
We also have

t t
Xing = Xo +/ aslio,ds +/ ns1jo,z1d (B f Bs10,7,1d By
0 0

Then we can apply Lemma 8.3.3 to @, (s, Xsar,), s € [0, ¢], to obtain
O (1, Xing) — P(0, Xo)

t

t
= / axcb(uv Xu),gul[o,rk]dBu + / [81(13(1/!, Xu) + axq)(us Xu)au]l[O,rk]du
0 0

t
+/ [0 @ (u, XM dj0,51 + 305, P (1, Xi)1Bul*L0,5,11d (B).-
0



170 8 Some Further Results of 1td’s Calculus

Letting k — oo and noticing that X, is continuous in ¢, we get the desired result.
O

Example 8.3.5 For given ¢ € C2(R), we have

®(B;) — ®(By) =/ d)X(BS)dBX—i—%/ @, (By)d (B), .
0 0

This generalizes the previous results to more general situations.

Notes and Comments

The results in this chapter were mainly obtained by Li and Peng [110, 2011]. Li
and Lin [109, 2013] found a point of incompleteness and proposed to use a more
essential condition (namely, Condition (ii) in Definition 8.2.8) to replace the original
one which was fOT [n/|Pdt < oo, q.s.

A difficulty hidden behind is that the G-expectation theory is mainly based on the
space of random variables X = X (w) which are quasi-continuous with respect to the
G-capacity ¢. It is not yet clear that the martingale properties still hold for random
variables without quasi-continuity condition.

There are still several interesting and fundamentally important issues on
G-expectation theory and its applications. It is known that stopping times play a
fundamental role in classical stochastic analysis. However, it is often nontrivial to
directly apply stopping time techniques in a G-expectation space. The reason is that
the stopped process may not belong to the class of processes which are meaning-
ful in the G-framework. Song [160] considered the properties of hitting times for
G- martingale and, moreover the stopped processes. He proved that the stopped
processes for G-martingales are still G-martingales and that the hitting times for
symmetric G-martingales with strictly increasing quadratic variation processes are
quasi-continuous. Hu and Peng [82] introduced a suitable definition of stopping times
and obtained the optional stopping theorem.



Appendix A
Preliminaries in Functional Analysis

A.1 Completion of Normed Linear Spaces

In this section, we suppose H is a linear space under the norm || - ||

Definition A.1.1 A sequence of elements {x,} € H is called a Cauchy sequence,
if {x,} satisfies Cauchy’s convergence condition:

lim |x, —x,| =0.

n,m— 00

Definition A.1.2 A normed linear space H is called a Banach space if it is com-
plete, i.e., if every Cauchy sequence {x,} of H converges strongly to an element x
of H:

Iim ||x, — x| = 0.
n—0oQ

Such a limit point x, if exists, is uniquely determined because of the triangle
inequality [lx — x'| < lx — x| + [lx, — x'II.

The completeness of a Banach space plays an important role in functional analysis.
We introduce the following theorem of completion.

Theorem A.1.3 Let H be a normed linear space which is not complete. Then H
is isomorphic and isometric to a dense linear subspace of a Banach-space H, i.e.,

there exists a one-to-one correspondence x <> X of H onto a dense linear subspace
of H such that

The space H is uniquely determined up to isometric isomorphism.

For a proof see Yosida [178] (p. 56).
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A.2 The Hahn-Banach Extension Theorem

Definition A.2.1 Let 77 and T, be two linear operators with domains D(7}) and
D(T5) both contained in a linear space H, and the ranges R(7;) and R(T3) both
contained in a linear space M. Then T; = T, if and only if D(T}) = D(T,) and
Tix = Trhx for all x € D(Ty). If D(T}) € D(T3) and T\x = T»x for all x € D(T}),
then 7, is called an extension of 77, or T; is called a restriction of 7.

Theorem A.2.2 (Hahn-Banach extension theorem in real linear spaces) Let H be a
real linear space and let p(x) be a real-valued function defined on H and satisfying
the following conditions:

p(x 4+ y) < p(x) 4+ p(y) (subadditivity),
p(ax) = ap(x) for a > 0 (positive homogeneity).

Let L be a real linear subspace of H and fy a real-valued linear functional defined
on L, with the property:

Jolax + By) = afo(x) + Bfo(y) for x,y € Land a, f € R.

Let fy satisfy fo(x) < p(x) on L. Then there exists a real-valued linear functional
F defined on H such that:

() F is an extension of fy, i.e., F(x) = fo(x) forall x € L.

(i) F(x) < p(x) for x e ‘H.

For a proof see Yosida [178] (p. 102).

Theorem A.2.3 (Hahn-Banach extension theorem in normed linear spaces) Let H
be a normed linear space under the norm || - ||, £ a linear subspace of H and f;
a continuous linear functional defined on L. Then there exists a continuous linear
Sunctional f, defined on H, such that:

(1) f is an extension of f).

A £l =1 fI-
For a proof see Yosida [178] (p. 106).

A.3 Dini’s Theorem and Tietze’s Extension Theorem

Theorem A.3.1 (Dini’s theorem) Let H be a compact topological space. If a mono-
tone sequence of bounded continuous functions converges pointwise to a continuous
function, then it also converges uniformly.

Theorem A.3.2 (Tietze’s extension theorem) Let L be a closed subset of a normed
space H and let f : L — R be a continuous function. Then there exists a continuous
extension of f to all H with values in R.



Appendix B
Preliminaries in Probability Theory

B.1 Kolmogorov’s Extension Theorem

Let a triple (2, 7, P) be a measurable space, in which 2 is an arbitrary set, ¥ is
a o-algebra of Q and P is a measure defined on (2, 7). We are mainly concerned
with probability measures, namely, P(2) = 1.

Let X be an n-dimensional random variable, i.e., X = X (w) is an ¥ -measurable
function with values in R” defined on (2. Denote by B the Borel o-algebra on R”.
We define X’s law of distribution Py and its expectation Ep with respect to P as
follows:

+00
Px(B) := P{w : X(w) € B}), for Be B and Ep[X] :=/ xP(dx).

—0Q

In fact, we have Px(B) = Ep[1(X)], B € B, 15(-) is the indicator of B.
Now let {X,},cr be a stochastic process with values in R” defined on a probability
space (2, F, P), where the parameter set T is usually the halfline [0, +00).

Definition B.1.1 The finite dimensional distributions of the process {X,},cr are
the measures ji, ... ;, defined on Rk k=1,2,.--, by

Wty (Br X o X By) == P[X;, €By,--- , X, €Bi], €T, i =1,2,--- ,k,

where B; € B,i =1,2,--- ,k.

Many (but not all) important properties of the process {X;};cr can be derived in
terms of the family of all finite-dimensional distributions.

Conversely, given a family {v;, .., : ; € T,i =1,2,--- , k, k € N} of probabil-
ity measures on R, it is important to be able to construct a stochastic process (Y;);er
with v, ... ;, being its finite-dimensional distributions. The following famous theorem
states that this can be done provided that {v,, ... , } satisfy two natural consistency
conditions.

© Springer-Verlag GmbH Germany, part of Springer Nature 2019 173
S. Peng, Nonlinear Expectations and Stochastic Calculus under Uncertainty,

Probability Theory and Stochastic Modelling 95,

https://doi.org/10.1007/978-3-662-59903-7


https://doi.org/10.1007/978-3-662-59903-7

174 Appendix B: Preliminaries in Probability Theory

Theorem B.1.2 (Kolmogorov’s extension theorem) For all ty, tp, - - -, t, k € N, let
Vi, .1, be probability measures on R such that

Vit stagy (B1 X oo X Br) = vy . (Br-11y X+ + X Br-1ty)
for all permutations w of the indices {1,2, --- , k} and

Vi ety (BL X o X B) = Vg oty ot (BT X oo X B X R" x -+« x R")
for all m € N, where the set argument on the right hand side has totally k + m
factors.

Then there exists a probability space (2, F, P) and a stochastic process (X;)ser

defined on Q, X; : Q@ +— R", such that
vtl,m,tk(Bl X X Bk) = P(th € Blv e 7X[k € Bk)

forallt; € T and all Borel sets B;,i =1,2,--- ,k, k € N.

For a proof see Kolmogorov [103] (p. 29).

B.2 Kolmogorov’s Criterion

Definition B.2.1 Supposethat X = (X;);c7 and Y = (Y;);cr are two stochastic pro-
cesses defined on (€2, ¥, P). Then we say that X is a version (or modification) of
Y, if

Plw: X, (w) =Y, (w)}) =1, forallteT.

Theorem B.2.2 (Kolmogorov’s continuity criterion) Suppose that the process X =
{X:}i>0 satisfies the following condition: for all T > O there exist positive constants
o, B, D such that

E[X, — X,|"1 < Dt —s|'"*?, 0<s,t<T.

Then there exists a continuous version of X.

For a proof see Stroock and Varadhan [168] (p. 51).

Let E be a metric space and 8B be the Borel o-algebra on E. We recall a few
facts about the weak convergence of probability measures on (E, 8). If P is such a
measure, we say that a subset A of E is a P-continuity set if P(dA) = 0, where 0 A
is the boundary of A.

Proposition B.2.3 For probability measures P,, n € N, and P, the following con-
ditions are equivalent:
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(i) For every bounded continuous function f on E,

lim fdPnszdP.
n— o0

(ii) For any bounded uniformly continuous function f on E,

lim fdPnszdP.

(iii) For any closed subset F of E, limsup,_, ., P,(F) < P(F).
(iv) For any open subset G of E, liminf, . P,(G) = P(G).
(v) For any P-continuity set A, lim,_, o, P,(A) = P(A).

Definition B.2.4 If P, and P satisfy one of the equivalent conditions in Proposi-
tion B.2.3, we say that (P,) converges weakly to P as n — oo.

Now let # be a family of probability measures on (E, B).

Definition B.2.5 A family # is weakly relatively compact if every sequence of P
contains a weakly convergent subsequence.

Definition B.2.6 A family % is tight if for any ¢ € (0, 1), there exists a compact set
K, such that
P(K;)>1—¢ forevery P e P.

With this definition, we have the following theorem.

Theorem B.2.7 (Prokhorov’s criterion) If a family P is tight, then it is weakly rel-
atively compact. If E is a Polish space (i.e., a separable completely metrizable
topological space), then a weakly relatively compact family is tight.

Definition B.2.8 If (X,),cn and X are random variables taking their values in a
metric space E, we say that (X,,) converges in distribution or converges in law to
X if their laws Py, converge weakly to the law Py of X.

We stress on the fact that the random variables (X,,),en and X need not be defined
on the same probability space.

Theorem B.2.9 (Kolmogorov’s criterion for weak compactness) Let {X™} be a
sequence of R?-valued continuous processes defined on probability spaces (Q™,
F  pMY sych that:

(i) The family {P)(('EZ)} of initial laws is tight in RY.
(ii) There exist three strictly positive constants o, B, y such that for any s, t € Ry

and any n,
Epn[|X™ — X1 < Bls — 1|7+,

Then the set {P)(;fz)

For the proof see Revuz and Yor [151] (p. 517)

} of the laws of (X)) is weakly relatively compact.
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B.3 Daniell-Stone Theorem

Let (2, ¥, 1) be ameasure space, on which one can define integration. One essential
property of the integration is its linearity, thus it can be seen as a linear functional
on L'(Q, ¥, ). This idea leads to another approach to define integral, this is the
so-called Daniell’s integral.

Definition B.3.1 Let Q2 be an abstract set and H a linear space formed by a family
of real valued functions. The space H is called a vector lattice if

feH=I|fleH frleH.

Definition B.3.2 Suppose that H is a vector lattice on 2 and [/ is a positive linear
functional on ‘H, i.e.,

frgeH, o, peR= I(af +Bg) =al(f)+BI(8);
feEH, f=0=1(f)=0.

If 1 satisfies the following condition:
fmeEH, f,10, as n—o0o=I(f,) — 0,

or equivalently,
Jn EHsfn Tfe%i](f)Z ll)ngol(fn)»

then [ is called a Daniell’s integral on /.

Theorem B.3.3 (Daniell-Stone theorem) Suppose that H is a vector lattice on
Q and I a Daniell’s integral on H. Then there exists a measure p on F, where
Fi=o(f: feH),suchthatH C L'(Q, F, w)and I(f) = u(f),Vf € H. Fur-
thermore, if 1 € H, where HY :={f :3f, >0, f, € H such that f, 1 f}, then

this measure | is unique and is o -finite.

For the proof see Ash [4], Dellacherie and Meyer [43] (p. 59), Dudley [55] (p.
142), or Yan [176] (p. 74).

B.4 Some Important Inequalities
Let (2, (¥:)r>0, P) be a probability space. A process {M,},> is called a martingale
if M, € L'(F,) for any t and Ep[M,;|F;] = M, forall s <.

Theorem B.4.1 (Doob’s maximal inequality) Let {M,};>o be a right-continuous
martingale. Then for any p > 1,
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1/p
<EP[Sup |M,|P]> < 1 sup(Ep[|M,|P]D"?.
t t

For the proof see e.g., Revuz and Yor [151] (p. 54).

Theorem B.4.2 (Burkholder-Davis-Gundy inequality) For any p > O, there exists
a constant ¢, > 0 such that, for all continuous martingale { M, };>o vanishing at zero,

1
cpEp[(M)EI*] < Ep [sgp |Mt|”} < C—Ep[<M>§;{2J,
P

where (M) is the quadratic variation process of M.

For the proof see Revuz and Yor [151] (p. 160).



Appendix C

Solutions of Parabolic Partial Differential
Equation

C.1 The Definition of Viscosity Solutions

The notion of viscosity solutions was firstly introduced by Crandall and Lions [37, 38]
(see also Evans’s contribution [61, 62]) for the first-order Hamilton-Jacobi equation,
with uniqueness proof given in [38]. The proof for second-order Hamilton-Jacobi-
Bellman equations was firstly developed by Lions [112, 113] using stochastic control
verification arguments. A breakthrough was achieved in the second-order PDE theory
by Jensen [94]. For all other important contributions in the developments of this
theory we refer to the well-known user’s guide by Crandall et al. [39]. For reader’s
convenience, we systematically interpret some parts of [39] required in this book
into it’s parabolic version. However, up to my knowledge, the presentation and the
related proof for the domination theorems seems to be a new generalization of the
maximum principle presented in [39]. Books on this theory are, among others, Barles
[9], Fleming, and Soner [66], Yong and Zhou [177].
Let 7 > 0 be fixed and let O C [0, T] x R?. We set

U SC(O) = {upper semicontinuous functions u : O — R},
LSC(O) = {lower semicontinuous functions u : O — R}.

Consider the following parabolic PDE:
(E) d,u — G(t, x,u, Du, D*u) = 0on (0, T) x R?, C.1.1)
(IC) u(0, x) = @(x) for x € RY, o

where G : [0, T] x RY x R x R? x S(d) — R, ¢ € C(RY). We always suppose
that the function G is continuous and satisfies the following degenerate elliptic con-
dition:

G(t,x,r,p,X)>G(,x,r, p,Y) whenever X > Y. (C.1.2)
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Next we recall the definition of viscosity solutions from Crandall et al. [39].
Letu:(0,T) x R - R and (¢, x) € (0, T) x R?. We denote by P> u(t, x) (the
“parabolic superjet” of u at (¢, x)) the set of triplets (a, p, X) € R x RY x S(d)
such that

u(s,y) <u(t,x)+a(s—1t)+(p,y —x)

1
+ (X =),y =x)+ols 11+ 1y —x[%).
We define

P ru(t, x) :={(a, p, X) € R x R? x S(@) : I(tu, Xn, dn, Pu, X»)
such that (a,, pp, X,) € P> u(t,, x,) and
(tns X, U(ty, Xpn), Gns Pny Xn) = (, x,u(t, x),a, p, X)}.

Similarly, we define P>~ u(z, x) (the “parabolic subjet” of u at (7, x)) by P>~
u(t, x) := —P>*(—u)(t, x) and P>~ u(t, x) by P>~ u(t, x) := —P>*(—u)(t, x).

Definition C.1.1 (i) A viscosity subsolution of (E) on (0, T) x R? is a function
u € USC((0, T) x R?) such that for any (¢, x) € (0, T) x R?,

a—G(t,x,u(t,x),p,X) <0, for (a,p, X)e P> u,x).

Likewise, a viscosity supersolution of (E) on (0, 7) x R? is a function v €
LSC((0, T) x R?) such that for any (¢, x) € (0, T) x R¢,

a—G(t,x,v(t,x), p, X) >0 for (a, p, X) € P> v(t, x).

A viscosity solution of (E) on (0, 7) x R? is a function that is simultaneously a
viscosity subsolution and a viscosity supersolution of (E) on (0, T') x R?.

(ii) A functionu € USC([0, T) x R%)is called a viscosity subsolution of (C.1.1)
on [0, T) x R? if u is a viscosity subsolution of (E) on (0, 7) x R and u(0, x) <
@(x) for x € RY; the corresponding notions of viscosity supersolution and viscosity
solution of (C.1.1) on [0, T) x R are then obvious.

We now give the following equivalent definition (see Crandall et al. [39]).

Definition C.1.2 A viscosity subsolution of (E), or G-subsolution, on (0, T') x R4
is a function u € USC((0, T) x R?) such that for all (r,x) € (0,T) x R?, ¢ €
C%((0, T) x R?) such that u(t, x) = ¢(t,x) and u < ¢ on (0, T) x Ré\(¢, x), we
have

dp(t,x) — G(t,x,$(t,x), Dp(t, x), D*p(t, x)) <O0.

Likewise, a viscosity supersolution of (E), or G-supersolution, on (0, 7) x R4
is a function v € LSC((0, T) x R) such that for all (r,x) € (0,T) xR?, ¢ €
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C%((0, T) x RY) such that u(t, x) = ¢ (¢, x) and u > ¢ on (0, T) x RY\(¢, x), we
have
op(t,x) —G(t,x,p(t,x), Dp(t, x), D2¢(l‘, x)) > 0.

Finally, a viscosity solution of (E) on (0, T') x R¢ is a function that is simultaneously
a viscosity subsolution and a viscosity supersolution of (E) on (0, T) x R¢. The
definition of a viscosity solution of (C.1.1) on [0, T') x R? is the same as in the
above definition.

C.2  Comparison Theorem

We will use the following well-known result in viscosity solution theory (see Theorem
8.3 of Crandall et al. [39]).

Theorem C.2.1 Let u; cUSC((0, T) x Rd’)fori =1,---,k. Let ¢ be a function

defined on (0, T) x RO+ gych that (t,x1, ..., x;) — @(t, X1, ..., x;) is once
continuously differentiable int and twice continuously differentiable in (xy, - - - , x;) €
Ré++d  Suppose that t € (0, T), X; € R% fori =1,--- , k and
W(t’ X1, ,Xk) = M](t, xl) +--+ Mk(t, -xk) - (ﬂ(t: X1yttt xk)
<w(t, &1, , &)

fort e (0,T) and x; € RY% . Assume, moreover, that there exists a constant r > 0

such that for every M > 0 there exists a constant C such that fori =1, --- |k,
by < C, whenever (b;,q;i, X;) € P>%u;(t, x;), C€2.1)
lxi =&l + 1t =7l <r, and |uj(t,x)| + lgi| + |1X:| < M. -
Then for any ¢ > 0, there exist X; € S(d;) such that:
(@) (i DG 31, 50, X0) € P w2, i =10 ks
(i1)
| X;--- 0
—CHIADI < | 2o | S AdeAk
e : :
0 - Xx
(i) by + -+ + by = dp(f, X1, -+, Xx), where A= Dp(f,%) € S(d; + -+
dy).

Observe that the above condition (C.2.1) will be guaranteed if having each u;
being a subsolution of a parabolic equation as given in two theorems, see below.

In this section we will give comparison theorem for G-solutions with different
functions G;.
(G). We assume that
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G; :[O,T]dex]Rx]Rde(d)r—)R, i=1,---,k,

is continuous in the following sense: for any t € [0, T), ve R, x, y, p € R4 and
X € S(d),

|Gi(t9x1v7 p’ X) - Gi(ty ysvv p’ X)|
<o(1+T ="+ [+ Iyl + W) - @x =yl +1Ipl - lx =y,

where w, @ : RT — R are given continuous functions with w(0) = 0.

Theorem C.2.2 (Domination Theorem) We are given constants ; > 0,i=1, --- , k.
Let u; eUSC([0, T x R?) be subsolutions of

u—Gi(t,x,u, Du, D*u) =0, i=1,---,k, (C.2.2)

+
on (0, T) x R? such that (Zle ﬂiui(t,x)> — 0, uniformly as |x| — oco. We

assume that the functions {G,-}ff:] satisfy assumption (G) and that the following
domination condition hold:

k
Z,BiGi(t’x’Vivpiin) <0, (C.2.3)

i=l1

forang (t,x)e(0,T) kad and (vi, pi, Xi) € R x R? x S(d) such that Zle Bivi >
0, Zizl Bipi =0, Zizl BiX; <0.

Then a domination also holds for the solutions: if the sum of initial values
Z;(:I Biu; (0, -) is a non-positive function on R?, then Zle Biu;(t,-) <0, for all
t>0.

Proof We ﬁ_rst observe that for 8 > 0 and for any 1 <i <k, the function defined by
u; :=u; —&/(T —t) is a subsolution of

~ ~ - - ~ )
dit; — G,(t, x, i;, Dit;, D*it;) < T

Here G; (1, x, v, 2. X):=G;(t,x,v+38/(T —1t), p, X). Itis easy to check that the
functions G satisfy the same conditions as G;. Since Zl | Biu; < 0 follows from
Zi:l B:ii; < Ointhelimit§ | 0, it suffices to prove the theorem under the additional
assumptions:

du; — G;(t, x,u;, Du;, D*u;) < —c, where ¢ = S/Tz,

and lim,_,7 u;(t, x) = —oc uniformly on R?. (€24
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To prove the theorem, we assume to the contrary that

k

sup Z,B,u,-(t,x) =mg > 0.
(1.0)el0.T)xR? ;25

We will apply Theorem C.2.1 for x = (xy, --- , x;) € R4 and

k k—1
w(t, x) =Y Biuilt, x;), 9(x) =gy (x) = %Z bxis1 — xil%.
i=1

i=1

For any large o > 0, the maximum of w — ¢, is achieved at some point (#*, x%)
inside a compact subset of [0, T') x R¥*?_ Indeed, since

k
My =) (1%, x8) — 9o (x*) = my,
i=1

we conclude that r* must be inside an interval [0, Ty], Ty < T and x* must be inside
a compact set {x € Rkxd . Sup,cpo. 1) W, x) > %}. We can check that (see [39]
Lemma3.1)

(1) ]ima%oo (pa(-xa) = 07
(i) limg— o My = limgs oo Bruy (1%, x7') + -+ + Bru (1%, X))
= SUP(; x)e[0,T)xR¢ [Biui(t, x) + -+ - + Brux(t, x)]
=[BT, %) + - + Bk (1, X)] = m,

(C.25)

where (7, %) is a limit point of (%, x%). Since u; € USC, for sufficiently large «, we
have

o o o o mo
Brur (1%, x7) + -+ 4 Brup %, xi) = >

If 7 = 0, we have limsup,, ., Y, Biu; (1%, x*) = Y°5_, Biu; (0, £) < 0. We know
that 7 > 0 and thus #* must be strictly positive for large a. It follows from Theo-
remC.2.1 that, for any & > O there exist by € R, X; € S(d) such that

k
(B¢, B Dyp(x), X;) € PP Fui (%, x7), Y Bib¥ =Ofori =1,---  k, (C2.6)

i=1
and
B X ... 0 0

1 :
—(=+AIDI < : : : < A+4gA? (C.2.7)
€ o Br1Xp—1 O

0 ... 0 BXu
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where A = D@, (x%) € S(k x d) is explicitly given by

I; =1y - 0
—Id 2Id
A =O(Jkd, where Jkd =
. 21d —Id
o --- ... —1; 1

The second inequality in (C.2.7) implies that Zf;l BiX; <0. Set

pllx = IB;IDxl‘pot(xa) = ﬁfla(x‘f‘ - x‘z)‘),
PY = By D@ (x%) = By ' a(2x§ — x& — x¥),

p](f—] = IBk__llek,I(pa(xa) = /3;:_1105(2Xf_] - xl?—Z — X;:)a
PY =B Dy (x*) = B la(xf — x)).

Thus Zle Bi pi = 0. From this together with (C.2.6) and (C.2.4), it follows that
b — Gi(t*, x ui (1%, x{"), pf', Xi) < —c, i=1,--- k.

By (C.2.5) (i), we also have lim,_, o |p{| - [x7 — x{| — 0. This, together with the
domination condition (C.2.3) for G;, imply that

k k k k
_Czﬁiz_zﬂjb?_czﬁiZ_ZﬁiGj(ta,x?,Mi(ta,x?),p?,Xi)
i=1 i=1 i=l i=1

k
> =BG X ui (1, X8, pY, Xi)

i=1

k
=Y BIGH, X ui (%, 60, pfy Xi) — Gt x5, ui (1%, %), pifs X))
i=1

k
> =Y Bi@ (L4 (T = To) ™"+ x| + bl + i (1%, x{)1)
i=l1
s (I = 21+ 1P X = xfl) -

Notice now that the right side tends to zero as @ — oo, which leads to a contradiction.
The proof is complete. (]
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Theorem C.2.3 Given afamily of functions G; = G;(t,x,v,p, X),i =1,--- ,k+
1 for which assumption (G) holds. Assume further that G;, i =1,--- ,k+ 1, for
any (t, x) € [0, 00) x R? and (v;, p;, X;) € R x R? x S(d), satisfies the following
conditions:

(i) positive homogeneity:
Gi(t,x, 2, Ap, AX) = AG;(t, x,v, p, X), forallr > 0;
(ii) there exists a constant C such that
|Gi(t, x,v1, p1, X1) — Gi(t, x,v2, p2, X2)| < C (Ivi —wal + |p1 — pa| + | X1 — X2);
(iii) G+ dominates {G,'}f?=1 in the following sense:

k

k
ZGi(l,X,Vi, pi, Xi) < Giq1 <Z,X, Zvi,
i—1

k
i=1 =

i Z X,~> i (C.2.8)

1 i=1

1

Let u; € USC ([0, T] x RY) be a G;-subsolution and u € LSC ([0, T] x R?) a
G-supersolution such that u; and u satisfy polynomial growth condition. Then
Zle ui(t, x) <u(t,x)onl0,T) x R provided that Zle Uili—o < u)i=o.

Proof For a fixed and large constant A > C;, where C| is a positive constant deter-
mined later, we set £(x) := (1 + |x|*)"/? and

At x) = ui(t, )E N ()e™, i =1, k, figy1(t,x) = —ut,x)E (x)e .
The constant A is chosen large enough so that Y |i; (¢, x)| — O uniformly as |x| —
oo. It is easy to check that, for any i = 1,---,k + 1, &; is a subsolution of the
equation ~

ity + Mty — Gi(t, x, i;, Dit;, D*it;) =0,

where, forany i = 1, - - - , k, the function Gi(t, x,v, p, X) is given by

eMETIG (1, x, M VE, M (PE(X) + vi(x)), €M (XE + p ® n(x) + 1(x) ® p + v (1)),
while Gy (¢, x, v, p, X) is given by

—eMET Gy (1 x, —eMvE, —eM (pE(x) + (1)), —e (XE + p @ 1(x) + n(x) @ p + vk (1))).

Here

n(x) ==& '(x)DEx) = 1(1 + |x[) ',
K(x) = E N )DXEQ) =11+ [x[HTT +10 -2+ |x) *x ® x.
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Note that both 1(x) and « (x) are uniformly bounded Lipschitz functions. Then one
can easily check that C~}i satisfies assumption (G) by conditions (i) and (ii).

From the domination condition (C.2.8), for any (v;, p;, X;) € R x R? x S(d),
i=1,---,k+1,suchthat Zkill v; =0, Zf‘;rll pi =0, and Zf:ll X; =0, we have

i
k+1
> Gt x.vi. pin Xi) < 0.
i=1

Forv,r eR, p € R? and X, Y € S(d) such that Y > 0 and r > 0, since G is still
monotone in X, by condition (ii), we get

ék-l—l(t?xvvapa X) _Gk+](tax7v_raan+Y)
S Gk+l(ts-xvvs p7 X) _Gk+1(t1xsv_r1 p7 X)

<Cir,

where the constant C; depends only on C. We then apply the above theorem by choos-
ingB; =1,i=1,--- ,k+ 1. Thus Zf:ll iil;—0 < 0.Moreover foranyv; € R, p; €
R? and X; € S(d) such that b = Y"1y, > 0, YK p, = 0and X = ¥ X, <0,
we have

k+1 k+1
—kzvi + ZGi(f, X, Vi, pi, Xi)
i—1 i—1
k
= —AV+ Z Gi(t,x,vi, pi» Xi) + Gip1(t, x, vie1 — V, prats Xig1 — X)
i—1
+Gra1 (1 X Vit Prsts Xeet) = Gt (4%, Vi = 9, picyr, Xipr — X)
A+ Grg1 (8, X, Vg1, P15 Xir1) — Gt (8, X, Viepr — 9, Pty Xig1)
A+ Cv <0.

=
=
It follows that all conditions in Theorem C.2.2 are satisfied. Thus we have Zf:l' i <
0, or equivalently, Zf‘:ll u;(t, x) < u(t,x) for (¢, x) € [0, T) x R?. U

Remark C.2.4 We can replace the above Condition (i) by the following Condition
U):u;,i =1,..., kand u satisfy:

[v(t, x)] — O, uniformly (in ¢) as x — oo.

The above theorem still holds true. Its proof is quite similar.

The following comparison theorem is a direct consequence of the above Domi-
nation Theorem C.2.3.
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Theorem C.2.5 (Comparison Theorem) Given two functions G = G(t, x, v, p, X)
and Gy = G (¢, x, v, p, X) satisfying condition (G) and conditions (i), (ii) in Theo-
rem C.2.3. We also assume that, for any (¢, x,v, p, X) € [0, 00) x R? x R x R?,

G(tv-xvvvst)ZGl(ts-xvvvpvx)' (C29)

Letu; € USC ([0, T] x R?) be a G -subsolution and u € LSC ([0, T] x RY) a G-
supersolution on (0, T) x RY satisfying the polynomial growth condition. Then u >
uy on [0, T) x R? provided that u|,—o > u1|,=o. In particular this comparison holds
in the case when G = G,.

The following special case of Theorem C.2.3 is also very useful.

Theorem C.2.6 (Domination Theorem) We assume that G| and G satisfy the same
conditions given in Theorem C.2.5 except that the condition (C.2.9) is replaced by the
following one: for any (t, x) € [0, 00) x R and (v, p, X), (V/, p/, X') € R x R? x
S(d),

Giit,x,v,p, X)—Gi(t,x,V,p, X)<G{t,x,v—V,p—p, X —X)

Letu € USC ([0, T1 x RY) be a G,-subsolution and v € LSC ([0, T] x R?) a G,-
supersolution on (0, T) x R? and w is a G-supersolution. They all satisfy the poly-
nomial growth condition. If 4 — v)|;=0 = W|;=0, then u —v <won [0, T) x R%

Remark C.2.7 According to Remark C.2.4, Theorems C.2.5 and C.2.6 hold still true
if we replace Condition (i) in Theorem C.2.3 by Condition (U).

The following theorem is frequently used in this book. Let G : R? x S(d) — Rbe
a given continuous sublinear function, monotone in A € S(d). Obviously, G satisfies
the conditions in Theorem C.2.3. We consider the following G-equation:

du — G(Du, D*u) =0, u(0,x) = ¢(x). (C.2.10)

Theorem C.2.8 Let G : R? x S(d) — R be a given continuous sublinear function,
monotone in A € S(d). Then we have two statements:

(1) If u e USC([0, T] x RY) is a viscosity subsolution of (C.2.10) and v € LSC
([0, T1 x RY) is a viscosity supersolution of (C.2.10), and both u and v have
polynomial growth, then u < v;

(i) Ifu? € C([0, T] x R?) denotes the solution of (C.2.10) with initial condition
@ and u® has polynomial growth, then u®*V < u? +u¥, and, for any » > 0,
u™ = du®.

Proof By the above theorems, it is easy to obtain the results. ]

In fact, the assumption (G) is not necessary for the validity of the Comparison
Theorem. To see this we consider the following condition instead of (G):
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(G’) Assume
G:[0,T] xR? xR x RY x S(d) — R,

is continuous in the following sense: for any r € [0, T),v e R, x, y, p € R4, and

X, Y € S(d) with
X0 I —1y
(0 Y)53°‘<—1d L > (C2.11)

we have
G, x,v,alx —y),X) -G, y,v,a(x —y),—Y)

<o+ (T =)+ x|+ |yl + vho(x — y| +alx — y[»),

where w, @ : Rt — R™* are given continuous functions with w(0) = 0. Moreover,
G(t,x,v, p, A) is non-increasing in v.

Takingk =2, 8, =B, =1and G|, = G, G,(t,x,v, p, A) = -G(t,x, —v, —p,
—A), we have that Theorem C.2.2 holds. Indeed, it follows from the proof of Theo-
rem C.2.2, line by line, that there exist b7 € R, X; € S(d) such that (¢ = 1 /&)

(b%, Dy, (x*), X;) € P> Tu; (t%, x), fori = 1,2, (C.2.12)

X, 0 I, —I,
<0 X2)53°‘<—1d I, )

Then we obtain the following chain of relations:

and

—2c
> G, x5, —up (¢, x1), a(xf —x5), —X2) — G@%, xT, u1 ¢%, xP), a(x§ — x5, X1)
> G, x5, ur (1%, ), a(xf — x5), —X2) — G(t*, x{, ug (1%, x), a(xy — x5), X1)

> (1 + (T = To) ™" + x§ |+ 15§ + lur (¢4, X)) - o (1x§ — x§ |+ elx§ —x§ 1),

which implies the desired result. Thus we can also establish the Comparison Theo-

rem C.2.5 under assumption (G”).
As an important case, we consider:

G*(t,x, v, p, A) = sup {%tr[o(z,x, N7 (1 x, )AL+ (b(t, x, 1), p) + f(, %, v, p, y)} ‘
yell

Here T is a compact metric space, b(t, x,y) : [0, T] x R x ' = R, o (¢, x, y) :

[0, T] xR x T RdXdandf 0, TIxRYXxRxRI XTI~ R” are given con-
tinuous function. Moreover, for all y € T,

b(t, x,y) —b(t,y, V)| + o, x,y) —a(t,y,y)| < Llx -y,
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|f(t’x’ Vi, P, V)_f(tMC,VZ,P’ J/)| E l_‘|vl — V2
with a constant L and
Lt x, v, poy) = f(t y,v, po )l <@+ (T =)~ 4+ x+ Iyl + WDo(lx — |+ |pl - |x — yD,

where w, @ : RT — R are given continuous functions with w(0) = 0.
From (C.2.11), for any ¢, ¢’ € R¢,

(Xq,q)+(Yq'.q') <3alg —q')?
and

trlo (¢, x, Y)o ' (t,x, )X +a(t,y, y)o’ (t,y,7)Y]

=tlo”(t,x, )Xo (t,x,y) + 0" (t,y, ¥)Yo(t,y, )]
d

= [(XU(t,X, V)ei, U(t’x7 V)Q‘) + <YU(t, Y, V)ei, U(ta Y, y)el)]
i=1

<3adL?|x — y|*.

Then we can derive that the function G* satisfies assumption (G’). Moreover, we
have the following result.

Theorem C.2.9 Let u €USC([0, T] x RY) be a G*-subsolution and v €LSC
([0, T1 x RY) a G*-supersolution on (0, T) x R? both satisfying the polynomial
growth condition. Then u < v on [0, T) x R? provided that u|,—y < v|,=o.

Proof Weset&(x) :=(1+ |x [%)!/2 and, for a fixed and large enough constant A, let
ity (1, x) = u(t, DE (e, dia(t, x) = —v(t, D)E (x)e M,

where [ is chosen to be large enough such that > |i; (¢, x)| — 0 uniformly as [x| —
oo. It is easy to check that, for any i = 1, 2, the function u; is a subsolution of

d,di; + rii; — G¥(t, x, ;, Dii;, D*it;) = 0.
Here the function éT(t, x,v, p, X) is given by
eMETIGH (1, x, M vE, M (pE(X) +vi(x)), €M (XE + p @ n(x) +n(x) ® p + v (1)),
while Gz(t, x,v, p, X) is given by
—e METIGH (1, x, —eMvE, —eM (pE(x) +vi(x)), —eM (XE + p ® n(x) + n(x) ® p + vk (x))).

In the expressions for G’f and G2, we have used that
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n(x) ==& (x)DEX) = 1(1 + |x[H)7'x,
K(x) = EN DM@ =11+ [xH T+ 10— 2)(1 + |x)*x ® x.

Then one can easily check that G; satisfies assumption (G') by the conditions of G*.
Thus, from the proof of Theorem C.2.3 and the above discussion, we arrive at the
desired result. O

C.3 Perron’s Method and Existence

The combination of Perron’s method and viscosity solutions was introduced by Ishii
[91]. For the convenience of the readers, we interpret the proof provided in Crandall
et al. [39] in its parabolic situation.

We consider the following parabolic PDE:

du — G(t,x,u, Du, D*>u) = 0 on (0, 00) x R?,
p (C3.1)
u(0, x) = ¢(x) for x € R%,
where G : [0,00) x R x R x R? x S(d) — R, ¢ € C(RY).
For our discussion on Perron’s method, we need the following notations: if u :
O+ [—00, 0o] where O C [0, 00) x R4, then

{ u*(t, x) = lim, o sup{u(s, y) : (s, y) € Oand \/|s — 1| + |y — x|> < r},
u(t, x) = lim, o inf{u(s, y) : (s, y) € Oand \/|s —t| + |y — x|*> < r}.

(C3.2)
The functionn ©* is called an upper semicontinuous envelope of u; it is the smallest
upper semicontinuous function (with values in [—o0, oo]) satisfying u < u*. Simi-
larly, u, is the lower semicontinuous envelope of u.

Theorem C.3.1 (Perron’s Method) Let the comparison property holds for (C.3.1),
i.e., if wis a viscosity subsolution of (C.3.1) and v is a viscosity supersolution of
(C.3.1), thenw < v. Suppose also that there is a viscosity subsolution u and a viscosity
supersolution u of (C.3.1) that satisfy the condition u, (0, x) = u*(0, x) = ¢(x) for
x € RY. Then the function

W(t, x) = sup{w(t, x) :u <w < u with w being a viscosity subsolution of (3.1)}

is a viscosity solution of (C.3.1).

The proof of Theorem C.3.1 is based on two lemmas. Their proofs can be found
in [1]. We start with the first lemma:

Lemma C.3.2 Let ¥ be a family of viscosity subsolutions of (C.3.1) on (0, 0c0) X
R?. Let w(t, x) = sup{u(t, x) : u € F} and assume that w*(t, x) < oo for (t,x) €
(0, 00) x RY. Then w* is a viscosity subsolution of (C.3.1) on (0, 00) x R,
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Proof Let (t,x) € (0, 00) x R and consider a sequence S,, Y, U, € F such
that 1im,, oo (851, Vi, Un(Sn, Yu)) = (¢, x, w*(t, x)). There exists r > 0 such that the
set N, = {(s,y) € (0,00) x R? : \/|s — t| + |y — x|?> < r} is compact. For ¢ € C?
suchthatg (¢, x) = w*(¢, x) andw* < ¢ on (0, 0o) x R\ (¢, x), let (t,, x,) be amax-
imum point of u,, — ¢ over N,,hence u, (s, y) < u,(t,, x,) + ¢ (s, y) — ¢ (,, x,,) for
(s, y) € N,. Suppose that (passing to a subsequence if necessary) (¢,, x,) — (Z, X)
as n — oo. Putting (s, y) = (s, y,) in the above inequality and taking the limit
inferior as n — 00, we obtain

w*(t, x) < liminf u, (t,, x,) + ¢ (¢, x) — $ (1, X)

<w* (1, X))+ ¢(t,x) — (1, X).

From the above inequalities and the assumption on ¢, we get lim,_, oo (#,, X, Uy
(tn, x,)) = (¢, x, w*(¢, x)) (without passing to a subsequence). Since u,, is a viscosity
subsolution of (C.3.1), by definition we have

3 (tn, Xn) — Gty Xu, U (tn, Xn), D (1, X1), D (1, x4)) < 0.
Letting n — oo, we conclude that
dp(t, x) — G(t, x, w*(t, x), Dp(t, x), D*¢(t, x)) < 0.

Therefore, w* is a viscosity subsolution of (C.3.1) by definition. (]

The second step in the proof of Theorem C.3.1 is a simple “ bump” construction
that we now describe. Suppose that u is a viscosity subsolution of (C.3.1) on (0, 00) X
R? and that u, is not a viscosity supersolution of (C.3.1), so that there is (¢, x) €
(0,00) x R? and ¢ € C? with u,(t,x) = ¢(t, x), u, > ¢ on (0, 00) x R\(¢, x)
and

3p(t, x) — G(t,x, (1, x), D(t, x), D*¢(t,x)) < 0.

The continuity of G provides r, §; > Osuchthat N,={(s, y) : /|s —t| + |y — x|* <
r} is compact and

¢ — G(s,y, ¢+ 8, Dp, D*¢) <0

forall s, y,8 € N, x [0, §;]. Lastly, we obtain 8, > O for which u, > ¢ + §, on the
boundary 9 N,. Setting § = min(d;, §;) > 0, we define

max(u, ¢ + 8y), on N,,
U =
u, elsewhere.

By the above inequalities and Lemma C.3.2, it is easy to check that U is a viscosity
subsolution of (C.3.1) on (0, c0) x RY. Obviously, U > u. Finally, observe that
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U.(t, x) > max(u.(t, x), ¢(t, x) + 8p) > u.(t, x); hence there exists (s, y) such
that U (s, y) > u(s, y). We summarize the above discussion as the following lemma.

Lemma C.3.3 Let u be a viscosity subsolution of (C.3.1) on (0, 00) x RA. If u,
fails to be a viscosity supersolution at some point (s, z), then for any small k > 0
there is a viscosity subsolution U, of (C.3.1) on (0, 00) x R? satisfying

{ Uc(t,x) > u(t,x) and sup(U, —u) > 0,

Uc(t,x) =u(t,x) for /|t —s|+|x —z|*> > «.

Proof of Theorem C.3.1 With the notation in the theorem, we observe that u, <
W, < W < W* <u* and, in particular, W, (0, x) = W(0, x) = W*(0, x) = p(x)
for x € R4, By LemmaC.3.2, W* is a viscosity subsolution of (C.3.1) and hence,
by comparison, W* < u. It then follows from the definition of W that W = W* (so
W is a viscosity subsolution). If W, fails to be a viscosity supersolution at some
point (s, z) € (0, 00) x R?, let W, be provided by LemmaC.3.3. Clearly u < W,
and W, (0, x) = ¢(x) for sufficiently small . By comparison, W, < u and since W
is the maximal viscosity subsolution between u and u, we arrive at the contradiction
W, < W.Hence W, is a viscosity supersolution of (C.3.1) and then, by comparison
for (C.3.1), W* = W < W,, showing that W is continuous and is a viscosity solution
of (C.3.1). The proof is complete. (]

Let G:R? x S(d) - Rbea given continuous sublinear function monotone in

A € S(d). We now consider the existence of viscosity solution of the following G-
equation:

du — G(Du, D*u) =0, u(0,x) = ¢(x). (C.3.3)

Case 1: If ¢ € C2(R?), then u(t, x) = Mt + ¢(x) and ii(t, x) = Mt + ¢(x) are
respectively the classical subsolution and supersolution of (C.3.3), where

M = inf G(Dgp(x), D*¢p(x)),
xeR4

M = sup G(Dg(x), D*¢(x)).

x€R4

Obviously, u and u satisfy all the conditions in Theorem C.3.1. By Theorem C.2.8,
we know that the comparison holds for (C.3.3). Thus by Theorem C.3.1, we obtain
that the G-equation (C.3.3) has a viscosity solution.

Case 2: If ¢ € C,(RY) with lim|y |- ¢(x) = 0, then we can choose a sequence
@n € C}(R?) which uniformly converge to ¢ as n — oo. For ¢,, by Case 1, there
exists a viscosity solution u##». By the comparison theorem, it is easy to show that u%" is
uniformly convergent, the limit denoted by u. Similarly to the proof of Lemma C.3.2,
it is easy to show that u is a viscosity solution of the G-equation (C.3.3) with initial
condition ¢.

Case 3: If ¢ € C(R?) with polynomial growth, then we can choose a large [ > 0
such that @(x) = @(x)£~'(x) satisfies the condition in Case 2, where £(x) = (1 +
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|x|%)!/2. Tt is easy to check that u is a viscosity solution of the G-equation (C.3.3) if
and only if u(z, x) = u(t, xEx)isa viscosity solution of the following PDE:

aii — G(x, it, Dii, D*it) = 0, (0, x) = @, (C.3.4)
where G(x, v,p, X)=G(p+vnx), X + pnx) +nx) & p+vk(x)). Here
n(x) ==& ' (0)DEX) = I1(1 + |x[) ',
K(x) = EN)DXEQ) =11+ [x[H7TT +10 = 2)(1 + |x) *x ® x.

Similarly to the above discussion, we obtain that there exists a viscosity solution
of (C.3.4) with initial condition ¢. Thus there exists a viscosity solution of the G-
equation (C.3.3).

We summarize the above discussions as a theorem.

Theorem C.3.4 Let ¢ € C(RY) with polynomial growth. Then there exists a unique
viscosity solution of the G-equation (C.3.3) with initial condition u(t, -)|;=0 = ¢(-).

Moreover, let (X, n) be a 2d-dimensional G-distributed random variable on a
sublinear expectation space (2, H, E) with

G(p, A) = & [%(AX, X) +{p, fl)i| , Y(p, A) e RY x S(d).

From Sect. 2.1 in Chap. 2 and the aboveAtheorem, itis easy to check that the G-solution
with u|,—g = ¢ is given by u(t, x) = E[p(x + /1 X + tn)].

The next is to discuss the case of a nonlinear function G without the sublin-
ear assumption. The results can be applied to obtain a wide class of G-nonlinear
expectations.

Theorem C.3.5 Let the function G be given as in Theorem C.3.4, and let 5( p,X):
RN X S(N) — R be a given function satisfying condition (G) (see Sect. C.2) and
G(O 0) = 0. We assume that this function G is dominated by G in the sense that
Gp.X)—-G(p . X)<G(p—p. X=X, forp,p eR'and X, X' €S(d).
Then there exists a unique family of functions

(] ¢ € C(RYN) with polynomial growth }
such that u¥ is a viscosity solution of

3,% — G(DW¢, D*i¥) =0, with )= = ¢, (C3.5)

satisfying
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=0, w—-u <u?, (C.3.6)

where u? is the viscosity solution of the G-equation (C.3.3) with the initial condition
u?|;—o = @. Moreover, it holds that

w=ul, if g <. (C.3.7)
Proof We denote G,(p, X) := —G(—p, —X), it is clear that
Gulp—p . A=A)<G(p. A -G . A)<G(p—p.A—-A) Vp.p' eR! A A €S

Thus G satisfies Lipschitz condition in (p, A) and 5(0, 0) = 0. The uniqueness is
obvious since that u® = 0. Moreover, for ¢ < v, we have u?*~¥ < 0 which implies
that 7% < &Y. Next we will consider the existence.

Note that the G-solution with u|,—g = ¢ is given by u(¢t, x) = ]E[(p(x + /X +
tn)]anditisalsoa a-supersolution. Similarly denoting G.(p, X) := —G(—p, —X),
the G,-solution with u|,—o = ¢ is given by u(t,x) = —E[—p(x + VIX + )],
which is a G-subsolution.

Case 1: If ¢ € C(R") vanishing at infinity, then we can find some constant C so
that for each m > 0

C
lpx+ )= sup Jolx+y)l+ —lzl,

ye[—m,m]

which implies that

~ C ~
sup Bllp(x +vi1X +1m] < sup |p(x+ )|+ = sup E[Vi[X|+1[n]].
t€[0,T] ye[—m,m] m ¢ef0,7]

Letting x — oo and then m — oo, we could get that # and u both satisfy condition
(U). In sprit of Remark C.2.7, the comparison holds true for G-solution under condi-
tion (G). We then can apply Theorem C.3.1 to prove that G-solution u with u,_y = 10
exists. Moreover, it follows from Remark C.2.7 that equation (C.3.6) holds true.

Case 2: If ¢ € C(RY) satisfying |¢(x)| < C(1 + |x|?) for some constants C and
p, then we can find a sequence ¢, € C(R") vanishing at infinity which converges
to ¢ on each compact set and satisfies |¢,| < C(1 + |x|?). By the result of Case 1,
the viscosity solution u#» with initial condition ¢, exists and

17(»0/1 _ ’L‘[(ﬂm S u‘/’n_(pm.

Note that u# ¢ = & [0n(x + VTX + 1) — @u(x + /1X + )] By a similar anal-
ysisasin Step 1, we can obtain that ()32, is uniformly convergent on each compact

set of [0, T] x RN. We then denote

u? = lim u*.
n—0oo
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Using the approach in the proof of LemmaC.3.2, it is easy to check that u¥ is a vis-
cosity solution with initial condition ¢ (stability properties, see also [39]). Moreover,
relation (C.3.6) remains true. O

C.4 Krylov’s Regularity Estimate for Parabolic PDEs

The proof of our new central limit theorem is based on powerful C'*+%/2:2+%_regularity

estimates for fully nonlinear parabolic PDE obtained by Krylov [105]. A more recent
result of Wang [171] (the version for elliptic PDE was initially introduced in Cabre
and Caffarelli [24]), using viscosity solution arguments, can also be applied.

For simplicity, we only consider the following type of PDE:

du + G(D*u, Du,u) =0, u(T,x)= @), (c4.1

where G : S(d) x R? x R > R is a given function and ¢ € C,(R?).
Following Krylov [105], we fix constants K > ¢ >0, T > 0 and set Q =
(0, T) x R?. Now we give the definition of two sets of functions G(e, K, Q) and

G K. Q).
The next definition is according to Definition 5.5.1 in Krylov [105].

Definition C.4.1 Let G : S(d) x R x R+ R be given; we write G as follows:
G(ujj,ui,u),i, j=1,...,d. WesaythatG € G(¢, K, Q) if G is twice continuously
differentiable with respect to all arguments (u;;, u;, u) and, for any real u;; = uj;,
Wjj = iji, uj, U;, u, i and A;, the following inequalities hold:

el < D aik0,G < KIAP,

i,j

G =Y uijdu, Gl < MY (w)(1 + Z i),

ij

.Gl + (1 + Zlu |)Z|a Gl < MEu)(1 + Zm P4 D,

iJj

(M, )1 Gy < Z|u,,|[2|u |+<1+Z|u,,|>|u|]
+Z|u | <1+Z|u,,|>+(1+2|uu| )il
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Here the arguments (u;;, u;, u) of G and its derivatives are omitted, n = (i;;, i;, i),
and

G(U)(ﬂ) = Z ﬁ,’jl:t’”a,i/_u”G +2 Z ﬂijﬁra’fij“rG +2 Z ﬁijﬂa'fff”G

ijurs i ij
+ > iy, G +2 Yy did,,G + |i*o,G,

ij i
M (u) and MY (u, uy) are some continuous functions which grow with |u| and uu
and M§ > 1.
Remark C.4.2 Letel < A = (a;j) < KI.Itis easy to check that

G(ujj, ui, u) = Zaijuij + Zbiui +cu

ij i
belongs to the set G(e, K, Q).
The next definition is Definition 6.1.1 in Krylov [105].

Definition C.4.3 Letafunction G = G (u;j, u;, u) : S(d) x R? x R — Rbe given.
We write G € G(¢, K, Q) if there exists a sequence G, € G(¢, K, Q) converging to
G as n — oo at every point (u;;, u;, u) € S(d) x R? x R and such that:

i M =M= =M i=12;
(i1) foranyn = 1,2, ..., the function G, is infinitely differentiable with respect to
(wij, ui, u);

(iii) there exist constants 8 =: 8§ > 0 and My =: M > 0 such that
G,(u;j, 0, —My) = 89, G,(—u;j,0, My) < —8

for any n > 1 and symmetric nonnegative matrices (u;;).

The following theorem is Theorem 6.4.3 in Krylov [105], and it plays an important
role in the proof of our central limit theorem.

Theorem C.4.4 Suppose that G € G(e, K, Q) and ¢ € C,(RY) with sup, g
lp(x)| < M()G, Then the PDE (C.4.1) has a solution u possessing the following prop-
erties:

(i) u e C(0,T1xRY), |u| < ME on Q;
(ii) there exists a constant o € (0, 1) depending only on d, K, € such that for any
Kk >0,
[e]|crearzve (o, 7—)xRE) < OO. (C4.2)
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Now we consider the G-equation. Let G : R? x S(d) — R be a given continuous,
sublinear function monotone in A € S(d). Then there exists a bounded, convex and
closed subset & C R¢ x S, (d) such that

G(p,A) = sup |:ltr[AB] + (p, q):| for (p, A) € R? x S(d). (C4.3)
@Bz L2

We are interested in the following G-equation:
ou + G(Du, Dzu) =0, u(T,x)=¢kx). (C44)

The idea is to set
i, x)=eTu(, x) (C.4.5)

and easily check that i satisfies the following PDE:

&il + G(Dii, D*i) —ii =0, (T, x) = ¢(x). (C4.6)
Suppose that there exists a constant ¢ > 0 such that for any A, A € S(d)with A > A,
we have

G(0,A) — G(0, A) > etr[A — A]. (C.4.7)

Since G is continuous, it is easy to prove that there exists a constant K > 0 such that
forany A, A € S(d) with A > A, we have

G(0,A) — G(0, A) < Ktr[A — A].
Thus for any (g, B) € X, the following relations hold:
2¢l < B <2KI.
By RemarkC.4.2, it is easy to check that G(u,j, up,u) =G, ujj) —uc G

(e, K, Q)and SOG = M(? can be any positive constant. By Theorem C.4.4 and relation
(C.4.5), we obtain the following regularity estimate for the G-equation (C.4.4).

Theorem C.4.5 Let G satisfy (C.4.3)and (C.4.7), ¢ € C,(RY) andletu be a solution
of the G-equation (C.4.4). Then there exists a constant « € (0, 1) depending only on
d, G, € such that for any k > 0,

el creerata (o, 7—k]xRe) < OO.
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