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Abstract. Artemov has recently proposed a modernization of the
semantics and proof theory of epistemic logic. We take up his approach
and extend his framework with public announcements and the corre-
sponding belief change operation. We establish a soundness and com-
pleteness result and show that our model update operation satisfies the
AGM postulate of minimal change. Further, we also show that the stan-
dard approach cannot be directly employed to capture knowledge change
by truthful announcements.
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1 Introduction

Artemov [3-6] suggests a modernization of the semantics and proof theory of
epistemic logic. He proposes new foundations for epistemic logic with

1. a semantics that does not assume models to be common knowledge and
2. amatching framework of hypertheories for reasoning with partial information.

He introduces the class of epistemic models, which includes Kripke models, but
can cover many more epistemic situations. The main difference is that in epis-
temic models, the Kripkean definition of satisfiability of a belief formula

ulF ;A & R;(u) lF A, (1)
is replaced by a weaker condition
u = 0,A = Ri(u) E A,

where we write R;(u) IF A for Yo(R;(u,v) = v IF A) and similarly for R;(u)
A. Hence the fully explanatory property of models is avoided, i.e., we do not
have that if a sentence holds at all possible states, then it is believed.
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In this paper, we extend Artemov’s epistemic models and hypertheories with
public announcements. The idea behind public announcements in the Kripkean
case is that a public announcement induces a model change: after the public
announcement of a formula A, the model is restricted in a way that preserves
only the relations between states where A holds [11,14,16,18]. In the case of
epistemic models, however, only restricting the model does not yield new beliefs
since (1) does not hold. To model public announcements properly, we also have
to explicitly take care of what the new beliefs are. We will make use of public
announcements that are total [7,16,17], i.e., new information can always be
announced. Moreover, our explicit treatment of belief change is influenced by
dynamic epistemic justification logics [2,8,9,12,13,15].

Our approach gives us more control over the belief dynamics that takes place
when an announcement occurs. In particular, we can define the updated model
such that the minimal change property of the AGM postulates is satisfied [1,10].
This is not possible in the traditional Kripkean setting.

We also show that there is no straightforward adaptation of our approach to
the case of knowledge change. Namely, with a help of one example, it is showed
that a restricted S4,,-models are not well-defined.

The content of this paper is as follows. In Sect. 2 we present epistemic mod-
els and hypertheories formally. In Sect.3 we propose the logic KPA,, of pub-
lic announcements and prove soundness and completeness of the corresponding
hypertheories w.r.t. epistemic models. In Sect.4 we discuss a problem concern-
ing truthful public announcements over S4,-epistemic models. We conclude the
paper in Sect. 5.

2 Epistemic Models and Hypertheories

Recall the multi-agent modal logic K,,. Let Prop = {p, ¢, , ... } be a countable set
of propositional letters. The language of the logic K,, consists Prop, the classical
propositional connectives = and A, and modalities O;, for ¢ = 1,...,n. The set
of formulas Fml is generated by the following grammar:

A=p|-A|(AANA)| DA

The other connectives are defined as usual. An axiomatization of K, con-
tains, besides the axioms of classical propositional logic and Modus Ponens, the
following belief postulates:

Distributivity: O0;(A — B) — (0,4 — 00, B);
Necessitation rule: From A, infer [J; A.

The semantics of K,, is standard Kripke semantics. Namely, a model is a
tuple K = (W, Ry, ..., Rp,IF), where

(K1) W £ 0;
(K2) R; is a binary relation on W, fori=1,...,n;
(K3) IF: Prop — 2W.
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We call (W, Ry,...,R,) a frame.
Truth in Kripke semantics is then defined inductively, starting from atomic
propositions, with classical conditions for Boolean connectives and

ulF ;4 & Ri(u)lF A. (2)

In epistemic models, the situation is quite different since we use belief sets
instead of (2) to model the agents’ beliefs. Belief sets contain all theorems of
a logic and they are closed under Modus Ponens. We use the following closure
operation.

Definition 1 (Closure of a Set of Formulas). Let L be a logic and T be a
set of formulas.

1.ed)X(T)=TU{A|LF A}; _ _
2. I TNT) = el (T)U {A|Bed(T) and B— A€ cl{(T), for some B};
3. Fec (T) iff Fec(T), for some j.

Definition 2 (Belief Set). For a given logic L, an L-belief set is a set of for-
mulas T with T = ¢l (T).

Remark 1. The set ¢l (T') is a belief set for any set of formulas 7'

Remark 2. Instead of belief sets, Artemov uses complete truth assignments in
his definition of epistemic model. For the purpose of this paper, however, belief
sets are better suited.

For aset Z C X xY and an element x € X, we set (Z), :={y | (z,y) € Z}.

Definition 3 (Pre-epistemic Model). Let L be a logic. A pre-epistemic L-
model is a tuple €= (W, Ry, ..., Ry, v, v, ..., VE), where:

- W # 0 is a non-empty set of states;

- Ry,..., R, are binary relations on W ;

- v CW x Prop;

- vy CW x For, such that for every u € W, (vj), is an L-belief set.

Definition 4 (Satisfaction Relation). Let £ be a pre-epistemic L-model and
u € W. The satisfaction relation, |=, is defined as follows:

- 5,U ': p Zﬁ(u7p) cv;
-&EulEAANBiffE,u = Aand E,u E B;
-&ulE CAiffEu E A;

- &u | OA ff (u, A) € v

Definition 5 (Epistemic Model). Let L be a logic. An epistemic L-model is
a pre-epistemic L-model that satisfies
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In contrast to Kripke models, the truth value of belief formulas in epistemic
models is provided by belief sets and (3) is a set of constraints. Also note that
in (3) we only have the implication ‘from left to right’, while we have an equiv-
alence in (2). Hence the fully explanatory property, which states that

if a sentence is valid at all possible states, then it is believed,

does not hold for epistemic models.

The following theorem shows the relationship between Kripke and epistemic
models: for any given epistemic K,-model, there is a Kripke model that con-
tains it.

Theorem 1 (Embedding Theorem). For any epistemic K,,-model
E=W,Ry,...,R,v, U5, ..., UR),
there exists a Kripke model
K= (W,Ri,...,Ru,Ib),
such that:

(a) WCW;
(b) Ri C R;;
(c) for each uw € W and each formula A,

EulE A iff K,ul- A

Theorem 1 tells us that epistemic models are contained in Kripke models,
where the containing Kripke model is obtained by adding appropriate states to
the epistemic model. The following example illustrates this fact.

Example 1. Consider W consisting of a single state v at which p is true but the
agent does not believe that p. The appropriate epistemic model is:

()

[ ]
p, ~Lip

Note that it is not a Kripke model (since p holds in every possible state but
is not believed), but can be extended to one:

(+) (r)

o [ ]
p, ~L;p —p, "Lip
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This example shows one important difference between epistemic and Kripke
models: in epistemic models we do not have to add new states in order to rep-
resent situations where an agent does not believe a true fact, as it is the case in
Kripke models.

Hypertheories provide the proof-theoretic framework that matches epistemic
models.

Definition 6 (Hypertheory). A hypertheory is a tuple
H=W,Ry,...,R,,T),
where:

- (W, Ry,...,Ry) is a frame;
- T assigns a set of formulas T, to each u € W.

Note that T, need not be maximal, i.e., we may have neither p € T, nor
—p € T,. This reflects the fact, mentioned in the introduction, that hypertheories
represent a tool for dealing with partial information.

Definition 7. An epistemic L-model & = (W,Ry,..., Ry, v,v5,...,V%) is a
model of H = (W, Ry,...,R,,T) if for each u € W,

ulET, (ie.ul A, foreach AeT,).

A formula A logically L-follows from a hypertheory H = (W, Ry,...,R,,T) at
state u € W, denoted by
H,u ':L A,

if E,u = A for each epistemic L-model £ of H.

Hyperderivations provide the syntactic consequence relation for
hypertheories.

Definition 8 (Hyperderivation). Let H be a hypertheory. A formula A is
L-hyperderivable at u € W (write H,u =L A) if A can be obtained by the rules:

(1) classical inference :

(a) uleL A, if A€ Ty
(b) ulkL A, if LF A;
(c) uleL A, if uleL B— A and ulEL B for some formula B;

(2) transition: w =L ;A = Ri(u) kL A;

(3) deduction: uU AL B = uleL A — B, where for a hypertheory H, H'YA is
defined as a hypertheory H where T, is replaced by T, U{A} and uU Al B
stands for H"W4, u = B;

(4) consistency: if uRv, then vieL L = wlEL L.

! As usual, we write u | A instead of H, u | A when M is clear from the context.
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Note that the transition rule “goes only in one direction”, which corresponds
to (3).
Artemov established the following soundness and completeness result for K,,.

Theorem 2. For a hypertheory H and any Fml-formula A,

Houlex, A iff Hou =k, A

3 Public Announcements

In this section we discuss how to model public announcements in epistemic mod-
els. For simplicity we follow an approach where the agents believe any formula
that is announced—mno matter whether the announcement is truthful or whether
it is consistent with the current beliefs.

The logic KPA,, is an extension of the logic K,, with an announcement oper-
ator [-]. The set of formulas Fmlj; is generated by the following grammar:

A=p|-A|(ANA) | DA [AA

Read [A]B as: “after the announcement of A, it holds that B”. The logic KPA,,
is given by the following axioms and rules:

Axiom schemes:

all instantiations of classical propositional tautologies
0;(A— B) — (0,A — O0;B)

lp=p

|-B < —[A]|B

[(BAC) < ([A]B A [A]C)

|

]

PN

ADB(—)D(A—)B)

(B1)
(B2)
(B3)
(B4)
(B5)
(B6)
(B7) [A][B]C « [AA B|C

[
[A
[A
[
[

Inference rules:

(IR1) Modus Ponens
(IR2) From A, infer 0J; A.

Since atomic propositions represent facts, axiom B3 says that announcements
of formulas do not change facts (only agents’ beliefs). Axioms B4 and B5 state
that negation and conjunction behave as expected, while axiom B6 explains
what it means that after an announcements of a formula, an agent beliefs that B.
Finally, axiom B7 says that announcing first a formula A and then B is the same
as announcing A A B.

We already have the definitions of KPA,,-belief sets and pre-epistemic KPA,,-
models. To define the corresponding satisfaction relation, we add the following
clause to Definition 4:

~ &u = [ABiff E|4u = B,
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where the restricted model £|4 = (W', R}, ..., R,V ,vg,...,vg) is given by:
W' =W,
R; = Ri N ([[Aﬂg X [[A]]g),
vV =,

yg ={(w,B) |w e W and B € ClKPAn((V[ig)w u{Aap},

with [Ale ={w e W | E,w = A}.
Epistemic KPA,-models are now given by Definition 5. We show that the
restriction £|4 of an epistemic KPA,-model is well-defined.

Lemma 1. For any formula A, if £ is an epistemic KPA,-model, then the
restricted model E| 4 is an epistemic KPA,-model, too.

Proof. Directly from the definition, we have that W’ is non-empty, R} are binary
relations on W', v/ C W’ x Prop, and for any v € W', (v), is a belief set and
therefore £|4 is a pre-epistemic KPA,-model. We need to prove that for any
formula B, the constraint

Ela,u E OB = €|a,Ri(u) = B (4)
holds as well. Suppose that £|4,u E O0;B, i.e.,

Be ClKPAn((VZ;j’)u @] {A})
By induction on the buildup of clkpa, ((vj)u U {A}), we prove £|4, R;(u) = B.

(1) (2) If B € (Vg)u, from the assumption that £ is an epistemic model we get
that £|4, Ri(u) = B.
(i1) If B = A or KPA,, - B, the claim follows from the definition of an
restricted model.

(2) There exists a formula C, such that both

C,C— B¢ CZKPAn((V23>u U {A})

By induction hypothesis, £|4, R;(u) = C and £|4, Ri(v) = C — B. Thus
Ela,Ri(u) = B. O

Note that KPA,, is a conservative extension of the modal logic K,, with respect
to announcement-free formulas. We have for each Fml-formula A,

KPA, FA iff K,F A

This conservativity result can be transfered to logical consequence.

Lemma 2. Let 'H be a hypertheory consisting of Fml-formulas and let u be a
state of H. We have for each Fml-formula A,

'H,u ':KPA" A Zﬁ ’H,u ':Kn A.
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We say that a formula A is KPA,,-valid, if for any epistemic KPA,-model £
and state u, we have that £, u = A. We have the following result.

Lemma 3. Azioms B3-B7 are KPA,, -valid.

Proof
(B3)
EuE[Ap it EaulEp it EuEp.
(B4)
E,u = —[AB iff & u [~ [AB
iff Elau - B
iff 5|A,u ': -B
iff &,u = [A]-B.
(B5)
E,uE[A(BAC) iff Ela,ul=E BAC
ifft &la,u E Band &|a,u = C
ifft &, u = [A]B and &,u | [A]C
it &,u = [A]BA[4]C.
(B6)

(<) (u, A — B) € vj; implies (u, A — B) € vji, where
v ={(w,B) | w €W and B € clkpa, (Vj)w U {A})}.
Obviously, (u, A) € v as well and hence (u, B) € v, ie., &, u = [A]0;B.
(=)
iff Be ClKPAn((V%)u U {A})
We prove that &,u = 0;(A — B) by induction on the construction of
clkpa,, (Vg)u U{A}).

(1) (2) If (u, B) € v, since (u,B — (A — B)) € vk as well, we obtain that
(u, A — B) € v}, ie., E,u | 0;(A — B).
(ii) If B = A, since KPA,, - A — A, we get (u,A — A) € vj.
(#73) If KPA,, F B, the claim follows from the same reasoning as in ().
(2) Suppose that there exists a formula C, such that both

C,C—Be CleAn((Vlig)u U {A})
By induction hypothesis,
EuEOi(A— C)and E,u = 0,4 — (C — B)).

Since belief sets are closed under classical propositional reasoning, we
finally obtain &, v = 0O;(A — B).
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(B7) Directly from the fact that (£]a)|p = E|ans- O

From the axiomatization of the logic KPA,,, it is clear that we have the
usual “rewriting” property for public announcements, which makes it possible
to remove all announcements from an arbitrary formula (see, e.g., [18]). Namely,
it can be proved that for any Fml-formula A, there exists an Fml-formula AK
such that

KPA, - A « A% (5)

Hence we can do the usual completeness by reduction proof for KPA,,.

Theorem 3 (Soundness and Completeness Theorem). Let H be a hyper-
theory containing Fml-formulas. For each Fmlj-formula A, we have

H,ulkkpa, A iff H,u Expa, A

Proof. From Lemma 3 we know that axioms B3—-B7 are sound, while from the
definition of an epistemic KPA,-model follows that the axioms B1-B2, both
inference rules, as well as transition, deduction and consistency constraints from
KPA,, -hyperderivations are sound as well, i.e., the direction from left to right is
established.

Completeness is obtained from the following observation:

H,u Fkpa, A implies H,u Fkpa, A (by (5) and soundness)
implies H,u =k, AX (Lemma 2)
implies M, u lrk, AX (Theorem 2)
implies H,u IEkPA,, A.
O

Our belief change operation satisfies the AGM postulates [1,10] for belief
expansion. First of all, it is obvious from our semantics that all announcements
are successful, i.e., after any announcement of A, each agent beliefs A. Formally,

we have that
[A]O; A

is KPA,,-valid.
Further, we have persistence of beliefs, i.e, no announcement will change
existing beliefs. The formula

is KPA,-valid. Indeed, for an arbitrary epistemic KPA,-model £ and formula B:
Eu = ;A iff (u,A) € v
then A € clkpa, ((vg)u U {B})

i E|p,u = O;A
if £ u k= [B]OA.
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The belief sets of the restricted model are given as a least fixed point of a
monotone operator. It is an immediate consequence of this definition that our
model update satisfies the requirement of minimal change. We have the following
lemma.

Lemma 4 (Minimal Change). Let £ be an epistemic KPA,-model with a
state w. Let F be any epistemic KPA, -model with a state v such that

1. .7:,’[} ‘: DZA
2. &, w = O0;B implies F,v | O0;B for all formulas B.

Then we find that for all formulas B,

Ela,w | O;B implies F,v = 0,B.

4 The Case of Knowledge Change in Epistemic Models

In this section we show that there is no straightforward adaptation of our app-
roach to the case of knowledge change. Let us investigate public announcements
over S4,,. In order to model them, we consider so-called truthful announcements.
For a given Kripke model M = (W, Ry,..., Ry,IF), we define satisfiability of
announcement formulas by

M,slF[A]B iff M,slF A implies M|a,s - B, (6)

where M|4 = (W', R}, ..., R,,IF) is the restriction of the model defined as

W/ = HA]]Mv
R, = RN ([A]m x [Alm),
F = IF N[A]um,

for [Alp ={w e W | wlF A}
Adapting this strategy for an epistemic S4,-model

E=(W,Ry,...,Rp,v,vp5,...,VR)
yields the following definition of satisfiability:
E,s E[A|B it &,s E A implies £|a,s E B,

where &£|4 is given by

W' = [A]e,
R/é = R N ([Ale x [Ale),

vt = {(w,B) | w € [A]e and B € clsa, (Vig)w U {A})},
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where cls4,, is given as in Definition 1 with the addition of

—if A€ cld, (T), then 0;A € cldf |(T),
— if ;A € cl, (T), then A € cld] ! (T).

Unfortunately, restricted S4,-models are not well-defined. There exists an
epistemic S4,-model £ and a formula A such that the restriction £|4 is not an
epistemic S4,-model. Consider £ = (W, R, v, vi) with

W= {w}a

R = {(w’w)}v

V= {(w7p)},

v = {(w, A) | A € clss, ({Op — Oq})}.

This is an epistemic S4,,-model. We can depict it as follows:

)

p, g, ~0p, =0q, O(OCp — Og)

Since p holds at the state w, the restriction of £ to the formula p yields
Elp = (W, R,v,vp) with vg = {(w, A) | A € clsa, ({TOp — Og, p})}-

Thus, by the closure conditions of clss, , we get Op € (Vg)w, thus Og € (Vg)w
and finally ¢ € (vg),. However, now we have the situation that £|,,w = Og
but also &|,,w [~ ¢. Since we also have R(w,w), we find that condition (3) in
the definition of an epistemic model is not satisfied.

5 Conclusion

We introduced public announcements for epistemic models and studied the cor-
responding belief dynamics. We showed that our model update operation sat-
isfies the AGM postulate of minimal change. We also adapted hypertheories to
support public announcements and established soundness and completeness.

In the case of knowledge change and truthful announcements, the situation
gets more complicated. We presented an example showing that the standard app-
roach cannot be used in a straightforward way to capture public announcements
over epistemic S4,-models. This remains a topic for future research.

Moreover, it will be interesting to see how other belief change operations can
be implemented in the framework of epistemic models. The fact that minimal
change is satisfied for public announcements is a strong hint that using epistemic
models is a promising approach to dealing with belief change.
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