Chapter 9 ®)
Deformable Objects and Matching oo
Functionals

9.1 General Principles

In the previous two chapters, we introduced and studied basic tools related to
deformations and their mathematical representation using diffeomorphisms. In this
chapter, we start investigating relations between deformations and the objects they
affect, which we will call deformable objects, and discuss the variations of match-
ing functionals, which are cost functions that measure the quality of the registration
between two deformable objects.

Let £2 be an open subset of R? and G a group of diffeomorphisms on £2. Consider
a set Z of structures of interest, on which G has an action: for every [ in Z and every
i € G, the result of the action of ¢ on [ is denoted ¢ - I and is a new element of 7.
This requires (see Sect.B.5) thatid-I =T and ¢ - (¢ - I) = (p o) - I. Elements
of Z will be referred to as deformable objects.

A matching functional is based on a function D : 7 x Z — [0, +00) such that
D(I, I') measures the discrepancy between the two objects I and I’, and is defined
over G by

Eip(p)=D(p-1LI). ©.1)

So E; 1/(¢) measures the difference between the farget object I’ and the deformed
one ¢ - I. Because it is mapped onto the target by the deformation, the object I will
often be referred to as the template (and ¢ - I as the deformed template).

Even if our discussion of matching principles and algorithms is rather extensive,
and occupies a large portion of this book, the size of the literature, and our choice
of privileging methods that implement diffeomorphic matching prevents us from
providing an exhaustive account of the registration methods that have been proposed
over the last few decades. The interested reader can refer to a few starting points in
order to complement the presentation that is made here, including [12, 13, 22, 27,
28, 41, 42, 111, 125, 240, 244, 275], and textbooks such as [132, 139, 208, 214].
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244 9 Deformable Objects and Matching Functionals

9.2 Differentiation with Respect to Diffeomorphisms

We will review, starting with the next section, a series of matching functionals that are
adapted to different types of deformable objects (landmarks, images, curves, etc.).
We will also compute the derivative of each of them with respect to the diffeomor-
phism ¢.

We also introduce a special form of differential which is adapted to variational
problems over diffeomorphisms. This shape, or Eulerian differential, as we will call
it, is a standard tool in shape optimization [80], and we will interpret it later on as a
gradient for a specific Riemannian metric over diffeomorphisms.

Recall that we have defined Diff”*° = Diff”*°(£2) to be the set of diffeomor-
phisms v such that

max([|¢) — id|| .00, 107" — id|lp,0c) < 00

We have also defined Diff}) "* as the subgroup of Diff?”*>® whose elements converge
to the identity at infinity.

Definition 9.1 A function ¢ — U (y) is (p, 00)-compliant if it is defined for all ¢
in Diff{">.

A (p, 0o)-compliant U is locally (p, oo)-Lipschitz if, for all ¢ € Diff)"™, there
exist positive numbers () and C (¢) such that

U@W) = U@ < C@I = Pllp.oo
whenever v and zZ are diffeomorphisms such that

max (Y — @l p.oos 10 — @l po) < ().

Note that a (p, 0o)-compliant (resp. locally Lipschitz) U is (g, oo)-compliant (resp.
locally Lipschitz) for any ¢ larger than p.

Because Diff)"™ is an open subset of id + C} (€2, R?), both Gateaux and Fréchet
derivatives are well defined for functions defined on this set (see Sect.C.1). In the
following, whenever we speak of a derivative (without a qualifier), this will always
mean in the strong (Fréchet) sense. A function U is C! on Diff5"> if and only if
U is Fréchet differentiable and dU () is continuous in ¢, which is equivalent (by
Proposition C.5) to U being Gateaux differentiable and d U (v)) continuous in . Note
also that U being C! implies that U is (p, oo)-Lipschitz.

Using the group structure of Diff} " we can define another type of differential
using the infinitesimal action of vector fields. If V is an admissible vector space and
v € V, we will denote by ¢y, the flow associated to the equation

Oy = v(y).
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Note that this is the same notation as the flow associated to a differential equation
0,y = v(t, y), where v is now a time-dependent vector field. This is not a conflict of
notation if one agrees to identify vector fields, v, in V and the associated constant
time-dependent vector field defined by v(z, -) = v for all 7.

Definition 9.2 Let V be an admissible Hilbert space continuously embedded in
Cl (82, RY) (so that Diffy C Diff}"™). We say that a (p, 0o)-compliant function U
over diffeomorphisms has an Eulerian differential in V' at ¢/ if there exists a linear
form U (¥) € V* such that, forallv e V,

(U @) |v) = 0:-U(pf. 0 ¥)_,- 9.2)

If the Eulerian differential exists, the V-Eulerian gradient of U at ), denoted
V' U(g) € V, is defined by

(V'U@), v), = (0Up) |v). (9.3)

In this case, VVU (p) = KoU (¢), where K is the kernel operator of V.

The following proposition indicates when Eq.(9.2) remains valid with time-
dependent vector fields v.

Proposition 9.3 Let V be an admissible Hilbert space continuously embedded in
CgH(Q, RY). Let V and U satisfy the hypotheses of Definition 9.2. If U is (p, 00)-
locally Lipschitz and has a V-Eulerian differential at v and if v(t,-) is a time-
dependent vector field such that

lim é ) lv(z, ) —v(0, )|lydt =0, 94
£—>00 0

then B
OU@) |v(0,)) = DU (5. 0¥y 9.5

Proof Letting vy = v(0, ), we need to prove that

1
g(U(sDSE o1h) = U(pg o)) = 0

as € — 0. From Proposition 7.4, we know that if ¢, p, ¢ are in Diffé7 "% there exists
a constant C (1)) such that

||</7 ot — 415 0¢||p,oo = Cp(¢)||‘p - @l'p,oo'

Now, since U is Lipschitz, we have, for small enough ¢,
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U (. 09p) — Uit o )| < Cp)llgt. 09 — @ 0 Yl poo
< CWC,WDIes. — Poll p.oo

=< C(@/J)Cp(l/f)é(vo)/o lv(, -) — wollvdt,

where C (vo) depends on ||voll p4+1,00 and can be derived from Eq.(7.16), Noting
that [[vflxri1 e <e(C” 4 llvollp+1,00) for small enough e, this proves the

€

proposition. (]
Note also that, if U is C', then the chain rule implies that

(OU(p) [v) = @U(p) lvop). 9.6)

To the Eulerian gradient of U, we associate a “gradient descent” process (that

we will formally interpret as a Riemannian gradient descent for a suitable metric in
Sect. 11.4.3) which generates a time-dependent element of G by setting

=V

It x) = =V U(p®)(p(t, x)). 9.7

As long as fot HﬁvU (e(s)) H ds is finite, this generates a time-dependent element
14

of Diffy. This therefore provides an evolution within the group of diffeomorphisms,

an important property. Assuming that Proposition 9.3 applies at time ¢ (e.g., if U is
Ch), we can write

U = [T UG, ), =~ [T U] .

so that U (p(t)) decreases with time.

9.3 Relation with Matching Functionals

As pointed out in the introduction, matching functionals take the form

Ulp) =Uilp) = Z(p - D), (9-8)

where [ is a fixed deformable object for some function Z (e.g., Z(I) = D(I, I;) for
a fixed I;). Using the group action property, we have

Ui() = Uy (o).

Using this property and the fact that the mapping v o ¢! is smooth (infinitely
differentiable) from Diff)"™ onto itself, we find that if U; is Gateau or Fréchet
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differentiable at ¢ = id for any I € Z, then it is differentiable at all 1) € Diff} "
and

@U;(p) 1h) = (dUu(Gd) |hop™").

A similar statement holds for the Eulerian differential, with
(OU; (@) |v) = (0Uy.1(d) |v).

Notice that when U is differentiable at ¢) = id, then U (id) = dU (id). Finally, if
we assume that 7 is itself a Banach space (or an open subset of a Banach space), that
Z is differentiable and that the action R; : ¢ + ¢ - [ is also differentiable, we have,
using the chain rule

dUr(p) |v) = (dZ(p- 1) |[dRi(p)v)

ordU;(p) =dR;(p)*'dZ(p - I). At ¢ = id, dR;(id)v is the infinitesimal action of
v on I, which we denote by v - 1, so that

dU;(d) |v) = (dZU) |v-T)

and

OU @) |v)=@Z®W 1) |v- @ -D)).

We now present a series of matching problems, involving different types of
deformable objects. In each case, we will introduce adapted matching function-
als and compute their differentials. As just remarked, derivatives with respect to the
diffeomorphisms can all be derived from that of the function Z, on which we will,
whenever possible, focus the computations.

9.4 Labeled Point Matching

The simplest way to represent a visual structure is with configurations of labeled
points, or landmarks attached to the structure. Anatomical shapes or images are
typical examples of structures on which landmarks can be easily defined; this includes
specific locations in faces (corners of the eyes, tip of the nose, etc.), fingertips for
hands, apex of the heart, etc. Many man-made objects, like cars or other vehicles, can
be landmarked too. Finally, landmarks can represent the centers of simple objects,
like cells in biological images.

In the labeled point-matching problem, objects are ordered collections of N points
X1, ...,Xy € 82, where N is fixed. Diffeomorphisms act on such objects by:

@ (e xn) = (@), - (). 9.9)
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The landmark-matching problem is not to find correspondences between two objects,
say I = (x1,...,xy)and I’ = (x{, ..., x})), since we know that x; and x/ are homol-
ogous, but to extrapolate these correspondences to the rest of the space.
Here we can take Z = (R?)", or, if one restricts to distinct landmarks, the open
subset
IT={(x,....xn) € RHON  x; £x;ifi # j}.

For I = (x1,...,xy), the action ¢ — ¢ - I is C' on Diffg’00 for any p > 0 (it is

the restriction of a linear map, with | - I > <N l©lloo)- The simplest matching
functional that we can consider for this purpose is associated with

N
Z) =1 =T =" | —x
k=1

with (dZ(1) |h) = 2(I — I')T h (considering I, I’ and & as d N-dimensional column
vectors). We have

N
Ui@) = Erp(@) = II'— ¢ 1P =Y |xl — o). 9.10)
N i=1
@U(@) 1) =2 (p(xi) = x) v(xi). ©.11)
i=1
This can be written as
N
dUL(p) =2 (p(x:) — X))y,
i=1
From (9.6), we have
_ N
(0U1@) [1) =23 () = 3T h o o) ©9.12)
i=1
or
~ N
OUL(9) =2 ) (9(x) = X)8px;
i=1
and (9.3) gives
N
VUIp) =2 K o) (o) — x)). 9.13)

i=1

The gradient descent algorithm (9.7) takes a very simple form:
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N
Opt, x) = —2) " K(ip(t, x), p(t, x)) (2, x1) = x)). (9.14)

i=1

This system can be solved in two steps: let y; (t) = ¢(z, x;). Applying (9.14) at
x = x; yields

N
0y;=—2Y K, y)(i — x)).

i=1

This is a differential system in yy, ..., yy. The first step is to solve it with initial
conditions y;(0) = x;. Once this is done, the extrapolated value of (¢, x) for a
general x is the solution of the differential equation

N
Oy =-2 Ky, y)(i —x)

i=1

initialized at y(0) = x. Figure9.1 gives an example obtained by running this pro-
cedure, providing an illustration of the impact of the choice of the kernel for the
solution. The last panel in Fig. 9.1 also shows the limitations of this algorithm, in the
sense that it is trying to move the points in the direction of their targets at each step,
while a more indirect path can sometimes be found generating less distortion (these
results should be compared to Fig. 10.1 in Chapter 10).

9.5 Image Matching

Images, or more generally multivariate functions, are also important and widely used
instances of deformable objects. They correspond to functions / defined on §2 with
values in R. Diffeomorphisms act on them by:

(p-D(x) =I(""'(x)

for x € 2. Fixing two such functions I and I’, the simplest matching functional
which can be considered is the squared L? norm of the difference Z(1) = || — I’ ||§,
yielding

Ui() =E1,1f(¢)=/ [Top™ @) = I'w)|” dx. (9.15)
ko)

We will need the derivative of the mapping Inv : ¢ — ¢~!. Considering Inv as a
mapping from Diff? "> to Diff/"™, it is given by (see Proposition 7.8)

dinv(p)h = — (dpop™ ) hop ™ = —d(p Hhop™. (9.16)
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G

Fig. 9.1 Greedy landmark matching. Implementation of the gradient descent algorithm in (9.14),
starting with ¢ = id, for the correspondences depicted in the upper-left image (diamonds moving
to circles). The following three images provide the result after numerical convergence for Gaussian
kernels K (x, y) = exp(—|x — y 12 / 20H)Idwithe = 1,2, 41in grid units. Larger o induce increasing
smoothness in the final solution, and deformations affecting a larger part of the space. As seen in
the figure for 0 = 4, the evolution can result in huge deformations

Similarly Inv is C* from Diff2 ™ to Diff?.

We now compute the derivative of U; under the assumption that /' is square inte-
grable, I is compactly supported (on some set ;) and continuously differentiable.
One can relax the differentiability assumption on / (considering, for example, piece-
wise smooth images), but the analysis is much more difficult, and we refer the reader
to results in [293-295] for more details. Define

Ur(p) = /Q 1 0p(0) — I'(x)| dx
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so that U; = U; o Inv. Fixing ¢ € Diff?*', h € C/™' (2, RY) and letting ¢, = ¢ +
eh for || < 1, we have

0.0, () = 2 / (I o (x) = I'()VI 0 .(0)Th(x) dox.
2

The integrand in the right-hand side is dominated by the integrable upper bound
(M llso + 1I'ODIVI o ||h||oolé(x), where Q is any compact set that contains
©-1(Q)) for |e| < 1, which justifies the derivation. Taking £ = 0, we obtain the
directional derivative of U, which is

(dﬁ,(@ )h) - 2/9(1 0 o(x) — I'(X)V1I 0 () h(x) dx.

Our hypotheses on I imply that dU; () is continuous in ¢ € Diff})"* forany p > 0.
Fixing ¢ and assuming |l¢" — ¢l < 1, we have

|(a010) = als o [1))]
< 2[ (Iopx)—1o0¢ (x)VI oy (x) h(x)dx
2

+ 2[ (Iop(x)—T'(xX)(VIopx)—VIog(x) h(x)dx
2
<2011 09 —10¢ ool VIoolllloo

+2y/101Il1 0 o = I'll2IV1 0 ¢ = VI 0 ¢/ [[asltl| oo

where Q is a compact set containing all (¢’)~1(Q;) for ||’ — ¢|le < 1. The facts
that / and V1 are uniformly continuous on Q; imply that ||/ o ¢ — I o /[« and
IVIop—VIoy|stendto0as |[¢ — ¢l tends to 0. (We have denoted by | Q|
the Lebesgue measure of the set 0)

As a composition of C! functions, we find that U; is C! on Diffé’“’C>O for any
p > 0, with (applying the chain rule)

@dUr(p) | h) =

— 2/ Top 'x)=I'x)VIop ') d@ Hhop ' (x)dx. (9.17)
2
Notice that V(I o o) = (VIT o ¢ 1d(¢™"), so that
@Ur(p) | h) = —2f o™ ' (x) = I'x)VUT oo H(x) ho ™ (x)dx
2

and we retrieve the formula

@U;(p) 1h) = (dUu(Gd) |hop™").
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The Eulerian derivative is given by
(OU1(p) |v) = @U;(id) [v o)

= —2/ (Top ' (x) = I'(x)VU o o) (x) v(x)dx.
2

We introduce a notation that will be used throughout this chapter and that gen-
eralizes the one given for point measures in Eq.(8.4). If i is a measure on £2 and
7 : 2 — R? a pu-measurable function, the vector measure (zy) is the linear form
over vector fields on £2 defined by

(zi | h) = /QzThdu. (9.18)
With this notation we can write
() = —2(T o™ =TIV 0™ "))dx. (9.19)
Notice also that, making a change of variable in (9.17), we have
dU;(p) = —Z(det(dgo) I =1 op) dgo_TVI)dx. (9.20)

To compute the Eulerian gradient of U, we need to apply the kernel operator, K,
to OU; (¢), which requires the following lemma.

Lemma 9.4 IfV is a reproducing kernel Hilbert space (RKHS) of vector fields on
§2 with kernel operator K and kernel K, pu is a measure on 2 and z a u-measurable
function from §2 to R4, then, forall x € £2,

K(zp)(x) = / K (e, )20 dp(y).
2

Proof From the definition of the kernel, we have, for any a € RY:

a"K(zp)(x) = (ad, | K(zp))
= (zp | K(aéy))
= (zu | K(,x)a)

:/QZT(y)K(y,x)ad,U(y)
:aT[QK(x,y)z(y)du(y),

which proves Lemma 9.4. ]
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The expression of the Eulerian gradient of U; is now given by Lemma 9.4:

VU (p) = =2 /Q Top ') = T'ONK(, VU o H(ymdy.  (9.21)

This provides the following “greedy” image-matching algorithm [67, 278].

Algorithm 9.5 Greedy image matching Start with ¢(0) = id and solve the evolu-
tion equation

Orp(t,y) = 2/ (J(@t,x) = I'(x)K(p(t, y), x)VJ(t, x)dx (9.22)
2

with I(z,-) = I o (p(t))"".

This algorithm can also be written uniquely in terms of the evolving image, J, using
0,J o o+ (J o )T 8,0 = 0. This yields

o J(t,y) = —2/ K@, x)(J(t,x)—I'(x))VJ(, x)TVI(t, y)dx.
Q

In contrast to what we did in the landmark case, this algorithm should not be run
indefinitely (or until numerical convergence). The fundamental difference is that, in
the landmark case, there is an infinity of solutions to the diffeomorphic interpolation
problem, and the greedy algorithm would generally run until it finds one of them
and then stabilize. In the case of images, it is perfectly possible (and even typical)
that there is no solution to the matching problem, i.e., no diffeomorphism ¢ such
that 7 o p~! = I'. In that case, Algorithm 9.5 will run indefinitely, creating huge
deformations while trying to solve an impossible problem.

To decide when the evolution should be stopped, an interesting suggestion has
been made in [278]. Define

v(t,x) = 2] (J(t,x) = I'(x))K(y, x)VJ(t, x)dx
Q

so that (9.22) reduces to 0,0 = v(t) o ¢. As we know from Chap. 7, the smoothness
of  at time ¢ can be controlled by

t
/ o)1 ds,
0

the norm being explicitly given by

o)1

= 2/ Ky, x)(J(s,x) = ') (s, y) = I'(¥)VI (s, ) VI (s, y)dxdy.
2x82
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Fig. 9.2 Greedy image matching. Output of Algorithm 9.5 when estimating a deformation of the
first image to match the second one. The third image is the obtained deformation of the first one
and the last provides the deformation applied to a grid

Define, for some parameter A,

1 t
E() = ;/0 IIU(S)||2vdS+>\/Q(J(t,y)—1'(y))2dy-

Then, the stopping time proposed in [278] for Algorithm 9.5 is the first # at which
E () stops decreasing. Some experimental results using this algorithm and stopping
rule are provided in Fig.9.2.

There are many other possible choices for a matching criterion, least squares
being, as we wrote, the simplest one. Among other possibilities, comparison criteria
involving histograms provide an interesting option, because they allow for contrast-
invariant comparisons.

Given apair of images, I, I, associate toeach x € £2 and image values A and X’ the
local histogram H, (A, \'), which counts the frequency of simultaneous occurrence
of values A in 7 and X in I’ at the same location in a small window around x. One
computationally feasible way to define it is to use the kernel estimator
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Hip (6, 0 N) = f FATO) = ADF(IG) = X g, y)dy
2

in which f is a positive function such that fR f(t)dt = 1 and f vanishes when 7 is
far from 0, and g > 0 is such that for all x, fQ g(x, y)dy = 1 and g(x, y) vanishes
when y is far from x.

For each x, H; y/(x, -, -) is a bi-dimensional probability function, and there exist
several ways of measuring the degree of dependence between its components. The
simplest one, which is probably sufficient for most applications, is the correlation
ratio, given by

S AN Hy p(x, A, N)d AN
e N2 HLpGe A N)AMN [ V)2 Hp (e, A, N)dAdN

Crrx)=1-

It is then possible to define the matching function by

UI((P):/QCIoga",I’(x)dx'

The differential of U; with respect to ( can be obtained after a lengthy (but elemen-
tary) computation. Some details can be found in [145]. A slightly simpler option is
to use criteria based on the global histogram, which is defined by

Hip O N) = /g FATO) = DS — Ny,

and the matching criterion is simply U;(¢) = Cjop-1,p oOr, as introduced in
[185, 298], the mutual information computed from the joint histogram.

9.6 Measure Matching

The running assumption in Sect. 9.4 was that the point sets (x1, . . ., x) were labeled,
so that, when comparing two of them, the correspondences were known and the
problem was to extrapolate them to the whole space.

In some applications, correspondences are not given and need to be inferred as
part of the matching problem. One way to handle this is to include them as new
unknowns (in addition to the unknown diffeomorphism), add extra terms to the
energy that measures the quality of correspondences, and minimize the whole thing.
Such an approach is taken, for example, in [240, 241].

Another point of view is to start with a representation of the point set that does not
depend on how the points are ordered. A natural mathematical representation of a
subset of RY is by the uniform measure on this set, at least when this is well-defined.
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For a very general class of sets, this corresponds to the Hausdorff measure for the
appropriate dimension [107], which, for finite sets, simply provides the sum of Dirac
measures at each point, i.e., x = (xy, ..., xy) is represented by

N

For us, this raises the issue of comparing measures using diffeomorphisms, which
will be referred to as the measure-matching problem.

In line with all other matching problems we are considering in this chapter, spe-
cifying the measure-matching problem requires, first, defining the action of diffeo-
morphisms on the considered objects, and second, using a good comparison criterion
between two objects.

Let us start with the action of diffeomorphisms. The only fact we need here
concerning measures is that they are linear forms acting on functions on R? via

(ulf)=/Rdfdu-

In particular, if p, is as above, then

N
(e 1 f) =) flxi).
i=1

If ¢ is a diffeomorphism of §2 and p a measure, we define a new measure
¢ - pby
(-plf)=@lfop).

It is straightforward to check that this provides a group action. If © = p,, we have

N
@ a1 £) =D fFopl) = (ow | f)-

i=1

so that the transformation of the measure associated to a point set x is the measure
associated to the transformed point set, which is reasonable.

When p has a density with respect to Lebesgue measure, say p = zdx, this action
can be translated to a resulting transformation over densities as follows.

Proposition 9.6 If u = zdx, where z is a positive, Lebesgue integrable function on
Q2 C RY, and ¢ is a diffeomorphism of 2, then

- p=det(d(p ") z0p dx. (9.23)
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The proposition is an immediate consequence of the definition of ¢ - i1 and of the
change of variable formula (details are left to the reader). Note that the action of
diffeomorphisms does not change the total mass of a positive measure, that is (y -
) (82) = p(82) if ¢ is a diffeomorphism of £2.

Now that we have defined the action, we need to choose a function D(u, p')
to compare two measures 4 and p/. Many such functions exist, especially when
measures are normalized to have a unit mass, since this allows for the use of
many comparison criteria defined in probability or information theory (such as
the Kullback—Leibler divergence [75]). A very general example is the Wasserstein
distance [238, 301], which is associated to a positive, symmetric, cost function
p: 2 x 2 — [0, 400) and defined by

dy(p, ') = inf /92 p(x, y)v(dx, dy), (9.24)

where the minimization is over all v with the first marginal given by p, and the second
one by p'. If 1 and 1/ are uniform measures on discrete point sets, i.e.,

N

Z Xy M = Z(Sxk

k=1

/J,:

z|~

then computing the Wasserstein distance reduces to minimizing

N M
DO p X (e x))

k=1 I=1
subject to the constraints

M

N
Z v(x, x)) = 1/N and Z v(xe,x) = 1/M.

=1 k=1

This linear assignment problem is solved by finite-dimensional linear programming.
If this is combined with diffeomorphic interpolation, i.e., if one tries to compute a
diffeomorphism ¢ minimizing d,(¢ - x, x”), this results in a formulation that mixes
discrete and continuous optimization problems, similar to the methods introduced in
[240]. The Wasserstein distance is also closely related to the mass transport problem,
which can also be used to estimate diffeomorphisms, and will be discussed in the
next chapter. For the moment, we focus on matching functionals associated with
measures, and start with the case in which the compared measures are differentiable
with respect to Lebesgue measure, i.e., with the problem of matching densities.
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9.6.1 Matching Densities

Since densities are scalar-valued functions, we can use standard norms to design
matching functionals for them. As an example, we can take the simplest case of
the L? norm, as we did with images. The difference with the image case is that the
action is different, and has the interesting feature of involving the derivative of the
diffeomorphism, via the Jacobian determinant.

So, let us consider the action ¢ x ¢ given by

ox ¢ =detd(p ")) zop™!

and use the matching functional
Ueto) = Ece @) = [ (pg = ¢
Q

Since we will need it for the differentiation of the Jacobian, we recall the following
standard result on the derivative of the determinant.

Proposition 9.7 Let F(A) = det(A) be defined over M, (R), the space of all n by
n matrices. Then, for any A, H € M, (R),

dF(A)H = trace(Adj(A)H), (9.25)

where Adj(A) is the adjugate matrix of A, i.e., the matrix with (i, j) entry given
by the determinant of A with the jth row and ith column removed, multiplied by
(—=1)*]. (When A is invertible Adj(A) = det(A) A™".)

For A = Id, we have
dF(Id)H = trace(H). (9.26)

Proof To prove this proposition, start with A = Id and use the facts that, if ¢;; is the
matrix with 1 as the (i, j) entry and O everywhere else, then det(Id + €6;;) = 1 +¢
if i = j and 1 otherwise, which directly gives (9.26). Then, prove the result for an
invertible A using

det(A + eH) = det(A) det(Id + eA~'H)

and the fact that, when A is invertible, det(A)A~! = Adj(A). This also implies
the result for a general (not necessarily invertible) A because the determinant is
a polynomial in the entries of a matrix, and so are its partial derivatives, and the
coefficients of these polynomials are fully determined by the values taken on the
dense set of invertible matrices. ]

‘We have
Ucly) = /Q (det(d(p™) C oo™ — ') dx.
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Under the assumptions that ¢ is C' and compactly supported and that ¢’ is square
integrable, one can prove that E¢ ¢ is C ! when defined over Difngrz’ij with p > 0
(the details are left to the reader). To compute the derivative at any given ¢, it will
be convenient to use the trick described at the end of Sect.9.2, starting with the
computation of the differential at the identity and deducing from it the differential at
any ¢ by replacing ¢ by ¢ - C.

Ifp(e, -)isa diffeomorghism that depends on a parameter ¢, such that ¢ (0, -) = id
and 9.(0, ) = h € CJ*(2,RY), then, at ¢ = 0, d-C o (e, )~ = —=V(¢Th and
0. det(d(p(e, -)~")) = —trace(dh) = —div h. This implies that

- (Cople, ) det(d(p(e, N™) = =V¢Th — divh = —div(Ch)

ate = 0 and

U (o), = 2 /Q (¢ = )div(Ch) dx.

So this gives

(dUc(Gd) |h) = =2 /9 (¢ — CHdiv(Ch) dx

and

(dUc(p) |h) = -2 /Q (p* ¢ = )(div((p * Oh) dx. (9.27)

We can use the divergence theorem to obtain an alternative expression (using the fact
that /2 vanishes on 052 or at infinity), yielding

(@Uete) [ ) =2 [ Vi # ¢ =)o Ohds 9.28)

or
dUc () = 2(p x OV (p* ¢ — (dx. (9:29)

One can appreciate the symmetry of this expression compared with the one obtained
with images in (9.19).

9.6.2 Dual RKHS Norms on Measures

One of the limitations of functional norms, such as the L? norm, is that they do not
apply to singular objects such as the Dirac measures that motivated our study of the
measure-matching problem. It is certainly possible to smooth out singular objects
and transform them into densities that can be compared using the previous matching
functional. For example, given a density function p (a Gaussian, for example) and a
point set (xq, ..., xy), one can compute a density
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N
G =Y n(* _O_X"), (9.30)
k=1

where o is a positive scale parameter (this is a standard kernel density estimator).
One can then compare two point sets, say x and x’, by comparing the associated (,
and (, using the previous method.

The representation in (9.30) is somewhat imperfect, in the sense that, for the natu-
ral actions we have defined, we have in general ¢ x (x # (,..: the density associated
to a deformed point set is not the deformed density. If the goal is to compare two
point sets, it makes more sense to use (., instead of ¢ - (, as a density resulting
from the deformation, and to rather use the cost function

U9 = Ee(9) = [ (Gos = Gy ©.31)
R
which can be written, if x = (x,...,xy) and x’ = (x{, ..., x},), and introducing
the function )
’ y—z y—z
£z, 7) = / p( )p( )dy, (9.32)
R4 g g

as

N
Ui(p) = Y E(p(x),p(0)

k=1

N M M
—2) > L) )+ Y S x). (9.33)

k=1 I=1 k=1

Before computing the variations of this energy, we make the preliminary remark
that the obtained expression is a particular case of what comes from a representation
of measures as linear forms over RKHSs of scalar functions. Indeed, since measures
are linear forms on functions, we can evaluate their dual norm, given by

el = sup {(u [ f) = ILF I =1} (9-34)

Following [128], assume that the function norm in (9.34) is that of an RKHS. More
precisely, let W be an RKHS of real-valued functions, so that we have an operator
Ky : W* — W with Ky 4, := £(-, x) and with the identity (1 | f) = (KWLL, f)W
for p € W*, f € W. With this choice, (9.34) becomes

lpliws = sup{(u | £): I fllw =1}
= sup {(Kwp. f)y, : I1fllw =1}
= (| Ky pll w-
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This implies that
Iellye = (Kwpe, Kwp)y = (1 | Kwp).

If 1 is a measure, this expression is very simple and is given by
el = / G, Y)dp()dp(y).
Thisisbecause Ky pu(x) = (0x | Kyp) = (1 | Kyd,) = ff(y,x)du(y).Sowecan

take
U (@) = Epp(9) = - — 1. (9.35)

Expanding the norm, we get

Un(p) = (- iy @ i)y —2(0 - 10 1)y + (15 1)y
=(p-pl&p-m)—=2(p-p &)+ (W | ')

= /f(w(x),w(y))du(x)du(y) —2f£(<p(x),y)du(x)du’(y)
+/§(x,y)du’(x)du’(u).

We retrieve (9.33) when p and g/ are sums of Dirac measures and £ is chosen as in
(9.32), but the RKHS formulation is more general.

Assume that p is bounded and that ¢ is continuously differentiable and bounded,
with bounded derivatives. Then (leaving the proof to the reader) U; is C' on Diff}"™
for any p > 0 with derivative

(OUL(p) [ 1) =2 / ViE(p(x), () h(x)dpx)dp(y)
-2 / ViE(p(x), )" h(x)dp)dp (2).
In particular,
dU,(id) = 0U,,(id) = 2 ( f ViEC, du(y) — f V1§(~,z)du’(z)> p. (9.36)

To obtain the Eulerian differential at a generic ¢, it suffices to replace p by ¢ - ,
which yields:

Proposition 9.8 The Eulerian derivative and gradient of (9.35) are

B, () =2< / ViEC. o dpuly) — / vlfo,z)d;/(z)) (-1 (937)
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and
VUL () =2 / K (., p(x))
(/ Vi€(p(x), o())duly) — an(w(x),z)du’(z)) du(x). (9.38)

The derivative of the expression in (9.33) can be directly deduced from this expres-
sion. This leads to the following unlabeled point-matching evolution for point sets
x=(x,...,xy)and x" = (x], ..., X))

N
Dp(x) = =2 K ((2), p(x:))

i=1

N M
D Vil o)) = Y Vik(pxi), xp) | (9.39)

j=1 h=1

As discussed in the case of labeled point sets, this equation may be solved in two
stages: letting z; () = (¢, x;), first solve the system

N N M
dizy =—22K(zq,zi) ZV&(Zi,Zj)—ZVlf(Zi,XZ)
i—1 =1 h=1

Once this is done, the trajectory of an arbitrary point z(¢) = ¢, (z0) is

N N M
Oz=-2) K(zz) | D Vit zj)) — Y Vi, x})

i=1 j=1 h=1

9.7 Matching Curves and Surfaces

Curves in two dimensions and surfaces in three dimensions are probably the most
natural representations of shapes, and their comparison using matching functionals
is a fundamental issue. In this section, we discuss a series of representations that can
be seen as extensions of measure-matching methods. (This is not the unique way to
compare such objects, and we will see a few more methods in the following chapters,
especially for curves.)

Note that we are looking here for correspondences between points in the curves
and surfaces that derive from global diffeomorphisms of the ambient space. The
curve- (or surface-) matching problems are often studied in the literature as attempts
to find diffeomorphic correspondences between points along the curve (or surface)



9.7 Matching Curves and Surfaces 263

only. Even if such restricted diffeomorphisms can generally be extended to diffeo-
morphisms of the whole space, the two approaches generally lead to very different
algorithms. The search for correspondences within the structures is often imple-
mented as a search for correspondences between parametrizations. This is easier for
curves (looking, for example, for correspondences of the arc-length parametriza-
tions), than for surfaces, which may not be topologically equivalent in the first place
(a sphere cannot be matched to a torus); when matching topologically equivalent
surfaces, special parametrizations, like conformal maps [72, 269] can be used. In
this framework, once parametrizations are fixed, one can look for diffeomorphisms
in parameter space that optimally align some well-chosen, preferably intrinsic, repre-
sentation. In the case of curves, one can choose the representation s +— «-(s), where
k.~ is the curvature of a curve 7, with the curve rescaled to have length 1 to fix the
interval over which this representation is defined. One can then use image-matching
functionals to compare them, i.e., find ¢ (a diffeomorphism of the unit interval) such
that ¢ - Ky > K.

But, as we wrote, the main focus in this chapter is the definition of matching
functionals for deformable objects in R4, and we now address this problem for
curves and surfaces.

9.7.1 Curve Matching with Measures

We can arguably make a parallel between point sets and curves in that labeled point
sets correspond to parametrized curves and unlabeled point sets to curves mod-
ulo parametrization. In this regard we have a direct generalization of the labeled
point-matching functional to parametrized curves (assumed to be defined over the
same interval, say [0, 1]), simply given by

1
Evo(p) = /0 (Y (W)) — 7 ()P,

But being given two consistent parametrizations of the curves (to allow for direct
comparisons as done above) almost never happens in practice. Interesting formu-
lations of the curve matching problem should therefore consider curves modulo
parametrization, so that the natural analogy is with unlabeled point sets. The coun-
terpart of a uniform measure over a finite set of points is the uniform measure on the
curve, defined by, if -y, parametrized over an interval [a, b], is C' and regular

b
(1 | ) = f fdoy = / FOr@) 1) da.
Yy a

This is clearly a parametrization-independent representation. Now, if ¢ is a diffeo-
morphism, we have, by definition of the action of diffeomorphisms on measures
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b
(o py | f) :/fmpd% Z/ Je(y) 1Y) du.
Y a

However, we have

(e 1) = |

Py

b
)fd%m =f Jle(y@)) lde(y(u)yw)| du.

So, in contrast to point sets, for which we had ¢ - 1y = i,(r), the image of the
measure associated to a curve is not the measure associated to the image of a curve.
When the initial goal is to compare curves, and not measures, it is more natural to
use the second definition, .., rather than the first one. Using the notation of the
previous section, and introducing a target curve +' defined on [a@’, b'], we can set

E (@) = gy — pioy e (9.40)
= (kg :“so-“/>W* — 2pp - ﬂ"f’)W* +{py Nv’)w*
= (o [ §G1a)) = 2(ppy [ €1y ) + (1 [ €p1y)

b rb
=/ / Ee(y)), (v () lde(y @)y ()] 1dp(y(v))Y(v)| dudv

P
—2/ / E((ym)), 7' () ldp(y@)F@)| 1y (v)] dudv

+ /a,b/ /a | £ ), ' () 1Y )] 15 ()| dudv.
If£isCl, then E, . is C' on Diff{)”'l’Oo for any p > 0. To explicitly compute the
derivative, take (g, -) such that (0, -) = id and 0-¢(0, -) = h, so that
O-E(p(e, ) = 20:{pg(cory = by Ly = Hoy )y = 20:{ e,y o 11y = fy )y
the derivatives being computed at € = 0. Introduce
E@) = (Hon + Hy = By )y

and let, for a given curve 7,
AIOE f £C. p)dos(p). (9.41)
%l

Letalso( = Z7 — 77" and, for further use, ¥ =27Z%7 — 77 . With this notation, we
have

E(p) = C(p)dopey (p)
()

and we can use Theorem 5.2 to derive, letting pp and p; be the extremities of ~,
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0-E(p(2, =0 = C(ph(p)" T (p1) — C(po)h(po) T7 (po)
+ / (V¢"NT = ¢w7)R" NYdl.
Replacing v by ¢ - 7, this provides the expression of the Eulerian derivative of E
at ©, namely
12 "
zaEv,v’ (p) = CYT’Y (5[71 _6[70)
+ ((VCHTN?T — (PRPTVNP T g, (9.42)

The Eulerian gradient on V therefore is

1 ,
EVE%"/’(SQ) =K, p)CP(p)T7(p1) — K (-, po)¢P(po) T (po)

+ / (VC‘”(p)TN 71(p) — C'*’(p)m‘”'”(p))l( ¢, pIN?(p)do,~(p). (9.43)
ey

To write this expression, we have implicitly assumed that v is C?. In fact, we
can give an alternative expression for the Eulerian gradient that does not require
this assumption, by directly computing the variation of E (¢(g, -)) without applying
Theorem 5.2. This yields, using the fact that, if z is a function of a parameter ¢, then
Ozl = (" 2)/ Iz,

d-1dp(e, YN Hje=0 = (T dh(y)y = (T") dh()T"|¥|

and 9.E(p(e, 1) = / (V¢ + (™) dhT")do,.

!

The term involving dh can be written in terms of V-dot products of & with derivatives
of the kernel, K, since (we use the notation introduced in Sect.8.1.3, Eq.(8.9))

a’dh(x)b = (h, &K (-, x)(a,b)),. (9.44)

This gives

O-E(p(. ) = / ((K(-, pIVC(p), h),

¥
)i

+(CPDK G T (P). T (P, ), ) dos (p)

and a new expression of the Eulerian gradient
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1

9V E () = / (ke Ve
wy

+ P (PK (., pITT (p), T (p)) ) dory(p). (9.45)
To be complete, let us consider the variation of a discrete form of E, . (¢). If a

curve 7 is discretized with points xo, ..., xy (with xy = xo if the curve is closed),
one can define the discrete measure, still denoted i,

N
)= felml
i=1

with¢; = (x; + x;—1)/2and 7; = x; — x;_1. Use a similar expression for the measure
associated to a discretization of ¢ -, with ¢/ = (o(x;) + ¢(x;1))/2 and 77° =
@(x;) — @(x;_1). Finally, let 7 be discretized in x1, ..., x},, and define

E\y(p) = Z &t NN 177 (9.46)

111

—2ZZ£<c,,c>|rV||r|+Zf(c,, AlEANEA

i=1 j=I1 i,j=1

in which we identify indices 1 and N 4 1 or M + 1 (assuming closed curves). Note
that this functional depends on ¢ - x and x’. The computation of the differential
proceeds as above. Define, for a point set X = (X1, ..., Xp)

(¢
Z5) =Y L EnlFl,

j=1

and ¢ = Z* — Z¥, (¥ = Z¥* — Z*'. We then obtain

1
EdEW/ (id) = Z(VC(C;)IWI + VC(CivDITi1 D0y,
i=1

N
—2 ) (¢l
i=1

— (e )M)

|l+|

The Eulerian differential at ¢ # id is obtained by replacing ¢, ¢;, 7 by ¢?, ¢/, 77

and the Eulerian gradient by applying the V-kernel to it.
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9.7.2 Curve Matching with Vector Measures

Instead of describing a curve with a measure, which is a linear form on functions,
it is possible to represent it by a vector measure, which is a linear form on vector
fields. Given a parametrized curve v : [a, b] — R4, we define a vector measure Uy,
which associates to each vector field f on R? a number (Vv | f ) given by

b
0 1) = [ 3@ £ oraan.

i.e., vy, = T, where T7 is the unit tangent to v and ., is the line measure along
v, as defined in the previous section. This definition is invariant under a change of
parametrization, but depends on the orientation of . If ¢ is a diffeomorphism, we
then have

b
Vor (f) =/ de(y) )" f o p(y(w)du.

As done with scalar measures, we can use a dual norm for the comparison of two
vector measures. Such a norm is defined by

Ivllws =sup{@ | f):IIfllw=1},

where W is now an RKHS of vector fields, and we still have ||v|%,. = (v | Kyv).
Still letting ¢ denote the kernel of W (which is now matrix-valued), we have

b b
il = [ [ 4w 0w, @i wauds
and
b b
IIV¢.~,|I%V»«=f f )" dp(y)T E(p(v(w)), p((v))dp(y(v)F(v)dudv.

Define E., . (¢) = ||V, — Uy ||3. We follow the same pattern as in the previous
section and define

E~(§0) = (Vgafy » Uy — V"‘,/>W*7
which (introducing (e, ) with ¢(0,-) =id and 0-¢(0,-) = h) is such that
0-E(p(e,-)) =20-E(p(e, -)) ate = 0. Define
20 = [ &N prap.
5

and ( = Z7 — ZV, (¥ = Z¥7 — Z7, so that (using (T¢")TT7 = (N¥")TN7)
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E(p) = / ¢("NYdo,..
@y

We can use Theorem 5.2, Eq. (5.4), to find
O-E(p(e, ) = —[det(¢, W] + / div(Q)(N")" hdl.
v

This yields in turn (replacing v by ¢ - 7, and letting po and p; be the extremities of
7)

12 .
50E,7(9) = =(Rep () Gatpy = Sotp) + VW O4T)

where Ry/» is a 90° rotation. This final expression is remarkably simple, especially
for closed curves, for which the first term cancels. A discrete version of the matching
functional can also be defined, namely, using the notation of the previous section:

N
Eyy(p) =Y &l e rf

ij=1
N N M

=2 N el HEDTT A+ D e, DT
i=1 j=1 ij=1

We leave the computation of the associated Eulerian differential (which is a slight
variation of the one we made with measures) to the reader.

9.7.3 Surface Matching

We now extend to surfaces the matching functionals that we just studied for curves.
The construction is formally very similar. If S is a surface in R3, one can compute a
measure g and a vector measure vs defined by

(s 1 f)= / f(x)dos(x) for a scalar f (9.48)
s

and
ws|f)= / f(x)TN(x)dOS(x) for a vector field f, (9.49)
s

where doyg is the volume measure on S and N is the unit normal (S being assumed
to be oriented in the definition of vy).
We state without proof the following result:
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Proposition 9.9 If S is a surface and ¢ a diffeomorphism of R3 that preserves the
orientation (i.e., with positive Jacobian), we have

(o) | f) = / f o) |dp(x) " N| det(dp(x))dos(x)
S

for a scalar f and for a vector-valued f,

(Vees) | f) Z/fOSD(X)Td<P(X)7TN det(dp(x))dos(x).
s

If ei(x), ex(x) is a basis of the tangent plane to S at x, we have
dp(x)™"N det(dp(x)) = (dp(x)er x dp(x)er)/ler X eal. (9.50)
The last formula implies in particular that if S is parametrized by

(u, v) — m(u, v), then (since N = (0ym x dhym)/|0ym x dym|and dog = |0ym x
O,m| dudv)

wslf)= /f(x)T(alm x Oym)dudv

— / det(@ym, Dym, F)dudv

and
(Vw(s) |f) = /det(dg&@lm,dgo@zm,fogp)dudv.

If W is an RKHS of scalar functions or vector fields, we can compare two surfaces
by using the norm of the difference of their associated measures on W*. So define
(in the scalar measure case)

Ess(p) = llptgs — pis 15y 9.51)

and the associated 3
E(p) = (pgs» p1s — 115 )y

so that, for ¢ (e, -) such that (0, ) = id and 9:¢(0, -) = h
O.E, (p(e, ) = 20-E(p(e, -)).

To a given surface S, associate the function

75() = fgé(up)das(l’)
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and ¢ = Z5 — 75, (¥ = 7¥5 — 7% Since
B = [ cwdo.sip.
[N
Theorem 5.4 yields
0.E(e. ) =~ [ o) hdo,
a8
+ / (—2¢H® + V(' NS) (N®) hdos
s
where H is the mean curvature on S. This implies
Iz o o — :
EaES,S, (@) = =S s + (— 2CPHS + (VCOI N5 u,.s. (9.52)
If we now use vector measures, so that

Es.5(0) = Vps — Vs I3 (9.53)

and ~
E(p) = (Vps. vs — sy

we need to define

z5¢) = f £C. p)N3dos(p)
S
and ¢ = Z5 — 75, (% = 295 — 7%, so that
E((p) :f CTN/’D'SdO'W.S.
S

Variations derive again from Theorem 5.4, yielding

0. = — / (" NS 1) — (Tn®)(hT N)) dos
oS

+ / div(O)(NHThdos.
N
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We therefore have

%éEs,Sf (@) = — (NS n?S — () n?S N?5) s
+div((P)vps.  (9.54)

Again the expression is remarkably simple for surfaces without boundary.
Consider now the discrete case and let S be a triangulated surface [289]. Let
X1, ..., xy be the vertices of S and fi, ..., fo be the faces (triangles) which are
ordered triples of vertices f; = (x;1, Xi2, X;3). Letc; be the center of f;, N; its oriented
unit normal and g; its area. Define the discrete versions of the previous measures by

0
(us |h) = Z h(ci)a;, for ascalar h (9.55)
i=1
and
0
(vs |h) = Z(h(ci)TNi)ai, for a vector field A. (9.56)

i=1

The previous formulae can be written as

K Xi1 +xip +x
il i2 i3
(us [h) = Zh(f)l(m —xi1) X (X3 — xi1)|

i=1
and

K
Xi1 + xi2 + xi3\ T
(s 1h) = Y h(—5—2) (2 — i) x (i3 = ).
i=1

where the last formula requires that the vertices or the triangles are ordered consis-
tently with the orientation (see Sect.4.2). The transformed surfaces are now repre-
sented by the same expressions with x;; replaced by (x;;). If, given two triangulated
surfaces, one defines Eg g (¢) = |[ptp.s — ps ||%v*’ then (leaving the computation to
the reader)

4

S0Es s = Y0 (X (V¢S ~ e x N

k=1 ixief;

where e, is the edge opposite x; in f; (oriented so that (xi, e;;) is positively ordered),
and ¢ = Z5 — Z%, with

K
Z5¢) =) &G, éa

i=1
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for a triangulated surface S. The Eulerian differential at ¢ is obtained by replacing
all x;’s by p(xz).

For the vector-measure form, Eg s (¢) = ||Vp.s — Vs II%V*, we get
1- N @
30Ess W0 =3 (Zf (@C(eIN) T = e x C(c0) )3,
= Xk ETi

still with ¢ = Z5 — Z¥', but with

) K
Z5() =) &G, &)Niay.

i=1

9.7.4 Induced Actions and Currents

We have designed the action of diffeomorphisms on measures by (¢ - pu |h) =
(p | h o ). Recall that we have the usual action of diffeomorphisms on functions
defined by ¢ - h = h o ™", so that we can write (¢ - p1 |h) = (1 |~ - h). In the
case of curves, we have seen that this action on the induced measure did not corre-
spond to the image of the curve by a diffeomorphism, in the sense that fi.,., # ¢ - 1.
Here, we discuss whether the transformations p, — fi,., Or v, — v,., (and the
equivalent transformations for surfaces) can be described by a similar operation, e.g.,
whether one can write (¢ - p | h) = (u | o x h) where * would represent another
action of diffeomorphisms on functions (or on vector fields for vector measures).

For ., the answer is negative. We have, letting 7 (y(x)) be the unit tangent
to 7,

b
(Hon | 1) = / h(e(y@))|dp(y () (u)|du
b
2/ h(e(y)lde(y@)T )|y (w)|du,
so that (pyy |h) = (1 |ho@ldeT|), with some abuse of notation in the last

formula, since T is only defined along «. The important fact here is that the function

h is transformed according to a rule which depends not only on the diffeomorphism

¢, but also on the curve -, and therefore the result cannot be put in the form ¢! * A.
The situation is different for vector measures. Indeed, we have

b
Vo, () = / (do (1)) h o oy (w))du

= (1/7, |d<pTh o <p).
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So, if we define p x h = d(¢~")"h o o=, we have (v, |h) = (v, |~ «h). The
transformation (¢, h) +— @ % h is a valid action of diffeomorphisms on vector fields,
sinceid x i = h and p * (» x h) = (p o ¢)) % h, as can easily be checked.

The same analysis can be made for surfaces; scalar measures do not transform
in accordance to an action, but vector measures do. Let us check this last point by
considering the formula in a local chart, where

(Ves) | 1) = /det(dcp ovm, dyp Ohm, h o p)dudv

= / det(dp) det(dym, dam, (d)~'h o @)dudv
= (vs |det(dp)(dp) 'ho ).
So, we need here to define

@xh=det(d(@ ")) Thop™ = (dph/det(dp)) o .

Here again, a direct computation shows that this is an action.

We have just proved that vector measures are transformed by a diffeomorphism ¢
accordingtoarule (p-p |h) = (u | o ' xh ) the action » being apparently differ-
ent for curves and surfaces. In fact, all these actions (including the scalar one) can be
placed within a single framework if one replaces vector fields by differential forms
and measures by currents [126, 127, 289].

The reader may refer to Sects. B.7.1 and B.7.2 for basic definitions of linear and
differential forms, in which the space of differential k-forms on R4 is denoted 2,
or Q,f. We can consider spaces of smooth differential k-forms, and in particular,
reproducing kernel Hilbert spaces of such forms: a space W C £2; is an RKHS if,

forevery x € R? and ey, ..., ¢, € R?, the evaluation function
(e1,...,e)0, 1 q— (q(x) |er,...,ex)
belongs to W*. Introduce the duality operator, so that Ky ((eq, ..., ex)d,) € W.

Introduce, for x, y € RY, the 2k-linear form £(x, y) defined by

Ex, ) ler,.oves fisoo fi) = Kwler, ..., er)6) O | fis -y fo)-

Notice that this form is skew-symmetric with respect to its first k and its last k
variables and that

(Eclers.ove) & (fia s f)y = € y) ler, .. oe fio.s fio),

so that £ may be called the reproducing kernel of W. Similar to vector fields, kernels
for differential k-forms can be derived from scalar kernels by letting
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(f(x,y) |€],...,€k;f],...,fk)=

g(x,y)<el X oo Xep, f1 X ka)AH,
(9.57)

where the dot product on the space of k-linear forms, Ay, is the product of coeffi-
cients of the forms over a basis formed by all cross products of subsets of k elements
of an orthonormal basis of R?, as described in Sect.B.7.1.

Elements of the dual space, W*, to W are therefore linear forms over differential
k-forms, and are special instances of k-currents [107, 210] (k-currents are bounded
differential forms over C* differential k-forms with compact support, which is less
restrictive than being bounded on W). Important examples of currents are those
associated to submanifolds of R¢, and are defined as follows. Let M be an oriented
k-dimensional submanifold of R¢. To a differential k-form ¢, associate the quantity

(m 1g) = /M(q(X) lei(x), ..., ex(x)), doy(x)

where ey, ..., e is, for all x, a positively oriented orthonormal basis of the tangent
space to M at x (by Eq. (B.16), the result does not depend on the chosen basis).

If W is an RKHS of differential k-forms, 7,, belongs to W* and we can compute
the dual norm of 7,,, which is

1 13- =/ / Ex,y) lerx),...,ex(x);e1(y), ..., ex(y))doy(x)doy(y)
MJIM

or, for a scalar kernel defined by (9.57),

[ / / Er, fer () x - xep(x), e (y) x -+ x e(y),
MJIM
doy (x)dom(y).

The expressions of 7, and its norm in a local chart of M are quite simple. Indeed,
if (uy, ..., ug) is the parametrization in the chart and (0;m, . .., Oym) the associated
tangent vectors (assumed to be positively oriented), we have, for a k-form ¢ (using
(B.16))

(g |Om,...,0m)=1(q |ei,...,e)det(Oym,...,Oxm)
which immediately yields

(g |Om,...,0m)duy...duy = (q |ey,...,ex)doy.

We therefore have, in the chart,

(Mm |Q)=/(CI |Oym, ..., 0wm)du; ...duy
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and similar formulas for the norm.
Now consider the action of diffeomorphisms. If M becomes ¢ (M), the formula
in the chart yields

() ’q):/(qo(p |dpOim, ..., dpdym)duy ... duyg

so that (nuy | q) = (qu 1G) with
@) | fi, -5 fi) = (@) [defi,....defi).

As we did with vector measures, we can introduce the left action on k-forms (also
called the push-forward of the k-form):

(exq | fioooon fi)=(qgoe |d ™) fi.....d™ " fi)

and the resulting action on p-currents

! *q), (9.58)

-nlg)=nle"
so that we can write o) = ¢ - u.-

This is reminiscent of what we have obtained for measures, and for vector mea-
sures with curves and surfaces. We now check that these examples are particular
cases of the previous discussion.

Measures are linear forms on functions, which are also differential O-forms. The
definition (¢ - 1 | f) = (i | f o ) is exactly the same as in (9.58).

Consider now the case of curves, which are 1D submanifolds, so that k = 1. If ~
is a curve, and 7 is its unit tangent, we have

b
(ny |q) = / (q(y) | T)do,, = / (@(yw) |5(u))du.
ol a

To a vector field & on RY, we can associate the differential 1-form qp, defined by
(gn(x) |v) = h(x)Tv. In fact all differential 1-forms can be expressed as g;, for
some vector field /2. Using this identification and noting that (v, |h) = (1, | qx).
we can see that the vector measure for curve matching is a special case of the currents
that we have considered here.

For surfaces in three dimensions, we need to take k = 2, and if S is a surface, we
have

(s 1q) =/S(q(x) le1(x), ex(x))dos(x).

Again, a vector field f on R3 induces a 2-form qy, defined by (q f |v1, vz) =
det(f, vi, v2) = fT(v; x v2), and every 2-form can be obtained this way. Using the
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fact that, if (eq, e») is a positively oriented basis of the tangent space to the surface,
then e; X e = N, we retrieve (vg | f) = (775 |qf).

9.7.5 Varifolds

A differential k-form w on R? uniquely defines a function on the product space R? x
Gr(d, k), the product space of RY with the set of all oriented k-dimensional subspaces
of R? (called the oriented Grassmannian, on which a manifold structure similar to
the one discussed in Sect. B.6.7 for the Grassmann manifold can be defined). One can
indeed assign to any pair (x, «) in that set the scalar F, (x, o) = (q(x) |ey, ..., ex)
where ey, .. ., e is any positively oriented orthonormal basis of «, and the value does
not depend on the chosen basis. Given an oriented k-dimensional submanifold of R4,
one can define the linear form on continuous functions F defined on R¢ x G/r(d k),
given by

(Pm | F) =f F(p, TyM)doy,
M

where T\, M is considered with its orientation. The current 7)), defined in the previous
section is such that (1, |q) = (ﬁM | F, )

When one wants to disregard orientation, which may be convenient, and some-
times necessary in practice, it is natural to replace Gr(d, k) by Gr(d, k) (the Grass-
mannian) and define the same linear form (that we now call p,,) on functions defined
onRY x Gr(d, k). The linear form py; is a special case of a varifold, where varifolds
are defined as (Radon) measures on RY x Gr(d, k).

From this point, and following [61], one can make a construction analogous to
the one just described for measures on R?. Given a reproducing kernel Hilbert space
W of functions defined on R? x Gr(d, k), define the square distance between two
k-dimensional submanifolds of R¢ by

DM, M"Y = llpy — pur I3y

For the approach to be practical, one needs to have explicit kernels on R? x Gr(d, k).
Referring to [61] for a complete discussion, we note here that a class of such kernels
can be designed based on the following observations.

(i) The function defined for «, 3 € (Tr(d , k) by
(e, B) = [e1(x) x -+ x e (), fily) X -+ X i), s
where (elg ...,er)and (f1, ..., fi) are positively oriented orthonormal bases

of & and 3, is a positive definite kernel. Hence, the function defined for o, 5 €
Gr(d, k)
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£ B) = [er(0) x -+ x ex(x) . i) x - x i), -

where (eq, ..., er) and (fi, ..., fi) are orthonormal bases of o and (3, is also

definite positive. More generally, if £ is positive definite on Gr(d, k), then

E=f (f ) is definite positive on Gr(d, k) for any even analytic function f whose

derivatives at O are all non-negative, and at least one of them positive. These

statements simply use the fact that products of positive kernels remain positive.
(i1) If n is a positive kernel on differential p-forms, then 5 defined by

Ex, a9, 0) = 0, y) e e fiseons fi)

is a positive kernel on RY x Gr(d, k).
(iii) If £ is a reproducing kernel on R¢ and ¢ a reproducing kernel on Gr(d, k),
then ¢ defined by

Ex, a5y, B) = £V (x, EP(a, B

is a reproducing kernel on R? x Gr(d, k).

Applying this to surfaces, for example, and using the discussion at the end of the
previous section, we find that taking

- 2
(o5 s p3ly. = /S /S £(x, 5) (1+a(N(x)TNoz)) )dagmdas(x),

where ¢ is a reproducing kernel on R¢, provides an RKHS dual inner-product on
varifolds. The discretization of such a norm is similar to those detailed for scalar and
vector measures and is left to the reader.

9.8 Matching Vector Fields

We now study vector fields as deformable objects. They correspond, for example, to
velocity fields (that can be observed for weather data), or to gradient fields that can
be computed for images. Orientation fields (that can be represented by unit vector
fields) are also interesting. They can correspond, for example, to fiber orientations
in tissues observed in medical images.

We want to compare two vector fields f and f’, i.e., two functions from R? to
R?. To simplify, we restrict ourselves to E 1,77 () being the L? norm between ¢ - f
and f’, and focus our discussion on the definition of the action of diffeomorphisms
on vector fields.

The simplest choice is to use the same action as in image matching and take
¢- f = foe !, where f is a vector field on R?. It is, however, natural (and more
consistent with applications) to combine the displacement of the points at which f
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is evaluated with a reorientation of f, also induced by the transformation. Several
choices can be made for such an action and all may be of interest depending on the
context.

For example, we can interpret a vector field as a velocity field, assuming that
each point in £2 moves on to a trajectory x(¢) and that f(x) = x(¢), say at time
t = 0. If we make the transformation x — x’ = ¢(x), and let f’ be the transformed
vector field, such that x'(0) = f'(x’), we get: x'(0) = dp(x)x(0) = f' o p(x) so
that f' = (dy f) o ¢~ '. The transformation f > (dy f) o ¢! is an important Lie
group operation, called the adjoint representation (Ad,, f). This is anecdotal here,
but we will use it again later as a fundamental tool. So, our first action is

pxf=(dpflop.

To define a second action, we now consider vector fields that are obtained as
gradients of a function I: f = VI.If I becomes ¢ -1 =1 o ™!, then f becomes
d(@™"TVI o ¢!, This defines a new action

pxf=de ) fop ' =(de T oy

This action can be applied to any vector field, not only gradients, but one can check
that the set of vector fields f such that curl f = 0 is left invariant by this action.

Sometimes, it is important that the norms of the vector fields at each point remain
invariant under the transformation, when dealing, for example, with orientation fields.
This can be achieved in both cases by normalizing the result, and we define the
following normalized actions:

—_ d‘Pf)Q 1
<P*f—<|f|—|d(pf| ®

P d‘P_Tf>O —1
poxf= <|f|—|d<p—Tf| @

(taking, in both cases, the right-hand side equal to O if | f| = 0).

We now evaluate the differential of Ef, (¢) = ll¢ - f — f' ||§, where ¢ - f isone
of the actions above. We will make the computation below under the assumption
that f is C' and compactly supported. For the * action, we can observe that, for
p=1id + A,

oxf—f=dhfo(ld+h) "+ fold+hn~"—f
so that

oxf—f—dhf+dfh=dh(foGd+h) "= f)+ fo(d+h)"
— fo@ld—h)+ fo(id—h)— f+dfh.
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Using the fact that [|(id + /)" — id||sc = /1]l

IGd + )~ = (id = D)lloo = llh 0 (id + h) — hlloo < [IB]7

and letting
W (e) = sup sup | f(x +0) — f(x) — df (x)5]

xeRd |0]<e

we find that
o= f = f —dh f+df hlloo < Il Fllooll2l1} s + ILf oo 1211 o + @3 (12]]0)-
Noting that w;l)(s) = o(¢), we find that

Il f—f—dhf+dfhlle=o(lhl1c)- (9-59)

Using this estimate, it is now easy to show that Ef, s : Diffy™ — R is differen-
tiable at ¢ = id with derivative

(dE;pGd) | k) =2(dh f —df b, f— f),
= Zf (dh f—df W' (f — fdx.
2

For f + % f to map compactly supported C' vector fields into vector fields
with the same property, we need to take twice-differentiable diffeomorphisms, i.e.,
pe Diff(z)‘oo. Over this group, we find that E /- is differentiable everywhere, with

(dEy ;@) [ 1) = (dEysp.p(id) [hog™t).
The Eulerian derivative is then given by

(OEfp@) [v) = (dEypus s (d) |v)
=2dv (W f)—dW* fHv, = f— f),.

This expression can be combined with (9.44) to obtain the Eulerian gradient of U,
namely

V' Es ) =

2/9 (DK ()W % f— f1oibx ) — K(ox)d(@hx )T W x f — 1) dx.

The Eulerian differential can be rewritten in another form to avoid the intervention
of the differential of /. The following lemma is a consequence of the divergence
theorem.

Lemma 9.10 If 2 is a bounded open domain of R¢ and v, w, h are smooth vector
fields on R4, then
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/dehwdx=/ WTh) (W N)doye
2 082

—/ (wdv"h + (divw)(v" h))dx. (9.60)
2

Equation (9.60) can be rewritten as

(dh w, v)2 = ((wTN)vaa_Q | h) - (dv w~+ (divw) v, h)z' (9.61)
Proof To prove this, introduce the coordinates Al ..., h? for hand v!, ..., v for
v so that .,

v dhw = Z v (VAH T w.

i=l
Now, use the fact that
d
divw hw) = div( 3 vl‘hiw)
i=1
d
- Z (W' (VEY w + K (Vo) w + hyv' div w)
i=1

= vldhw + hTdvw + (KT v)divw

and the divergence theorem to obtain the result. (I

Using this lemma with £2 large enough so that f vanishes on 052, we find
(dEspGd) |h) = =2(df —df') f +div £ (f = f)+df " (f = £)), h),,

which directly provides a new version of the Eulerian derivative at an arbitrary ¢,
with the corresponding new expression of the Eulerian gradient:

VB =2 [ Ken(des £ = £ )
+divex )@ [ = f)+dlpx HTpx f = f))dx.

Let us now consider the normalized version of this action. We will make the
computation under a few additional assumptions on f, namely, that f is compactly
supported and f/| f| can be replaced by a smooth unit vector field that can be extended
to an open set that contains the support of /. More precisely, we will assume that there
exists a scalar function p, continuously differentiable and supported by a compact
set O, and a vector field u such that |u(x)| = 1 for all x in an open set £2 containing
0, u is continuously differentiable on £2 and f(x) = p(x)u(x). With this notation,
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we have
_] pxu

lo s ul’

pxf=poyp
Note that, for z # 0, the derivative of z/|z] is

1
hi> h/lz| — 22" /)2’ = Pkl

where 7,1 is the orthogonal projection on the space of vectors perpendicular to z.
Consider ¢ = id 4+ h forsome h € Diff(l)’oo. Letd = dist(Q, £2¢) and assume that

hlleo = llp™" —idlleo < 8/2.
From (9.59), we have, letting £2’ be the set of x € R? such that dist(x, Q) < 4,

sup [(p s u)(x) —u(x) — dh(x)u(x) +du(x)h(x)] = o(llhll10),

from which we deduce

(@ *u)(x)

sup —u(x) — m (dh(x)u(x) — du(x)h(x))| = o(||1]l1,00)-
re' | (@ u)(x)]

Since [[po ™! — p— Vp'hll = o(||h]lx), we obtain the fact that E ;s is differ-
entiable at ¢ = id with

(dEfpGd) |h) =2(=Vp hu+pm,(dhu—duh) | f—f)
==2(Vp'hu | f— f') = 2(p(dhu—duh) |m.(f)).
Assuming now that ¢ € Diff3™, we obtain the fact that E . ;- is differentiable at 1),
" (@E3 s ) [ 1) = (@Byay i) [ o).
The Eulerian derivative is
(OE7p () |v) = (dEyssp(d) [v).

Finally, we note that after integration by parts, we can write

dE;p(id) =2(—u" (f — fHYVp+ pdu” (m,o(f")
+d (T, (f) f + div(f)me (f))dx.

The computations for ¢ * f = (dp~" f) 0o ¢! and its normalized version are
very similar. One only needs to note that (9.59) is now replaced by
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lp* f = f+dh" f+df hllo = o(l]]1.00)- (9.62)

As a consequence, the formulas for the differentials of the » and x can be deduced
from the * and ¥ actions by replacing (dh f — df f) by (—=dh” f —df h).
For the unnormalized action, this yields

(dE;pGd) |h) = =2(dh(f — f). f), = 2df"(f = £)). h),
=2(df —df")(f — f)+div(f — f)f . h),

and OF 1.7 (¢) is obtained by replacing f by ¢ * f. To obtain the differential of E s, ¢/
for the normalized » action, we get

(dE;p(d) |h) = =2(Vp hu | f — f')+2(p@h" u+duh) |7, (f)),
where f = pu as above, which can also be written as
dEjp(id) =2(—u" (f = fHYVp+ (pdu" — df)(m, (f') — div(m,. (f) f)dx

As an example of application of vector field matching, let us consider contrast-
invariant image registration [90]. If / : £2 — R is an image, a change of contrast is a
transformation I — ¢q o I, where ¢ is a scalar diffeomorphism of the image intensity
range. The level sets I, = {x, I (x) < A} are simply relabeled by a change of contrast,
and one obtains a contrast-invariant representation of the image by considering the
normals to these level sets, i.e., the vector field

f=VI/IVI|

with the convention that f = 0 when VI = 0. Two images represented in this way
can now be compared using vector field matching. Since we are using normalized
gradients, the natural action is (¢, f) — @ f. For our results to hold, some reg-
ularization needs to be applied, replacing f by p f where p = 1 and f = f when
| f| = 1, f is a unit vector field that smoothly extends f over a neighborhood of the
domain over which | f| = 1, p is smooth and vanishes outside this neighborhood.

9.9 Matching Fields of Frames

We now extend vector field deformation models to define an action of diffeomor-
phisms on fields of positively oriented orthogonal matrices, or frames. We will restrict
ourselves to dimension 3, so that the deformable objects considered in this section
are mappings x — R(x), with, forall x € £2, R(x) € SO3(R) (the group of rotation
matrices).

The * and % actions we have just defined on vector fields have the nice property
of conserving the Euclidean dot product when combined, that is
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(ex NTexg)=(fTgrop™.

Since * and * also conserve the norm, we find that (¢ * f, ¢ x g) is orthonormal as
soon as (f, g) is.
We now define an action of diffeomorphisms on fields on frames. Writing R(x) =

(fi(x), L(x), f3(x)), we let
@ R=(p* fi. (¢ f3) X (p* f1), o * f3). (9.63)

That this defines an action is a straightforward consequence of * and x being actions.

The action can be interpreted as follows. Given a local chart in R3, which is
a diffeomorphic change of coordinates x = m(s, t, u), one uniquely specifies a
positively oriented frame R,, = (fi, f2, f3) by fi = 0iym/|0im| and f5 = (Oym X
Oym)/|01m x 0,m]|. Then, the action we have just defined is such that ¢ - R is the
frame associated to the change of coordinates ¢ o m, i.e.,

Ryom 00 = - Ry.

The transformation m — R,, has in turn the following interpretation, which is rel-
evant for some medical imaging modalities. Let the change of coordinates be adapted
to the following stratified description of a tissue. Curves s +— m(s, t, u) correspond
to tissue fibers, and surfaces (s, ) +— m(s, t, u) describe a layered organization. The
cardiac muscle, for example, exhibits this kind of structure. Then f} in R,, represents
the fiber orientation, and f3 the normal to the layers; ¢ - R, then corresponds to the
tissue to which the deformation ¢ has been applied.

Frame fields are typically observed over some object-dependent subregion of the
observation domain. To account for this, we assume that we are dealing with weighted
fields of frames, taking the form A = p R, where the weight p vanishes outside a
compact set and R is smooth over a neighborhood of this compact set. We will then
consider the action

p-A=(poyp Hp-R.

The computations of the previous sections can now be applied to each column of A.
In particular, letting ¢ = id 4+ &, we have ¢ - A = A + (w1, wa, w3) + o(||2]l1.00)
with, writing R = (f1, /2. f3),

wi =— (Vo' h) fi + pr s (dhfi — dfih),
wy =— (Vp'h) fs = prpu(dh” f5 + dfsh),

wy == (Vo' fo = p (mye (@h” fy+dfsl) x fi

+pfs x (g dnfy — dfi))

Noticing that, for any vector u € R?,
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— T T _ T
<7Tf3iu> x fi= (W' ffi+w L)) x fi=-w'f)fs

and similarly f3 x (w_f#u) = —u" f>) fi, we can simplify the expression of w,,
yielding
wi = — (Vp'h) fi + prpi(dhfi — dfih),

wy = — (Vo' h) fo + p((dh” f5 +dfsh)T ) f3
— p((dhfi —dfil)" f>) f1,
w3 =~ (Vo' h) fs = p i (dh” f5 + dfsh).

(9.64)

Consider the matching functional
Ennto)= [ lo-d = AP dx
R

with |A|> = trace(AT A).If A = pR and A’ = p' R', then

|A — A2 = 3p> — 2pp'trace(RTR') + 3p'”
=3(p— p)* +2pp'trace(Id — RTR').

Introducing the rotation angle, 8, from R to R’, defined by
trace(RTR) = 1 + 2 cos 6, (9.65)

we get
A — A1 =3(p—p)?+4pp'(1 —cosh).

Obviously, if A = (uy, uz, uz) and A" = p(u}, u}, uy), we also have
2 2 2 2
A — A" = |uy —u}|” + lup — ub|” + Juz — uj|”.

Using this, one gets the expression of the differential of E4 4 at ¢ = id,
(dEaa(d) |h) = 2/ trace(W' (A — A")) dx,
]RZ

where W = (w1, w», w) is given by (9.64). In particular,
trace(W' (A — A")) = —Vp"h (3p — ptrace(R" R"))
+ppl@hfi = dfil)" (=7 (D + T 1) 12)
— @ fs+ AT (=7 () + T D ).
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Letting

whw = o0 (=7 D+ T 1D 1)
wha = o (=7 () + 1)

and using Lemma 9.10 to eliminate dh, we find

dE4 4 (id) = 2( — (3p — p'trace(R"R")) Vp — duL,A,fl - div(fl)uL’A,

—dfiuy 4+ diV(“i,A/)fs)dx-
(9.66)

9.10 Matching Tensors

The last class of deformable objects we will consider in this chapter are fields of
matrices (or tensor fields). For general matrices, we can use the actions we have
defined on vector fields, and apply them to each column of M, where M is a field of
matrices. The differential of matching functionals is then computed as done in the
previous two sections.

One sometimes needs to consider subclasses of tensors, and therefore define an
action that leaves this subclass invariant. Here we consider symmetric matrices, which
have especially been studied in diffusion tensor imaging (DTI) [6]. The previous
actions applied to each column do not work, because they would break the symmetry.
A simple choice to address this is to make the diffeomorphism also act on the right,
in transpose form, defining, for a field x +— S(x) of symmetric matrices

@*S = (dpSdp") o™
xS = (dw_TSdap_l) o (p_l.

We leave to the reader the computation of the differentials of objective functions
derived from these actions.

These actions are not necessarily well adapted to DTI data, though, for which alter-
native options may be considered. DTI produces, at each point x in space, a symmetric
positive definite matrix S(x) that measures the diffusion of water molecules in the
imaged tissue. Roughly speaking, the tensor S(x) is such that if a water molecule is
at s at time ¢, the probability of being at x + dx at time ¢ + d is centered Gaussian
with variance dt?dx” S(x)dx.

If we return to the structured tissue model discussed in the last section (repre-
sented by the parametrization x = m(s, t, u)), we can assume that molecules travel
more easily along fibers, and with most difficulty across layers. So the direction of
Oym is the direction of largest variance, and dym x O,m of smallest variance, so
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that the frame R,, = (fi, f2, f3) associated to the parametrization is such that f; is
an eigenvector of S for the largest eigenvalue, and f3 for the smallest eigenvalue,
which implies that f, is an eigenvector for the intermediate eigenvalue. According
to our discussion in the last section, a diffeomorphism ¢ should transform § so that
the frame Ry formed by the eigenbasis of S transforms according to the action of
diffeomorphisms on frames, namely, R,.s = ¢ - Ry defined in (9.63).

So, if we express the decomposition of S in the form

S=MAF bl 64

with \; > A\, > A3, we should take
o-S=MAF+ bl + A (9.67)

with (1, fo, f3) =@ (fi, fo. f3) and \; = \; oo™, i = 1,2, 3. The action on
eigenvalues expresses that intrinsic tissue properties have not been affected by the
deformation. If there are reasons to believe that variations in volume should affect
the intensity of water diffusion, using the action of diffeomorphisms on densities
may be a better option, namely \; = detd (=" )\; o o~

The action with \; = \; o ¢~ !isidentical to the eigenvector-based tensor reorien-
tation discussed in [6]. One of the important (and required) features or the construc-
tion is that, although the eigen-decomposition of S is not unique (when two or three
eigenvalues coincide) the transformation S + ¢ - § is defined without ambiguity.
This will be justified below.

The following computations require that \j, A, A3 are C' and vanish outside
a compact set, and that Ry is smooth in a small neighborhood of this compact set.
They are sketchily justified here, as they strongly resemble the computations that have
been done before. It will be convenient to introduce the three-dimensional rotation
Us(¢) = ((¢ - Rs) o ¢) RY, so that

p-S=Us(@)SUs(p) ) op™".
Taking ¢ = id 4 h, we have Ug(p) — § = ws(h) + o(||1]l1.00), Where

ws(h) = wpdhfy fT = ((wprdh” f3) x ) f)
+ (fs X (wpedhfi)) £} = (wyedh” f3)

is a skew-symmetric matrix. With this notation, we can write

- S=S=wsh)S — Sws(h) —dSh+o(||h|1,c0)-
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(Here d S h is the matrix with coefficients (VSY)Th.) Letting
Eostp) = [ mace((o- = )7
we then get
(dEs.s(id) |h) =2 /9 trace((S — §')(ws(h)S — Sws(h) — dS h)) dx,

with, as usual, for ¢ € Diffy™, (dEs s (¥) |h) = (dEy.55(id) |h o) and
(0Es,s () |v) = (dEy.s.5(@d) |v).

Here again, the derivatives of 4 that are involved in wg(%) can be integrated by
parts using the divergence theorem. Let us sketch this computation at 1) = id, which
leads to a vector measure form for the differential. We focus on the term

(nlh):= / trace((S — S") (ws(h)S — Sws(h)))dx = / trace(Aws(h))dx,
2 2

where A = S(S—8') — (§— 8)5 =SS — §'S, and want to express 7 as a vector
measure. We have (using the fact that A is skew symmetric and that (fi, f2, f3) is
orthonormal)

—trace(Aws(h)) = (ws(h) [T Afi + (ws(h) )" Afo + (ws(h) )T Af
= (mdhfi)" Afi — (ryedh” f3) x f)TAf2
+ (fs x (mprdhfi)  Afy — (mprdh” f3)T Afs
= (dhf) ug g — @h" f) u3 g,

with

u§ g =7 (Afi + (Afs X f3))
and u} ¢ = 7 (Afs + (fi x Af).

It now remains to use Lemma 9.10 to identify 7 as

n = (dul g fi +div(foul g — dfsuy g — div(ud ¢) f3)dx.

To write the final expression of d Es ¢ (id), define (S — S") © d S to be the vector

3
(S—ShodS= (sV—(H)Vs’,

ij=1
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so that we have

dEs, g (id) = 2(dug g fi + div(fug g — dfsus
— diV(u?’S,)]% —(§—=5)0odS)dx. (9.68)
We now generalize this action to arbitrary dimensions, in a way that will provide

a new interpretation of the three-dimensional case. Decompose a field of d by d
symmetric matrices S in R? in the form

d
S) = Ne(@) fi (@) fi (o)

k=1

with Ay > .-+ > Ay and (fi, ..., fy) orthonormal. The matrices f; fkT represent the
orthogonal projections on the one-dimensional space R f; and, letting

Wi = span(f1, ..., fr),

and noting that the projection on Wy, my, is equal to fi f +---+ fi fl, we can
obviously write

d
S() =Y M@ Tw ) — Tww)-
k=1

where we have set Wy = {0}.
Define the action S — ¢ - S by

d
p-S§S= (Z Ak (de(Wk) - de(Wkl))) °© (p_l

k=1

In three dimensions, because
dof)" fsoo=(ff f)/lde™" f31 =0,

we see that dp f> € span(f] o P, fz o ). Since fl o ( is proportional to d¢p f|, we
can conclude that

dy span(fi, f>) = span(fi o ¢, f> 0 ).

This proves that the action we have just defined coincides with the one we have
considered for the case d = 3.

Returning to the general d-dimensional case, the definition we just gave does not
depend on the choice made for the basis fi, ..., fs. Indeed, if welet g > --- > p,
denote the distinct eigenvalues of S, and Ay, ..., A, the corresponding eigenspaces,
then, regrouping together the terms with identical eigenvalues in the decomposition
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of S and ¢ - S, and letting
Ii=A1+---+ A, Io={0},

we clearly have

q
S(x) = Zuk(x)(ﬁn.(x) = T ()
k=1

and

q
p-§= (Z M (”dw(l"k) - deULO)) ° 9071'

k=1

Since the decomposition of S in terms of its eigenspaces is uniquely defined, we
obtain the fact that the definition of ¢ - S is non-ambiguous.

9.11 Pros and Cons of Greedy Algorithms

We have studied in this chapter a series of deformable objects, by defining the rel-
evant action(s) that diffeomorphisms have on them and computing the variations of
associated matching functionals.

This computation can be used, as we did with landmarks and images, to design
“greedy” registration algorithms, which implement gradient descent to progressively
minimize the functionals within the group of diffeomorphisms. These algorithms
have the advantage of providing relatively simple implementations, and of requiring
a relatively limited computation time.

Most of the time, however, this minimization is an ill-posed problem. Minimizers
may fail to exist, for example. This has required, for image matching, the implemen-
tation of a suitable stopping rule that prevents the algorithm from running indefinitely.
Even when a minimizer exists, it is generally not unique (see the example we gave
with landmarks). Greedy algorithms provide the minimizer corresponding to the path
of steepest descent from where they have been initialized (usually the identity). This
solution does not have to be the “best one”, and we will see that other methods can
find much smoother solutions when large deformations are involved.

To design potentially well-posed problems, the matching functionals need to be
combined with regularization terms that measure the smoothness of the registration.
This will be discussed in detail in the next chapter.
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