Chapter 1 ®)
Parametrized Plane Curves Creck for

1.1 Definitions

‘We start with some definitions.

Definition 1.1 A (parametrized plane) curve is a continuous mapping m : I — R?,
where I = [a, b] is an interval.

A curve m is closed if m(a) = m(b).

A curve m is a Jordan curve if it is closed and has no self-intersection: m(x) =
m(y) only for x = y or {x, y} = {a, b}.

A curve is piecewise C! if it has everywhere left and right derivatives, which
coincide except at a finite number of points.

The range of a curve m is the set m([a, b]). It will be denoted by R,,.

Notice that we have defined curves as functions over bounded intervals. Their
range must therefore be a compact subset of R? (this forbids, in particular, curves
with unbounded branches).

A Jordan curve is what we can generally accept as a definition of the outline of a
shape. An important theorem [292] states that the range of a Jordan curve partitions
the plane R? into two connected regions: a bounded one, which is the interior of
the curve, and an unbounded one (the exterior). The proof of this rather intuitive
theorem is quite complex (see, for example [184] for an argument using Brouwer’s
fixed point theorem).

However, requiring only continuity for curves allows for more irregularities than
what we would like to handle. This is why we will always restrict ourselves to
piecewise cl, generally Jordan, curves. We will in fact often ask for more, and
consider curves which are regular (or piecewise regular).

Definition 1.2 A C' curve m : I — R? is a regular curve if Om # O forallu € 1.
If m is only piecewise C', we extend the definition by requiring that all left and right
derivatives are non-vanishing.
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2 1 Parametrized Plane Curves

Here, and in the rest of the book, we will use either Om or m to denote the derivative
of a function u + m(u).

The previous definition is fundamental. It avoids, in particular, curves which are
smooth functions (C°, for example) but with a range having geometric singularities.
Consider the following example: let

(o), 0), ue€l0,1/2]
m(u) = {(1, o —1/2)), uell/2,1]
with () = 16u?(1 — u)?, u € [0, 1]. It is easy to check that m is continuously
differentiable, whereas the range of m is the corner [0, 1] x {0} U {1} x [0, 1].

We will say that a curve m : [a, b] — R? is CP if it is p times continuously
differentiable, including all right derivatives at a and left derivatives at b up to order
p. If the curve is closed, we will implicitly require that the derivatives at a and b
coincide. More precisely, a closed curve is C? if and only if m is C” when restricted to
the open interval (a, b), and so is the curve m defined on (a, b) by m(u) = m(u + ¢)
ifu € (a,b—clandmu) =m@w +ec—b+a)ifu € [b—¢,b) (forsome0 < & <
b —a).

Alternatively (and more conveniently), closed curves can be handled by consid-
ering the interval [a, b] closed onto itself after identifying a and b (which provides a
one-dimensional torus). We will denote this torus by [a, b], and leta ~ b € [a, b],
denote a or b after the identification. For u, v € [a, b],, we let

di(u,v) = min(lu —v|, (b —a) — |u — v|). (1.1)

This is a distance on [a, b], (if u (or v) are equal to ab, the result does not depend
on which value is chosen to compute the expression).

If0 € Randu € [a, b, wedefineu +, 0 € [a, bl.byu + 6 — (u +4 ) = k(b —
a) for some integer k (so that we consider addition modulo b — a). A function
f : la, bl, — R?is continuous on [a, b], if and only if, for all u € [a, b, | f (u ++
0) — f(u)] = Owhend — 0, whichis equivalentto f (u) = f(u) for some function
f continuous on [a, b] satisfying f (a) = f (b). One defines derivatives of functions
by
f(u+*5)_f(“)

1)

Of ) = lim

when the right-hand side exists and higher derivatives are defined accordingly. With
this notation, it is easy to see that C? closed curves are functions m : [a, b], — R?
with at least p continuous derivatives.

We also use integrals along [a, b], as follows: if ug, u; € [a, b] and [ : [a, b] —
R4 is continuous, then
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/Ml f)dvifuy <u
/ul f)dv, = 0 (1.2)
uo b o

/ f)dv —/ f)dv ifu; < uyp.

This is the integral of f along the “positively oriented arc” going from ug to u; in
[a, b].. Note that

/ F)dv, # / F)dv,

in general. For example fba f)dv, =0forall f.
The length of the positively oriented arc going from uq to u; is

0. ) /"‘d luy — uol if ug < uy
«(Uo, U1) = Vy 1= .
o (b—a) — |uy —uol|if uy < uo.

With this notation, d, (ug, u;) = min(€, (ug, uy), £s(uy, ug)).

1.2 Reparametrization Equivalence

1.2.1 Open Curves

Definition 1.3 Let m : I — R? be a plane curve. A change of parameter for m is a
function 1) : I’ — I such that:
(i) I’ is a bounded interval;
(ii) 9 is continuous, increasing (strictly) and onto.

From (ii), ) is one-to-one and onto, hence invertible. Its inverse, ¥~ is also
a change of parameter (the proof being left to the reader). In particular, 1 is a
homeomorphism (a continuous invertible function with a continuous inverse).

The new curve m = m o 1) is called a reparametrization of m. The ranges R,, and
‘R coincide.

1

When m belongs to a specific smoothness class, the same properties will be
implicitly required for the change of parameter. For example, if m is (piecewise)
C', + will also be assumed to be C' (in addition to the previous properties). When
working with regular curves, the following assumption will be made.

Definition 1.4 If 7, I’ are bounded intervals, a regular change of parameter is a C 1
function 1 : I’ — I which is onto and satisfies ) > 0 everywhere (including left
and right limits at the bounds).
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A piecewise regular change of parameter is continuous, piecewise C! and such
that its left and right derivatives (which coincide everywhere except at a finite number
of points) are all strictly positive.

Itis easy to see that the property of two curves being related by a change of parameter
is an equivalence relation. This is called “parametric equivalence.” We will denote
the parametric equivalence class of m by [m]. A property, or a quantity, which only
depends on [m] will be called parametrization-invariant. For example, the range of
a curve is parametrization-invariant.

Note that the converse is not true. If two curves have the same range, they are not
necessarily parametrically equivalent: the range of the piecewise C' curve defined
on [ =[0, 1] by m(¢) = (2¢,0),¢ € [0, 1/2] and m(t) = 2 —2¢,0), t € [1/2, 1]
is the segment [0, 1] x 0, but this curve is not equivalent to m(t) = (¢, 0), ¢ € [0, 1],
even though they have the same range (the first one travels back to its initial point
after reaching the end of the segment). Also, if m is a curve defined on I = [0, 1],
then m(¢#) = m(1 — ¢) has the same range, but is not equivalent to m, since we have
required the change of parameter to be increasing (changes of orientation are not
allowed).

Changes of parameter will always be assumed to match the class of curves that
is being considered: (piecewise) regular reparametrizations for (piecewise) regular
curves, or, when more regularity is needed, C? regular reparametrizations for C”
regular curves.

1.2.2 Closed Curves

Changes of parameters for closed curves must be slightly more general than for open
curves, because the starting point of the parametrization is not uniquely defined.
Using representations over tori, we will say that a continuous mapping ¢ : [@, b'], —
[a, b], is increasing if, for all u, one can write, for small enough 6,

V(U +5 0) = 1 (u) ++ £(9),

where ¢ : (—dp, 69g) — R can be defined for some Jy > 0 as a (strictly) increasing
function such that £(§) — 0 if & — 0. This says that 1) moves in the same direction
as u.

A change of parameter is then a continuous, increasing, one-to-one transformation
1 from [a’, D], onto [a, b], (and its inverse is then continuous too). The main dif-
ference with the open case is that such a transformation does not necessarily satisfy
1(a’") = a: it can start anywhere and wrap around to return to its initial point. We will
then say that the change of parameter is regular if it is C! with >0 everywhere,
as in the open case.

Letting ¢’ = ¥~ 1(b) (recall thata = b € [a, b],) and taking ’QZJ 2 [a’, b'] — [a, b]
to be such that zﬁ(u/) =@’ if u’ # ¢’ and z/?(u/) = b otherwise, the definition is
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equivalent to requiring that z/A) isincreasing over [a’, ¢] and over (¢/, b'], continuously
differentiable over these intervals, with left and right derivatives coinciding at ¢/, and
the right derivative at a’ coinciding with the left derivative at b’.

1.3 Unit Tangent and Normal

If M C RY is an arbitrary set, we will say that a vector v € R? is tangent to M at a
point p in M if one can find points x in M that are arbitrarily close to p and such that
v is arbitrarily close to the half line R* (x — p). This is formalized in the following
definition (see [107]):

Definition 1.5 If M C RY, and p € M, a vector v € R? is an oriented tangent to
M at p if, for any € > 0, there exist x € M and r > 0 such that |[x — p| < € and
lv—rx—p)l<e.

The set of oriented tangents to M at p will be denoted by T[;F M, and the set of
(unoriented) tangents by T, M, so that v € T, M if either v or —v belongs to T, M.

Taking x = p, one sees that v = 0 always belong to le'M , which is therefore never
empty.

Letm: I — R?>bea regular curve (here, I can be a closed interval or a torus).
The unit tangent at u € [ is the vector

We then have
Proposition 1.6 Ifm : I — R? is regular, and p € R, then

Ty Ry ={A\T,(w) : A e R,m(u) = p}.

Note that, when m is regular the set of parameters u such that m () = p is necessarily
finite. (Each such u is necessarily isolated because 71 # 0 and any family of isolated
points in a compact set must be finite.)

Proof Let I = [a, b] (the case of a closed curve being addressed similarly). Take
p € R,, and u such that p = m(u). Fix A € R and € > 0. One has m(u + §) —
m(u) — 6lm(u)|T,,(u) = 0(5). So, taking J small enough so that |m(u + J)
—m(u)| < € and

A
Ol (u)]

AT, (u) — mu—+0)—mw))| <e

one gets |[x — p| <€ and |AT,,(u) —r(x — p)| <& with x =m(u +6) and r =
A/ (8|m)). If u € (a, b), one can ensure that r > 0 by choosing the sign of § appro-
priately. If u = a one must take 6 > 0 and r > 0 only if A > 0. Similarly, if u = b,
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one needs A < 0. In any case, either AT}, («) or —\T,, (1) belongs to le' R, so that
AT,(u) € TyR,,.

Conversely, if v € T,R,,, there exists sequences (u,) and (r,) with u, € I and
r, > Osuch that |m(u,) — p| < 1/nand |v — r,(m(u,) — p)| < 1/n. Taking a sub-
sequence if needed, one can assume that u, — u € I, necessarily with p = m(u).
If u, = u for an infinite number of v, then |v| < 1/n for these n, which implies
v = 0. Otherwise, remove these values from the sequence to ensure u, # u foralln

and use the fact that

U_,n(un_u)w_)()
u, —u

with (m(u,) — p)/(u, —u) — m(u) # 0 to prove that r,(u, — u) converges to
some A € R. We then have v = Am,,, which completes the proof. ]

The unit normal is the unique vector N,, (u) which extends 7, (u) to a positively
oriented orthonormal basis of RZ% (T, (u), N,y(u)) is orthonormal and
det[T,,(u), N,,(u)] = 1. The subscript m is generally dropped in the absence of
ambiguity.

The frame (7', N) is parametrization-invariant in the following sense: if p : I —
[isa regular change of parameter, and m = m o ¢, then T;(p(u)) = T,,(u) and
similarly for the normal.

1.4 Embedded Curves

Letting / be either an interval or a torus, a C! functionm : I — R? such that riz(u) #
0 everywhere is a special case of an immersion (see Definition B.13), and regular
curves are also sometimes called immersed curves. Among immersed curves, one also
distinguishes embedded curves which are furthermore assumed to be non-intersecting
(so that closed embedded curves are regular Jordan curves). For embedded curves,
T,,(u) is (up to a sign change) the only unit element of 7,,,)M. Moreover, if m :
I — R?is an embedding, the inverse map m~' : R,, — I, which is well defined by
assumption, is continuous: if p,, € R,, is a sequence that converges to p € R,,, then,
for some u, and u, p, = m(u,) and p = m(u). Any limit v of a subsequence of u,
(recall that I is compact, so that any sequence has at least a convergent subsequence,
and any limit of a subsequence belongs to /) must satisfy, by continuity, m(v) = p,
which implies v = u. This implies that m~!(p) = u.

If two embedded curves have the same range, they can be deduced from one
another through a change of parameters, possibly after reorientation (this is not
true for regular curves). Letting m : I — R? and m’ : I’ — R? be two such curves,
1) = m~" o m’ is ahomeomorphism (continuous, with a continuous inverse) between
I’ and 1. If v is any point in the case of closed curves, or v € (a’, b’) for open curves,
one can apply the implicit function theorem to the identity m’ = m o 9 to prove that
1) is differentiable with

Yoy =,
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implying
_ (m" )T m o

V= I o 9|2

For open curves, one shows that ¢ has non-zero right and left derivatives at a’ and
b’ by passing to the limit, the detailed argument being left to the reader. Because of
this, any parametrization-invariant quantity only depends on the (oriented) range of
the curve when restricted to embeddings.

With some abuse of terminology, we will say that a subset R C R? is an embedded
curve if there exists an embedded curve m such that R = R,,. Such a curve m is
then defined up to a change of parameter.

1.5 The Integral Along a Curve and Arc Length

Let m : [a, b] — R? be a parametrized curve. f c = (a =ug < u; < --- < u, <
un+1 = b) is a subdivision of [a, b], one can approximate m by the polygonal line
m, with vertices (m(ug), ..., m(u,+1)). The length of m, is the sum of lengths of
the segments that form it, namely

n+1

L,,, = length(m,) = Z |m(u;) —m(u;-1)|.

i=1
One then defines the length of m as

Lm = sup Lﬂ'l,,!
o

where the supremum (which can be infinite) is over all possible subdivisions ¢ of
[a, b].
One then has the following proposition.

Proposition 1.7 Ifm : [a, b] — R? is C', then

b
L, =/ |m(t)|dt < oo.

Proof The fact that the integral is finite results from the derivative being bounded on
the compact interval [a, b] (because the curve is CH.Ifo=@=uy<u <<
U, < uy+1 = b) is a subdivision of [a, b], then one has

Uil Uit1
/ m(t)dt 5/ |m(t)|dt.

i i

|m(uir1) —m(u;)| =
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Summing over i yields the fact that L, < fah |m(t)|dt and taking the supremum on
the right-hand side implies the same inequality for L,,.

On the other hand, given any o, the finite increment theorem implies that, for all
i, there exists v; € (u;, u;+1) such that m(u; 1) — m(u;) = m(v;)(u;; — u;). Using
this, we see that

L, = ) i) (i1 — uy),

i=0
which is a Riemann sum for fa b |m(t)|dt, and can therefore be made arbitrarily close

to the integral by taking fine enough subdivisions. So for any ¢, one can find o such
that

b
/ lm()|dt < L, +¢

and since the upper-bound is less than L,, + ¢, we find fab |m(t)|dt < L,, by letting
e tend to 0. This completes the proof of the proposition. (]

If f: I — Ris acontinuous function, one defines the integral of f along m by

b
/fdam =/ £ i) du. (13)

The definition is parametrization-independent: if ¢ : [@’, b'] — [a, b] is a change of
parameters, then, using a change of variable,

b b
| swwnomevwan = [ fwawiie vaol ) du
b
= [ st

so that
/ fovdouey = / fdoy.
mo) m

The same result holds if ¢ : [d/, b'], — [a, b], is a change of parameter between
closed curves. In that case, taking ¢’ such that ¢)(c) = a ~ b and letting ¢ (a’ ~
b") = ¢, we have

v d
[ revaran = [ rovaiom e v
+ [ s ovaniom o vyl

b c
_ / FViw)ldu + / F )i (w)ldu

a
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b
= / Jf@)lmu)ldu.
a

These results imply that, when m is an embedding, the integral along m only
depends on the range R,,. This allows us to define the integral of a function over R,

by
/ fdor, =/ fdom,
R, m

m

which does not depend on how R,, is parametrized.

We now give the following important definition.

Definition 1.8 TLetm : I — R2be a (piecewise) C I curve, where [ is either [a, b]
or [a, b].. A change of parameter ¢ : I — [0, L,,] (or [0, L,,],) is an arc-length
reparametrization of m if

o = |m]|.

One says that m is parametrized by arc length if m : [0, L,,] — R2 satisfies
m| = 1.

If m is regular, then o is a regular change of parameter and m o o~ is an arc-length

reparametrization of m. When I = [a, b], the arc-length reparametrization is unique
and given by

Om(u) = /u lm(v)|dv. (1.4)

When I = [a, b],, the parametrization is unique once the starting point ¢ = o~ (0)
is chosen, and is given by (following (1.2))

O (t) = / " @)ldv,. (15)

The arc length is parametrization-invariant: if m is a curve, with arc-length
reparametrization o, and m = m o v is another parametrization of m, then o o % is
an arc-length parametrization of /% (this is obvious, since 77 o (0 0 ) ' =m o o7 1).

When a curve is parametrized by arc length, it is customary to denote its parameter
by s instead of u#, and we will follow this convention. From our definition of integrals,
we clearly have in that case

Ly,
/ fdo, = f(s)ds
m 0

(or ds. in the case of closed curves).
We will also use the notion of derivative with respect to the arc length. For open
curves, this corresponds to the limit of the ratio
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gu~+¢e) — g(u)
Um(” + 5) —Om (M)

as € — 0 (for closed curves, replace 4+ by +,) therefore leading to the following
definition.

Definition 1.9 Letm : I — R? be a C! regular curve. The operator d;, transforms
a C! function g over [ into the function d;, g, which is defined over I by
g(u)

[ (u)|

s, 9(u) = (1.6)

We will write 0 if there is no ambiguity concerning the curve m. Note that, if m
is parametrized by arc length (so that u = s), this notation coincides with the usual
derivative with respect to s and therefore introduces no conflict.

The next proposition expresses that the derivative with respect to the arc length
is parametrization invariant.

Proposition 1.10 Let m : I — R? be a regular curve and i : I' — I be a change
of parameter, with m = m o 1. Then, for any C' function g defined on I,

(05,,9) 0 b = Oy, (g 0 ).
Proof This derives from the definition and from the chain rule, namely

_ Oa(goy)  (Oug)oyp
%00 = o f@myoul ~ Y

(the positive term J;1) cancels in the ratio). ([

Note that, with this definition, one can rewrite the definition of the unit tangent as
T,, = O, m.

The following proposition shows how the arc length parametrization can be used
to stitch several local parametrizations of a set to a global one forming an embedding.

Proposition 1.11 Let R C R? be compact and connected. Assume that there exists a
family Vi, ..., V, of open sets in R?, and a family m; : [a;, b;] — R? of embeddings,
such that R C U;’:I Vi and, for everyi =1,...,n, RNV, =m;((a;, b;)). Then,
there exists a closed embedding m : [a, bl, — R? such that R = Rn.

Proof Note that, since R is compact (hence closed), it contains each extremity m; (a;)
or m;(b;). Also, assume, without loss of generality, that each curve is parametrized
by arc length so that ¢; = 0 and b; = L; (the length of m;). Let IM =10, L] and
m" = m, and define the following iterative construction.

Given the current interval I, = [0, £,] and embedding m : I, — R? such that
R C R, choose an index j such that m(¢,) € RN V; and R, ¢ Ryy. Let R(,ll =
m((0, £,)), the set R,, without its extremities.
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Define u; € (0, L;) by m;(u;) = m(¢,). Let A; be the connected component of
m~! (R?n M V;) that contains u ;: A is a sub-interval of (0, L ;) taking either the form
(xj,uj),0 <xj <ujor(uj,y;),u; <y; <Lj. Reorienting m ; if needed, assume
that R N Vj = (Xj, uj).

‘We now consider two cases.

(i) mj([uj, L;1) "R,y =¥.Define £, =€, + L; —u; andextend m to [0, £,,41]
by m(u) =m;(u — £, + u;) for u > £,. Then m is an embedding and the con-
struction can continue.

(i) mj([uj, L;j]) "R,y # 0. Letv; > u; be the first parameter such that m (v;) €
Ry If m(v;) # m(0), then, by construction, there exists a V;, i # j such that
m(v;) € R, NV;. This implies that m; coincides with m; in m ;((u;, v;) N V;,
but this contradicts the fact that v; was the first point of self-intersection.

So we have m(v;) = m(0) and we conclude the construction with £, = ¢, +
vj —uj, extending m to [0, £, | by m(u) =m;(u — £, +u;) foru > £,.

Note that we always reach case (ii) (there are at most n steps). After case (ii) is
completed, R,, is an embedded closed curve which is necessarily equal to R, which
is connected. (I

1.6 Curvature

The curvature of a C2 regular curve m : [ — R2 is a function &, : I — R, related
to the arc-length derivative of the tangent through the formula:

By, Ty = KNy (1.7)

Note that T,/ 7,, = 1 implies that 7.7 9y, T,, = 0 so that 9y, T,, is collinear to N,, and
km 1s the coefficient of collinearity. From the remark made at the end of the previous
section, one also has

Km N = 0> m (1.8)

Smo 7
the second derivative of the curve with respect to its arc length. This implies that
— NTH2 — 2
km = N, 0; m = det (T,,, O; m). (1.9)

Assume that 7,, can be expressed as T, (u) = (cos 0,,(u), sin 8,,(u)) (sothat N, =
(—sin@,,, cos6,,)) where 0 is differentiable in u (we will show below that this is
always true). Then, from a direct computation, 0, T,, = s, @ N,,, from which we
deduce an alternative interpretation of x,,:

Km (Lt) = 85,,,9111(14)7 (110)

where 6,, is a C! version of the angle between 7, and the “horizontal axis.”
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The same kind of easy computation yields

av,,,Nm = —kmTn (111)
and Eqgs. (1.7) and (1.11) together form what are called the Frénet formulas for the
curve m.

Since it is defined as a double arc-length derivative, the curvature is parametriza-
tion invariant. Indeed, if m = m o 1, then, applying Proposition 1.10 twice,

95.m = 0y, ((Dy,m) o) = (O, m) o Yp
so that k;; = K, 0 1.

When «,, () # 0, one defines the radius of curvature p,, (u) = 1/|k,,(1)| and the
center of curvature ¢,, (u) = m(u) + N,,(u) /K, (). The circle with center c,, (u) and
radius p,, (1) is called the osculating circle of the curve at m(u).

We now prove the fact that a smooth version of the tangent angle 6 exists as a
consequence of the following lemma.

Lemma 1.12 Let I = [a, b] or [a,bl, and f : I — R? be a CP function satis-
fing |fw)| =1 for all u € I, with p > 0. Assume that for all u € I, there is
a small neighborhood J, C I and a C? function 7, : J, — R such that f(u') =
(cos7(u'), sinT(u')) for u' € J,. Then there exists a CP function 7 : I — R such
that f = (cos T, sinT).

Proof Since I is compact, we can find a finite number of uy, ...u, such that I =
U‘_, Ju;- The result can then be proved by induction on n. There is nothing to
prove if n = 1. Assume that n > 1 and that the result is true for n — 1. Then there
must exist a subset J,; with j # n such that J,, N J,, # @. Assume without loss
of generality that j = n — 1. There must exist an integer k such that, for any u in
this intersection, 7, (u) = 7, , (#) + 2km. Define J:,H =Jy, Uy, and7,, (1) =
Tu,,w)ond,,  and7, () =T, (u) —2kmonlJ,, sothat7isC” on qu .Then we
can apply the induction hypothesis to J,, ..., Ju, ,, qu with associated functions
Tuys -« s Ty s Tuy_y- O

To prove the existence of a differentiable 6(u), the lemma needs to be applied
withp=1, f =T,, 7 =0 and 7,(u') = Oy(u) + arcsin(det(7,,(u), T,,(u"))).
1.7 Expression in Coordinates

1.7.1 Cartesian Coordinates

To provide explicit formulas for the quantities that have been defined so far, we
introduce the space coordinates (x, y) and write, foracurve m: m(u) = (x(u), y(u)).
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The first, second and higher derivatives of x will be denoted by %, ¥, x®, ... and
similarly for y. The tangent and the normal vector expressions in coordinates are

1 X 1 —y
IT'=—\|.), N=—— .-
/)'62 +)')2 y /X-Z + )')2 X
The arc length is ds = /X 4+ y du and the curvature is

5 — yi

The last formula is proved as follows. Since kN = 0;T, we have
k= NTo,T.
Using T = O;m = n/s, we have
N'OT =35 ' N+357'0(s7")m"N.

The last term vanishes, and the first one gives (1.12) after introducing the coordinates.

1.7.2 Polar Coordinates

Let (Oxy) be a fixed frame. A point m in the plane can be characterized by its
distance, r, to the origin, O, and by 0, the angle between the horizontal axis (Ox)
and the half-line Om. (Notice that this is different from the angle of the tangent with
the horizontal, for which we also used 6. Unfortunately, this is the standard notation
in both cases.) The relation between the Cartesian coordinates (x, y) of m and its
polar coordinates (r, #) is (x = r cos 8, y = r sin ). This representation is unique,
except for m = O, for which 6 is undetermined.

A polar parametrization of a curve u +— m(u) is a function u — (r(u), 6(u)).
Often, the parameter u coincides with the angle 6 and the parametrization reduces to
a function r = f(6). Some shapes have very simple polar coordinates, the simplest
being a circle centered at O for which the equation is » = const.

Let us compute the Euclidean curvature from such a parametrization. Let 7 =
(cos @, sinf) and v = (—sin 0, cos ). We have m = r7, and

m=r71+rlv,

i = F — rf®T + 20 + ro)u.
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Therefore, ) ) ) .
det[m, m]  r2(0)3 — ritd + 2720 + ri6
K= = ;
Im|3 (72 + r202)3/2

When the curve is defined by r = f(6), we have 6 = u, 6 =1andf = 0, so that

_ 2 — r¥ + 272
- (,;2 +r2)3/2 :

The polar representation does not have the same invariance properties as the arc
length (see the next section), but still has some interesting features. Scaling by a
factor A simply corresponds to multiplying » by A. Making a rotation with center O
and angle « simply means replacing 6 by 6 + «. However, there is no simple relation
for a translation. This is why a curve is generally expressed in polar coordinates with
respect to a curve-dependent origin, such as its center of gravity.

1.8 Euclidean Invariance

The arc length and the curvature have a fundamental invariance property. If a curve is
transformed by a rotation and translation, both quantities are invariant. The rigorous
statement of this is as follows. Let R be a planar rotation and b a vector in R?. Define
the transformation g : R? — R%by g(p) = Rp + b.Then,ifm : I = [a, b] — R?is
a plane curve, one can defineg-m : I — R? by (g - m)(u) = g(m(u)) = Rm(u) +
b. Then, the statements are:

(i) ogm(u) = 0, (u), and in particular Ly, = L, = L.
(ii) The curvatures r,, and k., reparametrized over [0, L] (as functions of the arc
length), coincide.

The proof of (i) is straightforward from the definition of o, (see Eq. (1.4)). For (ii),
use 97 (g -m) = RO} m, Ny = RN,, and (1.9).

Note that in this discussion we have taken I = [a, b], an interval, for which the
arc length reparametrization is uniquely defined by (1.4). If one wants to consider
“wrapped intervals” [a, b],, arc lengths should be compared with the same inverse
image of 0 (c in (1.5)).

We now state and prove the converse statement of (ii).

Theorem 1.13 (Characterization Theorem) If two C? regular plane curves m and
m have the same curvature as a function of the arc length, denoted v, : [0, L] — R,
then there exist R and b, and a change of parameter, 1, such that m = Rm o ) + b.

With our notation, the assumption means that

fﬁ:/@moarzlzm,;loargl

and implicitly implies that the lengths of the two curves coincide (with L).
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Proof Let m* and m* be m and m reparametrized with arc length. We prove that
m* = Rm* +b

for some R and b, which implies the statement of the theorem after reparame-
trization. Equivalently, we assume without loss of generality that both m and m
are parametrized by arc length.

Now, let « : [0, L] — R be an integrable function. We build all possible curves
m that are parametrized by arc length over [0, L] and have x as curvature and prove
that they all differ by a rotation and translation. By definition, the angle 6,,, defined
over [0, L], must satisfy:

0,, = kand m = (cos 8,,, sinf,,).

Letf(s) = f0° k(u)du. The first equality implies that, for some 6y € [0, 27), we have
0,,(s) = 6(s) + 6 for all s € [0, L]. The second implies that, for some b € R?,

m@%:f%mﬂﬂ@+&ﬁﬁﬂﬂ@+ﬂ@ﬂu+b
0

cos By — sin b,
sinfy cos by

R (€08 0\ _ (cos(f+ 0p)
sin@ ] = \sin(0 + 6p)
so that, letting m(s) = f(; (cos 0(u), sinO(u))du, we have m = Rm + b. Since m is

uniquely defined by «, we obtain the fact that m is uniquely defined up to a rotation
and translation. O

Introduce the rotation R = < ) From standard trigonometric formu-

las, we have

1.9 The Frénet Frame

If m is a C? regular plane curve, its Frénet frame is defined by

Considering T, and N,, as column vectors, F,, is arotation matrix satisfying F n{ F, =
Id and det(F,,) = 1. It is a moving frame along the curve.

Equations (1.7) and (1.11), which, put together, form the Frénet formulas for plane
curves, can be summarized in matrix form as

0, Fyu = Fy S (1.13)
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0 —Kn
S, = (K/m 0 ) (1.14)

to FI'F,, = Id, we get

with

Note that, applying 0

(asm Fm)TFm + anasm Fm = 0,

which states that the matrix F nf 0y, Fin (Which is equal to S,,,) must be skew-symmetric
(S,Z; = —S,;). This implies that Eqs.(1.13) and (1.14) can be used as alternative
definitions of the curvature, via the Frénet formulas.

The advantage of this construction is that it generalizes to arbitrary dimensions
(cf. Sect.3.1), and to more general forms of moving frames (like affine, or projective
frames). It also leads to an alternative proof of the Characterization Theorem, as
detailed below.

Proof (Alternative proof of Theorem 1.13) If one applies a rotation, R, and a trans-
lation to a curve m, the Frénet frame of the new curve, 1, is F;; = RF,,, and using
RTR =1d and 0,, = 0,3, we have

Si = Fyg;as,;,Frh = F,Z;as,,,Fm = Sp.

We therefore retrieve the fact that k,, is invariant under rotation. The invariance
by change of parameter is again a consequence of the invariance of the arc-length
derivative.

We now prove the converse, assume that m and m are such that S, = S;; =: S
with both curves parametrized by arc length (as in the first proof of Theorem 1.13, it
suffices to restrict to this case).

Let G, (s) = F,,(0)T F,,(s) and G (s) = F(0)” Fj(s), so that

Gm=G,S

Gin=Gis.

Both G,, and G are therefore solutions of the differential equation G = GS. We
have, in addition G; (0) = G,,(0) = Id, and the theory of differential equations states
that two functions that satisfy the same linear differential equation with the same
initial condition must coincide. Thus G; = G,,, which yields F;; = RF,, with R =
F;#(0)F,,(0)7. This implies, in particular, that Tz = RT,,, and, since T, = s, for
curves parametrized with arc length,

s

m(s) —m(0) = '/X Ti(w)du = / RT,,(u)du = Rm(s) — Rm(0)
0 0

so that m = Rm + b with b = m(0) — Rm(0). O
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1.10 Enclosed Area and the Green (Stokes) Formula

When a closed curve m is embedded, its enclosed area can be computed with a single
integral instead of a double integral. Let £2,, be the bounded connected component of
R? \ R,,. We assume that m is defined on I = [a, b],, and that the curve is oriented
so that the normal N points inward, which means that for any u € [a, b]., there exists
ane > Osuchthatm(u) +tN(u) € §2,, forO < ¢ < €. Since this is a convention that
will be used repeatedly, we state it as a definition.

Definition 1.14 A closed regular curve oriented so that the normal points inward is
said to be positively oriented.

For a circle, positive orientation corresponds to moving counter-clockwise.
We have the following proposition:

Proposition 1.15 Using the notation above, and assuming that m is positively ori-
ented, we have

b
Area($2,,) =/ dxdy = —%/ N@) " m@) |m@)|du. (1.15)

2

Note that the last integral can also be written as —(1/2) f; L (N Tm), as defined
in Sect. 1.5. We also have NTm = — det(m(s), T (s)) which provides an alternative
expression. Indeed, we have

—(1/2)/(NTm)dam = (1/2)/ det(m, T)do,,
= (1/2) /b det(m(u), T (u))|m(u)|du
so that, using T () = ri(u) /| (u)],
Area(£2,,) = (1/2) / bdet(m(u),n'z(u))du. (1.16)

We will not prove Proposition 1.15, but simply remark that (1.15) is a particular
case of the following important theorem.

Theorem 1.16 (Divergence theorem) If f : R? — R? is a smooth function (a vector
field), then

b
/ N@)T f(mw)) ()| du = —/ div f dx dy (1.17)
a 2

where, letting f(x,y) = (a(x, y), B(x, y)), one has div f = Jya + 0»0.

(Here 0; denotes the derivative with respect to the ith coordinate.)
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Equation (1.17) is called Green’s formula. To retrieve Eq.(1.15) from it, take
f(x,y) = (x,y),for whichdiv f = 2. Note that Green’s formula is sometimes given
with a plus sign, N being chosen as the outward normal.

Formula (1.15) can also be nicely interpreted as the limit of an algebraic sum of
triangle areas. For this, consider a polygonal discretization, say nz, of m with vertices
Pis ..., pn. Let O be an arbitrary point in R2.

First consider the simple case in which the segment O py, is included in the region
£2;; for all k (the polygonal curve is said to be star shaped with respect to O). In this
case, the area enclosed by the polygon is the sum of the areas of the triangles. The
area of (O, px, pry1) is | det(pipis1, Opi)|/2." Assuming that the discretization is
counterclockwise, which is consistent with the fact that the normal points inward,
the vectors Opy and py pr+1 make an angle between 0 and 7, which implies that their
determinant is positive. We therefore get

N

1
Area(2;) = 5 ) detlOpy. pipisa]. (1.18)
2 k=1
Since this can be written as % 11<V:1 det(Opx, piPi+1/| Pk Pk+11) | Pr Pr+1], this is con-
sistent with the continuous formula

b
%/ det(Omu), T (w))|m(u)|du.

The interesting fact is that (1.18) is still valid for polygons which are not star shaped
around the origin. In this case, the determinant may take negative values, which
provides a necessary correction because, for general polygons, some triangles can
intersect R? \ £2,,.

Finally, we mention a classical inequality comparing the area and the perimeter
of a simple closed curve.

Theorem 1.17 (Isoperimetric Inequality) It m is a simple closed curve with perime-

ter L and area A, then
4rA < L? (1.19)

with equality if and only if m is a circle.

1.11 The Rotation Index and Winding Number

Let m be a closed, C!, plane curve, defined on I = [a, b]. Express T : [a, b] — st
(the unitcircle) as a function ¢t > (cos 8(t), sin O(¢)) where 0 is a continuous function
(cf. Lemma1.12).

IThe general expression of the area of a triangle (A, B, C) is | det(AB, AC)|/2, half the area of
the parallelogram formed by the two vectors.
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Since m is closed, we must have T'(b) = T (a), which implies that 8(b) = 0(a) +
2r,, 7, where r,, is an integer called the rotation index of the curve.

The rotation index is parametrization-invariant, since it is defined in terms of T,
which is itself parametrization-invariant. If the curve is regular and C?, then, taking
the arc length parametrization, we find, using k = é,

L
0(L) — 0(0) = / Kk(s)ds
0

or
L

rm = 7 ; k(s)ds.

The rotation index provides an algebraic count of the number of loops in the curve:
a loop is counted positively if it is parametrized counter-clockwise (normal inward),
and negatively otherwise. The figure “8”, for example, has a rotation index equal to
0. This also provides an alternative definition of a positively oriented curve: a simple
closed curve is positively oriented if and only if its rotation index is +1.

A similar notion is the winding number of a curve. It depends on a reference point
po € R?, and is based on the angle between pom(t)/|pom(t)| and the horizontal
axis, which is again assumed to be continuous in . Denoting this angle by «, (¢),
the winding number of m around py is

W, () = (01, (b) — vy, (@) /2.

It provides the number of times the curve loops around py. Again, it depends on the
curve orientation.

If a curve is simple (i.e., it has no self-intersection), then it is intuitively obvious
that it can loop only once. This is the statement of the theorem of turning tangents,
which says that the rotation index of a simple closed curve is either I or —1. However,
proving this statement is not so easy (even in the differentiable case we consider) —
the reader may refer to [86] for a proof.

1.12 More on Curvature

There is an important relationship between positive curvature (for positively oriented
curves) and convexity. One says that a simple closed curve is convex if the bounded
region it outlines is convex (it contains all line segments between any two of its
points). Another characterization of convexity is that the curve lies on a single side
of any of its tangent lines. The relation between convexity and curvature is stated in
the next theorem.

Theorem 1.18 A positively oriented C? curve is convex if and only if its curvature
is everywhere nonnegative.
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We only provide a partial justification of the only if part. Assume that m is positively
oriented and that its interior, £2,,, is convex. For a fixed arc length, s and ¢ small
enough, we have (since m is positively oriented): m(s) + N (s) € £2,, if ¢ > 0 and
€ 5;1 if ¢ < 0. Now, using a second-order expansion around s, we get

2
%(M(S +h) +m(s —h)) =m(s) + h?H(S)N(S) +o(h?)

and this point cannot be in £2,, if 4 is small and k(s) < 0.

The local extrema of the curvature are also of interest. They are called the vertices
of the curve. The four-vertex theorem, which we also state without proof, is another
classical result for plane curves [63, 212, 228].

Theorem 1.19 Every simple closed C? curve has at least four vertices.

1.13 Discrete Curves and Curvature

1.13.1 Least-Squares Approximation

Because it involves a ratio of derivatives, the numerical computation of the curvature
is unstable (very sensitive to noise). We give here a brief account of how one can
deal with this issue.

Assume that the curve is discretized as a finite sequence of points, say
m(1l), ..., m(N). The usual finite-difference representation of derivatives are:

m' k) = (mk+1) —mk —1))/2;
m’ (k) =mk +1) = 2mk) +m(k —1).

The simplest formula for the approximate curvature is then

_det(m'(k), m" (k)
a Im’ (k)2

k(k)

This is however very sensitive to noise. A small variation in the position of m (k)
can have large consequences on the value of the estimated curvature. To be robust,
curvature estimation has to include some kind of smoothing. As an example of such
an approach, we describe a procedure in which one fits a curve of order 2 at each
point.

Fix an approximation scale A > 1, where A is an integer. For each k, compute
three two-dimensional vectors a(k), b(k), c(k) in order to have, for —A <[ < A:

2
ik + 1) ~ a(k)% + bR + c(k).
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Once this is done, b(k) will be our approximation of the first derivative of m and a (k)
our approximation of the second derivative. The curvature will then be approximated

by
det[b(k), a(k)]

R = R

We will use least-squares estimation to compute a, b, c. First, build the matrix

21_7A 7 0 Zl_fA 2
A= 0 ZlA=7A 0
Zl_—A 5 0 2A+1

which is the matrix of second moments for the “variables” /2/2, [ and 1. They can
be computed in closed form as a function of A, since

- A 4 A
Y P=ZQA+3A+ and Y I*=— (64" +154° +104% — ).
I=—A 3 I=—A 15

The second computation is, for all k:

A

200 =Y mk+1),

I=—A

A
ak) = Y Imk+1),
I=—A
A 12
ak) =) Smk+D).

I=—A

Given this, the vectors a(k), b(k), c(k) are provided by the row vectors of the matrix

22(k)
A7 21k
zo(k)

where zo, z1, 22 are also written as row vectors. As shown in Fig. 1.1, this method
gives reasonable results for smooth curves. However, if the curve has sharp angles,
the method will oversmooth and underestimate the curvature.
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Fig. 1.1 Noise and curvature. The first curve on the left is an ellipse discretized over 125 points.
The second on the right is the same ellipse, with coordinates rounded to two decimal points. The
difference is almost imperceptible. However, the second row shows the result of estimating the
curvature without smoothing, on the first and the second ellipse, with a very strong noise effect.
The third (resp. fourth) row shows the result of the second-order approximation with A = 5 (resp.
A = 10). The computed curvature for the truncated curve progressively improves while that of the
original curve is minimally affected
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1.13.2 Curvature and Distance Maps

If A C R?, one defines the distance map to A as
da(p) = dist(p, A) =inf {|[p —ql,q € A}.

If A is a closed set (which we will assume in the following), then for any p € R?
thereexistsag € A suchthatd,(p) = |p — ¢q| (i.e., the infimum is a minimum). This
is because any minimizing sequence g, such that |p — g,,| — da(p) is necessarily
bounded, and therefore has, according to the Heine—Borel theorem, a convergent
subsequence, with limit g € A (because A is closed) and such that |p — g| = d4(p).

The optimal ¢ is not always unique. For example, all points in a circle are closest
to its center. The set of points p € R? for which there exists a unique ¢ € A such that
|p — q| = da(p) will be denoted by U4, and we let w4 : U4 — A be the projection,
uniquely defined by |p — ma(p)| = da(p).

For p € R?, welet B(p, r) = {q eR?:|p—q| < r} denote the (open) disc with
center p and radius r. For g € A, define

r(A,q) =sup{r: B(q,r) CUs}

and r(A) = inf {ra(q) : g € A}, which is called the reach of A, and also has the
following alternative definition.

Proposition 1.20
r(A) =sup{r :da(p) <r = p € Ua}. (1.20)

Proof Denote temporarily by r’(A) the right-hand side of (1.20). Assume that
r<r'(A). If g € A and p € B(q,r), then da(p) <|p —¢q| <r so that p € Uy
by definition of rg. Therefore, B(q,r) C U, and r <r(A, g) for all g € A, which
implies that » < r(A). Taking the maximum in r, we get r'(A) < r(A).

Assume now that r <r(A). If da(p) <r, then p € B(ma(p),r), and since
r(A) <r(A, wa(p)), we have p € Uy. This proves that r < r’(A), and taking the
maximum in r, we get r (A) < r’(A), which concludes the proof. [l

We have the following proposition.

Proposition 1.21 The distance map is 1-Lipschitz, i.e., for all p, p’ € R?, one has

lda(p) —da(p)l < |Ip =P/l (1.21)
and the projection T 4 is continuous on its domain.

Proof One has, for all p, p’ e R and g € A,

da(p) <lp—ql=<Ip' —ql+Ip—pI
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Taking the inf of the right-hand side, we get ds(p) <da(p))+|p— Pl
By symmetry, we also have d, (p") < da(p) + |p — p’| and (1.21) holds.

Now, take p € U, and a sequence p, € U, such that |p, — p| = 0. Let ¢, =
ma(pn), ¢ = m4(p) and assume that there exists a subsequence of g, (that we will
still denote by g, ) and € > O such that |g, — g| > €. Because |p — g,| < |p — pn| +
da(pn) <2|p — pnl + da(p), which is bounded, g, has a convergent subsequence
(still called g,), with limit ¢’ € A. But |p — ¢'| = lim,, |p, — qu| = lim,, da(p,) =
da(p).Since p € Uy, thisimplies g = ¢’, acontradiction to the fact that |g, — g| > ¢
for all n. The latter condition being impossible implies that 74 is continuous. (]

Proposition 1.22 Assume that d, is differentiable at p € Uy (the interior of Uy).
Then, if p ¢ A,
p—7ma(p)

vd = .
AP =

(1.22)

Proof To see this, first note that, letting g = w4 (p), one has p; :==q +t(p — q) €
Uy forall ¢ € [0, 1], with w4 (p;) = q. Indeed, if ¢’ € A, ¢’ # g, onehas |p — ¢q| <
lp—4q'l <lp—pl+1p—q'l =10 —=0lp—ql+ Ip — q'|. This yields

lpe—ql=tlp—ql <|p:— ¢l

sothat p, € Uy withg = w4 (p;). This alsoimplies thatd s (p;) = t|p — q| and taking
the derivative with respect to 7 at ¢ = 1, we get

vda(p)' (p—q)=1p —ql.

However, (1.21) implies that |[Vd(p)| < 1. This is only possible for Vd, (p) given
by (1.22).

One can use the fact that the gradient of d4 is prescribed in Uy \ A whenever d4
is differentiable, in combination with Rademacher’s theorem [107], which states that
Lipschitz functions are differentiable almost everywhere, to prove that d is actually
differentiable on the whole set Z/O{A \ A. Similarly, df\ is differentiable on Zle, with
V(di)(p) = 2(p — m4(p)). This general fact is proved below in the special case
A =R,,, where m is a C?, closed, regular curve with no self-intersection. Note that
our definitions, so far, and Propositions 1.20-1.22 are valid for arbitrary closed sets,
and in any dimension (and so is the differentiability of d4 on Uy \ A).

We now specialize to the case A = R,,, and we will write d,, = dg,,, Un = UR,,,
etc.

Proposition 1.23 Let m be a simple closed C? regular curve. Then, we have the
following statements.

(i) If |p—m(s)| =dn(p), then p=m(s)+tN,(s) with |t|=d,(p) and
th,(s) < 1.
(ii) Let
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21(m () — m) Np()| | )
m@) —me)P 'S’SE[O’L]*’S#S}' (22

Pm = max {

Then p,, < 0o and r(Ry) = 1/p, > 0. In particular, Lo{m is not empty.
(iii) The distance map is differentiable on U,,.

Proof Assume that m is parametrized by arc length over the wrapped interval [0, L],.
The function f : u > |p — m(s + u)|> has by assumption a global minimum at u =
0. We therefore have f(O) =0and f'(O) > 0. Since f(O) = 2(p —m(s)) T, (s),
we get the fact that p — m(s) is normal to m, so that p = m(s) + tN,,(s) with
|t| = d,,(p). We also have f(O) =2-2(p —m) " Nu($)kpm(s) = 2(1 =tk (s))
yielding ¢k, (s) < 1. This proves (i).

We now prove that p,, is finite. If m(s,) # m(s,) are such that

C, = 2 |(m(§n) - m(sn))TNm(Sn)|
" Im(s,) — m(5n)|2

tends to infinity, then, necessarily, m(s,) — m(s,) — 0. We can assume (taking sub-
sequences if needed) that both s, and §,, converge, necessarily to the same limit (say
s) because m is non-intersecting. Assume that s % 0 so that s, € (0, L) for large
enough n (otherwise, just reparametrize m with another starting point). We have,
making a Taylor expansion,

~ ~ (En - Sn)2 ~ 2
m(s,) = m(sy) + (8 — $,) T (s0) + H(Sn)TNm(sn) +o(($p — $1)°),

(5 — Sn)2
2

’(m(gn) - m(sn))TNm(sn)‘ = |K/(Sn)| + 0((§n - Sn)z)

and
Im@S,) — m(s,) 1> = Gy — $)* + 0(Gn — s2)7).

Thus ¢, — |k, (s)|, which is a contradiction, proving that p,, is finite. Note that the
same limit argument also proves that p,;, > ||k |loeo 1= Max; |k, (s)].

Now, take ¢ € R? with d,,(¢) =t < 1/p,, and assume that it has two closest
points, so that there exists sy 7 s; such that r = |¢g — m(s9)| = |g — m(s1)|. Then
q = m(sg) + toNy (s9) = m(sy) + t; Ny, (s1) with |tg| = |#;| = t. Moreover,

Im(s1) — m(s0)|* = [toNu(50) — 61 Ny (s1)|* = 263 — 21120 N, (50)” Ny (s1)
=2t |ty — 11 Ny (50)" Ny (s1)

and
[(m(s1) — m(50))" N (s0)| = lto — t1 N (50)" N (s1).
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We therefore get
2|(m(s1) — m(so)" Nu(s0)| _ 1
Im(s1) — m(so)|? t

By definition, the right-hand side is less than or equal to p,,, which contradicts our
assumption that ¢t < 1/p,,. Therefore, g € U,,. This proves that r(R,,) > 1/p.

Conversely, take ¢ < r(R,,;). By definition, we have B(m(s), t + ) C U, for all
s € [0, L], and some ¢ such that t 4+ ¢ < r(R,,). Therefore, letting g, = m(s) +
tN,,(s) and g_ = m(s) — tN,,(s), we have |m(s) — g4| >t and |m(5) —qg_| >t
for all § # 5. Developing the expression [n(5) — m(s) F t N, (s)| — * yields

Im(@3) — m(s)|* = £2t(m(3) — m(s))" Ny (s)
so that

2|m(5) — m(s) T N (s)|

Im(5) —m(s)|?

1

- >

P
forall s # §,i.e.,t < 1p,,. Taking the maximum in ¢ implies 7 (R,,) < 1/p-

We now prove (iii). Take g € Z/o{m and m(s) = m,(q). Write ¢ = m(s) + rN,,(s)
with |r| = d,,(q). Since B(q, €) C Lolm for € small enough, we have m(s) +tN(s) €
U, fort € (r —e,r+e¢),andm,(m(s) + tN(s)) = m(s). From (i), we get k,, (s)t <
1fort € (r — e, r + ¢), which implies x,,(s)r < 1.

Take 6 > 0 such that x,,(u)t <1 if |s—u| < and t € (r —e/2,r +¢/2).
Consider the mapping ¢ : (s — 8,5 + ) x (r —e/2,r +¢/2) — R? defined by
p(u,t) =m(u) + tN(u). Then 01p(u,t) = (1 —tk, ()T, (u) and Orp(u,t) =
N, (u) so that det(dyp) = 1 — tk,;(u) # 0. The inverse function theorem implies
that ¢ (possibly restricted to a smaller open neighborhood of (s, )) is invertible
with a differentiable inverse. So, there exists a neighborhood of ¢ in Z/{m such that
o N (p) = (mu(p), t(p)) is differentiable with ¢ (p) = +d,, (p). Making sure that this
neighborhood does not intersect m, we can ensure that the sign of #(p) is constant
so that d,, is differentiable in this neighborhood and, in particular, at g. (]

Consider the mapping (a local version of which was introduced in the previous

proof)
Om: [0,Ll x (=r,r) > R?

(s.0) > m(s) +1Nu(s)
for some r < r(R,,). As shown in the proof of Proposition 1.23, ¢, is locally
invertible, but because it is also one-to-one, it provides a diffeomorphism from
[0, L]« x (—r, r) to the set
Viu(r) = {CI dm(q) <r}.

Consider now the set V.7 (r) = vy, ([0, L] x (0, r)). We can write
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L r
Area(V,F(r)) =/ / detd, (s, t)ds dt
o Jo

L r
= / / (1 —tky)dsdt
0 0

s2 L
=Lr——/ Ky ds.
2 Jo

The interesting conclusion is that the area is a second-degree polynomial in r. The
first-degree coefficient is the curve’s length and the second-degree coefficient is the
integral of the curvature, i.e., the rotation index of the curve.

The formula can be localized without difficulty by restricting V*(m) to points
s, t such that 59 < s < s1, the result being obviously

2 51 N
(s1 — so)r — r_/ Ky ds = r[ (1 — kpr/2)ds.
2 S0 S0

The “infinitesimal limit” (1 — &, (s)r/2)ds provides the infinitesimal area of the
set of points that are within distance r to the curve and project on m(s) for some
s € (S0, s1). This area is at first order given by the arc length times r, with a corrective
term involving the curvature.

This computation is a special case of a very general construction of what are
called curvature measures [106]. They can be defined for a large variety of sets, in
any dimension. We will see a two-dimensional description of them when discussing
surfaces.

Proposition 1.23 needs to be modified to apply to open curves. Consider such a
curve, m : [0, L] — R2. Then point (i) in the proposition remains true with a proper
definition of a normal vector to R,,: one says that N is a unit normal to R, (or
simply to m) at m(s) if

N = =£N,(s) ifs € (0, L)
N =tN,,(0) + 67,00 ifs=0
N =tN,(L)—tT,(L) ifs=1L

with 12 + 13 = 1, 1, > 0. Denoting by N,,(s) the set of unit normals to m at m(s),
the first statement in (i) can be replaced by: p = m(s) + d,,(p) N where N € N (s).
The fact that x,,(s)d,,(p) < 1 holds for s € (0, L).

If one replaces the definition of p,, by

- T
2((:;(&)) _"’:1((?))|2N 15,5 €0, L1, s #5,N € Nm(s)} . (1.24)

Pm = max{

then (ii) remains true. Note that (1.24) boils down to (1.23) for closed curves, where
N, (s) = {£N,,(s)}. Finally, (iii) is true.
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The reader can try to prove these statements directly, or refer to [106], where these
statements are proved for arbitrary closed sets, with a proper definition of the set of
unit normal vectors, and without the finiteness of p,,, which does not hold in general.
(It does not hold, for example, for polygonal curves.)

1.14 Implicit Representation

1.14.1 Introduction

Implicit representations can provide simple descriptions of relatively complex shapes
and can in many cases be a good choice when designing stable shape processing
algorithms. The zero level set of a function f : R? — R is the set C rofall p e R?
such that f(p) = 0 (cf. Fig. 1.2). One says that f is regular if its derivative never
vanishes on Cy, that is,

f(p)=0=Vf(p) #0. (1.25)

The set C s can have several connected components, each of them being the image of
a curve (level sets can therefore be used to represent multiple curves). Our first goal
is to show how local properties of curves can be computed directly from the function
f. We will always assume, in this chapter, that the function f tends to infinity as p
tends to infinity. This implies that the zero level sets are bounded.

The implicit function theorem implies that, in a neighborhood of any regular point
of f (suchthatV f(m) # 0), the set C s can be locally parametrized as aregular curve,
for example by expressing one of the coordinates (x, y) as a function of the other.
This fact and Proposition 1.11 implies that, if f is regular, each connected component
of C can be parametrized as a regular curve. The existence of higher derivatives in
f implies the same regularity for the parametrization.

Fix a connected component and assume that such a parametrization has been
chosen. This results in a curve m : I — R? such that m(0) = mg and f(m(u)) =0
for u € I (R,, coincides with the chosen connected component). From the chain
rule, we have:

vV f(m)ro,m = 0.

This implies that V f (m) is normal to m.
Orientation. We will say that f is positively oriented if f <0 in the bounded
connected components of R*\ C r and f > 0 otherwise. If m is also positively
oriented, then V f(m) points outward while the normal N to m points inward,
so that V f(m) = —|V f(m)|N (recall that (T, N) must have determinant 1, with
T =m/|ml).

Assuming positive orientation, we obtain

1
T=g7(-af00)
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Fig. 1.2 Implicit
representation: The first two
panels provide two views of
the graph of a function

f : R? — Rintersecting the
plane z = 0. The third panel
is the corresponding level set

Assume that f is twice differentiable. From the second derivative of the equation
f(m(u)) =0, we have

mTd*f (mym +V f(m)m=0.

(recall that the second derivative of f is a 2 by 2 matrix).
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Since V f(m) = —|V f(m)|N and #” N = x|m|?, the previous equation yields
(after division by |r1|?),

TTd*f(m)T — k|V f(m)| =0.

so that
CTTAT O fOrf —2010:f 01 fOuf + O3S 81f
I O f> + O f2)32

This can also be written as (the computation being left to the reader)

(1.26)

1.14.2 Example: Implicit Polynomials

A large variety of shapes can be obtained by restricting the function f to be a
polynomial of small degree [169], therefore involving a dependency on a small
number of parameters. A polynomial in two variables and total degree less than # is
given by the general formula

(x y) = Z apqxp

ptq=n

The zero level set of f, Cr = {z = (x,y), f(x,y) =0}, is called an algebraic
curve. It can be a complicated object, with branches at infinity, self-intersections, or
multiple loops.

The principal part of f is the homogeneous polynomial

n
g0, y) =Y ap,ax y"

A sufficient condition for the compactness of C s is that g has no non-trivial zeros, i.e.,
g(x,y) =0 = x =y = 0. Adding our usual regularity condition, f =0 = V f #
0, ensures that C is a union of Jordan curves.

Figure 1.3 provides a few examples of zero level sets of implicit polynomials.
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AR,

Fig. 1.3 Shapes generated by implicit polynomials of degree 4. The first curve is the level set of the
polynomial f (x, y) = x* + y* — xy — 0.1. The other three are generated by adding a small noise
to the coefficients (including zeros) of f

1.15 Invariance for Affine and Projective Transformations

Invariance, which searches for quantities that remain unchanged under certain classes
of transformations, is a fundamental concept when dealing with shapes. So far, we
have discussed two classes of transformations: parameter change and Euclidean
motion (rotations, translations). We found in particular that Euclidean curvature was
an invariant for these two classes together. We now consider additional invariants to
complement these two.

We will start with transformation by scaling. This corresponds to replacing the
curve m by m = Am where ) is a positive number. Visually, this corresponds to
viewing the shape from a location that is closer or further away. Because of the
renormalization, the unit tangent, normal and the angles 6,, are invariant. However,
the length and arc length are multiplied by the constant factor A. Finally, since the
curvature is the rate of change of the angle as a function of arc length, it is divided
by the same constant, K;; = K, /.

It will also be interesting to consider invariants of affine transformations m —
Am + b where A is a 2 by 2 invertible matrix (a general affine transformation). Arc
length and curvature are not conserved by such transformations, and there is no simple
formula to compute their new value. This section describes how new quantities, which
will be called affine arc length and affine curvature, can be introduced to obtain the
same type of invariance.

However, a comprehensive study of the theory of differential invariants of curves
[224] lies beyond the scope of this book. Here, we content ourselves with the com-
putation in some particular cases. Although this repeats what we have already done
with arc length and curvature, it will be easier to start with the simple case of rotation
invariance. We know that s,, and k,, are invariant under translation and rotation, and
we now show how this can be obtained with a systematic approach that will in turn
be applied to more general cases.
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1.15.1 Euclidean Invariance

The generic approach to defining generalized notions of length and arc length is to
look for a function Q which depends only on the derivatives of a curve at a given point,
such that Q (m, m, . ..)du provides the length of an element of the curve between u
and u + du.

An arc length is then defined by

O () = / QGi, i, ...)dv.
0

The function Q will be designed to meet invariance properties. We will always
require parametrization invariance, ensuring that m = m o o implies 0,, = 0;; o .
Computing the derivative of this identity yields, in terms of Q:

QUi i, ..) = pQ(mop,mop,...). (1.27)
Now, for m = m o ¢, we have
rr'z:gbﬁiogo,
ﬁi:gbn%ocp—}—gbzﬁ%ogo,

and so on for higher derivatives.
As a consequence, if Q only depends on the first derivative, we must have

Qi op) =@ Qi o).
This is true in particular when, for all z; € R2, A\ > 0:

O\iz1) = M Q(zy).

This is the order 1 condition for Q. It is sufficient by the discussion above, but one
can show that it is also necessary. Similarly, the order 2 condition is that, for all
Z21,z2 € R% forall \; > 0, \, e R:

O(Miz1, Maz1 + Az2) = M 0(z21, 22).

This argument can be applied to any number of derivatives. The general expression
(based on the Faa di Bruno formula) is quite heavy, and we will not need it for this
discussion, but the trick for deriving new terms is quite simple. Think in terms of
derivatives: the derivative of \; is A;4 and the derivative of z; is A;zx+1; then apply
the product rule. For example, the second term is the derivative of the first term, \;zy,
and therefore:
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Miz) = D'z + @)
= \zi + Az2,

which is what we found by direct computation. The constraint with three derivatives
would be

Q(\iz1, Mazi + Afz2, Mazi + 3022 + Mz3) = M 0(z1, 22, 73).

The second type of constraint which is required for Q is invariance under some
class of transformations of the plane. If A is such a transformation, and m = Am,
the requirement is o,; = oy,, Or

O, i, ...) = Q(O(Am), O*(Am), .. ). (1.28)

We consider affine transformations (the results will be extended to projective
transformations at the end of this section). The equality is always true for translations
Am = m + b, since Q only depends on the derivatives of m, and therefore we can
assume that A is purely linear. Equality (1.28) therefore becomes: for all z;, z5, ... €
R?,

0(z1,22,...) = Q(Az1, Az, .. ).

We now specialize to rotations. We will favor the lowest complexity for Q, and
therefore first study whether a solution involving only one derivative exists. In this
case, Q must satisfy: for all \; > 0, for all z; € R? and for any rotation A,

O(Az;) = O(z1) and Q(\iz1) = M Q(z1) -

Let e; = (1, 0) be the unit vector in the x-axis. Since one can always use a rota-
tion to transform any vector z; into |zq|e;, the first condition implies that Q(z;) =
0O(|z1le1), which is equal to |z;|Q(e;) from the second condition. We therefore find
that Q(z;) = c|z;| for some constant ¢, yielding Q(m) = c|m| = ¢ /X2 + y2. We
therefore retrieve the previously defined arc length up to a multiplicative constant c.
The choice ¢ = 1 is quite arbitrary, and corresponds to the condition that e; provides
a unit speed: Q(e;) = 1. We will refer to this 0, as the Euclidean arc length, since
we now consider other choices to obtain more invariants.

1.15.2 Scale Invariance

Let us now add scale to translation and rotation. Since it is always possible to trans-
form any vector z; into e; with arotation and scaling, considering only one derivative
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is not enough anymore.”> We need at least two derivatives and therefore consider z;
and z, with the constraints

Q(Az1, Azz) = Q(z1,22) and Q(\iz1, Mazi + Mz2) = M 0(z1, 22) -

Similar to rotations, the first step is to use the first condition to place z; and z, into
a canonical position. Consider the combination of rotation and scaling which maps e;
to z1. The first column of its matrix must therefore be z;, but, because combinations

a —b

of rotation and scaling have matrices of the form S = b 4 ), we see that, letting

z1 = (x1, 1), the obtained matrix is

X1 —)1
Sm = < ) .
yi X1
Now take A = Sz’l1 to obtain, from the first condition:

0z1.22) = Q(e1. 8. '22) .

A direct computation yields

sl — 1 X1X2 + Y12
0 2= 33 _ :
X{ 4+ yp \X1y2 — X2y

So far, we have obtained the fact that Q must be a function F' of the quantities
a = (z{22)/|z1* and b = det(zy, 22) /|1 |*.

Now consider the second condition. The transformation z; — A;z; and z, —
)\%Zz + Apz; takes a to Adja + A/ A1 and b to A\1b. Thus, if Q(z1, z2) = F(a, b), we
must have

F(Aa + X /A1, AMib) = M F(a, b)

for all real numbers a, b, A, and \; > 0. Given a, b we can take \, = —/\%a and
A1 = 1/]b], at least when b # 0. This yields, for b # 0:

F(a, b) = |b|F (0, sign(b)).
For b = 0, we can take the same value for ), to obtain F (0, 0) = A\ F (a, 0) for every

A1 and a, which is only possible if F(a, 0) = 0 for all a. Thus, in full generality, the
function Q must take the form

2This would give Q(z1) = Q(e) = constand Q(A\1z1) = A\1Q(z1) = Q(zy) forall A} > 0, yield-
ing O =0.
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cyldet(zy, z2)1/1z1 |2 if det(zy, z2) > 0,
Q(Z17 Zz) = 0if det(zl,@) :O,
c_|det(z1, z2)|/|z11% if det(z1, z2) < O,

where cg, ¢4, c— are positive constants. To ensure invariance by a change of orien-
tation, however, it is natural to choose c; = c_. Taking this value equal to 1 yields

021, 22) = |det(z1, 22)l/ 121 1.
We obtain the definition of the arc length for similitudes®:

[ — &3]

do_sim —
).62 + )’]2

du . (1.29)

1.15.3 Special Affine Transformations

‘We now consider the case of area-preserving, or special affine transformations. These
are affine transformations A such that det(A) = 1. As before, we need two deriva-
tives, and the first step is again to normalize [z, z»] using a suitably chosen matrix
A. Here, the choice is natural and simple, at least when z; and z, are independent:
take A to be the inverse of [z, z2], normalized to have determinant 1, namely

A= Vdet(z1, 22)[z1, 22171 if det(z1, z2) > 0,
~ | Vdet(za, z0)[z2, 2117V if det(z1, z2) < 0.

When det(z;, z2) > 0, this yields

0(z1, 22) = O(Vdet(z1, z2)er, v det(zy, z2)e)

so that Q must be a function F of v/det(z;, z2). Applying the parametrization invari-
ance condition, we find

FOY? etz 22)) = M F(/det(zy, 22)),

which implies, taking A\; = (det(zy, 72))~ 173, that

0(z1,22) = F(1)(det(z1, 22))'/°.

The same result is true for det(z;, z2) < 0, yielding

3To complete the argument, one needs to check that the required conditions are satisfied for the
obtained Q; this is indeed the case, although we skip the computation.
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0(z1, 22) = F(1)(det(z2, 1)) "/°.

with a possibly different constant 7 (1). Again, for orientation invariance, it is natural
to define the area-preserving arc length by

do* =iy — x| 3du.

We have left aside the case det(z, zo) = 0. In this case, assume that z, = az;.
The second condition implies, taking Ay = —A\ja:

MO (21, az1) = Q(zi, Mazi + Azi) = Q(\z1, 0),

but we can always find an area-preserving transformation which maps \;z; to e; so
that A\; Q(z1, azy) = Q(ey, 0) is true for every A\; > 0 only if Q(z;, az;) = 0. This
is consistent with the formula obtained for det(z;, z2) # O.

Computations are also possible for the full affine group and also for the projective
group, but they require us to deal with four and more derivatives and are quite lengthy.
They will be provided at the end of this section. The reader may refer to Sect. B.4
for a quick introduction to groups of linear transformations and their actions.

1.15.4 Generalized Curvature

In addition to arc length, new definitions of curvature can be adapted to more invari-
ance constraints. One way to understand the definition is to return to the rotation
case, and our original definition of curvature.

We have interpreted the curvature as the speed of rotation of the tangent with
respect to arc length. Consider the matrix P, = [T}, N,,] associated to the tangent
and normal to m. Because (7},,, N,,) is an orthonormal system, this matrix is a rotation,
called a moving frame [55, 104, 108, 109], along the curve. The rate of variation of
this matrix is defined by

W, = P '0,P,.

In the Euclidean case, it is
cosf,, sinf —sinf,, —cosf 0-1
W, = 056 S " "o ) = k(s .
" sem (— sin @,, cos 0, cos@, —sind,, m(s) 10
This illustrates the moving frame method, which provides here the Euclidean cur-
vature. It can be shown to always provide a function which is invariant under the
considered transformations and change of parametrization. More precisely, we have

the following definition. For a group G with associated arc length do = Qdu, we
will use the notation
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aa = 6Ll/Q7

which generalizes the arc-length derivative defined in the Euclidean case. The fol-
lowing discussion concerns curves such that Q # 0, which generalizes the notion of
regular curves.

Let J;(G) be the set of vectors (zo, 21, - . ., zx) € (R®)*¥t! such that there exists a
curve m such that z; = Q’;m. That this condition induces restrictions on zy, ..., Zk
is already clear in the case of rotations, for which one must have |z;| = 1.

Definition 1.24 Let G be a group acting on R? (e.g., a subgroup of GL,(R)).
A G-moving frame of order k is a one-to-one function Py : Jy(G) — G with the
following property. For all curves m : I — R? with Q # Oonm,define P, : I — G
by

P, = Py(m,O,m, ..., 8§m).

Then, one must have Py, = gP, forallg € G.

We now consider affine transformations, with group G a subgroup of GL,(R) x
R? (cf. Sect. B.4.3). An element of G is represented by a pair (A, b) for a linear map
A and b € R%. We will therefore write Py = (Ao, by), P = (A, by). We denote
by Gy the linear part of G, i.e., (A, b) € G = A € Gy. The invariance condition in
Definition 1.24 yields, forall U € Gg, h € R2,

Ao(Uzo+h,Uz1,Uzs,...,Uzx) = UAo(20, 21,22, - -+, Zk)> (1.30)
bo(Uzo+h,Uz1, Uz, ..., Uzk) = Ubo(z0, 21, 22, - - - » 2x) + h.

We have the following result, which generalizes Theorem 1.13. We here use the
same notation as in Sect. B.5.

Theorem 1.25 (Moving Frame: affine case) Let G = Gy x R? be a subgroup of

GL,(R) x R2. If Py = (Ao, by) is a G-moving frame, then, for any plane curve m
Wm = A;lao'Pm = (A,ZlaaAmv A,Zlagbm)

is invariant under change of parametrization and under the action of G. It moreover

characterizes the curve up to the action of G: if Wy, = Ws, where m* and m* are

respectively the arc-length reparametrization of m and m, then m = gm o 1 for some
g € G and a change of parameter ).

Proof Invariance by change of parametrization relies on the fact the arc length is,
by construction, invariant and the details are left to the reader. If m = Um + h, then
Py = (UAp, Ub,, + h) and

Wi = A U (U0, A, UBsby) = Py 0, Py = Wi,

which proves G-invariance.
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Conversely, assume that W; = W,, = W, and assume, without loss of generality,
that they are both parametrized by arc length. Let g = (U, h) = P;(0) Py, )
The proof that m = gm for some g derives from the uniqueness theorem for ordinary
differential equations (cf. Appendix C); P,, = (A, by,) and Py = (A, by) are both
solutions of the equation 0, (A, b)) = AW, and g P,, is another solution, as can easily
be checked. Since g P,,(0) = P;(0) by definition of g, we have

PG, i, ...,m®y = gPyGm, ...,m®) = Py(gm, Unn, ..., Um™).

Because P is assumed to be one-to-one, we have m = gm, which proves the

theorem. U
For affine groups, we select a moving frame Py of the form Py(zo, 21, .- -, 2k)
= (Ao(z1, ..., 2x), 20). This implies that

W, = (A,;la,Am, A,;la,m).
‘We will mainly focus on the first term, which we denote by
Wi = A;llaaAm-

The choice made for rotations corresponds to Ag(z1) = [z1, Rz1], R being the
(m/2)-rotation. It is obviously one-to-one and satisfies the invariance requirements.
The second term in W, is constant, namely A;Llagm =(1,0).

It can be shown that W,, can lead to only one, “fundamental”, scalar invariant.
All other coefficients are either constant, or can be deduced from this fundamental
invariant. This invariant will be called the curvature associated to the group.

Consider this approach applied to similitudes. Assume that the curve is
parametrized by the related arc length, . The frame, here, must be a similitude,

A,,, and, as above, we take
(i
(50

Define W,, = A,;IGUAm, so that

Wy= o ( EI)(E)
24+y2\-yx)\y X
. 1 Xx +yy iy —yx
242\ SRy P i+ iy )
When the curve is parametrized by arc length, we have
iy — ¥yl _

1
I
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along the curve. Therefore
E Al

oy Tl
Wan(o) = ( o H)

X24y?

(o being the similitude arc length). The computation exhibits a new quantity, which
is e L
XX +
K =20 (1.31)
x2 + y2
This is the curvature for the group of similitudes: it is invariant under translation,
rotation and scaling, and characterizes curves up to similitudes.

We now consider special affine transformations (affine with determinant 1).
Assume that the curve is parametrized by the corresponding arc length, o, i.e.,

5 = 3" = 1.

One can choose A,, = (;C) f}), which has determinant 1. Since A,,(1, 0)7 = 1, the

term A, ' is trivial. We have

.. . .o (3) .. (3) .o (3)
_1 _ y =X X x _ (0 yx¥ =Xy
Ay OAn = (_y- x) (y y<3)> = <1 —5x® +5Cy<3)>-
Since d(iy — $x) = yx® — xy® = 0, the only non-trivial coefficient is jx® —
#y®, which can be taken (up to a sign change) as a definition of the special affine

curvature:.
K = det(iit, m¥). (1.32)

Again, this is expressed as a function of the affine arc length and is invariant under
the action of special affine transformations.

The local invariants with respect to rotation, similitude and the special affine
group probably reach the limits of numerical feasibility, based on the number of
derivatives they require. Going further involves even higher derivatives, and has only
theoretical interest. However, we include here, for completeness, the definition of the
affine and projective arc lengths and curvatures. This section can be safely skipped.
In discussing the projective arc lengths, we will use a few notions that are related to
Lie groups and manifolds. The reader can refer to Appendix B for more details.
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1.15.5 Affine Arc Length

We first introduce new parameters which depend on the sequence z, ..., z, that
describes the first derivatives. We assume that det(z;, zo) # 0 and let

o = oz 2) = det(zx, 22)
k k(215 -5 2Zn —det(Zl,Zz)
det(z1, zx)
and = < RIS ] Zl’l = < -
Bx = Bz ) det(er. 2)
These are defined so that
Zk = o1 + Brza, (1.33)

which also yields
<g:) = [z1, 22] 'z

In particular, we have oy = 6, = 1, ap = 31 = 0.
Assuming affine invariance, we must have

01,y z0) = O(z1, 221 21, -+, (215 221 ' 20)s

which implies that Q must be a function of the ay’s and [5;’s. We see also that we
must have at least n = 3 to ensure a non-trivial solution. In fact, we need to go to
n = 4, as will be shown by the following computation.

For n = 4, the parametric invariance constraint yields: for all A} > 0, Ay, A3, A4,

0(21, 22,23, 24) = M Q(z21, 22, 23, 24)
withZ; = \jz1, 20 = Mz + /\%Zz, 73 = X271 + 3\ 20 + /\%Z3 and
24 = Mz + BN + 403022 + 602 Nz + N za.

We now make specific choices for Aj, Az, A3 and \4 to progressively reduce the
functional form of Q. We will abuse the notation by keeping the letter Q to design
the function at each step. Our starting point is Q = Q (a3, 53, a4, [4).

(1) We start by taking A\; =1, A\, = A3 =0, yielding Z; = z1, 22 =22, 3 = 23
and Z4 = 74 + A\4z1. Denote by ay, Bk the oy, By coefficients associated to the
Z’s. For the considered variation, the only coefficient that changes is vy, which
becomes &y = ay + A4. This implies that

O(as, B3, o4, Ba) = O3, B3, au + Ay, Ba).
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Taking \y = —ay, we see that Q does not depend on ay, yielding the new
functional form Q = Q(as, 53, G4).

(i) Let’snow consider \; = 1, A, = A4 = 0. In this case, z;, z, remain unchanged,
and z3 and z4 become 73 = z3 + \321, 24 = 24 + 4X322. This implies a3 =
a3 + A3, Bg = (3 and 34 = (4 + 4)3. Taking A3 = —a; yields the new func-
tional form Q = Q (03, B4 — 4a3).

(iii) Now, take \; = 1, \y = Ay = 0, yielding Z; = 21, 22 = 22+ Maz1, I3 = 23 +
3hzpand 24 = z4 + 623 + 3)\%12, sothat B3 = B3 + 33X\, a3 = a3 — 3/\% —
X235 and (s = Bs + 3)3 4 6X2/35. In particular,

ﬁ4 —3a3 =4 —4dasz + 15)\% + 10X, 35.
Taking \y = —(3/3 yields Q = Q(84 — 43 — Sﬂ_%/S).
@iv) Finally, take vy = o = Ny = Oyielding 53 = /\]ﬁ3 54 = )\%64 and a3 = /\%053.
This gives

QN (Bs — 4a3 — 53/3)) = M1 Q(Bs — 4 — 563/3).

Taking A\ = 1/4/|8s — 4a3 — 555 /3], assuming this expression does not van-
ish, yields

O(Bs — 4a3 — 503/3)
0(1)/1s — 4oy — 532/31 if s — 43 — 532/3 > O,
O(=1)/16: — 4as — SB/31if s — das — 553/3 < 0.

Here again, it is natural to ensure an invariance by a change of orientation and
let Q(1) = Q(—1) = 1 so that

(1,22, 23 28) = /18 — 4o — 583/31.

This provides the affine-invariant arc length.

We can take the formal derivative in (1.33), yielding
Zep1 = 0zt + ouzo + Brza + Bizz = (o + Bras)zi + (o + By + BiB2)z2,

so that oy = o) + Gras and SBiy1 = B + ax + 5 B3. This implies that higher-
order coefficients can always be expressed in terms of a3, 33 and their (formal)
derivatives, which are represented using prime exponents. In particular, using 3, =
B + o3 + (3, we get

(21, 22,73, 20) = /165 — 3as — 263/3]. (1.34)
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Returning to parametrized curves, let o, x and (3, x be the coefficients oy, G in
which (z;, z2, . . .) are replaced by their corresponding derivatives (11, 11y, . . .), SO
that

m® = o, it + By it

We want to express the affine arc length in terms of the Euclidean curvature. Assuming
that m is parametrized by Euclidean arc length, we have m = x Rm1, where R is the
/2 rotation. Taking one derivative yields (using R?> = —Id)

m® = kRt + kRm = —k*m + (k/K).

This implies that o, 3 = —+~? and (3,3 = //k; thus, (1.34) implies that the affine
arc length, o, and the Euclidean arc length are related by

do = |0(/k) + 3k% — 2(//K)?/3|ds.

1.15.6 Projective Arc Length

The problem is harder to address for the projective group (see Sect.B.4.3 for a
definition) because of the non-linearity of the transformations. We keep the same
notation for oy and [ as in the affine case (since the projective group includes the
affine group, we know that the function Q will have to depend on these reduced
coordinates).

Before the computation, we need to express the effects that a projective trans-
formation has on the derivative of the curve. We still let the symbol z; hold for
the kth derivative. A projective transformation applied to a point z € R? takes the
form g : z — (Uz 4+ b)/(wTz + 1) for a 2 by 2 matrix U, and vectors b, w € R?.
Let 4o = (w”zo + 1)~! so that zg is transformed as 7y = vo(Uzo + b). We need to
express the higher derivatives z, Z», . . . as functions of the initial z;, z5, . . . and the
parameters of the transformations. Letting v, represent the kth derivative of ~, the
rule for the derivation of a product (Leibniz’s formula) yields

§ Ny
Z=%uWUzn+b+) o)V (1.35)
q=1

This provides a group action, which will be denoted z = g % z. Our goal is to find
a function Q such that Q(zy, 22, ...,2x) = Q(Z1, 22, ..., 2x), and which is also
invariant under the transformations induced by a change of variables. It will be
necessary to go to k = 5 for the projective group.

We first focus on projective invariance, and make an analysis equivalent to the
one that allowed us to remove zp, z; and z; in the affine case. More precisely, we
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show that U, b, and w can be found such that 70 =0, Z; = e1,Z, =e; and Z3 =0,
with e; = (1,0) and e, = (0, 1).

First note that vy = —w’z173 and 72 = —w’ 2273 +2(wTz1)?3. Take b =
—Uz to ensure 7g = 0. We have Z; = Uz, 22 = 2v1Uz; + Uz and

73 =3nUz1 + 31Uz +nUz.
We therefore need
Uzi = e1/7, Uza = 2/ — Qyi/75)er = ea/v0 + 2w z1e4
and (after some algebra)

Uzz = =3(72/70)Uz1 — 3(m/70)Uz2
= 3wT22€1 + 3wTZ1€2-

Using the decomposition z; = ayz; + (kz2, we also have Uzz = az(e1/70) +
Bs(ea/v — 2 /’73)61), which yields the identification

w'z = B3/(3) and w' z, = oz +233)/9.
Using the definition of 7y, this can be written as

{ w’(z1 — B3/320) = B3/3
w’ (2o — (a3/3 4+ 263/9)z0) = (a3/3 +233/9),

which uniquely defines w, under the assumption (which we make here) that
20, (3/B33)z1, (9/Bas + 233))z> forms an affine frame. Given W, we can compute
b and U. We have in particular, using the decomposition of z;:

Uzi = (/70 + 2683/ Byo))er + (Bi/Nea.

Similarly, we have

w’zi = o33/ B30) + Br(Bas +233) /9.

With this choice of U, w and b, the resulting expressions of z3, 74 and zZ5 can be
obtained. This is a heavy computation for which the use of a mathematical software
is helpful; the result is that the projective invariance implies that the function Q must
be a function of the following four expressions:

8 833 2
A=ay— = - —+ =
Qu 3oz3ﬂ3 9 + 35354
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10 40
B =oas5— ?044& + 30435; +

5 20, 2
506354 - 3/5354 + gﬂﬁs

4033
27

42
C=—2a3—%+ﬂ4

10 5
D= —?04353 - 35354 + fs.

Given this, it remains to carry out the reductions associated to the invariance
by change of parameter. This is done as in the affine case, progressively selecting
the coefficients ); to eliminate one of the expressions and modify the others, the
difference being that there is one extra constraint here associated to the fifth derivative.
Note that with five constraints, we would normally be short of one expression, but
one of the invariances is (magically) satisfied in the reduction process, which would
otherwise have required using six derivatives. We spare the reader the details, and
directly provide the final expression for Q, which is

1/3

4033
= [2955 4 s — 5838 — 205) — S

=7

As before, this can be expressed in terms of the formal derivatives of a3 and [,
yielding

0 = 3 — 30 — 2653, + 26305 + (4/9) 53] " . (1.36)

1.15.7 Affine Curvature

We can apply the moving frame method described in Sect. 1.15.4 to obtain the affine
curvature of a curve m. We assume here that m is parametrized by affine arc length,
0. A moving frame on m is immediately provided by the matrix A,, = [n1,, fiyq],
or, with our z notation, Ag = [z1, z2]. By definition of a3 and [33, the matrix W,, =

A 19, A, is equal to
0« 3
Wy = (5 43
<1 6111,3)

Since the curve is parametrized by affine arc length, we have Q = 1, where Q is
given by \/|qu3 —3ay,3 — 2ﬁ§1,3/3|. This implies that o, 3 is a function of G, 3

and ﬁ'm, 3 along the curve; the moving frame therefore only depends on (3, 3 and its
derivatives, which indicates that 3, 3 is the affine curvature. Thus, when a curve is
parametrized by affine arc-length, o, its curvature is given by
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det(ri, m®)

) = geton )

If the curve now has an arbitrary parametrization, the curvature is obtained by
using do = Qdu, where Q is given by (1.34). This yields the following expression:

1 detGin,m®) 30
i (8) = = ———— = ==

0 det(i,m) Q

1.15.8 Projective Curvature

In the projective case, the moving frame method cannot be used exactly as described
in Sect.1.15.4, because of the non-linearity of the transformations. The moving
frame is still associated to a one-to-one function Py(zo, ..., zx) € G = PGL,(R).
The invariance property in this case gives, with the definition of the action z > g % z
given in (1.35), Py(g x z) = gPy(z). For Theorem 1.25 to make sense, we must use
the differential of the left translation L, : 2 + hg on PGL,(R), and define

W,, = dLp,(1d)~'0, Py,

which belongs to the Lie algebra of PGL,(R). This is the general definition of a
moving frame on a Lie group [108], and coincides with the definition that has been
given for affine groups, for which we had dL,; = A when g = (A, b).

We first need to build the matrix A. For this, using as before the notation (ey, €;)
for the canonical basis of R?, we define a projective transformation that takes the
family w = (0, ey, ez, 0) to the family z = (zo, z1, 22, 23), i.e., we want to determine
g such that g x w = z (we showed that its inverse exists in Sect. 1.15.6, but we need
to compute it explicitly). Since this provides eight equations for eight dimensions,
one can expect that a unique such transformation exists; this will be our Ay(z).

Assuming that this existence and uniqueness property is satisfied, such a con-
struction ensures the invariance of the moving frame under the group action. Indeed,
letting z be associated to a curve m and z to m = g(m) for some g € PGL,(R), we
have 7 = g x z. Since Ay (z) is defined by Ag(z) * w = z, the equality Ag(Z) *w = Z
is achieved by A (Z) = gAo(z), which is the required invariance. (Indeed, because
* is a group action, we have (gAo(z)) *w = g *x (Ap(2)w) = g*xz=2Z7.)

We now proceed to the computation. The first step is to obtain the expression of
g * z for z = (20, 21, 22, 23). We do this in the special case in which g is given by:

g(m) = (Um +b)/(1 +w"m),

w and b being two vectors in R?> and U € GL,(R). Define g * (3o, 21, 22, 23) =
(20, 21, 22, 23). From (1 + wTZy)zo = UZy + b, we obtain
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(I +w'Z0)z0 =UZo +b
(1 + wTZ())m +w'zz0=U%

- - - - 1.37
a1+ wTZo)Zz + 2wTZ1Z1 + wTZZZO =U2 ( )
1+ wTZ())Z3 + 3wT5122 + 3wT2221 + wTZ3Zo =Uz;.

Taking z = w, we get
20=>b
21 +wizo = U
1.38
22 +2wiz) + wezo = U (1.38)
23 +3wiz2 + 3wz =0,
where w = (wy, wy), Ue; = u; and Ue, = u,. The third equation yields
723 = —3w7z1 — 3w 22. (1.39)

We will assume that z; and z, are linearly independent, so that w = (wy, w,) is
uniquely defined by this equation, and therefore U = [u;, u,] by the middle equations
of (1.38). Using again the notation z3 = a3z; + (3322, we get

{ w; = —/3/3

Wy = —043/3.

This fully defines our moving frame Ag(z).

Recall that the formal derivative of a quantity M that depends on z, ..., z3 is
given, in our notation, by M’ = Zizo(aM/azk)zkH. Since b = zg, wehave b’ = z;
from u; = z; + wizp, we get

Uy = wiz) + 22 + wizo,
and from (1.39) and u» = zo + 2w 21 + w220,

uy = 23 + 2w 22 + Qw) + w2)z1 + whzo
= (—2w; + 2w))z; — w122 + w)2o.

We have w; = —(;/3 and w} = —a4/3, which are therefore directly computable
along the curve.

By taking the representation of a projective transformation by the triplet (U, b, w),
we have chosen a local chart on PGL;(RR) which obviously contains the identity
represented by (Id, 0, 0). To be able to compute the differential of the left translation
L 4(¢;), we need to express the product in this chart. One way to do this efficiently is
to observe that, by definition of the projective group, products in PGL,(R) can be
deduced from matrix products in GL3(R), up to a multiplicative constant. A function
g with coordinates (U, b, w) in the chart is identified (up to multiplication by a scalar)
with the matrix
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(")

and the product of g = (U, b, W) and g = (U, b, w) is therefore identified with the
product of the associated matrices, which is

(0 E) <0 5) _ <Ul7/+l5u”)7 015+15>
wh1)\a"1) " \@"0+a" @Tb+1)"
which yields the chart representation for the product
5 = ((00 +hwT)/(1 +wh),
b +b)/0+aTh), OTd+ i)/ + a;TB)).

To compute the differe~ntial of the left translation in local coordinates, it suffices
totake U =1d + cH, b = ¢0 and w = 7, and compute the first derivative of the
product with respect to € at € = 0. This yields

dul;(H,B3,7) = (UH +by" —w"BU,UB —w’ Bb, v+ H w — w” fw).
We need to compute the inverse of this linear transformation, and therefore solve

UH+by" — 070 = H
Ug—w'pb=p
v+ H'w —w! pw = 7.

The second equation yields 3 = (U — bw”)~' /3. Substituting ~ in the first by its
expression in the third yields

H=U-bw"H +b3" + " pbw” —w’ gU

so that o o
H=U-bw") Y (H-b5")+ @ B)Id.

Finally, we have

vy=4—H'w+w!pw.
W is obtained by applying these formulae to § = A(z) = (U, b, w) and H =
(04, 6,) with

| =uy=wizi + 22+ w2
b =uh = Qw] —2wy)z) — w122 + Wh2o

S>>

2
w'.

21 T
Il
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Note that, since (A — bw")h = Ah — wT hb, the identity z; = u; — w;b implies

B=U—-bw") 'z =e.
Similarly, from u, — wyb = zp + 2w, z;, we get
U - bwT)7122 =e —2wie;r.
We have, using b = zp and 5y = w’,
H—b7" = (wiz1 + 22, (W] —2w2)z1 — wi22).

We therefore obtain

hy = U —bw") ' (wiz1 + 22) + wier = wiey + €2 — 2wie; + wie; = e,

hy = (U — bw") ' (Qw]| — 2w2)z1 — wiz2) + wies
= Qw) —2wy)e; — wi(e; — 2wiey) + wier
= Quw| + 2w} —2wy)e; .

0 2c

With ¢ = w| + w% — wy, we have obtained W = <1 0

). Moreover, we have

/ 2

wh — wy +w

y=w—-Hw+ww=( , ! 2 1 .
wh — 2cw; + wiws

Because we assume that |35 — 3a4 — 2330 + 20303 + (4/9)5;’]1/3 =1, we see

that w), = —aj/3 can be expressed as a function of 3 and the derivatives of (3;
(up to the second one), while ¢ is equal to —(3; — ﬂ% /3 — a3)/3. The invariant of
smallest degree can therefore be taken to be 3; — 6% /3 — az (in fact, wh — 2cw; +
wiwy = —c’/6). The projective curvature can therefore be taken as (assuming a
curve parametrized by projective arc length)

. .. . 2
() =0 det(m, m®) detm®,m) 1 [det@ir, m®)
Rm(0) = T - . S\ VY -
" det(rm, i) det(m, m) 3\ det(r, i)
The computation of the expression of the curvature for an arbitrary parametrization
is left to the reader. It involves the second derivative of the arc length, and therefore
the seventh derivative of the curve.
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1.16 Non-local Representations

1.16.1 Semi-local Invariants

The invariants that we have defined so far depend on derivatives that can be difficult
to estimate in the presence of noisy data (as seen in Fig. 1.1). Semi-local invariants
attempt to address this issue by replacing derivatives by estimates depending on
nearby, but not coincident, points. They provide new curve “signatures”, different
from the one associated to the curvature.

A general recipe for building semi-local invariants can be described as follows
[48]. For a given integer, k, one needs to provide:

1. An algorithm to select k points on the curve, relative to a single point m (u).
2. A formula to compute a signature based on the k selected points.

We introduce some notation. First, let S, represent the selection of k points along
m.If p = m(u) is a point on m, we let S,,,(p) = (p1, - ., pr). Second, let F be the
signature function: it takes py, ..., px as input and returns a real number.

We need to enforce invariance at both steps of the method. Reparametrization
invariance is implicitly enforced by the assumption that S, only depends on p =
m(u) (and not on u). Consider now the issue of invariance with respect to a class G
of affine transformations. For A in this class, we want that:

1. The point selection process “commutes™: if S, (p) = (pi1,..., pr), then

Sam(Ap) = (Ap1, ... Api).
2. The function F is invariant: F(Apy, ..., Apr) = F(p1,..., pr).

Enforcing Point 2 becomes easy if one introduces a transformation A which
places the first points in S,,(p) in a generic position, leading to a normalization
of the function F. We clarify this operation with examples. Assume that the class
of transformations being considered are translations and rotations. Then, there is a
unique such transformation that displaces p; on O and p; on |p; — p2le;, where e;
is the unit vector of the horizontal axis. Denote this transformation by A, ,,. Then,
we must have

F(p1,p2s i) = F(Ap p,D1s Apy py D2y - -5 Apy py Pi)
- F(Ov |p1 - p2|31, Ap|,[72p37 ey Am,pzpk)'

Conversely, it is clear that any function F of the form

F(pi, pas--os Px) = FUp1 = paly Apypy P35 -+ s Apy.pr PE)

is invariant under rotation and translation. The transformation A, ,, can be made
explicit: skipping the computation, this yields ((x;, y;) being the coordinates of p;)
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Apppj = 1 ((xz—m)(xj—X1)+(y2—y1)(yj _y1)>.

Ipr — pil \(x2 —xD)(yj —y1) — (02 — yo)(x; — x1)

Thus, with three selected points, the general form of F is

(p2— P (p3 — p1)

’

F(p1, p2, p3) = F(Im - pil,

|p2 — p1l
det(p2 — p1, p3 — Pl))
|p2 — pil

If scaling is added to the class of transformations, the same argument shows that
the only choice with three points is:

- ((p>— p)T(p3 — p1) det(pr — p1, p3 — p1)
F(p1,p2,p3) =F 5 , 5 .
|p2 — pil [p2 — pil

Similar computations hold for larger classes of transformations.

There are several possible choices for point selection (Step 1). One can use the arc
length (relative to the class of transformations) that we have defined in the previous
sections, and choose py, ..., py symmetrically around p, with fixed relative arc
lengths 0, (p1) — 0w (P), - - -, Om(pr) — om(p). For example, letting §; = 0, (p;) —
om(p), and if k = 21/ + 1, one can take §; = —le, 9 = —(I — e, ..., 6 = le.

However, the arc length requires using curve derivatives, and this is precisely
what we wanted to avoid. Some purely geometric constructions can be used instead.
For rotations, for example, we can choose p; = p, and p, and p; to be the two
intersections of the curve m with a circle of radius ¢ centered at p (taking the ones
closest to p on the curves) with € small enough. For scale and rotation, consider
again circles, but instead of fixing the radius in advance, adjust it so that |p, — ps|
becomes smaller that 1 — ¢ times the radius of the circle. This is always possible,
unless the curve is a straight line.

Considering the class of special affine transformations [48], one can choose
D1, P2, D3, pasuch that the line segments (p;, p2) and (p3, ps) are parallel to the tan-
gent at p, and the areas of the triangles (po, p1, p2) and (po, p3, p4) are respectively
given by ¢ and 2¢.

1.16.2 The Shape Context

The shape context [33] represents a shape by a collection of histograms along its
outline. Here we give a presentation of this concept in the continuum and do not
discuss discretization issues.

Let s — m(s) be a parametrized curve, defined on some interval /. For s, ¢ € I,
let v(s, t) = m(t) — m(s). Fixing ¢, the function s — v(s, t) takes values in R2.
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Consider a density kernel, i.e, a function K : R? — R? such that, for fixed x, K (x, -)
is a probability density on R?, usually symmetric around x. The typical example is

K (x, y) = exp(—|x — y|*/(20%))/Q2n0?). (1.40)

Using this kernel, let, for s € 1
776, = [ Kovv.ar.
I

The density £ (s, -) is the shape context of the curve at s and the bivariate
function f™ is the shape context of the whole curve. To discuss some invariance
properties of this representation, we assume that the curve is parametrized by arc
length (and therefore focus on translation and rotations), and that K is radial, i.e.,
K (x, y) only depends on |x — y|, which is true for (1.40).

A translation applied to the curve has no effect on v(s, t) and therefore leaves
the shape context invariant. A rotation R transforms v into Rv, and we have
F®m (s, Ry) = f™(s,y). The representation is not scale-invariant, but can be
made so with an additional normalization (e.g., by forcing the mean distance between
different points in the shape to be equal to 1, cf. [33]).

The shape context is a global representation, since it depends for any point on
the totality of the curve. To some extent, however, it shares the property of local
representations that small variations of the contour will have a small influence on the
shape context of other points, by only slightly modifying the density f (s, -).

1.16.3 Conformal Welding

Conformal welding is a complex analysis operation that provides a representation
of a curve by a diffeomorphism of the unit circle. While a rigorous description of
the method requires advanced mathematical concepts (compared to the rest of this
book), the resulting representation is interesting enough to justify the effort.

We will identify R? with C, via the usual correspondence (x, y) — x + iy, and
add to C a point at infinity that will confer the structure of a two-dimensional sphere
to it. This can be done using the mapping

Frei® 2rcosf 2rsind r*—1
(re )_(rz—i—l ’ r2~|—1’r2+1)'

This mapping can be interpreted as identifying parallel circles on the sphere with
zero-centered circles on the plane; zero is mapped to the south pole, the unit disc
is mapped to the equator, and the representation tends to the north pole as r — oo.
With this representation, the interior and the exterior of the unit disc are mapped
to hemispheres and therefore play a symmetric role. We will let C denote C U oo.
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The complex derivative of a function is defined as the limit of (f(z + h) — f(2))/h
ash — 0inC.

Two domains £2;, £2, C C are said to be conformally equivalent if there exists a
function f : £2; — £2; such that f is onto and one-to-one and the complex derivative
S/ (2) exists for all z € §24, with f'(z) # 0. Such a function has the property of
conserving angles, in the sense that the angle made by two curves passing by z
remains unchanged after a transformation by f.

The Riemann mapping theorem [249] states that any simply connected domain
(i.e., any domain within which any simple closed curve can be continuously deformed
into a point) is conformally equivalent to the unit disc. This domain may or may not
include a point at infinity and therefore may or may not be bounded. For example,
the transformation z +— 1/z maps the interior of the unit disc to its exterior and
vice-versa. This conformal transformation is obviously unique up to any conformal
mapping of the unit disc onto itself. It can be shown that the latter transformations
must belong to a three-parameter family (a sub-class of the family of Mobius trans-
formations of the plane), containing functions of the form

7P +r
rzelf +1

Z> e (1.41)

with » < 1. We let M; be the set of such transformations (which forms a three-
parameter group of diffeomorphisms of the unit disc). A transformation in M; can
be decomposed into three steps: a rotation z > ze'? followed by the transformation
z+> (z+7r)/(zr + 1), followed again by a rotation z > ze'®.

The Riemann mapping theorem can be applied to the interior and to the exterior of
any Jordan curve . Letting §2,, represent the interior, and 5: the exterior (the notation
holding for the complement of the closure of £2), and D being the open unit disc, we
therefore have two conformal transformations @_ : £2, — D and @ : 5: — D.
These two maps can be extended to the boundary of §2., i.e., the range R, of the
curve -, and the extension remains a homeomorphism. Restricting @ to R, yields
amap ¢ : R, — S (where S! is the unit circle) and similarly ¢~ : R, — S'. In
particular, the mapping ¢ = ¢~ o (¢*)~! is a homeomorphism of S! onto itself. It is
almost uniquely defined by . In fact @+ and @~ are both unique up to composition
(on the left) by a Mobius transformation, as given by (1.41), so that ¢ is unique up
to a Mobius transformation applied on the left or on the right. The indeterminacy
on the right can be removed by the following normalization; one can constrain @7,
which associates two unbounded domains, to transform the point at infinity into itself,
and be such that its differential at this point has a positive real part and a vanishing
imaginary part. Under this constraint, ¢ is unique up to the left action of Mobius
transformations.

In mathematical terms, we obtain a representation of (smooth) Jordan plane curves
by the set of diffeomorphisms of S! (denoted Diff(S')) modulo the Mobius trans-
formations (denoted PSL,(S")), writing

2D shapes ~ Diff(S')/PSL»(S").



1.16 Non-local Representations 53

O
-
(
73

Fig. 1.4 Conformal disparity between the interior and exterior of four planar curves. First column:
original curves; second and third columns: two representations of the curve signature rescaled over
the unit interval, related by a Mobius transformation, illustrating the fact that these signatures are
equivalent classes of diffeomorphisms of the unit disc

0 0z 04 06 08 1 1 4 06 08 1

We now describe the two basic operations associated to this equivalence, namely
computing this representation from the curve, and retrieving the curve from the
representation. The first operation requires computing the trace of the conformal
maps of the interior and exterior of the curve. Several algorithms are available to
compute conformal maps. The plots provided in Fig. 1.4 were obtained using the
Schwarz—Christoffel toolbox developed by T. Driscoll.

The solution to the second problem (going from the representation to the curves)
is described in [260, 261] (Fig. 1.5). It is proved in [261] that, if ¢ is the mapping
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(O Iz

Fig. 1.5 Reconstruction of the curves in Fig. 1.4 from their signatures

above, and 1) = !, the corresponding shape (defined up to translation, rotation and
scaling) can be parametrized as 6 — F(6) € C, 6 € [0, 27r], where F is the solution
of the integral equation

K(F)(0) + F(0) =€,

where K (F)(0) = 0277 K@, é)F(é)dé, and the kernel K is given by
=i (0-0\ i (06 —v@)

which has limit i{/J.(G) /4¢(9) as 0 — 6. The inverse representation can then be
computed by solving, after discretization, a linear equation in F. More precisely,
assume that ((6g, px),i =0, ..., N) is a discretization of ¢ (with oy = g + 27
and Oy = 0y + 2m). Following [261], one then makes the approximation

2m -3 N ©k — 5
/ cm(‘p ‘p> F(@)dp ~ ZFk/ ctn (‘P ‘p>d¢
0 2 k=1 k-1 2

N .
_ 22 F log [ sin((¢ — wx)/2)|
k=1

sin((¢ — @r-1)/2)I

where we have set Fy = F((ipr + wk—1)/2). Similarly, letting 6 = 1 (p),

2 0 — ~ L N O 0 — é -
fo ctn <#> FOW(@)dg ~ ; e fekl ctn ( . ) df

N .
|sin((0 — 6)/2)]
=2 Fi 1 .
; 8 TSin(0 — 6e_/2)]

Letting ¢; = (7 + ¢;—1)/2 and 0, = (6; + 6,—-1)/2, one obtains a discretization
(@1, F1),1=1,..., N) of F by solving the equation
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N
Fi+iy KpFi=e%, I=1,..N
k=1

with

| sin((@1 — @x)/2) sin((0) — 1) /2)]
K = log

| sin((@1 — pr—1)/2) sin((0; — ) /2)|
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