Chapter 9
Dispersive Kinetics

In this chapter we consider the decay of an optically excited state of a donor molecule

in a fluctuating medium. The fluctuations are modelled by time-dependent decay

rates k (electron transfer), k_; (backreaction), k;, (deactivation by fluorescence or

radiationless transitions) and k., (charge recombination to the groundstate) (Fig.9.1).
The time evolution is described by the system of rate equations

%W(D*) = —k(OW(D*) + k_1(t)W (DT A7) — kgu W(D*)

d - _ _
WA = kOW (D) — k()W (DT AT) — ke W(DTAT) 9.1)

which has to be combined with suitable equations describing the dynamics of the
environment. First we discuss a simple dichotomous model [32] where the fluctua-
tions of the rates are modeled by a random process switching between two values
representing two different configurations of the environment. We solve the master
equation and discuss the limits of fast and slow solvent fluctuations. In the sec-
ond part, we apply continuous time random walk processes to model the diffusive
motion. For an uncorrelated Markovian process, the coupled equations are solved
with the help of the Laplace transformation. The results are generalized to describe
the powertime law as observed for CO rebinding in myoglobin at low temperatures.
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Fig. 9.1 Electron transfer in
a fluctuating medium. The
rates are time dependent
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9.1 Dichotomous Model

9 Dispersive Kinetics

D+A-

The fluctuations of the rates are modeled by random jumps between two different
configurations (%) of the environment which modulates the values of the rates. The
probabilities of the two states are determined by the master equation

d(wHY_(-a B W(+)
dt\WH=)) \a -B)J\WH)
which has the general solution
W(+) = Ci + Coe™ @HPr
W(=) = Ci= — Cpe~ @b,
B
Obviously the equilibrium values are

18 Weq(_)zaiﬂ

Weq(+) = m

and the correlation function is (with Q4 = +1)

9.2)

(9.3)

9.4)

< 0(1)0(0) > = Weo (1) (P (4, t]+,0) — P(—, 1|+,0))
+ Weg (=)(P(—. 1], 0) — P(+, |-, 0))
= (Weg(+) = Weg(—))? + 4Wey () Wy (—)e™ @ P!
=< 0>24+(< Q%> —<Q>He b 9.5)

Combination of the two systems of equations (9.1, 9.2) gives the equation of motion

dW—AW
dr

(9.6)
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for the four-component state vector

W(D*, +)
W(D*, —)
W(D*tA~, +)
W(D+tA~, -)

W = 9.7

with the rate matrix

o=kt — kg, B k*, 0
o —B—k —kua 0 k-,
k* 0 —o — kT — ke B
0 k_ o _ﬂ_k:l _kcr

(9.8)

Generally, the solution of this equation can be expressed by using the left- and right
eigenvectors and the eigenvalues X of the rate matrix which obey

AR, = L, R, 9.9)

L,A=x,L,. (9.10)

For the initial values W (0) the solution is given by'

4

L, e WO .
W() = Z ﬁ&,e“ ) 9.11)

v=1

In the following we consider a simplified case of gated transfer with k;, = k., =
kfl = k= = 0 (Fig.9.2). Then the rate matrix becomes

—a—k* B 0 0

a -8 0 0
it 0 -a 8 (9.12)
0 0 a -B

'In the case of degenerate eigenvalues, linear combinations of the corresponding vectors can be
found such that L, e L,y = 0 for v # V',
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Fig. 9.2 Gated electron
transfer

As initial values we chose

Weg (+) 5

Wo=| Wea O | = | 555 | 9.13)
0 0
0 0

There is one eigenvalue A; = 0 corresponding to the eigenvectors

R, = Li=(1111). (9.14)

[QR™ O O

This reflects simply conservation of Zi:l W, in this special case. The contribution
of the zero eigenvector is

0 0
L, e W(0) 1 0 0
R, = = ) 9.15
L] ° R] ! o+ ,3 /3 Weq(+) ( )
o Weq (=)
A second eigenvalue A, = —(« + ) corresponds to the equilibrium in the final state
D™ A~ where no further reactions take place
0
0
R2= 1 L2= (O[ —ﬂa—ﬂ) (916)
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The contribution of this eigenvalue is

L2 L] P()

R, =0 9.17
Lok 2 .17

since we assumed equilibrium in the initial state. The remaining two eigenvalues are

a+pB+k

PR Vv B k7 —apk ©.18)

Aza=—

and the resulting decay will be in general biexponential. We consider two limits:

9.1.1 Fast Solvent Fluctuations

In the limit of small k we expand the square root to find

a—l—ﬁia—l-ﬁ_kia—ﬁk

Mg = — e 24 9.19

4 2 2 2 arpat ©-19)
One of the eigenvalues is
o

M=—(@+p)———k+--- (9.20)

o+ p

In the limit of £ — 0 the corresponding eigenvectors are

R; = L;=(a—-$00) 9.21)

and will not contribute significantly. The second eigenvalue

___ B o
pyp- a+ﬂk+ = —W,, (+)k (9.22)

is given by the average rate. The eigenvectors are

B

R, = _"‘ﬁ Ly=(1100) (9.23)

—
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and the contribution to the dynamics is

B
(L4'W0)R4ek4t: 1 3
(Ls - Ry) a+B| -8

—o

The total time dependence is approximately given by

Weq ()™
Weq (_)eMI
Weq (+)(1 - eMZ)
Weq(_)(l - eMt)

W =

9.1.2 Slow Solvent Fluctuations

9 Dispersive Kinetics

(9.24)

(9.25)

In the opposite limit we expand the square root for small k! to find

+ ko1
g = — o ’3——j:—(k+(a—ﬁ)+2a,3k’l+~-~)

2 272

k

0

1
R3: 0 ng(akOO)

—1
)\,4:—k—a+.

k

—u |
Ri=| _, | La=(1000)

(9.26)

9.27)

(9.28)

(9.29)

(9.30)
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and the time evolution is approximately

W(t) =

B
a+p
(e—ﬁt _ %e—kt)

o

o+ f
B
o+ p

(1 —eP + Bek)

(I—e™)

o
a+p
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9.31)

This corresponds to an inhomogeneous situation. One part of the ensemble is in a
favorable environment and decays with the fast rate k. The rest has to wait for a
suitable fluctuation which appears with a rate of .

9.1.3 Numerical Example

Figure 9.3 shows the transition from fast to slow solvent fluctuations.

occupation of the initial state

10 0 5 10
time

Fig. 9.3 Nonexponential decay. Numerical solutions of (9.12) are shown for « = 0.1, 8 = 0.9,
(@)k=02,b)k=2,(c)k =5, (d) k = 10. Dotted curves show the two components of the initial
state, solid curves show the total occupation of the initial state
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9.2 Continuous Time Random Walk Processes

Diffusive motion can be modeled by random walk processes along a one dimensional
coordinate.

9.2.1 Formulation of the Model

The fluctuations of the coordinate X(t) are described as random jumps [33, 34].
The time intervals between the jumps (waiting time) and the coordinate changes are
random variables with independent distribution functions

I/f(l‘nJrl - tn) and f(Xn+1, Xn) (932)

The probability that no jump happened in the interval O - - - ¢ is given by the survival
function

Y(t) =1 —/ Y()dr' = /00 W (¢')dr’ (9.33)
0 1

and the probability of finding the walker at position X at time ¢ is given by (Fig.9.4)

P(X,t) = P(X, O)/ 1/x(ﬂ)dt’+/ dt// dX'y(@ —t)f(X, X YP(X',1).
t 0 —00
(9.34)

Two limiting cases are well known from the theory of collisions. The correlated
process with

FXX) = f(X - X)) (9.35)

corresponds to weak collisions. It includes normal diffusion processes as a special
case. For instance if we chose

Fig. 9.4 Continuous time X
random walk X(t)




9.2 Continuous Time Random Walk Processes
V(ths1 — 1n) = 8(tyy1 — 1y — Al)
and
X =X)Y=ps(X —X —AX)+ (1 —p)§(X — X'+ AX)
we have
P(X,t4+ At) = pP(X — AX,t) +qP(X + AX,t), p+qg=1
and in the limit At — 0, AX — 0 Taylor expansion gives

2

P aP ’?P
POX1) + At = PG + 520 = PIAX + 55 AX -

9X?

The leading terms constitute a diffusion equation

8PP_( )AX8P+AX282P
ar L M TP A Ox T A axe

with drift velocity (¢ — p) 42 and diffusion constant AA—’iZ.
The uncorrelated process, on the other hand with

fX. X = f(X)

127

(9.36)

(9.37)

(9.38)

(9.39)

(9.40)

9.41)

corresponds to strong collisions. This kind of process can be analyzed analytically

and will be applied in the following.

The (normalized) stationary distribution @, of the uncorrelated process obeys

Do (X) = ¢eq(X)/ Iﬁ(t/)dt/+f(X)/0 dt/l/f(t—l/)/ dX'¢eq(X")

= CDeq(X)/ W(t/)dt/+f(X)/0 dt'y (1)

which shows that

f(X) = (peq(X)-

9.2.2 Exponential Waiting Time Distribution
Consider an exponential distribution of waiting times

oo
Yty =1"le " lllo(t)z/ e Tdr = e,
t

(9.42)

(9.43)

(9.44)
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It can be obtained from a Poisson process which corresponds to the master equation

dp,

T —'Po+77'Py n=0,1,2... (9.45)

with the solution

Pn(0)=8n.0a Pn(t)=

WY 946

if we identify the survival function with the probability to be in the initial state Py
(1) = Py(r) = e /7. (9.47)

The general uncorrelated process (9.34) becomes for an exponential distribution

t
P(X,t) = P(X,0)0e"/" + / di't™le =1/ / dX'f(X,XYP(X',1).
0

(9.48)

Laplace transformation gives

~ 1 -1 ~

P(X,s)=P(X,0) + ‘ /dX/f(X, X)YP(X',s) (9.49)

s+l s+ 7!

which can be simplified

s+t HYP(X,s)=P(X, 00+ 1" /dX’f(X, XNP(X', ). (9.50)
Back transformation gives

d

(5 + r—‘) PX,1)=1"" /dX/f(X, XYP(X', 1) 9.51)
and finally

0 1 1 , , ,

5P(X,t)=——P(X,t)+—/dX fX, XHP(X', 1) (9.52)

T T

which is obviously a Markovian process, since it involves only the time ¢. For the
special case of an uncorrelated process with exponential waiting time distribution,
the motion can be described by
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%P(X, 1) =LP(X,1) (9.53)

LP(X, 1) = —% (P(X, 1) — geg(X) < P(1) >). (9.54)

9.2.3 Coupled Equations

Coupling of motion along the coordinate X with the reactions gives the following
system of equations [35, 36]

0

EP(x, D= (k) +Li— 17" ) PX, 1) + k-1 (X)C(X, 1)

%C(X, D= (—k1(X)+ Lo — 1, ) C(X. ) + k(X)P(X, 1) (9.55)

where P(X,t)AX and C(X, t)AX are the probabilities of finding the system in the
electronic state D* or D™ A, respectively, £ , are operators describing the motion
in the two states and the rates 7, 21 account for depopulation via additional channels.
For the uncorrelated Markovian process (9.54) the rate equations take the form

D (PX.DY_ (kX 41+ —k_1(X) P(X,1)
a \CX,0n) ) —k(X) kX)) 4+ '+ )\ CX,n

1 91(X) < P(1) >
u ( ¢2(X)> (< C(t) >) (9.56)

which can be written in matrix notation as

%R(X, 1 =—-AX)RX, 1)+ 7 'B(X) <R() > . (9.57)
Substitution

R(X, 1) = exp {(—A(X)U(X, 1)} (9.58)
gives

—AX)R(X, 1) 4+ exp —A(X)%U(X, 1)

= —AXRX, 1)+t 'B(X) <R(t) > (9.59)
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9 —1
EU(X’ 1) =1 exp{AX)t} B(X) <R(?) > . (9.60)
Integration gives

U(X, 1) = UX,0) + r’I/ exp {A(X)1'} B(X) < R(1') > di’ 9.61)
0

R(X, 1) = exp(—A(X)D)R(X, 0) + 7 / exp(A(X)(t' — 1)B(X) < R(t) > di’
0
(9.62)

and the total populations obey the integral equation

< R(?) >=< exp(—AHR(0) > +T_1/ <exp(A(t' —1))B >< R(t') > dt’
0

(9.63)
which can be solved with the help of a Laplace transformation
~ oo
R(s) =/ e <R(t) > dt (9.64)
0
oo
/ e exp(—An)dt = (s + A)~! (9.65)
0

[ee] t
/ e_“’dt/ <exp(A(f' —1))B >< R(t") > di’ =< (s + A)"'B > R(s).
0 0

(9.66)
The Laplace transformed integral equation
R(s) =< (s + A)'R0) > +7 ' < (s + A)"'B > R(s) (9.67)
is solved by
R)=[1-1'<@+4)"'B>]" <@s+A4)RO) >. (9.68)

We assume that initially the system is in the initial state D* and the motion is
equilibrated

R(X,0) = (¢’18X)). (9.69)
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For simplicity, we treat here only the case of t; — oco. Then we have

k+77! —k_
A:( L k_1+r11) (9.70)
_ 1 s+t Mk k_
A~ =
G+ A) (S+‘L'_])(S+T_1+k+k_1)< k s+t +k
9.71)
and with the abbreviations
1 -1
o = (1 + P (k +k_1)) (9.72)
and
< f(X) >1,z=/¢1,2(X)f(X)dX (9.73)
we find
< (s+ A7'RO) >
1 1
- k
_< Pra a s+ H—k)\ _|s+7! (s+r_1)2<a -1
BRACEESDE k B !
(9.74)
as well as
<(6+A7'B>
1 1 r 1 ‘
— < > —_— < —_1 >
] sH+th (s4+H? = s+t 1hH? w1 =2
- 1 k 1 1 X
—_— < > — < ak_| >
stz s+l (sronz T
(9.75)
and the final result becomes
1

R(s) =

s2+ Tt (s+ < ak > + < ak_; >3))

« (s(s+r1) —s <ok >+t < ak_y >2)

s+t H <ak > ©.76)
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Let us discuss the special case of thermally activated electron transfer. Here
<ok >, <ak_; >k 1 (9.77)

and the decay of the initial state is approximately given by

—1 —1 -1 k. K
P(s) = i S+t )4+t <k > _ s+ K, 9.78)
(24t s 104+ <ak > + <ak_y >2)  s2+s5(K1+K>)
with
-1 -1 k—l(X)
K=+t 1+s dX¢r(X) i (9.79)
1+ — (k(X) + k-1 (X))
s+ T
~ / dX¢(X) SSICY 9.80)
1+ t(k(X) + k-1 (X)
K —/dX¢> (X) kX) (9.81)
b P k(X)) + ko (X)) '
This can be visualized as the result of a simplified kinetic scheme
d
E<P>=—K1<P>+K2<C> (9.82)
d
Z<C>=K1<P>—K2<C> (9.83)
with the Laplace transform
sP—P0) =—K,P+ K,C (9.84)
sC—C(0) =K, P+ K,C (9.85)
which has the solution
_SsPh+Ky(Po+Co) . 5Co+ Ki(Co+ Po) 9.86)
s(s + K + K») s(s + K1 + K») ’
In the time domain we find
K Kie—(Kit+K1 K
Py = 22t Rie Ct) = ——— (1 —e Ktk (9.87)
Kl =+ K2 Kl + KZ

Let us now consider the special case that the back reaction is negligible and
k(X) = k®(X) (Fig.9.5). Here, we have

IS(S)— s+t H -5 <ak >

T sG2 TN+ < ak >)) 9.88)



9.2 Continuous Time Random Walk Processes 133

Fig. 9.5 Slow solvent limit

v
k(X *° k
< ak >1=/dX¢1(X)(—k()X) =/ 1(X) ————dX
I+5= Jo I+ 5
s+17! % 0

=bk— b= X)dX a=1—->b= X)dx 9.89

[Ap— /0 &1 (X) a /_oodn( ) (9.89)

PR

Bis) 5 kts+t1) s+t l4k(l—b) ©.90

- —1 -2 -1 4k bkr—1" :

§2 4 1-1(s + bk s+t ) s>+ s(t= ! 4+ k) + bkt
k+s+1!
Inverse Laplace transformation gives a biexponential behaviour
4+ k(1 —2b))e 1 *tr)/2 (4 k(1 — 2b))e I ktr)/2
P(t) = (4 + k( ))e (u— + k( ))e 9.91)
I S
with
pe=1"" + k2 4+ T2+ 2kt (1 — 2b). (9.92)
If the fluctuations are slow 7~! <« k then
VR + 124 2%kt (1 =2b)=k+(1—=2b)t " +--- (9.93)
py =k+200=b)yr '+ pu_=—k+2br7 4. (9.94)
and the two time constants are approximately

k k _
ﬂ:k.{_... TH =br ... (9.95)

2 2
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9.3 Powertime Law Kinetics

The last example can be generalized to describe the powertime law as observed for
CO rebinding in myoglobin at low temperatures. The protein motion is now modeled
by a more general uncorrelated process.?

We assume that the rate k is negligible for X < 0 and very large for X > 0.
Consequently only jumps X < 0 — X > 0 are considered. Then the probability
obeys the equation

00 0 t
P(X, Dxeo = P(X,0) / V)t + / dx’ / At — 1) f(X)P(X'. 1)
t —00 0

t 0
=¢eq(X)‘1’o(t)+¢eq(X)/0 dt’iﬂ(t—t/)/ dX'P(X', 1))

(9.96)
o -
~ 1—
wio) = [ we by = = ©97)
1 s
and the total occupation of inactive configurations is
0 t
Py = [ axe,0 (wo(z) + [arva-nro)
—00 0
t
=a (l]/o(t) +/ dt'yr(t —t")P. (t/)) ) (9.98)
0
Laplace transformation gives
Py =a (%) + ¥ () P-(s)) (9.99)
with
0
a =/ dXpeq(X) (9.100)
—oo0
and the decay of the initial state is given by
- 17 1
By = ) _ — (9.101)
l—ay(s) s+ )

2 A much more detailed discussion is given in: [36].
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For a simple Poisson process (9.44) with

- 1
Yy = 9.102
T s+ ( )
this gives
Po(s) = ? (9.103)
<Y T s+ —a)! '

which reproduces the exponential decay found earlier in the slow solvent limit (9.95)

P_(t) = ae™"179/7, (9.104)

The long time behaviour is given by the asymptotic behavior for s — 0. As
P_(t) — 0 for t — oo this is also the case for P_(s) in the limit s — 0. Hence
the asymptotic behaviour must be

p ~ aW(f(S)
<(S)’\/m—>0 s —> 0 (9105)

P_(t) — 1“ Wo(t) 1 — o0 (9.106)

—a
In order to describe a powertime law at long times

P_(t) — P (9.107)

P_(s)—> s s >0 (9.108)

the waiting time distribution has to be chosen as

1

which implies

Yy(s) ~ 7 Psh1 (9.110)

1

where z 7' is the characteristic time for reaching the asymptotics. Finally, we find

1 1
s+ 1;—“z5s1—5 T s(1+ (3/s)8)

P_(s) ~ (9.111)
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In the time domain this corresponds to the Mittag—Leffler function?

o (=D'@” .
P.(t)=» —— " = Eg(—(GP) (9.112)
; rpl+1)

which can be approximated by the simpler function

1

- 9.113
1+ (t/1)? ( )
Problems
9.1 Dichotomous Model for Dispersive Kinetics
Consider the following system of rate equations
P(Dx, +) —ky —« B 0 0 P(Dx,+)
i P(Dx, —) _ o —k_-—p 0 O P(Dx, —)
dt | P(D+A—,+) | — ky 0 —a B P(D+ A—,+)
P(D+A—, —) 0 ke o —B) \P(D+A—,—)

Determine the eigenvalues of the rate matrix M. Calculate the left- and right eigen-
vectors approximately for the two limiting cases:

(a) fast fluctuations k4 < o, B. Show that the initial state decays with an average
rate.
(b) slow fluctuations k4 >> «, 8. Show that the decay is nonexponential.

3Which has also been discussed for nonexponential relaxation in inelastic solids and dipole relax-
ation processes corresponding to Cole-Cole spectra.
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