Chapter 3

Bending of Beams



58 Ordinary bending

Beam = straight structural element, length [ large compared to
dimensions of the cross section, perpendicular loads.
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31 3.1 Ordinary bending

nomenclature and assumptions:

e 1 = axis of cross section centroids; ¥,z = principal axis of the se-
cond moment of area (moment of inertia).

e kinematic assumption: plane cross sections remain plane

w=w(x), u=zi),

w = displacement in z-direction,
u = displacement in z-direction,
¢ = rotation angle of cross section.

e stress resultants:

V. = V., = shear force,

M = M, = bending moment.
Normal stress

neutral axis

o(z)=", z 1 I x
I Zmax
# Omax
I = moment of inertia with respect to y-axis,
z = distance to neutral azis (= axis of centroids).

The largest absolute value of the stress occurs in the extreme fibre:

I
, W = — section modulus.

Omax = - |
Zmax|

M
W



3.1  Ordinary bending 59

Shear stress
a) thin-walled, open profile

_VS(s)
T(S) - It(S) )

S(s) = static moment of A* with regard to
y-axis,

t(s) = thickness of profile at position s.

b) compact cross section

b

_V5()

7(2) = Ib(z) , T
S N h
special case: rectangle e i
L _30Q 1_4£ z 2
24 n? )
Neties Tz = 7(2=0) = 2 Ii is 50% larger than Tmean = bci

Shear center M of singly symmetrical cross sections.

moment of V' with regard to 0
= moment of distributed shear
stresses with regard to 0:

TJVIQI/T(S)TJ_(S)t(S)dS

Position of centriod C' und shear center M for selected profiles:

full circle
semi circle with slit

M
c Mfc M @}
M=C¢ M=C C Co]o o o o o
o M
T
M - L%,L¢%H
/s

0,273 7




60 Differential equation of the deflection curve
Basic equations

equilibrium conditions dv_ —q, A v,
dx dx

Hooke’s law, kinematics M = EIv)’

V=GAs(y+w'),

EI = bending stiffness,
GAs = shear stiffness,
As = KA = shear area (rk = shear correction factor).

Rigid with respect to shear (Bernoulli beam): If we additionally assume,
that cross sections perpendicular to the undeformed beam axis remain
perpendicular to the deflection curve during the deformation, it follows
from Hooke’s law for the shear force (GAs — o0)

o =—w.

Differential equation of the deflection curve for the Bernoulli
beam: Inserting into Hooke’s law for M yields

Elw' =—-M.

This leads with the equilibrium conditions to
(EIw//)// — q,
or for EI = const

Elw" = q.

Temperature induced moment

A linearly, across the height h, varying temperature field (= tempera-

ture gradient) can be treated by a temperature moment : i
Tb — Tt g T
Mr = FElar s h —
2 L
z

a7 = coefficient of thermal expansion. T,

In this case, the differential equation for the deflection curve yields

EIw" = —(M + Mr).



Boundary conditions and solution methods 61

Table of boundary conditions

support w w’ M 1%
f 0 #+0 0 #0
— 0 0 #0 #0
——— 75 0 75 0 0 0
free end
A
ﬂ r—— #+0 0 #0 0

Solution methods

1. For continuous functions of g(x) or M(x), four or two times integra-
tion of the corresponding differential equation yields the deflection
curve w(z). The four or two integration constants are obtained by
the boundary conditions (see table of boundary conditions).

2. For several regions (discontinuities in the loads, deformation, con-
centrated forces or concentrated moments), the integration has to be
performed piecewise. The integration constants are determined from
boundary and matching (continuity) conditions. The computation
can by simplified by using the Macauley bracket (see Engineering
Mechanics 1):

0 firex <a,
<z—a>"=
(x—a)" furz > a .

3. Statically indeterminate problems can be solved by using superposi-
tion of known deflections and rotations. For this purpose, deflection
and rotations of the most frequent load cases and support situations
can be found in the table on page 62/63.

4. Statically indeterminate problems can also be solved by using the
principle of virtual forces (energy method) (see chapter 5).



Table of end rotations

load case
T E
Ol b
Y
AR %
Y
AT %p
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4—rTT/T7’;;/;114I11 o
AT %p
" M,
-
A a1« bT7B
| z |
— *‘F
AAe— B
l |
7 -
TIRRITTRIREITIS
A l |
}_,l’
qA?{IINIl\;;}\VW‘T‘rT\‘
A { l 113
T M,
D)
l B
explanations: @ @

[en]

Mol

(3a° — 1)

Fa?

qol®
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24
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ETw(x)

3
Pl - 2 -t <£-a >

qol*

3} 4
gy (E—287+80)

qpl?

3 5
5o (7€ — 106 +3¢")

Mol?

o B -+ -3<E-a>?

FI?

6 [3¢%a — 4+ < £ —a >

qol*

oy (667 —46° +¢%)

qal

2 3 4 45
120 (106" —10&” +5¢° - ¢&°)

Mo*

[\

< & —a>" = Macauley bracket

and deflections

Elwmax

F?
48
fora=p=1/2

5

qol*
384

see problem 3.13

Mol?
. V3
fora =0

Fi?
3
fora =1

qol*
8

qal
30

2
Mol

63



3.2

64 Biaxial bending

3.2 Biaxial bending

az = axis of centroids,
arbitrary ortho-

&
w
|

gonal axis.

Y

shear forces V, , V.

and

bending moments M, , M.
(positive when positive right-
hand screw at positive intersec-
tion).

Differential equation of the deflection for shear rigid beams:

Bu' = | (~MyL + M.1I,:)
By = i(MzIy _M,I,.)
A = LI.-1I,,
Iy, I., I,. = second order area moments.

Normal stress

1
o= A (Myl. — M.1y.)z — (M1, — MyI,.)y| .

Special case: If y, z are principal azis (I, = 0), then

Elyw'=-M,, ELV' =M., o= Y2—-"""y.



Normal stress 65

Problem 3.1 A cantilever beam with the
depicted cross section (constant wall thick-
ness t, t < a is subjected to a concentra-
ted force F' at one end. ‘ F

Determine the maximum stress in the cross

section at the support. T
F
‘ 2a 2a t
1 40a | = G| = |

Solution The distance of the centroid £- from the top surface is ob-
tained from the sub-areas by using t < a

big birg I
~ 7N ~ 7SN 5 = 13
¢ _3&GA 2(2at-a)+2(at-2a)  8a®t 7l o ¢
“T SA,  2at+2- 20t +2- at  8at
-~ <~ — 13
B I big birg
=a. Jii§
The second moment of area with regard to the
y-axis is computed by using the parallel-axis
theorem. I o
1 ~ X - 1T o |1 I“
N 3 N e
t(2a) 2 16, 5 v
I, =d* 2a —I—Z{ }—I—Z a”-aty = _ ta”, a
Y 12 { } 3 1A
z 1l
Thus we obtain for the section modulus
16 1
W = L _ 3 :16ta2.
Zmax a 3

The stress in the cross section at the support is calculated using the
bending moment at this position

M = —40aF

to be
o _|M] _ 40aF 30 F
117 _16t2_ 4 at
3a

(the upper fibre is in tension, the lower under compression).

P3.1
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66 Computation of

Problem 3.2 A cantilever ®
beam with the sketched A ___________________ | F
cross section is loaded by —
the force I at point @ . ®©
Determine the normal —fa ,2“_ | j-—
stresses at point @ at the ®
support. QQI

Zai

Solution As the neutral axis is passing trough the centroids of the
cross sections, we first determine the position of the centroid:

I 7

~ A ~ R §
A& 8a® a+2{2a 3a} 5 —| ! |E
= = ,a

SA; 8a? + 4a? 3 _
T

§c =

The second moment of area with respect to the
y-axis is computed by summing up the contri-
butions of the sub-areas:

4a(2a)® (2 \? —| r
I, = “(12@) + (3 a) 8a°| +
- 5
y I 2 @
o a(2a)? ot 22a2 _ 4 1 3
12 3 3 iz
The following stress resultants are present in the cross section at the
support 5
N =—-F and M, =—_aF.

3

The associated stresses are (on due to normal force, oy due to bending
moment)

. _N_ F and o 7My27_5 aFz 5 Fz
YA 122 B P B R U
3

. . . T
At point @ superposition with zo = — 3a yields

F 5 F7 2 F

g:aN—i-aM(Z2):_12a2 44 g3 3a— 11 a2



normal stresses 67

Problem 3.3 The column with F P3.3
a star-shaped cross section Al

(t < a) is loaded by a force F,
applied off center.

Determine T 60°
a) the maximum absolute value ;b

of the stress,

b) the maximal value of b such
that nowhere in the cross secti-
on tensile stresses occur.

Solution to a) Due to the load and the
symmetry of the cross section it is convenient ur
to introduce the following v, 2-coordinate
system. This yields

ta®

12 °
The second moments of area for the sub-areas

Il and III with respect to the y-axis are
determined by the transformation equations

I =

3
127 127
Using t < a we obtain

I»,,: IC: I’?CZO’ g0:—300.

ta® _ta3 1 ta®
24 24 27 48 °

Iy+Ic In—1

Iyn = Iym = 9 9 ¢ 08 24Ty sin 2 =

This leads to

3 3 3

Together with the stress resultants N = —F and M, = —bF it follows
N M, F  8bF
7=t I, T T 3at T tad S

The largest stress (compression) occurs at z = a/2:

o F (1,0
T at \ 3 a)’

to b) Tensile stress occurs first at z = —a/2:
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68 Inhomogeneous cross section

Problem 3.4 A column is clam- F,
ped at the bottom and is carrying ¢ h h
a vertical load F, at the center of 7 T ok~ ok
the top cross section and a horizon- T @ o ©)
tal load F} in the middle of edge b
b. The column is made of 3 layers i = ET S
with different Young’s moduli. ! i
a Yy
Determine the normal stress distri- = h .
bution in the cross section at the
clamping. 1 az
Solution We consider the different load cases independently.
to a) With the vertical load F,, we obtain from Z
equilibrium o141 + 0242 = —Fy e [TIITTIIIIIT]
Hooke’s law oi = Fie;
and geometry €1 =¢e2 =¢ 03 - “7‘1‘ -
the strain
Eie1A) + Eaen A E526h+4E51bh F, £ F
= = —F, ~> = —
1€1A41 22 A2 3 3 2Ebh

and the associated stresses
F, F,

o9 = —2

T 2bh bh

g1 =

to b) Fj, causes a moment Mg = —Fjl at the support. Then geometry
(assume: cross sections remain plane)

u=1v-z ~ e=9 -z, e(z
Hooke’s law o(z) = E(z)e(z)
and h/3 h/2 )
M= [o2dA =200/ [E; [ 2*dz+ Eo [ 22dz] 7V
0 h/3

=y B () + 5 ()~ (2% = b/ B

lead to (using M = Mg)

;2T Ryl
V=T ek
Finally, the stresses follow as
2T M hy  9Fl
=BWE=Eo gt g = T
2T M h, _ 54Fl
2= Btz =AE G pya® 0 200) = " e



Shear stresses 69

Problem 3.5 A wooden cantilever VF P3.5
can be assembled from 3 beams
(dimensions of the cross section ® @
b = a and h = 2a) in different b b
ways. ] =
7 plh 7 b
What is the maximal force F' for b b
the two variants ® and @ , if the l_Jz ; B %‘
maximal allowed shear stress in the
bonding layer is given by Taiow? h | h |

Solution With V' = F the shear stress in the bonding layer becomes
in general (z = z;)

_ FS(=)
)= ey
This yields with 7(z;) = Tallow the maximal load Fax
Tallowj b(Zl)
Fmax -
S(z1)

For variant ® we obtain

bh?  _rhb® b bys ., T T1
= = 1
I=", +2[12+(2+2) bh] 10 a* & iQ(h-H))
b(zl):b:a7 A z
S(z) = sz:;(h—i-b)bh:?,a?’ ‘
-

which leads to the force

P 10a*-a 10 2
Imax — Tallow 3@3 == 3 allow .
Analogously we obtain for variant @
_h(3b)* _ 9 4 o
I= 19 = 9% b(z) = h =2a,
S(zz):/ 2dA =b-bh = 24°
e

and the force

9a*-2a 9

2
2.943 - 2 Tallow @ .

F2max = Tallow

Note: The shear stresses in the cross section at z = 2z and in the
corresponding perpendicular bonding interface are equal (associated
shear stresses!).
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70 Shear stresses

Problem 3.6 Determine the shear stress
due to an applied shear resultant force
V' in the depicted thin- walled I-profile.

Solution The shear stresses are com-
puted from

_VS(s)
T t(s)

Thus we need to determine the second
moment of area I with regard to the
y-axis. With ¢t1 < b and t2 < h we
obtain

AN
I=1 I, =2
1+ 12 tlb<2> +t212
h? h?
19 (t2h + 6t1D) 12( 1+ 6A2)

The static moment of sub-area A™ for a
position s in the lower sub-area is given
by

and for a position z in the second sub-
area it follows




in beams 71

These relations yield the shear stress in the upper sub-area

h Az
n= 2LV A s
h2 Ao As h
14
12 (A2 +6A1)t 6A,
and in the second sub-area
h  t2 9 2 1+ A 1— 22’
() Vg g (P =40y T aa h
T2\2) = = .
h2 As Ay
1+
19 (A2 +6A1) to 6A,

A
1
= —o=" ! 44 Aml
TQmax—T2(Z—O)— 5
As 14 Ao
BV —=—=
6141 ¢
it depends on the area ratio Az/A;. T ¢ T2 max_|
The maximum shear stress in the first ¢
sub-area is given by ¢

Az ]

VoA b

max — =b/2) = . T1 max
T Ta(s =b/2) A, . Ay oh
6A1
. 15V
For example A1 = Az and b = h yields 72 max = 14 A at the center
2
and 71 max = 14 X . For this situation the smallest value in the vertical
sub-area :
|4 1 12 VvV
mln = = 2 = = 5
T2 TQ(Z h/ ) A2 1 . A2 14 A2
6A1

is only 20% smaller than T2 max. As a rough estimate we can use the
average shear stress Tave = V/A in the central sub-area.
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72 Stresses

Problem 3.7 A composite beam ; b |
consists of an upper concrete slab
and a steel I beam. The structure
is loaded by a bending moment M.

a) Determine the width b of the M 2h
concrete slab, such that compres-

sive stresses occur only in the LM

concrete part, while the tension is

present in the steel part. Given : M = 1000 kNm

Ec=3.5-10* N/mm?

b) For this case compute the Es=2.1-10° N /mm?

stresses in the extreme fibres of the

two materials. h =40 cm
As=h*/6
Ig =h*/18
Solution to a) For the case
that compression occurs only in
the concrete and tension only in S
the steel sub-area the strain in P ‘—rz' /|
the bonding layer has do be zero @

(=neutral fibre). With the chosen

coordinate system we have
20 E
e=az, =8 C o

where a is not yet determined. The
stresses in steel and concrete are

os=FEse=aFsz, oc=Fce=aFEcz.

As the beam is loaded only by a bending moment, the normal force N
has to vanish:

N:/O'sdA+/O'ch:O ~ Es/sz—l—Ec/sz:O.
As

Ac As Ac
With
2 3
/sz:zsAs:hh :h , /ZdA:ZCACZ_Zhb:_

Ag Ac
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and Es/Ec =6 the required width b is obtained:

6 — =0 ~> b=2h =80cm.

to b) The unknown factor a follows from the prescribed bending mo-
ment.

From the definitions

M:/zasdA—‘,—/zach:aEs/zsz—i—aEc/szA.
As Ac As Ac

and the evaluation of the integrals

ht Bt 2
2 o 2 o . 4
/ZdA—Is+hAs—18+6 —9h
As
9 bh: 2 4,
dA= = _h
/Z 3 3
Ac
it follows
ah*Ec Es 4 M
M = 2 = 2ah" FE = .
9 {EC+6] avBe O opap,

With this result the stresses in the steel and concrete are

EsM 3 M M
os = z= z oc = z.
57 2Bch! ht © 7 ops
For the top extreme fibre in concrete (z* = —h) and the bottom extrem

fibre in steel (2* = 2h) we obtain

—7.8125N/mm?

M
0= = s = —T8125N/mm? E
ob=6 % = 93.75N/mm?

™\ 93.75 N/mm?
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74 Shear stresses

Problem 3.8 Determine the shear — 20—V
stresses due to a shear force V ) pt
for the depicted thin-walled beam — | [ ]
cross section (t < a). T

—| |- P
i

[ — *t

Solution At first we compute the cross section area, the location of

the centroid and the second moment of area: I
_ [
A= 4at +2-2at + 2at = 10at A —
4 ¢ ,
bA=2a-2at+2a-2at ~ b= _a, by sufly C©
t(2a)® 4
I; = (2a)*2at + 2 ( 3@) = 30ta3 , 1 L
I=1I,=1;—-b’A= 104, 3. i
15
534

Due to symmetry of the cross section the
shear stress is symmetric to the z-axis.
Thus only half of the cross section has to be considered. With the
coordinantes s; to s3 we obtain for the static moments in the sub-areas
I to IIT

S[ = bslt = : at51 s
SH = b2at—|— (82 + b—282) (b— Sz)t = ;lia%— ;tsg,
Sur = (2a —b)t sz = g at s3 .
_ x@/at
These relations result in the shear stressesM
T = Qlil = 236 Qt 51 , 2Q/at /I**Hwttt W =
at a
$Q/at -——| 1
__QSi_Q (18 15 s ) ! |
"7 1t T at\65 208 a2) T i *
1 | I
_QSm 9 Q s3 0 /S
=1t T 52at o nQ/at —



Shear center 75

Problem 3.9 Locate the shear center f— b —]
for the depicted thin-walled (¢t < b, h)

box profile with a slit. .
h _
Solution We start by computing the
static moments with respect to the
y-axis of the three sub-areas: y
2 2 -
.5 o h h M
S[—t2 s S[[—tg +2t82, I 7 —(81
K2 h h l 1 1
S =t + bt + s3t _ o3 . 53
8 2 2 2
S
Thus the shear stresses become 2
Tir
B Q 5% ———
"= i -
Q(h  h 1
= M|
=y \s Ta%)o l $ 0
Q h2 h S3 (2 * Tr
=\ g +2b+ 2(h—53) . T *

The equivalency of moments with re-
spect to 0 provides

h/2 b h
Qrym A Trbt dsy + [) TII2td52 T 24+8

2
_am (1, 1,).

3
@ (bh Lon? 4 ih2b2>
I 6
With the second moment of area for the thin-walled profile
th® hy2 of(h b
I == 2 =
[12+bt(2)] th 6+2
we obtain the distance s of the shear center M to the reference point 0

11
bk gt b 2n 3

M = 4 =b .
th? 1 1 2h + 6b
6h+ 2b

P3.9
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76 Bending along two axes

Problem 3.10 The cantilever
with thin-walled box cross
section is loaded by two ben-
ding moments M, = Fl and
M, = 2F1I.

Determine the distribution of
the normal stresses in the
cross section for b = 2h.

Solution Because of symmetry y and z are principal axes. The stress
distribution is computed from

M, M.
o= 2= Y.
y z
With g =u
th® N2 1, :
I,=2- 2. ( ) = :
v 19 + 9 tb 6th (h+ 3b)
tb® b2 1,5
L=2" +2 (2) ht = t57(b+3h)
and the given bending moments we find
o Fl . 2F1 y_6Fl(z y)
= - - 3 - -
Uinzoon leapzosn o tRPNT 10
6 6
The equation of the neutral axis (line of neutral axis
zero stress) is computed from o = 0 )
z= 7 y -
107" 7. 7 e
To clarify the representation the stresses \w A 36 FI
due to the two loading cases are depicted seperately: 35 th2
@ [T ]
S @ o
1A ] 0
@ 21 FI [T &15F1
due to M. . 35 th? 35 th?

due to M,



Biaxial bending 77
Problem 3.11 A beam, simply
supported at both ends, with a r !
thin-walled profile (¢ < b) is loa- t 2
ded by a force F' in the middle. A

Determine the stress distributi- r 7

b
|
on under the load as well as the Y ¢ t
location and value of the maxi- —r'

S

mum stress.

) 2b
—

b
e 2

Solution For the unsymmetrical profile the principal axes are not
known. We have to use the equations for biaxial bending. Thus we
obtain for the stresses with M, =0

— My
A

The moment due to the load is given by

Fli

4

Together with the geometric quantities of the cross section

_ t(2p)° 8 3 [t b2 1 2
12 3tb’ 12_2[12+(2) bt}_?,tb’

(L2 + Iy:2y) .

g
My - Mmax -

I, +2-0*(bt) =

bt = —tb?

2
A =1L -1, = 19615266 — %0 = ;t%ﬁ

I.=-2-b-

we obtain the stress

R (2, s\ 3 Fl .
o= 726(3tbz tby)_28tb3(2z 3y) .
4~9tb

The neutral axis follows from the condition

3 neutral

oc=0 ~ z:2y. éaxis

. . compression
The maximal stresses occur at points 2

with the largest distance to the neutral 7
axis (y =0, z = +b): 3

3 Fl I7_

14 b2 z

S

tension

Omax — +

P3.11
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Problem 3.12 A cantilever beam
with thin-walled profile (t < a) is

subjected to a constant line load g¢o * * * * * * * * * * * * *

and a concentrated force F'.

Determine the distribution of the nor- ‘

mal stress in the cross section at the
support.

Given: F' = 2¢qol.

Solution We place a y, z-coordinate system at
the not yet known centroid. By symmetry to
the 45°-axis the distance £ to both sub-areas
is identical. As the static moment vanishes with
regard to the symmetry axis, we have

a

€cat=(g—€C)at ~ &=,

With regard to the symmetry axis we find

3
1, =L="0 (D%t (Dat=) 1,
L= Gat= (=) (-Dat =’

This yields

5v226 1,6 1 25
A=1,0.—1I,. = t?a® —  t°a® = | t?a°.
ole = lye = () Fa" = gy a” = ygtha
The internal moments at the support are given by
o qol2 o . 2
M, = — 9 and M. = Fl = +2qol”.
Finally we obtain for the stress

1
A

36 wl*> 5 4 5 [ ta®
= — -2 —
t?'ae{{ g 94! ~ 20 8 )]”°

B 25, 3 ql’ _ta3

3 qu2
= 4 g3 (72 — 17y) .

g

{Myl. — Mo1y2) 2 — [M=1y — Myl,:]y}

s

‘ce
L Q
e




stresses in beams 79

Alternatively we can describe the stress distribution with respect to
the principal axes y*, z*, which we know from symmetry considerati-
ons. The principal values of the second moments of area follow with
I, =1, and ¢ = 45°

* I"‘Iz 5 3 13 1 3
=" I.= " ta®— ta®= "t
v g Tl la —glam=yta, c
« Iy + 1. 5,3, 1,3 1 3
=" —I,.= "t ta® = _ta” .
z 2 vz = gglatgtan = gta AR

Decomposition of the loading in the principal directions yields

2
M;:—q(;l cos ¢ + Flsin g
2 1\ 1
= 2 — 2
qol ( 9 2\/ ;

. Sy M
M = q02 sin g 4+ Flcos ¢ o

CIOZQ(;—F?) ;\/27

which leads to the stresses in the principal directions

M, . M 3v/2 qol?
— _ z * — 12 * * .
7 Iy ? Y 4 tad (1227 = 5y7)

To check the result we transform with

1
Z¥=—ysingp + zcosp = (z—y)Z\/Q,

. 1
y =ycosp+ zsinp = (z+y)2\/2

back and find by re-substitution

3 qu2 3 qu2

= 12(z —y)—5 = Tz —1Ty).

0= s 12E =) =5yl = s (T2 = 1Ty)
neutral axis
The neutral axis satisfies the equation .
compression

17 Y

‘= Y N tension

m—
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80 Computation of the deflection

Problem 3.13 The beam is simply suppor-
ted at both ends. Determine %
a) location and value of maximal moment, ‘ l l

b) location and value of maximal deflection, 7;;7

c) the slope of the deflection curve at both 7 Bl ‘
supports. ‘ ! ‘

T
[I—

Solution Bending moment and deflection curve can be computed in-
dependently, because the beam is statically determinate.
to a) The given loading provides
=z

q=qo I

by twice integration
332
V=—qo 2l3+ Cy,

MZ-Qoaél + Ciz+Cs.

With the static boundary conditions

MO)=0 ~ Co=0, M@=0 ~ =%

6
we obtain
V=l w0

Location and value of the maximal moment are determined by the con-
dition M’ =0
m*

M=V=0 ~ 1—3(l

1

)2=0 ~ @ = V31=0,5T71,
o 1 1 1

Mooy = M(z") = 18\/3 ql*(1 - 3) = 27\/3 qol?.

to b) With the known function of the moment

w=t ()]

we derive from ET w'" = —M by twice integration
1?2 12t
Elw=-% ( - )
v 6 Lo —ap) T
1?2 /a3 1 2°
Bro=-""(0 -, 13)+03a:+04.



by integration 81

The new integration constants are determined from the geometric boun-
dary conditions

w(0)=0 ~ Cy4=0,

B _qlP (1 1N _ T
wll) =0~ Ca="g (6 20)_360q0l'

Finally we obtain (cf. table on page 62, load case no. 3)
q0l4 x x\3 r\°
= -1 .
ETw= a4 [7l 0(1) +3(z)
The maximal deflection is computed by using the condition w’ =0 :
Elw' =0 ~ 7—30(1) +15(l) =0
x x 7
- (l) ‘2(1) v =0,
= 1(+>\/8 1=0,5191.
— 15 )

(The (+)-sign provides an z-value outside of the range of validity.) Thus
we have

4
e = (&) = 35821\/ \/15 7-10( \/185)+3(1_\/185)2]

_ ol
=0, 0065 I

to ¢) The slope of the deflection curve follows as

Cs 7 qol®
/ _ _
w0 = pr =360 EI
/ 7_Q0l2 l o l 7 qu3 _ 8 qu3
W) = 6EI( 1) T 360 BEI T 360 EI

Note: Maximal moment and maximal deflection occur at different
locations: x* # z**



82 Computation of the deflection

P3.14 Problem 3.14 Determine the func- L
tion of the bending moment for the o
depicted beam. H*HHHH
ET

Solution The beam is statically indeterminate. Thus the function of
the moment needs to be computed with help of the deflection curve.
From the differential equation we derive by integration

Elw'"Y =q=qo,

—EIw" = Q = —qoT + Ch s

2
_Elw" =M = —quQ + Chz+ O,

3 2
EIw/:qox —Clx — Cox+ Cs,
6 2
4 3 2
T T T
Elw= — — )
W=qo,, 016 022 + Csx + C4
The 4 integration constants follow from the 4 geometric boundary con-
ditions:

& 12 l
W) =0~ N -0 —Cal=0 Ci="1
~r
B qol* ? 2 _ @l
w(l)—O o 24 —016—022—0 CQ— 12-

This yields

M:—qféz {1—6’§+6(x)1.

qol?
12

[
qol?

12

M qol?
24
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Problem 3.15 Determine the deflec-

tion of the depicted beam. The left T o

end of the beam is elastically sup- m
ported by a spring, the right end is p P
clamped, and the load has the shape c7§77 EI v

of a quadratic parabola.

Solution We start by computing the quadratic equation for the line
load. From the general equation ¢ = A + Bz + Cz? and

q(0) =0 ~ A=0,

q)=0 ~ BI+CI*=0,

I sl ol «»C:—?, B =47
;) =aw ~ B,+C =,

it follows  q(z) = 4qo [? - (?)2]

Four times integration of EI w!V = ¢ yields

—EIw" =V = —4qo(;j - ;;) +Ch,
—Elw"=M = —4q0<§; - 1‘;;) +Ciz + Co,
EIw':4qo(;Zl - 698;) —Clm; — Cox +Cs,

The boundary conditions provide

M(0)=0 ~ Cy =0,
V(O):c-w(O)vclzcg‘},
, B q013 12 -
w'(l)=10 10 —C12+03—0,
w(l)=0 M'510l4_01l3+(13l+(j4:(),
45 6

The 3 equations for Ci, C3, and C4 yield with the abbreviation
A=1+c?®/3EI

T c qol? o qol? 1 e? T qol*
A =gonpr: 7 10A(1 18EI)’ Cl

T 90 A
which leads to the final result

qol4 1
w =

x5 l,axe 7 c® ,z.3 1 ce®\1 ,z 7
T 10EI 3(z) ) (z) _( ) }

_9(l T 54 AEI 18 EI

INSATN

P3.15



84 Beams

P3.16 Problem 3.16 A cantilever beam is T 2
subjected to a constant distributed

load qo. EI rﬂ_m

Determine the deflection at the free i

7777
end, P AP

Solution We solve the problem in two different ways.
15¢ solution: Due to the discontinuity of () we have to consider two
domains:

0< 2 <2a q =0,

V:[:Cl,
My = Crx1 + Co,
i
Elwy = —-C 9 — Cox1 4+ Cs,
3 2
ETw; :—Clgz1 _023721 + Cz21 + Cy,

0<z2<a Q2 = qo,
Vo = —qox2+ Cs,

x5
My =—qo ; +Csz2+Cs,

2
3 2
EIU/QZQO%Q —053722 — Csx2+ C7,
4 3 2
T2 N T2~ T2
EIw2—Q024 C56 062—1—073:2—!—08.

The 8 integration constants C; follow from:

4boun— [w)(0) =0~ C5=0, wi(0)=0~ Cy=0,

dary qoa’
conditons | @2(a) =0~ (5 =qoa, Ma2(a) =0~ Cs = —

2
Mi(2a) = M2(0) ~Ci2a+Co = Cs

and 4 (2a)2
contin— | wi(2a) = w5(0) ~ —C 9 ~ C22a + C5 = (7,
uity 3 2

. 2 2
condi— wi(2a) = w2(0) = 0 ~» —Cl( )" _ 02( @)
tions 6 2

+C32a+Cy =Cs =0
3 1 1
~ Ci=-cqa, Cz= qa’, Cr= qad’, Cs=0.

(For the shear force no continuity condition is available because it expe-



with different areas 85

riences a jump related to the unknown reaction force B). The deflection
at the free end yields

qo {a4 a* at a4} 3 qoa4

+ + =8 EI

wa(a) = 246 4 4

T EI

274 solution: Using the Macauley bracket we can describe both do-
mains by a single equation. We introduce z from the left end and have
to consider the jump in the shear resultant at B (assumed to be positive
in upward direction):

q = qo <x72a>0,
V=—q<z—2a> +B <z —2a>"+C1,

1
M = —2q0 <z —2a>>4+B<z—2a>" +Ciz + Cy,

1 1 1
Elw' = 6qo <z —2a>° —QB <z —2a>2 —201322 — Cax + Cs,
1
6

1 1 3 1
Elw= _ q <z—2a>4—6B<m—2a>3— Chra®— 202:62+03:c+C4.

24

The 5 unknowns C; and B follow from

w'(0)=0 ~C3=0,
4 boun— w(0) =0 ~Cy=0,
dary condi—
tions and QBa)=0 ~ —ga+B+C1=0,

2

M(3a) =0~ —IJOL; +Ba+Ci3a+Cy=0
1 t1 2 3 92 2
Lreetion {0 00,0 - 4 Gas cn =0,

Solving yields:
3 1 11
Cl:_8q0a7 02:4q0a2, 03:()7 04:()7 B = 8qOCL.

Thus the deflection at the free end is given by

4 3 3 2 4
_ g |a 11 a 3 (3a)” 1 2(3a)”| _ 3 qoa
wB) =gl T 8% T8 6 4% 2 | T8 EIC

Note: The computation of displacements at designated locations is less
complex with methods discussed in chapter 5.
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86 Computation of the deflection curve by Macauley bracket

Problem 3.17 The depicted beam o
is loaded on its cantilever part by = @

a constant line load. W Bl
Compute the deflection at the hin- =1 K O

ge and determine the slope diffe-
rence at the hinge.

(1’:
\4-2—>‘<— ——-—  ——

Solution With the help of the Macauley bracket the entire domain can
be descibed by a single equation. During integration the jump in the
slope Ay at the hinge has to be considered separately.

a _o
g=qo—q <T— >,

2
Vz—qox+qo<x—;>1—|—A<m—;>0+01,
2
M:—qoilc —l—qo<m—a>2+A<x—a>1+C1ac+C2,
2 2 2 2
3 A a x?
Elw — T qo a3 . 2 .
W=, - o<, > <o, > C12 Cax
+EIA<p<ac—a>0+Cg,
4 3 2
T Qo a 4, A a 3 T T
Elw= - - - - -
W=qo,, — 24<ac 9 > 6<:1c 9 > 016 022

+EIA<p<ac—a>1 +Csx + Cy.

The 4 integration constants C;, the unknown reaction force A, and the
slope difference Ay at the hinge are determined from the following 6
conditions

V(0)=0 ~ C, =0, M@O0)=0 ~ Cy=0,
3 1
M(a) =0 ~ A= qoa, w(g):() ~ 384qoa4+03;+04:0,
4 27 27
w'(2a) =0~ 3q0a3 — 48q0a3 — 32q0a3 + EIAp+C3 =0,
B 2 4, 81 4, 81 B
w(2a) =0 ~ 5900 384900 192009 + EIApa+ C32a+ Cy = 0.
This yields the solution
5 3 39 4 9 3
Cy = — Cy = EIAp = .
Ve T 7T 50
Thus we obtain for the deflection at the hinge
_ _ 1 qoa4
wi =wla) ==y, "pr Ao

and for the slope difference

3
A@quoa . %

32 EBI

AN NN



Beam with variable cross section 87
Problem 3.18 A leaf spring with P3.18
constant thickness ¢t and variable
width b = bol/(l + x) is fixed at
one side and loaded at one edge
by F.

Determine the deflection at the
position of the load.

Solution The system is statically determinate. Hence the function of
the moment follows from equilibrium considerations:

V = F = const, M= Fx+C.

The condition M (l) = 0 yields C = —F[ and thus

M=-F(—-u=).
Use of the differential equation EI w"” = —M yields with
5 bot® 1
H2)=b)15 = Y9 14

and the abbreviation Iy = b0t3/12 :
,,7F(l—1')(l+$)7 F 2 2
v Elol = g )

By integration we obtain

w' F (12x — z® + C’1) ,

= Ell 3
_F yx? ot
w= Elol(l 2 712 +Cl”+02)'

The boundary conditions
w'(0)=0 ~ C1=0, w(0)=0 ~ C2=0
render the solution

5 FI®
w(l) = Wmax = 12 Bl

Note: For a beam with constant width by the same load results in a
smaller deflection
Fi? 4 FI3

v = 3pr = 12 BI



88 Beam with variable cross section

P3.19 Problem 3.19 A cantilever beam with x
rectangular cross section (width b, =
height h(x)) is subjected to a linear va- + i
rying load such that the extreme fibre c ‘ !
experiences a stress og. E

Determine the deflection of the left end. : ! ‘

G

Solution First we have to compute the unknown cross section height.
Using
| M|

Omax = =00

w
together with

3
qo

M=="g 1= 157

yields h(x)

_ qo  3/2
h(zx) = \/Uobl A
This leads to

Qo qo 9/2
I(z) = .
() 1200l\/baol “

Integration of ET w"” = —M provides together with the boundary con-
ditions w’(l) = w(l) =0:

W' — — M _ qor*12000  [bool £—9/2 — 900 bool L3/
EI 61Fqo qo0 E qo ’
U)/ _ 20’0 \/bo’ol (—2x71/2+2l*1/2> ’
E qo0
oo [bool 1/2 —1/2 1/2
w=2 (—43: + 21 x + 21 )
E qo0

Evaluation at x = 0 yields the deflection at the left end

ago bO’ol2
0)=4 .
w(0) E\/ .

As a test we check the physical dimensions (F=force, L=length):

] = FL‘Q\/LFL—QLQ .
Y= Fr2V P T



Problem 3.20 The depicted beam is

assembled from two parts with diffe-

rent bending stiffness.

Determine the deflection at the free

end.

Superposition 89

F

2E1

4 Bl V

.
I 17

o | ——— | —

Solution We use superposition together with the tabulated results on
page 62. First we assume that beam I is fixed at point B and compute
the defection wyr. To this we have to add the deflection w; of the left
beam [ due to F' and M = Fl. Finally we have to consider the slope
w}, that appears at the left beam. This slop has to be multiplied by
the length [ and added as an additional deflection at the right end:

L F
BY\FI i ¢
lu I * Y Ei

N’u,’/] B wyr

[ =wn +wr +wil = wn + (wr, +wry,) + (Wi, +wr,, )l

According to load case no. 5

o — FI? o — FI?
T 3ED 'F = 3(2EI)”
and load case no. 8

(F)I? ,_ (FUI
202B1) M T

Wiy =

(2EI)

FI?
2(2E1)

w' =
Ip —

superposition yields the deflection at the end

FI? 1 3 3 3 3 FB
f 1+ +54+ 5+ b=

~ 3EI 2774742

T2 EI
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90 Superposition

Problem 3.21 Determine the

deflection curve for the depic- A * * * * * * * * * * * * * *

ted beam. Bl A

Solution The beam is statically indeterminate. We free the support
moment at the left end and introduce the unknown moment X:

q

HTRI R = (HERRRERREREY + €
L Ay 5 Aal—%

Jq

From the table on page 62 we obtain for the slope:

3

load case no. 2 w; = 2%102?] ,
Xl

load case no. 4 (with =1) wk = 3Bl

The total slope at the left support has to vanish. Thus compatibility
provides

1
w;—i-w/XZO ~ X:MA:—8q0l2.

Superposition of the deflection curves in table on page 62 yields the
deflection curve of the system

El w= FEI(wg + wx)

qol*
24

(6- 26 +€) — Lanl®| (26 +€ —36)

4
= (36— 56 26"



Static indeterminate system 91

Problem 3.22 A pole is clamped at o P3.22
A and supported at B by an elastic El T
rope. The pole is subjected to a ho- a —»] a
rizontal linearily varying load. B *
EA
Compute the horizontal displace- [
ent v at point C fo El !
ment v in r = _.
p CLQEA 3 1 2a
Qo ] A J
Solution We disconnect rope and pole:
Z"q Ux
Wq 3»—0—&—» X XF wx
- Ny
- + Aa
Compatibility at the connection of the rope requires
Xa
wg —wx = Aa, where Aa = EA (see chapter 2).

With the table on page 62 we obtain:
_ q(2a)* 8 goa*

1 5 . = =
oad case no. 7 Wq 20E] 5 EBI
_ X(22)> 8 Xd*
load case no. 5 WX = apr T s oprc
Using these values in the compatibility condition provides
1
4 3 qoa
8 qoa _8Xa :Xa - Y 5 :8qoa.
15 EI 3 EI EA 14 3 EI 45
8 a’EA

The displacement v results from superposition (for the linear varying
load we have to consider the displacement wy and the slope wy: vg =
wq + wya):

_ _ 0! | o0 X(Ea)? [, 2 1)
Elv=FEI(vg+vx)= 50 T o4 T g 3-5-1+ (5

~ ~ rd
load case no. 5 with o = 2/3
14 qoa4
4 3
= qoa” — Xa” =
3 27
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92 Static indeterminate system

Problem 3.23 Two parallel beams
(bending stiffness ET, length a) ha-

ve a distance of [ and are clamped
at the left support. An elastic bar
(axial rigidity E'A) of length [ + 6 145 s<l I
is force fitted at a/2 between the

two beams. l

a) Determine the force in the bar?

b) Compute the change e by which l~—a/2 —=t=—a/2 —~
the distance [ at the beam ends is
changed.

Solution to a) From geometry (compatibility)

I+ 2wx = (I+6) — Al '
X fx : | X
~ 2wx +Al=3§ Ly
Al I
we obtain (see table on page 62, A
X
load case no. 5)
() X¢
X
2 Xl :
= A =
wx = gpp A= gy
X
and the force in the bar (compression)
g x— 0 , =6 EA 13
l L @ l 140 EA
EA  12E1 121 BT

to b) The opening e is computed with help of the table on page 62
from load case no. 5

Xa® 1 1\° 5 a®EA 8
=2 =2 -1 —1 =
e=2ix =23y +<2>} 24 | EI A*EA
* 121 EI
.. . EA
Note: In the limit case EI — oo one obtains S = § and

e=0. !
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Problem 3.24 C te th P3.24
reaction forces focrm[‘cllliéz1 c?epif— * * * * * * * * * * * * * * %
ted beam. A kB A

7777 7777

12— )2 —

Solution The system is twice statically indeterminate. We treat the
support moment M4 = X; and the reaction force B = X» as static
redundant quantities and use superposition:

qo qo

Xy
Ty = {14 + (,
L L4 A A Bl & K N
B C W, Wy, Wy wy X,

A

Considering the (arbitrary chosen) directions yields for the compatibi-
lity

w; +w] —wh =0,
wq + w1 — w2 =0.
From the table on page 62 (no. 2, 4 and 1) we obtain
ql® N Xl Xol? _

24 3 6 0
1 X013
I X% — =0
384100 T 5 48 ’
which yields
1 2 4
X, = — X, = .
1 56 qQl”, 2=, qol

The support reactions are determined by superposition of the 3 load
cases

qo_X1_X2 13

A= = T g T 5%
4
B:X2:7qu,

_ qol X1_X2711
C="g + | =9 =5 ®
1

MA:X1—— qu
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Problem 3.25 Determine the

deflection curve for the depic- qo
ted beam subjected to a tra- o
pezoidal load.

| ! “

Solution The beam is statically indeterminate. We choose B as the
static redundant quantity and use superposition of 3 load cases (the
trapezoidal load is replaced by an equivalent constant and linearly va-
rying load)

q1 — 4o

q1

. W -

The table on page 62 (load case no. 6, 7 and 5) provides

_al

Elw(z) =", (66 -4& +¢")
(ql—QO)l4 2 3 4 5 BI® 2 3
= e (1067 108 4 5gt €)= T (367~ €).

The support condition at B yields the reaction force B

(g1 — o)l

3
w(l) =0 ~ B=_ql—- 10

8

By recasting the above equations

al* (@ —q)l* | ql*

24 24 24

we determine the deflection curve

4 o 4
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Problem 3.26 For the beam with two " Fle b P3.26
domains determine the support reacti- r 2

ons and the deflection at the center of = =

each domain. Bl = B = C

Given: F' = 2qol. =1 !

Solution We divide the beam into 2 separate (hinged at both ends)
beams and introduce the moment at the central support as statically

redundant quantity:

F
sxxxxxs R N

X
A ( (0 T : t (/'qu
u,'/ﬁ ) U-_g(“) “'1[ ’
BY B!

A© BO B cO A 0 B

Equilibrium yields

0 1 0 0 F
A<°>:B§>=2qoz, B§>:(§;>=2,
AV =cW = g = _BH =
1 2 l
The table on page 62 provides
3 2

0 qol 0 Fl 1 1

i = g W = ey v = e

Compatibility can be formulated as
W, @ o D Z gt © 4y @

which yields together with the tabulated results

X1
3EI"

1 5 3 1 5
X =- "= __Fl=— ql° =Mg.
167" 7 32 4% "
The support reactions are computed by superposition
1 1 1
— A 1) _ —
A=A"+ A 2(101 4(IOl 4(]01,
B =B+ B" + B + BV = 21,
F 1 3
— ) n -+ _ | = 1.
c=Cc"+C g T 4% 4%
For the deflections at the center of the domains we compute
4 2 4
o) (1) _ 5 qu X1 1 _ 1 _ qol
h=h"FTh = 5ey pr Tepr\e " 8) = TssapEr

3 2 4
0 w _ Fl X1 1 1 5 qol
Po=Fh+f = opr Tepr\a s

T 192 Bl
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96 Temperature load

Problem 3.27 A beam (rectangular cross T
section, width b, height h) that is clam- 7

ped at both ends is subjected along its A I T, B?
length [ to a constant temperature diffe- . ! |

rence 1} — Typ.
Determine the defection of the beam and the maximum stresses.

Solution The beam is twice statically indeterimante. We choose as
statically redundant quantities the reaction moment X; = Mp and the
reaction force Xo = B. We use superpostion of the three (statically
determinate) systems:

(0) (1) 1(2)

“0”-System uﬁ;B “17-System u;’b, “2”-System wp
0 ?
fwp ! e
1y : 1-) + Wp
) Mg
) i,

The deflection in the “0”-System is computed by the temperature mo-
ment

MAT = EIO(T(T}, — Tt)/h

using the differential equation w” (*) = —Mar/EI and considering the
boundary conditions w(0>(0) =0, w <0)(0) =0:
M, Mar 2?
7(0) _ _MaAr (0) _ _Mar
w “(z) = T w' (x) Bl 9 -

Due to the clamping at B compatibility requires

wp = wg)) + wg) + wg> =0, wp = wgo) —l—wg(l) + wg@) =0.

From the table on page 62 we obtain
_Mar, Mgl BP _Mar * _ Mpl* _ BP
EI EI 2EI EI 2 2EI  3EI
with the solution

B=0, Mp=—Mar.

As Mp = M is constant along the entire length of the beam the deflec-
tion becomes

"o M + MAT _ . _
w = — Bl =0 i. e. w=0.
The maximum stress is computed with the section modulus W = bh?/6
M| . Mar

loma| = Ty =6



Frame 97

Problem 3.28 Determine the TYVYVIVIIY®
support reactions for the de- EI
picted frame.

Solution We free the right support and use B as static redundant
quantity

VIVIVPPIvY O VIIIvPedey @

B
The individual displacement components are determined from the table
on page 62 and superposition:

TRy ©
> (]

- Vg 1

Vg = Vg + Vg = P A+ Vgp =

Ba< \/ -

qoa

g *B

3

4
UB:v31+v32:w~a+v32=Ba-a-a+Ba3 :3Ba3.

The compatibility at B provides the reaction force B:

15
Vg = UB ~ B:32qoa.

The other support reactions follow from equilibrium

17 1,
A= Ma = — .
39 90@ and A 49000

P3.28
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Problem 3.20 An auxiliary brid — S
roblem 3. n auxiliary bridge, q
that is resting on the river banks, is * TYYrvYYYRYY *ﬂ ’

supported in the middle by an addi- A v X EI A

tional pontoon (block with cross sec- '—V'
tion A at the water line). The bridge p A
is subjected to a constant load qo.

Given: water density p, EI/Al®pg=1/24.

Determine the immersion depth f of the pontoon due to qo.

Solution The system is statically indeterminately supported. We use
the pontoon force as statically redundant force and apply superposition:

TR L s

QR TITIIITRITRITT 0N
A@A‘M A A
Wy X
T

For the immersion of the pontoon we obtain
f=wqg—wx.

Archimedes’ principle yields the buoyant force F4 that is equal to the
weight of displaced fluid (see also chapter 7), i. e. we have

X

X =Fa=pgfA ~ f:pgA~

The table on page 62 provides
5 qo(20)* X (20)®

no. 2 : wq:384 qO(EI) , no. 1: = 4éE)I .
Using the above results

X 5 qolel* X813 5 ol

pgA 384 Bl asEl T N T l234f11 = @l

6 EI  pgA

the immersion depth is given by

. X _ ql EIl3: 1 gol*
pgA  pgAEII3 24 EI -
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Problem 3.30 An elastic rope P3.30
(length s) is fixed to the wall
and in C frictionless redirected EA
by a pulley. The pulley is atta-
ched to a beam (axial rigidity

— 00), > O
Determine the displacement of E1 0
the load Q. |

Solution The displacement of @ is computed by the length change

_ Qs

As—EA

of the rope and a contributions § of the deflection of the pulley. The
deflection is calculated by the vertical load on the beam

V=Q—Scosp=0Q(1—cosyp)

to be ‘ 4
3 73
w— vie _ Q(1 —cosp)l . / — wH
3EI 3EI

The deflection ¢ of the load @ follows from

O =w—+ an — ay

=w+ (s —by) — (s —by) © 1 by
)N

=w+ by, — by C

Cho—+
Ay, l J

Q
by, — by = wcos p (for w < by) .
Q/
This leads to the deflection of @

vo =0+ As=w(l—cosyp)+

Qs s 13(1 — cos p)?
EA @ EA + 3EI '
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100 Statically indeterminate system

Problem 3.31 The depicted struc-
ture consists of a beam and bars B R
with stiffness ratio « = EI/a*EA.

The structure is loaded by the force £l = y
F. A AN ofra L
a
a) Determine the forces in the bars- \® 1
fora =1/8 C V2EA
b) For which value of « vanishes the ol

force S27
¢) For which « follows Mp = 07

Solution The system is statically indeterminate in the interior. We free
the middle bar (basic system):

A B
lllL_ lll_&_‘l‘c
£ . ””’Q’FFWF 2 .
2 2

Equilibrium in C' yields Sio) = V/2F/2. The beam is loaded by the
components F'/2. With the table on page 62 (load case no. 1) the dis-
placement at A is given by

F(4a)® [3 1 9 1 11 11 2
EI 0) _ . (1_ _ ) . (1_ _ ) _ F3
Yai=y 6 |4 a\' "6 16/ as @

and at location B

F (4a)®*1 1 11 11
Ys 2 6 4 2 16 4) 127°

Due to the truss elongation Al; point C' experiences the displacement

1
V2 Fav/?2
w® = A2 = D2 _ Fa
V2EA V2 EA EA

Hence the total displacement of C'is given by

o) _ 2Fa3 + Fa

0 0
vg) =i g T3 El T EA

Now we load the system by the unknown normal force S2 = X and
consider the two load cases independently:
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1 17
A B A B

A\Zy%ﬁsv%% X7 &

In sub-system I the deformation is analogous to the basic system, if F'
is replaced by — X, i. e.

15 2 Xa*  Xa 15 11 Xa®
v = — — w = — .
© 3 EI EA’ B 12 EI

The displacement in sub-system II is again determined from the table
on page 62

ar X (4a)? 4 Xa?

B 48EI ~— 3 EI’
LD (D) X(4a)® (1 1(1 11 ) 11 Xa®
¢ T 7A T 6EI 24 4 16/ 12 EI °

Compatibility requires that the difference in the total displacement at
points C' und B are equal to the elongation of bar 2:

X
’Ug?) +U(CI) + vgj) — [wg)) +wg) + wgl)] — a
EA
or
2Fa® L Fa 2Xa®  Xa N 11Xa* (11Fa3 _ 11Xa® N 4Xa3> _ Xa
3EI ' EA 3EI FEA 12EI 12ET  12E1 * 3EI) EA
1
a—
~ x=_ 4F
200 + 6

§-1 3 1 13
to a) X:S2:1+1F:—10F, S1:2\/2(F—X):20\/2F,
176
tob) So=X=0 -~ a—i,
F F X
to ¢) MB—22a (2—2) =0 ~ X=-F,
1
o
~ LF=-F ~ a= 1.
20+ ¢ 36
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A

P3.32 Problem 3.32 The two depic-
ted posts have to be connected
by a rope. The rope has to be EI ET ¢
fixed at points A and B. The h -
rope is too short by Al. A bp —

a) Determine the horizontal
force F' at the right post
that is required to fix the
rope stress-free.

S - 77

b) The force F is removed after assembly. Determine the force in
the rope and the moments at both supports.

Solution to a) The force F' has to bend the post by Al to the left.
From the table on page 62 (load case no. 5) we obtain

FRr? 3ET
Al_:?:EI ~ F= 13 Al.

to b) The length Al follows from the extension Alg of the rope due to
a yet unknown force S in the rope and the deflection fs of both posts
due to the same unknown force S. Compatibility states

Al=Als + fs + fs

which yields

Sl Sh® Sk} Al 1
A= pag Tapr Tapr 5= Pas 2K A

3 IEI

Finally the moments at the support follow from equilibrium

M =hs = 2 Bash s :
! |4 2HPEAs
3 IEI



Problem 3.33 A plane frame [
is loaded in C' and D by two a>c 9
forces. a

: : : cllL 3 W
Determine the reciprocative BI - o

horizontal displacement Aw of

C und D. a ED gaﬂ

Solution To apply the table on page 62 we have to separate the defor-
mation of the individual beams and use superposition.

2
2 M=F_a
M—Fa”'(y\ Q_Z)\ b
%’“ + ' g +

®
4>‘ 9 ‘<— 2 w
< - a
3 3 r w
&_1 ) -

p.a
M M

2 2
C' is moved by <p~3a+w~3a+w to the right,

2 2
D is moved by ¢ - a+w~3a+w to the left.

3

Thus, the reciprocative displacement follows
Au=2|p- §a+w~ §a+w] .

With the table on page 62 it follows:

load case no. 2 El¢p = (zFa) 2a _ (gFa) 2a = 2Fa2,

3 3 6 9
2 2 o
load case no. 8 FEly¢ = (SFa)a:?)Fa ,
2 \3
F(3a) 8 3
load caseno. 5 FElw = 3 =31 Fa”,

which yields

Au—af( 4,8 Fa® 112 Fd®
T \er 9T 81) BI T 81 BIC

Note: Due to the antisymmetry of the system the vertical displace-
ments of C' and D are the same.

P3.33
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[ [
P3.34 Problem 3.34 The depic- [y =y .
ted frame is loaded by a ‘\j 0
moment M. o
Determine the reciproca-
tive rotation Aggm at the
hinge. \l
T
el

Solution It is reasonable to split the loading into a symmetric and
antisymmetric contribution:

Mo/2 Mo/2

M ™ Mo/2 My/2
M s o R R
\
\
\

= + \

The antisymmetric loading causes no
reciprocative rotation at the hinge.
For the symmetric loadign it suffices
to consider half of the frame struc-
ture. The rotation 1 results solely
from the bending of the vertical post
(only a normal force occurs in the ho-
rizontal beam). Thus from the table
on page 62 (load case no. 4 with 8 =1
and o = 0) we obtain

Mol
9 Mol
T 3EI  G6EI’

¥

Hence the reciprocative rotation follows

Mol

Apn=20= ap;
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Problem 3.35 Determine for the Fla P3.35
depicted beam with a thin-walled “—?
profile the displacement at the o
point where the logd is applied. T
= F S| 2a
? E Y t<a L
l | A

Solution Due to the unsymmetrical profile oblique bending occurs. The
displacements are computed using the two related differential equati-
ons. The bending moments are given by

My,=-F(-2z), M.=0,

and the second moments of area for the thin-walled profile follow from

t(2a)3 2 8 3 2 3
I, = 2 = I, = ,
v 9 +a(at)a 3ta , 3ta ;
I,. = —2(ta)a2 = —tad®, A=T,0. 1. = 9t2a6.
Thus the two differential equations can be integrated for the z-direction
Ew”*—MyIz _6F (1—=x)
B AT td? ’
3 F 2
E'w':—7 tag(l—m) +Ch,
1 F 3
Ew:7ta3(l—m) + Crz + Cq
and the y-direction
MyI 9 F
o = _Mylye _
v A 7 ta? (l—=x),
o 9 F _ 2
Ev—14m3(l )"+ Cs,
3 F 3
Ev = —14 taS(l—m) +Csx+Cy .
The boundary conditions at the support yield
9 FI* 3 FI?
"0)=0 Cz = — "(0)=0 Ci =
v(0) ™ ? 14ta37w() - YT7 tad
3 FP® 1 FP®
0)=0 Cy= 0)=0 Cy = — .
VO =0 =y g O =0 o=y

Thus the displacements at the point, where the load is applied x = [, are
2 FI? 3 FIP
)= l)=— .
L o
Note: Although the load is acting in wvertical direction a displacement

in horizontal direction occurs. The profile preferably deforms in
the direction which is related to the smaller second moment of area.
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Problem 3.36  The simply
supported beam is loaded by
a constant distributed load.

Determine the displacement
of the centroid of the cross
section in the middle of the
beam (only deformation due
to bending).

Given: [ =2 m,
E =21-10° MPa,
qo = 10* N/m .

o] 130 JjB
L 1o

Solution We compute the geometric quantities of the cross section:

A =65-10+ 12010 = 1850 mm

o=

1850
~(65-10) -32.5+ (120 - 10) - 5
e = 1850
. 3
I, = 651210 + (42.16)%(65 - 10) +
=322.7 cm? |
. 3
I = 10155 + (17.84)%(65 - 10) +
=55.8 cm? |

C(L
(65-10) -5+ (120-10)- 70 _ \7y6 -
.

nc

- ——

= 14.66 mm , -
10 - 1203 2

2t (22.84)%(10 - 120)
120 - 10® 2

T (9.66)(10 - 120)

I.= —(—17.84)(—42.16)(65 - 10) — (22.84)(9.66)(10 - 120)

= —75.4 cm*

A =1,I. — I, = 123215 cm® .

The loading causes only a moment along the y-axis:

l x?
My(x) = q; T — qo 9 -
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The basic equations simplify to

MyI
Eu' = _ vt _
w A 5 v A

, L og 22 3

1. @ 3 x
Ew==x 9 (16 12+Clm+02) ’

2 3
E'U/:—IZZ q20 (lx2 _ —i—Cg) R
Iz qo JJB

Ev = — Y

v A 9 (l6 +C’3a:+04)

The boundary conditions
w(0)=0 ~ C2=0, v(0)=0 ~ Cy4=0,
w(l)=0 ~ Cp=-— v(l)=0 ~ 03:—12

together with the abbreviation & = ? yield
"
Ew qo , et -2 +£}A,

v —q°l {et -2 v} 'y

In the middle of the beam (£ = 1/2) the curly brackets attain the value
5/16 which leads with the given numerical values (converted to cm) to

oo .4 5 558 1
w=107-2000 30/ 193915 91107 — 04D Cm
C 1
5 —75.4 1 ‘
=107 . = —0.61 |
v=107-2000 o0t 193215 21107 06l em, SN
w .

=\/w2+112:0.76cm.
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Problem 3.37 In the middle of . F !
a beam the force I is applied. e ¢ 2
P R

The thin-walled profile is pro- I
duced from an aluminium sheet
of 2 mm thickness. ‘

|
1

: F =4
Compute the deformation at ¢
the point where the force is T
applied. T ‘
Given: [ =2 m , c 10
E =17-10" MPa, 1Y
F =1200 N . — L
2 [cm]

z

Solution The displacement can be determined with regards to the y, 2-
axes, or with regard to the principal axes. We want to consider both
possibilities.

15" solution: The position of the centroid is known. With regard to
the y, z-axes we find
7 02-10° N (0.2~103 ~02-6°
Y12 12 12
_02-8
)
I.=—2{5-2-02-4+4-4-0.2-2} = —28.8 cm*,

)+2-52-o.2-4=69.73cm4,

I. +2-4%.02-2=21.33 cm”,

A=1I,I. —I7, = 657.9 cm® .

F

With the bending moments M, = 2 M.,=0 fir0<z<Il/2
(symmetry) the differential equations are given by

FI. " FIyZ
_ By = —

oA Y oA "
After integration and incorporation of the boundary conditions we ob-
tain in the middle of the beam (see also table on page 62):

Ew// .

_ FPP I. 1200-200° 21.33

W USE AT 4g.7.10°  657.9 003 oM

3 . 3 (_
FI* I, _1200-200" (=288) _ o0

YT USE A T 48.7-10°  657.9

f=+vVw?+0v2=156cm.
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24 solution: We refer to the principal axes. The principal directions
and values of the second moment of area are given by
21,

tan 2" = =-1.1 ¥ = —24.98°
an 2y I, I 9 ~ 98

91.06

5 * \/24.22 + 28.82

Lo =

~ L =1I,=8315cm", I,=1I=791cm*.

Decomposition of the load into principal directions yields
F; = Fcosy™ =0.906 F , F,=—Fsiny® =0422 F |

and the displacements follow from the table on page 62 (load case no. 1)

Pyl 1200 - 0.422 - 200°
= = =-1.52cm,
F 48F1, 48-7-10°-7.91 o
Fel? 1200 - 0.906 - 200°
I cl* _ 1200-0.906-200° _ . em

T 48EI,  48-7-10°-83.15

f:\/f3+fg:1.55cm.
n
'[/}*

For comparison with the 1°* solution we transfer the displacements into
the y, z-coordinate system:

[v| = |fy|costp™ — fesinyp™ =1.25cm,
w = |fn|sine™ + fccosp™ = 0.93 cm.

Note: We used in the computations numerical values up to the second
digit. Thus the numerical value for the total displacement f differs in
the second digit.
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Problem 3.38 A beam compo- o

sed of two different materials - Fb»‘

(a bi-metal beam to measu- By, oy h
re temperature) is heated uni- Ey y h
formly by a temperature diffe- 7/ |

rence AT. : ! ‘ z

Determine the deformation at the free end.

Solution We assume a linear stress distribution in each material and
replace the stresses by a resultant force F; and a resulting moment M;.
If we suppose a2 > a1 the lower

part wants expand more. As this Fy M

is prevented by the upper part, — )

the lower part is under compres- ~— AL T
P b DA

sion, while tension prevails in
the upper part. 1 and F» cause
a moment in the composite beam which is in equilibrium with M; and
M (no external loads). Thus the following equations hold:

statics N=0 ~ F=F=F,
MZO o Fh:M1+M2,
Ml 12 1 M2 12

"
Hooke’s law  w; = Wy =

 E1 bh®’  Eo bh3’
Kinematic compatibility demands
" " "
Wy = Wy =W
Additionally the strains have to match at the interface. They consist of
three contributions: temperature o; AT, normal force F//EA and ben-
ding M/EW . Considering tension and compression we formulate
F M6 F M6

AT — AT — - .
Y oY SR bhEs  Eabh?

Eliminating the moments M; and rearrangement to get w’ yields

n_ 12E1E2(O¢2 — al)AT

WE? + 14E,Ey + E2) -¢

Integration, by incorporating the boun-
dary conditions at the left end, provides
the displacement at the free end
l2
=-C _. -
v 2

AT




	3
Bending of Beams
	3.1 Ordinary bending
	3.2 Biaxial bending




