Generalized Minimality in Set Optimization

Daishi Kuroiwa

Abstract In this paper, we propose a generalized minimality in set optimization. At
first, we introduce parametrized embedding functions, which includes the embedding
function in the previous literatures. By using the embedding functions, we gener-
alize notions of minimal solutions for set optimization, and give existence results
of the generalized minimal solutions. Also we introduce parametrized scalarizing
functions which are generalizations of scalarizing functions defined in the previ-
ous literatures, and we characterize the generalized minimal solutions by using the
scalarizing functions.

Keywords Set optimization - Embedding approach - Unification and generaliza-
tion of minimal solution + Existence of minimal solution - Generalized scalarizing
function

1 Introduction
We study the following optimization problem (SP):

(SP) Minimize F(x)
subjectto x € X,

where X is a nonempty set, F is a set-valued map from X to an ordered vector space
E . Notions of minimal solutions of (SP) are defined in accordance with set relations,
which are binary relations on the power set of E, e.g., see [12]. Such optimization
problem (SP) is called set optimization.

For every set relation, notions of minimal solutions of (SP) can be defined. For
example, /-minimal and #-minimal solutions are given by using set relations le and
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=<', respectively. We studied various notions and properties in each set relation, that
is, notions of weak and proper minimal solutions of (SP), conditions for the existence
for such minimal notions, duality results for such minimal notions, notions of convex
functions for set-valued maps, and notions of derivatives for set-valued maps in each
set relation. Therefore, it sometimes takes much time to observe them.

In this paper, we propose a unified approach to study set optimization which
covers the study with respect to set relations le and <%, and we define a notion
of minimality which is a generalization of / and u-minimality but also s-minimality,
see [6]. In Sects. 2 and 3, we give preliminaries about vector and set optimization. In
Sect. 4, we introduce parametrized embedding functions by observing behavior of a
singleton, which is a generalization of the previous embedding function defined by the
author, and we study properties of the parametrized embedding functions. By using
the parametrized embedding functions, we define generalized minimal solutions for
set optimization, and show existence theorems of the generalized minimal solutions.
In Sect. 5, we introduce parametrized scalarizing functions which are generalizations
of scalarizing functions defined in the previous literatures. By using the scalarizing
functions, we characterize the generalized minimal solutions.

2 Preliminaries—Vector Optimization

Let C be a closed convex cone of a topological vector space E over R satisfying
C N (—C) = {0} and intC # @, where 0 is the null vector and intC is the set of all
interior points of C. The partial order < is given by

x <¢c yifandonlyify —x € C,
and binary relation <¢ by

x <c¢ yifandonly ify — x € intC.

For any subset A of E, the set of all minimal elements of A with respect to C is
written by

Min(A|C)={acA|(@—C)NA={a)}
={acA|d cAd <ca=a=<cd},

and the set of all weak minimal elements of A with respect to C is written by

wMin(A |C)={ae€ A| (a—intC) N A = ¢}
={ae A|Pd € Asuchthata <c al.

The positive polar cone of C is given by
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Ct={c*e€ E*|{c*,¢)>0,VceC},

where E* is the continuous dual space of E, and it is well known that C*™, the
second positive polar cone of C, which is given by

C™ ={ceE|{c*c¢)>0,Vc*eC*,

coincides with C.

For a nonempty convex subset A of E, xo € wMin(A | C), that is, A N (xg —
intC) = @ if and only if there exists ¢* € C* such that {c*, x¢) = min,eca (c*, x) by
using a separation theorem.

In the nonconvex case, nonlinear scalarization is a well-known tool to study min-
imal and weak minimal elements. Such scalarizing functions are given as follows:

z(x) =inf{r e R | x € te — C},

or
f(x) =inf{t e R | x € te +a — intC},

for fixed e € C and a € E, see [2, 14]. These two scalarizing functions, which are
essentially the same because z(x — a) = f(x) under the assumptions of this section,
play very important roles to study vector optimization.

3 Preliminaries—Set Optimization

In the rest of the paper, let E be a normed vector space, and C := C(E) be the family
of all nonempty compact convex subsets of E. Foreach A, B € Cand A € R,

A+B={x+y|lxeA,ye B} and MA={\x|x € A},

and also A — B = A 4 (—B). It is clear that C is not a vector space under these
operators, because there does notexist C € Csatisfying A + C = {0} forgiven A € C
which has at least two points.

Set relations are binary relations on C based on an ordering cone and these are the
most important notions to consider set optimization problems. Throughout the paper,
let K be a closed convex cone of E satisfying K N (—K) = {0} and intK # . We
introduce set relations 5’,( and <% on C: foreach A, B € C,

A le Bifandonlyif A + K D B,

A <% BifandonlyifA C B — K,
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and weak set relations </ and <% on C: for each A, B € C,

A <IK Bifand only if A +int K D B,

A <% Bifandonlyif A C B —int K.

Also we define A ~IK Bif A le B and B jZK A. In the previous literatures [12],
above set relations are called type (iii) or type (v), and then, these are written by
A j(Km) B, A 5(1? B, A <(Km) B, and A <(1¥) B, respectively.

Let A be a subfamily of C. By using these set relations, notions of minimality of
A with respect to K are defined as follows: a set A € A is said to be an /-minimal
element of A if and only if

Be A B =<l A= A<l B,
and a set A € A is said to be a weak /-minimal element of A4 if and only if
Be A B < A= A< B,

or equivalently,
BB € Asuch that B <} A.

Replacing ! by u, notions of u-minimality and weak u-minimality of .4 are given.
Consider the following set-valued optimization problem:

(SP) Minimize F(x)
subjectto x € X,

where X is a nonempty set and F : X — C. By using the notions of minimality
defined above, we define notions of solutions of (SP) with respect to K. An element
Xxo € X is said to be an /-minimal solution of (SP) if and only if F (x() is an /-minimal
element of {F(x) | x € X}, and is said to be a weak /-minimal solution of (SP) if
and only if F(xg) is a weak /-minimal element of {F (x) | x € X}. In similar way,
u-minimal solutions and weak u-minimal solutions are defined.

To study set-valued optimization problem (SP), many researchers have proposed
several generalizations of scalarizing function which is given in the last section, see
[1, 4, 5, 13]. In these literature, such scalarizing functions are classified broadly into
the following four types:

I!(A; B) =inf{r e R | A <% te + B},
I'(A; B) =inf{t e R | A <% te + B},
S'(A; B) =sup{t e R | A < te + B}, and
SY(A; By =sup{t e R | A <% te + B}.
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In this paper, we propose an idea of a unification of the above minimalities, and
a unification of the above scalarizing functions. For this purpose, we introduce a
partially ordered normed vector space in which the family C is embedded in the next
section.

4 An Embedding Space and an Embedding Function

In this study, we provide a vector space in which the class C is embedded, in order to
reformulate set optimization problem (SP) as a vector optimization problem. There
are several literatures with respect to the construction of a vector space in which a
family of convex sets is embedded, for example, see [15, 16]. In this section, we
introduce a specialized embedding vector space C?/= and an embedding function 1
to observe /-minimal solutions of (SP). All definitions and results are based on the
previous literatures, see [10, 11].
Let = be a binary relation on C? defined by

(A,B)=(C,D)ifandonlyif A+ D+ K = B+ C + K,

then = is an equivalence relation on C. To show this, the following cancellation law
is used: foreach A, B, C € C,

A+C+K=B+C+K=A+K=B+K.

Denote the equivalence class of (A, B) € C as [A, B] = {(C, D) e C* | (A, B) =
(C, D)}, and the quotient space of C*> by = as C%/= = {[A, B] | (A, B) € C*}. On
the quotient space, we define addition and scalar multiplication as follows:

[A,B]+[C,D]=[A+C, B+ D],
| [MA, AB] if A >0,

A-14, Bl = [[(—A)B, (—NA] if A < 0.

Then (CZ/E, +, -) becomes a vector space over R with the null vector [{0}, {0}](=:

0). Clearly, [A, A] = 6 for each A € C by using the cancellation law. Next we can

define a norm on C%/= for a given bounded base W of K+, that is UysoAW = K+,

whose closure does not contain 0. The existence of such W is guaranteed by intK # (7,

for example, see [7]. Define

”[Av B]” = sup |1nf <w’ A) - lnf (w, B)| )

weW

for every [A, B] € C?/=, then || - || is a norm on C%/=, and we equip the vector space
C?/= with the topology which is induced by the norm. Let KC be defined as

K =1{[A, B] e C¥=| B < A}.
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Then K is a closed convex cone with nonempty interior, C N (—K) = {#} and more-

over
intkC = {[A, B] € C¥/=| B <x A}.

From this, we can define the following partial order <y and binary relation <x on
C?%/= in the same manner to vector optimization: for each [A, B], [C, D] € C%/=,

[A, B] <k [C, D] if and only if [C, D] — [A, B] € K,

and
[A, B] <k [C, D] if and only if [C, D] — [A, B] € intK.

Let (C¥/=)* be the continuous dual space of C>/=. The positive polar cone of K
is given by

Kt ={T € (C=)" | (T, [A, B]) = 0.V[A, B] € K},
and the second positive polar cone of K is given by
K™+ ={[A, Bl € C/=| (T,[A, B]) > 0,¥T € K*}.

Also we have K = K from the closedness of convex cone K.
Define an embedding function ¢ : C — C%*/= by

Y(A) = [A, {0}]

for all A e C. Because C%/= is an ordered normed vector space with convex cone
IC, we reconsider notions of minimality with respect to <% by using the embedding
function. For a subfamily .4 of C, A € A is [-minimal of A with respect to K

BeAB=<kA=A<L B

Be A [A,BleK=[B,AlekK

Be A [A {0}]—[B,{0}]]e K= [B,{0}]]—[A,{0}]]e K
B e A, Y(A) —(B) e K= ¥(B) —(A) e K

B e A Y(A) —y¢(B) e K= ¢(B) —¢(A) =0

B e A (B) € Y(A) — K = ¢(B) = (A)

P(A) N (WP(A) = K) C {¢(A)}

Y(A) € Min(y(A) | K)

1 (A) is a minimal element of 1 (A) with respect to /.

grooooon

Therefore /-minimality is represented by minimality of vector optimization. Also,
A € Ais weak [-minimal of A with respect to K if and only if )(A) € wMin(y(A) |
KC), that is, 1 (A) is a weak minimal element of 1) (A) with respect to /C. In the same
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way, set optimization

(SP) Minimize F(x)
subjectto x € X,

can be regarded as the following vector optimization:

(VP) Minimize ¢ o F(x)
subjectto x € X.

An element xy € X is an /-minimal solution of (SP) in the last section if and only if
1o F(xp) € Min(y) o F(X) | K) and xyg € X is a weak /-minimal solution of (SP) in
the last section if and only if 1) o F(xp) € wMin(¢) o F(X) | K), where ¢ o F(X) =
{Y(F(x) | x € X}.

The embedding space C?/= and the embedding function 1) play very important
role to study /-minimal solutions and weak /-minimal solutions of set optimization
problems. In the rest of this paper, we propose parameterized embedding functions
1, which include the previous embedding function /. By using the parametrized
embedding functions, we define notions of generalized minimal solutions, and we
characterize such solutions by using given parametrized scalarizing functions.

5 Parameterized Embedding Functions

At first, we give an important observation of a singleton {a} C E as follows:
Ha}, {0}] = [{0}, —{a}] = [(1 — M)fa}, —Ma}],

for each A € R. Indeed, the first equality follows from {a} + (—{a}) = {0} + {0}
and the second equality follows from {0} — A{a} = —{a} + (1 — A){a}. From the
observation, we define new embedding functions 1 : C — C%/= as follows:

¥a(A) = [(1 = M)A, —AA]

for each A € C. Clearly v is the same to 1, which was given previously. By using
the embedding function, we have the following remarkable proposition:

Proposition 1 For each A, B € C, the following are satisfied:

(i) 1o(A) <k Yo(B) if and only if A < B,

(ii) Yo(A) <k 1o(B) if and only if A <} B,
(iii) 1po(A) = ¥o(B) if and only if A ~} B,

(iv) P1(A) <k ¥1(B) ifand only if A < B,

(v) Yi(A) <k Y1(B) ifand only if A <% B, and
(vi) P1(A) =v1(B) if and only if A ~ B.
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Proof Proof of (i) is shown as follows:
Po(A) <k Yo(B) <= [A,{0}] <k [B,{0}] <> 0 <x [B, A] <= A =< B.

From this and I N (=) = {0}, (iii) is given immediately. Proof of (iv) is given in
similar way:
1(A) <k Y1(B) < [{0}, —A] <k [{0}, =B] <= 0 <x [-A, —B]
— A<k -B < B=<% A

Proofs of (ii), (v) and (vi) are similar and omitted. O

Motivated by Proposition 1, we give the following notations:

A =k Bifand only if x(A) <k ¥(B),
A <% B ifand only if \(A) <x ¥r(B), and
A~y B ifand only if 1x(A) = {r(B).

Clearly these include binary relations <4, <%, <, <%, ~ and ~%.
Now we observe properties of the parametrized embedding functions.

Proposition 2 For each A € C, the following are satisfied:

(i) foreach a, B € [0,00), A + A = (a+ B)A;

(ii) foreach a, 3 € [0, 00), [aA, BA] = (a — B)[A, {0}];
(iii) if X < 0 then ¥\(A) = 1o(A);
(iv) if 1 < Xthen \(A) = 1 (A).

Proof Let A € C and «, (5 € [0, 00). (i) is shown from the convexity of A. Indeed,
we may assume that o + 3 > 0. Then

aA+5A=(a+ﬁ)(ao‘TﬂA+aLiﬁA)=(a+ﬁ)A.

Next we show (ii). When o > 3, since @ = (o — ) + fand o — 3, 8 > 0, we have

[aA, Al = [(a — )A + BA, A] = [(a — B)A, {0}] + [BA, BA]
= [(a = A, {0}] = (o — P)[A, {0}].

The first equality is shown from (i). In similar way, when o < /3, since = o +
(B —a)and a, B — a > 0, we have

[aA, BA] = [aA, aA + (B — ) A] = [aA, aA] + [{0}, (B — a)A]
= [{0}, (B — a)A] = (B — o) [{0}, A] = (o — B)[A, {0}].
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Next we show (iii). Let A < 0. Since 0 < —\ < 1 — ), by using (ii), we have
PA(A) = [(1 = MDA, =AA] = ((1 = A) — (=A)[A, {0}] = [A, {0}] = o (A).

The proof of (iv) is similar to (iii) and omitted. ([l

The next proposition is about monotonicity of the embedding functions with
respect to variable A for a given A € C.

Proposition 3 Let A € Cand 0 < \y < \| < 1. Then the following are satisfied:

(i) ¥ (A) — Py (A) = (A1 — M) {0}, A — A

(il) Pa1-mgrin (A) = (1 — Dby, (A) + 11y, (A) for each 1 € [0, 1];
(iii) ¥y, (A) <k, (A);
(iv) Ao < A1 and A — A <t (0} if and only if ), (A) <x ¥y, (A);
(v) if Ao < A1 and A is not a singleton, then 1y, (A) # 1y, (A).

Proof Let A € Cand 0 < Ay < A\; < 1. The proof of (i) is as follows:

Px (A) — Py (A) = [(1 = ADA, =\ A] = [(1 = M)A, —AoA]
=[(1 —X)A = XA, (1 = Xp)A — N\ A]
=[(1 = ADA, (1 = X)) Al + [Mo(—=A), A\ (—A)]
= (Ao — ADIA, {0} + (Ao — AD[—A, {0}]
= (Ao —AD[A — A, {0}]
= (A1 — Ao)[{0}, A — A].

The fourth equality is shown by using Proposition 2 (ii). Next we show (ii). For each
t € [0, 1], by using (i),

Ya—nre+ir (A) — Py (A) = (A1 — X)) [{0}, A — A], and
Px, (A) — Ya—nrg+n, (A) = (1 =) (A1 — A [{0}, A — A],

and then, we have the following equality, which is equivalent to (ii):

(I = D @Wa-nr+ir (A) = ¥x (A) = 1y, (A) — ha—nag+, (A)).

‘We show (iii). Since A — A > 0, itisclearthat A — A + K D {0}, thatis, A — A le
{0}, or equivalently [{0}, A — A] € K, and then we have (A — A\g)[{0}, A — A] e K
because K is a cone and \; — Ay > 0. The proof of (iv) is similar to (iii). Finally
we show (v). Assume that A\g < A;, A is not a singleton, and 1),(A) = ¥y, (A).
From (i)and A\; — Ay > 0, we have [{0}, A — A] = 0, orequivalently, A — A+ K =
K. Since A is not a singleton, there exist different two elements a, a’ € A. Since
A—ACK,a—ad € Kanda' — a € K,thereforea —a’ € K N (—K) = {0}. This
is a contradiction. O
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We have observed that if A is a singleton then all embedding functions v, have
the same image at the beginning of this section. The inverse implication holds from
the following proposition:

Proposition 4 For each A € C, the following are equivalent:

(i) A ={a}forsomea € E;

(ii) there exist different \o, \1 € [0, 1] such that 1,(A) = 1y, (A);
(iii) for each Ao, A1 € [0, 1], 15, (A) = 9y, (A).

Proof 1t is clear that (i) implies (iii), which is the first observation of this section,
and (iii) implies (ii). Also (ii) implies (i) from (v) of Proposition 3. O

The following property is essential to define generalized minimality of (SP):

Proposition 5 Let A, B € Cand 0 < \g < \| < L. The following are satisfied:

(i) both A <) Band A <) B ifand onlyif A <} B forevery A € (Ao, \1);
(ii) both A <?(° B and A <’,\(' B ifand only if A <?( B for every A € [Ao, M1,
(iii) {Ae[0,1]] A 52 B} is a closed interval, a singleton or empty;

(iv) {A\e[0,1]] A <}\< B} is an interval which is open in [0, 1] or empty.

Proof Let A,B €C and 0 < \g < A\ < 1. We show (i). Assume that A 52" B
and A <}' B, that is, both 1y, (A) <k ¥y,(B) and 1y, (A) <x 1y, (B). For any
A€ (N, A1), A= (1 —1)X\g + tA for some ¢ € (0, 1). From (ii) of Proposition 3,

UA(A) = (1 = D)y, (A) + 195, (A) and PA(B) = (1 — )5, (B) + 115, (B).

This implies 1y (A) <x ¥\(B), thatis, A <} B. Conversely, assume that A <} B,
that is, ¥y (A) <x ¥\ (B) for every A € (Ao, A1). This is equivalent to

(I =D (A) + 19, (A) =k (1 = DY, (B) + 19, (B)

for every t € (0, 1) by using (ii) of Proposition3. From the closedness of IC, we
have 9),(A) <k ¥, (B) and ¥, (A) <x ¥, (B) by considering the cases ¢ ~\ 0
and r /' 1. The proof of (ii) is similar to (i) and omitted. We show (iii). Put A =
{Ae[0,1]] A 52 B}. We may assume that |[A| > 1. For any Ay, A\; € A such that
Ao < A1, we have (Mg, A\;) C A from (i). This shows that A is an interval in [0, 1].
To prove that A is closed, choose a sequence {)\,} C A converges to \g. We will
show that A 52" B, that is,

(1 =X)A—=XB+KD—-XA+({1—-X)B.
Foranya € A and b € B, since

A=-A)A-NB+KD-MNA+1-A\)B
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for every n € N, there exist {a,} C A, {b,} C B and {k,} C K such that
A= Apay — by +ky = —dpa+ (1 — \)b
for every n € N. From the compactness of A and B, we can choose a subsequence
{n'} of {n} such that {a, } converges to some ay € A and {b,/} converges to some

by € B. Therefore {k, } converges to ko = (1 — A\g)(b — ay) + Ao(by — a), which is
an element of K because K is closed, and

(1 — )\o)A — )\()B + K > (1 — /\Q)ao — )\obo + k() = —/\()Cl + (1 — )\0)]7
Finally we show (iv). Put A = {A € [0,1] | A <}\< B}. In similar way to (iii), A is an

interval. We show A isopenin [0, 1]. Let Ay € A. Since (1 — A\g)A — AoB + intK D
—XoA + (1 — \g) B, there exists r > 0 such that

(1 —=X)A—=XB+K D - A+ (1—X)B+3rU,
where U is the unit closed ball of E. Put & = rinf |W|/max{|[[—A, Bl|,
I[A, —B]||}. We will show that {\ € [0, 1] | [\ — Ao| <€} C A.Forany X € [0, 1]
with [A — Ng| <,
IA=Xolll[=A, B]l < rinf [W] and |X — Ao[[I[A, —B]|| < rinf W],

then for any w € W,

(Mo — \) (inf (w, —A) — inf (w, B)) < rllw|, and
(A = Ap) (inf (w, A) —inf (w, —B)) < r|w]l,

that is,

inf (w, —AA + (1 — \)B) > inf (w, —\oA + (1 — \g)B) — r|lw]|, and
inf (w, (1 — \))A — A\oB) + rl|wl|| > inf (w, (1 — \)A — \B).

Therefore, for any w € W,

inf (w, ~AA + (1 — \)B + rU) = inf (w, ~AA + (1 — ) B) — r||w]
> inf (w, =AoA + (1 — Ao) B) — 2r|w]|
=inf (w, = AgA 4+ (1 — X\g)B + 3rU) + r|w||
> inf (w, (1 — Ag)A — AoB) + r||w]|
> inf (w, (1 — VA — AB).



304 D. Kuroiwa

This shows
(1—-—MA—AB+KD-X+{-MNB+rU,

that is, A <% B. This completes the proof. O

Motivated by Proposition 5, we define A-minimality as follows:

Definition 1 Let .4 be a subfamily of C, A € A, and A be a nonempty subset of
[0, 1]. The set A is said to be a A-minimal element of .4 with respect to K if and
only if

Be A B 52 Aforany \ e A = A 5?( B forany A € A,
or equivalently,

B e Ast.VAe A, B<y Aand3I\g € Ast. A £ B,
and A is said to be a weak A-minimal element of A with respect to K if and only if

AB e Ast.VAe A, B <}\( Aand3d)\g € Ast A 742” B,

When A = {\}, A-minimality and weak A\-minimality mean A-minimality and weak
A-minimality respectively.

Clearly, A € A is a A-minimal element of A if and only if
¥a(A) € Min(r(A) | K)
and A € A is a weak A\-minimal element of A if and only if
¥a(A) € wMin(r(A) | K).

The notion of A-minimality includes not only the notions of / and #-minimality,
but also the notion of s-minimality, which was introduced in [6]. Indeed, O-
minimality, weak O-minimality, 1-minimality, and weak 1-minimality are equivalent
to /-minimality, weak /-minimality, #-minimality, and weak u-minimality, respec-
tively. For a given family A C C, remember that A € A is said to be an s-minimal
element of A if and only if

Be A B=<xx A= A<y B,
where set relation A <% B is defined by A le B and A <% B.From Proposition5,

A<y B <= A=<%\ Band A <} B <= A <} Bforall A €0, 1],
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and this shows the equivalence of s-minimality and [0, 1]-minimality. More gener-
ally, A-minimality is equivalent to (co A)-minimality, where co A is the convex hull
of A.

Proposition 6 Let A be a subfamily of C, A € A, and A, A" be nonempty subsets
of [0, 1]. The following are satisfied:

(i) A is a A-minimal element of A if and only if A is a co(A)-minimal element

of A;

(ii) A is a weak A-minimal element of A if and only if A is a weak co(A)-minimal
element of A;

(iii) if A is a A-minimal element of A and A is a A'-minimal element of A, then A
is a A U A'-minimal element of A;

(iv) if A is a weak A-minimal element of A and A is a weak A'-minimal element of
A, then A is a weak A U A'-minimal element of A.

Proof We show (i). Assume that A is a A-minimal elementof A, B € Aand B < ;} A
for all A € co(A). Since A C co(A) and A is a A-minimal element of A, A 5;\( B
forall A € A.Forany A € co(A) \ A, there exist A\g, A\| € A such that A € (Mg, \).
Since A 5’,\(" Band A 5’,\(‘ B,A 5} B holds by using (i) of Proposition 5. This shows
A is a co(A)-minimal element of A. Conversely, Assume that A is a co(A)-minimal
element of A, B € A and B 52 A for all A € A. By using (i) of Proposition5, we
have B 5}\< Aforall A € co(A). Since A is a co(A)-minimal element of A, A j;\( B
hold for all A € co(A), and from A C co(A), we have A is a A-minimal element of
A. To prove (ii), we use (ii) of Proposition5. The proof is similar to (i) and left to
the reader. Proofs of (iii) and (iv) are easy and omitted. U

We define notions of A-minimal solutions of (SP) with respect to K by using the

notions of A-minimality defined above. Remember

(SP) Minimize F(x)
subjectto x € X,

where X is a nonempty set, and F' : X — C. An element xy € X is said to be a A-
minimal solution of (SP) if and only if F'(x() is a A-minimal element of { F(x) | x €
X}, and is said to be a weak A-minimal solution of (SP) if and only if F(xo) is a weak
A-minimal element of {F(x) | x € X}. Next we give examples of A-minimality.

Example 1 Let A={(0,0)}, B= co{(1, 1), (—1,—1), (0, =2), (2,0)}, A={A, B}
and K = {(x, y) | x, y > 0}. For any \ € [0, 1],

2
A=<xB & —-AB+K>D(1-)NB < 55/\, and

B=<xA & (1-M)B+KD-\B < \<

[OSHIE
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So, Aisa [%, 1]-minimal element of A, and B is a [0, %]—minimal element of A.
Clearly, A and B are u and [-minimal elements of A respectively. The notion of
A-minimality shows attributes characteristic of A and B in A.

Example 2 LetF : [0, 2] — 2R be aset-valued map defined by F (x) =[f(x), g(x)],
where f(x) =x —2and g(x) = %|x — 1| —x+ % for each x € [0, 2]. Consider

(SP) Minimize F(x)
subject to x € [0, 2],

with K = [0, +00). For fixed A\ € [0, 1],

F(x) <% F(y)
= [(1= V@), g1, =ALF @), g1 < [(L = VLG, g1, =ALF (), gO)]]
= [(1= NG 9] = ALF (), gL (1= MLF (), 9] — ALF (), g1 € K
= (=N, g1 = ALF 3. g1+ K D (1= DIFG), g1 = AL (x), g(x)]
= (1=Nf) = Agy) = =N f(y) — Ag(x)
= (1=Nf) +Ag@) < (1= Nf) +Ag(y).

Thenx € [0, 2]isa A-minimal solution of (SP)if and only if (1 — A\) f(x) 4+ Ag(x) <
(1 =X f(x)+ Ag(x) forany x € [0,2] and A € A. Therefore O is a [0, %]—minimal
solution, each element of (0, 1) is a %-minimal solution, 1is a [%, %]-minimal solu-

tion, each element of (1, 2)isa %-minimal solution, and2isa [% , 1]-minimal solution.

Atthe end of this section, we study the existence of A\-minimal solutions of set opti-
mization problem (SP) because Ay and A-minimality implies [Ag, A;]-minimality
from Proposition 6. We give proofs of the existence theorems in similar ways to the
previous existence theorems of /-minimal solutions of (SP) in [8, 9].

Theorem 1 Let F be a function from a compact topological space X to C. Assume
that the following property: if {x, }aer is a totally ordered A-decreasing net in X, that
is, T is totally ordered, and o < o implies F(x,/) SA,C F(x,), and if {x,}aer con-
verges xo, then ¥ (F (x0)) € ey (WA(F (x4)) — K). Then there exists a A\-minimal
solution of (SP).

Proof Let {1, (F(x))}er be atotally ordered set of {1 (F (x))},cx. Define a reflex-
ive and transitive binary relation < on T by x < x’ if ¢\ (F(x")) < ¥»(F(x)) for
eachx, x’ € T,then (T, <) is a directed set. Since X is compact set, we can choose a
subnet 7’ of T such that 7’ converges to some element x, of X. From the assumption
of the theorem, ¥\ (F (x0)) € [),c7 (Ua(F(x)) — K).

Now, we will show that ) (F (xo)) <x ¥»(F(x)) for each x € T. If not, there
exists £ € T such that ¢, (F (x9)) %k ¥a(F(%)). For each x € T’ satisfying £ <
X (F(x) Sk (F @), therefore ), ¢, (A (F(x)) = K) C y(F () — K.
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Cleatly ), (UA(F(x)) = K) C Myepsor r(F () — K, we have ¢(F (x0))
€ P(F(x)) — K, or equivalently ¥, (F (xg)) <x ¥,(F(x)). This is a contradiction.
Hence, we have that ¢, (F (xg)) is a lower bound of {1\ (F (x))}xer With respect to
<i. From Zorn’s lemma, there exists a minimal element of {1/ (F (x))}.ex, that is,
there exists a A-minimal solution of (SP). (Il

When )\ = 0, the condition of F in Theorem 1 is weaker than the notion of Haus-
dorff cone-upper continuity; F is Hausdorff K-upper continuous at x, if for any
neighborhood V of the origin in E, there is a neighborhood U of x( in X such that
F(x) C F(xp) +V + K forall x € U N X, for example, see [3]. From this fact and
Theorem 1, the following result is shown, the proof is left to the reader:

Corollary 1 Let F be a function from a compact topological space X to C. If F
is Hausdorff K -upper continuous at every x € X, then there exists an [-minimal
solution of (SP). If F is Hausdorff (— K )-lower continuous at every x € X, thatis, for
every x € X and for any neighborhood V of the origin in E, there is a neighborhood
U of x in X such that F(x) C F(x') 4+ V — K forall x' € U N X, then there exists
an u-minimal solution of (SP).

Define A-level sets of F by
Levy(A4) = {x € X | F(x) <g A},

where A € C.

Theorem 2 If (X, d) is a complete metric space, Lev(F(x)) is closed for each
x € X, and the following condition is satisfied:

there exists a function | : X — [0, 400) such that for each x1, x; € X, F(x1) j;‘( F(x2)
implies d(x3, x1) < 1(x3) — [(x1).

Then, there exists a \-minimal solution of (SP).

Proof Let xo € X. We construct a sequence {x;} C X by induction as follows:

(i) if Lev(F (x)) # {xi}, since P\ (F(x)) =k 1 (F (xx)) for some x” 7 xy,

0 <dxp, x) <Il(xp) —1(x") <1(xp) — inf  I(x).

xeLlevy (F(xx))
Since [(xy) — infyerev, (Fx)) [(x) > 0, we can choose x4 € Levy(F (xx)) such
that .
[(xpg1) < inf I(x) + 3 [l(xk) - inf l(x)] .

xeLlevy (F(xx)) xeLlevy (F(xx))
(i) if Levy(F (xr)) = {xi}, let xpq := xx.

In each case, we can check easily that Lev) (F (x;+1)) C Lev)(F(xx)) and

[ (Xp41) — inf I(x) < % [l(xk) — inf l(x)] .

xeLevy(F(xk+1)) xeLlevy(F(xx))
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Now we show that diam(Levy(F (x;))) — 0 as k — +o00. Indeed, let u € Lev,
(F(x¢)). From the assumption and ¥, (F (1)) <i ¥x(F(xx)), we have d(x, u) <
[(xx) — l(u). Hence

d(xg, u) < 1(xp) —1(u)

R =

<I(x) — inf [(x)
xeLlevy (F(xx))
1
<=z [l(xk1) - inf l(x)]
2 xeLevy (F(xi-1))
1
< {l(xo) inf l(x)} = =5 1(xo).

= 2" xeLevy(F(xo))

This shows us
diam(Lev) (F(x;))) < = 1l(xo)

therefore, we have diam(Lev ) (F (x;))) — 0ask — +o00. Since Lev) (F (xy)) is non-
empty closed, Lev) (F (xx+1)) C Leva(F(x¢)), and (X, d) is complete, we conclude
Mien Leva(F (xx)) = {X} for some X € X. This implies Lev,(F (X)) = {X} and, it
follows that x is a A-minimal solution of (SP). O

6 A Generalized Scalarizing Function on C

Since C?/= is an ordered vector space with convex cone K, the scalarizing function
from C%/= to R is given in this way:

erp,01([A, B]) =inf{t e R | [A, B] € t[P, Q] — K},

for fixed [P, Q] € C¥/=. From the definition, it is clear that wip,01([A, Bl +
r[P, Q) = ¢ip,01([A, B]) +r. When [P, Q] € intK, this function ¢[p ¢ has the
following properties: it is a special case of vector-valued version in [3], and the proof
of the following theorem is omitted.

Theorem 3 [f[P, Q] € intK,, then pp.g) : C*/=— R is a well-defined continuous
function, and for each [A, B], [C, D] € C%*/=, we have

(i) orp,01([A, B)) <rifandonlyif[A, B] e r[P, Q] = K;
(ii) orp.01([A, B]) < r ifand only if [A, B] € r[P, Q] — intK;
(iii) @rp,01([A, B]) > rifand only if [A, B] ¢ r[P, Q] — K;

(iv) orp,01([A, B]) > r ifand only if [A, B] ¢ r[P, Q] —intK;
(v) [A, B] =k [C, D] implies pp 01([A, B]) < ¢rp,01(IC, D]);
(vi) [A, B] <k [C, D] implies pip o1([A, B]) < ¢1p,01([C, D).

Now we characterize solutions of (SP) by using the scalarizing function. At first
we observe A-minimal elements of a subfamily A C C with respect to K:
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Theorem 4 Let [P, Q] € intKC and A be a subfamily of C. The set A € Ais a \-
minimal element of A if and only if for each B € A, prp,01(¥x(B) — 15 (A)) > O or
B ~% A. The set A € A is a weak \-minimal element of A if and only if for each
B e A op,01(Ya(B) — ¥a(A)) = 0.

Proof The set A € A is a A-minimal element of A if and only if B € A, {\(B) <g
P\ (A) implies 1) (A) <k ¥r(B), that is, for each B € A, 1\(B) ﬁzc Pr(A) or
else )(B) = ¥)\(A). By using Theorem3, this is equivalent to for each B €
A, orp,01(r(B) —1x(A)) >0 or B N}} A. The latter is shown in the similar
way. O

From this theorem, we may choose any [P, Q] € intK to observe A\-minimal ele-
ments and weak A-minimal elements. When e € intK, we can check that [{e}, {0}] €
int/C, and embedding function v p ¢; is a generalization of / é(A; B) and I}(A; B),
indeed,

I'(A; B) =inf{t e R | A < te + B}
=inf{r € R | [A, {0}] =k [{e}, {0}] + [B, {O}]}
= @yy(en (Yo (A) — Yo(B)), and
I'(A;B) =inf{t e R| A <% te+ B}
=inf{t e R | —B <\ re — A}
=inf{t € R | [-B, {0}] =k t[{e}, {O}] + [—A, {0}]}
=y (e W1 (A) — 1 (B)).
Also S!(A; B) and S“(A; B) can be written by using ¢ because S.(A; B) =

—I’_e (A; B) and SY(A; B) = —I",(A; B). Motivated by the observation, we give
the following simple notation go? (A, B) as follows: for each A\ € [0, 1],

PLA, B) = @uy(ten Wa(A) — Yr(B)).
Clearly we have

@ (A, B) = I'(A; B), ¢!(A, B) = I"(A; B),
¢)(A, B) = —5' (A; B), and @}(A, B) = —S",(A; B),

and we can characterize solutions of (SP) by using the function:

Corollary 2 Let X be a nonempty set, F : X — C, and e € intK. The element x, €
X is a A\-minimal solution of (SP) if and only if for each x € X, <pj(F(x), F(x9)) >0
or F(x) N?( F(xg). The element xg € X is a weak A-minimal solution of (SP) if and
only if for each x € X, ga?(F(x), F(x9)) > 0or F(x) N;\( F (x).

The above characterizations are generalizations of the previous ones of set opti-
mization problems. Finally, we observe the following example:
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Example 3 Let F : X — 2% be a set-valued map defined by

F(x) = (fo(x) + K) N (fi(x) — K)

where functions fy, fi : X — R” satisfy fo(x) <k fi(x) for each x € X, and con-
sider a set optimization problem

(SP) Minimize F(x)
subjectto x € X.

For given e € intK and for any A € [0, 1], we can check that

CNF(x), F(y) = inf{t € R| fr(x) <k fr(y) + e},

in the similar way to Example 2, where f\, = (1 — \) fo + A fi. The right-hand side
of the above equality can be regarded as a convolution of f) and the scalarizing
function in Sect.2. Then the A-minimal solutions of (SP) is characterized by the
K -minimal solutions of the following vector optimization (VP):

(VP) Minimize f)(x)
subjectto x € X.
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