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Abstract. An anchored alignment tree between two rooted labeled trees
with respect to a mapping that is a correspondence between nodes in two
trees, called an anchoring, is an alignment tree which contains a node
labeled by a pair of labels for every pair of nodes in the anchoring. In
this paper, we formulate an anchored alignment problem as the problem,
when two rooted labeled trees and an anchoring between them are given
as input, to output an anchored alignment tree if there exists; to return
“no” otherwise. Then, we show that the anchored alignment problem
can be solved in O(ha® + n + m) time and in O(ha) space, where n
is the number of nodes in a tree, m is the number of nodes in another
tree, h is the maximum height of two trees and « is the cardinality of an
anchoring.

1 Introduction

An anchored alignment tree between two rooted labeled trees (trees, for short)
with respect to a mapping that is a correspondence between nodes in two trees,
called an anchoring, has been introduced by Schiermer and Giegerich [5] in the
context of forest alignments in bioinformatics. Then, the anchored alignment
tree is an alignment tree which contains a node labeled by a pair of labels for
every pair of nodes in the anchoring. By using an anchoring whose number is
«, we can obtain the anchored alignment tree in « times faster than the case
without using an anchoring [5].

Note first that an arbitrary anchoring between two trees does not always
provide an anchored alignment tree; If an anchoring is not less-constrained [4],
then there exists no alignment tree between them, because the less-constrained
mapping coincides with an alignable mapping [3], and then we can construct an
alignment tree from no less-constrained anchoring. Then, in this paper, we deal
with the following anchored alignment problem.
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ANCHOREDALIGNMENT

INSTANCE: Two trees 77 and T, and a mapping M C V(T1) x V(Tz),
called an anchoring.

SOLUTION: Find an anchored alignment tree 7 of T7 and T5 such that 7
contains a node labeled by (I(v),l(w)) for every (v,w) € M if T exists;
return “no” otherwise.

Note that the anchored alignment tree as output is not necessary to be optimum
in the sense of the alignment distance or the minimum cost alignment [2]; it is
just an alignment tree between two trees containing nodes labeled by every pair
of labels in an anchoring.

In order to solve the anchored alignment problem, in this paper, we provide
an alternative proof that a less-constrained mapping coincides with an alignable
mapping [3]. In this proof, first we introduce the cover sequences consisting of
nodes of complete subtrees from a node in a mapping to the root. Then, we show
that a mapping is less-constrained if and only if, for every pair of nodes in the
mapping, the cover sequence of a tree and one in another tree are comparable.
By using this property, we can prove the above theorem, according to following
algorithm to solve the problem of ANCHOREDALIGNMENT. Here, n is the number
of nodes in 77, m is the number of nodes in 75, h is the maximum height of T}
and T and « is the cardinality of an anchoring M.

First, we compute cover sequences of an anchoring and determine whether or
not they are comparable in O(h«) time and space. If so, then next we construct
an alignment subtree by aligning these cover sequences and by merging them
in O(h2a) time. Finally, we complete an anchored alignment tree by adding
appropriate alignment subtrees to the merged alignment subtree in O(n 4+ m)
time. Hence, we can solve the problem of ANCHOREDALIGNMENT in O(ha? +
n 4+ m) time and in O(ha) space.

Schiermer and Giegerich [5] have introduced the anchoring to divide the
dynamic programming to compute the alignment distance [2] into « parts and
claimed to reduce the time complexity from O(nmD?) time [2] to O(nmD? /)
time, where D is the maximum degree of two trees. However, since the anchoring
is not always less-constrained, we cannot guarantee that the division is correct.
On the other hand, this paper determines whether or not the anchoring is less-
constrained and, if so, then uses it to find the anchored alignment tree directly
and correctly in O(ha? + n + m) time. When n > m, we can roughly estimate
that O(nmD?/a) = O(ha® +n+m) = O(n?®). Hence, we can find the anchored
alignment tree as fast as [5] even if an anchoring is less-constrained.

2 Preliminaries

A tree is a connected graph without cycles. For a tree T = (V, E), we denote
V and E by V(T') and E(T), respectively. We sometimes denote v € V(T by
v € T. We denote an empty tree by 0.

A rooted tree is a tree with one node r chosen as its root. We denote the root
of a rooted tree T by r(T'). For each node v in a rooted tree with the root r, let
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UP,(v) be the unique path from v to r. If UP,.(v) has exactly k edges, then we
say that the depth of v is k and denote it by d(v) = k. The height of T, denoted
by h(T'), is defined as max{dep(v) | v € T'}. The parent of v(# r), which we
denote by par(v), is its adjacent node on UP,(v) and the ancestors of v(# r)
are the nodes on UP,.(v) — {v}. We say that u is a child of v if v is the parent
of u. In this paper, we use the ancestor orders < and <, that is, u < v if v is
an ancestor of v and v < v if u < v or w = v. In particular, we denote neither
u < wvnor v <u by u # v. We say that w is the least common ancestor of u and
v, denoted by u v, if u < w, v < w and there exists no w’ such that w' < w,
u<w and v < w'. A (complete) subtree of T = (V, E) rooted at v, denoted by
T[], is a tree T" = (V/, E’) such that »(T') = v, V' = {u € V | u < v} and
E' ={(u,w) € E|u,weV'}.

A rooted tree is labeled if every node is labeled by some alphabet. A rooted
tree is ordered if a left-to-right order among siblings is fixed; unordered otherwise.
In particular, for nodes v and v in an ordered tree, u is to the left of v, denoted
by u =< v, if pre(u) < pre(v) and post(u) < post(v) for the preorder number pre
and the postorder number post. In this paper, we call a rooted labeled tree a tree
simply. If it is necessary to distinguish, we call either ordered trees or unordered
trees.

We say that two sets A and B are incomparable if none of A C B, A=B
and B C A holds, that is, there exist both a € A\ B and b € B\ A; comparable
otherwise. Also we say that two sequences Aq,..., A, and Bi,..., B,, of sets
are incomparable if there exist ¢ and j (1 < i < n, 1 < j < m) such that A;
and B; are incomparable; comparable otherwise. Furthermore, we call a sequence
A1,..., A, of sets such that A; C A;11 (1 <i<n—1) increasing.

3 Less-Constrained Mapping

In this section, we introduce a less-constrained mapping and characterize it as
cover sequences.

Definition 1 (Mapping [6]). Let 71 and T3 be trees and M C V(T3) x V(T2).
We say that a triple (M, Ty,T5) is a Tai mapping between Ty and T5 if every
pair (vy,w1) and (vg, wo) in M satisfies the following conditions.

1. v; = vy iff w; = wy (one-to-one condition).
2. v; <wg iff w1 < we (ancestor condition).
3. v1 Ry iff wy < wy (sibling condition).

For unordered trees, the condition 3 is omitted. We will use M instead of
(M, T1,T5) when there is no confusion. Furthermore, we denote the set {v €
Ty | (v,w) € M} by M|; and the set {w € Ty | (v,w) € M} by M]|s.

Definition 2 (Less-Constrained Mapping [3,4]). Let T} and T3 be trees.
We say that a mapping M between T) and T5 is a less-constrained mapping if
M satisfies the following condition.
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Fig.1. Trees To, T1, T> and T3 (upper), mappings Mi, M, and Ms (center) and
mappings My, M5 and Ms (lower) in Example 1.

V(’Ul,wl), (UQ, ’wg), (v37w3) c M(’U1|_|’U2 < v1Uvg = wollws = ’LU1|_|’LU3).
Or equivalently [3]:
V(vl,wl), (112, ’wg), (113,11)3) S M(w1Uw2 < wUws = vollvg = 1)1|_|U3).

Ezample 1. Consider trees Ty, T1, T> and T3 in Fig.1 (upper). Also suppose
that M; is a mapping {(v1,w1), (ve,wa), (v, w3), (v4,ws)} between Ty and T;
(i =1,2,3) in Fig. 1 (center). Then, M; and M are less-constrained mapping,
while M3 is not, because v1 L vy < v1 Uws but we U wsg < wy L ws.

Furthermore, let My = M3 — {(vi,w1)}, My = M3 — {(va,w2)} and
Mg = M3 — {(v3,w3)} in Fig.1 (lower). Then, we can show that My, M5 and
Mes are less-constrained.

Definition 3 (Cover Set and Cover Sequence). Let T be a tree with the
root r, v a node in T and U a set of nodes in T. Also suppose that UP,.(v) is
V=01, Uy =T

Then, we call a set {w € T[v] | w € U} (or equivalently, T'[v] N U) the
cover set of v in T w.r.t. U and denote it by Cr(v,U). Also we call a sequence
Cy,...,C, such that C; = Cp(v;,U) for every i (1 <14 < n) the cover sequence
of vin T w.r.t. U and denote it by St(v,U).

In particular, we use the cover sequences concerned with a mapping M
between 77 and T», that is, St, (v, M|1) and St, (w, M|3) for (v,w) € M. For
r1 = r(T1) and ro = r(13), we call UP,, (v) and UP,,(w) paths of St, (v, M|;)
and St,(w,M|2), respectively, and denote them by Pr (v) and Pr,(w),
respectively.
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Ezxample 2. Consider mapping My, My and M3 in Example 1. For mapping M;
(1 = 1,2,3), we identify v; € M;|; with w; € M| (j = 1,2,3,4) and both of
them are denoted by the index j. Then, the cover sequences St,(j, M;|1) and
St,(J, Mi|2) are described as follows.

Sty (1, Mi|1) = {1}, {1,2},{1,2,3,4}. S7,(1, Ma|2) = {1},{1,2,3,4}.
St,(2, M;1) = {2}, {1, 2} {1,2,3,4}. 51, (2, Mal2) = {2}, {1,2,3,4}.
Sty(3, M;]1) = {3}, {1,2,3,4}. St1,(3, Ma|2) = {3} {1,2,3,4}.
Sty (4, M;]1) = {1,2,3,4}. St, (4, Malo) ={1,2,3 4}

St (1, Mi]2) = {1},{1,2},{1,2,3,4}. S1,(1, M3s]2) = {1} {1 2,3,4}.

St (2, Mil2) = {2}, {1,2},{1,2,3,4}. S1,(2, M3|2) = {2}, {2, 3} {1,2,3,4}.
Sty (3, Mi]2) = {3},{1,2,3,4}. St (3, M3|2) = {3} {2,3},{1,2,3,4}.
St, (4, Mi]3) = {1,2,3,4}. St, (4, Ms|2) = {1,2,3,4}.

Since {1,2} and {2,3} are incomparable, so are Sr,(2,Ms|;) and
S1,(2, M3]2). On the other hand, St,(j, M;|1) and S, (j, M;|2) are comparable
for (i,7) € {1,2,3} x {1,2,3,4} — {(3,2)}.

Furthermore, consider mappings My, M5 and Mg in Example 1. Then, the
cover sequences St,(j, M;|1) and St,(j, M;|2) are described as follows, where
j €I and Iy = {2,3,4}, Iy = {1,3,4} and Is = {1,2,4}. All of them are
comparable.

Sty (2, Ma|1) = {2},{2},{2,3,4}. 51 (2, Mul2) = {2}, {2,3},{2,3,4}.
Sty(3, Mal1) = {3}, {2,3,4}. Sty (3, Mal2) = {3}, {2,3},{2,3,4}.
St, (4, Mal1) = {2,3,4}. Sty (4, Myl2) = {2,3,4}.

Sty (1, Ms|h) = {1}, {1}, {1,3,4}. Sz, (1, Ms|2) = {1},{1,3,4}.
St1,(3, Ms[1) = {3},{1,3,4}. Sty(3, Ms|2) = {3},{3},{1,3,4}.
St, (4, Ms]1) = {1,3,4}. St, (4, Msl2) = {1,3,4}.

Sty (1, Mg|1) = {1}, {1,2},{1,2,4}. Sry (1, Mgl2) = {1}, {1,2,4}.
St1,(2, Mgl1) = {2},{1,2},{1,2,4}. S1,(2, Ms|2) = {2},{2},{1,2,4}.
St, (4, Msl1) = {1,2,4}. Sty (4, Mgl2) = {1,2,4}.

Theorem 1. Let Ty and Ts be trees. Also let M be a mapping between T and
Ts. Then, M is not a less-constrained mapping between Ty and Ts if and only
if there exists a pair (v,w) € M such that S, (v, M|1) and St,(w, M|2) are
incomparable.

Proof. Suppose that there exists a pair (vi,w;) € M such that cover sets Cy €
St,(v1, M]1) and Co € S, (w1, M|2) are incomparable. Then, there exist vy €
M|; and ws € M| such that vo € C; — Cy and ws € Cy — Cy. Let v* and w*
be nodes v; U v and w; U ws, respectively. Then, we can assume that Cy =
Cr, (v*,M|y) and Cy = Cr, (w*, M|2). Also consider vz and ws.

Since v3 & C1, it holds that v* < vy Ll v3. Since we € Cy, it holds that w* <
woLws. Hence, even if v* = v1Uvy < vollvg, it holds that w* = wUws < wallws,
which implies that M is not a less-constrained mapping.

Conversely, suppose that M is not a less-constrained mapping. Then, there
exist vq, v, v3 € M| and wy, we, w3 € M|y such that (1) v; Uve < v1 Uws holds
and either (2) we Uws < wy Uws or (3) wy Uws > wy Uws holds.
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By the condition (1), the cover sequences St, (v, M|1) and Sty (v2, M|1) con-
tain a cover set C; such that {v1,v2} C Cy and vs € C;. On the other hand, by
the condition (2), the cover sequence St, (w2, M|2) contains a cover set Cy such
that {ws, w3} C Cy and w; & Co, which implies that Cy and C5 are incompara-
ble. Also, by the condition (3), the cover sequence St, (w1, M|2) contains a cover
set C5 such that {wy, w3} C C3 and wy ¢ C3, which implies that C; and Cj are
incomparable. a

Corollary 1. Let T} and T be trees. Also let M be a mapping between Ty and
Ts. Then, M is a less-constrained mapping between Ty and Ty if and only if, for
every pair (v,w) € M, S, (v, M|1) and St,(w, M|3) are comparable.

4 Alignable Mapping and Alignment Tree

Let T7 and Ty be trees. We say that I is a root-preserving mapping from T to 15
if I is a mapping between T; and 75 and r(71) € I|; always holds. In particular,
for v € T}, we denote the node w € T such that (v,w) € I by I(v). Note that
T5 is not necessary to be labeled.

Definition 4 (Alignable Mapping [3]). Let T} and T3 be trees. We say that
M is an alignable mapping between T and T if there exist a tree 7 (not
necessary to be labeled) and root-preserving mappings I; from 73 to 7 and I
from Ty to 7 satisfying that I (v) = Ix(w) for every (v,w) € M. In particular,
we call the tree 7 an aligned tree between T and T» and the root-preserving
mappings I; and Iy side mappings of M from T} and Ts, respectively.

Let M be an alignable mapping between T7 and 75 and I; a side mapping of
M from T; (i = 1,2). Then, it holds that M|, = {v € T1 | I1(v) = L2(w)} and
Mls = {w € Tz | I1(v) = Ix(w)}. For an aligned tree 7, we denote the inverse
image of I; from V(T) to V(T;) by I; *. In particular, when no v € T; such that
I;(v) = u exists for a node u € T, we denote I; *(u) by 0 and I(I; ' (u)) by e.

Definition 5 (Alignment Tree [2]). Let M be an alignable mapping between
Ty and Ty, I; a side mapping of M from T; (i = 1,2) and 7 an aligned tree
between 77 and T5. Then, we call the tree obtained by replacing every label of
w € T with (I(I7 H(w)), (I (u))) an alignment tree between T; and Ty. For an
alignment tree 7, we denote a mapping M between T and T3 constructed from
7 such that (v,w) € M iff (I(v),l(w)) € T by Mr.

Ezample 3. Consider mappings M; (i = 4,5,6) in Example 1 (Fig.1). Then,
every mapping M; is an alignable mapping. Also, the tree 7; in Fig.2 is an
alignment tree between Ty and T3 in Example 1 corresponding to M;.

Let ¢ ¢ ¥ denote a special blank symbol and define ¥, = ¥ U {e}. Then,
we define a cost function v : (X x 3 — {(g,€)}) — R" on pairs of labels. We
constrain 7 to be a metric, that is, y(I1,1l2) > 0, v(l1,11) =0, y(l1,l2) = v(l2, 11)
and v(l1,13) < v(l1,12) + v(l2,13). In particular, the unit cost function p such
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Fig. 2. The alignment trees 7; between Ty and T3 in Example 1.

that u(a,b) =0if a = b and u(a,b) = 1if a # b is the most famous cost function.
The cost of an alignment tree 7 under ~, denoted by (7 ), is the sum of the
costs of all labels in 7. The minimum cost of all the possible alignment trees is
known to an alignment distance [2].

5 An Alternative Proof of Theorem 2

In this section, by using the cover sequence, Theorem 1 and Corollary 1, we give
an alternative proof of the following Theorem 2.

Theorem 2 (Kuboyama [3]). Let T1 and Ty be trees and M a mapping
between Ty and Ty. Then, M is less-constrained if and only if M is alignable.

First, we show the if-direction of Theorem 2.

Lemma 1. Let Ty and Ty be trees and M an alignable mapping between Ty and
T5. Then, M 1is also a less-constrained mapping.

Proof. For an alignable mapping M, there exists an alignment tree 7 such that
M = My. Also suppose that M is not a less-constrained mapping. By Theorem 1,
there exists a pair (v,w) € M such that cover sets Cy € St, (v, M|;) and Cs €
St,(w, M|3) are incomparable. Then, there exist v; € M|; and wy € M|y such
that v1 € C1 —C5 and wy € Co—C1. Let v and w’ denote vUwv; and wllws. Then,
we can assume that C; = Crp, (v/, M]1) and Cy = Cp,(w’, M|2). Also consider
wy and vy such that (v, w;) € M and (ve,ws2) € M.

Since M = My, both (I(v1),1(w1)) and (I(v2),l(ws2)) occur in T. Since v1 €
(4, it holds that (I(v),l(w)) < (I(v1),l(w1)) in 7. Since wy € Cy, it holds
that (I(v),l(w)) < (I(v2),l(wz2)) in 7. Furthermore, since v; € C; — Cy and
wy € Cy — C, we can show that (I(v1),l(w1)) # (I(ve),l(w2)) in T as follows.
Note here that we identify v; with w; (i = 1,2).

If (I(v1),l(wy)) < (I(v2),l(ws2)) in T, then it holds that v < v; < vy in
T and w < w; < ws in Th. Then, since v = v; and w’ = wa, it holds that
Cl = CTl(U/7M|1) g CTl(UQ,M|1) = OT2(’LU/,M|2) = Cg. If (l(’t}g),l(wg)) <
(l(v1),l(wy)) in 7, then it holds that v < vy < vy in 77 and w < ws < wq
in T5. Then, since v/ = v; and w’ = wy, it holds that Cy = Crp,(w', M|3) C
Cr, (w1, M|2) = Cp, (v, M|]1) = Cy. These imply a contradiction that C; and Cy
are incomparable.
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Hence, it holds that (I(v),l(w)) < (I(v1),l(w1)), (I(v),l(w)) < (I(ve),
and (I(v1), {(w1)) # (I(v2), l(w2)) in T for (I(v), [(w)), (l{v1), l(w1)), ([(v2), I (w2

€ 7, which is a contradiction that T is a tree. a

In order to show the only-if-direction of Theorem 2, we start the following
lemma.

Lemma 2. Let Ty and T be trees and M a less-constrained mapping between Ty
and Ty. Then, for (v,w) € M, both St,(v, M|1) and St,(w, M|2) are comparable
increasing such that the last element of St, (v, M|1) (resp., St,(w, M|2)) is M|
(resp., M|2).

Let M be a mapping between 77 and T5. Then, for every (v;,w;) € M, we
sometimes identify v; € M|, with w; € M|, and both of them are denoted by
the index j. Under such an identification, we can regard that M|; = M|;. Then,
we introduce the following aligned sequence and aligned path for comparable
increasing sequences of sets.

Definition 6 (Aligned Sequence, Aligned Path). Let S; = Ay,..., A, and
So = By, ..., B, be comparable increasing sequences of sets such that A,, = B,,
Then, we call the sequences S| = A!,..., A} and S5 = B, ..., B}, obtained from
S1 and S by the procedure ALNSQ in Algorlthm 1 aligned sequences of S7 and
Ss. Furthermore, for the aligned sequences S = A}, ..., A} and S, = B},..., B,
of S1 and S5, we define the aligned path of S1 and Sy as a rooted labeled path
P = (V,E)such that V = {p1,...,pt}, B = {(pi,pi+1) | 1 <@ < k—1}, the root
of P is p; and the label of p; is (A;c—i+1’BI/c—i+1) for 1 < ¢ < k. We sometimes
denote such a path by [p1,...,px].

Ezample 4. Consider a mapping M, in Example 1. By Lemma 2, St, (4, M2|1)
and St,(j, Ms|2) in Example 2 are comparable increasing. Then, we can obtain
the aligned sequences S7, (j, Ma|1) and S7, (j, Mz|2) illustrated in Fig. 3 (upper).
Also, for an aligned path Py, (j) = [p1, p2, ps] of St,(j, Mz|1) and ST, (j, Ma|2),

procedure ALNSQ(S1,S2)
/¥ 8y =A1,..., An, So=B,..., B */

1 i—1j—1 k<1,

2 whilet <n+1and j <m+1do

3 if i =n+1 then A}, «— \; B, < Bj; j++;

4 else if j = m + 1 then A} « A;; By, « \; i++;

5 else if A, = B; then A), «— A;; B, < Bj; i++; j++;
6 else if A; C B; then A}, «— A;; By, < \; i++;

7 else if A; D B; then A}, «— \; Bj, «— Bj; j++;

8 k++;

9 return S| = ..., Ay and S5 = BY,... By;

Algorithm 1. ALNSQ.
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St (1, Ma|1) = {1},{1,2},{1,2,3,4}. Sy, (1, Ma|2) = {1}, A, {1,2,3,4}.
St (2, Ma|1) = {2}, {1,2},{1,2,3,4}.  Sp,(2, Ma|2) = {2}, A, {1,2,3,4}.
S’To(3,Mz|1) ={3},{1,2,3,4}. 5}2(3,M2|2) = {3}, {1 2,3,4}.
5%0(47M2|1) = {1727374} 5}2(45M2|2) = {1 2,3, 4}

Pur, () I(p1) I(p2) I(ps)

Pu, (1) ({1,2,3,4},{1,2,3,4}) ({1,2}, A) ({1}, {1}

Pu, (2) ({1,2,3,4}1,{1,2,3,4}) ({1,2}, M) ({2}, {2})

P, (3) ({1,2,3,4},{1,2,3,4}) ({3}, {3})

PM2(4) ({1727374}7{17273 4})

Fig.3. The aligned sequences St,(j, M2|1) and S7,(j, M2|2) of St,(j, Mz|1) and
St,(j, M2|2) (upper) and the labels in aligned path Pag,(j) of St,(j, M2|1) and
St;(j, M2|2) (lower) in Example 4.

every label I(p;) of a vertex p; (i = 1,2,3) in Py (j) is illustrated in Fig.3
(lower).

Consider mappings My, M5 and Mg in Example 1. By Lemma 2, St (7, M;|1)
and St,(j, M;|2) (i = 4,5,6, j € I;) in Example 2 are comparable increasing.
Then, we can obtain the aligned sequences S7, (4, M;[1) and S7, (j, M;|2) illus-
trated in Fig.4 (upper). Also, for an ahgned path Py, (j) = [p1,p2,P3,Pp4) of
Sty (43, M;]1) and St, (4, M;|2), every label I[(p;) of a vertex p; in Py, (j) are illus-
trated in Fig. 4 (lower).

Let M be a less-constrained mapping between T and Ts, where r; = r(T})
and ro = r(T3). By Lemma 2, for Sy, (v, M|1) = As,..., A, and Sp,(w, M|2) =
By,...,B,, for every (v,w) € M, there exist paths Pp, (v) = v1,...,v, and
Pr,(w) = wy,...,wy such that v1 = v, w1 = w, v, = r and w, = re.
Also, by identifying v € M|; with w’ € M|y for (v',w’) € M, it holds that
A1 :Blz{v}:{w} and An:Bm:Mh:M‘Q

Furthermore, suppose that the aligned sequences S7. (v, M|y) of S, (v, M|1)
and S7, (w, M|z) of St,(w, M|z) are of the forms A’,..., A} and Bi,..., By,
respectively. Then, we denote the corresponding path of S7, (v, M|y) in Ty includ-
ing A by Pr, (v) = v,...,v; such that v; = X if A} = X\ and v} = vy otherwise,
where ¢/ = |[{l | 1 <1 < 4,v] # A}|. Also we denote the corresponding path
of St,(v, M[1) in Ty including A by Pr,(w) = wi,...,w; such that w} = A if
Bj = X and w; = w;s otherwise, where j' = [{l | 1 <1 < j,w; # A}|.

Lemma 3. Let M be a less-constrained mapping between Ty and Ts. Also, for
(v1,w1), (vo,ws) € M, let:
Sy (v, M|y) = Ay, Ay, Sy (wi, M2) = By, ..., By,
Sy (va, M|y) = C1,...,Ch, Sp (we, M]2) = D4, ..., Dj.

Then, for the maximum indices i and j (2 < i < k,2 < j < h) such that
(A}, B}) = (C}, B}) and (Aj_y,B]_;) # (C}_y, Bj_,), it holds that (A, B,) #
(C},By) for everya (1<a<i—1)andb (1 <b<j—1).
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SITO(2> M4|1) = {2}a {2}7 A, {2> 3, 4}' S&“g (2a M4|2) = {Q}a A, {Qa 3}> {Qa 3, 4}'
SITO(3> M4|1) = {3}a A, {Qa 3, 4}‘ Sé—é (3a M4|2) = {3}a {27 3}a {2> 3, 4}‘
S’,I‘O (47 M4|1) = {2v 374}' S',IT3 (43 M4|2) = {23 374}'
S’II‘O(1> M5|1) = {1}a {1}7 {17 3, 4} S',/T3(17 M5|2) = {l}a A, {1a 374}'
SITO(?% M5|1) = {3}7 A, {17 3, 4} S&“g (37 M5|2) = {3}7 {3}7 {17 3, 4}
5%0(47M5|1) ={1a374}' SL.’“3(43M5|2) ={13374}'
S’.ll"o(]-> M6|1) = {1}7 {17 2}7 {17 2, 4} 8%3(17 M6|2) = {1}7 )‘7 {17 274}'
ZFO (27 MGll) = {2}a A, {13 2}7 {13 2, 4} S&“g (23 M6|2) = {2}3 {2}7 A, {17 2, 4}

5%0(47M6|1) :{1a274}' 55"3(43M6|2) :{13274}'

Pu; (7) I(p1) l(p2) U(ps) U(p4)

P,y (2) ({27 3, 4}a {27 3, 4}) (>‘7 {27 3}) ({2}7 )‘) ({2}a {2})

Py (3) ({2,3,4},{2,3,4}) (A, {2,3}) ({3},{3})

P,y (4) ({27 3, 4}a {27 3, 4})

Pus (1) ({1,3,4}1,{1,3,4}) ({1},»)  ({1},{1}H)

Pu;(3) ({1,3,4}1,{1,3,4}) (A{3}) ({3},{3})

P, (4) ({17 3, 4}a {17 3, 4})

Pug(1) ({1,2,4}1,{1,2,4}) ({1,2}, ) ({1},{1})

Pug(2) ({1,2,4}1,{1,2,4}) ({1,2}, ) ({1,2},{2}) ({2}, {2})

Purg (4) ({17 2, 4}a {17 2, 4})

Fig.4. The aligned sequences S7,(j, M;|1) and St,(j, Mil2) of Sr,(j, Mil1) and
St,(j, Mi|2) (upper) and the labels in aligned path Py, (j) of Sz (j, Ms|1) and
Sty (j, M;|2) (lower) in Example 4.

Proof. Let A= AjU---UA,_; —{\}, B=BjU---UB/_;—{A\},C=C{U---U
" 1—{M and D= DjU---UD’_; —{\}. Then, we show that ANC = () and
BnD=4§.

Suppose that ANC # 0. Then, there exist a vertex v € T} such that v € ANC.
Then, it holds that v € Pf’p1 (v1) and v € P;’p1 (v2). Since T7 is a rooted tree, vy Llv
and v U v satisfy one of the statements of v Llv < vg v, vo Uv < v Uv and
vy Uv = wg Uw. For P (v1) = py,...,p) and Pp (v2) = q1,...,q;, such that
p1 =1, ¢ = v2, p = qp, = r(Th), let v* = pj, .y = ¢j,y € T1. Then, it holds
that v1 U vy = v*.

If v1 U v < vy Lo holds, then it holds that v LI v < v*, which means that
v & C. If voUv < w1 Uw holds, then it holds that ve v < v*, which means that
v & A. If v1 Uv = vy Uw, then it holds that v* < v; Uwv = vg U v, which means
that v € AN C. Hence, it holds that AN C = 0.

By the same way, we can show that BN D = (). Hence, the statement holds.

O

Definition 7 (Merged Graph). For a less-constrained mapping M between
Ty and T3, let Pjs be the set of all aligned paths concerned with M. Then, we
define the merged graph Gas of M as a rooted graph obtained by identifying
vertices with the same labels in Py, where the label of the root is (M|, M|3).
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gM2 gM4

24, (124>
ET RN <ER>
Cuy Qe Qi Gep
D 36D C2ni2D
gM5 gMG

Fig. 5. The merged graphs Gy, (i =2,4,5,6) in Example 5.

Lemma 4. Let Ty and Ty be trees and M a less-constrained mapping between
Ty and Ty. Then, the merged graph Gar of M is a rooted labeled tree.

Ezxample 5. Consider the mappings Ms, My, Ms and Mg in Example 1. By
Example 4, it holds that Pz, = {Par, (1), Par, (2), P, (3), Pas, (4)} and Py, =
{Pur;(j) | 7 € I} (i =4,5,6). Then, the merged graphs Gy, of Py, are illus-
trated in Fig. 5.

Let 71 and T, be trees, M a less-constrained mapping between 77 and T3
and G the merged graph of M. Then, we denote the tree obtained by removing
all of the labels in Gy by G}, Also, for a vertex u € Gy, the label of u is of
the form (A, B), where A C M; or A= X and B C Ms or B=A. When A # A
(resp., B # \), there exists a unique vertex in T; corresponding to A (resp., in Ts
corresponding to B), which we denote such a vertex by vr, (A) (resp., vp, (B)).

For every vertex u € Gy, consider to replace the label (A4, B) of u with
(l(vr, (A)),l(vr,(B))) if A # X and B # X; (e,l(v,(B))) if A = X and B #
A (L(vry (A)),e) if A # XA and B = X. We denote the tree obtained by this
replacement of labels in every u € Gy from Gy by G-

Lemma 5. Let T7 and Ts be trees, M a less-constrained mapping between Ti
and Ty and Gpr the merged graph of M. Then, G, is a subtree of the aligned
tree between Ty and T, and Gy, is a subtree of the alignment tree between T
and Ty.

Proof. Note that the labels of vertices in Gps are of the form (A, B). Then, by
the definition of Gj; and Lemma 4, we obtain a subtree of T7 (resp., Tz) by first
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connecting vr, (A4) (resp., vy, (B)) for every A (resp., B) and then by deleting A
and, for a vertex v whose label is A, connecting the children of v to the parent
of v. Hence, the statement holds. a

Let P; be the set of all rooted maximal paths in 77 — {Pp, (v) | v € M1}
and P2 the set of all rooted maximal paths in 7o — {Pr,(w) | w € M|3}. For
every P = [p1,...,px] € P1 such that r(P) = p;, there exists a vertex v € T}
such that v is a parent of p; in 77, which we denote by pars, (P). Similarly, for
every @ = [q1,...,qx] € P2 such that r(Q) = ¢1, there exists a vertex v € Ty
such that v is a parent of ¢ in T, which we denote by parr, (Q).

Furthermore, for every P = [p1,...,pr] € Pi1, we denote a labeled path
obtained by replacing I(p;) with (I(p;),e) by (P,e), and, for every Q =
[q1,--.,qk] € P2, we denote a labeled path obtained by replacing i(g;) with
(<. a2)) by (=, Q).

Lemma 6. Let Ty and Ty be trees and M a less-constrained mapping between
Ty and Ts. Then, M is also an alignable mapping.

Proof. 1t is sufficient to construct an alignment tree between 77 and T5 from M.
By Lemma 5, G}, is a subtree of the alignment tree between T and Tb. In order
to complete the alignment tree, it is necessary to insert the paths not “covered
by” M, which are denoted by the above P; and P2. Hence, by inserting paths
(P,e) to the appropriate child of pars, (P) in G, for every P € Py and (g, Q)
to the appropriate child of pars, (P) in G}, for every @ € P2, we can obtain the
alignment tree between T; and T5. O

It is not necessary for Theorem 2 to distinguish that trees are ordered or
unordered.

6 Anchored Alignment Problem

Finally, we discuss the anchored alignment problem introduced in Sect. 1.

Theorem 3. Let n = |T1|, m = |Tz|, h = max{h(T1),h(T2)} and o = |M]|.
Then, the problem of ANCHOREDALIGNMENT can be solved in O(ha? +n +m)
time and in O(ha) space for both ordered and unordered trees.

Proof. Since the correctness is shown in Sect. 5, it is sufficient to show the time
complexity. We use a-bits {0, 1} vectors for set operations in totally O(ha) space,
which we can prepare in O(ha) time.

For an anchoring M, first check whether or not M is less-constrained by using
Corollary 1. If M is not less-constrained, then return “no,” which runs in O(ha)
time. Otherwise, construct a partial alignment tree 7 between T} and T, by using
the algorithm ALNSQ in Algorithm 1. We can check whether A; = B;, A; C B;
or A; O Bj in Algorithm 1 in O(«) time, so the running time of Algorithm 1 is
O(ha) and the total running time in this process is O(ha?). Next, construct the
merged graph Gps and the replacement Gy, of Gy, which runs in O(ha) time
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for ordered trees (just checking adjacent nodes in postorder) and in O(ha?) time
for unordered trees. Finally, add (P, ¢) and (¢, Q) to 7 according to Lemma 6,
which runs in O(n + m) time.

Hence, the time complexity is O(ha)+0(ha?)+0(ha)+O0(n+m) = O(ha?+
n+m) for ordered trees and O(ha) + O(ha?) + O(ha?) + O(n +m) = O(ha? +
n + m) for unordered trees. O

7 Conclusion

In this paper, first we have provided an alternative proof that a mapping is less-
constrained iff it is alignable, by using cover sequences and merged graphs. Then,
we have formulated the problem of ANCHOREDALIGNMENT and then shown that
we can solve it in O(ha? +n+m) time and in O(ha) space for both ordered and
unordered trees. Note that, if a given anchoring is optimum, that is, the cost of
a given anchoring is minimum [2], then the problem of ANCHOREDALIGNMENT
is corresponding to the traceback of the alignment.

As stated in Sect. 1, an anchored alignment tree as output is not necessary
to be optimum; it is just an alignment tree between two trees containing nodes
labeled by pairs of labels in an anchoring. For example, consider the trees T and
T5 in Fig. 1 and let M7 in Fig. 6 (left) be an anchor between Ty and T5. Then,
the anchored alignment tree of M7 is 77 in Fig. 6 (right) such that u(77) =8
under a unit cost function . On the other hand, 75 in Fig.2 is the optimum
alignment tree between Ty and T3 such that u(75) = 4.

Fig. 6. A mapping M7 and the anchored alignment tree of M.

Then, it is a future work to discuss the problem of ANCHOREDALIGNMENT
such that the anchored alignment tree is optimum. Also, it is a future work to
investigate whether or not we can improve the time complexity to find the align-
ment distance for ordered trees, by using the algorithm to solve the problem of
ANCHOREDALIGNMENT. Furthermore, it is a future work to discuss the relation-
ship between the results of this paper and the maximum agreement supertrees [1].
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