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Abstract. We apply a construction of Cook (1971) to show that the
intersection non-emptiness problem for one PDA (pushdown automaton)
and a finite list of DFA’s (deterministic finite automata) characterizes
the complexity class P. In particular, we show that there exist constants
c1 and c2 such that for every k, intersection non-emptiness for one PDA
and k DFA’s is solvable in O(n°t*) time, but is not solvable in O(n°2¥)
time. Then, for every k, we reduce intersection non-emptiness for one
PDA and 2% DFA’s to non-emptiness for multi-stack pushdown automata
with k-phase switches to obtain a tight time complexity lower bound.
Further, we revisit a construction of Veanes (1997) to show that the
intersection non-emptiness problem for tree automata also characterizes
the complexity class P. We show that there exist constants c¢; and c2
such that for every k, intersection non-emptiness for k tree automata is
solvable in O(n°t*) time, but is not solvable in O(n°2*) time.

1 Introduction

To determine whether a mathematical object exists one could start by listing
constraints for the proposed object to satisfy. Then, for each constraint one
could build a verifier to computationally determine whether an input satisfies
the constraint. If each constraint can be verified by an automaton, does that
mean one could efficiently determine whether there exists an object that satisfies
all of the constraints?

We will investigate problems where we are given an encoding of a finite list of
automata and want to determine whether there exists a string that satisfies each
automaton in the list. A problem of this form is referred to as an intersection non-
emptiness problem because it is equivalent to determining whether the languages
associated with the automata have a non-empty intersection.

Each of the intersection non-emptiness problems that we investigate will be
viewed as an infinite family of problems indexed on the natural numbers by the
number of machines k. For each problem in such a family, we will prove a time
complexity lower bound. One may be tempted to view each family of problems
as a single parameterized problem. Such an interpretation is fine as long as one
realizes that we aren’t simply proving a single parameterized complexity lower
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bound. Rather, we are proving a lower bound for each of the infinitely many
fixed levels of the parameterized problem.

In Section 2, we introduce some basic results that allow us to compare infinite
families of problems. These results will be used to put all of our findings into a
general framework to efficiently present our complexity lower bounds and shed
light on the relationship between types of automata and complexity classes.

The intersection non-emptiness problem for DFA’s; which we denote by IEp,
is a well known PSPACE-complete problem [7]. Consider fixing the number of
machines in the input. Let k-IEp denote the restricted version of IEp such that
only inputs with at most k machines are accepted. In [18], the second author
proved a tight non-deterministic space complexity lower bound for the k-IEp
problems. He showed that there exist ¢; and cs such that for every k, k-1Ep €
NSPACE(c1klog(n)) and k-IEp ¢ NSPACE(c2k log(n)) where space is measured
relative to a fixed work tape alphabet. Therefore, we say that intersection non-
emptiness for DFA’s characterizes the complexity class NL.

First, we will investigate intersection non-emptiness for one PDA and a finite
list of DFA’s which we denote by IE;pp. We will show that there exist constants
c1 and ¢y such that for every k, k-IE;p,p € DTIME(n®*) and k-1E1p,p ¢
DTIME(n¢2*). In order to show the lower bound, we will reduce the acceptance
problem for klog(n)-space bounded auxiliary pushdown automata to k-1Eip4p.
Then, we will apply results from [4] to get that klog(n)-space bounded auxiliary
pushdown automata can be used to simulate klog(n)-space bounded alternating
Turing machines. Finally, we will apply results from [2] to get that &k log(n)-space
bounded alternating Turing machines can be used to simulate n*-time bounded
deterministic Turing machines.

Next, we will investigate non-emptiness for multi-stack pushdown automata
with k-phase switches which we denote by k-MPDA. From [12], we know that
E-MPDA € DTIME(nO(Qk)). This result was shown by reducing &-MPDA to
non-emptiness for graph automata with bounded tree width and then further
reducing to non-emptiness for tree automata. We will show that this upper bound
is tight. In particular, we will show that there exist constants ¢; and ¢ such that
for every k, -MPDA € DTIME(n®2") and k-MPDA ¢ DTIME(n®2"). In order
to show the lower bound, we will reduce 2*-1Epp to k-MPDA and then apply
the lower bound for 2’“—1E17>+D from the preceding section. In addition, we will
present a lower bound for the dual of the &-MPDA problem.

Finally, we will investigate intersection non-emptiness for tree automata
which we denote by IE7. In [16], it was shown that IE7 is EXPTIME-complete.
We will show that there exist constants ¢; and co such that for every k, k-IE
€ DTIME(n“*) and k-1IE7 ¢ DTIME(n*). In order to show the lower bound,
we will reduce the acceptance problem for klog(n)-space bounded alternating
Turing machines to k-IE7. Then, we will again apply results from [2] to get that
klog(n)-space bounded alternating Turing machines can be used to simulate
n*-time bounded deterministic Turing machines.
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2 Preliminaries

2.1 Complexity Classes

Each of the following complexity classes is associated with a machine class. In
particular, a language X is in the complexity class if and only if there exists a
machine M in the associated machine class such that M accepts X.

NL : Logarithmic space bounded non-deterministic Turing machines
AL : Logarithmic space bounded alternating Turing machines
AUXL : Logarithmic space bounded auxiliary pushdown automata

P : Polynomial time bounded deterministic Turing machines

Although NL C P, it is not known if P = NL. However, using machine
simulations, it was proven that P = AL in [2] and P = AuxL in [4].

If one carefully looks at the simulations from [2], one will notice that there
are universal constants c¢; and ¢, such that for every k, each nF-time bounded
deterministic Turing machine can be simulated by a ¢k log(n)-space bounded
alternating Turing machine and each k log(n)-space bounded alternating Turing
machine can be simulated by a n°2*-time bounded deterministic Turing machine.
Hence, not only are P and AL equivalent, but the DTIME(n*) classes that make
up P and the ASPACE(klog(n)) classes that make up AL are in some sense level-
by-level equivalent to each other. This example should motivate the notion of
level-by-level equivalence that we introduce in Section 2.3.

2.2 Acceptance Problems

We will specify a Turing machine model and introduce acceptance problems for
the machine classes associated with NL, AL, AuxL, and P.

By a Turing machine, we are referring to a machine with a single two-way
read-only input tape and a single two-way read/write binary work tape. The con-
dition on the work tape being binary is significant. In particular, for space com-
plexity, constants matter when the alphabet is fixed. By an f(n)-time bounded
Turing machine, we mean a Turing machine that runs for at most f(n) steps
on all inputs of length n. By an f(n)-space bounded Turing machine, we mean
a Turing machine that uses at most f(n) cells on the binary work tape for all
inputs of length n. By uses at most f(n) cells, we mean that the tape head
never moves to the right of the f(n)th cell. Time and space bounded auxiliary
pushdown automata can be defined similarly where the space bounds only apply
to the auxiliary work tape. The space bounds do not apply to the stack.

The general form of an acceptance problem is as follows. Given an encoding of
a machine M and an input x, does M accept 7 For each k and each machine class
that we discussed in Section 2.1, we can define an acceptance problem. Consider
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the following acceptance problems and their associated machine classes.

N,flog : klog(n)-space bounded non-deterministic Turing machines

A7 log * klog(n)-space bounded alternating Turing machines

Auzy log : klog(n)-space bounded auxiliary pushdown automata

Dzk : n*-time bounded deterministic Turing machines

2.3 Level-By-Level Equivalence

For each k and each machine class from Section 2.1, we defined an acceptance
problem. In other words, for each machine class, we defined an infinite family
of acceptance problems. These infinite families of problems characterize their
associated machine classes and their associated complexity classes.

Let’s look at an example. Consider the family {D};,c}keN. The proof of the
time hierarchy theorem has two parts: universal simulation and diagonalization.
From universal simulation of deterministic Turing machines, we get a constant
c1 such that for every k, DZ,C € DTIME(n®*). From diagonalization, we get a
smaller constant c; such that for every k, DI, ¢ DTIME(n®*). Therefore, we
say that this family characterizes the complexity class P.

The notion of an infinite family characterizing a complexity class leads us
to the concept of LBL (level-by-level) reducibility. This concept will allow us to
compare the complexity of infinite families of problems.*

Given two infinite families of problems X := { X }reny and Y := {Yy bren, we
say that X is (polynomial time) LBL-reducible to Y if there exists a constant ¢
such that for every k, there exists an O(n¢)-time bounded reduction from X} to
Y. where k is treated as a constant. If X is LBL-reducible to Y, then we write
X <p Y. If X is LBL-reducible to Y and Y is LBL-reducible to X, then we
say that X and Y are LBL-equivalent and write X =; Y. Notice that <y, is
transitive and =j, is an equivalence relation.

To simplify how one shows that an infinite family X is LBL-reducible to
{D,le}keﬁh we have the following proposition.

Proposition 1. Let an infinite family X be given. If there exists ¢ such that for
every k, X3, € DTIME(n*), then X is LBL-reducible to {ng}keN-

To simplify how one shows a (near) tight time complexity lower bound for
an infinite family X, we have the following proposition.

Proposition 2. If an infinite family X is LBL-equivalent to {DZX, }ren, then
there exist ¢y and co such that for every k, X € DTIME(n“*) and X ¢
DTIME(n<*).

! An LBL-reduction is an infinite family of reductions. Such a family of reductions
can be viewed as the non-uniform analogue of an fpt-reduction [5]. We introduce the
distinct notion of an LBL-reduction to emphasize that our lower bounds will apply
to each problem in the respective family of problems.
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The simulations that we mentioned in Section 2.1 lead to two significant
examples of LBL equivalence. In particular, from the simulations in [2], we have

that {D’,}ren is LBL-equivalent to {Aflog}keN. Also, from the simulations

in [4], we have that {ng}keN is LBL-equivalent to {Auxflog}keN. Now, we
can apply Proposition 2 and the LBL equivalences to obtain (near) tight time
complexity lower bounds. For example, consider the LBL equivalence between
{Dzk}keN and {Aflog}keN. By applying Proposition 2, we get that there exist ¢;
and cg such that for every k, Aglog € DTIME(n®*) and Aflog ¢ DTIME(n®2k).

We will further use the equivalences for deterministic time, alternating space,
and auxiliary space to prove equivalences for intersection non-emptiness prob-
lems. Then, we will apply Proposition 2 to obtain (near) tight time complexity
lower bounds for these problems.

3 One PDA and k DFA’s

It is well known that the general intersection non-emptiness problem for DFA’s is
PSPACE-complete [7]. Further work has shown that variations of this problem
are hard as well [9]. We consider the problem where in addition to a finite
list of DFA’s, we are also given a single pushdown automaton. Notice that it
doesn’t make sense to consider more than one PDA because the intersection
non-emptiness problem for two pushdown automata is undecidable.

We will show that intersection non-emptiness for one PDA and k& DFA’s is
equivalent to acceptance for n*-time bounded deterministic Turing machines. In
particular, we will show that {k-IE1pp }ren is LBL-equivalent to {ng}keN.

Using the product construction, one can solve each k-IE;p,p problem in
O(nd") time for some constant c. Further, one can apply Proposition 1 to get
the following result.

Proposition 3. {k-IE1pip}tren is LBL-reducible to {DTTLk}keN.

In the following theorem, we reduce acceptance for space bounded auxiliary
pushdown automata to intersection non-emptiness for one PDA and a finite list
of DFA’s. The reduction that we present is based on reductions from [6] and [7].
Our presentation is in the same format as that from the second author’s previous
work where he reduces acceptance for non-deterministic space bounded Turing
machines to intersection non-emptiness for a finite list of DFA’s [18].

Theorem 4. {Auxflog}keN is LBL-reducible to {k-IE1pp}ren-

Proof. An auxiliary pushdown automaton has a stack, a two-way read-only
input tape, and a single read/write work tape. We will restrict the read/write
work tape to be binary and bound the amount of cells that the automaton
can use in terms of the input length. In addition, we will only consider auxiliary
pushdown automata where the stack alphabet is binary. Such restricted auxiliary
PDA’s are sufficient for carrying out the simulation in [4].
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Let k be given. We will describe a reduction from Aux,flog to k-IE1p4p. Let
a klog(n)-space bounded auxiliary pushdown automaton M of size ny and an
input string x of length n, be given. Together, an encoding of M and x represent
an arbitrary input for Auxf log- L€t 1 denote the total size of M and x combined
ie. n:=ny + ng.

Our task is to construct one PDA and k£ DFA’s, denoted by PD and {D; };c[x
each of size at most O(n¢) for some fixed constant ¢ such that M accepts z if
and only if L(PD) N[,y L(D;) is non-empty.

The automata will read in a string that represents a computation of M on z
and verify that the computation is valid and accepting. The PDA PD will verify
that the stack is managed correctly while the DFA’s will verify that the work
tape is managed correctly. In particular, the work tape of M will be split into
k sections each consisting of log(n,) sequential bits of memory. The ith DFA,
D;, will keep track of the ith section and verify that it is managed correctly. In
addition, all of the DFA’s will keep track of the tape head positions.

The following two concepts are essential to our construction.

A section i configuration of M is a tuple of the form:

(state, input position, work position, ith section of work tape).
A forgetful configuration of M is a tuple of the form:
(state, input position, work position, write bit, stack action, top bit).

The alphabet symbols are identified with forgetful configurations. The PDA
PD only has two states. When it reads a forgetful configuration a, if a represents
the top of the stack correctly, then PD loops in the initial/accepting state and
pushes or pops based on the stack instruction that a represents. Otherwise, PD
goes to the dead/rejecting state.

The states for the D,’s are identified with section i configurations. Each
D; has a single initial state. We identify this initial state with the section i
configuration of M that represents the initial input and work positions, a blank
ith section of the work tape, and the initial state of M. The final states of D;
represent accepting configurations of M.

Informally, the transitions are defined as follows. For each D;, there is a
transition from state 1 to state ro with symbol « if a validly represents how the
state and partial tapes for r; and ro could be manipulated in one step for the
computation of M on input z. It’s important to notice that in order to determine
if there is a transition, the stack action and top bit of the stack must be taken
into account.

We assert without proof that for every string y, y represents a valid accepting
computation of M on  if and only if y € L(PD) N ;¢ L(D;). Therefore, M
accepts « if and only if L(PD) N ;¢ L(D;) is non-empty. By bounding the
total number of section i configurations, one can show there exists a fixed two
variable polynomial g such that each D; has at most ¢(n, k) states. Therefore,
there is a constant d that does not depend on k such that each D; has size at
most O(n?) where k is treated as a constant. Further, we can compute each D;’s
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transition table by looping through every combination of a pair of states and an
alphabet symbol, and marking the valid combinations. The number of possible
combinations is a fixed polynomial blow-up from n?. Therefore, we can compute
the transition tables in O(n¢) time for some slightly larger constant ¢ that does
not depend on k.

Since k was arbitrary, we have that for every k, there is an O(n¢)-time reduc-
tion from Aumflog to k-IE1pyp. O

In the preceding reduction, it was surprising that the PDA had a fixed number
of states. Even more surprisingly, one could convert the automata constructed
in the reduction to automata with a binary input alphabet. In doing so, the
PDA can be made fixed. In other words, there is a fixed deterministic pushdown
automaton for which the intersection non-emptiness problem is hard.

Corollary 5. {k-IE1pip}ren and {DTTLk}keN are LBL-equivalent.

Proof. From Section 2, we know that {Auxflog}keN =7 {D:k }ren. Further,
we have {Auxflog}keN SL {k—IE1p+D}k€N SL {D;I;k }kEN from Proposition 3 and
Theorem 4. Combine to obtain the desired result. O

Corollary 6. 3c; 3co Vk k-IE1p p € DTIME(n®*) and k-IE1p,p ¢ DTIME
(nezk).

Proof. Combine Corollary 5 with Proposition 2. a

4 MPDA’s with k-Phase Switches

A two-stack pushdown automaton can simulate a Turing machine. Therefore,
the non-emptiness problem for such machines is undecidable. However, we can
restrict how and when the machines can access their stacks to obtain classes
of machines whose non-emptiness problems are decidable [12]. In particular, we
will discuss the k-phase switches restriction. This restriction forces a machine
to designate a stack for popping. In other words, a restricted machine can push
to any stack, but only pop from the designated stack. The k refers to how
many times the machine can switch which stack is designated. We refer to a
machine with such a restriction as a multi-stack pushdown automaton with k-
phase switches. For background on such machines, we refer the reader to [14].
We also investigate what we refer to as the dual machines. These machines can
pop from any stack, but can only push to the designated stack.

We will denote the non-emptiness problem for multi-stack pushdown
automata with k-phase switches by k-MPDA. Similarly, we will denote the non-
emptiness problem for the dual machines by k-co-MPDA. We will show that
{k-MPDA}en, {k-co-MPDA},cn, and {Dsz tren are LBL-equivalent. As a
result, we will obtain tight lower bounds for these non-emptiness problems.

Recently, the non-emptiness problem for a related class of infinite automata
was shown to have a double exponential time lower bound [8]. In addition, the
non-emptiness problem for ordered multi-stack pushdown automata was shown
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to have a double exponential time lower bound [1]. Our lower bound may be
suggested by such sources, but we elegantly prove it using a novel reduction
found in the proof of Theorem 8.

Proposition 7. {k-MPDA}ien and {k-co-MPDA}en are LBL-reducible to
{DZ;ZIC }keN-

Sketch of proof. In [12], it was shown that k&-MPDA and k-co-MPDA €
DT IME(nO(Qk)) by a reduction to non-emptiness for graph automata with
bounded tree width and further to non-emptiness for tree automata. Then, one
can apply a variation of Proposition 1 to get the desired result. a

In the following theorem, we reduce intersection non-emptiness for one PDA
and 2 DFA’s to non-emptiness for multi-stack pushdown automata with k-phase
switches.

Theorem 8. {2F-IEpp}ren is LBL-reducible to {k-MPDA},cn.

Sketch of proof. Let an input for 2*-1E;p,p consisting of a PDA and 2F
DFA’s be given. We will describe how to construct a multi-stack pushdown
automaton M with k-phase switches whose language is non-empty if and only if
the PDA and DFA’s languages have a non-empty intersection.

The machine M will have k stacks. It will read its input and copy it onto all
of the stacks besides the first stack. While it is reading the input, the first stack
will be used to simulate the PDA on the input. Then, it will repeat the following
procedure until each of the stacks have been designated once.

The procedure consists of popping from the designated stack and pushing
what is being popped onto all of the other stacks. While it is popping, it is
also simulating one DFA per copy of the input string or simulating one DFA in
reverse per copy of the reversal of the input string. This will eventually create
exponentially many copies of the input string followed by the reversal of the
input string and lead to simulating each DFA or reversal on one of the copies.

If the PDA and all of the DFA’s accept, then M will accept. Otherwise, M
will reject. In total, we are able to simulate one PDA and O(2*) DFA’s using
only k-phase switches. Also, the size of M will be approximately the sum of the
sizes of the PDA and DFA’s. O

A related reduction can be given for the dual machines. The proof of Theorem
9 has been omitted, but will be made available online for the interested reader.

Theorem 9. {2F-IEp,p}ren is LBL-reducible to {k-co-MPDA}en.

Corollary 10. {k-MPDA};cn, {k-co-MPDA}ycn, and {D,:;k tren are LBL-
equivalent.

Sketch of proof. From Corollary 5, we have {2k—IE1'p+D}k€N =
{DTTLQk}keN Further, we have {28-IEipiplren <r {k-MPDA}iren <1
{DTzk }ken from Proposition 7 and Theorem 8. Similarly, we have reductions
for the dual machines. Combine to obtain the desired result. a
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Corollary 11. There exist ¢c; and co such that for every k:

i) k-MPDA and k-co-MPDA € DTIME(n2")
ii) k-MPDA and k-co-MPDA ¢ DTIME(n2").

Sketch of proof. Combine Corollary 10 and a variation of Proposition 2. O

5 k Tree Automata

It is known that the general intersection non-emptiness problem for deterministic
top-down tree automata is EXPTIME-complete [3]. We will show that inter-
section non-emptiness for k£ deterministic top-down tree automata is equivalent
to acceptance for n*-time bounded deterministic Turing machines. In particular,
we will show that {k-IE7 }1en is LBL-equivalent to {D:k }ren. For background
on decision problems for tree automata, we refer the reader to [3] and [13].

Using the product construction, one can solve each k-IE7 problem in O(n¢*)
time for some constant c¢. Further, one can apply Proposition 1 to get the fol-
lowing result.

Proposition 12. {k-IE7 }ien is LBL-reducible to {Dz;lc}kEN-

In the following theorem, we reduce acceptance for alternating Turing
machines to intersection non-emptiness for tree automata. The reduction that
we present is similar to that found in [16] and briefly described in [3]. Our pre-
sentation is in the same format as Theorem 4.

Theorem 13. {Aflog}keN is LBL-reducible to {k-1E71 }ren.

Proof. An alternating Turing machine has existential states and universal
states. Therefore, there are existential configurations and universal configura-
tions. An existential configuration ¢ leads to an accepting configuration if and
only if there exists a valid transition out of ¢ that leads to an accepting config-
uration. A universal configuration ¢ leads to an accepting configuration if and
only if every valid transition out of ¢ leads to an accepting configuration. We
will only consider alternating machines such that no universal configuration can
have more than two valid outgoing transitions. We assert without proof that
any alternating machine can be unraveled with intermediate universal states to
satisfy this property in such a way that there is no more than a polynomial
blow-up in the number of states.

Let k be given. We will describe a reduction from Aglog to k-IE7. Let a
klog(n)-space bounded alternating Turing machine M of size ny and an input
string = of length n, be given. Together, an encoding of M and x represent an
arbitrary input for Af log- Let 1 denote the total size of M and x combined i.e.
n:=nm -+ Ng.

Our task is to construct k top-down deterministic tree automata, denoted
by {T;}icpn), each of size at most O(n°) for some fixed constant ¢ such that M
accepts z if and only if (;c( L(73) is non-empty.
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The tree automata will read in a labeled tree that represents a computation
of M on x and verify that the computation is valid and accepting. The work
tape of M will be split into k sections each consisting of log(n,) sequential bits
of memory. The ith tree automaton, T;, will keep track of the ith section and
verify that it is managed correctly. In addition, all of the tree automata will keep
track of the tape head positions.

The following two concepts are essential to our construction.

A section i configuration of M is a tuple of the form:

(state, input position, work position, ith section of work tape).
A forgetful configuration of M is a tuple of the form:
(state, input position, work position, write bit).

The alphabet consists of symbols of arity 0, 1, and 2 such that each arity 0
symbol represents an accepting forgetful configuration, each arity 1 symbol rep-
resents an arbitrary forgetful configuration, and each arity 2 symbol represents a
pair of forgetful configurations. We won’t need any symbols of arity larger than
2 because each universal configuration has at most two outgoing transitions.

The states of T; are identified with section i configurations. Each T; has a
single initial state. We identify this initial state with the section ¢ configuration
of M that represents the initial input and work positions, a blank ith section of
the work tape, and the initial state of M.

We say that a section 4 configuration r extends a forgetful configuration a if
r agrees with a on state, input position, and work position.

We say that a section i configuration r; transitions to a section i configuration
ro on input z if either (a) the work position for 71 is in the ith section and 79
correctly represents how the tape positions and the ith section could change in
one step of the computation on x, or (b) r1 is not in the ith section and r; and
ro agree on the ith section of the work tape.

For each T}, we have the following transitions. Each arity 0 symbol a accepts
on a state r if and only if r extends a and a represents an accepting state of M.
Each arity 1 symbol a transitions from a state 71 to a state ro if and only if (i)
r1 transitions to 79 on input z (consistently with a’s write bit), (ii) ro extends
a, and (iii) if r1 is a universal configuration and the work position of 71 is in the
ith section, then r; can only transition to ro on input x. Each arity 2 symbol
(a1,a2) transitions from a state r to a pair of distinct states (r1, r2) if and only
if r transitions to 71 on input x, r transitions to ro on input x, r1; extends aq,
and ro extends as.

We assert without proof that for every labeled tree y, y represents a valid
accepting computation of M on z if and only if y € ﬂie[k] L(T;). Therefore,
M accepts z if and only if nie[k} L(T;) is non-empty. By bounding the total
number of section ¢ configurations, one can show there exists a fixed two variable
polynomial ¢ such that each 7; has at most ¢(n, k) states. Therefore, there is
a constant d that does not depend on k such that each T; has size at most
O(n?) where k is treated as a constant. Further, we can compute each T;’s
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transition table by looping through every combination of a pair of states and an
alphabet symbol, and marking the valid combinations. The number of possible
combinations is a fixed polynomial blow-up from n?. Therefore, we can compute
the transition tables in O(n¢) time for some slightly larger constant ¢ that does
not depend on k.

Since k was arbitrary, we have that for every k, there is an O(n¢)-time reduc-

tion from Aflog to k-1E7. O

Corollary 14. {k-IE7}en and {ng}keN are LBL-equivalent.

Proof. From Section 2, we know that {Aglog}keN =7 {DZ,C }ren. Further,
we have {Aflog}keN <1 {k-IE7}ren <1 {D;fk}keN from Proposition 12 and
Theorem 13. Combine to obtain the desired result. O

Corollary 15. 3c; Jco Vk k-IE7 € DTIME(n®*) and k-1IE7 ¢ DTIME(nc2%).

Proof. Combine Corollary 14 with Proposition 2. O

6 Conclusion

We introduced the notions of LBL reducibility and LBL equivalence for infinite
families of problems.? We then used existing simulations to show that {D,Tk Yrens
{Aflog}keNa {Auxflog}keN, {k-IE1p+D }ken, and {k-IE7 } ey are all polynomial
time LBL-equivalent. Further, we applied that {ka}keN and {k-IE1p4p tren
are LBL-equivalent to show that {DZ;,c Yeens {28-TE1pyp ren, {k-MPDA }ien,
and {k-co-MPDA }¢cn are all polynomial time LBL-equivalent. By combining
these equivalences with Proposition 2, we get (near) tight time complexity lower
bounds for all of these problems.

We claim that all of the polynomial time LBL-reductions that we presented
can be carefully optimized to become log-space LBL-reductions. Formally, we
say that a family X if log-space LBL-reducible to a family Y if there exists a
constant ¢ and a function f such that for every k, there exists a (c+0(1)) log(n)-
space reduction from Xy to Y, where k is treated as a constant.

The notion of log-space LBL equivalence can be used to express the P vs
NL problem from structural complexity theory. Consider the machine classes
consisting of polynomial time bounded deterministic Turing machines and log-
space bounded non-deterministic Turing machines. These machine classes have
associated acceptance problems {D7, }ien and {lelog}kENV respectively. One
can show that P = NL if and only if {DZ, }zen and {N;}
LBL-equivalent.

Now, one might ask, “What’s the relationship between P vs NL and inter-
section non-emptiness problems?” We know that {DZ,C teen and {k-1E1p 1 p }ren
are log-space LBL-equivalent. In addition, from the second author’s previous

log JkeN are log-space

2 These concepts serve as the non-uniform analogues of fpt reducibility and fpt equiv-
alence from the subject of parameterized complexity theory [5].
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work [18], it can be shown that {lelog}keN and {k-IEp }ren are log-space LBL-
equivalent. Therefore, we get that P = NL if and only if {k-IE1pip}ren and
{k-1Ep }ren are log-space LBL-equivalent. In other words, P = NL if and only if
adding a PDA does not increase the difficulty of the intersection non-emptiness
problem for DFA’s.

We showed that intersection non-emptiness problems for DFA’s, PDA’s, and
tree automata characterize complexity classes. There are many more types of
automata and we suggest that one may be able to prove more characteriza-
tions using the notion of LBL reducibility. From this perspective, we intend to

investigate decision problems for tree automata with auxiliary memory.
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