Chapter 8

Conservation Laws with Discontinuous Flux
Functions

Of course it is happening inside your head, Harry,
but why on earth should that mean it is not real?
— Albus Dumbledore, in Harry Potter and the Deathly Hallows

The aim of this chapter is to give a brief introduction to scalar conservation laws
with a space-dependent flux function, where the spatial dependence of the flux can
have discontinuities. We shall restrict ourselves to one spatial dimension, both for
reasons of simplicity and because the theory is more complete in one dimension.

In one spatial dimension, a conservation law with a space-dependent flux can be
written

u; + f(x,u), =0, xeR, t>0. 8.1)

Since the interpretation of f is the flux of u at the point x, there are many applica-
tions where the flux depends on the location. We give some simple examples that
are modeled by such conservation laws.

<> Example 8.1

Traffic flow is a simple model in whcih conservation laws with space-dependent co-
efficients arise naturally. We refer to Example 1.6, and repeat the necessary notation
here.

Let p denote the density of cars on a long “one way” road. We normalize units,
so that p = 1 if the cars are packed bumper to bumper. Assume that the speed of
the cars is a decreasing function of the density v = v(p). The speed of the cars
on an empty road (p = 0) is governed by the road conditions and the speed limits,
so that v(0) = y, where y is a function of the position on the road. Furthermore,
it is reasonable to assume that v(1) = 0. For simplicity we can then define v as
v(p) = y(1 — p). If the road conditions, and thereby y, vary with the position x,
then we end up with the conservation law

pr + (y(x)p(1 —p)), =0, (8.2)

which is an example of a conservation law with an x-dependent flux function. On
the scale of continuum traffic, where the natural lengths are many times that of
a single car, the road conditions often vary discontinuously. &
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< Example 8.2

When extracting oil from an oil reservoir, one often injects water in order to main-
tain the pressure, and thereby to force out more oil. Assuming that we have two
phases, oil and water, present, the mass conservation of oil and water reads,

¢s; +u, =0 and ¢(1—s5), —v, =0,

where (the unknown) s denotes the saturation, i.e., the fraction of the available
pore space occupied by oil, and u and v are the Darcy velocities of oil and water
respectively. The factor ¢ denotes the fraction of the void space in the material,
commonly called the porosity. One often assumes that Darcy’s law holds,

u = —ko Po/il —8gpoit and v = _k)twaleer/vater — &Pwater

where k denotes the absolute permeability of the medium, g the gravitational con-
stant, Appase the mobility, Pphase the pressure, and ppnase the density. Here the sub-
script “phase” denotes either water or oil. If we assume that the two pressures are
the same, and that the total velocity ¢ = u + v is constant (incompressibilty), we
can add the two conservation equations to obtain

Aoil(5) B
s + (lou(S) o) (g — k(x)g)twater(s)Ap))x =0, (8.3)

where Ap = Pyater — Poil- The absolute permeability of the rock is often modeled as
a piecewise constant function of x, and therefore this is another example of a con-
servation law in which the flux function varies discontinuously. &

< Example 8.3

Since oil is much more viscous than water, water injection can lead to the formation
of thin “fingers” of water. In order to prevent this, one sometimes injects a mixture
of polymer and water instead of water only. This polymer is passively transported
with the water. In a “one-dimensional” homogeneous oil reservoir, conservation of
water and polymer is expressed through the system of conservation laws

s¢ 4+ f(s,¢)x =0,
(s¢)i + (cf(5.¢))x =0,
where ¢ denotes the concentration of the polymer in the water, and the flux function

f(s,c) is a known function of the type in (8.3), where A, is now a function of
both s and c. Introducing new coordinates (y, t) by

(8.4)

ay ay at at
a9, ., = — ) 5 = 07 d - = 17
e A e

G) - (f(ss’ C))y =0 (8.5)

c; = 0.

the system (8.4) reads
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This change of independent variables is valid only for differentiable (classical) so-
lutions, whereas we know that we cannot expect solutions of conservation laws to
be even continuous. Therefore, we must interpret solutions in the weak sense. Nev-
ertheless, by [187, Thm. 2] there is a one-to-one correspondence between weak
solutions of (8.4) and weak solutions of (8.5). Hence if the initial polymer concen-
tration is discontinuous, (8.5) is another example of a conservation law with a flux
function depending discontinuously on the spatial location. &

We can always view an x-dependent flux as a flux function depending on a pa-
rameter y that in turn depends on x. In this way we write (8.1) as a system

u; + f(y,u)y =0, y, =0. (8.6)

This is a hyperbolic system with a Jacobian matrix
i  of
Bu By
0 O

_u
Cu’

which has the eigenvalues

)Ll )Lz =0.

So if % = 0 for some values of y and u, the system is not strictly hyperbolic. This
is the cause of many difficulties when one is working with conservation laws with
x-dependent fluxes. In [176], Temple exhibited a simple example of a sequence of
approximate solutions without any uniform bound on the variation. This means that
when studying conservation laws of the type (8.6), one must use more powerful (and
complicated) tools. The “z-transform” used in this chapter is perhaps the simplest
(and least powerful) example of such a tool. Recently, compensated compactness
and variants of the “div-curl” lemma have taken the place of the “z-transform” in
proving convergence of approximations; see [107] for a recent example.

We emphasize that this chapter is meant to be an introduction to this topic and
does not contain the most general results.

8.1 The Riemann Problem

In this section we shall study the Riemann problem, that is, the initial value problem
in which the initial values consist of two constants separated by a jump discontinu-
ity. More precisely, this is the problem

u, + f (yi,u), =0, u(x,0)=u;, forx <0,

8.7
u, + f(yrou), =0, u(x,0)=u,, forx>0, @7

where y;, y,, u;, and u, are constants. Riemann problems for conservation laws
have the simplest solutions that are not constant. Furthermore, by studying the




370 8 Conservation Laws with Discontinuous Flux Functions

solution of Riemann problems, we gain insight into the local behavior of typical
solutions. It turns out that solutions of Riemann problems can be used as a building
block in many numerical methods, in particular front tracking.

By a solution of (8.7) we mean a weak solution in the usual sense, i.e., u €
Llloc (R x (0, 00)) is called a weak solution if for every test function ¢ € C°(R x
[0. 00)).

[e9) 0 [e9)

/(/ (uei + f (vi.u) @x) dx-l-/ (upr + f (yrou) ox) dx) dt
0 e 0 (8.8)
+ /u(x,0)<p(x,0) dx = 0.

R

Now we shall first show that under reasonable assumptions on f, weak solutions
exist, and that if we require that weak solutions satisfy an additional entropy condi-
tion, then there exists only one weak solution.

Existence of a Solution

To show the existence of a solution, we start by observing that for x negative, u(x, t)
must be the solution of a scalar conservation law

Uy + f (J/l, v)x = O’ (89)
with v(x, 0) given by
f
p(x.0) = u; forx <0,
u; forx =0,

where u} is a value to be determined. Similarly, for x positive, ¥ must be the solution
of the scalar initial value problem

/

u. forx =0,

r (8.10)

wt+f(yr7w)x:07 U)(X,O):
u, forx >0,

where v/, is to be determined. Setting

v(x,t) forx <O,

u(x,t) = % (8.11)

w(x,t) forx >0,

provided that v(0—, t) and w(0+, ¢) satisfy some extra condition, we find that this
will give a weak solution, since both v and w are weak solutions. Therefore, to find
a weak solution, we must find solutions of scalar Riemann problems v and w such
that this construction is possible.
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Now recall, or reread Sect. 2.2, that the solution to the scalar Riemann problem

v, x <0,
v+ g =0, v(x,0)=1"
v, x>0,

is found by constructing the lower convex (if v; < v,) or upper concave (if v; > v,)
envelope of g between v; and v,; cf. Sect. 2.2. To make the notation less cumber-
some we introduce

5 g~(wiv,v,) ifv, <uwy,
g = 15 ) . (8.12)
g_(v;v,v,) ify <v,.

In this notation the entropy solution v is given by
——1 (X
vix,t) =g (?;vl,v,>, t > 0. (8.13)

Now we turn to the Riemann problem (8.7). The left and right parts of u are v, given
by (8.9), and w, given by (8.10). If we are to form u by gluing together v and w,
then v must equal u; for x > 0, and w must equal u, for x < 0. In other words,
v must contain only waves of nonpositive speed, and w only waves of nonnegative
speed. To utilize these observations, we introduce the notation

Siw) = f(yu) and fr(u) = f (yr,u)

and define f;(u;u;, i) and f, (u; 4, u,) analogously to (8.12).
Since v contains only waves of nonpositive speed, we must choose u; from the
set

H; (u;) = {i | £/ sy, i) <0 for all u between u; and i} (8.14)

Similarly, since w must contain waves of nonnegative speed, we must choose u/.
from the set

H, (u,) = {ii | f/(u;ii,u,) >0 forall u between u, and i} . (8.15)

There is another characterization of the admissible sets H; and H, that will be
useful. Let /; be defined by

h(u) = fi(w), h(u) <0,

m%hw)) o § ifu < u,
e ) = and  h(u;) = fi(u) 8.16)

w%MM‘MMSﬁWL mwsa}ﬁuzw
and  h(u;) = fi(u)
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Fig. 8.1 a h; (solid line) and f; (dotted line). b h, (solid line) and f, (dotted line)

and define &, by

sup i (u) ‘ hw) < i), () 20, ifu<u

h ( ) and  h(u,) = f(u,) - (8.17)
U Uy) = .

inf {h(u) ‘ h = 7y, G =0, ifu >y

and  h(u) = fi(u) T

In these definitions, the function & appearing in the infima and suprema is assumed
to be continuous. In Fig. 8.1 we show an example of /; and A,. Using h; and &,
we can use the following alternative definition of the admissible sets H; and H,,
namely

Hy(up) = {u | hy (usur) = fi(u)}, (8.18)
Hy (u,) = {u | hy (usuy) = fr(u)}. (8.19)

Since the jump in u at x = 0 is a discontinuity with zero speed, the Rankine—
Hugoniot condition says that for every weak solution we must have

f ) = f (yeouy) =2 £ (8.20)

We now have u; € H;(u;) and u, € H,(u,), using (8.18) and (8.19). This can be
restated as

hy (ujour) = hy (ul,u,). 8.21)

Since the mapping u + h;(u;u;) is nonincreasing and u + h,(u;u,) is nonde-
creasing, the above equality, (8.21), will hold for at most one / value. Therefore, if
the graphs of h; and &, intersect, the flux value at x = 0 is determined by the flux
value at this intersection point. We label this flux value f>.

From these observations it also follows that if the graph of 4; does not intersect
the graph of &,, we cannot hope to find a weak solution to the Riemann problem
(8.7). For instance, if

fiw)=e™ and fi(u)=2+e ",
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h;

Fig. 8.2 An example showing how to solve a Riemann problem of the type (8.7)

we cannot find any weak solution. Another important example for which we cannot
find any solution to the Riemann problem is

fiw)=0 and f'(u) <0.

In this case h;(u;u;) = fi(u;) and h, (u;u,) = f.(u,), so unless these happen to
be equal, we cannot find any solution.

Furthermore, even if the flux value at the intersection is uniquely determined,
the actual values ) and u, need not be. This is so since for u ¢ H;(u;) we have
hj(u;u;) = 0, and similarly, if u ¢ H,(u,), then i, (u;u,) = 0. In other words,
h; and h, may both be constant on the interval where their graphs cross. In order to
resolve this nonuniqueness problem, we propose that u; and u,. be chosen such that
the variation of the solution ¥ is minimal, subject to the above restrictions.

To be more concrete, we choose u; to be the unique value such that

|u; — u}| is minimized, provided u) € H;(u;) and h;(u);u;) = f*. (8.22)
Similarly, we choose u/. to be the unique value such that
|u, — u.| is minimized, provided u, € H,(u,) and h;(u,;u,) = f*.  (8.23)

These criteria for choosing u; and u/. are called the minimal jump entropy condition.

It is perhaps instructive to examine this condition in a little more detail. If the
graphs of /; and £, intersect in a single point u™, thenu* € H;(u;) oru™ € H,(u,).
If w* € Hi(u;), then u; = u*, and if u* € H,(u,), then u, = u*. Assuming for
definiteness that u; < u* and u* ¢ H;(u;), then there will be a smallest point
in the interval [u;, u*] such that the interval (i, u*] is not contained in H;(u;), and
u € Hj(u;).Itis clear that according to (8.22) we must choose u) = .

In Fig. 8.2 we show how the Riemann problem from Fig. 8.1 is solved in this
way. Here u* € H;(u;) so u; = u*. Also the point minimizing |u; — u,| is clearly
u,, so that u), = u,. Finally the Riemann problem is solved by a shock of negative
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speed from u; to u}, and then by a discontinuity at x = 0 from u; to u,. There is
some more important information to be extracted from the minimal jump entropy
condition. Since the Riemann problem with u; = u} and u, = u, is solved by
a single stationary discontinuity, in the interval spanned by u; and u,., we must have

hy (wiup) = f* orhy (usu)) = f. (8.24)

If u; < u,since iy (-; u;) is the largest nonincreasing continuous function less than
or equal to f; such that i; (u;u;) = f(u}), then

hy(wup)) = = fiw) > f*foru € (uj,ul)

and
hy (wsuy,) = f* = fr(u) > f*foru € (up.u)),

since h,(-;u)) is the largest continuous nondecreasing function smaller than or
equal to f,. Similarly, if u, < u, then

hy(wup) = = filu) < f*foru € (u),u))
and
hy (wsu)) = < = fulu) < f*foru € (u,,up).

Summing up, we have

/ / Si(u) = fi(u)) forallu e [u;,u,]or 325)
Uy <u, = :
frw) = fr(u,) forallu € [uj,u;],
) ) Siu) < fi(uy) forallu € [u;,u;] or
u, <u; = (8.26)

frlu) < fr(u))

forall u € [u),u)].

Furthermore, the implications (8.25) and (8.26) actually imply that u; and u, are
chosen according to the minimal jump entropy condition.

Lemma 8.4 If the values u) and u, are chosen according to the minimal jump
entropy condition (8.22), (8.23), then for every constant c,
F. (ul.,c) = Fi (uj.c) < |fi(c) = fi(0)], (8.27)

where F; and F, are the KruZkov entropy fluxes. Thus

Fi(u,c) = sign(u —c) (fi(w) — fi(c)),
Fr(u,c) = sign (u —c) (f, () — f:(c)).
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Proof 1f sign (u) — ¢) = sign (u} — c), then the left-hand side of (8.27) equals

sign (u) — ) (fy (uy) = fr(c) = fi (u)) + fi(©)) = sign (u} — ) (fi(c) = fi(c)).

and the inequality clearly holds.
If u; < ¢ < u,, then (8.27) reads

27 = file) = fre) = | fr(©) = fi(O)].

or

2% —max {fi(c), fr(c)} —min{fi(c). f+(c)}
< max {f;(c). fr(c)} —min{f;(c). fr(c)}.

In other words, (8.27) is the same as

S = max{fi (). fr(c)}

and it is immediate that (8.25) implies this.
If u, < c < uj, then (8.27) reads

S zmin{ fi(e). fr(0)}

which is implied by (8.26). |

From the proof of Lemma 8.4 it is also transparent that the condition (8.27) does
not imply the minimal jump entropy condition (8.25) and (8.26). However, define
the pair of “constants” ¢; and ¢, (these numbers depend on u and u},) by requiring

1 () ug) = | B J100 AT S s (8.28)
max argp, .} Siu) ifu; >,

min arg;,, ., u) ifu, <u’,
e (uj,u) = Biuja) /7 01 L (8.29)
max argp,, Sr) ifu; >u.

Using the arguments of the proof of Lemma 8.4, it readily follows that the minimal
jump entropy condition is equivalent to

Fr (uy, ) = Fr (up,e0) < 1 (er) = fi ()] (8.30)
Furthermore, for every c¢ between u; and u,., the inequality
E, (u).c) — i (uf.c) < F, () - i (uf.cr).

holds.
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Remark 8.5 In a special case (8.27) actually implies that the values u; and u,
are chosen according to the minimal jump entropy condition. Assume that there
is a value # such that both f;(u) and f, (#) have a global maximum (minimum) at
i, and that f;, is increasing (decreasing) for # < i and decreasing (increasing) for
u > u. To see this, we recall that (8.27) holds trivially if ¢ is not between u; and
u’.,while if ¢ is between these values, (8.27) reads

£ < maxtfi(o), S0}, ifu) <l
S = max{ fi(x), fr(c)}, ifu)>u.

By assuming that f;(u}) = f,(u,), that the above holds, and that the flux functions
f1.r have a single common maximum, the reader can check that (8.31) implies (8.25)
and (8.26). Actually, this implication holds for more general flux functions as well;
cf. the notorious “crossing condition” in [110].

(8.31)

Although it seemingly has nothing to do with the solution of the Riemann prob-
lem, at this point it is convenient to state and prove the following lemma, which will
play an important role in proving well-posedness in Sect. 8.3.

Lemma 8.6 Assume that the pairs (u),u,) and (v}, v,) are both chosen according
to the minimal jump entropy condition. Then

Q =F, (u,.v.)— F (u},v)) <0. (8.32)
Proof Since fi(v)) = f,(v;)and fj(u)) = f,(u}),if
sign (u) — v;) = sign (u, — v},
then QO = 0. Assume therefore that
sign (u; —v;) =—1 and sign(u, —v)) = 1.
In this case,

Q =[fr () =/ (0))] + [ /i () = i (v])]
= 2(f, (u)) — £, (17)) (833)
=2(/i () = fi (v1)), (8.34)
since f;(v;) = f,(v,) and fi(u)) = f.(u,). Moreover
u; <v, and v, <u,.

Then either u; and u, are both in the interval [v}, v;] (case a), or v; and v are in
the interval [u},u}] (case b), or v, < u; <v; < u; (casec),oru; < v, <u, <v
(case d).

If case a holds, then (8.26) for v; and v, gives that either

fr(w) = fiv) or £ ;) = £ (v)-
It is easy to see that this coupled with either (8.33) or (8.34) will give QO < 0.
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If case b holds, then (8.26) for u gives that either
frwi) = fi(ui) or fi(vy) = /o (7).

So again Q < 0.
Recall that case c is defined to hold if

/ / / / /
;<v; and u; <v, <u,.

Using the first inequality and (8.26) for v, we find that

fiup) = fi(v)) or foluy) < fr(v)).

both of which give the desired conclusion.
Finally, in case d, we have

u; <v. <u

!/ !
r r

Using the first inequality with (8.25) gives
fi(v) = fiw) or fi(v) = £ ().
thereby completing the proof. O

<> Example 8.7
Now we pause to consider two examples. First consider the Riemann problem for
the equation

1
u, + (—u2 + y) =0, (8.35)
2 X
where
f 0, fi 0,
1o(0) = u; forx < and y(x) = y; forx <
u, forx >0, y, forx > 0.

If u; <0, then
Hj (up) = (—=00,0],
and if u; > 0, then
H; (ug) = (o0, —u;] U {uy
Similarly, if u, < 0, then

H, (u,) = {—u,}U[-u,,00),
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and if u, > 0, then
H, (u,) = [0, 00).

Now it is easy to construct the solution for any initial data and any y. Assume that
yy=—1,y, =1,u; =1,and u, = 1. Then

1 2 . .
Ly2 1 ifu < —1, 1 fu<o,
2”1 = and h,(u;1) = =

-1 ifu>—1, w41 ifu>0.

hy (u;—1) =
The graphs of 4; and &, intersect in a single point where the flux equals 1 and u < 0.
Thus we obtain u} as the solution of
hi(uj;—1) =1, uj <0,

and thus u; = —2. Following the general construction, we see that u, = 0. The
complete solution thus consists of the solution of a scalar Riemann problem for the
equation

1 1 f <0,
v, + (—vZ) =0, v(x,0= orx =
2 /. -2 forx >0,

glued together with the solution of the scalar Riemann problem

1 0 fi <0,
w; + (—wz) =0, wx,0)= oL =
2 x 1 forx > 0.

From the general solution procedure for scalar Riemann problems, i.e., taking en-
velopes, we see that

! " ) 0 forx <0,
< —t/2,
v(x,t) = orx <~/ and w(x,7) = {x/t for0<x <t,
-2 forx > —t/2, . ;
ort < Xx.

Finally, we set

u(x.1) = {v(x,t) for x < 0,

w(x,t) forx > 0.

This solution is depicted in Fig. 8.3. To the left we see the solution path in the
(u, f)-plane, and to the right u(x,?). Perhaps the most important lesson to be
learned from this example is that the variation of the solution u is not bounded
by the variation of the initial data u(x, 0). Even though this is so, it is natural to ask
whether the variation of u is bounded by the variation of u plus the variation of y.
From the construction of the solution of the Riemann problem, the total variation of
f(y,u) is bounded by the total variation of f(y, ug). Nevertheless, an explicit ex-
ample shows that it may happen that the total variation of u is finite, yet for a finite
T > 0,wehave T.V. (u(-,T)) = oo; see [1]. We shall return to these observations
in a later section. &
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Fig. 8.3 An example of the solution of a Riemann problem. a The solution path in (u, f) space.
bu(x,t)

< Example 8.8
As a second example we study the traffic flow model
u, + (y(x)du(l —u)), =0, (8.36)
where
u; forx <0, y; forx <O,
u(x,0) = y(x) =
u, forx >0, y, forx >0.

For simplicity, we assume that y; and y, are positive. Now

H (u) = {{ul}u[l_”lﬁoo) ?fuz <1/2,
[1/2.00) ifu; >1/2,
and
H, (uy) = {(—OO, 1/2] ifu, <1/2,
(o0, 1 —u, JUfu,} ifu, = 1/2.

We shall now detail the complete solution of the Riemann problem in this case. This
is instructive, since (8.36) exhibits many of the features of Riemann solutions for
general flux functions.

We describe the solution by listing what happens in various cases, depending on
Vi, ¥r» Ur, and u,. Note first that f(y, u) has a maximum at u = 1/2 for all y and
that f(y,1/2) = y. We start by assuming that

1
<-. 8.37
= 3 (8.37)
In this case the structure of the solution will depend on whether y; < y,. We start by
examining the case y; < y, and f(y;,u;) < f(yr,u,) oru, < 1/2. The situation
is depicted in Fig. 8.4. Here we show the A; and &, functions as dotted lines, and
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Fig. 8.4 The solution of
the Riemann problem if

u < 1/2,y; < yr,and f )
f(ylvul) < f()/rvur) or
u, <1/2

U
Fig. 8.5 The solution of

Uy
u
the Riemann problem if ) Uy
up < 1/2,y; < yr,and /
f(ylvul) < f()/rv u,) or
u, <1/2
........ b
u

the solution path as a gray line. In this case u; = u;, and u,. is the solution of

-

fyrw)=fmow), u, <

In our case, this means that

1
ui:i(l—\/l—%m”(l—u;)).

The solution consists of a stationary discontinuity separating (u}, y;) and (u;, y;),
which we shall call a y-wave, followed by a shock in ¥ moving to the right. This
we call a u-wave. For clarity we also show the solution if ¥, < 1/2 in Fig. 8.5.

Next, we turn to the case that y; < y, and f(y;,u;) > f(yr,u,), depicted in
Fig. 8.6. The solution consists of a u-wave with negative speed followed by a y-
wave separating u} and u,. In other words, we have 1, = u,, and u; is the solution
of

N =

f ()/[,M;) = f(Vr, ur)v u} >

= N =

In the next case we assume that ¥; > 1/2. In this case, if u, < 1/2,or f(y,,u,) >

S(y1,1/2), thenu; = 1/2, and u, solves

N =

f )= f(nu)=n., u, <
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Fig. 8.6 The solution of
the Riemann problem if

u < /2,y < v,
Siow) = f(yr.up), and
u, >1/2

Fig. 8.7 The solution of
the Riemann problem if

up = 1/2’ Vi < Vrs and
G 1/2) < f@rouy) or
u, <1/2

Fig. 8.8 The solution of
the Riemann problem if
u = 1/2’ Vi < Vr»
f(1/2, M/) = f()/r, Uyr),
and u, > 1/2

381

Uy

uy

This is illustrated in Fig. 8.7. Now the solution consists of a u-wave moving to
the left, this u-wave is a rarefaction wave, followed by a y-wave. The last wave is

a u-wave moving to the right; this is a shock wave.

Next, if u; > 1/2,u, > 1/2,and f(y,,u,) < f(y;,1/2), the solution is shown
in Fig. 8.8. In this case u consists of a leftward moving u-wave followed by a y-

wave. This exhausts the case y; < y;.

The case y; > y, is analogous, and we show the four different possibilities in

Fig. 8.9.
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Uy

1 1 1 u 1 1 1
Up < 3 fsw) > f (7%-,5) or w > 5 Ur < bR floww) < f (7’” 3 and  u < 3

u

Uy

\

U 1 . 1 u
. Uy > flonw) < flwur)  and w < 5.

Uy >

o -

, fwsw) > f (e uy) o wg >

N =

Fig. 8.9 The different possibilities for a solution of the Riemann problem if u, > 1/2. The
solution path is the gray line

In order to determine a particular solution, follow the gray path from u; to u,. If
the path follows the graph of f; or f,, the wave is a rarefaction wave, and, if not, it
is a shock wave. The horizontal segments joining f; and f, are y-waves. In these
figures, the dotted lines indicate the functions 4; and £,.

From the above diagrams, we observe that if u; and u, are in the interval [0, 1],
then also the solution u(x, ) will take values in [0, 1]. In many applications involv-
ing similar conservation laws, u is interpreted as a density; hence it is natural to
require that u be between 0 and 1.

There is another and much more compact way to depict the solution of the gen-
eral Riemann problem for this conservation law. Let z = z (), u) be defined as

2(y, ) = sign (% - u) [f o) — f (y, %)} (8.38)

1
= ysign (u - 5) Qu — 1)

~ [ [wo| e
172

This mapping takes the rectangle [y, 2] x [0, 1] into the region
{E.y)Insy<spad-y=<z=<y}.




8.1 The Riemann Problem 383

Fig. 8.10 The solution of the Riemann problem.az; <0.bz; > 0

Furthermore, ¥ + z(y,u) is injective, and strictly increasing. In (z,y) coordi-
nates, y-waves are straight lines of slope —1 if ¥ < 1/2 and slope 1 if u > 1/2,
and u-waves are horizontal lines. In Fig. 8.10 we show how the solution looks
in the various cases in the (z, y)-plane. To read the diagram, start at the point
L = (z(u;,y1),y:1) and follow the arrows to the right location. The dotted lines
mark the boundaries where the solution type is constant. Since we are working with
(z, y) coordinates, we call u-waves z-waves, and the solution types are zy, zyz, and
yz. If a solution type is, e.g., ¥z, this means that the solution consists of a z-wave
(u-wave) followed by a y-wave. This finishes the second example. <&

Actually, our two examples are more similar than it might seem at a first glance.
The inverse of the mapping (8.38) is

1
u=—<1+sign(z) H)
2 Y

fyu) = [z] +y.

and

Inserting this into equation (8.36), we find that

(l (1 + sign (z) H)) + (z| +y), =0.
2 Y ,

Since y is independent of ¢, we can rearrange this as
(sign @) VD) + 237 (2] + 7). = 0.

If we now introduce w = sign(z) 4/|z| and a new time coordinate v such that

9/0t = /2y d/0t, then

(3+7+7)
w,+ | zw +y] =0.
2 X
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Now we return to the discussion of the Riemann problem for the general conser-
vation law; cf. (8.7). We have seen that we cannot always find a weak solution to
this problem, but if the graphs of the functions H;(-;u;) and H,(-;u,) intersect,
we can choose a unique pair (1}, u,), which in turn gives us a unique solution of
the Riemann problem. We call this solution, satisfying the minimal jump entropy
condition, an entropy solution of the Riemann problem.

It seems complicated to give a general criterion for f; and f, to guarantee the
intersection of 4; and 4, but for two important classes of flux functions we always
have an intersection.

Lemma 8.9 Consider the Riemann problem

Uy + f(% u)x = 07 > 07
u; forx <0, vy forx <0, (8.39)
y(x) =

u, forx >0, Y, forx > 0.

u(x,0) =

(1) Let f = f(y,u) be a continuously differentiable function on the set

(v,u) € [y1,y2] X [ur,us] = £2.

Assume that

d d
%(w) _ %(m) o0,

so that f(y,uy) = Cy and f(y,uz) = C, for some constants Cy and C,. Then
the Riemann problem (8.39) has a unique entropy solution for all (y;,u;) and
(vr,u,) in 2. Furthermore, u(x,t) € §2 for all x and t.

(ii) Let f = f(y,u) be alocally Lipschitz continuous function fory € [y, y»2] and
u € R. Assume that

linltl f(y,u) =00 or lirjltl fy,u) = —o0,
for all y € [y1,y>]. Then the Riemann problem (8.39) has a unique entropy
solution for all (y;,u;) and (y,,u,) in [y1, y2] X R.

Our first example is of the second type mentioned in the lemma, and the sec-
ond example is of the first type. This lemma is proved simply by constructing the
functions /; and A, in the two cases.

Vanishing Viscosity and Smoothing

We would like to motivate the minimal jump entropy condition. In our construction
of the solution of the Riemann problem, it emerged naturally as a candidate for
finding a unique solution. In this section we shall give two partial motivations for
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this entropy condition. Both of these motivations are based on the study of equations
that formally have (8.7) as a limit, but whose solutions, or the equations themselves,
possess more regularity than the conservation law with a discontinuous coefficient.
When doing this, we hope that the minimal jump condition will be a consequence
of requiring that the solutions to the perturbed equations tend to the solution of the
Riemann problem as the size of the perturbations tends to zero.

It is common to motivate entropy conditions for conservation laws by requiring
that the solution of Riemann problems be limits of traveling wave solutions to the
singularly perturbed equation

v, + f(v)x = EVxx,

as ¢ | 0. For a scalar equation in which the flux function does not depend on x,
the “lower convex envelope” criterion is indeed a consequence of such an approach.
We also say that the weak solution found by taking envelopes satisfies the vanishing
viscosity entropy condition; see Sects. 2.1 and 2.2.

Let now u® be a traveling wave solution of the initial value problem

y; forx <O,

up + frou')y = euy, y(x) = (8.40)
y, forx >0
(with y; # y,). We hope that
lim u®(x,7) =uj, and lim u®(x,t) = v (8.41)
X—>—00 X—>00

for some values u}, u,.. Since y depends on x, we cannot expect to find a traveling
wave solution, i.e., a solution that depends on (x — st)/e, unless it is stationary,
that is, s = 0. Thus we consider a function that depends on space only, u®(x,t) =
u(x/¢e). Introduce £ = x/e, to obtain

fru) =i,

where f = df/d&. The equation can be integrated once, and if we assume that the
limits (8.41) are reached in a suitable manner, we get

= f.) = f (voup) = fa) = f (veouy).

which also gives us the Rankine—-Hugoniot condition

f(veou)) = 1 (yrou)) = £~ (8.42)

Summing up, we say that the discontinuity separating (y;,u;) and (y,, ) admits
a viscous profile, or that this discontinuity satisfies the viscous profile entropy con-
ditions, if the ordinary differential equation

du ) f (you)—f* if§ <0,

8.43
d§ | f (yrou)— f* ifE >0, (849
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has a (at least one) solution u (&) such that either
Jim u(® =) and w(®) =,
or
u(€) =u. and glggo u€) =u.,

where é_ can be finite or infinite. This means that one of two alternatives must hold:
Either the ordinary differential equation

v=fv) - <00 v(0) =u,

has a solution such that
lim v(§) = uj,
§—>—00

in which case we say that v is a left viscous profile, or the equation
W= ()~ 5 E>0. w0 =u,
has a solution such that
Jim w(E) =],

in which case we call w a right viscous profile.
Hence the discontinuity satisfies the viscous profile entropy condition if there exists
a left or right viscous profile.

If uj < u,, we will have a left viscous profile if and only if

f ou)> f(youy), forallu € (uj,u)).

Similarly, we will have a right viscous profile if and only if

frw) > f(vrouy), forallu € (uj,up).

Also, if u} > u’, we will have a left viscous profile if and only if

f i) < f(youy), forallu € (uj,ul).

Similarly, we will have a right viscous profile if and only if

frou) < f(yeou)), forallu € (uj,u,).

Summing up, the viscous profile entropy condition is equivalent to

, , f(y,u)y> f* forallu e (u;,u;) or .40
uy <u. = )
S rouw) > f* forallu € (u,u}),

oy S (yiou) < f* forallu e (u),u)) or (3.45)
= ul = .
fy,u) < f* forall u € (u),u)).
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This condition implies the minimal jump entropy condition, and thus provides a mo-

tivation.

If the coefficient y is a continuous function of x, then the classical theory of
scalar conservation laws applies, and the initial value problem has a unique weak
solution. If we let y® denote a smooth approximation to

y; forx <0,
y(x) =
y, forx >0,

such that y* — y as ¢ — 0, and let u® denote the weak solution to

u; forx <0,

u; + f (5 uf), =0, u'(x,0)= % (8.46)

u, forx >0,

it is natural to ask whether u® tends to the minimal jump entropy solution as £ — 0.

< Example 8.10
We shall consider this in an example. Define

filw) = 4= (u+ 17
frlu) = 4= @—1)2,
fru) = (=) fiw) + vf, (),

and consider the Riemann problem

—1 forx <O, 0 forx <O,
ur+ fru)y =0, u(x,0) = y(x) =
1 forx > 0, 1 forx > 0.
In this case we find that
4 ifu<-—1,

hy(u;—1) =
1 =1 {4—(144—1)2 ifu > —1,

_ 2
hr(u;1)=§4 (u+1)y" ifu<l,

ifu>1.

Furthermore, the discontinuity separating the u and y values (—1,0) and (1, 1) sat-
isfies the minimal jump entropy condition, and hence u(x,0) is a weak solution
satisfying the minimal jump entropy condition. Now set

0 forx < —g,
yox) = {5 for—e < x <e,
1 fore < x,
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Fig. 8.11 The stationary so- 2
lution of (8.46), ¢ = 1/2, and
the discontinuity at x = 0

-1 4
154 AN 4

. . . . . . . . .
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

T
and let u® denote the stationary solution to (8.46) with u; = —landu, = 1. We
have that u® satisfies
fru), =0,
and thus
fu®) = f(0,-1)=0.
Solving this for u°, we find that
W) = 1—2°(x) £ /(1 = 22 () + 3.
Since u® = —1 for x < —e and u® = 1 for x > &, we can choose the negative sign

for x close to —e and the positive sign for x close to €. Furthermore, since for every
(fixed) y, f(y,u) is concave in u, we can jump from the negative to the positive
solution if this will give a shock with zero speed (recall that u® is stationary). But
since f(y¢,u®) is constant, we can jump at any value of x! For instance, we can
choose to jump at x = 0, giving

—1 for x < —s,

o= E— =) 43 for—e<x <0,
-2 4 /(1-2) 43 for0<x<e,

1 fore < x.

We show a plot of this solution in Fig. 8.11, and we note that although u® — u, the
variation of the approximate solution is larger than that of u. &

This example readily generalizes to the following case. Assume that the map

u = f(y.u)
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has a single global maximum for all y, and
lim f(y,u) =—oc0 and lim f(y,u) = —ooc.

Let u*(y, y) denote the two solutions of

y=f(r.u"),

such that u™ < u™. As before, let u® denote the stationary solution of (8.46), where
X+ &
Yix)=y+ T()/r_)/l), —e < x<e.

Then it is possible to find a weak solution u® if and only if

w (v f (o)) =up o wt (v f (yrow)) = (847)

Recall that we are always assuming that v} and u/. satisfy the Rankine—Hugoniot
condition, i.e., f(y;,u;) = f(yr,u;) = f*.If both of the conditions in (8.47) hold,
then this solution is given by

u) for x < —e¢,

u” (y(x), f*) for—e <x < xy,

ut(x) = (8.48)

ut (¥ (x), f) forxy <x=e,

u, fore < x,

for every x; € [—e, ]. Since we are jumping from u™~ to u™, this jump is allowed
since u~ < u% and f(y,u) > f* in the interval (u~,u™). If only one of the
conditions in (8.47) holds, then we stay on ™ or u™ throughout the interval [, &].
If

wp =t e ) and =™ (e f ().

we must at some point jump from u™ to u~, and this will give an entropy-violating
weak solution. Looking at the shapes of the graphs of f(y;,u) and f(y,,u), we
see that (8.47) is equivalent to the minimal jump entropy condition in this case.
Hence, if (u},u,) satisfies the minimal jump entropy condition, there exist entropy
solutions u® of (8.46) such that u® tends to the minimal jump entropy condition
when ¢ — 0 (if the flux f has the properties assumed above).

Remark 8.11 The minimal jump entropy condition is not always reasonable. En-
tropy conditions are based on extra information, such as physics or common sense.
To illustrate this, consider the equation

1
U+ (— (u + y)z) =0,
2 X
| forx <0 (8.49)
y(x) = o == u(x,0) = 0.
1 forx > 0,
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In this case,

1 2 :
su—1 fu<l, 0 fu<-1,
mzoy = 207D S ) 2 ifu =
0 ifu>1, Tu+1)? ifu>-—1.
We see that there is a unique crossing value f* = 1/2, and the minimal jump

entropy condition gives the solution u(x, ) = 0.
One can also try to find a solution of (8.49) by making the substitution w =
u + y, which turns (8.49) into

1 —1 f <0,
w; + (—wz) =0, wx,0)= orx
2 x 1 for x > 0.

The entropy solution to this, found by taking the lower convex envelope, reads

-1 forx < —t,
w(x,t) ={x/t for—t <x<t,

1 for x > t.

Since u = w — y, we obtain the alternative solution

for |x| > ¢,

fi(x,1) = %0 (8.50)

M .
+ —sign(x) otherwise.

So which of these solutions shall we choose? We have already seen that the minimal
jump solution, ¥ = 0, is the limit of the viscous approximations u® satisfying

1
ui + (5 (wf + y)z) =cul,. (8.51)

X

We know that w is the limit of the viscous approximation w® satisfying

1
w; + (Ewsz) =swt,.
X

This means that # is the limit of %°, where ¢ and y* satisfy the viscous approxima-
tion for the system (8.6), i.e.,

1
i+ = @ + “) =i,
¢ (2 ( Y9 R (8.52)
Vi = &V
Therefore, it is reasonable to choose u = 0 if (8.49) is an approximation of (8.51)
and u if (8.49) is an approximation of (8.52).
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8.2 The Cauchy Problem

In this section we shall demonstrate the existence of an entropy solution to the
conservation law where the flux function depends on a discontinuous coefficient.
To be concrete, this is the initial value problem

u,+ f(pou)y, =0, xeR, >0,

(8.53)
u(x,0) = up(x),

where y = y(x) is a function of bounded variation. Fix an arbitrary 7 > 0, and
set [Ir = R x [0, T). By a solution of (8.53) we mean a weak solution, that is,
a function u in L! (ITr) N C([0, T); L} (R)) such that

loc loc

// (up: + f(y.w)ey) dt dx + / uo(x)p(x,0)dx = 0, (8.54)
R

R x(0,00)

for all test functions ¢ € COl (I17). In order to demonstrate existence we shall as-
sume that f and y have additional properties; for instance, we must be assured that
the Riemann problem has a solution for all relevant initial data.

To show that a solution exists, we shall construct it as a limit of a sequence of
approximations. This can be done using difference approximations, front-tracking
approximations, or the limits of parabolic regularizations, but we shall use front
tracking.

Front Tracking for the Model Equation

In this section we will restrict ourselves to the model equation with f(y,u) =
4yu(l —u),ie.,

u, + (dyu(l—u)), =0, u(x,0) = up(x). (8.55)

We assume that y: R — R is a function of bounded variation that is continuously
differentiable on a finite set of intervals. In particular, we assume that there exists
a finite number of intervals

I = GEm,bmy1) form=0,....M,

where £y = —o0, £yy41 = 00, such that

/

y \1 is continuous and bounded form =0, ..., M. (8.56)

For the moment, we also assume that the initial function u is of bounded variation
and such that uy(x) € [0, 1] for all x. Now we shall design a front-tracking scheme
to approximate solutions of (8.55).
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In order to prove convergence of the front-tracking approximations in the scalar
case, we used that the variation of {u’} 50 Was uniformly bounded. As Exam-
ple 8.13 will show, such a bound does not exist if y is not constant.

In order to circumvent this obstacle, we shall work with the variable z defined
by (8.38). The reason that this is a good idea is outlined in the remark below.

Remark 8.12 Assume that u® and v® are smooth solutions of the regularized equa-
tions

u; + f (pu), =eus,, v+ f(y,v9), =evy,,

with smooth initial data u§ and v, respectively. Let 7 be a smooth convex function.
We subtract these equations and multiply the result by n’(u® — v®) to obtain

@ —v), = —n' @ —v)[f (r.u’) = f (.0,
+en (@ —v°),, —en’ (U —v) (uf —v°)}
< —[n @ =) (f ) = f (o)),
e —v) 40 @ =), (f (hu’) = f ().

Now we let n = 7, be a continuously differentiable approximation to | - |, explicitly

Ne(u) = /umax (—l,min (%1)) dv.
0

Assuming that u® — v® has compact support in x, we can integrate the above in-
equality over x € R, and get

d
[ e =vrar s [aia =0 (g = £ o) - v, dx
R R
<L [(u® —v%),| dx,
|u5—lll<f<

where L = sup | f,|, since

1
= for |u| <«,
Me(u) = 4% i =
0 otherwise.
By Lemma B.5,
lirr(l) |(u® —v%) .| dx = 0.
[uf —ve| <k

Thus we can send « to zero, and obtain for any two solutions of the regularized
equation

(- 1) = v Dl ey = uG — V5l 1w, - (8.57)
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Now we can set v°(-,t) = u®(-,t + 1) in (8.57), then divide by t and let T — 0,
to deduce that

||”f("f)||L1(R) = ||”f('a0+)||Ll(R) = |f (V, u8)|BV' (8.58)

Without loss of generality we can construct u, so that |f()/ ug) |BV <|f(y,uo)lgy-
This means that the total variation of f(y, u®) is bounded independently of ¢, i.e.,

|f out - 0) gy < 1S (v uo)lpy - (8.59)

If f,(y,u) = ¢ > 0 for all y and u, then this would imply that also u® had uni-
formly bounded variation.! For the flux function in our example, f;(y,1/2) = 0,
so we cannot deduce that u° is of bounded variation. This is precisely where the
z-mapping comes to the rescue. We write (8.38) as

z(y,u) = sign (u - %) (f (rou)—f (% %)) .

Iz u)lgy < |f Gou)lgy + | £l IV5y
= |f (ysuo)lBV + ”fl/ ”Loo |y|BV .

Now

Thus z% = z(y, u®) has uniformly bounded variation, and the mapping u > z(y, u)
is continuous and invertible. The next step in this strategy is to attempt to show that
{28}, is compact in L'(R x [0, 00)), and thus (for a subsequence) z® — Z as
& — 0. Then we define

u=z"'yz2) =limz'(y,z°) = limu®.
=0 e—0

The final step will then be to show that the limit u is a weak solution. See, e.g.,
[114] for an example where this strategy has been carried out.

This remark is meant to indicate how the z-mapping could be used to show
existence via viscous regularizations, and to motivate the use of the z-mapping also
for front-tracking approximations.

As in the case without a coefficient, we start with a discussion of an approximate
solution to the Riemann problem, or rather with the exact solution of the Riemann
problem for an approximate equation. In the simple scalar case, we saw that the
exact solution of the Riemann problem was piecewise constant in x/¢ if the flux
function was piecewise linear. We shall now define an approximate flux function g°
such that g®(y, u) ~ 4yu(1 —u) and the solution of the Riemann problem with flux
g% is piecewise constant.

From Sect. 8.1 we saw that the solution of the Riemann problem consisted of
a sequence of straight lines in the (z, y)-plane, where

z(y,u) = sign (u — %) y (1 =2u)?. (8.60)

! This assumption excludes resonances, i.e., coinciding eigenvalues.
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There were z-waves, over which y is constant, and y-waves, over which y was not
constant. Now fix a (small) positive number 8, and set

yi=i8, i>0, ieN, (8.61)

and for integers j suchthat —i < j <i,z;; = j &, and

1 Zij
U = 77! ()/i,zi,j) = 3 1+ sign (Z,gj) | ji . (8.62)

1

Note that the set {(z; ;. 7;)} defines a grid in the (z, y)-plane. We define g° to be
the linear interpolation to f on this grid, i.e.,

) Jij+1— fij

g (yiu) = Jij + (“ —U;j
Ui j+1 — Ui

, foru e fu;j,u;ji1), (8.63)

where f; ; = f(yi,uij) = 4y;u; (1 —u,; ;). For each fixed i, 2% (i, u) will be
a concave function with a maximum for u = 1/2. Therefore the solution of the
Riemann problem

u +g° (y(x),u), =0,

u; ; forx <0, yi forx <0, (8.64)
u(x,0)=3" y(x) =
Uy, forx >0, Ym forx >0,

can be found from the diagrams in Fig. 8.10. Furthermore, since g° is piecewise
linear in u, this solution will be piecewise constant in x/z. Also, by our choice of
interpolation points in constructing g%, all the intermediate values of u(x, ¢) will be
grid points, i.e.,

z(y(x), u(x,1)) = (zir . yir), wherei’ =iori’ =m.

We label the grid points in the (u, y)-plane, or when there is no danger of misunder-
standing, in the (z, y)-plane U%. Hence, the solution of the Riemann problem takes
pointwise values in U’ if the “initial” states (u(x, 0), y(x)) take values in ‘U°.

Once we have the solution of the approximate Riemann problem (8.64), we can
use this to design a front-tracking scheme. To this end, let {u{},_, and {y°} be
two sequences of piecewise constant functions such that

(u5(x), y*(x)) € U’ for all but a finite number of x-values.
Furthermore, we demand that
lim || ud — =0, 8.65
i [~ l, 65

lim [[y* =y, =0. (8.66)
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We label the discontinuity points of y® by y; < --- < yy. Of course, these depend
on §, but we suppress this dependency in our notation. At each point of discontinuity
of either ug or y%, we have a Riemann problem whose solution will give a sequence
of z-waves and y-waves. We define the front-tracking approximation as in the scalar
case, by following discontinuities, called fronts, and solve the Riemann problems
(using the approximate flux g%) defined by their collisions. We call the resulting
piecewise constant function u®. As in the scalar case, in order to show that we can
define u® (-, 1) for every ¢ > 0, we must study the interaction of fronts.

The front-tracking solution u® has two types of fronts, z-fronts and y-fronts,
where z-fronts are those fronts whose left and right y-values are equal. Regarding
the collision of two or more z-fronts, we have seen that such a collision always
results in one z-front. Hence, the number of fronts in u® decreases when z-fronts
collide.

Moreover, y-fronts have zero speed (recall that these are the discontinuities of
%), and therefore two y-fronts will never collide. It remains to study collisions be-
tween z-fronts and y-fronts. This turns out to be complicated, and simple examples
show that we can have such collisions that result in three outgoing fronts. Further-
more, even if such collisions always result in two outgoing fronts, it is in general not
possible to bound the total variation of u® independently of 8, as the next example
shows.

<> Example 8.13
Assume for the moment that

| 1 forx <0,
up(x) = 5 y(x) =914+ x for0<x <2, (8.67)
2 for 2 < x.

In this case z (y(x), uo(x)) = 0, and we can set

1 forx <0,
P =31+i6 fori<x<@G+18i=0,...2/6—1),
2 for 2 < x.

The z-component of the solution of each of the Riemann problems defined by
(ud,y?) at x = i8 reads

0,1+ (@ —1)§) forx <ié,
(z,7) = (=8, 14+i8) forid <x <ts; +1i6,
0,14+1i6) forié +ts; < x,

where

si = /81 +i3).
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Fig. 8.12 The weights in the
Temple functional, (8.68)

This follows from the diagram in Fig. 8.10. Hence, before any interaction of fronts,
the total variation of u® reads

1/8 1/6
'], = Z 1+z >Z\/> \/> ——>oo as § — 0.

Despite this, since y(x) is Lipschitz continuous, the total variation of the exact
solution to this problem is uniformly bounded for # < T for every finite time 7;
see, e.g., Kruzkov [118] or Karlsen and Risebro [109]. As an indication of things to
come, we observe in passing that

1/8

8|BV Z|5| =1

where z% = z(y®,u%). So the total variation of the transformed variable z is uni-
formly bounded for this example, at least until the first interaction. <&

For reasons outlined in the above example and in Remark 8.12, we shall work
with the z variable instead of u. In the above example, it was trivial to show that the
variation of z was bounded independently of §, but this becomes more cumbersome
in general, so to help us we use the Temple functional.” For a single front, which
we label f, this is defined as

|Az| if f is a z-front,
T(f) = {4|Az| iffisay-frontand z; < z,, (8.68)
2|Az| iffisay-frontand z; > z,,
where z; is the z value to the left of the front, z, the value to the right, and Az =

z, — z;. Fig. 8.12 will perhaps be useful later. The figure shows the weights given
to |Az| in the various cases. Recall also that if  is a y-front, then

|Az] = |Ay],

2 This, or rather a similar functional, was first used in the paper of Temple [176].
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and thus an alternative definition of T is

|Az| iffis az-front,
T(f) = {4|Ay| iffisay-frontandz < z,,
2|Ay| iffisay-frontand z; > z,.

For a sequence of fronts, we define 7" additively, and with a slight abuse of notation
we write

T ()= T(.

feud

With this definition of 7" we have the obvious inequalities

}ZS|BV <T(')<4 (}ZSNBV + |V8|BV)' (8.69)
We also have for every front f € u® that

T (f) = 8.
With a further abuse of notation we shall write 7'(t) = T(u’(-,t)).
Lemma 8.14 [f0 < s < t, then
T(t) <T(s). (8.70)

Hence |ZS(-,t)\BV < T(0+).

Proof The value of T will change only when fronts collide. From the analysis of
collisions of z-fronts, we have established that 7" does not increase at such colli-
sions. To prove the lemma, it therefore remains to study collisions between z-fronts
and y-fronts. We say that a y-front is nonpositive if it connects points in the half-
plane z < 0, and similarly, we say that it is nonnegative if it connects points in the
half-plane z > 0.

We shall study the collision between z-fronts and a y-fronts, and we thus have
three points in the (z, y)-plane, (z;, 1), (Zm, Ym), and (z,, y,), which lie to the left
of, in between, and to the right of the colliding fronts respectively. If we have more
than one z-front colliding with the y-front, we can reduce to the two-front collision
type as follows. If we have several z-fronts colliding with the y-front from the
same side, then we can resolve the collision between the z-fronts first, and then the
collision between the (single) resulting z-front and the y-front.

Therefore, we consider the case that we have two z-fronts colliding with one
y-front. One z-front collides from the left, the other from the right. We label the
states to the left of the left z-front L = (z;, ;), the one to the left of the y-front
M_ = (z_, y;), the state to the left of the right z-front M, = (z, y,), and finally,
the state to the right of this z-front R = (z,, y,). Of course we may have z; = z_ or
z, = z,, in which case we have only two colliding fronts. In order to study how T’
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solution type vz solution type 27y

z

Fig. 8.13 The possible locations of L and R if the y-front is nonpositive and y; > y,

changes by this collision, we study a number of cases. These are distinguished by
whether the y-front lies in the left (it is nonpositive) or the right (it is nonnegative)
half-spaces and by whether y; < y,.

Case 1: The y-front is nonpositive and y; > y,. Consult Fig. 8.13 in what fol-
lows. Now we regard the z-front, and hence M_ and M, as fixed. Since the y-front
is negative, z, < 0, and since y; > ¥, z_ < —§. The z-front between z; and z_
moves with positive speed, and it is the solution of the Riemann problem defined by
these two states with a flux function f(y;, -). Hence z; cannot be larger than “one
breakpoint to the right” of z_. If it were, then the solution would contain more than
one front. Furthermore, u; = z~! (v1,z;) = 0, which is the same as z; > —y;. Thus

21 € [~y z- + 6]

This interval is indicated by the upper left horizontal gray line in Fig. 8.13. Reason-
ing in the same way, we see that the right z-front must have negative speed and thus
that

zr ez U=z + 8,7

This interval is indicated by the lower right horizontal gray line in Fig. 8.13. We
have two alternatives. First if —z; 4+ y; > z, + y,, then the solution of the Riemann
problem defined by (z;,y;) and (z,, y,) is of type yz, and if —z; + y; < z, + y,,
then this Riemann problem has a solution of type zy. This is indicated in Fig. 8.13,
where the dashed line passing through L is the line where |z| + y = —z; + y;.

If z; = z_, i.e., we have a collision between a y-front and a z-front from the
right, then the solution type is always zy. In other words, the wave is transmitted.
Consulting Fig. 8.12, we see thatif z; < z_, then T is unchanged by the collision. If
z; = z_ 4 § (which is the maximum value for z;), and the solution type is zy, then
T decreases by 24. Otherwise, T is unchanged. In the special case thatz, = z_ =0
and z; = z_ + 6, the z-front is reflected. Thus we see that a reflection results in
a decrease of T' by 26. The reader is urged to check these statements.
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v

Fig. 8.14 The possible locations of L and R if the y-front is nonpositive and y; < y,

solution type vz

z

Fig. 8.15 The possible locations of L and R if the y-front is nonnegative and y; > y,

Case 2: The y-front is nonpositive and y; < y,. Consult Fig. 8.14 in what
follows. Since the fronts are colliding, the speed of the left z-front is positive
and that of the right z-front is negative. Hence z; € [—y;,z— + §] and z, €
{z4}U[—z4+ 44, y]. These intervals are indicated in Fig. 8.14 by the lower left and
upper right horizontal lines. If z, + y, < —z; 4 y;, then the solution type is zy, and
if z, +y, > —z; + v, the solution type is yz. In both of these cases T is unchanged.
If z, = z, then the solution type is yz, and if z; = z_, then the solution type is
zy. Thus there are no reflected fronts in this case.

Case 3: The y-front is nonnegative and y; > y,. Consult Fig. 8.15 in what fol-
lows. This case is similar to Case 2 above. By considering the speeds of the colliding
fronts, we find that

Z] € [_Z— - 87_)/]] U {Z—} and Zr € [Z+ - 81 )’r]
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solution type vz

solution type 2y

z

Fig. 8.16 The possible locations of L and R if the y-front is nonnegative and y; < y,

If |z;| + y; < z, + », then the solution is of type yz, and if |z;| + y; = z, + V»,
the solution is of type zy. Note that if z, = z,, then the solution type is yz, while
if z; = z_, the solution type is zy. So also in this case a front cannot be reflected.
Furthermore, T is unchanged.

Case 4: The y-front is nonnegative and y; < y,. Consult Fig. 8.16 in what fol-
lows. This case is similar to Case 1 above. We find that

Z] € [_Z— - 81 _)’l] U {Z—} and Zr € [Z+ - 87 ]/l”]

If |z;| + y1 > z, + », then the solution type is zy, while if |z;| + y; < z, + ¥,
the type is yz. If z, = z, — § and the solution type is yz, then T decreases by 24;
otherwise, it is unchanged. If z, = z,, then the solution type is zy, while if z; = z_
and z, = z, — §, we have a reflection, and in this case T decreases by 26.

This finishes the proof of Lemma 8.14. |

Remark 8.15 Recall that we have used the term “reflection” for a collision between
a z-front and a y-front if the z-front collides from the left and the solution of the
Riemann problem is of type zy, or if the z-front collides from the right and the
solution type is yz. From the proof of the above lemma, it is clear that whenever we

have a reflection, T decreases by 24. Hence, if T(0+) is finite, we can have only

a finite number of reflections in u®.

One immediate consequence of Lemma 8.14 and (8.69) is the following result.

Corollary 8.16 If
Vol < Wlpy and |2 v%)|py < 2o Wlgy.  BTD)
then fort > 0,
|28('at)|BV = |Z(u0’ y)|BV +4 |V|BV ’

and thus |28( -, 1) |BV is bounded independently of § and t.
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Note that this corollary in itself does not imply that the front-tracking construc-
tion u% can be defined up to an arbitrary time ¢. In order to show this, we have to do
some more work. For a z-front f, let AA(f.) be the set of y-fronts f, that approach
f.,1.e.,

x(f2) < x(f,) ands(f.) = Oor

f,eAf) it
’ " lxf) > x(G,) ands() <o,

where x (f) denotes the position of f, and s () its speed. For every z-front f, define

J(E)= Y 15yl (8.72)

fyeA(f:)
where Ay denotes the difference in y over the front.

Lemma 8.17 Assume that (8.71) holds. Then for each fixed 8, the functional

F)y=38Y_JGE)+TOylsy (8.73)
f:

is nonincreasing, and it decreases by at least §*> when a z-front collides with a y-
front.

Proof Let N;(t) denote the number of fronts in u® at time ¢. For each front we have
|Az| > 6, and thus

|ZB|BV
Np = Y

Recall that T is bounded and J (f;) < |y|py. Hence F is bounded by

F(t) <68 |ylgy Ns +2T(0+) lylpy
<4|ylgy (|z(uo, V) |y +4vlzy) - (8.74)

Thus F is bounded independently of § and . We must show that F is decreasing
by at least §2 for collisions between z-fronts and y-fronts, and nonincreasing when
z-fronts collide.

First consider a collision between one (or two) z-front(s) and a y-front. From the
proof of Lemma 8.14 we saw that either (a) a z-front “passes through” the y-front
in the collision, or (b) we have a reflection, and T decreases by 2§. If (a) holds, then
the sum in (8.73) will “lose” at least one term (two terms if one z-front is lost in
the collision) of size |Ay|, and the second term in (8.73), does not increase. Thus
F decreases by at least § |[Ay| > §2. If (b) holds, then T decreases by 2§, and the
sum increases by at most |y| . Hence F decreases by a least § |y|g, > §°.

Next we consider a collision between two (or more) z-fronts. Recall that this
collision will result in one z-front. If more than two fronts collide, we can consider
this as several collisions between two fronts occurring at the same point. Therefore,
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we consider a collision between two z-fronts, f; and {,, separating values z;, z,,
and z,. We label the resulting front f. If z,, is between z;, and z,, then T does not
change by the collision. However, the speed of f is between the speeds of f; and {,.
If the speed of f is different from 0, then A(f) = A(f;) or A(f) = A(f,). Hence
the sum in (8.73) loses one term, and F decreases by at least §2. If the speed of f is
0, then the speed of {; is positive, and the speed of {, negative, whence

A(f) =AGF)UAG).

and thus F is constant.

If z,, is not between z; and z,, then either z, = z,, — 6 or z; = z,, + 8. This is so
because g° is convex. In this case T decreases by §, and the first term in equation
(8.73) increases by at most § |y5 | gy - This concludes the proof of the lemma. O

Note that an immediate consequence of equation (8.74) and Lemma 8.17 is that
for a fixed §, the number of collisions of z-fronts and y-fronts is bounded by

|z(uo, V) gy +41ylpy
52 )

Also, the smallest absolute value of the speed of any z-front having speed different
from zero is bounded below by

4|)’|BV

min (y%) §.

Hence, after some finite time T}, collisions between z-fronts and y-fronts cannot
occur. This means that there must be a time 7, > 7] such that all z-fronts in the
interval (y;, yy) (recall that y° has discontinuities at y;, ..., yy) have zero speed,
that all z-fronts to the left of y; have nonpositive speed and that the z-fronts to the
right of yy have nonnegative speed for all ¢ > T5. Outside the interval [y, yy],
u® is the front-tracking approximation to a scalar conservation law with a constant
coefficient, and there can be only a finite number of collisions between fronts in
u® there. Therefore, there exists a finite time 75 > T such that there will be no
further collisions between fronts in u® for ¢ > T3. Thus, the front-tracking method
is hyperfast.

< Example 8.18

Now we pause for a moment in order to exhibit an example of how front tracking
looks in practice. We wish to find the front-tracking approximation to the initial
value problem

u; + [Ay(u(l —u)], =0, >0,
el for—1 <x <1,
y(x) = {sin(rx?) +2 forl < |x| <2,

8.75
1 otherwise, ( )

1 —|x| _
u(x.0) = 2(1—|—e ) for—1<x<1,
otherwise.
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a b
3.1 1.0 ;
1 ( ) ’LL5 (l‘, 3)
¥ (x
2.4 + = 0.674 r
1.6 r 0.334 L
0.94 T T 0.0 T T
22 0.73 0.73 22 23 0.0 23 46
T X

Fig. 8.17 a y’(x). bu®(x,3) for § = 0.05

ZC 5.0

Fig. 8.18 The fronts in the (x, 7)-plane for Example 8.18

In Fig. 8.17, we show the approximation y°® for § = 0.05, and u’( -, 3). In Fig. 8.18,
we show the fronts in u% in the (x,)-plane. Here z-fronts are marked with solid
lines, and y-fronts with dashed lines. We see that the number of fronts decreases
rapidly, and there do not seem to be many collisions after = 3. <&

Returning now to the more general case, we claim that the sequence {28} 550
satisfies the following bounds:

Ex ||L°°(]R) <y’ ||L°°(]R) =C, (8.76)
Sen|,, =Cc. 1<T (8.77)
|| Lloc
lz(-,0) =z, ) pw) < CE — ), (8.78)
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where the constant C does not depend on ¢ or on §. The first bound (8.76) follows
by the definition of z, (8.60), and the fact that u® takes values in the interval [0, 1].
Regarding (8.77), we have that u° is a weak solution of

up +¢° ('), =0, u'(x.0) = up(x). (8.79)
Thus we can repeat the argument used in the proof of Theorem 7.10, to obtain
||“8(‘7’) - ”8("S)||L1(R) = f‘;f}f,‘] \gs (r° (-, )|y € =)
8. - 8.80
< max 12°C-. D)y (1 —9) (8.80)
=C(r—ys).
for some constant not depending on ¢, s, or §. Setting s = 0, we obtain
||u5("t)||Ll(R) = ””?)”LI(R) +Ct, (8.31)
and thus u%( -, ¢) is in L'(R) for all finite #. Now
|2 ()] = 12 0.7°) + 20 (&, 7)o’
<yl +C ],

for some positive constant C, where £ is in the interval [0, u®]. Since ¥ isin L] ,

equation (8.77) follows. Actually, in our case, since u®(x, ) € [0, 1], we have that

1°

||u8(.,t)||Ll(R) = /u‘g(x,t) dx = /ug(x) dx = |u})]

R R

which is stronger than (8.81).
To prove (8.78) we use the equality

2, t) =20, s) = 2 (U (x, 1), %) — 2 (¥ (x,5), %)
=z, (£,7°) (W’ (x,1) —u’(x,9)).

Since z,, is bounded, by (8.80) the bound (8.78) holds.
Hence, by standard techniques as in the case with constant coefficients, it follows
that there exists a subsequence of {4} (which we also label {6}) and a function

z € Li,,(R x [0,00)) N L*°((0, 00); BV(R)) such that
lim 2=z inLL (R x0,T]). (8.82)

8

Since z3 = z(u®, y?), it also follows that there is a function u € L} (R x [0, T])

such that u® — u, and u = z~'(z, y). Furthermore, for this subsequence also
2 (y®, u®) — f(y.u). Thus

lim // (o + & (v’ ub)py) dx dt

=// (uo: + f(r,w)e,) dx dt,
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and by construction,

;i_l)l(l)/us(x,O)w(x,O) dx = /uo(x)go(x,O) dx.
R R

Since u’

to (8.53).

Furthermore, it is transparent that although we performed the analysis for
f(y,u) = 4yu(l — u), our results could be (slightly) extended to include flux
functions that are similar to f. To be precise, assume that:

A.1 There is an interval [a, b] such that f(y,a) = f(y,b) = C forall y.

A.2 There is a point u*(y) € (a, b) such that f,(y,u) > 0fora <u < u*(y) and
fuly,u) < O0foru*(y) <u <b.

A.3 Themap y — f(y,u) is strictly monotone for all u € (a, b).

A.4 The flux function f belongs to C2(R x [a, b]).

If f satisfies these assumptions, we can define the mapping z as

z(y.u) = sign (u —u*(y)) (f (r.u"(y)) — f(v.u)., (8.83)

and use this to show that the front-tracking approximation is well defined. This anal-
ysis is only a slight modification of the analysis in the case f(y,u) = 4yu(l — u).
Hence, mutatis mutandis, we have proved the following theorem.

is a weak solution to (8.79), it follows from this that u is a weak solution

Theorem 8.19 Let f be a function satisfying A.1-A.4, and assume that uy(x) is
a function in L _ taking values in the interval [a,b], and that y is a function in

loc
BV(R)U LlloC (R). Then there exists a weak solution to the initial value problem

u, + f(y,u)y =0, xeR >0, u(x,0) = up(x).

Furthermore, this solution is the limit of a sequence of front-tracking approxima-
tions.

An Entropy Inequality

Now we shall show that the limit of every front-tracking approximation to the gen-
eral conservation law (8.53) satisfies a Kruzkov-type entropy condition. Thus we
let u® be a weak solution to the approximate problem

uf—i—gs(ys,us)x =0, xeR >0,

(8.84)
ul(x,0) = ug(x), x €R,

where g®(y, -) is a piecewise linear continuous approximation of f(y,u) such that

g% — f as§ — 0. Here y? is a piecewise constant approximation to y, such that

y® — yin L' as § — 0. We assume that u® can be constructed by front tracking,

and that for each fixed T > 0,

u® > uin L'(R x [0, T]) as § — 0. (8.85)
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Furthermore, we let
u
200 = [ 160 do, (8.56)
0

and set z° = z(y%,u®). We shall also assume that for each ¢ the family {25(- , t)}
is a sequence of uniformly bounded variation in x and satisfies the three basic
estimates (8.76), (8.77), and (8.78), so that we have convergence of z8 along a sub-
sequence.

Using that u% is a weak solution to (8.84), it is not hard to show that u is a weak
solution to (8.53) if ug — u as § — 0. We would like to show that the limit
u satisfies a generalization of the Kruzkov entropy condition. Recall that if y is
continuous, then an entropy solution to (8.53) in the strip [Ty = R x [0, T] satisfies

//(Iu—cm + F(y,u,c)gy)dx dt (8.87)

It

— // sign(u —c) 0 f(y,c)pdxdt + / [up(x) —c| p(x,0)dx > 0,
Iy R

for all constants ¢ and all nonnegative test functions ¢ such that ¢(-, T') = 0. Here
F is the Kruzkov entropy flux defined by

F(y.u,c) = sign(u—c) (f(y.u) = f(y.0)). (8.88)

We would like to show that the front-tracking limit u satisfies (8.87) if y is contin-
uous, and if y has discontinuities, find a suitable generalization that is satisfied by
the front-tracking limit. The condition (8.87) does not make sense for discontinuous
y’s, since the second integral is undefined.

We shall assume that y is piecewise continuous on a finite number of intervals,
i.e., that y has a finite number of discontinuities. We call this set of discontinuities
D, = {&....,&n}, and we assume that y(x) is continuously differentiable for
x ¢ D,.Thus y and y’ have left and right limits at each discontinuity point§; € D,,.

Next, we shall require that the approximation y®(x) also have discontinuity
points for all x € D, for all relevant §. In addition to these discontinuities, for
a fixed 8, y® has discontinuities at {y; ; }. These are ordered so that

E = Yio <yi1 <-<Yin <Vin+1 = Eiy1,
fori =0,...,N.Lety 12 denote the value of y% in the interval Yijs Yij+1)s

and set

1 .
Axi,jzi(yi,j+1—y,-.j_1), j=1,...,Ni.

Of course, these quantities all depend on §, but for simplicity we omit this in our
notation. We also assume that
§ §
lim g (Vi.j+1/27c) — & (J/i.j—1/z, C)
§—0 Axl‘!/‘

_0f (y(x),c¢)
- ax ’

X1, (x) (8.89)
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where x, ; denotes the characteristic function of the interval

ja Yij—1+Yij Yij T Vij+1
ij = 2 , > .

This is not unreasonable, since y is continuously differentiable in (&;, &1 1). In what
follows, we let u; and ufj denote the left and right limits of u® at the points £ and

yi,j» respectively. Since u®(- 1) is piecewise constant, these limits exist.
In each interval (y; ;, i j+1) the function u® is an entropy solution of the con-
servation law

ul + (i 1/0,u’) =0,
and hence

T Yij+1

_/ / (|u8_c|(/7t+F8()’i,j+1/217/l8,c)(ﬂx)dxdl
0 yij
T

+ / (F8 (yi.j+l/2’u;j+1’c> @ (yi.j-H’t) ~F® ()/i.j+1/2,u;f,-,c) @ (yi.j’t) )df
0

Yij+1
— / \us(x,O) — c| ¢(x,0)dx <0,
Yi,j
(8.90)
where
Fi(yu.c) =sign(u—c) (g’ (y.u) — g’ (y.0)) .
Summing this for j = 0,..., N;, we find that
T &iq1 &yl
—// (|’ —c|@+ FP (vl c) o) dx dt — / [u®(x,0) — | (x,0) dx
0 & &

+ | (F® (yini1/2uigys ©) 9 t) — FO (viajpoui o) o(Eiga,1)) dt

[FS ()’i,j+1/2’ u;b,c) _FS ()’i,j—l/Zv u;j, c)] e(yij.t)dt
1

J
<0. (8.91)

St— s O Y—

N;
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Regarding the terms in the integrand in the last term in (8.91), we can write
F? (Vi.j+l/2s u:,r,-,6‘> —F° (Vi.j—1/2’ ”Zj"’)

—sign (uf/ — C) [f ()’i,j-i—l/Zsc) - f ()’i,j—l/ZfC)]
+ {sign (u;’j - c) — sign (u,fj - C)} (ff,- -f (Vi,j—1/2)>

= 4 or
—sign (u;j - c) [f ()’i,j-i—l/ZsC) - f ()’i,j—l/ZfC)]
o fon () =i o7, ~ )} (75 1 G0

where £ = f(ijeij2ui) = fijoui;) Msign(uf;—¢) = sign(u;; —c),
the last terms in the above expressions are zero, while if u; ; < ¢ < ujrj, then since

these values are chosen according to the minimal jump entrt)py condition (8.25), we
have that

SWij-1p2.0) = f7 or
FWij+12.0) = f5.

and thus in this case one of the last terms must be nonpositive. If u+. <c<u;
we use (8.26) to conclude that

sign (u;'j - c) — sign (qu - c) =2 and
i.j

. i . _ f(yi.j—l/ZvC) < IX/ or
sign (”i,; — c) — sign (ui.j — c) =2 and
SWij+12.0) = 15,

and again we find that one of the last terms is nonpositive. If the first of these last
terms is nonpositive for ¢ between u; ; and u;’ . wedefinew; ; =u S(yij. 1) = u+/
Otherwise, we define u; ; = u (yl, s t) = Ui ;- Using these observations, we find

that

T §iy1 §it1
—/ (|u® —c|o + F* (y*.’,c) o) dx dt —/ |1’ (x,0) — c| p(x.0) dx
0 & &i
T
+/(F5 (viwi+12:uigy. €)@ Eict) = FO (yiajpouf . c) @ (€1, 1) )dt
0
T .
+/ sign sz [f (Vi.j+1/27c) - f (Vi,j—l/Zvc)](/) (yi.jst) dt
o /=1
<0. (8.92)
Now u; ; = us(yifj, () oru;; = us(y,fj, -); hence if we define #’(x,t) =

w;i j ()11, (x), and set 2° = zJ (1) x1, ;, we have that

2 (yig.t) =2° (vig. 1)
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Now we claim that the sequence {Z°} is compact in L, (R x [0, T]). Trivially we

loc
have that

E <|= <C (8.93)

SHLOO(R) SHLW(R)

and
12(-. 0, = |2°C.0)|,, = C. (8.94)

Furthermore,

||28(',t)_25("t)||L1(R) =/|28(x,t)—25(x,t)| dx
R

Vi j+1/2
=2 / S (yig.1) = (.0 dy
iJ Yij—1/2
Yij+1/2 Vi j
<y / /’zﬁ(x,t)| dxdy
i Yijj-1/2 Y

= max |Axi| |28("t)|BV'
Setting Ax = max; ; Ax; ;, we therefore find that

12°¢.0) _28("S)||L1(R) =3 EEN) _ZS("S)”LI(]R) +248x |2 (. 0)|
<C((t—s)+ Ax).

(8.95)

By the bounds (8.93), (8.94), and (8.95), the sequence {Z°} converges along a sub-
sequence (also labeled §), and

limz% = limz% = z.
§—0 §—0

Therefore, also lims_.o #° = u. Now define

Ag(x,c) = Ax '(f (vij+172.¢) = f (vij—1j2.¢)), forx € I;;.
ij
Using this notation, the inequality (8.92) reads
T &iy1 €it1
—// (|’ —c| o + F* (v ul.c) oy) dx dt — / [u’ (x,0) — ¢| p(x,0) dx
0 & &

(FP (v uf c) o E.t) = FP (v ouiyy.c) @ (i 1)) di

$l+l N;

sign (i1° — ¢) Acg*(v.0) D @ (vij-1) 21, (v) dy dt

& J=1

<0. (8.96)

O\H o\\]
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Now we can add this fori = 0, ..., M to obtain

—//(’u‘3 —clo+ F(y*.u’,¢) gy) dx dt —/’u‘;(x,O)—c|<p(x,O)dx

r R

-

[F (v o) = FP (v oui o) ] @ (. t) d

i=1

o

i+1

N;
sign (it — ¢) Avg’ (v.¢) Y @ (yij.1) x1,, (v) dydt
& J=1

<o. (8.97)

-

Il
=

+

c"\ﬂ O\H

At this point it is convenient to state the following general lemma.

Lemma 8.20 Let 2 € R be a bounded open set, g € L'(R2), and suppose that
2. (x) = g(x) almost everywhere. Then there exists a set ©® C R, which is a most
countable, such that for every c € R\ 6,

sign (g,(x) —c) — sign(g(x) —c) a.e. in $2.
Furthermore, let ¢ € © and define
EF.={xeR]|gkx)=c}.

Then it is possible to define sequences {c,,}_; C R\ @ and {¢,};,_, C R\ ©
such that
¢, 1 ¢ and sign (g(x) — gm) — sign(g(x)—c) aein2\E., (8.98)
Cm L ¢ and sign(g(x)—cy) —sign(g(x)—c) aein2\E, (8.99)

asm — OQ.

Proof Fix ¢ € R and a point x € £2 such that g,(x) — g(x) and g(x) # c.
For sufficiently large n, sign (g,(x) — c¢) = sign (g(x) —¢), i.e., sign (g,(x) —¢)
is constant in n, and therefore converges to the correct limit. Thus for each ¢ € R,
sign (g,(x) —c¢) — sign(g(x) —c) almost everywhere in £2 \ .. It remains to
show that all but countably many of the sets Z. have zero measure. To this end,
define

1
Cr = {c € R | meas(E,) > %}

Since §2 is bounded, C;, contains only a finite number of points. Therefore, the set

{c € R | meas(ZE.) > 0} = U Cr
k>0

is at most countable.
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To prove (8.98), fix ¢ € ©. Since O is at most countable, we can find a sequence

¢, 1 csuchthatc, ¢ ©. For x € 2\ E., we have that g(x) # c, and thus
sign (g(x) — gn) = sign (g(x) — ¢) for n sufficiently large. Thus (8.98) holds. The
existence of {¢,} and (8.99) is proved in the same way. |

Now clearly

Ni

A’ (. 0) Y @ (yigat) xi, (0) = 0 f(¥(3). )p(p.1) as § — 0
j=1

in each interval (§;, & 41). Furthermore, by Lemma 8.20,
sign (i’ — ¢) — sign (u —¢).,

for almost all (x, #) and all but at most a countable set of ¢’s.
Regarding the middle term of (8.97), by Lemma 8.4 each summand is bounded
by

8" (v ) = &" (vi . ¢)

’

since (u;, u;") satisfies the minimal jump entropy condition. Therefore, by sending
6 to 0in (8.97), we find that

—//(|u—c|<pt+F(y,u,c)gox)dxdt+ // sign(u —¢) 0, f(y,c)p dx dt
nr

HT\Dy

I(c)

T
- [ ¥ 1060 - sl et ndi - [ o= cloto dx
0 xeD, R
<0 (8.100)

for all but a countable set of ¢’s and all nonnegative test functions ¢. This can be
rewritten as

I(c) = G(o),

where G is a continuous function of c. Let @ denote the set where the convergence
of sign (#1® — ¢) — sign (u — ¢) does not hold. Fix some ¢ € © and define the two
sequences {c, } and {c,} as in Lemma 8.20. Set

£, = {(x,t) \ u(x,t) = c}.

Since (8.100) holds for ¢, and ¢,, we can write /(c) as

// sign (v —¢,) 0« f(v.u)p dx dt

[Tr%e (8.101)

+ [ sien(u-c) s g dxde < GG,

E\Dy
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where [Ty = ITy \ D,. Since ¢,, < c, the last integral can be rewritten as

/ o f(y,u)p dxdt.

E\Dy

Since f is continuous, by sending 7 to oo, we find that

// sign(u—c)axf(y,u)wdxdt—i-/ dy f(y,u)pdx dt < G(c). (8.102)

ﬁT\TC f"\DV
Similarly, using the sequence {c, }, we arrive at
// sign(u —¢) 9, f(y,w)pdxdt — / d f(y,u)pdx dt < G(c). (8.103)
ﬁT\f(- EA\Dy
Adding (8.102) and (8.103) and dividing by 2, we find that
// sign(u —¢) 0, f(y,u)p dx dt < G(c).
ﬁT\Ic
Since sign (0) = 0, sign (u — ¢) = 0 on Z,, and therefore, we can conclude that
// sign(u —¢) 0 f(y,u)p dxdt < G(c) (8.104)
HT\Dy

for all constants c. We have proved the following theorem.
Theorem 8.21 Assume that the flux function satisfies A.1-A.4, and let u® be a weak

solution of (8.84), constructed by front tracking, such that u® converges to u in
LY(ITy). Then the entropy condition (8.100) holds for all constants c.

8.3 Uniqueness of Entropy Solutions

Now we shall use the KruZkov entropy formulation, (8.100), to show that there
exists at most one entropy solution. For convenience, we restate this condition,

// lu —clo: + F(y,u, c)(px)dldx— // sign(u —c¢) 0, f(y,c)pdt dx

HT\Dy

/Zlf v = 1 (v )|¢(sl,r>dr+/|uo—c|go(x 0)dx = 0,

(8.105)
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for all nonnegative test functions ¢ € C{ (R x [0, 7)) and all real constants ¢, and
where we write y£ = y(& ).

In addition to satisfying this entropy inequality, we demand® that an entropy
solution be a weak solution, i.e., that it satisfy (8.54) and be slightly more regular
in the sense described below.

If w € L*°(I17), by the left and right traces of w(-,¢) at a point x, we under-
stand functions ¢ > w(xo=%,t) € L*(]0, T]) that satisfy a.e.t € [0, T),

ess li'mxlxo |lw(x,t) —w(xe+,1)| =0, (8.106)
esslimyy, |w(x,t) —w(xo—,1)| = 0.
When comparing two entropy solutions, we shall need that they have traces at the
points &;, i.e., if u is an entropy solution, then we assume that the following traces
exist:

ui(t) =u(x;+.1), (8.107)

in the sense of (8.106) for almost all # and fori = 1,..., N.
An entropy solution of (8.53) is a functionin L! (IT7)NC([0,T); L} (R)) such

loc loc

that (8.54), (8.105), and the regularity assumption (8.107) all hold.

We have already shown that an entropy solution exists for our model problem,
since the existence of traces follows by noting that z (-, ) € BV(R), which implies
that z has traces. Since u = z~!(y, z), the same applies to u.

Letnow w = w(x) be any function on R, and fix a point y. We use the following
notation:

| y+e
L-lim, = lim - dx,
im, |, w(x) 61?016/11)()0 X
¥

y

1

L-limypy w(x) = lim — / w(x)dx.
el0 &
y—e
Lemma 8.22 Let w € L*°(I17), and fix a point xo € R. If the left and right traces
t > w(xo=,t) exist in the sense of (8.106), then for a.e. t € [0,t) we have that
L-limy yy, w(x, 1) = w(xo+,1), L-limyye, w(x, 1) = wxo—, ).

Proof We prove the first limit as follows:
Xo+e
! / |lw(x,t) —w(xo+,1)| dx
¢ X0
Xo+e
= - €SS SUP ¢ () xo+e) (W, 1) — w(xo+,7)| dx
X0

= €SSSUP,¢(xyxpte) (W 1) —w(xo+,2)] — 0 ase 0. O

3 This does not follow easily from the entropy condition, which is in contrast to the case in which
the flux function is space-independent.
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As a consequence of this lemma, the following limits exist for every entropy
solution u:

L-limy e f (v(x).u(x. 1) = f (v (&i4) uEi+.1)),
L-limyg, f(v(x),u(x,0) = f (v (=) u(§i—.1)).

and therefore, if v is another entropy solution,

(8.108)

L-limy g, F (y (%), u(x, 1), v(x,0) = F (y §i+) u(Gi+.0), v +.1)

L'limxTEi F ()/(X), M(X, l), v(x, l)) = F ()’ (Sl_) ) M(Si—, l), v(éi_s t)) s
(8.109)

where F is the KruZkov entropy flux (8.88). Before we continue, let us define the
following compactly supported Lipschitz continuous function:

é(s +x) ifx e (—&0],
0e(x) = y1(e—x) ifxe[0.e), (8.110)

0 otherwise.

Lemma 8.23 Let u be an entropy solution. Then for a.e. t € [0,t) and for all
constants c,

f i) = f (iui @),
F(]/l ’ l’ ) F(yi_’ui_) = |f(yi+’c)_f(yi_’c)|’

where F is the KruZkov entropy flux (8.88).
Proof Since u € L*([1r), a density argument shows that
(p(x’ t) = 96 (x - SZ) w(t)a

where ¥ € CO1 ((0, 7)) is an admissible test function that can be used in the weak
formulation (8.54). If ¢ < min; {§; 1 — &}, we get

!/ uf, (x — &) Y'(0) dx di
Eite

T
- [ / FOr 0wy dx — - / FOr0o).u) dx )y (o) d.
0 & g,—s

By sending ¢ | 0 and using Lemma 8.23, we obtain

T
/ (vi"ouf) = f (7 oup)) w(2)dt = 0.
0

Since this holds for every test function v, the integrand must be zero.
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To prove the inequality in the lemma, we choose the same test function, but
restrict ¥ to be nonnegative. By the entropy condition, (8.105), we get

// u—clb (x — &) Y/ (1) dx di
It

Eite &

é/F(y(x),u,c)dx—é / F(y(x),u,c)dx)w(t)dt
& &i—e

T

-/
0

_// sign (1 — ¢) 9 f(y(x). )0, (x — &) ¥ (1) dx dt
Ir

T
+/!f(y,*,c)—f(yf,c)lw(ﬂdr > 0.
0

Again, by sending ¢ | 0,

T T

/\f (vie)=f (vi.o)|v@) de z/(F (v ut.c) = F (y7 . ui.c)) v () dr,

0 0

which implies the inequality. |
This has the following immediate corollary.

Corollary 8.24 Assume that the flux function f satisfies A.1-A.4. If u is an entropy
solution, then the pairs (u; ,u") satisfy the minimal jump entropy condition (8.25)—
(8.26)fori =1,...,N.

For any test function ¢ that has support away from D,,, we can double variables
in the sense of Kruzkov.

Lemma 8.25 For every two entropy solutions u and v and nonnegative test func-
tion ¢ € Cy(ITr \ D,), we have that

~ [ (vt + Py ar s

Ir

5C//|u—v|<pdtdx+/|u0—v0|<p(x,0)dx, (8.111)

Ir R

where the constant C is zero if y is piecewise constant.
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Proof The proof is a classical doubling of variables argument. It uses exactly the
same arguments as in Sect. 2.4, but adapted to our situation.

Let ¢ be a nonnegative test function in CO1 (ITy x II7). We use the notation
u = u(y,s), v = v(x,t). Then using ¢ = u(y,s) as the constant in the entropy
inequality for v and then integrating over (y, s), we get

_////(|u—v|¢,+F(y(x),u,v)¢x)dtdxdsdy

HTXHT
+ //// sign (v —u) f (y(x).u), pdtdxdyds (8.112)
(M7 \Dy)x(Tr\Dy)

f///|Uo—u|¢(x,0,y,s)dxdsdy.
mr R

Similarly, starting with the entropy inequality for u# and integrating over (x,t), we
arrive at

—////(|M—U|¢s + F(y(y). . v)y) ds dy dt dx

HTXHT
v f]] sma-wromo,edsaaa
(M7 \Dy)x(Tr\Dy)

5///|M0—v|¢(x,l,y,0)dydtdx.
nr R

Since y is differentiable outside D,,, for (x,?) € 1t \ D, we have

F (y(x), v, u) gy—sign (v —u) f (y(x),u), ¢
= sign (v —u) (f (y(x),v) = f (¥(¥). u)) px
—sign (v —u) ((f (). u) = f (¥(¥).u) §), .

Using this, we find that

_ [/// (F (y(x). v, u) ¢ —sign (v —u) f (y(x),u), ¢)dt dx dsdy

(nT\Dy)X(nT\Dy)

_ //// sign (v — 1) (f (V(0),v) — f (), 0)) o dt dx ds dy

(ITr\Dy)x(ITr\Dy)

+ f//[ sign (v — 1) (f G ()w) — £ (¢ (3).w)) @) di dx ds dy.

(nT\Q)y)X(nT\Dy)
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We also have a similar equality for u,

- f//f (F (y(y),v,u) ¢y —sign (u —v) f (y(y).v), ¢) ds dy dt dx

(T \Dy)x(IT7\Dy)

_ //// sign (u — v) (f (7(7), 1) —  ((x), v) y ds dy dt dx

(nT\Q)y)X(nT\Dy)

4 ///[ sign (4 — ) (f G 0).v) — f (). ) ), ds dy di dx.

ITr\Dy)x(IIT\Dy)
Now we introduce the notation
Orgs = 0; + 05, Oxqy = 0 + 0.
We use the above result and add (8.113) and (8.112) to obtain

~[[J] (w=ulo.o

HTXHT

+sign (v —u) (f (¥(x),v) — £ (¥(»),u)) ax+y¢) dt dx ds dy

4 / / / / sign (v =) [((/ /(). 0) = £ (7)) 9,

Iy xIp

+((f O)0) = f (/(x).0) #), | dr dx ds dy

5///|U0—u|¢(x,0,y,s)dxdsdy
Ir R

+///|uo—v|¢(x,z,y,o>dy di dx.
mnr R
(8.114)

Now we shall choose a suitable test function. First let o € C$°(R) be a function
such that w(—a) = w(a), w'(a) < 0fora > 0, |w'(a)| <2, w(a) = 0 for |a| > 1,
and [ w(a)da = 1. For positive ¢, set

we(a) = éa) (ﬂ) .

e
Let ¢(x,?) be a test function such that
o(x,t) =0 for|x —§&|<eyi=1,...,N,

for some positive &yg. Then we define

d(x.1,,5) =<p(x42ry,“2”)wg (x;y)wg(tgs), (8.115)
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for & < &. We can easily check that ¢ € C} ((ITr \D,)x (I[Tr\'D,)). Furthermore,
we have the useful identities

xX+y t+s X — t—s
st rt0) = b (5250 o (S50 0 (57

2 2 2 2
X + r+s X — t—s
3x+y¢(x,t,y,S)=3x+y<p( zy, 5 )wa( zy)wa( 5 )

If we use these identities in (8.114), we find that
X—Yy t—s
_/// (Lime (X, 2,5, 8) + Loony(X,2,¥,5)) we ( 3 )wa ( 3 ) dtdx ds dy
HTXHT

5//// (IO 1, 3,8) + 12, (x, 1,9, 8) + I3, (x,1, y,5)) dt dx ds dy

HTXHT

+// |v0—u|¢(x,0,y,s)dxdsdy+// lup —v|p(x,t,v,0)dy dt dx,
HT]R 17T]R

Jinit

(8.116)

where

xX+y t—l—s)

Itime(xat’y’s)z |v_u|at+s§0( B s )

Leonv(x. 1, y,8) = sign(v —u) [f (y(x),v) = f (y(¥).u)]
Xax+y(p (X;ya ! -;S) 5

If}ux('xftvyvs):_Sign(v—u)a)s(%)ws( S)(p('x—l_y +S)

2 2 72
<[V ) () =y ) f,r (). v)]

X — t—s
I3, (x.t,y,5) = —sign (v —u) w, (Ty) W ( 7 )

<o (525 ) e = o))

a0 (555 e - o],

If?ux(x’t’y’s) = [F (y(x),v,u)—F(y(y),v,u)]
X+y t+s r—s xX—y
X(p( R )wa( 7 )ast( 5 )

Introduce new variables
X+Yy X—=y

X= , z= , = , T= ,

2
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which map Iy x 1y into

Qr={(%fz1)eR"|0<i+r<T},

and (I7r \ D,) x (ITr \ D,) into
.QT,J,:{()NC‘,Z‘:,Z,‘[)E.QT |)~C‘:|:Z7é§i,l': 1,,N}

We start by estimating the terms in Jiy;:

///Ivo(x)—u(y s)lw( Rl S) e<x;y>we<%s) dx ds dy

=///|v0()?—I—Z)—u(fc—Z,f—t)|(p()?,r)a)e(z)wg(r)dzdfcdr
0 R —

— %/|v0(x)—u(x,0)|<p(x,0)dx
R

as & — 0. Since ¢ — u(x,t) is L' continuous, we can replace u(x,0) by uy(x).
Similarly, we find that

1
///|u0—v|¢(x,t,y,0)dydldx—>5/|u0—vo|<p(x,0)dx
R

as ¢ — 0, and thus

lim0 Jinit = / [ug — vo| p(x,0)dx. (8.117)

In the transformed variables, we have
Lime(%,7,2,7) = [v(X + 2,7 + 1) —u(X — 2,7 — 7)| 99 (X,7) ,
Leon(X.1,2,7) = sign (v(X 4+ 2,7 + 1) —u(X — 2,7 — 7)) 0z¢ (X.1)
x [f (y(& + 2). v(F + 2.7 + 1))
—f (yEF=2uE—zi-0)),
I (%7, 2,7) =sign (V(E + 2,7 + 1) —u(X — 2,1 — 7)) . (2) 0, (7)
X [V/(F + 2 /0 (F 4+ 2)uE = 2.7 = 1)

Y F =) f,(y(F =) 0 + 2.0+ t))](p (.7).
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L (3.7.2,7)
= sign (V(F + 2.7 + 1) —u(F — 2.7 — 1)) @, (2) w0, (v) Dz (%.7)
< [(JOGE+uE =27 =0) = f(E = 2)u(E - 2.7 1))

+ (fyE+ ) 0E+2.0+ 1) — frE—2).0(F + 2.7 + f)))],

B2, 0) = [F(yE +2), 06 + 2,0+ 0,u(E -2, - 1)
—F(yF—2)vF+ 2.0+ 1) u@ —Z,f—r))]
x g (£.7) 0: (1) 0.0, (2).

It is straightforward to deduce the limits

lin(l)//// Limd %, F, 2, 0w, (2) w, () drdzdidX = //|u —v|@; dt dx,
2 nr

(8.118)

linéf/.//lcom(fc,f,z,t)wg 2w, (t) dvdzdifdx = //F (y(x),u,v) o, dt dx.
Q Ir

(8.119)

Since y is C ! outside D,, we deduce that

lin(l) //// Liw (%.7,2.7) didX dvdz = // Y (X)F, (y(x),u,v) dt dx
QV

HT\Dy

§C//|u—v| dt dx, (8.120)
Ir

where

C =1V ll~@p,) | fur | 1 -

In particular, we observe that C can be chosen as zero if y is a piecewise constant
function.

Next we consider 77 .
Hence y is uniformly C! where Iﬁzux # 0. Therefore,

Since ¢ vanishes near D,, [ 2

fqux also vanishes near D,,.

[T (%.7.2.7)|
< 0:(2),(7) [0x9(%, 1)
<(|f @+ (F-20-1) = f (rF=2)u (=27 =7))]
+f(E+ D F i) - f (PE-2)0(F+2.7+7))))
< 0:(2)ws(0) |00 (. D[ 2| | oo 1Y (F + 2) = y(F = 2))
< 4[5 ey 17 o @\, ) @6 (2)e(2) [9:0(F. D] 2] -
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From this we conclude that
1im)////1§ux (%.7.2.7) did%drdz
e—0
2

&
< lin(l)C / |z| ws(z) dz = 0.
£

(8.121)

Finally, we turn to 13, :

[l (%12, 7)| < @ (%.7) 0e(7) [0:000(2)|
X )F (yE+2)v(E + 2,0+ 1) u(x—=z,7—1))
—F(y(X—2),v(x + 2.7 + 1), u(X —Z,f—‘[))‘
< ¢ (%,1) 2:(0) [0:0:(2)1 21V | o\, 121
X ”f)’“”LOO(R) |U (55 +Z,f+ T) —u (.%—Z,f—f)‘
/ - 8
= nyu HLOQ(R) Iy ”LOO(]R\Dy) % (Xf) wa(f)g)({zllzlfa}
xlv(@E+zi+1)—u(E—zi-1)]|.

Now set

he(X,1) = 2%//|v(fc+z,f—|—t)—u(i—z,f—r)|(p(fc,f)ws(r)dtdz.

—& —¢&

By Lebesgue’s differentiation theorem,
lirr(thg(x, t) = |v(x,t) —u(x,t)| ae.(x,1).

Therefore,

IIII(IJ‘//// i (B 7,27 dtdxdrdz)<th//|u—v|<pdtdx (8.122)
IIr

where the constant C is zero if y is piecewise constant.
Combining (8.118), (8.119), (8.120), (8.121), and (8.122) we get (8.111). |

Equipped with Lemma 8.25, we can continue to prove uniqueness of entropy
solutions. Define

§(£+x) if x € [—e,—¢/2],
if —e/2 <x <¢/f2,
%(8—)6) if x € [e/2,¢],

0 otherwise,

WS(X) =
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and set ¥, (x) = 1 — Z Ve(x — &). Observe that ¥, — 1in L} (R) as & — 0,
and we consider only ¢ such that ¢ < min; {§;,1 — & }. Let ¢ be a nonnegative
test function in COl (I1r). Then ¢ = @V, is an admissible test function, as a den-
sity argument will show. Furthermore, ¢ has support away from D,,. With this test
function, (8.111) takes the form

—//(lu—v|l1/8g0, +F(y,u,v)11/5<px)dtdx—// F(y,u,v)¥odtdx

It IIr
<C//|u—v|lI/5<pdtdx+/|u0—v0|%<p(x 0)dx.
r
Set

1. :// F(y,u,v)¥.odt dx,

and let ¢ |, 0. This yields

_//(|“_v|(/’t+F(J/s“sv)<ﬁx)dfdx

< C// lu —v|ledtdx +/|u0—v0|<p(x 0) dx +hmI .
It
Now we use that (u;,u;") and (v;,v") both satisfy the minimal jump entropy

condition, and thus Lemma 8.6 applies at each discontinuity in y. With this in mind,
we calculate

T Ei+e
18111011—211m ( /F(y(x),u,v)(pdx
! 0 £i+€/2
€i—¢/2
—% / F()/(x),u,v)q)dx)dt
&i—e
N T
=tim 37 [ (F (i) = F (o 00)) 0 6.0)
Lo
<0.

Hence for every nonnegative test function, we have

‘// (Ju = vl @ + F(y.u.v)p,) dr dx

§C// |u—v|(pdtdx+/|u0—v0|(p(x,0)dx. (8.123)
R

I
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This equation is very similar to (2.60), the difference being that F' replaces ¢ and
that F' depends explicitly on x. What follows is therefore analogous to the argu-
ments used after (2.60).

Now let o, (x) be a smooth function taking values in [0, 1] such that

1 if|x|<r,

o, (x) =
0 if|x|>r+1,

and max |o,. (x)| < 2. Then fix sy and s so that 0 < s9 < s < T. For all positive «
and 7 such that so + 7 < s+« < T, let B, . (¢) be a Lipschitz function that is linear
on [Sg, So + «] and on [s, s + 7] and satisfies

0 ift <sgport >s +«k,
ﬂm(l)=§

1 ifs e [so+ 5]

By density arguments, ¢ = «, . is an admissible test function, and using this in
(8.123) gives

S+K So+T

1 1
—//lu—vm,dxdt—— / |u —v|o, dx dt
K T

s R

S0
S+K S+K

§C//|u—v|oe,dxdt+2/ / |F (y,u,v)| Ber dx dt.
so R

S0 r<|x|<r+1

Next, we let so | 0 and use the triangle inequality to get

s+k

1
;//lu—v|oz,dxdtf/luo—vomrdx
s R

R

T

+ %//|v(x,t)—v0(x)|oe,(x)dxdt
0 R

T

1
+ - lu(x,t) —uo(x)| o, (x) dx dt
2

S+K

+C//|u—v|ozrdxdt

so R
S+K

+2/ / |F (y,u,v)| Brr dx dt.

S0 r<|x|<r+1
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We shall now send 7 | 0 and prove later that for every entropy solution u,

1 T
liﬂ]l—//|u(x,t)—u0(x)|a,(x)dxdt =0. (8.124)
T T

0 R

Furthermore, by finite speed of propagation, if ug(x) = vo(x) for |x| large, then
also u(x,t) = v(x,t) for |x| large. Hence F(y(x),u(x,t),v(x,t)) = 0 for |x|
large. Thus

S+K

lim / / |F (y,u,v)| By dx dt = 0.

r—00
S0 r<|x|<r+1

Set

E@) = | |u(x,t) —v(x,t)| dx.
/

By sending t | 0 and then r 1 oo, we obtain

S+K stk
%/f(t)dtff(O)—l—C / E(t)dt. (8.125)
K 0

Let s be a Lebesgue point for the L' function F. Sending « |, 0 yields
N
E(@s) <EWO)+C / E(t)dt.
0

Since the set of Lebesgue points has full measure, we can use Gronwall’s inequality
to conclude that

E(t) < e“'E(0),

for almost every ¢ > 0.
It remains to prove (8.124). To this end, define

(1) = d lr—1n ifo<t=<r,

0 otherwise.
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We then use the test function w,(x — y)B.(t)a,(x) and the constant ¢ = uy(y) in
the entropy formulation (8.105). The result of this is

// e 1) — 1o()] 02 (x — Y)ety ()BL(0) dit dx
I,
4 /[ F (00w 10(3)) (@2 x — y)a (0)), o (0) di dx
I,

- // sign (4 — 10(7)) B f (7). w0 () e (x — Yoty (6B () dt dx

T\D,

+ / S 0 w00) = £ (0 w000) | 0 (& — ) (&) Bt di
0 i

4 / 0 () — 10 ()] o (x — Y)y (x) dx = 0.
R

Since u € Llloc, on sending 7 | 0, all terms in the above expression containing f,
will vanish. Recalling that B.(t) = —1/t for ¢t € (0, ), after an application of the

triangle inequality and an integration over y € R, we find that
1
11?01— [u(x,t) —up(x)| o, (x) dx dt
T T
0 R

<2 / R/ o (x) — w0 (¥)] @, (x — ¥)aty (x) dx dy.

R
Since ug € L1 (R), we can send ¢ |, 0 to prove (8.124).

loc
We have now proved that the initial value problem (8.53) is well posed in L'.

Theorem 8.26 Assume that the flux function f satisfies the assumptions A.1-A.4,
and that the initial value ug is in L'(R) and f(y.uy) € BV(R). Then there exists
a weak entropy solution, in the sense of (8.54) and (8.105), to the initial value
problem (8.53).

If v is another entropy solution with initial data v, then

C
lo(-. ) = uC-. Dl )y < € flvo —uoll 1) -

where the constant C depends on y'(x) for x ¢ D, and is zero if y is piecewise
constant.

8.4 Notes

The presentation here is based on [161]. Over that last twenty years, conservation
laws with spatially discontinuous flux functions have been studied in several papers;
a very incomplete list includes [2, 36, 59, 71, 110, 111, 166, 181, 182] and other
references therein.
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The solution of the Riemann problem presented in this chapter is based on [70].
Regarding the admissibility criteria for solutions of the Riemann problem, as al-
ready hinted at in the text, there exist many criteria for selecting unique solutions;
see, e.g., [2, 59]. It turns out that all these recipes can be used to prove an estimate
similar to (8.123), and thus give a unique solution to the Cauchy problem. How this
is done is explained in [5]. Example 8.8 is taken from [143].

The convergence of the front-tracking algorithm is taken from [113]. In [114] the
convergence of front tracking was shown for the polymer model (8.5). Existence
proofs based on finite volume methods were first presented in [181], see also [182],

and later extended to several dimensions in [107]. For a general overview we refer
to [35].

8.5 Exercises

8.1 Solve the Riemann problem for the linear conservation law with discontinuous
coefficients,

a;, x<O0,
w4+ (@), =0,  ax) ="
a., x=>0.

8.2 Carry out the coordinate change transforming (8.4) into (8.5).
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