Chapter 4

Multidimensional Scalar Conservation Laws

Just send me the theorems, then I shall find the proofs.
— Chrysippus told Cleanthes, 3rd century BC

Our analysis has so far been confined to scalar conservation laws in one dimen-
sion. Clearly, the multidimensional case is considerably more important. Luckily
enough, the analysis in one dimension can be carried over to higher dimensions by
essentially treating each dimension separately. This technique is called dimensional
splitting. The final results are very much the natural generalizations one would ex-
pect.

The same splitting techniques of dividing complicated differential equations into
several simpler parts can in fact be used to handle other problems. These methods
are generally called operator splitting methods or fractional steps methods.

4.1 Dimensional Splitting Methods

We will show in this section how one can analyze scalar multidimensional conser-
vation laws by dimensional splitting, which amounts to solving one space direction
at a time. To be more concrete, let us consider the two-dimensional conservation
law

u, + fu) + g, =0, u(x,y,0) =up(x, y). 4.1
If we let S,f’xuo denote the solution of
v+ S0 =0, v(x,y,0) =up(x,y)
(where y is a passive parameter), and similarly let S¥”u denote the solution of
w; +gw)y =0, wlx,y,0) =ue(x,y)

(x is a parameter), then the idea of dimensional splitting is to approximate the solu-
tion of (4.1) as follows:

ulx,y,nAt) ~ [Si’ty o Si‘f]n up. (4.2)

! Lucky guy! Paraphrased from Diogenes Laertius, Lives of Eminent Philosophers, c. A.D. 200.

© Springer-Verlag Berlin Heidelberg 2015 171
H. Holden, N.H. Risebro, Front Tracking for Hyperbolic Conservation Laws,
Applied Mathematical Sciences, DOI 10.1007/978-3-662-47507-2_4




172 4 Multidimensional Scalar Conservation Laws

< Example 4.1 (A single discontinuity)
We first show how this works on a concrete example. Let

f) = glu) = 3o
and

u; forx <y,
M()(X, y) =
u, forx >y,

with u, > u;. The solution in the x-direction for fixed y gives a rarefaction wave,
the left and right parts moving with speeds u; and u,, respectively. With a quadratic
flux, the rarefaction wave is a linear interpolation between the left and right states.
Thus

U forx <y 4u;At,
u'? = Sg’,xuoz (x—y)/At fory +u At <x <y+u,At,
U, forx >y + u,At.

The solution in the y-direction for fixed x with initial state u'/? will exhibit a fo-
cusing of characteristics. The left state, which now equals u,, will move with speed
given by the derivative of the flux function, in this case u,, and hence overtake the
right state, given by u;, which moves with smaller speed, namely u;. The charac-
teristics interact at a time ¢ given by

Ut +x —u,At =ut +x —u;At,

ort = At. At that time we are back to the original Riemann problem between states
u; and u, at the point x = y. Thus

u' == S5Vu'? =y
Another application of S gtx will of course give
3/2 . Sfix 1 _ . 1/2
u’c =S u =u’t.
So we have that u" = u for all n € N. When we introduce coordinates

1 1

S=ﬁ(x+y), n=ﬁ(x—y),

the equation transforms into

u; forn <0,

1 2)
u + —Uu :01 M(E9n90):
' («/5 £ u, forn>0.
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We see that u(x, y,t) = uo(x, y), and consequently limp,_,o 4" = uy (Where we
keep nAt = ¢ fixed). Thus the dimensional splitting procedure produces approxi-
mate solutions converging to the right solution in this case. &

We will state all results for the general case of arbitrary dimension, while proofs
will be carried out in two dimensions only, to keep the notation simple. We first
need to define precisely what is meant by a weak entropy solution of the initial
value problem

u, +div fu) =0, ul,—o = uo, 4.3)

where f = (fi,..., fu),and the spatial variables are denoted by (x1, ..., x,,) € R™.
Here we adopt the Kruzkov entropy condition from Chapt. 2, and say that u is
a (weak) Kruzkov entropy solution of (4.3) for time [0, T'] if u is a bounded func-
tion that satisfies’

T m
//(|u—k|<pt+sign(u—k)Z(fj(u)—fj(k))goxl.)dxl---dxmdt
j=1

0 Rm™

+ [ (ololio =1 = (=Kl 9li=r) i - dx, =0, (4.4)
Rm

for all constants k € R and all nonnegative test functions ¢ € CS°(R™ x [0, T]). It
certainly follows as in the one-dimensional case that u is a weak solution, i.e.,

/oo/ (u(p, + f(u)-Vw) dxi---dx,dt

0 Rm

+ / @li—ouodxy -+ dx,, =0, 4.5)
]Rm

for all test functions ¢ € C§°(R™ x [0, 00)).

Our analysis aims at two different goals. We first show that the dimensional
splitting indeed produces a sequence of functions that converges to a solution of
the multidimensional equation (4.3). Our discussion will here be based on the more
or less standard argument using Kolmogorov’s compactness theorem. The argu-
ment is fairly short. In order to obtain stability in the multidimensional case in the
sense of Theorem 2.14, we show that dimensional splitting preserves this stability.
Furthermore, we show how one can use front tracking as our solution operator in
one dimension in combination with dimensional splitting. Finally, we determine
the appropriate convergence rate of this procedure. This analysis strongly uses
Kuznetsov’s theory from Sect. 3.3, but matters are more complicated and techni-
cal than in one dimension.

We shall now show that dimensional splitting produces a sequence that con-
verges to the entropy solution u of (4.3); that is, the limit u should satisfy (4.4).

2 If we want a solution for all time, we disregard the last term in (4.4) and integrate ¢ over [0, 00).
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As promised, our analysis will be carried out in the two-dimensional case only, i.e.,
for equation (4.1). Assume that u, is a function in L'(R?) N L>®°(R?) N BV (R?)
(consult Definition A.2 for a definition of BV (R?); see also (A.11)). Let t, = nAt
and t, 412 = (n + %)At. Define

w0 =ug, W=l = S w2, (4.6)

for n € Ny. We shall also be needing an approximate solution for ¢ # #,. We want
the approximation to be an exact solution to a one-dimensional conservation law
in each interval [t;,1;11/2], j = k/2, and k € Ny. The way to do this is to make
“time go twice as fast” in each such interval; i.e., let u 5, be defined by3

fix
Uar (. 1) = S2(t—t”)“n fort, <t < tiy1)2, @
e o 8.y +1/2 .
2(z—t,,+1/2)”" /2 for tiv12 =t <ty

We will use Theorem A.11, that is, we show that the sequence {u,,} is compact.
Since neither the operator S/* nor S&” increases the L> norm, u, will be uni-
formly bounded, i.e.,

e aell @2y = ol w2 (4.8)

independent of At.
Next we study the total variation. We start by considering

' 1
/T.V.y (SL’W") dx = / lim E/ "2 (x,y + h) —u" T2 (x, y)| dy dx

h—0

1
= lim Z// "2 (x, y + by —u" T2 (x, y)| dx dy

h—0
: 1 n n
flgngfm (roy +h) — " (x. )| dx dy
: 1 n n
=/}yg55/|u (o3 + ) — " (x. )| dy dx
- [ T.V, (") dx, 4.9)

where we used Lemma A.1 and the Ll—contractivity; cf. Theorem 2.15 (vi). The
interchange of integrals and limits is justified using Lebesgue’s dominated conver-
gence theorem.

For the solution constructed from dimensional splitting we have

T.V.,, (W"?) = [ T.V.. (S dy + / TV, (S5 u") dx

< /T.V.X ") dy + /T.V.y (u") dx
=T.V.., "), (4.10)

3 We will keep the ratio A = A¢/Ax fixed, and thus we index only with At.
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using the TVD property of S/* and (4.9). Similarly,

TV, @) < TV, "3,
and thus

TV, ") <T.V.., (uo)
follows by induction. This extends to
TV, (ua) STV, (uo). 4.11)

We now want to establish Lipschitz continuity in time of the L'-norm, i.e.,

luar@) —uai($)lpirey = C It = s (4.12)
for some constant C. By repeated use of the triangle inequality it suffices to estimate

luar(tusr) — MAz(ln)HLI(RZ) = ||un+1 —u"t2 ”1 + H“Hl/z —u" HLI(RZ)

= ”Sg’txu” —u"

L'(R2)
+ ||S§,tyun+l/2_un+1/2”Ll(R2). (413)

Using Theorem 2.15 (vi), we conclude that the first term in (4.13) is bounded by
| fllLipAt T. V., (u"). For the second term. we obtain, using in addition (4.9), the
bound ||g|lLipAt T.V. , (u"). This proves

s 1) = uar (@)l = At max{]] £ [ip, € llLip} T-V ..y (u0) - (4.14)

Using interpolation, we obtain the estimate

luar(@) —ua()Ily < luar(®) —ua @)l
+ lluar(tn) —uar(@n)lly + luac(s) —uar (@)l
< (Itw = tm] + 2A17) max{]| fl|Lip. 1€ lILip} T-Vox.y (u0)

= ( |t - S| + 4At) maX{”f”Lip’ “g”Lip}T-V-x,y (uo) s
(4.15)

where t € [t,,t,41) and s € [t,, tyy1)-

Using Theorem A.11, we conclude the existence of a convergent subsequence,
also labeled {u,}, and set u = lima,_,o u ;. Next we have to prove that the limit
u is a weak entropy solution.

Let ¢ = ¢(x, y,t) be a nonnegative test function, and define ¢ by ¢(x, y,t) =
o(x,y, %l +t,). By defining t = 2(t —nAt), we have that for each y, the function
u a; is a weak solution in x on the strip ¢ € [t,, #,41/2] satisfying the inequality

At
[ [ s =100 +7 s o) axas
0 (4.16)

2/}un+l/2—k|<ﬂ|z=mdx-/|u"—k|(p|t=0dx,




176 4 Multidimensional Scalar Conservation Laws

for all constants k. Here ¢/ (u, k) = sign (u — k) (f(u) — f(k)). Changing back to
the ¢ variable, we find that

t11+1/2 1
2 / /(5 luar — k| ¢ —|—qf(um,k)¢x) dxdt
I
z/|u"+1/2—k|¢>|t=wz dx—/|u”—k|¢|,=,n dx. (4.17)
Similarly,
In41 1
2 [ [ (3= K16+ a2a g, ) aya
Tnt1/2
> / |u"+1 _k|¢>|t=tn+1 dy—/ }u"+1/2—k|¢|,:,”+1/2 dy. (4.18)

Here g% is defined similarly to ¢/, using g instead of f. Integrating (4.17) over y
and (4.18) over x and adding the two results and summing over 7, we obtain

T
1
2/ //(5 luar — k| ¢ + Z)(an(um,k)q&x
0 n
+ 3 Fug® (. k>¢>y) dx dy dt

> //(lum — K| $)li—r dx dy —/ o — k| (0) dx dy.

where y, and j, denote the characteristic functions of the strips 7, < ¢ < f,41,2
and 1, 41/2 <t =< t,41, respectively. As At tends to zero, it follows that

* 1 ~ * 1
ZX"_\E’ ZXn_\E
n n

Specifically, for continuous functions ¥ we see that

tn+l/2

T
Yo wvdr=3" | v
=[x
NG
= YA

T
1
—>§/wdtasAt—>O
0
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(where ¢ is in [t,, t,41/2]), by definition of the Riemann integral. The general case
follows by approximation.
Letting At — 0, we thus obtain

T
///(hl —k|p + ¢/ (u, k)py +61g(u,k)¢y) dx dy di
0

[ 1o kighodxdr = [[ u ki @)r dxar

which proves that u(x, y,t) is a solution to (4.1) satisfying the Kruzkov entropy
condition.

Next, we want to prove uniqueness of solutions of multidimensional conserva-
tion laws. Let u and v be two Kruzkov entropy solutions of the conservation law

ur+ fu)e +gu), =0 (4.19)

with initial data u, and vy, respectively. The argument in Sect. 2.4 leads, with
no fundamental changes in the multidimensional case, to the same result (2.65),
namely,

u@) — v ®2) < lluo — vollL1(w2), (4.20)

thereby proving uniqueness. Using the fact that if every subsequence of a sequence
has a further subsequence converging to the same limit, the whole sequence con-
verges to that (unique) limit, we find that the whole sequence {u,} converges, not
just a subsequence. We have proved the following result.

Theorem 4.2 Let f; be piecewise twice continuously differentiable functions, and
furthermore, let uy be an integrable and bounded function in BV (R™). Define the
sequence of functions {u"} by u® = uy and

u'tim — S'Af"t'x"u"*'(j_l)/’", j=1,....m, neN,.
Introduce the function (where t, = r At for a rational number r)

Sf}uxj- un+(j—1)/m’

UA (XL, X 1) = Mt =ty (j—1)/m)

fort € [tyyi—1y/m>tatjim)- Fix T > 0. Then for every sequence {At} such that
At — 0, forallt € [0,T] the function ua,(t) converges to the unique weak so-
lution u(t) of (4.3) satisfying the Kruzkov entropy condition (4.4). The limit is in
C([0. T): LE (R™)).

To prove stability of the solution with respect to flux functions, we will show that
the one-dimensional stability result (2.80) in Sect. 2.4 remains valid with obvious
modifications in several dimensions. Let ¥ and v denote the unique solutions of

u; + f(u)x + g(u)y =0, M|t=0 = Uy,
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and
v+ f) + @), =0, vl= = vy,

respectively, that satisfy the KruZkov entropy condition. We want to estimate the
L'-norm of the difference between the two solutions. To this end, we first consider

||un+1/2 _ vn+1/2”L1(RZ) — // |un+1/2 _ vn+1/2’ dx dy

5/(/|u”—v"|dx

+ Armin{TV . @), TV 0 = i) dy
= |lu" - Un”Ll(]RZ)

+ At]f = Flluip / min{T.V., ("), T.V., (")} dy.
Next we employ the trivial, but useful, inequality
arnb+crnd<(a+c)nb+d), a,b,c,deR.

Thus

“un+1 _ vn+1”Ll(R2) = / |un+1 _ vn+1’ dx dy

S/(/|un+1/2_vn+1/2’ dy

+ Armin {T.V., (") TV, (")} g — §||Lip) dx

< ||un+1/2 _ vn+1/2 ”LI(RZ)

+ Atllg — &lluip / min {T.V., (u""/?)  T.V., (v"*"/2)} dx
< " = 0"y + At max {ILf = Flupe g = Elun)
x (mm{ / T.V., (") dy, / T.V. (") dy|
+min{/T.v.y ™) dx,/T.V.y ") dx})

< " =" 1 (w2
+ Atmax{|| f — flluip, |1 — &llLip}

STV ") dy + [T.V., (u") dx,§

YTV, ) dy + [TV, (07) dx

= [lu" — Un||L1(R2)

+ Armax{]| £ = fllp. g = Zlip} min {T.V. "), T.V. ") |,
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which implies

" = V"l 1 @2y = N0 — voll 1 g2
+ nAtmax{| f — fllip, [Ig — &llLip} min{T.V. (o) , T.V. (vo)}.  (4.21)

Consider next t € [f,,#,41/2). Then the continuous interpolants defined by (4.7)
satisfy

e (0) = e Ol 1 ey = [ S5, 0" = 3570

5/[/|u"—v"|dx

200 = ) min{T.V.y @) TV WS = Fllp | dy
= ||u" —v" ”LI(]RZ) (4.22)
+20t —t)f = Flluip / min{T.V., ("), T.V., (v")} dy
< fluo — voll1(r2)
+ tymax{|| f = fllLip. |g — &llLip} min{T.V. (o) , T.V. (vo)}
+2(t — t,) min{T.V. (o) , T.V. (vo)} max{|| f — £ llip: [l — &lLip}

< lluo — voll.1(r2)
+ (¢ + At) min{T.V. (uo) , T.V. (vo)} max{[| f — f|luip, & — &llLip}-

L1(R2)

Observe that the above argument also holds mutatis mutandis in the general case
of a scalar conservation law in any dimension. We summarize our results in the
following theorem.

Theorem 4.3 Let uy be in L'(R™) N L¥(R™) N BV (R™), and let J; be piece-

wise twice continuously differentiable functions for j = 1,...,m, and set f =
(fi, ..., fm)- Then there exists a unique solution u = u(xy, ..., X;,t) of the initial
value problem

u; +div f(u) =0, ul;—o = uo, (4.23)

that satisfies the Kruzkov entropy condition (4.4). The solution satisfies

@)l oo @y < [0l 0o @y »
T.V. (u(t)) < T.V.(uo), (4.24)
(@) = w1 @my < |t — s mjax{ | fi llLip }T-V. (o) -

Furthermore, if vy and g share the same properties as uy and f, respectively, then
the unique weak KruZkov entropy solution of

v, +divg(v) =0, v|,—9 = vo, (4.25)
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satisfies

l[u(®) = vl 1@y = [0 = voll 1w (4.26)
+ 1 min{T.V. (u) , T.V. (vo) } m/?lX{ /i — & lluip }-

Ifug <vgand f = g, then alsou < v on all of R™ x [0, 00).

Proof The proof of the Lipschitz continuity in time follows from (4.15). The mono-
tonicity statement at the end follows using the L'-contractivity (the special case of
(4.26) with f = g) as in the one-dimensional case by employing the Crandall-
Tartar lemma. |

(See also Exercise 4.1.)

4.2 Dimensional Splitting and Front Tracking

It doesn’t matter if the cat is black or white. As long as it catches rats, it’s a good cat.
— Deng Xiaoping (1904—1997)

In this section we will study the case in which we use front tracking to solve the
one-dimensional conservation laws. More precisely, we replace the flux functions
f and g (in the two-dimensional case) by piecewise linear continuous interpola-
tions fs and g5, with the interpolation points spaced a distance § apart. The aim is
to determine the convergence rate toward the solution of the full two-dimensional
conservation law as § — 0 and At — 0.

With the front-tracking approximation, the one-dimensional solutions will be
piecewise constant if the initial condition is piecewise constant. In order to prevent
the number of discontinuities from growing without bound, we will project the one-
dimensional solution S/*u onto a fixed grid in the (x, y)-plane before applying
the operator S8,

To be more concrete, let the grid spacing in the x- and y- directions be given by
Ax and Ay, respectively, and let ;; denote the grid cell

Lij = [xi, i) X [y;, yj41)-

The projection operator 7 is defined by

1
au(x,y) = m//udxdy for (x,y) € I;j.

Let the approximate solution at the discrete times #; be defined as

W2 = 7o SP U and wt! = oSSV,
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sk*
u™(0) u™(At)
x
T | n—-n+1 ™
S&
w2 (AL) ut2(0)
T
Fig. 4.1 Front tracking and dimensional splitting on a 3 x 3 grid
forn = 0,1,2,..., with u® = muy. We collect the discretization parameters in
n = (8, Ax, Ay, At). In analogy to (4.7), we define u, as
Ssz{ftn)“" forty <1t < tyi1/2
ut1/2 fort = t,.1/2,
w) (1) =14 Y (4.27)
857 u" 2 fort <t<t
2(t—tyt1/2) n+1/2 = n+1s
ynt! fort = t,41.

InFig. 4.1 we illustrate how this works. Starting in the upper left corner, the operator
S ft’x takes us to the upper right corner; then we apply = and move to the lower right
corner. Next, S iﬁ’y takes us to the lower left corner, and finally & takes us back to
the upper left corner, this time with » incremented by 1.

To prove that u, converges to the unique solution u as n — 0, we essentially

mimic the approach we just used to prove Theorem 4.2. First of all we observe that
0
"uﬂ(t)|‘Loo(R2) S Hu HLOO(RZ)’ (428)

since S/*, §%7 and 7 all obey a maximum principle. On each rectangle I; ; the
function u,, is constant for 1 = Af. In a desperate attempt to simplify the notation,
we write

uy; = uy(x, y,nAr) for (x, y) € I;.
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Next we go carefully through one full time step in this construction, starting with
uj;. At each step we define a shorthand notation that we will use in the estimates.
‘When we consider u;’j as a function of x only, we write

ul(0) = uli = uy(-. jAy. nAt).

(The argument “0” on the left-hand side indicates the start of the time variable
before we advance time an interval At using S ft’x.) Advancing the solution in time
by At by applying front tracking in the x-variable produces

W (Af) = (sgé;xu;) (x).

(The x-dependence is suppressed in the notation on the left-hand side.) We now
apply the projection 7, which yields

u;-’j+1/2 = mu} (A1)

After this sweep in the x-variable, it is time to do the y-direction. Considering

n+1/2 . .
u;; / as a function of y, we write

n n . 1
ui+1/2(0) — u[j+1/2 — MTI(l Ax7 ., (n —+ E)AZ)’
to which we apply the front-tracking solution operator in the y-direction
n+1/2 s,y n+1/2
W V(AL = (Sgb,}uﬁ / )(y).

(The y-dependence is suppressed in the notation on the left-hand side.) One full
time step is completed by a final projection

+1 _ n+1/2
u;; =y, (At).

Using this notation, we first want to prove that the total variation is bounded in
the sense that

T.V. ") < T.V. (up) . (4.29)
‘We will show that
T.V. u"™?) < T.V.(u"); (4.30)

an analogous argument gives T.V. (u"“) < T.V. (u”+1/2), from which we con-
clude that

T.V. (") < T.V. ("),

and (4.29) follows by induction. By definition,

TV (@) =3 (

n+1/2 _ n+1/2

i1, T Ui ‘A)"i‘

u i

ul T2~ u;’jm) Ax) ., (431
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while
T.V.(u") = Z ( Uiy — u;”j) Ay +uj 4 — u;”j) Ax) . (4.32)
i.j
We first consider
o[l =] = TV (i can)

| <TV., (u (An) = V. (w0))
(433)

+11 tj’

where we first used that T.V., (w¢) < T.V., (¢) for step functions ¢. This fol-
lows from the following argument: Let ¢. be a continuous function equal to ¢
except close to each jump, where we use a linear interpolation. Then T.V., (¢) =
T.V.x (¢.) = T.V., (m¢), since m¢ is just a particular partition of ¢.; cf. (A.1).
Subsequently we used that T.V. (v) < T.V. (vy) for solutions v of one-dimensional
conservation laws with initial data vg. For the second term in the definition of
T.V. (u"*/2) we obtain (cf. (4.10))

3 u?,-}—-lf-/lz_ "H/Z)AxAy _ Z/

n+1/2_ n+1/2‘dxdy

i,j+1
i,] 11/
—Z/‘ W (Af) — " (Ar))) dx dy
L] I;j
< Z/ W, (Ar) — u;?(m))) dx dy
L I;j
W (AL — ! (Ar)) dx dy
ij I;j
(i+1)Ax
=Y ay W, (Ar) — u;-’(At)‘ dx
i.J iAx

= ZAy/ )”7+1(X,At)—u;(x,At)‘ dx
J R
ul,y(x.,0) - u;?(x,())) dx

<> Ay
J R

:Zu
i.j

L=l Axay. (434)
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The first inequality follows from |r¢| < 7 |¢|; thereafter, we use flij TP = fli,- 9,

and finally we use the L'-contractivity, ||v — W) = [vo— woll 1(w), of solu-
tions of one-dimensional conservation laws. Multiplying (4.33) by Ay, summing
over j, dividing (4.34) by Ax, and finally adding the results gives (4.30).

Finally, we want to show the analogue of Lipschitz continuity in time of the
spatial L'-norm as expressed in (4.12). We want to prove the following result:

“uﬂ(tm)_un(tn)”Ll R2) = E uji —u; | AxAy
(R2)
i,j

< (maxt | flluip, g Iuip AT +2(Ax + Ap))
x T.V. (u°) [m —n|. (4.35)

To prove (4.35), it suffices to show that

2

i.j

n+1 _

uzj

AxAy < (max{ || fslluips lgsllip }AL + 2(Ax + Ap))T.V. (u°).

(4.36)
We start by writing

n+l _ .n

ij Ui =

u ij

it = an] +

12 .
u?j+ / —uj(At))

_|_

u;-H'l/z(At) — u?H/z(O)‘ +

W (Af) — u;?(O)‘
_ ‘nu;'“/z(m) - u;’“/z(m)‘ n ‘nu}'(AZ) . u;?(m))

+

a0~ o))+

WAL — U (0)‘ .
Integrating this inequality over R? gives

%

n+l
ij

u

uj;| AxAy < // )nu;’“/z(At) —u;’H/z(At)) dx dy
—+ // mu’i (Ar) —u;?(At)) dxdy

+[/ u?+l/2(At)—u?+l/2(O)) dx dy

(4.37)

+ [/ ' (At) —u;?(O)‘ dxdy.

We see that two terms involve the projection operator . For these terms we prove
the estimate

/ |ty — | dxdy < (Ax + Ay)T.V.(¥). (4.38)
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We will prove (4.38) in the one-dimensional case only (See Exercise 4.3). Consider
(where I,’ = [X,', X,’+1))

[ Y — yldx = Z[ TP () — ()] dx

1 Ii

=3 [|a: [rora-ve
YL I;

dx

- éz/'/(w(w—wm)dy dx
LA A
< iz//wy)—wwydx
LA A
1
- EZ/ [I V(x4 €) — Y| dE dx
| Ax
sA—xZ//W(Hs)—w(dede
L —Ax

Ax
o [ [wero-veiaxas

—-Ax R

Ax
1
S / EIT.V. (¥) dt

—Ax
= AxT.V.(¥). (4.39)

For the two remaining terms in (4.37) we obtain, using the Lipschitz continuity in
time in the L! norm in the x-variable (see Theorem 2.15), that
[ a0 - o] axay < sty [ T3 (150)
< At || fslluipT-V. (u"). (4.40)

Combining this result with (4.29), (4.38), we conclude that (4.36), and hence also
(4.35), holds.
So far we have obtained the following estimates:

(i) Uniform boundedness,

””n(’)HLoo(RZ) = ””0 ”Loo(RZ)'
(i) Uniform bound on the total variation,
T.V.(u") < T.V.(up).
(iii) Lipschitz continuity in time,
Ax + Ay

) =000 |1 gy = (maxt ol Dl } +2=2=) 40

x T.V. (uo) |t — ta] .
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From Theorem A.11 we conclude that the sequence {u,} has a convergent subse-
quence as 11 — 0, provided that the ratio max{Ax, Ay}/At remains bounded. We
let u denote its limit. Furthermore, this sequence converges in C([0, T]; L] .(R?))
for every positive T'.

It remains to prove that the limit is indeed an entropy solution of the full
two-dimensional conservation law. We first use that uj(x, ) (suppressing the y-
dependence) is a solution of the one-dimensional conservation law in the time
interval [t,, ,41/2]. Hence we know that

Tnt1/2

[ ]G

R

i (x.1) — k‘ b + g7 (u(x.1). k)¢>x) dt dx
1 n
=5 [ et = k| 9t
R

+5 [
2

R

WX, 1) — k‘ b(x,1,) dx > 0.

Similarly, we obtain for the y-direction

Int1
1 n ¢ n
[ ] Gl on—ke+am0r o0, ) drdy
R tht1/2

-3 / w0 t12) = k| @) dy
R
1

5

R

w01 — k| @ty dy 2 0.

Integrating the first inequality over y and the second over x and adding the results
as well as adding over n gives, where T = N At,

T
1 X
I Glu=kl6:+ X g+ 3 a9y ) dx v s
Rz 0 n n

1
— 5(// |u,,(x,y, T) —k| ¢(x,y,T)dxdy

R2
—/ |u,7(x,y,0) — k| o(x,y,0)dx dy)
RZ

|2

> —3 Z /(|un(x’y’tn/2+) — k| = up(x. y,tajp—) — k|)¢(x’y7tn/2) dxdy
n=1 R2

| 2N

= _5 In,
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and as before, y, and jy, denote the characteristic functions on {(x,y,t) | t €
[0, tas1/2]} and {(x, y, 1) | t € [tas1/2.tas1]}, respectively. Observe that we have
obtained the right-hand side by using a projection at each time step. As n — 00

and Ar — 0 while keeping T fixed, we have that >, x, A % To estimate the
right-hand side we first observe that

y(x, Y, taj2t) =k = 7 (uy(x, . tuj2=) — k).
and since the absolute value function is convex, Jensen’s inequality implies that
luy(x, v, taja+) — k| = Juy(x, y,1ap—) —k| < 0. (4.42)

Thus we obtain

In = _//(|un(x’y’tn/2+) _k| - |un(x’y’tn/2_) _k|)¢(x7y7tn/2) dx dy

R2
= _Z//(|uﬂ(x’y’tn/2+) _k| - |un(x’y’tn/2—) —k|)¢(xi,yj,tn/2) dx dy
i
- (X, Y tujp+) — k| = |up(x, y, tujp—) — k
;[j/(\unxyl/z—i- } |u,,xyt/2 })

X (¢(x, y.tn2) — d(xi. yj.1n2)) dx dy
= =3 [ (e .oty = Kl = . 3.12) = K]
i
X (¢(x. y.tn2) — @(xi. ¥y 1j2)) dx dy
= in,

using (4.42). This implies

|in’ = Z// ’M,’(X, y’tn/2+)_un(x’y’tn/2_)i
N
X M)(xs ystn/Z) _¢(xis yjstn/Z)i dXdy
< (Ax + Ay) VIl L w2

X Z// \un(x,y,t,,/z—i-) - u,,(x,y,t,,/z—)| dxdy

1,] 1,‘1!'

< (Ax+ A)’)/ VIl r2)
RZ
2

< (Ax + Ay) IVl Loy T-V. (u0) .

Uy (X, Y. bajp—) — Uy(X, ¥, 1aja—)| dx dy
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since

1
16Ce. ) — G| < [ —x0y — 3| / Vo (r(x—xi.y — )| dr
0

< (Ax 4+ AY) VOl ewy,  (x,) € L,

where we have used (4.38). Thus

2N
~ Ax + Ay)?

Z ’I"| = % ”V¢||L°°(R2) T.V. (uo) . 4.43)

n=1

In order to conclude that u is an entropy solution, we need the right-hand side of
(4.43) to vanish as Ax, Ay, At — 0; that is, we need to assume that

Ax + Ay

remains bounded
At

as 7 — 0. Under this assumption,

T
/// (lu —k|¢e + q” (. k)px + g% (u. k)¢,) dt dx dy
R2 O
_/ lu(x,y,T)—k|¢p(x,y, T)dxdy
RZ
+/ lu(x,y,0) —k|¢(x,y,0)dxdy >0,
RZ
which shows that u indeed satisfies the KruZzkov entropy condition. We summarize

the result.

Theorem 4.4 Let uy be an integrable and bounded function in L*°(R™) N
BV(R™), and let f; be piecewise twice continuously differentiable functions

Sfor j = 1,...,m. Construct an approximate solution u, using front tracking by
defining
u = nuy, WM =gxo Si’;‘s’xju”Jr(j_l)/m, j=1,....,m, neN,
and
s W'tV for t € [tyg(j-1y/ms tatj/m)
u,,(x,t) _ M=ty (j—1y/m) s n+(Jj mstn+j/m)s
i Jort = tuyj/m,

where X = (X1, ..., Xp).

For every sequence {n}, withn = (Axy, ..., Ax,, At,8), where n — 0 and

max {ij} /At remains bounded,
J
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we have that {u,} converges to the unique solution u = u(x,t) of the initial value
problem

Ur + Z Ji)y, =0, u(x,0) =ug(x), (4.44)

j=1

which satisfies the Kruzkov entropy condition.

4.3 Convergence Rates

Now I think I'm wrong on account of those damn partial integrations.
1 oscillate between right and wrong.
— Letter from Feynman to Welton (1936)

In this section we show how fast front tracking plus dimensional splitting converges
to the exact solution. The analysis is based on Kuznetsov’s lemma.

We start by generalizing Kuznetsov’s lemma, Theorem 3.14, to the present mul-
tidimensional setting. Although the argument carries over, we will present the rele-
vant definitions in arbitrary dimension.

Let the class K consist of maps u: [0, 00) — L'(R™) N BV (R™) N L*(R™)
such that:

(1) The limits u(z %) exist.

(ii) The function u is right continuous, i.e., u(t+) = u(z).
(i) Ju (@)l ooy = 114 (O)[| oo @omy-

(iv) T.V.(u(t)) < T.V.(u(0)).

Recall the following definition of moduli of continuity in time (cf. (3.54)):

v (u,0) = sup [lu(t + ) —u(@)ll 1 ®mny, o >0,

[t|<o

v(u,o) = sup v,(u,o0).
0<t<T

The estimate (3.55) is replaced by
v, 0) = || TV. (uo) maxt|l fj lluip }-

for a solution u of (4.23).
In several space dimensions, the Kruzkov form reads

sy = [ (=kig+ gl ko) dxdr,
J

R"x[0,T]

- [t ) kg Ty dxdr aas)
Rm

+ / [uo(x) — k| ¢p(x,0)dx;---dx,y,.
Rm




190 4 Multidimensional Scalar Conservation Laws

In this case, we use the test function

Q(x,x',5,8") = we, (s — " )we(x1 — X))+ @ (X — X)), (4.46)

X=X, X)), X' =(],...,x).
Here w, is the standard mollifier defined by

w(x;) = éw(x—j)

e
with
1
0<w=<1 suppw C[-1,1], w(—x;)=w(x;), /w(z) dz = 1.
—1

When v is the unique solution of the conservation law (4.25), we introduce

T
Aggy(u,v) = / / Ar (u, 2(-,x', 5", v(x',s") dx'ds’.
0 Rm

Kuznetsov’s lemma can be formulated as follows.

Theorem 4.5 Let u be a function in K, and let v be an entropy solution of (4.25).
If0 < gy < T and e > 0, then

u(-.T=) =v(, Dl wmy = lluo = voll 1 wem)
TV (o) (26 + somaxt 1 un )
+ v(u, 80) — Aggy (U, ), (4.47)
where uy = u(-,0) and vy = v(-,0).

The proof of Theorem 3.14 carries over to this setting verbatim.

<> Example 4.6

Let us first apply this theorem to the case that u is the dimensional splitting ap-
proximation, defined with exact solution operators S{~ and S%; cf. (4.6). We have
established that v(ua,, &9) < Ceo, where the constant C depends on the total vari-
ation of u and the Lipschitz norm of the flux. The inequalities (4.17) and (4.18)
imply

T
LT(uA,,k,go)sz luar —k| o
0 R2

+ 2)(”([)(]/ (uAts k)q)x + 2)?)1 (t)qg(uAtv k)(py dx dy dt

—[/ s —Klo| dxdy+//|um—k|<p | dxdy

R2 R2
> 0.
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Set
Lgye = /// Lruar,v(x',y",8), 0:(- —xNo(- —y)wg, (- —s)dx"dy" ds > 0.

In the following we always have that ux; = ua;(x,y,7) and v = v(x’,y’,s),
although we sometimes do not indicate that, or indicate only those variables to
which we would like to draw the reader’s attention. Then

_Ae(].e(uAts 1)) =< _Ae(],s(uAtv U) + Le(],s

T T
=//////(1"+Iy)dxdydtdx’dy’ds,
R2

0 R2 0
where

1Y = Qxu(t) = 1) g7 (uar, V)0l (x — X )we(y — Y)we ( —5),
I’ = (2)?n(t) - l)qg(uAts V)we(x — x’)a)g(y - y/)wso(t —5).

We shall estimate f I*; the estimate for /7 is identical. First observe that

24o) 1 = {1 by <1<ty

=1ty St <tugr.

Therefore, if NAt = T, then

T N—1 fnt1/2
[enw-nvwd=3 [ wo-ve+sy)a.
0 n=0 th

for every function . Thus

T T
//////dexdydtdx/dy/ds
R2

0 R2 O
N—1 Int1/2 T

:,; / /////(qf(”m(f)’v)wso(t—s)

ty 0 R2 R2
—qf(uA,(t + At/2), v)w, (t + At/2—s)>
x w,(x —xw.(y — y')dx dydx'dy' ds dt
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192
n+1/2 T
/ /// // iyt = ) = 04, (t + AL/2=5))
t 0 R2 R2
x g7 (up, (), V)0l (x — x" Y0 (y — y') dx dy dx' dy' ds dt
N—1 12 T
+> / /// //w%(z + AL/2—5)
n=0 5 0 R2 R2
x (g7 (uar(t + A1), v) — g7 (s (0), v))
X w,(x —xw(y —y')dx dy dx'dy' ds dt
=A + B.
Regarding A4,
N—l Lny1/2 At/2 T
|A] < Z / /|um( X, )|gy dy / /’wso(t s+1)| dsdrdt
CTAt
S /luAt('ax’t)lBV dy
)
R
Also
N—1 [n+1/2
1Bl <) / Weo(t — 5 + AL/2)
n=0 In
X L/[ [uar(t + At/2) —upa(2)| dx dy |w.(x —x")| dx'ds dt
< v(uA,,At/Z)g
&
CAt
< .
¢
Hence

o

C At C At
[ i, )y dy + S
We have a similar estimate for the integral of /”; thus we end up with the estimate

C At
[uolgywe) + ——

_AE(),E(uAls v) E
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Since we have v(0) = ua,(0) = ug, Kuznetsov’s lemma yields

At At
luar(-.T) =v(-. Dllpgey = € (80 tet o T)

which on setting g = & = +/At, yields
luar (-, T) = v(-, Tl w2y < CVAL (4.48)

Since this estimate was obtained using the exact solution operator in each direc-
tion, there is no hope of obtaining a better estimate using numerical approximations
instead of S/ &

Next, we use Kuznetsov’s lemma to estimate the rate of convergence for the front
tracking approximation. This entails using a first-order (in §) approximation to the
exact solution operators, so from the previous example, the best we can hope for is
that the error is bounded by O(8 + /Ar).

We want to estimate

” S(T)M() — Uy ”Ll(R’”) = ||S(T)U0 - SS(T)uOHLl(]R’") + || S8 (T)uO — Uy ||L1(R’")’
(4.49)

where u = S(T)ugy and Ss(T)uo denote the exact solutions of the multidimen-
sional conservation law with flux functions f replaced by their piecewise linear
and continuous approximations fs. The first term can be estimated by

IS(Tuo — Ss(T)uoll L1 my < ijax{ 15 = fislupy T-V. (o), (4.50)

while we apply Kuznetsov’s lemma, Theorem 4.5, for the second term. For the
function u we choose u,;, the approximate solution using front tracking along each
dimension and dimensional splitting, while for v we use the exact solution with
piecewise linear continuous flux functions f; and gs, and u as initial data, that is,
v = v = Ss5(T)uy. Thus we find, using (4.41), that

v(uy. &) < & (C +0 (Ait max {ij})) T.V. (uo) .

J

Kuznetsov’s lemma then reads
|1S5(Tyuo — ”ﬂ”Ll(Rm) < fuo— “OHLI(RM) + |:28 + max {1 fslluin} €0

(e so(™ahy
— Age, Uy, V), 4.51)

and the name of the game is to estimate A, .

To make the estimates more transparent, we start by rewriting Ar(uy, ¢, k).
Since all the complications of several space dimensions are present in two dimen-
sions, we present the argument in two dimensions only, that is, with m = 2, and
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denote the spatial variables by (x, y). All arguments carry over to arbitrary dimen-
sions without any change. By definition we have (in obvious notation, ¢/ (1) =

sign (u — k) (fs(u) — fs(k)) and similarly for ¢#5)
T
Ary 90 = [ [ (=] 90+ a7 08, + 0%y ) e dxdy
0

# [ ey =l $lmoaxay = [y~ k| $l=r-ax dy

Int1/2

ST T Y

In Int1/2

+q5 (. k) + % (s k)qby) dt dx dy

[ ey Kl 1m0 vy — [ s~ k| gli=r-axay

N-1 nit1/2
B Z // / (Joty = k| @0 + 2% (uy. k).) dit dx dy
n=0

In

Tn+1

+ Z// / (’”n _k|¢t + 2¢% (uy, k)py) dt dx dy

n
Int1/2

thy1 Int1/2

+§//( / - / )qﬁ(un,k)%dtdxdy

tiy1/2 In

Int1/2 Int1

+§//( / - / )C]g‘s(un,k)ti)ydtdxdy

In Int1/2

+//iun—ki¢|t=0+dxdy—//|un_k|¢|t:T_dxdy.

We now use that u,, is an exact solution in the x-direction and the y-direction on
each strip [f,, t,41/2] and [t,41/2, tn+1], respectively. Thus we can invoke inequali-
ties (4.17) and (4.18), and we conclude that

N-1
Aruy .02 Y [[ (0=l bttr117
n=0
— g = K[ li=i, 4 (2) ) dx dy

- |“n - k\ |t=t,1+1/2+¢(tn+1/2)) dx dy
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th+1 Int1/2

+§//( / - / )qfs(un,k)ti)xdtdxdy

n=0
tn+l/2

Int1/2 Iy

+§//( / - / )qg‘*(un,k)dwydtdxdy

n=0
In tn+1/2

+ [ s =kl oloraxay = [[ ey = K| plrdxay

Int1/2

=-2)" / g5 (uy, k), dt dx dy
n=0 I
T
—I—///qﬁ”(u,,,k)zi)x dt dx dy
0

Tn+1

N—-1
—22// / q% (uy, k), dt dx dy
n=0

In+1/2

+///qu3(un,k)¢y dt dx dy
0
+§//(|“n_ki

[=lyt1/2—

_ iun _k| t=tn+1/2+)¢(t"+l/2) dx dy
N—-1
+Z//(|Mn_ki e _|un_k|)_ +)¢(t,,)dxdy
n=1 n— t=ty
= =11 (uy, k) — L(uy, k) — I3(uy, k) — 1a(uyy, k). (4.52)

Observe that because we employ the projection operator = between each pair of
consecutive times, we solve a conservation law in one dimension; u”*/2 and u"
are in general discontinuous across #,..1,> and #,, respectively. The terms I and I,
are due to dimensional splitting, while /3 and /4 come from the projections.

Choose now for the constant k the function vs(x’, ', s), and for ¢ we use £2
given by (4.46). Integrating over the new variables, we obtain

T
Agey 1y, v5) = ///Ar(umf?(ux’, Y8, vy s) ds"dx' dy'
0

\

_Ilé‘.ao(un’vs) _ 12&80(”]1708) — 138'80(“7]11)5) - I:'So(ui’lv U8)7
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where /7% are given by

Tnt1/2

= [[ [ [ (S [ oo
0 n=0;

n

T
—/qfis(u,,,vg)szx ds) dxdy ds dx'dy’,

0
= [[ [ [ S [ oo
0

=0, 12
T

- / g% (uy, v5) 82y ds) dxdyds dx'dy’,

0
177 (uy, v5) = g//j//(h‘n_vﬂ ls=t,+

— |ty — 5] |S=tn_)9 dx dy ds' dx' dy’,

— |oy — vs| |S=tn+1/2_)9 dxdyds'dx'dy'.
We will start by estimating I, and 1;".

Lemma 4.7 We have the following estimate:

’Il,s,eo| + ’I;.€<)| < T max {”f”Lip’ ”g”Lip} T.V. (ug)

Ar 1
x (ot S (17T + glhipiar + Ax+ Ay)). @53
Proof We will detail the estimate for |;"*"|. Writing

% (uy (), v5(s")) = ¢ uy(ta41/2), v5(5"))
+ (g7 (), v5(5) = @7y (b 172), 5 (57))

we rewrite 1, as

N-1
175 (uy, vs) = Z |:(J1 (ts tus172) — J1(Tas1/2, tag1))
=0 (4.54)

+ (Laty. tus12) — Jo(tus1/2: ts1)) }
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with

Jl(Tl,Tz)=///T///Izqﬁ(un()f,y,fnﬂ/z),US(XI,J’,’S,))
0 -

x 2.(x,x",y,y,s,8)dsdxdyds dx'dy’,

e = [ /T I / (4% 3,50, 0506 5)
0 Ll

— Py (X, a1 2), v5(x, Y S’)))
x 2.(x,x",y,y.5,8)dsdxdyds dx' dy’.
Here we have written out all the variables explicitly; however, in the following we

will display only the relevant variables. All spatial integrals are over the real line
unless specified otherwise. Rewriting

N

W, (5 — s') = a)eo(ln-i-l/z —s') + / w;oG —s')ds,

tiy1/2
we obtain
T Int1/2
s = [[ [ ff qﬂ(un(znﬂ/z),vs(s’))szﬁ( [ outrnp=sras
0 tn
Int1/2 s
-I—/ /wéo§—s’)d§ds)dxdyds’dx’dy’
In Iny1/2
T
B (At ,
= q7 (uy(tus1/2), v5(s")) 825 Twao(tn-kl/Z_S)
0
Int1/2 s
—|—/ /w;O(E—s/)dEds)dxdyds/dx/dy/,
In tht1)2

where 2° = w.(x — x")w.(y — y’) denotes the spatial part of £2.
If we rewrite Jy(f,+1/2, ta+1) in the same way, we obtain

T
: ’ At i
Nmtied = [[ [ [ a5 o @ (ot =)
0

In41 K
+ / / a)go(§—s’)d§ds) dx'dy' ds' dxdy,

Int1/2 In+1)2
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and hence

Ji(t tug12) = J1(tns1 /20 tag1)

Iny1/2 s

T
= [ [ [[e*utiemnes( [ [ on6-srasas
0 In Iny1/2
Iny1 s
—/ /w;O(E—s’)dids)dxdyds’dx’dy’. (4.55)

Int1/2 tn+1)2

Now using the Lipschitz continuity of ¢/¢, we can replace variation in ¢/ by vari-
ation in u, and obtain, using ff a)go (x —x')dx dx’ = 0, that

‘// qu(un(x’ Vi tng1/2), v,;(s’))a)go (x —x)dxdx'

_ '// ol (x — ') dx dx’

X [qf8 (uﬂ(xa Y, tn+1/2)a UB(S/)) - CI/8 (un(x/5 Y, tn+1/2)a vl;(s/))]

< Uil ff Jor =)
X |un(x, Volngy2) — uy(x', y, fn+1/2)| dxdx’'
= | fslluip // [y (x4 2,y tus1y2) —uy(x', ¥, tag12)| |@), (2)] dx"dz
< ”]%”Lip/é/ |1y (X" + 2,9, tag1/2) = g (X', Y, a1 2)| A
X |za)éo(z)| dz
< |1 fsllipT-V.x (un(fn+1/2))/ |za);0(z)| dz
< 1 fslluipT-Vex (uy(tas1/2))
using that | |zwgo (Z)| dz = 1. We combine this with (4.55) to get

‘Jl(lnv thv172) — J1(tag1/2, ln+1)‘

<1 fillus // Vs (ty(ts1/2)) @un (¥ — ¥)

T ht1/2 s

X (/ / |w;0(§—s’)| ds|dsds'
0t g2
T tht1 K
+[ / '/ |, (G —5")| d5 dsds’)dy’dy.

0 thy1/2 thti1)2
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Inserting the estimate

T
1

/ |0, G =s")| ds' = — / |'(2)] dz < 2/¢o,
&o

0

we obtain

I sllp(A0? -

Jitn tas172) — (g1 /2, tagr)| <
280

N (uy(tas12) . (4.56)

Next we consider the term J,. We first use the Lipschitz continuity of ¢/5, which
yields

t11+1/2

Bltretryo)| = Uil [ /T I ] tater9 =yt
0 In

x |2,| ds dx' dy’ ds' dx dy

tn+1/2
< —||]%8”Lip / / |uy(x.y.8) —up(X, Y. tus1/2)| ds dx dy
n

In+1/2
I /s li
= eLp / |y (x, y,8) =y (X, y, tys1/2-)| ds dx dy
I

Il fsllLipAz
+ 27;// g (6, ysta12=) =y (%, ys taa )| dx dy

DAL
< % (I fsllipAt + Ax) T.V. (uy (tas1/2)) -

Here we integrated to unity in the variables s” and y’, and estimated [|w/(x — x")|dx’
by 2/e. Finally, we used the continuity in time of the L'-norm in the x-direction
and estimated the error due to the projection. A similar bound can be obtained for
Jo(ty41/2, tas1), and hence

oty tasr1y2) — Ja(tny1)2s ln+1))

IA

|2 tns tas12)| + |2 (tns1/2. tas)|

AL
||f||1‘;p I lpAr + Ax + Ay) T.V. (uy(12)),  (4.57)
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where we used that T.V. (1, (ty+1/2)) < T.V. (u,(t,)). Inserting estimates (4.56)
and (4.57) into (4.54) yields

|If’£" (uy, Us)\ < || fsllLipT-V. (,(0))

N—-1
(AZ)2 At
2z 2 AL+ Ax 4+ A
X;( 2¢&o + 28( | fsllLipAt + Ax + Ay)

< Tl fslluipT-V. (u,(0))
At 1
X\ 5=+ —Ql fsllpAt + Ax + Ay) ),

2e0 2¢
where we again used that T.V. (u,,) is nonincreasing. An analogous argument gives
the same estimate for /5. Adding the two inequalities, we conclude that (4.53)
holds. O

It remains to estimate /5" and 1,*°. We aim at the following result.

Lemma 4.8 The following estimate holds:

2
_ T(Ax +Ay)

g 4 Jrge] < XL

T.V. (llo) .

Proof We discuss the term 13 only. Recall that

1550 (u,, v5) = g//j// (|u,,(x,y,t,,)—vs(x’,y/,s’)|

= [uyCx. y 1) = vs(x/,y/,s/)|)

X Qx,x",y,y  ty,s)dx'dy' ds' dx dy.

The function u,(x, y, t,4) is the projection of u, (x, y, #,—), that is,

1 o - -
uy(x, y, t,+) = m// uy(x,y,t,—)dxdy. (4.58)

If we replace [J. by 37, ; [f;, and use (4.58), we obtain

13&80 (uns US)

s fronssrones v

1,‘/' 1,‘/'

— \u,,(x, v, t,—) — vs(x', y’,s’)| }.Q(x,x’, v,y t,,8)dx dy ds' dx'dy'
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s T
= Axdy 2///Q(x,x/,y,y s, 8"
n= 0

x;////(|un(2,)7,tn—)—Us(x/ay/as/)|

Iij 1,‘/'

— |u,,(x,y,l,,—) — vg(x/,y/,s/)| ) dxdydxdyds dx' dy
| N r
= Q bl /1 9 /7ln7 !
2Amy2;/// (e, Xy, ¥ 1y, 8")
n= 0

x;////(\u,,(x,y‘,tn—)—vs(xﬁyﬂs/)l

Lij L

— [y Cx, y 1y =) —vs(x", ', 8| ) dxdydxdyds dx'dy'
| N r
Q _! /7 _1 /1 tn? !
+2AxAynX_;/// (020727 )
= 0

XZ// //(’u,,(x,y,tn—)—Ua’(x,,y,,sl)i

i,
R

- |un(f,)7,ln—)—vs(x/,y/,s')|)dxdy dxdyds dx'dy
1 N-1 T
= 2AxAy 2;/// (Q(X,x’,y,y/,tn,s/)—.Q()_C,x',f,y/,tn,s’))
n= 0

XZ////(\u,,(x,y‘,tn—)—vs(xﬁyﬂs/)l

i,
Tyo1

= |y e,y 1 =) —vs(x". '8 ) dxdydxdyds dx'dy'.

Estimating /5 (u,, vs) using the inverse triangle inequality, we obtain

I;'e(] (un5 vl;)‘

Y A ) [

Lij L

X |20, x", v,y 1,8 — 2, x', 5, 1y, 8)| dx dy dx dy ds' dx' dy’.
(4.59)
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The next step is to bound the test functions in (4.59) from above. To this end we

first consider, for x, x € (i Ax, (i + 1)Ax),

/ |we(x — x") — w. (X — x| dx’ = / lw(z) —w(z + (x —x)/e)| dz

Z+(X—x)/e
=/ / o'(§)dE| dz

V4
z4+(X—x)/e

=[ | weldsa:

V4
Ax/e

</ / | (e + B)| doed,B:ZA—x.

Integrating the time variable to unity, we easily see (really, this is easy!) that

T
///|.Q(x,x’,y,y’,tn,s’)—.Q()'c,x’j,y’,t,,,s’)| ds' dx'dy’
0
T

= /wao(s—s’)ds/

0
x / 0 (x = X)0e(y — ) — 0a(F — X )we(F — y)| dx'dy’

< // 0:x — x) — o — )| sy — ') dX'dy’

+ / 0:(y — ) — 0 — ¥ 0a(E — x') dx'dy’
< / 0 (x — x) — 0 (F — x| dx’ + / 0.y = ¥) — 0. — )] Y’

2
< (Ax + Ay);. (4.60)
Furthermore,

|u,,(5c, Vota—) —uy(x, y, t,,—)| = \u,,(x, Votn—) —up(x, y, t,,—)|

STV Gayg+nay (W (x. . ta)) . (4.61)
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Inserting (4.60) and (4.61) into (4.59) yields

1575 uy, v) |
1 2(Ax + Ay)
— 2AxAy e

XZZ////TVUM(HUA,V)( up(x, -, t,—)) dxdydxdy

n=1 i,j L I

(i+1)Ax
Ax + Ay
S Ay Z AX(AJ’)ZZ / T.V.GayG+0ay (y(x, - 1,-)) dx
eAxAy r
i iAx
(Ax +Ay) =
< === Z (2 (1=
A A
< MA LTV (1,00)). (4.62)
&

where in the final step we used that T.V. (u,(1,—)) < T.V. (u,(0)).
The same analysis provides the following estimate for 7, (vs, uy):

(Ax + Ay)

T
1550 (u,, v5)| < Ax =TV (uy (0)) . (4.63)

Adding (4.62) and (4.63) proves the lemma. O

We now return to the proof of the estimate of A, (u;,vs). Combining
Lemma 4.7 and Lemma 4.8, we obtain

_As.ao(un’v(ﬁ) = |11€’80(un’v8)i + |I;€0(un’ v5)| + |I§’£O(un’v8)i + |I:.€0(un’ v5)|

At 1

2
W}T.V. (o)

=: TT.V. (uy) A(e, &9, 1). (4.64)

X max {”ftg”Lips ||g8||Lip} +

Returning to (4.49), we combine (4.50), (4.51), as well as (4.64), to obtain

IS0 10l
< [IS(T)uo — Ss(T)uol| 112y + || Ss(Tuo — uy(T) ||L1(Rz)
< T max{ || f — fsllLip- € — gsllLip YT-V. (o) + [Juo — u° ||L1(Rz)

{Ax, Ay}
max A)tc y ))

£ T Ae, o, n))T.V. (o) - (4.65)

+ (28 + max{ || fslluip. 185 ILip €0 + €0 (C + 0(
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Next we take the minimum over ¢ and & on the right-hand side of (4.65). This has
the form

&,80

min(ae+ g +cey+ ;) = 2+~ab + 2+ cd.
0

The minimum is obtained for ¢ = y/b/a and &y = /d /c. We obtain

” S(Tuo —uy(T) ||L1(]R2)
< T'max {||f — Jfslluips 1€ — g5||Lip} T.V. (uo) + ||u0 - UOHLl(Rz)

(Ax + Ay)?

+O(((Ax+Ay)+At+ "

172
) )T.V. (o).  (4.66)

We may choose the approximation of the initial data such that Huo - uOH LR =
O (Ax + Ay)T.V. (up). Furthermore, if the flux functions f and g are piecewise
C? and Lipschitz continuous, then

ILf = fsliuip < SILf" Nl oo wy-
We state the final result in the general case.

Theorem 4.9 Let u be a function in L' (R™) N L>®°(R™) with bounded total vari-
ation, and let f; for j = 1,...,m be piecewise C? functions that in addition are
Lipschitz continuous. Then

[u(T) =y (T) | 1 ey < © (8 + (Ax + Ay)'?)
as n — 0 when
Ax = KAy = K At
for constants K| and K.

It is worthwhile to analyze the error terms in the estimate. We are clearly making
four approximations with the front-tracking method combined with dimensional
splitting. First of all, we are approximating the initial data by step functions. That
gives an error of order Ax. Secondly, we are approximating the flux functions by
piecewise linear and continuous functions; in this case the error is of order §. A third
source is the intrinsic error in the dimensional splitting, which is of order (At)l/ 2
and finally, the projection onto the grid gives an error of order (Ax)'/2.

The advantage of this method over difference methods is the fact that the time
step At is not bounded by a CFL condition expressed in terms of Ax and Ay. The
only relation that must be satisfied is (4.27), which allows for taking large time
steps. In practice it is observed that one can choose CFL numbers* as high as 10-15
without loss in accuracy. This makes it a very fast method.

#Tn several dimensions the CFL number is defined as max; (| ﬂ| At/ Ax;).
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4.4 Operator Splitting: Diffusion

The answer, my friend, is blowin’ in the wind, the answer is blowin’ in the wind.
— Bob Dylan, Blowin’ in the Wind (1968)

We show how to use the concept of operator splitting to derive a (weak) solution of
the parabolic problem® on R” x [0, T,

m m
U + Z Jiwy, = p Z Uyjx; s (4.67)
— —
by solving
ur+ fijwy =0, j=1,....m, (4.68)
and
U, = pAu, (4.69)

where we employ the notation Au = ) j Ux;x;- We augment the equation with
initial data u|,—o = uo. Let S; (t)uo and H(t)uo denote the solutions of (4.68) and
(4.69), respectively, with initial data u¢. Introducing the heat kernel, we may write

u(x,1) = (H(t)uo) (x,1)

- [ K(x — 3. 0uo(y) dy
Rm

1 x—y
Rm

Let At be positive and 7, = nAt. Define
u’ =uy, w't' = (H(AD)S,, (AL)---S1 (A1) u”, (4.70)

with the idea that ¥" approximates u(x, ¢,). We will show that u” converges to the
solution of (4.67) as At — 0.

Lemma 4.10 The following estimates hold:

" [l oo @omy < [°] Lo oy 4.71)
T.V.(u") < T.V.(u°), 4.72)

1/(m=+1)

||un1 _ uﬂz”Llloc(R’”) < C(|”l1 — n2| At) 4.73)

3 Although we have used the parabolic regularization to motivate the appropriate entropy condi-
tion, we have constructed the solution of the multidimensional conservation law independtly, and
hence it is logically consistent to use the solution of the conservation law in combination with
operator splitting to derive the solution of the parabolic problem. A different approach, where we
start with a solution of the parabolic equation and subsequently show that in the limit of vanishing
viscosity the solution converges to the solution of the conservation law, is discussed in Appendix B.
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Proof Equation (4.71) is obvious, since both the heat equation and the conservation
law obey the maximum principle.

We know that the solution of the conservation law has the TVD property (4.72);
see (4.24). Thus it remains to show that this property is shared by the solution of
the heat equation. To this end, we have

)H(z)u(x ) — Hu(x)

= /(K(x+h—y,t)u(y)—K(x—y,t)u(y))dy

< / K Ou(x +h— y) — K. ulx — )] dy.
RITI

which implies that
/ ‘H(t)u(x i) — H(t)u(x)‘ dx
Rm

s//|K(y,r>u<x+h—y>—1<(y,r>u(x—y>| dy dx
RITIRITI

=fK(w)/|u(x+h—y>—u<x—y)|dxdy
Rm

Rm

= [ Koy [ juee+ by —uco] ax
R R
:/|u(x+h)—u(x)| dx.
Rm

Dividing by |/| and letting 7 — 0, we conclude that
T.V.(H(t)u) <T.V.(u),

which proves (4.72).

Finally, we consider (4.73). We will first show that the approximate solution
obtained by splitting is weakly Lipschitz continuous in time. More precisely, for
each ball B, = {x | |x| < r}, we will show that

‘ / (" — )

for smooth test functions ¢ = ¢(x), where C, is a constant depending on r. It is
enough to study the case n, = n; + 1, and we set n; = n. Furthermore, we can
write

/(un-H _ un)¢ dx

< Cy Iy — o] At (||¢||oo +maxig, ||oo) L @

<

, (4.75)

/ (H(ADi" — i) dx

+ ‘/(ﬁ" —u")p dx




4.4 Operator Splitting: Diffusion 207

where u" = (S,,(At)---S1(At)) u”. This shows that it suffices to prove this prop-
erty for the solutions of the conservation law and the heat equation separately. From
Theorem 4.3 we know that the solution of the one-dimensional conservation law
satisfies the stronger estimate

1S@u — 1y < Clel.
This implies that (for simplicity with m = 2)

[1S2(6)S1(u — ull 1wz < 1S2(0)S1(Ou = S1@Oul ey + 151D —ullL ®e)
<Clt],

and hence we infer that the last term of (4.75) is of order At, that is,

”ﬁ" — u"||L1(]R2) =< C||¢||L°°(R2) |At| :

The first term can be estimated as follows (for simplicity of notation we assume

m = 1). Consider
t t
= ‘//utdtq&dx = |//umdt¢dx
0 0
t
< [ [ ol ara

0
t
= ”¢x||L3°(]R)//|ux| dx dt
0
t

< sl e, / TV, () di =< s gy T.V- (0) 1.
0

‘ / (H (1o — o) dx

(4.76)

Thus we conclude that (4.74) holds.
From the TVD property (4.72), we have that

sup / [u"(x +&,¢)—u"(x,t)] dx < pT.V.u"). 4.77)
[El=p

Using Kruzkov’s interpolation lemma (stated and proved right after this proof) we
can infer, using (4.74) and (4.77), that

|I11 — I’lz| Al)

&

/ [u" (x) —u"(x)| dx < C, (8 +
B,

for all ¢ < p. Choosing ¢ = /|n; — ny| At proves the result. |
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We next state and prove Kruzkov’s interpolation lemma. It will be convenient
to use the multi-index notation. A vector of the form @ = («y,...,a,), where
each component is a nonnegative integer, is called a multi-index of order |a| =
o) + -+ + o,. Given a multi-index o, we define

01y (x)
Du(x) = ————.
() axy! - Ay

Lemma 4.11 (Kruzkov interpolation lemma) Ler u(x,t) be a bounded measur-
able function defined in the cylinder B, 1;x[0,T], 7 > 0. Fort € [0,T] and |p| < F,
assume that u possesses a spatial modulus of continuity

sup / lu (x + & 1) —u(x,t)| dx <v.ri(|p|;u), (4.78)
[&1<lpl
By

where v, 17 does not depend on t. Suppose that for every ¢ € C;°(B,) and t;,t, €
[0.7],

< Const,.; ( > ||D“¢||Lx(ﬂr)) Ity — ],

la|<m

'/(u (x.12) —u (x.01)) p(x) dx
B,
4.79)

where o denotes a multi-index.
Then fort andt + t € [0, T] and for all ¢ € (0, F],

/ [u(x,t + 1) —u(x,t)| dx < Const, (5 +v.ri(e;u) + LL'"') . (4.80)
B,

Proof Let§ € Cg° be a function such that
0<6(x)<1, suppd C By, /S(X)dx =1,

and define

X

b = 3(3).

Furthermore, write f(x) = u(x,t 4 t) —u(x,t) (suppressing the time dependence
in the notation for f),

o(x) = sign (f(x)) for |x| < r — ¢, and O otherwise,

and

0e(x) = (0% &) (x) = /G(X — ¥)8:(y) dy.
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By construction, o, € C§°(R") and supp o, C B,. Furthermore, |o,| < 1 and
J . x—
— Y

<
<
Tem ) |ox; €

<o [ 5, D] o0ran <

0

8)(/'

)| o(y)dy

O¢

<
&

This easily generalizes to

Cc

o
[ D% || oo mmy = Sl

Next we have the elementary but important inequality

[ irenax=| [ 1reon ax

B, B,

- / (£ ()] = 0a(x) F(x) + 0.(x) £(x)) dx
B,

IA

+ /Ug(x)f(x) dx

r

/ (Lf ()] = 0. (6) f(x)) dx
3,

/ 0u(x) f(x) dx

B,

< / /()] — 00(x) ()] dx +
B,

=1L+ I

We estimate /, and I, separately. Starting with I}, we obtain

I = / /GO — 02(x) ()| dx

& &

B,
= [ 7o o [8E2ar - 5[5 200y 10 an
B,

= 8%//5(x_y)|If(x)l—o(y)f(x)|dydx.

€
The integrand is integrated over the domain
) [xl =r [x =yl <&}

We further divide this set into two parts: (i) |y| > r — ¢, and (ii) |y| < r — ¢; see
Fig. 4.2. In case (i) we have

If )=o) f)] = 1],
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Fig. 4.2 The integration y
domain rte
(i)
r—e
()
—r rooa
—r+e )
(1)
—r—c

since g (y) = 0 whenever |y| > r — ¢. In case (ii) we have

£ =) )] = || £0)] =sign (f(1) f()] =21 f(x) = f)I,
using the elementary inequality

||a|—sign(b)a| = ||a|—|b|+sign(b)(b—a)|
< |la| —|b]| + Isign (b) (b — a)|
<2la->b|.

Thus

ne o [ [ - sl ayas

By B¢

il .,
v [ D@l avax

£
By |y|zr—e

< z/ / 5() | f(x) — f(x — £2)] dz dx

B, By

1 _
sy [ 8y ax

By |y|=r—e¢

< 2[5<z) sup/lf(x)—f(x + )] dx dz
B,

[§]<e
By

1 X—y
il [ [ dxay
3r+£\Br—£ By
= 2v(e f) + 1/ [l oo ey VOl (Brte \ Br—s)
=2v(& f) + | fll oo mem)Cre.
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Furthermore,

v(e; f) < 2v(gu).

The second term I, is estimated by the assumptions of the lemma, namely,

Izl
em’

b= [ fwax| < cOnstr,T( ) ||D°’o£||m,)) ol < C

B, lee|<m

Combining the two estimates, we conclude that

T
[t + 0 —ueniax < ¢, (s T vnra(e) + U) -
8m
Br
Next we need to extend the function u” to all times. First, define

Wi/ mED Sjun+(j—1)/(m+l)’ j=1,...,m.

Now let

Si((m+ 1) — tn+(j—1)/(m+1)))un+(j_1)/(m+l)
fort € [tus(j=1)/m+1)s tatj/m+1))

H((m 4 D) = ty gy 0D

forz € [tntm/m+1): tns1)-

Up(x, 1) = (4.81)

The estimates in Lemma 4.10 carry over to the function u,. Fix T > 0. Apply-
ing Theorem A.11, we conclude that there exists a sequence of At — 0 such that
for each t € [0, T], the function u,(¢) converges to a function u(¢), and the con-
vergence is in C([0, T']; Llloc (R™)). It remains to show that u is a weak solution of
(4.67), or

/ / (U + F(u) -V + vuldg) di dx + / woBli—o dx = / W)t dx
R" 0 R R
(4.82)

for all smooth and compactly supported test functions ¢p. We have

Lntj/(m+1)

1
(m——i-lum ¢ + fuar) - V‘f’) dtdx

R™ Tyt (j—1)/(m+1)

At
1 - = tat(G—1)/em+1)
L W=D/ 7 (x, +U_)
m4+ 1 // ( (. ) ¢ m 41
Rm 0

: F—tys(io1)/(m -
+ fUD/ Dy gg (x, M)) dfdx

u ¢
1 At
RrRm

[=ln j/(m+1)

dx, (4.83)

I=ln4(j—1)/(m+1)
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for j = 1,...,m, where we have used that y"+t(=D/(m+1) j5 3 solution of the
conservation law on the strip ¢ € [t,4(j—1)/m+1)s tn+j/m+1))- Similarly, we find for
the solution of the heat equation that

In41
1
/ / ( Uprdr + /‘LMA[Ad)) drdx
m+ 1

R™ tygm/(m+1) (4.84)

1
= m—_H ((MA[¢) |t:t11+m/(m+l) - (MA[¢) |t=t11+1) dx'

Rm

Summing (4.83) for j = 1,...,m, and adding the result to (4.84), we obtain

t

1

/ / ( Unidy + farGuns) -V + uxmﬂumAsb) dt dx
m+1

R" 0 (4.85)

1 1
o [unglicodx = / (a1 dx.
]Rm Rm

where

Jar =G fiseo s Xmfm)

and

Xji =

L fort € Upltar(-ny/om+n)s bt jjom+1)s
0 otherwise.

As At — 0, we have y; S| /(m + 1), which proves (4.82). We summarize the
result as follows.

Theorem 4.12 Let uq be a function in L*(R™)N L' (R™)N BV (R™), and assume
that f; are piecewise twice continuously differentiable functions for j =1,...,m.
Define the family of functions {u,} by (4.70) and (4.81). Fix T > 0. Then there
exists a sequence of At — 0 such that {ua,(t)} converges to a weak solution u of
(4.67). The convergence is in C([0, T]; L1 (R™)).

loc

One can prove that a weak solution of (4.67) is indeed a classical solution; see
[147]. Hence, by uniqueness of classical solutions, the sequence {u,} converges
for every sequence {At} tending to zero.

4.5 Operator Splitting: Source
Experience must be our only guide; Reason may mislead us.

— J. Dickinson, the Constitutional Convention (1787)

We will use operator splitting to study the inhomogeneous conservation law

ue+ Y [y, = g(x.tu),  ul—o = uo. (4.86)
j=1
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where the source term g is assumed to be continuous in (x, ¢) and Lipschitz contin-
uous in u. In this case the Kruzkov entropy condition reads as follows. The bounded
function u is a weak entropy solution on [0, 7] if it satisfies

T m
[ [ (kg +sient =03 (500 = f60) o) dx -+ d d
j=1

0 Rm
+ [ o=l plimadzi o dn = [ (u=kior i d,
]Rm Rm
T
> —/ / sign(u — k) pg(x,t,u)dx;--- dx, dt, (4.87)
0 Rm

for all constants k € R and all nonnegative test functions ¢ € C°(R™ x [0, T]).
To simplify the presentation we consider only the case with m = 1, and where
g = g(u). Thus

ur+ f)e = gu). (4.88)

The case in which g also depends on (x,¢) is treated in Exercise 4.7. Let S(¢)ug
and R(?)u( denote the solutions of

U+ )y =0, ul—o=uo, (4.89)
and
u,=gW), uli=o = uo, (4.90)
respectively. Define the sequence {u"} by (we still use #, = nAt)
u’ =uy, u"t = (S(AH)R(A))u"
for some positive A¢. Furthermore, we need the extension to all times, defined by6

SQ2(t —ty))u" fort € [ty tht1/2)s

(4.91)
R (2 (l — tn+1/2)) w2 fort e [I,H_l/z, I,H_l),

un(x,t) =

with
1
w2 = S(ADW",  tyyipn = (n + §>At.
For this procedure to be welldefined, we must be sure that the ordinary differential

equation (4.90) is welldefined. This is the case if g is uniformly Lipschitz continu-
ousinu, i.e.,

1) —g)| = lIgllip [ — v]. (4.92)

6 Essentially replacing the operator H used in operator splitting with respect to diffusion by R in
the case of a source.
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For convenience, we set y = ||g||Lip- This assumption also implies that the solution
of (4.90) does not “blow up” in finite time, since

lg)] = |gO)] + v |u] = Co(1 + [ul), (4.93)
for some constant C,. Under this assumption on g we have the following lemma.

Lemma 4.13 Assume that ug is a function in Llloc (R), and that uy is of bounded

variation. Then for n At < T, the following estimates hold.:

(i) There is a constant M independent of n and At such that

" | e ) < M. (4.94)
(ii) There is a constant M, independent of n and At such that

T.V.(u") < M,. (4.95)

(iii) There is a constant M3 independent of n and At such that for t| and t,, with
0<t <t, <T, and for each bounded interval B C R,

/ [ua:(x, 1) —ua(x,6)| dx < M3 |t — 1. (4.96)
B

Proof We start by proving (i). The solution operator S; obeys a maximum principle,
so that [|u"*"/2|| < |[u"||,,. Multiplying (4.90) by sign (1), we find that

ul, = sign (u) g(u) < [gu)| = Co(1 + |ul),

where we have used (4.93). By Gronwall’s inequality (see Exercise 1.10), for a so-
lution of (4.90), we have that

(1) < e (1 + Jug|) — 1.
This means that

[ ey = € (1 2 ) — 1

< A (14 Ul my) — 1.
which by induction implies
" ey < € (14 Juoll o)) = 1-
Setting
My = ST (14 fJugll o w) — 1

proves (i).
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Next, we prove (ii). The proof is similar to that of the last case, since S; is TVD,
T.V. (u"*'/2) < T.V.(u"). As before, let u be a solution of (4.90) and let v be
another solution with initial data vy. Then we have (u —v), = g(u) — g(v). Setting
w = u — v, and multiplying by sign (w), we find that

[wl, = sign(w) (g(u) —g(v)) <y |w|.
Then by Gronwall’s inequality,
lw(®)] < e [w(0)].
Hence,
|un+1(x) _ un+1(y)| < o7 |un+1/2(x) _ un+1/2(y)| )
This implies that
T.V. (") < e’ T.V. (u"T/?) < " T.V. (u").
Inductively, we then have that
T.V. ") < e’™T.V. (up),

and setting M, = e?” concludes the proof of (ii).
Regarding (iii), we know that

/ "2 (x) —u" (x)| dx < CAt.
B

We also have that

At
[ (x) —u" T2 (x)| dx = g (upi(x,t —1t,)) dt| dx
/ [

At
f//lg(um(x,t—t,,)n dt dx
B 0

At
§Cg//(1+M1)dxdt
0 B

= |B| C,(1 + My)At,

where | B| denotes the length of B. Setting M3 = C + |B| C4(1 4+ M,) shows that

/ " (x) —u" (x)| < MsAt,
B

which implies (iii). O
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Fix T > 0. Theorem A.11 implies the existence of a sequence At — 0 such that

foreach t € [0, T'], the function u s, (¢) converges in Llloc (R) to a bounded function

of bounded variation u(¢). The convergence is in C([0, T']; Llloc (R™)). It remains to
show that u solves (4.88) in the sense of (4.87).

Using that u 5, is an entropy solution of the conservation law without source term
(4.89) in the interval [t,, #,11/2], we obtain’

t11+1/2

1
2 / /(5 [uar — k| @ + sign (ua, — k) (f(um)_f(k))%) dx dt

t=t,
+ / (luar — k| @) dx > 0. (4.97)

1=ty 11/2
Regarding solutions of (4.90), since k, = 0 for every constant k, we find that
lu —k|, =sign(u—k)(u—k), =sign(u —k) g(u).
Multiplying this by a test function ¢ (¢) and integrating over s € [0, ¢], we find after
a partial integration that

t

/(|u—k|¢s+sign(u—k>g(u>¢)ds+u¢ h=0.

0

Since u a, is a solution of the ordinary differential equation (4.90) on the interval
[ta+1/2, ta+1] (With time running “twice as fast”; see (4.91)), we find that

tiy1/2

1 .
2 / / (5 luar — k| @r + sign (ua; — k) g(uAf)¢) dx dt

I=liy1)2

+/(|um—k|<p) dx = 0.

1=lp+1

Adding this and (4.97), and summing over n, we obtain
r 1
2 [ (5= Ko + gavsien s, =) (s = e,
0

+ Jaesign (up, — k) g(“At)(‘)) dx dt

~ [ (s~ =0,

where ya; and ¥, denote the characteristic functions of the sets U, [t,, #,+1/2) and

Upnltut1/2, tat1), respectively. We have that ya, SN % and ya, A %, and hence we
conclude that (4.87) holds in the limit as At — 0.

7 The constants 2 and % come from the fact that time is running “twice as fast” in the solution
operators S and R in (4.91) (cf. also (4.16)—(4.17)).
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Theorem 4.14 Let f(u) be piecewise twice continuously differentiable, and as-
sume that g = g(u) satisfies the bound (4.92). Let uy be a bounded function of
bounded variation. Then the initial value problem

ur+ fl)y =g),  ulx,0) =uo(x) (4.98)

has a weak entropy solution, which can be constructed as the limit of the sequence
{ua;} defined by (4.91).

4.6 Notes

Dimensional splitting for hyperbolic equations was first introduced by Bagrinovskit
and Godunov [7] in 1957. Crandall and Majda made a comprehensive and sys-
tematic study of dimensional splitting (or the fractional steps method) in [52]. In
[53] they used dimensional splitting to prove convergence of monotone schemes as
well as the Lax—Wendroff scheme and the Glimm scheme, i.e., the random choice
method. A more general introduction to operator splitting can be found in [91].

There are also methods for multidimensional conservation laws that are intrinsi-
cally multidimensional. However, we have here decided to use dimensional splitting
as our technique because it is conceptually simple and allows us to take advantage
of the one-dimensional analysis.

Another natural approach to the study of multidimensional equations based on
the front-tracking concept is first to make the standard front-tracking approxima-
tion: Replace the initial data by a piecewise constant function, and replace flux
functions by piecewise linear and continuous functions. That gives rise to truly
two-dimensional Riemann problems at each grid point (i Ax, jAy). However, that
approach has turned out to be rather cumbersome even for a single Riemann prob-
lem and piecewise linear and continuous flux functions f and g. See Risebro [159].

The one-dimensional front-tracking approach combined with dimensional split-
ting was first introduced in Holden and Risebro [93]. The theorem on the conver-
gence rate of dimensional splitting was proved independently by Teng [178] and
Karlsen [105, 106]. Our presentation here follows Haugse, Lie, and Karlsen [133].
Sect. 4.4, using operator splitting to solve the parabolic regularization, is taken
from Karlsen and Risebro [108]. The KruZzkov interpolation lemma, Lemma 4.11,
is taken from [117]; see also [108].

The presentation in Sect. 4.5 can be found in Holden and Risebro [95], where
also the case with a stochastic source is treated. The convergence rate in the case of
operator splitting applied to a conservation law with a source term is discussed in
Langseth, Tveito, and Winther [123].

4.7 Exercises

4.1 Consider the initial value problem

u + fu)y + g(”)y =0, ul—o = uo,

where f, g are piecewise twice continuously differentiable functions, and u¢
is a bounded integrable function with finite total variation.




218

4.2

4.3

4.4
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(a) Show that the solution u is Lipschitz continuous in time; that is,

e (2) = u(S) 1wy = 16 = 51 (1 lLip V 1€ 1Lip) T.V- (o) -

(b) Let vg be another function with the same properties as (. Show that if
Uy < vy, then also ¥ < v almost everywhere, where v is the solution with
initial data vg.

Consider the initial value problem
ur+ fu)y =0, uli—o = uo, (4.99)

where f is a piecewise twice continuously differentiable function and u is
a bounded, integrable function with finite total variation. Write

f=h+r
and let S; (#)uo denote the solution of
U + fj(")x =0, ul—o=uop.

Prove that operator splitting converges to the solution of (4.99). Determine the
convergence rate.
Prove (4.38), that is, that

/f iy —¥| dxdy < (Ax + Ay)T.V. (§).

for all functions ¥ of bounded variation.
Consider the heat equation in R”,

(o)

" 9%u
uy =Yy = u(x,0) = up(x). (4.100)
i=1 !

Let H! denote the solution operator for the heat equation in the i th direction,
i.e., we write the solution of

*u

= 052’ u(x,0) = up(x),

Uy

as H]ug. Define
u'(x) = [HX’[ o“‘oHit]n (),
un+j/m(x) — Hit OHit_l 0---0 Hitun(X),

forj =1,...,m,andn > 0.

For ¢ in the interval [t, + ((j — 1)/m)At,t, + (j/m)At] define
upr(x,1) = H)iz(t—tnﬂj—l)/m)un+(j_l)/m(x)'

If the initial function uy(x) is bounded and of bounded variation, show that

{u,} converges in C([0, T]; L\ _(R™)) to a weak solution of (4.100).

loc
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4.5 We consider the viscous conservation law in one space dimension,
U+ f)x =uee,  u(x,0) = up(x), (4.101)

where f satisfies the “usual” assumptions and u is in L' N BV . Consider the
following scheme based on operator splitting:

Uﬂ+l/2

P o) -2 (010 - (1)

n+l1 _ ypn+1/2 n+1/2 n+1/2 n+1/2
Uj _Uj -|-,u(UjJrl —2Uj +Uj,1 ),

forn > 0, where A = At/Ax and pu = Al/sz. Set

. (j+1/2)Ax
U= — uo(x)dx.
i = Ax / 0(x)
(j—1/2)Ax

‘We see that we use the Lax—Friedrichs scheme for the conservation law and an
explicit difference scheme for the heat equation. Let

uAt(xv l) = l]jn

for (j —3)Ax <x < (j + )AxandnAr <t < (n + 1)Ar.

(a) Show that this gives a monotone and consistent scheme, provided that
a CFL condition holds.

(b) Show that there is a sequence of At’s such that u,, converges to a weak
solution of (4.101) as At — 0.

(a) Assume thatu, f,and g arein L' ([0, T]), and that g is nonnegative, while
f is strictly positive and nondecreasing. Assume that

t

u(t) < f() —I—/g(s)u(s) ds, te][0,T].

0

Show that
u(t) < f(t)exp(/g(s)ds), t €0,T].
0

4.6 Assume that u and v are entropy solutions of

u; + fu)e = gu), u(x,0) = up(x),
v+ f(v)y = gW), v(x,0) = vo(x),

where u( and vy are in L'(R) N BV (R), and f and g satisfy the assumptions
of Theorem 4.14.
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(a) Use the entropy formulation (4.87) and mimic the arguments used to prove
(2.60) to show that for every nonnegative test function v,

ff (luCe. ) — v(e. D) Y + g )¥) di dx
— / lu(x,T)—v(x,T)|¥(x,T)dx
+ / 00 (6) — vo(x)| ¥ (x. 0) dx

> // sign (u — v) (g(u) — g (W)Y dt dx.
(b) Define ¥ (x,?) by (2.61), and set

h(t) =/|u(x,t)—v(x,t)|1ﬁ(x,t)dx.

Show that
T
h(T) < h(0) +y/h(z)dz,
0

where y denotes the Lipschitz constant of g. Use the previous exercise to
conclude that

h(T) < h(0) (1 + yTe'").
(c) Show that
lu(-,0) —v(-, Dl w) = lluo — voll1(w) (1 + )’feyt) )

and hence that entropy solutions of (4.98) are unique. Note that this im-
plies that {u .} defined by (4.91) converges to the entropy solution for
every sequence {At} such that At — 0.

4.7 We consider the case that the source depends on (x, ). For u, € LlloC N BV,
let u be an entropy solution of

u+ fu)y = g(x,t,u), u(x,0) =uy(x), (4.102)
where g is bounded for each fixed u# and continuous in 7, and satisfies

lg(x,t,u) —g(x.1,0)] <y |u—vl,

where the constant y is independent of x and ¢, for all ¥ and v and for
a bounded function h(t) in L'([0,T]). We let S, be as before, and let
R(x,t,s)uy denote the solution of

M/(l) :g(xstvu)s M(S) = Uy,

fort > s.
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(a) Define an operator splitting approximation u o, using S; and R(x, 1, s).
(b) Show that there is a sequence of Af’s such that u,, converges in
c(o,T]; Llloc (R)) to a function of bounded variation u.

(c) Show that u is an entropy solution of (4.102).

4.8 Show that if the initial data u, of the heat equation u, = Awu is smooth, that is,
uy € CS°, then

lu(t) =gl < Cr.

Compare this result with (4.76).
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